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§1. Introduction

In the development of nonlinear analysis, fixed point theory plays a very important role. Banach
contraction principle [6] was the starting point for many researchers during the last decades in
the field of nonlinear analysis. The Banach contraction principle with rational expressions have
been expanded and some fixed point and common fixed point theorems have been obtained in
[12], [13], [14], [15].

In the existing literature there are a great number of generalizations of the Banach contrac-
tion principle (see [3, 4] and others). Some generalization of the notion of a metric space have
been proposed by some authors, such as, partial metric spaces, probabilistic metric spaces,
fuzzy metric spaces, D-metric spaces, cone metric spaces, b-metric spaces and cone b-metric
spaces (see, [7, 9, 10, 11, 18, 19, 20, 21, 22, 23, 24, 26, 27, 32, 46]).

Also, as an extension of the fixed point problem there are many results in finding a common
fixed point for two self mappings on different types of metric spaces; see, for example, [2], [41],
[34], [35], [38], [44] and the references therein. But all of these results were found in real valued
metric spaces.

In 2011, Azam et al. [5] introduced the notion of complex valued metric space and es-
tablished sufficient conditions for the existence of common fixed points of a pair of mappings
satisfying a contractive condition. The results proved by Azam et al. [5] and Bhatt et al. [8] via

rational inequality in a complex valued metric space as a contractive condition. Complex valued
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metric space is very useful in many branches of mathematics, including algebraic geometry, num-
ber theory, applied mathematics, applied physics, mechanical engineering, thermodynamics and
electrical engineering. After the establishment of complex valued metric spaces, Rouzkardand
et al. [33] established some common fixed point theorems satisfying certain rational expres-
sions in these spaces which generalize the result of [5]. In 2012, Sintanuvarat and Kumam
[42] extend and improve the results of [5] by replacing the constant of contractive conditions
to some control functions. Verma and Pathak in [44] introduced the notion of (E.A)-property
in complex valued metric space and proved some common fixed point results for two pairs of
weakly compatible mappings satisfying a “max” type contractive condition. After that many
authors have contributed different concepts in this space (see, for example, [29], [36], [37], [42],
[39] and many others).

Recently, Mlaiki [28] (Adv. Fized Point Theory 4(4) (2014), 509-524) introduced the
concept of complex valued S-metric spaces and investigate the existence and uniqueness of a
common fixed point of two self-mappings in such space via various contractive conditions. After
Mlaiki’s results many authors have established a lot of results in complex valued S-metric space
under various contractive conditions (see, for example, [31], [45] and many others).

In this paper, we prove some common fixed point theorems for contractive type conditions
involving rational expressions in the framework of complex valued S-metric spaces. Our results

extend, generalize and enrich several results from the existing literature.

§82. Preliminaries

Let C be the set of complex numbers and z1, z5 € C. Define a partial order = on C as follows:

z1 3 2o if and only if Re(z1) < Re(z2), Im(z1) < Im(z3). It follows that z1 3 2o if one of
the following conditions is satisfied:

i) Re(z1) = Re(z2), Im(z1) < )
1) Re(z1) < Re(z2), Im(z1) );
1i1) Re(z1) < Re(z2), Im(z1) < Im(z2);
iv) Re(z1) = Re(za), Im(z1) = Im(z2).

Im(zo
I Z9

m(

(
(
(
(

In particular, we will write 21 3 2o if 21 # 22 and one of (i), (4i) and (#44) is satisfied and
we will write z; < 23 if only (#i4) is satisfied. Note that

05 21 o<° 29 = ‘Zl| < |2’2|,

Zl<22, 29 < 23 = 21 < 23.

~

In 2014, the following definition was introduced by Mlaiki in [28].

Definition 2.1([28]) Let X be a nonempty set and C be the set of all complex numbers. A
complex valued S-metric space on X is a function S: X3 — C that satisfies the following
conditions, for all x,y,z,t € X:



Some Common Fixed Point Theorems for Contractive Type Conditions in Complex Valued S-Metric Spaces 3

(€S1) 0 3 S(z,y, 2);

(C82) S(x,y,2) =0 if and only if x =y = 2;

(CS3) S(x,y,2) 3 S(w,2,1) + S(y, ¥, ) + S(2, 2, 1).

Then, S is called a complex valued S-metric on X and the pair (X,S) is called a complex

valued S-metric space.

Example 2.2([28]) Let X = C be the set of complex numbers. Define a mapping S: C3 — C
by S(z1, 22,23) = | max{Re(z1), Re(z2)} — Re(z2)| + | max{Im(z1), Im(z2)} — Im(z2)|. Then
it is not difficult to verify that (C,S) is a complex valued S-metric space.

Definition 2.3([28]) If (X,S) is called a complex valued S-metric space, then,

(T'1) A sequence {u,} in X converges to u if and only if for every e € C with 0 < ¢, there
exists ng € N such that for all n > ng, we have S(up, un,u) < € and we denote this by u, — u
or limy, o0 Uy, = U;

(T2) A sequence {un} in X is called a Cauchy sequence if for every e € C with 0 < ¢, there
exists ng € N such that for all n,m > ng, we have S(un, Un, Up) < €;

(T'3) An S-metric space (X, S) is said to be complete if every Cauchy sequence is convergent.

Definition 2.4 Let X be a non-empty set and let R,h: X — X be two self mappings of X.
Then a point v € X is called a

(A1) fized point of operator R if R(v) = v;
(A2) common fized point of R and h if R(v) = h(v) = v.

Definition 2.5([1]) Let P and Q be single valued self-mappings on a set X. If u =Pz = Qz
for some z € X, then z is called a coincidence point point of P and Q, and u is called a point
of coincidence of P and Q.

Definition 2.6([16]) Let P and Q be single valued self-mappings on a set X. Mappings P and
Q are said to be commuting if PQu = QPv for allv € X.

Definition 2.7([17]) Let P and Q be single valued self-mappings on a set X. Mappings P and
Q are said to be weakly compatible if they commute at their coincidence points, i.e., if Pu = Qu
for some u € X implies PQu = QPu.

Definition 2.8([44]) Let (X,d) be a complex valued metric space and let R, Q: X — X be two
self mappings of X. The pair (R, Q) is said to satisfy (E.A)-property if there exists a sequence
{rn} in X such that lim,_, o Rr, = lim, o, Or, = d for some d € X.

Note that weakly compatibility and (E.A)-property are independent of each other (see [30]
for details).

Example 2.9 Let X = C and let R, Q: X — X be defined by R(z) = 4z —2i and Q(z) = z+1
for all z € X. Let {z,} = {i + 2},,>1 be the sequence in X. Then

4
lim Rz, = lim (4¢ T 2i) — 9,
n

n—oo n—oo
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and

1
lim Qz, = hm (z + — +i) = 23.
n—00 n

Thus there exists a sequence {z,} in X such that lim, oo Rz, = lim,_ 0 Qz, = 2i € X.

Hence R and Q satisfy (F.A)-property.

Liu et al. [25] introduced common (E.A)-property which is an extension of (E.A)-property
were define common (F.A)-property in the complex valued metric space as follows.

Definition 2.10([25]) Let (X,d) be a complex valued metric space and let P,Q, R, T: X — X
be four self mappings of X. The pairs (P,R) and (Q,T) satisfy the common (E.A)-property if
there exist two sequences {un} and {v,} in X such that

lim Pu, = lim Ru, = hm Qu,, = hm Tv, =z € X.

n—oo n— oo

Example 2.11 Let X = C and let d be a complex valued metric and let P, Q,R,7: X — X be
four self-maps defined by P(z2) = 3+iz, Q(2) = —i—32%, R(2) = —i—3z and T (2) = 3+ (2 —2i)
for all z € X. Let {z,} = {1+ t},>1 and {yn} = {% + i}n>1 be two sequences in X. Then

lim Pz, = lim (3—z‘+3) — 34,
n—oo —00 n

lim Rz, = lim (7i+3—§> —3_4,
n

n— oo n—oo
; 1 s ;
lim Qy, = hm <7173(7+z) ) =31,
n— o0 n
and
lim Ty, = hm (3—}—(1—&—2'—2@')) =3-1
n

n—oo
Thus there exist two sequences {x,} and {y,} in X such that

lim Px, = hm Rx, = hm Quyn = hm Ty, =3—i€X.

n—oo

Hence the pairs (P, R) and (Q,T) satisfy common (FE.A)-property.
Now, we redefine the common (E.A)-property in the setting of complex valued S-metric

space as follows.

Definition 2.12 Let (X,S) be a complex valued S-metric space and let P,Q, R, T: X — X be
four self mappings of X. The pairs (P,R) and (Q,T) are said to satisfy the common (E.A)-
property if there exist two sequences {p,} and {q,} in X such that

lim Pp, = hm Rpn = hm Qqn = hm Tqg,=teX.

n— oo

Example 2.13 Let X = C and let S: C* — C be defined by S(z1, 22, 23) = | max{Re(z1), Re(22)} —
Re(zo)| + i| max{Im(z1), Im(z2)} — Im(22)|. Then (C,S) is a complex valued S-metric space.
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Let P,Q,R,T: X — X be four self-maps defined by P(z) = z+1, Q(z) = 2+ (1 +2i), R(2) =
3i—zand T(2) = —z+ (2i—1) for all z € X. Let {p,} = {i+ 2},>1 and {gn} = {-1+ L },>1
be two sequences in X and that Pp, = p, +¢ = 2i + % and Rp, = 3i — p, = 2 — % for all
n € N. This implies that

1 1
S(Ppn, Ppn,0) = S(Qi + g,% + g,O) — 0asn — oo.
This shows that Pp,, — 0 as n — oo and by similar way, we have
o101
S(Rpn, Rpn,0) = 5<22 — 5,21 — E’O) — 0asn — oo.

This shows that Rp, — 0 as n — co. Thus the pair (P, R) satisfies (F.A)-property.
Similarly, note that Qg, = ¢, + (14 2i) =2i+ £ and Tq, = —q, + (20 — 1) = 2i — £ for
all n € N. This implies that

S(Qqn, 9¢n,0) = S(Qi-l- %721'—1- %,0) — 0asn — oco.
This shows that Qg, — 0 as n — oo and by similar way, we have
S(an,an,O):S<—2i7£,72i71,0) —0asn — oo.
n n

This shows that T ¢, — 0 as n — oo. Thus the pair (Q, T) satisfies (E.A)-property. Thus there
exist two sequences {p,} and {g,} in X such that

lim Pp, = ILm Rp, = ILm Qq, = ILm Tqg,=0€ X.

n—oo

Hence the pairs (P,R) and (Q, 7)) satisfy common (F.A)-property.

Lemma 2.14([28]) Let (X,S) be a complex valued S-metric space and let {u,} be a sequence
in X. Then {u,} converges to u if and only if imy,_ oo |S(tUn, tn, u)| =0 or |S(un, un,u)| — 0

as n — o0.

Lemma 2.15([28]) Let (X,S) be a complex valued S-metric space and let {u,} be a sequence
in X. Then {u,} is a Cauchy sequence if and only if lim, m—c0 |S(Un, Un, Untm)| = 0 or

|S(unvun7un+m)| — 0 as n, m — OQ.

Lemma 2.16([28]) Let (X,S) be a complex valued S-metric space, then S(z,z,y) = S(y,y, )
forallz,y e X.

83. Common Fixed Point Theorems

In this section, we shall prove some common fixed point theorems under contractive type con-
ditions involving rational expression and satisfies (E.A) property in the framework of complex

valued S-metric spaces.
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Theorem 3.1 Let (X,S) be a complex valued S-metric space and let A, B, Q, T :
X — X be four self-mappings of X satisfying the following conditions:

(i) For allu,ve X,

S(Au, Au,Bv) 32 r max {S(Qu, Qu, Tv),S(Bv, Bv, Au), S(Bv, Bv, Tv),

~

%[S(Au, Au, Tv) + S(Bv, Bu, Qu)],

S(Bv, Bu, Au)[1 + S(Bv, Bv, Tv)] }

1+ S(Au, Au, Bv)] (3.1)

where r € [0,1) is a constant;
(i3) The pairs (A, Q) and (B,T) are weakly compatible;
(13i) One of the pairs (A, Q) and (B, T) satisfy (E.A) property;

(iv) A(X) C T(X) and B(X) C Q(X).

If the range of one of the mappings Q(X) or T(X) is a complete subspace of (X,S), then
A, B, Q and T have a unique common fized point in X .

Proof First, we suppose that the pair (A, Q) satisfies (E.A) property. Then by Definition
2.8, there exists a sequence {u,} in X such that lim, o Au, = lim, o Qu, =t for some ¢ €
X. Further, since A(X) C T(X), there exists a sequence {v,} in X such that lim, . Au, =
lim,,_.o Tv,. Hence lim, .. Tv, =t. We claim that lim,_.., Bv, = t. If not, then putting

U = Uy, V= v, in inequality (3.1), using Lemma 2.16 and (CS2), we have

~

S(Aup, Aup, Bu,) 3 rmaX{S(Qun,Qun,Tvn),S(an,an,Aun),S(an,an,Tvn),

S8 (A, Aun, Ton) + S(Bun, B, Qu),

S(Bvy, Buy,, Auy,)[1 + S(Buy,, B, Tu,)) }
1+ S(Aup, Auy,, Boy,)]

= 7 max {S(Qun, Quy,, Auy,), S(Buy, Buy, Auy,), S(Buy, Bu,, Auy,),

1

i[S(Aun,Aun,Aun) + S(Buvy, Buy, Auy, )],

S(Bvy, Buy,, Auy,)[1 + S(Bu,, Bu,, Au,)) }
14 S(Aup, Auy,, Bu,)]

= 7 max {0, S(.AUn7 A'Unu an)7 S(-Aunv Aunv an)7

S8 (A, A, B,)], S (Au, A, Bo)
r S( At Aty Buy). (3.2)

A

Thus
|S (At , A, Buy)| < 1 |S (A, Ay, Buy)|,
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which is a contradiction since r € [0,1). Letting n — oo, we have

lim |S(Auy, Auy,, Bu,)| < r.0 =0,

n— o0
which is a contradiction by condition (CS1). Thus, we get lim,, o Au, = lim,— o Bu, = t.

Now, first we assume that 7(X) is a complete subspace of (X,S), then ¢ = Tp for some
p € X. Subsequently, we have

lim Bv, = lim Au, = lim Qu, = lim Tv, =Tp="=.
n—oo n—o0 n—roo n—oo

We claim that Bp = Tp. For this, putting u = u, and v = p in inequality (3.1), using
Lemma 2.16 and (CS2), we have
S(Aun, Aun,Bp) 3 max {S(Quun, Qun, Tp), S(Bp, Bp, Aun), S(Bp, Bp, T),

S 1S(Au A, Tp) + S(Bp, Bp, Quy).

S(Bp, Bp, Auy)[1 + S(Bp, Bp, Tp)] }
1+ S(Auy,, Au,, Bp)] '

Letting n — oo in (3.3), using Lemma 2.16 and (CS2), we get

S(Tp, Tp.Bp) 3 v max {S(Tp, Tp,Tp),S(Bp, By, Tp), S(Bp, Bp, Tp),

1
3 [S(Tp, Tp, Tp) + S(Bp, Bp, Tp)],

S(Bp, Bp, Tp)[1 + S(Bp, Bp, Tp)] }
[1+S(Tp, Tp, Bp)]

= 7 max {o,S(Tp, Tp, Bp), S(Bp, Bp, Tp),

1
SIS(Tp. Tp.Bp)], S(Bp, By, Tp) } 37 S(Tp, Ty, Bp). (34)

Thus, |S(Tp, Tp, Bp)| < r|S(Tp, Tp,Bp)|, which is a contradiction since r € [0,1). Hence, we
have S(Tp, Tp, Bp) =0, that is, Tp = Bp = t. Hence p is a coincidence point of the mappings
B and T, that is, the pair (B,7). Now, the weak compatibility of the pair (B,7) implies that
BTp=TDBpor Bt ="Tt.

On the other hand, since B(X) C Q(X), there exists ¥ € X such that Bp = Qv. Thus
Tp = Bp = Qv =t. Let us show that v is a coincidence point of the pair (A, Q), that is,
Av = Qu =t. If not, then putting v = v and v = p in inequality (3.1), using Lemma 2.16 and
(CS2), we get

S(Av, Av,Bp) 3 max {S(Qv, Qu, Tp), S(Bp, B, Av), S(Bp, Bp, Tp),

1
3 [S(Av, Av, Tp) + S(Bp, Bp, Qv)],

S(Bp, Bp, Av)[1 + S(Bp, Bp, Tp)] }
1+ S(Av, Av, Bp)]
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= r max {O,S(AI/, Av, Bp), 0, w,

S(Av, Av, Bp)}

3 rS(Av, Av, Bp). (3.5)

Thus, |S(Av, Av, Bp)| < r|S(Av, Av, Bp)|, which is a contradiction since r € [0,1). Hence,
we have S(Av, Av, Bp) = 0, that is, S(Av, Av, Qv) = 0 and hence Av = Qv = t. Thus v
is a coincidence point of the mappings A and Q, that is, the pair (A, Q). Further, the weak
compatibility of the pair (A, Q) implies that AQv = QAv or At = Qt. Hence t is a common
coincidence point of A, B, Q and T.

Now to show that ¢ is a common fixed point of A, B, Q and 7. For this, we put v = v and
v =1t1in (3.1), using Lemma 2.16 and (CS2), we get

S(t,t,Bt) = S(Av, Av,Bt)

< 7 max {S(Qu, Qv, Tt), S(Bt, Bt, Av), S(Bt, Bt, Tt),
%[S(Au, Av, Tt) + S(Bt, Bt, Qv)),
S(Bt, Bt, Av)[1 + S(Bt, Bt, Tt)] }
1+ S(Av, Av, Bt)]
— rmax {S(t,t, Bt), S(Bt, Bt, t), S(Bt, Bt, Bt),
%[S(t, t, Bt) + S(Bt, Bt )],
S(Bt, Bt,t)[1 + S(Bt, Bt, Bt)] }
1+ S(¢,t,Bt)]
= 7 max {S(t.t, Bt), S(t,t, Bt), 0, S(t,t, BY),
S(t, t, Bt) }
[+ S(t,t,BL)]
< max {S(t,t, Bt),S(t,t,Bt),0,S(tL,1, Bt),S(t,t,Bt)}
< rS(tt,BY). (3.6)

Thus, |S(¢,t,Bt)| < r|S(t,t,Bt)|, which is a contradiction since r» € [0,1). Hence, we have
S(t,t,Bt) = 0, that is, Bt = t. Consequently, At = Bt = Qt = Tt = t. This shows that ¢ is a
common fixed point of the mappings A, B, Q and T.

Similar argument arises if we assume that Q(X) is a complete subspace of (X, S).
Similarly, the property (E.A) of the pair (B, T) will give the similar result.

Now, we show the uniqueness of the common fixed point. For this, let us assume that ¢’
be another common fixed point of A, B, Q and T with ¢’ # t. From inequality (3.1), using
Lemma 2.16 and (CS2) for u = t' and v = ¢, we have

St t) = S(At, AV, Bt)
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< 7 max {S(Qt’, ot',Tt),S(Bt,Bt, At'), S(Bt, Bt, Tt),

%[S(At/, At' Tt) + S(Bt, Bt, Qt')],

S(Bt, Bt, At')[1 + S(Bt, Bt, Tt)] }
1+ S(At, A, B)]

— rmax {S(t’,t’,t),S(mt,t’),S(t,t,t),

%[S(t’, t't)+S(tt,t),

S(t,t,t)[1 + S(t,¢,1)]
1+ S, #,1)] }

— rmax {S(t’,t’,t),S(t’,t’,t),o,S(tQt”t),

S(t',t',t)
11 +S(t’7t’,t)]}

r max {S(t’,t’,t)ﬁ(t’,t’,t), 0,8(t,¢,1),
S, t, t)}
rS,t,t). (3.7)

1N

A

Thus
ST, 1) <r|SE,t,t)],

which is a contradiction since r € [0,1). Hence, we have
St t) =0,
that is, ¢/ = ¢. Hence At = Bt = Qt = Tt =t and ¢ is the unique common fixed point of A, B,
Q and 7. This completes the proof. O
If we take A =B and Q@ = 7 in Theorem 3.1, then we have the following result.
Corollary 3.2 Let (X,S) be a complex valued S-metric space and let A, Q: X — X be two
self-mappings of X satisfying the following conditions:

(i) For allu,ve X,

~

S(Au, Au, Av) = rmax{S(Qu,Qu,Qv),S(Av,.Av,Au),S(Av,Av,Qv),

%[S(Au, Au, Qu) + S(Av, Av, Qu)],

S(Av, Av, Au)[1 + S(Av, Av, Qu)] }
[+ S(Au, Au, Av)] ’

(3.8)

where r € [0,1) is a constant;
(17) The pairs (A, Q) is weakly compatible;
(731) The pair (A, Q) satisfies (E.A) property;
(iv) A(X) C Q(X).
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If the range of the mapping Q(X) is a complete subspace of (X,S), then A and Q have a

unique common fixed point in X.
Theorem 3.3 Let (X,S) be a complex valued S-metric space and let A, B, Q, T :
X — X be four self-mappings of X satisfying the following conditions:

(1) For allu,ve X,

S(Au, Au, Bv) = ny S(Qu, Qu, Tv) + ny S(Bv, Bu, Au) + ng S(Bv, Bv, Tv)
1+ S(Bv, Bv, Tv)]
+n4 S(Au, Au, Tv) [T S (Au, Au, Bv)
1+ S(Bv, Bv, Tv)]
1+ S(Au, Au, Bv)]’

+n5 S(Bv, Bv, Au)

where ny, Ny, ng, ng,ns > 0 are nonnegative reals with ny + ng + ng + ng +ns < 1;

(i4) The pairs (A, Q) and (B,T) are weakly compatible;

(791) One of the pairs (A, Q) and (B, T) satisfy (E.A) property;

(1v) A(X) C T(X) and B(X) C Q(X).

If the range of one of the mappings Q(X) or T(X) is a complete subspace of (X,S), then
A, B, Q@ and T have a unique common fized point in X .

Proof First, we suppose that the pair (A, Q) satisfies (E.A) property. Then by Definition
2.8, there exists a sequence {u,} in X such that lim,,_, o, Au, = lim, . Qu,, =t for some ¢ €
X. Further, since A(X) C T(X), there exists a sequence {v,} in X such that lim,, . Au, =
limy, o Tv,. Hence lim, o Tv, =t. We claim that lim,_,., Bv, = t. If not, then putting

u = u, and v = v, in inequality (3.9), using Lemma 2.16 and (CS2), we have

S(Aup, Aup, Buy) 3 11 S(Qup, Quy, Toy) + ne S(Buy, Buy, Auy,)

+n3 S(Buy, Buy, Tu,)
[1 4 S(Bvy, Buy, Tvy)]
14 S(Auy, Auy, Bu,)]
(14 S(Bvy, Bu, Tvy,)]
1+ S(Aup, Auy,, Boy,)]
= n18(Qup, Quy, Quy) + na S(Buy, Bu,, Auy,)

+ns3 S(Bvy,, Bu,, Au,)

+n4 S(Aty, Ay, Toy,)

+ns5 S(Buy,, Bu,, Auy,)

[1+4 S(Bv,, Buy, Auy,)]

1+ S(Aup, Au,, Bo,)]
[1+ S(Boy, Buy, Auy)]
14+ S(Auy, Auy, Bu,)]
= n1.0+ ne S(Auy, Auy, Bu,) + ns S(Auy,, Auy,, Buy,)
+nq.0 + ny S(Auy, Auy,, Buy,)

(n2 +nz + ﬂs) S(Auny Aun7 an)

(n1 4 n2 4+ n3 + ng + ns5) S(Auy, Auy,, Boy,)
m S(Auy,, Au,, Bv,)

“+ny S(Aun, Auna Aun)

+ns S(Buy, Bu,, Auy,)

A
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where m = ny +n9 +n3 +nyg +ns < 1. Thus
IS (A, Aun, Bup)| < m[S(Aun, Au,, Boy,)|,
which is a contradiction since m € [0,1). Letting n — oo, we have

lim |S(Aup, Auy, Bu,)| < m.0 =0,

n—oo

which is a contradiction by condition (CS1). Thus, we get lim, o Au, = lim, o Bu, = t.
Now, first we assume that 7(X) is a complete subspace of (X,S), then ¢ = Tp for some
p € X. Subsequently, we have

lim Bv, = lim Au, = lim Qu, = lim Tv, =Tp==".

Rest of the proof follows from Theorem 3.1. This completes the proof. O

Theorem 3.4 Let (X,S) be a complex valued S-metric space and let A, B, Q, T :
X — X be four self-mappings of X satisfying the following conditions:

(i) For allu,v € X,
S(Au, Au, Bv) 3 R1 DG, (u,u,v) + R2 DE, (u, u,v), (3.10)
where R1,R2 > 0 are nonnegative reals with Ry + Ro < 1 and
DS (u,u,v) = max {S(Qu, Qu, Tv), S(Bv, Bv, Au), S(Bv, B, 7'11)},
1+ S(Bv, B, Tv)]
1+ S(Au, Au, Bv)]’

1+ S(Bv, Bv, Tv)] }
(1 + S(Au, Au, Bv)]J”

DS (u,u,v) = max{S(Au,Au,Tv)

S(Bv, Bu, Au)

(17) The pairs (A, Q) and (B, T) are weakly compatible;

(7it) One of the pairs (A, Q) and (B, T) satisfy (E.A) property;

(iv) A(X) CT(X) and B(X) C Q(X).

If the range of one of the mappings Q(X) or T(X) is a complete subspace of (X,S), then
A, B, Q@ and T have a unique common fized point in X .

Proof First, we suppose that the pair (A, Q) satisfies (E.A) property. Then by Definition
2.8, there exists a sequence {u,} in X such that lim, o Au, = lim, o Qu, =t for some ¢ €
X. Further, since A(X) C T(X), there exists a sequence {v,,} in X such that lim, . Au, =
limy, o Tv,. Hence lim, .o Tv, =t. We claim that lim,_., Bv, = t. If not, then putting

u = u, and v = v, in inequality (3.10), using Lemma 2.16 and (CS2), we have

S(Aup, Auy, Bu,) 3 Ry Dgl (Un, Un,Vp) + Ro D(‘i (Upy Uy Un)s (3.11)
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where

Dgl(un,un,vn) =

G. S. Saluja

max {S(Qun, Quny, Tvn), S(Bon, Buy, Auy,), S(Bug, Bon, Tvn)}
max {S(Qun, Quy,, Quy,), S(Buy, Buy, Auy,), S(Buy,, Buy,, Aun)}
max {O, S(Auy, Auy, Boy,), S(Auy,, Ay, an)}

= S(Atp, Aun, Buy), (3.12)

and

Dé (Up, Up, V) =

(14 S(Bvy, Buy, Tvy,)]
1+ S(Auy, Auy,, Bv,)]’

1+ S(Bvy, Bu,, Tu,)) }
1+ S(Auy, Auy,, Bv,)]
[1 4 S(Buy, Buy, Auy,)]
1+ S(Auy,, Au,, Bvu,)]’

[1 4 S(Boy, Bup, Auy,)] }
1+ S(Auy, Auy, Buy,)]

max {S(Aun, Ay, Tvn)

S(Bvy, Buy, Auy,)

max {S(Aun, Ay, Auy)

S(Bup, Buy, Auy,)

max {O, S(Auy,, Auy, an)}
S(Auy, Auy, Buy). (3.13)

Using equations (3.12) and (3.13) in equation (3.11), we get

S(Aup, Aup, Bu,) 2 RiS(Auy, Auy, Bu,) + Re S(Auy, Auy, Buy,)
= (Ru+Ra) S(Aup, Aun, Buy)
= WS(Au,, Au,, Bu,), (3.14)

where W =R +Ra < 1.
Thus

|S (A, Ay, Buy )| < WS (Auy, Auy,, Buy,)]|

which is a contradiction since

i

W e [0,1). Letting n — oo, we have

lim |S(Aup, Auy, Bu,)| <W.0 =0,

n

— 00

which is a contradiction by condition (CS1). Thus, we get lim, o A, = lim,— o Bu, = t.
Now, first we assume that 7(X) is a complete subspace of (X, S), then ¢t = Tp for some

p € X. Subsequently, we have

lim Bv, = lim Au, = lim Qu, = lim Tv, =Tp=*t.
n— oo

n—oo

Rest of the proof follows from

n— oo n—oo

Theorem 3.1. This completes the proof. g

From Corollary 3.2 we obtain the following special case.

