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Abstract: A remarkable connection between the cohomology ring H*(Gr(d,d + r),Z) of
the Grasssmannian Gr(d,d + r) and the lattice points of the dilation rAg of the standard
d-simplex is investigated. The natural grading on the cohomology induces different gradings
of the lattice points of rA,4. This leads to different refinements of the Ehrhart polynomial
La,(7) of the standard d-simplex. We study two of these refinements which are defined by
the weights (1,1,---,1) and (1,2,---,d). One of the refinements interprets the Poincaré
polynomial P(Gr(d,d + r),z) as the counting of the lattice points which lie on the slicing
hyperplanes of the dilation rA,. Therefore, on the combinatorial level the Poincaré polyno-
mial of the Grassmannian Gr(d, d + r) is a refinement of the Ehrhart polynomial La,(r) of

the standard d-simplex Ag.
Key Words: Cohomology ring, Grassmannian, partition, lattice polytope, simplex.
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§1. Introduction

Consider the diagonal sequence Dy of natural numbers realized from Pascal triangle below:
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r:;d) o

d € N, has to do with the counting of the lattice points associated with the dilations rA4 of

One of the combinatorial interpretations of the terms of the sequence D; := (

the standard d-simplex Ay. By the standard d-simplex Ay we mean the convex hull of the set

{0,e1,--- ,eq} where els, 1 < i < d are the standard vectors in R? and 0 is the origin. That is,
d

Ag:=conv(0,er,...,eq) = {x€R:x-¢; >0, Zx-ei <1} (1.1)
i=1

and the dilation rAy, is given by
i={xeR:x-¢ >0, Zx-eigr, r € N} (1.2)
i=1

Lattice points are the points whose coordinates are integers. Asking for the lattice points

on rA, is tantamount to counting the integer solutions for the inequality

d
Zx~ei <r. (1.3)
i=1

The number of lattice points on any given lattice polytope is well known. This is central
theme of Ehrhart polynomials, [3], [6], [10], [11] and [16]. In fact the number of the lattice
points on A, is given by

d
IrAg N ZL,] = (Tji' ) (1.4)
and its generating function by
1 d
P(rAg, 2) ZA z" A= oi where A, = (r; ) (1.5)

On the other hand, Grassmannians are ubiquitous in nature and they constitute one of
the best understood algebraic varieties. They admit algebraic, combinatorial and geometric
structures which are very elegant. Their classical cohomology theory has taken the center stage
in algebraic combinatorics in recent years, see [4], [5], [7] , [8], [9], [10] and [12]. It turns out
that the lattice points on rA, encode some vital information about the indexing partitions of
the Schubert varieties contained in the Grassmannian Gr(d,d + r). This sheds more light on
the cohomology ring of the Grassmannian. It is well known that the multiplicative generators
of the cohomology of the Grassmannian Gr(d, d+r) are given by the special Schubert cycles o,
see [3]. These cycles are indexed by one-row partitions A = (k),1 < k < r and they constitute
the total Chern class of the quotient bundle Q, that is,

Q) =1+og+om+ - +om.g,,

We study the monomials identified with the semi standard tableaux of these one-row Young

diagrams and realize a natural graded polynomial T.(t) called dilation polynomial. This is our
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first refinement of the Ehrhart polynomial La(r) of the standard d-simplex Ag. It comes
with the natural weight (1,1, --,1). The second refinement is the the Poincaré polynomial
P(Gr(d,d + r),z) of the Grassmannian Gr(d,d + r) interpreted as the slicing of rA4 with
hyperplanes with respect to the weight (1,2,...,d). It is interesting to note that the natural
grading on the cohomology of the Grassmannian Gr(d, d + r) induces different gradings of the
lattice points of the dilation rA; which give various refinements of the Ehrhart polynomial
La(r). The paper is a generalisation of the previous studies in [1] and [2]. In section 2,
we introduce a technique of counting lattice points by grading with respect to the weight
a = (1,1,...,1). This is just the slicing of the dilation rAy into parallel regular (d — 1)-
simplices. The The polynomial

e =3 (e o

k=0

refines the Ehrhart polynomial La(r). We give a generating function for such polynomials as r
grows. This grading allows us to establish in Section 3, a bijection between the lattice points of
the dilation rA, and the semi standard tableaux of row Young diagrams indexing the special
Schubert cycles of the Grassmanninan Gr(d,d + r). By using another weight h = (1,2,...,d)
which gives a different slicing of the simplex, we construct a polynomial

PR () = [(k Z d)} for0<k<r (1.7)

which is a z-binomial coefficient. This gives a bijection between the lattice points in rAg4 and
partitions fitting into an r X d rectangle, and establishes that the grading given here to a lattice
point eventually identifies this polynomial with the Poincaré polynomial of the Grassmannian
Gr(d,d +r).

§2. The Dilation Polynomial T,.a,,r > 1

We define the lexicographical order <jex on the set rAg N Zio of lattice points on rAy as
follows: Let a = (a1,--- ,aq) and b = (by,--- ,bq) be any two lattice points in rAg NZ<,. We
say a <jex b if, in the integer coordinate difference a — b € Z%, the leftmost nonzero e_ntry is
negative. As noted earlier, the set rAy N Z<, of lattice points on 7A, is the integer solution
set of the inequality (1.3). It turns out that the upper bound r in (1.3) defines a relation on
the lattice points of the solution set which brings about the disjoint subdivisions of the integer

solution set.

Proposition 2.1 Let a and b be two lattice points in rAg N Z%o such that a <jex b. The

relation a ~ b defined by Zle(ai —b;) =0 is an equivalence relation.

The relation partitions the set rAyzN Z%O into disjoint equivalence classes. Notice that the
integer solution set is complete with respect to the bound r in the sense that the sum of integer
coordinates of the lattice points in rAg N Z%O takes all the values of the integers in the closed
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interval [0, 7]. Completeness is one of the beautiful properties of the standard d-simplex not all
the lattice polytopes enjoy this feature.

Corollary 2.2 Any two lattice points in rAg ﬂZ‘éo belong to the same class if and only if they
share the same sum of their respective integer coordinates.

Corollary 2.3 |[rA;N Z%o/ ~|=r+1.

Proof This follows corollary 2 and the fact that rAy N Z%O is complete
d
rAgNZLo) ~i={ Xy : le =k, 0<k<rVe=(xy, - ,zq) € X3} (2.1)

i=1

and hence, |[rAg N Z‘éo/ ~l=r+1. O
Corollary 2.4 The class of the origin 0 € rAgNZL, is a singleton set.

Proof The class of the origin denoted by X is given by
d
on{gz(x1,~--,xd)erAdﬂZ‘éO:in:O}. (2.2)
i=1

Suppose that there is a lattice point a which belongs to X such that a is not the origin.
Since the origin 0 is <jex than every lattice point a € rAy N Z%O, so, 0 ~ a implies that
Zle (0—a;) < 0, This integer value is not in [0, r], therefore, there is no lattice point rAdﬁZ”éO
which is equivalent to the origin apart from itself hence | Xo| = 1. O

We now compute the size of each of the equivalence classes X} such that 0 < k < r.

Theorem 2.5 Let A =1rAgzN Z‘éo denote the set of lattice points on rAg and let X, C A be
the collection of lattice points whose sum of their integer coordinates is k such that 0 < k <.
Then | X = (*F97h).

d—1
Proof Notice that the chain of the following inclusions
{(0,---,0)} cAgNZLy c 284N ZL - CrANZE,
implies the following chain

AgNZLyCc 20,780 C - CrANZy,.

The subcollection X}, is given by

d
Xk:{£:($1771'd)€¢4 Z:EZ:k’ Oﬁkﬁr},
i=1
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Xo={(0,---,0)} and so | Xj| = 1. Observe that
Xe=kAaNZL/(k—1)AaNZL,, 2<k<r

In fact, X, s define a partition of the set rA4z N Zgo of the lattice points on rAg4, that is,

ﬂXk:®7 UXk:A
k=0

k=0

From Ehrhart theory, using (1.4),

1+d
1AaNZL| = ( g ) = |Xo U Xl.
This implies that |X1| = d. Similarly,
2+d

284N Z%,| = ( > = |XoUX; UXs,

d

24+d 1+d
Xo| = —d—-1= .
= (7)== ()
Continuing this way,

|Xk|:<k;d>_§:<k+j—j>:<k;—izl). .

Jj=1

which gives

The disjoint union UX}, of subcollections Xi, 0 < k < r of the set rAgzN Z%O of lattice
points on Ay defines a polynomial T).(t) of degree r in variable ¢ given by

T.(t) = XT: <kj;fz 1)#“. (2.3)

k=0

AN
e

Figure 1 Ty(t) = 1+ 3t + 6t> + 10¢3 + 15¢*
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We call T,.(t) the dilation polynomial of degree r identified with the dilation rA4. This is
precisely the slicing of rA 4 with hyperplanes perpendicular to the direction a := (1,---,1) and

enumerate all the lattice points in the different layers. That is,

<k+d1

d—1 )#{vErAdﬂZ‘éoslwak,nggr}. (2.4)

The dilation polynomial T4(t) for the 4th dilation of the standard 3-simplex is illustrated
in Figure 1.

Remark 2.6 Dilation polynomials identified with rAs and rAjs are called triangular and
tetrahedral polynomials respectively.

Theorem 2.7 Let M = {T,(t)},=0 be the sequence of dilation polynomials of lattice points

counting on rAq for v > 0. Then its generating series G(t,z) = >, _,Tr(t)z" is given by
z
Gt,z)= ———.
t2) = a0 =t
Proof Notice from the equation (2.3) that
(r+1)---(r+d—-1) (r+1)---(r+d-1) 1
T,.(t) =Tr_1(t t" d r_ )
v 0 (d—1)! and 3 (d—1)! T T -2
r>0
Glt,2) =Y T,(1)" =Y [TH@) n %trﬂ o
r>0 >0
G(t,2) = 2G(t,2) + Y [%t’l} o
r>1
and so
Glt,z)= — - B

(1—2)1—tz)d

§3. The Cohomology ring of Grassmannian Gr(d,d + r)

Let V' be an n-dimensional complex vector space. The set of all maximal chains of subspaces
in V is called the flag variety F¢,(C) of dimension @ That is,

Fl,(C):={Ve:={0} CcV1 CVoC---CV, =V such that dimV; = i}.

The Grassmannian Gr(d,n) is the spacial case of the flag variety being the set of all d-

dimensional subspaces in V. Its dimension is d(n — d). There is a projection
7 Flp,(C) — Gr(d,n)

from the full flag variety F¢,(C) to the Grassmannian Gr(d,n) with 71 (X (F,)) = Xy,(n) (F),
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where X (F,) is a Schubert variety in the Grassmannian Gr(d,n) defined as the closure of the
Schubert cell C(F,) given by

C)\(F.) = {Vd S G’I’(d7 n) cdimVy N Fopioy, =14, 1 <3 < d},
with respect to the fixed flag F,:
Fo.={0}CcF CF C---CF,=V such that dimF; =1

The partition A is called fitted in the sense that it has at most length d and each part cannot
exceed n — d. The permutation w(\) identified with the partition A = (A1, -+, \g) is given by

w; =1+ Agy1-i, 1 <i<dand w; <wjyr, d+1<j<n. (3.1)

This permutation is called Grassmannian in that it has a unique descent by definition.
Every such permutation has the code ¢(w(A)) of the form (wy; —1,we —2,--+ ;wg — d,0,...,0)
which can be represented by (mi,mo,- - ,mg) by disregarding the string of zeros at the right
hand. It turns out that the partition A indexing the Schubert variety X can be recovered from
this code as A = (m;,, mi,, - -+ ,my,) where m;, > mg, > --- > m;, and m;, #0, 1 <4, <d.
Recall that for any permutation w in the symmetric group S,, the code c¢(w) of w is the
sequence (ci(w), -+, cp(w)) where ¢;(w) =| {j : 1 < i < j < n and w(i) > w(j)} |. For
instance the code c¢(w) of the permutation w = 315426 € Sg is (2,0,2,1,0,0). The string of
zeros at the right hand may be discarded. Notice that ¢;(w) < n —i. The length ¢(w) of
wis #{(i,7) : w(i) > w(j),1 < i < j < n}, the number of inversions in w, that is, the
sum of integer coordinates of the code of w. It is well known that the cohomology ring of the
Grassmannian Gr(d,n) is generated by the Schubert cycles oy. These are Poincaré dual of the
fundamental classes in the homology of Schubert varieties. The Grassmannian Gr(d, n) admits
many important vector bundles, most importantly there is a universal short exact sequence:
0— S — C"xGr(d,n) — Q — 0 of bundles on Gr(d,n) which makes it easy to compute
the Chern class ¢(Q) of the quotient bundle Q on the Grassmannian Gr(d,n). Recall that Q
is a globally generated vector bundle of rank r := n — d and all its global sections are from
the trivial bundle C**" x Gr(d,d + 7). The total Chern class is the sum over all the one-row

partitions inside the rectangle [J,.«4. That is,

o(Q) =1+og+om+ - +orm.,, (3:2)

It turns out that the set of all one-row Young diagrams indexing the multiplicative gener-
ators of the cohomology of the Grassmannian Gr(d, d + r) is deeply connected with the lattice
points of rAg4. Let Cq, be the set of row Young diagrams with at most r boxes and adjoin the
empty set ¢. That is,

Car={0ixk: 1<k <rjul.

The filling of the boxes of the row Young diagrams in C4, using the numbers in [d] :=
{1,---,d} is semi standard, that is, the numbers weakly increase from the left to the right. We
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denote the collection of all such fillings by Cg,r and call it the d-filling set of the dilation rAy.
For instance, the 3-filling set C§ 5 associated the second dilation 3A3 of the standard 3-simplex

is the following collection

1133 31313 21213 21313 1123

These 20 semi standard Young tableaux can be organized in terms of their defining Young
diagrams. It turns out that this arrangement can be expressed as a polynomial, given by
Ts(t) = 1+ 3t +6t2 +10t3. This is the graded semi-standard polynomial of degree 3 illustrated

b

bt

in Figure 2.

212

|~

ey
T
122.1
1| 1/ 2 113

Figure 2. T3(t) = P3(t) = 1+ 3t + 6t2 + 103

Theorem 3.1 (i) The size L(r) of the d-filling set Cg . is (rgd) and the sequence (L4(r))22,

of cardinalities as r grows is recorded by the generating function

1
d _
PlClany2) = a—a

(i) More is true, there is a graded counting polynomial of the semi standard tableauz in

Cir given by

P.(t) = zr: (kjl_i; 1)#“
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that is, a k-box row diagram gives (kgizl) semi standard Young tableaux. This has a generating

function
z

Glt,2) = ———F———.
42 = T a =t

Theorem 3.2 There is a bijection T — v(T) between the set Cir and the set rAgN Z%o of the

lattice points of the dilation rAg. Furthermore, the semi-standard polynomial P.(t) is precisely

the dilation polynomial T, (t) identified with rAg.

Proof To each semi standard tableau T € C(ddw) there exists a unique exponent vector
v(T) := (v(T)1,--- ,v(T)q) in which the coordinate v(T"); is the number of appearances of j in
T,1<j <d. This is a bijection.

The number of semi standard fillings of each of the row diagram with shape A = (k),0 <
k < r using the elements of the set {1,...,d} has a well known closed formula. Notice that for

a fixed point a = (1,---,1) the following identity holds
Ni—XNj+j—1i k+d—1
H W:(Z 1 )Z#{UE’I‘AdﬂZ%O:U~a=k70§k§’/’}
1<i<j<d J—t -

Therefore, the semi-standard polynomial P, (t) can be viewed as the dilation polynomial T;.(¢).

The bijection is a polynomial preserving map, see Figure 2. O

84. Grassmannian Monomials

It is clear from the Theorem 3.1 that every standard tableau T € C(dd ” defines a monomial
t°(T) where v(T) := (v(T)1,--- ,v(T)q), that is,

d
(1) .= H t;# times J appears T where o(T) € rAg N Z%,. (4.1)
j=1

For instance, the monomial defined by T'=1| ; | { | 9 | 3 | 3 |€ 0?4’5) is given by t? =

t3tot2 where a = (2,1,2,0). We call such monomials in ng " Grassmannian because they
encode the data of indexing partitions of Schubert varieties in the Grassmannian Gr(d,d + ).
We denote these monomials by W, that is,
d
Wy o= {t{" -t Zai <r, 0<a;<r}

i=1

Proposition 4.1 Let W and ng be two Grassmannian monomial sets such thatr < r’. Then

Proposition 4.2 Every monomial t* € Z[t1,--- ,tq] is Grassmannian.

Proof It suffices to produce a Grassmannian set W) containing t*. By (4.1) there is a
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semi-standard tableau T which encodes the exponent vector a and this implies that there exists
r € N such that T' is an element of the d- filling set C(dd ) 8O t? belongs to the Grassmannian
monomial set W . g

Corollary 4.3 Ifr = Zle a;, where a; is an integer coordinate of a then the Grassmannian
set W is the smallest set containing the monomial t2.

It is important to quickly point out that the sum P.(t1,...,tq) of all the monomials in
Wy, that is,

d
Pr(t17 T 7td) = Z H t?& times j appears in T (4-2)

d =
TECly,m 1=

is deeply connected with a polynomial representation (V p) of the general linear group GL4(C)
where V := @) _, Sym”(C%) is the space of the direct sum of homogeneous symmetric poly-
nomials of degree k in d variables. Let C[X] := C[z11, %12+ ,Z44] be the ring of polynomial
functions on d x d matrices. There is an action of G = GL4(C) on C[X] by conjugation. The
character of the polynomial representation (V, p) is the polynomial x, € C[X] given by the trace
of the matrix p(X). Recall that the character x, of every polynomial representation (V, p) lies
in the invariant ring C[X]“. Interested reader can consult [15] and [17].

Theorem 4.4 The character xy of V := @ _, Symk((Cd) as a polynomial representation p of
the general linear group GL4(C) is P.(t1, -+ ,tq), that is,

d
_ # times j appears in T
w= > ]I%

Tect, . i=1
The sum ranging over all the semi standard fillings of the row diagrams with at most r bozxes.

Proof Let ty,--- ,tq be eigenvalues of a generic d x d matrix X. The map C[X]¢ —
Clt1,ta,- -+ ,tq)5" defined byf + f(diag(ti,...,tq)) is an isomorphism. Set A\ = (k) since ks
define the rows diagrams with at most r boxes, so the image of the character f,(X) is
i det(t} )1 j<a -
= det(t] 7 )i<ij<a

Corollary 4.5 The dimension of the vector space V := @) _, Sym”*(C%) is xy (1,1, ,1) :=
|rAq N Z>o|, the number of lattice points of the dilation rAg.

Proof The Grassmannian set W spans the vector space V := @, _, Sym” (C9). O

Now to every monomial t* € Z[ty,- - ,tq] we associate a weight w, defined by

d
Wa = Z kay,. (4.3)
k=1
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It turns out that w, admits two important partitions A, \* - w, which can be identified with the
monomial t* . These partitions, A and A* are called a-partition and S-partition respectively. A
partition A - w, is said to be the a-partition of the monomial ¢{* - - -5 if the number of parts
of size ¢ in X is a;, 1 <14 < d. The length £()\) of a-partition is a; + - - - 4+ a4. The  partition
A= (A}, -+, A of w, is such that A} = Zf>k a;, 1 <k < d and its length is d. For instance,
the a-partition associated with the monomial 336515 € Zlt, ta, 3, ta) is (4,4,3,3,3,2,2,1,1,1)
while its 8 partition i A* is (10,7,5,2). In fact, o and 8 partitions identified with the monomial

t? can be realized in terms of the sum of the entries of the d x d upper triangular matrix M,

associated with the exponent vector a = (ay,--- ,aq) of the monomial, that is,
ay a2 agz -+ Qg
a2 a3 ... ad
M, = as -+ ag (4.4)
aq

The sum of the entries in the column k divided by & is the number of parts of size k in the
a- partition A of w,. The S partition A* = (A]--- %) of wa is such that A} is the sum of the
entries in the row k£ where 1 < k < d. For instance, the 4 x 4 matrix M, corresponding to the
monomial t3t3t53t3 € Z[ty, ta, t3, 4] is

NN
w W w
NN

so the a-partition A and the S-partition A* identified with the matrix M, are 13223342 and
(10,7, 5,2) respectively.

Proposition 4.6 Let A be the a-partition of wa associated with the monomial t® = t{* ---t3* €

Z[t1,- - ,tq]. Then its corresponding B-partition \* is the transpose of \ and vice versa.

Proof Let A = (A1, -+, Aajttay) and A* = (A}, .-+, X%). It is obvious that these parti-
tions satisfy the following identity

ar+-+aq d
@k =D A% O
k=1 k=1

It would be interesting to characterize and study all the monomials for which a-partition
and [-partition coincide. This amounts to the characterization of all self conjugate partitions.
Recall that for all n € N such that n > 2 there is a bijection between the set of self conjugate
partitions of n and the set of all distinct odd parts partitions of n. For instance, a square free
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monomial of the form ¢t - - - t4 admits the stair case partition (d,d — 1,---,1), this is deeply
connected with the distribution of triangular numbers in the set N of natural numbers. We give

a few other examples of such monomials.

Example 4.7 Some monomials following for which a and S-partitions coincide:

4 d
(¢) All monomials of the form t3t; € Z[t1,t,--- ,t4] for even d;
2

(ii) All monomials of the form t,t9=2t; € Z[t1,ta, - ,ta];
(#33) All monomials of the form t{ 'ty € Z[t1,ta,-- -, ta];
(

iv) All monomials of the form td,gtd,1t372 € Zlty,ta, - ,ta].

Lemma 4.8 Let \* = (A1,---,\q) be the B-partition identified with the monomial t{* ---t5* €
Z[t1,ta, - ,ta]. Then the exponent vector (ay, - ,aq) is equivalent to (A1 —A2, Aa—A3, -+, Ag—1—
Ady Ad)-

Proof Tt follows from the construction of the g partition A* from the exponent vector
(a1, aq). O

Theorem 4.9 Let t* € W] be a Grassmannian monomial associated with exponent vector
aerA;nN Z%o- If a partition \* is the B-partition identified with t* then the length £(w(\*))

of the Grassmannian permutation w(\*) is the weight ws.

Proof The code c¢(w(A*)) of Grassmannian permutation w(\*) is of the form (mq, mao,- -,
mgq,0,0,---,0). The rearrangement of m, ma, - -+, my in weakly decreasing order yields the fit-
ted partition A* = (A],---, \}). The sum of entries of the code ¢(w) = (c1(w), ca(w), - -+ , cn(w))
of any permutation w is the length ¢(w) of the partition, since each entry ¢;(w) is the number
of inversions associated to the value w; in the position i. Hence the length £(w(A*)) of w(\*)
is the size |\*| of A*. Next we show that the weight w, of the exponent vector a = (a1, -+, aq)
of the Grassmannian monomial t* = ¢7* -- -3¢ is [\*[. From Lemma 3.12 a; = A} — A}, 1<
i <d—1, aq=\}. Therefore, the weight w, = Zf;ll i(A] = Afyq) FdN; = | O

Corollary 4.10 Every B-partition \* identified with each of the monomials t* € W} fits into
the r x d rectangle Oy« q-

Proof 1t is sufficient to establish that the parts of A* cannot exceed r and the length
£(X\*) of \* is d. Notice that the exponent vector a is a lattice point of 7Ay and by definition
a1 + -+ aq < r. Therefore each part A} of A\* is at most r and length ¢(A\*) is d by the
definition of A\*. O

Corollary 4.11 The set of B-partitions \* identified with monomials in W} index the Schubert
varieties in the Grassmannian Gr(d,d+r), giving a bijection between lattice points in rAq and

partitions fitting into an r X d rectangle.

The weight w, defined in the equation (3.2) gives another refinement P’y (z) of the Ehrhart
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polynomial of rA, with respect to a fixed point h = (1,2, - - d).

dr
Ply,(z) =Y Ap2™ (4.5)
m=0

where A, = #{a € rA;N Z%o ca-h=m, 0 <m <dr}, that is, the number of exponent
vectors a which share the weight m. We call PThAd (z) the weighted polynomial associated with
the dilation rAg4.

Lemma 4.12 The polynomial Pf’Ad(z) = Zfr::O A z™ specializes at z = 1 to the Ehrhart

polynomial L ,(r).

Remark 4.13 Notice that A,, is precisely the number of lattice points in the intersection of
the dilation rAg with the hyperplane H,, perpendicular to the direction h := (1,2,--- ,d). Tt
is also interesting to note that the grading given here to a lattice point eventually identifies the

weighted polynomial PfAd (z) with the Poincaré polynomial of the Grassmannian Gr(d,d + r).

Theorem 4.14 Let PﬁAZ)(z) be the weighted polynomial of the lattice points of the dilation 1Ay
. Then the Poincaré polynomial P(Gr(d,d +r),t) of the Grassmannian Gr(d,d +r) coincides
with the weighted polynomial PfAd (2).

Proof 1t is well known from the Borel presentation of the cohomology ring H*(Gr(d,d +
r),Z) of the Grassmannian Gr(d, d + r) that the Poincaré polynomial P(Gr(d,d +r),t) is given

by the following Gaussian polynomial

(1 —t)(1—#2)--- (1 —td+m)
(I—t)- -1 —tH(1—=2t)--- (1 —tr)’

This is combinatorially simplified as

S

ACOaxr
where |A| is the number of boxes in the Young diagram of shape A. The size |A| coincides with
the length ¢(w(A)) (the number of inversions) of the Grassmannian permutation w(\) identified
with A in the equation (3.1). Notice that |A| < dr, therefore, It follows from the Theorem 4.9
that |A| is the weight w, of the monomial t* € W], a € TA N Z%O, therefore, ZAQD”T s
precisely the polynomial Zg::o Apz™. O

Question 4.15 Does the set rAg N Z%O encode some data about the degree and the Hilbert
polynomial of Gr(d,d+1)?

