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Abstract 

The aim of this paper is to generalize the neutrosophic AH-isometry into the system of refined neutrosophic 

numbers, where it presents an isometer between the refined neutrosophic space with one/two neutrosophic 

dimensions and the cartesian product of classical Euclidean spaces.Also, many refined neutrosophic geometrical 

surfaces such as refined circles and lines will be handled according to the isometry.  
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isometry 

1.Introduction 

Neutrosophic logic is a generalization of intuitionistic fuzzy logic by adding an indeterminacy   with property 

 =   . 

On the other hand, neutrosophic sets played an interesting role in pure mathematics such as topology and 

analysis [3], spaces [1], and algebraic structures [2-12]. 

Neutrosophic spaces theory began with Agboola et.al [8,9], where they studied neutrosophic vector spaces and 

their properties. 

In [26] the concept of the neutrosophic plane with   neutrosophic dimensions is obtained. In addition, Euclidean 

geometric concepts are extended neutrosophically such as neutrosophic distance, neutrosophic midpoint, 

neutrosophic vectors, neutrosophic circles, and lines. 

This work finds an isometry between the real refined neutrosophic space and the Cartesian product of classical 

Euclidean spaces, which means that the foundations and laws of refined neutrosophic geometry will be 

established. 

 2. Preliminaries 

Definition 2.1: The refined neutrosophic real number has the form              where            are 

real numbers. (We write the refined neutrosophic numbers by the previous form instead of the equivalent form 

             ) 

Remark 2.2 :                          

Definition 2.3:  

Let        )  {                        } be the refined neutrosophic field, we say 

                          if and only if       ,                   and  

           . 
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Theorem2.4:  

The previous relation is a partial order relation (reflexive, anti-symmetric, and transitive). 

3. Main concepts and results 

In the beginning, we will define some basic concepts in refined neutrosophic real numbers, hence we will study 

its relation with classical real numbers. 

Remark 3.1: 

According to Theorem 2.4, we can define positive refined neutrosophic real numbers as follows. 

                         implies that     ,           ,       . 

Absolute value on        ) can be defined as follows: 

|            |  |  |  [|        |  |     |]   [|     |  |  |]  , we can see that 

|            |   . (Under the defined partial order relation). 

We can compute the square root of a refined neutrosophic positive real number as follows: 

√             √   [√         √     ]   [√      √  ]  . 

It is clear that (√   [√         √     ]   [√      √  ]  )
 
              and 

√              . 

Example 3.2: 

            is a refined neutrosophic positive real number, since. 

   ,       )     ,        . 

              , that is because    ,       )        )   , and 

    )        )   . 

 |          |  |  |  [|      |  |    |]   [|    |  |  |]           

 √        √  [√  √ ]   [√  √ ]   √  [  √ ]   [√  √ ]   

Definition 3.3: 

We define the refined neutrosophic plane with N neutrosophic dimensions (N-dimensions) as follows: 

       )         )         )    ⏟
       

        )  
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Example 3.4: 

       )  {                        } is a refined neutrosophic plane with one N-dimension. 

       )
  {                          )                     } is a refined neutrosophic plane 

with two N-dimension. 

In the following, we will focus on the case of two N-dimensional refined neutrosophic plane. 

Definition 3.5: 

Let                            ),                          ) be two refined neutrosophic 

points form        )
 , we define: 

  ⃗⃗⃗⃗  ⃗   [            ]  [           ] [            ]  [            ]), is called a refined 

neutrosophic vector with two N-dimensions. 

Definition 3.6: Let  ⃗                            ) be a refined neutrosophic vector, we define its 

norm as follows: 

‖ ⃗ ‖  √             )
               )

 . 

It easy to see that ‖ ⃗ ‖   , according to remark 3.3. 

Definition 3.7: Let          )
         )

 ,         be the refined neutrosophic plane with two N-

dimensions and Cartesian product of the classical Euclidean space    with  itself respectively, we define the 

refined AH-isometry map as follows: 

                                 )  (                  )                   )) 

We can define the refined one-dimensional AH-isometry between        ) and the space       as follows: 

         )                   )                    ) 

Remark 3.8:The refined one-dimensional AH-isometry is an algebraic isomorphism between       ) and 

     . 