Corollary 3.5 Let (X,S) be

a complete complex valued S-metric space and let A: X — X be
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a self-mapping of X satisfies the contractive condition:
S(Au, Au, Av) = qS(u,u,v),
for all u,v € X, where q € [0,1) is a constant. Then A has a unique fized point in X .

Remark 3.6 Corollary 3.5 extends Theorem 3.1 of Sedghi et al. [40] from complete S-metric
space to the setting of complete complex valued S-metric space.

Remark 3.7 Corollary 3.5 also extends the well-known Banach fixed theorem [6] from complete

metric space to the setting of complete complex valued S-metric space.

Corollary 3.8(]28], Corollary 2.5) Let (X,S) be a complete complex valued S-metric space and
let A: X — X be a self-mapping of X satisfies the contractive condition:

S(A"u, A"u, A™v) 2 qS(u,u,v),

for all u,v € X, where n is some positive integer and q € [0,1) is a constant. Then A has a
unique fized point in X.

Proof By Corollary 3.5, there exists p € X such that A"p = p. Then

S(Ap, Ap,p) S(AA"p, AA"p, A"p)
S(A" Ap, A" Ap, A"p)

qS(Ap, Ap,p).

A

Thus
|S(Ap, Ap,p)| < q|S(Ap, Ap,p)|,

which is a contradiction since 0 < ¢ < 1 and so S(Ap, Ap,p) = 0, that is, Ap = p. This shows
that A4 has a unique fixed point in X. This completes the proof. O
Remark 3.9 (i) Completeness of the space X is relaxed in Theorems 3.1, 3.3 and 3.4.

(74) Continuity of the mappings A, B, Q and T is relaxed in Theorems 3.1, 3.3 and 3.4.

Finally, we give the following example which is an application of Corollary 3.5.
Example 3.10 Let X; = {z € C: Re(z) > 0,Im(z) = 0} and Xy = {z € C : Im(z) >
0, Re(z) = 0}. Now, let X = X; U X5 and define a mapping S: X3 — C By:

max{z1, 2,3} + i max{xy, x2, 3}, if 21, 20, 23 € X7,

max{ylvaa y3} + imax{y17y27y3}a if 21,22, %3 S X27
8(21322723) = . .
(max{zy, 22} + y3) + i(max{zy, 22} +y3), if 21,22 € X1,25 € Xo,

(max{y1,y2} + x3) +i(max{yi,y2} + x3), if 21,20 € X, 23 € X1,

where 21 = x1 +iy1, 22 = x2 +iys and z3 = x3 + iy3. It is very easy to verify that (X,S) is a
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complete complex valued S-metric space.
Now, we define a self-mapping A on X (with z = (z,y)) as

( 70), ifZEXl,

Alz)=1¢ 2 ,
(0,%), if z € Xo.

Now, we show that A satisfies the conditions of Corollary 3.5. Here, we note that
0 2 8(21, 22, 23), S(Az1, Az, Az3).
. Now, let z; = x1 + iy, and 25 = x2 + iy2. Hence, we have the following four cases.

Case 1. If 21,25 € X1, then we have

S(Az, A, Az) = S((5.0).(5.0),(5,0)

r1 T2 . 1 T2 1 T2 .
= _— — _— = — - = 1
ma {1 5 } i {5 5 = max {5 (14

1
= §max{x1,x2}(1+i)j S(z1,21,22) = q¢S(21, 21, 22),

1
2
Case 2. If 21,29 € Xg, then we have

8(A217A217AZ2) = 8((0’ &)7 (0’ yfl), (07 %))

2 2 2
= max{%, :%2} +imax{%,y—22} = max{%, %}(1 +1)
1 . 1
= ima’x{yhy?}(l +Z) j 58(2’1,21722) = QS(Zth,ZQ),

Case 3. If z; € X1, 29 € X5, then we have

S0 (P00, 0.82)) = (B4 YY1 4
S(a, e Az) = S((5.00.(5.0,0.2)) = (5 +2) 1 +i)
1 1
= §($1+y2)(1+i)j§S(Z17Z17‘Z2):qS(ZlaZhZQ)a

Case 4. If zo € X1, z1 € X5, then we have

_ 23 dry (L2
S, An Az) = S((0,9).(0.9),(5.0))

2 2
8(217 21, 22) = qS(Zla 217’22)7

A

- (ﬂ + y—l)(1+i) = %($2+y1)(1+i)
1
2

where ¢ = % If we take 0 < ¢ < 1, then all the conditions of Corollary 3.5 are satisfied. Hence
by applying Corollary 3.5, A has a unique fixed point in X. Indeed, in this case 0 € X is the
unique fixed point.
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Conclusion

In this paper, we prove some common fixed point theorems for contractive type conditions

involving rational expressions and using common (E.A) property in the framework of complex-

valued S-metric spaces. Also, we give an example in support of the result. The results presented

in this paper extend, generalize and enrich several results from the current existing literature.

References

1]

[10]
11)
12)
13]
[14]

[15]

M. Abbas and B. E. Rhoades, Common fixed point results for non-commuting mappings
without continuity generalized metric spaces, Appl. Math. Computation, 215 (2009), 262-
269.

T. Abdeljawad, Meir-Keeler alpha-contractive fixed and common fixed point theorems,
Fized Point Theory Appl., 2013 (2013), Article ID 19.

R. P. Agarwal, D. O’Regan and D. R. Sahu, Fized Point Theory for Lipschitzian Type
Mappings with Applications, Series: Topological Fixed Point Theorems and Applications,
6, Springer, New York, 2009.

M. A. Alghamdi, V. Berinde and N. Shahazad, Fixed points non-self almost contractions,
Carpathian J. Math., 30(1) (2014), 7-11.

A. Azam, B. Fisher and M. Khan, Common fixed point theorems in complex valued metric
spaces, Numer. Funct. Anal. Optim., 3(3) (2011), 243-253.

S. Banach, Surles operation dans les ensembles abstraits et leur application aux equation
integrals, Fund. Math., 3 (1922), 133-181.

I. A. Bakhtin, The contraction mapping principle in almost metric spaces, Funct. Anal.
Gos. Ped. Inst. Unianowsk, 30 (1989), 26-37.

S. Bhatt, S. Chaukiyal and R. C. Dimri, A common fixed point theorem for weakly compat-
ible maps in complex valued metric spaces, Int. J. Math. Sci. Appl., 1 (2011), 1385-1389.
M. Boriceanu, M. Bota and A. Petrusel, A multivalued fractals in b-metric spaces, Cent.
Eur. J. Math., 8(2) (2010), 367-377.

M. Bota, A. Moinar and V. Csaba, On Ekeland’s variational principle in b-metric spaces,
Fized Point Theory, 12 (2011), 21-28.

S. Czerwik, Nonlinear set-valued contraction mappings in b-metric spaces, Atti. Semin.
Mat. Fis. Univ. Modena, 46 (1998), 263-276.

B. K. Dass and S. Gupta, An extension of Banach contraction principle through rational
expressions, Indian J. Pure Appl. Math., 6 (1975), 1455-1458.

B. Fisher, Common fixed points and constant mapping satisfying rational inequality, Math.
Sem. Notes (Univ. Kobe), (1978).

B. Fisher and M. S. Khan, Fixed points, common fixed points and constant mappings,
Studia Sci. Math. Hungar., 11 (1978), 467-470.

D. S. Jaggi, Some unique fixed point theorems, Indian J. Pure Appl. Math., 8 (1977),
223-230.



16

16
17
18
19
20
21
22
23
24
25
26

[27]

[28]
[29]

[30]

G. S. Saluja

G. Jungck, Compatible mappings and common fixed points, Int. J. Math. Math. Sci., 9
(1986), 771-779.

G. Jungck, Common fixed points for noncontinuous, nonself maps on nonnumetric spaces,
Far East J. Math. Sci., 4(2) (1996), 195-215.

O. Hadzic and E. Pap, Fized Point Theory in PM-Spaces, Kluwer Academic Dordrecht,
The Netherlands (2011).

H. Huang and S. Xu, Fixed point theorems of contractive mappings in cone b-metric spaces
and applications, Fized Point Theory Appl., 112(2013).

L. -G. Huang and X. Zhang, Cone metric spaces and fixed point theorems of contractive
mappings, J. Math. Anal. Appl., 332(2) (2007), 1468-1476.

N. Hussain and MH. Shah, KKM mappings in cone b-metric spaces, Comput. Math. Appl.,
62 (2011), 1677-1684.

D. Ilic and V. Rakocevic, Common fixed points for maps on cone metric space, J. Math.
Anal. Appl., 341 (2008), 876-882.

S. Jankovi¢, Z. Kadelburg and S. Radenovicé, On cone metric spaces: a survey, Nonlinear
Anal., 4(7) (2011), 2591-2601.

H. P. A. Kunzi, A note on sequentially compact quasi-pseudo metric spaces, Monatsheft
Math., 95 (1983), 219-220.

W. Liu, J. Wu and Z. Li, Common fixed point of single-valued and multi-valued maps, Int.
J. Math. Sci., 19 (2005), 3045-3055.

S. G. Matthews, Partial Metric Topology, Research report 2012, Dept. Computer Science,
University of Warwick, 1992.

S. G. Matthews, Partial metric topology, Proceedings of the 8th Summer Conference on
Topology and its Applications, Annals of the New York Academy of Sciences, 728 (1994),
183-197.

N. M. Mlaiki, Common fixed points in complex S-metric space, Adv. Fized Point Theory,
4(4) (2014), 509-524.

H. K. Nashine, M. Imdad and M. Hasan, Common fixed point theorems under rational
contractions in complvalued metric spaces, J. Nonlinear Sci. Appl., 7 (2014), 42-50.

H. K. Pathak, R. R. Lopez and R. K. Verma, A common fixed point theorem of integral
type using implicit relation, Nonlinear Funct. Anal. Appl., 15 (2009), 1-12.

R. A. Rashwan, H. A. Hammad and M. G. Mahmoud, Common fixed point theorems in
complex valued S-metric spaces via implicit relations with applications, Res. Fized Point
Theory Appl., 2019, Article ID 2018034, 17 pages.

Sh. Rezapour and R. Hamlbarani, Some notes on the paper “Cone metric spaces and fixed
point theorems of contractive mappings”, J. Math. Anal. Appl., 345(2) (2008), 719-724.
F. Rouzkardand and M. Imdad, Some common fixed point theorems on complex valued
metric spaces, Computers and Mathematics with Applications, 64 (2012), 1866-1874.

G. S. Saluja, Some fixed point theorems for generalized contractions involving rational
expressions in b-metric spaces, Commun. Optim. Theory, 2016 (2016), Article ID 17.

G. S. Saluja, Some common fixed point theorems for generalized contraction involving
rational expressions in b-metric spaces, J. Contemp. Appl. Math., 6(2) (2016), 67-78.



36)
37)
38]
30)
[40]
41)
42)
43)
44]
45)

[46]

Some Common Fixed Point Theorems for Contractive Type Conditions in Complex Valued S-Metric Spaces 17

G. S. Saluja, Fixed point results under generalized contraction involving rational expression
in complex valued metric spaces, International J. Math. Combin., 1 (2017), 55-62.

G. S. Saluja, Fixed point theorems under rational contraction in complex valued metric
spaces, Nonlinear Functional Analysis and Applications, 22(1) (2017), 209-216.

G. S. Saluja, On common fixed point theorems for rational contractions in b-metric spaces,
The Aligarh Bull. Math., 37(1-2) (2018), 1-12.

G. S. Saluja, Some common fixed point theorems using rational contraction in complex
valued metric spaces, Palestine J. Math., 7(1) (2018), 92-99.

S. Sedghi, N. Shobe and A. Aliouche, A generalization of fixed point theorems in S-metric
spaces, Mat. Vesnik, 64(3) (2012), 258-266.

W. Shatanawi and A. Pitea, Some coupled fixed point theorems in quasi-partial metric
spaces, Fized Point Theory Appl., 2013 (2013), Article ID 153.

W. Sintunavarat and P. Kumam, Generalized common fixed point theorems in complex
valued metric spaces and applications, J. Inequ. Appl., 2012:84.

M. Telei and B. Fisher, On a fixed theorem for fuzzy mappings in quasi-metric spaces,
Thai J. Math., 2 (2003), 1-8.

R. K. Verma and H. K. Pathak, Common fixed point theorems using property (E.A) in
complex valued metric spaces, Thai J. Math., 11(2) (2013), 347-355.

N. Tas and N. Ozgu'r, Common fixed point results on compler valued S-metric spaces,
(2020), DOI:10.22130/scma.2018.92986.488.

P. Vetro, Common fixed points in cone metric spaces, Rend. Circ. Mat. Palermo, (2)
56(3) (2007), 464-468.



International J.Math. Combin. Vol.2(2023), 18-30

On the Core of Second Smarandache Bol Loops

B. Osoba

(Bells University of Technology, Ota, Ogun State, Nigeria)

Y. T. Oyebo

(Department of Mathematics, Lagos State University Ojo, 102101 Nigeria)

E-mail: benardomth@gmail.com, b_osoba@bellsuniversity.edu.ng, yakub.oyebo@lasu.edu.ng

Abstract: Let (G,-) be a loop. A loop (Gg,-) is called a special loop of (G, ) if the pair
(H,-) is an arbitrary a non-empty subloop of (G,-). In general, (Gg,-) is called second
Smarandache Bol loop (S2,4BL) if it obey the identity (zs - z)s = z(sz - s) for all s € H
and z,z € . This paper presents some algebraic characterizations of the core of a second
Smarandache Bol loop (S2,4BL). Some results in this paper extend or generalize the results
of the classical studies of the core of a Bol loop. The conditions for the core of SsnaBL
to be left symmetric, left(right) idempotents, left self-distributive, and flexible was shown.
A necessary and sufficient condition for a core of (S2,4BL) to be right(left) alternative
property was revealed. The characterization of S—isotopic and S—isomorphic invariance

was also presented in this paper.
Key Words: Core, special loop, Smarandache Bol loops.
AMS(2010): Primary 20N05, Secondary 08A05.

§1. Introduction

Let @ be a non -empty set. Define a binary operation “-” on Q. If x -y € @ for all z,y € @Q,
then the pair (Q,-) is called a groupoid or magma. If the equations: a-z =band y-a =15
have unique solutions z,y € @ for all a,b € Q, then (Q,-) is called a quasigroup. Let (Q,-) be
a quasigroup and there exist a unique element e € @) called the identity element such that for
all z € Q,x-e=e-x =z, then (Q,-) is called a loop. At times, we shall write zy instead of
z -y and stipulate that - has lower priority than juxtaposition among factors to be multiplied.
Let (Q,-) be a groupoid and a be a fixed element in @, then the left and right translations L,
and R, of a are respectively defined by L, = a-x and zR, = = -a for all z € Q. It can
now be seen that a groupoid (@, -) is a quasigroup if its left and right translation mappings are
permutations. Since the left and right translation mappings of a quasigroup are bijective, then
the inverse mappings L, and R, ! exist.
Let
r\y=yL;' =P, and x/yzzRJl =yP !

1Received April 2, 2023, Accepted June 4, 2023.
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and note that
Ny=z<=uz-z=y and rjy=z<=z-y=u.

Thus, for any quasigroup (Q, -), we have two new binary operations; right division (/) and left
division (\) and middle translation P, for any fixed a € Q. Consequently, (Q,\) and (Q, /) are
also quasigroups. Using the operations (\) and (/), the definition of a loop can be restated as

follows.

Definition 1.1 A loop (Q,-,/,\,€) is a set G together with three binary operations (-), (/),

(\) and one nullary operation e such that

(1) z-(2\y) =y, (y/x) -z =y forallz,y € Q;
(i) 2\(z-y) =y, (y-z)/x =y forall z,y € Q;
(#i1) 2\x = y/y ore-x =z for all z,y € Q.

We also stipulate that (/) and (\) have higher priority than (-) among factors to be mul-
tiplied. For instance, = - y/z and x - y\z stand for x(y/z) and z(y\z) respectively.

In a loop (Q,-) with identity element e, the left inverse element of x € @ is the element
xJy = 2> € Q such that

r -xr=e€

while the right inverse element of x € G is the element z.J, = 2 € G such that
x-xf =e.

For more on quasigroups and loops, the reader can check Jaiyéold [13], Pflugfelder [5] and
Shcherbacov [3] for details.

The study of Smarandache concept in groupoid was first introduced by (W. B Vasantha
Kandasamy [18], 2002). The paper [20] and her book on Smarandache concept in the study
of loops [19], where she initially defined Smarandache loop (S-loop) as a loop with at least a
subloop which forms a subgroup under the binary operations of the loop have started receiving
an attention of researchers.

Smarandache quasigroup was defined by (Muktibodh, [21, 22]), as a non-trivial subset H
of a quasigroup (G, -) such that (H,-) is a associative subquasigroup of the quasigroup (G, -).

Immediately after the work of Muktibodh, (Jaiyéola [6], 2006) introduced the study of
holomorphic structures of a loop under Smarandache quasigroup. It was revealed that a loop is a
Smarandache loop if and only if its holomorph is a Smarandache loop and further shown that the
statement is also true for some weak Smarandache loops such as inverse property, weak inverse
property but false for others(conjugacy closed, Bol, central, extra, Burn, A- homogeneous except
if their holomorphs are nuclear or central.

In (Jaiyéold [10, 11, 12, 14, 15], 2008), more characterizations of a Smarandache concept
in quasigroups and loops are presented. In particular, a Smarandache isotopic quasigroup
and holomorphic study of Smarandache automorphism and cross inverse property loops were
investigated in the same manner the isotopy theory was carried out for groupoids, quasigroups,
and loops. The same author [15], introduced and studied double cryptography using the concept
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of Smarandache Keedwell Cross inverse quasigroup.

In [16, 17], the author furthered his exploration of Smarandache quasigroups (loops) theory
by classifying the algebraic structures into first Smarandache quasigroup (loop) and second
Smarandache quasigroup (loop). The author announced that the most comprehensive study in
Bol-Moufang type identities called Bol loop falls into the second class of Smarandache loops.
Hence, the second Smarandache loop is a particular case of the first Smarandache loops and
the second Smarandache Bol loop is a generalization of Bol loops.

In (Jaiyéold [8, 9], 2006), the authors studied parastrophic invariants of Smarandache
quasigroups, and presented a ground view of the studies of the universality of some Smarandache
loops of Bol-Moufang type. His results showed that Smarandache quasigroup (loop) is universal
if all its f, g—principal isotopes are Smarandache f, g— principal isotopes.

In (Osoba et al. [28, 29], 2018), the authors studied the relationship of multiplication
groups and isostrophic quasigroups and some algebraic characterizations of middle Bol loops.

In 2022, Osoba and Jaiyéold [24] presented algebraic connections between the middle Bol
loop and right Bol loop and their cores. A necessary and sufficient condition for the core of a
right Bol loop to be elastic property and right idempotent law was established. It was further
revealed that If a middle Bol loop is right (left) symmetric then, the core of its corresponding
(RBL) is a medial (semimedial). The results in [16, 17] were extended by the first author of
this paper in [27].

In 2023, Jaiyéold et al. [23] presented a study on the Bryant-Schneider group of a middle
Bol loop. The authors used the concept of the Bryant-Schneider group to link some of the
isostrophy-group invariance results of Grecu and Syrbu. In particular, it was established that
some subgroups of the Bryant-Schneider group of a middle Bol loop are isomorphic to the
automorphism and pseudo-automorphism groups of its corresponding right (left) Bol loop.
Some elements of the Bryant-Schneider group of a middle Bol loop were shown to induce
automorphisms and middle pseudo-automorphisms. It was discovered that if a middle Bol loop
is of exponent two then, its corresponding right (left) Bol loop is a left (right) G-loop while more
results on the algebraic properties of a middle Bol loop using its parastrophes were unveiled by
Osoba and Oyebo [26] in 2022.

Recently, the characterization of the cry-automorphism group of some quasigroups was
studied in [25].

82. Preliminaries

Definition 2.1 A groupoid (quasigroup) (G,-) is said to have

(1) the left inverse property (LIP) if there exists a mapping Jy : = + x* such that
2 xy =y for all z,y € G;

(2) the right inverse property (RIP) if there exists a mapping J, : © — xf such that
yr-xf =y for all x,y € G;

(3) the inverse property (IP) if it has both the LIP and RIP;

(4) the right alternative property (RAP) if y-xx = yx - x for all x,y € G;
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(5) the left alternative property (LAP) if y-xx = yx - x for all x,y € G;
(6) the flexibility or elasticity if xy - * = x - yx holds for all x,y € G;
(7) the cross inverse property (CIP) if there exist mapping Jy : x + z* or J, : x +— 2

such that xy -2 =y or x-yxf =y or 2™ -yr =y or 2y -x =y for all x,y € G.

Definition 2.2 A loop (G,-) is said to be right power alternative property loop (RPAPL) if its
obeys the identity xy" = ((((xy)y)y)y)y...y that is Ryn = Ry for all x,y € G.

Definition 2.3 A special quasigroup(loop) (G, -) is called:

(1) a second Smarandache left inverse property quasigroup(loop) SopaLIPQ(S2nqLIPL)
if it obeys the second Smarandache left inverse property (SonqLIP) s* - sx = x for allz € G
and s € H;

(2) a second Smarandache right inverse property quasigroup(loop) SanaRIPQ(S2,qa RIPL)
if it obeys the second Smarandache right inverse property (SonqLIP) xs - sP = x for allx € G
and s € H;

(3) a second Smarandache inverse property quasigroup(loop) SanqaI P if it has both the
SonaRIP and SongLIP;

(4) a second Smarandache right alternative property quasigroup(loop) SongRAPQ(S2,q RAPL)
ifr-ss=uxs-s forallx € G and s € H;

(5) a second Smarandache left alternative property quasigroup(loop)
Sond LAPQ(S2,aLAPL if ss-x =s-sx for allz € G and s € H for all x,y € G;

(6) a second Smarandache flexible or elastic quasigroup(loop) if sx-s = s-xs holds for all
re€Gandse H;

(7) a second Smarandache right power alternative property loop SanqRPAPL if its obeys
the identity sx™ = ((((xs)s)s)s)s...s that is Rgn = R? for allz € G and s € H.

Definition 2.4 A Smarandache groupoid (quasigroup) (Q,-) is called:

(1) the second Smarandache right symmetric (S2nqRS) if xs-s = x for all x € Q and
s€e H;

(2) the second Smarandache left symmetric (So2nqLS) if s-sx = for allz € Q and s € H;

(3) the second Smarandache middle symmetric (S2naMS) if s-xs =z or xs-x = x for all
re€Q and s € H;

(4) the third Smarandache middle symmetric (SspaMS) if xs-x = s or x - sz = s for all
r€Q and s € H;

(5) the second Smarandache idempotent (Sangl) if s-s=s forallz € Q and s € H;

(6) the second Smarandache left idempotent (SondLlI) if ss-x = sx for all x € Q and
se H;

(7) the second Smarandache right idempotent (SonqaRI) if x - ss = sx for oll x € Q and
se H;

(8) the second Smarandache commutative (So,qCP) if x-s=s-x forallx € Q and s € H;

(9) the second Smarandache anti-automorphic inverse property (SendAAIP) if (x - s)P =
(s-2)° or (x-s5) = (s-2)* forallx € Q and s € H;
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(10) the second Smarandache totally quasigroup (S2,qTQ) if and only if (1) or (2) and (8)
hold.

Definition 2.5 Let (Q,-) be a S2naTQ. If (Q,-) is a special loop, then it is called second
Smarandache Steiner loop (SapqSL).

Theorem 2.6 (Jaiyeola [16]) Let the special loop (Gp,-) be a SongBL. Then, SanqBL is
satisfies SopgRIPL and SonqRAPL.

Theorem 2.7 (Jaiyeola [16]) If the special loop (Gu,-) is a SanaBL. Then,

zs" = xs" s =xs-s"!

forallneZ,s € H and x € G.

Theorem 2.8 (Jaiyeola [16]) If the special loop (Gg,-) is a SongBL. Then, xs™ - s™ = xs™*"
forallmneZ,se€ H and x € G.

Theorem 2.9 (Jaiyeola [16]) If the special loop (G, +) is a SengBL. Then, Gy is a SopqSAIPL
if and only if Gy is a Ss.qRIPL.

Corollary 2.10 (Jaiyeola [16]) Every Sa,qBL is a Smarandache right power associative property
loop.

Definition 2.11 (Jaiyeola [17]) Let (Gg,-) and (Qn, o) be spacial groupiods and let Gg, QN be
Smarandache isotopes (S-isotopes). Then, (Qn, o) is a Smarandache isotopic of (Gy,-) if and
only if there is a bijective (A, B,C) : H — N such that the triple (A, B,C) : (Gu,-) — (Qn,")
is isotopism. Suppose that the triple A = B = C, then (Gg,) and (Qn,0) are said to be

Smarandache isomorphic (S-isomorphic).

Definition 2.12 Let the spacial loop (Gu,-) be a SangBL. The groupoid (Gg,+) called the
core of (Gy,-) is define as x +y =xy* -z for allx € H and y € G.

Definition 2.13 A special groupoid (Q,+) is called:

(1) Smarandache left self distributive (SLSD) if s + (y+ z) = (s +y) + (s + z) for all
Y,z €Q and s € H;

(2) Smarandache left distributive(SLD) if s(y+z) = (sy)+ (sz) for ally,z € Q and s € H;

(3) Smarandache right distributive(SRD) if (y + z)s = (ys) + (zs) for all y,z € @ and
se H.

Definition 2.14 (Jaiyeola [17], 2011) Let (Gm,-) is called a special loop with special subloop
(H,-). If (H,-) is of exponent 2, then (Gg,-) is called a special loop of Smarandache exponent

two.

Definition 2.15 Let (Gp,-) be a special loop. H is called an ideal of (G,-) if sz € H for all
seH, andx e G
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Furtherance to the past research, this paper is posted to extend the results in [16, 24].
Some new definitions were established and were used to characterize the core of the second

Smarandache Bol loop.

83. Main Results

Lemma 3.1 Let (Gy,-) be a special quasigroup.

(1) if (Gu,-) is a SspaRIP and H is a right ideal of (G, "), then 2" =1 and 2P = 2> for
all x € G;
(2) if (Gu,-) is a S3paLIP and H is a left ideal of (G,-), then z* = x and z* = x> for all

z e Gy

(3) if (Gg,-) is a SangLIP, then st =b = x = s*b for all s € H and x € G;

(4) if (Gu,-) is a S3pqaRIP, then s = b= x = bs? for all s € H and x € G;

(5) if (Gu,-) is a SanaRIP, then ys = b=y =bs? for all s € H and z € G;

(6) if (Grr,-) is a S3,qLIP, then ys = b= s =y b for all s € H and = € G;

(7) if (GH,-) is a SonqaRIP and S3,qLIP, then s* = (as) a —Ss3.qLWIP for all s € H and
a€G;

(8) if (Gu,-) is a SangRIP, S3,qLIP, S3,4RIP and H is A—ideal, then s~*a™! = (as)™*
foralls € H and a € G;

(9) if (Gu,-) is a SonaLIP and S3,qRIP, then sP = b(sb)?— Ss,.qRWIP for all s € H and
beq;

(10) if (Gu,-) is @ SonaLIP, S3,qRIP, S3,.qLIP and H is p—ideal, then b='s~! = (sb)~!
foralls € H and b € G;

(11) (Gg,-) has SengRIP < Ry-1 = RZ;
(12) (G, ) has SangLIP < Ly-1 = L71;
(13) if (G, ) is a SongRIP, S3nqIP and A—ideal, J\RsJ, = Ly—1 for all s € H;
(14) if (Gu,-) is a SanaLIP, S3pqIP and p—ideal, J\LsJ, = Rs—1 for all s € H.

Proof (1) Consider the expression (sz - z?)(z)?, then

(sx - a”)(zP)P s(zf)P = sz = 2 == Jp2 == J;l =J,=Jx=J,.

