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ABSTRACT. In this research study, we present concept of intuitionis-
tic neutrosophic graph structures. We introduce the certain operations on
intuitionistic neutrosophic graph structures and elaborate them with suit-
able examples. Further, we investigate some remarkable properties of these
operators. Moreover, we discuss a highly worthwhile real-life application of
intuitionistic neutrosophic graph structures in decision-making. Lastly, we
elaborate general procedure of our application by designing an algorithm.
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1. INTRODUCTION

Graphical models are extensively useful tools for solving combinatorial prob-
lems of different fields including optimization, algebra, computer science, topology
and operations research etc. Fuzzy graphical models are comparatively more close to
nature, because in nature vagueness and ambiguity occurs. There are many complex
phenomena and processes in science and technology having incomplete information.
To deal such cases we needed a theory different from classical mathematics. Graph
structures as generalized simple graphs are widely used for study of edge colored
and edge signed graphs, also helpful and copiously used for studying large domains
of computer science. Initially in 1965, Zadeh [29] proposed the notion of fuzzy
sets to handle uncertainty in a lot of real applications. Fuzzy set theory is finding
large number of applications in real time systems, where information inherent in
systems has various levels of precision. Afterwards, Turksen [26] proposed the idea
of interval-valued fuzzy set. But in various systems, there are membership and non-
membership values, membership value is in favor of an event and non-membership
value is against of that event. Atanassov [8] proposed the notion of intuitionistic
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fuzzy set in 1986. The intuitionistic fuzzy sets are more practical and applicable in
real-life situations. Intuitionistic fuzzy set deal with incomplete information, that
is, degree of membership function, non-membership function but not indeterminate
and inconsistent information that exists definitely in many systems, including belief
system, decision-support systems etc. In 1998, Smarandache [24] proposed another
notion of imprecise data named as neutrosophic sets. “Neutrosophic set is a part
of neutrosophy which studies the origin, nature and scope of neutralities, as well
as their interactions with different ideational spectra”. Neutrosophic set is recently
proposed powerful formal framework. For convenient usage of neutrosophic sets in
real-life situations, Wang et al. [27] proposed single-valued neutrosophic set as a gen-
eralization of intuitionistic fuzzy set[8]. A neutrosophic set has three independent
components having values in unit interval [0, 1]. On the other hand, Bhowmik and
Pal [10, 11] introduced the notions of intuitionistic neutrosophic sets and relations.
Kauffman [16] defined fuzzy graph on the basis of Zadeh’s fuzzy relations [30]. Rosen-
feld [21] investigated fuzzy analogue of various graph-theoretic ideas in 1975. Later
on, Bhattacharya gave some remarks on fuzzy graph in 1987. Bhutani and Rosenfeld
discussed M-strong fuzzy graphs with their properties in [12]. In 2011, Dinesh and
Ramakrishnan [15] put forward fuzzy graph structures and investigated its prop-
erties. In 2016, Akram and Akmal [1] proposed the notion of bipolar fuzzy graph
structures. Broumi et al. [13] portrayed single-valued neutrosophic graphs. Akram
and Shahzadi [2] introduced the notion of neutrosophic soft graphs with applications.
Akram and Shahzadi [1] highlighted some flaws in the definitions of Broumi et al.

[13] and Shah-Hussain [22]. Akram et al. [5] also introduced the single-valued neu-
trosophic hypergraphs. Representation of graphs using intuitionistic neutrosophic
soft sets was discussed in [3]. In this paper, we present concept of intuitionistic

neutrosophic graph structures. We introduce the certain operations on intuitionistic
neutrosophic graph structures and elaborate them with suitable examples. Further,
we investigate some remarkable properties of these operators. Moreover, we discuss
a highly worthwhile real-life application of intuitionistic neutrosophic graph struc-
tures in decision-making. Lastly, we elaborate general procedure of our application
by designing an algorithm.

We have used standard definitions and terminologies in this paper. For other no-
tations, terminologies and applications not mentioned in the paper, the readers are
referred to [3,6, 7, 9, 13, 14, 17, 18, 20, 22, 23, 25, 28, 30].

2. INTUITIONISTIC NEUTROSOPHIC GRAPH STRUCTURES
Definition 2.1. ([23]). Let G, = (P, P, P,...,P.) and Go = (P',P|,P},...,P!)

be two GSs, Cartesian product of G and G is defined as:
GixGyg=(PxP PLx P ,P,xPy.. P xP)),
where Pj, X P,IL = {(kll)(kgl) | NS P/, kiky € Ph} @] {(kll)(klg) | ke p,lllg S P}i},
h=(1,2,...,r).
Definition 2.2. ([23]). Let Gy = (P, Py, P,,...,P,) and G, = (P, P|,P},..., P!)
be two GSs, cross product of G; and G is defined as:
G1%Go=(P+P P +P],Py*x P}, ....,P.xP),
2
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where P, P}i = {(klll)(kglg) | kiky € Pp, l1ls € P}i}, h = (1,2, . ..,7‘).
Definition 2.3. ([23]). Let Gi = (P, P, Ps,..., P,) and Gy = (P, P{,P;,..., P))
be two GSs, lexicographic product of G; and Gy is defined as:

G,eGy=(PeP P eP/ PP, ....P eP),
where Ph.P}/l = {(kll)(klg) | ke P, lllQ (S P];}U{(klll)(kalg) | klkz S Ph,lllQ S Pf/z}7
h=(1,2,...,r).
Definition 2.4. ([23]). Let Gy = (P, Py, P»,..., P;) and Gy = (P, P{,P3,..., P))
be two GSs, strong product of G; and G is defined as:

GiIRGy,=(PRP ,PXP,P,XP, ..., P,KP),

where P, X P}/L = {(kll)(kgl) | l e P/, kiks € Ph} U {(kll)(k}lg) | ke P,lllg S P};} @]
{(klll)(leQ) | kle S Ph, lllz S P}IL}, h = (1,2, .. .,7’).
Definition 2.5. ([23]). Let Gy = (P, Py, Py,..., P,) and Gy = (P, P{, P},..., P})
be two GSs, composition of G; and G» is defined as:

Gi0Gy=(PoP PoP/,PyoP},...,P,oP)),
where P}, o Pi/z = {(kll)(kgl) | l e P/, kiko € Ph} U {(kll)(klg) | ke P,lllQ S P}Q} U
{(klll)(leQ) | kiko € Py, 11,12 € P’ such that l1 7§ 12}, h = (1,2, C ,7").
Definition 2.6. ([23]). Let G1 = (P, P1, Ps,..., P;) and Gy = (P, P{,P3,..., P))
be two GSs, union of GGy and G5 is defined as:

G1UGy=(PUP PLUP/,P,UP,,...,P.UP.).

Definition 2.7. ([23]). Let G, = (P, P, Ps,...,P,) and Gy = (P, P|,P},..., P
be two GSs, join of G; and G is defined as:

Gi+Gy=(P+P ,P+P,P,+P,....P+P),

where P+ P' = PUP', P, + P, = P,UP, UP/ for h=(1,2,...,r). P/ consists
of all those edges which join the vertices of P and P’.

Definition 2.8. ([19]). Let V be a fixed set. A generalized intuitionistic fuzzy set I
of V' is an object having the form I={(v, ur(v),v;(v))|v € V}, where the functions
pr 2V —10,1] and vy : V — [0, 1] define the degree of membership and degree of
nonmembership of an element v € V', respectively, such that

min{pr(v),vr(v)} <0.5, for all v € V.
This condition is called the generalized intuitionistic condition.

Definition 2.9. ([10, 11]). A set I = {T;(v),I;(v), Fr(v) : v € V'} is said to be an
intuitionistic neutrosophic (IN)set, if

(1) {Tr(v) ANr(v)} <05, {Ir(v) A Fr(v)} <0.5, {Fr(v) ATi(v)} < 0.5,

(i) 0 < Ty (v) + Ir(v) + Fi(v) < 2.

Definition 2.10. An intuitionistic neutrosophic graph is a pair G = (A, B) with
underlying set V', where Ta, Fa, I : V — [0,1] denote the truth, falsity and
indeterminacy membership values of the vertices in V and Ty, F, Ip: ECV xV
— [0, 1] denote the truth, falsity and indeterminacy membership values of the edges
kl € E such that

3
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(i) Tp(kl) < Ta(k) ATa(l), Fg(kl) < Fa(k)V Fa(l), Ig(kl) < Ia(k)AIa(l),
(i) (ki) A Ip(kl) < 0.5, Tg(kl) A Fg(kl) <05, Ip(kl) A Fg(lk) < 0.5,
(iii) 0 < Tp(kl) + Fp(kl) + Ig(kl) <2,V k,1 € V.

Definition 2.11. G; = (0,01, 0s,...,0,) is said to be an intuitionistic neutro-
sophic graph structure(INGS) of graph structure G = (P, Py, Ps,...,P,), if O =
< k,T(k),I(k), F(k) > and Oy, = < kl, Ty,(kl), I (kl), F},(kl) > are the intuitionistic
neutrosophic(IN) sets on the sets P and Py, respectively such that

(i) Th(kl) <T(K)ANT), In(kl) <I(k)ANI(l), Fr(kl)<F(k)VF(),

(ii) Th(kl) A Iy (Kl) < 0.5,  Th(kl) A Fp(kl) <05, In(kl) A Fp(kl) < 0.5,

(iil) 0 < Th(Kl) + In(kl) + Fr(kl) <2, for all kl € Op, h € {1,2,...,7},
where, O and O}, are underlying vertex and h-edge sets of INGS G;, h € {1,2,...,r}.

Example 2.12. An intuitionistic neutrosophic graph structure is represented in
Fig. 1.

k2(0.2,0.5,0.4)
k5(0.6,0.4,0.5)

£,
#0057 05(0.2,0.1,0.3)
04, 8
*0.3) ®a

FIGURE 1. An intuitionistic neutrosophic graph structure

Now we define the operations on INGSs.

Definition 2.13. Let éil = (01, 011, 012, ey 017«) and éiQ = (02, 021, 022, ey QQT)
be INGSs of GSs él = (P17P117P12, . .,Ph«) and GQ = (PQ,PQl,PQQ, RPN ,PQT), re-
spectively.
Cartesian product of Gi1 and Gig, denoted by

éil X GiQ = (01 X 02,011 X 021,012 X 022, .. .,017« X 027«),
is defined as:

T(0,x0)(kl) = (To, x To,)(kl) = To, (k) AN To, (1)
() § Lo1x0,)(kl) = (Io, X lo,)(kl) = (k) N lo,(1)
F(leOz)(kl):(Fol XFOz)( ) ( )\/Foz()

for all kl € P| x Py,
T(Olh,xozh,)(kll)(kZQ) = (Tolh X TO2h)(kll)(kl2) = TOI (k) A TO2h (1112)
(11) I(Olh onh,)(kll)(kZQ) = (Iolh X Iozh)(kll)(kZQ) = IOI (k) A IOzh (1112)
F(Olh,XOQh)(kll)(kl2) = (Folh X FO2h)(kll)(k12) = FOI (k) \ FO2h (1112)
for all k € Py , l1lo € Py,
4
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T(01h><02h)( )(le) = (TO1h X TO2h)(k l)(kQZ) = TO2 (l) A TOlh, (kle)
(111) I(Olh ><O2h)(k1 )(le) = (Iolh X Iozh)(k l)(kQZ) = Ioz (l) A Iozh (k1k2)
F(Olh XOQ}L)(kll)(qzl) (Folh X FO2h)(k l)(k2l) = FOz (l) N FO2h (kle)
fOI‘aHlEPQ,klknglh

Example 2.14. Consider G;; = (011011,012) and Gy = (02,041, Og) are two
INGSs of GSs G1 = (P1, P11, P12) and Go = (Ps, Pa1, Pag) respectively, as represented
in Fig. 2, where P11 = {klkg}, P12 = {k3k4}, P21 = {lllz}, P22 = {1213}

1,(0.2,0.2,0.3) 15(0.5,0.4,0.5)

£1(0.5,0.2,0.6) k3(0.4,0.3,0.4)
<
<
012(0.4,0.3,0.6) 2]
011(0.5,0.2,0.8) o
)
%4(0.5,0.3,0.6) k2(0.5,0.3,0.8) 15(0.3,0.3,0.4)
Gi1 = (01,011, 012) Giz = (02,091, 092)

FIGURE 2. Two INGSs G;1 and Gy

Cartesian product of G;; and Gy, defined as G;1 x Gio = {01 x 02,011 x0a1, 012 X
Os2} is represented in Fig. 3.

k112(0.3,0.2,0.6)  k212(0.3,0.3,0.8)

O11 x 021(0.2,0.2,0.8) O11 % 021(0.5,0.2,0.8)
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k3l2(0.3,0.2,0.4)  kal2(0.3,0.3,0.6)

O12 X 022(0.2,0.2,0.6) O12 % 022(0.4,0.3,0.6)

FIGURE 3. G;1 X Gia

Theorem 2.15. Cartesian pmduct Gi1xGya = (O1 XOQ, O11 xOgl, 012x099, ...,

O3,.) of two INGSs of GSs G1 and Gs is an INGS of G1 x Gs.

Proof. We consider two cases:
Case 1: For k € Py, l1ls € Py,

T(0,) x0up) (K1) (Kl2)) = To, (k) A To,, (l112)
< To, (k) A [To,(l1) A To,(l2)]
= [To, (k) N To,(1)] A [To, (k) A To, (12)]
=T(0,x0.)(kl1) NT(0, x0,)(kl2),

104, x 00 ((kl1) (Kl2)) = o, (k) A Lo, (l1l2)
< Io, (k) AN[Io,(l1) A 1o, (12)]
= [Lo, (k) A o, ()] A [To, (k) A Lo, (I2)]
= 1(0,x0,) (k1) N (0, x0,)(kl2),

F(01,x0,,) ((kl1)(kl2)) = Fo, (k) V Fo,, (lil2)
< Fo, (k) V [Fo,(l1) V Fo, (l2)]
= [Fo, (k) V Fo,(l1)] V [Fo, (k) V Fo, (l2)]
= F0,x0,)(kl1) V F0, x0,)(Kl2),

for ki1, kly € Py X Ps.
Case 2: For k € Py, l1l5 € Pyp,

T(0,, x0u) (LK) (I2k)) = To, (k) A To,, (Lil2)
< To, (k) AN [To, (1) NTo, (I2)]
= [To, (k) A To, ()] A [To, (k) A To, (I2)]
= T(0,x0,)(11k) AN T(0, x 0,)(l2k),

6
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104, x0an) (LK) (12k)) = o, (k) A Loy, (l1l2)
< Io,(k) Ao, (1) Ao, (12)]
= [lo, (k) N Io, ()] A [To, (k) A Lo, (I2)]
= 10, x0,)(l1k) N (0, x0,)(I2k),

F(01,x05) (L) (12k)) = Fo, (k) V Fo,, (lil2)
< Fo,(k) V [Fo, (l1) V Fo, (I2)]
= [Fo,(k) V Fo, ()] V [Fo, (k) V Fo, (12)]
= Fl01x0:)(11k) V Fl0,x0,)(l2k),
for Ik, lok € P, X Ps.
Both cases exists Vh € {1,2,...,r}. This completes the proof. O

Definition 2.16. Ifet Gil = (01, 011, 012, ey er) E%Ild GiQ = (02, 021, 022, ey QQT)
be INGSs of GSs Gl = (P17P6117P127 e 7P1r) and G2 = (P27P217P22, e ,PQT), re-
spectively. Cross product of G;; and G2, denoted by

éil * éi2 = (01 * 02,011 % 021,012 % O22, ..., O1, % 02r),

is defined as:

T(0,+05)(kl) = (To, * To,)(kl) = To, (k) A To,(1)
(1) 1 010, (k) = (Io, * 10,)(kl) = (k) Ao, (1)
F(0,+0,)(kl) = (Fo, * Fo,)(k ) 0., (k) V Fo,(1)

for all kl € P| x Py,
T(Olh,*ozh,)(klll)(kQZQ) = (Tolh * TO2h)(k1l1)(k212) = TOlh (k1k2) A TO2h (ZIZQ)
(i) § L(01nx0um) (k1l1)(k2l2) = (o, * Lo,,)(kil1)(k2l2) = 1oy, (kik2) A Lo, (ll2)
F(0,,,%00,) (k1l1)(k2l2) = (Fo,, * Fo,, )(ki1l1)(ka2l2) = Fo,, (k1k2) V Fo,, (l1l2)
for all k1ks € Pip, , l1ls € Poy,.

Example 2.17. Cross product of INGSs G;1 and Gj» shown in Fig. 2 is defined as
Gi * Gio = {01 % O2,011 * Og1,012 % Og2} and is represented in Fig. 4.

k211(0.2,0.2,0.8) k4l3(0.5,0.3,0.6) k3l3(0.4,0.3,0.5) k2l2(0.3,0.3,0.8)

[ d (]
k1l3(0.5,0.2,0.6) kal1(0.2,0.2,0.6)

k2l3(0.5,0.3,0.8)  k3l1(0.2,0.2,0.4)

[ ] L)
k112(0.3,0.2,0.6) k3l2(0.3,0.3,0.4) k412(0.3,0.3,0.6) k111(0.2,0.2,0.6)

FIGURE 4. G;1 * Gya

Theorem 2.18. CTOSSVpTOdUCtVGY“*GiQ = (01*023 011f<021, 012*022, e ,017«*027«)
of two INGSs of GSs Gy and G is an INGS of G1 * Gs.
7
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Proof. For all kily, kals € Py % Py

T(010am) ((k1l1)(k2l2)) = To,, (k1ka) A To,, (I1l2)
< [To, (k1) A To, (k2)] A [To, (1) A To,(12)]
= [To, (k1) ANTo, ()] A [To, (k2) A To,(12)]
= T(0,+0,) (k1l1) N T(0,10,) (kal2),

(klkg) A\ IO2hlll2)

10, +0) (F1l1) (kal2)) = Io
[To, (k1) Ao, (k2)] A [To, (1) A Lo, (12)]
=[lo
I

IN

L (k1) Ao, ()] A o, (k2) A 1o, (l2)]
(01*02)(klll) A 1(01*02)(k212)

F0,,+00) ((k1l1)(k2l2)) = Fo,, (k1k2) V Fo,, (lil2)
< [Fo, (k1) V Fo, (k2)] V [Fo, (L) V Fo, (l2)]
= [Fo, (k1) V Fo, ()] V [Fo, (k2) V Fo,(l2)]
= F(0,+0,)(k1l1) V F(0,+0,) (kal2),

for h € {1,2,...,7}. This completes the proof. O

Definition 2.19. Ifet éil = (01, 011, 012, ceey 017«) apd éiQ = (02, 021, 022, ceey OQT)
be INGSs of GSs Gl = (Pl,Pll,Plg, s 7P1r) find G2 = (P27P217P22, e ,PQT), re-
spectively. Lexicographic product of G;1 and G2, denoted by

éil L4 Gi2 = (01 L4 02,011 L4 021,012 L4 0227 .- -,01r L4 02r),

is defined as:

T(OloOz)(kl) = (TOI ® TO2)(k ) = 1(k) A TOz( )
(1) § (0,00, (k) = (Io, ® 10,)(kl) = (k) Ao, (1)
F(0,00,)(kl) = (Fo, ® Fo,)(k ) 0., (k) V Fo,(1)

for all kl € P, X Py
T(Olh,‘ozh,)(kll)(kZQ) = (Tolh i TO2h) l )(kZQ) = TOI (k) A TO2h (1112)
(i) 1)(kl2) = Io, (k) Aoy, (lhl2)
(k

(k
I(Olh‘o2h,)(kl1)(kl2) = (Iolh i Io2h)(kl ;
)V Foy, (lhl2)

F(OlhOO%)(kll)(kl?) = (Fom hd FOQ} )(kll)(kZQ) Fo,
for all k € P, , Il € Pop,
T(Olh,‘ozh,)(klll)(kQZQ) = (Tolh b TO2h)(klll)(k212) = TOlh (k1k2) A TO2h (1112)
(i) § L(01n00m) (k1l1)(kalz) = (Lo, ® 10,,)(kil1)(k2l2) = o, (k1k2) A Loy, (lhl2)
F(0,1,005) (k1l1)(k2l2) = (Fo,, ® Fo,,)(k1l1)(k2l2) = Fo,, (k1k2) V Fo,, (lil2)
for all k1ko € Pyip, , l1ls € Poy,.

Example 2.20. Lexicographic product of INGSs G and Gy shown in Fig. 2 is
defined as Gj1 @ G2 = {O1 0 02,011 © 021,012 Oz} and is represented in Fig. 5
8
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k111(0.2,0.2,0.6) 1;221 (0.2,0.2,0.8) k2l3(0.5,0.3,0.8)

P,

O11 0 051(0.2,0.2,0.6)
(8020C0)1e0 ® 110

7
kal2(0.3,0.3,0.8)
O12 @ 022(0.3,0.2,0.6)

k112(0.3,0.2,0.6) k1l3(05,0.2,0.6)

O11 0 021(0.2,0.2,0.6)

k4l1(0.2,0.2,0.6) k3l2(0.3,0.2,0.6) &\ kal2(0.3,0.3,0.6)

Q7 (9°0°¢°0°€°0) %20 ® C10

k311(0.2,0.2,0.4) k3l3(0.4,0.3,0.5) k4l3(0.5,0.3,0.6)

FIGURE 5. G;1 @ Gyo

Theorem 2.21. Lexicographic pmduct Gi10Gis = (O1002,0110021,012001,, ..
Oa,) of two INGSs of the GSs Gy and G is an INGS of G, e G.

Proof. We consider two cases:
Case 1: For k € Py, l1ls € Py,

T(01,000) (K1) (kl2)) = To, (k) A To,, (lil2)
< To, (k) A [To,(l1) A To,(l2)]
= [To, (k) N To, (1) A [To, (k) A To,(12)]
=T(0,00,)(kl1) NT(0,00,)(Kl2),

1(01,00::) ((kl1)(Kl2)) = Io, (k) A Lo, (l1l2)
<o, (k) Ao, (l1) A lo,(l2)]
= Lo, (k) A Lo, ()] A [To, (k) A Lo, (12)]
= 1(0,00,)(kl1) N 1(0,00,)(kl2),

F(0,1,00::) (kL) (kl2)) = Fo, (k) V Fo,, (lil2)
< Fo, (k) V [Fo,(l1) V Fo,(l2)]
= [Fo, (k) V Fo, ()] V [Fo, (k) V Fo,(l2)]
= F(0,00,)(kl1) V F(0,40,) (kl2),
for kl1,kly € Py o Ps.

) Olr.
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Case 2: For k1ky € Py, l1ls € Py,

T(011,000m) ((k1l1)(k2l2)) = To,, (k1ka) A To,, (I1l2)
< [To, (k1) A To, (k2)] A [To, (1) A To,(l2)]
= [To, (k1) ANTo, ()] A [To, (k2) A To,(12)]
= T(0,00,) (k1l1) N T(0,00,) (kal2),

1(041,000,) ((k111)(k2l2)) = Lo, (k1k2) A Lo, (l1l2)
L (k1) Ao, (k)] A [To, (1) A Lo, (12)]
L (k1) Ao, ()] A o, (k2) A To, (I2)]

(0100,) (k111) N 1(0,00,) (K2l2),

IN

Io
[lo
=llo
I

F(041,00.,) ((k1l1)(k2l2)) = Fo,, (kik2) V Fo,, (Lil2)
< [Fo, (k1) V Fo, (k2)] V [Fo, (L) V Fo, (l2)]
= [Fo, (k1) V Fo, ()] V [Fo, (k2) V Fo,(l2)]
= F(0,00,)(k1l1) V F(0,00,) (k2l2),

for kili,kols € Py o Ps.
Both cases hold for h € {1,2,...,r}. This completes the proof.

O

Definition 2.22. Ijet éil = (01, 011, 012, ey 017«) z}nd éi2 = (02, 021, 022, ey OQT)
be INGSs of GSs G1 = (P17P1V17P12, e 7P1r) and G2 = (PQ,PQl,PQQ, [P ,PQT), re-
spectively. Strong product of G;1 and G2, denoted by

Gii KNGy = (01K O2,011 ¥ 021,012 X 02, ..., 01, K Os,),
is defined as:

T(01®O2)(kl) = (TOI X TOQ)(k ) = 1(k) N TOz( )
() § Losmo.)(kl) = (Io, W 1o, )(kl) = (k) Ao, (1)
F(OﬂZlOz)(kl):(FOl&Foz)( ) ( )\/Foz()

for all kl € P; x Py,
T(Olh,®02h,)(kl1)(kl2) = (Tolh X TO2h)(kll)(kl2) = TOI (k) A TO2h (1112)
(11) I(Omgomz)(kll)(kb) = (Iolh X Iozh)(kll)(kl?) - Iol( ) A Iozh (l 12)
F(Olh&Ozh)(kll)(kZQ) = (Fom X Fozh,)(kll)(kZQ) FOI( ) v FOQh (l 12)
for all k € P, , l1ily € Pop,
T(Olhgo%)(kll)(k?l) = (TOM X TOzh,)(kll)(kQZ) =To, (l) A TOm (kle)
(111) I(Olh®02h,)(kll)(k2l) = (Iolh X Iozh)(kll)(k2l) = IOQ (l) A IOzh (kle)
F(Olh,|Z|02h)(kll)(k2l) = (Folh X F02h)(kll)(k2l) = FOz (l) \ FO2h (kle)
fOI‘alllEPg,kleEPlh,
T(Olh,go2h,)(klll)(k212) = (Tolh X TOzh)(klll)(k212) =To,, (kle) NTo,, (1112)
(iV) I(Olhgozh,)(klll)(kal?) = (Iolh X Io2h)(klll)(k212) = Iolh(klk2) A IOzh (1112)
F(0,,80,,) (k1l1)(k2l2) = (Fo,, W Foy, )(kil)(k2lz) = Fo,, (k1k2) V Fo,, (lils)
for all k1ko € Pyip, , l1ls € Poy,.

Example 2.23. Strong product of INGSs G,1 and Gjs shown in Fig. 2 is defined
as Gij1 MG = {01 K 02,011 K 021,012 K Oz2} and is represented in Fig. 6.
10
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FIGURE 6. éil X éiQ

Theorem 2.24. Stmng p'l“Od’LLCt Gil &GZ% = (01 |Z|02, 011 ®p217 Q12®022, .
Os,) of two INGSs of the GSs G1 and G4 is an INGS of G1 K Gs.

7017‘®

Proof. There are three cases:

Case 1: For k € Py, l1ls € Py,

T(0,,R04,) (k1) (kl2)) = To, (k) A To,, (ll2)
< TOI( ) [Toz (l ) A TOz (12)]
= [To, (k) A To,(11)] A [To, (k) ATo,(12)]

= T(0,R0,) (kl1) A T(0,R0,)(kl2),

1(0,,80,,) (Kl1)(kl2)) = 1o, (k) A Lo, (I112)
<o, (k) Ao, () A o, (12)]
= [Lo, (k) Ao, (W] A [Lo, (k) A Lo, (12)]
= I(0,R0,)(kl1) N I(0,R0,)(kl2),
11
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F(0,,80,,) ((kl1)(kl2)) = Fo, (k) V Fo,, (lil2)
< Fo, (k) V [Fo, (1) V Fo, (I2)]
= [Fo, (k) V Fo,(l1)] V [Fo, (k) V Fo, (l2)]
= F(0,m0,)(kl1) V Flo,m0,)(kl2),

for kly,kly € PL X Ps.
Case 2: For k € Py, l1l5 € Py,

T(0,,80,,) ((L1k)(12k)) = To, (k) A To,, (lhl2)
< To, (k) A [To, (1) A To, (I2)]
= [To, (k) AN To, (1)) A [To, (k) A To, (I2)]
= T(0,80,)(11k) N T(0,R0,)(l2k),

1(0,,80.,) (LK) (12k)) = o, (k) A oy, (l1l2)
< Io,(k) A [Io,(l1) A Io, (12)]
= Lo, (k) A o, ()] A [To, (k) A Lo, (I2)]
= 1(0,m0,)(11k) A I(0,m0,)(12k),

F0,,80,,)((l1k)(I2k)) = Fo,(k) V Fo,, (l1l2)

< Fo, (k) V [Fo, (l1) V Fo, (I2)]
= [Fo, (k) V Fo, (l)] V [Fo, (k) V Fo, (I2)]
= Flo,x0,)(l1k) V F0,0,)(l2k),

for l1k,lok € PL K Ps.

Case 3: For every kiks € Pip, l1ls € Py,

T(0,4R0,) ((k1l1)(k2l2)) = To,, (k1k2) A Toy, (lil2)
< [To, (k1) AN To, (k2)] A [To, (1) A To,(12)]
= [To, (k1) ATo, (I1)] A [To, (k2) A To, (I2)]
= T10,R0,)(k1l1) A T(0,R0,)(kal2),

1(0,,80,,) ((k1l1)(k2l2)) = Io,, (k1k2) A o, (lil2)
< [{o, (k1) Ao, (k2)] A [lo, (1) A Lo, (l2)]
= [Lo, (k1) Ao, (1)) A [Lo, (k2) A Lo, (12)]
= I(0,80,)(k1l1) A L(0,R0,) (k2l2),

F(0,,80,,) ((k1l1)(k2l2)) = Fo,, (k1k2) V Fo,, (lil2)
< [Fo, (k1) V Fo, (k2)] V [Fo, (1) V Fo,(l2)]
= [Fo, (k1) V Fo, ()] V [Fo, (k2) V Fo,(l2)]
= Flo,x0,)(k1l1) V Flo,80,) (k2l2),

for kili,kolo € PP Py, and h=1,2,...,r
This completes the proof.
12
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Definition 2.25. Let Gil = (01, 011, 012, ceey Olr) and Gig = (02, 021, 022, ceey OQT)
be INGSs of GSs G1 = (P17P111P12,. "’VPlT) and GQ = (PQ,PQl,PQQ,. .. ,PQT), re-
spectively. The composition of GG;; and G;2, denoted by

éil o éi2 = (01 002,011 0021,0120022,...,01, 0 O2r),

is defined as:

T(O1OO2)(kl) = (TOI © TOz)(k ) O (k) A TOQ( )
() § L0100, (kl) = (o, © Io,)(kl) = (k) Ao, (1)
F(0,00,)(kl) = (Fo, o Fo,)(k ) o0, (k) V Fo,(l)

for all kl € P, x Ps,
T(01h002h)(kll)(k12) = (T01h, © TOzh)(kll)(kZQ) = TOl (k) A TOQh (1112)
(11) I(Olhoo2h)(kll)(kl2) = (Iolh © Iozh)(kll)(kZQ) = IOI (k) A Iozh, (1112)
F(Olh,oozh)(kll)(kl2) = (Folh © Fo2h)(kl1)(/€lg) = FOI (k) 4 FO2h (ZIZQ)
for all k € Py , l1lo € Py,
T(01h002h)(kll>(k21) = (T01h, © TOzh)(kll)(kQZ) = TOz (l) A TO1h,(k1k2)
(111) I(Omoozh,)(kll)(k?l) = (Iolh o Io2h)(kll)(k21) = Ioz (l) A IO2h (k1k2)
F(Olh,OOQh)(kll)(kQZ) = (Folh o Fozh)(kll)(kQZ) = F02 (l) \ FO2h (kle)
fOI‘aHlEPQ,kleEPU“
101,002, (k1l1)(k2l2) = (To,, © To,, ) (k1l1)(kal2) = To,, (k1k2) A To, (1) A To, (I2)
(iv) § L(011002m) (k1l1)(R2l2) = (Lo, © 10, )(k1l1)(kal2) = Io,, (k1k2) A do,(11) A Lo, (I2)
F(01,,000,) (k1l1)(kal2) = (Fo,, © Foy,, )(k1l1)(kalz) = Fo,, (kik2) V Fo, (l1) V Fo, (l2)
for all k1ko € Pip, , l1ly € Py, such that [y # ls.

Example 2.26. The composition of INGSs G;; and Gy2 shown in Fig. 2 is defined
as:

Gi1 0 Gio = {01 002,011 0 Oa1,012 0 O20}

and is represented in Fig. 7.

k111(0.2,0.2,0.6) k112(0.3,0.2,0.6) k113(0.5,0.2,0.6)
0110021(0.2,02,06) &\ 012002(0.3,0.2,06) o
—~ Q,Qﬁ; 02 Qm
0 . 00 o0
=] {b\@ = ofDk Oq,\\ =]
of S o Ov R o
e o S © >
S = =
o J/ Il /J :—<
3 o) S 9, °O 9
o 9{ o v”{ o
o] (O = (0, 0N o
6 ‘VJ)O = 3 2 & ot
2 054
0110021(02,0.2,08) %, O120022(0.3,0.3,08) g,
k211(0.2,0.2,0.8) k212(0.3,0.3,0.8) k2l3(0.5,0.3,0.8)
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O120022(0.2,0.2,0.6) 2 0120022(0.3,0.3,0.6) )

k311(0.2,0.2,0.4) kal2(0.3,0.3,0.6) k3l3(0.4,0.3,0.5)

FIGURE 7. G;1 0 Gy

Theorem 2.27. The composition G;10Gis = (01003,01100321,012009, ..

Os,) of two INGSs of GSs G and G is an INGS of Gy o Gs.

Proof. We consider three cases:

Case 1: For k € Py, l1ls € Py,

T(OlhOOzh) ((kll)(kZQ)) = TOl (k) A TO2h (lll?
< To, (k) A [To,(11) A To, (l2)]
= [TOI( ) NTo, (ll)] [TOI (k) NTo, (12)]

= T(0,00,) (kl1) NT(0,00,)(Kl2),

101,000 ((kl1)(Kl2)) = To, (k) A Lo, (lil2)
<o, (k) N [o,(l1) A lo,(I2)]
= [Lo, (k) A Lo, (L)) A [Lo, (k) A Lo, (I2)]
= 1(0,00,)(kl1) N 1(0,00,)(kl2),

F(011,000) ((kl1)(kl2)) = Fo, (k) V Fo,, (lil2)
< Fo, (k) V [Fo,(lh) V Fo, (12)]
= [Fo, (k) V Fo, ()] V [Fo, (k) V Fo,(l2)]
= F(0,005)(kl1) V F(0,00,)(kl2),

for kll,klz € Pobs.
Case 2: For k € Py, l1l5 € Pyp,

110,000, (1K) (I2k)) = To, (k) A To,, (lil2)
< To, (k) A [To, (1) A To, (I2)]
= [To, (k) AN To,(I1)] A [To, (k) A To, (12)]
= T(0,00,)(l1k) NT(0,00,)(12k),
14
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101,000 (1K) (12k)) = o, (k) A Loy, (lhl2)
< Io, (k) A o, (1) A Lo, (12)]
= [lo, (k) N Io, ()] A [Lo, (k) A o, (I2)]
= 1(0,00,)(11k) N 1(0,00,)(l2k),

F(Olh,oOgh,)((llk)(l2k)) = Fo, (k) V Fo,, (l1l2)

< Fo, (k) V [Fo, (l1) V Fo, (I2)]
= [Fo, (k) V Fo,(l1)] V [Fo, (k) V Fo, (I2)]
= F(0,00,)(l1k) V F(0,00,)(l2k),

for I1k,lsk € Py o Ps.

Case 3: For ki1ks € Pyp,l1,lo € Py such that [; # I

T(041,000m) ((k1l1)(kal2)) = To,, (k1k2) A To, (1) A To, (l2)
< [To, (k1) ATo, (k2)] A To, () ATo,(l2)
= [To, (k1) ANTo, ()] A [To, (k2) A To,(12)]
= T(0,00,) (k111) N T(0,00,) (kal2),

101,005, ((k1l1)(k2l2)) = oy, (k1k2) Ao, (1) A Lo, (l2)

[ L (k1) Ao, (k2)] A o, () A Lo, (12)]
= [lo, (k1) Ao, ()] A Lo, (k2) A Lo, (12)]
1(0,00,)(k1l1) AN 1(0,00,) (k2l2),

F(041,000) ((k1l1) (k2l2)) = Fo,, (kik2) V Fo,(l1) V Fo,(l2)
< [Fo, (k1) V Fo, (k2)] V [Fo, (L) V Fo, (l2)]
= [Fo, (k1) V Fo, ()] V [Fo, (k2) V Fo,(l2)]
= F(0,00,)(k1l1) V F(0,00,)(k2l2),

IN

for klll,kQZQ € PoPs.

