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Abstract: This paper proposes the concept of direct product of multigroups and its gen-
eralization. Some results are obtained with reference to root sets and cuts of multigroups.
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81. Introduction

In set theory, repetition of objects are not allowed in a collection. This perspective rendered set
almost irrelevant because many real life problems admit repetition. To remedy the handicap in
the idea of sets, the concept of multiset was introduced in [10] as a generalization of set wherein
objects repeat in a collection. Multiset is very promising in mathematics, computer science,
website design, etc. See [14, 15] for details.

Since algebraic structures like groupoids, semigroups, monoids and groups were built from
the idea of sets, it is then natural to introduce the algebraic notions of multiset. In [12], the term
multigroup was proposed as a generalization of group in analogous to some non-classical groups
such as fuzzy groups [13], intuitionistic fuzzy groups [3], etc. Although the term multigroup
was earlier used in [4, 11] as an extension of group theory, it is only the idea of multigroup in
[12] that captures multiset and relates to other non-classical groups. In fact, every multigroup
is a multiset but the converse is not necessarily true and the concept of classical groups is a
specialize multigroup with a unit count [5].

In furtherance of the study of multigroups, some properties of multigroups and the anal-
ogous of isomorphism theorems were presented in [2]. Subsequently, in [1], the idea of order
of an element with respect to multigroup and some of its related properties were discussed.
A complete account on the concept of multigroups from different algebraic perspectives was

outlined in [8]. The notions of upper and lower cuts of multigroups were proposed and some of

1Received April 26, 2017, Accepted November 2, 2017.
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their algebraic properties were explicated in [5]. In continuation to the study of homomorphism
in multigroup setting (cf. [2, 12]), some homomorphic properties of multigroups were explored
in [6]. In [9], the notion of multigroup actions on multiset was proposed and some results were
established. An extensive work on normal submultigroups and comultisets of a multigroup were
presented in [7].

In this paper, we explicate the notion of direct product of multigroups and its generaliza-
tion. Some homomorphic properties of direct product of multigroups are also presented. This
paper is organized as follows; in Section 2, some preliminary definitions and results are pre-
sented to be used in the sequel. Section 3 introduces the concept of direct product between two
multigroups and Section 4 considers the case of direct product of k** multigroups. Meanwhile,

Section 5 contains some homomorphic properties of direct product of multigroups.

82. Preliminaries

Definition 2.1([14]) Let X = {X1,X2, - ,Xp, - } be a set. A multiset A over X is a cardinal-
valued function, that is, Ca : X — N such that for x € Dom(A) implies A(X) is a cardinal
and A(X) = C4(X) > 0, where Ca(X) denoted the number of times an object X occur in A.
Whenever C4(X) = 0, implies X € Dom(A).

The set of all multisets over X is denoted by MS(X).

Definition 2.2([15]) Let A,B € MS(X), A is called a submultiset of B written as A C B if
Ca(X) < Cp(x) for ¥x € X. Also, if A C B and A # B, then A is called a proper submultiset

of B and denoted as A C B. A multiset is called the parent in relation to its submultiset.

Definition 2.3([12]) Let X be a group. A multiset G is called a multigroup of X if it satisfies

the following conditions:

(i) Ca(xy) > Ca(X) A Ca(y)VXx,y € X;
(ii) Ca(x71) = Co(x)vx € X,

where Cg denotes count function of G from X into a natural number N and A denotes minimum,

respectively.
By implication, a multiset G is called a multigroup of a group X if
Ca(xy™*) > Ca(x) ACaly), Yxy e X.
It follows immediately from the definition that,
Ca(e) > Ca(x), Wxe X,

where € is the identity element of X.

The count of an element in G is the number of occurrence of the element in G. While the
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order of G is the sum of the count of each of the elements in G, and is given by
|G| = ZCG(Xi)a Vx; € X.
i=1

We denote the set of all multigroups of X by M G(X).

Definition 2.4([5]) Let A € MG(X). A nonempty submultiset B of A is called a submulti-
group of A denoted by B T A if B form a multigroup. A submultigroup B of A is a proper
submultigroup denoted by B C A, if B C A and A # B.

Definition 2.5([5]) Let A € MG(X). Then the sets Ap,; and A,y defined as
(1) Apy = {xe X [Ca(x) > n,ne N} and
(if) Agy = {xe X | Ca(x) >n,n e N}

are called strong upper cut and weak upper cut of A.

Definition 2.6([5]) Let A € MG(X). Then the sets A"l and AM™ defined as
(i) Al = {x € X | C4(X) <n,neN} and
(ii) A = {x € X | Ca(x) <n,n € N}
are called strong lower cut and weak lower cut of A.
Definition 2.7([12]) Let A € MG(X). Then the sets A, and A* are defined as
() A, ={xeX|Ca(x) >0} and
(i) A* = {x € X | C4a(X) = Ca(e)}, where e is the identity element of X.
Proposition 2.8([12]) Let A € MG(X). Then A, and A* are subgroups of X.

Theorem 2.9([5]) Let A € MG(X). Then Ay, is a subgroup of X ¥n < Cy4(e) and Al is a
subgroup of X ¥ n > C4(e), where e is the identity element of X and n € N.

Definition 2.10([7]) Let A,B € MG(X) such that A C B. Then A is called a normal
submultigroup of B if for all X,y € X, it satisfies Ca(Xyx~1) > Ca(y).

Proposition 2.11([7]) Let A,B € MG(X). Then the following statements are equivalent:

(i) A is a normal submultigroup of B;
(ii) Ca(xyx™1) = Ca(y)¥X,y € X;
(iil) Ca(xy) = Ca(yx)¥x,y € X.

Definition 2.12([7]) Two multigroups A and B of X are conjugate to each other if for all
X,y € X, Ca(X) = Cp(yxy™1) and Cp(y) = Ca(xyx~1).

Definition 2.13([6]) Let X and Y be groups and let ¥ : X — Y be a homomorphism. Suppose
A and B are multigroups of X and Y , respectively. Then T induces a homomorphism from A
to B which satisfies



4 P.A. Ejegwa and A.M. Ibrahim

(i) Ca(fFt(y1y2)) > Ca(F(y1)) ACa(FH(y2)) Wy1,y2 € Y
(II) CB(f(X]_Xz)) > CB(f(Xl)) N CB(f(Xz)) VX1, X2 € X,

where

(i) the image of A under ¥, denoted by T(A), is a multiset of Y defined by

Vzeffl(y) CA(X)v f_l(y) 7é 0

Cryy) =
T 0, otherwise

for eachy €Y and
(ii) the inverse image of B under f, denoted by f~1(B), is a multiset of X defined by

Cf—l(B)(X) = CB(f(X)) Vx e X.
Proposition 2.14([12]) Let X and Y be groups and £ : X — Y be a homomorphism. If
A € MG(X), then F(A) e MG(Y).

Corollary 2.15([12]) Let X and Y be groups and f : X — Y be a homomorphism. If B €
MG(Y), then F~1(B) € MG(X).

83. Direct Product of Multigroups

Given two groups X and Y, the direct product, X x Y is the Cartesian product of ordered pair
(X,¥) such that X € X and y € Y, and the group operation is component-wise, so

(X1, Y1) X (X2,¥2) = (X1X2,Y1Y2).

The resulting algebraic structure satisfies the axioms for a group. Since the ordered pair
(X,y) such that x € X and y € Y is an element of X x Y, we simply write (X,y) € X x Y. In
this section, we discuss the notion of direct product of two multigroups defined over X and Y,

respectively.

Definition 3.1 Let X and Y be groups, A € MG(X) and B € MG(Y ), respectively. The
direct product of A and B depicted by A x B is a function

Caxp: X xY —N

defined by
Caxp((X,y)) =Ca(X) ACp(y)Vx € X,Vy €.

Example 3.2 Let X = {e,a} be a group, where a®> = e and Y = {€’,X,y,z} be a Klein 4-group,
where X? = y? = z?2 = ¢’. Then
A=e% a
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and
B = [(e)° "y, 2"
are multigroups of X and Y by Definition 2.3. Now
X xY ={(e.€) (e.x),(ey) (e2),(a¢) (ax)(ay)(az)}
is a group such that
(e,x)? = (e,y)* = (e,2)* = (a,€)? = (a,x)? = (ay)’ = (a2)* = (e,€))
is the identity element of X x Y. Then using Definition 3.1,
Ax B =[(e.€) (&%) (6,y)° (€.2)% (a,¢), () (aY), (a2)

is a multigroup of X x Y satisfying the conditions in Definition 2.3.
Example 3.3 Let X and Y be groups as in Example 3.2. Let

A= [e® al]

and
B = [(e/)7, X9, yG, 25]

be multisets of X and Y, respectively. Then
AxB=[(ee€) (&%) (y)°E2)°@¢e) @x*" @y (@z).

By Definition 2.3, it follows that A x B is a multigroup of X x Y although B is not a
multigroup of Y while A is a multigroup of X.

From the notion of direct product in multigroup context, we observe that
|A x B[ <|A[[B]
unlike in classical group where | X x Y| = |X]||Y].

Theorem 3.4 Let A€ MG(X) and B € MG(Y ), respectively. Then for alln € N, (AxB),) =
A[n] X B[n]

Proof Let (X,y) € (A x B),). Using Definition 2.5, we have
Caxs((%,y)) = (Ca(x) ACp(y)) = n.
This implies that C4(X) > n and Cg(y) > n, then x € A,; and y € By,;. Thus,

(X, y) S A[n] X B[n].
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Also, let (X,y) € Ap,p X B,j. Then C4(X) > n and Cp(y) > n. That is,
(C4(X) A Ch(y)) = n.

This yields us (X,y) € (A X B)[n] Therefore, (A X B)[n] = A[n] X B[n] vn e N. o

Corollary 3.5 Let A € MG(X) and B € MG(Y ), respectively. Then for alln € N, (AxB)" =
Al Blnl .

Proof Straightforward from Theorem 3.4. O

Corollary 3.6 Let A€ MG(X) and B € MG(Y ), respectively. Then

(i) (AxB). =A. xBy;
(ii) (A x B)* = A* x B*.

Proof Straightforward from Theorem 3.4. |

Theorem 3.7 Let A and B be multigroups of X andY , respectively, then Ax B is a multigroup
of X x Y.

Proof Let (X,y) € X x Y and let X = (X1,X2) and y = (y1,Y2). We have

Caxs(Xy) = Caxp((X1,%2)(Y1,¥2))

CaxB((X1y1, X2Y2))

Ca(X1y1) A Cg(X2Y2)

A(Ca(x1) A Ca(y1), Cp(X2) A Cp(y2))
= A(Ca(x1) ACp(X2),Cal(yr) A Cr(Yy2))
= Caxs((x1,X%2)) A Caxp((Y1,Y2))

= Cax(X) ACaxn(y)

Y

Also,
Caxa(x!) = Caxn((x1,%2)7") = Caxp((Xy', %))
= Ca(xyY) ACp(X;") = Ca(x1) A Cp(x2)

= Caxn((X1,X2)) = Caxp(X).
Hence, Ax B € MG(X x Y). O

Corollary 3.8 Let A1,B1 € MG(X1) and Az, By € MG(X3), respectively such that Ax C B
and Ay C By. If A1 and Az are normal submultigroups of B1 and Ba, then A1 X Az is a normal
submultigroup of By x Ba.

Proof By Theorem 3.7, Ay X Az is a multigroup of X3 x Xz. Also, B1 x By is a multigroup
of X1 x X2. We show that A; x Az is a normal submultigroup of B1 x By. Let (X,y) € X1 x X3
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such that X = (X1, X2) and y = (y1,Y2). Then we get

Carxa(Xy) = Cayxa,((X1,%2)(Y1,Y2))
= Cayxa,((X1y1, X2y2))
= Ca,(X1y1) A Ca,(X2y2)
= Cuay(y1X1) A Ca,(Y2X2)
= Cuarxa,((y1X1,Y2X%2))
= Ca;xa,((Y1,Y2) (X1, X2))
= Cayxa,(yX).

Hence A1 x Ay is a normal submultigroup of B1 x B, by Proposition 2.11. O

Theorem 3.9 Let A and B be multigroups of X and Y , respectively. Then

(i) (A xB), is a subgroup of X x Y ;

(i) (A )* is a subgroup of X x Y ;

(III)( B)[ng: N € N is a subgroup of X x Y,V n < Cuxp(e,€);
(iv) (A )["] n € N is a subgroup of X XY, ¥n>Cuxp(e,e).

Proof Combining Proposition 2.8, Theorem 2.9 and Theorem 3.7, the results follow. O

Corollary 3.10 Let A,C € MG(X) such that A C C and B,D € MG(Y ) such that B C D,

respectively. If A and B are normal, then

(i) (A xB), is a normal subgroup of (C x D),;
(ii) (A )* is a normal subgroup of (C x D)*;
(iii) ( B)[np, N € N is a normal subgroup of (C X D)p,;, VN < Caxp(e€);
(iv) (A )["] n € N is a normal subgroup of (C x D)™, ¥ n > Cuyp(e,€).

Proof Combining Proposition 2.8, Theorem 2.9, Theorem 3.7 and Corollary 3.8, the results
follow. a

Proposition 3.11 Let A€ MG(X), Be MG(Y) and AxB e MG(X xY). Then V(X,y) €
X x Y, we have

(i) Caxp((x1y™h)) = Caxn((x.Y));
(ii) Caxp((e,€') > Ca ((X ¥));
(iil) Caxp((X,¥)") > Caxp((X,Y)), where € and €' are the identity elements of X and Y,
respectively and n € N.

)

Proof Forxe X, yeY and (X,y) € X x Y, we get

(i) Caxp((x1y™)) =Ca(x ) ACp(y™) = Ca(X) ACr(Y) = Caxn((X,Y))-
Clearly, Caxp((x1y™)) = Caxn((x,y)) V(x,y) € X x Y.
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which implies that Caxp((X,¥)") = Caxp((X™,¥")) > Caxn((X,¥)) V(X,y) € X x Y. O

Theorem 3.12 Let A and B be multisets of groups X and Y , respectively. Suppose that e and
e’ are the identity elements of X and Y , respectively. If A x B is a multigroup of X x Y, then
at least one of the following statements hold.

(i) Cp(e') > Ca(x) VX € X;
(ii) Ca(e) > Cp(y) Wy € Y.

Proof Let A x B € MG(X x Y). By contrapositive, suppose that none of the statements
holds. Then suppose we can find a in X and b in Y such that

Ca(a) > Cp(e’) and Cp(h) > Ca(e).
From these we have

Caxn((a,b))

Ca(a) ACp(h)
> Ca(e)ACp(e)
= Caxp((e,¢€).

Thus, A x B is not a multigroup of X x Y by Proposition 3.11. Hence, either Cp(e’)
Ca(x)¥x e X or Ca(e) > Cp(y)Vy € Y. This completes the proof. O

Y

Theorem 3.13 Let A and B be multisets of groups X and Y , respectively, such that C4(X) <
Cp(e')Vx € X, € being the identity element of Y. If A x B is a multigroup of X X Y, then A
is a multigroup of X.
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Proof Let A x B be a multigroup of X x Y and X,y € X. Then (X,¢€'),(y,e’) € X x Y.
Now, using the property C4(X) < Cp(e’) Vx € X, we get

Ca(xy) = Ca(xy)ACp(e'e)

= Caxs((x,€)(y.e))

> Caxn((%.€)) ACaxp((y.€))

= A(Ca(X) ACp(e"),Ca(y) ACp(e"))

= Ca(X) ACaly).
Also,

Calx™h) = Ca(x)ACHEY) = Caxn((x L))
Caxp((x,€)™") = Caxn((x,€))
= CA(X) A\ CB(e') = CA(X).

Hence, A is a multigroup of X. This completes the proof. O

Theorem 3.14 Let A and B be multisets of groups X and Y , respectively, such that Cp(X) <
Ca(e) VX €Y, e being the identity element of X. If A x B is a multigroup of X x Y, then B is
a multigroup of Y .

Proof Similar to Theorem 3.13. O

Corollary 3.15 Let A and B be multisets of groups X and Y , respectively. If A x B is a
multigroup of X XY, then either A is a multigroup of X or B is a multigroup of Y .

Proof Combining Theorems 3.12 — 3.14, the result follows. |

Theorem 3.16 If A and C are conjugate multigroups of a group X, and B and D are conjugate
multigroups of a group Y . Then Ax B € MG(X xY) is a conjugate of CxD € MG(X xY).

Proof Since A and C are conjugate, it implies that for g1 € X, we have
Ca(x) = Cc(gl_lxgl) vx € X.
Also, since B and D are conjugate, for g, € Y, we get

Cr(y) =Cp(g; 'yg2) Wy € Y.
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Now,
Caxn((%,Y)) =Ca(X) AC5(Y) = Cc(07*xa1) A Cp(g5ye)
= Coxn((97™%01), (05 'y92))
= Ccoxp((97 821X, Y)(91,02))
= Coxn((91,92) 71 (%, Y)(01,92))-
Hence, Caxp((X,¥)) = Coxp((91,92) "1(X,¥)(91,92)). This completes the proof. a

84. Generalized Direct Product of Multigroups

In this section, we defined direct product of k** multigroups and obtain some results which

generalized the results in Section 3.

Definition 4.1 Let Ay, Az, -+, Ax be multigroups of X1, Xz, , Xy, respectively. Then the
direct product of A1,A2, -+ ,Ag is a function

CA1><A2><---><A|< :Xl ><X2 X ><Xk — N
defined by
CarxazxxA(X) = Cay (X1) ACay(X2) A+ ACayy (Xk—1) A Cap (X)

where X = (X1, X2, -+, Xp—1, Xk), VX1 € X1,VX2 € Xa, -+, VX € Xp.. If we denote A, Az, -+, Ay
by A, (€)X, Xo, -+, X by X, (i € 1), ArxAgx- - - XAy, bynleAi and Xy X Xo x -+ x Xy,
by Hle X;. Then the direct product of A; is a function

k
CHIi(:lAi : sz —N
=1

defined by
Cm;l A, (Xi)ier) = NierCa, (%)) VX € X, 1 =1,--- k.

Unless otherwise specified, it is assumed that X; is a group with identity e; for all i € 1,
k
X = Hie[ X, and so € = (&;)icr-

Theorem 4.2 Let A1,Az, - ,Ar be multisets of the sets X1, Xz, -, X, respectively and let
neN. Then
(Al X Ap X -+ X Ak)[n] = Al[n] X Az[n] X oo X Ak[n]-

Proof Let (X1,X2,--+,Xx) € (A1 X Az X -+ X Ap)p)- From Definition 2.5, we have

CarxApxxae (X1, X2, -+, Xg)) = (Cay (X1) ACay (X2) A+ ACay (Xi)) >N
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This implies that Ca,(X1) > N, Ca,(X2) > N,---,Ca (X)) > n and X1 € Aqp,, X2 €
Az[n], e, XE € Ak[n]' Thus, (X]_, X, ,Xk) S Al[n] X Az[n] X - X Ak[n]'

Again, let (X1,X2,- -+, Xg) € Aqpng X Agppp X -+ - X Agpnp. Then X; € Aypyp, for i =1,2,--- K,
Ca,(X1) > N, Cy,(X2) >N, ,Ca,(Xx) > nN. That is,

(Cay(X1) ACay(X2) A -+ ACay(Xk)) = 1.

Implies that
(X]_,Xg, cee ,Xk) S (A]_ X A2 X o X Ak)[n]

Hence7 (A]_ X Ap X -+ X Ak)[n] = Al[n] X A2[n] X oo X Ak[n] O

Corollary 4.3 Let A1, A, -+, Ax be multisets of the sets Xy, Xa, -+, Xy, respectively and let
neN. Then

(i) (A1 x Agx - x Ap)l = Al Al S Al

(1) (Ap X Agp x - X Ap)* = AL X AS x - X A;

(i) (AL X Ag X -+ X Ag)x = A X Az X -+ X Ags.

Proof Straightforward from Theorem 4.2. a

Theorem 4.4 Let A1, Az, -, Ar be multigroups of the groups Xi, Xz, -+ , Xy, respectively.
Then Ap X Ag X -+ X Ay is a multigroup of X1 X Xa X -+ X Xj.

Proof Let (X]_,Xz,-~- ,Xk), (yl,y2,~~~ -yk) € Xg X Xy X -+ x Xg. We get

Capscoxa (X, -+ X ) (Y1, -+, Vi)

= Cayxxa (XaY1, -+ XkYk))

= Ca, (Xay1) A+ A Ca (XiYr)

2 (Cay(X1) ACay(y1)) A- -+ A(Car (Xk) A Cap (Vi)

= AMA(Cay(X1), Cay (Y1), -+ s MCar (Xk), Care (Vi)

= AA(Ca; (X1), -+, Cae (X)) A(Cay (V) -+ Care (Vi)
= Caysxcoxa (Xas X)) A Cayxoxa (Y1, 3 Vi)

Also,
-1 _ -1 -1
CA1><---><A|<((X1, te ,Xk) ) = CA1><~-~><AK((X1 y 'Xk ))
= CAl(Xil)A"'ACAk(Xlzl)
= CAl(Xl)/\"'/\CAk(Xk)
= CA1><~~~><AK((X11"' lxk))
Hence, A1 X Az X -+ X Ag is a multigroup of X1 x Xz x -+ x Xg. O

Corollary 4.5 Let A1,Az, -+ ,A; and By, By, -+, By be multigroups of X1, X2, -+, Xg, re-
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spectively, such that Ap, Az, ,Ar € B1,Ba, -+ ,Bg. If A1, Az, -+, A are normal submulti-
groups of B1, B2, - -+, Bk, then Ay XAz X -+ - X Ay is a normal submultigroup of By xBa X+ - - x By.

Proof By Theorem 4.4, Ay X Ay X --- X Ag is a multigroup of Xi, Xz, ,X,. Also,
B]_ X Bg X oo X Bk is a multigroup of X]_,Xz, s ,Xk.
Let (X]_,Xz, s ,Xk), (yl,yz, s -yk) € X1 X X X +-- X Xg. Then we get

Capscoxa (X, X)) (Y1, 3 Yk)) = Capxeoxa (Xaya, -+ XkYr))
= Cay(Xay1) A A Cap (XeYr)
= Cay(YiXae) A=+ A Ca (YrXk)
= Capscoxac((YaXa, -, YiXk))

= CA;|_><~>><A|<((y11"' ,yk)(xl,"' 1Xk))-
Thus, A1 X - -+ X Ag is a normal submultigroup of By X - - x By by Proposition 2.11. O

Theorem 4.6 If A1,Ao, -, A are multigroups of X1, Xz, , X, respectively, then

(1) (AL XAz X X Ap)x is a subgroup of X x X X -+ X Xg;

(ii) (A1 X Ag X -+ X Ap)* is a subgroup of X1 X Xz X -+ x X

(i) (AL X Az X -+ X Ap)[np, N € Noids a subgroup of Xg x Xg x -+ x X, VYN <Cy (1) A
Ca,(€2) N+~ ANCa,.(er);

(iv) (AL x Ag x --- x Ap) n € N is a subgroup of X1 x Xa x --- x X, ¥n>Ca,(e1)A
CAZ(Ez)/\---/\CAk(ek).

Proof Combining Proposition 2.8, Theorem 2.9 and Theorem 4.4, the results follow. O

Corollary 4.7 Let A1,A2,--- ,A; and B1,Bo, -+, By be multigroups of X1, Xz,--+ , Xy such
that A1, Az, -+ A CB1,Bo,- - ,Bg. If A1, Az, -+, Ax are normal submultigroups of B1, B,
-+, By, then

(1) (A1 x Az X+ X Ap)« is a normal subgroup of (By x Bz X -+ X Bg)y;
(i) (A1 X Ag X -+ - X Ap)* is a normal subgroup of (By x By x --- x By)*;

(i) (A1 x A2 X -+ X AN € N is a normal subgroup of (Br x Bz x -+ X By,
VN <Cy,(e1) ACy,(€2) A ACyp(er);

(iv) (A1 x Az x --- x Ap)Pn € N is a normal subgroup of (By x By x --+ x By)l"],

vn> CAl(el)/\CAz(eg)/\---/\CAk(ek).

Proof Combining Proposition 2.8, Theorem 2.9, Theorem 4.4 and Corollary 4.5, the results
follow. a

Theorem 4.8 Let A1,Az, -+ ,Ar and B1, B2, - - -, By be multigroups of groups X1, Xz, -+, X,
respectively. If A1, Az, -+, Ar are conjugate to By, By, -+, By, then the multigroup A1 X Az X
s XA of Xy xXox -+ -x Xy is conjugate to the multigroup By xBax- - -x By of Xy x XX+ - X X

Proof By Definition 2.12, if multigroup A; of X; conjugates to multigroup B; of X;, then
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exist X; € X; such that for all y; € X;,
Ca,(yi) = Cp, (X tyixi), i=1,2,--- k.

Then we have

Carxoxac((Y - Yk)) = Cay(y1) A--- ACu(Yr)
Cp, (X 'y1Xa) A -+ A Cp, (X YiXs)
= Chyxxme (XTY1Xe, -+, X YaXe).
This completes the proof. O

Theorem 4.9 Let A1, Az, -, Ax be multisets of the groups Xq, Xo, -+, Xg, respectively. Sup-

pose that €1, €2, - , € are identities elements of X1, Xo, -+, Xg, respectively. If Ag x Ag XX
Ay is a multigroup of X3 X Xo X --- X Xy, then for at least one i =1,2,---,K, the statement
CA]_XAZ><"'><Ai71XAi+1><"'><Ak((ell €2, ,€-1,€4+1," " 1ek)) Z CAi ((Xl))l VX’L S XZ

holds.