Nig;
3naRIP

(2) Consider the expression (z* - xs)(z*)*, then

(z*-28) (2N = (@M s=xs= N == B=I=-1=J,=Jy=J,
3paLIP
(3) Let sz = b. Multiplying both sides by s* on the left, we have z = = s*b.
2,4 LIP
(4) Let xs = b. Multiplying both sides by s” on the right, we have x = = bs”.
2,4RIP
(5) Let ys = b. Multiplying both sides by s” on the right, we have y = = bs”.

2,4RIP
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(6) Let ys = b. Multiplying both sides by y* on the left, we have s = = 3*b.
3paLIP
= ¢ = s?=(as)la= s* = (as) a.
2,aRIP S3nqgLIP
(8) So, s = (as)*a = s* = (as)*a Amideal xgp = (as)* = s7tat = (as)™L.

(7) Let as = ¢, then a

S3,aRIP
(9 Let sh=c = b=sc = bePs* = b(sb)’ = sP.
~~ ~—
SonaLIP S3naRIP
(10) So, b(sb)? = s* = b(sb)? = s” p}djl PP = (bs)? = b~ls~! = (sb)~L.
SsraLIP

(1) ys-st=ysoyRR1 =y RR1 =1 R =R,1.
(12) s* st =z < xLyly1 =v & Lly 1 =1 L7 = L.
(13) 2JaRJ, = (22s)P Y s=1(g= 1)1 = 5= lp = gL 1.

Sarqa RIP
(14) 2JyL,J, = (sa?)p P (p=1y=1g-1 = gg=1 = gR__\.
Szral P
This completes the proof. O

Theorem 3.2 Let the spacial loop (Gu,-) be a SongBL. Then,

(1) (Gu,+) is (Sana LS) if (G, -) is a (Sena RIPL) and H is p—ideal of (G, -);

(2) (G, +) i (Sana LI);

(3) (Gu,+) is (Sona RI);

(4) if (Gp,-) is (Sang RIP), Sangelastic, Ss.qRIP and H is p—ideal, then (Gm,-) satisfies
commutative if and only if (Gu,+) is Song middle symmetric;

(5) if (Gu,-) is S3.qRIP and H is p—ideal, then (Gg,+) is Sarq LD if and only if (sy” -
2)y? = s(yzP - y)P foralls € H and y,z € G;

(6) if (Gu,-) is S3,.aSAIP then (G, +) is Sana flexible if and only if (sy?-s)y? = s(y”s-y°)
forallye G, and s € H.

(2) By left idempotent: (s+s)+y = (s+5)y* - (s+5) = [(s8*-8)y ]|ss* -5 = sy* -5 = s+ .
(3) By right idempotent: y + (s +s) =y(s +s)* -y = y(ss* - s)* -y =ys* -y =y + s.
(4) By middle symmetric:

& [s(zs
SanalP
& S3ra (RIP) and H is p—ideal (:L’s)‘ . 1’)/\ — (8 . x)\s))\
\<:,>./ Sana(elasticity) (xSA -x))‘ = (SSL)\ . 8)/\
& (@+s)=G6+r)er+ts=s+a

forall z € Gand s € H.
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(5) By left self distributive: s+ (y+2) = (s+y) + (s+2). Forall s € H and y,z € G, we
have

LHS = (s+y)+(s+2) = [(sy™ - 5)(527 - )M (59 - 9)
= (s - )57z 57 (s - )
Ssra RIP and H is p—ideal

_ :<((sgﬁ . S)sk)z> s’\] (s> - 5)

= (sy™ - 2)y> - s

and RHS = s+ (y+2) = s(y+2)7-s = s(yz* -y)?-5. So, (Gg,+) has Sz,qLSD < (sy?-2)y” =
s(yzf - y)P for all s € H and y,z € G.

(6) (Gg,+) is Song flexible & (s+y)+s=s+ (y+s) forally € G, and s € H.

RHS = LSH

& (s+yst-(s+y) =sy+s)-s

e [(syt - 8)s(sy™ - s) = (s(yst - y)M)s

s syt 9)sM sy -s) =, (s(yPs-yM))s
SsraSAIP

& syiMsytos) =s(ts-yt) s

& (syr-s)s=syts-yt) s

(sy™ - )yt = s(y s - yt).
This completes the proof. O

Theorem 3.3 Let the spacial loop (Gg,-) be a SongBL. Then,

(1) (Gg,+) is SonaRAP if and only if y+s=s for all s € H;
(2) (Gg,+) is SonaLAP if and only if s+y =1y for all s € H;

(3) if (s+y)xr = sz +yx for all s € H and x,y € G, then (Gu,-) is satisfies Sana LAP if
and only if it satisfies SspqRIP;

4) if x(s+y) = xs+ zy, then (Gpy,-) is satisfies SAAIP for all s € H and x,y € G.
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Proof (1) Notice that

(Gu,+) is SonaRAP & (y+s)+s=y+(s+5s)
& (y+s)s’y+s)=yls+s)y
& sty ys™ ) = [y(ss* - 5) ]y
& (st -y9s(ys -y) =yst -y
& (ysh-y)st =e
o ys oy = sV
& Yyt s=s.
(2) Notice that
(Gg,+) is SongLAP & (s+s)+y=s+(s+y)
& (s +9)yM(s +5) = [s(s +9)]s
& [ss7 )y (ss7 e s) = [s(sy™ - 5)*]s
S3raRIP and H is p—ideal
s syt s =[s(sMy- V)]s
o syt s =((ss"y)sM)s
4 sy)‘~5:ys)‘~5
s sytos=y
S stTy=y.

(3) if (s + y)x = sz + yx then,
(59" - 5)z = [(s2) (y2)*)(s2)

Put y = e, the identity element in G, we have ss -z = (sz - 2))(sx¥) = ss-x=s5-5x

S3naRIP
forallz € G and s € H.
(4) if (s +y) = xs + yx then,
w(sy-s) = [(xs)(zy)A|(zs)
= (ws-yM)s = [(ws)(wy) ().
Let x = s for all s € H, get y’s = (s*y)”. O

Corollary 3.4 Let (Gg,+) be a SonaRAP(LAP) of SonaBL. Then, (G, -) is SspaMS(S2na MS)

respectively if and only if it is Smarandache exponent two.

Proof The proof follows from Theorem 3.3. O

Corollary 3.5 Let (Gg,+) be an alternative property of SonaBL . Then, (Gg,-) is SandC if
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and only if it SopgRIP and Smarandache exponent two.
Proof By Theorem 3.3, we have sy -s =y < s-yP =y-sP < s-y=y-s. g

Corollary 3.6 Let (Gg,+) be an alternative property of SonaBL. Then, (Gg,-) is a second
Smarandache Steiner loop if and only if it SopqRIP and Smarandache exponent two.

Proof Following from Theorem 3.3, this is true base on Corollaries 3.4 and 3.5. O

Theorem 3.7 Let the spacial loop (Gp,-) be a SopngBL with Smarandache AIPL and (Gg,+)

be its core.

(1) If (s + y)x = sx + yx, then (Gy,-) is Smarandache loop. For all x,z € G and s € H;

(2) If x(s+y) = zs + yz, then (Gp,-) is S2na flexible. For all x,z € G and s € H.

Proof (1) By using Theorems 3.3 and 2.6, we have (sy”-s)z = [sx(yx)?](sz) < (sys)x =
[sx(x~1y?)](sz) & (sy? - s)z = (sy?)(sz). Let y? =t, for all s € H and z,t € G, we have
tLiRs-x =1tLg - xL,. Lett:tLgl, then tRy -x =t -aL, & ts-x=t-sx. Forall s € H.

(2) By using Theorems 3.3 and 2.6, we have z(sy” - s) = [zs(zy)?](xs) < z(sy” - s) =
[zs(yPz=1)(zs) & z(sy? - s) = (xs)|[(yPz~ ! - (zs)] & z(sy’ - s) = (xs)(yPs). Let t = yP, then
x(st-s) = (ws)(ts) & x-tLyRs = 2L, - tR,. Put @ = L', get 2L ' - tLyRy = - tRy &
sy-s=s-ys. By letting x = s for all s € H and y € G. O

Theorem 3.8 Let the spacial loop (G, ) be a SongBL. Let (Gg,o) be a S—principal isotope
of (Gu,-), where xoy = xRy-yL," for allz,y € G and some g € H. Let (G, +) and (G, ®)
be the cores of (Gy,-) and (Gg,o) respectively. Then s¢ ® yod = (s + y)¢ if and only if

((gs-t~")s)o™" = [(gs)o~" - (g)o~ " J] - (gs)p ™"
where ¢ is S—permutation in Gy.

Proof Let (Gy,-) be a SopqgBL. By Theorem 2.6, (Gg,-) is a SopqRIPL. Let (Gg,0) be a
S-principal isotope of (Gg,-) defined as zoy = 2R, - ng_l for all g € H is the identity element
in Gy. Then yoy? =yRy-yJ, =e = yRyJ = prLg_1 = RyJLy, = J,, where J : y y !

and y” = yJ, the right inverse element in Gg.

sey = (
(sRg-yJ,L; )Ry - sL*

= (sRy-yRyJLsL,;" )Ry -sL;"
(sRg-yRyJ)Ry - sL,"

So, 50 B yd = (s+y)¢ < (sRyp-y¢RsJ)Ry-s¢L;" = (sy='-s)¢p forall s € H and y € G.
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Doing the following steps: Replace s by sL,¢~! and y by

yR, ¢! sLgRy - yJ)Ry -5 = [(sLg¢™" - yR, ¢~ " J)sLyp ']
(sLgRy - yJ) g'5)¢71::KSLg¢71'UR;1¢71J)SLg¢7H
((99)(gy™" - g)slo™" = [(gs)p™" - (99~ " -yg~ ")~ JT] - (gs)o~ "
((g

s) gy~ g)sle™ = (gs)o" - glg™ - g7 ] (gs)o "

4
=
=
=

(
(
[
[

1

Now, set t = g~ 'y - g~ !, we have

& [(gs-tslo™ = [(gs)¢~" - (g)p ™" T] - (g5)9"
for any t € Gg. O

Theorem 3.9 The core (Gp,+) is S—isotopic invariant for SanaBL (Gm,-). That is S—isotopic
(GH,-) have S—isomorphic (Gg,+).

Proof Use Theorem 3.8, we consider the those S-isotopes (G g, 0), where zoy = xR, -yL;1
for all z,y,Gy and some g € H. Let (Gy,+) and (Gg,®) be the Ss,qcores of (Gy,-) and
(G, o) respectively. Since (G, -) is a S2,qBL, we have (gs-t~1)s = g(st™!-s) for all t € Gy,
and s € H. Using Theorem 3.8 by replacing ¢~! by Ly, we have

[gs - t_l)s]Lg_1 = st7l-s
= (gs-t7N)sILyt =[(gs)Lg " - (gt) Ly "] - (9s) Ly "
for some g € H. So, by Theorem 3.8, (Gg,+) and (Gg,®) are S-isomorphic. O

Corollary 3.10 A So,q4BL is SAAIPL if and only if for each S-principal isotope of (G, o),
where x oy = xRy -yL, " for all x,y € G and some g€ H, s®y = (s+y) for all s € H, and
y € G where (Gg,+) and (G, @) are the cores of (Gm,-) and (Gu,o) respectively.

Proof Put ¢ = e in Theorem 3.9, we have ((gs-t=1)s) = [(gs) - (gt) '] - (gs) for all s € H
and t € Gg. Put s =g~ !, thent 1g~t = (gt) ! forallt € Gy and g € H. O
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81. Introduction

The graph G = (V, E) we mean a finite, undirected, connected graph with neither loops nor
multiple edges. The order and size of G are denoted by n and m respectively. The degree of
a vertex u in G is the number of edges incident with « and is denoted by dg(u), simply d(u).
The minimum and maximum degree of a graph G is denoted by §(G) and A(G), respectively.
For graph theoretic terminology we refer to Chartrand and Lesniak [1] and Haynes et.al [4,5].

Let v € V. The open neighborhood and closed neighborhood of v are denoted by N(v)

and Nv] = N(v)U{v}. If S CV then N(S) = |J N(v) for all v € S and N[S] = N(S) U S.
veS
If S C V and u € S then the private neighbor set of u with respect to S is defined by

pnfu, S] = {v: N[v]NS = {u}}. For any set S C V, the subgraph induced by S is the maximal
subgraph of G with vertex set S and is denoted by (S).The vertex has degree one is called a
pendant vertex. The set of all pendant vertices of a graph G is denoted as [(G). A support is
a vertex which is adjacent to a pendant vertex. A weak support is a vertex which is adjacent
to exactly one pendant vertex. A strong support is a vertex which is adjacent to at least two
pendant vertices. An unicyclic graph is a graph with exactly one cycle. A graph without cycle
is called acyclic graph and a connected acyclic graph is called a tree.

A subset S of V is called a dominating set of G if every vertex in V — S is adjacent to at least
one vertex in S. The minimum cardinality of a dominating set is called the domination number
of G and is denoted by v(G). E.J.Cockayne et.al [2] studied the concept of Roman domination

1Received March 7, 2023, Accepted June 5, 2023.
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first. A Roman dominating function on a graph G is a function f : V(G) — {0, 1, 2} satisfying
the condition that every vertex v € V for which f(v) = 0 is adjacent to at least one vertex
u € V with f(u) = 2. Generally, if every vertex v € V for which f(v) = 0 is adjacent to at least
k vertices u € V(G) with f(u) = 2 for a function f : V(G) — {0, 1, 2}, such a function f is said
to be a Smarandache-Roman k-dominating function, where k£ > 1 is an integer. Clearly, if K = 1,
such a Smarandache-Roman k-dominating function is nothing else but the Roman dominating
function. The weight of a Roman dominating function is the value w(f) = >  f(v). The
veV

minimum weight of a Roman dominating function is called the roman dominating number of
G and is denoted by yr(G).

For a graph G, let f : V — {0,1,2} and let (Vj, V7, Va) be the ordered partition of
V induced by f, where V; = {v € V : f(v) = i}. Note that there exists an one to one
correspondence between the function f : V' — {0, 1,2} and the ordered partition (Vp, V1, V3) of
V. Thus we will write f = (Vp, V1, Va). We say that a function f = (Vp, V1, V) is a yg—function
if it is a Roman dominating function and w(f) = vg(G). Also w(f) = |V1| + 2|V5|.

Erin W. Chambers et.al [3] proved that yg(G) < n — A+ 1. In this paper we characterize
the trees with vg > n — A.

§2. Family of Trees ¥
Notation 2.1 The family of trees ¢33 is obtained from K; A by attaching a path on three
vertices twice to a pendant vertex.

Notation 2.2 The family of trees %3 is obtained from K; A by attaching a path on three
vertices and a path on two vertices to a pendant vertex.

Notation 2.3 The family of trees ¢; is obtained from a tree in %33 U %3 by attaching a path
on three vertices twice or a path on two vertices twice or a path on three vertices and a path

on two vertices to at most A — 3 pendant vertices whose support has degree A.

Notation 2.4 The family of trees %) is obtained from a tree in % by attaching a path
Py, k=1 or 2 to the pendant vertices whose support has degree A.

Notation 2.5 The family of trees ¢y is obtained from K A by subdividing A —1 edges twice.

Notation 2.6 The family of trees ¢(3) is obtained from K A by subdividing twice 7,1 < i <
A — 2 edges and subdividing once k,0 < k < A — i edges.

Notation 2.7 The family of trees ¥4 is obtained from K; A by attaching twice a path on
two vertices to 7,0 < i < A — 2 pendant vertices and attaching a path on two vertices to
k,0 < k < A — i pendant vertices.

Notation 2.8 The family of trees ¥ = {KLA} U g(l) U g(g) U g(g) U g(4)

83. Trees with yg =n—-—A+1

Theorem 3.1 For a tree T, yr(T)=n—A+1 if and only if T € 9.
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Proof Let T be a tree with yg(T) = n— A+ 1. Let v € V(T) such that d(v) = A.
If A =n—1, then T is a star. Suppose A < n — 1. Let N(v) = {v1,v9, -+ ,ua} and let
T, = (V — N[v)).

Case 1. E(Ty) = ¢.

Then every vertex of T3 is adjacent to a vertex in N(v). Suppose d(v;) > 4 for some
i,1 <i < A.Let wy,wa, w3 € N(v;)NV(T1). Then f = ([N(v)—{v; }JU{w1, w2, w3}, V—=[N[v]U
{wy,ws,ws}],{v,v;}) is a Roman dominating function with w(f) = n—(A+4)+4 = n—A, which
is a contradiction. Hence d(v;) < 3 for all 4,1 < i < A. Suppose d(v;) =3 for all 4,1 <1i < A.
Then f = (V — N(v),¢, N(v)) is a Roman dominating function with w(f) =2A=n—-A -1,
which is a contradiction. Hence d(v;) < 2 for some 4,1 < i < A.

Suppose d(v;) =3,1 <i <A —1 and d(va) < 2. Then

(V= N(v),6,N(v)) if dva) =2

f=
(V= N(v),{va}, N(v) = {va}) if d(va) =1

is a Roman dominating function with w(f) < n — A + 1 which is a contradiction. Hence at
most A — 2 vertices of N(v) have degree 3.Thus T is isomorphic to a tree obtained from Kj a
by attaching twice a path on two vertices to 7,0 < i < A — 2 pendant vertices and attaching a
path on two vertices to k,0 < k < A — i pendant vertices. Hence, T' € ¥4

Case 2. E(T1) # ¢.

Let G1 be any non trivial component of 77 and we may assume without loss generality that
v1 € N(V(G1)). Suppose G contains more than one pendant vertex of T'. Let wy,ws € V(G1)
such that d(w;) = 1. Let P = (wq,uq,ug, - ,u;,wa),¢ > 118 a w; — we path in Gi. Let
Vo=N@w)U{wy,u}, Vi =V — [N(v) U{v,wy,u1,uz}, Vo = {v,u1}. Then f = (Vp, V1, V2) is a
Roman dominating function of 7' with w(f) = n—(A+4)+4 = n— A which is a contradiction.
Thus G has exactly one pendant vertex of T and hence G is a path. Let Gy = (21,22, - , )
such that v; € N(z1). If r > 2, then

f= W) |l 23}, V = [IN@) U a1, 22,23, 0}, {v, 22})

is a Roman dominating function of T with w(f) = n—(A+4)4+4 = n—A which is a contradiction.
Hence r < 2. Then G; = P,. Suppose d(v;) > 4. Let x1,x0,23 € N(v1),x; # v,1 < i < 3.
Then

f=(IN) = {o1}] U {@1, 29,23}, V — [N[o] _[{w1, 22, 23}], {v,01})

is a Roman dominating function with w(f) = n — A, which is a contradiction. Hence d(v;) < 3

for all 7.

Suppose d(v;) =3 for all 4,1 <7 < A — 1. Then d(va) < 2 and then

A—-1 A—-1

A—-1
f=(U Nw), v =11 Nl U {vi})

=1 =1
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is a Roman dominating function with w(f) =n — A, which is a contradiction. Hence at most
A — 2 vertices of N(v) have degree three. If at least one vertex in N(v) has degree three then
T €Y.

Suppose d(v;) < 2 for all 4,1 < i < A. Then T) contains maximum of A nontrivial
components. Suppose 77 contains A non trivial components G1,Ga, -+ ,Ga. Let V(G;) =
{1, 22} such that v; € N(z;1). Then

f=((N@)U{ap: 1 <i< A} {v},{zia:1<i<A})

is a Roman dominating function of T' with w(f) = 1 + 2A = n — A which is a contradiction.

Hence T contains at most A — 1 non trivial components.

Suppose T contains exactly A — 1 non trivial components. Let G1,Go, -+ ,Ga_1 be the
non trivial components of T3. If G is trivial component of 7%, then

f=(N] —{vah) U{ziz: 1 <i<A-1}¢, {1 <i<A-1})

is a Roman dominating function of T' with w(f) = 2(A —1) =2A —2 =n — A — 2 which is a
contradiction. Hence T is isomorphic to a tree obtained from K; A by subdividing A — 1 edges
twice. Thus T' € ¥(3)

If 77 contains 7,1 < ¢ < A — 2 non trivial components, then 7' is isomorphic to a tree
obtained from K; A by subdividing twice 4,1 < ¢ < A — 2 edges and subdividing once k,0 <
k < A —i edges. Hence T' € 43y. The converse is obvious. d

84. Family of Trees .7

Notation 4.1 The family of trees 7 is obtained from K; A by attaching thrice a path on two
vertices to a pendant vertex, attaching twice a path on two vertices to 7,0 < ¢ < A — 3 pendant
vertices and attaching a path on two vertices to k,0 < k < A — 1 — i pendant vertices.

Notation 4.2 The family of trees .7 is obtained from K; A by attaching twice a path on two

vertices to A — 1 pendant vertices and attaching a path P,k =1 or 2 to a pendant vertex.

Notation 4.3 Let v be a vertex of degree A in a star graph K; A andlet N(v) = {v1,v2,--- ,va}
The family of trees 7(9) is obtained from K1 A by subdividing a,2 < a < 5 times the edge vv;.

Notation 4.4 The family of trees Zga) is obtained from a tree in .7 (%), 2 < a < 4 by attaching
a path P;,2 <1i < 4 to the vertex of distance two from center vertex v.The family of trees %(ia)
is obtained from a tree in y(“), 4 < a <5 by attaching a path P;,;1 <1 < 3 to the vertex v;.

Notation 4.5 The family of trees 91((';)], I is obtained from a tree in fl(ia) by attaching a path

P5 to at most two times to some or all the vertices of vy, v, -+ ,v;,j < A —3, attaching a path
P, at most two times to some or all the vertices of vjy1,vj42, -+, vk, K < A —3 and attaching
a path P, at most one time to the vertices vg41,Vgy2, - ,VA.

Notation 4.6 The family of trees 92((3)]‘ I is obtained from a tree in 92(;1) by attaching a path
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P5 to at most two times to some or all the vertices of vy, vs3, -+ ,v;,j < A —3, attaching a path
P, at most two times to some or all the vertices of vjy1,vj42, -+, vk, K < A —3 and attaching
a path P, at most one time to the vertices vg41,Vgy2, - ,VA.

Notation 4.7 The family of trees 91.(3) is obtained from a tree in .7(®) by attaching a path
P;,1 < i < 3 to the vertex v;.The family of trees 9( )k) is obtained from a tree in 9(3) by

attaching a path P5 to at most two times to some or all the vertices of v, vs, -+ ,v;,7 <A =3,
attaching a path P» at most two times to some or all the vertices of vj41,vj12, - , vk, Kk < A=3
and attaching a path P, at most one time to the vertices vg41, Vg42, - ,VA.

Notation 4.8 The family of trees ﬂb(f) is obtained from a tree in .7 () by attaching the paths
P, and P, 2 < b < 3,2 < ¢ < 3 to the vertex v;.The family of trees ﬂ(l(;z)j k) is obtained

from a tree in yb(cg) by attaching a path P3; to at most two times to some or all the vertices

of vg,v3, -+ ,v5,7 < A — 3, attaching a path P» at most two times to some or all the vertices
of vj41,vj42, -, vk, kK < A — 3 and attaching a path P» at most one time to the vertices
Uk‘+17vk‘+27 L, VA

Notation 4.9 The family of trees 9232 is obtained from the tree .7 by attaching the paths

P, and Ps, to the vertex v;.The family of trees g is obtained from a tree in %(32)

23 i k)
attaching a path P3 to at most two times to some or all the vertices of va,vs, -+ ,v;,7 <A =3,
attaching a path P, at most two times to some or all the vertices of v 1, vj40, - , vk, K < A=3
and attaching a path P, at most one time to the vertices vi41, vgt2, - ,VA.

Notation 4.10 The family of trees

_ () (a) 3)
F=FUBUIG, 0V 00T 00 T Y T -

85. Trees with yg =n— A

Theorem 5.1 For a tree T, yr(T) =n — A if and only if T € F.

Proof Let T be a tree with yr(G) =n — A. Let v € V(T') such that d(v) = A. It is clear
that A <n —1. Let N(v) = {v1,v2, - ,va} and let Ty = (V — N[v]).

Case 1. E(Th) = ¢.

Then every vertex of T3 is adjacent to a vertex in N(v). Suppose d(v;) > 5 for some
1,1 <i < A.Let Vo = (N(w)UN(v;)) —{v,v;},V1 =V — [N(v) UN(v;)], Vo = { ,0;}. Then
f = (Vo,V1,V2) is a Roman dominating function with w(f) <n—-(A+5)+4=n—-A -1
which is a contradiction. Hence d(v;) < 4 for all 4,1 < ¢ < A. Suppose d(vy) = d(vs) = 4. Let
N(v1) = {v,u1,uz,u3} and N(vy) = {v, w1, ws,w3}. Now we assume Vy = (N(v) U N(v1) U
N(v2)) = {, 01,02}, Vi = V = [N(0) U N(01) UN(v2)], Vo = {0,v1,v3}. Then f = (Vo, Vi, Va)
is a Roman dominating function with w(f) =n— (A+4+3)+6 =n— A — 1 which is a
contradiction. Hence at most one vertex in N(v) has degree 4.
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Let d(v1) = 4 and d(v;) < 3,2 < i < A. Suppose d(v;) = 3 for all i,2 < i < A. Then

f=(V =N(v),¢,N(v))

is a Roman dominating function with w(f) = 2A =n — A — 2 which is a contradiction. Hence
d(v;) =3 for all 1,2 <i <A —1 and d(va) < 2. Then

(V - N(v)a ¢’ N('U)) Zf d(’UA) =2

f=
(V= N(),{va}, N(v) = {va}) if d(va) =1

is a Roman dominating function with w(f) = n — A — 1 which is a contradiction. Hence at
most A — 3 vertices of N(v) have degree 3. Thus T is isomorphic to a tree obtained from
K A by attaching thrice a path on two vertices to a pendant vertex, attaching twice a path
on two vertices to 7,0 < 7 < A — 3 pendant vertices and attaching a path on two vertices to
k,0<k <A —1—1 pendant vertices. Thus T' € 7.

Suppose d(v;) < 3 for all 4,1 < i < A. If d(v;) = 3 for all 4,1 < 4 < A. Then f =
(V = N(v),¢,N(v)) is a Roman dominating function with w(f) = 2A =n — A — 1, which is
a contradiction. Hence at least one vertex in N(v) has degree less than 3. If more than two
vertices of N(v) have degree less than 3 then by proof as in case 1 we get a contradiction.
Hence d(v;) = 3 for all 4,1 <i < A —1. Thus T is isomorphic to a tree obtained from Ky A by
attaching twice a path on two vertices to A —1 pendant vertices and attaching a path P,k =1
or 2 to a pendant vertex. Thus T' € Z.

Case 2. E(Th) # ¢.

Let G; be any nontrivial component of T} and we may assume without loss of generality
vy € N(V(G1)). Suppose Gy contains more than two pendant vertices of T. Let wyq, ws, w3 €
V(Gy) such that d(w;) = 1,1 < ¢ < 3. Then there is a vertex u € G; such that dg, (u) > 3. Let
x1,T2,x3 € N(u) N V(Gy). Then

f=(N@w)U{xy,z2,23}, V — (N[v] U {z1, 22,23}, {u,v})
is a Roman dominating function of T with w(f) =n—(A+1+4)+4=n— A —1, which is a
contradiction. Hence G is a path.
Subcase 2.1 |[V(G1)NU(T)| =2.
Let wy,ws € V(Gy) such that dr(w;) = 1. Let G = (wy,u1,us, - ,ug, ws). Suppose
d(v1,G1) > 2. Let (vy, 21,22, , %4, u5),j <k, be the shortest v1 — Gy path. Then

J =) U{zs,uj_1,ujp1}, V — (No]U{zs, uj_1,ujq1}, {uy,v})

is a Roman dominating function of 7' with w(f) = n — A — 1, which is a contradiction.
Hence d(v1,G1) = 1. Thus viu; € E. Suppose d(vi,w;) > 5,4 = 1 or 2. Let Vp = N(v) U
{uj—r,ujer, ujro, ujpat, Vo = {v,uj, ujsh, Vi = V — (Vo U V). Then f = (Vo, Vi, V2) is a Ro-
man dominating function with w(f) =n—(A+4+3)+6 = n—A—1, which is a contradiction.
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Hence G1 = (wy,u1,ug, -+ ,u;,ws),4 < 5. If ¢ =5 then vyug € E. If i = 4 then vjuy € E. If
i = 3 then either viu; € E or vius € E. If i = 2 then viuy € E.