The goal of this paper is the general study of some combinatorial geometry of the lattice
points rAg N Z%o associated with rAg. That is, we evoke some geometric information about

these lattice points. In particular, we answer the following questions:

(i) What kind of geometric information can be extracted from these integral solutions to

(1.4)?



14 Praise Adeyemo

(i) What kind of combinatorial object parameterizes this solution set?

(#i1) Is there an interesting polynomial P, which keeps track of the integral points? In other
words, Is there a generic polynomial of degree r whose exponents of its monomials with nonzero
coefficients satisfy (1.3) 7

Theorem 4.16 Fwvery linear polynomial function of the form y = ax + 1 such that a € N is
the fundamental polynomial of a certain standard d-simplex whose dimension is the slope of the

polynomial function.

Proof Consider the family G of*Cartesian graphs of all linear functions of the form y = az+1
such that a € N. It is obvious that these graphs are parametrized by the x-intercepts since
they all share the same y-intercept (0,1). Consider the sequence £ = (—%)a=1 of z-intercepts.

1

& is strictly monotone decreasing and lies in the interval [—1,0). There is a bijection a — —=,

between the sequence K = (A,),=1 of standard a-simplices and the sequence £ of z-intercepts

of G. As K diverges, £ converges. O

Figure 3. 3-Simplex

The sum of all the monomials in W} is called the symbolic polynomial corresponding to
the d-filling set Czid " That is,

Pty ta) = Y V10 (4.6)

TeCf'dm)

For every lattice point a € rAs N 22207 there is a corresponding monomial t* in the poly-
nomial ring Z[t1, t2] given by t® := ¢]'¢52. We call these monomials Grassmannian and denote
their collection by W3 that is,

Wy = {t11152 € Z[t1, ta] : (a1, a2) € Ay NZE,}. (4.7)

To every monomial t* € WJ we associate a weight w, defined by

d
Wa = Z kay,. (4.8)
k=1
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It turns out that w, admits two important partitions A\, \* - w, which can be identified with
the monomial t® . These partitions, A and A* are called a-partition and S-partition respectively.
A partition A - w, is said to be the a-partition of the monomial ¢{t5* € Wy if the number
of parts of size ¢ in A is a;, 1 <4 < 2, while the § partition A* = (A}, \5) of w, is such that
AL = E?>k a;, 1 < k < 2. This is not exclusively for only Grassmannian monomial, it is true
for all monomials. For instance, given a monomial t2t3. The corresponding alpha-partition \
and S-partition A* are (2,2,2,1,1) and (5,3) respectively.

T

Corollary 4.17 The triangular polynomial T,.(t) = > ._(c 4+ 1)t® specialises at t = 1 to the
Ehrhart polynomial (T;Z).

We now give a combinatorial construction of a certain discrete object Cg’r identified with
the lattice points of rAy; which we call the 3-filling set of the dilation. It describes certain
fillings of a row Young diagram with the numbers from the set [d] := {1,---,d}.

Theorem 4.18 The size L¢(r) of the d-filling set Cir associated with the lattice points of the
rt* dilation rAy of the standard d-simplex is (Tzd). Moreover, the sequence (L4(r))%2, as r

grows is recorded by the generating function

1
d _
P(Clar,2) = (1— 2)d+
Ai—)\j-‘rj—i

Proof The size is given by 37 o [Ti<icjcq =55 since these are the semi standard

fillings of the Young diagrams of shapes A = (k) 0 < k < r using the numbers from the set

{1,---,d} and hence (r‘gd). The sequence (L%(r))$2, is given by triangular numbers which is
well known. It is obvious that the generating series is in the coefficient of the polynomial (r'gd),

that is, the general term of the sequence. Therefore, it is given by

() = °

r>0

Corollary 4.19 There is a bijection between the set Cir of semi standard fillings of the row
Young diagrams with at most v bozxes using the numbers from [d] and the set rAy N Zéo of the

lattice points in the " dilation of the standard d-simplex.

This bijection can be clearly understood in the language of monomials. This is the subject
of discussion in what follows.

The symbolic polynomial P.(t1,--- ,tq) is deeply connected with a polynomial represen-
tation (V,p) of the general linear group GLy(C) where V := @) _, Sym*(C?%). The space of
homogeneous symmetric polynomials of degree k in d variables is denoted by Symk((Cd). Let
C[X] :=C[z11,x12 -+ ,Tq4) be the ring of polynomial functions on d x d matrices. There is an
action of G = GL4(C) on C[X] by conjugation. The character of a polynomial representation
(V,p) is the polynomial x, € C[X] given by the trace of the matrix p(X). Recall that the
character y, of every polynomial representation (V, p) lies in the invariant ring C[X].
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Theorem 4.20 The character xv of V := @;_, Symk((Cd) as a polynomial representation p
of the general linear group GL4(C) is the symbolic polynomial

d
_ # times j appears in T
w= > ]I%

d =1
TGC(dvr) J

The sum ranging over all the semi standard fillings of the row diagrams with at most r boxes.

Proof Let ty,--- ,tq be eigenvalues of a generic d x d matrix X. The map C[X]|¢ —
Clt1,ta,- -+ ,tq)5" defined byf +— f(diag(t1,--- ,tq)) is an isomorphism. Set A\ = (k) since ks
define the rows diagrams with at most r boxes, so the image of the character f,(X) is
i det(t )1 j<a -
= det(t] )1<ij<d

Corollary 4.21 The dimension of the vector space V = @, _, Sym”(C%) given by the value
of xv(1,1,---,1) is the number of lattice points of the dilation rAg.

Proof The number of semi standard tableaux T € Czid’r) defined by the set of k-box row

diagrams with at most r boxes. That is,
z’”: I N —Aj+j—i
k=01<i<j<d =

where A = (k) 0 < k < r. This is precisely the number of monomials which constitute the
character xy of each of these has coefficient 1. The value of xy (1,1, --,1) is (Tjgd). O

Figure 4. The monomial basis elements of W

The elements of W} which span the vector space V := @)},_, Sym”(C?) encode the index-
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ing partitions of the Schubert cycles of the cohomology ring of the Grassmanian Gr(d,d + )
and therefore they are called Grassmannian monomials. This will dominate the discussion
in what follows but we shall first describe in general how a monomial encodes information
about partitions in the next section. Recall that partition A of n € N denoted A F n is a list
A= (A1 > A2 > -+ > Xg) such that \y + Ao + -+ + Ay = n. The length & of the partition A
is denoted by £(\) and each \; is called a part of the partition A. Associated to every parti-
tion A F m is its conjugate partition, AX' = (A{,--- Al )), which is also a partition of n where
Al counts the parts of A which are at least i. For example, the conjugate A' of the partition
A= (4,4,3,3,3,2,2,1,1,1) is given by A* = (10,7,5,2). A partition is said to be self conjugate

if it coincides with its conjugate.

§5. The a and j Partitions of Monomial ¢{* - - -t

Let Z[t] :== Z[t1, - - - , tq] be the polynomial ring over Z in the variables t1,- - - ,t4. We recall that
by associating a monomial t* = ¢{* .-t with its d-tuple exponent vector a = (a1,--- ,aq) €
Z‘éo, a bijection between monomials in Z[t1, - - - ,t4] and exponent vectors in Zéo is realized.
We now construct the weighted polynomial I'p parameterized by the exponent vectors of
the monomials the symbolic polynomial P,.({1,...,tqs) identified with the d-filling set ngm) .
Recall that this is the character xy of the vector space V := @ _, Symk((Cd) as a polynomial
representation of the general linear group GL4(C) and notice that these exponent vectors are
precisely 1Ay N Z<,. Let the weight w, defined in 5.1 be identified with each of the vectors.

The identification realizes the weighted polynomial Qp_

dr
Qp,(2) = Y Amz™, (5.1)
m=0
where A,, is number of exponent vectors of the monomials of P,.(t1,---,tq which share the

same weight m. For instance, the weighted polynomial Qp, parameterized by the exponent

vectors of the symbolic polynomial Ps(t1,t2,t3) corresponding to C?3,3) is given by
Tp,(2) =142 +222 +32° 4327 4325 +326 4227 + 28 + 29

This combinatorially defined polynomial from the lattice points of the dilation rAg4 of the
standard d-simplex A, has an interesting interpretation in the cohomology of the Grassmannian
Gr(d,d+r).

The projection 7 induces a monomorphism 7* at the level of cohomology.
7 H*(Gr(d,n),Z) — H*(Ft,(C),Z)

which takes cycle oy to the cycle o,,(y). The cohomology ring of the Grassmannian Gr(d,n)
is generated by the Schubert cycles o). These are Poincaré dual of the fundamental classes in
the homology of Schubert varieties. Denote by I', the Q-algebra of homogeneous symmetric

functions in n variables x1, o, -+ ,z,. It well known that I" is generated by Schur polynomials
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s among others, see [5], [8], [9] and [14]. By specializing z; = 0 for d+1 < i <n, let 'y be the
space of homogenous symmetric polynomials in variables xy,--- , x4, so I'y has the following
presentation

Ty 2T/{(sx: A C Oixn—d)

The cohomology ring H*(Gr(d,n),Z) of the Grassmannian Gr(d,n) by Borel presentation
is given by
H*(Gr(d,n),Z) 2T/{sx: A C Uaxn—d)-

The interested readers may consult the following references [2], [4],[6],[7] and [12].

Recall that the Poincaré polynomial P(X,t) associated with a given n-dimensional real
manifold X is defined as

n

P(X,t) =Y bi(X)t’
i=0
where b;(X) = dimg H* (X, R) is the i-th Betti number of X. This polynomial carries a lot of
information about the topological and geometric invariants of X. It is well known that the
cohomology ring H*(Gr(d,d + r),7Z) has a polynomial description, that is,
H*(Gr(d,d+7r),Z) 2 Zey, - e el,....el]/ler, - ,eqrr)

T

where e} and e/ are the i-th elementary symmetric functions in x1, -+, 24 and z441, - , Tatr
respectively and each z; is the Chern class for the canonical bundle, so the Poncaré polynomial
P(Gr(d,d+r),t) is the following Gaussian polynomial

(1—t)(1 —¢2)--- (1 — )
(T—t)-(1T—thHA—t)---(1—t)

Theorem 5.1 Let P, (z) be the weighted polynomial of the lattice points of the dilation rAg of
the standard d-simplex. Then the Poincaré polynomial P(Gr(d,d +r),t) of the Grassmannian
Gr(d,d+r) coincides with the weighted polynomial Py ().

Example 5.2 The lattice points (0,0, 0), (1,0,0), (0,1,0), (2,0,0), (1,1,0), (0,0,1),(1,0,1)(0,1, 1),
(0,0,2)(0,2,0), (3,0,0), (2,0,1), (1,2,0), (0,3,0), (0,2,1), (0,1,2), (0,0, 3), (1,0,2), (2,0,1), (1,1, 1)
of 3A3 graded by weights give the polynomial

T4+t +3t% +3t3 + 3t1 4365 + 3t +-3¢7 + 15 + 19,

which is the Poincaré polynomial of the Grassmannian Gr(3,6) so 3A3 ﬁZ%O encodes the Young
poset of Gr(3,6) shown in Figure 5.

Corollary 5.3 Let A* be the B-partition identified with the monomial t* € W then the
length L(w(X\*)) of the Grassmannian permutation w(\*) is the weight wa of the exponent vector
acrAgN Z‘éo.
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Figure 5
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§1. Introduction

Ramanujan [43] recorded 17 hypergeometric series like representations for 1/7 in which he gave
the brief proof of first three series which are belong to the classical theory of elliptic functions.
J. M. Borwein and P. B. Borwein were first proved all the 17 identities in 1987 [17]. Further they
derived more series for 1/7 [18], [19], [22]. Also many authors derived several new Ramanujan
type series for 1/m as well as proved the existing identities in the subsequent years.

B. C. Berndt and H. H. Chan used Eisenstein series identities to prove Ramanujan type
series for 1/7 in their papers [12] and [13, where the latter one is coauthored with Wen-Chin
Liaw. On the basis of the idea of above two papers and with the guidance of Chan, Baruah
and Berndt used Eisenstein series identities of the form

—P(¢%) + nP(¢*") and P(¢°) + nP(¢*")

forn=2, 3,4, 5,6, 7,9, 10, 13, 14, 15, 17, 18, 22 and 25, to prove series of Ramanujan type
series for 1/7 in [3] and [4], by invoking the hints of Ramanujan. Further, Baruah and N. Nayak
worked on Ramanujan type series for 1/7 using Eisenstein series identities of the form —P(—q)+
nP(—q¢™) and P(—q)+nP(—q") forn =3, 5, 7, 9, and 25. Motivated by this, using Clausen’s
formulas and Eisenstein series representations of the form —P(q) +nP(q") and P(q) +nP(q")
forn=2, 3, 4,5, 6, 7, 8 9 and 10, we proved 9 series out of 17 series that are recorded by
Ramanujan in his famous paper [43] and some other existing series. Besides, we have recorded

some new Ramanujan type series for 1/m. A brief details of the existing identities which are

1Supported by Grant No. 191620127010/(CSIR-UGC NET DEC.2019) by the funding agency University
Grants Commission, Government of India under Joint CSIR-UGC JRF scheme.
2Received February 8, 2022, Accepted March 16, 2023.
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proved in the Sections 3-11 is given in the below table.

18\11('). Authors Equations
) (3.2), (4.3), (5.4), (6.1), (6.5), (8.4), (9.1),
1. S. Ramanujan [43], [41] (9.6),(10.4)
2. G. Bauer [7] (3.2)
3. J. Guillera [306] (7.2)
4. | G.H. Hardy [39], [45] (3.2)
5. W. N. Bailey [2] (3.2)
J. M. Borwein and P. B. Bor-
O | wein (17], 18] (34), (7.5)
. B. C. Berndt, H. H. Chan and 7 4). (95
W. -C. Liaw [13] (7.4), (9.5)
(3.1), (3.2), (3.3), (3.4), (4.1), (4.2), (4.4), (5.3),
g N.D.Baruah and B.C.Berndt | (5.4), (6.1), (6.2), (6.3), (6.4), (6.5), (7.1), (7.2),
' 3] (7.4), (7.5), (8.3), (8.4), (9.1), (9.2), (9.3), (9.4),
(9.5), (9.6), (10.2), (10.4)

The Section 2 contains preliminary definitions and results, in which (2.10) and (2.18) plays an

important role in proving our results in the Sections 3-11, where (2.18) seems to be new.

§82. Preliminaries

Throughout the sequel, we use the following notation:

(oo}

(@; @)oo := ] (1 —ag™),

n=0

where a and ¢ are complex numbers with |¢| < 1. For |ab] < 1, Ramanujan’s general theta

function is defined by
s n(nt+l)  n(n—1)
fla,b) = Z a2 b 2z =(—a;ab)so(—b;ab)s(ab;ab)eo.

Further, Ramanujan [9, p36] considers following three special cases of f(a,b):

. _ = 2 (367 (d% )
Pla)=Jwa) =1 2,;q (G075 P se
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o0 - 2.2
b@) = fla ) = 3 "5 = (L)

23

-2
v (45 4%) 0
and
> (3n-1)
(=)= f(—¢,—*) = D (-1)"q
After Ramanujan, we define
. .2
X(@) = (=4 ¢ ) -
The generalized hypergeometric functions ,F,_1, p > 1, are defined by
- (a1)n(az)n -~ (ap)n
Fpilar, az,---, ap; by, ba, -+, byy; 2] =
pr P ? ; (bl)n(b2)n"'(bp—1)n
where |z| < 1, (a)p, :=ala+1)---(a+n—1) and (a)o := 1. Ramanujan recorded the

following identities in his Second Notebook [44] which give the relationship between hyperge-

ometric series and theta functions. Moreover these identities are frequently used to derive our

results. A proof of the below identities can be seen in [9, pp 120-124].

Lemma 2.1 If

g=e Y, y=—m

then

1 1
d z= oF1 |=, =; 1;
an z 2 1|:27 27 ,:L’:|,
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oz e 1/24
f(=a) = 517@(1 — ) q ) (2.7)
1/12
oy E (sl=2)
1/24
oy —ol/6q _ a1/12 (4
x(—q) = 2/5(1 )12 (1), (2.9)
and
dy 1
- = - —. 2.10
dx (1 —x)z? (2.10)
Let P(q) denote Ramanujan’s Eisenstein series defined by
P(g)=1-24)" = lg| < 1. (2.11)
k=1

Further, Ramanujan [9, p.129] gave the representation for P(q) in terms of z, y and z:

P(q) := P(e7¥) = (1 — 5x)2? + 12z(1 — m)zj—z (2.12)

In the sequel, set
gi=eV g = a(e”™") and z, := z(e”™V"). (2.13)
From (2.2), (2.3), (2.5), (2.13) and [44, Entry 27, Chapter 16|, we obtain that

Ty = z(e”™/Vr)y =1 -z, and 2 /n = 2(e7™VY = Vnz,. (2.14)

The number z,, is called classical singular modulus. We often used the values of these
numbers recorded by Ramanujan in [44]. For sometimes we borrow from [11] and [42]. Now
employing (2.13) and (2.14) in (2.12) to obtain the following identities:

le/n

P(q) == P(e™™V") = (1 = 5a1/0) 21y, + 1221 /(1 = 21 /0) 21 /m do (2.15)
n
and
dzp,
P(q") := P(e™™) = (1 — 52,,)22 + 1225 (1 — xn)znﬁ. (2.16)

The following theorem seems to be new and it produces the representations of the form
P(q) + nP(¢™), and with the help of Eisenstein series identities of the form —P(q) + nP(q")
[44, 47], we are able to derive some new Ramanujan-type series for 1/7 as well as an alternate
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proof for the existing identities.

Theorem 2.2 we have

d n d n
“1/ Nz, — + vin

dxy o "dr, T, (1 —24)

Z1/n

and

12
P(e” ™V £ nP(e” V) = 12vn _ 3nz2

T n

Proof of (2.17) From (2.14), we have

2 .2
2]/ = N2y

Differentiating (2.19) with respect to 1/, and using chain rule, we deduce that

dzy/n, s dzn dzn szj dy
dxl/n "da, dxl/n "dy dxl/n.

From (2.14), we obtain that

dan
T,
dxl/n
From (2.1) and (2.13), we easily seen that
-
Differentiating (2.22) with respect to n, we find that
dn — —2nyn
dy  w
Employing (2.14) in (2.10) to obtain
dy 1
dri,  wn(l—ap)nz?’

Substituting (2.21), (2.23) and (2.24) into (2.20), we arrive at (2.17).
Proof of (2.18) By employing (2.14) and (2.17) in (2.15), we find that

dz, 12
P(e™™/V7) = (=4 +5x,)2% — 122, (1 — xn)znﬁ + 7\/6
n T

Then (2.18) follows from (2.16) and (2.25).

25

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)
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Now our task is to obtain the relationship between Eisenstein series and 3 F5 hypergeometric

series. To achieve this let us recall Clausen’s formulas and Borwein’s proofs [17, pp. 180-181].

Throughout the sequel, set

(3} (Dr(3)e(Dk ($)k(3)6(3)k
If
4z x? 4/z(1 — )
X :=4z(1 — Y = = =
z(1—2), 1-2) A1 —a) 1+2)?
20X 27X2 27X
W:*, = 5 and M_ )
1-X (4—X)3 (1-4X)3
then
111 > 1
2 =SB = = S X =) A X o 0<z<= 2.97
z 3225272a77 Z k 3 _x_27 ( )
k=0
1 111 1
= Fl= = =:1,1,-Y| = “DPAYR 0<z<3-—2v2 2.2
1—.’E3 2|:2,2727 s 4y :| 1_ka:0( ) k 70_$_3 \[, ( 8)
1 111 1 ad
= Fyl=, =, =:1,1;-U| = —1)FAUR, 0 <z <2v2 -2, 2.29
1_3332[222 } mkz:o( JAU, 0<a< (2:29)
1 113 "
— By = 2. 2112 = —— N "B V2 <x<3-—2V2 2.
1+1’5 2|:472u4777 :| 1+x’§) kV B 07.%73 f7 (30)
1 113 "
= B>, =, 51,1, -W?| = 1)k B, W2k
172933 2|:4a274a ) Ly :| 1721'];)( ) k )
1
0§x§2(1—21/4 2—\/§>, (2.31)
2 115 2 > 1
— - - 2110 = LF <r<-= 2.32
4—X3 2|:672767 y Ly :| 1 — ;Ock ,O_l’_2, ( 3)
1 115 1 > 1
= R |- 511 M| = ——— Do, M* o< < =, 2.33
mi’) 2|:6a2767 ) Ly :| 1_4_X;)( ) k ) _$_2 ( )
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Differentiating (2.27) with respect to z, we find that

dz >
22— =3 AkXF1.4(1 - 22). 2.34
i = kZ:;) Kk ( ) (2.34)

Substituting (2.34) into (2.12) and using (2.27), we deduce that

o

P(g) = _{6k(1 —2x) + (1 —52)} Ap X" (2.35)
k=0

Setting ¢ = e~™V™ in (2.35), we obtain that

> (6k(1+ n
Pl =3 {(1*_“””;” (- m)} Axk, (2.36)
k=0 "

where X,, = 4x,,(1 — x,,). Similarly, differentiating each of (2.28)-(2.33) with respect to x, and

proceeding as above, we deduce that

1 oo
P(e _ﬂf =1 tin Z (6k+1) Akyk (2.37)
" k=0
Z {6k(2 — z,) + 1 — 22, } (—1)F AL UF, (2.38)
VI, k=0
1 o0
Ttz > {6k(x} — 6z, + 1) + 2 — 10z, + 1} (-1)* BV, (2.39)
(1+z,) prs
= ﬁ > {6k(4al — 4z, — 1) + 222 — bz, — 1} (-1 ByW2F, (2.40)
n ]{1:0

o

{2(1 — 52p) n 3k(4a? — 622 — 6z, +4) + 623 — 922 + 3z, } CLLE (2.41)

Vi — X, (1 -z, +22)3

~
Il

0

Mg

{ 1— 5z, 6/{3(643@% — 922 + 30w, + 1) + 962> — 14422 + 48z, }
— | V1-4X, (1— 16, + 1622)*
x (=)o MF,  (2.42)

A AV ¢ Sk )

h Xy = dx,(1 - na}/n = oo U, = s =
whnere X ( xr ) (1 _wn)2 4(1 _xn) (1 +xn)2

, Wy =
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2/ X 27X2 277X,
L,=—2—and M, = ————
1 X, T @ x,) T 1 ax,)8
.. 6 3
P(e ) = ; - 52%7

Employing (2.27), we find that

6 —P(e_”)+§§:A
T 2k:0 ks

. Put n =1 in (2.18), we obtain that

(2.43)

where 21 = £ and X; = 1. The series (2.43) seems to be new and this is similar to the series

2
recorded by Ramanujan in [8, p. 256].