Proof. 

Let                                 be two refined neutrosophic real numbers, then. 

       )    [     ]  [     ]   [     ]  ) 

                                     ) 

                   )                    ) 

               )                )      )      ). 

       )   (             )              )) 

        [                        ]   [              ]  ) 

                                                                       ) 

                   )                   ) 

               )               )      )     ). 

  is a correspondence one-to-one, that is because      )  { }, and for every 

         )       ,there exists       [     ])         )          )such that    )  
         ). 

Thus,   is isomorphism. 
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Theorem 3.9: 

Let                                  )  (                  )                 

  )) be the refined AH-isometry defined abobe, we have: 

(a).  preserves addition operation between vectors. 

(b).   preserves distances between points. 

(c).   is a bijection one-to-one between   and  . 

(d). Multiplying a refined neutrosophic vector by a refined neutrosophic real number is preserved up to refined 

AH-isometry, i.e. 

The direct image of a refined neutrosophic vector multiplied by a refined neutrosophic real number is exactly 

equal to its refined AH- isometric image multiplied by the one-dimensional refined AH- isometric image of the 

corresponding refined neutrosophic real number. 

Proof. 

(a). Let  ⃗                            )                             ) be two refined 

neutrosophic vectors, we have. 

   ⃗    )    [     ]  [     ]   [     ]   [     ]  [     ]   [     ]  ) 

 (                                    )                               

      )) 

 (                  )                   ))  (                  )           

        ))     ⃗ )      ). 

.(b). We must prove that the norm of the classical vector    )⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗, is exactly equal to the refined one- dimensional 

isometric image of the norm of the neutrosophic vector  ⃗ . 

‖   ⃗ )‖  (  
    

           )
           )

        )
        )

 ) 

Now, 

‖ ⃗ ‖               )
               )

  (  
    

  (  
    

                    

     )   (  
    

             )  ). 

  ‖ ⃗ ‖ )  (  
    

    
    

    
    

                            
    

        

        
    

    
    

             )  (  
    

           )
           )

      

  )
        )

 )  ‖   ⃗ )‖ . 

(c).Let                                                                

Suppose that        )         ), hence 

(                  )                   ))  (                  )           

        )), thus 

                                                                  
     , so                                    , so   is surjective. 

It is clear that   is injective, thus it is a bijection. 

(d).Consider the following refined vector  ⃗                            ) with the following refined 

neutrosopjic real number               , we have. 

  ⃗               )                          ) 

  ⃗  (             )             )              )             )) 
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  ⃗  (                              )                  )                    

              )                  )  )). 

    ⃗ )  (                                                                  

    )                                                                       )). 

    ⃗ )                    )(                  )                   )) 

    ⃗ )                )                            ) 

    ⃗ )     )    ⃗ ). 

Definition 3.10: (refined neutrosophic circle) 

Let                            ) be a fixed refined neutrosophic point, we define the refined 

neutrosophic circle with center   and radius                  to be the set of all two N-dimensional 

points      )                             ); dist    )   . 

Theorem 3.11: 

Let                            ) be a fixed refined neutrosophic point,                be a 

refined neutrosophic real positive number, we have: 

(a). The equation of the refined circle with center   and radius   is: 

   [            ]  [            ])
   [            ]  [            ])

    . 

(b). The previous refined neutrosophic circle is equivalent to the following direct product of three classical 

circles. 

          )
        )

    
 . 

     [        ]  [        ])
   [        ]  [        ])

           )
 . 

      [     ]  [     ])
   [     ]  [     ])

        )
 . 

Proof. 

(a). By using the neutrosophic distance form defined above, we get: 

 [            ]  [            ])
   [            ]  [            ])

     

(b). To obtain the classical equivalent geometrical systems of the refined neutrosophic circle, it is sufficient to 

take its refined AH-isometric image as follows: 

   [            ]  [            ])
   [            ]  [            ])

 )      ) hence. 

       )
   [        ]  [        ])

   [     ]  [     ])
 )         )

   [        ]  
[        ])

   [     ]  [     ])
 )     

           )
        )

 ). 