Proof Let A1 x Az X --- X Ay be a multigroup of X1 x X3 X - -+ x Xj. By contraposition,
suppose that for none of i = 1,2, - - - , K, the statement holds. Then we can find (a3, 8z, -+ ,ax) €
X1 x Xg x -+ x Xg, respectively, such that

CAi ((az)) = CA1><A2><~~~><Ai,1><Ai+1><---><Ak((eli €2, -, 61,841, " lek))-

Then we have

Carxxac((@n -+, ap)) = Ca (@) A ACay(ar)
> CapxcoxAi_axAivax—x A (1, 1 €i-1,81, 7+ ,€k))
= Cy,(€1)A---ACyy ,(€i21) ANCajyqy(Biv1) Ao ACay(Bg)
= Cg,(e1)A---ANCyy(er)

= CAlX...XAk((el, . ek))

So, A1 X Az X ... X Ag is not a multigroup of X3 x Xz x -+ x Xj. Hence, for at least one
i=1,2,---,k, the inequality

CA1><~~~><Ai,1><Ai+1><---><Ak((eli 81,8541, 1ek)) Z CAi ((X’L))
is satisfied for all x; € X;. O

Theorem 4.10 Let A1, Az, - - , A be multisets of the groups X1, Xo, - -+, Xg, respectively, such
that

CA.((Xl)) S CA1><A2><---><Ai,1><Ai+1X---XAk((elv €2, - ,€i—1,€+1, - vek))
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VX; € X;, €; being the identity element of X;. If A1 X Az X --- X Ag is a multigroup of
X1 X Xg X +++ X Xg, then A; is a multigroup of X;.
Proof Let A1 X A X --+x A be a multigroup of X3 x X5 x - - x X and X;,Y; € X;. Then
(ela s, €1, X, €441, 0 !ek)! (e].! e rei—lvyivei+1! e rek) S X]_ X X2 X X xk

Now, using the given inequality, we have

Cai((Xiyi)) = Cai((Xi¥i)) A CapxexAi_ax Ajwaxx A (€1, €im1, €41, -+, €k)
(€1, 81,841, ,€k))
= Capxooxaicxa (81, Xy ex) (81, Yiy o+, €x))
> CapxooxAixx A (81, Xiy o, €,)) ACayscoxAyxxae (81,0, Yis o €))

/\(CAi ((Xz)) A CA1><--~><Ai71><Ai+1><"'><Ak((el' €1 Ciy 'ek))' Ca ((yl))
/\CA:L><'~~><Ai—1><Ai+1><'--><Ak((el’ €1, i, ’ek))
Ca; ((%i)) A Cay ((yi))-

Also,

Cal(G 1) = Cal( M) ACarxxaisxamax-xac(@1 - ey 60, g 1))
= CAlX"'XAiX"'XAk((eIla"' 1X;11"' 1e];1))
= CA1><~~~><Ai><---><Ak((eli"' y XKiy oo |ek)7l)
= CA1><~~~><Ai><---><Ak((eli"' s XKiy oo |ek))
= CA.((Xl)) A CA1><~'><Ai,1><Ai+1><~'><Ak((e11 e !ei—la ei+1! e vek))
= Ca((%i)).

Hence, A; € MG(X;). O

Theorem 4.11 Let A1, Az, - - , A be multisets of the groups X1, Xz, - -+, Xg, respectively, such
that
CA]_XAZX"'><Ai71XAi+1><"'><Ak((Xll Xoy sy X1y X1,y o0t |Xk)) S CAi ((el))

fO’I’ V(Xl,Xz,-“ s XKi—1, Xj+1, ,Xk) € Xy X Xog X oo x Xiig X Xjgg X -0 X Xk, e; being the
identity element of X;. If Ap X Az X -+ X Ag is a multigroup of X1 X Xo X --- X Xg, then
A1 XAz X+ X A_1 X Ajrr X - - X Ay s a multigroup of Xq X X X+ -+ X X;_1 X Xigg X o+ X X

Proof Let A1 x Az X --- X Ag be a multigroup of X1 x Xy X -+ - x X and (X]_,Xz,-~- y Xi—1,
Xit1s 3 Xk )y (Y1, Y20 - Vi1, Yird, - 2 Yk) € X1 X X X -+ X Xi_1 X X1 X -+ X X Then

(X].! sy Xi—1, eiy Xi+1," - 1X/€)! (ylv et vyi—lv ei!yi"—ly e ka) S xl
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Using the given inequality, we arrive at

CapxcoxAi g x Aira o x A (X1, XKim 1y Xty o0 X ) (Y2, 0005 Vi1, Vit o 5 Vi)
= Cayxoox A1 x Apra o x A (XL X1, Xty o+ X ) (Y1, 3 Vo1, Vi1, 0 Vi)
ACA; (€)= Cayxoox i (Xey o+ € X ) (Y1, 180y 4 Vi)
> CayxxApxeox A (Xas 380y Xk)) A Cayseox Apxx A (Y1, 4 80y, Vi)
=A(C4,((61)) ANCayx-xAs_1xAiaxxAe (X1, Xi—1, Xiwd, - X)), Ca, ((6))
AC Ay xAi 1 Apea s x A (Y1 Yim 1, Yird, 0 YE))) = CApscox Ai 1 x Ajas x o x A
((X1s X1y X1, o+ 3 Xk)) A Cay oA xAver oo x A (Y1 Y20+ i1, Vit -+ k)
Again,
Cayxx Asax Apanooox A (XD X, X, -X;Zl))
= Capxox A ax A x A (O X X, G ) A Cag((671)
= Capxonainxae (X0 h e x )
= Cap s Aixx A (X1 1€+ X)) = Capscow g (X2, -+ 181y, X))
= CayscxAi_1x A x A (X2 o+ Xim1, Xiwd, -+, Xk ) A Cay ((84))
= CArxxA;_1xAmaxx A (X1, o o Xim1, Xiad, o0 4 XE))-

Hence, A; X Az X -+ X Aj_1 X Aja1 X -+ - X Ay is the multigroup of X1 x Xz x -+ x X;_1 X
Xijw1 X - oo X Xg. O

85. Homomorphism of Direct Product of Multigroups

In this section, we present some homomorphic properties of direct product of multigroups.
This is an extension of the notion of homomorphism in multigroup setting (cf. [6, 12]) to direct

product of multigroups.

Definition 5.1 Let W xX and¥Y xZ be groups and let ¥ : W x X — Y xZ be a homomorphism.
Suppose A x B € MS(W x X) and C x D € MS(Y x Z), respectively. Then

(i) the image of A x B under f, denoted by T(A x B), is a multiset of Y x Z defined by

Vw.eye f-1((.2y Cax((W, X)),  F71((y,z)) # 0

0, otherwise,

Craaxpy((y,2)) =

for each (y,z) €Y x Z;

(ii) the inverse image of C x D under f, denoted by f~1(C x D), is a multiset of W x X
defined by
Cr-1cxpy((W, X)) = Coxp(F((w,X))) V(w,x) € W x X.
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Theorem 5.2 Let W, X,Y,Z be groups, A € MS(W),B € MS(X),C € MS(Y) and D €
MS(Z). If f : W x X — Y x Z is a homomorphism, then

(i) F(A x B) C F(A) x £(B);
(i) f-1(C x D) = F~1(C) x F~1(D).

Proof (i) Let (w,X) € W x X. Suppose 3 (y,z) € Y x Z such that

F((w,x)) = (F(w), £(x)) = (v,2).

Then we get

Craxmy((¥,2)) = Caxp(fFH((y,2)))
= Caxs((FH(y),f1(2))
= Ca(fH(y)) ACr(f1(2))
= Cray(Y) ACpy(2)
= Crmxsm((y,2))

Hence, we conclude that, F(A x B) C f(A) x £(B).
(ii) For (w,X) € W x X, we have

Cr1ioxpy((W,X)) = Coxp(F((w,x)))
= ch((f( ), F(x)))
= Cc(f(w)) ACp(F(x))
= Cr1yW) A Crapy(X)
= Craoyxs2oy (W, X)).

Hence, f~1(C x D) C f~1(C) x f~1(D).

Similarly,

Cr-royxs-2y(W, X)) = Cro1(c)(W) ACp1(py(X)
= Cc(f(w)) ACp(F(x))
= Ceoxp((f(w), f(x)))
= Ceoxp(f((w,X)))
= Cr-1iexny((W,X)).

Again, f~1(C) x f~1(D) C f~1(C x D). Therefore, the result follows. O

Theorem 5.3 Let f: W x X — Y x Z be an isomorphism, A,B,C and D be multigroups of
W, X,Y and Z, respectively. Then the following statements hold:

(i) F(AxB) e MG(Y x Z);

(ii) f71(C) x YD) € MG(W x X).
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Proof (i) Since A € MG(W) and B € MG(X), then A x B € MG(W x X) by Theorem
3.7. From Proposition 2.14 and Definition 5.1, it follows that, f(A x B) € MG(Y x Z).

(ii) Combining Corollary 2.15, Theorem 3.7, Definition 5.1 and Theorem 5.2, the result
follows. O

Corollary 5.4 Let X and Y be groups, A € MG(X) and B € MG(Y ). If
F: X xX->YxY

be homomorphism, then

(i) FAx A) € MG(Y xY);
(i) F~1(B x B) € MG(X x X).

Proof Straightforward from Theorem 5.3. |
Proposition 5.5 Let X1, Xz, , Xy, and Y1,Y2,---, Y be groups, and
F X xXox oo x Xy =Y XY X xVYg
be homomorphism. If A X Ag X -+ x Ay € MG(Xg x Xa X -+ x Xg) and By X By X -+ x B, €
MG(Y]_ XYy X - X Yk), then
(1) F(AL x Ao X --- x Ag) € MG(Y1 x Yo x -+ X Yg);
(ii) F71(By x By x -+ x By) € MG(Xg x Xp X «++ X Xp).

Proof Straightforward from Corollary 5.4. |

86. Conclusions

The concept of direct product in groups setting has been extended to multigroups. We lucidly
exemplified direct product of multigroups and deduced several results. The notion of generalized
direct product of multigroups was also introduced in the case of finitely k' multigroups. Finally,
homomorphism and some of its properties were proposed in the context of direct product of
multigroups.
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Abstract: A complex system S consists m components, maybe inconsistence with m > 2,
such as those of biological systems or generally, interaction systems and usually, a system
with contradictions, which implies that there are no a mathematical subfield applicable.
Then, how can we hold on its global and local behaviors or reality? All of us know that there
always exists universal connections between things in the world, i.e., a topological graph G
underlying components in S. We can thereby establish mathematics over graphs 81, 52, e
by viewing labeling graphs 6’51 852 -+ to be globally mathematical elements, not only
game objects or combinatorial structures, which can be applied to characterize dynamic
behaviors of the system S on time t. Formally, a continuity flow Glisa topological graph G
associated with a mapping L : (v,u) — L(v, u), 2 end-operators A}, : L(v,u) — LAvu (v,u)
and Af, : L(u,v) — LAov (u, Vv) on a Banach space B over a field F with L(v,u) = —L(u, V)
and A, (—L(v,u)) = —LAV (v,u) for ¥(v,u) e E <8) holding with continuity equations

3 LN (v, u) = L), wWev (6’) .
uENG(v)

The main purpose of this paper is to extend Banach or Hilbert spaces to Banach or Hilbert
continuity flow spaces over topological graphs {81 82, o } and establish di[erentials on
continuity flows for characterizing their globally change rate. A few well-known results such
as those of Taylor formula, L’Hospital’s rule on limitation are generalized to continuity flows,
and algebraic or di[erkntial flow equations are discussed in this paper. All of these results
form the elementary di[erkntial theory on continuity flows, which contributes mathematical
combinatorics and can be used to characterizing the behavior of complex systems, particu-
larly, the synchronization.

Key Words: Complex system, Smarandache multispace, continuity flow, Banach space,
Hilbert space, dilerkential, Taylor formula, L’Hospital’s rule, mathematical combinatorics.

AMS(2010): 34A26, 35A08, 46B25, 92B05, 05C10, 05C21, 34D43, 51D20.

81. Introduction

A Banach or Hilbert space is respectively a linear space A over a field R or C equipped with a

complete norm || - || or inner product { -, - ), i.e., for every Cauchy sequence {X,} in A, there

1Received May 5, 2017, Accepted November 6, 2017.



20 Linfan MAO

exists an element X in A such that

nlij]go [Xn = X||er =0 or nhfgo (Xp =X, Xp —X), =0
and a topological graph ¢(G) is an embedding of a graph G with vertex set V (G), edge set
E(G) in a space S, i.e., there is a 1 — 1 continuous mapping ¢ : G — $(G) C S with
o(p) £ &(q) if p # q for Vp,q € G, i.e., edges of G only intersect at vertices in S, an embedding
of a topological space to another space. A well-known result on embedding of graphs without
loops and multiple edges in R™ concluded that there always exists an embedding of G that all
edges are straight segments in R™ for n > 3 (1221) such as those shown in Fig.1.

Fig.1

As we known, the purpose of science is hold on the reality of things in the world. However,
the reality of a thing T is complex and there are no a mathematical subfield applicable unless
a system maybe with contradictions in general. Is such a contradictory system meaningless
to human beings? Certain not because all of these contradictions are the result of human
beings, not the nature of things themselves, particularly on those of contradictory systems in
mathematics. Thus, holding on the reality of things motivates one to turn contradictory systems
to compatible one by a combinatorial notion and establish an envelope theory on mathematics,
i.e., mathematical combinatorics ([9]-[13]). Then, Can we globally characterize the behavior of a
system or a population with elements> 2, which maybe contradictory or compatible? The answer
is certainly YES by continuity flows, which needs one to establish an envelope mathematical
theory over topological graphs, i.e., views labeling graphs G to be mathematical elements
([19]), not only a game object or a combinatorial structure with labels in the following sense.

Definition 1.1 A continuity flow (8, L,A) is an oriented embedded graph G ina topological
space S associated with a mapping L : v — L(v), (v,u) — L(v,u), 2 end-operators A}, :
L(v,u) — LA (v,u) and A7, : L(u,v) — LA (u,V) on a Banach space B over a field F

O Al L(v,u) At Q
L(v) L(u)

% u
Fig.2
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with L(v,u) = —L(u,v) and A}, (—L(v,u)) = —L~u(v,u) for ¥(v,u) € E (8) holding with
continuity equation
+ —
> LAa(v,u)=L(v) for WeV (G)

ueNg(v)

such as those shown for vertex v in Fig.3 following

@ L(uz,V) L(v,us)

Uz

L(uz,v) A L(v,u
Us

uz
L(us,v) L(v,Us) @

us Fig.3 Us

with a continuity equation
LA (v, ug) + LA2(v, up) + L3 (v, uz) — L4 (v,ug) — LA (v,us) — LA (v, ug) = L(V),

where L(V) is the surplus flow on vertez V.
Particularly, if L(v) = X, or constants v,,v € V (8), the continuity flow (a;L,A)

N
is respectively said to be a complex flow or an action A flow, and G-flow if A = 1, where

N
X, = dx,/dt, X, is a variable on vertex Vv and v is an element in B for W e E (G ).

Clearly, an action flow is an equilibrium state of a continuity flow (8, L,A). We have
shown that Banach or Hilbert space can be extended over topological graphs ([14],[17]), which
can be applied to understanding the reality of things in [15]-[16], and we also shown that
complex flows can be applied to hold on the global stability of biological n-system with n > 3

in [19]. For further discussing continuity flows, we need conceptions following.

Definition 1.2 Let Bi, By be Banach spaces over a field F with norms || - |1 and || - |2,
respectively. An operator T : B1 — By is linear if

T ()\Vl + |.1V2) = AT (Vl) + pT (Vz)

for A,u € F, and T is said to be continuous at a vector vo if there always exist such a number



22 Linfan MAO

3(g) forV >0 that
IT(v) =T (vo)ll, <¢

if ||[v —voll; <8(g) for Vv,vo,v1,v2 € By.

Definition 1.3 Let Bi, By be Banach spaces over a field F with norms || - |1 and || - |2,
respectively. An operator T : B1 — By is bounded if there is a constant M >0 such that

IT(v)ll2

T, <M v, ie.,
; ' VI

<M

for ¥Yv € B and furthermore, T is said to be a contractor if
[T (v1) = T (v2)l| < cflva—va)

for¥vi,vo € B with ¢ € [0, 1).

+
v

We only discuss the case that all end-operators A7, A, are both linear and continuous.

In this case, the result following on linear operators of Banach space is useful.

Theorem 1.4 Let By, By be Banach spaces over a field F with norms ||-||1 and ||-||2, respectively.

Then, a linear operator T : B1 — By is continuous if and only if it is bounded, or equivalently,

T = sup T2 o

ozvez Vi1

Let {81, 82, . } be a graph family. The main purpose of this paper is to extend Ba-
nach or Hilbert spaces to Banach or Hilbert continuity flow spaces over topological graphs
81, 82, . } and establish differentials on continuity flows, which enables one to characterize
their globally change rate constraint on the combinatorial structure. A few well-known results
such as those of Taylor formula, IL’Hospital’s rule on limitation are generalized to continuity
flows, and algebraic or differential flow equations are discussed in this paper. All of these
results form the elementary differential theory on continuity flows, which contributes math-
ematical combinatorics and can be used to characterizing the behavior of complex systems,
particularly, the synchronization.

For terminologies and notations not defined in this paper, we follow references [1] for
mechanics, [4] for functionals and linear operators, [22] for topology, [8] combinatorial geometry,
[6]-[7],[25] for Smarandache systems, Smarandache geometries and Smaarandache multispaces
and [2], [20] for biological mathematics.

§2. Banach and Hilbert Flow Spaces

2.1 Linear Spaces over Graphs

n

— = — — —
Let G1, Gy, -+, G, be oriented graphs embedded in topological space S with G = |J Gy,
i=1
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81» is a subgraph of E’ for integers 1 < i < n. In this case, these is naturally an embedding

—

ie.
l:

@l

Let V be a linear space over a field F. A vector labeling L : G -V is a mapping with

— —

L(v),L(e) eV for W €V (G),e € E(G). Define

Lo

Gi+ 8= (G118:) "U(G:NG:) (G By) 21

and
A-GL = GM (2.2)
. =1 RL1 RL .. . .
for VA € F. Clearly, if , and G*, G7*, G3? are continuity flows with linear end-operators
—\ = = —
Ay, and A}, for V(v,u) € E (G), Gi* + G%2 and A - G* are continuity flows also. If we
— — = ~ = —
consider each continuity flow GZ a continuity subflow of G £, where L : G; = L(G;) but

L : 6’ \ (_3:1- — 0 for integers 1 < i < n, and define O : E) — 0, then all continuity flows,

particularly, all complex flows, or all action flows on oriented graphs 81, 82, S 8n naturally
v

form a linear space, denoted by (<6’i, 1<i< n> i+, ) over a field F under operations (2.1)

and (2.2) because it holds with:

(1) A field F of scalars;

v
(2) A set <81 1<i< n> of objects, called continuity flows;

(3) An operation “4”, called continuity flow addition, which associates with each pair of
N =L, RLs - = : 4 N =I1, RLs: = :
continuity flows G;*, G52 in <Gl-, 1<i1< n> a continuity flows G1*4+G5? in <Gl-, 1<i< n>

—>L1 —>L2 .
called the sum of G1* and G3?, in such a way that

v

)

L. . . = L, _ RL» L1
(a) Addition is commutative, G;* + G352 = G352 + G1* because of

Gi'+Gf = (Gi- 82)“ U(e: maz)““z U(G:- 81)“
- (G- al)“ U(s: maz)“*“ (G- az)“
- Gy 4Gy

e .. =L, RL» =RLs _ RIa <L, | R]RLs .
(b) Addition is associative, ( G1* + G5? ) + G3° = G1* + ( G52 + G3° ) because if we
let

L (x), if x€ Gy \ (c_;’j UE})
L (x), if xe G\ (E’Ua’k)
Lk(x), lfxeé’k\(aua’j)
Lik(¥) = ¢ L), it xe (G:NG,)\ Gs (2.3)
L35 (), if xe (G:NGx)\ G,
L*(x), if xe (€,NGx)\ G
Li(X) + L;(x) + Lp(x) if xe G;NG,; NG
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and .
Li(X), if X € GZ\GJ

Lix) =< L;(x), if xe G;\ G; (2.4)

’ . - =

Li(X)-i-Lj(X), if x e GlﬂG]

for integers 1 < i, J,k < n, then

(8%1 + asz) + 853 _ (Gl U az)le i 831.‘3 _ (81 ng Ugs)szs
- G+ (G Uﬁa)% ~G{*+ (GFr+GF);
— —
(¢) There is a unique continuity flow O on G hold with O(v,u) = 0 for V(v,u) € E (G ) and

— — . v — — — — B v
\% (G) in <Gi,1 <i< n> , called zero such that G +0 = GL for G~ ¢ <Gi,1 <i< n> ;
— — . v
(d) For each continuity flow G% € <GZ—, 1<i< n> there is a unique continuity flow
— — —
G~ such that G + G~ L = 0O;

[43

(4) An operation “, called scalar multiplication, which associates with each scalar k in F
¥4
and a continuity flow 8L in <81 1<i< n> a continuity flow K- 8L in V, called the product

of k with 6’L, in such a way that
— — — — R v
(@) 1- GE = G for every G¥ in <Gi,1§ i< n> :
(b) (kikz) - G% = ky(kz - GE);
(€ k- (Gl +Gl)=k- Gl 1 k-Gl
(d) (ki + ko) - GL =ki- G+ kp- GL.

R ) % = ) %

Usually, we abbreviate (<Gi, 1<i< n> i+, ) to <Gi, 1<i< n> if these operations

+ and - are clear in the context.
. =7 = = L= — . - =

By operation (1.1), G7*+ G52 # Gyt if and only if G; A G with L1 : G1\ G2 4 0 and
=L, Rl =L L= — . — = . .
G1*+ G52 # Gy?ifand only if G2 £ G1 with Ly : G2\ G1 # 0, which allows us to introduce

— — —

the conception of linear irreducible. Generally, a continuity flow family {Gf o sz, <o, GLn}

is linear irreducible if for any integer I,
81‘ pa U 81 with  L;: 81 \ U 81 + 0, (2.5)
1#i I#i

where 1 < i < n. We know the following result on linear generated sets.

; ~Li RL2 ~Ln
Theorem 2.1 Let V be a linear space over a field F and let { G7*, G5?,---, Gy be an

— .
linear irreducible family, L; : G; — V for integers 1 < i < n with linear operators A,

+ — =L, RL, —)Ln . .
Ay, for¥Y(v,u) € E(G). Then, {G1*, G52,---, G+ is an independent generated set of
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- ) v
<Gi,1 <i< n> , called basis, i.e.,
R ) v
dim<Gi,1§ i §n> =n.

.. =L - . . = - v .
Proof By definition, G;*,1 < i < n is a linear generated of <G1-,1 <i< n> with
I—i : 81 —V y i.e.,
N ) 4
dim<Gi,1§|§n> <n.

=7 .
We only need to show that GZ-L', 1 <1 < nis linear independent, i.e.,
N ) ¥4
dim<Gi,1 <i< n> >n,
which implies that if there are n scalars ¢y, Co, - -, C,, holding with

— — —
1Git 4+, G2 4 ... +¢,GLr = 0,

then ¢y =¢, = --- =c¢,, = 0. Notice that {81, 82, e E’n} is linear irreducible. We are easily
— — — —
know G; \ U G; # 0 and find an element X € E(G; \ |J G;) such that ¢;L;(X) = 0 for integer
1#i 1%
i,1 <1i<n. However, L;(X) # 0 by (1.5). We get that ¢; = 0 for integers 1 <1 <n. O

N ) 4
A subspace of <Gi, 1<i< n> is called an Ag-flow space if its elements are all continuity

flows G with L(v), v e V (8) are constant v. The result following is an immediately

conclusion of Theorem 2.1.

- = = —
Theorem 2.2 Let G, Gy, Gy, -, G, be oriented graphs embedded in a space S and V
- = — —
a linear space over a field F. If GY,Gi*, G32,---,GY" are continuity flows with v(v) =

= .
v,v;(V)=v; €V forWweV (G), 1 <i<n, then
—
(1) <G"> is an Ao-flow space;

— — — — — —
(2) <GI1, Gy2, - ,GX”> is an Ao-flow space if and only if G4 = G = --- = G, or

vi=vyp=---=v, =0.

— — — — —
Proof By definition, GY* + G32 and AGY are Ap-flows if and only if G1 = Gj or
v1 = vz = 0 by definition. We therefore know this result. O

2.2 Commutative Rings over Graphs

Furthermore, if V is a commutative ring (R; +, ), we can extend it over oriented graph family
- = —
{G1, Gz, -, G,} by introducing operation + with (2.1) and operation - following;:

Gk Bk =(8:\C:) "U(G:NG:) " TU(C:\T) " (26)

Ly-L>
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where L; - Ly : X — Li(X) - L2(X), and particularly, the scalar product for R",n > 2 for
— —
xe G, ﬂ Go.

Xz
As we shown in Subsection 2.1, <<8i,1 <i< n> ;—|—> is an Abelian group. We show

N ) Z
(<GZ—, 1<i1< n> 5+, > is a commutative semigroup also.

In fact, define

Li(X), if X e 81\83
I—ZX](X) = Lj(X), if Xxe 6}\62

—

—
Ll(X) . Lj(X), if xe G; Gj

. =1 =L — — \ L% — — \ L% =1, =L
Then,weareeasﬂyknownthatGll~622:(Glu Gz) :(Glu Gz) =Gy2-G*?

—=I. =L — . Zz . . o .
for VG1*, G52 € <GZ—, 1<i< n> ;+ | by definition (2.6), i.e., it is commutative.

Let
l(X), ifXEai\ (ajuak)
7(X), if X € 8]' \ (81 U 8k)
Li(X), if xe G\ (a}ué’j)
L;;k(X) = Lij(X), if x € (81 m aj) \ak
Lik(X), if X e (81 ﬂ 8k) \8J
ij(X), if Xxe (87 ﬂak) \81
Li(X) - L;(x)-Lg(x) if xe 81 6} ﬂgk
Then,
(Gr-G) .8 = (:JS,)™" 85 - (6.JG.Jsa)™
- Gp (82 U83) " Gh (852 : 853)
Thus,

(8%1 852) 8?1;3 _ 8%1 . (852 . 8?1;3)

We are also need to verify the distributive laws, i.e.,
G (Gf+Gk) =Gl Gl 4 Gl Gf 27)

and
(G +G8y)- B4 = Gf» - Blp + G2 Bfp 28)
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which is the (2.7). The proof for (2.8) is similar. Thus, we get the following result.

; ; et _>L2 cL ;
Theorem 2.3 Let (R;+,:) be a commutative ring and let {Gl ,Gy?,-, G ”} be a linear
irreducible family, L; G — R for integers 1 < i < n with linear operators Ay,,, AL, for

— R
Y(v,u) € E (G) Then, <<Gi, 1<i< n> i+, ) is a commutative Ting.

2.3 Banach or Hilbert Flow Spaces

=L L = . 4 . .
Let {Gll, .. G ~n} be a basis of <GZ,1 <i< n> , where V is a Banach space with a
v
norm || - ||. For VGl e <Gi,1 <i< n> , define
—
4= > i@l (2.9)
eEE(a)

— = — <—>

v
Then, for VG, G{*, G352 € (G;,1<i < n> we are easily know that
— — —
) HGLH > 0 and HGLH = 0if and only if G = O;

2) HGELH =¢ H@LH for any scalar &;

) |efr + 85| < |5k ||+ &5
jei+8| = X Iuel
eEE(E);L\a)Z)
+ Y nEtLEls Y L)l
eEE(E‘)l N 62) eEE(ﬁz\al)
< > nEl+ > e
6€E<61\62) eeE(al N 62)

+ H@;}z

S D DI (O RS S O [

eEE(az\al) eEE(E)lﬂ 62)

for ||L1(e) + L2(e)|| < ||lLa(e)]| + ||L2(e)|| in Banach space V. Therefore, || - || is also a norm
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N ) v
0n<GZ—,1§I§n> .