Let Ga(# G1) be a nontrivial component of 7. If G contains more than one pendant
vertex of T then there is a vertex y; € Go such that dg,(y1) > 2. Let ya,y3 € N(y1) NV(G2).
We assume Vy = N(v) U{uj_1,uj+1,y2, Y3}, Vo = {v,uj, 51} and V3 =V — (Vo U Va). Then f =
(Vo, V1, Va) is a Roman dominating function of T with w(f) = n—A—1, which is a contradiction.
Hence every nontrivial component of T} except G is a path. Let Go = (21, 22, - , x,) such that
v; € N(x1) for some i. Suppose r > 3. Let Vy = N(v) U {uj_1,u;q1,21,23}, Vo = {v,uj, 22}
and Vi =V — (Vb UV,). Then f = (V, V1, V5) is a Roman dominating function of 7' with
w(f) = n — A — 1, which is a contradiction. Hence r = 2. If all the components of T} are
nontrivial then by similar arguments as above we get vyg < n — A — 1, which is a contradiction

(a)
and hence T' € ﬂl(m.ﬁk).

Subcase 2.2 |[V(G)NI(T)| =1.

Let G1 = (u1,u2, - ,up,wy) with d(w1) = 1 and let vyu; € E. If r > 5 then f =
(N(v) U {uy,uz,uq,ug}, V. — (N[] U {uy, uz, us, ug, us, ug }, {v, u2,us}) is a Roman dominating
function with w(f) =n—(A+146)—6 = n—A—1, which is a contradiction. Hence r < 4. Let
3 <r < 4. Suppose d(v1) > 4. Let uy, 1,22 € N(v1) and let Vy = [N (v)U{z1, 22, u1, ua, ug ] —
{n1},Vi = V—=[N[v|U{x1,z2,u1,us,us,,us}t, Vo = {v,v1,u3}. Then f = (Vp, V1, V) is a Roman
dominating function with w(f) =n —[A+1+4+6]+6 =n — A — 1, which is a contradiction.
Hence d(v1) = 2 or 3. If d(v1) = 3 then there exists a path P;j(# Gi),j > 1 attached to
vi. Suppose P; = (vi, 21,22, -+ ,x;),5 > 3. Now, let Vo = N(v) U{u1,us, 1,23}, Vi =V —
[N[v] U {u1,us,us, x1,z2,23}], Va = {v,uz,x2}. Then f = (Vp, Vi, V2) is a Roman dominating
function with w(f) = n — A — 1, which is a contradiction. Hence j < 2. Hence by similar

arguments as in case 1 we have T € ,72((‘;)]. k) If » = 2 then by similar arguments as above we

have T € ZE?}M U ‘Zgi?j,k)' Ifr=1thenT € ‘7((2?7]%)' The converse is obvious. [l
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Abstract: For a graph G, the M-polynomial is defined as

M(Giz,y)= > my(G)a'y’,
§<i<j<A
where m;j;, (7,5 > 1), is the number of edges uv of G such that degg(u) = i and dega(v) = j;
and § and A are the minimum and maximum degree of G, respectively. The topological
indices play an important role in determining physio-chemical properties of chemical graphs,
among them the degree-based topological indices can be driven from an algebraic formula
corresponding to the chemical graphs called M-polynomial. In this paper, we compute the
closed forms of M-polynomial for cycle-star graph and the line graph of cycle-star graph.
Further, we give the graphical representation of M-polynomial and derive some degree-based

topological indices from M-polynomial.
Key Words: M-polynomial, degree-based topological indices, cycle-star graph, line graph.
AMS(2010): 05C07, 05C31.

§1. Introduction

For all terms and definitions, not defined specifically in this paper, we refer to [5]. Throughout
this paper, by a graph G = (V, E), we mean a simple, undirected, finite graph of order n and
size m. Let V(G) and E(G) denote the vertex set and edge set of G, respectively. A chemical
graph (or, molecular graph) is a labeled graph whose vertices and edges correspond to the atoms
and chemical bonds of the compound, respectively. The numerical parameters of a graph which
describe its topology are said to be the topological indices or graph invariants. The topological
indices of a chemical or molecular graph helps us to investigate the physio-chemical properties
and boiling activities.

The study of topological indices was first initiated by H. Wiener [13] in the year 1947. He
introduced Weiner index in order to understand the correlation of the measured properties of

1Received March 1, 2023, Accepted June 6, 2023.
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molecules in a compound with their structural properties. In the year 1972, the Weiner index
was interpreted by Hosoya [6] using distances between vertices in a graph. Over the last decade,
various topological indices were introduced and studied by different authors [1,3, 4].

There are many algebraic polynomials such as Hosoya polynomial (or, Weiner polynomial),
which plays an important role in determining distance-based topological indices. Among many
other algebraic polynomials, M-polynomial [2] introduced in 2015 plays an important role in
determining the closed form of many degree-based topological indices. Related papers on finding
topological indices using M-polynomials can be found in [7,8,9,10,11].

Sedlar [12] introduced the concept of cycle-star graph while studying additively weighted
Harary index for extremal unicyclic graphs.

Definition 1.1 A cycle-star graph, written CSk n_g, 15 a graph with n vertices consisting of
the cycle graph of length k and n — k leafs appended to the same vertex of the cycle.

Clearly, cycle-star graphs are the unicyclic graphs (i.e., connected graphs containing exactly
one cycle). Recently, the topological indices of unicyclic graphs attracted much attention.
Studies along this line include general multiplicative Zagreb indices of unicyclic graphs, Zagreb
eccentricity indices of unicyclic graphs, Maximal hyper-Zagreb index of unicyclic graphs with
a given order, and matching number. However, the studies on the topological indices of the
intersection graph on the vertex set of cycle-star graph was not attempted. In this paper we
have made an attempt to fill this gap and study the topological indices of the cycle-star graph
and line graph of the cycle-star graph through a polynomial approach.

The cycle-star graphs CSs 4 and C'Sy 3 are shown in Figure 1.

p-—

Figure 1

82. Methodology

We first divide the edge set of cycle-star graph and the line graph of cycle-star graph into
different classes based on the degree of end vertices. With the help of this edge division, we
compute the M-polynomial of cycle-star graph and the line graph of cycle-star graph. Further,
by using M-polynomial, we compute the degree-based topological indices as listed in Table 1.
The 3-D graph of M-polynomials are sketched by using MATLAB.
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83. Preliminaries

Definition 3.1 For a graph G, the M-polynomial is defined as

M(G;z,y) = Z mij (G)z'y’,

§<i<j<A

where m;j, (i,j > 1), is the number of edges uv of G such that degg(u) =i and degg(v) = j;

and 0 and A are the minimum and mazimum degree of G, respectively.

Table 1. Operations to derive degree-based topological indices from M-polynomial

Notation Topological Index Derivation from M(G;x,y)
Mi(G) First Zagreb index (Dz + Dy)(M(G; 2, Y))|a=y=1
M>(G) Second Zagreb index (DeDy)(M(G; 2,Y))|z=y=1

™My (G) Second modified Zagreb index (SeSy)(M(G; 2, y)) |la=y=1
R.(G) Randi¢ index (D Dy ) (M (G52, y))|le=y=1

RR,(G) Inverse Randi¢ index (S Sy ) (M (G52, y))|e=y=1

SSD(G) Symmetric division index (DgSy + DyS2)(M(G; 2, y))|z=y=1
H(G) Harmonic index 28, J(M(G;x,y))|a=1

I1(G) Inverse sum index Sz JDyDy(M(G; z,y))|z=1
A(G) Augmented Zagreb index S;Z’Q,QJDE;Dg(M(G; Z,Y))|z=1
Here,

MGia) = ), Dalfa) =L, Dy (o) = LY,

Sulf(@y) = / D s, s,y = [ 120
i) = fioe) and Quf(orn) =7 n0).

are the operators.
As discussed in [2], each of these topological indices can be found using M-polynomials as

given in Table 1.

§4. M-Polynomial of Cycle-Star Graph CSj, ,,_i
In this section, we find the M-polynomial of cycle-star graph CSy ,,—.
Theorem 4.1 Let G = CSy ,—i be the cycle-star graph. Then the M-polynomial of G is

M(G;x,y) = (k — 2)2%y* + 202" F 2 1 (n — k)ay" 2.
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Proof Let G = CSj n—i be the cycle-star graph. It is easy to see from Figure 1 that

|[V(G)| =n and |E(G)| = k+n — k = n. Since each of the vertices of G is of degree either 1 or
2 or n — k + 2, the vertex set of G has three partitions with respect to degree:

V1(G) = {u € V(G) : dege(u
Vo(G) = {u € V(G) : dega(u
V3(G) ={u e V(G) : degg(u) =n — k + 2}.

Clearly, [Vi(G)| =n — k;[Va(G)| = k — 1;[V3(G)| = 1.

Further, the edge set of G' has three partitions based on the degree of end vertices.

Clearly, |E1(G)| = k — 2;|E2(G)| = 2;|E3(G)] = n — k. Now, from the definition of

M-polynomial,

M(Giz,y) = Z mij(G)xiyj
§<i<j<A
= ma(G)2y’ + mQ(n—k+2)(G)x2yn_k+2 + Mi(n—k+2) (G)ay"—F+2
= (k—2)2%y? + 222" 2 4 (n — k)zy"FH2
This completes the proof. O

We now compute some degree-based topological indices of the cycle-star graph using this

M-polynomial.

Theorem 4.2 Let G = CSy, ,,—i, be the cycle-star graph. Then,
Mi(G) = n*4(5—2k)n+k*—k,
My(G) = n?4 (6 —2k)n+k* — 2k,
(k+2)n — k?
TYLM —
2(C) dn — 4k +8
Ro(G) = 4°(n—k+2)+(n—k)(n—k+2)+4%k — 2),
_ 1 « 2
RRQ(G) = m + 4 (TL 4) + (k Z)TL k + 4]€ 4,
3 _ 2 2 _ gk _ 1.3 2 _
SSD(G) = n° + (5 — 3k)n* + (3k* — 8k + 5)n — k* + 3k k’
n—k+2
HG) - 2 ((k +2)n? + (—2k% + 11k — 14)n + (16 — 8k)n + 8n + k3 — 5k + 2k)
N 4n? + (28 — 8k)n + 4k? — 28k + 48 ’
1G) - n® + (8 — 2k)n? + (k* — 9k + 14)n + k? — 2k
N n?+ (7 —2k)n + k% — Tk + 12 ’
AG) = n* + (4k + 6)n® + (—18k% + 6k + 12)n? + (20k> — 30k? + 8)n — Tk* + 18k® — 12k?

n3 4+ (3 —3k)n%2+ (3k?2 — 6k +3)n — k3 +3k2 -3k +1



42 Shilpa H. C, Gayathri K, Nagesh H. M and Narahari N

Proof From Theorem 4.1, we have
M(Gsz,y) = f(z,y) = (k= 2)a®y® + 20" M2 4 (n — k)ay" M2

Then, we have the following:
Da(f(x,y)) = 4a?y" 52 + (n — k)ay" 2 + 2(k — 2)2%y?,
Dy((f(z,y)) = 2(n — k + 2)a?y" "2 + (n — k)(n — k + 2)ay" 2 4 2(k — 2)2%y?,
(DyDy)(f(z,y)) = 4(n — k + 2)2%y" "2 + (n — k)(n — k + 2)ay™ F2 + 4(k — 2)2?y?,
So(f(z,y)) = 2?y" "2 + (n— K)oy "2 + L(k — 2)2%y?,
Sy(f(z,y)) = ﬁ (4x2y"_k+2 +(2n — 2k)2y" R 2 4 ((k — 2)n — k2 + 4k — 4)m2y2),
SeSy(f(z,y)) = m (43023/"*’“r2 + (4n — 4k) 2y~ F 2 4 ((k — 2)n — k2 + 4k — 4)x2y2),
SyDy(f(x,y)) = ﬁm ((43: +n—Ek)zy" k2 4+ (k—2)n — k2 + 4k — 4)x2y2),
SeDy(f(z,y)) = (n—k+2)z%y" 24 (n? + (2 — 2k)n + k? — 2k) xy" 2 + (k — 2)2%y?,
st + MR o s0

(8n — 8k + 24)z" 4K 4 (4n® + (16 — 8k)n + 4k* — 16k)z" 37+
An? + (28 — 8k)n + 4k — 28k + 48

_|_

)

((k — 2)n2 + (—2k2 + 11k — 14)n + k3 — 9k2 + 26k — 24) 2
n2 4+ (7—2k)n+ k2 — 7k + 12
(40 + (20 — 8k)n + 4k? — 20k + 24) a4+
n?+ (7 —2k)n + k% — 7k + 12
(n® + (6 — 3k)n? + (3% — 12k + 8)n — k° + 6k — 8k) gn+3-+
i n? 4+ (7 —2k)n + k2 — 7k + 12

SaJ Do Dy (f(2,y)) =

b

$2Q 2 DAD(f () ((8k — 16);13 + (—24k* + 72k — 48)n* + (24k® — 96k” + 120k — 48)n) z*
n3 + (3 — 3k)n2 + (3k2 — 6k + 3)n — k3 + 3k2 — 3k + 1

(—8k* 4 40k® — 72k* 4 56k — 16) 2”
n3 + (3 —3k)n? 4+ (3k2 — 6k 4+ 3)n — k3 + 3k% — 3k + 1
N (16n° + (48 — 48k)n” + (48K — 96k + 48)n) 2™+ 12

n3 + (3 —3k)n? 4+ (3k2 — 6k +3)n — k3 + 3k%2 — 3k +1

(—16k* 4 48k* — 48k + 16) ™~ *+2
n3 + (3 — 3k)n? 4+ (3k2 — 6k +3)n — k3 + 3k% — 3k + 1
N (n* + (6 — 4k)n® + (6k> — 18k + 12)n* + (—4k> + 18k> — 24k + 8)n) 2™~ 1+

n3 4+ (3 —3k)n2 + (3k2 — 6k +3)n — k3 +3k2 — 3k + 1
(k* — 6Kk + 12k* — 8k) o™~ F+!

P T (B—3k)n2 + 3k — 6k +3)n — kB 43k —3k - 1

+

+

Now, we have the following from Table 1:
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1. First Zagreb index

Mi(G) = (D + Dy)(f(2,9))[o=y=1 = n* + (5 — 2k)n + k* — k.
2. Second Zagreb index

M5(G) = (D3 Dy)(f(2,9))|e=y=1 = n*> + (6 — 2k)n + k* — 2k.

3. Second modified Zagreb index

(k+2)n — k?

4. Randi¢ index
Ro(G) = (D7 Dy)(f(2,y)o=y=1 =4%(n —k +2) + (n — k)(n — k +2) + 4%(k — 2).
5. Inverse Randi¢ index

RR.(G) = (S7S))(f(z,y))a=y=1
- 7n—k+2+4 (n—4)+ (k—2)n — k% + 4k — 4.

6. Symmetric division index
SSD(G) = (DaSy + DySe)(f(2,9))la=y=1

n® + (5 — 3k)n? + (3k% — 8k +5)n — k> + 3k* — k
n—k-+2 '

7. Harmonic index

H(G) QSwJ(f(xa y))|w:1
2 ((k+2)n* + (—2k? + 11k — 14)n + (16 — 8k)n + 8n + k> — 5k? + 2k)

4n? + (28 — 8k)n + 4k — 28k + 48

8. Inverse sum index

8 — 2k)n? + (k* — 9k + 14)n + k* — 2k
n2 4+ (7—2k)n+ k2 — 7k + 12 ’

n3 +
I(G) = SmJDny(f(x»y))‘mzl = (
9. Augmented Zagreb index

AG) = S3Q2JDID}(f(x,y))|e=1
n* 4+ (4k + 6)n3 + (—18k2 + 6k + 12)n2 + (20k® — 30k2 + 8)n — Tk* + 18k3 — 12k2
n3 + (3 — 3k)n? + (3k2 — 6k + 3)n — k3 + 3k2 — 3k + 1 '

This completes the proof. O
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Figure 2. Plot of M-polynomial of the cycle-star graph C'S7 7

§5. M-Polynomial of Line Graph of Cycle-Star Graph CSj, ,,_j

There are many graph operators with which one can construct a new graph from a given graph,
such as the line graphs, total graphs, middle graphs, and their generalizations.

Definition 5.1 A line graph of a graph G, written L(G), is the graph whose vertices are the
edges of G, with two vertices of L(G) adjacent whenever the corresponding edges of G have a
vertex in common.

In the next Theorem, we find the M-polynomial of the line graph of cycle-star graph.
Theorem 5.1 Let G = CSy n—k be the cycle-star graph. Then the M-polynomial of L(G) is

M(L(G), z, y) _ (k} _ 3)x2y2 + 2x2yn—k+2 + xn—k+2yn—k+2 + 2(?’L _ k,)xn—k-l—lyn—k—i-Q

—k
+(n ; )xn—k-&-lyn—k-i-l'

Proof Let G = C'Sy n— be the cycle-star graph. Then, |V(L(G))| = n and |E(L(G))| =
1 (n® + k? — 2nk + 3n — k). Since each of the vertices of L(G) is of degree either 2 or n—k+1
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or n — k + 2, the vertex set of L(G) has three partitions with respect to degree:

Vi(L(G)) = {ueV(L(G)): degr)(uv) = 2};
V2(L(G)) = {ueV(L(G)): degr)(u) =n—k+1}
V3(L(G)) = {ueV(L(G)):degra)(u) =n—k+2}.

Clearly, [V1(L(G))| = k — 2;[V2(L(G))| = n — k; [V3(L(G))| = 2.
Furthermore, the edge set of L(G) has five partitions based on the degree of the end

vertices.
E(L(@) = {e=uve E(L(G)): degrc(u) = 2, degpa(v) = 2}
Ey(L(G)) = {e=uve B(L(G)): degrc(u) = 2, degpcy(v) = n— k +2);
Bs(L(G)) = {e=wuve E(L(G)): degrc(u) =n — k+2,degrc)(v) =n — k+ 2};
Ey(L(G)) = {e=muve E(LG)): degrc(u) =n—k+1,degrc)(v) =n — k+2};
Bs(L(G)) = {e=muve E(LG)): degrc(u) =n—k+1,degrc(v) =n — k+1}.
Clearly,

Now, from the definition of M-polynomial,
M(L(G)iz,y) = > mi(G)a'y’ =ma(L(G))z’y*
S<i<j<A

Fma(n—kt2) (LG22 Y™ 2 + M2y (n—ko) (L(G))z"FH2yn—h2
FMn— k4 1) (n—kp2) (G Ty k2

Mkt 1) (-t 1) (L(G))z" ~FHyn =kt

— (k _ 3)x2y2 + 2x2yn7k+2 + xn7k+2yn7k+2
n—=k
+2(n _ k)xn—k+1yn—k+2 + ( ) )mn—k—klyn—k-i-l

This completes the proof. O

We now compute some degree-based topological indices of the line graph of cycle-star graph
using this M-polynomial.
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Theorem 5.2 Let G = CSy, ,,—i, be the cycle-star graph. Then,

M (L(G)) = 4n*+ (—=8k +2a+10)n + 4k* + (—2a — 6)k + 2a,
My(L(G)) = 20+ (=6k+a+7)n? + (6k* + (—2a — 14)k + 2a + 12)n — 2k*
+(a+ 7)k* + (—2a — 8)k +a,
Ay Ay
mM — -1 Ta
2(G) B1 B27
Ry(G) = 4*n—k+2)+(n—k)(n—k+2)+4%k —2),
1
= —— 4+4%n—-4 —Dn—k*+4k—4
RR.(G) n_k+2+ (n—4)+ (k—2)n — k* + 4k — 4,
J— Cl
SSD(G) = Dy’
B B
H(G) = 5t e
Gi Gy
I = =4+ =
(@) 7t

where, Ay = (k — 3)n* + (—4k? + 18k — 6)n> + (6k> — 36k? + 31k + 4a + 5)n?, By = 4n* + (24 —
16k)n3 + (24k% — 72k +52)n? + (—16k3 + 72k% — 104k + 48)n + 4k* — 24k3 + 52k — 48k + 16, Ay =
(—4k*+30k> —44Kk% + (2—8a)k+16a+8)n+k° —9k* +19k3+ (4a—T7)k%* +(—16a—4)k+16a, By =
4nt+(24—16k)n3+ (2452 — 72k +52)n2 +(—16k3+72k* — 104k +48)n+4k* —24k3+52k* — 48k+16,
C1 = 5n3+(—13k+2a+13)n+(11k%*+(—4a—20)k+6a+10)n—3k3+(2a+7)k*+ (—6a—6) k+4a,
Dy =n?+ (3 —2kn+k*—3k+2, By = (2k +2)n* + (—8k? + 9k + 4a + 25)n3 + (12K —
39k% + (—12a — 26)k + 30a + 63)n?, F| = 4n* 4 (34 — 16k)n> + (24k* — 102k +98)n? + (—16k> +
102k% — 196k + 116)n + 4k* — 34k> + 98k? — 116k + 48, Ey = (—8k* + 43k3 + (12a — 23)k% +
(—60a — 68)k + 68a + 40)n + 2k° — 15k* + (24 — 4a)k® + (30a + 5)k? + (—68a — 16)k + 48a,
Fy = 4n* + (34 — 16k)n> + (24k% — 102k + 98)n? + (—16k> + 102k% — 196k + 116)n + 4k* —
34K3 4 98k? — 116k + 48, G = 4n* + (—16k + 2a + 30)n> + (24k2 + (—6a — 86)k + 13a + 75)n?,
Hy = 4n%+(22—8k)n+4k%>—22k+24, Gy = (—16k3+ (6a+82)k?*+ (—26a—128)k+23a+56)n+
4k* + (—2a—26)k® + (13a+53)k? + (—23a — 32)k +12a, Hy = 4n? + (22— 8k)n +4k? — 22k +24.

Proof From Theorem 5.1, we have

M(L(G);zy) = (k= 3)aly® + 222y FH2 pgnohi2ynoii

+2(7’L _ k)xn—k'+1yn—k+2 + axn—k-l-lyn—lc—i-l7
where a = ("gk) Then, we have the following:
Do(f(z,y)) = (n—k+2)z" *2yn=k2 L oy — k)(n — k + 1)zn FHLyn—k+2
+4x2yn—k+2 + a(n —k + 1)$n—k+1yn—k+1 + 2(k _ 3).%‘21/2;
l)y((f($7 y)) — (n —k + Q)In—k+2yn—k+2 + 2(71 _ ki)(’l’L —k + 2)xn—k+1yn—k+2

+2(n — k4 2)2%y"F 2 L a(n — k4 Da" M lyn=F L Lok — 3)a?y?;
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(DyDy)(f(2,y)) = (n—k+2)%a" 2yn=h+?
+2(n —k)(n — k4 1)(n — k 4 2)gn - FHiyn—kt2
+4(n —k + 2) 2 n k+2 _|_a( —k + 1)2xn—k+1yn—k+l +4(l€ _ 3)$2y2;

(k—3)x2y® 5 . ., atTRTZynoki2

SJ; 3 = ~ 7 < n —+ Yy
(f(z,v)) 5 + 2%y R

2(n — k)gnktlyn—k+2 gk lyn—k+1

N n—Fk+1 ta n—k+1

(k _ 3)x2y2 szy’ﬂ*kJrQ xn7k+2yn7k+2

S(fay) = T T T
_ n—k+1, n—k+2 n—k+1, n—k+1
L2n—k)z y +a” y ;
B (k _ 3)1‘2y2 Z,Zyn k+2 n7k+2yn7k+2
S8,(fy) = T T e
2(n — k)gn—ktlyn—k+2 N axn—k+1yn—k+1 .
n—k+1)(n—k+2) (n—k+1)2"
S,D.(f(,y) = —
((k = 3)n — k? + 4k — 3)ahT2y? J
zD 5 = ;
Sa Dy (f(2,y)) TR L ey sy

where, I = 2'7*(((k — 3)n — k? + 5k — 6)2F 1y +2 4 yn ((4a* L + 2" ((n — k +2)z + 202 + (2 —
4k)n+2k% —2k))y? + (an — ak +2a)x™y)), J = y*((n® + (3 — 2k)n+ k% — 3k +2)z* 2 + 2" ((n —
k+1)2? 4+ (2n? + (4 — 4k)n + 2k? — 4k)z ))y + (cm —ak + a)x"t),

28 J(f(z,y)) = —+ 7+ 7+ 7+,

where, K7 = 2((16n3 + (72 — 48k)n? + (48k% — 144k + 104)n — 16k + 72k? — 104k + 48)z"Hr+4,
Ly = (8n* +an® + Bn? + yn + 8k* — 68k> + 196k% — 232k +96)2%*, Ky = ((2k — 6)n* + (—8Kk% +
41k — 51)n3 + (12k3 — 87k% 4 202k — 147)n?) 22 T4 Ly = (8n* + an® + Bn? + yn + 8k* — 68k +
196k2 — 232k + 96)2%F, K3 = ((—8k* + 75k3 — 251k% + 352k — 174)n + 2k° — 23k* + 100k> —
205k? + 198k — 72)z?*+4)| Ly = (8n* + an® + Bn? + yn + 8k* — 68k3 + 196k2 — 232k + 96) 2
Ky = 22"((4n3 + (26 — 12k)n? + (12k2 — 52k +46)n — 4k3 + 26k2 — 46k +24)x*, Ly = (8n* +an3+
Bn2+yn+8k* —68k3+196k2 —232k+96)x* | K5 = (8n*+ (56 —32k)n3+ (48k% — 168k +112)n%+
(—32k3+168k? —224k+64)n)a3, Ly = (8n*+an3+Bn2+yn+8k* —68k>+196k2 — 232k +96)x2*
Ko = (8k* —56k> + 112k — 64k)a3, Le = (an®+ Bn? +yn+8k* — 68k3 + 196k> — 232k + 96) 22~
K7 = (4an® + (30a — 12ak)n? + (12ak? — 60ak + 68a)n — 4ak® + 30ak?® — 68ak + 48a)z?),
L; = (8n* + an® + Bn? + yn + 8k* — 68k> + 196k? — 232k + 96)2%F, o = 68 — 32k, 3 =
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48k% — 204k + 196,y = —32k3 + 204k? — 392k + 232.

(16n2 + (56 — 32k)n + 16k? — 56k + 48)x"Hh+4
(4n? + (22 — 8k)n + 4k? — 22k 4 24)x2k

SzJDny(f(xa y)) =

where, My = ((4k — 12)n? + (—8k? + 46k — 66)n + 4k> — 34k? + 90k — 72)22k+4 Ny = (4n? +

(22 — 8k)n +4k? — 22k +24)2%F | My = 227 ((2n3 + (15 — 6k)n? + (6k% — 30k + 34)n — 2k> + 15k% —

34k +24)x*, Ny = (4n? + (22 — 8k)n + 4k? — 22k + 24)x?* | M3 = 4n* + (28 — 16k)n> + (24k2 —

84k +56)n? 4 (—16k3 4 84k — 112k +32)n, N3 = (4n? + (22 — 8k)n + 4k? — 22k +24)z?* M, =

4k* —28K3+56k2—32k, Ny = (4n%+(22—8k)n+4k? —22k+24) 2% M5 = (2an3+(13a—6ak)n?+

(6ak? —26ak+23a)n—2ak®+13ak? —23ak+12a)x?), N5 = (4n?+(22—8k)n+4k? —22k+24)x2.
Now, we have the following from Table 1:

1. First Zagreb index

Mi(L(G)) = (Dy + D) (f(2,9))|lemy=1 = 4n* + (—8k + 2a + 10)n + 4k + (—2a — 6)k + 2a.
2. Second Zagreb index

My(L(G)) = (DeDy)(f(2,9))|e=y=1 = 2n° + (=6k +a + T)n”
+(6k? + (—2a — 14)k + 2a + 12)n — 2k> 4 (a 4+ T)k? + (—2a — 8)k + a.