Thus, we get: 

          )
        )

    
 . 

     [        ]  [        ])
   [        ]  [        ])

           )
 . 

      [     ]  [     ])
   [     ]  [     ])

        )
 . 

Example 3.12: 

Consider the following refined neutrosophic circle: 

     [       ])
     [        ])

          )
  

It is equivalent to the direct product of the following three classical circles: 

         )       )    
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     [        ]   )   [        ]   )    

      [     ]  [  ])   [     ]   )     

Definition 3.13: (refined neutrosophic line) 

We define the refined neutrosophic line by the set of all two N-dimensional points     ) with the property 

                                                                 
                   . 

Theorem 3.14: 

Let           be an equation of a refined neutrosophic line  , this line is equivalent to the direct 

product of the following three classical lines. 

                  

             )         )           )         )           )    

          )      )        )      )        )    

Proof. 

By taking the refined AH-isometric image to the equation          , we get the proof. 

Example 3.15: 

Consider the following refined neutrosophic line: 

            )           )          )    

It is equivalent to the direct product of the following three classical lines: 

              . 

              )           )     . 

            )         )     . 

Remark 3.16: 

The inverse map of the two dimensional AH-isometry is: 

                 )         )  
  (      )       ))     [   ]   [   ]     [   ]   

[   ]  ). 

The inverse of two N-dimensional AH-isometry can be used to turn any point from the classical Euclidean space 

      into the refined neutrosophic equivalent point. 

Conclusion 

In this paper, we have defined the refined AH-isometry between a refined neutrosophic space with two 

dimensions and the Cartesian product of two classical spaces. Also, we have used this isometry to find the 

classical geometrical structure of  refined neutrosophic circle and refined neutrosophic line, where we proved 

that a refined neutrosophic circle is equivalent to three classical circles, and the refined neutrosophic line is  

equivalent to three classical lines. 

As a future research direction, we aim to find the isometry that describes the refined neutrosophic spaces with 

three dimensions. 

References 

[1] J. Anuradha and V. S, "Neutrosophic Fuzzy Hierarchical Clustering for Dengue Analysis in Sri Lanka," 

Neutrosophic Sets and Systems, vol. 31, pp. 179-199, 2020. 

https://doi.org/10.54216/GJMSA.020103


Galoitica Journal Of Mathematical Structures And Applications (GJMSA)            Vol. 02, No. 01, PP. 21-28, 2022 

Doi : https://doi.org/10.54216/GJMSA.020103    
Received: March 16, 2022  Accepted: July 09, 2022 

 
 

27 

[2]A. Chakraborty, B. Banik, S. P. Mondal, and S. Alam, " Arithmetic and Geometric Operators of Pentagonal 

Neutrosophic Number and its Application in Mobile Communication Service-Based MCGDM Problem," 

Neutrosophic Sets and Systems, vol. 32, pp. 61-79, 2020. 

[3]S. K. Patro and F. Smarandache, "THE NEUTROSOPHIC STATISTICAL DISTRIBUTION, MORE 

PROBLEMS, MORE SOLUTIONS," Neutrosophic Sets and Systems, vol. 12, pp. 73-79, 2016. 

[4] Abobala, M., Ziena, B,M., Doewes, R., and Hussein, Z., "The Representation Of Refined Neutrosophic 

Matrices By Refined Neutrosophic Linear Functions", International Journal Of Neutrosophic Science, 2022. 

[5] Abobala, M., Bal, M., Aswad, M., "A Short Note On Some Novel Applications of Semi Module 

Homomorphisms", International journal of neutrosophic science, 2022. 

[6] Abobala, M., Hatip, A., Bal,M.," A Study Of Some Neutrosophic Clean Rings", International journal of 

neutrosophic science, 2022. 
[7] Hatip, A., "Neutrosophic Special Functions", International Journal of Neutrosophic Science, 

[8] Alhamido, R., and Gharibah, T., "Neutrosophic Crisp Tri-Topological Spaces", Journal of New Theory, Vol. 

23, pp.13-21, 2018. 