All cases holds for h =1,2,...,r. This completes the proof. 0
Definition 2.28. Let Gil = (01, 011, 012, ceey Olr) and Gig = (02, 021, 022, ceey OQT)
be INGSs of GSs Gy = (P1, Py, Pr2, ..., Pry) and Go = (P2, Par, Paa, . .., Pay), Te-
spectively. The union of G;; and G2, denoted by

Git UG = (01U 02,011 UO21,012U Oag, ...,01, U Oay),

is defined as:

T(OluOg)(k) = (TOI U TO2)(k) 1(k) v TOz( )
(1) I(O1U02)(k) = (IOI U IOz)(k) (k) vV IO2( )
Flo,u0,)(k) = (Fo, U FOz)(k) 0, (k) A Fo, (k)

for all k € P, U Ps,
T(Olh,UOQh)(kl) = (Tolh U TOzh)(kl) =To,, (kl) VTo,, (kl)
(11) I(Olhuozh)(kl) = (Iolh U Io2h)(kl) = Io,, (kl) V1o, (kl)
F(Olh,Uozh,)(kl) = (Folh U FOzh)(kl) = lo,, (kl) N Fo,, (kl)
for all kl € P, U Pyy,.
15
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Example 2.29. The union of two INGSs G;; and G2 shown in Fig. 2 is defined as
Gi1UGj = {01 U 02,011 UO31,012 U O22}

and is represented in Fig. 8.

k1(0.5,0.2,0.6) k74(0.5,.0.3,046)
3 B
[e=} fe=l
S S
3 O12 U022(0.3,0,3,0.5> < O U 021(0,2,0.2,0.4)
1'3(0.5,0.470‘5) E 15(0.3,0.3,0.4) \E&‘n/ 11(0.2,0.2,0.3)'
) )
D D
S) 6{
J ‘

k2(0.5,0.3,0.8) k3(0.4,0.3,0.4)

FIGURE 8. éil U GiQ

Theorem 2.30. The um’m} GVMUG}'Q = (01U02, 0119021%012UO22’ ceey OlTUOQrp)
of two INGSs of the GSs Gy and G2 is an INGS of G1 U Gs.
Proof. Let ki1ks € P, U Pyp,. There are two cases:

Case 1: For kl, ko € Pl, by definition 228, TO2 (kl) = TO2 (kg) = TOQ}L(kle) =
0, lo, (kl) = lo, (kQ) = IOQh (kle) =0, fo, (kl) = Fo, (kQ) = FOzh,(k1k2> =

1. Thus,
T(01,00s1) (k1ka) = To,, (k1k2) V TOQ; (k1ks2)
=To,, (k1k2) v
< [To, (k1) /\Tol(kz)]
= [To, (k1) VO] A [Tol(kz) v 0]
= [To, (k1) V To,(k1)] A [To, (k2) V To, (k2)]

= T(0,00,) (k1) A T(0,00,)(k2),

k1k2) v IQ2h (k1k2)
= Io,, (kika) V
< [Io, (k1) A Iol(kz)] V0
= [Lo, (k1) VO] A [Io, (k2) V O]
= o, (k1) V o, (k1)] A 1o, (k2) V 1o, (k2)]
= 1(0,00,) (k1) N L(0,00,)(k2),
16
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F(Olh,Uozh,)(kl k2) FOlh (kl
- FOM kl

k /\Fo%(klkg)
(k1k
< [Fo, (k1)
(k1) A
)

2)
2) A
VF, (kg)]

Oy
= [Fo, (k1 [Fo, (k2) A1]
= [FOI (kl /\FOQ (kl)] [FOI (kQ) /\FOQ (kQ)]

v
= F0,00,) (k1) V F0,00,)(k2),

for k1, ke € Py U Ps.
Case 2: For ky, ky € Py, by definition 2.28, Tp, (k1) = To, (k2) = To,, (k1k2) =

0, Io, (k1) = Io, (k2) = Io,, (k1k2) = 0, Fo, (k1) = Fo,(q2) = Fo,, (kik2) =

1, so

T(0,,00,,) (k1k2) = To,, (k1k2) V T021 (k1k2)
= To,, (k1k2) V

< [To, (k1) A Toz(kz)]
= [To, (k1) VO] A [Toz(kz) v 0]
= [To, (k1) V To, (k)] A [To, (k2) V To, (k2)]
= T(0,00,) (k1) AN T(0,00,)(k2),

I(olh,uozh)(mkz): wn (K1 )Vfozh(klkz)
a1, (k1k2) V
0, (k1) N 1o, (kz)] Vo0
2 (k1) VO] A Lo, (k2) v O]
(k1) Vo, (k)] A Lo, (k2) V 1o, (k2)]
= 10,00,) (k1) A L(0,00,)(k2),

F(Olh,Uozh,)(kle) FOlh
= FO2h

k
k

2h

IN

[
= llo
= llo

kiks)
k1ka) A
< [Fo, (k1) VFOz(kZ)]
= [Fo, (k1) A1]V [Fo, (kz) A1]
= [Fo, (k1) A Fo, (k)] V [Fo, (k2) A Fo, (k2)]
= F(0,00,) (k1) V F(0,00,)(k2),

( /\FO2h (k1k2)
(

for k1, ke € Py U Ps.
Both cases hold Vh € {1,2,...,7r}. This completes the proof. |

Theorem 2.31. Leté = (P1UP2,P11 UP21,P12UP22,...,PlTUPQT) be the union
Of two GSs Gl = (Pl,Pll,Plg, . Ph«) and GQ = (PQ,PQl,PQQ, . PQT) Then every
INGS G; = (0,041,049, ...,0,) of G is union of the two INGSs Gy1 and Gia of GSs
G, and G, respectively.
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Proof. Firstly, we define Oy, 02,01, and Osy, for h € {1,2,...,7} as:
To, (k) = To(k), Io, (k) = Io(k), Fo, (k) = Fo(k), if k € Py,
To, (k) = To(k), Io, (k) = Io(k), Fo, (k) = Fo(k), if k € Py,
To,, (kik2) = To, (k1kz), Lo, (k1k2) = lo, (k1kz), Fo,, (k1k2) = Fo, (k1kz),
if k1kg € Pip,
Tos, (k1k2) = To, (k1k2), 10,, (k1k2) = o, (k1k2), Foy, (k1k2) = Fo, (kik2),
if k1ko € Poy,.
Then O = 01 U O3 and Op, = O1, U Ogp, h € {1,2,...,7}.
Now for k1ke € Py, 1 =1,2, h=1,2,...,r,
Toy, (k1ks) = To, (k1k2) < To(k1) A To(kz) = To, (k1) A To, (k2),
loy, (k1k2) = o, (kik2) < Io(k1) Alo(k2) = Io, (k1) Ao, (k2),
3 Folh(klkg) = Foh (klkg) < Fo(kl) \Y Fogkg) = FOZ (kl) V FOZ (kg), i.e
Gil = (01,011,012, ---;Olr) is an INGS of Gl, 1= 1,2.
Thus G; = (0,01,0s,...,0,), an INGS of G = G1 U Gy, is the union of the two
INGSs Gy and Gyo. O

Definition 2.32. Ifet Gil = (01, 011, 012, ceey 017«) apd GiQ = (02, 021, 022, ceey OQT)
be INGSs of GSs Gl = (Pl,Pll,Plg, “ee lPlT) aIlCl G2 = (Pg,Pgl,ng, e ,PQT), re-
spectively and let P, N Py, = @. Join of G;; and G2, denoted by

Gir + Giz = (01 + 02,011 + 021,012+ O92, ..., O1, + Oo,),

is defined as:

T(01+02)(k) T(01U02 (k)
(i) ¢ L01+0,) (k) = L(0,00,) (k)
F(01+O2)(k) F(OlUOz)(k)
for all k € P, U Ps,
T(Olh,JrOzh)(kl) = T(OULUOQ}L)(kl)
(i) I(OuHrOzh)(kl) = I(OwUOzh)(kl)

F(O1h,+02h,)(kl) = F(Olh,UOQh)(kl)
for all kl € Py, U Poy,,

T(Olh,JrOzh)(kl) = (Tolh + TOzh)(kl) = 1(k) NTo, (l)
(iif) § L(01n+02m) (kD) = (Lo, + L0, ) (Kl) = (k) Ao, (1)
F(Olh+o2h)(kl) = (FO1h, + FOQh)( ) ( ) \ FO2( )

forall ke P, ,l € Ps.

Example 2.33. The join of two INGSs G,1 and Gjs shown in Fig. 2 is defined as
G+ Gy = {01 4+ 02,011 + 021,012 + 022} and is represented in the Fig. 9.

Theorem 2.34. The ]Ol’n G11 —I—GZQ = (O1—|—02, O11+021, O12+093, ... ,017«4—027«)
of two INGSs of GSs G1 and G is INGS of G1 + Gs.

Proof. Let kiks € Pip + Pop. There are three cases:

Case 1: For ky, ks € P1, by definition 2.32, Tp, (k1) = To, (k2) = To,, (k1k2) =
0, IOQ (kl) = IOQ (kQ) = Io2h (k1k2) =0, FOz (kl) = F02 (kQ) = FO2h (kle) =
18
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15(0.3,0.3,0.4)

13(0.5, 0.4, 0.5)
(€020c0) 1

k2(0.5,0.3,0.8) k3(0.4,0.3,0.4)

FIGURE 9. G;1 + Gio

1, so,
T(011+0u) (k1k2) = To,, (k1k2) V To2h (k1kz2)
= To,, (k1k2) V
< [To, (k1) A Tol(kz)] Vo0
= [To, (k1) V O] A [To, (g2) V 0]
= [To, (k1) V To, (k)] A [To, (k2) V To, (k2)]
=T(0,+0,)(k1) ANT(0,+0,)(k2),

L0uy1-0my (k) = Lo, (krka) V Toy, (kiks)
0,5, (k1k2) VO
k1) Ao, (k2)] VO
k1) VO] A [lo, (k2) V 0]
L (k1) V 1o, (k)] A o, (k2) V 1o, (k2)]
= 1(0,+0,) (k1) N0, +0,)(k2),

1h

IN

[1(
= o, (
= [lo

F(0y,+0u) (k1k2) = Fo,, (k1ks2) /\Fozh (k1k2)
= Fo,, (kik2) A
< [Fo, (k1) VFol(kz)]
= [Fo, (k1) A1)V [Fol(kz) A1]
= [Fo, (k1) A Fo,(k1)] V [Fo, (k2) A Fo, (k)]
= Fl0,+0.) (k1) V F(0, +0,)(k2),

forkl,k2€P1+P2.
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Case 2: For ky, ky € Py, by definition 2.32, Tp, (k1) = To, (k2) = To,, (k1k2) =
0, Io, (kl) = lo, (kQ) = lo,, (k1k2) =0, Fo, (kl) = Fo, (kQ) = Fo,, (kle) =
1, so

T(OthrOzh,)(klk?) =To,, (k1 ) V To,, (kle)
=To,, (k1ka) V0

k
k
< [To,(k1) A To,(k2)] VO
)V
)

~—~ o~~~

[Toz k1 ] [TOQ (k2) \ O]
[TOI (kl VTo, (kl )] A [TOI (kQ) VTo, (k2)]
= T(01+02) (kl) A T(O1 +02) (kQ)a

0,5, (k1ka) V Io2h (k1ko)
h(kl 2) V
0. (k1) A Lo, (k2)]

o (k1) VOl A [102(k2)\/0]

L (k1) V 1o, (k)] A o, (k2) V 1o, (k2)]
= 1(0,+0,) (k1) AN (0, +0,)(k2),

I(Olh,JrOzh,) (kle) =

IN

[
= [lo
= [lo

F0,,+0.m)(k1k2) = Fo,, (k1k2) A Fo,, (k1kz)
= Fo,, (k1k2) N1
< [Fo,(k1) V Fo, (k2)] A
= [Fo,(k1) N1]V [Foz(kz) A1]
= [Fo, (k1) A Fo, (k)] V [Fo, (k2) A Fo, (k2)]
= F0,+0,) (k1) V F(0,+0,)(k2),

N‘N‘

k
k

for qg1,q0 € P, + Ps.
Case 3: For ky € Py, ky € P,, by definition 2.32,
To, (k2) = To, (k1) = 0, lo, (k2) = Io, (k1) = 0, Fo,(k2) = Fo, (k1) = 1, so
T(01+0:1) (k1k2) = To, (q1) A To, (k2)
= [To, (k1) V O] A [To, (k2) V 0]
= [To, (k1) V To, (k)] A [To, (k2) V To, (k2)]
= T(0,+0,) (k1) ANT(0,+0,)(k2),

10,400 (k1k2) = o, (k1) A Lo, (k2)
= [Io, (k1) V O] A [To, (k2) V O]
= [lo, (k1) V 1o, (k1)] A [Lo,(k2) V 1o, (k2)]
= 10,10, (k1) N (0, +0,)(k2),
20
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F(01,+01) (k1k2) = Fo, (k1) V Fo, (k2)
= [Fo, (k1) A 1]V [Fo, (k2) A 1]
= [Fo, (k1) A Fo, (k)] V [Fo, (k2) A Fo, (k2)]
= Flo,+0,) (k1) V Flo,+0,) (k2),
for k1,ke € P, + Ps.
All these cases hold Vh € {1,2,...,r}. This completes the proof. O

Theorem 2.35. If G = (Pl + Py, P11+ Po1, Pio+ Poo, ..., P+ PQT) 1s the join of
the two GSs Gl = (Pl,Pll,Plg, ...,Ph«) and GQ = (PQ,PQl,PQQ, ...,PQT). Then each
strong INGS G; = (0,01,04,...,0,) of G, is join of the two strong INGSs Gi1 and
Gi2 of GSs G1 and Go, respectively.

Proof. We define O; and Oy, for Il =1,2 and h=1,2,...,r as:

To, (k) =To(k), Io, (k) = Io(k), Fo,(k) = Fo(k), if k € P,

TOlh(kle) = TOh,(kle)aIOLh,(kle) = IOh (k1k2)7FOLh, (kle) = FOh (kle)v if
kiko € Py,.

Now for k1ke € Py, 1 =1,2, h=1,2,....,r,

Toy, (kik2) = To, (k1k2) = To (k1) A To(k2) = To, (k1) A To, (k2),

loy, (k1k2) = o, (kik2) = Io(k1) A lo(k2) = Io, (k1) Ao, (k2),
3 FO”L (klkg) e Foh’ (kle) = Fo(kl) vV Fo(kg)vz FOZ (k}l) V FOZ (kQ), ie.,
Ga = (01,01, 02, ..., Oy is strong INGS of G, I = 1, 2.
Moreover, G; is the join of Gy and Gy as shown:
According to the definitions 2.28 and 2.32, O = O; UOy = O1 + O3 and Oy =
O11, U O2p, = O1p, + Oap, Vki1ka € Py U Poy,.
When ki1ko € Pip, + Poy, (Plh U Pgh), ie., k1 € Py and ko € Ps,

TOh (kle) = TO(kl) A TO(kQ) = TOL (kl) A TOz (kQ) = T(Olh+o2h)(k1k2)7

lo, (k1k2) = Io (k1) Ao (k) = Io, (k1) Mo, (k2) = 1(0,,+0.4) (k1k2), Fo, (k1kz) =
Fo(kl) v FO(kQ) = FOL (kl) v FOL (kQ) = F(Olh+o2h)(k1k2)’
when k; € Ps, ko € Py, we get similar calculations. It’s true for h = 1,2,...,r. This
completes the proof. O

3. Application

According to IMF data, 1.75 billion people are living in poverty, their living is
estimated to be less than two dollars a day. Poverty changes by region, for example in
Europe it is 3%, and in the Sub-Saharan Africa it is up to 65%. We rank the countries
of the World as poor or rich, using their GDP per capita as scale. Poor countries are
trying to catch up with rich or developed countries. But this ratio is very small, that’s
why trade of poor countries among themselves is very important. There are different
types of trade among poor countries, for example: agricultural or food items, raw
minerals, medicines, textile materials, industrials goods etc. Using INGS, we can
estimate between any two poor countries which trade is comparatively stronger than
others. Moreover, we can decide(judge) which country has large number of resources
for particular type of goods and better circumstances for its trade. We can figure out,
for which trade, an external investor can invest his money in these poor countries.
Further, it will be easy to judge that in which field these poor countries are trying to
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TABLE 1. IN set O of nine poor countries on globe

Poor Country | T | T | F
Congo 0.5]03]0.2
Liberia 04104103
Burundi 04]104]04
Tanzania 0.5]0.5]0.4
Uganda 04104105
Sierra Leone | 0.5 0.4 | 0.4
Zimbabwe 03(04]04
Kenya 0.5(0.3]0.3
Zambia 04]104]04

be better, and can be helped. It will also help in deciding that in which trade they
are weak, and should be facilitated, so that they can be independent and improve

their living standards.

We consider a set of nine poor countries in the World:

P = {Congo, Liberia, Burundi, Tanzania, Ugenda, SierrialLeone, Zimbabwe, Kenya, Zambia}.

Let O be the IN set on P, as defined in Table 1. In Table 1, symbol T" demonstrates
the positive aspects of that poor country, symbol I indicates its negative aspects,
whereas F' denotes the percentage of ambiguity of its problems for the World. Let
we use following alphabets for country names:
CO = Congo, L = Liberia, B = Burundi, T = Tanzania, U = Uganda, SL = Sierra
Leone, ZI = Zimbabwe, K = Kenya, ZA = Zambia. For every pair of poor countries
in set P, different trades with their 7', I and F' values are demonstrated in Tables
2 — 8, where T', F' and [ indicates the percentage of occurrence, non-occurrence and
uncertainty, respectively of a particular trade between those two poor countries

TABLE 2. IN set of different types of trade between Congo and
other poor countries in P

Type of trade

(CO, L)

(CO, B)

(CO, T)

(CO, U)

(CO, K)

Food items
Chemicals
Oil
Raw minerals
Textile products
Gold and diamonds

(0.1,0.2,0.3)
(0.2, 0.4, 0.3)
(0.4,0.2,0.1)
(0.3,0.1, 0.1)
(0.2, 0.3, 0.3)
(0.4,0.1,0.1)

(04,02, 0.1)
(0.1,0.2,0.1)
(0.4,0.3,0.2)
(0.4, 0.3, 0.3)
(0.1, 0.3, 0.4)
(0.4,0.2,0.2)

(0.2,0.1, 0.4)
(0.1, 0.2, 0.4)
(0.5, 0.1, 0.2)
(0.4, 0.2, 0.2)
(0.1, 0.2, 0.4)
(0.2, 0.2, 0.4)

(0.4, 0.3,05)
(0.3, 0.2, 0.4)
(0.4, 0.2, 0.2)
(0.4, 0.1, 0.2)
(0.1, 0.3, 0.2)
(0.2, 0.2, 0.4)

(0.2,0.1, 0.3)
(0.5,0.1, 0.1)
(0.5,0.3,0.1)
(0.5,0.1, 0.1)
(0.2, 0.1, 0.3)
(0.1, 0.3, 0.3)
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TABLE 3. IN set of different types of trade between Liberia and
other poor countries in P

Type of trade (L, B) (L, T) (L, U) (L, SL) (L, ZI)
Food items (04,0.2,0.2) | (0.4,0.3,0.2) | (0.3,0.3,0.4) | (0.3,0.3,0.3) | (0.2,0.3,0.3)
Chemicals (0.2,0.2,0.4) | (0.1, 0.4, 0.3) | (0.3,0.3,0.3) | (0.2, 0.2,0.4) | (0.1, 0.3, 0.3)

Oil (0.1, 0.1,0.4) | (0.2,0.3,0.3) | (0.1, 0.1, 0.4) | (0.2, 0.4, 0.3) | (0.2, 0.2, 0.3)

Raw minerals (0.3, 0.1, 0.3) | (0.2,0.2,0.3) | (0.2,0.1,0.4) | (0.3,0.2,0.3) | (0.2, 0.1, 0.3)

Textile products | (0.1, 0.3, 0.4) | (0.1, 0.3, 0.3) | (0.2, 0.1, 0.3) | (0.1, 0.2, 0.3) | (0.2, 0.2, 0.3)
Gold and diamonds | (0.2, 0.1, 0.4) | (0.2, 0.1, 0.3) | (0.3, 0.1, 0.3) | (0.4, 0.1, 0.1) | (0.3, 0.1, 0.1)
TABLE 4. IN set of different types of trade between Burundi and
other poor countries in P

Type of trade (B, T) (B, U) (B, SL) (B, ZI) (B, K)
Food items (0.3,0.2,0.2) | (0.4, 0.1, 0.2) | (0.3,0.3,0.1) | (0.3,0.3,0.2) | (0.3,0.2,0.2)
Chemicals (0.1, 0.2,0.3) | (0.2, 0.1, 0.3) | (0.2,0.4,0.3) | (0.3, 0.4, 0.3) | (0.3,0.3,0.1)

Oil (0.1, 0.1,0.4) | (0.2,0.3,0.4) | (0.2,0.4, 0.3) | (0.2, 0.2,0.5) | (0.1, 0.3, 0.4)

Raw minerals (0.2,0.1,0.3) | (0.4,0.2,0.3) | (0.4, 0.2,0.4) | (0.3,0.2,0.2) | (0.4, 0.2,0.2)

Textile products | (0.3, 0.1, 0.1) | (0.2, 0.4, 0.3) | (0.3, 0.2, 0.2) | (0.3, 0.2,0.1) | (0.4, 0.1, 0.2)
Gold and diamonds | (0.3, 0.2, 0.3) | (0.3, 0.4, 0.3) | (0.1, 0.4, 0.2) | (0.2, 0.4, 0.2) | (0.2, 0.3, 0.4)
TABLE 5. IN set of different types of trade between Tanzania and
other poor countries in P

Type of trade (T, U) (T, SL) (T, ZI) (T, K) (T,ZA)
Food items (0.4, 0.2,0.1) | (0.5,0.1,0.1) | (0.3,0.1,0.2) | (0.4, 0.3,0.2) | (0.3, 0.2, 0.2)
Chemicals (0.2, 0.3,0.3) | (0.2,0.3,0.4) | (0.2,0.3,0.3) | (0.4,0.1,0.4) | (0.3, 0.4, 0.4)

Oil (0.1,0.3,0.3) | (0.4, 0.1,0.3) | (0.3,04,0.2) | (0.2,0.3,0.3) | (0.1, 0.3, 0.3)

Raw minerals (0.3,0.3,0.4) | (0.4,0.3,0.3) | (0.3,0.2,0.1) | (0.4,0.2,0.3) | (0.3,0.2,0.3)

Textile products | (0.2, 0.4, 0.3) | (0.2, 0.4,0.4) | (0.1,0.3,0.4) | (0.2,0.3,0.2) | (0.4, 0.1, 0.2)
Gold and diamonds | (0.3, 0.4, 0.3) | (0.4, 0.3, 0.4) | (0.3, 0.1, 0.1) | (0.2,0.2,0.2) | (0.4, 0.3, 0.3)
TABLE 6. IN set of different types of trade between Sierra Leone
and other poor countries in P

Type of trade (SL, ZI) (SL, K) (SL, ZA) (SL, CO) (L, K)
Food items (0.3,0.3,0.2) | (04, 0.2,0.1) | (0.2,0.4, 0.3) | (0.5, 0.1, 0.1) | (0.4, 0.1, 0.2)
Chemicals (0.2,0.3,0.4) | (0.3,0.2,0.2) | (0.2,0.4, 0.4) | (0.2, 0.2,0.3) | (0.2, 0.3, 0.3)

Oil (0.1, 0.3,0.4) | (0.2,0.2,0.3) | (0.3,0.4, 0.2) | (0.5, 0.2,0.1) | (0.3, 0.3, 0.3)

Raw minerals (0.3,0.2,0.2) | (0.5,0.2,0.1) | (0.3,0.1,0.1) | (0.3,0.3,0.3) | (0.4, 0.1, 0.2)

Textile products | (0.2, 0.4, 0.2) | (0.3, 0.2,0.3) | (0.2, 0.2, 0.4) | (0.2, 0.2,0.3) | (0.3, 0.3, 0.2)
Gold and diamonds | (0.3, 0.1, 0.1) | (0.1, 0.2, 0.4) | (0.2, 0.3, 0.3) | (0.4, 0.1, 0.2) | (0.3, 0.2, 0.3)
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TABLE 7. IN set of different types of trade between Zimbabwe and
other poor countries in P

Type of trade (Z1, K) (Z1, ZA) (Z1, U) (Z1, CO)
Food items (0.3,0.2,0.2) | (0.3,0.1,0.1) | (0.3, 0.1, 0.1) | (0.2, 0.1, 0.1)
Chemicals (0.3, 0.3, 0.2) | (0.2, 0.4, 0.3) | (0.3, 0.2, 0.2) | (0.2, 0.1, 0.2)
0il (0.1, 0.3, 0.3) | (0.1, 0.4, 0.4) | (0.3, 0.2, 0.1) | (0.3, 0.1, 0.1)

Raw minerals | (0.3, 0.1, 0.2) | (0.3, 0.2, 0.1) | (0.3, 0.2, 0.3) | (0.2, 0.3, 0.1)
Textile products | (0.2, 0.2, 0.2) | (0.2, 0.4, 0.3) | (0.2, 0.3, 0.3) | (0.2, 0.3, 0.1)
Gold and diamonds | (0.3, 0.3, 0.1) | (0.3, 0.2, 0.1) | (0.3, 0.2, 0.2) | (0.3, 0.2, 0.1)

TABLE 8. IN set of different types of trade between Zambia and
other poor countries in P

Type of trade (ZA, CO) (ZA, L) (ZA, B) (ZA, K)
Food items (0.3,0.1,0.2) | (0.3,0.1,0.2) | (0.4, 0.2, 0.1) | (0.3, 0.1, 0.3)
Chemicals (0.2,0.2,0.2) | (0.2,0.2,0.1) | (0.3, 0.2,0.2) | (0.3, 0.1, 0.1)
0il (0.4, 0.1, 0.1) | (0.2, 0.1, 0.1) | (0.3, 0.2, 0.1) | (0.3, 0.2, 0.2)

Raw minerals | (0.3, 0.1, 0.1) | (0.4, 0.1, 0.1) | (0.4, 0.2, 0.2) | (0.4, 0.1, 0.1)
Textile products | (0.2, 0.2, 0.2) | (0.2, 0.2, 0.3) | (0.2, 0.3, 0.2) | (0.3, 0.1, 0.2)
Gold and diamonds | (0.1, 0.2, 0.4) | (0.4, 0.3, 0.2) | (0.2, 0.3, 0.2) | (0.3, 0.2, 0.1)

Many relations can be defined on the set P, we define following relations on set P
as:
P, = Food items, P, = Chemicals, P; = Oil, P, = Raw minerals, P; = Textile
products, Ps = Gold and diamonds, such that (P, Py, Py, Ps, Py, Ps, Ps) is a GS.
Any element of a relation demonstrates a particular trade between those two poor
countries. As (P, Py, Ps, P3, Py, Ps, Ps) is GS, that’s why any element can appear in
only one relation. Therefore, any element will be considered in that relation, whose
value of T is high, and values of I, F are comparatively low, using data of above
tables.
Write down T, I and F values of the elements in relations according to above data,
such that Oy, Oz, O3, O4, Os, Og are IN sets on relations Py, Py, P3, Py, P5, Ps,
respectively.
Let Py = {(Burundi, Congo), (SierraLeone, Congo), (Burundi, Zambia)}, P, = {(Kenya, Congo)},
P5 = {(Congo, Zambia), (Congo, Tanzania), (Zimbabwe, Congo)},
P, = {(Congo, Uganda), (SierraLeone, Kenya), (Zambia, Kenya)},
Ps = {(Burundi, Zimbabwe), (Tanzania, Burundi) },
Ps = {(SierraLeone, Liberia), (Uganda, SierraLeone), (Zimbabwe, SierraLeone)}.
Let O; = {((B,C0),0.4,0.2,0.1),((SL,C0),0.5,0.1,0.1), ((B,ZA),0.4,0.2,0.1)},
0, ={((K,C0),0.5,0.1,0.1)}, 05 ={((CO,ZA),0.4,0.1,0.1), ((CO,T),0.5,0.1,0.2),
((z1,C0),0.3,0.1,0.1)},04 = {((CO,U),0.4,0.1,0.2), ((SL, K),0.5,0.2,0.1), ((ZA, K),0.4,0.1,0.1) },
05 ={((B, ZI),0.3,0.2,0.1),((T, B),0.3,0.1,0.1)}, O¢ = {((SL, L),0.4,0.1,0.1), (U, SL),0.4,0.2,0.1),
((ZI1,5L),0.3,0.1,0.1)}. Obviously, (O, O, Oz, O3, O4, Os, Og) is an INGS as
shown in Fig. 10.
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(0.5,0.1,0.1) (0.4,0.2,0.1)

Gold and diamonds
(0.3,0.1,0.1)

Raw minerals
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(0.5,0.1,0.1)
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(0.4,0.1,0.2)
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Food items
(0.4,0.2,0.1)
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(0.4,0.1,0.1)
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(0.3,0.1,0.1)
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(0.3,0.2,0.1)

Food items
(0.4,0.2,0.1)

F1Gure 10. INGS indicating eminent trade between any two poor countries

Every edge of this INGS demonstrates the prominent trade between two poor coun-
tries, for example prominent trade between Congo and Zambia is Oil, its T, F and
I values are 0.4, 0.1 and 0.1, respectively. According to these values, despite of
poverty, circumstances of Congo and Zambia are 40% favorable for oil trade, 10%
are unfavorable, and 10% are uncertain, that is, sometimes they may be favorable
and sometimes unfavorable. We can observe that Congo is vertex with highest ver-
tex degree for relation oil and Sierra Leone is vertex with highest vertex degree for
relation gold and diamonds. That is, among these nine poor countries, Congo is
most favorable for oil trade, and Sierra Leone is most favorable for trade of gold and
diamonds. This INGS will be useful for those investors, who are interested to invest
in these nine poor countries. For example an investor can invest in oil in Congo.
And if someone wants to invest in gold and diamonds, this INGS will help him that
Sierra Leone is most favorable.

A big advantage of this INGS is that United Nations, IMF, World Bank, and rich
countries can be aware of the fact that in which fields of trade, these poor countries
are trying to be better and can be helped to make their economic conditions better.
Moreover, INGS of poor countries can be very beneficial for them, it may increase

trade as well as foreign aid and economic help from the World, and can present their
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better aspects before the World.

We now explain general procedure of this application by following algorithm.
Algorithm:

1. Input a vertex set P = {C1,Cs,...,C,} and a IN set O defined on set P.

2. Input IN set of trade of any vertex with all other vertices and calculate
T, F, and I of each pair of vertices using, T'(C;C;) < min(T(C;),T(C})),

3. Repeat Step 2 for each vertex in set P.

4. Define relations Py, Py, ..., P, on the set P such that (P, Py, Ps,...,P,) is
a GS.

5. Consider an element of that relation, for which its value of T' is comparatively
high, and its values of F' and I are low than other relations.

6. Write down all elements in relations with 7', F' and I values, corresponding
relations O1,0a,...,0, are IN sets on Pi, P>, P3, ..., P,, respectively and
(0,01,04,...,0,) is an INGS.

4. CONCLUSIONS

Fuzzy graphical models are highly utilized in applications of computer science.
Especially in database theory, cluster analysis, image capturing, data mining, control
theory, neural networks, expert systems and artificial intelligence. In this research
paper, we have introduced certain operations on intuitionistic neutrosophic graph
structures. We have discussed a novel and worthwhile real-life application of intu-
itionistic neutrosophic graph structure in decision-making. We have intensions to
generalize our concepts to (1) Applications of IN soft GSs in decision-making (2)
Applications of IN rough fuzzy GSs in decision-making, (3) Applications of IN fuzzy
soft GSs in decision-making, and (4) Applications of IN rough fuzzy soft GSs in
decision-making.

Acknowledgment: The authors are thankful to Editor-in-Chief and the referees
for their valuable comments and suggestions.
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1. INTRODUCTION

The concept of neutrosophic quadruple numbers was introduced by Florentin

Smarandache [18]. Tt was shown in [18] how arithmetic operations of addition, sub-
traction, multiplication and scalar multiplication could be performed on the set of
neutrosophic quadruple numbers. In [1], Akinleye et.al. introduced the notion

of neutrosophic quadruple algebraic structures. Neutrosophic quadruple rings were
studied and their basic properties were presented. In the present paper, two hyper-
operations + and x are defined on the neutrosophic set NQ of quadruple num-
bers to develop new algebraic hyperstructures which we call neutrosophic quadru-
ple algebraic hyperstructures. Specifically, it is shown that (NQ, x) is a neutro-
sophic quadruple sermhypergroup7 (NQ,+) is a neutrosophic quadruple canonical
hypergroup and (NQ, +, X) is a neutrosophic quadruple hyperrring and their basic
properties are presented.

Definition 1.1 ([18]). A neutrosophic quadruple number is a number of the
form (a, bT, cI,dF) where T, I, F have their usual neutrosophic logic meanings and
a,b,c,d € R or C. The set NQ defined by

(1.1) NQ = {(a,bT,cl,dF) : a,b,c,d € R or C}
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is called a neutrosophic set of quadruple numbers. For a neutrosophic quadruple
number (a, bT, cI,dF) representing any entity which may be a number, an idea, an
object, etc, a is called the known part and (b7, cl,dF) is called the unknown part.

Definition 1.2. Let a = (a1,a2T,a3l,a4F),b = (b1,boT,b3,b4F) € NQ. We
define the following:

(1.2) a+b = (a1 + by, (a2 + bg)T, (a3 + bg)[, (a4 + b4)F),
(13) a—b = (a1 - bl, (a2 - bg)T, (a3 - bg)I, (a4 — b4)F)

Definition 1.3. Let a = (a1,a2T,a3l,a4F) € NQ and let a be any scalar which
may be real or complex, the scalar product «.a is defined by

(1.4) a.a = a.(ay,a9T,a3l, a4 F) = (aay, aasT, caszl, aasF).

If & = 0, then we have 0.a = (0,0,0,0) and for any non-zero scalars m and n and
b= (b1,boT, b3, byF), we have:

(m+n)a = ma+ na,
m(a+b) = ma+ mb,
mn(a) = m(na),
—a = (—a1,—axT,—a3l,—asF).

Definition 1.4 ([18]). [Absorbance Law] Let X be a set endowed with a total order
x < y, named ” x prevailed by y” or "z less stronger than y” or "z less preferred
than y”. = < y is considered as "z prevailed by or equal to y” or ”x less stronger
than or equal to y” or "z less preferred than or equal to y”.

For any elements z,y € X, with « < y, absorbance law is defined as

(1.5) x.y = y.x = absorb(z,y) = max{z,y} =y
which means that the bigger element absorbs the smaller element (the big fish eats
the small fish). It is clear from (1.5) that
(1.6) r.x = x?=absorb(z,r) =max{z,z} =2 and
(1.7) X1.x9 Xy, = max{Ti,To, -, Ty}
Analogously, if x > y, we say that "z prevails to y” or "z is stronger than y” or

7z is preferred to y”. Also, if z > y, we say that "z prevails or is equal to y” or "z
is stronger than or equal to y” or ”x is preferred or equal to y”.

Definition 1.5. Consider the set {7, 1, F'}. Suppose in an optimistic way we con-
sider the prevalence order T' > I > F'. Then we have:

(1.8) TI = IT =max{T,I} =T,
(1.9) TF = FT=max{T,F}=T,
(1.10) IF = FI=max{I,F}=1,
(1.11) T = T?=T,
(1.12) I = 1*’=1,
(1.13) FF = F?=F.
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Analogously, suppose in a pessimistic way we consider the prevalence order T <
I < F. Then we have:

(1.14) TI = IT=max{T,I} =1,
(1.15) TF = FT=max{T,F}=F
(1.16) IF = FI=max{I,F}=F,
(1.17) T = T*=T,
(1.18) 1 = =1,
(1.19) FF = F?=F.