§3. Example: n =2

Theorem 3.1 We have

oo

Z{s 5V2)k+3 - 2v2} 4,(2v2 - 2)

k=0

% (—1)k(4k + 1) Ay,

NE

k=0

2Vv2-1 i{4\f—2k+¢§—1}( )’“Ak<\/§_1

2

k=0

5\/5 00 3 3k
—_— 2 .
- kZ:O 8k:+30k<5)

(3.1)

(3.2)

(3.4)

Proof From Entry 13(viii) in Chapter 17 of Ramanujan’s second notebook [44] (Also [9,

p.127]), we see that

—P(q) +2P(¢%) = (1 + z)2°

(3.5)

Setting ¢ = e ™/V2 in (3.5), then using (2.14) and the value of the singular modulus

zy = (/2 —1)% [11, p. 281], we find that

—P(e™V2) 4 2P(e"™V2) = 2(—1 + 2v/2) 22

(3.6)
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Setting n = 2 in (2.18), we obtain that

124/2
P(e™/V?) 4 2P(e"™V?) = 12v2 623. (3.7)
™
Adding (3.6) and (3.7), we immediately deduce that
3v2
Ple ™?) = Tf —(2-V2)22. (3.8)

By employing (2.27) in (3.8), one can rewrite (3.8) as

P(e™™?) = 3V2 (2-2) iAkX,f, (3.9)
k=0

™

where X, = (2v/2 — 2). Now, setting n = 2 in (2.36), then with the aid of (2.27) and the value
of the singular modulus zp = (v/2 — 1)? [44, p. 214], [11, p. 281], we easily obtain that

Ple=™V2) = i(fm +104/(2) + (—30 + 24/(2))k) A X5, (3.10)
k=0

From (3.9) and (3.10), we arrive at (3.1). Similarly the proofs of (3.2), (3.3) and (3.4) are
follows, by employing (2.28), (2.29) and (2.32) in (3.8) and setting n = 2 in (2.37), (2.38) and
(2.41), respectively. O

84. Example: n=6

Theorem 4.1 We have
241 &
%ZZ{(ﬁ\/g+3\/6—6)k+2\/§+\/6—3—\/§}<—1)k14k
k=0

x (8(\/§+ DA(V3 - Vv2)3(2 - \/§)3)k . (41)

- :i(—l)’“{(12\/5—12)k+4\/41—5}Ak(\/§—1)4’“, (4.2)
k=0
? = i(sk + 1)Bk9ik. (4.3)

b
Il
<]
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Proof From [47], we have

—P(q) +6P(¢°) = f1faf3fs <5§§ LI

This is

9(_ _ 3 2.6 5 6(_ .3 6(__ 4
raon - LREALE (D) 0 s

Ifqg= e*“/‘/é, then we obtain from [6, Theorem 4.1] that

) (W2
F2(e —21/V6) V3

(4.6)

Setting ¢ = e~™/V6 in (4.5), using (2.9), (4.6), (2.14) and the values of the singular moduli
2 2 2 2
T30 =2(-3-2v2+2V3+V6) (V2-1)" (V3+v2)" [42] and 26 = (2 v3)" (V3 - V2)

[11, p. 282], we deduce that
P(e™/V6) 4 6P(e"™V0) = 6(15 + 12v/2 — 8V/3 — 61/6)22. (4.7)

Setting n = 2 in (2.18), we see that

P(e V0 4 6P(e™V0) = 127%/6 — 1822 (4.8)
It follows from (4.7) and (4.8) that
P(e™™V0) = (6 + 6v2 — 4v/3 — 66)22. (4.9)

As in the previous Section, by employing (2.27), (2.28) and (2.30) in (4.9) and setting n = 6
n (2.36), (2.37) and (2.39), we easily deduce the identities (4.1), (4.2) and (4.3), respectively.r]

85. Example: n=9

Theorem 5.1 We have

o0

(3{ 5 I;J(lzk+3—\/§) Ay (2—\/5)4k, (5.1)

1+ (6v3—10)a _ i(fl)k Hg + (30— 18\/§)a} k434 (6—4v3)a
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Qk(\/g_ 1)4k(a —1— \/g)zk

x Ay 165 10aF (5.2)
24/2 4 (12¢/3 — 20 oo
\/ * Wf Ja =3 (-1 [{18+(36\/3—60)a}k+3+(10\/§—18)a}
k=0
_ al/4\3 2k
i ((x/§+1)({ ) )  5.3)
16, & 1
—%= kz:o( 1" (28k + 3) By 1o (5.4)
where a = /3 + 2/3.
Proof On page 475 and page 345 of [9], we have
—P(q) +9P(°) = f - S {19+ 90313 + 27215} (5.5)
1
and
13 12471/3
1+9¢% {1+27q312} . (5.6)
I 1

The above identity can be written as

£ = /i 14 9g9 —1 - (5.7)
5T AT qf1 ' ‘

Setting ¢ = e~"/3 in (5.5), then using (2.7), ( 7), (2.14) and the value of the singular
4
ﬁfj) (\/4+2f7¢3+2\/§) [11, p. 290], we find that

—P(e™™/3) + 9P(e7") = 18@ V3 -1)73. (5.8)

Setting n = 9 in (2.18), we see that

modulus xg = % (

36
P(e™™3) 4+ 9P(e3™) = = — 2722 (5.9)
Y

From (5.8) and (5.9), we obtain that

P(e™3m) = % {\/3+2\/§(\/§— 1) — ‘;}zg (5.10)

Now, employing (2.27), (2.28), (2.29) and (2.31) in (5.10) and setting n = 9 in (2.36),
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(2.37), (2.38) and (2.40), we arrive at (5.1), (5.2), (5.3) and (5.4), respectively. O

The proofs of the Sections 6-11 follow along the similar lines as those in previous sections,
so we do not record the proofs.

86. Example: n =3

Theorem 6.1 We have

4 (oo}
—=> (6k+1) Ak (6.1)
T k=0

%: go(—nk {(15\/:5—24)k+6\/§— 10}Ak2k(\/§— 1)6k, (6.2)
4‘?_2( D {(30-6v3)k+7-3v3} 4 # (6.3)
87\/5 = i {(85v3 - 135)k + 8v3 — 12} B, (%)Ml : (6.4)

=
;\g g;)(llk +1)C, (1‘2‘5>k. (6.5)

We note that —P(e™™/V3) 4+ 3P(e~™3) = 24222 and x5 = 25/5.

87. Example: n =4

Theorem 7.1 We have

== i {(48v2 — 66)k + 20v/2 — 28} A, (1584v2 — 2240)", (7.1)
k=0

2v2 _

™

Mg

6k +1 Ak
k:O

(7.2)
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16v2

00 k
Qirﬁ =3 (-1 {(24\/5— 30)k + 8v/2 — ll}Ak <(ﬂ_ 1>6> ,

0o 3k+1
V33 _ > (126k + 10)Cy ( ) .
T 11

We note that —P(e™™/2) +3P(e™2") = 1222 and 24 = (V2 — 1)*.

§8. Example: n =5

Theorem 8.1 We have

o0

Z{ 5+\fk+1}Ak(\f—2)

k=0

Mx

~
Il
o

k
x(l)kAkSk{617+276\/5 (485+217f)\[} ,

8 _ i[{(15+5\[)b—7\ﬁ 5\/§}k+(9+3\f5)b—7\/§_5\/ﬁ}(_1)k
k=0
V-1 o b2 b\
><Ak<4> (2_\/5> :
J— . 1
;zZ(—l) (20k +3) By ..

=
i
o

2(—-54+4VE)32 & B B
o = %{(142 58v/5)k + 21 9\/S}Ck<

where b= /5 + 1.

[{80+35v5 — (30v2 + 14V10)b } & + 34+ 15v/5 — (13v/2 + 6v/10)0]

27(—9875 + 4420/5)

553

).

33

(8.1)

(8.3)
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15 —
We note that —P(e_”/‘/g) + 5P(e_’”/g) = 5(5\/5‘/5)4% and the singular modulus for
3
nesisay L (VA1) (Y
B 5T 2 2 2/
89. Example: n=7
Theorem 9.1 We have
— = (42k+5)Ap— 2616’ (9.1)
k=0
1 o
= > {(255V7 — 672k + 112V — 296} A (32 — 12v7)F, (9.2)
77
k=0
V2 & s—3v7\”
—== Z(—l)k {(255ﬁ — 672)k + 1127 — 296} Ay < _4 ) , (9.3)
k=0

2k

29241 2(325 4 11

) => { (76160 — 455V/7)k + 6728 — 784ﬁ} By, (8*[(3 259;41 9‘ﬁ)> . (94)
k=0

W7 _ 16
— = > (65k + 8)(—1)" By (63> : 9.5)
k=0
85v/85 ( 4 >3k
(133k + 8)C , 0
1873 kz() )Ci S5 (9.6)
We note that —P(e™™V7) + 7P(e™™7) = 75[27 and z7 = : _1?()5\ﬁ.

§10. Example: n =10

Theorem 10.1 We have

310 >
= 930 + 220k — 50v/2 + 16V/5 — 29v/10
(680 — 480v/2 + 3041/5 — 215v/10)7 Z ( )

k=0
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3k
xAk{(3+\/5)(2+\/5)(3\/§—\/5—2)} . (10.1)

(—1)* {(60 — 24/5)k + 23 — 10\/5} Ap(VB — 2)%, (10.2)

b
Il

EREN
I
M8

0

V10v/102v/10 — 144+/5 + 228v/2 — 322

™

o0
= {(1020@ — 1440V/5 + 2280v/2 — 3210) k 4+ 407v/10 — 576v/5 + 910v/2 — 1285}

=0
k
207v/10 — 2 450v/2 — 64
y (_1)kAk< 07v/10 88\/§+ 50v/2 — 6 7)  (103)
9 i(lOk + 1B~ (10.4)
2V2m = SR '

We note that z1 = 323 — 228v/2 + 144v/5 — 102V/10 and —P(e~™/V10) 4 10P (e "V10) =
(2550 — 1800V/2 + 1152V/5 — 804\/@ 2.

§11. Example: n =38

Theorem 11.1 We have

oo

7
= 560 4+ 392v/2)c — 1575 — 1120V/2 L k + (248 + 174v/2)c — 700 — 4972
v =2 ) fhot( ) |

k
x Ay 16 {(4490 + 3175v/2)c — 12756 — 9020[2} . (11.1)

4 i(—l)k (14k +3— \@) Ay <5‘/;3_ 7) ,

(11.2)

=~
Il
=]

7\/5\/(10 +7V2)c — 28 — 201/2

™

_ i [{(560 + 392v2)c — 1554 — 112012} & + (216 + 152v/2)c — 609 — 4342

k=0
k
‘(1) AL ((320+225\/§)§2— 908 —640\@> L)
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343 > 25k (3251/2 — 457)%
— =) (70k+12-3V2)B 7 11.4
(32 — 13V/2) kzzo( B 74 (11.4)

where ¢ = /1 + 5v/2.

We note that x5 = 113 + 80v/2 — 4¢(7v/2 — 10) and

fP(ef’T/‘/g) + IOP(e*“\/g) = {600 — 416V2 — (W) c} 22.
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§1. Introduction

Let P: k1 = 59 < 50 < -+ < 3, = Ko be any partition of [k1, k2] and let Aw(sg) =
w(i+1) — w(54). Then w is said to be of bounded variation if the sum

m

me(%‘”

is bounded for all such partitions [4].
Let w be of bounded variation on [k1, k2], and Y Aw (P) denote the sum > | |Aw(34)]

corresponding to the partition P of [k1, k2]. The number

K2

\/ (w) :=sup {ZAF (P):Pe P([Hl,ﬁg])} ,
is called the total variation of w on [k1, ko|. Here P([k1, ka]) denotes the family of partitions
of [k1, k2] [4]. For a function of bounded variation w : [k1, k2] — C we define the cumulative

variation function CVF : [k1, ko] — [0,00) by

3

CVE(E) =\ @)

K1
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the total variation w on the interval [r1, ] . It is known that the CV'F is monotonic nondecreas-
ing on [k1, k2] and is continuous in a point ¢ € [k1, ko] if and only if the generating function w
is continuing in that point.

Integral inequalities for functions of bounded variation have potential applications in math-
ematical sciences. They have applications in numerical integration, probability and optimiza-
tion theory, stochastic, statistics, information and integral operator theory. In the past, many
authors have worked on some inequalities for functions of bounded variation. see for example
([1]-[12], [14]-[21]).

In [18], Dragomir give the following lemma which will be used frequently in our paper.

Lemma 1.1 Let F,w : [k1,k2] = C. If F is a continuous on [k1,ka] and w is of bounded

variation on [k, Kka|, then
Ko

2 £ Ko
/F(&)dw(f) < /|F(E)\d (\/(w)> < max |F()\/(w). (1.1)

T €€[R1,R2]
o1

In [19], Dragomir introduce the following area balance function:

Let F : [k1,k2] — C be Lebesgue integrable function. Then we define the function
AByf (K1,k2,.) : [k1, k2] = C by

K2

ABy (k0. ) = 5 | [ F©e = [F@ae] (1.2)

Moreover, Dragomir proved the following inequalities involving area balance function.

Theorem 1.1 Let F : [k1, k2] = C be a function of bounded variation on [k1,ke]. Then

A8y (rroa) — (M5 ) 1 )

K1 + Ko
S ABV;,I(F) (Hl,ﬁg, %) — ( B — %) \/(F)

= ] V) df+7<\7<ﬂ>d5

K1 E s

DN | =

IN
2|
—~
AN
|
kA
<x
.
_l’_
Iz
|
X
<2
)

IN
DN | =
X
L —
[
<3
—

‘”
SN—
Iy

+
N[

for any s € [k1, ko] .
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Moreover, Dragomir prove some inequalities for the area balance of absolutely continuous
functions in [20]. Delevar and Dragomir give some weighted trapezoidal inequalities related to
the area balance of a function in [13]. On the other hand, in [10] Budak and Pehlivan establish
some generalizations of the results in [19]. In this paper we obtain some new generalized

weighted inequalities by the weighted area balance functions.

§2. Main Results

First we recall the following weighted area functions given in [10]:

Let w : [k1,k2] — [0,00) be Lebesgue integrable and let F : [k1,k2] — R be a func-
tion of bounded variation on [k1,ks]. Then we define the weighted area balance function
WABr (K1, ka,.;w) : [k1, k2] = R by

WABy (s, g, 60) i | / P~ [ £ (©m(€)de

Ve

Throughout the paper, we denote the weighted area balance function ABf (k1, ke, ;™)
by WABy (k1, ke, ») . First we prove the following generalized identity involving the weighted

area balance function.

Lemma 2.1 Let F : [k1, k2] = R be a function of bounded variation on [k1, ke]. Then we have

the following identity

W ABf (K1, ko, ) — AMABg (K1, ka, 2)F ()

72W(n)dn F(k2) — /J{W(n)dn F (k1)

— 5 [ KA © (21)

for all 3 € [k1, ko] and X\ € [0,1] where KX (€, 5) : [k1, k2] X [k1, ko] — R is defined by

9 >
/\/ (mdn+ (1 —A /w Ydn, k1 < &<
3

K1

K;(fa %) =

K2

3
A [wdn+ (=) [ @y, x<6<n
£ 4

and the integrals in the right hand side are taken in the Riemann-Stieltjes sense.
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Proof From the definition of K (&, 5), we have

Using the integration by parts for Riemann-Stieltjes integrals, we get

> 3
/ (ﬂ w(n)dn) ar ()

K1

and

(2.2)

(2.6)
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If we substitute the equalities (2.3) — (2.6) in (2.2), then we obtain

—(1-=X) (/w dn)an (w dn)Fm

:2WABF(I€17I€27 )—2)\143 (Hl,ﬁg, )F(%)

—(1-2X) (/w dn)an (ﬂw dn)Fm

which completes the proof. O

Remark 2.1 If we take A =1 and A = 0 in Lemma 2.1, then Lemma 2.1 reduces to Lemma 2

and Lemma 3 in [10], respectively.

Corollary 2.1 If we choose w(s) = 1 for all € [k1,k2] in Lemma 2.1, then we have the

following identity

W ABF (K1, ko, 2) — A <R1 ;FHQ - %) F ()

(1=X [/‘ézf(ﬁ2)+/‘é1f(ﬂ1) F(/ﬁ)JFF(/‘Gz)%}
2 2 2

=5 [ Boen g+ =N - gl ar (€ (2.7

K1
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for all 3 € [k1, k2] and X € [0, 1] where p(§, ») : [K1, Ka] X [K1, k2] = R is defined by

E—r1 R <E<
p(§, ) =

Ko —& <€ < Ko

Remark 2.2 If we take A = 1 and A = 0 in Corollary 2.1, then the equality (2.7) reduces to
the equalities (2.1) and (2.2) of Theorem 1 in [19], respectively.

Theorem 2.2 If F : [k1, k2] = R is a function of bounded variation on [k1, k2], then we have

|W ABf(k1, ko, ) — NMABy (K1, ke, #2)F (3¢)
[(/w dn)fﬁlg (ﬁw dn)f,‘ﬁ”
P2 2 K2 I3
< %)\/ (\!(F)) =(€)de + %)\/ (\!(F)) w(€)de

ool onfeo (jo)

< % ") / =(ae + /(1) / w(&)d&}
. [; fw©)de+ 1| [ (@) dfTW(ﬁ)df‘ Vi),
L e
30+ [V - V| Fatee

for all s € [k1, k2] and A € [0,1].
Proof Taking the modulus identity (2.1), we have

|WABF(/£1,/£2, — MB, (K1, ke, %) F ()

[l o]

/ KA. %)dr(@‘
3

)\/ n)dn + (1 — X /w dn]dF
3

K1

N |

bl

/

K1

N | =
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Using Lemma 1.1, we get

|WABF(K31,KJQ, )\AB (/‘31’527 )r(%)

l(/w ) (w dv)mﬂ

:% {/ﬂ (A/Ew(n)dn+ (1-— A)jﬁ(n)dn) d (\7(F)>]
A 3 "
+% L]z (AZQW(W)WH (1- /\)j?ﬂ(n)dn) d ((Z(F))]

By utilizing the integration by parts for Riemann-Stieltjes integrals, we obtain

() (i) - ()i ) (e
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1
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=

5
N————
<x

3

|
\N
/N
<

)
N—————

g

™

QL

ax
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By substituting the equalities (2.10)-(2.13) in (2.9), we establish

‘WABF (K1, K2, %) — NABy (K1, k2, %) — % [(/ w(n)dn) F(k2) — (/w(n)dn) F(m):| ‘
N i 13
[A / (\/m) (©d+ (1= [ () (V(F)) df]

K1 § K1 r1

%) § K2 Ko
4l [)\ / (\/(m) w(@)d +(1- ) [ =(© (\/(m) ds]

» »

<1
-2

which gives first inequality in (2.8). By using the facts that

we obtain

= \/(F)/W(f)d§+\/(F)/w(§)d§

This proves the second inequality in (2.8).
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Notice that the last inequality in (2.8) is obvious from the fact that

for p,q € R.

ptq 1
max {p, ¢} = T+§Ip—q|

O

Remark 2.3 If we take A = 1 and A = 0 in Theorem 2.2, then we have the following inequalities,

respectively

and

IN

1
2

IN
DN =

INA
DN | =

|AB (

IN
DN =

IN
DN | =

»

K1, K2, %) — NMABg (K1, k2, 2)F ()]

K2

w@%+;/<

<2

w(©)de+\/(F) / w(&)d&]

K2

w@(§)d§ — [ w(§)dE

k<3

J

K1

K2

V),

K1

w(§)dé + 5

K2 K2

el

/

K1

1

2

|

117
2

|

Jw(©)dg

K1

V) = V)

K1 Fa

V(F)§+

K1

ABpf (K1, K2, )[(/w dn)F@ ( w( dn)Fm”
13 1 R2 K2
@ (€) (\/(H) dg + 5 / @ (¢) (\/(F) d¢
K1 o €
P [+ \) [ W(ﬁ)dé‘]

»

J

K1

K2

J

»

K2

J

K1

V(F),

K1

@(§)dE — [ w(£)dE

|

w(&)dé + 3

K2

V) = V)

K1 P

K2

[ w(£)dg

K1

V(F)¢+

K1

which are proved by Budak and Pehlivan in [10].

Corollary 2.2 If we choose w(>) = 1 for all s € [k1, k2] in Theorem 2.2, then we have the
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following inequality

‘WABr(n17n27%) - <K1 ;—m — %) F ()

() [safle) omuflon) ) ), ]|

2 2 2
1 2 Ko ¢
<5/ \!(m) i+ [ (\Z(F)) e
_ x e K2 gy
L 2A) /(ym) d§+/ (\E/(r) dg
<5 [V [ =t + Vi JEGE
[ (k2 — 1) + |3 = =2 ] V(F),
<1 "
a 2 K2 » K2
{éy(F)u Vi) - \}{(F)H (K2 — k1)

for all s € [k1, ko] and A € [0, 1].

Remark 2.4 If A =1 in Corollary 2.2, the inequalities (2.7) reduce to the inequalities (1.3).

Remark 2.5 If we take A = 0 in Corollary 2.2, then the inequality (2.7) reduces to the equalities
(3.9) of Theorem 3.4 in [19].

83. Inequalities for Lipschitzian Functions

In this section, we obtain some inequalities for Lipschitzian functions. First we give the following
important fact:

If w is Lipschitzian with the constant L > 0; i.e.

lw(&) —w(n)| < L|§—n| for any &1 € (K1, K2)

then, it is well known that for any Riemann integrable function g : [k1, k2] — R the Riemann-
Stieltjes integral f:f g(&)dw(§) exist and

K2

/ 9()dw(6)| < L / 9(6)] de. (3.1)

1
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Theorem 3.1 If w is bounded on [k1, k2], i.e.

@]l = sup [@(§)] < oo,
£€lk1, k2]

and if : [k1, k2] — R is a Lipschitzian with the constant L > 0 on [k1, k2], then we have
|WABF(I€1,I'€2, )\AB (Hl,:‘€27 )F( )

(o) ()]

< Ll lm S (o H)] (32)

2 4 2

for all s € [k1, ko) .

Proof By taking modulus in the inequality (2.1) and by using the inequality (3.1), we

obtain

|WABF (K1, k2, %) — NABg (K1, k2, )1 (32)

() (w )
e e

+3 {A 7(7W(n)dn) a@lra-n|f ( j w(n)dn> df<s>l]
x \ & e

Sg { ] / n)dn ]W(n)dn dﬁl

K1 3

Ko ¢
L
+5 {)\/ / /W(n)dn dE] :
|W ABF (K1, k2, %) — NMABg (K1, k2, %) F (5)

§
Rl [( / w(n)dn) F () - (/ w(n)dn) r(@] ‘

<

DN | =

1-A

Fl

df—s—(l—A)/

K1

w(n)dn

d§+(1—A)72

Since w@ is bounded on [k1, ka], we have
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el

Ml oy [ (€= w2)dE + (1= ) mumﬂ/% ) de

K1

<

N

L 2 2
4 (Ml ey [ (02 = O+ (1= N [l e [ (€= 0)

= 2 [l oy (2 = 5%+ [l 2 = )7
Using the facts that
<@l and ||

gl <=l

00,[K1,%] 00,[2t,K2]

for all s € [k1, k2], we obtain

|WABf (K1, ka2, ) — AABy (K1, k2, #)F (5)

/w Ydn | F (k2) /w Ydn | F (k1)
L=l

1 [(% — K1)2 + (ko — %)2]

~ L|wlly | (k2 = K1)? K1+ r2 )
T 9 1 T\

which completes the proof. O

Remark 3.1 If A =1 or A = 0 in Theorem 3.1, we have respectively the following inequalities,

|ABF(/€1, Ko, %) - )\ABw(’ih K2, %)F(%”

L|wl|l, | (k2 —K1)? K1+ ko \
< s _
= B 1 + | 2

and

ABr (sr.mz,) = 5 | [@ndn | ree) = | [ @nan | £ )

ks 1

L ||| (ko — K1)? K1+ K2 ?
< .5} _
< 5 1 + (2 B

which are proved by Budak and Pehlivan in [10].

Corollary 3.1 Under assumptions of Theorem 3.1 with w(>) = 1 for all » € [k1, k2], we have
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the following inequality

K1 + Ko

’WABr(m, Ko,) — A (

S [t ) ) ),

)

(3.3)

Remark 3.2 IfcA = 1 or A = 0 in Corollary 3.3, then the inequality (3.3) reduces to the
equalities (4.2) of Theorem 4.1 and 4.5 of Theorem 4.2 in [19], respectively.

Corollary 3.2 Let » = ©352 and let @ : [k1, k2] — [0,00) be symmetric about » = =172

(i.e. w(»)=w(k1 + ke — »)) in Theorem 3.1. Then we have

K2

+ F(52) = F L
WABy (m,@, "“2@> ~(1- A)M /w(n)dn < Slr2 = k1) [

K1
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Abstract: A chord of a path P is an edge joining two non-adjacent vertices of P. A path
P is called a monophonic path if it is a chordless path. A monophonic graphoidal cover of
a graph G is a collection ¥, of monophonic paths in G such that every vertex of G is an
internal vertex of at most one monophonic path in 1, and every edge of GG is in exactly one
monophonic path in t,,. The minimum cardinality of a monophonic graphoidal cover of G
is called the monophonic graphoidal covering number of G and is denoted by 7, (G). In this
paper, we find the monophonic graphoidal covering number of corona product of wheel with

some standard graphs.

Key Words: Graphoidal cover, Smarandachely graphoidal cover, monophonic path, mono-

phonic graphoidal cover, monophonic graphoidal covering number.

AMS(2010): 05C70.

§81. Introduction

By a graph G = (V, E) we mean a finite, undirected connected graph without loops or multiple
edges. The order and size of G are denoted by p and q respectively. For basic graph theoretic
terminology we refer to Harary [6]. The concept of graphoidal cover was introduced by Acharya
and Sampathkumar [2] and further studied in [1, 3, 7, 8].

A graphoidal cover of a graph G is a collection 1 of (not necessarily open) paths in G
satisfying the following conditions:

(i) Every path in ¢ has at least two vertices;

(i1) Every vertex of G is an internal vertex of at most one path in ;

(#i1) Every edge of G is in exactly one path in .

The minimum cardinality of a graphoidal cover of G is called the graphoidal covering
number of G and is denoted by n(G).

The collection 1) is called an acyclic graphoidal cover of G if no member of ¥ is cycle; it

1Received February 16, 2022, Accepted March 17, 2023.
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is called a geodesic graphoidal cover if every member of 1 is a shortest path in G. The mini-
mum cardinality of an acyclic (geodesic) graphoidal cover of G is called the acyclic (geodesic)
graphoidal covering number of G and is denoted by 7,(ng). The acyclic graphoidal covering
number and geodesic graphoidal covering number are studied in [4,5]. Generally, a Smaran-
dachely graphoidal cover € (G, k, P) of graph G is the union of subgraphs with property &2,
hold with every vertex v € V(G) is in at most k subgraphs and every edge is in exactly one
subgraph with property &2. Certainly, let & = {path,cycle} or & = {path} and k = 1.
Then, a Smarandachely graphoidal cover (G, 1, &) is respectively the graphoidal cover of G
or acyclic graphoidal cover of G.

A chord of a path P is an edge joining any two non-adjacent vertices of P. A path P is
called a monophonic path if it is a chordless path. For any two vertices u and v in a connected
graph G, the monophonic distance d,(u,v) from u to v is defined as the length of a longest
u — v monophonic path in G. The monophonic eccentricity e,,(v) of a vertex v in G is e, (v) =
max{d,(v,u) : u € V(G)}. The monophonic radius is rad,,(G) = min{e, (v) : v € V(G)} and
the monophonic diameter is diam,,(G) = maz{e,,(v) : v € V(G)}. The monophonic distance
was introduced and studied in [10, 11].