. . . . . =L, =L — A v
Furthermore, if V is a Hilbert space with an inner product (-, -), for VG1*, G52 € <Gi, 1<i< n> ,
define

(G1GF) = Y (L)L)

eGE(E‘)l\E}Z)

+ > (L1(e), La(e)) + (La(e), La(e)) . (2.10)

eEE(E)lﬂ 62) eEE(az\al)

Then we are easily know also that

.
(1) ForvG" e (G 1<i<n)

-, =

and <GL, GL> — 0 if and only if G = O.

v
(2) For VG 11, Gl ¢ <8 1<i< n>

because of

(Gpn65) = L) Lale)+ > (Lie)Lz(e))
eEE(al\az) eEE(EJ)lﬂ 62)
+ Y (La(e), La(e))
eGE(E')z\E')l)

= > {Lile), Lie)) + (La(e), La(e))

eEE(al\az) eEE(E)lﬂ 62)
+ Y LELE) - (G5 61)
eEE(E)z\E)l)

for (Li(e), L2(e)) = (L2(e), L1(e)) in Hilbert space V .

—

(3) For GL, Gl GLe < 1<i<n) i
or G162 e(G;,1<i<n and A, 14 € F, there is

<A§fl +uGL, 8L> Y <§fl, §L> i <§§2, 8L>
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because of

— —
Define L17\2u : G]_U Gz —V by

— —
)\L]_(X), if X e Gl\Gz
L1>\2H (X) = |J.L2(X), if xe 82 \ 81
)\L]_(X) + HLz(X), if X € 82 m 81

Then, we know that

(AG}* +uGs7, GF) = (Liy2, (), L1,2,(8))

and

Notice that
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eEE( 106) eGE(ézﬂa)
+ (L(e),L(e))
eEE(g\gz)
= (L(e).L(e)) + (L(e),L(e))
eEE(@\al) eEE(@\az)

We therefore know that
(NG + 4B, BH) = A (B4, BH) + 1 (B4, ).
N
Thus, G” is an inner space

—

—=I. =L = . . ; v .
If{Gy*, G32,---, GEn} is a basis of space Gi,1§|§n> , we are easily find the exact
formula on L by Li.Lo,---,L,. In fact, let

GrL = 7\18{1 + )\2852 4. +)\n8£n,
where (A1,A2,--+,An) # (0,0,---,0), and let
~ i — — ‘
L: <ﬂ Gk,>\ U G| =D MLk
=1 s#ky, - ki =1

for integers 1 < i < n. Then, we are easily knowing that L is nothing else but the labeling L
—
on G by operation (2.1), a generation of (2.3) and (2.4) with

N n i
HGLH - 3 Y X aLue), (2.11)
= cen(a,) =1
<8L, G,y> = > > <Z A L1 (8), ZA}CSLiS> : (2.12)
i=1 eeE(ffa) 1=1 s=1
where G'¥ = M G4 + G4 4+ + N, Gl and G; = (ﬂ 3k-> V[ U @G
1=1 sk, ki
— = —
We therefore extend the Banach or Hilbert space V over graphs G1, G2, -+, G, following.
— = —
Theorem 2.4 Let G1, Go,- -, G, be oriented graphs embedded in a space S andV a Banach

v
space over a field F. Then <81, 1<i< n> with linear operators AL, AL, for V(v,u) €

vu

v
E (8) 18 a Banach space, and furthermore, if V is a Hilbert space, <81, 1<i< n> s a
Hilbert space too.
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v
=g - . . . . .
Proof We have shown, <GZ—, 1<i < n> is a linear normed space or inner space if V is a

linear normed space or inner space, and for the later, let
&% =y (e=ex)

v v

= = - = - . oL
for GL € (G;,1<i<n) . Then <Gl-, 1<i< n> is a normed space and furthermore, it is

a Hilbert space if it is complete. Thus, we are only need to show that any Cauchy sequence is

N B v
converges in <Gi, 1<i< n>

v
In fact, let {ﬁﬁ"} be a Cauchy sequence in 62, 1<i< n> , i.e., for any number € > 0,

there always exists an integer N (€) such that

— —
e <

— no— —
if n,m > N(€). Let G” be the continuity flow space on G = |J G;. We embed each HLn to
=1

aGleG” by letting

- )
Ln e) = —

© 0, 1feeE(G\ﬁn)

Then

[T = > L@+ Y k@) - La@)]
ceB(Gn\Gim) <eB(Gn) Com)
> L@l = |[HE - HE| <
ceB(Tm\Tn)

— = —
Thus, {G L"} is a Cauchy sequence also in G ”'. By definition,

i.e., {L,(e)} is a Cauchy sequence for Ve € E (6’), which is converges on in V by definition.

L,(e)— Em(e)H < HaL” — EL'“H <e,

Let
L(e) = lim L,(e)

n—oo

(@)l

— — = — — =
for Ve € E (G ) Then it is clear that lim G Zr = G, which implies that {G I}, ie.,

n—oo

— — = — — ) v —~
{H,Ll"} is converges to G * € G 7 an element in <Gi,1 <i< n> because of L(e) € V for

VeeE(E)) and G = ) G, 0
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83. Differential on Continuity Flows

3.1 Continuity Flow Expansion

Theorem 2.4 enables one to establish differentials and generalizes results in classical calculus in

v
space <81, 1<i< n> . Let L be kth differentiable to t on a domain D C R, where k > 1.

Define
=L [ Ldt
G / Gldt=G j .

dt

3

—G%

—

v
Then, we are easily to generalize Taylor formula in <Gi, 1<i< n> following.

RxR"
Theorem 3.1(Taylor) Let Gl e <G 1<i< n> and there exist Kth order derivative of
L tot on a domain D C R, where k > 1. If Al , Al are linear for V(v,u) € E (8), then

GL oG 4 LG Ly 20 0w o (1)t G 31
- - R +o(t-)*G), B

for Vtg € D, where 0 ((t - to)_k 8) denotes such an infinitesimal term L of L that

E(vi,u)kzo for v(v,u)eE(e).

lim

t—to (t — to)

Particularly, if L(v,u) = F(t)Cyy, where Cyy is a constant, denoted by f(t)aLC with L¢ :
(V,U) — Cyy, for V(v,u) € E (8) and

F = F(t) + C=Dp(e) + Co gy v C 0 0 40 (- 1)),

2!
then

Proof Notice that L(v,u) has kth order derivative to t on D for V(v,u) € E (8) By
applying Taylor formula on tg, we know that
L'(v,u)(to) L (&) (v,u)(to)

T (t—to) +-+ ———— +0((t—1to)")

L(v,u) = L(v,u)(to) + k!

if t — to, where 0 ((t — to)*) is an infinitesimal term L(v,u) of L(v, u) hold with

E(v, u)
1um 7
t—to (t — to)
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for V(v,u) € E (8) By operations (2.1) and (2.2),

—_—

Gl 4 Glz = Gl*l2 and AGL = GM

because Ay, Ay, are linear for V(v,u) € E (8) We therefore get

k
GL = GLto) + wey(to) 4L %6@@@0) 4o ((t — to)fk 8)
k=

for tg € D, where 0 ((t —1to) G) is an infinitesimal term L of L, i.e.,

E(v, u)
1m 7 =
t—to (t _ to)

for V(v,u) € E (8) Calculation also shows that

(t—1tg) 4/ t—to)K
£(t) G Lo :8.f(t)Lc(v,u):6’<f<t°)+ % f(to) o+ Ef f(k’(to)ﬂ((f—‘fo)k))°Vu

! _ i) _ 2
O (o) (t — to)"
k!
(t—to)
1

bt cwa—l—o((t—to)k)a

= | fto) +

k

Il
*
—~
=
o
<
<
o]
Il
*
—~
K
ol
~
0
~
=
<
<

i.e.

This completes the proof.

f(to) -+ ﬂf(k)(to) +0 ((t — to)’“)> Cou G

33

O

N
Taylor expansion formula for continuity flow G enables one to find interesting results on

N
G’ such as those of the following.

Theorem 3.2 Let T(t) be a k differentiable function to t on a domain D C R with 0 € D and

f(Oa)) = f(O)a. If AL, AL, are linear for V(v,u) € E (8), then

f()G = f (té) . (3.2)

Proof Let to = 0 in the Taylor formula. We know that

t" 4o (tF).
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Notice that

). 170 F®0) 4 W) &
TR TR S i vl +0(t") ) G

CIO+ LR+ L@ 2+ L0 g 1K)
/(0)t FO )"
Otz PO

TR ki

f)G = (f(o) +

— f(0)G + +o(t") G

and by definition,

£(i6) - (0c)+ T

because of (ta))l — G" = /G for any integer 1 < i < k. Notice that f(Oa)) = f(O)a. We
therefore get that
— —
f(t)G:f(tG). 0

Theorem 3.2 enables one easily getting Taylor expansion formulas by f (ta) . For example,
let f(t) = e'. Then
— —
e!G =e'“ (3.3)

by Theorem 3.5. Notice that (ef)’ = e’ and €® = 1. We know that

vel t t? th
etG:et8:6’+58+—|8+- +F8+ (3.4)
and
etG . esG _ 8et . 865 — 8et-es — 86“'5 — e(t+s)G, (35)

where t and s are variables, and similarly, for a real number o if [t] <1,

(8+t6’)a:8+—§+---+a(a_l)'”(a_mrl)t G

! o o (3.6)

3.2 Limitation

ope =1 RL = . v .
Definition 3.3 Let G*, Gi* € <Gi, 1<i< n> with L, Ly dependent on a variable t €

[a,b] C (—o0,+00) and linear continuous end-operators AL, for ¥(v,u) € E (8) For ty €

[a,b] and any number € > 0, if there is always a number 8(€) such that if [t — to] < d(€)
Gl _GL Gl ; cL

then ||G7* — G H < g, then, Gi* is said to be converged to G* as t — to, denoted by

. —>L1 —>L . . —>L . . . . =
lim Gi* = G*. Particularly, if G is a continuity flow with a constant L(v) for ¥v € V (G)

t—to . b _ ‘
and tg = 400, G is said to be G-synchronized.



Hilbert Flow Spaces with Di[erkntials over Graphs 35

Applying Theorem 1.4, we know that there are positive constants C,, € R such that
—
|AL,|| < ¢, for V(v,u) € E (G)

By definition, it is clear that

Ha“—aLH

@09 (e |

ol DR (ERTICACY R SR (EREE 2 YOA0! D DI B IOAn]
uENG,\G(v) uENG, nc(v) uENG\G, (v)

< Y dduewl+ Yl -newl+ Y - Lwwl.

u€NG,\G(v) u€Ng; nc(v) ueNg\G, (v)

and ||L(v,u)|| > 0 for (v,u) € E (8) and E (81) Let

chaX = Corus ch. v
16 {(v,ugréag%Gl) v (v, ugré%)ic:l) vu}
If Hafl —ELH < &, we easily get that |[Li(v,u)|| < cgZe for (v,u) € E (81\8),
(L1 — L)(v,u)|| < cP3%e for (v,u) € E (6’108) and || — L(v,u)| < cl®e for (v,u) €
- =
E (G \ Gl).

Conversely, if ||[Li(v,u)| <€ for (v,u) € E

1\8), (Ly — L)(v,u)|| <€ for (v,u) €
E (c‘;’mé’) and || — L(v,u)|| <€ for (v,u) € E

(G
(8 \ 81), we easily know that

[er-st = ¥ utew]r XU -uE) el
u€Ng;\c(v u€NG; nc(v)
I el
u€NG\G, (v)
< Y cnlbvwl+ Y (L -L)(vu)
ueNGl\G('u) ueNelﬂG('u)
+ > el -Lyul
u€Ng\G, (v)
— — — — - = —
<|G;\ @ cgfge+]c;1ﬂe‘cgfge+‘e\Gljcgags—‘Gluchfgs.

. . . =L RL :
Thus, we get an equivalent condition for thr? Gi* = G* following.
—to

Theorem 3.4 tlintl 8%1 ~ Gt if and only if for any number € > 0 there is always a number d(€)
—1lo

such that if |t — to| < 8(€) then |[L1(v,u)|| < € for (v,u) € E (81 \ 8), Ly — L)(v,u)]| <e

for (v,u) € E (81ﬂ G) and || —L(v,u)|| <€ for (v,u) € E (8\81),i.6., 8%1 ~ G s an
infinitesimal or hm (8 1 ) =0.
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. _>L . —)L . —>L . .
If thng G*, thng G171t and thn? G,"2 exist, the formulas following are clearly true by defi-
—10 —10 —10
nition:
— — — —
lim (GlLl n Gsz) — lim G1%* + lim Gyl,
t—to t—to t—to
— — —
lim (GlLl ~GzL2) — lim Gy - lim G, %2
t—to t—to t—to
— — — — — — —
lim (GL . (GlL1 —i—Gsz)) = lim G¥: lim Gt + lim G- lim G,’2,
t—to t—to t—to t—to t—to
— — — — — — —
lim ((GlLl +GzL2) : GL) = lim G;2* - lim G% + lim G,%2 - lim G
t—to t—to t—to t—to t—to

(?L lim é_l)Ll

1 — —

lim _,1 = lim ((?]_)Ll . G—2>L21) = ttoi_)
tthl GZLZ

—to

Theorem 3.5(L’Hospital’s rule) Iftlir? aLl =0, tlir? (?;LZ = O and Ly, Ly are differentiable
—10 —10
respect to t with tlintl Li(v,u) = 0 for (v,u) € E (81 \ 82), tlintl L5(v,u) # 0 for (v,u) €
—1lo —1lo

— — . , — —
E (Glﬂ Gz) and Jim Ly(v,u) = 0 for (v,u) € E (Gg\ Gl), then,

lim Gyl
= 1m 1
<GlLl ) t—to 1

lim = .
B\ ) = e
t—to
Proof By definition, we know that
(?]_)Ll — —> -1
lim [ == = lim (GlLl-Gsz )
t—to GZL2 t—to
. - =\l /= — vLyt L2
= lm (G:\G@2) " (GG (G2\Gy)
t—to
. e — L1>L2’1 . —_ — %
= I (GN8:) T = (682

lim L1 rT——
= (B8 - (&)

— s \JimL] — N\ im L'y -dim LY, \ lim L}
-1 -1 -1 -1
SO CHALD I CAL

lim G1t

H ’ H r—1 1m

= 8% B 8tllngoL 2 tohp

= 1 "2 =TT =
lim G,

t—to

This completes the proof. O
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Corollary 3.6 If tling Gl = O, tlir? Gl =0 and L1, Lo are differentiable respect to t with
—to —1lo

tliI? L5(v,u) # 0 for (v,u) € E (8), then

—1lo

= lim 8L1
lim (GL1> _ t—=to

= =TT =
t—to \ GL2 lim GZL2
t—to

Generally, by Taylor formula

_ N t—ty=,/ (t—to)k—> ) k=
GL:GL(tO)+ GL(t0)++TGL (t0)+0((t_to) G)
1 ! '
if Ly(to) = Lj(to) = -+ = L¥ P (tg) = 0 and La(to) = Lj(te) = -+ = LY P(to) = 0 but
LS (to) # 0, then
k
t—t Q) _
G %851 (t0) +o((t—to) *G1),
k
t—t O -
652 — %E‘JZLZ (t°)+o((t—to) ’“6’2)

We are easily know the following result.

- Lgkfl)(to) =0

— —
Theorem 3.7 If tling Gl =0, tling Gzl2 = O and Ly(to) = L) (to)
—10 —10

and La(to) = Lj(to) = --- = LD (tg) = 0 but LY (to) # 0, then
. =LY
i Gl Gyt
im = .
t—to 852 lim 8§gk)(t0)
t—to
— — —
Example 3.8 Let G1 = G2 =C,, A},,,., =1, A}, , =2and
f 21 1) F(X !
f= L ( - ) ®) + n
2i—1 (2n+1)et

for integers 1 < i < nin Fig.4.

Vi f, V2
Y
f, | f2
f; f3
Vn, Vi+1 V; V3
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Calculation shows That

1+ (2i — 1) F (Y) 1+ (21-71 — 1) F (7)
i - 9i—1

L(Vi) = 2fi+1 — fl =2X

n!

= FXO+ (2n+1)et

Calculation shows that tlim L(v;) = F(X), ie., tlim 85 = E?l, where, L(v;) = F(X) for
integers 1 <i < n,i.e., 85 is a—synchronized.
84. Continuity Flow Equations

A continuity flow GZL is in fact an operator L : G — B determined by L(v,u) € B for
—
Y(v,u) € E (G) Generally, let

Liz L -+ L,

L] | Laa Lz - Lo
mXxXn —

I—ml I—m2 ce I—mn

with L; : 8 — B for1<i<m,1<j<n,called operator matrix. Particularly, if for integers
1<i<m1<j<n Ly: 6 — R, we can also determine its rank as the usual, labeled the
edge (v,u) by Rank[L];,xn for ¥(v,u) € E (8) and get a labeled graph GRankIL] Then we
get a result following.

Theorem 4.1 A linear continuity flow equations

— — — —
XlGLll +X2GL12 +"'+XnGLn1 =Gl

— — — —
XlGL21 +X2GL22 +"'+XnGL2n = Gl

(4.1)
x1GLrt 4 X, GLnz 4 ... 4 x,GLon = GLn
is solvable if and only if
GRank(Z] _ GRank[L] (4.2)
where
Lin Lz - Lan Lin Lz - Lin Lg
L] = Los Lo -+ Loy and  [C] = Loy Lo -+ L2 Lo

Lnl Ln2 e Lnn Lnl Ln2 e Lnn I—n
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Proof Clearly, if (4.1) is solvable, then for V(v,u) € E (8), the linear equations

XpLi1(v,u) + XoLa(v,u) + -+ 4+ X, L1 (v, u0 = Ly (v, u)
X1Lo1(V,U) + XoLloo(V,U) + - -+ 4+ X, L1 (v, u0 = Ly (v, u)

X1Lp1(V,U) + Xolpo(V,U) + - -+ 4 Xy Ly (V, U0 = Ly (v, U)

is solvable. By linear algebra, there must be

Lii(v,u) Lia(v,u) -+ Liu(v,u)
Rank Loi(v,u) Laz(v,u) -+ Lop(v,u) _
Loai(v,u)  Lya(v,u) -0 Lpp(v,u)
Lia(v,u) Liz(v,u) --- Lip(v,u) Li(v,u)
Rank Loi(v,u)  Lop(v,u) -+ Lau(v,u)  La(v,u) ’
Loa(v,u) Lpa(v,u) -+ Lpp(v,u) Ly(v,u)

which implies that
8Rank[L] _ 8Rank[f]'

Conversely, if the (4.2) is hold, then for V(v,u) € E (8), the linear equations

X1La1(v,u) +XoLlaa(v,u) + -+ + X Lp1 (v, u0 = L1(v, u)
XgLo1(V,U) + XoLoo(V,U) + - - - + X, Loy (V, U0 = Ly(v, u)

X1Ln1(V,u) + XoLp2(V,U) 4+ -+ 4+ Xy Lypp (V, U0 = Ly (V, U)

is solvable, i.e., the equations (4.1) is solvable. |

Theorem 4.2 A continuity flow equation

)\sa)Ls + )\Sflé)Ls—l NI E-‘;LO =0 (4.3)
— — R
always has solutions GI» with Ly : (v,u) € E (G) — {ATE NG AV where AVY, 1 <K <s
are roots of the equation
AN+ oV N T Ayt =0 (4.4)

with L; = (v,u) — a;”", o # 0 a constant for (v,u) € E (8) and 1 <i<s.

For (v,u) € E (8), if N s the mazimum number 1 with L;(v,u) # 0, then there are
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11 nv* solutions aL’\, and particularly, if Ls(v,u) # 0 for ¥V(v,u) € E (8), there are
(v,u)EE(a)

S‘E<G | solutions G A of equation (4.3).

Proof By the fundamental theorem of algebra, we know there are S roots A%, A§%, - -, AU

for the equation (4.3). Whence, L,\é> is a solution of equation (4.2) because of

(AG)" -G+ (AG) - Grr 44 (aG) . Glo

— GXLs + GX Lsa bt G Lo — GALs*+X> 'Ls_1+--+Lo

and
NLo AN g4+ Lo: (V,u) = aN +a’® A 14 4adv =0,

for Y(v,u) € E (8) ie.,
(AG)"- G+ (AB)" . GLt 4+ (AG) -Gl =08 =

Count the number of different Ly for (v,u) € E G). It is nothing else but just n“*.

Therefore, the number of solutions of equation (4.3) is 11 nve, O
(v,u)EE(a)

Theorem 4.3 A continuity flow equation

dGZ
— —
= Gle. Gt 4.5
at (4.5)
— —
with initial values G* = GL® qglways has a solution

t=0

G- Gt (¢103)
where Ly @ (V,U) — Oy, Lg: (V,U) = Byy are constants for ¥(v,u) € E (8)

Proof A calculation shows that

CL
a% _ dG :8LG-§L=8L°‘L,
dt
which implies that
dL
—_— = UUL 4.6
s (4.6)

for V(v,u) € E (8)

Solving equation (4.6) enables one knowing that L(v,u) = B,,e'*u for V(v,u) € E (8)
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Whence, the solution of (4.5) is

—

GL = GLee"™ —GLe. (etLua)
and conversely, by Theorem 3.2,

daLBe“—“ d(Lpetta)

= — G ar— — GFLalpe™®
— GlLa.gLee™™
ie.,
R
dG”r _ Gla.GL
dt
— — —
if Gl = GIs. (etL“ G). This completes the proof. O

Theorem 4.3 can be generalized to the case of L : (v,u) — R",n > 2 for V(v,u) € E (8)

Theorem 4.4 A complex flow equation

dG*
— —

= Gla.GF 4.7

at (4.7)
— —
with initial values G* = GI® always has a solution
t=0
6L -Gl (o10G),

where L, : (V,u) — (aiu,aﬁu,~-~ ,Gﬁu), Ls : (v,u) — ( 11)“, su, , ffu) with constants

oy, Bi,, 1<i<nforv(v,u)eE (8)

Theorem 4.5 A complex flow equation

n~1L N n—1L — —
G _i_GLan—l.diG_i_..._FGLO‘O-GL:O (4.8)

—
G Lap .
dt» dtn—1

with La, : (V,U) — a¥™ constants for ¥(v,u) € E (8) and integers 0 < i < n always has a

. _>L .
general solution G*> with

Ly:(V,u) — { 0, Zsjhi(t)e%““t }
=1

for (v,u) € E (8), where hyy,, (t) is a polynomial of degree< m;—1 ont, my+my+---+my =n

and NJ¥, N8%, -+ AU are the distinct roots of characteristic equation

o A ol N gt =0
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with a¥* #0 for (v,u) € E (8)

Proof Clearly, the equation (4.8) on an edge (v,u) € E (8) is

o AL (V, U) wu d77IL(V,U)

o —F—= -+ 4+ 0g =0. 4.9
n dte n—1 dtn—1 + + 0o ( )

As usual, assuming the solution of (4.6) has the form G~ = eMG. Calculation shows that

dGZL

— = MG = AG,
2R~ L
dd% — N%eMG = NG,
n_>L N
d dt(i = NeMG =A"G

Substituting these calculation results into (4.8), we get that
()\naLan 4 A1G Lan_a NI aLao) .GL = 0,

ie.,
a(kn,LGn+)\n—1,an71+m+qu)»L _ O
L

.
which implies that for V(v,u) € E (G)

APt AT 40 =0 (4.10)
or
L(v,u) =0.
Let AJ", A3%, -+, A" be the distinct roots with respective multiplicities m§*, mg%, - .- ,m?*

of equation (4.8). We know the general solution of (4.9) is
L(v,u) =) h;(t)eX"
=1

with h,,, (t) a polynomial of degree< m; —1 on t by the theory of ordinary differential equations.
—
Therefore, the general solution of (4.8) is GI* with

Ly:(V,u) — { 0, ihi(t)e’\}'ut }
=1

for (v,u) € E (8) O
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85. Complex Flow with Continuity Flows

— —
The difference of a complex flow G with that of a continuity flow G’ is the labeling L on a
vertex is L(v) = X, or X,. Notice that

d A+ o d A+
pn Yo v = ) gt (v

u€NG (v) uENG (v)
= . = . . =
for ¥v € V ( G ). There must be relations between complex flows G and continuity flows GZ.

We get a general result following.

t t
Theorem 5.1 If end-operators Ay, Ay, are linear with [/ ,A:u] = [/ ,A:v] =0 and
0 0

d d
[a,A:u} = [a,ALj} = 0 for V(v,u) € E (8), and particularly, A, = 1y, then GL e

RxR"
1<i< n> is a continuity flow with a constant L(V) for W € V (8) if and only if
—
(%)
t d
Proof Notice that if A}, = 1y, there always is [/ ,A:u] =0 and [&, A:u] =0, and by
0

definition, we know that

t t t
[oan]=0 e [ean-ane [,
0 0 0

d . d . . d
[E,Avu:| < aOAvu—AvuO&.

N
< G,
t_,
/ GLdt is such a continuity flow with a constant one each vertex v, v € V
0

I
=}

— —
If G¥ is a continuity flow with a constant L(v) for Yv € V (G), ie.,

Z LAvu (v,u)=v for W eV (8) ,
u€ENg(v)

we are easily know that

/t< YL (v,u)) dt
JO

(/Ot OAL) Ly, wdt= Y (ALo/D L (v, uydt

u€Ng (v) u€ENg(v) u€Ng (v)
t t

= > AL ( / L(v,u)dt) = / vdt
uENG (v) 0 0

— t t_,
for W € V (G) with a constant vector / vdt, i.e., / GLdt is a continuity flow with a
0 0

constant flow on each vertex v, v € V (8)

t
N
Conversely, if / GLdt is a continuity flow with a constant flow on each vertex v, v €
0
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\Y, (8), ie.,

S AL / L(v,u)dt = v for Wev(é’),

u€ENg(v)
t_,
d (/ GLdt)
GL — 0

dt

then

N
is such a continuity flow with a constant flow on vertices in G because of

dl 3 LA (v,u)
u€Ng(v)

|
| o
o
e)>
§+
o
o\&
r
<
c
N~—
o
=

dt
u€ENg(v)

d - dv
= Al o — L(v,u)tvu = —
> Anoge | > Lt =

u€NG(v) uENG(v)

. dv = :
with a constant flow at on vertex V, V € V (G) This completes the proof. O

t
If all end-operators A}, and A}, are constant for ¥(v,u) € E (8), the conditions [/ ,A:u] =
0

d d
[ / ,A:v] =0 and [ L VAT ] = { e JAY ] = 0 are clearly true. We immediately get a conclu-
0

sion by Theorem 5.1 following.

Corollary 5.2 For V(v,u) € E ( ) if end-operators A}, and A, are constant Cyy, Cyy for
RxR"

Y(v,u) € E (G) then GL ¢ <G 1< > is a continuity flow with a constant L(v)

forvv eV ( ) if and only zf/ GLdt is such a continuity flow with a constant flow on each

_
vertexr V, v € V (G)
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B—Change of Finsler Metric by h-Vector and Imbedding

Classes of Their Tangent Spaces
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Abstract: We have considered the B—change of Finsler metric L given by L = f(L,B)
where f is any positively homogeneous function of degree one in L and B. Here B = b;(X, y)y*,
in which b; are components of a covariant h-vector in Finsler space F™ with metric L. We
have obtained that due to this change of Finsler metric, the imbedding class of their tangent
Riemannian space is increased at the most by two.

Key Words: B—Change of Finsler metric, h-vector, imbedding class.
AMS(2010): 53B20, 53B28, 53B40, 53B18.