Except otherwise stated, we will consider only the prevalence order T' < I < F
in this paper.

Definition 1.6. Let a = (a1, a7, asl,asF),b = (b1,bT,b31,b4F) € NQ. Then

ab = (CLl,CLQT, a3I, a4F).(b1,b2T, bg[,b4F)
= (a1b1, (a1bz + azby + a2b2)T, (a1bs + azbs + asby + azbs + asbs)I,
(1.20) (a1b4 4+ agby, agby + asby + asbs + agbs + a4b4)F).

Theorem 1.7 ([1]). (NQ,+) is an abelian group.
Theorem 1.8 ([1]). (NQ,.) is a commutative monoid.
Theorem 1.9 ([1]). (NQ,.) is not a group.

Theorem 1.10 ([1]). (NQ,+,.) is a commutative ring.

Definition 1.11. Let NQR be a neutrosophic quadruple ring and let NQS be a
nonempty subset of NQR. Then N@S is called a neutrosophic quadruple subring of
NQR, if (NQS, +,.) is itself a neutrosophic quadruple ring. For example, NQR(nZ)
is a neutrosophic quadruple subring of NQR(Z) for n =1,2,3,---

Definition 1.12. Let N@QJ be a nonempty subset of a neutrosophic quadruple
ring NQR. NQJ is called a neutrosophic quadruple ideal of NQR, if for all z,y €
NQJ,r € NQR, the following conditions hold:

(i) z —y e NQJ,

(ii) r € NQJ and rx € NQJ.

Definition 1.13 ([1]). Let NQR and NQS be two neutrosophic quadruple rings
and let ¢ : NQR — NQS be a mapping defined for all z,y € NQR as follows:

(i) o(z+y) = o(x) + o(y),

(i) ¢(zy) = ( )o(y),
(iii) ¢(T) =T, ¢(I) =1 and ¢(F) = F,
(iv) ¢(1,0,0, 0) (1,0,0,0).
Then ¢ is called a neutrosophic quadruple homomorphism. Neutrosophic quadruple
monomorphism, endomorphism, isomorphism, and other morphisms can be defined
in the usual way.

Definition 1.14. Let ¢ : NQR — NQ@S be a neutrosophic quadruple ring homo-
morphism.
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(i) The image of ¢ denoted by Im¢ is defined by the set
Im¢ ={y e NQS :y = ¢(x),for some x € NQR}.
(ii) The kernel of ¢ denoted by Ker¢ is defined by the set
Ker¢ ={x € NQR : ¢(x) = (0,0,0,0)}.

Theorem 1.15 ([1]). Let ¢ : NQR — NQ@S be a neutrosophic quadruple ring
homomorphism. Then:

(1) Img is a neutrosophic quadruple subring of NQS,

(2) Ker¢ is not a neutrosophic quadruple ideal of NQR.

Theorem 1.16 ([1]). Let ¢ : NQR(Z) — NQR(Z)/NQR(nZ) be a mapping defined
by &(z) = x + NQR(nZ) for allz € NQR(Z) andn =1,2,3,.... Then ¢ is not a

neutrosophic quadruple ring homomorphism.

Definition 1.17. Let H be a non-empty set and let + be a hyperoperation on H.
The couple (H,+) is called a canonical hypergroup if the following conditions hold:

()z+y=y+ua foral xz,y € H,

(i)z+(y+2)=(@x+y)+z foral z,y,z€ H,

(iii) there exists a neutral element 0 € H such that  + 0 = {z} = 0 + =, for all
r e H,

(iv) for every © € H, there exists a unique element —z € H such that 0 €
x4+ (—z)N(—z) + =,

(V) z€xz+yimpliessy € —x+zand x € z —y, for all z,y,z € H.

A nonempty subset A of H is called a subcanonical hypergroup, if A is a canonical
hypergroup under the same hyperaddition as that of H that is, for every a,b € A,
a—be A. If in addition a + A —a C A for all a € H, A is said to be normal.

Definition 1.18. A hyperring is a tripple (R, +,.) satisfying the following axioms:
(i) (R, +) is a canonical hypergroup,
(ii) (R,.) is a semihypergroup such that 2.0 = 0.z = 0 for all z € R, that is, 0 is
a bilaterally absorbing element,
(iii) for all z,y,z € R,

z.(y+z2)=zy+zzand (x+y)z=z2+y.2
That is, the hyperoperation . is distributive over the hyperoperation +.
Definition 1.19. Let (R,+,.) be a hyperring and let A be a nonempty subset of
R. A is said to be a subhyperring of R if (A4, +,.) is itself a hyperring.

Definition 1.20. Let A be a subhyperring of a hyperring R. Then

(i) A is called a left hyperideal of R if r.a C A for all r € R,a € A,
(ii) A is called a right hyperideal of R if a.r C A for all r € R,a € A,
(iii) A is called a hyperideal of R if A is both left and right hyperideal of R.

Definition 1.21. Let A be a hyperideal of a hyperring R. A is said to be normal
inR,ifr+A—r CA,forall r € R.

For full details about hypergroups, canonical hypergroups, hyperrings, neutro-
sophic canonical hypergroups and neutrosophic hyperrings, the reader should see

[3, 14]
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2. DEVELOPMENT OF NEUTROSOPHIC QUADRUPLE CANONICAL HYPERGROUPS
AND NEUTROSOPHIC QUADRUPLE HYPERRINGS

In this section, we develop two neutrosophic hyperquadruple algebraic hyper-
structures namely neutrosophic quadruple canonical hypergroup and neutrosophic
quadruple hyperring . In what follows, all neutrosophic quadruple numbers will be
real neutrosophic quadruple numbers i.e a,b, ¢, d € R for any neutrosophic quadru-
ple number (a,bT,cl,dF) € NQ.

Definition 2.1. Let 4+ and . be hyperoperations on R that is x+y C R, z.y C R for
allz,y € R. Let + and X be hyperoperations on NQ. For x = (21, 22T, 231,24 F),y =
(y1,y2T,ysI, ys F) € NQ with z;,y; € Rji = 1,2,3,4, define:

rt+y = {(a,bT,cl,dF):a€ z1 +y1,b € xa + Yo,
(2.1) ¢ € x3+ys,d € T4+ ya},
rxy = {(a,bT,cl,dF):a € x1.y1,b € (21.92) U (x2.y1) U (22.2), ¢ € (21.y3)
U(w2.y3) U (23.91) U (23.92) U (v3.93),d € (21.y4) U (v2.94)
(2.2) U(l‘3.y4) U (.1‘4.:(]1) U ($4.y2) U (l‘4.y3) U ($4.y4)}.

Theorem 2.2. (NQ,+) is a canonical hypergroup.
Proof. Let x = (w1, 22T, 231, 24F),y = (y1, 92T, y3l,ysF), 2 = (21, 22T, 231, 24F) €
NQ@ be arbitrary with x;,y;,2; € Rji =1,2,3,4.
(i) To show that x+y = y+x, let
z+y = {a = (a1,a2T, a3l,a4F) : a1 € 1 + y1,02 € T2+ Yo2,a3 € T3 + Y3,
R ay € x4 + y4},
y+a = {b= (b1,02T,b31,b4F) : by € y1 +x1,b2 € y2 + x2,b3 € y3 + b3,
by € ya + x4} ) R
Since a;,b; € R,i =1,2,3,4, it follows that z+y = y+=x.
(ii) To show that that x+(y+2) = (z+y)+2, let
y+z = {w = (w1, waT, w3, waF) : wy € y1 + 21, w2 € Yo + 22,
w3 € Y3 + 23, Wy € Ys + 24}. Now,
rH(y+z) = atw
= {p=(p1,p2T,p3l,psF) : p1 € 1 + w1, p2 € T2 + Ww2,p3 € T3 + W3,
P4 € xg + w4}
{p = (p1,p2T, p3I,psF) : p1 € 21 + (Y1 + 21),p2 € T2 + (Y2 + 22),
p3 € x3+ (Y3 + 23),p4 € T4+ (Ya + 24)}.
Also, let a+y = {u = (u1,u2T, usl, usF) : uy € x1 + y1,u2 € Ta + y2,us € 3 +
Y3, Ug € T4+ Ya} so that
= {9=(01,0T,¢31,q4F) : q1 € u1 + 21,92 € uz + 22,q3 € uz + 23,
g4 € Uy + 24}
= {¢=(01,0 T, ¢31,qaF) : q1 € (x1 + Y1) + 21, G2 € (T2 + Y2) + 22,

q3 € (x3 +y3) + 23,q1 € (T4 + ya) + 24}
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Since u;, pi, ¢i, Wi, Ti, Yi, 2 € Ryi = 1,2,3,4, it follows that z+(y+2) = (v+y)+z.
(iii) To show that 0 = (0,0,0,0) € NQ is a neutral element, consider

74(0,0,0,0) = {a=(a1,a2T,a3l,a4F):a; € 1 +0,a2 € x9 +0,a3 € 3 + 0,
as € vy + 0}
= {a=(a1,a2T,a3l,a4F) : a1 € {z1}, a2 € {x2},a3 € {z3},
as € {z4}}

= {z}.

Similarly, it can be shown that (0,0, 0,0)+z = {z}. Hence 0 = (0,0,0,0) € NQ is a
neutral element.

(iv) To show that that for every x € N@Q, there exists a unique element —2 € NQ
such that 0 € z+(—x) N (=z)+z, consider

zH(—x) N (—z)+z = {a=(a1,a2T,a3l,a4F): a1 € 21 — x1,a2 € T3 — T2,
a3 € x3 — 3,04 € T4 — x4} N{b = (b1, 02T, b3, b4 F) :
by € —x1 + x1,by € —x9 + x2,b3 € —x3 + x3,bs € —x4 + x4}
= {(0,0,0,0)}.

This shows that for every x € NQ, there exists a unique element —2 € NQ such
that 0 € z+(~2) N (—x)+a.

(v) Since for all z,y,z € NQ with x;,91,2 € R,i = 1,2,3,4, it follows that
z € z+y implies y € ~24+z and = € z+(~y). Hence, (NQ,+) is a canonical
hypergroup. U

Lemma 2.3. Let (NQ,+) be a neutrosophic quadruple canonical hypergroup. Then

(1) =(~2) ==z for all x € NQ,

(2) 0=(0,0,0,0) is the unique element such that for every x € NQ, there is an
element —x € NQ such that 0 € z+(—x),

(3) ~0=0,

(4) ~(z+y) = ~x=y for all z,y € NQ.

Example 2.4. Let NQ = {0, 7, y} be a neutrosophic quadruple set and let + be a
hyperoperation on N@Q defined in the table below.

+10 x Y
010 T Y
z | x| {0,z,y} Yy
yly Y 10,y}

Then (NQ,+) is a neutrosophic quadruple canonical hypergroup.
Theorem 2.5. (NQ, X) is a semihypergroup.

Proof. Let x = (z1,2T, 231, 24F),y = (y1, Y21, ysl, yaF), 2z = (21, 22T, 231, 24 F) €
NQ@ be arbitrary with x;,y;,2z; € R,i=1,2,3,4.
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exy = {a=(a1,a2T,a3l,a4F): a1 € z1y1,a2 € 1y2 Ux2ys Uxaya, a3 € T1y3
Uzays U z3ys Uxsys Ux3ys,as € £1Ys U T2Yys
Uzzys Uzayr U gy U gy U gy}
C NQ.
(ii) To show that zx(yxz) = (zxy)xz, let

yxz = {w= (w1, wsT,w3l,wsF) :wy € y121,wa € Y122 Uyaz Uyaza,
w3 € Y123 U Y223 Uyzzr Uysze Uyszs, ws € y124) Uya2g
(2.3) Uysza Uyazr Uyszo Uyazz Uyaza}
so that
rx(yxz) = xxXw

= {p= (1, 2T, p3l,psF) : p1 € T1W1, P2 € Trw2 U 2w U T2wW]2,
P3 € x1ws U xgws Uxzw; Uxzws Ux3ys, ps € r1wes U xowy

(2.4) Uzgws U zqwy U zqwy U xqws U 24wy}
Also, let
exy = {u= (ur,uoT,usl,usF) : uy € T1y1,up € T1Y2 Uxay1 U Loy, u3 € T1Y3
Uzoys Uxayr Uxgys U X3ys, s € L1Ya U Tays
(2.5) Uzgys Uxgyr Uxaye Uzays Uzgys}
so that
(rxy)xz = uxz

= {¢=(q1,0T,q31,q4F) : q1 € u121,q2 € urza Uugzr Uugzo,
g3 € U123 Uugzz Uuzzy Uuzze Uuszzs,qq € w124 Uugzy

(2.6) Uugzzg Uugzy Uugzo Uugzg U U4Z4}.

Substituting w; of (2.3) in (2.4) and also substituting w; of (2.5) in (2.6), where
i =1,2,3,4 and since p;, ¢;, u;, wi, T;, 2 € R, it follows that xx(yxz) = (zXxy)xz.
Consequently, (NQ, x) is a semihypergroup which we call neutrosophic quadruple
semihypergroup. 0
Remark 2.6. (NQ, X) is not a hypergroup.

Definition 2.7. Let (NQ,+) be a neutrosophic quadruple canonical hypergroup.
For any subset NH of N@Q, we define

“NH={-z:2€ NH}.
A nonempty subset NH of NQ is called a neutrosophic quadruple subcanonical
hypergroup, if the following conditions hold:
(i) 0=(0,0,0,0) e NH,
(ii) 2=y C NH for all 2,y € NH.
A neutrosophic quadruple subcanonical hypergroup N H of a netrosophic quadruple

canonical hypergroup NQ is said to be normal, if t+NH -2 C NH for all z € NQ.
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+) be a neutrosophic quadruple canonical hypergroup.

Definition 2.8. Let (NQ,
,3...,n € N, the heart of NQ denoted by NQ,, is defined

For z; € NQ with i =1,
by

i=1
In Example 2.4, NQ, = NQ.

Definition 2.9. Let (NQy, +) and (NQ2, JAr/) be two neutrosophic quadruple canon-
ical hypergroups. A mapping ¢ : NQ1 — NQ- is called a neutrosophic quadruple
strong homomorphism, if the following conditions hold:

(i) ¢lxty) = gb(x)—?lqﬁ(y) for all z,y € NQ1,

(ii) o(T) =T,
(iii) o(1) =1,
(iv) o(F) = F,
(v) ¢(0) =0.

If in addition ¢ is a bijection, then ¢ is called a neutrosophic quadruple strong
isomorphism and we write NQ1 & NQs.

Definition 2.10. Let ¢ : NQ1 — N@2 be a neutrosophic quadruple strong ho-
momorphism of neutrosophic quadruple canonical hypergroups. Then the set {z €
NQ; : ¢(x) = 0} is called the kernel of ¢ and it is denoted by Ker¢g. Also, the set
{¢(x) : x € NQ1} is called the image of ¢ and it is denoted by I'mdg.

Theorem 2.11. (NQ,+, X) is a hyperring.

Proof. That (NQ,+) is a canonical hypergroup follows from Theorem 2.2. Also,
that (NQ, x) is a semihypergroup follows from Theorem 2.4.

Next, let z = (21,27, 23], z4F) € NQ be arbitrary with z;,y;,2; € Rji =
1,2,3,4. Then

xx0 = {u= (u1,u2T,uzl,usF) : uy € 1.0,u3 € 11.0U 2.0 U 2.0, u3 € 71.0
Uz.0Ux3.0Uz3.0U23.0,u4 € 21.0U2x2.0U23.0U 24.0U 24.0
Ux4.0Ux4.0}

= {u=(ur,usT,usl,usF) : uy € {0}, us € {0}, us € {0}, uq € {0}}
= {0}

Similarly, it can be shown that Oxz = {0}. Since x is arbitrary, it follows that
rx0 = 0xz = {0}, for all z € NQ. Hence, 0 = (0,0,0,0) is a bilaterally absorbing
element.

To complete the proof, we have to show that zx(y+z) = (zxy)+(zxz), for all
x,y,z € NQ. To this end, let x = (z1, 22T, 23], 24F),y = (y1,92T,y3l,ysF),z =
(21,227, 231, 24 F) € NQ be arbitrary with z;,y;,z; € R,i=1,2,3,4. Let

y+z = {w= (wy,wsT,w3l,wsF) : wy € y1 + 21, ws € Yo + 22, w3 € Y3 + 23,

(2.7) Wa € Ya + 24}
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so that
rx(y+z) = zxw
= {p = (p1,p2T, p3l,psF) : p1 € T1W1, P2 € T1wa U xaws U 0wy,
p3 € v1ws U xzgws Uxzwy Uxzws Ux3ys, ps € v1wes U xowy
(2.8) Uzzwy U zqwy U x4we U z4ws U Tgwy }.

Substituting w;, i = 1,2, 3,4 of (2.7) in (2.8), we obtain the following:

(29)  p1€xi(yr + 21),

(2.10) p2 € z1(y2 + 22) Uza(y1 + 21) Uma(ya + 22),

(2.11) ps € z1(ys + 23) Ur2(ys + 23) Urs(yr + 21) Uzs(y2 + 22) Uzs(ys + 23),
Pa € x1(ya + 22) Uza(ys + 24) Uz (ys + 24) Uza(yr + 21) U z4(y2 + 22),

(2.12) Uza(ys + 23) Uwa(ys + 24).

Also, let
exy = {u=(u,uaT,uzl,usF) : uy € T1y1,u2 € T1y2 U zay1 U T2y,
uz € 1Y3 U 22y3 U x3y1 U X3y Ux3ys, Us € T1Y4 U T2Ys
(2.13) Ursys U 24y Uzaye U rays U 24ys}
rxz = {v=(vi,vT,v3],v4F) : vy € x121,v2 € 122 U To2; U T2y,
V3 € x123 Uxozg Uwxszy Uxszo Uxgzs, vy € 124 U Xozy
(2.14) Uzgzg Uxgzy Uzgzo Umgzg Uxgzg}
so that
(rxy)F(xxz) = utv
= {¢=(01,0T,q31,qF) : q1 € u1 +v1,q2 € uz + va,
(2.15) g3 € uz +v3,q4 € ug + v4}.

Substituting u; of (2.13) and v; of (2.14) in (2.15), we obtain the following:

(2.16) @1 €uy +v1 Czyr + 7121 C 21 (Y1 + 21),
q2 € uz +v2 C (v1y2 U T2y1 U T2y2)
+(z122 Uoz1 Uxa(22)
(2.17)  Cx1(y2 + 22) Uza(yr + 21) Uza(ya + 22),
q3 € uz +v3 C (T1y3 U z2ys U x3y1) U3y U x3y3)
+(z123 Umozs Uxsgzy) Uwgze Uxszs)
(2.18)  Cx1(ys + 23) Uza(ys + 23) Uzs(yr + 21) Uas(yz + 22) Uzs(ys + 23).
q4 € ug +vg € (21y2 Umays Uxsys) Uxays Uzaya) U 2ays U Tays)
(124 Umozg Uxsgzg) Urgzy Uxgze) Uxgzs Uxgzg)
C 1 (ya + 22) Uma(ya + 24) Urs(ya + 24) Uza(yr + 21) Uza(y + 22)
(2.19)  Uza(ys + 2z3) Uza(ys + 24).
Comparing (2.9), (2.10), (2.11) and (2.12) respectively with (2.16), (2.17), (2.18)

and (2.19), we obtain p; = ¢;,7 = 1,2, 3,4. Hence, zx(y+2) = (xxy)+(zxz), for all
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2,9,z € NQ. Thus, (NQ, +, X) is a hyperring which we call neutrosophic quadruple
hyperring. O

Theorem 2.12. (NQ,+,0) is a Krasner hyperring where o is an ordinary multi-
plicative binary operation on NQ.

Definition 2.13. Let (NQ, +, X) be a neutrosophic quadruple hyperring. A nonempty
subset NJ of NQ is called a neutrosophic quadruple subhyperring of NQ, if (N J, +, x)
is itself a neutrosophic quadruple hyperring.
N J is called a neutrosophic quadruple hyperideal if the following conditions hold:

(i) (NJ,+) is a neutrosophic quadruple subcanonical hypergroup.

(ii) For all z € NJ and r € NQ, xxr,rxx C NJ.
A neutrosophic quadruple hyperideal NJ of N@Q is said to be normal in NQ, if
z+NJZx C NJ, for all z € NQ.

Definition 2.14. Let (NQ1,+, x) and (NQ-, 4’, >A</) be two neutrosophic quadru-
ple hyperrings. A mapping ¢ : N1 — NQ- is called a neutrosophic quadruple
strong homomorphism, if the following conditions hold:

(i) dlaty) = o(x)+ ¢(y), for all 2,y € NQ,

(i) dp(zxy) = ¢(x)% ¢(y), for all z,y € NQ1,
(iii) ¢(T) =T,

(iv) ¢(I) =1,

(v) ¢(F) =F,

(vi) ¢(0) =0.

If in addition ¢ is a bijection, then ¢ is called a neutrosophic quadruple strong
isomorphism and we write NQ1 = NQ-.

Definition 2.15. Let ¢ : NQ1 — NQ2 be a neutrosophic quadruple strong homo-
morphism of neutrosophic quadruple hyperrings. Then the set {x € NQ; : ¢(x) = 0}
is called the kernel of ¢ and it is denoted by Ker¢. Also, the set {¢(x) : 2 € NQ1}
is called the image of ¢ and it is denoted by Imdg.

Example 2.16. Let (NQ,+, X) be a neutrosophic quadruple hyperring and let
N X be the set of all strong endomorphisms of N@Q. If & and ® are hyperoperations
defined for all ¢,9 € NX and for all x € NQ as

d@Y {v(2) s v(z) € p(z)+(2)},
POY {v(2) : v(z) € ¢p(x)x2(2)},
then (NX,®,®) is a neutrosophic quadruple hyperring.

3. CHARACTERIZATION OF NEUTROSOPHIC QUADRUPLE CANONICAL
HYPERGROUPS AND NEUTROSOPHIC HYPERRINGS

In this section, we present elementary properties which characterize neutrosophic
quadruple canonical hypergroups and neutrosophic quadruple hyperrings.

Theorem 3.1. Let NG and NH be neutrosophic quadruple subcanonical hyper-
groups of a neutrosophic quadruple canonical hypergroup (NQ,+). Then

(1) NGN NH is a neutrosophic quadruple subcanonical hypergroup of NQ,
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(2) NG x NH is a neutrosophic quadruple subcanonical hypergroup of NQ.

Theorem 3.2. Let NH be a neutrosophic quadruple subcanonical hypergroup of a
neutrosophic quadruple canonical hypergroup (NQ,+). Then

(1) NH+NH = NH,

(2) *+NH = NH, for allz € NH.

Theorem 3.3. Let (NQ,+) be a neutrosophic quadruple canonical hypergroup.
NQ.,, the heart of NQ is a normal neutrosophic quadruple subcanonical hypergroup

of NQ.

Theorem 3.4. Let NG and NH be neutrosophic quadruple subcanonical hyper-
groups of a neutrosophic quadruple canonical hypergroup (NQ,+).

(1) If NG C NH and NG is normal, then NG is normal.

(2) If NG is normal, then NG+NH is normal.

Definition 3.5. Let NG and NH be neutrosophic quadruple subcanonical hy-
pergroups of a neutrosophic quadruple canonical hypergroup (NQ,+). The set
NG+ NH is defined by

(3.1) NG+NH ={z4y:2 € NG,y € NH}.

It is obvious that NG+NH is a neutrosophic quadruple subcanonical hypergroup
of (NQ,+).

If € NH, the set x+NH is defined by
(3.2) 3+ NH = {zty:yc NH}.

If x and y are any two elements of NH and 7 is a relation on NH defined by
a7y if x € y+NH, it can be shown that 7 is an equivalence relation on NH and the
equivalence class of any element x € NH determined by 7 is denoted by [].

Lemma 3.6. For any x € NH, we have
(1) [¢] = x+NH,

(2) [=a] = =[a].
Proof. (1)
] = {yeNH:zry}
= {ye NH:ycziNH}
= z+NH.
(2) Obvious. O

Definition 3.7. Let NQ/N H be the collection of all equivalence classes of x € NH
determined by 7. For [z],[y] € NQ/NH, we define the set [z]®[y] as

(3.3) [z]&ly] = {[2] : 2 € 2y}
Theorem 3.8. (NQ/NH,3) is a neutrosophic quadruple canonical hypergroup.

Proof. Same as the classical case and so omitted. O
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Theorem 3.9. Let (NQ,+) be a neutrosophic quadruple canonical hypergroup and
let NH be a normal neutrosophic quadruple subcanonical hypergroup of NQ. Then,
for any x,y € NH, the following are equivalent:

(1) z € y+NH,

(2) y—2 C NH,

(3) (y—x)NNH #2

Proof. Same as the classical case and so omitted. O

Theorem 3.10. Let ¢ : NQ1 — NQ2 be a neutrosophic quadruple strong homo-
morphism of neutrosophic quadruple canonical hypergroups. Then

(1) Ker¢ is not a neutrosophic quadruple subcanonical hypergroup of NQ1,
(2) Im¢ is a neutrosophic quadruple subcanonical hypergroup of NQs.

Proof. (1) Since it is not possible to have ¢((0,T,0,0)) = ¢((0,0,0,0)), #((0,0,I,0))
#((0,0,0,0)) and ¢((0,0,0, F)) = ¢((0,0,0,0)), it follows that (0,7,0,0),(0,0,1,0)
and (0,0,0, F) cannot be in the kernel of ¢. Consequently, Ker¢$ cannot be a neu-
trosophic quadruple subcanonical hypergroup of N@Q;.

(2) Obvious. O

Remark 3.11. If ¢ : NQ; — NQ- is a neutrosophic quadruple strong homomor-
phism of neutrosophic quadruple canonical hypergroups, then Ker¢ is a subcanon-
ical hypergroup of NQ1.

Theorem 3.12. Let ¢ : NQ1 — NQ2 be a neutrosophic quadruple strong homo-
morphism of neutrosophic quadruple canonical hypergroups. Then

(1) NQ1/Ker¢ is not a neutrosophic quadruple canonical hypergroup,
(2) NQ1/Ker¢ is a canonical hypergroup.

Theorem 3.13. Let NH be a neutrosophic quadruple subcanonical hypergroup of
the neutrosophic quadruple canonical hypergroup (NQ,+). Then the mapping ¢ :
NQ — NQ/NH defined by ¢(x) = x+NH is not a neutrosophic quadruple strong
homomorphism.

Remark 3.14. Isomorphism theorems do not hold in the class of neutrosophic
quadruple canonical hypergroups.

Lemma 3.15. Let NJ be a neutrosophic quadruple hyperideal of a neutrosophic
quadruple hyperring (NQ,+, x). Then

(1) =NJ =NJ,

(2) 2+NJ = NJ, for allz € NJ,

(3) xxNJ = NJ, for allz € NJ.

Theorem 3.16. Let NJ and NK be neutrosophic quadruple hyperideals of a neu-
trosophic quadruple hyperring (NQ,+, x). Then

(1) NJN NK is a neutrosophic quadruple hyperideal of NQ,

(2) NJ x NK is a neutrosophic quadruple hyperideal of NQ,

(3) NJ+NK is a neutrosophic quadruple hyperideal of NQ.

Theorem 3.17. Let NJ be a normal neutrosophic quadruple hyperideal of a neu-
trosophic quadruple hyperring (NQ, +, x). Then
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(1) (z+NJ)+(y+NJ) = (z+y)+NJ, for all z,y € NJ,
(2) (z+NJI)x(y+NJ) = (xxy)+NJ, for all z,y € NJ,
(3) a+NJ =y+NJ, for ally € z+NJ.

Theorem 3.18. Let NJ and NK be neutrosophic quadruple hyperideals of a neu-
trosophic quadruple hyperring (NQ,+, X) such that NJ is normal in NQ. Then
(1) NJNNK is normal in NJ,
(2) NJ+NK is normal in NQ,
(3) NJ is normal in NJ+NK.

Let NJ be a neutrosophic quadruple hyperideal of a neutrosophic quadruple
hyperring (NQ, +, X). For all x € NQ, the set NQ/N.J is defined as

(3.4) NQ/NJ ={z+NJ:z € NQ}.

For [z], [y] € NQ/NJ, we define the hyperoperations & and ® on NQ/NJ as follows:
(3.5) [2)®ly] = {[2] : 2 € aty},

(3.6) [2)&[y] = {[z] : 2 € axy}.

It can easily be shown that (NQ/NH, &, ®) is a neutrosophic quadruple hyperring.

Theorem 3.19. Let ¢ : NQ — NR be a neutrosophic quadruple strong homomor-
phism of neutrosophic quadruple hyperrings and let NJ be a neutrosophic quadruple
hyperideal of NQ. Then

1) Ker¢ is not a neutrosophic quadruple hyperideal of NQ,

) Im¢ is a neutrosophic quadruple hyperideal of NR,

) NQ/Kerg is not a neutrosophic quadruple hyperring,

) NQ/Im¢ is a neutrosophic quadruple hyperring,

) The mapping ¥ : NQ — NQ/NJ defined by 1(z) = x+N.J, for allz € NQ
18 mot a neutrosophic quadruple strong homomorphism.

(
(2
(3
(4
(5

Remark 3.20. The classical isomorphism theorems of hyperrings do not hold in
neutrosophic quadruple hyperrings.

4. CONCLUSION

We have developed neutrosophic quadruple algebraic hyperstrutures in this pa-
per. In particular, we have developed new neutrosophic algebraic hyperstructures
namely neutrosophic quadruple semihypergroups, neutrosophic quadruple canonical
hypergroups and neutrosophic quadruple hyperrings. We have presented elementary
properties which characterize the new neutrosophic algebraic hyperstructures.
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1. INTRODUCTION

In 1965, Zadeh [20] had introduced a concept of a fuzzy set as the generalization
of a crisp set. In 1986, Atanassove [1] proposed the notion of intuitionistic fuzzy set
as the generalization of fuzzy sets considering the degree of membership and non-
membership. In 1998 Smarandache [19] introduced the concept of a neutrosophic set
considering the degree of membership, the degree of indeterminacy and the degree
of non-membership. Moreover, Salama et al. [15, 16, 18] applied the concept of
neutrosophic crisp sets to topology and relation.

After that time, many researchers [2, 3, 4, 5, 7, 8, 10, 12, 13, 14] have inves-
tigated fuzzy sets in the sense of category theory, for instance, Set(H), Sets(H),
Setg(H), Fuz(H). Among them, the category Set(H) is the most useful one as the
”standard” category, because Set(H) is very suitable for describing fuzzy sets and
mappings between them. In particular, Carrega [2], Dubuc [3], Eytan [4], Goguen
[5], Pittes [12], Ponasse [13, 14] had studied Set(H) in topos view-point. However
Hur et al. investigated Set(H) in topological view-point. Moreover, Hur et al. [3]
introduced the category ISet(H) consisting of intuitionistic H-fuzzy sets and mor-
phisms between them, and studied ISet(H) in the sense of topological universe.
Recently, Lim et al [10] introduced the new category VSet(H) and investigated it
in the sense of topological universe.
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The concept of a topological universe was introduced by Nel [11], which implies a
Cartesian closed category and a concrete quasitopos. Furthermore the concept has
already been up to effective use for several areas of mathematics.

In this paper, first, we obtain some properties of neutrosophic crisp sets proposed
by Salama and Smarandache [17] in 2015. Second, we introduce the category NCSet
consisting of neutrosophic crisp sets and morphisms between them. And we prove
that the category NCSet is topological and cotopological over Set (See Theorem
4.6 and Corollary 4.8), where Set denotes the category consisting of ordinary sets
and ordinary mappings between them. Furthermore, we prove that final episinks
in NCSet are preserved by pullbacks(See Theorem 4.10) and NCSet is Cartesian
closed over Set (See Theorem 4.15).

2. PRELIMINARIES

In this section, we list some basic definitions and well-known results from [6, 9, 11]
which are needed in the next sections.

Definition 2.1 ([9]). Let A be a concrete category and ((Y},§;)).s a family of objects
in A indexed by a class J. For any set X, let (f; : X — Y}); be a source of mappings
indexed by J. Then an A-structure £ on X is said to be initial with respect to (in
short, w.r.t.) (X, (f;),(Y;,€;)), if it satisfies the following conditions:

(i) for each j € J, f; : (X,&) — (Y},§;) is an A-morphism,

(ii) if (Z, p) is an A-object and g : Z — X is a mapping such that for each j € J,
the mapping f; o g : (Z,p) = (Y;,&;) is an A-morphism, then g : (Z,p) — (X,§) is
an A-morphism.

In this case, (f; : (X,€) = (Y;,&;))s is called an initial source in A.

Dual notion: cotopological category.

Result 2.2 ([9], Theorem 1.5). A concrete category A is topological if and only if
it 1s cotopological.

Result 2.3 ([9], Theorem 1.6). Let A be a topological category over Set, then it is
complete and cocomplete.

Definition 2.4 ([9]). Let A be a concrete category.
(i) The A-fibre of a set X is the class of all A-structures on X.
(ii) A is said to be properly fibred over Set, it satisfies the followings:
(a) (Fibre-smallness) for each set X, the A-fibre of X is a set,
(b) (Terminal separator property) for each singleton set X, the A-fibre of X
has precisely one element,
(¢) if £ and n are A-structures on a set X such that id : (X, &) — (X,n) and
id: (X,n) — (X, ) are A-morphisms, then £ = 1.

Definition 2.5 ([6]). A category A is said to be Cartesian closed, if it satisfies the
following conditions:
(i) for each A-object A and B, there exists a product A x B in A,
(ii) exponential objects exist in A, i.e., for each A-object A, the functor A x — :
A — A has a right adjoint, i.e., for any A-object B, there exist an A-object B4
and a A-morphism e4 p : A x B4 — B (called the evaluation) such that for any
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A-object €' and any A-morphism f : Ax C — B, there exists a unique A-morphism
f : C = B* such that the diagram commutes:

Definition 2.6 ([6]). A category A is called a topological universe over Set, if it
satisfies the following conditions:

(i) A is well-structured, i.e. (a) A is concrete category; (b) A satisfies the fibre-
smallness condition; (¢) A has the terminal separator property,

(ii) A is cotopological over Set,

(iii) final episinks in A are preserved by pullbacks, i.e., for any episink (g; : X; —
Y); and any A-morphism f : W — Y, the family (e; : U; — W), obtained by
taking the pullback f and g;, for each j € J, is again a final episink.

3. NEUTROSOPHIC CRISP SETS

In [17], Salama and Smarandache introduced the concept of a neutrosophic crisp
set in a set X and defined the inclusion between two neutrosophic crisp sets, the
intersection [union] of two neutrosophic crisp sets, the complement of a neutrosophic
crisp set, neutrosophic crisp empty [resp., whole] set as more than two types. And
they studied some properties related to neutrosophic crisp set operations. However,
by selecting only one type, we define the inclusion, the intersection [union], and
neutrosophic crisp empty [resp., whole] set again and find some properties.

Definition 3.1. Let X be a non-empty set. Then A is called a neutrosophic crisp
set (in short, NCS) in X if A has the form A = (A, Az, A3),
where A, Ao, and A3 are subsets of X,

The neutrosophic crisp empty [resp., whole] set, denoted by ¢y [resp., X ] is an
NCS in X defined by ¢n = (¢, ¢, X) [resp., Xn = (X, X, ¢)]. We will denote the
set of all NCSs in X as NCS(X).

In particular, Salama and Smarandache [17] classified a neutrosophic crisp set as
the followings.

A neutrosophic crisp set A = (A4, A2, Ag) in X is called a:

(i) neutrosophic crisp set of Type 1 (in short, NCS-Type 1), if it satisfies

ANAy=AsN Ay = A3 N A = ¢,

(ii) neutrosophic crisp set of Type 2 (in short, NCS-Type 2), if it satisfies
Al ﬂAQ :AgmAg :A3OA1 :(band Al UAQUAP, :X,
(iii) neutrosophic crisp set of Type 3 (in short, NCS-Type 3), if it satisfies
A1 ﬂAQﬁAg :gband Al UAQUAg =X.
We will denote the set of all NCSs-Type 1 [resp., Type 2 and Type 3] as NC'S;(X)
[resp., NCSy(X) and NCS3(X)].