A monophonic graphoidal cover of a graph G is a collection 1), of monophonic paths in
G such that every vertex of GG is an internal vertex of at most one monophonic path in ¢,
and every edge of GG is in exactly one monophonic path in 1,,. The minimum cardinality of a
monophonic graphoidal cover of G is called the monophonic graphoidal covering number of G
and is denoted by 7,,(G). The monophonic graphoidal covering number was introduced [12]
and studied in [13,14].

Product graphs have been used to generate mathematical models of complex networks
which inherits properties of real networks. By using basic graphs, corona graphs are defined by

taking corona product of the basic graphs.

Definition 1.1 The corona of two graphs G and H is the graph G o H formed from one copy
of G and |V (G)| copies of H, where the it" vertex of G is adjacent to every vertex in the it
copy of H.

82. Monophonic Graphoidal Covering Number on Corona Product of Wheel with
Some Standard Graphs

Theorem 2.1 For the wheel W,, = K1 + Cy,—1 (n > 5), 1, (W) = n.

Proof Let W,, = K14+C,,_1 be a wheel with V(K;) = {v} and V(Cp,—1) = {u1,us, -+ ,up—_1}

and let P : wy,ug, -, Up—2, Po @ U1, Up—1,Un—2, P31 u1,v,up_9 and Piyo : v,u; (2 <0 <
n—3and i =n—1). It is clear that ¢, = {P1, Py, -+, Pu_1, P11} is a minimum monophonic
graphoidal cover of W,,. Hence n,,(W,,) = n. O

Theorem 2.2 (i) If G = P, o W, then 0, (G) = 2nr — 1;
(13) If G = W, o Py, then 0, (G) = n(r 4+ 2) — 2.
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Proof Let P :wuy,us, - ,u, be apath of order r and let W,, = K7 + C},_1 be a wheel with
V(Kl) = {Ul} and V(Cn_l) = {1}2,1)37 e ,’Un}.

(i) Let G be the corona product of P, and W,,. The graph G is shown in Figure 1. Let
My s v, un, U, U, Up 1 Mg 02,053, Uin—1 (1 <0< 1)y MY 200,00, Vin—1 (1 <
i <)y Ml 00,001,001 (1<i<r)and S1 =J_, U;-Lzl {(ui,vij)} —{(ur,v1,1), (up,vr1)},

S = Uizt (Uj—3 {(vi1,vi5)} = {(vi1,vin-1)})-

Uy U9 U,

?_.'1:3 1. 132=

V1,4 : Uin V24 ——at U2

Figure 1

It is clear that v, = S1 U Se U{ My, Mo, ..., Myy1, M{, M}, ... . M M MY --- M} is
a minimum monophonic graphoidal cover of G and so 7, (G) = (nr —2)+r(n—3)+ (3r+1) =
2nr — 1.

(7i) Let G be the corona product of W,, and P,. The graph G is shown in Figure 2.

ua r
32
Us1
Un,1 U2
2 U322
Uy p U2.1

11 113 Uy

Figure 2

Let My : u2,1,v2,03, ,Un—1, Un—1,1; M2 : V2, U, Un_1; M3 : 2, 01,Un—1; Miy1 1 v1,v; (3 <
- . . . ! . - _ n s
i <n—2); My :v,vn Mt ui,uio,- s, (1 <4< n)and S =, j:1(“iaui,j) —

2

{(02, U2,1), (vn—la Un—1,1)}-
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It is clear that 9, = SU{My, Ma,...,M,, M{,M}, ..., M/} is a minimum monophonic
graphoidal cover of G and so n,,,(G) = (nr —2) +2n =n(r+2) — 2. O

Theorem 2.3 (i) If G = C, oW, then n,(G) = 2rn;
(i) If G = W, 0 Cy., then 0y (G) =n(r+3) — 2.

Proof Let C,. : uy,ug,- -+ ,u,,u; be a cycle of order r and let W,, = K; + C,,_1 be a wheel
with V(K1) = {v1} and V(Cr—1) = {v2,v3, -+ ,vn}.

(i) Let G be the corona product of C, and P,.
Case 1. r=3.

The graph G in this case is shown in Figure 3.

Figure 3

IN

Let My : vy, ur,up; My @ va1,ug,ug; M3 @ vg1,us,ur; Migs @ 02,03, ,Vin-1 (1
i < 3); M : vi2,0in,Vin—1 (1 <4 < 3); Mg vi2,01,0in1 (1 <i<3)and S) =
3 3
Ui (Ui { (i vi)} = {(i, vi0)}), S2 = Uiy (Uj—s{(vi1, vi)} — {(vi1, vin—1)})-
It is clear that every M; (1 <4 < 6) and M/ (1 < i < 6) are monophonic paths and every el-
ement in S;USs is a monophonic path. Hence 9, = S1USU{M;, M, - -+, Mg, My, M}, ... M}

is a minimum monophonic graphoidal cover of G and so 7,,(G) = 3n — 3+ 3(n —3) + 12 = 6n.
Case 2. r > 3.

Let My @ w1, ut, g, ... Up—1,Up—1,15 Mo @ ur, up, up_1; Mijo : 02,03, - ,Vin—1 (1
- . . - . "o, . _
i <)y Mo ovi0,0in,Vip—1 (1 <@ < 1)y M @ 02,051,051 (1 <4 < 1) and S =

?

Uiz U= (wivig)) = L, v10), (wr—1,00-1,1) 3, S2 = Uiy (Uj=3 (01, vi,5) = {(vi1, vin—1)})-

IN
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It is clear that every M; (1 < i <r+2), M/ (1 <i<7r)and M/ (1 <i<r)isa
monophonic path and every element in S; U S5 is a monophonic path. Hence ¥, = 51 U Ss U
{My, My, -+, Myyo, M{, M5, ... . M. M MY --- M/} is a minimum monophonic graphoidal
cover of G and so 1, (G) = (rn — 2) +r(n — 3) + (3r + 2) = 2rn.

(i1) Let G be the corona product of W,, and C,.. The graph G in this case is shown in
Figure 4. Let My : ug1,V2,03,  * ,Un—1,Un—1,1; Ma : V2,0, Un_1; Mg : v2,01,0p—1; M] :
Wity Ui2y U1 (1 <4 <m)y MU win, w1 (1 < i <m)and S; = U _s(v1,0:) —

{(Ulvvnfl)}’ Sy = U?:l U;Zl(”ivui,j) - {(U27UZ,I)(Unflvunfl,l)}

Figure 4

It is clear that every M; (1 <i<3), M/ (1 <i<n)and M/ (1 <i<mn)are monophonic
paths and every element in S; U Se is a monophonic path in G. Hence ¢, = S; U Se U
{My, My, M5, My, M} M;, - M} M{ MY, --- M} is a minimum monophonic graphoidal
cover of G and s0 1, (G) = (n —3) + (nr —2) + 2n+3) = n(r +3) — 2. O

Theorem 2.4 (i) If G = K, oW,, then n,(G) = 5(r +4n — 11);
(i) If G = Wy, 0 K., then 1, (G) = n(r? +r +2) — 10.

Proof Let K, be the complete graph of order r with the vertex set {ui,us, - ,u,} and
let W,, = K; + C,,_1 be a wheel with V(K;) = {v1} and V(Cp—1) = {v2,v3,...,0,}.

(7) Let G be the corona product of K, and W,,. The graph G is shown in Figure 5. Let

M; v, uuipr (1 <@ < r—1); My vpg,ue,ur; Niot 032,058, Vi1 (1 <0 < 7))
,. ' N .
N} 02,0 0,Vin—1 (1 <i<7); NIt v 0,v1,uin—1 (1 <i<7)and

T

S =

%

uzavz,]
r

SQZU_

=1

(% 1avz,j (Ui,lvvi,'n—l)}v

U
U
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S; = E(KT) - {(u17u2)7 (’LLQ,U3), R (uT—huT‘)’ (urvul)} :

It is clear that every M;, N;, N/, N/, for 1 < i < r, are monophonic paths and every element

in S1 U S U S3 is a monophonic path. Hence,
Ym =81 JS2|JSs|J{M1, Mo, -+, My, Ny, Ny -+, Ny NY, NG, -+ NJ N, NG - N

is a minimum monophonic graphoidal cover of G and hence

r(r—1)

Dm(G) =r(n—1)+r(n—3) + 5

7T+4r:g(r+4n711).

G

U14 U2.n Up 4

Figure 5

(ii) Let G be the corona product of W,, and K., which is shown in Figure 6.

e il
Lll_l 12 Uy r lT\,

Figure 6
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Let My : u21,v2,v3, ..., Un—1,Un-1,1; M2 : U2, Vpn, Un—1; M3 : v2,v1,Vp—1 and

C=

Sl = (v17vi) —{(/Ul,vnfl)}7
=3

SQ = U(viaui,j) - {(U27u2,1)a(Un—laun—l,l)},
i=1j=1

Sy = |JEBEK.
i=1

It is clear that every M7, My and M3 are monophonic paths and every element in S;US2US3
is a monophonic path. Hence v, = S1 U Sy U S5 U {M;, M2, M3} is a minimum monophonic
graphoidal cover of G and hence

r(r—1)

Nm(G) = (n—3) + (nr —2) +n( 5

) =n(r®+7r+2) - 10. O
Theorem 2.5 If G = W, o Wy, then n,(G) =r(2s +4) — 2.

Proof Let W, = K1 +C,_1 be a wheel with V(K1) = {u1} and V(Cr_1) = {u1,ua, -+ ,ur}
and let Wy = K; + Cs_1 be a wheel with V(K;) = {v1} and V(Cs—1) = {v1,v2, -+ ,0s}.
The graph G is shown in Figure 7. Let M; : vg1,ug,us, -+ ,Ur_1,Vp_1,1; M2 : U2, Up, Up_1;
M3 2 ug, uy, e 15 M 202,03, vis1 (1 <0 < 1)y M2 050,056,051 (1 <4 <)y M
V2, Vi1, Vis—1 (1 <4 < r) and St = Uig(ur, i) — {(u1,ur-1)}, S2 = Uiz (Uj=s (Vi1 vig) —
{(i1,vi,5-1)}), Sz = Uiy Ui (wis vi ) — {(ug, v2,1), (ur—1,vr-11)}-

Figure 7

It is clear that ’(/Jm = Sl U S2 USg U {Ml, Mg, Mg, M{, Mé, ce ,M,,I‘, M{/7 Mé/, te ,M:ﬂ/, M{N,
My’ -+, M!"} is a minimum monophonic graphoidal cover of G and so

(@) =0Br+3)+(r—3)+r(s=3)+(rs—2)=r(2s+4) —2. O
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Abstract: In this paper we introduce the concept of skew Randi¢ sum eccentricity energy
of digraphs. We then obtain upper and lower bounds for skew Randi¢ sum eccentricity
energy of digraphs. Then we compute the skew Randi¢ sum eccentricity of some digraphs

such as star digraph, complete bipartite digraph, (S A P») digraph and crown digraph.
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§1. Introduction

In [1], we have introduced the Randi¢ sum eccentricity energy of a simple graph G as follows.

The Randi¢ sum eccentricity energy adjacency matrix of G is a n x n matrix Arse = (i),

where
0, if i = 7,
_ 1 . . i . .
ajj = Ty if the vertices v; and v; are adjacent,

0, if the vertices v; and v; are not adjacent,

where e(v;) is the eccentricity of the vertex v;. The Randi¢ sum eccentricity energy of G is
defined as the sum of absolute values of the eigenvalues of the Randi¢ sum eccentricity energy
adjacency matrix of G. Generally, a Smarandachely sum eccentricity energy adjacency matrix
= (aj;) with

of G is an x n matrix A7,

0, if 1 = j,
s _ 1 . . . ) s
a; = T rERTTIEnY if the distance of vertices v; and v; is d,

0, if the vertices v; and v; are not connected

which characterizes the non-homogeneity of vertices on a graph by eccentricity. Certainly, the
matrix A,s. characterizes vertices of G in case of homogeneity which is a submatrix of AJ_..

In 2010, Adiga, Balakrishnan and Wasin So [5] introduced the skew energy of a digraph

1Received December 02, 2022, Accepted March 18, 2023.
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as follows. Let D be a digraph of order n with vertex set V(D) = {v1,va, - ,v,} and arc set
I['(D) C V(D) x V(D) where (v;,v;) € I'(D) for all i and (v;,v;) € I'(D) implies (v;,v;) & I'(D).
The skew-adjacency matrix of D is the n x n matrix S(D) = (s;;) where s;; = 1 whenever
(vi,vj) € T(D), si; = —1 whenever (v;,v;) € I'(D) and s;; = 0 otherwise. Hence S(D) is a
skew symmetric matrix of order n and all its eigenvalues are of the form i\ where i = /—1 and
A is a real number. The skew energy of G is the sum of the absolute values of eigenvalues of
S(D).

Motivated by these works, we introduce the concept of skew Randi¢ sum eccentricity energy
of a digraph as follows. Let D be a digraph of order n with vertex set V(D) = {vy,va, -+ , v}
and arc set I'(D) C V(D) x V(D) where (v;,v;) & I'(D) for all ¢ and (v;,v;) € I'(D) implies
(vj,v;) € I'(D). Then the skew Randi¢ sum eccentricity adjacency matrix of D is the n x n

matrix Agpse = (a;;) where

NaTaETon) if (v;,v;) € T(D
e(vi)te(v;)’ if (vi,v;) € T(D),
=8 -1 . o
a” e(vi)+6(vj)’ if (U]7U’L) c F(D)7
0, otherwise.

Then, the skew Randi¢ sum eccentricity energy Es.s.(D) of D is defined as the sum of the
absolute values of eigenvalues of Agqc.
For example Let D be the directed circle on 4 vertices with the arc set {(1,2), (2, 3), (3,4), (4,1)}.
Then
0

N

N|—
S W=

Asrse =

O N O

N[

O = O

0 _
1
2 0 -

N[ =

Then, the characteristic equation is given by A* + A2. The eigenvalues are 4, 0, 0, —i and skew
Randi¢ sum eccentricity energy of D is 2.

In Section 2 of this paper we obtain the upper and lower bounds for skew Randi¢ sum
eccentricity energy of digraphs. In Section 3 we compute the skew Randi¢ sum eccentricity
energy of some directed graphs such as complete bipartite digraph, star digraph, the (S, A P2)
digraph and a crown digraph.

§2. Upper and Lower Bounds for Skew Randi¢ Sum Eccentricity Energy

Theorem 2.1 Let D be a simple digraph of order n. Then

Eyee(D) < |20 (()i())

Jnok

Proof Let iA1,i\o,iA3, - ,iA,, be the eigenvalues of Ag,.qc, where Ay > Ao > A3 > Ny >
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- > \,. Since

é(i%)zt srse) = ii“3k22< J)>’

j=1k=1 jk

we have

iWZQZ( o) @

j~k
Applying the Cauchy-Schwartz inequality

2

n n n
Z;ajbj < Zla? A e
Jj= Jj=

with a; =1, b; =| \; |, we obtain

Jj~k

Esrse(D):Z \J ZP\ | 2<\an|AJ2_\J2nZ< Uz +8UJ)).

This completes the proof. O

Theorem 2.2 Let D be a simple digraph of order n. Then

Jj=1

2
Esrse \I2Z < Uz —|—€ ’UJ)> +7’L(7’L - 1)p"7 where p= |detASTSC| = H |)\J‘ (2)

Proof Notice that

2

(ESTSG(D))2: Zp‘j‘ :Z|>‘J'|2Jr Z |)‘j‘|>‘k|'
j=1 j=1

1<j#k<n

By arithmetic-geometric mean inequality, we get

Z Nkl = Al (el + [As] + -+ [Aa])
1<j#h<n

A2l ([Aa] 4 [As[ 4 -+ [An]) +
FAn (A +[A2] + - 4 [Ana])
n(n = 1) (Al el An ) F (A" oL A 1) 0D

Y

n n n

= n(n-1) H|A|%H XD =nn—1) | T] 1Al

j=1 j=1
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Thus,

3o

(Egrse(D) >Z|>\ > +n(n—1) Hm

j=1
From the equation (1), we get

(e (D) 2 25 (S ) + = D,

Jj~k

which gives (2). O

83. Skew Randi¢ Sum Eccentricity Energies of Some Families of Graphs

We begin with some basic definitions and notations.

Definition 3.1([3]) A graph G is said to be complete if every pair of its distinct vertices are
adjacent. A complete graph on n vertices is denoted by K.

Definition 3.2([3]) A bigraph or bipartite graph G is a graph whose vertex set V(G) can be
partitioned into two subsets Vi and Vy such that every line of G joins Vi with V. (V1,Va) is a
bipartition of G. If G contains every line joining Vi and Va, then G is a complete bigraph. If
Vi and Vo have m and n points, we write G = K, ,,. A star is a complete bigraph K .

Definition 3.3([2]) The crown graph S° for an integer n > 3 is the graph with vertex set
{ut,ug,+  Up, V1,02, v, } and edge set {uv;;1 < i,j < n,i # jt. SO is therefore SO
cotncides with complete bipartite graph K, ,, with the horizontal edges removed.

Definition 3.4([4]) The conjunction (SpAPs) of Sm = K+ K1 and Py is the graph having the
vertex set V(Sp) x V(P,) and edge set {(v;,v;)(ve, vi)|vivi € E(Sp) and vju, € E(Ps) and 1 <
ik<m+1,1<j,1<2}

Now we compute skew Randi¢ sum eccentricity energies of some directed graphs such as
complete bipartite digraph, star digraph, the (S,, A P2) and a crown digraph.

Theorem 3.5 Let the vertex set V(D) and arc set I'(D) of Ky, complete bipartite digraph be
respectively given by

V(D) = {U17u2,~-- s Um, V1, V2, " - 7Un}a

(D) = {(uv;)[1<i<m,1<j<n}

Then, the skew Randi¢ sum eccentricity energy of the complete bipartite digraph is \/mn.
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Proof The skew Randi¢ sum eccentricity matrix of complete bipartite digraph is given by

1 1
0 o 5 - 2
0 0 3 3
AsT‘se = 1 1 2 2
—3 -3 0 0
1 1
—3 -3 0 0
with a characteristic polynomial
AL, — % JT
‘/\I - As7‘se| = 1 )
5J A,

where J is an n X m matrix with all the entries are equal to 1. Hence the characteristic equation

is given by

which can be written as

1\ I,
A, ‘)\In - <2J) -

On simplification, we obtain

)\mfn
(4)"

(4N, +JJT| = o0,

which can be written as

)\m*n
WPJJT(‘DF) = 0,

where Pj;r()) is the characteristic polynomial of the matrix JJZ. Thus, we have

)\mfn
(4)"

(4X% + mn)(4\*)""t =0,

which is same as
mn

>\m+n—2 )\2

) =0.

Therefore, the spectrum of K, , is given by

0 L mm _; /mn
Spec (K pn) = 'V Vi )

m-+n—2 1 1
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Hence, the skew Randi¢ sum eccentricity energy of complete bipartite digraph is

Esrse(Km,n) =vmn,

as desired. 0]

Theorem 3.6 Let the vertex set V(D) and arc set T'(D) of Sy, star digraph be respectively given
by

V(D) = {Ul,Ug,"','Un}, F(D):{(Ul,vj)‘zgjgn}
Then, the skew Randi¢ sum eccentricity energy of D is

n—1
3

Esrse(sn) =2

Proof The skew Randi¢ sum eccentricity matrix of the star digraph D is given by

o L L BN
NERRYE] VERRRVE]
1
- 0 0 0 0
1
A = *.ﬁ 0 0 0 0
1
- 0 0 0 0
1
V3
with a characteristic polynomial
N L L 1
V3 V3 V3
1
7 A 0 0
|>‘I_Asrse‘ - % 0 A 0
1
7 0 0 A
nw =1 =1 -1 -1
1 0 0 0
1\*l1 0 pu 0 0
- <\/§> : ’
1 0 0 0
1 0 0 0 u
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where p = A/3. Then

IM = Agrsel = on(p) ( ! > )

V3
where
w -1 -1 .- -1 -1
1 u 0o --- 0 0
1 0 w0 0
¢n(ﬂ) =
1 0 0 - pu 0
1 0 0o --- 0 7

Using the properties of the determinants, we obtain

O (1) = (udn—1(p) + "2

after some simplifications. Iterating this, we obtain

On(p) = p" (1 + (n = 1)),
Therefore

AL — Agrse| = (%)n [((3))\2 +(n—1)) (A\/ﬁ)n—Q] .

Thus, the characteristic equation is given by

n-2(y2, =1\
A (A 1 )_
0 ;o /n=1 . [n—1
Spec (Sy) = Vs Vo
2 1 1

n —

Hence,

and the skew Randié¢ sum eccentricity energy of S, is

n—1

Eerse n =2
rse(82) =2/

Theorem 3.7 Let the vertex set V(D) and arc set T'(D) of (Sm A Po)(m > 1) digraph be
respectively given by

V(D) - {U1,'U2,"' av2m+2}7
(D) = {(vi,v5), (Vmy2,08) [2<k <m+1,m+3<j<2m+2}

Then, the skew Randi¢ sum eccentricity energy of D is
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n—1

Esrse D) =4
(D) =4/ "

Proof The skew Randi¢ sum eccentricity matrix of (S,, A P») digraph is given by

0 0 0 0 -~
0 0 0 - 0 0
0 O 0 —y O 0
Asrse: K ’
0 ~ 00 0
0 0 0 0 0
4 0 - 0 0 0

2nX2n

where m+1=mn and v = % Then, its characteristic polynomial is given by

A0 - 0 0 —y - —vy
0 A - 0 ~ 0 - 0
0 O A 0 0
|)\I_Asrse| = 7
0 —v -y A 0
N 0 0 A 0
¥ 0 0 0 0 A o 2n

Hence, the characteristic equation is given by

A O 0 0 -1 —1
0 A 0 1 0 0
< 1 )2" 0o 0 -~ A 1 0 - 0 o
V3, o -1 1 A 0 0 ’
1 0 0 0 A 0
1 0 0 0 0 A
2nx2n

where A = v/3\.
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Let
A 0 0 0o -1 -1 -1
0 0 0 0
0 1 0 0
Pan(A) = 0 0 o -~ A 1 0 0
-1 -1 -1 0 0
1 0 o0 0o 0 0
1 0 0 0 0 0 0 A
2nX2n
0o o0 0 -1 -1 -1
0 0 1 0
0 0 A 1 0
= ™Al o 0o 0 -~ A 1 0 0 - 0
0 -1 -1 —1 0 0
1 0 0 0 0 0
1 0 0 0 0 0 0 A
(2n—1)x(2n—1)
0 0o -1 -1 -1
0 0
0o A 1 0
+(=D>' 0 0o o A 1 0
-1 -1 -1 -1 A 0
0o 0 0 0 0
o 0 0 0 0 o0 A0
(2n—1)x(2n—1)
Let
o 0 0 - 0 0 -1 ..o -1 -1
0 o 1 0 0
0 0 1 0 o0
Uon1(A)=(-1)>"""1' 0 0o o0 -+ A 1 0 - 0 0
-1 -1 -1 -1 0 0o o0
0o 0 o0 0 0 0 0
0 0 o0 0 0 0 A0

(2n—1)x (2n—1)

Using the properties of the determinants, we obtain

Won_1(A) = A"720,,(A)
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after some simplifications, where

A 0 0 1
0 A 0 1
O.(A)=| 0 0 A 1
“1 -1 -1 - A

nXxXn

Then,
Ban(A) = A" 720, (A) + Ado,_1(A).

Now, proceeding as above, we obtain

(—1)(2n_1)+1\112n_2(/\) + (_1)(2n—1)+(2n—1)A¢2n_2(A)
= A"30,(A) + Adon_a(A).

¢2n—1 (A)

Proceeding like this, we obtain at the (n — 1) step

$2n(A) = (n = A" 20, (A) + A Vg, 11 (M),

where,
A 0O O 0
0 A O 1
fna(M)=| 0 0 A 1
0 -1 -1 - A (n4+1)x(n+1)

don(A) = (n—1)A"20,(A) + A" A6, (A)
= (n—1)A""20,(A) + A"O,(A)
= ((n—1)A"2 + A™)O,(A).

Using the properties of the determinants, we obtain
On(A) = (n— 1A% 4 A™.

Therefore

pan(A) = ((n — 1)A" 2 + A™)2.

Hence characteristic equation becomes

(\}g)% P2n(A) =0,
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which is same as

<\}§>2n (n— DA™ 4 A™)? = 0

and can be reduced to
A (n—1) 4+ (3)A%) =0.

Spec (D) = 0 Z\/? ZF )

2n —4

Therefore

Hence, the skew Randié¢ sum eccentricity energy of (S, A Pz) digraph is

n—1

EsrseD =4
(D) =1/

Theorem 3.8 Let the vertex set V(D) and arc set T'(D) of S2(n > 2) crown digraph be

respectively given by
V(D) = {U;l,UQ,"' y Un,V1,V2, """ 71}71}’ F(D) = {(ulvv_]) ‘ 1 S 1 S ’I’L,l S .7 S n7i 7&]}

Then, the skew Randié sum eccentricity energy of the crown digraph is 2(n — 1).