81. Introduction

Let (M™, L) be an n-dimensional Finsler space on a differentiable manifold M™, equipped with
the fundamental function L(X,y). In 1971, Matsumoto [2] introduced the transformation of

Finsler metric given by
L(x,y) = L(x,y) + B(x,Y), (1.1)

L (x,y) = L(x,y) + B2(x.Y), (1.2)

where B(X,Y) = b;(X)y® is a one-form on M™. He has proved the following.

Theorem A. Let (M™, L) be a locally Minkowskian n-space obtained from a locally Minkowskian
n-space (M™, L) by the change (1.1). If the tangent Riemannian n-space (M7, 9,) to (M™, L) is
of imbedding class r, then the tangent Riemannian n-space (M?,T,) to (M™, L) is of imbedding

class at most r + 2.

Theorem B. Let (M™, L) be a locally Minkowskian n-space obtained from a locally Minkowskian
n-space (M™, L) by the change (1.2). If the tangent Riemannian n-space (M},0;) to (M™, L) is

of imbedding class r, then the tangent Riemannian n-space (M?,T,) to (M™,L) is of imbedding
class at most r + 1.

Theorem B is included in theorem A due to the phrase “at most”.
In [6] Singh, Prasad and Kumari Bindu have proved that the theorem A is valid for Kropina

1Received April 18, 2017, Accepted November 8, 2017.
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change of Finsler metric given by

2
Loy = IEB((:,yy))'

In [3], Prasad, Shukla and Pandey have proved that the theorem A is also valid for expo-

nential change of Finsler metric given by
L(x,y) = Le?/E.

Recently Prasad and Kumari Bindu [5] have proved that the theorem A is valid for
B—change [7] given by
Lixy) = F(L,B),

where T is any positively homogeneous function of degree one in L, B and 3 is one-form.

In all these works it has been assumed that b;(X) in B is a function of positional coordinate

only.

The concept of h—vector has been introduced by H.Izumi. The covariant vector field

b;(X,y) is said to be h—vector if % is proportional to angular metric tensor.

In 1990, Prasad, Shukla and Singh [4] have proved that the theorem A is valid for the

transformation (1.1) in which b; in B is h—vector.

All the above B—changes of Finsler metric encourage the authors to check whether the

theorem A is valid for any change of Finsler metric by h—vector.

In this paper we have proved that the theorem A is valid for the B —change of Finsler metric
given by
L(x,y) =f(L.B), (1.3)

where T is positively homogeneous function of degree one in L, 3 and
B, y) =bi(x,y)y" (1.4)
Here b;(X,y) are components of a covariant h—vector satisfying

ob;
oy’

= phy;, (1.5)

where p is any scalar function of X,y and h;; are components of angular metric tensor. The
homogeneity of f gives
Lf, +Bf, =T, (1.6)

where the subscripts 1 and 2 denote the partial derivatives with respect to L and [ respectively.

Differentiating (1.6) with respect to L and P respectively, we get

Lf; +Bfio=0 and LfFp+BFp =0.
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Hence, we have

f11 fo T

which gives
fi1 = %0, fo=L%, fio=-BLo, (1.7)

where Weierstrass function w is positively homogeneous function of degree —3 in L and 3.
Therefore
Lw; 4+ Bwz 4+ 3w = 0. (1.8)

Again w1 and wy are positively homogeneous function of degree - 4 in L and 3, so
Lwis + PBwiz +4w1 =0 and LWy + B + 402 = 0. (1.9)

Throughout the paper we frequently use equation (1.6) to (1.9) without quoting them.

82. An h—Vector

Let b;(X,y) be components of a covariant vector in the Finsler space (M™,L). It is called an
h—vector if there exists a scalar function p such that

ob;
ayJ

= phyj, (2.1)
where h;; are components of angular metric tensor given by

a%L

hij =0i; — |1|J = Liayz ay] .

Differentiating (2.1) with respect to y*, we get

0;0kb; = (Oxp)hij + pL1{L20;9,;0xL + hy;l;},

where 61 stands for %,—.

The skew-symmetric part of the above equation in j and k gives
(0kp + pL1)hi; — (3;p + pL7 1, )hyy, = 0.
Contracting this equation by g¥/, we get
(n —2)[0xp + pL k] = 0,

which for n > 2, gives
d1p = _EI’“ (2.2)

where we have used the fact that p is positively homogeneous function of degree —1 in y?, i.e.,
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We shall frequently use equation (2.2) without quoting it in the next article.

§3. Fundamental Quantities of (M™,L)

To find the relation between fundamental quantities of (M™, L) and (M™, L), we use the fol-

lowing results

The successive differentiation of (1.3) with respect to y* and y7 give

li = ful; + f2by, (3.2)
Eij = f—LphU + szwmimj, (33)
where
p= i1+ szp, m; =b; — EIZ

The quantities corresponding to (M, L) will be denoted by putting bar on the top of those

quantities.
From (3.2) and (3.3) we get the following relations between metric tensors of (M™, L) and
(M",T)
0, = TPg.LUB(fif,— FBLG) + LpfFRL,
9 = fgzg— {B(f1f2 — FBLw) + LpFfa}ll;
+(FL%0 + F2)bib; 4 (F1f2 — FRLw)(1ib; + 1;b;). (3.4)

The contravariant components of the metric tensor of (M, L) will be obtained from (3.4)

as follows: L L L4 2
. . v o A u . . o
ij = 4id i _ = Fhipi _ ini o |9pt
9] fpg + f3pt| | fptb b fzpt(l b’ + 1°b*), (3.5)
where, we put b’ = g¥/b;, 1" = g¥l;, b? = g¥b;b; and
u = flfz—fBL(&)-i-Lpfzz,
v = (fify — FRLW)(FB + AF.L?) + Lpf{f(f + L%pF,)

+LAA(FF + fL?w)}

and

t="F + L30A + Lfap, A=h?— (3.6)
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Putting q = f1f, — FBLw + Lp(fZ + FL?w), s = 3Fw + Fw,, we find that

. f
= 11+ fom,
a 0 L + Tom

(a)

(b)  9;f1 = —BLom;

(c)  8;F = L%0m;

(d)  dip=—La(B-pL?)m;
(e) 9,0 = —3Tw|i + w2m;
(f)  9;b?> = —2C_; +2pm;

(g) 0;A=-2C— é(ﬁ —pL?)m;, (3.7)

(a)  9:g=—(B—pL%)sLm;
(b)  9;t=—2L%C ; + [L3Aw; — 3(B — pL?)Lw]m;
(©) G _3_5'1' + (4202 + 302L2 + Fazo)m (3.8)

where “.” denotes the contraction with b?, viz. C_; = Cjx;b7bF.

Differentiating (3.4) with respect to y* and using (d that
mili =0, mimi =A= mibi, hijmj = hijbj =m;, (310)

L i B
where m* = g*m; = b — 7I".

To find éj»k =7"Cjpx we use (3.5), (3.9), (3.10) and get

=i i q i i i sL3 ;L
Cjk = Cjk—i-ﬁ(hjkm +hjmk+hkmj)+mmjmkm ﬁcjkn
LgA ; 2Lg+L*As ;

where n? = FL2wb? + ul®.

Corresponding to the vectors with components n’ and m?, we have the following:
Cijkmi = C,jk, Cijkni = sz(J.)C.j]g, mini = sz(J.)A. (3.12)

To find the v-curvature tensor of (M™, L) with respect to Cartan’s connection, we use the

following:
CZhhk = Cijka h;ch;C = h;, hijni = szwmj. (3.13)

The v-curvature tensors §hijk of (M™, E) is defined as
§hijk = EZkChjr - é;;jéikr- (314)

From (3.9)—(3.14), we get the following relation between v-curvature tensors of (M™, L)
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and (M™,L):
= f
Shijk = fpshijk + dp;dix — dpidi; + EnkEij — EnjEir, (3.15)
where
dij = PC.; — Qhi; + Rm;m;, (3.16)
p_L(f)* o_ P o Lewa—sp)
t ' 2L.2/Fpot’ 2¢/Fopt '
S g T _ Lsp—aq)

DTN oK /T
84. Imbedding Class Numbers

The tangent vector space M) to M™ at every point X is considered as the Riemannian n-
space (M, g,) with the Riemannian metric g, = g;;(X,y)dy‘dy’. Then the components of the
Cartan’s tensor are the Christoffel symbols associated with g:

. 1 ., - . .
= Eglh(akgjh + 0;9nk — OnGjk)-
Thus C; . defines the components of the Riemannian connection on M.’ and v-covariant deriva-
tive, say

Xil; = 0;X; — X,CJ:

is the covariant derivative of covariant vector X; with respect to Riemannian connection C; L on
M2 . It is observed that the v-curvature tensor Sp;;r of (M™, L) is the Riemannian Christoffel
curvature tensor of the Riemannian space (M",,) at a point X. The space (M™,g,) equipped

with such a Riemannian connection is called the tangent Riemannian n-space [2].

It is well known [1] that any Riemannian n-space V™ can be imbedded isometrically in a

%. If N+ r is the lowest dimension of the Euclidean space

Euclidean space of dimension
in which V™ is imbedded isometrically, then the integer r is called the imbedding class number
of V™. The fundamental theorem of isometric imbedding ([1] page 190) is that the tangent
Riemannian n-space (M, g,) is locally imbedded isometrically in a Euclidean (n+ r)—space if

and only if there exist r—number p = £1, r—symmetric tensors H¢py;; and T(T; D covariant

vector fields Hep gy = —H(g,pyi; P, Q = 1,2, -+, T, satisfying the Gauss equations

Shijk = Z riH@ywH@y i — HepyisHpyne ) (4.1)
P

The Codazzi equations

Hepyijle — Hepyieli = Y o{H@iH@.pie — HyirHa.pyi (42)
Q
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and the Ricci-Kiihne equations

Herouili —Heosli + Y. r{H@piHEe; — HaeriHeoi)
R

+ " {HeymiH@k — HemiHri} = 0. (4.3)

The numbers p = %1 are the indicators of unit normal vector Np to M™ and H(py,; are
the second fundamental tensors of M™ with respect to the normals Np. Thus if g, is assumed
to be positive definite, there exists a Cartesian coordinate system (z¢,uP) of the enveloping

Euclidean space E™*" such that ds? in E™*" is expressed as

ds? = (dz')? + > ,(duf)?,

1 p

85. Proof of Theorem A

In order to prove the theorem A, we put

_ [f ~
(a)  Hepyij = tpH(P)ij- p=p, P=12---,r
(b)  Hganij =dij,  re1=1
(c) ﬁ(r+2)ij = Ey;, Tr2 = —1. (5.1)

Then it follows from (3.15) and (4.1) that

r+2
Shijk = Z MHeonHevie = HooreHoij b
=1
which is the Gauss equation of (M2, T,).

Moreover, to verify Codazzi and Ricci Kithne equation of (M, 7, ), we put

(a) ﬁ(P,Q)i = _ﬁ(Q,P)i =Hwpo, P,.Q=12,,---,r
_ _ LvLlw
()  Her+yi = —He+1,pyi = T"'(p).i, P=12---,r

(C) ﬁ(P,r+2)i = _ﬁ(r+2,P)i =0, P=12---,r.
Sp—2qw

(d)  Hgarre2yi = —Heao41) = sz- (5.2)

The Codazzi equations of (M, T,) consists of the following three equations:

(@) Hepyislle — Hepyalli = > "o{H @i H@.pr — HuH@.p;)
Q

+ _r+1{ﬁ(r+l)ijﬁ(r+l,P)k - ﬁ(r+1)ikﬁ(r+l,P)j}
+ _r+2{ﬁ(r+2)ijﬁ(r+2,P)k - ﬁ(r+2)ikﬁ(r+2,P)k} (5.3)
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(b) Heayijlle —Heanili = D o{Hw@ijH@rror — H@iH@rrn;}
2

+_r+2{ﬁ(r+2)ijﬁ(r+2,r+1)k - ﬁ(r+2)ikﬁ(r+2,r+l)j}v

(©) Hewoyijle —Heaonly = D o{H@iiH@r2r — H@ieH@ar+2)}
Q

+_r+1{ﬁ(r+1)ijﬁ(r+l,r+2)k - ﬁ(r+l)ikﬁ(r+l,r+2)j}-

where ||; denotes v-covariant derivative in (M™, L), i.e. covariant derivative in tangent Rieman-

nian n-space (M2, 7,) with respect to its Christoffel symbols éj-k. Thus
: —h
Xillj = 0;X; = XpCyj.

To prove these equations we note that for any symmetric tensor X;; satisfying X;;I° =
X;;l! = 0, we have from (3.11),

q
Xiglle = Xikll; = Xijle = Xinlj = 5z (hinX.; = hijXk)
LS(.O q
+ n (Csz7 — C”Xk) — Fp(xumk — Xikmj)
L3(2qw — s
M(X.g‘mk — X xm;) m;. (5.4)

2fpt
Also if X is any scalar function, then X||; = X|; = 9, X.

Verification of (5.3)(a) In view of (5.1) and (5.2), equation (5.3)a is equivalent to

(VB ) - (B

fp LvLw
=\ T2 efH@iHer: —HouHa.r;} - — GgHey e —duHey st (5:9)
Q

Since <‘/pr> Hk =0y <\/%) = ﬁ My, applying formula (5.4) for Hpy;;, we get

fp fp fp
( fH(P)ij> Hk - <\/ f"kP)ik) H7 =\ T (Heyile = Hepyieli}

q /fp L3w [fp
g\ T thieH@ys —NiHey et + ==\ T {CaHe).s — CosHeyr}

N L2v/L(29w — sp)
2ty fp

{Hepy.smi — Hepy.m; tm;. (5.6)

Substituting the values of (1 / %H(pm) Hk — (\ / prH(p)ik> HJ from (5.6) and the values
of d;; from (3.16) in (5.5) we find that equation (5.5) is identically satisfied due to equation
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(4.2).

Verification of (5.3)(b) In view of (5.1) and (5.2), equation (5.3)b is equivalent to

fwp
dij [l = dirll; = Ly/ =~ > o{H@iH@ s — HouH@.i}
Q

sp — 2qw

+ 2f(.0\/ﬁ {Eijmk — Eikmj}. (5.7)

To verify (5.7), we note that

C.ijlr — Cuilj = —b"Sniji (5.8)
hijle = hirl; = L™ (hile = haly), (5.9)
B 1
Milr = —Clix — (F —p ) hix — Elimk- (5.10)
91, (Fwp) = —2L " Fwply, + (qw + Fpwz)my. (5.11)

Contracting (3.16) with b and using (3.10), we find that

fup q(2L3wA —p) — L3Asp
d; =Ly/—"C_, ”
7 t o9 2L.2,/Fapt M

Applying formula (5.4) for d;; and substituting the values of d ; from (5.12) and d;; from
(3.16), we get

(5.12)

Lgv/Fwp
2ft3/2
L*0 (29w — sp

L*0+/Fop
+T(C~ikc..a‘ —C.i;Cr)

L*0A(3qw — sp)
2/Fwp.t3/2
LgA(3qw — sp

_W(hikmj — hijmk). (513)

dijllx — dirll=  dijle — dixlj — (hikC_; —hy;C %)

(C.ikm; — C;;my)

From (3.16), we obtain

dijlx — dirl; =P (Cijlx — Cuirl;) — Qhyj [k — hixl;)
+R(m;[xm; + mj;[zm; — mg|;m, — mg|;m;)
+(0kP)C.ij — (9;P)C.ik — (0xQ)hy; + (9;Q)hir)
+(0xR)m;m; — (3;R)m;my). (5.14)
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Since,
5P — L‘%m/fmpc Lfp{pwz + 3Lw?(B — pL?)}
O ot 2/Fwp.t3/2
L
o /Fapt]
3 Lpgw Pq
(o] =—— - C p— ——+—I
KQ 2/TFwp.t3/2 ok 2L.3/Twpt F
_(B—pL*)(qw +sp) m, — Pa(ge +fpap)
2L/Fopt 4L2(fwp)3/2y/t
Pa{3w(B — pL?) — L*Awp}
5.15
+ 4L /Fopt3/2 Mk (5:15)
and
L*w (29w — sp) 29w —sp

3kR = I + term containing mg,

2/Fwp.t3/2 ok 2/Tupt
where we have used the equations (3.6), (3.7) and (3.8).

From equations (5.8)—(5.15), we have

fw
dijle —dil; =L Tp(_bhshijk)

L*0A(3qw — sp)

(C.ijmi — Cxm;)

2/Fwp.t3/2
L%w/Twp
+Tp(c.ijc..k —C.ikC. ;)
Lwpg
o fop.r2 N#C. ~NiCr)
+pQ[qwt + f(La(;.)A + t){3Lm2(B _ pLZ) + pws)] .
AL2(fwpt)3/2
L0 (290 — sp)

(hijmk — hikmj) + (C,,kmj — ijk) m;. (5.16)

2/Fwp.t3/2

Substituting the value of d;;|r — dix|; from (5.16) in (5.13), then value of d;j||x — dix||;
thus obtained in (5.7), and using equations (4.1) and (3.17), it follows that equation (5.7) holds
identically.

Verification of (5.3)(c) In view of (5.1) and (5.2), equation (5.3)c is equivalent to

Sp — 24
Eijllk — Eirll; = Fouat (dijmg — dgxm;). (5.17)

Contracting (3.17) by b® and using equation (3.10), we find that

E,

pg + L3A(sp — qw)
= ST TS (5.18)
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Applying formula (5.4) for E;; and substituting the value of E ; from (5.18) and the value
of E;; from (3.17), we get

qLA(sp — 2qw)
4fpty/Fw
Lo{pg + L3A(sp — qu
{ 2pt\/f(6 )} (C,ikmj — Cumk) (5.19)

Eijllk — Bikll; = Eijlx — Bl + (himy — hym;)

From (3.17), we get

Eijle — Eirl; = S(hijle — hixl;) + T {ms[xm; + m;|pm;
—m,[jmy, — my|;m;} + (9xS)h;;
—(djS)hik + (a'kT)mimj — (ajT)mimk. (5.20)

Now,
(B—pL?)s , q(fw + fo0)

q
- I, — 21
2L3/fw © 2L/Tw 4L2(fw)3/2 M (5:21)

(0xS) =

and

_sp—qw
2p/fw

where we have used the equations (3.7) and (3.8).

(0xT) =

I + term containing my,

From equation (5.9)—(5.11), (5.20) and (5.21), we get
L(sp — qw)
2p/Tw

q(sp — 2qw
_W(hﬁmk —hikmj). (522)

Eijle — Birl; = (C.iymy — Cmjy)

Substituting the value of E;j|x — Eix|; from (5.22) in (5.19), then the value of E;; || — Eix ||,
thus obtained in (5.17), and then using (3.16) in the right-hand side of (5.17), we find that the
equation (5.17) holds identically.

This completes the proof of Codazzi equations of (M,T,). The Ricci Kithne equations of

(M2,7,) consist of the following four equations

(@) Hegili —Heoili+ > w{H@miHEo);
R

—HzpiH@ri} + rei{Hee1pyiHe1,0))
~He+1.p)yHe+1,0)i} + Tre2{Her2, pyiH 2,00
—Hga2,pyHes2.00 0 + T {HeyniH @k
—HemHwit =0, P,Q=1,2,---,r (5.23)
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(b) Heprenili — Heprenilli + > r{FrpiH @ — HapyHgren i)
R

+ rr2{H @2, p)yiH v2,0+1); — Heaz, pyiH 2, r1yi
+T"{H@eyniH e — HeypHerprit =0, P =1,2,--- 1

(c) Hprsyili = Hepwwayslli + Y “r{Hm pyiHrr+2); — HrpyiHars2)i}
R

+ _r+1{ﬁ(r+1,P)iﬁ(r+l,r+2)j - ﬁ(r+l,P)jﬁ(r+l,r+2)i}
+ghk{ﬁ(P)hiﬁ(r+2)kj - ﬁ(P)hjﬁ(r+2)1m'} =0, P=12,---,r

(d) Heaareayills = Hornralli + D m{H @ H @2 = i,
R

xH (gr+2yi} + T {HrnyniH ra2ykj — Hrrryn H rr2yri } = 0.
Verification of (5.23)(a) In view of (5.1) and (5.2), equation (5.23)a is equivalent to

Heiroilli = Heoilli + Y r{H@piH@®e); — HamiHeoit
R
L3 ~hk
+—tHw.H@.s — HeyH@.d + 35 {HeniH@un

f
—H(P)th(QW}rp —0. P,Q=12...,r. (5.24)

Since Hpyi;l" = 0 = H(py;l%, from (3.5), we get

fp
5" {HrymiHa@n — HemHawd T = 9" {HemiH@n
L3w
—“HeywiHouit = ——He.H@.s — HiiHe.dl)-

Also, we have Hipgyill; — Hpoyjlli = Hepoyili — Hep,gy;li- Hence equation (5.24) is
satisfied identically by virtue of (4.3).

Verification of (5.23)(b) In view of (5.1) and (5.2), equation (5.23)b is equivalent to

(S5 )1~ (55 )

LvLw
+ > r{H@rmiHmy.s — HarryHe.it
vt 4
—hk fp
+J {H(P)hidkj — H(p)hjd]ﬂ'} T =0. PbQ=1,2,---,r1. (525)

Since b”|; = g"*C jy, H(p)hili =0, we have

Hepy.ill; = Hepyilli = Hepyals — Hey sli = {Hemils — Hepyngli 30"
—9""{H(pyniC.rj — Hpyni Coki} (5.26)
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Vi

L*ovVLw LvLw
= =37z C.i+ 5o (P02 +3L0% (B — pL?)}t m; (5.27)

fp L
9" {Hpynidiy — Hepyngu 1y =\ f—pgh’c x

L3wvL
i

After using (3.16) and (5.12) the equation (5.28) may be written as

fp_ Lvliw .
_—\/f g

LE)-+(5)

and
{Heynide; — Hepyn dii } —

—=—1{H).id.; — H(p).;d.i} (5.28)

" {H¢pynidr; — Hpyn,dii b

L%w
{HyriCkj — HpynCori} — W{H(P).ic..j —Hpy ;C i}
LvLw
~ S/ PW2 + 3Lw?(B — pL?)]{H(py.:m; — Hepy jm;}. (5.29)

From (4.2), (5.26)—(5.29) it follows that equation (5.25) holds identically.

Verification of (5.23)(c) In view of (5.1) and (5.2), equation (5.23)C is equivalent to

LvLw(2qw — sp)
2fwt,/p

f
+0"* {H(pyniErs — HepyniErityf fp =0, (5.30)

{Hy.im; — Hepy jm;}

Since Ey;1* = 0 = E;1*, from (3.5), we find that the value of ghk{H(p)hiEkj —Hpyn;Eri}
is

/L L3wvL
f_p'ghk{H(P)hiEkj_H(P)hjEki}_ Wi {Hpy.E.; —Hwpy,E.i},

which, in view of (3.17) and (5.18), is equal to

~ LVLw(2q0 — sp)
2fwt,/p

Hence equation (5.30) is satisfied identically.

{Hpy.im; — Hepyjmi

Verification of (5.23)(d) In view of (5.1) and (5.2), equation (5.23)d is equivalent to

(Nm)[l; — (Nmy)[l; + "*(dniEx; — dnjEri) = 0, (5.31)

sp—2qw

2fw+/pt’

where N =
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Since dy;l" = 0, Ey;1* = 0, from (3.5), we find that the value of g"*{dj,;Ey; — dy;Ex:} is

L%w

L
—0"*{dniEr; — dn;Eri} — f—pt{

fp d,iE,j — djEl},

which, in view of (3.16), (3.17), (5.12) and (5.18), is equal to

_ L3(2qw —sp)

of oz \C-iMi = Coamif

Also,
(Nmy)[l; = (Nmy)[l; = N(m;|[; — myll;) + (8;N)m; — (9:;N)m;.

Since myl; — myl; = mil; — myl; = L=(;m; — I;my) and

200 — Sp L L3(sp — 2qw)

we have L3( )
Sp — 20w
(Nm)|[; — (Nmy)|J; = #(o.jmi —C.m)). (5.32)

Hence equation (5.31) is satisfied identically. Therefore Ricci Kithne equations of (M?,7,)
given in (5.23) are satisfied.
Hence the Theorem A given in introduction is satisfied for the f—change (1.3) of Finsler

metric given by h—vector. m|
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Abstract: In classical group theory, two elements composed yield another element. This
theory, definitely, has limitations in its use in the study of atomic reactions and reproduction
in organisms where two elements composed can yield more than one. In this paper, we
partly give a review of some properties of hyperstructures with some examples in chemical
sciences. On the other hand, we also construct some examples of hyperstructures in genotype,
extending the works of Davvaz (2007) to blood genotype. This is to motivate new and
collaborative researches in the use of hyperstructures in these related fields.

Key Words: Genotype as a hyperstructure, hypergroup, o [sgring.
AMS(2010): 20N20, 92D10.

81. Introduction

The theory of hyperstructures began in 1934 by F. Marty. In his presentation at the 8th
congress of Scandinavian Mathematicians, he illustrated the definition of hypergroup and some
applications, giving some of its uses in the study of groups and some functions. It is a kind of
generalization of the concept of abstract group and an extension of well-known group theory
and as well leading to new areas of study.

The study of hypergroups now spans to the investigation and studying of subhyper-
groups, relations defined on hyperstructures, cyclic hypergroups, canonical hypergroups, P-
hypergroups, hyperrings, hyperlattices, hyperfields, hypermodules and H,-structures but to
mention a few.

A very close concept to this is that of HX Group which was developed by Li [11] in
1985. There have been various studies linking HX Groups to hyperstructures. In the late 20th
century, the theory experienced more development in the applications to other mathematical
theories such as character theory of finite groups, combinatorics and relation theory. Researchers
like P. Corsini, B. Davvaz, T. Vougiouklis, V. Leoreanu, but to mention a few, have done very

extensive studies in the theory of hyperstructures and their uses.

82. Definitions and Examples of Hyperstrutures

Definition 2.1 Let H be a non empty set. The operation o : H x H — P*(H) is called a

1Received May 13, 2017, Accepted November 12, 2017.
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hyperoperation and (H,o) is called a hypergroupoid, where P*(H) is the collection of all non
empty subsets of H. In this case, for A,B CH, AoB =U{aoblac AbeB}.

Remark 2.1 A hyperstructure is a set on which a hyperoperation is defined. Some major
kinds of hyperstructures are hypergroups, HX groups, H, groups, hyperrings and so on.

Definition 2.2 A hypergroupoid (H, o) is called a semihypergroup if

(aob)oc=ao(boc) Vab,ceH (Associativity)

Definition 2.3 A hypergroupoid (H, o) is called a quasihypergroup if

aoH=H=Hoa VaeH (Reproduction Axiom).

Definition 2.4 A hypergroupoid (H, o) is called a hypergroup if it is both a semihypergroup and
quasihypergroup.

Example 2.1 (1) For any group G, if the hyperoperation is defined on the cosets, it generally
yields a hypergroup.

(2) If we partition H = {1, —1,i, —i} by K* = {{1, -1}, {i, —i}}, then (H/K*,0) is a
hypergroup.