Definition 3.2. Let A = (A1, A2, A3), B = (B1, By, B3) € NCS(X). Then
(i) A is said to be contained in B, denoted by A C B, if
A1 C By, Ay C By and A3 D Bs,
(ii) A is said to equal to B, denoted by A = B, if
AC Band B C A,
(iii) the complement of A, denoted by A€, is an NCS in X defined as:

A¢ = (A37A57A1)7
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(iv) the intersection of A and B, denoted by AN B, is an NCS in X defined as:
ANB = (A1 N By, A2 N By, A3 U Bs),

(v) the union of A and B, denoted by AU B, is an NCS in X defined as:
AUB = (A1 UBy, Ay U By, A3 N Bs).

Let (Aj)je] C ZVC’S()()7 where Aj = (Aj71,A]‘,2,Aj73). Then
(vi) the intersection of (4;);e, denoted by (¢, A; (simply, () 4;), is an NCS

in X defined as:
A = (A4 [ Ais),
(vii) the the union of (A;);es, denoted by (J;c ; 4; (simply, J 4;), is an NCS in

X defined as:
U4 =41 JA4j2.[)A)s)-

The followings are the immediate results of Definition 3.2.

Proposition 3.3. Let A,B,C € NCS(X). Then
(1) oy C AC Xy,
(2) if AC B and B C C, then A C C,
(3) ANBC A and ANB C B,
(4) ACAUB and BC AUB,
(5) AC B if and only if ANB = A,
(6) AC B if and only if AUB = B.

Also the followings are the immediate results of Definition 3.2.

Proposition 3.4. Let A,B,C € NCS(X). Then
(1) (Idempotent laws): AUA=A, ANA=A,
2) (Commutative laws): AUB=BUA, ANB=BNA,
) (Associative laws): AU(BUC)=(AUB)UC, AN(BNC)=(ANnB)NC,
) (Distributive laws): AU(BNC)=(AUB)N(AUC),
AN(BUC)=(ANnB)U(ANCQO),
(5) (Absorption laws): AU(ANB)=A, AN(AUB) = A4,
(6) (DeMorgan’s laws): (AU B)® = A°N B¢, (AN B)° = A°U B¢,
(7) (4°)° = 4,
(8) (8a) AUgpn = A, ANon = 9N,
(8b) AUXy=XN, ANXy =A4,
(8C) X}:\/' :¢N7 ¢?\/ :XN;
(8d) in general, AU A # Xn, ANA® # ¢n.

Proposition 3.5. Let A€ NCS(X) and let (A;)je; C NCS(X). Then
(1) (NA4;)°=UA5 (UAj) =N4A3,
(2) An(UA) =UANA4;), AU(NA4;) =N(AU A4;).
P?”OOf. (1) Aj = (Aj71,Aj72,Aj73). Then ﬂA] = (ﬂ Aj,hﬂAj,QaUAj,S)- Thus
(NA)°=(UAj3 (NA42)5NA450) = (UAj8,UAS -, NA) = U A4S
Similarly, the second part is proved.
(2) Let A = (Al,A27A3). Then
AU(NA;) =(A1U (A1), A2 U (N Aj2), As N (U A;3))
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=(N(A1UA4;1),N(A2U 4;2), U(A3 N A; )
=(4AU 4;).
Similarly, the first part is proved. O

Definition 3.6. Let f : X — Y be a mapping, and let A = (A;, As, A3) € NCS(X)
and B = (Bl, BQ7B3) € NCS(Y) Then
(i) the image of A under f, denoted by f(A), is an NCS in Y defined as:

f(A) = (f(A1), f(A2), f(A3)),
(ii) the preimage of B, denoted by f~!(B), is an NCS in X defined as:

FHB) = (F7H(B1). f7H(B2), fH(B3)

Proposition 3.7. Let f : X — Y be a mapping and let A,B,C € NCS(X),
(Aj)jes € NCS(X) and D,E,F € NCS(Y), (Dp)kex C NCS(Y). Then the
followings hold:

(1) if B C C, then f(B) C f(C) and if E C F, then f~1(E) C f~Y(F).

(2) AC f7Lf(A)) and if f is injective, then A = f~1f(A)),
(3) f(f~YD)) C D and if f is surjective, then f(f~1(D)) = D,
4) fHUDK) =Uf M (Dr). fHN D) =N f(Dx),
(5) fF(UA;) =US(4;), F(NA;) CcNf4),

(6) f(A) = on if and only if A = ¢n and hence f(dn) = dn, in particular if f
is surjective, then f(Xn) =Yy,

(7) £ (Yn) =Yn, f(on) = ¢.

Definition 3.8 ([17]). Let A = (41,45, A3) € NCS(X), where X is a set having
at least distinct three points. Then A is called a neutrosophic crisp point (in short,
NCP) in X, if A;, Ay and Az are distinct singleton sets in X.

Let Ay = {p1}, A2 = {p2} and A3 = {ps}, where p1 # ps # p3 € X. Then
A= (A1, As, A3) is an NCP in X. In this case, we will denote A as p = (p1, p2, p3)-
Furthermore, we will denote the set of all NCPs in X as NCP(X).

Definition 3.9. Let A = (41,A45,43) € NCS(X) and let p = (p1,p2,p3) €
NCP(X). Then p is said to belong to A, denoted by p € A, if {p1} C Ay, {p2} C Ao
and {ps}° D As, i.e,, p1 € A1, p2 € Az and p3 € AS.

Proposition 3.10. Let A = (A1, Ay, A3) € NCS(X). Then
A=|J{pe NCP(X):pe A}.

3
4
5

Proof. Let p = (p1,p2,p3) € NCP(X). Then
U{p e NCP(X):pe A}

=UmeX:peAi},U{pe X:pre A},N{ps € X : p3 € A5}
:A. D

Proposition 3.11. Let A = (A1,A2,A3),B = (B1,Bs,B3) € NCS(X). Then
A C B ifand only if p € B, for each p € A.

Proof. Suppose A C B and let p = (p1,p2,p3) € A. Then

Al C Bl,AQ C BQ,Ag D Bj
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and
p1 € A1, p2 € As, p3 € AS.
Thus py € By,p2 € Ba,ps € B§. Sop € B. 0

Proposition 3.12. Let (A;)jes C NCS(X) and let p e NCP(X).
(1) pe N A, if and only if p € Aj for each j € J.
(2) pe UA; if and only if there exists j € J such that p € A;.

Proof. Let A;j = (Aj1,A;2,A;3) for each j € J and let p = (p1,p2,p3).
(1) Suppose p € (1 A;. Then p; € () Aj1,p2 € () A4j2,p3 € JAS 3. Thus
p1 € Aj1,p2 € Ajo,p3 € Aj 5, for each j € J. So p € A; for each j € J.
We can easily see that the sufficient condition holds.
(2) suppose the necessary condition holds. Then there exists j € J such that

p1 € Aj1,p2 € Aja,p3 € Af 5.

Thus p1 € UAjﬁl,pQ S UAij,pg c (mAj_rg)c. So pE UA]
We can easily prove that the necessary condition holds. O

Definition 3.13. Let f : X — Y be an injective mapping, where XY are sets
having at least distinct three points. Let p = (p1,p2,p3) € NCP(X). Then the
image of p under f, denoted by f(p), is an NCP in Y defined as:

f(p) = (f(p1), f(p2), f(p3)).

Remark 3.14. In Definition 3.13, if either X or Y has two points, or f is not
injective, then f(p) is not an NCP in Y.

Definition 3.15 ([17]). Let A = (A1, A2, A3) € NCS(X) and B = (By, B2, B3) €
NCS(Y). Then the Cartesian product of A and B, denoted by A x B, is an NCS
in X x Y defined as: A x B = (A1 x By, Az X By, A3 x Bs).

4. PROPERTIES OF NCSet

Definition 4.1. A pair (X, A) is called a neutrosophic crisp space (in short, NCSp),
if Ae NCS(X).

Definition 4.2. A pair (X, A) is called a neutrosophic crisp space-Type j (in short,
NCSp-Type j), if Ae NCS;(X), j =1,2,3.

Definition 4.3. Let (X, Ax), (Y, Ay) be two NCSps or NCSps-Type j, j = 1,2,3
and let f: X — Y be amapping. Then f: (X, Ax) — (Y, Ay) is called a morphism,
if Ax C f~(Ay), equivalently,
Ax1 C fHAy1), Ax2 C [T (Ay2) and Ax 3 D f~(Ay3),
where AX = (AX717AX72,AX’3) and Ay = (Ay,h Ay72,Ay73).
In particular, f : (X, Ax) — (Y, Ay) is called an epimorphism [resp., a monomor-
phism and an isomorphism], if it is surjective [resp., injective and bijective].

From Definitions 3.9, 4.3 and Proposition 3.11, it is obvious that
f: (X, Ax) — (Y, Ay) is a morphism
if and only if
p = (p1,p2,p3) € f1(Ay), for each p = (p1,p2,p3) € Ax, i.e.,

f(p1) € Ay1, f(p2) € Ay, f(p3) & Ay, e,
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f(p) = (f(pr), f(p2), f(p3)) € Ay

The following is an immediate result of Definitions 4.3.

Proposition 4.4. For each NCSp or each NCSps-Type j (X, Ax), j = 1,2,3, the
identity mapping id : (X, Ax) — (X, Ax) is a morphism.

Proposition 4.5. Let (X, Ax), (Y, Ay), (Z,Az) be NCSps or NCSps-Type j, j =
1,23 and let f: X =Y, g:Y — Z be mappings. If [ : (X, Ax) — (Y, Ay)
and f : (Y, Ay) — (Z,Az) are morphisms, then go f : (X,Ax) — (Z,Az) is a
morphism.

Proof. Let Ax = (Ax1,Ax2,Ax3), Ay = (Ay,1, Ay, Ay3) and Ay = (Az1,Az2,
Azs3). Then by the hypotheses, Ax C f~!(Ay) and Ay C g~ '(Az). Thus by
Definition 4.3,

Ax1 C [T (Ay), Ax2 C f7H(Ay2), Ax3 D [ (Ay;3)
and

Ay C g (Azn), Ay C g Y (Azs), Avs D g~ (Azs).
So Ax1 C [N g7 (Az1)), Ax2 C [ (97 (Az2)), Ax3 D [ (g " (Az3)).
Hence Ax1 C (9o f) ' (Az1), Ax2 C (g0 f) " (Azz2), Ax3 D (go f) 1 (Az2).
Therefore g o f is a morphism. O

From Propositions 4.4 and 4.5, we can form the concrete category NCSet [resp.,
NCSet;] consisting of NCSs [resp., -Type j, 7 = 1,2,3] and morphisms between
them. Every NCSet [resp., NCSet;, j = 1, 2, 3]-morphism will be called a NCSet
[resp., NCSet;, j = 1,2, 3]-mapping.

Theorem 4.6. The category NCSet is topological over Set.

Proof. Let X be any set and let ((X;,A;))jecs be any families of NCSps indexed
by a class J. Suppose (f; : X — (X;, A;))s is a source of ordinary mappings. We
define the NCS Ax in X by Ax = f; '(4;) and Ax = (Ax1,Ax2, Ax3)-
Then clearly, AX71 = mfjil(Aj’l), AX’Z = ﬂfjil(Ajyg), AX,g = Ufjil(Aj’g).
Thus (X, Ax) is an NCSp and Ax 1 C fj*l(Aj’l)7 Axo C fjfl(Aj,g) and Ax 3 D
fjfl(Ajﬁg). So each f; : (X, Ax) — (X;,A;) is an NCSet-mapping.

Now let (Y, Ay) be any NCSp and suppose ¢g : Y — X is an ordinary mapping
for which fjog: (Y, Ay) — (X;, A;) is a NCSet-mapping for each j € J. Then for
each j € J, Ay C (f;09) " (4;) = g7*(f; '(4;)). Thus

Ay C(fjo09) 7 (A) =g () f; 1 (4)) = g7 (Ax).

Sog:(Y,Ay) — (X, Ax) is an NCSet-mapping. Hence (f; : (X, Ax) = (X;,4,)s
is an initial source in NCSet. This completes the proof. O

Example 4.7. (1) Let X be a set, let (Y, Ay) be an NCSp and let f: X — Y be
an ordinary mapping. Then clearly, there exists a unique NCS Ay in X for which
f:(X,Ax) — (Y, Ay) is an NCSet-mapping. In fact, Ax = f~1(Ay).
In this case, Ax is called the inverse image under f of the NCS structure Ay .
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(2) Let ((Xj,A;))jes be any family of NCSps and let X = IIc;X,. For each
j € J,let prj : X = X, be the ordinary projection. Then there exists a unique NCS
Ax in X for which pr; : (X, Ax — (X, A,) is an NCSet-mapping for each j € J.
In this case, Ay is called the product of (A4;);ec s, denoted by
and (IIX;,IIA;) is called the product NCSp of ((X;, 4;))jer-
In fact, Ax = ﬂjerrj_l(Aj).
In particular, if J = {1, 2}7 then A1 X AQ = (Al,l X Ag,l, ALQ X A2’27A1’3 X Agyg),
where A1 = (A1717A1)2,A173) € NCS(Xl) and Ay = (Ag)l,AZQ,AQ?g) S NCS(XQ)
The following is obvious from Result 2.2. But we show directly it.
Corollary 4.8. The category NCSet is cotopological over Set.

Proof. Let X be any set and let ((X;,A;))s be any family of NCSps indexed by a
class J. Suppose (f; : X; — X); is a sink of ordinary mappings. We define Ax as
AX = Ufj(Aj)7 where AX = (AX,1,AX72,AX73) and Aj = (Aj71,Aj72,Aj73). Then
clearly, Ax € NCS(X) and each f; : (X;,4;) = (X, Ax) is an NCSet-mapping.
Now for each NCSp (Y, Ay ), let ¢ : X — Y be an ordinary mapping for which
each go f; : (X, 4;) = (Y, Ay) is an NCSet-mapping. Then clearly for each j € J,
Aj C(go f) HAy), ie, A C [ (g7 (Ay)).
Thus JA; € Uf; (g7 (Ay)). So fi(U4) € fi(Uf; (g7 (Ay))). By Proposi-
tion 3.7 and the definition of Ay,

HUA) =Ky = Ax

LUK A)) =0 £ H(Ay) = g7 (Ay).
Hence Ax C g~ '(Ay). Therefore g : (X, Ax) — (Y, Ay) is an NCSet-mapping.
This completes the proof. O

and

The following is proved similarly as the proof of Theorem 4.6.
Corollary 4.9. The category NCSet; is topological over Set for j =1,2,3.

The following is proved similarly as the proof of Corollary 4.8.
Corollary 4.10. The category NCSet; is cotopological over Set for j =1,2,3.
Theorem 4.11. Final episinks in NCSet are prserved by pullbacks.
Proof. Let (g; : (X;,4,) = (Y,Ay))s be any final episink in NCSet and let f :
(W, Aw) — (Y, Ay ) be any NCSet-mapping. For each j € J, let

Ui ={(w,z;) e W x X : f(w) = g;(;)}.
For each j € J, we define the NCS Ay, = (Ay, ,, Av, ,, Av, ;) in U; by:

J,17 J
Av;, = Awa X Aj1, Ay, , = Awe X Aj2, Ay, s = Aws X Ajs.
For each j € J, let e¢; : U; — W and p; : U; — X, be ordinary projections of Uj.
Then clearly,
AUJ-,1 C 6;1(AW’1), AUJ‘,2 (- 6;1(AW,2),AUJ.,3 D) egl(Awyg)
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and

Ay, , Cp; (A1), Au,, Cpy ' (Aj2), Au,, D p; t(A)).
Thus Ay, C ej_l(AW) and Ay, C pj_l(Aj). So e; : (U, Ay;) — (W, Aw) and
p; : (Uj, Ay;) — (X, Aj) are NCSet-mappings. Moreover, gj opy, = foe; for each
j € J, i.e., the diagram is a pullback square in NCSet:

(Uj, Au;) bi (Xj,A45)
€; gj
(W, Aw) (Y, Ay).
f

Now in order to prove that (e;) is an episink in NCSet, i.e., each e; is surjective,
let w € W. Since (g;) is an episink, there exists j € J such that g;(z;) = f(w)
for some z; € X;. Thus (w,z;) € U; and w = e;(w,x;). So (e;)s is an episink in
NCSet.

Finally, let us show that (e;) is final in NCSet. Let Aj;, be the final structure
in W w.rt. (e;)s and let w = (wy,we, ws) € Aw. Since f: (W, Aw) — (Y, Ay) is
an NCSet-mapping, by Definition 3.9,

w1 € AW,l n fﬁl(Ay_rl), Wo € AW’Q n fﬁl(Ayvg) and ws € A;V,S n (fil(Ay’g))c.
Thus

wy € AW,17 f(wl) S Ay’l, we € AW’27 f(wg) S AY’Q and w3 € A%/’37 f(UAg) S A%g.
Since (g;)s is final,

wy € Aw,1,xj,1 € U U Aja,
J €97 (f(w)

wy € Aw,a, T2 € U U Ajo2
T wja€97 (f(w))
and

w3 € A?/V73,l‘j73 S (m ﬂ Aj73)c.

I wj5€9;t (F(w))
So (w1, ;1) € Au,,, (w2,3;2) € Ay,, and (ws,z;3) € Af, . Since Ajy, is the
final structure in W w.rt. (ej)s, w € Ajy, ie.,, Aw C Aj,. On the other hand,
since (e; : (Uj, Ay;) = (W, Aw)) is final, 1y : (W, Ayy) — (W, Aw) is an NCSet-
mapping and thus A}, C Aw. Hence A}, = Aw. Therefore (e;), is final. This
completes the proof. O

The following is proved similarly as the proof of Theorem 4.9.
Corollary 4.12. Final episinks in NCSet; are prserved by pullbacks, for J = 1,2, 3.
For any singleton set {a}, NCS Ay,} [resp., NCS-Type j A4y, for j = 1,2,3]
on {a} is not unique, the category NCSet [resp., NCSet;, for j = 1,2,3] is not
properly fibred over Set. Then by Definition 2.6, Corollary 4.8 and Theorem 4.11

[resp., Corollaries 4.10 and 4.12], we have the following result.
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Theorem 4.13. The category NCSet [resp., NCSet;, for j = 1,2,3] satisfies
all the conditions of a topological universe over Set except the terminal separator

property.
The following is an immediate result of Definitions 3.9 and 3.15.

Proposition 4.14. Let p = (p1,p2,p3),9 = (q1,92,93) € NCP(X) and let A =
(A1,As2,A3),B = (B1,B2,B3) € NCS(X). Then (p,q) € A x B if and only if
(p17Q1) S Al X Bl; (p27QQ) € A2 X BQ and (P37(I3) € A2 X 32)07 i'e': p3 € A§ or
g3 € Bs5.

Theorem 4.15. The category NCSet is Cartesian closed over Set.

Proof. 1t is clear that NCSet has products by Theorem 4.6. Then it is sufficient to
see that NCSet has exponential objects.

For any NCSps X = (X, Ax) and Y = (Y, Ay), let YX be the set of all ordinary
mappings from X to Y. We define the NCS Ayx = (Ayx 1, Ayx o, Ayx 3) in Y
by: for each f = (fi, fo, f3) € YX, f € Ayx if and only if f(z) € Ay, for each
x = (x1,22,23) € NCP(X), i.e.,

fieAyxq,fo€ Ayx o, fs & Ayx 3
if and only if
fi(z1) € Ay, fa(za) € Ay, fa(zs) & Ay 3.
In fact,
Ayx,l = {f1 S yX. fl(l’l) € Ay71 for each x; € X},
AYX72 = {fg € yX. fz(.TQ) € Ay72 for each x5 € X},
Ayx73 = {fg € yX. f3($3) §é Ay73 for some x3 € X}
Then clearly, (YX, Ay x) is an NCSp.

Let YX = (YX Ay x). Then by the definition of Ay x,

AYXJ C fﬁl(Ay,l), Ayx72 C fﬁl(AyQ) and Ayxﬁg D fﬁl(ijg).

We define exy : X x YX =Y by ex y(z, f) = f(z), for each (x, f) € X x YX.
Let (z, f) € Ax X Ay x, where x = (z1,x2,23), f = (f1, f2, f3). Then by Proposition
4.14 and the definition of ex y,

(l‘l,fl) c AX,l X Ayx)l, (Ig,fg) S AX72 X Ayx72, (.’L‘g,fg) € (Ax)g X Ayx73)c
and

ex,y(z1, fi) = fi(z1), ex vy (22, f2) = fa(22), ex vy (23, f3) = f3(z3).
Thus by the definition of Ay x,

(z1, f1) € FH (Avia) X M (Av),
(22, f2) € fH(Ax,2) X fH(Ax2),
(z3, f3) € (f " (Ax,3) x (f 7 (Ax.3))".

So (z1, f1) € 6)_(’1Y(Ay,1), (22, f2) € e)_(}Y(Ayg) and (z3, f3) € (e}}Y(ijg,))c. Hence

Ax X Ayx C 6;(’1Y(Ay). Therefore exy : X x YX — Y is an NCSet-mapping.
For any Z = (Z,Az) € NCSet, let h : X x Z — Y be an NCSet-mapping. We
define h : Z — Y¥X by [h(2)](x) = h(z,z2), for each z € Z and each z € X. Let
(x,2) € Ax x Az, where © = (x1, 22, x3) and z = (21, 29,23). Since h : X X Z —-Y

is an NCSet-mapping,
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Ax1xAz1 Ch7 Ay1), Axo x Azo Ch 1 (Aya), Ax3 x Azs D h™ 1 (Ay).

Then by Proposition 4.14,

(z1,21) € K" (Ay), (w2, 22) € A1 (Ay,2), (z3,23) € (W1 (Ay3))".
Thus h((21,21)) € Ay,1, h((22, 22)) € Ay,2, h((z3,23)) € (Ay;3)°.
By the definition of h, -

[(21)](21) € Ay, [A(22)](22) € Ay,a, [P(23)](23) € (Ay3)“.
By the definition of Ayx, - -

[h(Z£)](AZ71) C AYX717 Lh(z2)](AZ,2) C AYX72, [h(z’g)](AZ,;g) B Ayx73. ~
So Az C h™'(Ayx). Hence h : Z — YX is an NCSet-mapping. Furthermore, h
is the unique NCSet-mapping such that ex y o (1x x h) = h. This completes the
proof. O

The following is proved similarly as the proof of Theorem 4.15.

Corollary 4.16. The category NCSet; is Cartesian closed over Set for j =1,2,3.

5. CONCLUSIONS

For a non-empty set X, by defining a neutrosophic crisp set A = (43, As, Az) and
an intuitionistic crisp set A = (Aj, As) in X, respectively as follows:

(1) A C X,AQ C X,Ag C X,

(11) Al C Ag,Ag C A%,
and

(i) A C X, A; C X,

(if) Ay C A,
we can form another categories NCSet, and ICSet. Furthermore, we will study
them in view points of a topological universe and obtain some relationship between
them.
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ABSTRACT. Neutrosophic theory has many applications in graph theory,
bipolar single valued neutrosophic graphs (BSVNGs) is the generalization
of fuzzy graphs and intuitionistic fuzzy graphs, SVNGs. In this paper we
introduce some types of BSVNGs, such as subdivision BSVNGs, middle
BSVNGs, total BSVNGs and bipolar single valued neutrosophic line graphs
(BSVNLGS), also investigate the isomorphism, co weak isomorphism and
weak isomorphism properties of subdivision BSVNGs, middle BSVNGs,
total BSVNGs and BSVNLGs.
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1. INTRODUCTION

Neutrosophic set theory (NS) is a part of neutrosophy which was introduced
by Smarandache [43] from philosophical point of view by incorporating the degree
of indeterminacy or neutrality as independent component for dealing problems with
indeterminate and inconsistent information. The concept of neutrosophic set the-
ory is a generalization of the theory of fuzzy set [50], intuitionistic fuzzy sets [5],
interval-valued fuzzy sets [17] interval-valued intuitionistic fuzzy sets [6]. The con-
cept of neutrosophic set is characterized by a truth-membership degree (T), an
indeterminacy-membership degree (I) and a falsity-membership degree (f) indepen-
dently, which are within the real standard or nonstandard unit interval |~0,17].
Therefore, if their range is restrained within the real standard unit interval [0,1] :
Nevertheless, NSs are hard to be apply in practical problems since the values of the
functions of truth, indeterminacy and falsity lie in 70, 17[. The single valued neu-
trosophic set was introduced for the first time by Smarandache [43]. The concept
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of single valued neutrosophic sets is a subclass of neutrosophic sets in which the
value of truth-membership, indeterminacy membership and falsity-membership de-
grees are intervals of numbers instead of the real numbers. Later on, Wang et al. [19]
studied some properties related to single valued neutrosophic sets. The concept of
neutrosophic sets and its extensions such as single valued neutrosophic sets, interval
neutrosophic sets, bipolar neutrosophic sets and so on have been applied in a wide
variety of fields including computer science, engineering, mathematics, medicine and
economic and can be found in [9, 15, 16, 30, 31, 32, 33, 34, 35, 36, 37, 51]. Graphs
are the most powerful tool used in representing information involving relationship
between objects and concepts. In a crisp graphs two vertices are either related or
not related to each other, mathematically, the degree of relationship is either 0 or 1.
While in fuzzy graphs, the degree of relationship takes values from [0, 1]. Atanassov
[42] defined the concept of intuitionistic fuzzy graphs (IFGs) using five types of
Cartesian products. Theconcept fuzzy graphs, intuitionistic fuzzy graphs and their
extensions such interval valued fuzzy graphs, bipolar fuzzy graph, bipolar intuition-
itsic fuzzy graphs, interval valued intuitionitic fuzzy graphs, hesitancy fuzzy graphs,
vague graphs and so on, have been studied deeply by several researchers in the liter-
ature. When description of the object or their relations or both is indeterminate and
inconsistent, it cannot be handled by fuzzy intuitionistic fuzzy, bipolar fuzzy, vague
and interval valued fuzzy graphs. So, for this purpose, Smaranadache [15] proposed
the concept of neutrosophic graphs based on literal indeterminacy (I) to deal with
such situations. Later on, Smarandache [11] gave another definition for neutrosphic
graph theory using the neutrosophic truth-values (T, I, F) without and constructed
three structures of neutrosophic graphs: neutrosophic edge graphs, neutrosophic
vertex graphs and neutrosophic vertex-edge graphs. Recently, Smarandache [16]
proposed new version of neutrosophic graphs such as neutrosophic offgraph, neutro-
sophic bipolar/tripola/multipolar graph. Recently several researchers have studied
deeply the concept of neutrosophic vertex-edge graphs and presented several exten-
sions neutrosophic graphs. In [1, 2, 3]. Akram et al. introduced the concept of
single valued neutrosophic hypergraphs, single valued neutrosophic planar graphs,
neutrosophic soft graphs and intuitionstic neutrosophic soft graphs. Then, followed

the work of Broumi et al. [7, 8, 9, 10, 11, 12, 13, 14, 15], Malik and Hassan [38]
defined the concept of single valued neutrosophic trees and studied some of their
properties. Later on, Hassan et Malik [17] introduced some classes of bipolar single

valued neutrosophic graphs and studied some of their properties, also the authors
generalized the concept of single valued neutrosophic hypergraphs and bipolar sin-
gle valued neutrosophic hypergraphs in [19, 20]. In [23, 24] Hassan et Malik gave
the important types of single (interval) valued neutrosophic graphs, another impor-
tant classes of single valued neutrosophic graphs have been presented in [22] and in
[25] Hassan et Malik introduced the concept of m-Polar single valued neutrosophic
graphs and its classes. Hassan et al. [18, 21] studied the concept on regularity and
total regularity of single valued neutrosophic hypergraphs and bipolar single valued
neutrosophic hypergraphs. Hassan et al. [20, 27, 28] discussed the isomorphism
properties on SVNHGs, BSVNHGs and IVNHGs. Nasir et al. [40] introduced a new
type of graph called neutrosophic soft graphs and established a link between graphs
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and neutrosophic soft sets. The authors also studeied some basic operations of neu-
trosophic soft graphs such as union, intersection and complement. Nasir and Broumi
[11] studied the concept of irregular neutrosophic graphs and investigated some of
their related properties. Ashraf et al. [1], proposed some novels concepts of edge reg-
ular, partially edge regular and full edge regular single valued neutrosophic graphs
and investigated some of their properties. Also the authors, introduced the notion
of single valued neutrosophic digraphs (SVNDGs) and presented an application of
SVNDG in multi-attribute decision making. Mehra and Singh [39] introduced a
new concept of neutrosophic graph named single valued neutrosophic Signed graphs
(SVNSGs) and examined the properties of this concept with suitable illustration.
Ulucay et al. [48] proposed a new extension of neutrosophic graphs called neu-
trosophic soft expert graphs (NSEGs) and have established a link between graphs
and neutrosophic soft expert sets and studies some basic operations of neutrosophic
soft experts graphs such as union, intersection and complement. The neutrosophic
graphs have many applications in path problems, networks and computer science.
Strong BSVNG and complete BSVNG are the types of BSVNG. In this paper, we
introduce others types of BSVNGs such as subdivision BSVNGs, middle BSVNGs,
total BSVNGs and BSVNLGs and these are all the strong BSVNGs, also we discuss
their relations based on isomorphism, co weak isomorphism and weak isomorphism.

2. PRELIMINARIES

In this section we recall some basic concepts on BSVNG. Let G denotes BSVNG
and G* = (V, E) denotes its underlying crisp graph.

Definition 2.1 ([10]). Let X be a crisp set, the single valued neutrosophic set
(SVNS) Z is characterized by three membership functions 7%z (z), Iz(x) and Fz(z)
which are truth, indeterminacy and falsity membership functions, Vo € X

Tz(l'), Iz(x), Fz(l‘) S [O, 1]
Definition 2.2 ([10]). Let X be a crisp set, the bipolar single valued neutrosophic
set (BSVNS) Z is characterized by membership functions T (z), I} (z), F} (),
T, (z), I;(x), and F, (z). That is Vo € X
T (x), 1} (x), F; (x) € [0,1],
Ty (x),1;(x), Fy (z) € [-1,0].

Definition 2.3 ([10]). A bipolar single valued neutrosophic graph (BSVNG) is a
pair G = (Y, Z) of G*, where Y is BSVNS on V and Z is BSVNS on E such that

T (By) < min(Ty (8), Ty (7)), 17 (Bv) = max(I5 (B), I (7)),
I;(Bv) < min(Iy (8), I (7)), Fz (By) <min(Fy (8), Fy (7)),
F7(By) > max(Fyf (B), ByF (7)), Tz (By) > max(Ty (8), Ty (7)),
where
0 < Ty (By)+15(87) + Fy(By) <3
3T, (BY)+17(By)+Fy(By) <0

VB,yeV.
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In this case, D is bipolar single valued neutrosophic relation (BSVNR) on C. The
BSVNG G = (Y, Z) is complete (strong) BSVNG, if

T; (By) = min(Ty (8), Ty (7)), 1% (B7) = max(Iy(8), Iy (7)),
17 (By) = min(Iy (8), Iy (v)), Fz (By) = min(Fy (8), Fy (7)),

Fz (By) = max(Fy (8), 1 (7)), Tz (By) = max(Ty (8), Ty (7)),

YV 8,7 € V(V By € E). The order of BSVNG G = (A, B) of G*, denoted by O(G), is
defined by

O(G) = (07(G), 0F (G), O£(G), 07 (G), 07 (G), OR (@),
where

07(G) =) Ti(a), Of (G) =) Iji(a), OL(G) =) Fi(w),

acV acV acgV

O7(G)=> Ty(e), 07 (G)=>_I;(a), Op(G)= > Fj(a).

acV acV acV
The size of BSVNG G = (A4, B) of G*, denoted by S(G), is defined by

S(G) = (S7(G), S1(G), S1:(G), S7.(G), 81 (G), Sy (G)),

where

SH(G) = Y TH(BY), S7(G)= > T5(B),

ByEE ByEE

SH@G) = > TEBY), S7(G) =D I5(Bv),

BYEE ByYEE
SHG) = D" FE(BY), Sp(G) = > F5(Bv).
BrEE BYEE

The degree of a vertex § in BSVNG G = (A, B) of G*,, denoted by dg(8), is
defined by

dg(8) = (dF.(8), df (B), df(B), dr(B), d7 (B), d(8)),
where

drB) = TH(BY), dr(B) =D T5(B),

ByeEE ByeEE

df(B)= > I5(Bv), df (B) = Y _ I5(B7),

BrEE BrEE
dh(B) = Y FE(Bv), dp(B)= > F5(Bv).
ByeEE ByeE
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3. TyPEs oF BSVNGs

In this section we introduce the special types of BSVNGs such as subdivision,
middle and total and intersection BSVNGs, for this first we give the basic definitions
of homomorphism, isomorphism, weak isomorphism and co weak isomorphism of
BSVNGs which are very useful to understand the relations among the types of
BSVNGs.

Definition 3.1. Let G; = (C1, D) and Gy = (Cs, D3) be two BSVNGs of Gf =
(V1, E1) and G35 = (Va, Es), respectively. Then the homomorphism x : G; — Gs is
a mapping x : V3 — Vo which satisfies the following conditions:

Té (p) < T (x(p), 15, (p) = I8, (x(p), Fg (p) > F& (x(p)),

Te, (p) 2 T, (x(p), 1o, (p) < I, (x(p), Fg,(p) < Fg, (x(p)),

Vpel,
TS, (pg) < TS, (x(P)x(9), Tp, (p9) > T, (x(p)x(9));
15, (pa) > 15, (x(0)x()), Ip, (pg) < Ip,(x(p)x(2)),
Fp . (pg) > Fp, (x(p)x(9)), Fp,(pg) < Fp, (x(p)x(9)),
V pq € Ey.

Definition 3.2. Let G; = (C1,D;) and Gy = (Cs, D2) be two BSVNGs of Gf =
(V1, Eq) and G5 = (Va, Es), respectively. Then the weak isomorphism v : G; — Go
is a bijective mapping v : V7, — V5 which satisfies following conditions:

v is a homomorphism such that

TS (p) = T, (v(p), 1f, (p) = 1, (v(p)), FE (p) = FZ, (v(p)),

Te, (p) = Tg, (v(p), I, (p) = Ig, (v(p)), Fg,(p) = Fg, (v(p),
Vpe V.
Remark 3.3. The weak isomorphism between two BSVNGs preserves the orders.
Remark 3.4. The weak isomorphism between BSVNGs is a partial order relation.

Definition 3.5. Let G; = (C1, D) and Gy = (C3, D2) be two BSVNGs of Gf =
(Vi, E1) and G5 = (Va, Es), respectively. Then the co-weak isomorphism k : G; —
G- is a bijective mapping  : V3 — V5 which satisfies following conditions:

K is a homomorphism such that

T, (pa) = T, (k(p)k(a)), Tp, (pa) = T, (k(p)k(q)),
1}, (pa) = I, (k(p)s(@)), Ip,(pa) = Ip, (k(p)K(a)),
FJ5 (pq) = F55 (k(p)k(q)), Fp,(pq) = Fp, (k(p)k(q)),
V pq € E.
Remark 3.6. The co-weak isomorphism between two BSVNGs preserves the sizes.

Remark 3.7. The co-weak isomorphism between BSVNGs is a partial order rela-
tion.
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TABLE 1. BSVNSs of BSVNG.

T Iy Ff Ty Iy Fy
02 0.1 04 -03 -0.1 -0.4
03 0.2 05 -0.5 -04 -0.6
04 0.7 06 -02 -0.6 -0.2
T I FY T, I Fg
02 04 05 -02 -0.5 -0.6
0.3 0.8 06 -01 -0.7 -0.8
0.1 0.7 09 -01 -0.8 -0.5

=3 b:](": S

Definition 3.8. Let G; = (C1, D) and Gy = (C3, D3) be two BSVNGs of Gf =
(Vi, E1) and G5 = (Va, E»), respectively. Then the isomorphism ¢ : G; — G2 is a
bijective mapping v : V3 — Vo which satisfies the following conditions:

T¢, (p) = Td, ($(p)), 1, (p) = 12, (¥(p), FE,(p) = F¢, (¥ (p)),
To,(p) = Te, (W (), e, (p) = 1, (b(p), Fe,(p) = Fo,((p)),

Vpe,
TS (pg) = T, () (), Tp, (pg) = T, (¥ (p)1(q)),
15 (pq) = I, (W ()¢ (9)), Ip, (pa) = Ip, (% (p)¥(q)),
Fjy (pg) = Fpb, (0(p)¥(q)), Fp,(pq) = Fp, (@ (p)¥(q)),
V pq € E.