3. Second modified Zagreb index

ML) = (5:5) Py = D+ L2,
1 2
where, O = (k — 3)n* + (—4k? 4 18k — 6)n> + (6k3 — 36k? + 31k +4a + 5)n?, P, = 4n* + (24 —
16k)n® + (24k% — 72k + 52)n? + (—16k3 + 72k? — 104k + 48)n + 4k* — 24k3 + 52k* — 48k + 16,
Os = (—4k*+30k3 — 44k +(2—8a)k+16a+8)n+k® —9k* + 19k3 + (4a—T7)k? + (—16a—4)k+ 164,
Py = 4n* + (24 — 16k)n3 + (24k? — 72k + 52)n? + (—16k3 + 72k? — 104k + 48)n + 4k* — 24k3 +
52k? — 48k + 16.
4. Randié¢ index

Ro(L(G)) = (DgDy)(f(z,9)]e=y=1 = (n =k +2)* +2%(n —k)(n —k +1)(n — k +2)
+4%n —k+2) +a(n — k+1)% +4%(k — 3).

5. Inverse Randi¢ index

RRL(LG) = (SIS5)(/(w0)lommr = 2+ o5 + i

20(n — k) 1
kit )n—k+2) "kt D?

+
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6. Symmetric division index

SSD(L(G)) = (DaSy+ DySz)(f(2,9))]a=y=1
Q
n2+ (3 —2kn+k2—-3k+2’

where Q = 5n® + (—13k + 2a + 13)n? + (11k% + (—4a — 20)k + 6a + 10)n — 3k> + (2a + 7)k? +
(—6a — 6)k + 4a.
7. Harmonic index

HLG) = 28.0(f(y)lemr = 2+ 12,
1 2
where, Ry = (2k +2)n* + (—8k% + 9k + 4a + 25)n3 + (12k3 — 39k2 + (—12a — 26)k + 30a + 63)n?,
S1 = 4n* + (34 — 16k)n® + (24k% — 102k + 98)n? + (—16k> + 102k> — 196k + 116)n + 4k* —
34k® + 98k? — 116k + 48, Ry = (—8k* + 43k3 + (12a — 23)k? + (—60a — 68)k + 68a + 40)n +
2k° — 15k* + (24 — 4a)k® + (30a + 5)k? + (—68a — 16)k + 48a, Sy = 4n* + (34 — 16k)n> + (24K —
102k + 98)n? + (—16k> + 102k? — 196k + 116)n + 4k* — 34k + 98k> — 116k + 48.
8. Inverse sum index

U U
IL(@) = S:JDuDy(f@y)lemr = o + 77

i Vp
where, Uy = 4n* + (—16k + 2a + 30)n> + (24k? + (—6a — 86)k + 13a + 75)n?, V; = 4n? + (22 —
8k)n + 4k — 22k + 24, U = (—16k® + (6 + 82)k2 + (—26a — 128)k + 23a + 56)n + 4k* + (—2a —
26)k + (13a + 53)k% + (—23a — 32)k + 12a, Va = 4n® + (22 — 8k)n + 4k2 — 22k + 24.

This completes the proof. O

Figure 3. Plot of M-polynomial of the line graph of cycle-star graph C'S7 7
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Conclusion

Topological indices play an important role in understanding many physical and chemical prop-

erties of a chemical compound. Some of the degree-based topological indices can be found by

means of the M-polynomial of the corresponding chemical graph. In this paper, we have deter-

mined some of these topological indices using the closed form of the M-polynomial of cycle-star

graph and the line graph of cycle-star graph. The study on M-polynomials with respect to

different types of graph operators seem to be much promising.
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Abstract: Let G be a graph. Let f: V(G) — {0,1,2,...,k — 1} be a function where
k € N and k > 1. For each edge uv, assign the label
) = [£0£10]

and f is called a k-total mean cordial labeling of G if |tps (¢) — tmys (7)] < 1, for all 4,5 €
{0,1,2,...,k — 1}, where tms (z) denotes the total number of vertices and edges labelled
with z, © € {0,1,2,...,k — 1}. A graph with admit a k-total mean cordial labeling is called
k-total mean cordial graph. In this paper we investigate the 4-Total mean cordial labeling
behavior of some graphs like C4 X P,,, middle graph of P,, total graph of P,, middle graph
of Cy, total graph of C,, and kayak paddale graph.

Key Words: Total mean cordial labelling, Smarandachely total mean cordial labeling,
middle graph, total graph.

AMS(2010): 05C78.

§1. Introduction

In this paper we consider simple, finite and undirected graphs only. Cordial labeling was
introduced by Cahit [1]. The notion of k-total mean cordial labeling has been introduced in
[5]. The 4-total mean cordial labeling behaviour of several graphs like cycle, complete graph,
star, bistar, comb and crown have been studied in [5, 6, 7, 8, 9, 10, 11, 12, 13]. Edge-Odd
gracefulness of middle graphs and total graphs of certain graphs was studied in [4]. In this
paper we investigate the 4- total mean cordial labeling of middle graph of the path P,, total
graph of the path P,, middle graph of the cycle C,,, total graph of the cycle C,, C4y x P, and
kayak paddale graph. Let z be any real number. Then [z] stands for the smallest integer

greater than or equal to z. Terms are not defined here follow from Harary [3] and Gallian [2].

1Received February 5, 2023, Accepted June 7, 2023.
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82. k-Total Mean Cordial Graph

Definition 2.1 Let G be a graph. Let f : V(G) — {0,1,2,...,k — 1} be a function where
k€N and k > 1. For each edge uv, assign the label f (uv) = {w—‘ . f is called a k-total
mean cordial labeling of G if |ty (3) — tmys (§)| < 1, for all 4,5 € {0,1,2,...,k — 1}, where
tmys (x) denotes the total number of vertices and edges labelled with z, x € {0,1,2,...,k —1}.
A graph with admit a k-total mean cordial labeling is called k-total mean cordial graph.

Such a labeling f is called a Smarandachely k-total mean cordial labeling of G if there are
integers i,j € {0,1,2,--- ,k — 1} hold with |tyy (i) —tmy ()| > 2 and G is called a Smaran-
dachely k-total mean cordial graph.

§3. Preliminaries

Definition 3.1([3]) A middle graph M(G) of a graph G is the graph whose verter set is
V(G)UE(G) and in which two vertices are adjacent if and only if either they are adjacent edges
of G or one is a vertex of G and the other is an edge incident with it.

Definition 3.2([3]) A total graph T(G) of a graph G is the graph whose vertex set is V(G) U
E(G) and in which two vertices are adjacent whenever they are either adjacent or incident in

G.

Definition 3.3([3]) A Kayak Paddale KP (m,n,l) is the graph obtained by joining the cycles
Cyn and C,, with the path P,1q of length l. Let C,, be the cycle uy uy ... u, u; and C, be the

cycle v1 vg ... vy v1. Let Py be the path wi wy ... wy. Identify uy with wy and w,, with v;.

84. Main Results

Theorem 4.1 A graph Cy x P, is a j-total mean cordial for all n > 2.

PT‘OOf Let V (04 X Pn) = {ai, bi, Ci, di 1< < n} and F (04 X Pn) = {aiaHh bibi+1,cici+1,
didiy1:1<i<n-—1} U {abi, bici, c;di,dia; : 1 <i < n}. Obviously,

[V (Cy x P,)|+ |E(Cy x P,)| =12n — 4.

Case 1. n=0 (mod 4).

Let n = 4r, r € N. Assign the label 0 to the 4r — 1 vertices a1, as, -+, a4r_1. Now we
assign the label 2 to the vertex a4,.. Next we assign the label 3 to the 4r vertices by, ba, - - -,
bsr. We now assign the label 0 to the 2r vertices ci, co, ..., co,.. Now we assign the label 1
to the r — 1 vertices copy1, Cory2, -+, C3r—1. Next we assign the label 3 to the r vertices cs,,
C3r41, **, Car—1. Now we assign the label 0 to the vertex c4.. We now assign the label 1 to
the 2r vertices di, da, - -+, d2,. Now we assign the label 2 to the 2r — 1 vertices do,41, dor12,

-+, dgr—1. Finally we assign the label 0 to the vertex dg,.
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Case 2. n=1 (mod 4).

Let n =4r 4+ 1, r € N. Assign the label 0 to the 4r + 1 vertices a1, ag, -+, a4r+1. Next
we assign the label 3 to the 4r 4 1 vertices b1, ba, - -, bgr41. Now we assign the label 0 to the
2r + 1 vertices c1, ca, -+, cor+1. We now assign the label 1 to the r vertices carya, Cortys, -,
csr4+1. Next we assign the label 3 to the r vertices c3yy2, C3r43, -+, Cary1. We now assign the
label 1 to the 2r + 1 vertices dy, ds, - - -, dor+1. Now we assign the label 2 to the 2r — 1 vertices
dory2, dorys, -+ -, dgr. Finally we assign the label 3 to the vertex dy,41.

Case 3. n=2 (mod 4).

Let n = 4r + 2, r > 0. Label the vertices a;, b;, ¢;, d; (1 <i<4r+1) as in Case 1. Next
we assign the labels 2, 3, 0, 0 to the vertices a4r42, bart2, Carta, darto.

Case 4. n =3 (mod 2).

Let n = 4r + 3, r > 0. Assign the label 0 to the 4r + 3 vertices a1, ag, -+, a4rr3. Now
we assign the label 3 to the 4r + 3 vertices by, by, - -, byr43. Next we assign the label 0 to the
2r 4 2 vertices ¢y, ca, - -, car4+2. Now we assign the label 1 to the r vertices cor13, cortq, -+,
c3r4+2. Next we assign the label 3 to the r + 1 vertices ¢s,43, ¢3r44, - -., Cart3. We now assign
the label 1 to the 2r 4 2 vertices dy, ds, - -+, d2,4+2. Now we assign the label 2 to the 2r + 1
vertices doy13, dopta, -+, darys.

Thus, this vertex labeling f is a 4-total mean cordial labeling follows from the Table 1.

Order of n tims(0) tms (1) tms(2) tms(3)
n =4r 12r — 1 12r —1 12r — 1 12r — 1
n=4r+1 12r +2 12r +2 12r +2 12r +2
n=4r + 2 12r 4+ 5 12r 4+ 5 12r 4+ 5 12r +5
n=4r+3 12r 48 12r 4-8 12r 48 12r 4-8
Table 1
This completes the proof. O

Theorem 4.2 A middle graph of the path P,, M (P,) is a 4-total mean cordial for all values
of n > 2.

Proof Let uq, ug, ---, u, be the vertices of path P, and let vy, vg, -+, v,,_1 be the added
vertices corresponding to the edges eq, eg, - -+, e, of P, to obtain M (P,). Let V(M (P,)) =
{ui:1<i<n}U{vi:1<i<n—1}, E(M (P)) = {uvi,viuip1 : 1 <i <n—1}J{vivig1 :
1<i<n-—2}. Cleatly, |V (M (P,))|+|E (M (P,))| =5n—5.

Case 1. n=0 (mod 4).

Let n =4r, r > 1. Assign the label 0 to the r vertices ui, ug, - -+, u,. Now we assign the
label 1 to the r vertices w, 41, Ury2, -+, uo.. Next we assign the label 2 to the r — 1 vertices
U2r41, U2r42, -+, Usr—1. We now assign the label 3 to the r vertices us,, ugry1, -, Uspr—1.

Next we assign the label 0 to the vertex .y,
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Now we assign the label 0 to the r vertices v, v, - -+, v,.. Next we assign the label 1 to
the r — 1 vertices vy41, Upya, -+, V2,—1. We now assign the label 2 to the r vertices vo,, vor4+1,
-+, vgp—1. Next we assign the label 3 to the r — 1 vertices vs,, V3,41, -+, V4r—2. Finally, we

assign the label 2 to the vertex vy, _1.

Case 2. n=1 (mod 4).

Let n =4r + 1, r > 1. Assign the label 0 to the r + 1 vertices uy, ug, -+, u,.11. Next we
assign the label 1 to the r vertices u, 42, Ur43, -+, Uzr4+1. Now we assign the label 2 to the r
vertices uo,42, Uor43, -+, Usr+1. We now assign the label 3 to the r vertices ug, 42, ugr43, -,
Ugyr4-1-

Next we assign the label 0 to the r vertices vy, vs, ---, v,. Now we assign the label 1 to
the r vertices vy41, Uyy2, - -+, v2,. We now assign the label 2 to the r vertices vo,41, Varqa, -« -,
vs,. Next we assign the label 3 to the r vertices vs, 11, Usry2, -+, Var.

Case 3. n=2 (mod 4).
Let n =4r + 2, r > 1. Label the vertices u; (1 <i <4r+1),v; (1 <i<4r) asin Case 2.

Now we assign the labels 0, 2 to the vertex ug,42,04741-

Case 4. n =3 (mod 2).

Let n = 4r + 3, r > 1. Assign the label 0 to the r + 1 vertices uq, us, -+, ¢r41. Now we
assign the label 1 to the r + 1 vertices u,4y2, Urts, -+, Uzr+2. We now assign the label 2 to
the r vertices ugyy3, U2rt4a, -+, Usr4+2. Next we assign the label 3 to the r + 1 vertices us, 43,
U3r4-4y 5 Udr4 3.

Now we assign the label 0 to the r + 1 vertices vy, v, - -+, v,41. Next we assign the label
1 to the r vertices v,y2, Ury3, - -+, Va,4+1. We now assign the label 2 to the r 4 1 vertices va, 42,
Vor43, -+, Usrio. Finally, we assign the label 3 to the r vertices vs, 43, V3744, - - .y Varya-

Thus, this vertex labeling f is a 4-total mean cordial labeling follows from the Table 2.

Order of n tmf(0) tmf(1) tmf(2) tmf(3)
n=4r or — 1 or — 2 or — 1 or —1
n=4r+1 or or or or
n=4r+2 or 41 or +1 or 41 or + 2
n=4r+3 or +3 or+2 or +3 or+2
Table 2

Case 5. n =2 or 3.

A 4-total mean cordial labeling of M (P,) is given in Tabel 3.

Value of n Uy Us U3 U1 Vg
2 0 3 2
3 0 1 3 0 3
Table 3

This completes the proof. O
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Theorem 4.3 A total graph of the path P,, T (P,) is a 4-total mean cordial for all values of
n > 2.

Proof Clearly, the vertex labeling of Theorem 4.2 is also a 4-total mean cordial labeling of
T(PR,). O

Theorem 4.4 A middle graph of the cycle C,,, M (C,) is a 4-total mean cordial for all values
ofn > 3.

Proof Let uq, ug, ---, u, be the vertices of cycle C,, and let vy, vs, -+, v, be the added
vertices corresponding to the edges eq, eq, -+, e, of C,, to obtain M (C,,). Let V (M (C,,)) =
{ui,v; : 1 <i<n}landlet E(M (Cy)) = {uv; : 1 <i <n}U{vivig1,vitip1:1<i<n—-1}
{v1Vn, vpu1 }. Notice that |V (M (Cy))| + |E (M (Cy))| = 5n.

Case 1. n=0 (mod 4).

Let n = 4r, r > 1. Assign the label 0 to the r vertices vy, vg, - -+, v,.. Next we assign the
label 1 to the r vertices v,41, Vyya, ..., V2. We now assign the label 2 to the r vertices vg,11,
Vart2, -+, Usr. NOw we assign the label 3 to the r vertices vs,y1, V3r42, -, Vapr.

Next we assign the label 0 to the r vertices w1, uo, ---, u,. Now we assign the label 1 to
the r vertices w41, Upto, -+, uz,. We now assign the label 2 to the r — 1 vertices ugyy1, Uar+2,
-+, usr—1. Next we assign the label 3 to the r vertices us,, us; 41, - -+, u4r—1. Finally we assign

the label 0 to the vertex uy,.
Case 2. n=1 (mod 4).

Let n =4r +1, r > 1. Assign the label 0 to the r + 1 vertices v1, va, -+, vy41. Now we
assign the label 1 to the r vertices vy42, Uri3, ..., v2r41. Next we assign the label 2 to the r
vertices Vo, 42, Varys, -+, Usry1. We now assign the label 3 to the r vertices vs,q 42, v3ry3, -,
V4r41-

Now we assign the label 0 to the r vertices uj, ug, - -+, u,. Next we assign the label 1 to
the r vertices w,41, Upt2, -+, U2,. We now assign the label 2 to the r vertices uo,4+1, ugrt2,

-+, usr. Now we assign the label 3 to the r vertices us, 11, usrt2, - -, ugr. Finally we assign
the label 2 to the vertex wgy41.

Case 3. n=2 (mod 4).

Let n = 4r + 2, r > 1. Assign the label 0 to the r + 1 vertices vy, va, -+, v41. Next we
assign the label 1 to the r + 1 vertices v,12, Upt3, - -, Var+2. We now assign the label 2 to the
r vertices vo,43, Uar4d, - -, Usr+2. NOW we assign the label 3 to the r vertices vs, 43, V344, -,
V42

Next we assign the label 0 to the r + 1 vertices uy, ug, - - -, uy4+1. Now we assign the label
1 to the r vertices u,42, Uprts, -+, U2r+1. We now assign the label 2 to the r vertices ug,2,

U2r4+3, * -+, Usr+2. Finally we assign the label 3 to the r» + 1 vertices us, 43, Usrt4a, -+, Udri2-
Case 4. n =3 (mod 2).

Let n =4r + 3, r > 1. Assign the label 0 to the r + 1 vertices v1, va, -+, vp41. Now we
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assign the label 1 to the r + 1 vertices v, ya, Uyy3, -+, V2r42. We now assign the label 2 to the
r vertices vor4+3, Varya, - -+, Usr42. NOW we assign the label 3 to the r + 1 vertices vs, 43, V344,
oy Vdry 3.

Next we assign the label 0 to the r + 1 vertices uy, ug, - - -, uy41. Now we assign the label
1 to the r vertices u,y2, Urys, -+, Ugry1. We now assign the label 2 to the r+ 1 vertices ug,2,
U2r43, * -+, Usr+2. Next we assign the label 3 to the r vertices us, 43, Usr44, -+, Usr+2. Finally
we assign the label 2 to the vertex wug,3.

Thus this vertex labeling f is a 4-total mean cordial labeling follows from the Table 4.

n t17(0) g (1) g (2) tas (3)
n =4r or or or or
n=4r+1 or 41 or +1 or + 2 or 41
n=4r+2 or + 3 or +3 or + 2 or 42
n=4r+3 or + 3 or +4 or +4 or +4
Table 4
This completes the proof. O

Theorem 4.5 A total graph of the cycle C,, T (C,) is a 4-total mean cordial if n = 0,2
(mod 4).

Proof Obviously, the vertex labeling of Theorem ?7 is also a 4-total mean cordial labeling

of T (Cy). O

Theorem 4.6 A Kayak Paddale KP (n,n,n) is a 4-total mean cordial for all values of n > 3.

Proof Let V (KP (n,n,n)) = {u;,v; : 1 <i<n}l {u1 = wlﬂ)1:wn+1} U{w; :2<i<n}
and let E(KP (n,n,n)) = {wur1, 0041 : 1 <i <n}plU{wrun, viv,} J{wi—1w; : 2 <i <n}.
Notice that |V (KP (n,n,n))| + |E (KP (n,n,n))| = 6n — 1.

Case 1. n=0 (mod 4).

Let n =4r, r > 1. Assign the label 0 to the r+4 1 vertices uy, ug, - -+, ur+1. Next we assign
the label 1 to the 3r — 1 vertices w,yo, Urts, <+, Ugp.
Now we assign the label 3 to the r vertices vy, va, ---, v.. Now we assign the label 2 to the
3r — 1 vertices vy41, Ur42, -, V4r—1. Then we assign the label 0 to the vertex wvy,.

Next we assign the label 0 to the 2r — 1 vertices ws, ws, -+, wy,. Finally we assign the
label 3 to the 2r vertices wart1, Warya, -+ Wyp.

Case 2. n=1 (mod 4).

Let n =4r+ 1, r > 1. Now we assign the label 0 to the r» + 1 vertices uy, ug, -+, Up41.
Next we assign the label 1 to the 3r vertices uyy2, Urys, -y Udpi1-
Next we assign the label 2 to the r + 1 vertices vy, va, - -+, v4+1. We now assign the label

3 to the 3r vertices v,49, Upys, -, Vgpi1.
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Now we assign the label 0 to the 2r vertices wa, ws, -+, war41. Next we assign the label
2 to the 2r vertices Wor42, W2r43, 5y Wop41.

Case 3. n=2 (mod 4).

Let n =4r + 2, r > 1. We now assign the label 0 to the r + 2 vertices uy, ug, -+, Upto.
Next we assign the label 1 to the 3r vertices w,43, Urtq, - -, Ugrt2.

Now we assign the label 2 to the r 4 1 vertices vy, ve, - -+, v,.41. Next we assign the label
3 to the 3r + 1 vertices v,42, Vr43, -+, Vari2.

We now assign the label 0 to the 2r vertices wa, ws, - - -, we,4+1. Finally we assign the label
2 to the 2r 4 1 vertices wao,y2, Wor4s, -+ -y Wapria.

Case 4. n=3 (mod 2).

Let n =4r + 3, r > 1. Assign the label 0 to the r + 2 vertices uy, us, -+, Ury2. Now we
assign the label 1 to the 3r 4 1 vertices u, 43, Uptq, -+, Ugr43.
We now assign the label 3 to the r + 1 vertices v1, vo, - -+, v,41. Next we assign the label 2 to
the 3r 4 1 vertices v,y2, Upt3, -+, Ugrt2. Now we assign the label 1 to the vertex vy,3.

Next we assign the label 0 to the 2r + 1 vertices ws, ws, - - -, war42. Finally we assign the
label 3 to the 2r + 1 vertices wa, 43, Wortd, -y Waprt3-

Thus, this vertex labeling f is a 4-total mean cordial labeling follows from the Table 5.

n tmys(0) tmys(1) tms(2) tmg(3)
n =4r 6r 6r 6r —1 6r
n=4r +1 6r +1 6r + 2 6r +1 6r +1
n=4r 42 67+ 3 67 + 2 67+ 3 6r + 3
n=4r + 3 6r+5 6r + 4 6r 4+ 4 6r+4
Table 5
This completes the proof. O
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§1. Introduction

For standard terminology and notion in graph theory, we refer the reader to the text-book of
Harary [1]. The non-standard will be given in this paper as and when required.

To model individuals’ preferences towards each other in a group, Harary [2] introduced the
concept of signed graphs in 1953. A signed graph S = (G,0) is a graph G = (V, E) whose
edges are labeled with positive and negative signs (i.e., o : E(G) — {+,—}). The vertices
of a graph represent people and an edge connecting two nodes signifies a relationship between
individuals. The signed graph captures the attitudes between people, where a positive (negative
edge) represents liking (disliking). An unsigned graph is a signed graph with the signs removed.
Similar to an unsigned graph, there are many active areas of research for signed graphs.

The sign of a cycle (this is the edge set of a simple cycle) is defined to be the product of the
signs of its edges; in other words, a cycle is positive if it contains an even number of negative
edges and negative if it contains an odd number of negative edges. A signed graph S is said
to be balanced if every cycle in it is positive. A signed graph S is called totally unbalanced if
every cycle in S is negative. Otherwise, such a signed graph G is Smarandachely, i.e., both of
the positive and negative cycles appeared in it. A chord is an edge joining two non adjacent
vertices in a cycle.

A marking of S is a function ¢ : V(G) — {+,—}. Given a signed graph S one can easily

1Received March 15, 2023, Accepted June 8, 2023.
2Corresponding author: somashekar2224@gmail.com
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define a marking ¢ of S as follows: For any vertex v € V(5),

(= I o),

wveE(S)

the marking ¢ of S is called canonical marking of S. For more new notions on signed graphs
refer the papers (see [6, 8, 9, 13C17, 17C26)).

The following are the fundamental results about balance, the second being a more advanced
form of the first. Note that in a bipartition of a set, V = V; U V5, the disjoint subsets may be
empty.

Theorem 1.1 A signed graph S is balanced if and only if either of the following equivalent

conditions is satisfied:

(i) Its vertex set has a bipartition V- = Vi UV, such that every positive edge joins vertices
in Vi orin Vo, and every negative edge joins a vertex in Vi and a vertex in Vo (Harary [2]).

(i) There exists a marking u of its vertices such that each edge uv in T satisfies o(uv) =
C(u)¢(v). (Sampathkumar [10]).

A switching S with respect to a marking ( is the operation of changing the sign of every
edge of S to its opposite whenever its end vertices are of opposite signs.

Two signed graphs S1 = (G1,01) and Sy = (Ge, 02) are said to be weakly isomorphic (see
[28]) or cycle isomorphic (see [29]) if there exists an isomorphism ¢ : G; — G2 such that the
sign of every cycle Z in S; equals to the sign of ¢(Z) in S. The following result is well known
(see [29]):

Theorem 1.2(T. Zaslavsky, [29]) Given a graph G, any two signed graphs in Y(G), where
Y(G) denotes the set of all the signed graphs possible for a graph G, are switching equivalent if

and only if they are cycle isomorphic.

§2. Full Block Signed Graph of a Signed Graph

The full block graph FB(G) of a graph G is the graph whose vertex set is the union of the set of
vertices, edges and blocks of G in which two vertices are adjacent if the corresponding vertices
and blocks of G are adjacent or the corresponding members of G are incident (See [5]).

Motivated by the existing definition of complement of a signed graph, we now extend the
notion of full block graphs to signed graphs as follows: The Full block signed graph FB(S) =
(FB(G),0’) of a signed graph S = (G, o) is a signed graph whose underlying graph is FB(G)
and sign of any edge wov is FB(S) is {(u){(v), where ( is the canonical marking of S. Further,
a signed graph S = (G, o) is called a full block signed graph, if S = FB(S’) for some signed
graph S’. The following result restricts the class of full line signed graphs.

Theorem 2.1 For any signed graph S = (G, o), its full block signed graph FB(S) is balanced.

Proof Since sign of any edge e = uv in FB(S) is ((u){(v), where ( is the canonical marking
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of S, by Theorem 1.1, FB(S) is balanced. O

For any positive integer k, the k' iterated full block signed graph, FB* (S) of S is defined
as follows:
FBY(S) =S, FBF(S)=FB(FB"(S)).

Corollary 2.2 For any signed graph S = (G,0) and for any positive integer k, ]-'Bk(S) is

balanced.

Corollary 2.3 For any two signed graphs S1 and So with the same underlying graph, FB(S1) ~
FB(Ss).

The following result characterize signed graphs which are full line signed graphs.

Theorem 2.4 A signed graph S = (G,0) is a full block signed graph if, and only if, S is
balanced signed graph and its underlying graph G is a full block graph.

Proof Suppose that S is balanced and G is a full block graph. Then there exists a graph
G’ such that FB(G') = G. Since S is balanced, by Theorem 1.1, there exists a marking ¢
of G such that each edge uv in S satisfies o(uv) = ((u){(v). Now consider the signed graph
S = (G',0'), where for any edge e in G, ¢’(e) is the marking of the corresponding vertex in
G. Then clearly, FB(S’) = S. Hence S is a full block signed graph.

Conversely, suppose that S = (G,o0) is a full block signed graph. Then there exists a
signed graph S’ = (G’,¢’) such that FB(S’") = S. Hence, G is the full block graph of G’ and
by Theorem 2.1, S is balanced. O

The notion of negation n(S) of a given signed graph S defined to be 7n(S) has the same
underlying graph as that of S with the sign of each edge opposite to that given to it in S in
[3]. However, this definition does not say anything about what to do with nonadjacent pairs of
vertices in S while applying the unary operator 7(.) of taking the negation of S.

For a signed graph S = (G, o), the FB(S) is balanced (Theorem 1.1). We now examine,
the conditions under which negation n(S) of FB(S) is balanced.

Proposition 2.5 Let S = (G,0) be a signed graph. If FB(G) is bipartite then n(FB(S)) is

balanced.

Proof Since, by Theorem 1.1, FB(S) is balanced, it follows that each cycle C in FLS(S)
contains even number of negative edges. Also, since FB(G) is bipartite, all cycles have even
length; thus, the number of positive edges on any cycle C' in FB(S) is also even. Hence
n(FB(Y)) is balanced. O

83. Switching Equivalence of Full Block Signed Graphs and Full Signed Graphs

In [27], we defined the full signed graph of a signed graph as follows: The full signed graph
FS(S) = (FG(G),c’) of a signed graph S = (G, o) is a signed graph whose underlying graph



62 Swamy, P. Somashekar and Khaled A. A. Alloush

is FG(G) and sign of any edge uv is FS(S) is ¢(u)¢(v), where ( is the canonical marking of S.
Further, a signed graph S = (G, o) is called a full signed graph, if S = FS(S’) for some signed
graph S’. The following result restricts the class of full signed graphs.

