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§1. Introduction

In 2003, Shaikh [14] has first developed and studied the structure of Lorentzian concircular

structure manifolds (briefly (LCS)n-manifolds) with several examples, which generalizes the

concept of LP-Sasakian manifolds given by Matsumoto [9] and by Mihai and Rosca [10]. Later

on Shaikh et al., [16] proved the existence of φ-recurrent (LCS)n-manifolds. Recently the same

author studied invariant submanifolds of (LCS)n-manifolds. The notion of (LCS)n-manifolds

have been intensively studied by several geometers such as Hui and Atceken [7], Prakasha [13],

Venkatesha et. al., [28] and many others.

A transformation of an n-dimensional Riemannian manifold M , which transforms every

geodesic circle of M into a geodesic circle is called a concircular transformation [31]. A con-

circular transformation is always a conformal transformation [8]. An invariant of a concircular

transformation is the concircular curvature tensor C given by [31]

C(X,Y )U = R(X,Y )U − r

n(n− 1)
[g(Y, U)X − g(X,U)Y ]. (1.1)
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Now we can easily obtained From (1.1) that

(∇WC)(X,Y )U = (∇WR)(X,Y )U − dr(W )

n(n− 1)
[g(Y,U)X − g(X,U)Y ]. (1.2)

The study of torseforming vector field has a long history starting in 1925 by the work of

Brinkmann [6], Shirokov [17] and Yano [30, 31]. Torseforming vector field in a Riemannian

manifold has been introduced by Yano in 1944 [30] and the complex analogue of a torseforming

vector field was introduced by Yamaguchi [29] in 1979. The geometry of torseforming vector

field in a Riemannian manifold with different structures have been studied extensively by many

geometers such as Bagewadi et. al., [5].

The paper is organized in the following way: In Section 2, we recall the basic definitions

and formulas of (LCS)n-manifold needed throughout the paper. The next Section is devoted

to the study of (LCS)n-manifold admitting unit torseforming vector field. Here we have shown

that an (LCS)n-manifold admits a concircular vector field. In Section 4, we consider globally

φ-Concircularly symmetric (LCS)n-manifold. Thus, we have obtain that the manifold is of

constant scalar curvature provided 2αρ = β.

For readers who are unfamiliar with terminology, notations, recent overviews and intro-

ductions, we suggest the auhthors to refer the papers [1, 2, 3, 4, 11, 12, 18, 19, 20, 21, 22, 23,

24, 25, 26, 27].

§2. Preliminaries

An n-dimensional Lorentzian manifold M is a smooth connected paracompact Hausdorff man-

ifold with a Lorentzian metric g, that is, M admits a smooth symmetric tensor field g of type

(0, 2) such that for each point p ∈ M , the tensor gp : TpM × TpM → R is a non-degenerate

inner product of signature (−,+, · · · ,+), where TpM denotes the tangent vector space of M

at p and R is the real number space.

A Lorentzian manifold endowed with a unit timelike concircular vector field ξ, called the

characteristic vector field of the manifold, gives

g(ξ, ξ) = −1. (2.1)

Since ξ is a unit concircular vector field, there exists a non-zero 1-form η such that

g(V, ξ) = η(X), (2.2)

from which the following equation holds

(∇Uη)(V ) = α[g(U, V ) + η(U)η(V )], (α 6= 0) (2.3)

for all vector fields U, V , where ∇ denotes the operator of covariant differentiation with respect
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to Lorentzian metric g and α is a non-zero scalar function satisfying

∇V α = (V α) = dα(V ) = ρη(V ), (2.4)

ρ being a certain scalar function given by ρ = −(ξα). If we put

φV =
1

α
∇V ξ, (2.5)

then from (2.3) and (2.4), we have

φV = V + η(V )ξ, (2.6)

from which it follows that φ is a symmetric (1, 1) tensor field. Thus the Lorentzian manifold M

together with the unit timelike concircular vector field ξ, its associated 1-form η and (1, 1) tensor

field φ is said to be a Lorentzian concircular structure manifold (briefly (LCS)n-manifold) [14].