Proof The skew Randi¢ sum eccentricity matrix of crown digraph is given by

0O 0 - 0 X X - 0
As’r‘se: y
0 -X -~ -X 0 0 - 0
—-X 0 -X 0 0 0
X -X .- 0 0 0 --- 0

where X = L. Tts characteristic polynomial is

S

A, —-LKT
‘)\I - As7'se| = 1 Vi 5
LK ),

where K is an n X n matrix. Hence, the characteristic equation is given by

1 T
L 0
LK A,

5
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which is the same as
AL,

- ()5 )

gﬁammmn%za

where Py r()) is the characteristic polynomial of the matrix K K. Thus, we have

and can be written as

1
(4)"

[4X% 4 (n — 14N> + 1"t =0,

which is same as

Therefore

. [ (n—1)2 . [(n—1)2 .1 .1
Spec(Sg) = W 4 ‘vi T'va
1

1 n—1 n-—1

Hence, the skew Randié¢ sum-eccentricity energy of crown digraph is
Esrse(Sg) = 2(” - 1)

as desired. O
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81. Introduction

For standard terminology and notion in graph theory, we refer the reader to the text-book of
Harary [1]. The non-standard will be given in this paper as and when required.

To model individuals’ preferences towards each other in a group, Harary [2] introduced the
concept of signed graphs in 1953. A signed graph S = (G,0) is a graph G = (V, E) whose
edges are labeled with positive and negative signs (i.e., 0 : E(G) — {+,—}). The vertices
of a graph represent people and an edge connecting two nodes signifies a relationship between
individuals. The signed graph captures the attitudes between people, where a positive (negative
edge) represents liking (disliking). A neutrosophic signed graph S = (G, o, H) for a subgraph
H C G with property & is such a graph that G\H is a signed graph but H is indefinite for
those of uncertainties in reality. Certainly, if there are no indefinite subgraph in G, it must be
a signed graph. An unsigned graph is a signed graph with the signs removed. Similar to an
unsigned graph, there are many active areas of research for signed graphs.

The sign of a cycle (this is the edge set of a simple cycle) is defined to be the product of the
signs of its edges; in other words, a cycle is positive if it contains an even number of negative
edges and negative if it contains an odd number of negative edges. A signed graph S is said
to be balanced if every cycle in it is positive. A signed graph S is called totally unbalanced if
every cycle in S is negative. A chord is an edge joining two non adjacent vertices in a cycle.

A marking of S is a function ¢ : V(G) — {+,—}. Given a signed graph S one can easily

1Received November 11, 2022, Accepted March 18, 2023.
2Corresponding author: somashekar2224@gmail.com
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define a marking ¢ of S as follows: For any vertex v € V(5),

(= I o),

wveE(S)

the marking ¢ of S is called canonical marking of S. For more new notions on signed graphs
refer the papers (see [6, 8, 9, 13-17, 17-26]).

The following are the fundamental results about balance, the second being a more advanced
form of the first. Note that in a bipartition of a set, V = V; U V5, the disjoint subsets may be
empty.

Theorem 1.1 A signed graph S is balanced if and only if either of the following equivalent
conditions is satisfied:

(i) Its vertex set has a bipartition V- = V3 U Vy such that every positive edge joins vertices
in Vi orin Va, and every negative edge joins a vertex in Vi and a vertex in Vo (Harary [2]).

(i) There exists a marking p of its vertices such that each edge wv in T' satisfies o(uv) =

C(u)¢(v) (Sampathkumar [6]).

Switching S with respect to a marking ¢ is the operation of changing the sign of every edge
of S to its opposite whenever its end vertices are of opposite signs.

Two signed graphs S; = (G1,01) and Sy = (G2, 02) are said to be weakly isomorphic (see
[28]) or cycle isomorphic (see [29]) if there exists an isomorphism ¢ : G; — G such that the
sign of every cycle Z in Sy equals to the sign of ¢(Z) in Se. The following result is well known.

Theorem 1.2(T. Zaslavsky [29]) Given a graph G, any two signed graphs in ¥(G), where »(G)
denotes the set of all the signed graphs possible for a graph G, are switching equivalent if and

only if they are cycle isomorphic.

§2. Full Signed Graph of a Signed Graph

Let G = (V, E) be a graph and the full graph FG(G) of G is a graph whose vertex is the union of
vertices, edges and blocks of G in which two vertices are adjacent if the corresponding members
of G are adjacent or incident (see [4]). Let G = (V, E) be a graph. Then G is a connected
graph if and only if FG(G) is connected.

Motivated by the existing definition of complement of a signed graph, we now extend the
notion of full graphs to signed graphs as follows: The full signed graph FS(S) = (FG(G), o) of
a signed graph S = (G, 0) is a signed graph whose underlying graph is FG(G) and sign of any
edge uv is FS(5) is ((u)((v), where ( is the canonical marking of S. Further, a signed graph
S = (G, o) is called a full signed graph, if S = FS(S’) for some signed graph S’. The following
result restricts the class of full signed graphs.

Theorem 2.1 For any signed graph S = (G, o), its full signed graph FS(S) is balanced.
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Proof Since sign of any edge e = uv in FS(S) is (u)((v), where ( is the canonical marking
of S, by Theorem 1.1, FS§(S) is balanced. O

For any positive integer k, the k*" iterated full signed graph, fSk(S) of S is defined as

follows:

FSYS) =8, FS*(S) = FS(FS*1(9)).

Corollary 2.2 For any signed graph S = (G,0) and for any positive integer k, FS*(S) is
balanced.

Corollary 2.3 For any two signed graphs Sy and Sy with the same underlying graph, FS(S1) ~
FS(Ss).

The following result characterize signed graphs which are full signed graphs.

Theorem 2.4 A signed graph S = (G, o) is a full signed graph if, and only if, S is balanced
signed graph and its underlying graph G is a full graph.

Proof Suppose that S is balanced and G is a full graph. Then there exists a graph G’ such
that FG(G') = G. Since S is balanced, by Theorem 1.1, there exists a marking ¢ of G such
that each edge uv in S satisfies o(uv) = ((u){(v). Now consider the signed graph S’ = (G',0”),
where for any edge e in G’, ¢/(e) is the marking of the corresponding vertex in G. Then clearly,
FS(S") =2 S. Hence S is a full signed graph.

Conversely, suppose that S = (G, o) is a full signed graph. Then there exists a signed
graph S’ = (G’, ¢’) such that

FS(S')~=8.

Hence, G is the full graph of G’ and by Theorem 2.1, S is balanced. g
The notion of negation n(S) of a given signed graph S defined in [3] as follows:

7(S) has the same underlying graph as that of S with the sign of each edge opposite to
that given to it in S. However, this definition does not say anything about what to do with
nonadjacent pairs of vertices in S while applying the unary operator 7(.) of taking the negation
of S.

For a signed graph S = (G, o), the FS(S) is balanced (Theorem 2.1). We now examine,
the conditions under which negation n(S) of FS(S) is balanced.

Proposition 2.5 Let S = (G, 0) be a signed graph. If FG(QG) is bipartite then n(FS(S)) is

balanced.

Proof Since, by Theorem 2.1, FS(5) is balanced, it follows that each cycle C' in FS(S5)
contains even number of negative edges. Also, since FG(G) is bipartite, all cycles have even
length; thus, the number of positive edges on any cycle C' in FS(S) is also even. Hence n(FS(S))
is balanced. O
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§3. Full Line Signed Graph of a Signed Graph

Let G = (V,E) be a graph and the full line graph FLG(G) of a graph G is a graph and
V(FLG(Q)) is the union of the set of vertices, edges and blocks of G in which two vertices are
joined by an edge in SFL(G) if the corresponding vertices and edges of G are adjacent or the
corresponding members of G are incident (See [5]).

Motivated by the existing definition of complement of a signed graph, we now extend
the notion of full line graphs to signed graphs as follows: The full line signed graph FLS(S) =
(FLG(G), ") of asigned graph S = (G, o) is a signed graph whose underlying graph is FLG(G)
and sign of any edge wv is FLS(S) is ((u)((v), where ( is the canonical marking of S. Further,
a signed graph S = (G, o) is called a full line signed graph, if S = FLS(S’) for some signed
graph S’. The following result restricts the class of full line signed graphs.

Theorem 3.1 For any signed graph S = (G, 0), its full line signed graph FLS(S) is balanced.

Proof Since sign of any edge e = wv in FLS(S) is ((u){(v), where ¢ is the canonical
marking of S, by Theorem 1.1, FLS(S) is balanced. O

For any positive integer k, the k" iterated full line signed graph, F ESk(S) of S is defined
as follows:

FLSY(S) =S, FLS*(S) = FLS(FLS*1(9)).

Corollary 3.2 For any signed graph S = (G, o) and for any positive integer k, FLS(S) is

balanced.

Corollary 3.3 For any two signed graphs S1 and So with the same underlying graph, FLS(S1) ~
FLS(Ss).

The following result characterize signed graphs which are full line signed graphs.

Theorem 3.4 A signed graph S = (G, 0) is a full line signed graph if, and only if, S is balanced
signed graph and its underlying graph G is a full line graph.

Proof Suppose that S is balanced and G is a full line graph. Then there exists a graph
G’ such that FLG(G') = G. Since S is balanced, by Theorem 1.1, there exists a marking ¢
of G such that each edge uv in S satisfies o(uv) = ((u){(v). Now consider the signed graph
S" = (G',0"), where for any edge e in G’, o’(e) is the marking of the corresponding vertex in
G. Then clearly, FLS(S") = S. Hence S is a full line signed graph.

Conversely, suppose that S = (G, 0) is a full line signed graph. Then there exists a signed
graph S’ = (G’,0’) such that FLS(S’") = S. Hence, G is the full line graph of G’ and by
Theorem 2.1, S is balanced. O

For a signed graph S = (G, o), the FLS(S) is balanced (Theorem 3.1). We now examine,
the conditions under which negation n(S) of FLS(S) is balanced.
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Proposition 3.5 Let S = (G, o) be a signed graph. If FLG(Q) is bipartite then n(FLS(S))

s balanced.

Proof Since, by Theorem 3.1, FLS(S) is balanced, it follows that each cycle C in FLS(S)
contains even number of negative edges. Also, since FLG(G) is bipartite, all cycles have even

length; thus, the number of positive edges on any cycle C in FLS(S) is also even. Hence
n(FLS(S)) is balanced. O

84. Switching Equivalence of Full Signed Graphs and Full Line Signed Graphs

In [5], the authors remarked that FLG(G) and FG(G) are isomorphic if and only if G is a
block. We now give a characterization of signed graphs whose full signed graphs are switching

equivalent to their full line signed graphs.

Theorem 4.1 For any connected signed graph S = (G,0), FS(S) ~ FLS(S) if and only if G
is a block.

Proof Suppose FS(S) ~ FLS(S). This implies that FG(G) = FLG(G) and hence, G is a
block. Conversely, suppose that G is a block. Then

FG(GQ) 2 FLG(G).
Now, if S any signed graph with G is a block, by Theorems 2.1 and 3.1, FS(S) and FLS(S)

are balanced and hence, the result follows from Theorem 1.2. This completes the proof. O

In view of the negation operator introduced by Harary [3], we have the following cycle

isomorphic characterizations.
Corollary 4.2 For any two signed graphs S1 = (G1,0) and Sy = (Ga,0), n(FS(S1)) ~
n(FS(S2)) if G1 and G are isomorphic.

Corollary 4.3 For any two signed graphs S1 = (Gi1,0) and Sz = (Ga,0), n(FLS(S1)) ~
n(FLS(S2)) if G1 and Gy are isomorphic.

Corollary 4.4 For any two signed graphs S1 = (G1,0) and S2 = (Ga,0), FS(1n(S1)) and
FS(n(S2)) are cycle isomorphic if G1 and Gs are isomorphic.

Corollary 4.5 For any two signed graphs S; = (G1,0) and So = (Ga,0), FLS(n(S1)) and
FLS(n(S2)) are cycle isomorphic if G1 and Go are isomorphic.

Corollary 4.6 For any connected signed graph S = (G,0), FS(n(S)) ~ FLS(S) if and only
if G is a block.

Corollary 4.7 For any connected signed graph S = (G,0), FS(S) ~ FLS(n(S)) if and only
if G is a block.

Corollary 4.8 For any connected signed graph S = (G,o0), FS(n(S)) ~ FLS(n(S)) if and
only if G is a block.
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§1. Introduction

In 1991, Balachandran [1] et.al, introduced and studied the notations of generalized continuous
functions. Different types of generalizations of continuous functions were studied by various
authors in the recent development of topology. Continous function is one of the main functions
in topology. Lellis Thivagar [4] introduced Nano topological space with respect to a subset X
of a universe which is defined in terms of lower and upper approximations of X. The elements
of Nano topological space are called Nano open sets. He has also defined Nano closed sets,
Nano-interior and Nano closure of a set. He also introduced the weak forms of Nano open sets,
namely Nano-open sets, Nano semi open sets and Nano preopen sets. He also defined Nano
continuous functions, Nano open mapping, Nano closed mapping and Nano Homeomorphism.
M.K.R.S.Veerakumar [10] was introduced the notion of 9 closed sets in topological spaces. Maki
[6] introduced the notion of A-sets in topological spaces in 1986. A-set is a set A which is equal
to its kernel, i.e., to the intersection of all open supersets of A. N.R.Santhi Maheswari and
P.Subbulakshmi [7], [8], [10] introduced Nano Ay (A) sets, nano Ay, (A) sets, nano Ay-set and
nano Aj‘p—set in nano topological spaces and we also introduce Nano (A, )-closed sets , Nano
(A, ¢)-Open sets and Nano Ay generalized Closed sets and Nano A¢g-continuous functions in
nano topological spaces. In this paper we introduce Nano Ay g-irresolute functions and discussed
some of their properties. Also we investigate the relationships between the other existing Nano

irresolute functions.

1Received December 11, 2022, Accepted March 19, 2023.
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§82. Preliminaries

Definition 2.1([7]) Let U be a non-empty finite set of objects called the universe and R be
an equivalence relation on U named as the indiscernibility relation. Then U is divided into
disjoint equivalence classes. Elements belonging to the same equivalence class are said to be in

discernible with one another. The pair (U, R) is said to be the approzimation space. Let X C U

(1) The lower approzimation of X with respect to R is the set of all objects, which can be
for certain classified as X with respect to R and it is denoted by Lr(X). That is Lr(X) =
Usev{R(X) : R(X) C X}, where R(X) denotes the equivalence class determined by X € U;

(2) The upper approzimation of X with respect to R is the set of all objects, which can
be for certain classified as X with respect to R and it is denoted by Ur(X ). That is Ug(X) =
Usev{R(X) : R(X) N X = ¢};

(3) The boundary of the region of X with respect to R is the set of all objects, which can
be classified neither as X nor as not X with respect to R and it is denoted by Br(X). That is
Br(X) = Ur(X) — Lr(X).

Lemma 2.2([4]) If (U, R) is an approzimation space and X,Y C U, then

=)

(1) Lr(X) € X C Ur(X);

(2) Lr(¢) = Ur(d) = ¢;

(3) Lr(U) =Ugr(U) =U;

(4) Ur(X UY) = Ur(X)UUR(Y);
(5) Ur(X NY) CUR(X)NUR(Y);
(6) Lr(XUY) D Lr(X)U Lr(Y);
(7) Lr(X NY) = Lr(X) N Lr(Y);
(8) Lr(X) C Lr(Y)and Ur(X) C Ur(Y) whenever X CY;
(9) Ur(

(

(

Definition 2.3([4]) Let U be the Universe and R be an equivalence relation on U and Tr(X) =
{U,¢, Lr(X),Ur(X), Br(X)} where X CU. tr(X) satisfies the following azioms:

(1) U and ¢ € Tr(X);

(2) The union of elements of any subcollection of Tr(X) is in Tr(X);

(3) The intersection of the elements of any finite subcollection of Tr(X) is in Tr(X).

We call (U, 7r(X)) is a Nano topological space. The elements of Tr(X) are called a open
sets and the complement of a Nano open set is called Nano closed sets.

Throughout this paper (U, Tr(X)) is a nano topological space with respect to X where X C
U, R is an equivalence relation on U, U/R denotes the family of equivalence classes of U by R.

Definition 2.4([4]) If (U,r(X)) is a nano topological space with respect to X. Where X C G
and if A C G, then
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(1) The Nano interior of the set A is defined as the union of all Nano open subsets contained
in A and is denoted by Nint(A), Nint(A) is the largest Nano open subset of A;

(2) The Nano closure of the set A is defined as the intersection of all Nano closed sets
containing A and is denoted by Ncl(A). Ncl(A) is the smallest Nano closed set containing A.

Definition 2.5([4]) Let (U,7r(X)) be a Nano topological space and A C G. Then, A is said
to be

(i) Nano semi-open (briefly Ns-open) if A C Ncl(Nint(A);
(it) Nano a-open (briefly Na-open) if A C Nint(Ncl(Nint(A));
(#i1) Nano regular-open (briefly Nr-open) if A = Nint(Ncl(A).

The complements of the above mentioned open sets are called their respective closed sets.

Definition 2.6([8]) Let A be a subset of a Nano topological space (U, Tr(X)). A subset NAy(A)
is defined as NAy(A) =N{H/AC H and H € NYO(U, mp(X)}.

Definition 2.7([8]) A subset A of a Nano topological space (U, Tr(X)) is called a NAy-set if
A= NAy(A). The set of all NAy, -sets is denoted by NAy (U, Tr(X)).

Definition 2.8([9]) Let A be a subset of a Nano topological space (U, Tr(X)). A subset N(A, )
closed if A= BNC, where B is NAy set and C is a Ny closed set.

Definition 2.9 Let (U,7r(X)) be a Nano topological space and A C G. Then A is said to be

(1) Nano sg-closed (briefly Nsg-closed) [2] if Nscl(A) C G whenever A C G and G is
Nano-semi open in U,

(2) Nano -closed (briefly Ni-closed) [10] if Nscl(A) C G whenever A C G and G is
Nano-sg open in U;

(3) Nano A generalized closed (briefly NAig-closed ) [8] if Nycl(A) C G, whenever
ACG and Gis N(A,v)- open in U.

Remark 2.10([9]) We have known the conclusions following:

(1) Every Nano closed set is N Ay g-closed;
(2) Every Ns-closed set is N Ayg-closed;
(3) Every Nr-closed set is N Ayg-closed;
(4) Every Na-closed set is N Ayg-closed,;
(5) Every N-closed set is N Ayg-closed.

Definition 2.11 The function f : (U, 7r(X)) — (V,75(Y)) is said to be

(1) Nr-continuous [3] if the inverse image of every Nano closed set in (V,7p(Y)) is Nr-
closed in (U, Tr(X));

(2) Nano-continuous [5] if the inverse image of every Nano closed set in (V, 7(Y)) is Nano
closed in (U, 7r(X));

(3) Ns-continuous [2] if the inverse image of every nano closed set in (V,7(Y)) is Ns-
closed in (U, 7r(X));
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(4) Na-continuous [3] if the inverse image of every Nano closed set in (V,7p(Y)) is Na-
closed in (U, 7r(X));

(5) Nu-continuous [9] if the inverse image of every Nano closed set in (V,7R(Y)) is N-
closed in (U, mr(X));

(6) NXpg-continuous [8] if the inverse image of every Nano closed set in (V,7(Y)) is
NXypg-closed in (U, Tr(X)).

Definition 2.12 The function f : (U, Tr(X)) — (V,73(Y)) is said to be

(1) Nr-irresolute [3] if the inverse image of every Nr-closed set in (V,7(Y")) is Nr-closed
in (U,7r(X)):

(2) Ns-irresolute [2] if the inverse image of every Ns-closed set in (V,7(Y")) is Ns-closed
in (U, 7r(X));

(3) Na-irresolute [3] if the inverse image of every Na-closed set in (V,7p(Y")) is Na-closed
in (U, mr(X));

(4) Np-irresolute [2] if the inverse image of every N1 -closed set in (V,7(Y')) is Nip-closed
in (U, mr(X)).

83. NXig -Irresolute Functions

In this section, we introduce and study a new concept of N Ayg-irresolute functions in Nano

topological spaces.

Definition 3.1 A function f : (U, 7r(X)) = (V,7x(Y)) is said to be N pg-irresolute if f~(G)
is a NX\pg-open set in (U, Tr(X)) for every NApg-open set G in (V,7(Y)).

Example 3.2 Let U = {a,b,c,d} with U/R = {{a},{b,c,d}} and X = {b,c}.Then 7r(X) =
{U,¢,{b,c,d}}. Let V = {a,b,c,d} with V/R' = {{b},{d},{a,c}} and Y = {a,b}. Then
TR(Y) ={V,¢,{b}, {a,c},{a,b,c}}. Define a mapping f : (U, 7r(X)) — (V,73(Y)) as, f(a) =
a, f(b) =0, f(c) =d, f(d) = c. Here the inverse image of every NAyg- closed set in (V,75(Y))
is NAg-closed set in (U, 7r(X)). Hence f : (U, 7r(X)) = (V,75(Y)) is NAtg-irresolute.

Theorem 3.3 Let (U,r(X)), (V,75(Y)) and (W,75(Z)) be Nano topological spaces. If f :
(U, 7r(X)) = (V,1R(Y)) and g : (V,75(Y)) = (W,Tx(Z)) are two functions. If f is Ng-

irresolute and g is NApg-continuous then g o f is N Ag-continuous.

Proof Let G be a Nano closed set in (W, 75(Z)). Since g is N Apg-continuous, g~ (G) is
a Npg-closed set in (V,7x(Y)). Since f is NAyg-irresolute, f~1(g71(G)) is a NApg-closed
set in (U, 7p(X)). Thus (go f)"1(G) is N\g-closed in U, for every NAig closed set G in
(W,Tr(Z)). Hence the composition go f : (U, 7r(X)) = (W,75(Z)) is N Apg-continuous. [

Theorem 3.4 Let f: (U, mr(X)) = (V,7r(Y)) and g : (V,71(Y)) = (W, 74(Z)) be two maps.
If f and g are both NAg-irresolute then go f is Nig-continuous.

Proof Let G be Nano closed in (W, 7/5(Z)). Since every Nano closed sets is N Aipg-closed.
Since g is NAyg-irresolute, g~ *(G) is NAyg-open in NAg-closed (W,74(Z)). Since f is
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N Mipg-irresolute, f~1(g71(G)) is NApg-closed in U. Thus (go f)"HG) = (g HG)) is a
NXpg-closed set in (U, 7r(X)), for every Nano closed set G in (W, 75;Z)). Hence go f is NAig
- continuous. 0

Theorem 3.5 Let (U,7r(X)), (V,75(Y)) and (W,7”r(Z)) be Nano topological spaces. If
f:(U (X)) = (V,1r(Y)) and g : (V,75(Y)) = (W, 155(Z)) be two functions. If f and g are
both N Xipg-irresolute then g o f is NAg - irresolute.

Proof Let G be NApg-closed in (W, 74Z)). Since g is Npg-irresolute, g1 (G) is NAhg-
closed in (W, 74(Z)). Since f is NXyg-irresolute, f~1(g71(G)) is NApg-closed in (U, 7r(X)).
Thus (go f)~HG) = f~ g (QG)) is N\pg-closed set in (U, 7r(X)), for every NAhg-closed set
in (W,752(Z)). Hence g o f is N Apg-irresolute. O

Theorem 3.6 A function f : (U,tr(X)) — (V,75(Y)) is NXpg-irresolute if and only if
the inverse image f~1(G) is Npg-closed set in (U,Tr(X)), for every NMg-closed set in
(V. mr(Y)).

Proof Let G be NAyg-closed in (V,75(Y)). Then V-G is NAyg-open in (V,75(Y)). Since
f is Nyg-irresolute, f~1(V —@Q) is NA\pg-open in (U, 7r(X)). But f~2(V-G) =U - f~1(G).
Hence f~1(G) is NAyg-closed in (U, 7r(X)).

Conversely, assume that inverse image f~!(G) is NAg-closed in (U,7r(X)), for every
NXpg-closed set G in (V,7,(Y)). Let F be NAyg-open in (V,75(Y)). Then V — F is Nyg-
closed in (V, 75(Y)). By assumption, f~*(V — F) is NApg-closed in (U, 7r(X)). But f~1(V —
F)=U — f~Y(F). Then f~1(F) is N\g-open in (U, 7(X)). Hence f is NAtbg - irresolute.l]

Theorem 3.7 A function f : (U,mr(X)) — (V,75(Y)) is NXpg-irresolute if and only if
F(NMYgcl(F)) C NXpgel(f(F)) for every subset F of (U, Tr(X)).

Proof Suppose f is NAyg-irresolute. Let FF C U. Then f(F) C V. Hence NAygcl(f(F))
is Nyg-closed in V. Since f is Ng-irresolute, f~1(NXpgcl(f(F))) is Npg-closed in
(U,7r(X)). Since f(F) C NXpgcl(f(F)), which implies F C f~1(NXgcl(f(F))). Since
NMpgcl(F) is the smallest N Apg-closed set containing F, NAgcl(F) C f~Y(Npgel(f(F))).
Hence f(NMpgel(F)) € NXpgel(f(F)).

Conversely, assume that f(NAgcl(F)) C Npgcl(f(F)), for every subset F of U. Let G
be NAg-closed in V. Now, f~1(G) C U. Hence f(NXpgel(f~1(GR))) C NX\gel(f(f~HQ))) =
NXgel(G), which implies NAygel(f~1(G)) C f~H(NXpgel(G)) = f~1(G) that implies f~1(G)
is NAyg-closed in U, for every NAig-closed set G in V. Hence f is NAg-irresolute. g

Theorem 3.8 A function f : (U,mr(X)) — (V,7,(Y)) is NXpg-irresolute if and only if
I HNXMgint(G)) C NXgpgint(f~1(Q)), for every subset G of (V,7x(Y)).

Proof Let f be NMyg-irresolute. Let G C V . Then NMpgint(G) is NAg-open
in V. Since f is NXyg-irresolute, f~H(Npgint(Q)) is NXpg-open in (U,7z(X)). Hence
NXpgint(f~H(N \pgint(Q))) = f~H(NXpgint(G)). Since G C V, NXpgint(G) C G al-
ways. Hence f=Y(NXpgint(G)) = N pgint(f~H (N pgint(G))) € NXpgint(f~1(G)). Thus
(N Aggint(G)) € Npgint(f(G)).