(3)([8]) Let (G,+) = (Z, +) be an abelian group with an equivalence relation p partitioning
G into X = {X, —x}. Then, if Xoy = {X+VY,X =y} VX,V € G/p, (G/p,0) is a hypergroup.

Definition 2.5 A hypergroupoid (H, o) is called a H, group if it satisfies

(1) (aoh)ocnao(boc)#0 Vab,ceH (Weak Associativity);
(2)aoH=H=Hoa VvaeH (Reproduction Axiom).

Remark 2.2 An H, group may not be a hypergroup. A subset K C H is called a subhy-
pergroup if (K, o) is also a hypergroup. A hypergroup (H, o) is said to have an identity e if
VvaceH aceoanaoce#0.

Example 2.2 Davvaz [8] has given an example of a H, group as the chemical reaction
Az + B, energy 2AB
>
in which A° and B° are the fragments of Az, B, AB and H = {A°,B°, Ay, B, AB}.

Definition 2.6 Let G be a group and o : G x G — P*(G) a hyperoperation. Let C C P*(G)
and A,B € C. If C, under the product Ao B = U{aohlae Ab e B}, is a group, then (C,0) is
a HX group on G with unit element E C C such that EcA=A=AocEVAcC.

It is important to study HX group separately because some hypergroups exist but are not
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HX groups. An example is ({{0}, (0, +o0), (—o0,0)}, +); it a hypergroup but not a HX group.
Note that if the unit element E of the quotient group of G by E is a normal subgroup of G,
then the quotient group is a HX group.

Definition 2.7 If for the identity element e € G we have € € E, then (C,0) is a reqgular HX
group on G.

Theorem 2.1([10]) IfC is a HX group on G, then VA,B € C

(1) Al =[BJ;
(2) ANB £ 0 = |[ANB| = [E|.

Remark 2.3 Corsini [4] has shown that a HX group, also referred to as Chinese Hyper-
structure is a H, Group and that, under some condition, is a hypergroup. But, trivially, a
hypergroup is a H, Group since only that associativity was relaxed in a hypergroup to obtain
a H, Group. Besides, Onasanya [12] has shown that no additional condition is needed by a

Chinese Hyperstructure, that is a HX group, to become a hypergroup.

83. Applications and Occurrences of Hyperstrutures in Biological and

Chemical Sciences

The chain reactions that occur between hydrogen and halogens, say iodine (1), give interesting
examples of hyperstructures [8]. This can be seen in Table 1. Many properties of these reactions

can be seen from the study of hyperstructures.

Table 1. Reaction of Hydrogen with lodine

+ He 1° Ho I2 HI

H° H° Hs He 1°,HI H° Hs He 1°,HI, 1 H° 1°,Hy, HI
1° 1°,H°, HI 1°,15 1°,H°, HI,H; 19,1 H? 1°,HI, I,
Hao H° Hs He 1°,HI,H; H° Hs He 1°,HI,Hz, 12 H° 1°,Hy, HI
P 1°,H°, 15, HI 1°,15 H 1°,HI, Hy, I 19,1 H? 1°,HI, I,
HI | H? 1°,H2, HI He 1°,HI, I, He 1°,HI,Hy He 1°,HI, I, H 1°,HI, 12, Hy

Let G = {H?° 1°,Haz, I5,HI} so that (G, o) is such that VA, B € G, we have that Ao B are
the possible product(s) representing the reaction between A and B. Then, (G, o) is a H,-group.
The subsets G1 = {H?,Hz} and G, = {19, I} are the only H,-subgroups of (G, o) and indeed
they are trivial hypergroups.

Davvaz [6] has the following examples: Dismutation is a kind of chemical reaction. Com-
proportionation is a kind of dismutation in which two different reactants of the same element
having different oxidation numbers combine to form a new product with intermediate oxidation

number. An example is the reaction

Sn + Sn** — 25n?*.



A Note on Hyperstructres and Some Applications 63

In this reaction, letting G = {Sn, Sn?*,Sn**}, the following table shows all possible occur-

remnces.

Table 2. Dismutation Reaction of Tin

o Sn SnZ+ Sn*+

Sn Sn Sn, SnZ* Sn2+
Sn%* | Sn,Sn%* Sn%+ SnZ*, sn4t

SnA+ SnZ+ SnZ*, Sn4t Sn*+

While it is agreeable that (G, o) is weak associative as claimed by [6], we say further
that it is a H, group. Also, while ({Sn,Sn?*},0) is agreed to be a hypergroup, we say that
({Sn?*,Sn**1,0) is not just a H, semigroup as claimed by [6] but a H, group.

Furthermore, Cu(0), Cu(I), Cu(II) and Cu(III) are the four oxidation states of copper. Its
different species can react with themselves (without energy) as defined below

(1) Cud* 4+ Cu* — Cu?*;

(2) Cud* + Cuw Cu?* +Cu™.

Table 3. Redox (Oxidation-Reduction) reaction of Copper

o Cu Cu* cu?* cud*
Cu Cu Cu,Cu* Cu,Cu?* | Cu*,Cu?*
Cu* | Cu,Cu* Cu* Cu*,Cu?* cu?*
Cu?* | Cu,Cu?* | Cu*,Cu?* cu?* Ccu?*,cu*
Cu** | Cu*,Cu?* cu?* Cu?*,cu3* cu*

Let G = {Cu,Cu™,Cu?*,Cu*}. Then (G, o) is weak associative and
CutoX =XoCu"#X

so that (G, o) is an H, semigroup. {Cu,Cu™*}, {Cu,Cu?*} {Cu™*,Cu?*} and {Cu?*,Cu®*}
are hypergroups with respect to o. From Table 4 we also have that ({Cu,Cu*,Cu?*},0) is a
hypergroup.

Table 4. Another Redox reaction of Cu

o Cu Cu* cu?*
Cu Cu Cu,Cu* Cu,Cu?*
Cu* | Cu,Cu* Cu* Cu*,Cu?*
Cu?* | Cu,Cu?* | Cu*,Cu?* cu?*

It should be noted that {Cu, Cu*}, {Cu, Cu?*} and {Cu™*, Cu?*} are subhypergroups of
({Cu,Cu*,Cu?*},0).
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84. Identities of Hyperstructures

Definition 4.1([8]) The set |, = {e € H|3x € H such that X € XoeUe o X} is refered to as
partial identities of H.

Definition 4.2([3]) An element e € H is called the right (analogously the left) identity of H if
X EXoe(X€eox)Vx eH. Itis called an identity of H if it is both right and left identity.

Definition 4.3([3]) A hypergroup H is semi regular if each X € H has at least one right and
one left identity.

It can be seen that every right or left identity of H is in I,,.

4.1 Blood Genotype as a Hyperstructure

Let G = {AA, AS,SS} and the hyperoperation & denote mating. The blood genotype is a kind

of hyperstructure.

Table 5. Genotype Table [12]

@ AA AS ss
AA | {AA} {AA, AS} {AS}
AS | {AA AS} | {AA AS,SS} | {AS,SS}
SS | {AS} {AS,SS} {ss}

In Table 5, {AA} & G # G # G @ {AA}; the reproduction aziom is not satisfied. Also, it
is weak associative. It is a H, semigroup.

Note that a lot has been discussed on the occurrence of hyperstructure algebra in inheri-
tance [7]. For most of the monohybrid and dihybrid crossing of the pea plant, they are hyper-
groups in the second generation. Take for instance, the monohybrid Crossing in the Pea Plant ,
the parents has the RR(Round) and rr(Wrinkled) genes. The first generation has Rr(Round).
The second generation has RR(Round), Rr(Round) and rr(Wrinkled). Now consider the set
G = {R,W}; R for Round and W for Wrinkled. Crossing this generation under the operation
@ for mating, [7] already established it is a hypergroup.

In the following section, a little more information about their properties would be given

and an extension to cases which are hypergroups in earlier generations are made.

85. Main Results

5.1 Hyperstructures in Group Theory

The following example is a construction of an HX group which is also a hypergroup and a H,,
Group by Remark 2.1.

Example 5.1 Let us partition (Z10,+) by p = {{0,5},{1,6},{2,7},{3,8},{4,9}}. Then we



A Note on Hyperstructres and Some Applications 65

can see that E = {0,5} is a normal subgroup of (Z19, +) and that E2 = E. (Z30/p,0) is also a
regular HX group since 0 € E.

We give some further clarifications on Table 5, that this is a H, cyclic semigroup, with
generator {AS}. It has no H, subsemigroups. The set of partial identites I, of (G, ®) is G
itself by Definition 4.1, and the identity (which is both right and left identity) of G is {AS} by
Definition 4.2. Then, (G, ®) is also a semi regular hypergroupoid by Defnition 4.3. Note that
if the parents’ genotype are {AA, AS} or {AA,SS} or {AS, SS}, the first generations of each

of these are H, semigroups. These can be seen in the tables below.

Table 6. Parents with the genotype AA and AS

o AA AS
AA {AA} {AA, AS}
AS {AA,AS} {AA, AS,SS}

The first generation H; = {AA, AS, SS} is a H, semigroup under .

Table 7. Parents with the genotype AA and SS

® AA SS
AA {AA} {AS}
Ss {AS} {sS}

The first generation Hy = {AA, AS, SS} is a H, semigroup under .

Table 8. Parents with the genotype AA and SS

o AS SS
AS {AA, AS,SS} {AS,SS}
SS {AS,SS} {ss}

The first generation Hg = {AA, AS, SS} is a H, semigroup under .

It is established in this work that the case of crossing between organism which have lethal
genes (i.e. the genes that cause the death of the carrier at homozygous condition), such as the
crossing of mice parents with traits Yellow(Yy) and Grey(yy), is a semi regular hypergroup at
all generations, including the parents’ generation. However, the parents with traits Yellow(Y y)
and Yellow(Y y) have their first generation and the generations of all other offsprings to be semi

regular hypergyoups. These are summarized in the tables below.

Table 9. Parents with the genotype Yellow(Yy) and Grey(yy)
@ Yy yy

Yy {Yy.yy} {Yy.yy}

yy {Yy.yy} {yy}
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They produce the offspring Yy and yy like themselves in the first generation in the ratio
2:3. Let G = {Yy,yy}, (G, @) is a semi regular hypergroup.

Table 10. Parents with the genotype Yellow(Yy) and Yellow(Y y)

® Yy Yy
Yy {Yy.yy} {Yy,yy}
Yy {Yy,yy} {yy}

They produce the offspring Yy and yy in the first generation in the ratio 2:1 but is not a
hypergroupoid for the occurrence of yy. But crossing this first generation produces the result of
Table 9, showing that the first generation with @ is a hypergroup. This same result is obtained
for all other generations in this crossing henceforth.

It is important to note that the monohybrid and dihybrid mating of pea plant considered
in [7] are not just hypergroups but semi regular hypergroups. The particular case mentioned
above has a right and a left identity 1 = {W }.

86. Conclusions

The following is just to make some conclusions. Far reaching ones can be made from the in-
depth studies and applications of the theory of hyperstructures. The algebraic properties of
these hyperstructures can be used to gain insight into what happens in the biological situations
and chemical reactions which they have modelled. For instance, the weak associativity, in case
it is a case of H, group, of some of the chemical reactions suggests that, given reactants A, B,
and C, one must be careful in the order of mixture as you may not always have the same
product when A + B is done before adding C as in when B 4 C is done before adding A. In
other words, A+ (B +C) does not always equal (A+B)+ C. Moreover, the strong associativity,
in the case of hypergroup, indicates that same products are obtained in both orders.

From blood the genotype table of G = {AA, AS, SS}, reproduction axiom is not satisfied
with the element {SS}, meaning that if marriages are only contracted between any member of
the group and someone with {SS} genotype, all offsprings shall be carriers of sickle cell in all
subsequent generations. Besides, its weak associativity property indicates that if there were to
be marriages between individuals with genotypes A, B, and C so that those with the genotypes
A and B marry and produce offsprings which now marry those with genotype C, then some of
the offsprings of this marriage will always have the same genotype as some of the offsprings of
those with genotype A marrying the offsprings produced by the marriages of people with the
genotypes B and C.

If the operation @ denotes cross breeding, it should also be noted that genetic crossing (in
terms of genotype or phenotype) is not always, at the parents level, a hyperstructure. This is
because in the collection of all traits P*(T) of Parents, there sometimes will be trait A and
trait B which combine to form a trait C' but such that C € P*(T). An example is in the
incomplete dominance reported when Mendel crossed the four O’ clock plant (Mirabilis jalapa)

which produced an intermediate flower colour (Pink) from parents having Red and White
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colours. Not even at any generation will it be a hyperstructure as long as there is incomplete

dominance. Hence, the theory of hyperstructures should not be applied in this case.
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Abstract: In this paper, we study nonassociative algebras which satisfy the following iden-
tities: (xy)z = (yx)z,x(yz) = x(zy). These algebras are Lie-admissible algebras i.e., they
become Lie algebras under the commutator [f,g] = fg — gf. We obtain a nonassociative
Grobner-Shirshov basis for the free algebra LA(X) with a generating set X of the above va-
riety. As an application, we get a monomial basis for LA(X). We also give a characterization
of the elements of S(X) among the elements of LA(X), where S(X) is the Lie subalgebra,
generated by X, of LA(X).
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81. Introduction

In 1948, A. A. Albert introduced a new family of (nonassociative) algebras whose commutator
algebras are Lie algebras [1]. These algebras are called Lie-admissible algebras, and they arise
naturally in various areas of mathematics and mathematical physics such as differential geome-
try of affine connections on Lie groups. Examples include associative algebras, pre-Lie algebras
and so on.

Let k(X) be the free associative algebra generated by X. It is well known that the Lie
subalgebra, generated X, of K(X) is a free Lie algebra (see for example [6]). Friedrichs [15]
has given a characterization of Lie elements among the set of noncommutative polynomials. A
proof of characterization theorem was also given by Magnus [18], who refers to other proofs by
P. M. Cohn and D. Finkelstein. Later, two short proofs of the characterization theorem were
given by R. C. Lyndon [17] and A. L. Shirshov [21], respectively.

Pre-Lie algebras arise in many areas of mathematics and physics. As was pointed out by
D. Burde [8], these algebras first appeared in a paper by A. Cayley in 1896 (see [9]). Survey
[8] contains detailed discussion of the origin, theory and applications of pre-Lie algebras in

geometry and physics together with an extensive bibliography. Free pre-Lie algebras had already
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been studied as early as 1981 by Agrachev and Gamkrelidze [2]. They gave a construction of
monomial bases for free pre-Lie algebras. Segal [20] in 1994 gave an explicit basis (called good
words in [20]) for a free pre-Lie algebra and applied it for the PBW-type theorem for the
universal pre-Lie enveloping algebra of a Lie algebra. Linear bases of free pre-Lie algebras were
also studied in [3, 10, 11, 14, 25]. As a special case of Segal’s latter result, the Lie subalgebra,
generated by X, of the free pre-Lie algebra with generating set X is also free. Independently,
this result was also proved by A. Dzhumadil’daev and C. Lofwall [14]. M. Markl [19] gave a
simple characterization of Lie elements in free pre-Lie algebras as elements of the kernel of a

map between spaces of trees.

Grobner bases and Grobner-Shirshov bases were invented independently by A.I. Shirshov
for ideals of free (commutative, anti-commutative) non-associative algebras [22, 24], free Lie
algebras [23, 24] and implicitly free associative algebras [23, 24] (see also [4, 5, 12, 13]), by H.
Hironaka [16] for ideals of the power series algebras (both formal and convergent), and by B.
Buchberger [7] for ideals of the polynomial algebras.

In this paper, we study a class of Lie-admissible algebras. These algebras are nonassociative
algebras which satisfy the following identities: (xy)z = (yX)z,X(yz) = X(zy). Let LA(X) be
the free algebra with a generating set X of the above variety. We obtain a nonassociative
Grobner-Shirshov basis for the free algebra LA(X). Using the Composition-Diamond lemma of
nonassociative algebras, we get a monomial basis for LA(X). Let S(X) be the Lie subalgebra,
generated by X, of LA(X). We get a linear basis of S(X). As a corollary, we show that
S(X) is not a free Lie algebra when the cardinality of X is greater than 1. We also give a
characterization of the elements of S(X) among the elements of LA(X). For the completeness
of this paper, we formulate the Composition-Diamond lemma for free nonassociative algebras

in Section 2.

§2. Composition-Diamond Lemma for Nonassociative Algebras

Let X be a well ordered set. Each letter X € X is a nonassociative word of degree 1. Sup-
pose that u and v are nonassociative words of degrees m and n respectively. Then uv is a
nonassociative word of degree m + n. Denoted by |uv| the degree of uv, by X* the set of all
associative words on X and by X** the set of all nonassociative word on X. If u = (p(v)q),
where p,q € X*,u,v € X** then v is called a subword of u. Denote u by ul,, if this is the case.

The set X** can be ordered by the following way: u > v if either
(1) Ju] > |v[; or

(2) Ju| = |v| and U = ujuz, v = V1V2, and either

(2a) ug >vy; or

(2b) Ui = vy and Up > Vy.

This ordering is called degree lexicographical ordering and used throughout this paper.

Let k be a field and M (X) be the free nonassociative algebra over K, generated by X. Then
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each nonzero element f € M (X) can be presented as

f= O(f—i—ZO(iui,

where ¥ > u;,a,0; € k,a # 0, u; € X**. Then f, a are called the leading term and leading
coefficient of f respectively and T is called monic if o = 1. Denote by d(f) the degree of T,
which is defined by d(f) = |f]|.

Let S € M(X) be a set of monic polynomials, s € S and u € X**. We define S-word (u),

in a recursive way:

(i) (s)s = s is an S-word of s-length 1;

(ii) If (u)s is an S-word of s-length k and Vv is a nonassociative word of degree I, then
(U)sv and v(u)s

are S-words of s-length Kk + I.

Note that for any S-word (u)s = (asb), where a,b € X*, we have (ash) = (a(s)b).
Let f,g be monic polynomials in M(X). Suppose that there exist a,b € X* such that
f = (a(g)b). Then we define the composition of inclusion

(f.g9); =T — (agh).

The composition (f,g) is called trivial modulo (S, f), if
(f.9)5= Z o;(a;sh;)

where each o; € Kk, a;,b; € X*, s; € S, (a;S;b;) an S-word and (a;(s;)b;) < F. If this is the

case, then we write (f,g)7 = 0 mod(S, f). In general, for p,q € M(X) and w € X**, we write
p=q mod(S,w)

which means that p —q = > a;(a;S;h;), where each a; € k,a;,b; € X*, 's; € S, (a;8;h;) an
S-word and (a;(S;)b;) < w.

Definition 2.1([22,24]) Let S C M(X) be a nonempty set of monic polynomials and the
ordering > defined as before. Then S is called a Grébner-Shirshov basis in M (X) if any

composition (F,9) 7 with ¥,9 € S is trivial modulo (S, T), i.e., (F,g)7 =0 mod(S, f).

Theorem 2.2(]22,24]) (Composition-Diamond lemma for nonassociative algebras) Let S C
M (X) be a nonempty set of monic polynomials, 1d(S) the ideal of M (X) generated by S and

the ordering = on X** defined as before. Then the following statements are equivalent:

(i) S is a Grobner-Shirshov basis in M (X);
(ii) f € 1d(S) = f = (a(s)b) for some s € S and a,b € X*, where (ash) is an S-word;
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(iii) 1rr(S) = {u € X**|u # (a(5)b) a,b € X*, s € S and (ash) is an S-word} is a linear
basis of the algebra M (X]| S) = M (X)/1d(S).

83. A Nonassociative Grobner-Shirshov Basis for the Algebra LA(X)

Let LA be the variety of nonassociative algebras which satisfy the following identities: (Xy)z =
(yX)z,x(yz) = X(zy). Let LA(X) be the free algebra with a generating set X of the variety
LA. It’s clear that the free algebra LA(X) is isomorphic to M (X|(uv)w — (vu)w,w(uv) —
w(vu),u,v,w € X**).

Theorem 3.1 Let S = {(uv)w — (vu)w,w(uv) — w(vu),u > v,u,v,w € X**}. Then S is a
Grobner-Shirshov basis of the algebra M (X| (uv)w — (vu)w, w(uv) —w(uv),u,v,w € X**).

Proof Tt is clear that 1d(S) is the same as the ideal generated by the set {(uv)w
(vu)w,w(uv) — w(vu),u,v,w € X**} of M(X). Let fi23 = (Uiuz)uz — (UzU1)U3, Q123 =
v1(VaVvs) — vi(VaVa),U; > Uz, V2 > v, u;,Vv; € X**,1 < i < 3. Clearly, fio3 = (ujUz)us
and T2z = V1(V2Vv3). Then all possible compositions in S are the following;:

(C1) (Fr23, F456) (us | uugyug ua)us’

(F123, 456 ) (us a2y ugyug s

(F123, F456) (w1 uz)us | ugugyug |

(F123, T456) ((uaus)us)us» U1U2 = (UsUs)Us;
(F123, F456) (uq uz)us» (U1U2)U3 = (UgUs)Us;
(123, 9128) (ua |y, pvgyuz)uis'

(F123, 9128) (ur iz |y, qupvay)uis'

(f123' 9123)(u1uZ)u3 lvy(vava) )

(f123! 9123) v1(v2v3))uzr UtU2 = Vi (VZVS);
123, 9123) (uyuz) (v2vs)s U1U2 = V1, U3z = V2V3;
9123, $128) 01| 1y upyug (v209)

9123, $128) 01 (02 @y upyus v9)

9123, F123) 01 (0203 @y unyus) i

0123, 9456 )v1 |\, (vgve) (v2v3)’
0123, 9456 )v1 (v2v, (veve) v3)
0123, 9456 )v1 (v203 v, (vgve))
0123, 9456 ) v (va(vsve))s V2V3 = Va(VsVe);
(9123, 9456) vy (v2vs)» V1(V2V3) = V4(V5Ve).

The above compositions in S all are trivial module S. Here, we only prove the following

(
( )
( )
( )
( )
(g123|f123)1)1((u1u2)u3)1\/2v3 = (UzUz)us;
( )
( )
( )
( )

cases: (C1), (Ca), (Cg), (C10), (C14), (C1). The other cases can be proved similarly.

(F123, F456) (1 g ugyung uz)us =(U2Ut|(uausyus U3 — (U1 l(usuayus U2)U3

E(u2ull|(u5u4)ue)u?: - (ull|(u5u4)ueu2)u3 =0,
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(F123, F456) ((uaus)ue)us» U1U2 = (UsUs)Us =(Ug(UsUs))uz — ((UsUs)Ug)U3

(UG(U5U4))U3 — ((U5U4)U6)U3 =0,

(F123,9123) (v1 (v2v8))us» U1U2 = V1(V2V3) =((V2V3)V1)uz — (V1(V3V2))us

(9123, f123)v1((u1u2)u3)1v2v3 =(upUz)uz = vy (uz(uiuz)) — vi((U2u1)uz)

EV]_(U3(U2U1)) — Vl((U2U1)U3) =0,

(9123, 9456 ) vy (va (vsve))» V2V3 =(V4(V5Ve)) = V1((V5Ve)Va) — V1(Va(VeVs))

EVl((V6V5)V4) — V1 (V4 (V6V5)) =0.

Therefore S is a Grobner-Shirshov basis of the algebra M (X|(uv)w — (vu)w,w(uv) —
w(uv),u,v,w € X**). O

Definition 3.2 Fach letter X; € X is called a reqular word of degree 1. Suppose that u = vw
is a nonassociative word of degree m,m > 1. Then U = VW is called a reqular word of degree m

if it satisfies the following conditions:

(S1) both v and W are regular words;
(S2) if v =viva, then vi < Vp;
(S3) if w = wqWa, then Wi < Wa.

Lemma 3.3 Let N(X) be the set of all regular words on X. Then Irr(S) = N(X).

Proof Suppose that u € Irr(S). If Ju] = 1, then u = x € N(X). If |u| > 1 and u = vw,
then by induction v,w € N (X). If v = v1vy, then v; < vy, since u € Irr(S). If w = wiw,, then
w1 < Wy, since U € Irr(S). Therefore u € N (X).

Suppose that u € N(X). If Ju] = 1, then u =X € Irr(S). If u = vw, then v,w are regular
and by induction v,w € Irr(S). If v = vivy, then v < vy, since u € N (X). If w = wyws, then
w1 < Wo, since U € N(X). Therefore u € Irr(S). O

From Theorems 2.2, 3.1 and Lemma 3.3, the following result follows.

Theorem 3.4 The set N (X) of all reqular words on X forms a linear basis of the free algebra
LA(X).
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84. A Characterization Theorem

Let X be a well ordered set, S(X) the Lie subalgebra, generated by X, of LA(X) under the
commutator [f, g] = fg —gf Let T = {[Xi, Xj]lxi =X, X, X5 € X} where [Xi, Xj] = X;Xj —X;X;.

Lemma 5.1 The set X|UT forms a linear basis of the Lie algebra S(X).

Proof Letu e X|JT. If u = X;, then 0 = X;. If u = [X;, X;], X; > X;, then u = X;X; — X;X;
and thus 0 = X;X;. Then we may conclude that ifu,v € X |JT and u # v, then 0 # V. Therefore
the elements in X |J T are linear independent. Since [[F,g], h] = (fFg)h—(gF)h—h(fg)+h(gf) =
0 = —[h, [f,g]], then all the Lie words with degree > 3 equal zero. Therefore, the set X JT

forms a linear basis of the Lie algebra S(X). O

Corollary 5.2 Let |[X| > 1. Then the Lie subalgebra S(X) of LA(X) is not a free Lie algebra.

Theorem 5.3 An element T(X1,X2,- - ,Xs) of the algebra LA(X) belongs to S(X) if and only
if d(F) < 3 and the relations XZ-XS- = X;-Xi,i,j =1,2,---,n imply the equation F(X1 + X7, X2 +
Xg,++ Xs + X)) = F(Xe, X2, -+, Xs) + F(X1, X5, -+, X().

Proof Suppose that an element F(X1, Xz, -+, X;) of the algebra LA(X) belongs to S(X).

From Lemma 4.1, it follows that d(f) < 3 and it suffices to prove that if u(Xg, X2, -+ ,Xs) €
XJT, then the relations x;X} = X)x; imply the equation U(X1 + X7, X2 + X3, -, Xs + X}) =
U(X1, X2, -+, Xs) + U(X], X5, -+ ,X5). This holds since d(f) < 3 and [X},X;] = [X;,X;] = 0,

X, %x;,1<1i,j <s.