In a (LCS)n-manifold, the following relations hold ([14, 15]):

η(ξ) = −1, φξ = 0, η(φV ) = 0, (2.7)

g(φU, φV ) = g(U, V ) + η(U)η(V ), (2.8)

R(U, V )W = (α2 − ρ)[g(V,W )U − g(U,W )V ], (2.9)

S(U, ξ) = (n− 1)(α2 − ρ)η(U), (2.10)

S(φU, φV ) = S(U, V ) + (n− 1)(α2 − ρ)η(U)η(V ), (2.11)

Qξ = (n− 1)(α2 − ρ)ξ. (2.12)

for any vector fields U, V,W, where R,S denote respectively the curvature tensor and the Ricci

tensor of the manifold.

§3. Torseforming Vector Field in a (LCS)n-Manifold

Definition 3.1 A vector field γ on a Riemannian manifold is said to be torseforming vector

field if the 1-form ω(V ) = g(V, γ) satisfies the equation of the form

(∇Uω)(V ) = βg(U, V ) + π(U)ω(V ), (3.1)

where β is a non-vanishing scalar and π is a non zero 1-form given by π(V ) = g(V, P ).

Let us consider an (LCS)n manifold admitting a unit torseforming vector field γ̃ corre-

sponding to the torseforming vector field γ. Suppose g(V, γ̃) = T (V ), then we have

T (V ) =
ω(V )√
ω(γ)

. (3.2)



(LCS)n-Manifold Endowed With Torseforming Vector Field and Concircular Curvature Tensor 41

Now by considering the relation (3.1), we have

(∇Uω)(V )√
ω(γ)

=
β√
ω(γ)

g(U, V ) +
π(U)√
ω(γ)

ω(V ).

Using (3.2) in the above equation, we obtain

(∇UT )(V ) = ag(U, V ) + π(U)T (V ), (3.3)

where a = β√
ω(γ)

.

Plugging Y = γ̃ in (3.3) and using T (γ̃) = g(γ̃, γ̃) = 1, we get

π(U) = −aT (U), (3.4)

and hence relation (3.3) can be written in the form

(∇UT )(V ) = a[g(U, V )− T (U)T (V )], (3.5)

which implies that T is closed.

Taking covariant differential of (3.5) with respect to W and using Ricci identity, we get

−T (R(U, V )W ) = (Ua)[g(V,W )− T (V )T (W )]

−(V a)[g(U,W )− T (U)T (W )]

+a2[g(V,W )T (U)− g(U,W )T (V )]. (3.6)

Replacing W = ξ in (3.6) and then by considering (2.5), we obtain

−(α2 − ρ)T (η(V )U − η(U)V ) = (Ua)[η(V )− T (V )T (ξ)]

−(V a)[η(U)− T (U)T (ξ)]

+a2[η(V )T (U)− η(U)T (V )]. (3.7)

Again, replacing U = γ̃ in (3.7) and since T (γ̃) = g(γ̃, γ̃) = 1, we have

(α2 − ρ+ a2 + γ̃a)[η(V )− η(γ̃)T (V )] = 0. (3.8)

Thus, we can state the following result.

Theorem 3.1 If a (LCS)n-manifold endowed with a unit torseforming vector field γ̃, then the

following conditions are occur:

η(V )− η(γ̃)T (V ) = 0, (I)

(α2 − ρ+ a2 + γ̃a) = 0. (II)
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We first begin with the case where the condition (I) holds true, from which it follows that

η(V ) = η(γ̃)T (V ).

Plugging V = ξ in above equation, gives

η(ξ) = η(γ̃)
2
,

and thus η(γ̃) = ±
√
−1, since η(ξ) = −1, we get

η(V ) = ±
√
−1T (V ). (3.9)

Using (3.9) in (2.3) and by virtue of (3.5), we have

α[g(U, V )− T (U)T (V )] = ±
√
−1a(g(U, V )− T (U)T (V )).

This implies that a = ±
√
−1α and hence the expression (3.4) reduces to

π(V ) = ±
√
−1αT (V ). (3.10)

If we consider α = 1, above equation yields

π(V ) = ±
√
−1T (V ). (3.11)

Since T is closed, π is also closed. Hence we can state the following result.

Lemma 3.1 In an (LCS)n-manifold satisfying condition (I), the unit torseforming vector field

γ̃ reduces to cocircular vector field provided the manifold becomes LP Sasakian Structure.