86 N.R.Santhi Maheswari and P.Subbulakshmi

Conversely, let f~1(NXgint(G)) C NXpgint(f~1(Q)), for every subset G of V. Let F be
NMtpg-open in V and hence N \igint(F) = F. By our assumption, f~1(F) C NXygint(f~(F)).
But N\ygint(f~1(F)) C f~1(F). Hence f~1(F) = N\gint(f~1(F)). Then f~1(F)is N \ig-
open in U, for every subset F' of V. Hence f is N Ayg-irresolute. O

Theorem 3.9 A function f : (U, tr(X)) — (V,7,(Y)) is NXpg-irresolute if and only if
NXpgel(f~HG)) C f~H(NMpgel(Q)), for every subset G of V.

Proof Suppose f is NAg-irresolute. Let G C V, then NApgcl(G) is NAg-closed in V.
Since f is irresolute, f~1(NAbgcl(G)) is NApg-closed in U. Thus Npgel(f~H(Npgel(G))) =
F YN pgcl(@)). Since G € NMpgel(GQ), then f~HG) C f~H(NMpgel(G)). Now, NApgel(f~1H(G)) C
NMgel(f~H (N Xbgel(G))) = £~ (NMbgel(G)) which implies NAvgel(f~1(G)) € f~H (N Agel(G)),
for every subset G of V.

Conversely, let NAgel(f~1(G)) C f~H(NMpgcl(Q)), for every subset G of V. Let F be
NMpg-closed in V and hence N \gcl(F) = F. By our assumption, N\gcl(f~1(F)) C f~1(F).
But f~Y(F) € N\pgcl(f~1(F)). Hence f~1(F) = NXpgcl(f~1(F)). Then f~1(F) is NXig-
closed in U, for every subset F' of V. Hence f is NAyg-irresolute. O
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Abstract: A stacked-book graph G, . is obtained from the Cartesian product of a star
graph S,, and a path P,, where m and s are the orders of the star graph and the path
respectively. Obtaining the radio number of a graph is a rigorous process, which is dependent
on diameter of G and positive difference of non-negative integer labels f(u) and f(v) assigned
to any two u, v in the vertex set V(G) of G. This paper obtains tight upper and lower bounds
of the radio number of G,,,» where the path P, has an odd order. The case where P, has

an even order has been investigated.

Key Words: Radio labeling, Smarandachely radio labeling, direct product of graphs, cross
product of graphs, star, path.

AMS(2010): 05C35.

§81. Introduction

All graphs mentioned in this work are simple and undirected. The vertex and edge sets of a
graph G are designated as V(G) and F(G) respectively and e = uwv € E(G) connects u, v € V(G)
while d(u, v) denotes the shortest distance between u,v € V(G). We represent the diameter of
G as diam(G).

The radio labeling, which often aims to solve signal interference problems in a wireless
network, was first suggested in 1980 by Hale [7] and it is described as follows: Suppose that
f is a non negative integer function on V(G) and that f satisfies the radio labeling condition,
|f(u) — f(v)] > diam(G) + 1 — d(u,v) for every pair u,v € V(G). The spanf of f is finas(G) —
fmin(G), where fra. and fi, are largest and lowest labels, respectively, assigned on V(G)
and the lowest value of spanf is the radio number, rn(G), of G. Generally, let V; C V(G) be a
subset of vertices in G with property &2. If a labeling f satisfying the radio labeling condition
for vertices in V(G)\V1 but |f(u) — f(v)| < diam(G) + 1 —d(u, v) for every pair u,v € V1, then
f is called a Smarandachely radio labeling of G' and spanf of f is denoted by span® f. Clearly,

1Received December 13, 2022, Accepted March 20, 2023.
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span® f=spanf if V; = 0, i.e., the case of radio labeling on G. It is established that to obtain
the radio numbers of graphs is hard. However, for certain graphs, the radio numbers have been
obtained. Recent results on radio number include those on middle graph of path [3], trees, [4]
and edge-joint graphs [12]. Liu and Zhu [11] showed that for path, P,, n > 3,

Uk —1)+1 if n=2k
rn(P,) =
2k? +2 if n=2k+1.
Liu and Zhu’s results compliment those obtained by Chatrand et. al. in [5] and [6] about the
same graph. Liu and Xie worked on square graphs. In [9], they obtained rn(P?) of square of
path as follows:
k?+2 if n=1(mod4),n>9;

rn(Pg) =
k2 4+ 1 if otherwise.

Other results on squares of graphs include those obtained for C2 in [10], where C,, is a cycle of
order n. On Cartesian products graphs, Jiang [8] solved the radio number problem for (P,,00F,,),
where for m,n > 2, and obtains rn(P,,,00P,) = W —mn—m+2, for m odd and n even.
Saha and Panigrahi [13] worked on Cartesian products of Cycles while Ajayi and Adefokun in
[1] and [2] probe on the radio number of the Cartesian product of path and star graph called the
stacked-book graph G' = S,,[0P,. They observed in [1] that rn(S,,0P,) < n?m + 1, a result
the authors noted, citing a existing result in [8], is not a tight bound.) In [1], they obtained
improve the results for path P,, where n is even.

In this paper, we investigate further on the radio number of stacked-book graphs, S,,00P,,

in the case where n is odd and combined with [2], we improve the weak bounds obtained in [1].

§2. Preliminaries

Let S,, be a star of order m > 3 and let v; be the center vertex of S, and v, vs3,--- , v, are
adjacent to v; and let P, be a path containing n vertices starting from u; to w,. Furthermore,
P=u-"v 2w represents a path of length a + b, for which d(u,v) = a and d(u,w) = b,
where a and b are positive integers. If a stacked-book graph is obtained from the Cartesian
product Gy, ,, = S, 0P, of S,, and P,, then V(G,, ) is the Cartesian product of V(S,,) and
V(P,), for which if u;v; € V(G ), then u; € V(Sp,), v; € E(P,), while, if u;v;uiv; forms an
edge in E(Gy,,5), then u; = uy, and vjv; € E(P,) or v; = v; and w;ui, € E(Sy,).

Some of the following are adopted from [2].

Definition 2.1 Where it is convenient, we denote uw;v; as u;; and edge U;V;uRV; aS UijUky.

Remark 2.1 Stacked-book graph G, ,, contains n number of S, stars, which can be expressed
as the set {Sm(i) 0<i < n}

Definition 2.2 For Gy, n = S0P, Viiy C V(Gyn) is the set of vertices on Sp,(;) stated as

Vi) = u1vi, ugvi, -+ U v;.
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Remark 2.2 We must mention that uqv; in the set in the last definition is the center vertex
of Sy, (7).

Definition 2.3 Let Gy = S0P, 1 odd, the pair Sy, Sm(i+%) is a subgraph G" (i) C
G, which is induced by V; and Vi+%’ where © ¢ {1, ”Tﬂ,n}

Remark 2.3 It can be seen that with n odd, every G,,, contains ”T” number of G”(7)
subgraphs and the diameter diam(G" (i)) of G"(i) is 2.

Next, we introduce the following definitions:

Definition 2.4 Let G, , = S,0P,. Then, Gmm C G 15 a subgraph of Gy, induced by
the stars Sp,(1), Sm(nTJrl), Sh.

We now define a class of paths P’(3).

Definition 2.5 Let {P'(t)},", be a class of paths in Gy, 5, where P'(t) := vy = Up(ng1) N
Vi(n), such that j #k #1, vjq) € V(i)avk("T“) € ‘/(nTH) and Vi) € Viny and 1 < j k1 <m.

It can be verified that {P’(t)};", contains two other sub-classes defined without loss of
generality as follows:

n+1 n+43 n+1 n+1 n+3 n+1

Pi(t) = {U1(1) — Ug(nfl)y — V2(n), V2(1) = Uy(ngd) — U3(n)» U3(1) — Ug(nd) —
vl(n)}

n+3 n+3

Py(t) = va(1) — Up( g2y 5 Ve(n), @ # b # ¢, 4 < a,b,c < m. Clearly, |P{(t)] = 3 and
Pyt =m 2.

83. Results

In the next results, we establish a lower bound of the radio number rn(G,, ,) of a stacked-book

graph G, .
Lemma 3.1 Let f be the radio labeling function on Gy, », n odd, and let
Vi) = {“1(%“)7“2(%“)7“3("7“>’ {“d(%):zxs&m}}

be the vertex set of the mid vertices in P(t) C {P'(t)},~,. Now, let v € Vauia be some vertes in
Vags. If f(v) is fmax on V(P(1)), then

ntds . .
foy={ 2 TvE {ercagy ooy v
"7” otherwise.

Proof Since P(t) C G, then, radio labeling of any vertex on V(P(t)) is based on
diam(G, ) and for u,v € V(P(t)), d(u,v) = k, where k is the distance between v and v in
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G- We consider the three paths in Pj(t) next.

n41 n+3
Case 1(a) For P{(1) := vy1) — Ug(ni1) — Ug(n, let f(vi(ny) = 0. Now d(v1(1y, Va(n)) = 1.
Therefore f(vyn)) > f(vir)) + diam(Gpn) +1 — n=2. Also, d(vg(n),vs(%)) = 23 and
thus, f(”?,(%)) > f(vagm)) + dim(Gy ) +1 — 252 > 252 (It should be note that if we set
f(UQ(n)) = 07 thena f(v3("T+1)) Z TLT”)

n+1 n+1

Case 1(b) For P{(2) := vy1) — Uy (nt1y = V3(n), let f(va@1)) = 0, then d(va(1), v3(n)) = n+1

2

and thus, f(vs(n)) > n+2—(n+1) = 1. Likewise, d(vg(n),vl(%l)) = 242 and therefore,

)
M) /\/ 5

A A

D N

/

Figure 1 Illustration of Case 1(a) and (b) in a G5 5 stacked-book graph

n+3 n+1

Case 1(c) Now for P{(3) := v3q) — YEEES —5 Vi(n), we assume f(vig,)) = 0. Also,
d(vs1y,vi(n)) = n+1in G, pn. Thus, f(vg)) > 2 and since d(Ug(l),U2nT+l) > ’%3, then,
Fgnsny) 2 2+ n+2— (252) > 242,

Next we consider the paths in Pj(t).

n+3
Case 2. Every path in Pj(t) are geometrically similar and are of the form Pj(4) = v,(1) —
nts
Up(nfL) —% Up(n), such that d(ve(1), ve(n)) = n+ 1 and d(ve), vo(2E)) = 252, in Gy, and
for all @ # b # ¢ # m, without loss of generality. Thus, suppose that f(v,)) = 0, then
f(ve(n)) > 1 and f(vb(,%l)) > nT-H% .

e w— oy Sovou— |

C\/
/\

———o—— o — o —

Figure 2 Illustration of Case 1(c) and Case 2 in a G5 5 stacked-book graph
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Remark 3.1 In (a) and (c) of Case 1, if the respective center vertices vy(1y and vy of stars
Sy and S,y are labeled f(vi(1)) = f(vi(n)) = 0, the radio labels on the mid vertices of their

paths would be at least ”T”

Remark 3.2 For the m paths in {P’t};" |, the sum of all the radio labels on the center vertices
(span(f) of f on P'(t) is 3(%F2) + (m — 3)(252) = $(mn + 3m + 6).

Next, we obtained a lower bound for {P(t)};-,.

Remark 3.3 From Remark 3.2, we notice that for optimum labeling of the three vertices on
each of the paths in {P(t)};~,, the end vertex, which closest to the mid vertex is most suitable
to be labeled first. These are vy(1)y € P{(1),v1(n) € P{(3) and any end vertex in the remaining
paths. We refer to each of these ends vertices as initial label vertex.

Lemma 3.2 Let G(x) be a subgraph of G, n, induced by all the end point vertices and the
midpoint vertices of { P{(t)};~, i.e Sy (1 Sm(nTH), Sin(ny- Then rn(G(x)) > L(2mn+4m—n+5)
M G-

Proof Let v1 and vy be center vertices on S, (1) and S, () respectively. There exist vertices
Ue, UB € Sm(%), a # B3, uq, ug not center vertices of Sm(%) such that d(v1, ua) = d(ve, ug) =
2l - Also, there exists a subset A = {w,} in S,(1), (0r Spy(n)) such that |[A| = m — 3, and
B = {z,} in Sm(nTH), |B| = m — 1, such that for r # s, d(w,,zs) = 22, Now, the sum of
span(f) of f for all the pair (w,,zs) will be (m —1)(2E) = 2(mn+m —n — 1) and thus,

1 1
rn(G(x)) > 5(mn+m—n—l)+§mn+3m+6]
1
> 5(2mn+4m—n+5).

This completes the proof. O

We extend the result in Lemma 3.2 in other to obtain a lower bound for the radio number
of stacked book graph G, ., with off n > 5.

Definition 3.1 Let Gy, be a stacked-book graph with odd n, n > 5, and m > 4. Also, let
G(*) as defined earlier. A subgraph G(xx) of G n as G(xx) = Gy n \G(*).

Remark 3.4 We can see that G(xx) is a subgraph of G, ,,, induced by {Sm(i)}?:_;, 1 ”7“

Definition 3.2 The subgraph of G(xx), induced by Sp,+) and S

m(e+252) 88 denoted by G"(1).

Remark 3.5 It should be noted that G(+x) C Gy, contains exactly 252 G”(t) subgraphs.

Remark 3.6 Let G”(t) be induced by Sy, () and S,

and V(S7,L(t+an)) = {v1,v2,- - ,um} be the vertex sets of S, and Sm(t+%1) where u; and

n+1 n+43
2 0 2 ’

a1y andlet V(Sp ) = {ur, uz, -+, um}

vy are the respective center vertices. It can be seen that, d(u;,v;) € { where i # j.

Remark 3.7 For i # j, d(ui,v;) = d(uj,v1) = ”T“ and for i # j, 4,5 # 1, d(u;,v) = "TH’

Now we obtain a lower bound value for the radio number labeling of G”(¢) in Gy .
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Lemma 3.3 Let G"(t) C Gy n, with m >4 and n > 5, n odd, be a subgraph of Gy, . Then
i 1
rn(G"(t)) > mn+m — i(n —3).
Proof Let u; and v; be center vertices of Sy, and S,,n(t_,’_nT—l). By Remark 3.7 above,

d(ur,v;) = d(uz,v1) = 24, is the shortest distance between the center vertex of a star in

G"(t) and a non-center vertex in the other star in G”(t). It is optimal, therefore to label the

center vertices as finin and fiae. Now, without loss of generality, set fi,:, = f(v1) = 0. Since
d(vy,u;) = "TH, 1€{2,3,--- ,m}. Therefore

f(u;) > f(vr) + diam(Gp ) + 1 — d(ug, v1).

Let ¢ = 2. Thus,

1
flup) > mw+2_%}
n+3
u— 2 .
Now d(ugz,v3) = 2$3 and therefore,
flos) > n—2k3+n+2_n—2k3
n+3 n+1
>
- 2 * 2

Also, for d(vs,us) = 253, f(vg) > %2 4 2(2HL). By continuing the iteration, we have

Fom) 2 52 pom 350,
Lastly,
fae = flu) 2 2(25) + 2m = 3)(" 1)
:7m+m—%m—a O

Next we extend the last result to obtain a lower bound for G(*x).

Lemma 3.4 For G(+%) C G, rn(G(xx)) > 1(mn? — 2mn — 3m + 2n — 12).

Proof From Lemma 3.3, the span(f) of f on G”(t) = mn+ m — 3(n — 3). For G"(t),
fmaz = mn +m — %(n —3). Let t = 2 and let uy = Vpy(2) € Spy(2) and vy = Up (24 nt) €

Spn(2+2t1), be center vertices of Sy,(2) and S, 5, n41). Now, d(u;,v}) = "EL. Thus,

n+1_ n+3

flun) + ——

fh) > flur) +n+2—
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This implies that for G”(3), induced by S, 3y and Sm(2+%), Foin = flur) + "TJFB, and firae =

f(vy), where v" is the center vertex of Sy, (3). From the precedure in Lemma 3.3, there are ”?73

G''(t) subgraphs in Gy, . Therefore, fiq. of G(xx) is f(vgk)) € S (251, Where f(vik)) is the
center vertex of Sm(anl ) Following the iteration,

N S T O

1
> i(mn2 —2mn — 3m + 2n — 12).
This completes the proof. O

Now we establish a lower bound for the radio number of G, ;.

Theorem 3.1 Let G, be a stacked-book graph with m >4 and n > 5. Then,

2 _
rn(Gm,n) > mn —|—m2—|— 2n 4.

Proof From Lemmas 3.3 and 3.4,

rn(G(*)) > m(n + 2) — %(n —5) and rn(G(x*)) > =(mn® — 2mn — 3n + 2n — 12).

DN | =

Now, since Gy,,n, = G(x) U G(xx), suppose that wu; is the center vertex of Sm(anl) and
V1 € Sp(n) is the center vertex of S, (). Clearly d(uy,v;) = ”T'H Now, f(u1) = fmaz of G(*x)
and

1
fluy) > i(mn2 —2mn — 3m + 2n — 12).
Therefore,
n+1
fw) 2 f) otz D
1 1
> §(mn2—2mn—3m+2n—12)+n+2—(n;_)
1 2
> —(mn°—2mn—3m+n—13)+n+2.

2
For G(x), set f(v1) = fmin. Thus, rn(Gn.pn) > f(v1) +rn(G(*)) and hence,

1 1
r(Gmun) > §(mn2 —2mn—-3m+4+n—13)+n+2+m(n+2) — i(n —5)
> mn? +m + 2n — 4.
- 2
This completes the proof. O

Next, we investigate the upper bound of a stacked-book graph. The technique involves
manual radio labeling of subgraphs G(*) and G(**) and merging the results.
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Lemma 3.5 Let G(x%) C Gy n, withn-odd. Then, rn(G(xx)) < 3(mn? —2mn+2n—3m—12).

Proof From earlier definition, if n is odd, then, G, = G(*) U G(xx), where G(*x)
contains 253 G”(t) graphs. Let G”(“5%) be induced by S m(251) and Sp,(,—1), n-odd. Let

V(s,, n+1)) {vn 1 )}‘_17 V(Sm(n 1)) = {vn-1};",, where Un_i (1), Un_1(1) Are center ver-

tices and d(vx i) =15 foralll <j<m,dvra 1(1)) n—1() = d('l}n_l(l),'l/nT—l(j)) =
"7“ and d(vn —1(j)) Un— (k) = 2 . Now, let f(’UnT—l(l)) = 0. Since d(vnT_l(l),vn 12)) = ”'H
then set f(vn 1(k) = n+3. Let f(UnT,l(Ll)))) = 0. Since d(v%ﬂ(l),vnfl(m) = n+1 then Set
fon_12)) = %52, d(vn71(2)7v%(3)) = 253 and thus,
n—+3 n+1
fon—1(4)) = 5 +2 5

Thus, by continuously alternating the process, it gets to the case where d(vanl(m), d(Vn—1(m-1))) =
"TJ“O’. Thus,

n—1 n+3 n+1
f( (m)) = +m —2( )
2 2
and since d(vnT_l(m),vn_l(g)) = n43,
n—+3 n—+1 n—+3 n+1
f(vn—l(?))) = 9 + (m - 1)( 9 )7 f(v"'gl(Q)) - 9 m( 9 )
Depending on the size of m, the labeling continues until
3 3 1
flwnaa) = % +om—3nEd) +2(2m—3)("; )

is attained and finally, d(va_s (,, 1), vn_1(1) = “5% and thus, f(v,_10)) = 252 4 2m — 3 +

"TH. (By following the same argument, it is easy to obtain similar result for m-even.) Now,

d(vn_1(1)7vnT_3(1)) = ”+ , where vn— n3(q) is the center vertex of G” m(252): Therefore,
n—3 n+2
fmzn(GH(T)) = f(UﬂTd(l)) :f(U"_l(l))+n+2_ 2
n+3 3(n+3) n+1
= f(’Un_l(U)Jr 5 = 5 +2m73(T)
and
n—3 2n+3) (2m—-3)(n+1)
fmaa:(G”(T) = f(vn*Q(l)) = f('U"T*(l)) + 9 + 9
1
= wjtz(zm—s)(”; ),

which is frae(G”(%52)). Now, the process is extended to G”(2), for which

n+3.  (n=5m+3)  (n-3)(n+3) (n-2)2m-3)(n+1)
7 ) = 4 * 2 * 4

1
= §(mn2—2mn—|—2n—3m—12). O

I
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Remark 3.8 It can be observed that for the optimal radio labeling of G(x), finmaz(G(x)) is

f(v%(l)), the label on the center vertex of S,’n(nTH). Since for va,vp in Sp1) and Sy

respectively, o, 8 # 1, d(vn%l(l),va) = d('l)nQil(l),’UB) = "'2*'1, which is less than "T"‘?’, the value

of d('UnTH(k),Ua), where k # o, k,a # 1, and v, either belongs to S,,(1) or Sy, (n). Thus, we
manually label G(x), such that Ui (q) gets the last label and thus, f(v%(l)) = frmaz(G(%)).

Next, we consider some necessary conditions for establishing the upper bound of G(x).

Lemma 3.6 Let G(x) C Gy n be a subset of G, ., induced by Sm(1)75m(%) and Sy, ny- If
v1(1) (07 V(1)) and Unga gy are the center vertices of Sp,1y (07 Spny) and Sm(nT+1) respectively,
and fmin(G(*)) # f(viqy) (or f(vna))), and frmaa(G(x)) # f(fUnT-l—l) (or vice versa), then,
| finin(G (%)) = finaz (G (*))| # rn(G(%)).

Proof Without loss of generality, select v (1) over vy,(1y. Suppose that f(v; 1) and f('UnTH(l))
are not fmin(G(*)) and fnae(G(*)) respectively. Let vy € V(S,,1)), vs € V(Sm(nTH)), and v, €
V(S (n)) be non-center vertices, and let the set of the following vertices, {vq,vg, vy, v1(1), UnT-H(l)}
be X, and let H = V(G(x))\X be the subgraph of G(*) induced by V(G (%)) — X, and such
that the radio number of H is positive integer p. Without loss of generality, let there be some
v € V(H), where vy, = vy, 33y € Sin), Y # 1 and d(vg, vg) = "TH, there exist a radio numbering
sequence Vg — Vg, = Vi(1) = Uy = Ungi(qy = Va- Suppose that f(vg) is the fax(H), that is,

f(vk) = p. Since d(vy,vs) = 252, then f(vg) = p+ 241 and likewise, it is observed that the ra-

dio labeling sequence yields fr42(G (%)) = p+2n+7. Now, suppose on the contrary, that f(vy(1))
and f(’UnTH(l)) are frin(G(*)) and fra2 (G (%)) respectively. Let vy (o) be the vertex in H, which
holds the least radio label. Obviously vy () # vx and since [V(G(*))| — [V (H)| = 3mod 1, then
V(o) is a is also a vertex on the same star as vy, this time, Sy,,). Thus,if vy () is also not
a center vertex, then, d(vy(1),vk)) = n. Let f(vi1)) = 0. Now, we have the radio labeling
sequence: vy(1) — (Vo) — *r = Up) —> Vg — Vg — Uy —> Ui (q)- Since d(vi(0),v1(1)) = 7,
then, f(vk)) = 2 and since |fmin(H) — fmae(H)| = p, then f(vy) = 2+ p. Labeling the

sequence, afterwards, we have

3n+ 11
2 )

fmaz(G(¥)) = f(U"T“(l)) =p+
which is less than p + 2n + 7. O

Remark 3.9 It is noted that vy(1) (or v,))) and Ungr can be Fmin(G(%)) and fia2G (%)
interchangeably. However, they both will have to be used for these roles. It is trivial to show
that optimal radio labeling will not be attained if just one of them is used.

Next we obtain an upper bound for G(x), based on Lemma 3.6.

Theorem 3.2 For G(*) C G, m > 5, rn(G(*)) < 5(2mn+4m —n+7).

1
2

Proof From Lemma 3.6, for vi1) € Sp(1), let f(vi1)) = 0. There exist m — 1 vertices
of Sy, (n), such that for each v,y € V(Spm)), @ # 1, d(vi(1),Vn@)) = n. Thus, without loss
of generality, let the first vertex be wvy,). Then, f(v,2)) = 2. Likewise, there exists m — 1,
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non-center vertex on Sm(nTﬂ), and for each QEESUS j#1, d(vn(g),v%(j)) = "TJF?’, where j #£ 2.
So, now, let j = 3, then,

n+3 n+1
f(UnTH(3)):2+n+2*T:2+ 5

In similar way,
n+l n+1

2+2'

fluiw) =2+

Now, we label vy,(1), which is at distance n from vy as f(v,)) =4+ 14 "Tl Now, two
of the center vertices are labeled. For, say, v 2t (5),

n+1+n+1+n+3
2 2 2

fongrg) =4+

It can be seen that for each of Sy,(1), Sm(n#) and Sy, (), there are m — 2 vertices left to be

(n+1)

labeled. This is now done by adding ~—5— and 1 in alternating manner to the cumulative label

values, such that we have

n+1 n+3 n+1 n+3
f(vie)) = 4+ 3( 5 ) + and f(vy7y) =5+ 3( 5 )+ 5
Thus by continuing the iteration until it gets to
+1 +3 1
f(v%(l)):(m—l—2)+(2m—3)(n2 )+2(”2 )= 5 (@mn+dm —n+7). O

Next, we merged the last results to obtain an upper bound for the radio number of a
stacked-book graph G, ,,, where m > 5.