[9]Agboola, A.A.A,. and Akinleye, S.A,. "Neutrosophic Vector Spaces", Neutrosophic Sets and Systems, Vol. 4, 

pp. 9-17, 2014. 

[10] Abobala, M., "On The Characterization of Maximal and Minimal Ideals In Several Neutrosophic Rings", 

Neutrosophic Sets and Systems, Vol. 45, 2021. 

[11]Hatip, A., and Olgun, N., " On Refined Neutrosophic R-Module", International Journal of Neutrosophic 

Science, Vol. 7, pp.87-96, 2020. 

[12] Ibrahim, M., and Abobala, M., "An Introduction To Refined Neutrosophic Number Theory", Neutrosophic 

Sets and Systems, Vol. 45, 2021.  

 [13] G. Shahzadi, M. Akram and A. B. Saeid, "An Application of Single-Valued Neutrosophic Sets in Medical 

Diagnosis," Neutrosophic Sets and Systems, vol. 18, pp. 80-88, 2017. 

[14]. Abobala, M., "Neutrosophic Real Inner Product Spaces", Neutrosophic Sets and Systems, Vol. 43, 2021.  

[15] T.Chalapathi and L. Madhavi,. "Neutrosophic Boolean Rings", Neutrosophic Sets and Systems, Vol. 33, pp. 

57-66, 2020. 

[16] Ibrahim, M.A., Agboola, A.A.A, Badmus, B.S., and Akinleye, S.A., "On refined Neutrosophic Vector 

Spaces I", International Journal of Neutrosophic Science, Vol. 7, pp. 97-109, 2020. 

[17] Ibrahim, M.A., Agboola, A.A.A, Badmus, B.S., and Akinleye, S.A., "On refined Neutrosophic Vector 

Spaces II", International Journal of Neutrosophic Science, Vol. 9, pp. 22-36, 2020. 

[18] Olgun, N., Hatip, A., Bal, M., and Abobala, M., " A Novel Approach To Necessary and Sufficient 

Conditions For The Diagonalization of Refined Neutrosophic Matrices", International Journal of neutrosophic 

Science, Vol. 16, pp. 72-79, 2021. 

[19] Abobala, M., Hatip, A., and Bal, M., " A Review On Recent Advantages In Algebraic Theory Of 

Neutrosophic Matrices", International Journal of Neutrosophic Science, Vol.17, 2021.  

[20] Olgun, N., and Khatib, A., "Neutrosophic Modules", Journal of Biostatistic and Biometric Application", 

Vol. 3, 2018. 

[21] W. B. V. Kandasamy and F. Smarandache, Neutrosophic Rings, Hexis, Phoenix, Arizona: Infinite Study, 

2006. 

[22] F. Smarandache, Introduction to Neutrosophic Statistics, USA: Sitech & Education Publishing, 2014. 

[23] F. Smarandache, "Neutrosophic Set a Generalization of the Intuitionistic Fuzzy Sets," Inter. J. Pure Appl. 

Math., pp. 287-297, 2005. 

[24]Abobala, M., " Semi Homomorphisms and Algebraic Relations Between Strong Refined Neutrosophic 

Modules and Strong Neutrosophic Modules", Neutrosophic Sets and Systems, Vol. 39, 2021. 

https://doi.org/10.54216/GJMSA.020103


Galoitica Journal Of Mathematical Structures And Applications (GJMSA)            Vol. 02, No. 01, PP. 21-28, 2022 

Doi : https://doi.org/10.54216/GJMSA.020103    
Received: March 16, 2022  Accepted: July 09, 2022 

 
 

28 

[25] M. Ali, F. Smarandache, M. Shabir and L. Vladareanu, "Generalization of Neutrosophic Rings and 

Neutrosophic Fields," Neutrosophic Sets and Systems, vol. 5, pp. 9-14, 2014. 

[26]  Mohammad Abobala, Ahmad Hatip, "An Algebraic Approach to Neutrosophic Euclidean Geometry," 

Neutrosophic Sets and Systems, pp. 114-123, 1 Jun 2021.  

 

 

 

 

 

 

https://doi.org/10.54216/GJMSA.020103