Theorem 3.1(Swamy et al., [27]) For any signed graph S = (G, o), its full signed graph FS(S)
is balanced.

In [5], the authors remarked that FB(G) and FG(G) are isomorphic if and only if G is a Ps.
We now give a characterization of signed graphs whose full block signed graphs are switching

equivalent to their full signed graphs.

Theorem 3.2 For any nontrivial connected signed graph S = (G, o), FB(S) ~ FS(S) if and
only if G is a Ps.

Proof Suppose FB(S) ~ FS(S). This implies, FB(G) = FG(G) and hence G is a Ps.

Conversely, suppose that G is a P,. Then FB(G) & FG(G). Now, if S any signed graph
with G is a Py, By Theorem 2.1 and 3.1, FB(S) and FS(S) are balanced and hence, the result
follows from Theorem 1.2. This completes the proof. O

84. Switching Equivalence of Full Block Signed Graphs and Full Line Signed Graphs

In [27], we defined the full line signed graph of a signed graph as follows: The full line signed
graph FLS(S) = (FLG(G), ") of a signed graph S = (G, o) is a signed graph whose underlying
graph is FLG(G) and sign of any edge uwv is FLS(S) is {(u)((v), where ¢ is the canonical
marking of S. Further, a signed graph S = (G, 0) is called a full line signed graph, if S &
FLS(S") for some signed graph S’. The following result restricts the class of full line signed
graphs.

Theorem 4.1(Swamy et al., [27]) For any signed graph S = (G, o), its full line signed graph
FLS(S) is balanced.

In [5], the authors remarked that FB(G) and FLG(G) are isomorphic if and only if G is
a tree. We now give a characterization of signed graphs whose full block signed graphs are

switching equivalent to their full line signed graphs.

Theorem 4.2 For any nontrivial connected signed graph S = (G, o), FB(S) ~ FLS(S) if and
only if G is a Ps.

Proof Suppose FB(S) ~ FLS(S). This implies, FB(G) = FLG(G) and hence G is a tree.
Conversely, suppose that G is a tree. Then FB(G) = FLG(G). Now, if S any signed graph
with G is a tree, By Theorem 2.1 and 4.1, FB(S) and FLS(S) are balanced and hence, the

result follows from Theorem 1.2. This completes the proof. O

In view of the negation operator introduced by Harary [3], we have the following cycle

isomorphic characterizations.



On Full Block Signed Graphs 63

Corollary 4.3 For any two signed graphs S1 = (G1,0) and Sy = (Ga,0), n(FB(S1)) ~
n(FB(S2)), if G1 and Gy are isomorphic.

Corollary 4.4 For any two signed graphs S; = (G1,0) and Sy = (Ga,0), FB(n(S1)) and
FB(n(S2)) are cycle isomorphic, if G1 and Gs are isomorphic.

Corollary 4.5 For any connected signed graph S = (G,0), FB(n(S)) ~ FS(S) if and only if
GisaPs.

Corollary 4.6 For any connected signed graph S = (G,0), FB(S) ~ FS(n(S)) if and only if
GisaPs.

Corollary 4.7 For any connected signed graph S = (G, o), FB(n(S)) ~ FS(n(S)) if and only
if G is a Py.

Corollary 4.8 For any connected signed graph S = (G,0), FBn(S)) ~ FLS(S) if and only
if G is a tree.

Corollary 4.9 For any connected signed graph S = (G,0), FB(S) ~ FLS(n(S)) if and only
if G is a tree.

Corollary 4.10 For any connected signed graph S = (G, o), FB(n(S)) ~ FLS(n(S)) if and
only if G is a tree.
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§1. Introduction

In this paper we consider only finite, undirected and simple graphs.The concept of pair difference
cordial labeling of a graph was introduced and studied some properties of pair difference cordial
labeling in [4]. By definition, let L = {£1,+2,43, - ,4+[p/2|}. Consider a mapping f :
V' — L by assigning different labels in L to the different elements of V' when p is even and
different labels in L to p — 1 elements of V and repeating a label for the remaining one vertex
when p is odd. Such a labeling is said to be a pair difference cordial labeling if for each
edge uv of G there exists a labeling |f(u) — f(v)| such that Ay, — Age| < 1. Otherwise, it is
> 2, where Ay, and Age
respectively denote the numbers of edges labeled or not labeled with 1.

called a Smarandachely pair difference cordial labeling if |A o~ Age

A graph G for which there exists a pair difference cordial labeling or Smarandachely pair
difference cordial labeling is called a pair difference cordial graph or Smarandachely pair dif-
ference cordial graph. The pair difference cordial labeling behavior of several graphs have been
investigated in [4,5,6,7,8,9,10,11]. In this paper we investigate pair difference cordial labeling
behavior of some trees and some graphs derived from cube graph.Terms not defined here are
follow from [2,3].
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§82. Preliminaries

Definition 2.1([2]) Let P, be the path ajasas---a,. A Y —tree Y, is the tree of order n + 1
whose vertex set is V(Yy,) = {a1,az2,as3,- -+ ,an,a} and the edge set E(Y,) = E(P,) U{an_1a}.

In other words Y, is obtained by attaching the vertex a to the vertex a,_1 of P,.

Definition 2.2([2]) A W— graph W (n) is the graph with vertex set

{617027b7wad} U{xl,x2,x3, e axn} U{ylay2ay37 e 7yn}

and the edge set

{Clxla 011'27 e 7clxn} U{Cleu 023/27 e 702yn} U{clb7 aw, cw, CQd}~

Definition 2.3([2]) A W—tree WT (n, k) is a graph obtained by taking k— copies of W— graph
W(n) and a new vertex a and joining a which in each copy d where n > 2,k > 3.

Let V(WT(’IL k)) = {a’ Clia Céa di’ mi,xé,xé, U amiwrh y11'7y§’y§7 T 7yiz+1 1l <0 < k}:
E(WT(n,k)) = {ac}, ach,d'c}, d'ch, cixl, chal 1 < i <k, 1 <j <n}. Obviously WT(n,k) has
nk(k+ 1)+ k(n+ 1) + 1 vertices and nk(k + 1) + k(n + 1) edges.

Definition 2.4([3]) Let G be the graph and G1,G2,G3,--- ,Gp;n > 2 be n copies of the graph
G. Then the graph obtained by adding an edge from G; to Giy1,1=1,2,3,--- ;'n—1) is called
path union of graph G.

Definition 2.5([3]) Let G1,G2,Gs, -, Gy be any n— graphs. A graph obtained by replacing
each verter of K ,, except the apex vertex by the graph G1,G2,Gs, - , Gy, is known as an open
star of graphs which is denoted by OS(G1,G2,Gs, -+ ,Gyp). IfG1=Ga=G3=---=G, =G
then it is denoted by OS(n.Q).

Definition 2.6([3]) A hypercube is an n— dimensional analogue of a square (n = 2) and a cube

(n = 3) which is also known as an n— cube or n— dimensional cube which is denoted by Q.

§3. Graphs Obtained From Trees

Theorem 3.1 A Y-tree is pair difference cordial for all values of n > 3.

Proof Take the vertex set and edge set from Definition 2.1. The proof is divided into the

following 4 cases.
Case 1. n = 0(mod4).

Assign the labels 1,2,—1,—2 respectively to the vertices a1, as,as,as and allocate the
values 3,4, —3, —4 individually to the vertices as, ag, a7, as. Net we put the labels 5,6, —5, —6
separately to the vertices ag, a19,a11,a12 and assign the labels 7,8, —7, —8 respectively to the

vertices ais,ai4,a15,a16. Proceeding like this process until we reach the vertex a,. Finally
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assign the label —1 to the vertex a.
In this case Ay, = Aye = 3.

Case 2. n = 1(mod4).
Assign the labels as in Case 1 to the vertices a;,1 < i <n—1). And then, assign the labels

ndl —(2£1) to the vertices an,a. Then Ay = 25 Ape = 251

Case 3. n = 2(mod4).

Assign the labels as in Case 1 to the vertices a;,1 < i < n — 2). Lastly assign the labels

5, —(%), anz to the vertices a,_1, an, a.

In this case Ay, = Aye = 3.
Case 4. n = 3(mod4).
Assign the labels as in Case 1 to the vertices a;,1 < ¢ < n — 3). Finally assign the labels

n—1 ntl _(L—l) _<L+1
)

= 5 1) to the vertices an_2,an_1,an,a. Then Ay = 251 Ay = 2L [

20 20 2

Theorem 3.2 The W-tree WT(2,n) is not pair difference cordial for all values of n > 3.

Proof A WT(2,n) has 7Tn + 3 vertices and 7n 4 2 edges. Our proof is divided into 2 cases

following.
Case 1. n is even.

The maximum possible of Ay, = 4n. Then Aff >TM+2— 4n.Af1c — Ay >3n+2>1.
Case 2. n is odd.

The maximum possible of Ay, = 4n+1. Then Aye > Tn+2—4n—1. Aye—Ay > 3n+1 > 1.
Therefore, a wheel WT'(2,n) is not pair difference cordial. 0

84. Graphs Obtained From Cube
Theorem 4.1 The path union of n— copies of Q3 is pair difference cordial for all values of
n > 2.
Proof Let G be the graph obtained by joining n— copies of the cube Q3. Let
V(G) = {1, Yi1, Tio, Yio, Ti3, Yizs Tias Yia 1 < i <nj,

E(G) = A{xiawio, Tio%i3, TisTia, Ti1Tia, Yi1Viz2, Yi2lis, YisYia, YinYia = 1 < i <n}

Haijpi:1<i<n1<j<4}

Obviously, G has 8n vertices and 13n — 1 edges. Our proof is divided into 2 cases following.
Case 1. n is even.

When n = 2, Assign the labels 1,2, 3,4, —1, —2, —3, —4 respectively to the vertices x11, z12,
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T13,T14, Y11, Y12, Y13, Y14 and assign the labels 5,6,7,8, —5, —6, —7, —8 respectively to the ver-

tices a1, T22, T3, Taa, Y21, Y22, Y23, Y24-
If n > 4, define a map v from the vertex set V(G) to the set {£1,42,--- ,+4n} by

P(wi1) = 8i — 7, i=1,3,5-.,n—1,
(xi2) = 8i — 6, i=1,3,5-,n—1,
P(xi3) =8 — 5, i=1,3,5,---,n—1,
Y(w4) = 8i — 4, i=1,3,5-.,n—1,
Y(yin) = —(8i —17), i=1,3,5-,n—1,
Y(yi2) = —(8i — 6), i=1,3,5-,n—1,
Y(yiz) = —(8i = 5), i=1,3,5,--,n—1,
V(yia) = —(8i — 4), i=1,3,5,---,n—1,
() = 8i — 2, i=2,4,6,-- n,
P(win) = 8 — 3, i=2,4,6,-- n,
Y(x3) = 8 — 1, i=2,4,6,-- ,n,
Y(z44) = 8, i=2,4,6,-- ,n,
P(ya) = —(8i = 2), i=2,4,6,-,n,
D(yiz) = —(8i = 3), i=2,4,6,--,n,
P(yis) = —(8i = 1), i=2,4,6,--,n,
U(yia) = —(81), i=2,4,6,--- ,n.

Case 2. n is odd.
Define a map ¢ : V(G) — {£1,£2,--- ,£4n} by

(i) = 8i -7, i=1,3,5,n,
Y(2i2) = 8i — 6, i=1,3,5,-,n,
P(xi3) = 8i — 5, i=1,3,5,---,n,
P(wig) = 8i — 4, i=1,3,5--,n,
P(yn) = =i = 7), i=1,3,5,--,n,
P(yiz) = —(8i = 6), i=1,3,5.,n,
Y(yiz) = — (81— 5), i=1,3,5--,n,
U(yia) = —(8i — 4), i=1,3,5-,n,
P(wi1) = 8i — 2, i =246, ,n—1,
P(wi) = 8i — 3, i=2,4,6,---,n—1,
Y(xi3) = 8i — 1, i=2,4,6,--- ,n—1,
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Y(wig) = 81, i=2,4,6,---,n—1,
Y(yin) = —(8i — 2), i=2,4,6,---,n—1,
P(yiz) = —(8i = 3), i=2,4,6,--,n—1,
W(yis) = —(8i — 1), i=2,4,6,--,n—1,
Y(yia) = —(8i), i=2,46,-- n—1

Table 2 given below establishes that this vertex labeling f is a pair difference cordial.

Nature of n Age Ay,
n is odd % 13’571
n is even 137" 13'5—2
This completes the proof. O

Theorem 4.2 A graph obtained by joining two copies of Q3 by path P, is pair difference cordial
for all values of n > 4.

Proof Let G be the graph obtained by joining two copies of 3 by path P, with

V(G) = A, yi1, Tiz, Yio, i3, Yiz, Tia, Yia + 1 <0 < 2} U{Zk 1<k<n-2}
E(G) = E(Qs) U{Zizi+1 1<i <n -2} {2110, 200z ).

Obviously, G has n + 14 vertices and n + 23 edges.
Case 1. n = 0(mod4).

Assign labels 1,2, 3,4,5, 6,7, 8 respectively to vertices x11, 12, T13, T14, Y11, Y12, Y13, Y14 and
assign the labels —1, -2, —3, —4, —5, —6, —7, —8 respectively to the vertices xa1, T22, T23, T24, Yo1,
Y22, Y23, Y24-

Assign the labels 9, 10, —9, —10 respectively to the vertices 21, 22, 23, 24 and allocate the val-
ues 11,12, —11, —12 individually to the vertices zs, zg, 27, 28. Net we put the labels 5,6, —5, —6
separately to the vertices zg, 210, 211, 212 and assign the labels 7,8, —7, —8 respectively to the
vertices z13, 214, 215, 216- Proceeding like this process until we reach the vertex z,_4. Finally

assign the labels %14, —(%14) to the vertex z,_3, 2n_2.
Case 2. n = 1(mod4).
Assign the labels as in Case 1 to the vertices x5, ¥;;,1 <7 < 2,1 <j < 4,) and z,1 <

k < n—>5. And then, assign the labels "213, —("213), —("211) to the vertices 2,4, 2n—3, Zn—2.

Case 3. n = 2(mod4).

Assign the labels as in case 1 to the vertices z;;,yi;,1 < i < 2,1 < j < 4,) and
zk,1 < k < n— 6. Lastly assign the labels 2412 ndld _(ndl12) (ntld) 4o the vertices

Zn—5y2n—4;2n—3, Zn—2-
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Case 4. n = 3(mod4).

< 4,) and 2,1 <

Assign the labels as in case 1 to the vertices ;,v;5,1 <1 < 2,1 <
), — 2) to the vertices

< J
ngl? n+147_(n§12 (n§14)’_(n451

k < n — 7. Finally assign the labels 15
Zn—6y*fn—>5;fn—4; Zn—3; Zn—2-

The Table 3 given below establishes that this vertex labeling f is a pair difference cordial.

Nature of n Ay Age
n =0 (mod 4) ni2d ni22
n=1 (mod 4) e SR
n =2 (mod 4) ni2d ni22
n =3 (mod 4) nt23 ni23
This completes the proof. O
Theorem 4.3 An S(n.Qs) is pair difference cordial for all even n.
Proof Our proof is divided into 2 cases following.
Case 1. n =0(mod4).
Define a map ¢ : V(G) — {£1,£2,--- ,£4n} by
bia) =1,
W(xi1) = 4i — 3, 1§z§g,
W(xi0) = 4i — 2, 1§z§g,
W(xs) = 4i — 1, 1§z§g,
P(wia) = 4i, 1<i< g,
Plyar) = —(4i — 3), 1<i< g,
V(yiz) = —(4i = 2), 1§Z§g,
lyia) = —(4i = 1), 1<i<y,
$(yia) = —4i, 1<i<y,
Y(@(n pai-11) = 2n +4i - 3, 1<i<,
V(@ (g 42i-1)2) = 20+ 4 = 2, 1<i< T,
Y(@(ny2i-1)3) =2n+4i — 1, 1<i< Z,
V(@(ny2i-1)a) = 2n + 4, 1<:< %7
lycgraimin) = 20+ 4i + 4, 1<i<,
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w(y< +2i—1)2
w(y< +2i—1)3
w(y< +2i—1)4
V(@2 4201
Y(T (242002

)=
)=
)
)=
)=
)=

U(@(24+2i)3

1/)($(g+2z‘)4) =

Case 2. n = 1(mod4).

Define a map v from the vertex set V(G) to the set {£1,+2,---

2n + 41 + 3,
o0+ 4i + 2,
2n+4i + 1,
—(2n+4i - 3),
—(2n+4i —2),
—(2n+4i—1),
—(2n + 49),
—(2n + 4i 4 4),
= —(2n+4i+3),
—(2n + 4i 4 2),
)

—(2n +4i + 1),

P(x) =3,
P(xin) = 4i — 3,
P(w0) = 4i — 2,
(i) = 4i — 1,
P(wia) = 4i,
P(yn) = —(4i = 3),
P(yiz) = —(4i = 2),
P(yiz) = —(4i — 1),
U(yia) = —4i,

Y(@(ny2i-1)1) =2n+4i+ 1,

Y(@(ny2i-1)2) = 2n +4i + 2,

7/1($(g+2i—1)3) = 2n + 4Z =+ 3,

—
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. ..o n—2
V(T (n12i-1)a) = 2n + 4i + 4, 1< 1
. ..o n—2
V(Y 12i-1)1) = 2n + 4i + 5, 1<i< 1
. ..o n—2
V(Y2 12i-1)2) = 2n + 4i + 6, 1<i< 1
—2
V(Y 2i-1)3) =2n+4i+ 7, 1<i<? 1
-2
V(y(g2i-1)2) = 20+ 4i +8, 1<i<
-2
Y(@(34201) = —(2n + 40+ 1), 1<i<
n—2
V(T (z42i)2) = —(2n + 4i + 2), l<i<—;
. ..o n—2
V(@(z1203) = —(2n+ 4i+ 3), l<i<—;
. ..o n—2
¢($(g+2z‘)4) =—2n+4i+4), 1<i< 1
. ..o n—2
w(y(%_;,_m)l) = —(2n+4l+5), 1 <1< 1
. ..o n—2
Y(Y(zy202) = —(2n + 4i +6), l<i<—
. ..o n—2
Y(Y(zi203) = —(2n+4i+7), 1<i< 1
. ..o n—2
w(y(%+2i)4) =—(2n+4i+38), 1<3< 1
— __ 13n
In both cases Ay, = Age = 5.
A pair difference cordial labeling of S(6.Q3) is shown in Figure 1.
[> 1 [ -8
2 1 7 8
A @ % &
3 4 6 5
-23 =22 10 9
C18 F17 Y 0 2
21 11 2
= 1 12
-19 20
23 22 15 -16
8 17 15 16
. 21 -1 "3
9 A 14 13

Figure 1
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Abstract: For a graph G without isolated vertices and without isolated edges, a product
wrregular labeling w : E(G) — {1,2,--- .m} is a labeling of the edges of G such that for
any two distinct vertices v and v of G the product of labels of the edges incident with u is
different from the product of labels of the edges incident with v. The minimal m for which
there exist a product irregular labeling is called the product irregularity strength of G and is
denoted by ps(G). In this note, we find the product irregularity strength of block graph of
cycle-star graph and sunlet graph.

Key Words: Smarandachely H product-irregular labeling, product-irregular labeling,
product irregularity strength, block graph, cycle-star graph, sunlet graph.

AMS(2010): 05C05, 05C15, 05C78.

§1. Introduction

Throughout this paper let G be a simple graph, i.e., a graph without loops or multiple edges,
without isolated vertices and without isolated edges. Let the vertex set and edge set of G are
denoted by V(G) and E(G), respectively. Let w : E(G) — {1,2,--- .m} be an integer labeling
of the edges of G. Then the product degree pdc(v) of a vertex v € V(G) in the graph G with
respect to the labeling w is defined by

pda(v) = H w(e).

vee

A labeling w is said to be product-irregular if for every pair of vertices u,v € V(G), u # v,

pdg(u) # pda(v).

Generally, for a typical subgraph H < G, a labeling w is said to be Smarandachely H
product-irreqular if for every pair of vertices u,v € V(G), u # v, there are pdg(u) # pda(v)
for u,v € V(G)\V(H) but pdg(u) = pdg(v) for u,v € V(H). Clearly, if H = 0, such a
Smarandachely H product-irregular property is nothing else but the product-irregular property.

The product irregularity strength ps(G) of G is the smallest value of m for which there
exists a product-irregular labeling w : E(G) — {1,2,--- .m}.

1Received March 3, 2023, Accepted June 10, 2023.
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This concept was first introduced by Anholcer in [1] as a multiplicative version of the well
studied concept of irregularity strength of graphs introduced by Chartrand et al. in [3].

The corona product of two graphs G and H, denoted by G () H, is a graph obtained by
taking one copy of G (which has n vertices) and n copies Hy, Ha, - -+ , H, of H, and then joining
the ith vertex of G to every vertex in H;. The corona product C, () K is called the sunlet
graph.

A graph G is connected if between any two distinct vertices there is a path. A maximal
connected subgraph of G is called a component of G. A cut-vertex of a graph is one whose
removal increases the number of components. A non-separable graph is connected, nontrivial,
and has no cut-vertices. A block of a graph is a maximal non-separable subgraph. If two distinct
blocks By and By are incident with a common cut-vertex, then they are called adjacent blocks.

There are many graph operators (or graph valued functions) with which one can con-
struct a new graph from a given graph, such as the line graphs, the block graphs, and their
generalizations.

The block graph of a graph G, written B(G), is the graph whose vertices are the blocks of
G and in which two vertices are adjacent whenever the corresponding blocks have a cut-vertex
in common.

Jelena Sedlar [5] introduced the concept of cycle-star graph as follows: The cycle-star
graph, written CSy, ,_, is a graph with n vertices consisting of the cycle graph of length k and

n — k leafs appended to the same vertex of the cycle.

Figure 1 The cycle-star graphs C'S3 4 and CSy 3

§2. Preliminary Results

Let ng denote the number of vertices of degree d, where 6(G) < d < A(G). Anholcer in [1]
showed that

d 1
pS(G) Z max(ﬁ(G)SdgA(G) { ’76’”5 —d + 1—‘ } . (1)

If the graph G is r—regular, then the expression (1) reduces to

ps(G) = [Lnt —r+1]. 2)



76 Umme Salma and H. M. Nagesh

Also, for a cycle C,, on n > 3 vertices, the bounds on ps(C,,) is given in [1]. That is, for
n >3,

ps(Cp) > {\/% —~ ﬂ

N
1—1log.2

and that for every € > 0 there exists ng such that for every n > ng,

for n > 17,

ps(Cp) >

ps(Cy) < [(1 +€)v2n log. n—‘ .

Anholcer in [2] considered the product irregularity strength of complete bipartite graphs
K, » and proved that for two integers m and n such that 2 > m > n, ps(K,, ) = 3 if and only
if n > (m;' 2).

However, the studies on the product irregularity strength of the intersection graph on the
vertex set of a graph was not attempted. In this paper we have made an attempt to fill this
gap and study the the product irregularity strength of the block graph of cycle-star graph and
sunlet graph.

§3. Product Irregularity Strength of Block Graph of Cycle-Star Graph CSj

The following result in [4] determines the exact value of product irregularity strength of a

complete graph K,, on n > 3 vertices.

Theorem 3.1 For every complete graph K, on n > 3 vertices, ps(K,) = 3.

We now use Theorem 3.1 to find the exact value of product irregularity strength of block
graph of cycle-star graph C'Sy ,_ for k >3 and n — k > 2.

Theorem 3.2 Let G = CSin—k be a cycle-star graph, where k > 3 and n — k > 2. Then
ps(B(G)) = 3.

Proof Since the block graph a cycle-star graph CSy ,— with £ > 3 and n — k > 2 leafs is
a complete graph K, on n > 3 vertices, from Theorem 3.1, it follows that ps(B(G)) = 3. This
completes the proof. O

§4. Product Irregularity Strength of Block Graph of Sunlet Graph C, () K;

In this section we find the exact value of product irregularity strength of block graph of sunlet
graph C, O Ki,n > 3.

Theorem 4.1 Let G =C, (O K1, n > 3, be a sunlet graph. Then ps(B(G)) = n.
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Proof Let G = C,, © K1, n > 3, be a sunlet graph. By definition, the block graph of
sunlet graph is a star graph K, , on n > 3 vertices. Let v1,v9, -+ ,v, be pendant vertices and
vg be the central vertex of K7 ,,. At first, let us weight all the edges consecutively starting from
1 to n. Then the product degree of vertices v € B(G) is pdp(g)(vi) = i for 1 < i < n and
pdp(a)(vi) = nl. Clearly, product degrees of all vertices are distinct. Hence ps(B(G)) = n.
This completes the proof. O

85. Conclusion

In this note, we have found the exact values of product irregularity strength of block graph of
cycle-star graph and sunlet graph. However, to find the exact values of product irregularity

strength of different graph operators still remain open.
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Abstract: Let G(V,E) be a graph with order p and size q. A bijection f : V(G) —
{0,1,2,--- ,p— 1} is said to be a cube sum labeling if the induced function f* : E(G) - N
defined by f*(uv) = [f(u)]® + [f(v)]® is injective. Such a function f is said to be a cube
sum labeling and the graph G is a cube sum graph. In this paper we discuss some algebraic

properties and evaluate some families of cube sum graph.

Key Words: Smarandachely cube sum H labeling, cube sum graph, complete graph, tree,
wheel graph, helm graph, Fermat’s Last Theorem.
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81. Introduction

Labeling of graphs is one of the emerging topics in graph theory. The credit goes to Rosa [1]
to explore this innovative idea. If the vertices or edges or both of the graph are assigned values
subject to certain condition(s) then it is known as graph labeling. The idea of graph labeling
was originated in 1967. Till then graph labeling has attracted many researchers and due to
the wholehearted efforts for research in this field, more than 200 graph labeling techniques and
more than 2500 research papers are available. A dynamic survey on graph labeling is regularly
updated by Gallian [6] and it is published by The Electronic Journal of Combinatorics.

In this paper we consider simple, finite, undirected and connected graph. A graph G(V, E)
with p vertices and ¢ edges is also denoted as G(p,q) graph. We refer to Bondy and Murty
[5] for the standard terminology and notations related to graph theory and Burton [2] for the
terms related to number theory. We denote an edge with end vertices v and v by uv.

A square sum labeling is one of the graph labeling techniques, where edge label is obtained
by sum of squares of labels of end vertices of the corresponding edge. The square sum labeling
was introduced by Ajitha, Arumugam and Germina.

Definition 1.1(Ajitha et al., [10]) A graph G = (V, E) with p vertices and q edges is said to
be a square sum graph, if there exists a bijection f : V(G) — {0,1,2,--- ,p — 1} such that the
induced function f*: E(G) — N, defined by f*(uv) = (f(u))? + (f(v))?, is injective.
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Many interesting results are carried out for square sum labeling of graphs. The literature
on square sum labeling is accessible in electronic form in different research papers such as [3],
[4], [7], [10] etc.

A cube sum labeling was introduced by Vediyappan Govindan, Sandra Pinelas and S.Dhivya
[9] as follow and they proved that paths, cycle, stars, wheel graph, fan graphs are cube sum
graph.

Definition 1.2(Vediyappan Govindan et al., [9]) A graph G = (V, E) with p vertices and q
edges is said to be a cube sum graph, if there exists a bijection f: V(G) — {0,1,2,--- ,p— 1}
such that the induced function f* : E(G) — N, defined by f*(uv) = (f(u))® + (f(v))3, is
injective.

Notice that 1729 is the smallest natural number expressible as a sum of two cubes in
two different ways as 123 4+ 1% and 92 + 103. From the story of G.H. Hardy and Srinivasa
Ramanujan, 1729 is known as Ramanugjan number or Tazi-cab number [2]. Other numbers which
can expressed as sum of two cubes in two different ways are 4104 = 23 +16% = 934-153,13832 =
23 4+ 243 = 183 4+ 203, 20683 = 103 + 273 = 193 4 243, etc. Taxi-cab number is related with sum
of cube of two numbers. So, we also refer cube sum labeling as Taxi-cab labeling as well.

In this paper we have used the Fermat’s Last Theorem [2] which states that No three
positive integers a,b and c satisfy the equation a™ + b™ = c™ for any integer value of n greater
than 2.