Theorem 3.3 Let m > 5. Then, rn(Gpn) < 2(mn? +2n+m — 2).

Proof Recall that G = G(x) U G(xx). From Lemma 3.5, where G(xx) is labeled, we
see that for G(x*), fiaz(G(xx)) = f(vn23(1)). For G(x) € Gy, n, we see in Lemma 3.2 that
f(vi(1)) = fmin- Clearly, d(U71+3(1)7U1(1)) = %*1 Thus, for vi(1) € Gmn,

2

3 1 3 1
floiy) = f(vn%s(l))-i-% = 5(mrﬂ—2mn+2n—3m—12)+n o _ i(mn2—2mn+3n—3m—9).
Thus by Lemma 3.2,
1
fmam(Gm,n) = f(Ul(l)) + fmam(G(**)) = i(m'n? +2n+m — 2) g

Remark 3.10 We observe that the result in Theorem 3.3 that the there is just a difference
of of 1 between this upper bound and the lower bound established earlier in the work. It is
believed that the lower bound can be improved to coincide with the upper bound.

A radio labeling of G5 5 is shown in Figure 3, where it is demonstrated that rn(Gs5) < 69.
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(s5)

50 65\
B A
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N \_/ \_J

Figure 3 A G5 5 stacked-book graph

Conclusion

This work has greatly improved results obtained in [1] and extended the outcomes of [1] to the

odd-path factor of the stacked-book graph class. It is safe now to say that this work and [2] have

provided a tight bounds for the radio number of the general stacked-book graph. Further work

to obtain the exact value of the radio number for stacked-book graph should be considered.
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81. Introduction

In [3], we introduce the concept of skew-quotient of Randi¢ and sum-connectivity energy of a
digraph as follows. Let a and b be two nonnegative real numbers with a # 0 and D be a digraph
of order n with vertex set V(D) = {v1,v2,--- ,v,} and arc set I'(D) C V(D) x V(D) where
(vi,v3) € T'(D) for all ¢ and (v;,v;) € T'(D) implies (v;,v;) € T'(D). Then, the skew-quotient of
Randi¢ and sum-connectivity adjacency matrix of D is the n x n matrix Azqrs = (a;;) where

1 .
T e Ere)
b(d:d;)
1
;=4 .~ . e
j V2’ if (v, vi) € (D),
b(d:dy)
0, otherwise.

Then, the skew-quotient of Randié and sum-connectivity energy Eyg.-s(D) of D is defined as the

sum of the absolute values of eigenvalues of A,4.s. Generally, a skew-quotient of Smarandachely

S _ (aS

sum-connectivity adjacency matrix of D is a n x n matrix Ay, = (a;;) with entries

1Received December 11, 2022, Accepted March 21, 2023.
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1
——————, if the directed distacne from v; to v; is p,
ol a(d§+d§)
b(dlfd;.’)
S . . . .
@j; = § ———=——=, if the directed distacne from v; to v; is p,
o1 a(df-&—d?)
b(d7d?)
0, otherwise

which characterizes the non-homogeneity of vertices on a digraph by directed distance. Cer-
tainly, the matrix Agq.s characterizes vertices of G in case of homogeneity which is a submatrix
of A%

sqrs*

In 2004, D. Vukicevié¢ and Gutman [6] have defined the Laplacian matrix of the graph G,
denoted by L = (L;j), as a square matrix of order n whose elements are defined by

s, if i =73,
Lij =< -1, if i # j and the vertices v;,v; are adjacent,
0, if i # j and the vertices v;,v; are not adjacent,
where §; is the degree of vertex v;. The eigenvalues p1, o, -+ , tn, of L, where p1 > g > -+ >

in are called the Laplacian eigenvalues of G. In 2006, Gutman and B. Zhou [2] have defined
the Laplacian energy of LE(G) of G as

where m is number of edges and n is number of vertices of G.

Motivated by these works, we introduce the Laplacian of skew Quotient of Randi¢ and
sum-connectivity energy of a digraph G as follows. Let a and b be two nonnegative real number
with a # 0. The Laplacian of skew quotient of Randié¢ and sum-connectivity adjacency matrix

of G is the n x n matrix Ajsqrs = (a;;) where

5, if i = 7,
! if (v;, v;) € T(D)

T if (vs, v;) ,

ai; = b(difj)

el if (vj,v;) € T'(D),
b(did;)
0, if the vertices v; and v; are not adjacent.

where §; is the degree of vertex v;. Where 1 > pus > -+ > u, are called the eigenvalues of

Ajsqrs- Then, the Laplacian of quotient of Randi¢ and sum-connectivity energy of G is

n

Elsqrs (G) = Z

i=1

2m

Hi — ——
n

)
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where m is number of edges and n is number of vertices of G.

In Section 2 we compute the laplacian of skew-quotient of Randi¢ and sum-connectivity
energy of some directed graphs such as complete bipartite digraph, star digraph, the (S,, A Py)
digraph and a crown digraph.

82. Laplacian of Skew-Quotient of Randié¢ and Sum-Connectivity Energies of Some

Families of Graphs

We begin with some basic definitions and notations.

Definition 2.1([4]) A graph G is said to be complete if every pair of its distinct vertices are
adjacent. A complete graph on n vertices is denoted by K,,.

Definition 2.2([4]) A bigraph or bipartite graph G is a graph whose vertex set V(G) can be
partitioned into two subsets Vi and Va such that every line of G joins Vi with Va. (V1,Va) is a
bipartition of G. If G contains every line joining V1 and Vs, then G is a complete bigraph. If
Vi and Vo have m and n points, we write G = K, ,,. A star is a complete bigraph K ,,.

Definition 2.3([1]) The Crown graph SO for an integer n > 3 is the graph with vertex set
{ur,ug, -+ up,v1,v2, -+ ,v,} and edge set {u;v;;1 < 4,5 < n,i # j}. SO is therefore SO

coincides with complete bipartite graph K, ,, with the horizontal edges removed.

Definition 2.4([5]) The conjunction (SpmAPs) of Sm = K+ Ky and Py is the graph having the
vertex set V(Sy,) x V(P2) and edge set {(v;, v;)(vg, vi)|vive, € E(Sy,) and vjv, € E(P2) and 1 <
ihk<m+1,1<j1<2}

Now we compute Laplacian of skew- quotient of Randi¢ and sum-connectivity energies of
some directed graphs such as complete bipartite digraph, star digraph, the (S,, A P,) digraph
and a crown digraph.

Theorem 2.5 Let the vertex set V(D) and arc set I'(D) of K, ,, complete bipartite digraph be
respectively given by

V(D) = {ur,uz, U, v1,02, -+, v} and T(D) = {(u;,v5) [1 < i <m, 1 < j <n}.

Then, the Laplacian of skew-quotient of Randi¢ and sum-connectivity energy of the complete
bipartite digraph is
2)2
9, | M)
a(n+n)

Proof The Laplacian of skew-quotient of Randi¢ and sum-connectivity matrix of complete
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bipartite digraph is given by

n 0 0
0 n 0
0 0o - n vy
Alsqrs = )
-y =y - =y n 0 -+ 0
- = - 0 n 0
- =y - =y 0 0 - n
1 . o .
where v = DR Then its characteristic polynomial is
b(n?)
A—n 0 0 —y —y —
0 A—n 0 — —y —
0 0 A—n  —y —y —y
|)\I - Alsqrs| -
A—n 0 0
0 A—n 0
v % ¥ 0 0 A—n
AL, ——tJ7
a(n+n)
— b(n2)
—J A,
a(n+n)
b(n2)

where A = A—n, J is an n x n matrix with all the entries are equal to 1. Hence the characteristic

equation is given by

AL, LT
/algzlggl)
" =0.
B AL,
a(n+n)
b(n2)
This can be written as
1 I, 1
ATl [ATy = | ———— T | 2 [ —c————JT || = o
a(n+n) A a(ntn)

b(n?) b(n?)
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On simplification, we obtain
A7l—'n,

a(n+n)
b(n2)

AP a(n+n) 9 B
a(n+n) Pz (_ < b(n?2) ) A = 0

b(n?)

b(n?)

which can be written as

where Pjyr(A) is the characteristic polynomial of the matrix ,,J,,. Thus, we have

AP (a(n +n) A2 +n2> <a(”+n)/\2> " =0,

(n+n) 2 2
ab?nzv)l b(n?) b(n?)
which is same as
+n—2 2 n’
n+n— —
A At Sy | =0
b(n?)
Hence,
n n+1 a(fiin) n—i a(+im
Spec(D) = e S
n+n-—2

Hence, the Laplacian of skew-quotient of Randi¢ and sum-connectivity energy of the com-
plete bipartite digraph is
b(n2)?

Epaora(D) = 24| 7
tsars(D) a(n+n)

as desired. 0

Theorem 2.6 Let the vertex set V(D) and arc set T'(D) of Sy, star digraph be respectively given
by
V(D) = {’U17’02, o 7vn}>

{(v1,v)[2 < j <n}.

o,
S
I

Then, the laplacian of skew-quotient of Randi¢ and sum-connectivity energy of D is

n—2)2
Elsqrs(sn) == ( n ) +

n 2na

n?—2(n—1) Jrz,\/n3a4(n1)(anb(nl))|

n? —2(n—1) _i\/n3a—4(n— 1)(an — b(n — 1)) .

2na
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Proof The Laplacian of skew-quotient of Randi¢ and sum-connectivity matrix of the star

digraph D is given by

n—1 - — — —
Vimen  Vemen Vimen  Vemen
— L 1 0 0 0
b(n—1)
— 1M 0 1 0 0
Alsq'r‘s = b(n—1)
——an 0 0 1 0
b(n—1)
-— 0 0 0 1

an

b(n—1)

Hence the characteristic polynomial is given by

A—(n—-1) ——L ———L S
Ve ko S
];1,11, A—1 0 e 0
b(n—1)
|)‘I - Alsq’r‘5| = %”,, 0 A—1 N 0
b(n—1)
= 0 0 A—1
v -1 -1 -1 -1
1w 0 0 o0
B 1 1 0 m 0 0
BoneT) :
1 0 0 0
1 0 0 0

where
yo-1 -1 -1 -1
1 0 0 0
1 0 u 0 0
¢n(,u) =
1 0 0 0
1 0 0 0 u
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Using the properties of the determinants, we obtain after some simplifications

bn(1) = (udn_1(p) + "~ 2).

Iterating this, we obtain
Pn(p) = p" 2 (uy + (n —1)).

Therefore

M = Apggrs] = ( b(zl)y[((b(nafl)) (A—l)(A—(n—l))+(n—1)>

. ((x_n D) ”) _

Thus the characteristic equation is given by

n—1)2
A—1)"2 ((A— DA—(n—1))+ M) =0.

Hence

2na 2na

n—2 1 1

. /n3a—4(n—1)(an—b(n—1)) . /n3a—4(n—1)(an—b(n—1))
1 —
Spec (D) = n+z\/ n z\/

Hence the Laplacian of the quotient of Randi¢ and sum-connectivity energy of S, is

(n—2)°
Elsqrs(Sn) = T
+n—2n—1 \/n3 —4(n—1)(an —b(n —1)
2na
+n2 2(n—1) \/n3 —4(n—1)(an —b(n —1)
2na '
This completes the proof. O

Theorem 2.7 Let the vertex set V(D) and arc set T'(D) of SO crown digraph be respectively
given byV(D) = {u17u27"' y Un, U1, V2, " -+ ,Un}, F(D) = {(uiavj) | 1 < 1 < n71 S] < nvi %]}
Then the Laplacian of skew-quotient of Randi¢ and sum-connectivity energy of the crown digraph
18
(n—1)b
4(n — 1)) ———.
(n =1\ —
Proof The Laplacian of skew-quotient of Randi¢ and sum-connectivity matrix of crown
digraph is given by
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b((n—1)2
n—1 0 T 0 0 a((27(znf)1);
_ b((n—1)2)
0 n—1 0 =Y 0
_ b((n—1)2) b((n—1)2)
A _ 0 0 n—1 \/u(Q(nfl)) \/a(2(n71))
lsqrs =

_ fam=—n2 o fen-n?) _
0 a(Z(n-1) \ a0 n—l 0
_ [an—12) o [am-n?) _
a(2(n—1)) 0 a(2(n—1)) 0 n—1
_ fam—n2 _ [em-n2
\/a(szl)) \/a@(nﬂ)) 0 0 0

Its characteristic polynomial is

o _ [u((n=1)2) p-T
AT — Apgya] = | A2 DI =y GG B

b((n—1)2 ’
WS K (A= (n= 1D,

where K is an n X n matrix. Hence the characteristic equation is given by

AL, a(2(n—1)) -0
/b((n=1)%) ’
a(2(n71))K Aly.

where A = (A — (n — 1), this is same as

(e =12 N Lo [ [0((n=1)%) || _
Adn < a(2(n—1))K> A ( -1 )‘ 0.

which can be written as

(b((n - 1?)
a(2(n —1))

b((n—1)?) T

AL

a(2(n - 1))
b((n—1)?)

where Py g7y is the characteristic polynomial of the matrix KK T Thus we have

(b((n —1)?) >n [a(Q n—1))
a(2(n=1))/ “b((n —1)?)

which is same as

) Preser(( 1A2) =0,

a(2(n —1))

b((n—1)?)

JAZ + (n — 1) A2 41"t =0,

Therefore

105
b((n—1)2)
a(2(n—1))

b((n—1)2)
a(2(n—1))

. /b(n—1)3 . [b(n—1)3 - [e(n—1) N e
Spec(s9) = ( Y (e Iy S Y TS Ty S O S 1Y (CCE S A Ry [TESs A

1 1 n—1 n—1

) |
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Hence the Laplacian of the quotient of Randi¢ and sum-connectivity energy of crown graph is

(n—1)b

Eigrs(89) = 4(n — 1)y —2,

as desired. O

Theorem 2.8 Let the vertex set V(D) and arc set T'(D) of (Sm A Pa) digraph be respectively
given by

V(D) = {’01,'[)2,~'~ av2m+2}’
I'D) = {(v1,v5),(Umy2,0)|2<k<m+1m+3<j5<2m+ 2}

Then the laplacian of skew-quotient of Randi¢ and sum-connectivity energy of D is

(2n —4)(2—n)

2

2na

n?—2(n—1) +i\/n3a4(n 1)(an — b(n — 1))|

2na

n?—2(n—1) _i\/n3a—4(n—1)(an—b(n—1))|.

Proof The Laplacian of skew-quotient of Randi¢ and sum-connectivity matrix of (S, A Ps)
digraph is given by

b(n—1) b(n—1)
n—1 0 0 0 bl 1/T
0 1 0 _,/% 0 0
A 0 0 1 _ /% 0 0
lsqrs —
0 Y e T, | 0 0 '
_ /% 0 0 0 1 0
_, /b=l 0 0 0 1 1
an 2nx2n

where m + 1 = n. Its characteristic polynomial is given by

b(n—1 b(n—1
A—(n—1) 0 0 0 ,4/% ,4/%
0 A—1 0 Y= 0 0
0 A—1 1/% 0 0
b(n—1) b(n—1)
0 T R A R R )| 0 0
/) en=1) 0 0 0

RG] 0 0 0 0 A—1
an 2nx2n

N[ — Ajsgrs| =
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Hence the characteristic equation is given by

0 0 0 -1 -1
0 A 0 1 0 0
2n
b(n —1) 0 A1 0 0 o
an 0 —1 1 4 0 0 ’
1 0 0 0 A 0
1 0 0 0 0 A
2nxX2n
where
na na
A= A—1 d y= A—(n—1
(n_l)b( ) and v (n—l)b( (n—1))
Let
0 0 0 0 -1 -1 -1
0 A 0 01 0 0 0
0 0 A 01 0 0 0
$pon(N) = O O O -~ A 1 0 0 - 0
0 -1 -1 -1 v 0 0 0
1 0 0 0 0 A O 0
1 0 0 0 0 0 0 A
2nxX2n
0 0 0 0 -1 -1 -1
0 A 0 0 1 0 0 0
0 0 A 01 0 0 0
= (-)™"Alo0 0 0 -~ A 1 0O 0 - 0
0 -1 -1 -1 v 0 0 0
1 0 0 0 0 A 0 0
1 0 0 0 0 0 0 A
(2n—1)%x(2n—1)
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0 0 0 0 0 -1 -1 -1
A 0 0 0 1 0 0 0
0 A 0 o 1 0 0 0
=2 9 0 0 - A 1 0 -~ 0 0
~1 -1 -1 -1 ~ 0 0 0
0 0 0 0 0 A 0 0
0 0 0 0O 0 O A 0
(2n—1)x(2n—1)
Let
0 0 0 0O 0 -1 -1 -1
A 0 0 0O 1 0 0 0
0 A 0 0O 1 0 0 0
Vo y(A)=(-D**2 0 0 0 - A 1 0 -~ 0 0
-1 -1 -1 ~1 4 0 0 0
0 0 0 0 0 A 0 0
0 0 0 0O 0 O A 0
(2n—1)x(2n—1)

Using the properties of the determinants, we obtain
Vo, 1(A) = A" 720, (A)

after some simplifications, where

A 0 O 1

0 A0 1

o.A)=| 0 0 A 1
nxn

Then

B2n(A) = A" 720, (A) + Aga,—1(A).
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Now, proceeding as above, we obtain

bon_1(A) = (=1)CDH20, S (A) + (=1) DD AG, o (A)

= A"30,(A) + Adan_2(A).
Proceeding like this, we obtain at the (n — 1)" step

$2n(A) = (n = A" 20, (A) + A VE, (M),

where
0 0 0
0 A 0 1
Enp1(A)=10 0 A -1
0 -1 -1 A
(n+1)x(n+1)
pon(A) = (n— 1)A”*2®H(A) + A"ily@n(A)

= (n—1)A"20,(A) + A" 10, (A)
= (A" v+ (n—1)A"2)0,(A).

Using the properties of the determinants, we obtain
On(A) = A"y + (n — 1)A" 2.

Therefore
Pan(A) = (A" My + (n — DA™ )2

Hence, the characteristic equation becomes

( b(”‘”) f2n(A) =0,

an

which is same as

( b(n_1)> (An_l’y+(n—1)/\n_2)2 =0

an
and can be reduced to

na

)\2n_4((b(n -1

A=DA=(n—-1)+(n-1)*=0.
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Therefore

1 n+ Z-\/7L3a—i4(n—1)(an—b(n—1)) n— 7;\/n3a—i4(n—1)(an—b(n—1))

2na 2na

Spec (S A Ps)) =
2n — 4 2 2

Hence the Laplacian of skew Quotient of Randi¢ and sum-connectivity energy of (S, A Ps)
graph is

Elsqv"s((Sm A P2)) = Z

n
2 _ 3, — _ _ _
1a|” 2(n—1) Z\/n a—4(n—1)(an —b(n 1))’
n 2na
2 _ _ 3, — _ _ _
|2 1) Z\/n a—4(n— 1)(an — b(n —1))) ’
n 2na
This completes the proof. O
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81. Introduction

For standard terminology and notion in graph theory, we refer the reader to the text-book of
Harary [1]. The non-standard will be given in this paper as and when required.

Given a graph G = (V, E), the line-block graph of G = (V, E), denoted LBG(G), is defined
to be that graph with V(LBG(G)) = E(G) U B, where B is set of blocks of G and any two
vertices in V(LBG(G)) are joined by an edge if, and only if, the corresponding blocks are
adjacent or one corresponds to a block of G and other to a line incident with it (see [4]).

To model individuals’ preferences towards each other in a group, Harary [2] introduced the
concept of signed graphs in 1953. A signed graph S = (G,o0) is a graph G = (V, E) whose
edges are labeled with positive and negative signs (i.e., o : E(G) — {4,—1}). The vertices
of a graph represent people and an edge connecting two nodes signifies a relationship between
individuals. The signed graph captures the attitudes between people, where a positive (negative
edge) represents liking (disliking). A neutrosophic signed graph S¥ = (G, o, H) for a subgraph
H C G with property & is such a graph that G\ H is a signed graph but H is indefinite for
those of uncertainties in reality. Certainly, if there are no indefinite subgraph in G, it must be
a signed graph. An unsigned graph is a signed graph with the signs removed. Similar to an
unsigned graph, there are many active areas of research for signed graphs.

The sign of a cycle (this is the edge set of a simple cycle) is defined to be the product of the
signs of its edges; in other words, a cycle is positive if it contains an even number of negative
edges and negative if it contains an odd number of negative edges. A signed graph S is said

to be balanced if every cycle in it is positive. A signed graph S is called totally unbalanced if

1Received December 10, 2022, Accepted March 22, 2023.
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every cycle in S is negative. A chord is an edge joining two non adjacent vertices in a cycle.
A marking of S is a function ¢ : V(G) — {+,—}. Given a signed graph S one can easily
define a marking ¢ of S as follows: For any vertex v € V(5),

=TI ofw).

uwveE(S)

the marking ¢ of S is called canonical marking of S. For more new notions on signed graphs
refer the papers (see [5, 9-13, 13-22]).

The following are the fundamental results about balance, the second being a more advanced
form of the first. Note that in a bipartition of a set, V = V; U V5, the disjoint subsets may be
empty.

Theorem 1.1 A signed graph S is balanced if and only if either of the following equivalent

conditions is satisfied:

(1) Its vertex set has a bipartition V = V3 U Vy such that every positive edge joins vertices
in Vi orin Va, and every negative edge joins a vertex in Vi and a vertex in Vo (Harary [2]).

(i) There exists a marking p of its vertices such that each edge wv in I' satisfies o(uv) =
C(w)¢(v) (Sampathkumar [6]).

Switching S with respect to a marking ( is the operation of changing the sign of every edge
of S to its opposite whenever its end vertices are of opposite signs.

Two signed graphs S; = (G1,01) and Sy = (G, 02) are said to be weakly isomorphic (see
[123) or cycle isomorphic (see [24]) if there exists an isomorphism ¢ : G; — G2 such that the
sign of every cycle Z in S; equals to the sign of ¢(Z) in So. The following result is well known
(see [24]).

Theorem 1.2(T. Zaslavsky [24]) Given a graph G, any two signed graphs in (G), where (G)
denotes the set of all the signed graphs possible for a graph G, are switching equivalent if and

only if they are cycle isomorphic.

82. Line-Block Signed Graph of a Signed Graph

Motivated by the existing definition of complement of a signed graph, we now extend the
notion of line-block graphs to signed graphs as follows: The line-block signed graph LBS(S) =
(LBG(G),0’) of a signed graph S = (G, o) is a signed graph whose underlying graph is LBG(G)
and sign of any edge uv is LBS(S) is ¢(u){(v), where  is the canonical marking of S. Further,
a signed graph S = (G, o) is called a line-block signed graph, if S = LBS(S’) for some signed
graph S’. The following result restricts the class of line-block signed graphs.

Theorem 2.1 For any signed graph S = (G, o), its line-block signed graph LBS(S) is balanced.

Proof Since sign of any edge e = wv in LBS(S) is ((u)((v), where ¢ is the canonical
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marking of S, by Theorem 1.1, £LBS(.S) is balanced. O

For any positive integer k, the k'" iterated line-block signed graph, £LBS* (S) of S is defined

as follows:

LBS°(S) = S, LBS*(S) = LBS(LBS*1(S)).

Corollary 2.2 For any signed graph S = (G, o) and for any positive integer k, EBS’“(S) 18
balanced.

In [4], the authors remarked that LBG(G) and G are isomorphic if and only if G is K.

We now characterize the signed graphs and its line block signed graphs are cycle isomorphic.

Theorem 2.3 For any signed graph S = (G, o), the line-block signed graph LBS(S) and S are

cycle isomorphic if and only if the underlying of S is is isomorphic to Ko and S is balanced.

Proof Suppose LBS(S) ~ S. This implies, LBG(G) = G and hence G is isomorphic to
K5. Then L£BS(S) is balanced and hence if S is unbalanced and its line-block signed graph
LBS(S) being balanced can not be switching equivalent to S in accordance with Theorem 1.2.
Therefore, S must be balanced.

Conversely, suppose that S balanced signed graph with the underlying graph G is isomor-
phic to K. Then, since LBS(S) is balanced as per Theorem 2.1 and since LBG(G) = G, the

result follows from Theorem 1.2 again. O

Corollary 2.4 Let S = (G,0) be a connected signed graph. Then the n'"-iterated line-block
signed graph LBS™(S), n > 1 and S are cycle isomorphic if and only if the underlying of S is

isomorphic to Ko and S is balanced.

Corollary 2.5 Let S = (G,0) be any signed graph with no isolated vertices, the n-iterated
line-block signed graph LBS™(S), n > 1 and S are cycle isomorphic if and only if the underlying
of S is isomorphic to mKs, m > 1 and S is balanced.

The following result characterize signed graphs which are line-block signed graphs.

Theorem 2.6 A signed graph S = (G,0) is a line-block signed graph if, and only if, S is
balanced signed graph and its underlying graph G is a line-block graph.

Proof Suppose that S is balanced and G is a line-block graph. Then there exists a graph
G’ such that LBG(G') = G. Since S is balanced, by Theorem 1.1, there exists a marking ¢
of G such that each edge uv in S satisfies o(uv) = ((u){(v). Now consider the signed graph
S = (G',0'), where for any edge e in G, ¢’(e) is the marking of the corresponding vertex in
G. Then clearly, LBS(S') = S. Hence S is a line-block signed graph.