Remark 3.9. The isomorphism between two BSVNGs is an equivalence relation.

Remark 3.10. The isomorphism between two BSVNGs preserves the orders and
sizes.

Remark 3.11. The isomorphism between two BSVNGs preserves the degrees of
their vertices.

Definition 3.12. The subdivision SVNG be sd(G) = (C, D) of G = (A, B), where
Cis a BSVNS on VU E and D is a BSVNR on C such that
(i)C=AonVandC=BonkE,
(ii) if v € V lie on edge e € E, then
Ty (ve) = min(T; (v), T (e)), I (ve) = max(I}(v), If(e))
I (ve) = min(I; (v), I (€)), Fp(ve) =min(Fy (v), Fi(e))
Fii(ve) = max(F} (v), Fj5 (e), Tp (ve) = max(T; (v), T (e))
else
D(ve) = O = (0,0,0,0,0,0).
Example 3.13. Consider the BSVNG G = (A, B) of a G* = (V, E), where V =
{a,b,c} and E = {p = ab,q = be,r = ac}, the crisp graph of G is shown in Fig.
1. The BSVNSs A and B are defined on V and E respectively which are defined
in Table 1. The SDBSVNG sd(G) = (C, D) of a BSVNG G, the underlying crisp

graph of sd(QG) is given in Fig. 2. The BSVNSs C and D are defined in Table 2.
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Ficure 1. Crisp Graph of BSVNG.

@
-]

FI1GURE 2. Crisp Graph of SDBSVNG.

TABLE 2. BSVNSs of SDBSVNG.

TS 1L FL T, I F;
a 02 01 04 -03 -0.1 -04
p 02 04 05 -02 -05 -0.6
b 03 02 05 -05 -04 -0.6
g 03 08 06 -01 -0.7 -0.8
C
T
D

04 07 0.6 -0.2 -0.6 -0.2
0.1 0.7 09 -01 -0.8 -0.5
TS Iy F5 T, I, Fp
ap 0.2 04 05 -02 -0.5 -0.6
pb 02 04 05 -02 -05 -0.6
bg 03 0.8 0.6 -0.1 -0.7 -0.8
ge 03 08 0.6 -0.1 -0.7 -0.8
er 0.1 07 09 -01 -0.8 -05
ra 0.1 07 09 -0.1 -0.8 -05

Proposition 3.14. Let G be a BSVNG and sd(G) be the SDBSVNG of a BSVNG
G, then O(sd(G)) = O(G) + S(G) and S(sd(G)) = 25(G).

Remark 3.15. Let G be a complete BSVNG, then sd(G) need not to be complete
BSVNG.
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C r
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<=

b q

FiGURE 3. Crisp Graph of TSVNG.

Definition 3.16. The total bipolar single valued neutrosophic graph (TBSVNG) is
T(G) = (C,D) of G = (A, B), where C' is a BSVNS on VU E and D is a BSVNR
on C such that

i)C=AonVand C=BonkE,

(ii) if v € V lie on edge e € E, then

Tp (ve) = min(T (v), T (), I (ve) = max(I}(v), I} (e))
I (ve) = min(I; (v), Ig(e)), Fp(ve) = min(Fy (v), Fi5 (e))
Fii(ve) = max(F} (v), Fj5 (e), Tp (ve) = max(Ty (v), T (e))
e D(ve) = O = (0,0,0,0,0,0),
(iii) if @8 € E, then
Ty (af) = Tx(ap), I (af) = I (aB), Ff(aB) = Fj(ap)
Tp(aB) =Ty (aB), Ip(af) =1Ig(aB), Fp(af) = Fg(aB),
(iv) if e, f € E have a common vertex, then
T (ef) = min(Ty (), Tf (f)), Ip(ef) = max(If(e), I5(f))
Ip(ef) =min(Ig(e), I5(f)), Fp(ef) =min(Fg(e), F5 (f))

F(ef) = max(Fg (e), F (f)), Tp(ef) = max(T (e), T5 (f))
else
D(ef) =0 =(0,0,0,0,0,0).

Example 3.17. Consider the Example 3.13 the TBSVNG T(G) = (C, D) of under-
lying crisp graph as shown in Fig. 3. The BSVNS C is given in Example 3.13. The
BSVNS D is given in Table 3.

Proposition 3.18. Let G be a BSVNG and T(G) be the TBSVNG of a BSVNG
G, then O(T(G)) = O(G) + S(G) = O(sd(G)) and S(sd(G)) = 25(G).

Proposition 3.19. Let G be a BSVNG, then sd(G) is weak isomorphic to T(G).
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TABLE 3. BSVNS of TBSVNG.

D TH 1Y FL T, I, Fp
ab 02 04 05 -02 -05 -0.6
be 03 08 0.6 -01 -0.7 -0.8
ca 01 07 09 -01 -0.8 -0.5
pg 02 08 06 -0.1 -0.7 -0.8
gr 01 08 09 -01 -08 -08
rp 0.1 0.7 09 -0.1 -0.8 -0.6
ap 02 04 05 -02 -05 -0.6
pb 02 04 05 -02 -05 -0.6
bg 03 08 0.6 -01 -0.7 -0.8
gc 03 08 06 -01 -0.7 -08
er 01 0.7 09 -01 -0.8 -05
ra 0.1 0.7 09 -0.1 -08 -05

Definition 3.20. The middle bipolar single valued neutrosophic graph (MBSVNG)
M(G) = (C,D) of G, where C'is a BSVNS on VUEFE and D is a BSVNR on C such
that

(i)C=AonVand C=Bon E, else C =0 =(0,0,0,0,0,0),

(ii) if v € V lie on edge e € E, then

Tj (ve) = T (e), Ijh(ve) = I (e), Fp(ve) = Fj (e)
Ty (ve) =Ty (e), Ip(ve) =Ig(e), Fp(ve) = Fiz(e)
else
D(ve) = O = (0,0,0,0,0,0),
(iii) if w,v € V, then
D(uv) = O = (0,0,0,0,0,0),
(iv) if e, f € F and e and f are adjacent in G, then
Tp(ef) = Tg (uv), Ip(ef) = I (w), Fj(ef) = Fp (uv)
Tp(ef) =Ty (w), Ip(ef) = Ig(w), Fy(ef) = Fg(uv).

Example 3.21. Consider the BSVNG G = (A, B) of a G*, where V = {a, b, ¢} and
E = {p = ab,q = be} the underlaying crisp graph is shown in Fig. 4. The BSVNSs
A and B are defined in Table 4. The crisp graph of MBSVNG M(G) = (C, D) is
shown in Fig. 5. The BSVNSs C and D are given in Table 5.

Remark 3.22. Let G be a BSVNG and M (G) be the MBSVNG of a BSVNG G,
then O(M(G)) = O(G) + S(G).

Remark 3.23. Let G be a BSVNG, then M(G) is a strong BSVNG.

Remark 3.24. Let G be complete BSVNG, then M(G) need not to be complete
BSVNG.

Proposition 3.25. Let G be a BSVNG, then sd(G) is weak isomorphic with M (G).
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Ficure 4. Crisp Graph of BSVNG.
TABLE 4. BSVNSs of BSVNG.

T Iy Ff Ty Iy Fy
03 04 05 -02 -01 -0.3
0.7 06 03 -03 -0.3 -0.2
09 0.7 02 -05 -04 -0.6
% I} Ff T, I Fg
02 06 06 -01 -04 -0.3
04 08 0.7 -03 -05 -0.6

TABLE 5. BSVNSs of MBSVNG.

’Q’EDJQ@Q,L

c TY 1N FL T, 15 Fg
a 03 04 05 -02 -01 -03
b
c

0.7 06 03 -03 -0.3 -0.2

0.9 07 02 -05 -04 -0.6
et 02 06 06 -01 -04 -0.3
es 04 08 0.7 -03 -05 -0.6
D TF I Fy T, I, F,
pg 02 08 0.7 -01 -05 -0.6
ap 02 0.6 0.6 -0.1 -04 -0.3
bp 02 0.6 0.6 -0.1 -04 -0.3
bg 02 0.6 06 -03 -05 -0.6
cg 04 08 07 -03 -05 -0.6

a b C

6

p
Fi1GURE 5. Crisp Graph of MBSVNG.
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Proposition 3.26. Let G be a BSVNG, then M (G) is weak isomorphic with T'(G).
Proposition 3.27. Let G be a BSVNG, then T(G) is isomorphic with G U M(G).

Definition 3.28. Let P(X) = (X,Y) be the intersection graph of a G*, let C; and
D; be BSVNSs on V' and FE, respectively and Cy and Dy be BSVNSs on X and Y
respectively. Then bipolar single valued neutrosophic intersection graph (BSVNIG)
of a BSVNG G = (C1, D) is a BSVNG P(G) = (C4q, D3) such that,

Tg, (Xi) = T¢, (vi), 1¢,(Xi) = 1¢, (ve), F¢,(Xi) = F¢, (i)
Te,(Xi) =T, (vi), 1e,(Xi) = Ig, (vi), Fg,(Xi) = Fg, (vi)
2 (XX ) =Tp ( v5), D2( Xj) = Tp, (vivy),
15, (X X;) = 131 (vivy), Ip,(XiX;) = I (vivy),
Fgg(XiX )= Fgl(vw]), F_Q( J):FD_l(Uivj)
VX, X;€X and X;X; €Y.
Proposition 3.29. Let G = (A1, B1) be a BSVNG of G* = (V, E), and let P(G) =

(Ag, Bs) be a BSVNIG of P(S). Then BSVNIG is a also BSVNG and BSVNG is
always isomorphic to BSVNIG.

Proof. By the definition of BSVNIG, we have

T5 (SiS;) = Tg (vwy) <min(Ty (v:), T4 (v;)) = min(T4 (S:), T4, (S5)),
I5,(S:8;) = If (vivy) = max(I} (vi), I} (v;)) = max(I3 (S:), I4,(S;)),
Fj (8iS;) = Ff (vivy) > max(F} (vi), F (v;)) = max(Fj (Si), F4, (55)),
Ty, (SiS;) Ty, (vivy) > max(Ty (vi), Ty, (vj)) = max(Ty,(S:), Ty, (S;)),
Iy, (8:55) I, (vivy) < min(Iy (vi), Iy, (v5)) = min(Iy, (5:), L4, (55)),
Fp (8:S5) = Fpg (vivj) <min(Fy (v;), Fy, (v;)) = min(Fy, (i), F, (S5))-

This shows that BSVNIG is a BSVNG.
Next define f : V — S by f(v;) = S; for i = 1,2,3,...,n clearly f is bijective.

Now v;v; € E if and only if S;S; € T and T' = {f(v;) f(v ) viv; € E}. Also
T4, (f(vi)) = T4, (8i) = Ty, (vi), I}, (f(vi)) = I4,(Si) = IAl(Ul)
Fu,(f(0)) = Fu,(S) = Fi, (i), Ta,(f(vi)) = Ty, (8i) = Ty, (vi),
Iy, (F(ui)) = I, (Si) = Iy, (vi), Fy, (f(vi)) = Fy,(Si) = FA1 (vi),
Vv €V,
T3, (f(vi) f(v))) = T§,(SiS;) = T, (vivy),
I (f (i) fvg) = I3, (8iS5) = I (vivy),
Fg, (f(0i) f(v;)) = Fg,(8:S;) = Fg, (vivy),
Ty, (f(vi) f(vg)) = Tg,(5:iS;) = Tg, (vivy),
I, (f(vi) f(vj)) = 1, (SiS;) = I, (viv;),
Fp, (f(0i)f(v;)) = Fp,(5:S;) = Fg, (vivy),
Vv € B O
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TABLE 6. BSVNSs of BSVNG.

Ay T;(l Ij{l F;; T, I, Fy
a; 02 05 05 -01 -04 -05
as 04 03 03 -02 -0.3 -0.2
as 04 05 05 -03 -02 -0.6
as 03 02 02 -04 -0.1 -0.3
By Ty Ijy Fj Ty Ip  Fg
z1 0.1 06 0.7 -01 -04 -05
zs 03 06 07 -02 -03 -06
zs 02 07 08 -03 -02 -06
zs 01 07 08 -01 -04 -05

Definition 3.30. Let G* = (V,E) and L(G*) = (X,Y) be its line graph, where
Ay and B; be BSVNSs on V and F, respectively. Let Ay and Bs be BSVNSs on X
and Y, respectively. The bipolar single valued neutrosophic line graph (BSVNLG)
of BSVNG G = (A1, By) is BSVNG L(G) = (A, B) such that,

TA: (52) = Tgl () = T]Jarl (ugve), IXQ (Sz) = Igl () = Igl (ugva),
I4,(S2) = I, (x) = I, (uva), Fy,(S2) = Fi, (z) = Fp, (ugv2),

F3 (Se) = F (2) = F (ug0y), Ty, (S2) = Tg, (x) = T, (uas),
V Sz, 5y € X and
Té’; (825y) = min(Tgl (x)ngl (¥)), IEQ(SwSy) = max(lgl (x),fgl (y
15,(5:8,) = min(I5, (0), I5, (1)), Fg,(S+5,) = min(Fg, (x), F3, (y
Fé:(SzSy) = max(FJé"1 (z), Fgl (v)), T, (Sz5y) = maX(Tg1 (z), Ty, (v)),
vV S8, €Y.
Remark 3.31. Every BSVNLG is a strong BSVNG.

Remark 3.32. The L(G) = (A3, B2) is a BSVNLG corresponding to BSVNG G =
(A1, By).

Example 3.33. Counsider the G* = (V, E) where V = {a1,a3,a3,a4} and E =
{1 = aqan,x9 = asas, r3 = agay, x4 = agar} and G = (41, By) is BSVNG of
G* = (V, E) which is defined in Table 6. Consider the L(G*) = (X,Y’) such that
X ={T4,, T4y, Tay, Ty} and ¥ = {T4, Ty TouTas s Tau Ty, T Ty ). Let Az and By
be BSVNSs of X and Y respectively, then BSVNLG L(G) is given in Table 7.

Proposition 3.34. The L(G) = (Az,B3) is a BSVNLG of some BSVNG G =
(A1, By) if and only if

T5,(8:Sy) = min(T, (S2), T, (Sy));
Tg,(52Sy) = max(Ty, (S2), Ty, (Sy)),
If,(S2Sy) = max(I, (S.), I3, (Sy)),
F_2 (Swsy) = min(F_2 (Sz), ng (Sy))a
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TABLE 7. BSVNSs of BSVNLG.
Ay TR Th FL Ty Iy Fy
r,, 01 06 07 -01 -04 -0.5
I, 03 06 07 -02 -03 -0.6
| S 02 07 08 -03 -0.2 -0.6
Iz, 0.1 07 08 -01 -04 -0
Bl Tgl gl Fgl Tgl Igl FB?I
r,,r., 01 06 07 -01 -04 -0.6
r.,r., 02 07 08 -02 -03 -0.6
r,.,r., o1 07 08 -01 -04 -0.6
r,I,, o1 07 08 -01 -04 -0.5
I, (8:Sy) = min(Iy, (Sz), Iy, (Sy)),
Fg,(S28y) = max(F}, (S:), F4,(Sy)),
vV 5.5, €Y.
Proof. Assume that,
T5,(828,) = min(T4, (S2), T4, (Sy)),
Tg,(S:Sy) = max(Ty, (Sx), T, (Sy)),
I, (82Sy) = max(I3, (S:), I}, (Sy)),
F§2 (S2Sy) = mm(FXQ (S2)s FXQ (Sy)),
I, (525y) = min(I, (S2), I, (Sy)),
Fg,(S28y) = max(FJ, (S:), F4,(Sy)),
V 538y, €Y. Define
T3 (x) = T4, (Se), If, () = I},(S2), Fi,(z) = Fj4,(Sa),
Ty, (x) =Ty, (Sz), Iy, (x) = I, (Sz), Fy,(x) = Fy,(S2)
V x € E. Then
IE,(8:8y) = max(I}, (S.), I4,(Sy)) = max(I}, (x), I1, (1)),
I, (82Sy) = min(Iy, (Sz), Iy, (Sy)) = min(Ly, (), I, (y)),
T3, (5.8,) = min(T%, (S.), T%,(S,)) = min(T%, (2), T%, ().
T5,(5.5,) = max(Ty, (5,), T, (S,)) = max(Ts, (@), Tr, (1)),
Fp,(528y) = min(F (S2), i, (Sy)) = min(Fy (z), Fy, (y)),
FF,(825,) = max(F1, (S.), F, (S,)) = max(F3, (), F1, ().

A BSVNS A; that yields the property

T§1 (xy) < min(T;{1 (m),T;{I (y)), Igl (xy) > rnaX(IX1 (x),]Xl (y))
)

I, (wy) < min(ly (), Iy, ()

Fgl (xy) > max(F:{l (m),Fj{l (y)), Tg, (zy) > maX(TX1 (2),

will suffice. Converse is straight forward.
67
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Proposition 3.35. If L(G) be a BSVNLG of BSVNG G, then L(G*) = (X,Y) is
the crisp line graph of G*.

Proof. Since L(G) is a BSVNLG,
T4, (S2) = Tf, (v), I3,(S:) = I}, (2), F4,(S.) = Fg, (2),
Ty, (Se) = Tg, (x), I,,(S:) = Ip, (x), Fy,(S:) = Fg, ()
Ve eFE, S, € Xifand only if z € E, also
Ty, (S:Sy) = min(T, (), Ty, (y)), If,(SeS,) = max(I} (), I3, (y))
I, (5:8y) = min(Ig (x), I (y), Fp,(S:Sy) = min(Fg (z), Fjg, (y))
Ff,(828y) = max(Fg, (x), 5, (v)), Tg,(5.S,) = max(Tg, (), Tg, (v)),
V SpSy €Y. Then Y = {5,S,: 5, NS, #¢,x,y € E,x #y}. O

Proposition 3.36. The L(G) = (Az, B2) be a BSVNLG of BSVNG G if and only
if L(G*) = (X,Y) is the line graph and

T3, (wy) = min(Ty, (2), T4, (), If, (vy) = max(I}, (x), I}, (1)),
I, (xy) = min(Iy (x), Iy, (y)), Fg,(vy) = min(Fy, (), Fy,(y)),

F§2 (zy) = max(FX2 (), FXQ (y)), Ty, (zy) = maX(Tg2 (z), Ty, (y)),
Vayey.

)
3

Proof. Tt follows from propositions 3.34 and 3.35. d
Proposition 3.37. Let G be a BSVNG, then M(G) is isomorphic with sd(G)UL(G).

Theorem 3.38. Let L(G) = (Aa, Bs) be BSVNLG corresponding to BSVNG G =
(A1, By).

(1) If G is weak isomorphic onto L(G) if and only if Vv € V, x € E and G* to
be a cycle, such that

T, (v) = Tg, (), Iy, (v) = Tg, (), Fj, (v) =Tg, (),

Ty, () =Ty (2), Iy, (v) = Tp,(x), Fy (v) =Tp, ().
(2) If G is weak isomorphic onto L(G), then G and L(G) are isomorphic.

Proof. By hypothesis, G* is a cycle. Let V' = {vy,v9,v3,...,0,} and E = {z; =

V1V, Ty = VU3, ..., L, = UpU1}, where P : vjuavs... v, is a cycle, characterize a
BSVNS Al by Al(vi) = (piathhpivqwri) and Bl by Bl(mz) = (ai7bivciaaiabivci)
fori=1,2,3,...,n and v,11 = v1. Then for pp11 = p1, g1 = @1, Tnp1 =11,

a; < min(p;, pit1), b > max(g;, ¢i+1), ¢ > max(r;, rit1),

a'; 2 max(p;,p;H), b; S min(q;,q;H), C; S min(r;,r;H),
fori=1,2,3,...,n.
Now let X = {T;,,Tsy,..., o, tand Y = {4, Ty, Ty Tusy ..., T, Ty b Then
for a,+1 = a1, we obtain

’

Ay(Ts,) = Bi(wi) = (as, by, iy ay, by, ¢;)
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and By(I'z, Tz, ) = (min(a;, a;41), max(b;, biy1),max(c;, cHl),max(a;, a;_H), min(b;, b;_H),

min(c;, C;+1)) fori=1,2,3,...,n and v,41 = v1. Since f preserves adjacency, it in-
duce permutation 7 of {1,2,3,...,n},
Fi) =T vng i
and
vvig1r = f(vi) f(vig1) =T
fort=1,2,3,...,n — 1. Thus

pi=T4 (v;) <Ty (f(vi)) =T4, (T

Uw(z‘)”w(iwrlFvw(i+1)vw(i+1)+17
—_ 7t . . _ .
vayonc+1) = Ly (Vn()Vn(i)+1) = Gr(i)-

SimilarIYa p; > a;(i)’ G 2 bﬂ'(i)? ri > Cr(i)s Q; < b;r(z)’ T; < C;.(i) and

a; = Tgl(viviﬂ)<T+2(f(vi)f(vi+1))
= r

( “w( )Vm (i >+1F’fw(z+1>”w<z+1>+1)
= mm( By (Vn()Un(i)+1)5 Tgl (Vr(i+1)Vn(it1)+1))
= min(ar@y, Gr(i)41)-
Similarly, b; > max(bz(;y, br(i)+1), ¢i = Max(Cr(s), Cr(i)+1); a; > max(a;(i),a;r(.)H)
b; < min(b;(i),b;(i)ﬂ) and c; < min(c;r(i), c;r(i)_H) for i =1,2,3,...,n. Therefore

Pi S Ar(i), @i 2 br(iy, Ti 2 Cr(iys i 2 Qr(yys € < brgys T3 < Cry

and
a; < min(an(iy, Gn(iy+1)s @ = MaX(Ar(s)s Qr(i)41),
bi > max(br (i), br(iy+1), b; < min(by sy, brgiyp1)s
Ci 2 max(c'fr(i)acﬂ(i)+l)v ¢ < min(c;r(i)vc;r(i)+1)
thus
@i < Ar(iy, bi 2 briy, Ci 2 Ca(iys @ 2 Qrgyys by S brgy, € < ey
and so

aw(z‘) < aw(w(i))a br(i) 2 br(n(i))) Cr(i) = Cr(x(3)
(i) 2 Unn(iy)s On(s) S V(i) Cnti) S Cnm(i)
Vi=1,2,3,...,n. Next to extend,

i < n(i) S oo S Qi) S Gy G5 2 ) > A > A
biwa(i)Z >b‘n'J()>b’La b;<b ~-§b;rj(i)§b;
> Cnliy > e > Ciiy > Ciy € < c ()g...gc;j(i)gc;

where 7711 identity. Hence

i = an(iys bi = bagiy, € = Cagiys ;= a;(i), b, = b,ﬂ(i)a = C;r(i)
Vi=1,2,3,...,n. Thus we conclude that

a; < Ar(ip1) = Git1, bi 2 br(iz1) = bit1, G 2 Cr(iv1) = Cita
A; 2 Qr(ip1) = Qi1 b < b7r(i+1) =bip1, ¢ < Criiqr) = Cina
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which together with

’ ’ ’

’ ! 7
Opy1 = A1, bpt1 = b1, Cry1 = cu, Aptq = A1, bn+1 = by, Cnt1 = C

which implies that

’ / /

’ ’ ’
a;=a1, bj=b1, ci=c1, a;=ay, b=b, ¢;=¢;

Vi=1,2,3,...,n. Thus we have

g =a=...=a,=p1=pa=...=Dpy
Gm=ay=...=a,=p =py=...=p,
by=by=...=b,=q1=q=...=qp
by=by=...=b,=q =q=...=q,
Cl=C=...=Cp=r1=To=...=ry
R S S

Therefore (a) and (b) holds, since converse of result (a) is straight forward. O

4. CONCLUSION

The neutrosophic graphs have many applications in path problems, networks and
computer science. Strong BSVNG and complete BSVNG are the types of BSVNG. In
this paper, we discussed the special types of BSVNGs, subdivision BSVNGs, middle
BSVNGs, total BSVNGs and BSVNLGs of the given BSVNGs. We investigated
isomorphism properties of subdivision BSVNGs, middle BSVNGs, total BSVNGs
and BSVNLGs.
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1. INTRODUCTION

The concept of neutrosophic set (NS) developed by Smarandache [5, 6, 7] is a
more general platform which extends the concepts of the classic set and fuzzy set,
intuitionistic fuzzy set and interval valued intuitionistic fuzzy set. Neutrosophic set
theory is applied to various part. For further particulars I refer readers to the site
http://fs.gallup.unm.edu/neutrosophy.htm. Agboola et al. [1] studied neutrosophic
ideals of neutrosophic BCI-algebras. Agboola et al. [2] also introduced the con-
cept of neutrosophic BCI/BCK-algebras, and presented elementary properties of
neutrosophic BCI/BCK-algebras.

In this paper, we introduce the notion of (®, ¥)-neutrosophic subalgebra of a
BCK/BCI-algebra X for &, ¥ € {€,q,€ Vq}, and investigate related properties.
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We provide characterizations of an (€, €)-neutrosophic subalgebra and an (€, €V q)-
neutrosophic subalgebra. Given special sets, so called neutrosophic €-subsets, neu-
trosophic g-subsets and neutrosophic € V g-subsets, we provide conditions for the
neutrosophic €-subsets, neutrosophic g-subsets and neutrosophic € V g-subsets to
be subalgebras. We consider conditions for a neutrosophic set to be a (g, € V q)-
neutrosophic subalgebra.

2. PRELIMINARIES

By a BC'I-algebra we mean an algebra (X, ,0) of type (2, 0) satisfying the axioms:

(al) ((zxy)x(z*x2))*(z2xy) =0,

(a2) (z* (zxy))*xy =0,

(a3) xxx =0,

(ad) zxy=yxzx=0 = x =y,

for all z,y,z € X. If a BCI-algebra X satisfies the axiom
(a5) 0%z =0 for all z € X,

then we say that X is a BCK -algebra. A nonempty subset S of a BCK/BCI-algebra
X is called a subalgebra of X if xxy € S for all x,y € S.

We refer the reader to the books [3] and [41] for further information regarding
BCK/BCI-algebras.

Let X be a non-empty set. A neutrosophic set (NS) in X (see [0]) is a structure
of the form:

A= {{z; Ar(x), Ar(x), Ap(x)) |z € X}

where Ar : X — [0,1] is a truth membership function, A; : X — [0,1] is an
indeterminate membership function, and Ar : X — [0,1] is a false membership
function. For the sake of simplicity, we shall use the symbol A = (A, A;, Ap) for
the neutrosophic set

A= {{z; Ar(x), Ar(x), Ap(x)) |z € X }.

3. NEUTROSOPHIC SUBALGEBRAS OF SEVERAL TYPES

Given a neutrosophic set A = (Ar, Ar, Ap) inaset X, o, 8 € (0,1] and v € [0, 1),

we consider the following sets:
Te(4;0) :={r e X | Ar(z) > a},
Ie(A;8) = {x € X [ As(x) = B},
Fe(4;7) i={x e X [ Ap(x) <7},
Ty(A;a) ={z € X | Ar(z) + o > 1},
I,(A;B) ={x e X | Ar(z) + B > 1},
Fo(Aiy) ={z € X[ Ap(z) +~ <1},
Tevq(A;0) ={z € X | Ar(z) > a or Ap(z) + a > 1},
Ieyq(A;B) :={z e X |Ai(z) > B or Ar(z)+ 8 > 1},
Feyg(A;y) i={z e X | Ap(z) <~y or Ap(z) +~v < 1}.
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We say Tec(A; o), Ic(A; B) and Fe(A; ) are neutrosophic €-subsets; T (A; «), I(A; B)
and Fy(A; ) are neutrosophic q-subsets; and Tey 4(A; @), Iev 4(4; 8) and Fey 4(4;7)
are neutrosophic €V g-subsets. For ® € {€,q, €V ¢}, the element of Ty (A; ) (resp.,
I3(A; 5) and Fg(A;7)) is called a neutrosophic Te-point (resp., neutrosophic Ig-
point and neutrosophic Fg-point) with value « (resp., 8 and ). It is clear that

(3.1) Tevq(A;0) =Te(A;0) UTH(A;5 ),
(3.2) Tey ¢(A; B) = Ic(A; B) U I, (A; B),
(3.3) Fevq(A;7y) = Fe(A;y) U Fy(A;7).

Proposition 3.1. For any neutrosophic set A = (Ap, A;, Ap) in a set X, o, €
(0,1] and v € [0,1), we have

(3.4) a€0,05] = To q(A;a) =Tc(A; ),
(3.5) B 0,05 = Ievq(4;B) = Ie(4;B),
(3.6) 7 €[0.5,1] = Fevq(4;7) = Fe(4;7),
(3.7) a€ (05,1 = Toyq(4A;a) =T,(4;a),
(3.8) B e (05,1 = Ia q4(4;8)=1,(4;8),
(3.9) 7 €[0,0.5) = Feyq(4;v) = Fy(4A;7).

Proof. If & € [0,0.5], then 1 —« € [0.5,1] and o« < 1 — . Tt is clear that Te(4; ) C
Tevq(A;0) by (3.1). If v ¢ Te(A4; ), then Ap(z) < a <1-—aq, ie., z ¢ Ty(4; ).
Hence = ¢ Tey 4(4; ), and so Tey 4(A4; o) € Te(A; ). Thus (3.4) is valid. Similarly,
we have the result (3.5). If v € [0.5,1], then 1 —~ € [0,0.5] and v > 1 —~. It is
clear that Fc(A;v) C Fayq(A;7) by (3.3). Let 2z € Feyq(A4;7). Then z € Fe(4;7)
or z € Fy(A;v). If z ¢ Fe(A;), then Ap(z) >~ >1—7,ie., Ap(z)++ > 1. Thus
z ¢ Fy(A;v), and so z ¢ Fey 4(A;v). This is a contradiction. Hence z € Fe(A4;7),
and therefore Fg, 4(A;y) C Fe(4;7v). Let g € (0.5,1]. Then f > 1 — 3. Note
that I;(A4;8) C Ievq(A4;8) by (3.2). Let y € Ieyq(A4;8). Then y € Ic(A;B) or
y € 1,(A;B). Ity ¢ I,(A;B), then Ar(y) + 8 < 1 and so A;(y) < 1 -5 < B,
ie, y ¢ Ic(A;B8). Thus y ¢ Ia 4(A;B), a contradiction. Hence y € I,(4;0).
Therefore Ie, 4(A4;8) C I,(A; ). This shows that (3.8) is true. The result (3.7) is
proved by the similar way. Let v € [0,0.5) and z € Feyq(A4;7). Then 1 — v > «
and z € Fc(A;v) or z € Fy(A;7). If 2 ¢ Fy(A;7), then Ap(z) +v > 1 and so
Ap(z) > 1—v > ~v,1e., 2 ¢ Fc(A;v). Thus z ¢ Fey 4(A; ), which is a contradiction.
Hence Fe, q(A;y) C Fy(A;~). The reverse inclusion is by (3.3). O

Definition 3.2. Given &, ¥ € {€,¢,€V ¢}, a neutrosophic set A = (Ar, Ar, Ar)
in a BCK/BCT-algebra X is called a (®, U)-neutrosophic subalgebra of X if the
following assertions are valid.

reTo(Aaz), y€To(Asay) = xxy € To(A;an Aay),
(310) xELI’(A;Ba:)v ye]@(A§By) = x*yEI\I/(A;Ba:/\ﬁy)a
T € Fo(Aiv), y € Fo(Aiyy) = xxy € Fu(A;7: V)

for all 2,y € X, az,ay, Bu, B,, € (0,1] and 7z, 7, € [0,1).
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Theorem 3.3. A neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI-algebra X is
an (€, €)-neutrosophic subalgebra of X if and only if it satisfies:

Ar(z *y) = Ar(z) A A7 (y)
(3.11) (Vo,ye X) | Ar(zxy) > Ar(z) A Ar(y)
Ap(zxy) < Ap(z) V Ar(y)

Proof. Assume that A = (Ar, A7, Ar) is an (€, €)-neutrosophic subalgebra of X.
If there exist z,y € X such that Ar(x *xy) < Ar(z) A Ar(y), then

Arp(zxy) < ar < Ap(x) AN Ar(y)

for some ay € (0,1]. It follows that x,y € Tec(A4;a¢) but z xy ¢ Te(A; o). Hence
Ar(x xy) > Ar(z) A Ar(y) for all z,y € X. Similarly, we show that

Ar(z xy) > Ar(z) A Ar(y)

for all z,y € X. Suppose that there exist a,b € X and vy € [0,1] be such that
Ap(axb) >~v; > Ap(a)VAp(b). Then a,b € Fc(A;vs) and axb ¢ Fe(A;vy), which
is a contradiction. Therefore Ap(x xy) < Ap(z) V Ap(y) for all z,y € X.
Conversely, let A = (A, A;, Ar) be a neutrosophic set in X which satisfies the
condition (3.11). Let &,y € X be such that © € Tc(4; ;) and y € Te(A; o). Then
Ar(z) > agy and Ar(y) > oy, which imply that Ap(zxy) > Ap(z)AA7T(y) > az Ay,
that is, z xy € Te(A; oz A o). Similarly, if z € Ic(4;8,) and y € Ic(4; 3,) then
xxy € Ic(A;Bs A By). Now, let x € Fe(A;v,) and y € Fe(A;y,) for z,y € X.
Then Ap(z) < v, and Ap(y) <7y, and so Ap(x*xy) < Ap(z) V Ar(y) < 72 V vy
Hence zxy € Fc(A;7v; V). Therefore A= (Ar, A;, Ar) is an (€, €)-neutrosophic
subalgebra of X. O

Theorem 3.4. If A = (Ap, A, Ar) is an (€, €)-neutrosophic subalgebra of a
BCK/BCI-algebra X, then neutrosophic g-subsets Ty(A; ), I,(A; B) and Fy(A;7)
are subalgebras of X for all a, B € (0,1] and v € [0,1) whenever they are nonempty.

Proof. Let z,y € T,(A; ). Then Ap(z)+a > 1 and Ar(y) +a > 1. It follows that
Ap(z*y) +a > (Ar(z) AN Ar(y) + «
= (Ar(x) + ) A (Ar(y) + @) > 1

and so that x xy € T,(A;a). Hence T,(A;a) is a subalgebra of X. Similarly,
we can prove that I,(A; ) is a subalgebra of X. Now let x,y € F,(A;v). Then
Ap(x)+v<1and Ar(y) +v < 1, which imply that

Ap(z*y) +v < (Ar(z) V Ar(y)) +
= (Ar(z) +a)V (4Ap(y) +a) <L
Hence z xy € Fy(A;v) and Fy(A;~) is a subalgebra of X. O

Theorem 3.5. If A = (Ar,A;, Ar) is a (q, € V q)-neutrosophic subalgebra of a
BCK/BCI-algebra X, then neutrosophic g-subsets Ty(A; ), I5(A; B) and Fy(A;7)
are subalgebras of X for all o, € (0.5,1] and v € [0,0,5) whenever they are
nonempty.
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Proof. Let z,y € Ty(A;). Then zxy € Teyq(A;a), and so x xy € Te(A4; ) or
zxy € Ty(A;a). fzxy € Te(4; o), then Ap(z+y) > a > 1—a since o > 0.5. Hence
x xy € Ty(A; ). Therefore T,(A; ) is a subalgebra of X. Similarly, we prove that
I,(A; B) is a subalgebra of X. Let z,y € F,(A;7). Then x xy € Fe, 4(A;7), and so
xxy € Fe(A;y) orxxy € Fy(A;7). If xxy € Fe(A;y), then Ap(zxy) <y <1l—v
since v € [0,0,5). Hence x *xy € Fy(A;~), and therefore F,;(A;~) is a subalgebra of
X. O

We provide characterizations of an (€, €V g)-neutrosophic subalgebra.