Let di be an element of the algebra LA(X) that does not belong to S(X). If di = X;X;
where X; > X;, then let d» = dq — [X;, X;]. Clearly, dz is also an element of the algebra LA(X)
that does not belong to S(X). Then after a finite number of steps of the above algorithm, we
will obtain an element d; whose leading term is Uy where Uy = XpXq, Xp < Xq. It’s easy to see

that in the expression

! ! ! ! ! !
dt(X1+X11X2+X2! !XS+X5)_dt(X11X21"' 1XS)_dt(X]_1X21"' 1X5)
the element X’qxp occurs with nonzero coefficient. O
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81. Introduction

A Galilean space is a three dimensional complex projective space, where {w, f, I1, 12} consists
of a real plane w (the absolute plane), real line f C w (the absolute line) and two complex
conjugate points Iy, 1o € f (the absolute points). We shall take as a real model of the space
G3, a real projective space Pz with the absolute {w, f} consisting of a real plane w C Gz and a
real line ¥ C w on which an elliptic involution € has been defined. The Galilean scalar product
between two vectors a = (a1, az,a3) and b = (by, by, b3) is defined [3]

a]_b]_, if ax # 0or b]_ 75 0,

(ab), =
“ aohy + ashs, if a; =by = 0.

and the Galilean vector product is defined

0 e e3

a; a, az |, ifai#0orbs#0,
(aAb), = bi bz b3

€1 € €3

a; adz as | ifa, =by =0.

b1 b, bs

1Received May 4, 2017, Accepted November 16, 2017.
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Let a : I — Gz, | C R be an unit speed curve in Galilean space Gz parametrized by the
invariant parameter S € I and given in the coordinate form
a(s) =(s,y¥(s),z(s)). Then the curvature and the torsion of the curve a are given by

€(9) = 1o (5)], T(8) = rrDet ' (s),a” ()0 (5)

respectively. The Frenet frame {t, n, b} of the curve o is given by

_ a” (S) _ L " "
N0 = Taria ~ kg MY 6276,
b(S) = (L) ARG = g5 (12" (5).¥" (9),

where t(s), n(s) and b (s) are called the tangent vector, principal normal vector and binormal

vector, respectively. The Frenet formulas for o (s) given by [3] are

t' (s) 0 K(s) 0 t(s)
n(s) | =10 0 T(S) n(s) |- (1.1)
b’ (s) 0 —1(s) O b(s)

The binormal motion of curves in the Galilean 3-space is equivalent to the nonlinear Schrodinger

equation (NLS™) of repulsive type

. 1 )
i0, + 0o — 5 1(0,0)[*q =0 (1.2)

q = Kexp (/OS 0ds> , O=Kexp (/OS rds) . (1.3)

where

§2. Basic Properties of Intrinsic Geometry

Intrinsic geometry of the nonlinear Schrodinger equation was investigated in E® by Rogers and
Schief. According to anholonomic coordinates, characterization of three dimensional vector

field was introduced in E® by Vranceau [5], and then analyse Marris and Passman [3].

Let @ be a 3-dimensional vector field according to anholonomic coordinates in Gz. The
t, n, b is the tangent, principal normal and binormal directions to the vector lines of @. In-

trinsic derivatives of this orthonormal triad are given by following
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5 0 Bhs (W+T) t
=|n|= —6,. 0  —divb n (2.2)
b —(Qp+T1) divb 0 b
5 t 0 - (Qn + T) ebs t
Bl = (Qn + 1) 0 divn n |, (2.3)
b —0ps —divn 0 b
where %, % and % are directional derivatives in the tangential, principal normal and binormal

directions in Gz. Thus, the equation (2.1) show the usual Serret-Frenet relations, also (2.2) and
(2.3) give the directional derivatives of the orthonormal triad {t,n, b} in the n- and b-directions,

respectively. Accordingly,
d 0 d

where 8,5 and 8,5 are the quantities originally introduced by Bjorgum in 1951 [2] via

ot ot
en‘s:n'%, ebS:b'%. (25)

From the usual Serret Frenet relations in Gz, we obtain the following equations

. d 1) d ot ot
dlvt_(tg+n%+b%)t_t(Kn)+n%+b%_9ns+6bs, (2.6)
. d 0 d on on on
. o d o ob db ob
d|vb_(tg+n%+b%)b_t(—rn)+n%+b%_n%. (2.8)
Moreover, we get
curlt = t><£—|—n><i—|—b><E t
N ds én 3b
ot ot
= t><(Kn)+n><ﬁ+b><%
ot ot
= curlt = Q,(1,0,0) + Kb, (2.9)
where 5t 5t
QS:t~curIt:b-%—n-% (2.10)

is defined the abnormality of the t-field. Firstly, the relation (2.9) was obtained in E3® by
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Masotti. Also, we find

curln = t><i+n><i+b><E
- S dn db

dn dn
= t><(1'b)+n><6 +b x 5

= [t~66—2—r]n+ (béé_n) (1,0,0) — <t66—:)b

= curln = — (divb) (1,0,0) + Q,n + 8,,5b, (2.11)

where

Q,=n-curln=t- 662 T (2.12)

is defined the abnormality of the n-field and

1) ) )
curlb = (txg—l—n 5 +b><6b)b

tx(—tn)+n x th—b> t} +b x Kt%>t+ (n%) n}
[ Bae ()n- () an

= curlb = Qb — 65N + (divn) (1,0,0), (2.13)
where
Q=Db-curlb=—-(1+t- ob (2.14)
b B 3n '

is defined the abnormality of the b-field. By using the identity curlgrad$ = 0, we have
2p %0 20 %0 2¢p 8%
<6n6b - 6b6n) L <6b6s - 6s6b) Nt <6s6n - 6n65> b

+66£curlt + g—d)curln + %curlb =0. (2.15)

Substituting (2.9), (2.11) and (2.13) in (2.15), we find

5% &% 39 0] 10)

0o ondb —  3s T ndivb) — 5 (divn)

5% 3% 0] 6@

9s 3%b ~ oan T e

5%  d% %o, 6@ o)

5son _ onds  os- 5n9"5 6bQ (2.16)

By using the linear system (2.1), (2.2) and (2.3) we can write the following nine relations
in terms of the eight parameters K, T, Q5, Q,, divn,divb, 8,5 and 8;;. But we take (2.20),
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(2.21) and (2.22) relations for this work.

66_be"5 + % (Q, + 1) = (divn) (Qs — 2Q,, — 2T) + (8ps — 0,,5) divbh + Ky, (2.17)
d d . .
% (0 — Qs +1) + %Gbs =divn (0,5 — Bps) + divb (2 — 2Q,, — 21), (2.18)
d .. d .
3 (divb) + 5 (divn) = (T4 Q) (T +Q, — Q) — 0,50 — TQ;
— (divh)? — (divn)?, (2.19)
0 0K
3s (T+Q)+ T —Q0ns — (2T + Q) Ops, (2.20)
%ebs = 07, + kdivn — Q,, (T+Q, — Q) + T (T +Q,), (2.21)
5 (divn) — ot _ —Q,, (divb) — 65 (K 4 divn (2.22
63 ) 6b - n ( ) bs ) ’ . )
0k b 2 a2
5n Eens =K 40, +(T+2)BT+Q) —Q 2T+ Q), (2.23)
% (T4 — Q) = =05 (2 — Qs) + Bps (—2T — Q,, + Q) + kdivb, (2.24)
2—; + % (divb) = —k (2, — Qs) — 0,,5divb + (divn) (=21 + Q,, + Q). (2.25)
83. General Properties
The relation 5
% — KpNy = 6,5t — (divb) b (3.1)

gives that the unit normal to the n-lines and their curvatures are given, respectively, by

—8,,t — (divb)b  —8,,.t — (divb)b

n, = - = ) 3.2
||—6,s — (divb) b]| —6,s (32)
K, = —0,. (3.3)

In addition, from the relation (2.11) can be written,
curln = Q,n +K,b,, (3.4)

where divb) (1,0,0) +6,.b
bn:nxnn:_('v)(_’e’ ) 4 8ns (3.5)
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gives the unit binormal to the n-lines. Similarly, the relation
— = KpNp = —0t — (dlvn) n (3.6)

gives that the unit normal to the b-lines and their curvature are given, respectively, by

Bpst + (divn) n
np=—~———~’—

) 3.7
o (3.7)
Ky = —Gbs. (38)
Moreover, from the relation (2.13) we can be written as
curlb = Qyb + Kpby, (3.9)
where 5 di 100
by = b x n, = 2N = (dvn) (1,0,0) (3.10)

ebs

is the unit binormal to the b-line. To determine the torsions of the n-lines and b-lines, we take

the relations

ob,

- —T,Ny, (3.11)
db
LI (3.12)
respectively. Thus, from (3.11) we have
0 In|K |)(divb)—i divb) — 6, (2% + 1) = 1,0 (3.13
6n(n n 6n( ) ns b = nUns, . )
—il |K. |8 +ie =T, (divb) (3.14)
6[’] n n ns 6[’] ns — 'n . N
Accordingly,
— (4 T)+ 40y | fas | if divb £ 0, 8, # 0

=< —(Q+1) if divb =0, 8, #0 (3.15)

or 8, = 0, divb # 0.

Similarly, from (3.12) we have

d . d .
~% (Inkyp) (divn) + 55 (divn) — Bps (2, + T) = TpBps, (3.16)
d d .
% (ln Kb) Gbs — %Gbs =T (dlvn) . (3.17)
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Thus,
— (1) = & Sy | e | if divi £ 0, 0, £ 0,

=< (L +T1T) if divn = 0,0,s # 0 (3.18)
or 0,; = 0, divn # 0.

Also, we obtain an important relation
1
Qs —1= 3 (Qs + Qp + Q) (3.19)

is obtained by combining the equations (2.10), (2.12) and (2.14). Qs, 2, and Q; are defined
the total moments of the t, N and b congruences, respectively.

In conclusion, we see that the relation (3.19) has cognate relations

1
Qp—Tn = B (Qn, + Dy, + M) (3.20)
1
LW-T= (Q + Qnyy + Q) (3.21)
where
Qp, =n, -curln,, Q,, =Db, - curlb,,
(3.22)
Qp, =Ny -curlng, Q = by -curlby.
84. The Nonlinear Schriédinger Equation
In geometric restriction
Q,=0 (4.1)

imposed. Here, our purpose is to obtain the nonlinear Schrodinger equation with such a restric-
tion in G3. The condition indicate the necessary and sufficient restriction for the existence of a
normal congruence of ¥ surfaces containing the s-lines and b-lines. If the s-lines and b-lines are
taken as parametric curves on the member surfaces U = constant of the normal congruence,

then the surface metric is given by [4]
Iy = ds? + g (s,b) db. (4.2)

where g11 = 9(S, S), 912 = 9(S,b), 922 = g(b, b), and

gradU:tEerE—ta b_0

5s "%~ 'as gz “3)
Therefore, from equation (2.1) and (2.3), we have
5 t 0 k 0 t
— = 4.4
35 0 0 T n (4.4)
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s t 0 —(Qp+T1) B t
g’l/z% n|=1|Q.+1) 0 divn n |. (4.5)
b —0ps —divn 0 b

Also, if r shows the position vector to the surface then (4.4) and (4.5) implies that

ot
Mo = 50 = gY/2 [—tn + 0,.b] (4.6)
and 3 1121 12 agl/? )
ro = s (g ) =—g/°Tn + 35 ©- (4.7)

Thus, we obtain

~10Ing
2 0s
In the case €, = 0, the compatibility conditions equations (2.20)-(2.22) become the non-

ebs

(4.8)

linear system

0t 0K
35 T ap = 2t (4.9)
0 2 H 2
£9b5 = —0;, + kdivn + 1%, (4.10)
d . 0t .
E(dlvn) = —0ps (K + divn). (4.11)
The Gauss-Mainardi-Codazzi equations become with (4.8)
9 /24i 9 g2y 9T _
as(g dIVI’])—I—KaS(g ) FT 0, (4.12)
0 1/26K B
3500 +9"7 5 =0, (4.13)
(9%2),s = g*?(kdivn +12). (4.14)

With elimination of divn of between (4.12) and (4.14), we have

6T B a (gl/Z)SS _ T291/2
ab ~ as K

2 (7). w19

If we accept
g1/2 = K,

where A varies only in the direction normal congruence, then Ab — b, thus the pair equations
(4.13) and (4.15) reduces to
Ky = 2K,T + KT, (4.16)

Kss K2
T, = <1’2— - +—) . (4.17)

2
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By using equations (4.16) and (4.17), we obtain

_ 1 )
i, + Qe — 51(0,9)q — @ (b) g =0, (4.18)

s=so

where @ (b) = (T2 — oS 4 %2) . This is nonlinear Schrodinger equation of repulsive type.
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Abstract: Graonac defined the second ABC index as

ABCx(G) = >

vjvj EE(G)

Dae Won Lee defined the third ABC index as

ABC3(G) = >

vjvj EE(G)

and studied lower and upper bounds. In this paper, we defined a new index which is called
third ABC Coindex and it is defined as

ABC3(G)= Y

vivj EE(G)

and we found some lower and upper bounds on ABC3(G) index.

Key Words: Molecular graph, the third atom - bond connectivity (ABC3) index, the
third atom - bond connectivity co-index (ABCs;).

AMS(2010): 05C40, 05C99.

81. Introduction

The topological indices plays vital role in chemistry, pharmacology etc [1]. Let G = (V,E) be

a simple connected graph with vertex set V (G) = {v1,V2, - ,V,} and the edge set E(G), with
[V (G)| =nand |[E(G)| =m. Let u,v € V(G) then the distance between u and v is denoted by

d(u,Vv) and is defined as the length of the shortest path in G connecting u and v.

The eccentricity of a vertex v; € V (G) is the largest distance between v; and any other

vertex V; of G. The diameter d(G) of G is the maximum eccentricity of G and radius r(G) of

G is the minimum eccentricity of G.

1Received May 17, 2017, Accepted November 19, 2017.
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The Zagreb indices have been introduced by Gutman and Trinajstic [2]-[5]. They are
defined as,

Mi(G)= > d? Ma(G)= >  dd,

i eV(G) vivj €V(G)

The Zagreb co-indices have been introduced by Doslic [6],

Mi(G)= > (dF+d?), M(G) = > (dd).

vivj €E(G) vivj € E(G)

Similarly Zagreb eccentricity indices are defined as

EiG)= Y e’ EAG) = Y ee,

vi€V(G) vivj EV(G)

Estrada et al. defined atom bond connectivity index [7-10]

ABC(G)= >

Vivj €EE(GR)

and Graovac defined second ABC index as

ABC,(G)= >

vivj €EE(G)

which was given by replacing d;, d; to n;, n; where n; is the number of vertices of G whose
distance to the vertex v; is smaller than the distance to the vertex v; [11-14].
Dae and Wan Lee defined the third ABC index [16]

ABC3(G) = Y

vivj €EE(G)

In this paper, we have defined the third ABC co - index; ABC3(G) as

ABC3(G)= >

vivj ¢ E(G)

found some lower and upper bounds on ABC3(G).

82. Lower and Upper Bounds on ABC3(G) Index

Calculation shows clearly that
(i) ABC3(K,,) =0;

<n>m_;(g);
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(iii) ABC3(Cz,) = 2(n—3)v/n —2;
4n — 12

(IV) ABCg(Czn.g_l) = n(n — 3) m

Theorem 2.1 Let G be a simple connected graph. Then ABC3(G) > \/Ei?’ where E3(G) is

~

the second zagreb eccentricity coindez.

Proof Since G 2 K,,, it is easy to see that for every e = v;v, in E(G), e; +e; > 3. By the
definition of ABC3 coindex

ABC5(G) = >

vivj € E(G)

1 1 1
S S -
viv; €E(G) €i€; . eg \/EZ(G)

vivy EE(G)

Theorem 2.2 Let G be a connected graph with m edges, radius r = r(G) > 2, diameter
d=d(G). Then,

\/_\/d—1<ABC3( ) \/ﬁ\/

with equality holds if and only if G is self-centered graph.

Proof For2<r <e; e; <d,

1 1 2 1 1 2 2 1 1 2
—+— = > —4+—(1-=) (ase;<d, 1——=>0=5+—(1—5))
e; €; €;€; e; €; €; e; €; d
1 1 2 2
> a—i-a(l—a) (as e; < d and (1—6)20)
S 1 n 1 2
- d d d?
2 2 2
> - ——=>—=(d-1
- d d2~ dz( )
with equality holds if and only if e; =e; =d.
Similarly we can easily show that,
1 1 2 2
-+ — — < —2(r — 1)
e; €; €;€; r
for 2 <r <e;, e; <d with equality holding if and only if e; =e; =r. |

The following lemma can be verified easily.

Lemma 2.1 Let (a1,82, -+ ,8,) be a positive N-tuple such that there exist positive numbers
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A, a satisfying 0 <a < a; < A. Then,

n

nY a? )
—— < ;(VA/a+ Va /Ay
(2 a)?
i=1
A
with equality holds if and only ifa= A orq = /2

——nN int d bers a;
A a) i1 is an integer and q of numbers a;
coincide with a and the remaining N — q of the a;s coincide with A(# a).

Theorem 2.3 Let G be a simple connected graph with m edges, r = r(G) > 2,d = d(G).
Then,

4m,/(r —1)(d —1)

ABCs(G) = rd(2Vr =1+ 3Vd=1)2E2(G)

Proof By Theorem 2.2 we know that

and

—+
ie.,
(Ca)® 1
ny. a2 >4 21
L (VievE)

which implies that

2 2 2 2 2
(Zai) > ana: S any-a: >4n2a1>4n2alaA

(2] Tedl Bl R
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and

2 ; j
[$m+ @x/ﬁ} o gB@) NG
BVA-T/I-T 5 <1 NER )

) e Te ee
2[#+%} e A

T

An¥2/d—1¥2/r—1 5 <1 L1

Y

Therefore

- 8n —1)(d-1
8nm2(é+é— 2): 7V (r=1)( 2)Z<i-+eij_ei2ej
o= ivj

(-
rd {@ + @}

We know that
(1 1 2 ) S 1

vivy £E(G)

from Theorem 2.1. Thus,

1 1 22 - dm x /(r—1)(d —1) 50,

2 \Wate ae | 2T v

vivj E(G)
Z (l 1 2)> am./(r —1)(d = 1)
v VN8 & €€/ T\ rd (%\/r —1+ d\/%) E»(G)

Theorem 2.4 Let G be a simple connected graph with n vertices and m edges. Then,

1 — 1 —
< ABC3(G) < —1/2nm2 — nM(G) — 2mZ2.
\/n?m — M1 (G) + M3 (G) i \/5\/ '

Proof From Theorem 2.1,

Z 1
vivi € E(G eiej
i EE(G) vivs (G
Since e; < (n —d;), we know that
1 - 1 B 1
> ee;  V/(n—dj)(n—dj) v/2-(n? —nd; — nd; +d;d;)
vivj ¢ E(G)
1

\/mn2 —nNM1(G) + M>(G)

This completes the lower bound.

€;e;
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Now, since G 2 K,,, e;e; > 2 for v;v; € E(G), we get that

Z \/ei—f—ej—2.

vivy EE(G)

vivj € E(G)

By Cachy-Schwarz inequality, we also know that

i Z \/ei—f—ej—2§%\/ Z 1 Z (ei+e4j_2)'

vivj ¢ E(G) vivi ¢ E(G)  vivi ¢ E(G)

Since e; < n —d; for v; € V(G), we get that

%\/ Z 1 Z (ei+e‘j—2)

vivi €E(G) vivi¢E(Q)

1
<. [m > (n—di+n-d; -2
vivj ¢ E(G)
1
<5 |m doooan— Y (ditd)-2 > 1
vivi ¢ E(G) vivj ¢ E(G) vivj ¢ E(G)
1
= —2\/m [2nm - Mi1(G) - 2m}
1
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Abstract: The k-distance degree index (Ny-index) of a graph G have been introduced in
[11], and is defined as Ny (G) = . %m(@ (ZUEV(G) dk(v)> -k, where di(v) = [Nx(v)| =
[{u € V (G) : d(v,u) = k}| is the k-distance degree of a vertex v in G, d(u, v) is the distance
between vertices u and v in G and diam(G) is the diameter of G. In this paper, we extend
the study of N-index of a graph for other graph operations. Exact formulas of the N -index
for corona G o H and neighborhood corona G [CH products of connected graphs G and H
are presented. An explicit formula for the splitting graph S(G) of a graph G is computed.
Also, the Nj-index formula of the join G + H of two graphs G and H is presented. Finally,
we generalize the Ng-index formula of the join for more than two graphs.

Key Words: Vertex degrees, distance in graphs, k-distance degree, Smarandachely k-
distance degree, k-distance degree index, corona, neighborhood corona.
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81. Introduction

In this paper, we consider only simple graph G = (V, E), i.e., finite, having no loops no multiple
and directed edges. A graph G is said to be connected if there is a path between every pair of its
vertices. As usual, we denote by n = |V | and m = |E| to the number of vertices and edges in a
graph G, respectively. The distance d(u, v) between any two vertices U and v of G is the length
of a minimum path connecting them. For a vertex v € V and a positive integer K, the open k-
distance neighborhood of v in a graph G is Ni(v/G) = {u € V (G) : d(u,v) = k} and the closed
k-neighborhood of v is N [V/G] = N (v)U{v}. The K-distance degree of a vertex v in G, denoted
by di(v/G) (or simply di(Vv) if no misunderstanding) is defined as d(v/G) = |Ny(v/G)|, and
generally, a Smarandachely K-distance degree di(v/G : S) of v on vertex set S C V(G) is
dr(V/G) = |Ng(v/G : S)|, where Ni(v/G : S) = {u € V(G)\S : d(u,v) = k}. Clearly,
dp(V/G : 0) = di(v/G) and di(v/G) = d(v/G) for every v € V (G). A vertex of degree equals
to zero in G is called an isolated vertex and a vertex of degree one is called a pendant vertex.

The graph with just one vertex is referred to as trivial graph and denoted K;. The complement

1Received January 10, 2017, Accepted, November 23, 2017.
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G of a graph G is a graph with vertex set V (G) and two vertices of G are adjacent if and
only if they are not adjacent in G. A totally disconnected graph K,, is one in which no two
vertices are adjacent (that is, one whose edge set is empty). If a graph G consists of s > 2
disjoint copies of a graph H, then we write G = sH. For a vertex v of G, the eccentricity
e(v) = max{d(v,u) : u € V(G)}. The radius of G is rad(G) = min{e(v) : v € V(G)} and
the diameter of G is diam(G) = max{e(v) : v € V(G)}. For any terminology or notation not

mention here, we refer the reader to the books [3, 5].

A topological index of a graph G is a numerical parameter mathematically derived from
the graph structure. It is a graph invariant thus it does not depend on the labeling or pictorial
representation of the graph and it is the graph invariant number calculated from a graph repre-
senting a molecule. The topological indices of molecular graphs are widely used for establishing
correlations between the structure of a molecular compound and its physic-chemical proper-
ties or biological activity. The topological indices which are definable by a distance function
d(.,.) are called a distance-based topological index. All distance-based topological indices can
be derived from the distance matrix or some closely related distance-based matrix, for more

information on this matter see [2] and a survey paper [20] and the references therein.

There are many examples of such indices, especially those based on distances, which are
applicable in chemistry and computer science. The Wiener index (1947), defined as

WG = > duyv)

{uv}CV(F)

is the first and most studied of the distance based topological indices [19]. The hyper-Wiener
index,
1 2
WW(G) = - > (d(u,v) +d*(u,v))

{u,w}CV
was introduced in (1993) by M. Randic [14]. The Harrary index
HG) = > L
N d2(u,v)
{u,v}CV

was introduced in (1992) by Mihalic et al. [10]. In spite of this, the Harary index is nowadays
defined [8, 12] as

The Schultz index
SG)= Y (d(u)+d(v))d(u,v)
{u,v}CV
was introduced in (1989) by H. P. Schultz [16]. A. Dobrynin et al. in (1994) also proposed the
Schultz index and called it the degree distance index and denoted DD(G) [1]. S. Klavzar and
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I Gutman, motivated by Schultz index, introduced in (1997) the second kind of Schultz index

S*(G)= > d(ud(v)d(u,v)

{uw}cVv

called modified Schultz (or Gutman) index of G [9]. The eccentric connectivity index

&= 3" dw)e(v)

veV

was proposed by Sharma et al. [17]. For more details and examples of distance-based topological
indices, we refer the reader to [2, 20, 13, 6] and the references therein.

Recently, The authors in [11], have been introduced a new type of graph topological index,
based on distance and degree, called K-distance degree of a graph, for positive integer number
k > 1. Which, for simplicity of notion, referred as Ni-index, denoted by N (G) and defined by

diam(G)

NG = S [ S dev) | ok

k=1 veEV(G)

where di(v) = d;(v/G) and diam(G) is the diameter of G. They have obtained some basic
properties and bounds for Ng-index of graphs and they have presented the exact formulas for
the Ng-index of some well-known graphs. They also established the Ny-index formula for a
cartesian product of two graphs and generalize this formula for more than two graphs. The k-
distance degree index, N (G), of a graph G is the first derivative of the k-distance neighborhood
polynomial, Ny (G, X), of a graph evaluated at X = 1,see ([18]).

The following are some fundamental results which will be required for many of our argu-
ments in this paper and which are finding in [11].

Lemma 1.1 Forn>1, Niy(K,) = Nk (K;) = 0.

Theorem 1.2 For any connected graph G of order n with size m and diam(G) = 2, N;(G) =
2n(n —1) — 2m.

Theorem 1.3 For any connected nontrivial graph G, Ni(G) is an even integer number.

In this paper, we extend our study of Nj-index of a graph for other graph operations.
Namely, exact formulas of the Ng-index for corona G o H and neighborhood corona G H
products of connected graphs G and H are presented. An explicit formula for the splitting
graph S(G) of a graph G is computed. Also, the Nj-index formula of the join G + H of two
graphs G and H is presented. Finally, we generalize the Ng-index formula of the join for more
than two graphs.

82. The Nj-Index of Corona Product of Graphs

The corona of two graphs was first introduced by Frucht and Harary in [4].
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Definition 2.1 Let G and H be two graphs on disjoint sets of N1 and Ny vertices, respectively.
The corona GoH of G and H is defined as the graph obtained by taking one copy of G and Ny
copies of H, and then joining the it" vertex of G to every vertex in the it" copy of H.

It is clear from the definition of G o H that

n = [V(GoH)[=ni+niny,
m = |E(GoH)|:m1+n1(n2+m2)

and
diam(G o H) = diam(G) + 2,

where m; and M, are the sizes of G and H, respectively. In the following results, H7, for
1 < J < ng, denotes the copy of a graph H which joining to a vertex v; of a graph G.i.e.,
H/ = {v;}oH, D = diam(G) and d;(v/G) denotes the degree of a vertex v in a graph G. Note

that in general this operation is not commutative.

Theorem 2.2 Let G and H be connected graphs of orders N1 and Ny and sizes My and My,
respectively. Then

Nk(G o H) = (1 +2n, + n%) Nk(G) +2n1n2 (N1 + NNy — 1) —2Nn1ms.

Proof Let G and H be connected graphs of orders n; and n, and sizes mp; and my,
respectively and let D = diam(G), n = |V (GoH)| and m = |E(GoH)|. Then by the definition
of GoH and for every 1 < k < diam(G o H), we have the following cases.

Case 1. For every v € V (G),

di(V/Go H) = dk(V/G) + nadi_1(V/G).

Case 2. Foreveryue H7, 1 <j <nqy,

e di(U/GoHY)=1+di(u/H);
° dz(U/G o HJ) = d]_(Vj/G) + (nz — 1) — dl(U/H);
e di(U/GoHY) =d;_1(v;/G) + Nadi_2(v,;/G), for every 3 <k < D + 2.