Conversely, suppose that S = (G,0) is a line-block signed graph. Then there exists a
signed graph S’ = (G’,¢’) such that LBS(S’) = S. Hence, G is the line-block graph of G’ and
by Theorem 2.1, S is balanced. 0
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The notion of negation n(S) of a given signed graph S defined in [3] as follows: 7(S) has
the same underlying graph as that of S with the sign of each edge opposite to that given to it
in S. However, this definition does not say anything about what to do with nonadjacent pairs
of vertices in S while applying the unary operator 7(.) of taking the negation of S.

For a signed graph S = (G, o), the LBS(S) is balanced (Theorem 2.1). We now examine,
the conditions under which negation n(S) of LBS(S) is balanced.

Proposition 2.7 Let S = (G, o) be a signed graph. If LBG(G) is bipartite then n(LBS(S)) is
balanced.

Proof Since, by Theorem 2.1, LBS(S) is balanced, it follows that each cycle C in LBS(S)
contains even number of negative edges. Also, since LBG(G) is bipartite, all cycles have even

length; thus, the number of positive edges on any cycle C' in LBS(S) is also even. Hence
n(LBS(S)) is balanced. O
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§81. Introduction

We consider only finite, undirected and simple graphs. The notion of pair difference cordial
labeling of graphs was introduced in [4]. Pair difference cordial labeling behaviour of several
graphs like path, cycle, star, Mirror graph, Shadow graph,double fan, mangolian tent, grid
etc have been investigated in [4-10]. In this we investigate the pair difference cordial labeling
behaviour of subdivision of wheel and comb graphs. Terms not defined here follow from Harary
[2,3].

§2. Preliminaries
Definition 2.1([7]) A subdivision graph S(G) of a graph G is obtained by replacing each edge
wv by a path uvw.

Definition 2.2([4]) Let G = (V, E) be a (p,q) graph. Define

g, if p is even
P

P=9 01 ., .
5=, ifpis odd

and L = {£1,4+2,43,--- ,+£p} called the set of labels. Consider a mapping f : V — L

1Received December 30, 2022, Accepted March 22, 2023.
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by assigning different labels in L to the different elements of V when p is even and different
labels in L to p-1 elements of V and repeating a label for the remaining one vertex when p
is odd. The labeling as defined above is said to be a pair difference cordial labeling if for each
edge wv of G there exists a labeling |f(u) — f(v)| such that |Ay, — Aye| < 1. Otherwise, it is
> 2, where Ay, and Age

respectively denote the number of edges labeled with 1 and number of edges not labeled with 1.

called a Smarandachely pair difference cordial labeling if ‘Afl — Age

A graph G for which there exists a pair difference cordial labeling or Smarandachely pair
difference cordial labeling is called a pair difference cordial graph or Smarandachely pair differ-

ence cordial graph.

Theorem 2.3([7]) A wheel W, is pair difference cordial if and only if n is even.

83. Main Results

Theorem 3.1 A subdivision of the wheel W,,, S(W,,) is pair difference cordial for all values of
n > 3.

Proof Let us take the vertex set and edge set of S(W,,) as follows: V(S(W,,)) = {a, a;, b;, u; :
1 <i<n}and E(SW,)) = {aa;, a;ib;,bju; : 1 < i <np{ubipq 11 <i<n—1}U{byus}.
This graph has 3n + 1 vertices and 4n edges.

Case 1. n is even.

Assign the labels 1,4,7,--- | 3”2_4 respectively to the vertices a1, az,as, -+ ,az and assign
the labels 2,5,8,--- | 3”2_2 to the vertices by, ba, b3, -+, bz respectively. Next assign the la-
bels —1,—4,—7,--- ,—(%) to the vertices Ung2,@ngs, Ange, -, A respectively and assign
the labels —2,—5,-8,--- ’7(%) to the vertices bnTH,bnTM,bnTM,"' ,bn, . Now we assign
the labels 3,6,9,--- ,37” respectively to the vertices ui,uz2,us, -+ ,uz and assign the labels
-3,—6,-9,---, —(37") to the vertices Ung2, Ungs, Ungs, = 5 Un respectively. Finally assign the

label 1 to the vertex a. Clearly in this case Age = Ay, = 2n.

Case 2. nis odd.

Assign the labels 1,4,7, - | 3"2_7 respectively to the vertices a1, as, as, - - - sAn_1 and assign
the labels 2,5, 8, - -, 3"2_5 to the vertices by, ba, bs, - - - ,bnT—l respectively. Next assign the labels
—-1,—4,-7,---, —(3"7_7) to the vertices Antl,Gngs, Qngs, o 5 An1 respectively and assign the
labels —2, -5, —8,--- ,—(3"7*5) to the vertices b%,b%z,b%s, -++,by_1 . Now we assign the
labels 3,6,9, - ,# respectively to the vertices wy,us,us, - - sUn_i and assign the labels
-3,—6,—9,---, —(%) to the vertices U, Unis, Ungs, = 5 Un—1 respectively. Finally assign
the label 3”2_1 , —(3";1 ), —(3"2_1 ), 3";1 to the vertices a, a,, by, u, . Clearly in this case Aye =
Afl =2n. O

Theorem 3.2 A subdivision of the spokes of wheel W, is pair difference cordial for all values
of n > 3.

Proof Let G4 be the subdivision of the spokes of the wheel W, with the vertex set V(Gy) =
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{a,a;,b; : 1 < i < n} and edge set E(Gs) = {aa;,a;b; : 1 < i < npU{bbiy1 : 1 <i <
n — 1} U {bya1}. Here the graph G has 2n + 1 vertices and 3n edges.

Case 1. n = 0(mod4).

Assign the labels 2,6,10,--- ,n — 2 respectively to the vertices aq,as,as,--- ;An_2 and
assign the labels 5,9,13,--- ,n — 3 to the vertices asg, aq4, ag, - - - »@n_s respectively. Next assign
the labels —1,—5,-9,--- ,—(n — 3) to the vertices Ung2,Qngs, Gngio, - 5 An—1 respectively
and assign the labels —4, -8, —12,--- | —n to the vertices Anga, Gngs, Angiz, - On. Now we
assign the labels 3,7,11,--- ,n — 1 respectively to the vertices by, bs, b5, - ,bnT—2 and assign
the labels 4,8,12,--- ,n to the vertices bo, by, bg, - - - ,bn;4 respectively. Next assign the labels
—2,-6,—10,--- ,—(n — 2) to the vertices bnTu,bnTw,b#, -+ ,b,_1 respectively and assign
the labels —3,—7,—11,--- ,—(n — 1) to the vertices bnTH,bnTJréé,b#,"' ,b,. Finally assign

the labels 1,7 — 1,n to the vertices a,az,bz.

Case 2. n = 1(mod4).

Assign the labels 2,6,10,--- ,n — 3 respectively to the vertices ay,as,as, - - san_s and
assign the labels 5,9,13,--- ,n to the vertices as,aq,ag, - - ;an_1 respectively. Next assign
the labels —1,—5,—9,---  —(n —4) to the vertices Ungt, Qngs, o, - 5 Gn—2 respectively and
assign the labels —4, —8,—12,--- , —(n—1) to the vertices Ungs,Qngt, Gnian, 5 An1. Now we
assign the labels 3,7,11,--- ,n—2 respectively to the vertices by, bs, bs, - - - ,bnT—il and assign the
labels 4,8,12,--- ,n — 1 to the vertices by, by, bg, - - - 7bnT—1 respectively. Next assign the labels
—2,—6,—10,--- ,—(n—3) to the vertices b%,b#,b#, -++, by_o respectively and assign the
labels —3,—7,—11,--- , —(n — 2) to the vertices b#,b#,b%, -+ ,by_1. Finally assign the

labels 1, —(n — 1), —n to the vertices a, a,, by,.
Case 3. n = 2(mod4).

Assign the labels 2,6,10,--- ,n — 4 respectively to the vertices ay,as,as,--- »An_a and
assign the labels 5,9,13,--- ;n — 1 to the vertices aq, a4, ag, - - - 1an_2 respectively. Next assign
the labels —1,—5,—9,--- ,—(n — 1) to the vertices Angz, Gngo,Ansi0, - Ay respectively and
assign the labels —4, —8,—12,--- | —(n—2) to the vertices Unga,Gngs, Gniaz, 5 An1. Now we
assign the labels 3,7,11,--- ,n— 3 respectively to the vertices by, bs, bs, - - - ,bnT—AL and assign the
labels 4,8,12,--- ,n — 2 to the vertices by, by, bg, - - - 7bnT72 respectively. Next assign the labels
—2,—6,—10,--- , —n to the vertices b#,b#,b#, -+« by, respectively and assign the labels
-3,-7,—11,--- ,—(n — 3) to the vertices b#,b#,b%, -+ ,b,_1. Finally assign the labels

1,n —1,n to the vertices a,az,bz.

Case 4. n = 3(mod4).

Assign the labels 2,6,10,--- ,n — 5 respectively to the vertices ay,as,as, - yAns and
assign the labels 5,9,13,--- ,n — 2 to the vertices as, a4, ag, - - - sans respectively. Next assign
the labels —1,—5,—-9,--- | —(n — 2) to the vertices Angl; Qngs, Gngo, 5 A1 respectively and
assign the labels —4, —8,—12,--- , —(n—3) to the vertices Ungs, Qngt, Gnian, 5 Gn2. Now we
assign the labels 3,7,11,--- ,n—4 respectively to the vertices by, b3, b5, - - - ,bnT—ES and assign the

labels 4,8,12,--- ,n — 3 to the vertices by, by, bg, - - - ,banaz respectively. Next assign the labels
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—2,—6,-10,--- ,—(n—1) to the vertices b%,b#,b#, -++, b,_1 respectively and assign the
labels —3,—7,—11,--- , —(n — 4) to the vertices bnTH7bnT+77bn«;ll ,*+* ,bn_o. Finally assign the
labels 1, —n,, —(n — 1) respectively to the vertices a, a,, b, and assign the labels n,n — 1 to the
vertices a n1, banl respectively.

Table 1 given below establishes that this vertex labeling gives subdivision of spoke of the

wheel is pair difference cordial.

Nature of n Age Ay
n=0 (mod 4) 3n 3n
n=1 (mod 4) Sn-l sntl
n =2 (mod 4) % %
n =3 (mod 4) dn-l sntl
Table 1
This completes the proof. O

Theorem 3.3 A subdivision of the rim edges of the wheel W, is pair difference cordial for all

values of n > 3.

Proof Let G, be the subdivision of rim edges of the wheel graph with the vertex set
V(Gr) ={a,a:,b; : 1 <i<n} and edge set

E(G,) ={aa; : 1 <i<n}U{ab;,a;41b; : 1 <i<n-—1}U{byai}.
Certainly, the graph G, has 2n + 1 vertices and 3n edges.

Case 1. 3 <n <11.

Tables 2 and 3 shows that subdivision of rim edges of the wheel is pair difference cordial
for all values of 3 < n < 11. Assign the label 1 to the vertex a.

n al as as a4 as ae ar as ag aio aii a
3 2 4 | =2 1
4 2 4 1 -1 -3 1
5 2 4 | -1 |-3]-5 1
6 2 4 6 2| 4] -5 1
7 2 4 6 -1|-3]-5]-6 1
8 2 4 6 8 | -2 | -4 -7|-8 1
9 2 4 6 8 | -1|-3]-5]-8]-9 1
10 | 2 4 6 8§ |10| -2 |-4)|-6|-10]| -7 1
11 | 2 4 6 g |10|-1 (-3 |-5]|-7T|-11] -8 |1
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Case 2. n=0(mod4),n > 12.

Assign the labels 2,4,6, - - ,n respectively to the vertices ay,az,as, -+ ,az and assign the

labels —2,—4,—6,-- -, —(%) to the vertices ani02,@nt1,Ants, -+ ,a3n+a Tespectively and as-
2 2 4

sign the labels — (2£8), —(248) —(2410) ... —(3241) respectively to the vertices Q308 , Gansiz,

Asngie, -, Gn. Now we assign the labels 3,5,7,--- ,n — 1 respectively to the vertices by, ba, b3,

,b%. Next assign the labels —1, -3, =5, - - - ,—(’%2) to the vertices bng,bnTH,bnTH,"' ,b%

3n1—12 )’7(3n1-16 )’ .

tices b3n4+4, b3n4+8, b3n1—12 ;- ,bn_1. Next assign the labels 1,n respectively to the vertices

respectively and assign the labels 7(3"1 8),—( -, —n respectively to the ver-

a,by.
Case 3. n = 1(modd),n > 13.

Assign the labels 2,4,6,--- ,n — 1 respectively to the vertices ai,as,as, - ;@n1 and

. 5 .
assign the labels —1,—3,—5,---, —(2£2) to the vertices a,412,anss,ants5, - ,asnis TESPEC-
2 2 4
7

tively and assign the labels —(247),—(242) — (2t ... —(22ED) respectively to the ver-

tices asn+9, @3n+13, Qsnti7, -+ ,a, . Now we assign the labels 3,5,7,--- ,n respectively to
4 4 4

the vertices by, bo, b3, - - - ,banl. Next assign the labels —2, -4, —6, - - - ’_(HT%) to the vertices
3n+9 3n+13 3n+17

( n4+ )’_( nil )7_( njlrl )7
—n respectively to the vertices ban4+5, bSn4+97 b3n4+13 ;o ,bp—1. Next assign the labels 1,n re-

brnt12,bn43,bnes, -+, bsnt1 respectively and assign the labels —
2 2 4

9

spectively to the vertices a, b,,.
Case 4. n =2(mod4),n > 14.

Assign the labels 2,4,6, - -, n respectively to the vertices a1, az,as, -+ ,az and assign the

labels —2, -4, —6,- - -, —(’%2) to the vertices a,422,@n+4,an46,--- ,asn+2 respectively and as-
2 2 4

sign the labels — (%), —(2£8) —(2£8) ... —(3%E2) regpectively to the vertices A3nt6, A3ntio,
Aangia, -, Ay - Now we assign the labels 3,5,7,--- ,n — 1 respectively to the vertices by, by, b3,
e ,b%. Next assign the labels —1, -3, =5, -+ | —(”T“) to the vertices bng,bnéj,b%ﬁ, e ,b%

respectively and assign the labels — (252, —(22k0) (304103 ... p respectively to the ver-

tices b3'n.4+2, b3n4+a, b3n4+10,~-~ ,bn—1. Next assign the labels 1,1 respectively to the vertices

a,b,.
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Case 5. n = 3(mod4),n > 15.

Assign the labels 2,4,6,--- ,n — 1 respectively to the vertices a1, as,a3, -+ ,an-1 and

2
assign the labels —1,—-3,—5,--- ,7(%"3 to the vertices Ant12,@ngs, Angs, "+, Gangs TeSpec-
tively and assign the labels —(242),—(247) —(2£2) ...  —(323) respectively to the vertices
A3ntt, Gsniil, Asntis, - ,0p - Now we assign the labels 3,5,7,--- ,n respectively to the

vertices by, bo, b3, - - ,b%. Next assign the labels —2,—4, —6, - - ,—(”7“) to the vertices

3711_11)’7(3”1_15)7 e

—n respectively to the vertices b3n4+3, b3n4+7, bSnIll ;o ,bn_1. Next assign the labels 1,n re-

bpy12, b% , bnT%, - bsn;l respectively and assign the labels — (3%£0) —(

spectively to the vertices a, b,,.
Table 4 given below establishes that this vertex labeling gives subdivision of rim edges of

the wheel is pair difference cordial.

Nature of n Age Ay
n=0 (mod 4) 3n 3n
n=1 (mod 4) e ntl
n =2 (mod 4) 37” %n
n =3 (mod 4) % 3”—;1

Table 4

A pair difference cordial labeling on subdivision of rim edges of the wheel Wj is shown in

Figure 1.

=
3

(V]

Figure 1

This completes the proof. O

Theorem 3.4 A subdivision of comb P, ® K is pair difference cordial for all values of n > 2.

Proof Let the vertex set and edge set be V(P, ® K1) = {ai,b;,¢; : 1 <i<n}U{d;:1<
i<n—1}and E(P, ® K1) = {a;b;,b;c; : 1 <i <n}U{a;d;,dja;41 : 1 <i<n—1}. There are
4n — 1 vertices and 4n — 2 edges.

There are four cases arises.
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Case 1. n is even.

Assign the labels 3,6,9,--- ,37" to the vertices a1, az,as, -+ ,az respectively and assign
the labels 2,5,8,--- | 3"2_2 respectively to the vertices b, b2, b3, -+ ,ba. Next assign the labels
1,4,7,---, 3"2_4 to the vertices ¢1, ¢z, ¢3,- -+, ca respectively and assign the labels —3, -6, -9,

. ,—(3”2’6) respectively to the vertices Ung2,@nga, Gngo, 5 An1. Now we assign the la-
bels —2,—5,-8,--- ,f(#) to the vertices b%ﬁ,bnTM7bnT+67"‘ ,bn_1 and assign the label-
s —1,—4, —7,--- ,—(%) to the vertices Cni2,Cngs, Cngo, o Cn. Next assign the labels
#,3";4 , 3”24'6, -+, 2n—1 respectively to the vertices dy, ds, ds, - - - , danz and assign the labels
—(3";2),—(3”;4), —(3";6), -++,—(2n—1) to the vertices d%,d# ,d#, -+, dp_s respectively.
Finally assign the labels —(37"), —(3"2’2)7 1 respectively to the vertices by, @y, tp_1-

Case 2. n=3.

Assign the labels 1,2, 3, —1, -2, —3, 4, —4, —4 respectively to the vertices c1, b1, a1, ¢2, ba, as,
cs3, b3, as and assign the labels 5, —5 to the vertices dy, ds respectively.

Case 3. n=25.

Assign the labels 1,2, 3,4, 5,6 respectively to the vertices ¢y, b1, a1, ca, bo, as and assign the
labels —1, -2, -3, —4,—5,—6 to the vertices cs, b3, as, c4, b4, ay respectively. Next assign the
labels 7, —7,8, —8 respectively to the vertices d1, d2, ds, ds and assign the labels —9, —9,9 to the

vertices as, bs, c5 respectively.

Case 4. nisoddn > 7.

Assign the labels 3,6,9,--- , % to the vertices aq,as,as, - - 1an_1 respectively and as-
sign the labels 2,5,8,--- | 3”2_9 respectively to the vertices by, bo, bs, - - - ,bnT—l. Next assign
the labels 1,4,7,---, 3"2_4 to the vertices ¢1,cg,c3,- -+, ca respectively and assign the labels
-3,—6,-9,--- ,—(%) respectively to the vertices Antz,@nta,Gngs, 5 Gn1- Now we as-
sign the labels —2, —5, —8, - - | —(3”2—’8) to the vertices bnTH,bnTH,bnTM, -+, by_1 and assign the
labels —1,—4,—7,--- ,7(3”2_4) to the vertices Cng2,Cngs Crge, , Cn. Next assign the labels
%,%,3"%6, --+,2n —1 respectively to the vertices dy, ds, ds, - - - ,d"n,2;2 and assign the labels
—(3";2), —(3";4),—(3";6), -++,—(2n—1) to the vertices d%,dnTH,dnTH, -+, d,_o respectively.

Finally assign the labels —(37"), —(3”2’2)7 1 respectively to the vertices by, an, Uy _1.

In all the cases, we have Ay, = Age = 2n — 1. O

Theorem 3.5 A subdivision of the edges of the path P, in the comb P, ® Ky is pair difference

cordial for all values of n > 2.

Proof Let G be subdivision of the edges of the path P, in the comb graph P, ® K;.
Let the vertex set and edge set be V(G) = {a;,b; : 1 <i<n}U{¢:1<i<n-1} and
E(G) ={ab; : 1 <i<n}U{aci,cair1 2 1 <i <n—1}, which has 3n — 1 vertices and 3n — 2

edges. There are two cases arises.
Case 1. n is even.

Subcase 1.1 n = 2.
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Assign the labels 1,2,1, -2, —1 respectively to the vertices by, ay, c1, as, by respectively.

Subcase 1.2 n > 4.

Assign the labels 3,6,9,--- ,% to the vertices bg, b3, by, -+, bz respectively and as-
sign the labels 1,4,7,---, 3”2_4 respectively to the vertices ai,az,as, -+ ,az. Next assign the
labels 5,8, 11,--- ,% to the vertices c¢q,co,c3,- - s Cn_2 respectively and assign the label-
s —1,-3,-5,--- ,—n + 1 respectively to the vertices Antz,Gnia,Gnte, ", Ap. Now we as-
sign the labels —2, -4, —6,--- , —n to the vertices bnTH,bnTH,bnTM, .-+, b, and assign the labels
—(n+1),—(n+2),—(n+3) -+, —(2%2) to the vertices Ca,Cng2,Cnga, -+, Cyg. Finally assign

the labels 2, —(3”2_2) respectively to the vertices by, cp—1.

Case 2. n is odd.
Subcase 2.1 n = 3.
Assign the labels 1,2, —1, —2, 3, —3, 4, —4 respectively to the vertices by, a1, ba, as, b3, as, c1, .

Subcase 2.2 n > 5.

Assign the labels 3,6,9, - -, % to the vertices ¢1, ¢, c3, -+, Cns respectively and assign
the labels 1,4,7,--- ,3”;7 respectively to the vertices by, bo, b3, - - ,b%. Next assign the
labels 2,5,8,-- ,% to the vertices ay,as,as, - san_t respectively and assign the labels
—1,-3,—5,---, —n respectively to the vertices Angl,Ans, Anis, -, An. Now we assign the
labels —2, —4, —6,--- , —n—1 to the vertices bnT-%—l7bnT+37bnT+5, .-+, b, and assign the labels —(n-+
2),—(n+3),—(n+4),---,—(¥51) to the vertices Cufl,Cngs,Cats, o+, Cno1. Finally assign
the labels 3"%11 to the vertex Cni.

Table 5 given below establishes that this vertex labeling gives subdivision of the edges of
the path P, in the comb graph is pair difference cordial.

Nature of n Age Ay
n is odd 3”{ = 37”
n is even # #
Table 5
This completes the proof. O

Theorem 3.6 A subdivision of the pendant edges of the comb P, ® Ki in the comb is pair

difference cordial for all values of n > 2.

Proof Let G be subdivision of the pendant edges of the path P, in the comb P, ® K;. Let
the vertex set and edge set be V(G) = {a;,b;,¢; : 1 <i<n}and E(G) = {a;b;,bic; : 1 <i<n},

which has 3n — 1 vertices and 3n — 2 edges.
Case 1. n is even.
Subcase 1.1 n =2.

Assign the labels 1,2,1, -2, —1 respectively to the vertices by, ay, c1, as, by respectively.
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Subcase 1.2 n > 4.

Assign the labels 3,6,9,--- ,3";6 to the vertices by, bs, by, -, bz respectively and as-
sign the labels 1,4,7,--- | 3”2’4 respectively to the vertices ai,as, a3, -+ ,az. Next assign the
labels 5,8,11,--- ,% to the vertices cy,ca,c3," - sCn_2 respectively and assign the label-
s —1,—3,—-5,---,—n + 1 respectively to the vertices Unt2,Gnta,nte, ", An. Now we as-
sign the labels —2, -4, —6,--- , —n to the vertices bnTﬁ,bnTM,bnTM7 -+, b, and assign the labels
—(n+1),—=(n+2), = (n+3) -, —(3%2) to the vertices Cg,Cng2,Cata, -, Cng. Finally assign

the labels 2, 7(3"2*2) respectively to the vertices by, c,_1.
Case 2. nis odd.
Subcase 2.1 n = 3.

Assign the labels 1,2, —1, —2, 3, —3, 4, —4 respectively to the vertices by, a1, bo, as, b3, as, c1, ca.

Subcase 2.2 n > 5.

Assign the labels 3,6,9, - | # to the vertices c1, co,c3,- - -, Cns respectively and assign
the labels 1,4,7,--- ,3"2_7 respectively to the vertices b1, bs, b3, - 7banl. Next assign the
labels 2,5,8, - ,% to the vertices ay,as,as,- - »Ant respectively and assign the labels
—1,-3,-5, -+, —n respectively to the vertices an+1,an+3, @nts, -+ ,a,. Now we assign the
labels —2, -4, —6,--- , —n—1 to the vertices b%,b%,b%, .- ~2, by, and assign the labels —(n+
2),—(n+3),—(n+4), -, —(%) to the vertices Cnf1; Crgs Crgs, o, Cn 1. Finally assign

the labels % to the vertex Cn1.
Table 6 given below establishes that this vertex labeling gives subdivision of the edges of

the path P, in the comb graph is pair difference cordial.

Nature of n Age Ay,
n is odd % 37”
n is even % %

Table 6

A subdivision of the pendant edges of the comb P; ® K7 is pair difference cordial is shown

in Figure 2.
1 4 i -1 -4 -7 10
° 2
2¢ 5 2 e 3¢ 6 9 -10¢
3 ¢ 6 9 2¢ 5 8 L
Figure 2

This completes the proof. 0
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Famous Words

The branch developing of science is easy to achieve local achievements on scientific subjects
which created really the western industries but only now, it has left the nature with many
worldwide problems in the passed more than 300 years, also affecting the human survival. Dif-
ferent from the developing of western science, Chinese science has its own distinctive characters.
It emphasizes the unity of humans with the nature and holds the law of thing evolving with the
whole life cycle of thing. Certainly, it is not easy to achieve local scientific achievements and
can not bring the industrial revolution into being but it will not also bring the crisis to human
existence. — Extracted from Combinatorial Theory on the Universe, a book of Dr.Linfan Mao
on mathematics with philosophy of science, which systematically discusses the recognition of
humans from the local to the whole, published by Global Knowledge-Publishing House in 2023.
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