§2. Cube Sum Labeling

Definition 2.1 A bijective function f : V(G) — {0,1,2,--- ,p — 1} is said to be a cube sum
labeling if the induced function f* : E(G) — N defined by f*(uv) = [f(u)]®+[f(v)]? is injective.

Generally, let H < G be a typical subgraph of G such as those of path, cycle. If such an
induced function f* is injective on E(G)\E(H) but not on E(G), such a labeling f is said to
be a Smarandachely cube sum H labeling. Particularly, if H = (), then such a Smarandachely
cube sum H labeling is nothing else but a cube sum labeling.

A graph G with cube sum labeling is called a cube sum graph.
Lemma 2.2(Burton, [2]) The cube of any integer is one of the form 9k, 9k + 1 or 9k + 8.

Theorem 2.3 Let G be a cube sum graph with cube sum labeling f. Then, for any edge
e € E(G), f*(e) #3,4,5,6(mod 9).

Proof Let u,v € V(G), f(u) =a and f(v) = b. Then, for edge e = uv € E(G), f*(uv) =
a® + b3

Since a and b are integers, from Lemma 3.1, a® = 0, 1 or 8(mod 9) and b*> = 0,1 or 8(mod 9).
But then a3 + b3 = 0,1,2,7 or 8(mod 9). Hence, the result is proved. O

Lemma 2.4(Burton, [2]) The cube of any integer is one of the form Tk or 7Tk £ 1.



80 Mitesh J. Patel and G. V. Ghodasara

Theorem 2.5 Let G be a cube sum graph with cube sum labeling f. Then for any edge e € E(Q),
f*(e) £ 3,4(mod 7).

Proof Let f(u) =a and f(v) = b. Then, for edge e = uv € E(G), f*(uv) = a® + b>. From
lemma 3.2, since a and b are integers, a® = 0,1 or 6(mod 7), and b*> = 0,1 or 6(mod 7). But
then a® + b3 = 0,1,2,5 or 6(mod 7). This completes the proof. d

Theorem 2.6 If G(p,q) is cube sum graph with cube sum labeling f, then

Yo fwy= Y [f0)Pd()

wveE(G) veV(G)
where d(v) is the degree of vertex v in G.

Proof Let f:V(G) —{0,1,2,--- ,p— 1} be a cube sum labeling of a graph G with each
edge uv is assigned the label f*(uv) = [f(u)]® + [f(v)]3.

Now every edge is incident with exactly two vertices and degree of a vertex is the number of
edges incident with that vertex. Then, while counting the total sum of edge labels, the number
of times of repetition (occurrence) of each vertex label is equal to the number of edges incident
to the corresponding vertex. Then the sum of f*(e) count [f(v)]® at total number of times an

edge is incident with a vertex v. So

Y )= Y F@Pdw). O

weE(G) veV(G)
Corollary 2.7 If G(p,q) is an r-regular cube sum graph, then

* _ T(p — 1)2p2
S ) = M

wveE(G)

Proof From Theorem 3.3, we have

Yo fw)= Y [f@)Pdw). (1)

weE(G) veV(G)

Here, G(p, q) is an r-regular cube sum graph, i.e. d(v) =r, Yo € V(G).

Yo S = r Y )P {from (1)}

weE(G) veV(G)

= r(0P+13+ +(p-17) = — . O

83. Some Cube Sum Graphs

Theorem 3.1 A complete graph K, is a cube sum graph if and only if n < 11.
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Proof Let V(K,) = {vi,v2, -+ ,v,} and E(K,) = {v;v; | 1 < i,5 < n,i # j}. Here,
V(K| = n and |E(K,)| = "5,

Case 1. n <11.

Let us define a function f: V(K,) — {0,1,2,--- ,n — 1} as
flui)=i—-1;1<i<n.

It is obvious that f is bijective and the induced function f*: E(K,) — N defined by

for every uv € E(K,) is injective. Hence, K, is a cube sum graph for n < 11.
Case 2. n > 11.

Notice that every two vertices are adjacent to each other in a complete graph. So, defining
a mapping f : V(K,) = {0,1,2,--- ,n— 1} in any form, we have two edges e; and e; such that
[(e;) =123+ 13 = 1729 and f*(e;) = 9% + 10® = 1729. Thus, the induced function f* is not
injective. Hence, K, is not a cube sum graph for n > 11. O

Theorem 3.2 A complete bipartite graph Ks , is a cube sum graph for any integer n > 1.

Proof Let Vi = {v1,vp42} and Vo = {wva,vs, - ,vn41} be bipartition of V(K;,) =
{v1,v2,v3, -+ ,Uny1,Vn42} and E(K;,) = {vv; |i=1,n+2and j =2,3,--- ,n+ 1}. Here,
|V(K2,)| =n+2and |E(Ksy,)| = 2n. Let us define a function f : V(K3 ,) — {0,1,2,--- ,n+1}
as

flo)=i—-1;1<i<n+2

It is obvious that f is bijective.

Furthermore, one can observe that

Frow)(=1) < foos)(=2%) < foo)= 3%
< < P ) (= 1) < FH(Ungva) (= (1) 4+ 1)
< F (nrava) (= (M4 1) +2%) <o < F Unravasn)(= (n+ 1) +n).

Then, the induced function f*: E(K5 ) — N defined by
Frluv) = (F()® + (f(v))?,
for every uv € E(K, ) is injective. Hence, K ,, is a cube sum graph. O

Theorem 3.3 FEvery tree is a cube sum graph.

Proof Let vg,9 be a vertex with maximum degree in a tree 7. Choose vg ¢ as a root vertex
of T (say zero level vertex). Let [ be the height of T'. Consider ng = 0.
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Let nq be the number of vertices at distance one from vg o and let us denote these vertices
by v1,1,v1,2, - V1,n,- These vertices are first level vertices. Let no be the number of vertices at
distance two from vy ¢ which are denoted by vz 1,v2,2, - - - V2 n,. These vertices are second level
vertices. We give priority as in ascending order.

Repeating this way, let n; be the number of vertices at distance ! from vy which are
denoted by v;,1,v;,2, - vi,n,. These are [P level vertices.

The above process is possible because there is one and only one path between any pair of
l l
vertices in any tree. Here, |V(T)| = >_(n;) +1=nand |E(T)|= > (n;) =n—1.

i=1 i=1
Let us define a function f: V(T) — {0,1,2,3,--- ,n — 1} as

0; i=0,7=0.
JWicin_)+J; 1<i<[1<j< n,.

fuig) =

Here, vertex labels are in ascending order from zero level vertex to [ level vertices. So, it is
obvious that f is bijective and for edge labels we have following arguments. We have following
two cases for edge labels. Without loss of generality, let e; and e be any two arbitrary edges
of tree T.

Case 1. Let e; and ey be two incident edges. Then obviously f*(e1) # f*(e2).

Case 2. Let e; = vivg and e; = v3vy be the edges such that e; and e; have no common ver-
tex. Here {f(v1), f(v2), f(v3), f(v4)} is non-empty subset of N. So, by well ordering principle,

{f(v1), f(v2), f(vs3), f(vs)} has a least element, say f(vy).
Since T is a tree, at least one of the vertex vz or v4 is not adjacent to vy. If vy is not

adjacent to vy, then f(vq) > f(v2) and if vs is not adjacent to vy then f(vsz) > f(v2). So,
f*(e1) # f*(e2). Thus, the induced function f*: E(G) — N defined by

for every uv € E(G) is injective. Hence, tree T is a cube sum graph. O

Theorem 3.4 A cycle C), is a cube sum graph.

Proof Let V(Cy) = {v1,v2,--- ,u,} and E(Cy) = {vviy1 | 1 <i <n—1} J{vyv1}. Here,
[V(Cy)| =n and |E(C,)| = n.
Let us define a function f: V(C,) — {0,1,2,--- ,n — 1} as per subsequent two cases.

Case 1. n is even.

In this case, define

flvi) =< 2 —3; 2< i< nt2

n—20i—-22); 22 <i< n
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It is obvious that f is bijective and we can observe that

Frows)(=1) < f(ow)(=2%) < [ (vvs)(= 1° + 3%)

< e <f*(v%vnT+2) <f*('UnT+4'U%).
Case 2. nis odd.
In this case, define
0; 1= 1.
floi) = 2i—3; 2<i<
n+1-23—-2); 2l <i<n

It is obvious that f is bijective and we can observe that

Frow)(=1) < foo)(=2%) < [ (vvs)(= 1° + 3%)

< < f*(v%v%z) < f*(vnTHUnTH).

So, in both the cases the induced function f*: E(C,) — N defined by

is injective. Hence, C, is a cube sum graph. g
Theorem 3.5 A wheel W,, is a cube sum graph.

Proof Let V(W,,) = {vo,v1, - ,v,} and E(W,)) = {vov; | 1 < i < n}J{vivigr | 1 <
i < n— 1} U{vav1}, where vy is apex and vy, v, -+ ,v, are rim vertices of W,. Clearly,
[V(IW,) =n+1and |[E(W,)| = 2n.

Let us define a function f: V(W,,) — {0,1--- ,n} as follows.

0;:=0.

1;i=1.

200 —1) ;1 << |22
<

2n —2i+3 ;[ 22] <i<n.

It is obvious that f is bijective. We consider the following two cases for the edge labels.

Case 1. n is odd.

From above vertex labels, one can observe that labels of rim edges are in ascending order
as

o) (=13 +2%) < f(vivn)(= 12 +3%) < f*(vaus) (= 2% + 43)
< fropn) (=32 +5%) < < f*(vnT-f—l'UnT-%—S)(: (n—1)%+n3).



84 Mitesh J. Patel and G. V. Ghodasara

From Fermat’s Last Theorem, f*(vov;) is never equal to any of above edge labels for
integers 1 <7 < n.

Case 2. n is even.

From above vertex labels, one can observe that labels of rim edges are in ascending order
as

Fro)(=1°+2%) < f(vron)(= 17 +3%) < f*(vav3)(= 2° + 47)
< fopvn-)(=32+5Y) << [T (0ng2vnpa)(= (n — 1)3 +n?).

From Fermat’s Last Theorem, f*(vov;) (1 <14 < n) is never equal to any one of above edge
labels. So, in both the cases the induced function f*: E(W,) — N defined by

Fruv) = (F()® + (f(v))?,
for every uv € E(W,,) is injective. Hence, W,, is a cube sum graph. g

Corollary 3.6 A gear G, is a cube sum graph.
Corollary 3.7 A shell S, is a cube sum graph.
Theorem 3.8 A helm H, is a cube sum graph.

Proof Let V(H,) = {vo,vi,u; | 1 <i<n}and E(H,) = {vov; | 1 < i <n}J{vu; | 1 <
i <n}UH{vivigr | 1 <i <n—1}J{vnv1}, where v is apex, vy, vs,- -+ , v, are rim vertices and
Uy, Ug -+, U, are pendant vertices of helm H,,. Obviously, |V(H,)| = 2n+1 and |E(H,)| = 3n.
Let us define a function f: V(H,) — {0,1---,2n} as follows.

Case 1. n is even.

In this case, define

0;7=0.
1:i=1.

flo)) = , , )
4i—5;2<i< 22
2n—3—4(i—%+4);”7+2<i§n.
4i—4 ;2 <q <t

flug) = °

2n —2—4(i — ) ;2 <<,

2 2

It is obvious that f is bijective and for the edge labels in the graph there are three possi-
bilities as follows:
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(1) Edge labels on rim edges are

o) (=13 +3%) < (v, (=13 +5%)
fH(oav3)(= 32 + ) < f*(vpvn_1)(= 5° +9%)
- < f*(v#v#)(: (2n —1)% + (2n — 3)?).

They are in ascending order of the form 2k (k € N) because the common end vertices of these
edges are labeled by odd numbers (naturally distinct).

(2) Edge labels on edges incident to pendant vertices are

fflou) (=12 4+23) < f*(voug)(= 3% +4°)
F(vpun) (= 53 4+ 63)
< M (vngzungz )(= (2n - 1)* + (2n)?).

They are in ascending order of the form 2k + 1 (k € N) because common end vertices of these
edges are labeled by consecutive numbers (naturally distinct).
(3) Edge labels on edges incident to apex are

Foov)(= 1) < f*(vova)(=3%) < f*(vovn)(= 5%)
< e < f*('UOUnTM)(: (2n —1)%).

They are in ascending order of the form 2k + 1 (k € N) because common end vertices of these
edges are labeled by 0 and other end vertices by odd numbers (naturally distinct).

It is clear that the labels of possibilities (1) and (2) are distinct.

From Fermat’s Last Theorem, the edge labels in the possibilities (3) are distinct from the
edge labels in the possibilities (1) and (2). So, the labels of above all possibilities are internally

as well as externally distinct.
Case 2. nis odd.

In this case, define

0;:=0.
1;i=1.

flvi) = _ _ .
4i—5;2<i< 2
2n —1—4(i—23) ;o < <.
4i—4 ;2 <<l

flu) = ?

2n —4(i— 22) ;2 <i <.

Using the arguments similar to the case 1, one can observe that in this case the function
f is bijective and for every uv € E(G) the induced edge labels f*(uv) = (f(u))3 + (f(v))? are
all distinct.
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So, in both the cases the induced function f*: E(H,) — N defined by

Fr(wo) = (f(w))® + (f(0))?,

is injective. Hence H,, is a cube sum graph. O

§4.

Concluding Remarks

Labeling of discrete structure is a potential area of research. We have discussed some algebraic

properties of cube sum graph. We have also proved that the following graphs are cube sum

graphs: a complete graph K, if and only if n < 11, a complete bipartite graph K ,, for n > 1,

every tree, cycle graph, wheel graph, gear graph, shell graph and helm graph. To investigate

more results for various graphs as well as in the context of different graph operations is an open

area of research.
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G of weight j [5]. The roots of a Roman domination polynomial of a graph are called the
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are computed. Furthermore, all these graphs and their Roman domination polynomials and
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§1. Introduction

Throughout this paper all the considered graph are finite simple graphs i.e. all the graphs here
are finite, undirected and have no self-loops or multiple edges. Let G = (V, E) be a graph. The
order and the size of G are denoted respectively by |V(G)| =n and |E(G)| = m.

The Roman domination number of a graph G = (V, E), vr(G), has been defined in [7] as
the smallest weight, W (f(V)), of a function f : V(G) — {0, 1,2} satisfying the condition that
every vertex u for which f(u) = 0 is adjacent to at least one vertex v for which f(v) = 2, where
W(f(V)) = Z f(u). A function f : V(G) — {0,1, 2} with this condition is called a Roman

ueV(G)
dominating function of the graph G = (V, E) or in brief an RDF of G. For more details about

Roman domination and its properties, the reader is referred to [6].
In [5], Deepak et al. introduced the Roman domination polynomial of a graph G as

1Received March 30, 2023, Accepted June 14, 2023.
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2n
R(G,z) = Z r(G,5)z?, where r(G, j) is the number of Roman dominating functions of G

J=vr(G)
of weight j and studied some of its properties. The roots of the Roman domination polynomial

of a graph G are called the Roman domination roots of G. In addition, the Roman domination
polynomials of paths and cycles are studied in details in [4] and [3], respectively.

As with all the types of graph polynomials, the analysis of the Roman domination poly-
nomial of graphs can give us some informations about graphs. Similar to the domination
polynomial of graphs [2, 1], an atlas for the Roman domination polynomials of graphs of order
at most six is presented in this article. Moreover, the Roman domination polynomials of all the
connected graphs of order less than or equal to six and their roots are illustrated in a table.
Furthermore, for computing the Roman domination polynomials of the disconnected graphs of
order less than or equal to six the following lemma can be used.

Lemma 1.1([5]) If a graph G consists of m components G1,--- ,Gn, then R(G,z) = R(G1, x)
XR(Ga,x) X - ++ X R(Gpp, ).

Some coefficients of the polynomials are computed by using the following theorem.

Theorem 1.2([5]) Let G be a graph on n vertices with i isolated vertices, t vertices of degree
2n

one and | vertices of degree two. Suppose R(G,x) = Z r(G,5)a? is the Roman domination

J=7r(G)
polynomial of G. Then the following hold:

(1) r(G,2n—1) =

(if) i = @ (G20 — 2);

(idi) (G, 2n — 3) = 2(2) + <§> —in—1) -

(iv) If G has s Ks-components, then

(G, 2n — 4) = (Z>+3<g)+<2) —i(n—1)+(;> —tn—1)+s—L

(v) If G # Kj, then r(G,2) = |{v € V(G) : |deg(v) =n — 1}
and the other coefficients are computed by determining all the possible functions [ : V(G) —
{0,1,2} of some size and reduce the cases when f : V(G) — {0,1,2} is not an RDF function of
the graph G. For instance, all the possible functions of size 2n — 5, 2n — 6, 2n — 7 and 2n — 8
are given as:

i) For size 2n — 5 there is 3 " +4 " + " possible function;
3 4 5

it) For size 2n — 6 there is +6 possible function;
3

(79t) For size 2n — 7 there is 4(2) + 10< ) ( > ( > possible function;
(iv) For size 2n — 8 there is <4) + 10( > 5(2) ( ) <g) possible function.
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All the roots of the polynomials are found by using the Matlab program. On the other
hand, the repetition of any root is expressed as an exponent on that root. For example, the

three times repetition of the zero root is expressed as (0)>.

82. Roman Domination Polynomials of All Connected Graphs of order< 6

In the following, a table illustrates all the connected graphs of order less than of equal to six

with their Roman domination polynomials and roots.

Graph Roman Domination Polynomial Roman Domination Roots
' x2 +x 0, -1
z* + 223 + 322 (02, —14++2i
28 + 325 + 62 + 523 + 2 (0)2, —1, —0.2848, —0.8576 + 1.6662i
. 3 b
i 26 + 32° + 62* + 723 + 322 02, (~1)2, %\/TM
._I_. 28 + 427 + 1026 + 1325 + 1024 + 323 + 22 (0)2, —0.1062 % 0.38244, —0.9827 + 0.84654,

—0.9111 £1.7159:

8 + 427 + 1026 + 142% + 1124 + 223 (0)3, —0.2471, —1.2146 + 0.87134,
—0.6618 & 1.78464

e 28 4+ 427 + 1028 + 1525 + 162* + 523 (0)3, —0.4599, —0.2992 =+ 1.72641,
—1.4708 £ 1.1744

1 8 + 427 + 1026 + 16x® + 1524 + 423 (0)3, —0.402, —1.4178 + 0.82044,
—0.3812 + 1.88774

- 28 + 427 + 1026 + 1625 + 172* + 823 + 222 (0)2, —0.3296 + 0.3569i, —1.352 + 0.9293i,

—0.3184 £ 1.74551
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Graph Roman Domination Polynomial Roman Domination Roots
A
- 28 + 427 + 1025 + 1625 +192% 4+ 1223 + 422 (0)2, —0.5274 £ 0.50874, —1.3019 + 1.0899i,
—0.1708 =+ 1.59864
-~ 210 4 529 + 1528 + 2627 + 2926 + 2125 + (0)2, —1, —0.575, 0.0259 + 0.51974,
10z4 + 423 + x2 —0.69 £ 0.94837, —1.0485 + 1.89¢
[ 210 4+ 529 4+ 1528 + 2727 + 3226 + 2125 + (0)3, —1, —0.1803 = 0.24684,
6zt + a3 —0.6458 + 1.7634i, —1.1739 4 1.28734
2104529 + 1528 + 2827 4 3425 42325 + 62 (0)*, —1, —0.5973, —1.1535 £ 1.14974,
—0.5479 & 1.86744
T 210 4 529 4+ 1528 + 2827 + 3526 + 2725 + (0)2, —1, —0.6222, —0.0191 + 0.42414,
12z* 4 423 + 22 —1.0795 + 1.1832i, —0.5904 & 1.76864
s 210 4+ 529 4+ 1528 + 2827 + 3626 + 2725 + (0)3, —1, —0.2632 % 0.3289i,
10z + 223 —1.2977 £ 1.29654, —0.4391 & 1.7768i
i 210 4+ 529 4 1528 + 2927 + 3825 + 3125 + (0)3, (=1)2, —0.1113, —0.3914 =4 1.7864s,
1224 + 23 —1.053 4 1.25584
L1- 210 4+ 529 4+ 1528 + 2927 + 3826 + 2925 + (0)3, —1, —0.1613, —0.574,
10z* + 23 —1.2552 + 1.1673i, —0.3771 & 1.87964
219 +52° 4+ 1528 +3027 +402 + 3125+ 10z (0)%, (—=1)2, —0.3193 + 1.96894,
—1.1807 £ 1.058i

210 + 529 4+ 1528 4+ 2927 + 4025 + 3525 4
16z% + 323

(0)3, —1, —0.4934 + 0.21234,
—1.2496 + 1.3342i, —0.2571 & 1.7452i

210 + 529 4+ 1528 + 2927 + 3926 + 3325 +
16x4 + 5x3 + z2

(0)2, —1, —0.6085, —0.11 & 0.39584,
—1.2109 = 1.2087i, —0.3749 + 1.785
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Graph Roman Domination Polynomial Roman Domination Roots
=] 210 4+ 529 4+ 1528 + 3027 + 4126 + 3725 + (0)2, —1, —1.3489, —0.0581 =+ 0.29264,
1824 4 423 4 2 —0.9508 + 1.2585i, —0.3167 4 1.8022i
-y 210 4+ 529 4+ 1528 4+ 3027 + 4226 + 3725 + (0)3, (=1)2, —0.1977, —1.1768 4 1.22813,
16z% + 223 —0.2244 + 1.85644
10 4+ 529 4+ 1528 + 3027 + 4226 + 3725 + (0)3, (=1)2, —0.1977, —1.1768 + 1.22814,
16x* + 223 —0.2244 + 1.8564i
.
A @10 + 52 4+ 1528 + 2927 + 412° 4 392° + (0)2, —1, —0.4598, —0.3386 + 0.33674,
2224 723 4 22 —0.2004 + 1.6457i, —1.2311 4 1.398:
A
< > 210 4 529 4+ 1528 + 3027 + 4225 + 3925 + (0)2, (=1)2, —0.1147 & 0.47774,
\/

22x% + 823 + 222

—1.0835 £ 1.1503¢, —0.3018 = 1.7963¢

210 + 529 4+ 1528 + 3027 + 4326 + 4125 +
22z% + 623 + 2

(0)2, (~1)2, —0.1639 & 0.284,
—1.1513 +1.2914, —0.1848 £+ 1.772414

RN
<\I/* 210 4+ 529 4+ 1528 + 3027 + 4425 + 4325 + (0)3, (=1)2, —0.3665, —1.2308 4 1.38393,
) 2224 + 423 —0.0859 + 1.7817i
Ay
<> 210 4+ 529 4+ 1528 + 3027 + 4425 + 4525 + (0)2, (—1)2, —0.2436 & 0.40324,

28z% + 1023 + 222

—1.1373 £ 1.36457, —0.1191 £ 1.6861

210 4+ 529 4+ 1528 + 3027 + 4520 + 4725 +
28z% + 83 + 22

(0)2, (=1)2, —0.2484 £ 0.1789i,
—1.2315 4 1.4418i, —0.0201 4 1.72284

210 + 529 4+ 1528 4+ 3027 + 4525 + 4925 4
3474 + 1423 + 322

(0)2, (=1)2, —0.3355 % 0.4773,
—0.0235 + 1.61567, —1.141 & 1.4413;

210 4+ 529 4+ 1528 + 3027 + 4528 + 5125 +
40z* + 2023 + 522

) - y — Y. . 1, . . 7,
0)2 1)2, —0.5 £ 0.6887i, 0.0198 + 1.469;
—1.0198 + 1.469¢
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Roman Domination Polynomial

Roman Domination Roots

212 4+ 621 + 21210 4 4529 + 6528 +
6627 + 5128 + 3025 + 152% + 523 + 22

, 0. .63, —0. . 1,
0)2, 0.1235 4 0.63i, —0.3468 + 0.3391i
—0.5 £ 0.8667, —1.1904 £+ 0.69911,
—1.0862 £ 2.05721%

212 4+ 621 + 21210 4 4629 + 6928 +
6927 + 4528 + 1825 + 6% + 23

(0)3, —0.3121, —0.0323 + 0.4384,
—1.0811 + 0.6413i, —0.8774 + 1.3707i,
—0.8532 + 1.7983i

212 + 621 + 21210 4 462° + 7028 +
7027 4 4326 + 1425 + 324

(0)*, —0.1845 £ 0.36614, —1.0193 + 0.56084,
—0.569 + 1.74597, —1.2272 £ 1.5512:

212 4+ 621t + 21210 4+ 4729 + 7328 +
7527 + 4628 + 1225 + 24

(0)4, —0.1569, —0.2961, —1.1689 % 0.632i,
—0.4916 + 1.81894, —1.1129 + 1.4817:

212 + 62t + 21210 4 4729 4 7328 +
7527 4 4820 + 1625 + 324

(0)4, —0.2402 £ 0.3241i, —1.0707 & 0.65684,
—0.5512 & 1.8554, —1.1379 & 1.3514

212 4+ 62t + 21210 4 4829 + 7628 +
80x7 + 5128 + 1425 + z*

(0)4, —0.1065, —0.4101, —1.289 = 0.6654i,
—0.466 &£ 1.9189i, —0.9867 % 1.348i

212 4+ 621t + 21210 4+ 4729 4+ 7328 +
7827 4 5926 + 3225 + 1524 + 523 + 22

(0)2, 0.1005 == 0.53573, —0.3634 == 0.30764,
—0.9047 & 1.0954i, —1.0993 % 0.77814,
—0.733 + 1.8761i

212 4+ 621t + 21210 4 4729 4+ 7428 +
7727 + 5528 4+ 2325 + Tzd + 23

(0)3, —0.2808, —0.1229 4 0.4157i,
—0.6917 £ 0.9552¢, —0.5851 £ 1.8882¢,
—1.46 +1.1647¢

212 + 621 + 21210 4 4729 + 7528 +
81x7 + 5428 + 3025 + 3¢

(0)4, —0.1226, —1.7056, —0.1608 % 0.8745i,
—0.4263 £ 1.89857, —1.4987 £ 1.5959:

212 4+ 621t + 21210 4 4829 + 7728 +
8527 + 6128 + 2425 + 6% + 23

(0)3, —0.4477, —0.0846 + 0.30914,
—1.2038 + 0.6559i, —0.4577 + 1.79084,
—0.9401 + 1.4635i
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Graph Roman Domination Polynomial Roman Domination Roots
: 1' 212 4+ 621 + 21210 4 4829 + 7728 + (0)3, —0.333, —0.135 =+ 0.36984,
8427 + 6026 + 2525 + Tzt + 23 —1.1933 £ 0.7199i, —0.4782 4 1.87564,
—1.027 + 1.2682i
i 212 4+ 621 + 21210 4 4829 + 7828 + (0)%, —0.2759 £ 0.2872i, —1.302 + 0.71564,
8727 + 6220 + 22x° + 424 —0.3364 + 1.8063i, —1.0857 4 1.48524
I:[_. 22 4 621 4 21210 4 482° + 788 + (0)*, —0.2987 £ 0.20914, —1.1757 + 0.6497i,

8627 + 5928 + 2025 + 32*

—0.3324 £ 1.86397, —1.1932 £ 1.4373:

212 + 621 + 21210 4 4829 + 7828 +
86x7 + 6128 + 2425 + 524

(0)4, —0.3289 + 0.392i, —1.0706 + 0.68144,
—1.2184 4 1.3314i, —0.382 & 1.8693:

212 4+ 621 + 21210 4 4829 + 7828 +
8827 + 6528 + 2625 + 5z

(0)4, —0.3725 + 0.3183i, —1.2292 + 0.68861,
—0.3643 £ 1.75174, —1.034 % 1.4858i

212 + 621 + 21210 4 492° + 8128 +
93x7 4+ 7028 + 2825 + 5z

(0)4, —0.3903 + 0.2555i, —0.8845 + 1.4059i,
—1.3704 4 0.678i, —0.3548 + 1.8539

212 4+ 621t + 21210 4 4929 4 8128 +
9227 + 6528 + 2025 + 2%

(0)%, —0.193, —0.3455, —1.444 + 0.6474,
—0.2776 £ 1.8986¢, —1.0092 £ 1.4952¢

212 4+ 621 + 21210 4 4929 + 8128 +
9127 + 6428 + 2225 + 322

(0)4, —0.3236 + 0.1375i, —1.3071 + 0.68164,
—1.0564 % 1.3279i, —0.3129 & 1.9443;