Since for every v € V(G o H) either v € V(G) or v € V (H7), for some 1 < j < ny, it
follows that for 1 < k < diam(GoH),

> de(WGoH)= > dk(v/GoH)+i > di(u/GoHY).

veEV(GoH) veV(G) J=1ueV (HI)
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Hence, by using the hypothesis above

diam(GoH)
Ne(GoH)= > l > di(W/GoH)|k
k=1 veEV(GoH)
D+2 ni
:Zl > de(W/GoH)+ > Y di(W/GoHY) |k
k=1 LveV(G) 7=l ueVv (HI)
D+2 D+2
:Z[ > (dkv/G)+n2dk 1v/G) k+Z Z > di(W/GoHY)k
k=1 cv(@) k=1 Lj=1ueV(HI)
D+2 D+2
- ( S dk(v/G)).k+nZZ( 3 dk,l(v/G))k
k=1 veV(GQ) k=1 veV(G)
s (1+d1 u/H7)+Z 3 ( (v;/G) + (2—1)—d(u/Hj))2
j=lueV(HI) =l ueV (HI)
D+2 ny
+3 [Z > (de-2(v/G) + nath2(v,/G)) |k
k=3 L j=1uev (i)
Set X = X1 + X2, where
D+2
Z( 3 di(v/G)
k=1 eV (Q)
D
=3 (Y dwo))k+( Y douwG)D+1)+( Y dpaa(v/G))(D+2)
k=1 veV(Q) veV(G) veV(G)
D
=37 (D d(v/G))k+0+0=Ni(G),
k=1 veV(G)
D+2
Xz—nzz( Z dk 1V/G)
= veV(Q)
[ D> do(W/G)L+( Y di(v/G)) <+ (Y dp(W/G))(D+1)
veV(G) veV(GQ) veV(G)
D
(> dpraa(WG)D+2)| =nz[ni+> (> d(W/G))(k+1)+0
veEV(G) k=1 veV(G)
D D
=2+ > (D de(W/GHk+> (Y di(v/G))1
k=1 veV(Q) k=1 veV(G)

=nNy|Ny + Nk(G) + nl(nl - 1)‘| .
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Thus, X = (14 N2)N.(G) + n2n,. Also, set y = y; + Y, + Y3, where
y1 = Z Z (1+di(u/H))1 =ninz 4+ 2n1my,
j=lueV(HI)

Yo = Z Z d]_ VJ/G ( 2 — 1) dl(U/H)) (2m1n2 —+ nlnz( 2 — 1) — 2n1m2)
j=lueV(HI)

D+2 ni
Y3 = Z [Z Z (dk,]_(Vj/G) + ngdk,Q(Vj/G)) k
k=3 Lj=lueV(HI)
D+2 [ n D+2
- lz > (deavi/6)) k+nzz Z > (d2(vi/G)) K
k=3 Lj=1uecV(HI) = 7=l ueV(HI)
D+ ni D+2 n1
:nzl (Z(dk_l(vj/G))k +n3[ Y (Z(dk_z(v‘j/e))k .
k=3 j=1 k=3 j=1
Now set y3 =y5 + Y4, where
[ D+2 na
ys=nz| ST (dea(v,/G)) | k
L k=3 j=1
=na|( D> hW/G)3+( Y d(W/G)d+--+( Y dp(v/G))(D+1)+0
L UGV(G) veV(G) veV(GQ)
r D
=nz| > (> de(WG)(k+1)=( > di(v/G))
L k=1 veV(G) vEV(G)

:nzlz > di(v/G)) k+z > d(W/G)1—( Y di(v/G))2

k=1 veV(Q) k=1 veV(G) veV(G)

= ngNk(G) + nlnz(nl — 1) —4mino,

and similarly

D+2 na
3 _nzlz (Z dk 2V7/G)

= nsz(G) + 2n1n2(n1 — 1)

D
=n3 lz > di(v/G))(k +2)

k=1 veV(G)

Thus, y3 = (n% + n2)Ng(G) + nina(ny — 1) — 4mgny + 2n1n§(n1 -1).

Accordingly,

y = (N5 4 n2)NL(G) 4 2n2n2 4+ n?n, — 2NNy — 2nim,
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and

Therefore,
Nk(G o H) = (1 +2n, + n%)Nk(G) + 2n1n2(n1n2 +n; — 1) —2Nn1mp. a

Corollary 2.3 Let G be a connected graph of order n > 2 and size m > 1. Then

(1) Ni(Ky 0 G) = 2(n? — m);

(2) Nk(G o Kl) = 4Nk(G) + 2n(2n — 1);
(3) Nx(GoK,) = (1+2p+p?)Ni(G) +2pn(pn+n—1), where K, is a totally disconnected
h

graph with p > 2 vertices.

83. The Nj-Index of Neighborhood Corona Product of Graphs

The neighborhood corona was introduced in [7].

Definition 3.1 Let G and H be connected graphs of orders N1 and Ny, respectively. Then the
neighborhood corona of G and H, denoted by G H, is the graph obtained by taking one copy
of G and Ny copies of H, and joining every neighbor of the it" wvertex of G to every vertex in
the it" copy of H.

It is clear from the definition of G o H that

e In general G H is not commutative.

When H = K;, G H = S(G) is the splitting graph defined in [?].

When G=K;,G H=GUH.
° n:|V(G H)|:n1+n1n2

3, if diam(G) < 3;
diam(G), if diam(G) > 3;

diam(G H)=

In the following results, H7, for 1 < j < ny, denotes the j* copy of a graph H which corre-
sponding to a vertex v; of a graph G, i.e., H/ = {v;} H, D =diam(G) and dj(v/G) denotes
the degree of a vertex v in a graph G.

Theorem 3.2 Let G and H be connected graphs of orders and sizes N1, N2, M1 and My respec-
tively such that diam(G) > 3. Then

NL(G H) = (1+2n2+n3)Ni(G) +2n3(ny +my) + 2ng (N2 — my).
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Proof Let G and H be connected graphs of orders and sizes N1, M1, N2 and My respectively
and let {vq,Va,- - ,Vp, } and {u1, Uz, - ,Up, } be the vertex sets of G and H respectively. Then
for every w|inv(G H) either w=v € V(G) or w =u € V (H). Since, for every v € V (G),

IN1(v/G H)| = [N1(v/G)[+ |V (H)[[N1(v/G)]
dl(V/G H) = dl(V/G) + nzdl(V/G)
= (14 ny)dy(v/G)

and for every u € V(H’), 1 <j <ng

IN1(u/G HY) IN1(u/H)| 4+ |N1(v,;/G)],
di(u/G HY) = di(u/H)+di(v,;/G).

Thus, for everw € V(G H)

ni
Yo dw/G H) = Y di(w/G H)+> Y di(w/G HY)
weV (GxH) veV(G) =l ueV (HI)
= > (A4n)di(W/G)+ > Y (di(u/H) +di(v;/G))
veV(G) J=1ueV (HT)

= (1+nz) > di(W/G)+ ) 2ma+ny )y di(v;/G)
veV(Q) j=1 i=1

= (1+2np) Y  di(v/G)+2n—1my.
veV(GQ)

Similarly, we obtain

IN2(v;/G H)|
dz(Vj/G H)

IN2(v;/G)| + [V (H?)] + |V (H7)[IN2(v;/G)],
dg(Vj/G) + Ny + nzdz(V/G)
1+ nz)dz(V/G) + N2

for every v; € V(G), 1 <j <ny, and

IN2(u/G HY)| = (IV(H7)] = 1) = [Ny (u/H7)| + [{v;}]
+IV (H?)[IN2(v;/G)| + [N2(v,/G))|
d2(u/G HY) = (nz—1)—di(u/H)+ 1+ npdz(v,;/G) + d2(V/G)

ny, + dl(U/H) + (1 + nZ)dZ(Vj/G)
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for every u € H/, 1 < j < njy. Thus, for ever w € V(G H),

Y dW/G H)= > da(v/G H)+i > (/G HY)

weV(GxH) veV(G) =1 ucV (HI)

= 3 [+ n)di(v/G) +
veV(G)

+ Z > [nz +di(u/H) + (1+ nz)dl(vj/e)]
J=1ueV (HI)

=(14+n2+ n%) Z d2(v/G) + n1n§ 4+ Nninz — 2n1m,.
veV(G)

Also, for every v € V (G), d3(v/G H) = (1 + nz)d3(v/G) and for every u € V (H7),
d3(u/G  H7) = nydi(v;/G) + (1 + ny)d3(v,;/G).
Hence, For every w € V(G H),

ds(W/G H) = (1+n2+n3) >  ds(v/G)
veV(G)

+n5 > di(v/G).
veV(Q)

By continue in same process we get, for every 4 < k < diam(G H), that is, for every
veV(G),
de(v/G H) = (1+nz)d;(v/G)

and for every u € V (H7),
di(U/G HY) = (1 +n+2)di(v;/G),
and hence for every w € V(G H),
dr(W/G H) = (14 2ny + n3)d (V/G).

Accordingly,

Ni(G H)=> ( ) d(w/G H))k
k=

1 weV(G*H)
= > dW/G H)1+ > d(W/G H)2+---
weV(GxH) weV(GxH)

+ )  dp(w/G H))D

weV(GxH)
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= |:(1 + 2n2) Z d]_(V/G) + 2n1m2} 1
veV(G)

+ |:(1 + 2Ny + n%) Z dz(V/G) + nlng “+ nNnin;
veV(G)

—2mme| 24 [(142n;403) Y0 ds(W/G)+nf Y du(v/G)] 3
veV(G) veV(G)

+0+2m4nd) > diwG)] 44+ [(142m+03) Y dp(vw/G)| D
vEV(G) veV(G)

:(1+2n2+n§)[ Y hWG) 1+ Y (/G 24+ S dp(v/G) D}

veV(G) VeV (G) VeV (G)
+ [(—n% Z di(v/G) + 2n1m2) 1+ (nlng + NNz —2n1my) 2
veV(G)
+(n3 > di(w/G)) 3
veV(G)
= (1 +2n2 4+ n3)NL(G) 4 2n3(ny + my) + 2n1 (N — my). O

Corollary 3.3 Let G be a connected graph of order n > 2 and size m and let S(G) be the
splitting graph of G. Then

Ni(S(G)) = ANk(G) + 2(2n + m).

84. The Nj-Index of Join of Graphs

Definition 4.1([5]) Let G1 and Gz be two graphs with disjoint vertex sets V (G1) and V (G2)
and edge sets E(G1) and E(Gz). Then the join G1 4+ G2 of G1 and Gy is the graph with vertex
set V(G1) UV (G2) and edge set E(G1) UE(G2) U{uv|u € V(G1)&v € V (Gz)}.

Definition 4.2 It is clear that, G1 + G2 is a connected graph, n = |V (G1 4+ G2)| = |V (G1)| +
V(Gz2)|, m = [E(G1 + G2)| = [V (G1)[|V (G2)| + [E(G1)| + [E(G2)| and diam(G:1 + G2) < 2.
Furthermore, diam(Gy + Gz) = 1 if and only if G1 and Gy are complete graphs. We denote by
di(V/G) to the K-distance degree of a vertex Vv in a graph G.

Theorem 4.2 Let G and H be connected graphs of order N1 and Ny and size My and My,
respectively. Then

nip+n
Np(G+H)= 4( ! ) 2> —2(n1n2 + M1 4+ my).
Proof The proof is an immediately consequences of Theorem 1.2. |

Since, For any connected graph G, G+ K; = K; + G = K; 0 G then the next result follows
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Corollary 2.3.
Corollary 4.3 For any connected graph G with n vertices and m edges,

Ni(G + Ki) = 2(n? — m).

The join of more than two graphs is defined inductively as following,
Gi+G2+-+G=(GC1+G2+---+G;-1) + Gy

for some positive integer number t > 2. We denote by Zle G, toGL +Go+---+G;. Tt is
clear for this definition that

o n= |V (¥Xiey Gl = Xiey V (G
o M= [E(XI=; Gl = Timy [E(G)] + Xl IV (Gl ()= IV (G))1)-
e diam(>/_, G)) < 2.

Accordingly, we can generalize Theorem 4.2 by using Theorem 1.2 as following.

Theorem 4.4 For some positive integer number t > 2, let G1, Gy, -+, Gy be connected graphs
of orders N1,N2,--- , Ny and sizes M1, My, -+ -, My, respectively. Then
t Et n. t t i—1
i=1 Vi
Nk(ZGi):4< 12 >—2[Zmi+zni(. nj)‘|.
=1 =1 1=2 =1
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81. Introduction

Let G be a connected graph with a vertex set V (G) = {vi,Vz, -+ ,V,} and edge set E(G) =
{e1,€2, -+ ,em}, where |[V(G)|] = n and |[E(G)| = m. The degree of a vertex v in G is the
number of edges incident to it and denoted by degg(v). If degg(v) = 1, then v is called a
pendent vertex or a terminal vertexr. The distance between the vertices v; and v; in G is equal
to the length of the shortest path joining them and is denoted by d(v;,v;|G).

The Wiener index W = W (G) of a graph G is defined as the sum of the distances between
all pairs of vertices of G, that is

W :W(G) = Z d(ui,vj|G).

1<i<j<n

This molecular structure descriptor was put forward by Harold Wiener [29] in 1947. Details
on its chemical applications and mathematical properties can be found in [5, 12, 21, 28].

The Hosoya polynomial of a graph was introduced in Hosoya’s seminal paper [16] in 1988
and received a lot of attention afterwards. The polynomial was later independently introduced
and considered by Sagan et al. [22] under the name Wiener polynomial of a graph. Both
names are still used for the polynomial but the term Hosoya polynomial is nowadays used by
the majority of researchers. The main advantage of the Hosoya polynomial is that it contains a
wealth of information about distance based graph invariants. For instance, knowing the Hosoya
polynomial of a graph, it is straight forward to determine the Wiener index of a graph as the
first derivative of the polynomial at the point A = 1. Cash [2] noticed that the hyper-Wiener

1Received December 8, 2016, Accepted November 21, 2017.
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index can be obtained from the Hosoya polynomial in a similar simple manner.

Estrada et al. [6] studied the chemical applications of Hosoya polynomial. The Hosoya
polynomial of a graph is a distance based polynomial introduced by Hosoya [15] in 1988 under
the name Wiener polynomial. However today it is called the Hosoya polynomial [8, 11, 17, 18,
23, 27]. For a connected graph G, the Hosoya polynomial denoted by H (G, A) is defined as

H(GA) =) dG KA = Y Ao, (1.1)

k>1 1<i<j<n

where d(G, k) is the number of pairs of vertices of G that are at distance k and A is the

parameter.

The Hosoya polynomial has been obtained for trees, composite graphs, benzenoid graphs,
tori, zig-zag open-ended nano-tubes, certain graph decorations, armchair open-ended nan-
otubes, zigzag polyhex nanotorus, nanotubes, pentachains, polyphenyl chains, the circum-
coronene series, Fibonacci and Lucas cubes, Hanoi graphs, and so forth. These can be found
in [4].

Recently the terminal Wiener index TW (G) was put forward by Gutman et al. [10]. The
terminal Wiener index TW(G) of a connected graph G is defined as the sum of the distances
between all pairs of its pendant vertices. Thus if V7(G) = vi,V2,...,Vg is the number of
pendant vertices of G, then

TW(G)= > d(viVlG).
1<i<j<k

The recent work on terminal Wiener index can be found in [3, 9, 14, 20, 24]. In analogy
of (1.1), the terminal Hosoya polynomial TH(G, A) was put forward by Narayankar et al. [19]
and is defined as follows: if v1,V>,...,V, are the pendant vertices of G, then

H(GA) =Y dr(G kA = 3 Adeul®),

k>1 1<i<j<n

where dr (G, k) is the number of pairs of pendant vertices of the graph G that are at distance

k. It is easy to check that
d

TW(G) = a(TH(G,)\))L\:l-
In [19], the terminal Hosoya polynomial of thorn graph is obtained. In this paper we
generalize the results obtained in [19].

§82. Terminal Hosoya Polynomial of Thorn Graphs

Definition 2.1 Let G be a connected n-vertex graph with vertex set V (G) = {v1,V2, -+ ,Vp}.
The thorn graph Gp = G(p1, P2, - ,Pn : K) is the graph obtained by attaching p; paths of length
K to the vertex v; for i = 1,2,---,n of a graph G. The p; paths of length K attached to the
vertex V; will be called the thorns of V;.
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Fig. 1.

A thorn graph Gp = G(2,1,3,2 : 3) obtained from G by attaching paths of length 3 is
shown in Fig.1. Notice that the concept of thorny graph was introduced by Gutman [7] and
eventually found a variety of applications [1, 25, 26, 27].

Theorem 2.2 For a thorn graph Gp = G(P1,P2, ..., Pn : K), the terminal Hosoya polynomial
18 .
- Pi )52k W 2k+d(vi, v |G)
TH(Gp,)\)_Z<2>)\ + Z pip; A 516, (2.1)
i=1 1<i<j<n
Proof Consider p; path of length k attached to a vertex v;, i = 1,2,---,n. Each of these
are at distance 2k. Thus for each v;, there are (pz') pairs of vertices which are distance 2k. This
leads to the first term of (2.1).
For the second term of (2.1), consider p; thorns vi,vj,---,vi attached to the vertex v;

. . . pi
and p; thorns v{,v3, - N attached to the vertex v; of G, i # j. In Gp,

d(vi ,v/|Gp) =2k +d(v,vj|G), m=1,2,---,p; and 1 =1,2,---,p;.

Since there are p; x p; pairs of paths of length k of such kind, their contribution to
TH(Gp,A) is equal to p;p;A2F+aiuil&) 1 o j. This leads to the second term of (2.1). |

Corollary 2.3 Let G be a connected graph with n vertices. If p; =p>0,i=1,2,---,n. Then

TH(GpA) = np(p — 1))\% + p2AZk Z A v51G). (2.2)

2 —
1<i<j<n

Corollary 2.4 Let G be a complete graph on n vertices. If p; =p=>0,i=1,2,---,n. Then

_ 2 _
TH(Gp, A) = np(p2 1))\2k i p n(;‘ 1))\2k+1_

Proof If G is a complete graph then d(v v,;|G) =1 for all v;,v; € V(G), i # J. Therefore
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from (2.2)
THGp N = MRy poper 5o
1<i<j<n
_ np(p — 1))\2k i p’n(n — 1))\2k+1
2 2 '
This completes the proof. O

Corollary 2.5 Let G be a connected graph with n vertices and m edges. If diam(G) < 2 and
pi=p=>0,i=1,2,...,n. Then

TH(Gp,A) = %_1))\% + pz)\zmlm + (M _ m) p2)\2k+2.

Proof Since diam(G) < 2, there are m pairs of vertices at distance 1 and (’2’) — m pairs of
vertices are at distance 2 in G. Therefore from (2.2)

-1
TH(Gp,A) = 7”'0('02 Nk [T TN
"o )

wﬁk + p?A%k [m)\ + <w — m) )\2]

_ PP —1) ok | 292K+t nn-1) 23 2k+2
_72)\+p)\ m+72 m | p=A“*Te,

This completes the proof. O

Bonchev and Klein [1] proposed the terminology of thorn trees, where the parent graph is
a tree. In a thorn tree if the parent graph is a path then it is a caterpiller [13].

Definition 2.6 Let P; be path on | vertices, | > 3 labeled as Uy, Uz, - -+ ,U;, where U; is adjacent
toUr1, 1=1,2,---,(1=1). Let Tp =T(p1,p2,--- ,pi : K) be a thorn tree obtained from P; by
attaching p; > 0 path of length K to u,;, i=1,2,--- 1.

P4: [ @ @

Tp : & & r'y
Fig. 2

A thorn graph Tp = T(2,1,0,3 : 2) obtained from T by attaching paths of length 2 is
shown in Fig.2.
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Theorem 2.7 For a thorn tree Tp = T (p1,P2,- -+, P1 : K) of order n > 3, the terminal Hosoya
polynomial is
Th(Tp,A) = a1 + @A + ... + Az AT,

where

ag = 0
l
Az, = Z (F;l>

=1

J
Qp+l—j = Zpipi+l—j i=1L2...,(0-1).
=1

Proof Notice that there is no pair of pendant vertices which are at distance 1 and there

are (”2‘) pairs of pendant vertices of which are at distance 2k in T. Therefore a; = 0 and
l o;
A = ; (2 )

For ay, 2 <k <1, d(u,v|T) =2k + | — j, where u and v are the vertices of Tp. There are

Pi X Pi+i—; pairs of pendant vertices which are at distance 2k +1—j, where j =1,2,---,n—1.
Therefore ‘
J
A2k+1—j = Z PiPi+1—j- ]
i=1
Definition 2.8 Let S, = Kq,-1 be the star on n-vertices and let Ui, Uz, - ,Uy_1 be the

pendant vertices of the star S, and U, be the central vertex. Let Sp = S(P1,P2," - s Pn-1 : K)
be the thorn star obtained from S, by attaching p; paths of length K to the vertex u;, 1 =
1,2,---,(n—=1) and p; > 0.

Theorem 2.9 The terminal Hosoya polynomial of thorn star Sp defined in Definition 2.8 is
TH (Sp, )\) =aA+ a27\2 + 337\3 +...+ aZk)\Zk + 32k+2)\2k+2,

where

aa = 0
dy = Z (p21>
i=1
Qk+2 = Z Pip;-
1<i<j<n

Proof There are no pair of pendant vertices which are at odd distance. Therefore, azg+1 = 0
and the further proof follows from Theorem 2.7. O
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Definition 2.10 Let C,, be the n-vertex cycle labeled consecutively as Uy,Ug, -+ ,Uy,, N > 3.
and let Cp = C(p1,P2, -+ ,Pn : K) be the thorn ring obtained from C, by attaching p; paths of
length K to the vertex u;, i =1,2,---,n.

Theorem 2.11 The terminal Hosoya polynomial of thorn ring Cp defined in Definition 2.10
18

TH(C,A) = ajA 4+ apA? + ... + ag A 4+ agg A2,

where
a; = 0
azk Z < 9 >
i=1
Ap+1 = Z(2k +d(vi, v;|G))pip;-
i=1
Proof The proof is analogous to that of Theorem 2.7. |
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Abstract: Let G = (V,E) be a connected graph. The distance eccentricity neighborhood
of u € V(G) denoted by Np.(u) is defined as Np.(u) = {v € V(G) : d(u,v) = e(u)}, where
e(u) is the eccentricity of u. The cardinality of Np.(u) is called the distance eccentricity
degree of the vertex u in G and denoted by degP¢(u). In this paper, we introduce the first
and second distance eccentricity Zagreb indices of a connected graph G as the sum of the
squares of the distance eccentricity degrees of the vertices, and the sum of the products of
the distance eccentricity degrees of pairs of adjacent vertices, respectively. Exact values for
some families of graphs and graph operations are obtained.

Key Words: First distance eccentricity Zagreb index, Second distance eccentricity Zagreb
index, Smarandachely distance eccentricity.

AMS(2010): 05C69.

81. Introduction

In this research work, we concerned about connected, simple graphs which are finite, undirected
with no loops and multiple edges. Throughout this paper, for a graph G = (V, E), we denote
p = |V(G)| and q = |E(G)|. The complement of G, denoted by G, is a simple graph on the
same set of vertices V (G) in which two vertices u and v are adjacent if and only if they are not
adjacent in G. The open neighborhood and the closed neighborhood of u are denoted by N (u) =
{veV :uveE}and N[ul = N(u)U{u}, respectively. The degree of a vertex U in G, is denoted
by deg(u), and is defined to be the number of edges incident with u, shortly deg(u) = |N(u)|.
The maximum and minimum degrees of G are defined by A(G) = max{deg(u) : u € V(G)}
and 0(G) = min{deg(u) : u € V(G)}, respectively. If 8 = A = k for any graph G, we say G
is a regular graph of degree k. The distance between any two vertices U and vV in G denoted
by d(u, V) is the number of edges of the shortest path joining u and v. The eccentricity e(u)
of a vertex U in G is the maximum distance between U and any other vertex v in G, that is
e(u) = max{d(u,v),v e V (G)}.

The path, wheel, cycle, star and complete graphs with p vertices are denoted by P,, W,
C,, Sp and Ky, respectively, and K, ,, is the complete bipartite graph on r +m vertices. All

the definitions and terminologies about graph in this paper available in [6].

1Received March 29, 2017, Accepted November 25, 2017.
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The Zagreb indices have been introduced by Gutman and Trinajestic [5].

MiG)= Y [degw)]®= Y 3 deg(v)= > [deg(u)+deg(v)].

ueV(GQ) €V (G) vEN (u) weE(G)
Z deg(u)deg(v Z deg(u Z deg(v
weE(G) uEV(G) vEN (u)

Here, M1(G) and M2 (G) denote the first and the second Zagreb indices, respectively. For more
details about Zagreb indices, we refer to [2, 4, 9, 13, 11, 12, 7, 10, 8].

Let u € V (G). The distance eccentricity neighborhood of u denoted by Np.(u) is defined
as Npe(u) = {v e V(G) : d(u,v) =e(u)}. The cardinality of Np.(u) is called the distance
eccentricity degree of the vertex U in G and denoted by deg?¢(u), and Np.[u] = Np.(u) U {u},
note that if u has a full degree in G, then deg(u) = deg”¢(u). And generally, a Smarandachely
distance eccentricity neighborhood N3 _(u) of u on subset S C V (G) is defined to be N3 _(u) =
{veV(G)\S: dgs(u,v) = e(u)} with Smarandachely distance eccentricity [N 3, (u)|. Clearly,
’N%e(u)’ = deg”?(u). The maximum and minimum distance eccentricity degree of a vertex
in G are denoted respectively by AP¢(G) and 3P¢(G), that is AP¢(G) = max,cy [Np.(u)],
3P¢(G) = min,ey |[Npe(u)]. Also, we denote to the set of vertices of G which have eccentricity
equal to a by V*(G) C V(G), where a = 1,2,---,diam(G). In this paper, we introduce the
distance eccentricity Zagreb indices of graphs. Exact values for some families of graphs and

some graph operations are obtained.

§2. Distance Eccentricity Zagreb Indices of Graphs

In this section, we define the first and second distance eccentricity Zagreb indices of connected

graphs and study some standard graphs. v
1

V2

V3 L Vg

Fig.1

Definition 2.1 Let G = (V,E) be a connected graph. Then the first and second distance
eccentricity Zagreb indices of G are defined by

MPG) = 3 [deg”(u))?,
ueV(G)
MP9(G) = > deg”“(u)deg”*(v).

wveE(G)
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Example 2.2 Let G be a graph as in Fig.1. Then

4
(i) MP9G)= Y [deg”(u)]” =) (deg”*
ueV(QG) i=1
— (degP?(v1))® + (deg*(v2))* + (deg”*(va))” + (deg”*(va))*
=(2)°+(3)"+ (1) + (1) =15
(i) = > deg”(u)deg”*(v)

wveE(G)
=deg”*(v1)deg”*(v2) + deg”*(v2)deg”®(vs) + deg”*(v2)deg”® (v4
+ degP*(v3)deg”¢(v,) = 13.