Theorem 3.6. A neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI-algebra X is
an (€, €V q)-neutrosophic subalgebra of X if and only if it satisfies:

Ar(z xy) > N{Ar(2), Ar(y),0.5}
(3.12) (Vo,ye X) | Ar(z*y) > A{Ar(z), Ar(y).0.5}
Ap(zxy) < V{Ar(z), Ar(y),0.5}

Proof. Suppose that A = (Ap, A;, Ap) is an (€, € V ¢)-neutrosophic subalgebra of
X and let z,y € X. If Ap(z) A Ar(y) < 0.5, then Ap(z*y) > Ap(z) A Ar(y). For,
assume that Arp(z *y) < Ar(z) A Ar(y) and choose oy such that

AT(SL‘ * y) <oy < AT(I) A AT(y)

Then z € Te(A;aq) and y € Te(A; o) but x xy & Te(A4; o). Also Ap(z*xy) + ap <
1, ie, zxy ¢ Ty(A;04). Thus 2 xy ¢ Teyq(A4;04), a contradiction. Therefore
Ar(z xy) > N{Ar(z), Ar(y),0.5} whenever Ar(z) A Ar(y) < 0.5. Now suppose
that Ap(z)AAr(y) > 0.5. Then x € Tc(A;0.5) and y € Te(A;0.5), which imply that
x*y € Tey ¢(A;0.5). Hence Ap(x*y) > 0.5. Otherwise, Ap(z+y)+0.5 < 0.5+0.5 =1,
a contradiction. Consequently, Ar(x *y) > A{Ar(z), Ar(y),0.5} for all z,y € X.
Similarly, we know that Aj(x xy) > A{Ar(x), Ar(y),0.5} for all z,y € X. Suppose
that Ap(2)VARr(y) > 0.5. If Ap(axy) > Ap(z)VAr(y) := vy, then z,y € Fe(A;7¢),
xxy & Fe(A;yy) and Ap(z*y) +vf > 2y > 1, ie, o xy € Fy(A;vf). Thisis a
contradiction. Hence Ap(zxy) < \/{Ar(z), Ar(y),0.5} whenever Ap(x)V Ap(y) >
0.5. Now, assume that Ap(z) V Ap(y) < 0.5. Then z,y € F¢(A4;0.5) and so
x*xy € Feoyq(A;0.5). Thus Ap(z+y) <0.50or Ap(z+y)+0.5 <1. If Ap(z*y) > 0.5,
then Ap(x *y) 4+ 0.5 > 0.5+ 0.5 = 1, a contradiction. Thus Ap(x *y) < 0.5, and
so Ar(x xy) < V{Ar(z), Ar(y),0.5} whenever Ap(z) V Ar(y) < 0.5. Therefore
Ap(z*y) < V{Ar(z),Ar(y),0.5} for all z,y € X.

Conversely, let A = (A, A7, Ar) be a neutrosophic set in X which satisfies the
condition (3.12). Let z,y € X and ag, oy, Bz, By, Vo Vy € [0,1]. If 2 € Te(A4;y)
and y € Te(A; o), then Ap(z) > ap and Arp(y) > oy If Ap(zxy) < ay Ay, then
Ar(z) A Ar(y) > 0.5. Otherwise, we have

Ar(zxy) > \{Ar(x), Ar(y),0.5} = Ap(x) A Ar(y) > 0u Aoy,
a contradiction. It follows that
Ar(z+y) + ax Aay > 2A7(z xy) > 2 \{Ar(z), Ar(y),0.5} = 1

and so that z xy € Ty(A;a, A ay) € Teyq(A;az A ay). Similarly, if @ € Ic(A; 5y)
and y € Ic(A;By), then z xy € Ieyq(A4; 8. A By). Now, let © € Fe(A;n,) and
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y € Fc(A;vy). Then Ap(z) < v, and Ap(y) < vy. If Ap(z*y) > 75 V vy, then
Arp(x) V Ar(y) < 0.5 because if not, then

Ap(z+y) < \/{Ar(2), Ap(y),0.5} < Ap(z) V Ap(y) < 7 V7
which is a contradiction. Hence
Ap(zxy) + 72 Vyy < 24rp(wy) < 2\/{Ap(z), Ar(y),0.5} =1,

and so x*y € Fy(A;7: Vvy) C Fevq(A;7: V). Therefore A= (Ap, A7, Ar) is an
(€, €V g)-neutrosophic subalgebra of X. d

Theorem 3.7. If A = (Ar, A1, Ar) is an (€, €V q)-neutrosophic subalgebra of a
BCK/BCI-algebra X, then neutrosophic g-subsets Ty(A; ), I,(A; B) and Fy(A;7)
are subalgebras of X for all a,8 € (0.5,1] and v € [0,0.5) whenever they are
nonempty.

Proof. Assume that Ty(A; ), I,(A4;8) and F,(A;v) are nonempty for all o, 8 €
(0.5,1] and y € [0,0.5). Let 2,y € T4(A; ). Then Ap(z)+a > 1and Ar(y)+a > 1.
It follows from Theorem 3.6 that

Ar(zxy) +a > \{Ar(z), Ar(y),0.5} +
= N\{Ar(x) + o, Ar(y) + @,0.5 + o}
> 1,

that is, x * y € Ty(A; ). Hence T,(A4; ) is a subalgebra of X. By the similar way,
we can induce that I;(A; ) is a subalgebra of X. Now, let 2,y € Fy(A;7). Then
Ap(z) +7v < 1and Ap(y) + v < 1. Using Theorem 3.6, we have

Ap(rxy)+7 < \/{Ar(), Ar(y), 0.5} +
<1,
and so z xy € F,(A;v). Therefore F,(A;~) is a subalgebra of X. O

Theorem 3.8. For a neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI-algebra
X, if the nonempty neutrosophic € V g-subsets Tey ¢(A; ), Iey ¢(A; B) and Fey 4(A4;7)
are subalgebras of X for all o, B € (0,1] and v € [0,1), then A = (Ap, Ar, Ap) is an
(€, €V q)-neutrosophic subalgebra of X .

Proof. Let Tey ¢(A; @) be a subalgebra of X and assume that
Ap(z +y) < \{Ar(z), Ar(y),0.5}
for some x,y € X. Then there exists o € (0,0.5] such that
Ap(zxy) < a < \{Ar(z), Ar(y),0.5}.

It follows that z,y € Te(A;a) C Ty ¢(A; @), and so that x xy € T, 4(A; ). Hence
Ar(xxy) > a or Ap(xz xy) + a > 1. This is a contradiction, and so

Ar(zxy) > /\{AT(HC)’ Ar(y),0.5}
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for all z,y € X. Similarly, we show that

Ar(z+y) > \{Ar(z), Ar(y),0.5}
for all z,y € X. Now let Fe, 4(A4;7v) be a subalgebra of X and assume that

Ap(a+y) > \/{Ar(@), Ar(y), 0.5}
for some x,y € X. Then

(3.13) Ap(zxy) >y > \[{Ar(z), Ar(y),0.5},

for some v € [0.5,1), which implies that z,y € Fc(A;y) C Fa/q(A4;7). Thus
xxy € Feyq(A;). From (3.13), we have xxy ¢ Fc(A;v) and Ap(z*y)+v > 2y > 1,
ie., zxy ¢ F,(A;v). This is a contradiction, and hence

Ar(z xy) < \/{Ar(2), Ar(y), 0.5}

for all z,y € X. Using Theorem 3.6, we know that A = (Ar, A;, Ar) is an (€,
€V gq)-neutrosophic subalgebra of X. O

Theorem 3.9. If A = (Ar,A;, Ar) is an (€, € V q)-neutrosophic subalgebra of
a BCK/BCI-algebra X, then nonempty neutrosophic € V g-subsets Te, 4(4; @),
Icy q(A; B) and Fe, 4(A; ) are subalgebras of X for all o, € (0,0.5] andy € [0.5,1).

Proof. Assume that Ty 4(4; ), Ievq(A;5) and Fga,¢(A;7) are nonempty for all
a, B € (0,0.5] and v € [0.5,1). Let 2,y € Iey4(4; 8). Then
x € Ic(A;B) or z el (A;0),

and

y € lc(A;B) or ye I (A; ).
Hence we have the following four cases:
(i) # € Ic(A; B) and y € Ie(4; B),

(i) © € Ic(A; B) and y € I,(4; B),

(i) = € I,(A; B) and y € I (A; B),

(iv) = € I4(A; B) and y € I,(4; B).
The first case implies that = *xy € Ia, 4(A;B). For the second case, y € I,(A4;f)
induces A;(y) >1—8 > 8, that is, y € Ic(A; B). Thus xxy € Iy 4(A; §). Similarly,
the third case implies z*y € Ioy 4(A; B). The last case induces A;(x) > 1—5 > and
Ar(y) >1—p5 > B, thatis, x € Ic(A4;8) and y € Ic(A; 8). Hence xxy € I, ¢(4; B).
Therefore I, 4(A; ) is a subalgebra of X for all 5 € (0,0.5]. By the similar way, we
show that Tey 4(A; @) is a subalgebra of X for all @ € (0,0.5]. Let x,y € Fey 4(A4;7).
Then

Ap(z) <~yor Ap(x)+~v<1,
and
Ap(y) <yor Ap(y)+7 <1,
If Ap(x) <+ and Ap(y) <, then
Ap(z*y) < \/{AF(:U),AF(y),O.B} < \/{7,0.5} =7
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by Theorem 3.6, and so z*y € Fe(A;7) C Fevq(4;7). If Ap(z) < vand Ap(y)+v <
1, then

Ap(rxy) < \/{Ar(2), Ap(y), 0.5} < \/{7,1 - 7,05} =7

by Theorem 3.6. Thus z *xy € Fe(A;vy) C Feyq(A;). Similarly, if Ap(z) +v <1
and Ap(y) <7, then x xy € Fo,¢(A;7). Finally, assume that Ap(z) ++v < 1 and
Ar(y) +v < 1. Then

Ap(wxy) < \/{Ar(2), Ap(y), 0.5} < \/{1 = 7,05} =0.5 <y

by Theorem 3.6. Hence x *xy € Fe(A;7v) C Fevq(A;7). Consequently, Fe, 4(A;7) is
a subalgebra of X for all v € [0.5,1). O

Theorem 3.10. If A = (A, A;, Ar) is a (q, € V q)-neutrosophic subalgebra of
a BCK/BCI-algebra X, then nonempty neutrosophic € V g-subsets Tey, 4(A; ),
Icy4(A; B) and Fey 4(A; ) are subalgebras of X for all o, B € (0.5,1] and ~y € [0,0.5).

Proof. Assume that Tey 4(A; @), Iay4(A;8) and Fey4(A;y) are nonempty for all
o, € (0.5,1] and v € [0,0.5). Let z,y € Tey ¢(A; ). Then

r€Te(A;a) or x € Ty(A4;a).
and
y€eTec(Aa) or yeTy(A4;a).

If x € T,(A;a) and y € T,(A; «), then obviously z *y € Tey 4(A4; «). Suppose that
x € Te(A ) and y € Ty(A;a). Then Ap(z) +a > 2a > 1, e, x € Ty(4A;a). It
follows that = * y € Tey 4(A; ). Similarly, if z € T,(A4; ) and y € Te(A4; ), then
zxy € Tayq(A;a). Now, let 2,y € Feoy 4(A;). Then

x € Fe(A;y) or x € Fy(A;7),
and
y € Fe(A;y) or y € Fy(4;).

If x € Fy(A;7) and y € Fy(A;), then clearly z xy € Feyq(4;7). If @ € Fe(4;7)
and y € Fy(A;7), then Ap(z)+v <2y <1, ie., x € Fy(A;7y). It follows that xxy €
Fevq(A;). Similarly, if « € Fy(A;y) and y € Fe(4;7), then  xy € Fey4(4;7).
Finally, assume that @ € Fc(A4;v) and y € Fe(A;7). Then Ap(z) +v <2y < 1
and Ap(y) +v <2y < 1, that is, z € F,(A;v) and y € F,(A;7). Therefore x xy €
Feyq(A;). Consequently, Tey 4(A; @), Loy 4(A; B) and Fe,4(A;7) are subalgebras
of X for all a, 8 € (0.5,1] and v € [0,0.5). O

Given a neutrosophic set A = (Ap, A;, Ar) in a set X, we consider:
X& = {{L‘ e X | AT(.’I?) > 0, A[(l‘) > 0, Ap(m) < 1}

Theorem 3.11. If a neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI-algebra
X is an (€, €)-neutrosophic subalgebra of X, then the set X} is a subalgebra of X.
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Proof. Let z,y € Xg&. Then Ar(z) > 0, Ar(xz) > 0, Ap(z) < 1, Ar(y) > 0,
Ar(y) > 0and Ap(y) < 1. Suppose that Ap(z*y) = 0. Note that z € Tc(A; Ar(z)
and y € Te(A4; Ar(y)). But x xy ¢ Tc(A; Ar(z) A Ar(y)) because Ar(x xy) =
0 < Ar(xz) A Ar(y). This is a contradiction, and thus Ar(x xy) > 0. By the
similar way, we show that Aj(xz *y) > 0. Note that z € Fc(A; Ap(z)) and y €
Fc(A;Ap(y)). If Ap(x xy) = 1, then Ap(z*xy) =1 > Ap(x) V Ap(y), and so
rxy ¢ Fe(A; Ap(z) V Ap(y)). This is impossible. Hence z xy € X{, and therefore
X{ is a subalgebra of X. O

Theorem 3.12. If a neutrosophic set A = (Ar, Ay, Ar) in a BCK/BCI-algebra
X is an (€, q)-neutrosophic subalgebra of X, then the set X¢ is a subalgebra of X.

Proof. Let x,y € X}. Then Ar(z) > 0, Aj(z) > 0, Ap(z) < 1, Ar(y) > 0,
Ar(y) >0and Ap(y) < 1. If Ap(x *xy) =0, then

Ap(z *xy) + Ap(x) N Ar(y) = Ar(z) AN Ar(y) < 1.

Hence xxy ¢ Ty(A; Ap(xz) AAr(y)), which is a contradiction since o € Te (4; Ar(z))
and y € Te(A; Ar(y)). Thus Ap(z*y) > 0. Similarly, we get Ar(z*y) > 0. Assume
that Ap(z*y) =1. Then

Ap(zxy) + Ap(z) V Ap(y) = 1+ Ap(z) V Ar(y) > 1,

that is, x xy ¢ Fy(A; Ap(x) V Ap(y)). This is a contradiction because of z €
Fe(A; Ap(z)) and y € Fe(A; Ap(y)). Hence Ap(zxy) < 1. Consequently, zxy € X}
and X} is a subalgebra of X. O

Theorem 3.13. If a neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI-algebra
X is a (q, €)-neutrosophic subalgebra of X, then the set X} is a subalgebra of X.

Proof. Let z,y € X¢. Then Az(z) >0, As(x) >0, Ar(x) <1, Ar(y) >0, Ar(y) >
O0and Ap(y) < 1. It follows that Ap(z)+1 > 1, Ap(y)+1 > 1, Af(z)+1 > 1, Af(y)+
1>1, Ap(z)+0<1land Ap(y)+0 < 1. Hence z,y € T,(A4;1) NI, (A; 1) N Fy(A;0).
If Ap(xxy) =0o0r Aj(xxy) =0, then Ap(xxy) <1=1Alor Ar(z*xy) <1=1AL.
Thus xxy ¢ T,(A;1A1) or zxy ¢ I,(A;1A1), a contradiction. Hence Ap(z*y) > 0
and Ar(z*y) > 0. If Ap(zxy) =1, then zxy ¢ F,(A;0V0) which is a contradiction.
Thus Ap(z *y) < 1. Therefore z xy € X} and the proof is complete. O

Theorem 3.14. If a neutrosophic set A = (Ap, A;, Ar) in a BCK/BCI-algebra
X is a (q,q)-neutrosophic subalgebra of X, then the set X¢ is a subalgebra of X.

Proof. Let x,y € X}. Then Ar(z) >0, Ar(z) >0, Ap(z) < 1, Ar(y) > 0, As(y) >
0and Ap(y) < 1. Hence Ap(z)+1> 1, Ap(y)+1>1, Ar(x)+1 > 1, Af(y)+1 > 1,
Ap(z)+0 <1 and Ap(y) +0 < 1. Hence z,y € T,(A;1) N I,(A4;1) N Fy(4;0). If
Ap(z*y) =0or Ar(z*y) =0, then

Ar(zxy)+1A1=0+1=1
or

Af(zxy)+1A1=0+1=1,

and so zxy ¢ T,(A4;1 A1) or zxy ¢ I,(A;1 A1l). This is impossible, and thus
Ar(z*xy) >0and Aj(xxy) > 0. If Ap(z*y) =1, then Ap(xxy) +0V 0 =1, that
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is, x xy ¢ Fy(A;0Vv 0). This is a contradiction, and so Ap(x *y) < 1. Therefore
x %y € X} and the proof is complete. O

Theorem 3.15. If a neutrosophic set A = (Ap, A;, Ar) in a BCK/BCI-algebra
X is a (q,q)-neutrosophic subalgebra of X, then A = (Ar, A1, Ar) is neutrosophic
constant on X}, that is, Ar, Ar and Ar are constants on X}.

Proof. Assume that Ar is not constant on X&. Then there exist y € X& such
that oy = Ar(y) # Ar(0) = . Then either o > ag or o, < . Suppose
ay < o and choose aq, a9 € (0,1] such that 1 —ap < oy <1 —ay < az. Then
Ar(0) + o1 = ap+aq > 1 and Ar(y) + a2 = oy + a2 > 1, which imply that
0€T,(A;0q) and y € Ty(A; a2). Since

Ap(y*0)+ g Aag = Ar(y) + a1 = ay + a1 < 1,

we get y* 0 ¢ T,(A; a1 A o), which is a contradiction. Next assume that o, > «.
Then Ar(y) + (1 — o) =ay +1—ap>1and so y € Ty(A;1 — ag). Since
AT(y*y)—i—(l—ao) :AT(0)+1—040:G0+1—040:1,

we have yxy ¢ T,(A;(1 — ag) A (1 — ap)). This is impossible. Therefore Ap is
constant on X¢. Similarly, A; is constant on X{}. Finally, suppose that Ax is not
constant on X}. Then v, = Ap(y) # Ar(0) = 7o for some y € X}, and we have
two cases:

(i) vy < 70 and (ii) vy > 0.
The first case implies that Ap(y)+1—v = vy +1—70 < 1, that is, y € F,(A;1—70).
Hence yxy € Fy;(A4; (1—70)V(1—"0)), i.e., 0 € F;(A;1—7y), which is a contradiction
since Ap(0) + 1 — o = 1. For the second case, there exist 71,72 € (0,1) such that

I=v>7>1—v >%.
Then Ap(y) +v2 =7y +72 <1, ie, y € Fy(A;72), and Ap(0) + 711 =7+ 7 <1,
ie., 0€ F,(A;7). It follows that y x 0 € F,(A;y1 V 7y2). But

Ap(y*0)+m Ve =Ary) +n=mw+mn>1

and so y* 0 ¢ Fy(A;y1 V v2). This is a contradiction. Therefore Ap is constant on
X}, This completes the proof. O

We provide conditions for a neutrosophic set to be a (g, €V ¢)-neutrosophic sub-
algebra.

Theorem 3.16. For a subalgebra S of a BCK/BCI-algebra X, let A= (Ar, A1, Ar)
be a neutrosophic set in X such that

(3.14) (Vx € S) (Ap(z) > 0.5, Ar(x) > 0.5, Ap(x) < 0.5),

(3.15) (Vxe X\ 9)(Ar(z) =0,A;(z) =0,Ap(z)=1).

Then A= (Ar, A1, Ar) is a (g, €V q)-neutrosophic subalgebra of X.

Proof. Assume that z € I;(A;B;) and y € I,(A4;B,) for all z,y € X and ., 8, €

[0,1]. Then A;(z)+ S, > 1 and Ar(y) + 6y, > 1. faxxy ¢ S, thenx € X\ S or

y € X\ S since S is a subalgebra of X. Hence Aj(xz) =0 or A;(y) = 0, which imply

that 8, > 1 or 8, > 1. This is a contradiction, and so z xy € S. If 8, A 5, > 0.5,
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then Ar(zxy) + Bz A By > 1, 1e, xxy € Io(A;8: A By). If Bz A By < 0.5, then
Ar(zxy) > 0.5 > B ABy, e, xxy € Ic(A; Bz ABy). Hence zxy € Iay 4(A; Bz A By).
Similarly, if z € T,(4;a,) and y € T,(A; ) for all z,y € X and a,,a, € [0,1],
then z xy € Teyq(A;a, A ay). Now let z,y € X and v,,7, € [0,1] be such that
x € Fy(A;v,) and y € Fy(A4;7,). Then Ap(z) +7v, < 1 and Ap(y) +7, < 1. It
follows that zxy € S. In fact, if not then z € X\:S or y € X\ S since S is a subalgebra
of X. Hence Ap(z) =1 or Ap(y) = 1, which imply that v, < 0 or 7, < 0. This is
a contradiction, and so x xy € S. If 7, Vv, > 0.5, then Ap(z *y) < 0.5 < 4, Vyy,
that is, 2 xy € Fe(A;72 V). If 72 Vyy < 0.5, then Ap(z xy) + 7, Vv < 1,
that is, x x y € Fy(A;vy V). Hence zxy € Fayo(A;7: V vy), and consequently
A= (Ar,Ar, Ar) is a (q, €V g)-neutrosophic subalgebra of X. O

Combining Theorems 3.5 and 3.16, we have the following corollary.

Corollary 3.17. For a subalgebra S of X, if A = (Ar, Ar, Ar) is a neutrosophic set
in X satisfying conditions (3.14) and (3.15), then Tq(A; ), I,(A; B) and Fy(A;7y)
are subalgebras of X for all o, € (0.5,1] and v € [0,0,5) whenever they are
nonempty.

Theorem 3.18. Let A = (Ar,Ar, Ar) be a (g, € V q)-neutrosophic subalgebra of
X in which Ar, A; and Ap are not constant on X}. Then there exist x,y,z € X
such that Ar(z) > 0.5, A;(y) > 0.5 and Ar(z) < 0.5. In particular, Ar(z) > 0.5,
Ar(y) > 0.5 and Ap(2) < 0.5 for all z,y,z € X§.

Proof. Assume that Ar(z) < 0.5 for all z € X. Since there exists a € X} such that
ag = Ar(a) # Ar(0) = ap, we have a, > ap or a, < ap. If a, > ag, then we
can choose ¢ > 0.5 such that ag +6 < 1 < a, + 6. It follows that a € T,(A;9),
Ar(axa) =Ar(0) =ap<d=d0Adand Ar(a*xa)+ N0 =Ar(0)+d=ag+d <1
so that a*a ¢ Tey 4(A4;0 A6). This is a contradiction. Now if o, < ¢y, we can take
0 > 0.5 such that oy + < 1 < ag + 6. Then 0 € T;(A4;6) and a € T,(A;1), but
ax0 ¢ Teyq(A;1A0) since Ap(a) < 0.5 < ¢ and Ap(a) + 6 = a, + 6 < 1. This is
also a contradiction. Thus Ap(z) > 0.5 for some z € X. Similarly, we know that
Aj(y) > 0.5 for some y € X. Finally, suppose that Ap(z) > 0.5 for all z € X. Note
that 7. = Ap(c) # Ap(0) = 7o for some ¢ € X}. It follows that 7. < v or 7. > 7o.
We first consider the case 7. < 9. Then 79+ > 1 > 7. + ¢ for some ¢ € [0,0.5),
and so ¢ € Fy(A4;¢). Also Ap(cxc) = Ap(0) = 40 > ¢ and Ap(cxc)+eVe =
Ap(0) 4+ e =0+ ¢ > 1 which shows that c* ¢ ¢ Fey 4(A;e V e). This is impossible.
Now, if 7. > 79, then we can take ¢ € [0,0.5) and so that o +& < 1 < 7. + €.
It follows that 0 € F,(A;¢) and ¢ € Fy(A;0). Since Ap(c*0) = Ap(c) = 7. > ¢
and Arp(c*0)+¢e = Ap(c) +e = . +¢ > 1, we have ¢ * 0 ¢ Fg,4(A4;¢). This
is a contradiction, and therefore Ap(z) < 0.5 for some z € X. We now show that
Ar(0) > 0.5, A;(0) > 0.5 and Ar(0) < 0.5. Suppose that A7(0) = ap < 0.5. Since
there exists € X such that Ar(x) = o, > 0.5, it follows that ap < a;. Choose a; €
[0, 1] such that aq > g and ap+a1 < 1 < @z +a;. Then Ar(z)+ay = a,+aq > 1,
and so x € Ty(A;a1). Now we have Ap(z*z)+a1 Aar = Ar(0)+a1 =ap+aq <1
and Ar(z*xz) = Ar(0) =ag < oy =g Ay, Thus ez ¢ Ty (4500 A i), a
contradiction. Hence A7 (0) > 0.5. Similarly, we have A;(0) > 0.5. Assume that
AFp(0) =~ > 0.5. Note that Ap(z) =+, < 0.5 for some z € X. Hence v, < 9, and
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so we can take v; € [0, 1] such that v1 < 79 and y9+7vy1 > 1 > v, +71. It follows that
Ap(2)+m =v.+7 < 1, thatis, z € F (A;v1). Also Ap(z%z) = Ap(0) =7 > 71 =
MV, e, zxz & Fe(A;v1 V), and Ap(zxz2)+71 Vo = Ap(0)+v1 =vo+71 > 1,
ie, zxz ¢ Fy(A;v1 V7). Thus z% 2z ¢ Feyq(A;7 V 71), a contradiction. Hence
Arp(0) < 0.5. We finally show that Ap(z) > 0.5, A;(y) > 0.5 and Ap(z) < 0.5
for all z,y,z € X{. We first assume that A;(y) = B, < 0.5 for some y € X{,
and take § > 0 such that 3, + 8 < 0.5. Then A;(y) +1 = B, +1 > 1 and
Ar(0) + B+ 0.5 > 1, which imply that y € I;(A;1) and 0 € I,(A; 3 + 0.5). But
y*0 ¢ Ieyq(A; 8+ 0.5) since Ar(y *x0) = Ar(y) < B+0.5 < 1A (8+0.5) and
Ar(y*0)+1A(B+0.5) = A;(y)+5+0.5 = B,+6+0.5 < 1. This is a contradiction.
Hence Ar(y) > 0.5 for all y € X}. Similarly, we induces Ar(z) > 0.5 for all
r € Xg. Suppose Ap(z) =7, > 0.5 for some z € X}, and take v € (0,0.5) such
that v, > 0.5+ . Then z € F,;(4;0) and Ap(0) + 05 —v < 1 -+ < 1, ie,
0€ Fy(A;0.5—7). But Ap(2%0) = Ap(z) > 0.5 > 05—y and Ap(2%0)+0.5—v =
Ap(2)4+0.5—v=7,40.5—~ > 1, which imply that 2% 0 ¢ Fa, 4(A;0.5 —~). This
is a contradiction, and the proof is complete. O
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1. INTRODUCTION

The concept of neutrosophic set (NS) developed by Smarandache [17, 18, 19]
is a more general platform which extends the concepts of the classic set and fuzzy
set (see [20], [21]), intuitionistic fuzzy set (see [1]) and interval valued intuitionistic
fuzzy set (see [2]). Neutrosophic set theory is applied to various part (see [4], [5],
[8], 19], [10], [11], [12], [13], [15], [16]). For further particulars, we refer readers to
the site http://fs.gallup.unm.edu/neutrosophy.htm. Barbhuiya [3] introduced and
studied the concept of (€, € Vg)-intuitionistic fuzzy ideals of BCK/BCI-algebras.
Jun [7] introduced the notion of neutrosophic subalgebras in BCK/BCI-algebras
with several types. He provided characterizations of an (€, €)-neutrosophic sub-
algebra and an (€, € V g)-neutrosophic subalgebra. Given special sets, so called
neutrosophic €-subsets, neutrosophic g-subsets and neutrosophic € V g-subsets, he
considered conditions for the neutrosophic €-subsets, neutrosophic g-subsets and
neutrosophic €V g-subsets to be subalgebras. He discussed conditions for a neutro-
sophic set to be a (g, €V ¢)-neutrosophic subalgebra.
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In this paper, we give relations between an (€, € V ¢)-neutrosophic subalgebra and
a (g, € V q)-neutrosophic subalgebra. We discuss characterization of an (€, €V g)-
neutrosophic subalgebra by using neutrosophic €-subsets. We provide conditions
for an (€, €V ¢)-neutrosophic subalgebra to be a (g, €V ¢)-neutrosophic subalgebra.
We investigate properties on neutrosophic g-subsets and neutrosophic €V g-subsets.

2. PRELIMINARIES

By a BCI-algebra we mean an algebra (X, *,0) of type (2, 0) satisfying the axioms:

(al) ((xxy)x(z*x2))*(zxy) =0,

(a2) (z*(z*y))*y =0,

(a3) xxx =0,

(ad) zxy=y*xz=0 = xz =y,

for all x,y, 2z € X. If a BCI-algebra X satisfies the axiom
(a5) 0%z =0 for all z € X,

then we say that X is a BCK -algebra. A nonempty subset S of a BCK/BCI-algebra
X is called a subalgebra of X if x xy € S for all x,y € S.

We refer the reader to the books [6] and [14] for further information regarding
BCK/BCI-algebras.

For any family {a; | ¢ € A} of real numbers, we define

s | max{a; | i€ A} if Ais finite,
\/{az [1€A}:= { sup{a; | : € A}  otherwise.

L ~f min{a; |i€ A} if A is finite,
/\{al [P A} = { inf{a; | i € A}  otherwise.

If A = {1,2}, we will also use a1 V as and aj A ay instead of \/{a; | ¢ € A} and
A{a; | i € A}, respectively.

Let X be a non-empty set. A neutrosophic set (NS) in X (see [18]) is a structure
of the form:

A= {{z; Ar(x), Ar(x), Ap(x)) |z € X}

where Ap : X — [0,1] is a truth membership function, 4; : X — [0,1] is an
indeterminate membership function, and Ar : X — [0,1] is a false membership
function. For the sake of simplicity, we shall use the symbol A = (Ar, Ar, Ap) for
the neutrosophic set

A= {{z; Ar(z), Ar(x), Ap(z)) | z € X }.
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3. NEUTROSOPHIC SUBALGEBRAS OF SEVERAL TYPES

Given a neutrosophic set A = (Ap, A7, Ap) inaset X, o, 8 € (0,1] and v € [0, 1),

we consider the following sets:

T(Aa) = {z € X | Ap(z) > a},

Ie(4;B) :={z € X [ Af(z) > B},

Fe(A;y) i={z e X [ Ap(z) <7},

T,(Asa) ={z € X | Ap(z) + a > 1},

Iy(A;B) ={z e X | As(2) + B > 1},

Fy(Ai7) = {z € X | Ap(z) +7 < 1},

Tevq(A;0) :={z € X | Ap(z) > aor Ap(z)+a > 1},

Iy (A;B) :={x e X | Ay(z) > B or Ar(z) + 8 > 1},

Fevg(A;y) i={z € X | Ap(z) <y or Ap(z) +v < 1}.
Wesay Tc(A; @), Ie(4; B) and Fe(A; ) are neutrosophic €-subsets; Ty (A; «), I,(A; B)
and Fy(A; ) are neutrosophic q-subsets; and Tey 4(A; @), Iev 4(4; B) and Fey 4(4;7)
are neutrosophic €V g-subsets. For ® € {€,q, €V ¢}, the element of Ty (A; ) (resp.,
I5(A;8) and Fg(A;7)) is called a neutrosophic Te-point (resp., neutrosophic Ig-

point and neutrosophic Fg-point) with value « (resp., 8 and ) (see [7]).
It is clear that

(3.1) Tevq(4;0) = Te(4;0) UT,(A; ),
(3.2) Tey o(A; B) = I (A; B) U 14(A; B),
(3.3) Fevq(A;7) = Fe(A;y) U Fy(A;7).

Definition 3.1 ([7]). Given @,V € {€,¢, €V ¢}, a neutrosophicset A = (A, A1, Ar)
in a BCK/BC1I-algebra X is called a (®, U)-neutrosophic subalgebra of X if the fol-
lowing assertions are valid.

r€Tp(A5az), y€To(Asay) = xxy € Tou(A;an Aay),
(3.4) € lp(A;Be), y € Io(A;By) = xxy € Iy(A; Bz ABy),

© € Fo(Aivm), y € Fa(Asyy) = wxy € Fu(4ive V)

for all z,y € X, ag, oy, Bz, By € (0,1] and 75,7, € [0,1).

Lemma 3.2 ([7]). A neutrosophic set A = (Ap, Ar, Ap) in a BCK/BCI-algebra
X is an (€, €V q)-neutrosophic subalgebra of X if and only if it satisfies:

Ar(z xy) > NAr(x), Ar(y),0.5}
(3.5) (Vo,y € X) | Ar(zxy) > N{Ar(z), Ar(y),0.5}
Arp(z xy) < \V{Ar(z), Ar(y),0.5}

Theorem 3.3. A neutrosophic set A = (Ar, Ar, Ap) in a BCK/BCI-algebra X is
an (€, €V q)-neutrosophic subalgebra of X if and only if the neutrosophic €-subsets
Te(A;a), Ic(A;B) and Fe(A;y) are subalgebras of X for all o, € (0,0.5] and
v €[0.5,1).
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Proof. Assume that A = (Ap, Ar, Ap) is an (€, € V ¢)-neutrosophic subalgebra of
X. For any z,y € X, let « € (0,0.5] be such that z,y € Tc(A; ). Then Ar(z) > «
and Ar(y) > a. It follows from (3.5) that

Ar(z+y) > \{Ar(x), Ar(y),05} > a A 0.5 =«

and so that x xy € Tc(A; ). Thus Te(A4; @) is a subalgebra of X for all « € (0,0.5].
Similarly, Ic(A4;3) is a subalgebra of X for all 8 € (0,0.5]. Now, let v € [0.5,1) be
such that ,y € Fc(A;5). Then Ap(z) <~ and Ap(y) <. Hence

Ap(z+y) < \/{Ar2), Ap(y),05} <y V0.5 =7

by (3.5), and so x *y € Fe(A;7). Thus Fe(A4;v) is a subalgebra of X for all
v €10.5,1).
Conversely, let «, 8 € (0,0.5] and v € [0.5,1) be such that Te (4; a), Ie(4; 8) and
Fc(A;~) are subalgebras of X. If there exist a,b € X such that
As(axb) < N{Ar(a), Ar(b),0.5},

then we can take § € (0,1) such that

(3.6) Ar(axb) < B < \{Ai(a), Ar(b),0.5}.
Thus a,b € I(A;8) and 8 < 0.5, and so axb € Ic(A; 8). But, the left inequality in
(3.6) induces a * b ¢ Ic(A; ), a contradiction. Hence

for all x,y € X. Similarly, we can show that

AT(‘T * y) > /\{AT(I), AT(y)v 05}
for all x,y € X. Now suppose that

Ap(axb) > \/{Ar(a), Ap(b),0.5}
for some a,b € X. Then there exists v € (0,1) such that

Ap(axb) >~ >\/{Ar(a), Ap(b),0.5}.

It follows that v € (0.5,1) and a,b € Fe(A;~). Since Fe(A;~) is a subalgebra of X,
we have a x b € Fc(A;~) and so Ap(a *b) <. This is a contradiction, and thus

Ap(zxy) < \/{Ar(z), Ar(y), 0.5}

for all z,y € X. Using Lemma 3.2, A = (A, A;, Ar) is an (€, €V ¢)-neutrosophic
subalgebra of X. O

Using Theorem 3.3 and [7, Theorem 3.8|, we have the following corollary.

Corollary 3.4. For a neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI-algebra
X, if the nonempty neutrosophic € V g-subsets Tey ¢(A; ), Iey 4(A; B) and Fey 4(A4;7)
are subalgebras of X for all o, € (0,1] and v € [0,1), then the neutrosophic €-
subsets Te(A; ), Ic(A; 8) and Fe(A;~) are subalgebras of X for all o, 8 € (0,0.5]
and vy € [0.5,1).
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Theorem 3.5. Given neutrosophic set A = (Ap, A1, Ar) in a BCK/BCI-algebra
X, the nonempty neutrosophic €-subsets Te(A; ), Ic(A; ) and Fe(A;v) are sub-
algebras of X for all a,8 € (0.5,1] and v € [0,0.5) if and only if the following
assertion is valid.