Next, we claim that the case where the condition (II) holds true, then the case (I) does

not occur. That is, it follows that

η(V )− η(γ̃)T (V ) 6= 0. (3.12)

Now it can be easily obtained from (3.6) that

−(α2 − ρ)T (QU) = (n− 1)aU − (aU) + (γ̃a)T (U) + a2(n− 1)T (U). (3.13)

By considering U = ξ in (3.13) and making use of (2.10), we obtain

aξ = −(α2 − ρ+ a2)η(γ̃). (3.14)

Plugging V = ξ in (3.7) and in the view of (3.14) and T (ξ) = η(γ̃), we get

aU = −(α2 − ρ+ a2)T (U). (3.15)
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Now it can be seen from (3.4) that

V π(U) = −[(V a)T (U) + a(V T (U))].

By considering the equation (3.15), we follows that

V π(U) = −[−(α2 − ρ+ a2)T (V )T (U) + a(V T (U))], (3.16)

Uπ(V ) = −[−(α2 − ρ+ a2)T (U)T (V ) + a(UT (V ))] (3.17)

from which we can easily obtained that

π([U, V ]) = −aT ([U, V ]). (3.18)

Now by using (3.16), (3.17) and (3.18), we have

(dπ)(U, V ) = −a[(dT )(U, V )].

Since T is closed, π is also closed. Hence we can state that

Lemma 3.2 In an (LCS)n-manifold satisfying condition (II), the unit torseforming vector

field γ̃ reduces to cocircular vector field.

§4. Globally φ-Concircularly Symmetric (LCS)n-Manifold

Definition 4.1 An (LCS)n-manifold M is said to be globally φ-concirularly symmetric if the

concircular curvature tensor C satisfies

φ2((∇XC)(U, V )W ) = 0,

for all vector fields X,U, V,W ∈ χ(M).

IfX,U, V andW are horizontal vector fields then the manifold is called locally φ-concircularly

symmetric.

Let us consider an globally φ-concircularly symmetric (LCS)n-manifold, then we have

φ2((∇XC)(U, V )W ) = 0. (4.1)

Using (2.6) in equation (4.1), gives

(∇XC)(U, V )W + η((∇XC)(U, V )W )ξ = 0,
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from which it follows that

g((∇XR)(U, V )W,Y )− drX

n(n− 1)
[g(V,W )g(U, Y )− g(U,W )g(V, Y )]

+η((∇XR)(U, V )W )η(Y )− drX

n(n− 1)
[g(V,W )η(U)− g(U,W )η(V )]η(Y ) = 0. (4.2)

Plugging U = Y = ei, where ei is an orthonormal basis and taking summation over i, we

get

(∇XS)(V,W ) − drX

n
g(V,W ) + η((∇XR)(ei, V )W )η(ei)

+
drX

n(n− 1)
[g(V,W ) + η(V )η(W )] = 0.

Considering W = ξ in the above equation, gives

(∇XS)(V, ξ)− drX

n
η(V ) + η((∇XR)(ei, V )ξ)η(ei) = 0. (4.3)

By considering the expression

η((∇XR)(ei, V )ξ)η(ei) = g((∇XR)(ei, V )ξ, ξ)g(ei, ξ). (4.4)

Now above equation takes the form

g((∇XR)(ei, V )ξ, ξ) = g(∇XR(ei, V )ξ, ξ)− g(R(∇Xei, V )ξ, ξ)

−g(R(ei,∇XV )ξ, ξ)− g(R(ei, V )∇Xξ, ξ). (4.5)

Since ei is an orthonormal basis and by virtue of (2.9), we find that

g((∇XR)(ei, V )ξ, ξ) = g(∇XR(ei, V )ξ, ξ)− g(R(ei, V )∇Xξ, ξ), (4.6)

g(∇XR(ei, V )ξ, ξ) + g(R(ei, V )ξ,∇Xξ) = 0. (4.7)

By employing (4.7) in (4.6), gives

g((∇XR)(ei, V )ξ, ξ) = 0. (4.8)

Taking an account of (4.4) and (4.8) in (4.3), turns into

(∇XS)(V, ξ) =
drX

n
η(V ). (4.9)

If we take V = ξ in (4.9), we found that dr(X) = 0. Then, from (4.9), we have∇XS(V, ξ) =

0. This implies that

dr(X) = n(n− 1)(2αρ− β). (4.10)

Next claim that if 2αρ = β, we get dr(X) = 0 and hence the scalar curvature r is constant.



(LCS)n-Manifold Endowed With Torseforming Vector Field and Concircular Curvature Tensor 45

This leads to the result following.

Theorem 4.2 A globally φ-concircularly symmetric (LCS)n-manifold is of constant scalar

curvature provided 2αρ = β.
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