212 + 621 + 21210 4 502° + 8428 +
96x7 + 6928 + 2425 + 3z

(0)%, —0.2931, —0.3912, —0.9289 + 1.2843,
—1.4442 4 0.6431i, —0.2848 + 2.0214i

212 4+ 621 + 21210 4 4829 4+ 7828 +
8827 + 6928 + 3725 + 162* + 523 + 22

(0)2, 0.0483 4 0.4866i, —0.3807 & 0.322i,
—1.0655 £ 0.7386¢, —0.4789 £ 1.8345¢,
—1.1231 £ 1.23374
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Graph

Roman Domination Polynomial

Roman Domination Roots

212 4 6211 + 21210 4 4829 + 7825 +
88x7 + 6726 + 3225 + 112* + 223

(0)3, —0.4201, —0.1104 + 0.4858i,
—1.1744 + 0.6852i, —0.4308 + 1.79734,
—1.0744 + 1.3725¢

212 4+ 621 + 21210 4 4829 + 7928 +
9127 + 6928 + 3025 + 8z* + 23

(0)3, —0.3093, —0.1986 = 0.3323,
—1.1854 + 0.6472i, —0.2844 + 1.76951,
—1.177 + 1.516i

212 + 621 + 21210 4 4829 + 7928 +
92x7 + 7228 + 3325 + 92* + 23

(0)3, —0.2376, —0.2756 = 0.3559,
—1.2094 + 0.6657i, —0.2836 + 1.70831,
—1.1126 + 1.5483i

212 4 621 + 21210 4 4829 + 8028 +
9427 + 7325 4 3225 4 72t

(0)4, —0.418 + 0.4055i, —1.117 = 0.65534,
—0.2117 + 1.75923, —1.2534 + 1.5328i

212 4+ 62t + 21210 4 4929 4 8128 +
9427 + 7528 + 3825 + 152% + 523 + 22

(0)2, 0.0702 & 0.4345i, —0.4437 & 0.21354,
—0.8269 & 1.3436i, —1.3747 £ 0.68444,
—0.425 + 1.8568i

212 + 621 + 21210 4 492° + 8228 +
9627 + 7420 + 3225 + 8zt 4 23

(0)3, —0.3786, —0.1866 + 0.2785i,
—1.3112 £ 0.6703%, —0.2771 £ 1.85381,
—1.0359 £ 1.41851

212 4+ 621 + 21210 4 4929 + 8228 +
9727 + 7728 + 3525 + 9z* + 23

(0)3, —0.2893, —0.2676 % 0.28113,
—1.3411 £ 0.67084, —0.2853 = 1.79843,
—0.9614 & 1.4678i

N

212 4+ 621t + 21210 4 4929 4+ 8228 +
9727 + 7728 + 3525 + 9zt + 23

(0)3, —0.2893, —0.2676 + 0.28113,
—1.3411 4 0.6708i, —0.2853 & 1.79844,
—0.9614 = 1.4678i

212 + 621 + 21210 4 492° + 8228 +
9627 + 7628 + 3625 + 10zt 4 23

(0)3, —0.184, —0.3372 =+ 0.4009,
—1.2633 + 0.76214, —0.332 + 1.85054,
—0.9755 + 1.2738
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Roman Domination Polynomial

Roman Domination Roots

212 4+ 621 + 21210 4 4929 + 8328 +
9927 + 7826 + 3425 + 724

(0)4, —0.4344 + 0.3425, —1.2443 + 0.70764,
—1.1133 4+ 1.4237i, —0.208 + 1.83713

212 + 621 + 21210 4 492° + 8328 +
10027 + 81x% + 37x° + 8z

(0)*, —0.4721 £ 0.36244, —1.2814 + 0.71564,
—0.2047 £ 1.78742, —1.0418 £ 1.4677¢

212 + 621t + 21210 4 4929 4 8328 +
9927 + 7628 + 3025 + 5z

y T Y. . 7, —1. . 2
0)%, —0.3847 £ 0.2078i 1.2966 + 0.6407:
—0.1699 £ 1.8567, —1.1487 + 1.5097:

212 4+ 621 + 21210 4 4929 + 8328 +
9927 + 7628 + 3025 + 5z

(0)4, —0.3847 + 0.2078i, —1.2966 + 0.6407i,
—0.1699 + 1.856i, —1.1487 & 1.50974

212 4+ 621 + 21210 4 5029 + 8528 +
10227 + 8128 + 37x% 4+ 9z + 23

(0)3, —0.4793, —0.2359 % 0.20631,
—1.34 £ 0.51364, —0.2629 = 1.9138;,
—0.9216 = 1.3839i

212 + 621 + 21210 4 502° + 8628 +
10427 + 83z6 + 372 4 72

(0)*, —0.5422 +0.20744, —1.2695 + 0.6782i,
—0.983 + 1.3109¢, —0.2053 + 1.9216¢

212 4+ 62! + 21210 4 5029 + 8628 +
10427 + 8128 + 322° + 524

(0)4, —0.3956 £ 0.1422i, —1.4133 & 0.62064,
—1.0285 & 1.4517i, —0.1626 + 1.93014

212 4+ 621 + 21210 4 5029 + 8628 +
10427 + 8128 + 322° + 524

(0)4, —0.3956 + 0.1422i, —1.4133 + 0.62064,
—1.0285 & 1.4517i, —0.1626 & 1.9301¢

212 + 621 + 21210 4 502° + 862° +
10627 + 9126 + 462° + 112

(0)4, —0.5786 + 0.39i, —0.7173 & 1.44954,
—1.4467 £ 0.7343, —0.2575 & 1.7935¢

212 + 621 + 21210 4 4829 4+ 8028 +
9627 + 8128 + 4525 + 18x% + 523 + 22

(0)2, —0.0184 + 0.4127i, —0.4318 & 0.36854,
—1.129 + 0.6906i, —0.2618 + 1.65864,
—1.159 & 1.5295i
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Graph

Roman Domination Polynomial

Roman Domination Roots

212 4+ 621 + 21210 4 4829 + 8028 +
9627 + 8128 + 4125 + 13z* 4 223

(0)3, —0.3915, —0.2307 + 0.4047i,
—0.1986 & 1.6219i, —1.3076 + 0.83134,
—1.0673 & 1.5915i

212 4+ 621 + 21210 4 4929 4+ 8228 +
9727 + 8128 + 4625 + 202* + 623 + 22

(0)2, —0.0193 + 0.5142i, —0.3809 = 0.24994,
—0.9361 & 1.1908i, —1.2662 + 0.7793,
—0.3976 & 1.8522i

-

212 + 621 + 21210 4 4929 + 8328 +
10027 + 836 4 44x® + 172% + 523 + 22

(0)2, 0.0212 £ 0.41124, —0.4442 4 0.28534,
—1.2421 £ 0.7185¢, —0.2605 £ 1.8109¢,
—1.0744 £ 1.38451

212 4 621 + 21210 4 4929 + 8328 +
10127 + 846 + 422° + 13z* + 223

(0)3, —0.4247, —0.2232 + 0.3935i,
—1.3145 + 0.6601i, —0.2104 4 1.76134,
—1.0396 £ 1.51664

212 4+ 621t + 21210 4 4929 + 8328 +
10127 + 84x6 + 4225 + 132% + 223

(0)3, —0.4247, —0.2232 % 0.3935,
—1.3145 £ 0.66014, —0.2104 + 1.76134,
—1.0396 & 1.5166i

212 4+ 62t + 21210 4 4929 4 8428 +
10427 + 886 4 4425 + 1224 + 23

(0)3, —0.1341, —0.4273 + 0.38114,
—1.2532 + 0.6966i, —0.1351 + 1.7632i,
—1.1174 + 1.51314

212 + 621 + 21210 4 492° + 8428 +
10427 + 8626 4 40x® + 102* + 23

(0)3, —0.2416, —0.3148 4 0.24564,
—1.3003 4 0.63314, —0.1038 4 1.79523,
—1.1603 4 1.5787i

212 4+ 621 + 21210 4 4929 + 8228 +
9627 + 7226 + 322° + 8x% + 23

3. (=1)?, —o0. , —0.21 .26514,
0)3 1)2, —0.6702, —0.2146 + 0.2651
—1.1889 + 1.4508i, —0.2615 + 1.89144

212 + 621 + 21210 4 492° + 8428 +
10527 + 9326 4+ 512° + 1524 + 23

(0)3, —0.0902, —0.584 = 0.47364,
—1.2491 + 0.8035i, —0.1482 + 1.66411,
—0.9736 + 1.4954i
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Roman Domination Polynomial

Roman Domination Roots

Ve

212 4+ 621 + 21210 4 4929 + 8528 +
107z7 + 9226 + 462° + 112

(0)4, —0.5542 + 0.4259i, —1.1816 + 0.7297,
—0.0686 + 1.7718i, —1.1956 + 1.5114i

A

212 + 621 + 21210 4 502° + 862° +
10627 + 9126 4+ 492° + 182% + 523 + z2

(0)2, 0.0065 4 0.3774, —0.4814 4 0.26834,
—0.8424 £ 1.3964%, —0.2552 £ 1.84811,
—1.4275 £ 0.68191

212 4+ 621 + 21210 4 5029 + 8628 +
10627 + 89x6 + 44x° + 13z* + 223

(0)3, —0.4773, —0.2069 + 0.354,
—1.4357 £ 0.626i, —0.2084 + 1.8498i,
—0.9105 =+ 1.46764

212 4+ 621 + 21210 4 5029 + 8628 +
10627 + 93x6 + 5225 + 172% + 223

(0)3, —0.2189, —0.5046 + 0.48944,
—0.6196 & 1.2791i, —0.3357 & 1.8302i,
—1.4307 + 0.7725i

212 4+ 62t + 21210 4 5029 4+ 8728 +
10927 + 936 4 46x° + 122% + 23

(0)3, —0.1411, —0.4254 + 0.31434,
—1.3917 4 0.6763i, —0.1365 + 1.84334,
—0.9758 & 1.4644i

212 + 621 + 21210 4 502° + 8728 +
10927 + 9326 4 462° + 1224 + 23

(0)3, —0.1411, —0.4254 + 0.31434,
—1.3917 £ 0.6763i, —0.1365 %+ 1.8433,
—0.9758 & 1.46443

212 4+ 621 + 21210 4 5029 + 8728 +
10927 + 936 + 4625 + 122 + 23

(0)3, —0.1411, —0.4254 + 0.3143i,
—1.3917 £ 0.6763i, —0.1365 + 1.84334,
—0.9758 & 1.4644i

212 4+ 621 + 21210 4 5029 + 8828 +
11227 + 9526 + 4425 4 924

(0)4, —0.485 % 0.2888i, —1.3653 £ 0.6551,
—1.1019 & 1.5178i, —0.0479 + 1.8706¢

Wl B & O g 9

212 4+ 6211 4+ 21210 4+ 5029 + 8728 +
11027 + 9826 + 5325 + 152% + 23

(0)3, —0.092, —0.5575 + 0.40754,
—0.8202 =+ 1.4852i, —0.1641 £ 1.7577i,
—1.4123 £ 0.74014




98

Deepak G., Manjunath N., Manjunatha R., Shashidhara J.M. and Akram Algesmah

Graph

Roman Domination Polynomial

Roman Domination Roots

212 4+ 621 + 21210 4 5029 + 8828 +
11227 + 9926 + 522° + 13z*

0)4, —0.6273 4 0.4267:, —0.9408 + 1.37284,
4 73 £ 0.4267 408 + 1.37
—1.3306 + 0.8333i, —0.1013 4 1.81614

212 + 621 + 21210 4 502° + 8828 +
11227 + 9726 + 4825 + 1124

(0)4, —0.5453 + 0.3684i, —1.34 & 0.7294i,
—1.0427 4 1.4531i, —0.072 & 1.8455:

212 + 621 + 21210 4 5029 + 8828 +
11227 + 9526 + 4425 4 924

(0)4, —0.485 % 0.2888i, —1.3653 % 0.65513,
~1.1019 & 1.5178i, —0.0479 + 1.8706¢

212 4+ 621 + 21210 4 4929 + 8428 +
10527 + 93z + 5425 + 22z* + 623 + x2

(0)2, —0.0786 + 0.4225i, —0.4153 + 0.29814,
—1.252 4+ 0.7062i, —0.182 = 1.71543,
—1.0722 + 1.4899i

v o] el o] @

212 4+ 621 + 21210 4 4929 + 8428 +
10627 + 9426 + 5225 + 182% + 323

(0)3, —0.4495, —0.2757 % 0.4629i,
—1.3173 £ 0.65074, —0.1142 + 1.68995,
—1.0681 = 1.6039i

212 4+ 62t + 21210 4 4929 4 8528 +
108z7 + 9528 + 522° 4+ 1924 + 523

(0)3, —0.8284, —0.0878 % 0.4909i,
—1.2316 & 0.7055i, —0.0743 % 1.7631,
—1.1922 & 1.5644i

-

212 + 621 + 21210 4 492° + 8528 +
10927 + 986 4 542° + 1724 + 223

(0)3, —0.2333, —0.4386 + 0.42264,
—1.2605 4 0.68644, —0.0447 4 1.71034,
—1.1397 4 1.592i

$

212 4+ 6211 4+ 21210 4+ 4929 + 8528 +
10927 4 10028 + 58x° + 19z* + 223

(0)3, —0.1758, —0.5658 % 0.5017i,
—1.2057 £ 0.77814, —0.064 + 1.6618i,
—1.0767 & 1.52774

212 4+ 621 + 21210 4 5029 + 8628 +
106z7 + 9528 + 60z° + 2924 + 1023 + 222

(0)2, —0.0012 £ 0.5814, —0.4883 + 0.3154,
—0.7487 £ 1.1144, —0.3524 + 1.90014,
—1.4095 £ 0.78851
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>

212 4+ 621 + 21210 4 5029 + 8728 +
11027 + 98z + 562° + 22z* + 623 + x2

0)2, —0.0566 =+ 0.4029:, —0.4434 + 0.25024,
2 +0.4 4434 +
—1.3964 + 0.682i, —0.1827 %+ 1.80534,
—0.9209 + 1.4429;

212 4+ 621 + 21210 4 5029 + 8728 +
11127 + 9926 + 5425 + 182% + 323

(0)3, —0.493, —0.2562 % 0.41561,
—1.4321 4 0.6182i, —0.1255 + 1.77154,
—0.9397 & 1.5633i

212 + 621 + 21210 4 502° + 882% +
11327 + 10228 + 582° + 21x* + 523 + 22

(0)2, —0.027 4 0.3248i, —0.5297 + 0.3493i,
—1.345 £ 0.73857, —0.1065 + 1.80481,
—0.9918 £ 1.43361

o2 b

212 4+ 621 + 21210 4 5029 + 8828 +
11427 + 10728 4 652° + 242 + 523 + 22

(0)2, —0.0431 + 0.28044, —0.6378 + 0.41734,
—0.8158 & 1.4693i, —0.1205 + 1.70964,
—1.3828 + 0.8164i

212 4+ 621 + 21210 4 5029 + 8828 +
11427 + 10328 + 562° + 172* + 223

(0)3, —0.2542, —0.422 % 0.35561,
—1.3894 = 0.6657i, —0.0554 + 1.78473,
—1.006 + 1.5497i

212 4+ 621 + 21210 4 5029 4 8828 +
11427 + 10528 + 602° + 19z* + 223

(0)3, —0.1831, —0.5358 = 0.43044,
—0.9159 + 1.50544, —0.0806 =+ 1.7439i,
—1.3761 % 0.7416i

Oy | W

212 + 621 + 21210 4 502° + 8828 +
11427 + 10328 + 5625 4+ 172* + 223

(0)3, —0.2542, —0.422 + 0.35564,
—1.3894 4 0.6657i, —0.0554 & 1.78474,
—1.006 + 1.5497¢

212 4+ 6211 4+ 21210 4 5029 + 8828 +
11427 4+ 1052 4+ 602® + 1924 + 223

(0)3, —0.1831, —0.5358 & 0.4304,
—0.9159 & 1.5054i, —0.0806 & 1.74393,
—1.3761 % 0.7416i

¢ D

212 4+ 621 + 21210 4 5029 + 8828 +
11427 + 10525 + 602° + 19z* + 223

(0)3, —0.1831, —0.5358 + 0.4304i,
—0.9159 & 1.5054i, —0.0806 & 1.74393,
—1.3761 & 0.7416i
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212 4+ 621 + 21210 4 5029 + 8928 +
11727 4+ 10726 + 58z + 162% + 23

(0)3, —0.0849, —0.5511 =+ 0.3827i,
—1.3403 £ 0.7154, 0.0048 = 1.80074,
—1.071 % 1.5332i

212 4+ 621 + 21210 4 5029 + 8928 +
11827 + 10926 + 622° + 182% + 3

(0)3, —0.0709, —0.6957 + 0.51814,
—1.1718 + 0.51794, 0.0102 = 1.7809i,
—1.1072 4 1.5419i

212 + 621 + 21210 4 502° + 8928 +
11727 + 10728 + 582° + 16x* + 23

(0)3, —0.0849, —0.5511 + 0.38274,
—1.3403 + 0.7154, 0.0048 + 1.80074,
—1.071 + 1.5332i

212 4+ 621 + 21210 4 5029 + 9028 +
12027 + 11125 + 602° + 15z

(0)*, —0.6364 + 0.4i, —1.283 %+ 0.7667i,
—1.1381 & 1.51594, 0.0575 4 1.81774

212 4+ 62 + 21210 4 5029 4+ 9028 +
12027 + 11125 + 602° + 152

(0)*, —0.6364 £ 0.4i, —1.283 4 0.7667i,
—1.1381 £1.5159%, 0.0575 £ 1.8177:

212 4+ 6211 4+ 21210 4+ 4929 + 8528 +
11027 + 1036 + 642 + 272 + T3 + 22

(0)2, —0.2107 % 0.4016i, —0.3587 + 0.3219i,
—1.2598 £ 0.695i, —0.0725 & 1.6492i,
—1.0983 & 1.5824i

212 4+ 621t + 21210 4 4929 + 8528 +
11127 + 10628 + 662° + 25z* + 423

(0)3, —0.3743, —0.4699 + 0.54313,
—1.2836 + 0.712i, —0.014 % 1.5963,
—1.0454 & 1.6378i

212 + 621 + 21210 4 502° + 8828 +
11427 + 10725 4+ 682° + 312* + 1023 4 222

(0)2, —0.0443 + 0.4978i, —0.5229 + 0.3243i,
—0.9295 + 1.4096i, —0.1523 + 1.75754,
—1.3511 & 0.7477i

| & > PR H| ¢ @ ©

212 4+ 6211 4+ 21210 4 5029 + 8828 +
11527 + 10826 + 662° + 272 + T3 + 22

(0)2, —0.1532 % 0.39417, —0.4109 % 0.25883,
—1.3937 £ 0.67114, —0.0866 % 1.73144,
—0.9557 & 1.5443i
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212 4+ 621 + 21210 4 5029 + 8828 +
11627 + 11126 + 6825 + 2524 + 423

(0)3, —0.4065, —0.4318 + 0.4781i,
—1.4156 + 0.6723i, —0.0405 + 1.67314,
—0.9089 + 1.6189i

212 4+ 621 + 21210 4 5029 + 8928 +
11827 + 11226 4 682 + 262% + 623 + 22

(0)2, —0.0835 £ 0.3041i, —0.5301 & 0.36714,
—1.3446 & 0.72314, —0.0164 + 1.75214,
—1.0255 £ 1.52574

o | 0

212 + 621 + 21210 4 502° + 8928 +
11827 + 11428 + 7225 + 28z* + 623 + 2

(0)2, —0.0847 £ 0.26934, —0.6226 + 0.4356i,
—0.9221 £ 1.4781%, —0.0345 £ 1.7066¢,
—1.3362 £ 0.8198%

212 4+ 621 + 21210 4 5029 + 8928 +
11927 + 11525 + 7025 + 24z* + 323

(0)3, —0.243, —0.5545 + 0.4425i,
—1.3725 4 0.72724, 0.0242 4 1.70894,
—0.9757 & 1.59014

212 4+ 621 + 21210 4 5029 + 8928 +
11927 + 11528 + 7025 + 24z* + 323

(0)3, —0.243, —0.5545 & 0.4425i,
—1.3725 £ 0.72723, 0.0242 = 1.7089%,
—0.9757 & 1.59014

212 4+ 621t + 21210 4 5029 4 8928 +
11927 + 11528 + 702° + 24z* + 323

(0)3, —0.243, —0.5545 =+ 0.44254,
—1.3725 £ 0.72724, 0.0242 + 1.70894,
—0.9757 & 1.59014

212 + 621 + 21210 4 502° + 9028 +
12127 4 11626 4 70x® + 2524 + 523 4 22

(0)2, —0.0363 & 0.26934, —0.6238 + 0.39941,
—1.2869 £ 0.779%, 0.043 £ 1.77374,
—1.096 + 1.5049:

212 4+ 6211 4+ 21210 4 5029 + 9028 +
12227 4+ 11926 4 7225 + 2324 + 223

(0)3, —0.1297, —0.6492 & 0.4324i,
—1.324 + 0.78754, 0.0788 = 1.74i,
—1.0408 £ 1.5613i

> W %) ¢ B B

212 4+ 621 + 21210 4 5029 + 9028 +
12227 + 11925 + 7225 + 23z* + 223

(0)3, —0.1297, —0.6492 =+ 0.43244,
—1.324 + 0.78754, 0.0788 & 1.744,
—1.0408 =+ 1.56134
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@

212 4+ 621 + 21210 4 5029 + 9028 +
12227 + 12125 + 7625 + 252* + 223

(0)3, —0.1121, —0.736 + 0.43474,
0.0763 4 1.7018i, —1.3382 4 0.8915i,
—0.946 + 1.53614

212 4+ 621t + 21210 4 4929 + 8528 +
11227 + 11126 4 762° + 3524 + 923 + 22

y T Y. . 1, —U. . (3
0)2, —0.2865 + 0.13244, —0.4153 4 0.6139i
—0.0178 £ 1.5072¢, —1.2854 £ 0.7218¢,
—0.995 + 1.6462:

212 4 621 + 21210 4 5029 + 8928 +
11927 4+ 11726 4 782° + 362* + 1123 + 222

(0)2, —0.1224 £ 0.47314, —0.5155 + 0.3399i,
—1.3496 £ 0.73144, —0.0412 £ 1.69194,
—0.9713 £ 1.5201%

212 4+ 621 + 21210 4 5029 + 8728 +
11027 + 9826 + 56x° + 232% + 623 + 22

(0)2, —0.095 % 0.4168i, —0.3314 = 0.3237i,
—1.448 £ 0.67i, —0.1814 = 1.8122i,
—0.9443 £ 1.459i

212 4+ 6211 4+ 21210 4+ 5029 + 8928 +
12127 + 12326 4 8225 + 3224 + 523

(0)3, —0.3499, —0.5934 & 0.4954i,
0.0784 & 1.61467, —1.4059 & 0.7324i,
—0.9041 + 1.6807i

212 + 621 + 21210 4 502° + 9028 +
12327 4 12426 4 82x°% + 3324 + 723 4 22

(0)2, —0.1152 £ 0.24054, —0.6359 4 0.4393,
—1.3318 £ 0.7978¢, 0.074 + 1.6854,
—0.9911 £ 1.56621

212 4+ 621 + 21210 4 5029 + 9028 +
12227 4 12325 + 8445 + 3724 + 1023 + 222

(0)2, —0.0913 =+ 0.3631i, —0.7025 & 0.43494,
—0.9207 = 1.4437i, 0.0185 & 1.67314,
—1.3039 = 0.9196i

B o M| @ b & &

212 4+ 621 + 21210 4 5029 + 9028 +
12327 + 12426 4 822° + 3324 + T3 + 22

(0)2, —0.1152 % 0.2405i, —0.6359 % 0.4393,
—1.3318 £ 0.79784, 0.074 + 1.6854,
—0.9911 = 1.5662i
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Roman Domination Roots

212 + 6211 4+ 21210 + 502° 4+ 9028 +
12427 + 12726 + 84x° + 312t + 423

(0)3, —0.2388, —0.6756 + 0.4587i,
—1.3675 + 0.79584, 0.1242 = 1.66154,
—0.9617 + 1.64045

12 + 6211 4+ 21210 + 502 4+ 9028 +
12427 + 12725 + 8425 4 312t + 423

(0)3, —0.2388, —0.6756 % 0.4587i,
—1.3675 & 0.7958i, 0.1242 -+ 1.66151,
—0.9617 & 1.6404i

212 4+ 621! + 21210 + 5029 + 8928 +
12127 + 12526 + 902° + 4424 + 1323 + 222

(0)2, —0.3369 & 0.36334, —0.4276 + 0.4667i,
0.0164 £ 1.5594¢, —1.3856 £ 0.74074,
—0.8664 £ 1.62381

212 + 6211 4+ 21210 + 502° 4 9028 +
12327 + 12626 + 902® + 452* + 1523 + 322

(0)2, —0.1346 + 0.5244, —0.5926 + 0.3894,
0.0122 £ 1.655%, —1.299 % 0.80581,
—0.986 + 1.48821

12 + 6211 4+ 21210 + 502° 4+ 9028 +
12427 + 12926 + 9225 4 432% + 1223 + 222

(0)2, —0.1808 + 0.3545i, —0.618 & 0.4469i,
0.0759 &+ 1.6192i, —1.341 = 0.80784,
—0.936 £ 1.5796i

12 4 6211 4 21210 4 5029 + 9025 +
12527 + 13225 + 9425 4+ 412% + 923 + 22

(0)2, —0.1737 £ 0.1812i, —0.6682 & 0.47064,
0.1377 £ 1.6032i, —1.377 = 0.8028i,
—0.9187 & 1.6633i

212 4+ 621! + 21210 + 5029 + 9028 +
12527 + 13426 4 10225 + 532% 4 1723 + 322

(0)2, —0.2721 + 0.44244, —0.5909 + 0.45684,
0.0924 + 1.542i, —1.3515 = 0.8172i,
—0.8779 + 1.606i

212 + 6211 4+ 21210 + 502° 4+ 9028 +
12627 + 13525 + 962° + 39z* + 623

(0)3, —0.3189, —0.7075 % 0.47164,
0.1916 & 1.5988i, —1.4076 & 0.7946,
—0.917 & 1.7322i

Wl B B X & B B M| 9

212 + 6211 4+ 21210 + 502° 4 9028 +
12627 + 13926 + 11225 + 63z* 4 2223 + 422

y T Y. . 7, —U. . 1,
0)2, —0.4209 + 0.5088i, —0.527 4 0.4644i
0.1355 £+ 1.4616¢, —1.3631 £ 0.8255¢,
—0.8245 £ 1.64891
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A\

12 + 6211 4+ 21210 + 502° 4 9028 +
12627 + 13726 + 10425 + 512* + 1423 + 222

(0)2, —0.2378 + 0.2739i, —0.6605 + 0.4862i,
0.164 + 1.54214, —1.3872 & 0.8092i,
—0.8785 & 1.6945i

<&

212 4+ 6211 + 21210 + 5029 + 9028 +
12627 4+ 14125 + 12025 + 752* + 3023 + 622

(0)2, —0.5662 + 0.3387i, —0.5 4= 0.8664,
0.1321 £ 1.3332¢, —0.7327 £ 1.59591,
—1.3332 £ 0.84461

Now, all connected graphs of order< 6 with their Roman domination polynomials and

roots are listed in the table.
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Famous Words

A contradictory behavior is out of synchronization or logical inconsistency in developing of
things. However it is a universal existence in human’s eyes. Thus, a mathematical system should
follows the principle of logical consistency and can not contradict itself on one hand. But on
the other hand, the contradiction exists everywhere among things and the logical consistency
of mathematical system must lead to the limitation of characterizing things, including the
incompleteness of formal logic of itself such as the Godel’s incompleteness theorem, etc. So,
the mathematical reality is definitely less than or different from the natural reality.

— Extracted from Combinatorial Theory on the Universe, a book of Dr.Linfan Mao on
mathematics with philosophy of science, which systematically discusses the recognition of hu-
mans from the local to the whole, published by Global Knowledge-Publishing House in 2023.
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