Ap(z*+y) V0.5 > Ap(z) A Ar(y)
(3.7) (Ve,ye X) | Ar(z*xy) V05> Ar(z)ANAr(y)
Ap(zxy) N0.5 < Ap(z)V Ar(y)

Proof. Assume that the nonempty neutrosophic €-subsets Te(A4; ), Ic(A; ) and
Fc(A;~) are subalgebras of X for all a,8 € (0.5,1] and v € [0,0.5). Suppose
that there are a,b € X such that Ar(a *b) VvV 0.5 < Ar(a) A Ar(b) := «. Then
a € (0.5,1] and a,b € Te(A; ). Since Te(A; ) is a subalgebra of X, it follows that
axb e Te(A;a), that is, Ap(a *b) > « which is a contradiction. Thus

Ap(z xy) V0.5 > Ap(z) A Ap(y)

for all xz,y € X. Similarly, we know that Aj(x xy) V 0.5 > Aj(z) A As(y) for
all z,y € X. Now, if Ap(z*y) A 0.5 > Ap(x)V Ap(y) for some z,y € X, then
x,y € Fe(A;~) and v € [0,0.5) where v = Ap(x) V Ap(y). But, zxy ¢ Fe(4;7)
which is a contradiction. Hence Ap(z*y) A 0.5 < Ap(z) V Ap(y) for all x,y € X.

Conversely, let A = (Ar, Ar, Ar) be a neutrosophic set in X satisfying the con-
dition (3.7). Let z,y,a,b € X and «, 5 € (0.5,1] be such that z,y € Te(4;«) and
a,b € Ic(A;3). Then

Ar(zxy) V0.5 > Ar(z) A Ar(y) > a > 0.5,
A[(a * b) V0.5 > A[(a) A A[(b) > 5> 0.5.

It follows that Ar(x *xy) > « and Ar(axb) > f, that is, x xy € Te(A; ) and
axb e Ic(A;B). Now, let z,y € X and v € [0,0.5) be such that z,y € Fe(4;7).
Then Ap(x *y) AN0.5 < Ap(z) V Ap(y) < v < 0.5 and so Ap(x xy) < v, ie.,
x*y € Fe(A;7). This completes the proof. O

We consider relations between a (g, € V ¢)-neutrosophic subalgebra and an (€,
€V g)-neutrosophic subalgebra.

Theorem 3.6. In a« BCK/BCI-algebra, every (q, €V q)-neutrosophic subalgebra is
an (€, €V q)-neutrosophic subalgebra.

Proof. Let A = (Ar, A1, Ar) be a (q, €V g)-neutrosophic subalgebra of a BCK/BC1I-
algebra X and let z,y € X. Let a,, o, € (0,1] be such that z € Te(4;a,) and
y € Te(A;ay). Then Ap(z) > ap and Ar(y) > . Suppose xxy ¢ Tay o(A; azAay).
Then

(3.8) Ap(zxy) < ag Aay,

(3.9) Ar(a ) + (aq Aay) < 1.
It follows that

(3.10) Ar(z xy) < 0.5.
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Combining (3.8) and (3.10), we have
Ap(z*y) < /\{am,ay,()ﬁ}
and so
1—Ap(z*y)>1-— /\{ax,ay,O.E)}

= \/{1 — 0z, 1 — 0y, 0.5}

> \/{1 - Ar(2),1 - Ar(y),0.5}.
Hence there exists « € (0, 1] such that
(3.11) 1= Ap(zxy) > a > \/{1 = Ap(z),1 - Ap(y),0.5}.

The right inequality in (3.11) induces Ar(z) + « > 1 and Ap(y) + o > 1, that is,
z,y € Ty(A;a). Since A = (Ar, A, Ar) is a (g, € V ¢)-neutrosophic subalgebra
of X, we have z xy € Tey4(A; ). But, the left inequality in (3.11) implies that
Ap(zxy)+a <1l ie,zxy ¢ T,(A;a), and Ap(z*xy) <1—-a<1-05=05<aq,
ie, zxy ¢ Tc(A;a). Hence zxy ¢ Teyq(A; ), a contradiction. Thus z xy €
Tevq(A; oz A o). Similarly, we can show that if @ € Ic(A;5;) and y € Ic(A4;5,)
for By, B, € (0,1], then x xy € Ioyq4(A; Bz A By). Now, let 7,7, € [0,1) be such
that x € Fe(A;v,) and y € Fe(A;yy). Ap(x) < vy and Ap(y) < vy, Hx*xy ¢
Feyg(A;92 V ), then

(3.12) AF(-T * y) > Yo V Yy,
(3.13) Ap(zxy)+ (12 Vyy) 2 1.

It follows that
Ap(xzxy) > \/{'ym,fyy, 0.5}
and so that
1-Ap(z*xy) <1-— \/{’ym,fyy,().f)}

= A1 =7, 1-7,,0.5}

< A\l = Ap(2),1 - Ap(y),05}.
Thus there exists v € [0, 1) such that
(3.14) 1- Ap(zxy) <7< \{1-Ap(z),1 - Ap(y),0.5}.

It follows from the right inequality in (3.14) that Ap(z) +v < 1 and Ap(y) +v < 1,
that is, z,y € Fy(A;~v), which implies that = xy € Fgy4(A4;v). But, we have
xxy ¢ Feoyq(A;v) by the left inequality in (3.14). This is a contradiction, and so
xxy € Fayq(A;7: Vyy). Therefore A = (Ap, A1, Ar) is an (€, €V ¢)-neutrosophic
subalgebra of X. O

The following example shows that the converse of Theorem 3.6 is not true.
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TABLE 1. Cayley table of the operation x*

* 0 1 2 3 4
0 0 0 0 0 0
1 1 0 0 1 1
2 2 1 0 2 2
3 3 3 3 0 3
4 4 4 4 4 0
X Ap(zx) Ajr(x) Ap(x)

0 0.6 0.8 0.3

1 0.2 0.3 0.6

2 0.2 0.3 0.6

3 0.7 0.1 0.7

4 0.4 0.4 0.9

Example 3.7. Consider a BCK-algebra X = {0, 1,2, 3,4} with the following Cay-
ley table.
Let A= (Ar, Ar, Ar) be a neutrosophic set in X defined by

Then
{0,3}  if a€(0.4,0.5],
Te(A;0) =< {0,3,4} if a € (0.2,0.4],
X if a€(0,0.2],
{0} if 8€(0.4,0.5],
o) {04} if € (0.3,0.4],
Te(4;8) = {0,1,2,4} if B € (0.1,0.3],
X if 8€(0,0.1],
X if ve€(0.9,1),
) {0,1,2,3} if v€0.7,0.9),
Fe(A) =9 1012} if v€[06.0.7),
{0} if v €[0.5,0.6),

which are subalgebras of X for all o, 8 € (0,0.5] and v € [0.5,1). Using Theorem
3.3, A= (Ar,A;, Ar) is an (€, €V g)-neutrosophic subalgebra of X. But it is not
a (g, € V g)-neutrosophic subalgebra of X since 2 € T,;(A4;0.83) and 3 € T,(A4;0.4),
but 23 =2 ¢ Ta, 4(A;0.4).

We provide conditions for an (€, € V ¢)-neutrosophic subalgebra to be a (g, €V q)-
neutrosophic subalgebra.

Theorem 3.8. Assume that any neutrosophic Te-point and neutrosophic Ig-point
has the value « and B in (0,0.5], respectively, and any neutrosophic Fg-point has
the value v in [0.5,1) for ® € {€,q,€ Vq}. Then every (€, € V q)-neutrosophic
subalgebra is a (q, €V q)-neutrosophic subalgebra.

Proof. Let X be a BCK/BCI-algebra and let A = (Ar, Ar, Ar) be an (€, €V q)-
neutrosophic subalgebra of X. For z,y,a,b € X, let ag,ay, 84,0 € (0,0.5] be
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such that ¢ € Ty(A;a,), v € Ty(4;0y), a € I,(A;B,) and b € T,(A;By). Then
Ap(z) + o > 1, Ap(y) + ay > 1, Ar(a) + Bo > 1 and A;(b) + B > 1. Since
gy Oy, Ba, By € (0,0.5], it follows that Ap(z) > 1 —ay > ay, Ar(y) > 1 —ay > oy,
Ar(a) >1—p5, > B, and Af(b) > 1— 6, > By, that is, z € Te(A;ay), y € Te(4; o),
a € Ic(A;B,) and b € Ic(A;By). Also, let ¢ € Fy(A;v,) and y € Fy(A4;,) for
z,y € X and 5,7y € [0.5,1). Then Ap(z) + v, < 1 and Ar(y) + vy < 1, and so
Ap(z) <1—=7v; <7gand Ap(y) < 1—7, < 7, since 74,7y € [0.5,1). This shows that
x € Fe(A;7,) and y € Fe(A;7,). Tt follows from (3.4) that zxy € Tey q(A4; 0z Aary),
axb € Iey q(A; BaABy), and zxy € Fey q(A; v, V7). Consequently, A = (A, Ar, Ap)
is a (g, €V g)-neutrosophic subalgebra of X. O

Theorem 3.9. Both (€, €)-neutrosophic subalgebra and (€V q, €V q)-neutrosophic
subalgebra are an (€, €V q)-neutrosophic subalgebra.

Proof. 1t is clear that (€, €)-neutrosophic subalgebra is an (€, € V ¢)-neutrosophic
subalgebra. Let A = (Ar, A7, Ar) be an (€ V¢, €V g)-neutrosophic subalgebra of
X. For any x,y,a,b € X, let oy, ay, B4, Bp € (0,1] be such that z € Te(4; ay),
y € Te(Ajay), a € Ic(A;8,) and b € Ic(A;By). Then z € Te g(4Aay), ¥y €
Tevq(A5ay), a € Iayq(A;B,) and b € Io 4(4;8) by (3.1) and (3.2). It follows
that *xy € Tey q(A;az Aay) and a*b € Iy 4(4; Ba A Bp). Now, let 2,y € X and
Ve, Yy € [0,1) be such that x € Fc(A;7,) and y € Fc(A4;7,). Then z € Fa, 4(A;72)
and y € Feyq(A;y) by (3.3). Hence x xy € Foyq(A;75 V vy). Therefore A =
(Ar, A5, Ar) is an (€, €V g)-neutrosophic subalgebra of X. d

The converse of Theorem 3.9 is not true in general. In fact, the (€, € Vq)-
neutrosophic subalgebra A = (Ap, A;, Ar) in Example 3.7 is neither an (€, €)-
neutrosophic subalgebra nor an (€ V g, €V g)-neutrosophic subalgebra.

Theorem 3.10. For a neutrosophic set A = (Ar, A;, Ar) in a BCK/BCI-algebra
X, if the nonempty neutrosophic q-subsets Ty(A; o), I,(A; B) and Fy(A;~) are sub-
algebras of X for all o, 8 € (0.5,1] and v € (0,0.5), then

reTc(Asaz), y€Te(Ajay) = xxy € Ty(A;a, Vay),
(315) v le(AfB), yelc(AiB,) = zrye (4B, VB,),

x € Fe(A;va), y € Fe(4;vy) = xxy € Fy(Aiv: Ay)
forallz,y € X, oz, oy, Bz, By € (0.5,1] and 75,7, € (0,0.5).

Proof. Let z,y,a,b,u,v € X and oy, oy, Bq, By € (0.5,1] and 7,7y, € (0,0.5) be
such that € Te(A;aq), y € Te(Asay), a € Ic(A;Ba), b € Ic(A;By), u € Fe(A;vy)
and v € Fe(A;vy). Then Ap(z) > ap > 1 — oy, Ar(y) > oy > 1 —ay, Ar(a) >
Ba > 1= Ba, Ar(b) = By > 1 — By, Ar(u) <7 <1 =7, and Ap(v) <79, < 1— 7.
It follows that z,y € T,(A; 0, V ), a,b € I,(A; By V Bp) and u, v € Fy(A; vy A Vo).
Since o V ay, B,V Bp € (0.5,1] and v, Ay, € (0,0.5), we have xxy € Ty(A; az Vay),
axbe€ I (A;BaV By) and uxv € Fy(A;v, Avy) by hypothesis. This completes the
proof. O

The following corollary is by Theorem 3.10 and [7, Theorem 3.7].

Corollary 3.11. Every (€, €V q)-neutrosophic subalgebra A = (Ar, A;, Ar) in a
BCK/BCTI-algebra X satisfies the condition (3.15).
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Corollary 3.12. Every (q, € V q)-neutrosophic subalgebra A = (Ar, Ar, Ar) in a
BCK/BCI-algebra X satisfies the condition (3.15).

Proof. 1t is by Theorem 3.6 and Corollary 3.11. O

Theorem 3.13. For a neutrosophic set A= (Ar, Ar, Ar) in a BCK/BCI-algebra
X, if the nonempty neutrosophic q-subsets T,(A; ), I,(A; B) and Fy(A;~) are sub-
algebras of X for all ., 8 € (0,0.5] and v € (0.5,1), then

ze€Ty(As0n), yeTy(As0y) = vxy € Te(A;0, Vay),
(3.16) z € 1(A; Be), y € 1g(A; By) = xxy € Le(A; BV By),
T € Fy(A72), y € Fy(Aivy) = axy € Fe(Avz Ay)
forallz,y € X, ap, oy, Bz, By € (0,0.5] and 75,7, € (0.5,1).
Proof. Let z,y,a,b,u,v € X and ag, oy, Ba, B € (0,0.5] and ~v,,7, € (0.5,1)
be such that * € Tg(A;az), ¥y € T4(A50y), a € I4(A;Ba), b € I,(A;Bp), u €
Fy(A;v,) and v € Fy(A;7y). Then x,y € Ty(A; 0, V o), a,b € 15(A; Ba V Bp) and
u,v € Fy(A;vu A vw). Since ag V ay, Be V By € (0,0.5] and v, A7y, € (0.5,1), it
follows from the hypothesis that x xy € T,(A;0, V ay), axb € I,(A; 8, V B) and
uxv € Fy(A;v, A7) Hence
Ap(zxy) > 1 —(az Vay) > ag Vay, that is, zxy € Te(A;a, V o),
Ar(a*b) >1—(BaV By) > BaV By, that is, ax b € Ic(A; B4 V Be),
Ap(usv) <1 —(yu AYw) < Yu Ao, that is, ux v € Fe(A; 7 Av).

Consequently, the condition (3.16) is valid for all z,y € X, ag, oy, Bs, By € (0,0.5]
and vz, vy € (0.5,1). O

Theorem 3.14. Given a neutrosophic set A = (Ar,A;,Ar) in a« BCK/BCI-
algebra X, if the nonempty neutrosophic € V g-subsets Ty q(A; ), Iay q(A; B) and
Foy4(A;y) are subalgebras of X for all o, 8 € (0,0.5] and v € [0.5,1), then the
following assertions are valid.

reTy (A 0y), yeTy(Ajay) = zxy € Tevq(4; 00 Vay),
(3~17) x e I(I(A55ﬂc)7 Yy e Iq(A§ By) = T*xYcC Ie\/q(AEﬁa: V/By)a

z € Fo(Aive), y € Fo(Asyy) = zxy € Fovg(Aina Ayy)
forallz,y € X, ag, oy, Bz, By € (0,0.5] and vz, € [0.5,1).

Proof. Let x,y,a,b,u,v € X and o, ay, B4, By € (0,0.5] and v,,7, € [0.5,1) be
such that © € Ty(4;040), y € Ty(A;ay), a € Ig(A; Ba), b € I4(A;Bp), u € Fy(A;v,)
and v € Fy(A;7,). Then z € Teyg(As0n), y € Tevq(Asay), a € Iay q4(4;Ba),
b € Iayq(A;Bp), u € Feyg(A;v) and v € Fayq(A;7y). It follows that z,y €
Tevq(A505 V ay), a,b € Ieyq(A; 8o V By) and u,v € Fey q(A; vy A 7y,) which imply
from the hypothesis that x x y € Ty (A0, V ay), axb € Ioyq(4; 8. V Bp) and
u*v € Feyq(A;7u A vw). This completes the proof. O

Corollary 3.15. Every (€, €V q)-neutrosophic subalgebra A = (Ap, A;, Ar) of a
BCK/BCI-algebra X satisfies the condition (3.17).

Proof. 1t is by Theorem 3.14 and [7, Theorem 3.9]. O
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Theorem 3.16. Given a neutrosophic set A = (Ar,A;,Ar) in a« BCK/BCI-
algebra X, if the nonempty neutrosophic € V g-subsets Tey 4(A; &), Iey 4(A; ) and
Foy4(A;y) are subalgebras of X for all o, € (0.5,1] and v € [0,0.5), then the
following assertions are valid.

zeTy(A0n), yeTe(As0y) = xxy € Teyq(Asar Vay),
(3.18) x € I,(A;By), y € I(A; By) = xxy € Ieyq(A; By V By),
z € Fy(Ai7a), y € Fy(Aiyy) = zxy € Fevq(Aina Ayy)
forallz,y € X, ag, oy, Bz, By € (0.5,1] and vz, € [0,0.5).
Proof. 1t is similar to the proof Theorem 3.14. 0

Corollary 3.17. Every (q, € V q)-neutrosophic subalgebra A = (Ar,Ar, Ar) of a
BCK/BCI-algebra X satisfies the condition (3.18).

Proof. Tt is by Theorem 3.16 and [7, Theorem 3.10]. O
Combining Theorems 3.14 and 3.16, we have the following corollary.

Corollary 3.18. Given a neutrosophic set A = (Ar,Ar,Ar) in a BCK/BCI-
algebra X, if the nonempty neutrosophic € V g-subsets Tey ¢(A; @), Iey 4(A; B) and
Foy 4(A;7) are subalgebras of X for all o, 8 € (0,1] and v € [0,1), then the following
assertions are valid.

reTy (A ay), y€Te(Asay) = o3y € Tevq(4; 00 Vay),

x € 1y(A;Bz), y € 1g(A;By) = xxy € Iayq(A; Be V By),

w € Fy(Aive), y € Fy(Asyy) = w5y € Fevg(A57a Ay)
forallz,y € X, ag, oy, Bz, By € (0,1] and 5,7, € [0,1).

CONCLUSIONS

We have considered relations between an (€, € V ¢)-neutrosophic subalgebra and
a (g, €V q)-neutrosophic subalgebra. We have discussed characterization of an (€,
€V ¢)-neutrosophic subalgebra by using neutrosophic €-subsets, and have provided
conditions for an (€, €V g)-neutrosophic subalgebra to be a (g, €V ¢)-neutrosophic
subalgebra. We have investigated properties on neutrosophic g-subsets and neutro-
sophic €V g-subsets. Our future research will be focused on the study of generaliza-
tion of this paper.
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ABSTRACT. We first introduce the concept of interval-valued neutro-
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1. INTRODUCTION

In 1975, Zadeh [35] introduced the notion of interval-valued fuzzy sets as an
extension of fuzzy sets [34] in which the values of the membership degrees are inter-
vals of numbers instead of the numbers. Interval-valued fuzzy sets provide a more
adequate description of uncertainty than traditional fuzzy sets. It is therefore im-
portant to use interval-valued fuzzy sets in applications, such as fuzzy control. One
of the computationally most intensive part of fuzzy control is defuzzification [19)].
Atanassov [12] proposed the extended form of fuzzy set theory by adding a new com-
ponent, called, intuitionistic fuzzy sets. Smarandache [26, 27] introduced the concept
of neutrosophic sets by combining the non-standard analysis. In neutrosophic set,
the membership value is associated with three components: truth-membership (¢),
indeterminacy-membership (i) and falsity-membership (f), in which each member-
ship value is a real standard or non-standard subset of the non-standard unit interval
]07,17[ and there is no restriction on their sum. Smarandache [23] and Wang et al.
[29] presented the notion of single-valued neutrosophic sets to apply neutrosophic
sets in real life problems more conveniently. In single-valued neutrosophic sets, three
components are independent and their values are taken from the standard unit in-
terval [0,1]. Wang et al. [30] presented the concept of interval-valued neutrosophic
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sets, which is more precise and more flexible than the single-valued neutrosophic set.
An interval-valued neutrosophic set is a generalization of the concept of single-valued
neutrosophic set, in which three membership (¢, 7, f) functions are independent, and
their values belong to the unit interval [0, 1].

Kauffman [18] gave the definition of a fuzzy graph. Fuzzy graphs were narrated
by Rosenfeld [22]. After that, some remarks on fuzzy graphs were represented by
Bhattacharya [13]. He showed that all the concepts on crisp graph theory do not
have similarities in fuzzy graphs. Wu [32] discussed fuzzy digraphs. The concept of
fuzzy k-competition graphs and p-competition fuzzy graphs was first developed by
Samanta and Pal in [23], it was further studied in [11, 21, 25]. Samanta et al. [24]
introduced the generalization of fuzzy competition graphs, called m-step fuzzy com-
petition graphs. Samanta et al. [24] also introduced the concepts of fuzzy m-step
neighbourhood graphs, fuzzy economic competition graphs, and m-step economic
competition graphs. The concepts of bipolar fuzzy competition graphs and intu-
itionistic fuzzy competition graphs are discussed in [21, 25]. Hongmei and Lianhua
[16], gave definition of interval-valued fuzzy graphs. Akram et al. [I, 2, 3, 4] have
introduced several concepts on interval-valued fuzzy graphs and interval-valued neu-
trosophic graphs. Akram and Shahzadi [6] introduced the notion of neutrosophic
soft graphs with applications. Akram [7] introduced the notion of single-valued neu-
trosophic planar graphs. Akram and Shahzadi [3] studied properties of single-valued
neutrosophic graphs by level graphs. Recently, Akram and Nasir [5] have discussed
some concepts of interval-valued neutrosophic graphs. In this paper, we first in-
troduce the concept of interval-valued neutrosophic competition graphs. We then
discuss certain types, including k-competition interval-valued neutrosophic graphs,
p-competition interval-valued neutrosophic graphs and m-step interval-valued neu-
trosophic competition graphs. Moreover, we present the concept of m-step interval-
valued neutrosophic neighbourhood graphs.

We have used standard definitions and terminologies in this paper. For other
notations, terminologies and applications not mentioned in the paper, the readers
are referred to [6, 9, 10, 13, 14, 15, 17, 20, 26, 33, 30].

2. INTERVAL-VALUED NEUTROSOPHIC COMPETITION (GRAPHS
Definition 2.1 ([35]). The interval-valued fuzzy set A in X is defined by

A= {(87 [tlfx(s)at%(s)]) 1S € X}7
where, t!(s) and t%(s) are fuzzy subsets of X such that 4 (s) < t%(s) for all z € X.
An interval-valued fuzzy relation on X is an interval-valued fuzzy set B in X x X.

Definition 2.2 ([30, 31]). The interval-valued neutrosophic set (IVN-set) A in X
is defined by

= {(5, [tla(s), ta ()], [i4 (), 4 (5)], [Fa(5), FA(s)]) 5 € XD,

(
where, t!,(s ) t4(s), (s), i%(s), f4(s), and f4(s) are neutrosophic subsets of X
such that t4 (s) < t%(s ) L(s) <i4(s) and f4(s) < f4(s) for all s € X. An interval-
valued neutrosophlc relamon (IVN-relation) on X is an interval-valued neutrosophic
set B in X x X.
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Definition 2.3 ([5]). An interval-valued neutrosophic digraph (IVN digraph) on a
non-empty set X is a pair G = (4, B) (in short, G), where A = ([ty, t%4], [i%, i%],[f4,
f4]) is an IVN-set on X and B = ([, t%], [ZB,’LB] [fL,f%]) is an IVN-relation on X,
such that:

D) th(s,w) < () Ath(w),  Eh(sw) < () A (w),
(u) iy, w) < ity (s WA(w), i (s, w s@'mswmw),
(i) £ (s w) < FL(s) A fa(w),  fa(sw) <

Example 2.4. We construct an IVN-digraph G =
in Fig. 1.

=
=3
o
=
>
|
—
2
(=)
o
&
&
)]
)]
=
S
=
=

¢([0.1,0.2],[0.2,0.4], [0.3,0.7))

Ficurg 1. IVN-digraph

Definition 2.5. Let 8 be an IVN-digraph then interval-valued neutrosophic out-
neighbourhoods (IVN-out-neighbourhoods) of a vertex s is an IVN-set

nt w)t (DT (w)T nt w)t
Nt(s) = (X5, [t ¢80, i, a8 ), (p07, 6897

)

where
w||t(s,w) >0, tx(s,w) > (s,w) > 0,i%(s,w) > s, w) >
= {wl[t( 0, t5( 0l, > 0.5 0], [f5( 0,
fB(s, w% > 0]},
such that t0 : X+ — [0,1], defined by t& (w) = t4(s, w), £ X+ — [0,1],
defined by t(u)+( ) = t%(s, b zgl) : X+ —[0,1], defined by zg) (w) = ilB(s,w;,
O 5 10,1, defined by i (w) = i% (s, w9, £O7 2 X 5 [0, 1], defined by

)= fhlsw), £ XF [0,1],deﬁned by £ (w) = a5, w).

Definition 2.6. Let 8 be an IVN-digraph then interval-valued neutrosophic in-
neighbourhoods (IVN-in-neighbourhoods) of a vertex s is an IVN-set

N7(s) = (X, (67 8 ) A 10 ),

where
X7 = {w|[th(w,s) >0, t%(w,s) > 0] ws;>Oszs > 0], [f5(w,s) >0,
fB(w,si>O]},
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such that t{ X, — [0,1], defined by tgl)i(w) = t%m, . X, — [0,1],
defined by 1" (w) = t}gm, i X, — [0,1], defined by igl)i(w) = i%m,

{7 X [0,1], defined by i (w) = i%(w, 59, O X = [0,1], defined by
07 (w) = fhlw, o) £ 2 X5 = [0,1], defined by £ (w) = fa(w, s).

Example 2.7. Consider an IVN-digraph G = (A4, ?) on X = {a,b,c} as shown in
Fig. 2.

(lo‘eol‘rozol o To)?
([6°0°z°01 [8°0€0] ‘[8°0*9°0))q

([0.1,0.2],(0.2,0.3], (0.2, 0.5))

FiGureg 2. IVN-digraph

We have Table 1 and Table 2 representing interval-valued neutrosophic out and
in-neighbourhoods, respectively.

TABLE 1. IVN-out-neighbourhoods

N*(s)

{(b, [0.1,0.2],[0.2,0.3],[0.1,0.6]), (c, [0.1,0.2],[0.1,0.3],[0.2,0.6]) }
%]

{(b, [0.1,0.2],0.2,0.3],(0.2,0.5])}

o o olw

TABLE 2. IVN-in-neighbourhoods

N~ (s)
%]

0.1,0.2],[0.2,0.3],[0.1,0.6)), (c, [0.1,0.2],[0.2,0.3],[0.2,0.5])}
0.1,0.2],]0.1,0.3],[0.2,0.6]) }

o ocolw

{(a,
{(a,

Definition 2.8. The height of IVN-set A = (s, [t4, t4], [i%, %], [f4, f4]) in universe
of discourse X is defined as: for all s € X,

h(A) = ([BL(A), ki (A)], [5(A), ks (A)], [h5(A), k3 (A))),
= (sup ¢4 (s), sup £4(s)], [sup 4 (s), sup % ()], [ inf fh(s), inf f3(s)]).
seX seX seX seX s€ s€
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Definition 2.9. An interval-valued neutrosophic competition graph (IVNC-graph)
of an interval-valued neutrosophic graph (IVN-graph) G = (A, B) is an undirected
IVN-graph (C@ = (A, W) which has the same vertex set as in 8 and there is an
edge between two vertices s and w if and only if NT(s) N NT(w) # @. The truth-

membership, indeterminacy-membership and falsity-membership values of the edge
(s, w) are defined as: for all s,w € X,
(i) thy (s, w) = (t}y(s) A thy(w))hi (N*(s) N N*(w),
fw(S w) = (t4(s) Atx(w))hy (NT(s) N N* (w),
(i) 4y (s, w) = (il (s) Ay (w))h5(NT () NN (w),
Zw(s w) = (i%(s) A (w))hg (NT(s) N N*(w),
(iii) [y (s, w) = (fA(S) A Fa(w))hi(N*(s) N N*(w),
f”vlv(svw) = (f4(s) A fh(w))hg (NF(s) NN (w).

Example 2.10. Consider an IVN-digraph G = (A4, ﬁ) on X = {a,b,c} as shown
in Fig. 3.

<([0-1,0.2],10.2,0.4], [0.3,0.7])
Ficurg 3. IVN-digraph

We have Table 3 and Table 4 representing interval-valued neutrosophic out and
in-neighbourhoods, respectively.

TABLE 3. IVN-out-neighbourhoods

N*(s)

{(b, [0.1,0.2],[0.2,0.3],[0.1,0.6]), (c, [0.1,0.2],[0.1,0.3],[0.2,0.6]) }
%]

{(b, [0.1,0.2],0.2,0.3],(0.2,0.5])}

o o olw

TABLE 4. IVN-in-neighbourhoods

N~ (s)
I

{(a, [0.1,0.2],[0.2,0.3],[0.1,0.6]), (c, [0.1,0.2],[0.2,0.3],[0.2,0.5])}
{(a, [0.1,0.2],]0.1,0.3],[0.2,0.6])}
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Then IVNC-graph of Fig. 3 is shown in Fig. 4.

5([0.6,0.8],[0.3,0.8], [0.2,0.9])

[
S
5 %,
o R4
S %
& 2
Q 0.01,0.04],[0.04,0.12 Y
SR LI .006,042) Y,
N ® v
NG 2y
NI ]

FIGURE 4. IVNC-graph

Definition 2.11. Consider an IVN-graph G = (A, B), where A = ([A}, AY], [A},
AY), [A5, AY)] and B = ([By, BY], [B), By], [BS, BY)]. then, an edge (s, w), s, w
€ X is called independent strong, if

1[All(S) N Aj(w)] < Bi(s,w),  5[AY(s) A A (w)] < B (s, w),

[A3(s) A Aj(w)] < By(s,w),  5[A5(s) A A (w)] < By (s,w),

[ A R )

5[45(s) A Ay (w)] > By(s,w), S [A5(s) A A5 (w)] > By (s, w).

N =N =N =

Otherwise, it is called weak.

We state the following theorems without their proofs.

Theorem 2.12. Suppose 8 is an IVN—dig%gﬂh. If N*(s) N Nt (w) contains only

one element of 8, then the edge (s, w) of C(G) is independent strong if and only if
I[NT(s) NNt (w)]|p > 0.5, [[NT(s) NNt (w)][s« > 0.5,
I[NT(s) N NT(w)]|;y > 0.5, |[NT(s) NN (w)]|;u > 0.5,
IINT(s) "\NT(w)]|p < 0.5, [[N*(s) NN (w)]|s« <0.5.

Theorem 2.13. If all the edges of an IVN-digraph 8 are independent strong, then

Bl(s,w) Bi(s,w)

Ao A @r % @A ar@y O
Bz(s w) BY(s,w)

A6 A A @)~ % () A Az~ O
Bi(s, w) Bi (s, w)

A A AL@)? <% () A Az <O

for all edges (s, w) in C(a)

Definition 2.14. The interval-valued neutrosophic open-neighbourhood (IVN-open-
neighbourhood) of a vertex s of an IVN-graph G = (A, B) is IVN-set N(s) = (X,
[t5, 2], ik, 4], [fS, f&), where
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X = {w|[Bl(s,w) > 0, B{(s,w) > 0], [B,(s,w) > 0, BY(s,w) > 0], [By(s,w) >0,
BY(s,w) > 0]},

and t\ : Xy — [0,1] defined by t\(w) = Bl(s, w), t* : Xy — [0,1] defined by
t4(w) = B¥(s, w), i\, : Xs — [0,1] defined by i (w) = Bi(s, w), i¥ : X5 — [0,1]
defined by i%(w) = B¥(s, w), f\: Xy — [0,1] defined by fi(w) = Bi(s, w), f&:
Xs — [0,1] defined by f¥*(w) = B¥(s, w). For every vertex s € X, the interval-
valued neutrosophic singleton set, A = (s, [AY, AY'], [AY, AY], [AY, AY) such that:
Al {s} — [0,1], A¥ : {s} — [0,1], AY : {s} = [0,1], AY : {s} = [0,1], A} : {s} —
(0,1], AY < {s} — [0, 1], defined by AY(s) = A (s), AY(s) = AY(s), AY(s) = Ab(s),
AY(s) = AY(s), AY(s) = AL(s) and AY(s) = A¥(s), respectively. The interval-
valued neutrosophic closed-neighbourhood (IVN-closed-neighbourhood) of a vertex
s is N[s] = N(s) U A,.

Definition 2.15. Suppose G = (A, B) is an IVN-graph. Interval-valued neu-
trosophic open-neighbourhood graph (IVN-open-neighbourhood-graph) of G is an
IVN-graph N(G) = (A, B’) which has the same IVN-set of vertices in G and has an
interval-valued neutrosophic edge between two vertices s, w € X in N(G) if and only
if N(s) "N(w) is a non-empty IVN-set in G. The truth-membership, indeterminacy-
membership, falsity-membership values of the edge (s, w) are given by:

BY (s, w) = [A{(s) A A} (w)]h1 (N(s) N N(w)),
By (s,w) = [A5(s) A Ay(w)]h5(N(s) N N(w)),
By (s,w) = [A5(s) A A3 (w)]h5(N(s) N N(w)),
BY'(s,w) = [A{(s) A A} (w)]hY (N(s) N N(w)),
By'(s,w) = [A3(s) A Az (w)]h3 (N(s) N N(w)),
BY (s,w) = [A4(s) A Ay (w)]hy (N(s) NN(w)), respectively.

Definition 2.16. Suppose G = (A4, B) is an IVN-graph. Interval-valued neutro-
sophic closed-neighbourhood graph (IVN-closed-neighbourhood-graph) of G is an
IVN-graph N(G) = (A, B’) which has the same IVN-set of vertices in G and has an
interval-valued neutrosophic edge between two vertices s, w € X in N[G] if and only
if N[s] N N[w] is a non-empty IVN-set in G. The truth-membership, indeterminacy-
membership, falsity-membership values of the edge (s, w) are given by:

B (s,w) = [A}(s) A A} (w)]hi (N[s] N N[uw]),
By (s,w) = [A}(s) A Ap(w)]h(N[s] N N[uw]),
B (s,w) = [A}(s) A Aj(w)]h(N[s] N N[w]),
BY(s,w) = [A} (s) A A} (w)]h{ (N[s] N N[w]),
By'(s,w) = [A3(s) A A3 (w)]hg (N[s] N N[uw]),
BY (s,w) = [A%(s) A Ay (w)]hy (N[s] N N[w]), respectively.

We now discuss the method of construction of interval-valued neutrospohic com-
petition graph of the Cartesian product of IVN-digraph in following theorem which
can be proof using similar method as used in [21], hence we omit its proof.

105



Muhammad Akram et al./Ann. Fuzzy Math. Inform. 14 (2017), No. 1, 99-120

Theorem 2.17._L>et (C((T;)j (Aq, ﬁ) and (C(E—:g) = (A2, Bs) be two IV&C—gigzphs
of IVN-digraphs G1 = (A1, L1) and Go = (As, La), respectively. Then C(G10G3) =

GC(G V- OC(@) U G®, where G C(@ ) OC(Gh)- is an IVN-graph on the crisp graph

(X1 X X2, Ec . DEy & ) C(G1)* and C(G2)* are the crisp competition graphs

of G1 and CT;, Tespectwely G" is an IVN-graph on (X1 x Xo, EV) such that:

(1) EP = {(51,52)(11)1,11)2) IS Ni(Sl)*,’wz S N+(52)*}

E(C(GT;)*DE (?)* = {(81,52)(51,102) 151 € X1, s0ws € E(C(CT;)*}

U{(Sl, 82)(11)1, 82) Sg € XQ, S1wy € E(C(CTI)*}

(2) tAIDAg tAl(Sl) /\tA (s2), ilAlDA2 = ifaxl(sl) A il,42(52): f,l41DA2 =
fAl(Sl) /\fA2(S2)7
Yooa, = th, (51) A4, (s2), %04, = 04, (51) Nil,(s2), fhoa, =
f4, (s1) /\fA2(52)

(3) t((s1,82)(s1,w2)) = [y, (s1) Atly, (52) Atly, (w2)] X Vaay {thy, (51) At (s202) A
lflL-;(’wgag)},

(s1,82)(s1,w2) € E.a)-BEc@yyr a2 € (NT(s2) N NT(wq))*.

(4) i ((s1, 52)(s1,w2)) = [i%, (1) Aily, (82) Aily, (w2)] X Vi, {ily, (51) Ai (s202) A

ilL—2>(w2a2)}7
(s1,82)(s1,w2) € Ee - BEeghy.r a2 € (NT(s2) N NT(wg))*.

(5) fp((s1,82)(s1,w2)) = [f,lax (51)/\ff42(Sz)Af,lqz(wz)]XVaz{fﬁl(Sl)/\f%(Szaz)/\
fp (waas)},

(s1,52)(s1,w2) € Ep g2\ OB )., a2 € (N*(s2) NNt (wsq))*.

(6) th((s1,52)(s1,w2)) = [Eh, (s1) AL, (52) NG, (w2)] X Vay {th, (51) AT (s2a2) A

fiz—;(’wgag)},
(81,82)(81,11}2) S E @ )*DE (5)2)*, az € (N+(82) N N+(w2))*
(7) 8 ((s1, 82) (51, w2)) = [i4, (51) iz, (s2) A4, (w2)] X Vaa {74, (s1) Ais (s2a2) A
i (w2a2)},
(81,82)(81,11}2) S E(C(CTI) DE(C(CT;)*’ az € (N+(82) N N+(w2))*

(8) FE((s1,82)(s1,w2)) = [F4, (sASH, (s2)AFE, (w2)] X Var {fR, (s1)AFFs (s2a2)A

fi (weaz2)},
(s1,82)(s1,w2) € E @) OE, c@n 2 € (NT(s2) N NT(ws))*.

(9) (51, 52)(wr, 82)) = [y, (s1) Aty (wi) Atl, (52)] X Va, {th, (s2) At (s102) A

tos (wia)},
(s1,82)(w1, 82) € Ec 2. OBz, a1 € (NT(s1) N NT(wy))*.
(10) i ((s1, 2)(wr, 82)) = [y, (1) Ay, (w1) Adly, (52)] X Vay {ila, (52) Al (s102) A
il—>(w1a1)},
L1

(s1,82)(w1,s2) € E(C(CT{)*DE(C(CTQ)*’ a; € (NT(s1) N NT(wq))*.
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(11) f((s1,52)(wr,52)) = [fih(sl)/\fih(wl)/\fib(sQ)]xval{tg2(82)AflL_l>(sla1)A
flL—1>(w1a1)},
(s1,82)(wy,82) € E c@)BEe@y @€ (NT(s1) N NT(wy))*.

(12) t3((s1, s2)(wr, s2)) = [t4, (51) A L4, (wi) NG, (52)] X Vay {84, (52) At (s1a1) A

th (wiar)},
(s1,82)(w1,82) € E, @) mp) c@y o€ (NT(s1) N NT(wy))*.

(13) i ((s1, s2)(wr, 82)) = [, (s1) N, (wi) Nif4, (s2)] X Vay {04, (52) Ais (s100) A
i (wian)},
(s1,82) (w1, 52) € Bz . OB 2., a1 € (NF(s1) N NT(wy))*.

(14) fB((s1,82)(w1,82)) = [ P, (OATR, () AFR, (52)] % Vay {4, (52) AT (s101) A
fi(wnan)},

(s1,82)(w1,52) € E c@)- @y @ € (N*(s1) NNF (wy))*.

(15) tl5((s1,82) (w1, wa)) = [thy, (s1) Aty (wi) Athy, (s2) Aty (w2)] x [ty (s1) A
EZL_; (w1 ;(1) A tf4§ (wi;D/\ tlL_g sows)],
S1, W1 )(S2, W2 S

(16) ijs(((81782)(w}7w2))) = l[ilAl(Sl))/]\ iy, (wi) Adly, (s2) Ay, (wo)] x [iYy, (s1) A

AN wlsl) /\z'A2(w2 /\Z'—;(Sg’wg ,
(gi,wl)(s%wg) € E". -

(17) f5((s1,s2) (w1, wa)) = [fh, (s1) A fhy, (wi) A fh, (s2) A fly, (w2)] x [fhy (s1) A
{é-;(wlf(l) A f%Q (w;)u/\ flL-2>(82w2)],
S1,W1)(S2,we) € .

(18) t%((sl, 82)(“@; wy)) = LZI(Sl) A th, (1) A tg, (s2) A th, (w2)] x [t (s1) A
EL-I (w1;(1) A tA§ (wzgm/\ tL-2>(52w2)],
S1,W1)(S2,Ww2) € .

(19) i%(((shsz))(wlﬂgz))) = [Z'Z(l (51))]A i, (w1) Ai%, (s2) A, (wa)] X [i%, (s1) A
1% (wy s /\ij‘2 wa) N 1% (sow2)],
(50 w1) (52, w2) € EO.

(20) f5((s1,82) (w1, w2)) = [fi4,(s1) A fi, (w1) A f4,(s2) A &, (w2)] x [f4, (s1) A
fi(wisi) A f4, (wa2) A fs (saw2)],
(s1,w1)(s2,we) € E7.

A

A. k-competition interval-valued neutrosophic graphs

We now discuss an extension of IVNC-graphs, called k-competition IVN-graphs.

Definition 2.18. The cardinality of an IVN-set A is denoted by

Al = ([l 1Ale], (1AL, 1ALe], [l [Alp])-
Where [|Aly, |Alge], [|Ali, |Aliv] and [|A]p, |Alf«] represent the sum of truth-

membership values, indeterminacy-membership values and falsity-membership val-
ues, respectively, of all the elements of A.
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Example 2.19. The cardinality of an IVN-set A = {(a, [0.5, 0.7], [0.2, 0.8],[0.1,
0.3]), (b, 0.1, 0.2], [0.1, 0.5], [0.7, 0.9]), (c, [0.3, 0.5], [0.3, 0.8], [0.6, 0.9])} in X = {a,
b, c} is
Al = ([|Als, [Alee], [[ AL, [Ali], [[Alp 1Al ])
= ([0.9,1.4],[0.6,2.1], [1.4, 2.1]).
We now discuss k-competition IVN-graphs.
Definition 2.20. Let £ be a non-negative number. Then k-competition IVN-graph
(Ck(a) of an IVN-digraph G = (A, ﬁ) is an undirected IVN-graph G = (A, B)
which has same IVN-set of vertices as in and has an interval-valued neutro-
sophic edge between two vertices s, w € X in (Ck(a) if and only if |[(NT(s) N
N*(w)p > k, [NT(s) N N*(w))|pe > k, |(NF(s) N NF(w))[x > k, [(NT(s) N
N*(w))se > k, [(NT(s) N NT(w))|p > k and [(N*(s) " N (w))|p« > k. The
interval-valued truth-membership value of edge (s, w) in Ci(G) is tih(s, w) =
k*kﬁl()Atl@wwﬁ(N+(grwN+@w),whmekﬁ::KN+(grwN+(w»hlandt%(&
m:k_%%)Aﬁ@%ﬂW@ﬂWﬁmmmeW:KW@MNﬂmmwme
interval-valued indeterminacy-membership value of edge (s, w) in Ck(a) is ity (s,
1
w) = kzkfk[iféx(s) A il ()RS (N (s) NNt (w)), where kb = [(N*(s) N N*(w))|;, and
2

(s, w) = R[4 (5) A ()] (N (5) N (w)), where kg = [(N* (s) "N (w))
the interval-valued falsity-membership value of edge (s, w) in (Ck(a) is fL(s, w) =
4 "“[m ) SRS (5) N (w), where & = (N*(5) 1N* (), and (s,
w) = BE[f4(s) A Fh(w)]h3 (N*(s) N NT (w)), where ky = [(N*(s) NN+ (w))

)

fu .

Example 2.21. Consider an IVN-digraph G = (A4, ﬁ) on X = {s,w,a,b,c}, such
that A = {(s, [0.4,0.5], [0.5,0.7], [0.8,0.9]), (w, [0.6,0.7], [0.4,0.6], [0.2,0.3]), (a,
0.2,0.6], [0.3,0.6], [0.2,0.6]), (b, [0.2,0.6], [0.1,0.6], [0.2,0.6]), (c, [0.2,0.7], [0.3,0.5],

D, (
0.2,0.6])}, and B = {((s,a), [0.1,0.4], [0.3,0.6], [0.2,0.6]), ((s, ), [0.2,0.4], [0.1,0.5],
10.2,0.6]), (5, ), 0.2,0.5], [0.3,0.5], [0.2,0.6]), ((w, al, [0.2,0.5], [0.2,0.5], [0.2,0.3]),
]

(0,0, [0.2,0.6], [0.1,0.6], [0.2,0.3]), ((w, ¢}, [0.2,0.7], [0.3,0.5], [0.2,0.3])}, as shown
in Fig. 5

We calculate N (s) = {(a, [0.1,0.4], [0.3,0.6], [0.2,0.6]), (b, [0.2,0.4], [0.1,0.5],
0.2,0.6]), (¢, [0.2,0.5], [0.3,0.5], [0.2,0.6])} and N*(w) = {(a, [0.2,0.5], [0.2,0.5],
0.2,0.3]), (b, [0.2,0.6], [0.1,0.6], [0.2,0.3]), (¢, [0.2,0.7], [0.3,0.5], [0.2,0.3])}. There-
fore, N*+(s) N N*(w) = {(a, [0.1,0.4], [0.2,0.5], 0.2, 03]) (b, [0.2, 04] o 1,0.5],

(c,

[0.2,0.3)), [0.2,0.5], [0.3,0.5], [0.2,0.3)}. So, K\ = 0.5, k¥ = 1.3, kb = 0.6,
k¥ = 1.5, kl 0.6 and k¥ = 0.9. Let k = 0.4, then, i (s w) = 0.02, t“(

)—056 ’LB(S w) = 0.06, i%(s, w) = 0.82, fL(s, w)-OOQande( w) = 0.11.
This graph is depicted in Fig. 6.
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a([0.2,0.6],[0.3,0.6], 0.2, 0.6])

5([0.4,0.5),[0.5,0.7, [0.8,0.9])

b([0.2,0.6],[0.1,0.6], [0.2,0.6])

w([0.6,0.7],0.4,0.6], [0.2,0.3])

090, o3, 0.3]) ¢(0.2,0.7],0.3,0.5], (0.2, 0.6])

FiGureg 5. IVN-digraph

> 7 .
", 4 2
q 7
Y ‘Y Y
N
507
Co &.\Qx
- Q?/'/o @“TN\
‘8 o
NC®

FiGURE 6. 0.4-Competition IVN-graph

Theorem 2.22. Let 8 = (4, ﬁ) be an IVN-digraph. If

hi(N*(s) NN (w)) = 1, hy(N*(s) NN*(w)) =1, h5(N*(s) NN*(w)) = 1,
RU(NT(s) NNF(w)) = 1, h¥(N*(s) "N+ (w)) = 1, 1

3

and

[(N*(s) NNF ()] > 2k, |(N*(s) NNF(w)|a > 2k, |(N*(s) NN (w))| 1 < 2k,
[(NT(s) NNT ()| > 2k, [(NT(s) NN (w))|iw > 2k, [(NT(s) NN (w))| v < 2K,

Then the edge (s,w) is independent strong in (Ck(a)
Proof. Let ¢ = (A, 3) be an IVN-digraph. Let (Ck(a) be the corresponding

k-competition IVN-graph.
109



Muhammad Akram et al./Ann. Fuzzy Math. Inform. 14 (2017), No. 1, 99-120

If bt (N*(s) NN (w)) = 1 and |(N*(s) N N*(w))|s > 2k, then k} > 2k. Thus,

L _
(s, 10) = SR () A th ) ALY (6) NIV )
L _
or, th(s,w) = %[ms) Aty (w)
t (s,w) B kll —k
BT R

If A (Nt (s) NNt (w)) =1 and |(NT(s) N NT(w))|tu > 2k, then k¥ > 2k. Thus,

£ (s, w) = ’“%k; E [#4.(5) A £ ()] (N () O N* ()
or, - t(s.w) = e ) A )
t% (s, w) kY -k
) A @] R

If hh(N*(s) NNt (w)) =1 and |(N*(s) N N*(w))|; > 2k, then k) > 2k. Thus,

1 _ ky =k 1 LN+ +
o) = R ) A P (3 ) NIV )
L _
or, (o) = iy (s) )
ity (s, w) _ kh—k
A R

If RY(N*(s) NNt (w)) =1 and [(NT(s) N NT(w))|;« > 2k, then k¥ > 2k. Thus,

(s, w) = ) A 5BV () N )
or, i (s.) = 2R (9) A 5 w)
i% (s, w) kY —k
) Amw] R

If R5(NT(s) NNT(w)) =1 and |(N*(s) "N (w))|; < 2k, then k% < 2k. Thus,

L _
(o) = B 1A A Sh () N )
L _
or, Fh(s,w) = = h(e) A S
le(va) _ ké_k <0.5.

[Fa(s) A fh(w)] ki
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If RY(N*(s) NNt (w)) =1 and [(NT(s) NNT(w))| e < 2k, then kY < 2k. Thus,

Y-k
f(s,w) = [f4(s) A fa(w)]hg (NT (s) N NT (w))
or, fhls,w) = ’“5 $1£4(5) A £ (w)]
fElsw) kg —k
FAG AT R
So, the edge (s, w) is independent strong in Cy, (8) O

B. p-competition interval-valued neutrosophic graphs

We now define another extension of IVNC-graphs, called p-competition IVN-graphs.

Definition 2.23. The support of an IVN-set A = (s, [t4, t4], [i%, i%], [f4, f4]) in
X is the subset of X defined by
supp(A) = {s € X = [ty(s) # 0, t4(s) # 0], [4(s) # 0, i%4(s) # 0], [f4(s) # 1,
fi(s) # 11}

and |supp(A)| is the number of elements in the set.

Example 2.24. The support of an IVN-set A = {(a, [0.5, 0.7], [0.2, 0.8],[0.1, 0.3]),
(b, [0.1, 0.2], [0.1, 0.5], [0.7, 0.9]), (¢, [0.3, 0.5], [0.3, 0.8], 0.6, 0. 9]) ( [0, 0], [0, 0],
1,1} in X = {a, b, ¢, d} is supp(A) = {a b, c} and |supp(A )| =

We now define p-competition IVN-graphs.

Definition 2.25. Let p be a positive integer. Then p-competition IVN-graph (Cp(a)
of the IVN-digraph G = (A, ﬁ) is an undirected IVN-graph G = (A, B) which
has same IVN-set of vertices as in G and has an interval-valued neutrosophic edge
between two vertices s, w € X in (Cp(a) if and only if [supp(NT(s) N NT(w))| >
p. The interval-valued truth-membership value of edge (s, w) in CP(G) is tiz(s,
w) = L (5) Aty (w) [ (N (5) 0 NF(w)), and 1(s, w) = EEE[E(s) A
t% (w)]h{ (NT (s) "Nt (w)), the interval-valued indeterminacy—membershlp value of
edge (s, w) in (C”(a) is il (s, w) = M[ (5) A il (w)]hh (Nt (s) N NT(w)), and
i%(s, w) = M[ (s) A i%(w)]hy(NT(s) NNt (w)), the interval-valued falsity-
membership value of edge (s, w) in Cp(a) is f5(s, w) = (i=p)+1 [f4(s) A fly(w)] Rk

(N*(s) NN* (w)), and fg(s, w) = EZE[f4(s) A fo(w 5 (N* (5) N+ (), where
i = |supp(N*(s) N N*(w))|.

Example 2.26. Consider an IVN-digraph G = (A4, ﬁ) on X = {s,w,a,b,c}, such
that A = {(s, [0.4,0.5], [0.5,0.7], [0.8,0.9]), (w, [0.6,0.7], [0.4,0.6], [0.2,0.3]), (a,
[0.2,0.6], [0.3,0.6], [0.2,0.6]), (b, [0.2,0.6], [0.1,0.6], [0.2,0.6]), (¢, [0.2,0.7], [0.3,0.5],
[0.2,0.6])}, and B = {((s,a), [0.1,0.4], [0.3,0.6], [0.2,0.6]), ((s, b}, [0.2,0.4], [0.1,0.5],
[0.2,0.6]), ((s, ), [0.2,0.5], [0.3,0.5], [0.2,0.6]), ((w, a), [0.2,0.5], [0.2,0.5], [0.2,0.3]),

]

(0,5}, [0.2,0.6], [0.1,0.6], [0.2,0.3]), ((w, ¢}, [0.2,0.7], [0.3,0.5], [0.2,0.3])}, as shown
in Fig. 7.
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([0:6,0.71,0.4,06],0:2:03)

Ficure 7. IVN-digraph

We calculate N*(s) = {(a,
[0.2,0.6]), (¢, [0.2,0.5], [0.3,0

[0.1,0.4], [0.3,0.6], [0.2,0.
)
0.2,0.3]), (b, [0.2,0.6], [0.1,0.

6)), (b, [0.2,0.4], [0.1,0.5],
,0.5], [0.2,0.6])} and N*(w) = {(a, [0.2,0.5], [0.2,0.5],
(b, 6], [0.2,0.3]), (¢, [0.2,0.7), [0.3,0.5], [0.2,0.3])}. There-
fore, N*+(s) N N*(w) = {(a, [0.1,0.4], [0.2,0.5], [0.2,0.3]), (b, [0.2,0.4], [0.1,0.5],
[0.2,0.3]), (¢, [0.2,0.5], [0.3,0.5], [0.2,0.3)}. Now, i = |supp(N+( )N NT(w))| = 3.
For p = 3, we have, th(s, w) = 0.02, t%(s, w) = 0.08, ilz(s, w) = 0.04, i%(s,
w) = 0.1, f}

)=0.1, fp(s, w) =0.01 and fj(s, w) = 0.03. This graph is depicted in Fig. 8

Qf/a

0 2
0//0 ) 7

9
g,
g, 7

FiGURE 8. 3-Competition IVN-graph

We state the following theorem without its proof.
Theorem 2.27. Let 8 =
hy(N*(s) NNT (w)) = 1,
hi(N*(s) N\N* (w)) = 1,

(A, B) be an IVN-digraph. If
hy(N*(s) NNF(w)) =1,
hy (N (s) "N¥(w)) = 1,
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hs(N*(s) \N*(w)) =
hy (N7 (s) NN (w)) =

0,
0

)
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in (C[%](a), then the edge (s,w) is strong, where i = |supp(N*(s) " NT(w))|. (Note
that for any real number s, [s]=greatest integer not esceeding s.)

C. m-step interval-valued neutrosophic competition graphs

We now define another extension of IVNC-graph known as m-step IVNC-graph. We
will use the following notations:

PT, : An interval-valued neutrosophic path of length m from s to w.

?Q}w : A directed interval-valued neutrosophic path of length m from s to w.

Nt (s) : m-step interval-valued neutrosophic out-neighbourhood of vertex s.

N, (s) : m-step interval-valued neutrosophic in-neighbourhood of vertex s.

N, (s) : m-step interval-valued neutrosophic neighbourhood of vertex s.

N,.(G): m-step interval-valued neutrosophic neighbourhood graph of the IVN-graph

Cm@: m-step IVNC-graph of the IVN-digraph 8

Definition 2.28. Suppose 8 = (4, ﬁ) is an IVN-digraph. The m-step IVN-
digraph of 8 is denoted by 87” = (4, B), where IVN-set of vertices of 8 is same
with IVN-set of vertices of 8,” and has an edge between s and w in 8m if and only

if there exists an interval-valued neutrosophic directed path F{', in
Definition 2.29. The m-step interval-valued neutrosophic out-neighbourhood (IVN-

out-neighbourhood) of vertex s of an IVN-digraph 8 = (4, B) is IVN-set
Ny (s) = (6, 607, 2007 8 A ), where

XF = {w] there exists a directed interval-valued neutrosophic path of length m
from s to w, B}, 07 X+ o [0, 1], 497 - x5 500,10, i - xF 5 (o,
1, i xE o0, 1], f9T D xS0, 1) £ 0 XF [0, 1] are defined
by tglﬁ = min{t!(s1, s2), (51, s2) is an edge of ?Z?w}, tguﬁ = min{t“m,
(s1, $2) is an edge of ?Z}w}, iglﬁ = min{ilm, (s1, s2) is an edge of ?;”w ,
iguﬁ = min{i“m, (s1, s2) is an edge of ?;”w}, fs(l)+ = min{flm, (s1,

4
s2) is an edge of ?;’?w}, FwT min{ f*(s1, s2), (s1, s2) is an edge of ?;’?w},
respectively.

Example 2.30. Consider an IVN-digraph G = (A4, g) on X = {s,w,a,b,c,d}, such
that A = {(s, [0.4,0.5], [0.5,0.7], [0.8,0.9]), (w, [0.6,0.7], [0.4,0.6], [0.2,0.3]), (a,
[0.2,0.6], [0.3,0.6], [0.2,0.6]), (b, [0.2,0.6], [0.1,0.6], [0.2,0.6]), (¢, [0.2,0.7], [0.3,0.5],

[0.2,0.6]), d([0.2,0.6], [0.3,0.6], [0.2,0.6])}, and B = {((s,a), [0.1,0.4], [0.3,0.6], [0.2,

0.6)), ((a,¢), [0.2,0.6], [0.3,05], [0.2,0.6]), (@ d), [0.2,0.6], [0.3,0.5], [0.2,0.4]),
((w,b), [0.2,0.6], [0.1,0.6], [0.2,0.3]), ((b,c), [0.2,0.4], [0.1,0.2], [0.1,0.3]), ((1775
[0.1,0.3], [0.1,0.2], [0.2,0.4])}, as shown in Fig. 9.
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5([0.4,0.5],[0.5,0.7], [0.8,0.9]) w([0.6,0.7],0.4,0.6], [0.2,0.3))

¢([0.2,0.7],[0.3,0.5], 0.2, 0.6]) d([0-2,0.6],[0.3,0.6], [0.2,0.6])

F1GURrE 9. IVN-digraph

We calculate 2-step IVN-out-neighbourhoods as, NJ (s) = {(c, [0.1,0.4], [0.3,0.5],
0.2,0.6)), (d, [0.1,0.4], [0.3,0.5], [0.2,0.4])} and Nj (w) = {(c, [0.2,0.4], [0.1,0.2],
0.1,0.3), (d, [0.1,0.3], [0.1,0.2], [0.2,0.3])}.

Definition 2.31. The m-step interval-valued neutrosophic in-neighbourhood (IVN-
in-neighbourhood) of vertex s of an IVN-digraph G = (A, B) is IVN-set

No(s) = (X7, [0, 87 3, 8 8 ] (10 87, where
X; = {w] there exists a directed interval-valued neutrosophic path of length m
from w to s, P}, 10 1 Xo 5[0, 10, £ - X7 o [0, 1], i - X7 > [o,
1, i xm =0, 1), £ X7 = [0, 1] £ 2 X = [0, 1] are defined
by t9 = min{tlm, (s1, s2) is an edge of ﬁms}, £ = min{t“m,
(s1, $2) is an edge of ﬁms}, WP = min{ilm, (s1, $2) is an edge of ?ms},
R min{i“m, (s1, $2) is an edge of ﬁms}, FO7 = min{flm, (s1,

$2) is an edge of ﬁms}, FT = min{ f*(sq, 520, (s1, s2) is an edge of ?ms},
respectively.

Example 2.32. Consider an IVN-digraph G = (A4, g) on X = {s,w,a,b,c,d}, such
that A = {(s, [0.4,0.5], [0.5,0.7], [0.8,0.9]), (w, [0.6,0.7], [0.4,0.6], [0.2,0.3]), (a,
[0.2,0.6], [0.3,0.6], [0.2,0.6]), (b, [0.2,0.6], [0.1,0.6], [0.2,0.6]), (¢, [0.2,0.7], [0.3,0.5],

[0.2,0.6]), d([0.2,0.6],[0.3,0.6],[0.2,0.6])}, and B = {((s,a), [0.1,0.4], [0.3,0.6], [0.2,
0.6)), ((a,¢), [0.2,0.6], [0.3,05], [0.2,0.6]), (@ d), [0.2,0.6], [0.3,0.5], [0.2,0.4]),
((w,b), [0.2,0.6], [0.1,0.6], [0.2,0.3]), ((b,c), [0.2,0.4], [0.1,0.2], [0.1,0.3]), ((1775
[0.1,0.3], [0.1,0.2], [0.2,0.4])}, as shown in Fig. 10.
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5(104,0.5],[0.5,0.7).[0.8,0.9)  w(0.6,0.7], (0.4, 0.6], [0.2, 0.3])

¢([0.2,0.7],0.3,0.5],[0.2,0.6]) d([0.2,0.6],0.3,0.6],[0.2,0.6])

Ficure 10. IVN-digraph

We calculate 2-step IVN-in-neighbourhoods as, N5 (s) = {(e, [0.1,0.4], [0.3,0.5],
0.2,0.6]), (d, [0.1,0.4], [0.3,0.5], [0.2,0.4])} and Ny (w) = {(c, [0.2,0.4], [0.1,0.2],
0.1,0.3]), (d, [0.1,0.3], [0.1,0.2], [0.2,0.3])}.

Definition 2.33. Suppose 8 = (4, ﬁ) is an IVN-digraph. The m-step IVNC-
graph of IVN-digraph @ is denoted by C,, (8) = (A, B) which has same IVN-set
of vertices as in G and has an edge between two vertices s, w € X in C,,(G) if and
only if (N} (s) NN (w)) is a non-empty IVN-set in G. The interval-valued truth-
membership value of edge (s, w) in (Cm(a) is th (s, w) = [tY (s) Aty (w)]h: (N (s) N
N (w)), and t%(s, w) = [t%(s) A t%(w)|hY (N}, (s) N N} (w)), the interval-valued
indeterminacy-membership value of edge (s, w) in C,,,(G) is il (s, w) = [i4(s) A
iy (w)]h5(NF, (s) NN (w)), and (s, w) = [i4(s) A ity (w)]hg (N, (s) VNG (w)), the
interval-valued falsity-membership value of edge (s, w) in C,,(G) is fh(s, w) =
1[\{%((8))? Fa()IP5 (NS (s) N N (w), and fi(s, w) = [f4(s) A fa(w)]hE (N (s) N
(w)).

The 2—step IVNC-graph is illustrated by the following example.

Example 2.34. Consider an IVN-digraph G = (A4, g) on X = {s,w,a,b,c,d}, such
that A = {(s, [0.4,0.5], [0.5,0.7], [0.8,0.9]), (w, [0.6,0.7], [0.4,0.6], [0.2,0.3]), (a,
[0.2,0.6], [0.3,0.6], [0.2,0.6]), (b, [0.2,0.6], [0.1,0.6], [0.2,0.6]), (¢, [0.2,0.7], [0.3,0.5],
[0.2,0.6]), d([0.2,0.6],[0.3,0.6], [0.2,0.6])}, and B = {((s,a), [0.1,0.4], [0.3,0.6], [0.2,

0.6)), ((a,¢), [0.2,0.6], [0.3,0.5], [0.2,0.6]), (@ d), [0.2,0.6], [0.3,0.5], [0.2,0.4]),
((w,b), [0.2,0.6], [0.1,0.6], [0.2,0.3]), ((b,c), [0.2,0.4], [0.1,0.2], [0.1,0.3]), (@%
[0.1,0.3], [0.1,0.2], [0.2,0.4])}, as shown in Fig. 11.
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5(10-4,0.5],[0.5,0.7),[0.8,0.9])  w([0.6,0.7], 0.4, 0.6, [0.2, 0.3])

¢([0.2,0.7],[0.3,0.5], (0.2, 0.6]) d([0.2,0.6], [0.3,0.6],[0.2,0.6])
F1Gure 11. IVN-digraph

We calculate NJ (s) = {(c, [0.1,0.4], [0.3,0.5], [0.2,0.6]), (d, [0.1,0.4], [0.3,0.5],

[0.2,0.4])} and NJ (w) = {(c, [0.2,0.4], [0.1,0.2], [0.1,0.3]), (d, [0.1,0.3], [0.1,0.2],

[0.2,0.3])}. Therefore, NJ(s) N N (w) = {(e, [0.1,0.4], [0.1,0.2], [0.2,0.6]), (d,

[0.1,0.3], [0.1,0.2], [0.2,0.4])}. Thus, ti(s, w) = 0.04, t%(s, w) = 0.20, is(s,

w) = 0.04, i%(s, w) = 0.12, fL(s, w) = 0.04 and f¥(s, w) = 0.12. This graph
is depicted in Fig. 12.

5([0.4,0.5],[0.5,0.7],[0.8,0.9]) w([0.6,0.7],0.4,0.6], 0.2, 0.3])
[ 4 @

([0.04,0.20], [0.04,0.12], [0.04,0.12])

a((0.2,0.6], [0.3, 0.6], [0.2, 0.6]) 6([0-2,0.6], 0.1, 0.6}, [0.2, 0.6])
[ J [ ]

® o
¢([0.2,0.7],[0.3,0.5], 0.2, 0.6]) d([0.2,0.6],0.3,0.6], 0.2, 0.6])
FIGURE 12. 2-Step IVNC-graph

If a predator s attacks one prey w, then the linkage is shown by an edge (s, w
in an IVN-digraph. But, if predator needs help of many other mediators s1, sg, ...,
Sm—1, then linkage among them is shown by interval-valued neutrosophic directed
path ?’S"w in an IVN-digraph. So, m-step prey in an IVN-digraph is represented by
a vertex which is the m-step out-neighbourhood of some vertices. Now, the strength
of an IVNC-graphs is defined below.

Definition 2.35. Let G = (A, g) be an IVN-digraph. Let w be a common ver-

tex of m-step out-neighbourhoods of vertices s1, s, ..., s;. Also, let Elz(ul,vl),
— = —
Elz(umvg), .., Bi(up,v,) and BY(u1,v1), BY(uz,v2), ..., BY(ur,v,) be the mini-

mum interval-valued truth-membership values, B (u1,v1), By(uz,v2),. .., Bs(tr, vr)

— — —
and BY(u1,v1), BY(u2,v2), ..., BY(u,,v,) be the minimum indeterminacy-membership
116
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values, Eg(ul, v1), fi(ug,vg), A f?;(ur, vy) and Fg(ul,vl), f?}}(ug,vg), A ﬁ(um

vr) be the maximum false-membership values, of edges of the paths P! ,, PT

5w respectively. The m-step prey w € X is strong prey if

a(ui,vi) > 0.5, f?;(ui,vi) > 0.5, f?;(ui,vi) < 0.5,
— — — ,
Bi(us,v;) > 0.5, By (us,v;) >0.5, Bf(u,v;) <05, foralli=1,2,... 7

The strength of the prey w can be measured by the mapping S : X — [0, 1], such
that:

S(w) =3{ S Bl s 0] + S Bl 0] + 3 1Bl (s 01)]

" =1 =1 i=1
+ (B )] (Bl )] - Z[Eg’mvm}.

Example 2.36. Consider an IVN-digraph 8 = (4, B) as shown in Fig. 11, the
strength of the prey c is equal to

(0.240.2) + (0.6 +0.4) + (0.1 +0.1) + (0.6 + 0.2) — (0.2 4+ 0.1) — (0.3 + 0.3)
2

=15
> 0.5.

Hence, c is strong 2-step prey.

We state the following theorem without its proof.

Theorem 2.37. If a prey w of ¢ = (A, g) is strong, then the strength of w,
S(w) > 0.5.

Remark 2.38. The converse of the above theorem is not true, i.e. if S(w) > 0.5,
then all preys may not be strong. This can be explained as:

Let S(w) > 0.5 for a prey w in G. So,

T

S(w) =3{ S B s 0] + 3B s, 0)] + 3 Bl v0)

" =1 i=1
+ (B )]~ (Bl )] - Z[Eﬁ(uuvm}.

Hence,
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This result does not necessarily imply that

M

a(uivvi> > 055 E;(uivvl) > 057 3( ivv’i) < 055
— — ,
B (ui,v;) > 0.5,  By(u;,v;) > 0.5, Bi(u;,v;) <05, foralli=1,2,...,r

P

Sryw?

l

Since, all edges of the directed paths ? ?’”

T SO U are not strong. So,

the converse of the above statement is not true i.e., if S(w) > 0.5, the prey w of
may not be strong. Now, m-step interval-valued neutrosophic neighbouhood graphs
are defines below.

Definition 2.39. The m-step IVN-out-neighbourhood of vertex s of an IVN-digraph
G = (A, B) is IVN-set

Nim(s) = (X, [ts, 8], [i5, i8], [fS, f31),  where
X, = {w| there exists a directed interval-valued neutrosophic path of length m from
s tow, P}, ¢ — [0, 1], % : Xy — [0, 1], i, : X5 — [0, 1], % : X5 — [0, 1],
fl — [0, 1] f : X5 — [0, 1], are defined by . = min{#!(s, 52), (s1, $2) is
an edge of P}, t% = min{t"(s1, s2), (s1, s2) is an edge of P}, il = min{i'(sy,

s2), (s1, s2) is an edge of P, }, iy = min{%“(s1, s2), (81, $2) is an edge of ngw},
fL=min{f!(s1, s2), (51, 52) is an edge of P} f = min{ f*(s1, s2), (51, s2) is an
edge of P, }, respectively.

Deﬁnltlon 2.40. Suppose G = (A, B) is an IVN-graph. Then m-step interval-
valued neutrosophic neighbouhood graph N,,(G) is defined by N,,(G) = (4, B)
where A — (AL, AY], [Ab, AY], [AL, A%)), B — ((BL, BY], (B, BY), (B4, By,
Bl: X xX—=1[0,1],B: XxX—=10,1,B,: X xX —10,1], BY : X x X = [0,
1], BL: X x X - [0, 1], and BY : X x X — [0, —1] are such that:

[0,
Bi(s,w) = Aj(s) A A (w)hi (Nin(s) NN (w)),
By (s,w) = Aj(s) A A (w)hy(Nin(s) NN (w)),
Bi(s,w) = Aj(s) A Ay (w)h (N () N Niy (w),
Bi(s,w) = A{ (s) A Af (w)hi (Nin (8) 1 N (),
By (s,w) = A5 (s) A A3 (w)h (Nin (8) 1 N (),
Bl (s,w) = A%(s) A A% (w)hY (N, (s) NN,y (w)), respectively.

We state the following theorems without thier proofs.
Theorem 2.41. If all preys ofa = (4, ﬁ) are strong, then all edges of (Cm(a) =
(A, B) are strong.

A relation is established between m-step IVNC-graph of an IVN-digraph and
IVNC-graph of m-step IVN-digraph.
Theorem 2.42. If 8 is an IVN-digraph and G, is the m-step IVN-digraph of 8,
then C(G ) = Cm(C).
Theorem 2.43. Let ¢ = (A, ﬁ) be an IVN-digraph. If m > |X| then (Cm(a) =

(A, B) has no edge.
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Theorem 2.44. If all the edges of IVN-digraph 8 = (4, ﬁ) are independent strong,
then all the edges of C,,(G) are independent strong.

3. CONCLUSIONS

Graph theory is an enjoyable playground for the research of proof techniques in
discrete mathematics. There are many applications of graph theory in different fields.
We have introduced IVNC-graphs and k-competition IVN-graphs, p-competition
IVN-graphs and m-step IVNC-graphs as the generalized structures of IVNC-graphs.
We have described interval-valued neutrosophic open and closed-neighbourhood.
Also we have established some results related to them. We aim to extend our
research work to (1) Interval-valued fuzzy rough graphs; (2) Interval-valued fuzzy
rough hypergraphs, (3) Interval-valued fuzzy rough neutrosophic graphs, and (4)
Decision support systems based on IVN-graphs.

Acknowledgment: The authors are thankful to Editor-in-Chief and the referees
for their valuable comments and suggestions.
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