Calculation immediately shows results following.

3, pis odd,
Proposition 2.3 (i) For any path P, with p > 2, MP¢(P,) = p+ piso
p, p s even;
4p, p is odd,
(i) Forp=>3, MPeC,)={ ™ P¥°
P, p is even,
2
(iii) MP¢(Kp) = My(K;) = p(p —1)°;
(iv) Forr,m>2 M{PK, ) =r(r- 1)2 +m(m— 1)27.
2 2
(v) Forp=3, MP%(S,)=(P-1)(P-2)" +(p—1)7
(vi) Forp=5 M (W,)=(p-1)(p-4)"+(p-1)".
1, pis odd,
Proposition 2.4 (i) Forp > 2, MP¢(P,) = p+ p is o
p—1, piseven;
dp, p is odd,
(i) Forp=>3, MPeC,)={ ™ P¥°
P, p is even,

(i) MP*(K,) = Ma(K,) = 228 (p — 1)%;

(iv) Forr,m>2, MP4(K, ;) =rm(r—1)(m—1);
(v) Forp>3, MP(S,) = (p—1)"(p - 2);

(Vi) Forp > 5, MP¢(Wp) = (p— 1)(p — 4)(2p — 5).

Proposition 2.5 For any graph G with e(v) =2, Vv € V (G),
(i) MP¢(G) =My(G);
(i) MP4(G) = q(p — 1)? = (p — )M1(G) + M2(G).

Proof Since e(v) =2, Vv € V (G), then deg2¢(v) = degz (V). Hence the result.

Corollary 2.6 For any k-regular (p,q)-graph G with diameter two,

(i) MP4(G) =p(p—k—1)%;
(ii) MP<(G) = Spk(p — k — 1)2.
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83. Distance Eccentricity Zagreb Indices for Some Graph Operations

In this section, we compute the first and second distance eccentricity Zagreb indices for some

graph operations.

Cartesian Product. The Cartesian product of two graphs G1 and Gz, where |V (G1)| =
P1, |V (G2)| = p2 and |[E(G1)| = 01, |E(G2)| = g2 is denoted by G10 G, has the vertex set
V (G1) xV (G2) and two vertices (u, u’) and (v, V') are connected by an edge if and only if either
(Ju=v and UV € E(G2)]) or (U =V’ and uv € E(G1)]). By other words, |[E(G10G3)| =
g1p2 + g2p1. The degree of a vertex (u,u’) of G100 Gy is as follows:

degc, 0, (U, U') = degq, (u) + dege, (U').

The Cartesian product of more than two graphs is denoted by [[i—; G; (ITi=; Gi =
G,0G,0O...0G, = (G:0G,0...0G,,-1)Td Gn), in which any two vertices u = (U, Uz, ..., Uy)
and vV = (V1,Vz,...,V,) are adjacent in [[;—; G; if and only if u; = v;, Vi # j and u;v; € E(G;),
where I,j = 1,2,...,n. If Gy = G, = --- = G,, = G, we have the n-th Cartesian power of G,
which is denoted by G".

Lemma 3.1([8]) Let G =[];—; G; and let u = (U1, Uz, ,Uy) be a vertex in V (G). Then

Lemma 3.2 Let G = H?:l G; and let u = (Ug, Uy, ..., Uy,) be a vertex in G. Then
degl® H deg

Proof Since e(u) = Y '_; e(u;) (Lemma 3.1), then each distance eccentricity neighbor of
U; in Gy corresponds deggj(uz) vertices in G, and each distance eccentricity neighbor of Uy in

G; corresponds deg@;(u3) vertices in Gz and so on. Thus by using the Principle of Account
deg&®(u) = deggy (us)degls (uz) - - deggy (uy). O

Theorem 3.3 Let G =[], G,;. Then

n

(i) =[[™MP<G)
=1

(i) MDe Zl:[ e(GJ)'
=1

Proof Let u= (U, Uz, --,U,) and Vv = (vV1,V2, -+ ,V,) be any two vertices in V (G). Then
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(i) MPG) = > (deg(u))® = Y (degBe(u1)degl:(uy). .. deg2¢(uy))”
weV(G) weV(G)

= > o> (deg2°(u1))? (degB(uz))?. .. (degl¢ (un))?

u1 €V (G1) u2€V(G2) un€V(Gn)
n
=[] ™MPG).
=1

(i) To prove the second distance eccentricity Zagreb index we will use the mathematical
induction. First, if n = 2, then

M;¢(G10Gy) = > degg¢ (u1)deggy (v1)degss (uz)deggs (v2)
(u1,u2)(v1,v2)€E(G10G2)

€ 2 € €
= > > (degZ¢ (u1)) "deggy (uz)degss (v2)
u1€V(G1) (u1,u2)(u1,v2)€E(G1U G2)

+ ) > (degl¢ (uz)) “deg2* (ur)deg2e (va)

u2 €V (G2) (u1,uz)(v1,u2)€ E(G10G2)
=M¢(G1)M3*(G2) + M{¢(G2)M3’*(G1)

2 2
=Y TIMPGHIMP“(G;).
j=1i=1
7]
Now, suppose the claim is true for n — 1. Then
M (O 1G,0G,) =M

n

"o

‘(051G MP4(Gy) + ML“(G)My* (OL'Gy)
1 n—1ln—1
MP¢(G)MP4(Gn) + M*(Gn) > [ MP“(Gi)MZ*(Gy)

1 Jj=1i=1
i#]

i

> ML GHMP<(G;). O

=1 =
J oy

-
Sl

Composition. The composition G = G1[Gg] of two graphs G; and G, with disjoint vertex
sets V (G1) and V (G2) and edge sets E(G1) and E(G2), where |V (G1)| = p1, |E(G1)| = g1 and
[V (G2)| = p2, |E(G2)| = 02 is the graph with vertex set V (G1) x V (G2) and any two vertices
(u,u’) and (v,Vv’) are adjacent whenever U is adjacent to v in G; or u = v and U’ is adjacent
to V' in Gy. Thus, |[E(G1[G,])| = q1p3 + g2p1. The degree of a vertex (u,u’) of G1[Gy] is as
follows:

degq,(c,y (U, u") = padege, (u) + degg, (U).

Lemma 3.4([8]) Let G = G1[G3] and e(v) # 1, Vv € V(G1). Then eg((u,u’)) = eg, (u).

Lemma 3.5 Let G = G1[G] and e(v) # 1, Vv € V(G1). Then

p2degy (u) + degez(u'),  if u € VA(Gy);

degDe(u, U/) _
¢ pzdegé’f(U), otherwise.
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Proof From Lemma 3.4, we have eg(U,U’) = eg, (u). Therefore, NJ¢(u,u’) = {(x,X’) €
V(G) : d((u,u’), (x, X)) = eq, (u)}. Now, if u € VZ(Gz1), then NZ*(u,u’) = {(x,x') € V(G) :
x € NZ¢(u)} and hence, deg2°(u,u’) = p2degf¢(u) and if u € VZ(Gy), then degG¢(u,u’) =
p2degse(u) + deggz(U’) (note that all the vertices of the copy of Gz with the projection u €
V (G1) which are not adjacent to (u,u’) have distance two from (u, u’)). O

Theorem 3.6 Let G = G1[G2] and e(v) # 1, Vv € V(G1). Then

M%(G) = p3M%(G1) + [V2(G1)IM1(Gz) +4paz >, degfs(u).
ueV2(G1)

Proof By definition, we know that

MP4G) = > (degi(uu))’= ST Y (degB(u,u))’

(u,u’)EV(G) ueV(G1) v €V (G2)

Y Y (padeglt(u) + degg, (U)®

ueVZ(G1) v eV (G2)

+ ) > (pedegfs(u))®

UGV(Gl)*VeZ (Gr) v eV (G2)

Y (pedegBiw)*+ Y Mi(Ga)

ueV(G1) v €V(G2) uEVez(Gl)

+ > > 2padegg;(u’)deglsy (u)

ue Vez (G1) v eV (G2)

=p3M{“(G1) + [VZ(G1)IM1(Gz) + 4ptz - Y degfe(u). O
UEVEZ(G;L)

Theorem 3.7 Let G = G1[Gz] and e(v) #1 or2,Vv € V(Gy). Then
M*(G) = pzM;”(G1) + p562M;”*(Ga).

Proof By deifnition, we know that

MP©@) =3 Y degBiuu) Y dead(v.v)
(u,u”)eV(G) (v,v")ENG (u,u’)
1 e / e ! e !
=3 Z Z deg& (u.u){ Z Z degZ°(v, V') + Z degl (u,v)}
u€V(G1) w'€V(G2) vENG, (v) v/ €V(G2) v/ €N, (u)
1 . . .
=3 Z Z p2degss (u){ Z Z p2degas (v) + Z padegls (u)}
u€V(G1) w'€V(G2) vENG, (u) v/ €V(G2) v/ ENg, (u/)
=psMy’*(G1) + p302M;”“(Gy).
This completes the proof. O

Disjunction and Symmetric Difference. The disjunction G; V G of two graphs G;
and Gy with |V (Gy1)| = p1, |E(G1)| = g1 and |V (G2)| = p2, |E(G2)| = 02 is the graph with
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vertex set V (G1) x V (G2) in which (u,u’) is adjacent to (v,Vv’) whenever u is adjacent to v in
G; or U’ is adjacent to V' in Gp. So, |E(G1V Gz)| = q1p3 + 02p? — 20102. The degree of a vertex
(u,u’) of Gy V G3 is as follows:

degc,v ¢, (U, U") = padege, (U) + padege, (') — dege, (u)degq, (U').

Also, the symmetric difference G1@G; of G; and G is the graph with vertex set V (G1) xV (G2)
in which (u, U’) is adjacent to (v,V’) whenever U is adjacent to v in G1 or U’ is adjacent to v/ in
G2, but not both. From definition one can see that, |E(G1 @ G2)| = q1p3 + q2p? — 40102. The
degree of a vertex (u,U’) of G; & G is as follows:

degGl@ Gz(uv U/) = pZdegGl(u) + pldeng(u/) - 2degGl(u)degG2(u/)'

The distance between any two vertices of a disjunction or a symmetric difference cannot exceed
two. Thus, if e(v) # 1, Vv € V(G1) UV (G2), the eccentricity of all vertices is constant and

equal to two. We know the following lemma.

Lemma 3.8 Let G1 and Gz be two graphs with e(V) # 1, Vv € V(G1) UV (Gz). Then

(i) degfsy g, (u,u) = degq,v o, (U, U');
(ii) degfg ¢, (U, U") = degarmas (U, U).

Theorem 3.9 Let Gy and Gz be two graphs with e(v) # 1, Vv € V(G1) UV (Gz). Then

(I) MPE(G]_ V Gz) = M]_(G]_ V Gz),‘
(i) MP¢(G1 V G2) = dgyv e, (P1P2 — 1)% — (p1p2 — 1)M1(G1 V G2) 4+ Mp(G1 V Gp).

Proof The proof is straightforward by Proposition 2.5. O

Theorem 3.10 Let Gy and Gz be any two graphs with e(V) # 1, Vv € V(G1) UV (Gz). Then

(i) MP¢(G1 @ G2) = M1(G1 ® G2);
(i) MP4(G1 & G2) = Ggye @, (P1P2 — 1)2 — (p1p2 — 1)M1(G1 & G2) + M2(G1 & G2).

Proof The proof is straightforward by Proposition 2.5. |

Join. The join G; + Gy of two graphs G; and G, with disjoint vertex sets |V (G1)| =
p1, |V (G2)| = p2 and edge sets |E(G1)| = 01, |E(G2)| = g2 is the graph on the vertex set
V(G1) UV (G2) and the edge set E(G1) UE(Gz) U {ujuz : ug € V(G1);uz € V(G2)}. Hence,
the join of two graphs is obtained by connecting each vertex of one graph to each vertex of the
other graph, while keeping all edges of both graphs. The degree of any vertex u € G1 + Gy is
given by
degg, (U) +p2, fueV(Gy);

degc,+c» (U) = .
dege, (U) +p1, fueV(Gy).

By using the definition of the join graph G = Z G;, we get the following lemma.
i=1
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Lemma 3.11 Let G = ZGi and u €V (G). Then
i=1

dwgmﬂ_{|vmﬂ—L uEVAG);

p; — 1 —degg,(u), ueV(G;)—VEG;), fori=1,2,...,n

Theorem 3.12 Let G = Z G,. Then
=1

n n

M{%(G) = (IV (G)| - 1)22 VIGHI+ ) {Ml(Gi) +pipi — 1)% —dg,(p; — 1) .

=1 =1

Proof By definition,

n

MPG) = Y [degZw)]®=>" 3 [deghe(u)]?

ueV(G) =1 ueV(Gji)

SN DI SENED SN TR

i=1 ueVA(Gi) =1 weV(Gi)—V(Gi)
2 n n o
=(V(G)-1)" Y IVHG)I+ > MG
=1 =1

This completes the proof.

Theorem 3.13 Let G = Z G,. Then
=1

n

(WUPUZW(H%WI4-4+ZW

=1

M7(G) =

N)I)—l

+ 22 (p5 —p; — 2%‘)] + Z [0:(pi — 1)% = (pi — 1)M1(G;) + M2(G;)]

j=1 i=1
n—1 n
+ Z (p7 — pi — 24;) Z (pF —pj — 20;).
i=1 j=i+1

Proof By definition, we get that

My“(G)= > degs*(u)dege” (v)—— > degec(u) > degg(v)

uweE(G) uGV(G) vENg (u)

117
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%Z > sl Y dem)+d). Y dea)

weV(Gi) vENG; (u) J’;l. veV(Gj)

=3 (V(©G)| - 1) {(|V<G)| (VG -+ Y degev)
i=1 weV2(Gj) vEV(Gi) =V (Gi)
NS B A LD e )]
:77;1 veV(Gj)—V&(Gj)
Iy oy g )| (V@I - YVI@+ Y dea)

i=1 weV(Gi)—VL(Gi) vENG; (u)—V&(Gi)

SVE - YNviE) Y e )]
;;1 UEV(Gj)fvel(Gj)

=5 (V@] - 1) 3 V@I (v @) - (- 1+ 3 V@)

i=1 j=1

+

M=

NII—‘

(pi—pj—ZqJ}+

Z (p? — pi — 2 {|V(G)|—1 Z|V£(Gj)|

J

Il
-

3

n

LD SICAIE 2%)} 3 [ — D — (i — DM1(G:) + Ma(Gy)]

i=1

.9
sl
FUyen

=3 (V@I - 1) 3 V@I (v @) - (- 1+ 3 V@)

i=1 j=1

230 (02— = 20) + X [0~ 1 - (0~ D) + Ma(G)]
=1 =1

| .

n n

+> 0 (F—pi—2a) Y (pF—ps - 29).

i=1 j=i+1

Note that, the equality

n n n—1 n
%Z (P2 —pi—20) > (P2 —p;—205) = > (P2 —pi —20:) > (P2 —p; — 20)),
=1 j =1 j=i+1

Jj=1
J#i

is applied in the previous calculation.

Corollary 3.14 IfG; (i =1,2,---,n) has no vertices of full degree (V1(G;) = @), then

(i) MPe(DGi) =) Mi(Gy)
=1 =1
(i) MP(DGi) = [ai(pi — 1)* = (pi — )M1(G;) + M2(G;)]
=1 =1
n—1 n
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Corona Product. The corona product Gjo G; of two graphs Gy and G, where |V (G1)| =
P1, |V (G2)| = p2 and |E(G1)| = 01, |E(G2)| = @z is the graph obtained by taking |V (G1)|
copies of Gy and joining each vertex of the i-th copy with vertex u € V(G;). Obviously,
[V (G1o Gy)| =p1(p2 + 1) and |E(G1 0 G2)| = g1 + p1(g2 + p2). It follows from the definition
of the corona product G o Gy, the degree of each vertex u € Gy o G» is given by

degg, (u) +p2, ifueV(Gy);

degGlo Gz(u) = .
degg,(U) +1, ifueV(Gy).

We therefore know the next lemma.

Lemma 3.15 Let G = Gy o Gy be a connected graph and let u € V (G). Then

p2degfe(u), ueV(Gy);

De _
degg“(u) = o
p2degfc(v), u eV (G)—V(Gy1), wherev €V (Gy) is adjacent to u.

Theorem 3.16 Let G = Gy o Gy be a connected graph. Then

(i) MP4(G) = p3(p2 + 1)M{P4(Gy);
(i) MP¢(G) = psMP“(G1) + p3(02 + p2)M{¢(G1).

Proof By definition, calculation shows that

(i) MPeG) = 3 [deg2¢(u))

ueV(G)

= D [degg W]+ > > [dege"

ueV(G1) 'UGV(G;L)uGV(Gz)

- Z [p2degle Z Z [p2degle }2
ueV(G1) veV(G1) ueV (G2)

PsM¢(G1) + p3M“(Ga).

(i) MP*(G) =5 3 deg”(u) Y deg”(v)

uEV(G) vEN (u)
Z deg2° { > deghc(v)+ > deghe }
uEV(Gl) vENG, (v) veV(G2)
1
3 Y S deabw| X deg£€<w>+deg£€<v>}
vEV(G1) ueV(Gz) wENG, (1)
S padeali)] X pacegv) + piceofi v
ueV(G1) ’UGNGl(u)
1
P3O peeglv) [padead (v)cege () + padead (1)
veV(G1) ueV(G2)

=p3M3’*(G1) + p3(Q2 + P2)M{*(G1).
This completes the proof. O
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Example 3.17 For any cycle C,, and any path P,,,

4p1p3(p2 + 1), ps is odd;
pip3(p2 +1),  p1 is even.

. . 8p1p3, p1 is odd;
(i) MP*(Cpy 0 Pp,) = :

2p1p§, p1 is even.
Example 3.18 For any two cycles C,, and C,,,

4p1p3(p2 + 1), p1 is odd;

(i) MPe(C,, 0 Cp,) = , .
p1p5(p2 + 1),  p1 is even.

4p1p3(2p2 + 1), pr is odd;

i) MPe(C... o C =
(ii) My’¢(Cp, p2) p1p§(2p2+1)v p1 is even.
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Abstract: In this paper we introduce the clique-to-clique C — C’ monophonic path, the
clique-to-cliqgue monophonic distance d.,(C,C’), the clique-to-cligue C — C’ monophonic,
the clique-to-cliqgue monophonic eccentricity e,,;(C), the clique-to-clique monophonic radius
Ry3, and the clique-to-clique monophonic diameter D,,, of a connected graph G, where
C and C’ are any two cliques in G. These parameters are determined for some standard
graphs. Itis shown that R,,; < D,,, for every connected graph G and that every two positive
integers a and b with 2 < a < b are realizable as the clique-to-clique monophonic radius and
the clique-to-clique monophonic diameter, respectively, of some connected graph. Further
it is shown that for any three positive integers a,b, ¢ with 3 < a < b < c are realizable as
the clique-to-clique radius, the clique-to-clique monophonic radius, and the clique-to-clique
detour radius, respectively, of some connected graph and also it is shown that for any three
positive integers a, b, c with 4 < a < b < c are realizable as the clique-to-clique diameter, the
cligue-to-clique monophonic diameter, and the clique-to-clique detour diameter, respectively,
of some connected graph. The clique-to-cligue monophonic center C,,,(G) and the clique-
to-clique monophonic periphery P, (G) are introduced. It is shown that the clique-to-clique
monophonic center a connected graph does not lie in a single block of G.

Key Words: Clique-to-clique distance, clique-to-clique detour distance, clique-to-clique
monophonic distance.

AMS(2010): 05C12.

81. Introduction

By a graph G = (V, E) we mean a finite undirected connected simple graph. For basic graph
theoretic terminologies, we refer to Chartrand and Zhang [2]. If X C V, then (X) is the
subgraph induced by X. A clique C of a graph G is a maximal complete subgraph and we
denote it by its vertices. A U—V path P beginning with U and ending with v in G is a sequence
of distinct vertices such that consecutive vertices in the sequence are adjacent in G. A chord of
a path U1, Uy, ..., U, in G is an edge u;u; with j > i+ 2. For a graph G, the length of a path is
the number of edges on the path. In 1964, Hakimi [3] considered the facility location problems

as vertex-to-vertex distance in graphs. For any two vertices U and Vv in a connected graph G, the

1Received August 17, 2016, Accepted November 26, 2017.
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distance d(u, v) is the length of a shortest u— v path in G. For a vertex v in G, the eccentricity
of v is the distance between v and a vertex farthest from v in G. The minimum eccentricity
among the vertices of G is its radius and the maximum eccentricity is its diameter, denoted by
rad(G) and diam(G) respectively. A vertex Vv in G is a central vertex if e(v) = rad(G) and the
subgraph induced by the central vertices of G is the center Cen(G) of G. A vertex v in G is
a peripheral vertex if e(v) = diam(G) and the subgraph induced by the peripheral vertices of
G is the periphery Per(G) of G. If every vertex of a graph is central vertex then G is called
self-centered.

In 2005, Chartrand et. al. [1] introduced and studied the concepts of detour distance in
graphs. For any two vertices U and V in a connected graph G, the detour distance D(u,V) is
the length of a longest u — v path in G. For a vertex v in G, the detour eccentricity of v is the
detour distance between v and a vertex farthest from v in G. The minimum detour eccentricity
among the vertices of G is its detour radius and the maximum detour eccentricity is its detour
diameter, denoted by radp(G) and diamp(G) respectively. Detour center, detour self-centered
and detour periphery of a graph are defined similarly to the center, self-centered and periphery

of a graph respectively.

In 2011, Santhakumaran and Titus [7] introduced and studied the concepts of monophonic
distance in graphs. For any two vertices U and vV in G, a U—V path P is a U—V monophonic path
if P contains no chords. The monophonic distance d,,, (u, V) from u to v is defined as the length
of a longest U — v monophonic path in G. For a vertex v in G, the monophonic eccentricity
of v is the monophonic distance between v and a vertex farthest from v in G. The minimum
monophonic eccentricity among the vertices of G is its monophonic radius and the maximum
monophonic eccentricity is its monophonic diameter, denoted by rad,,(G) and diam,,(G) re-
spectively. Monophonic center, monophonic self-centered and monophonic periphery of a graph

are defined similar to the center and periphery respectively of a graph.

In 2002, Santhakumaran and Arumugam [6] introduced the facility locational problem
as clique-to-clique distance d(C,C’) in graphs as follows. Let { be the set of all cliques in a
connected graph G the clique-to-clique distance is defined by d(C, C’) = min{d(u,v) : u € C,v €
C’}. For our convenience a C — C’ path of length d(C,C’) is called a clique-to-clique C — C’
geodesic or simply C — C’ geodesic. The clique-to-clique eccentricity e3(C) of a clique C in G
is the maximum clique-to-clique distance from C to a clique C’ € { in G. The minimum clique-
to-clique eccentricity among the cliques of G is its clique-to-clique radius and the maximum
clique-to-clique eccentricity is its clique-to-clique diameter, denoted by r3 and ds respectively.
A clique C in G is called a clique-to-clique central clique if e3(C) = r3 and the subgraph induced
by the clique-to-clique central cliques of G are clique-to-clique center of G. A clique C in G
is called a clique-to-clique peripheral clique if e3(C) = d3 and the subgraph induced by the
clique-to-clique peripheral cliques of G are clique-to-clique periphery of G. If every clique of G

is clique-to-clique central clique then G is called clique-to-clique self-centered.

In 2015, Keerthi Asir and Athisayanathan [4] introduced and studied the concepts of clique-
to-clique detour distance D(C,C’) in graphs as follows. Let { be the set of all cliques in a
connected graph G and C,C’ € { in G. A clique-to-clique C — C’ path P is a u—Vv path, where
ue C andv e C’, in which P contains no vertices of C and C’ other than u and v and the
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clique-to-clique detour distance, D(C, C’) is the length of a longest C —C’ pathin G. A C—-C’
path of length D(C,C’) is called a C — C’ detour. The clique-to-clique detour eccentricity of a
clique C in G is the maximum clique-to-clique detour distance from C to a clique C’ € { in G.
The minimum clique-to-clique detour eccentricity among the cliques of G is its clique-to-clique
detour radius and the maximum clique-to-clique detour eccentricity is its clique-to-clique detour
diameter, denoted by Rs and D3 respectively. The clique-to-clique detour center Cpz(G), the
clique-to-clique detour self-centered, the clique-to-clique detour periphery Pp3(G) are defined
similar to the clique-to-clique center. the clique-to-clique self-centered and the clique-to-clique
periphery of a graph respectively.

These motivated us to introduce the concepts of clique-to-clique monophonic distance in
graphs and investigate certain results related to clique-to-clique monophonic distance and other
distances in graphs. These ideas have intresting applications in channel assignment problem
in radio technologies and capture different aspects of certain molecular problems in theoretical
chemistry. Also there are useful applications of these concepts to security based communication
network design. In a social network a clique represents a group of individuals having a common
interest. Thus the clique-to-clique monophonic centrality have intresting application in social
networks. Throughout this paper, G denotes a connected graph with at least two vertices.

82. Clique-to-Clique Monophonic Distance

Definition 2.1 Let { be the set of all cliques in a connected graph G and C,C’ € {. A clique-
to-cligue C — C’ path P is said to be a clique-to-clique C — C' monophonic path if P contains
no chords in G. The clique-to-clique monophonic distance d,,(C,C’) is the length of a longest
C — C' monophonic path in G. A C — C’ monophonic path of length d,,(C,C’) is called a

clique-to-clique C — C’ monophonic or simply C — C’ monophonic.

Example 2.2 Consider the graph G given in Fig 2.1. For the cliques C = {u,w} and C’ = {v,z}
in G, the C — C’ paths are P; : u,v, P2 : W, X,z and P3 : W, X,y,z. Now P; and P, are C — C’
monophonic paths, while P3 is not so. Also the clique-to-clique distance d(C,C’) = 1, the
clique-to-clique monophonic distance d,,,(C,C’) = 2, and the clique-to-clique detour distance
D(C,C’) = 3. Thus the clique-to-clique monophonic distance is different from both the clique-
to-clique distance and the clique-to-clique detour distance. Now it is clear that Py is a C — C’
geodesic, P, is a C — C’ monophonic, and P3 is a C — C’ detour.

y
X z
w
u v

Fig.2.1
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Keerthi Asir and Athisayanathan [4] showed that for any two cliques C and C’ in a non-
trivial connected graph G of order n, 0 < d(C,C’) < D(C,C’) < n— 2. Now we have the

following theorem.

Theorem 2.3 For any two cliques C and C' in a non-trivial connected graph G of order n,
0 <d(C,C’)<d,(C,C")<D(C,C')<n-2.

Proof By definition d(C,C’) < d,,(C,C’). If P is a unique C — C’ path in G, then
d(C,C’) =d,,(C,C’) = D(C,C’). Suppose that G contains more than one C — C’ path. Let Q
be a longest C — C’ path in G.

Case 1. If Q does not contain a chord, then d,,(C,C’) = D(C,C’).
Case 2. If Q contains a chord, then d,,(C,C’) < D(C,C’). O

Remark 2.4 The bounds in Theorem 2.3 are sharp. If G = Ky, then 0 = d(C,C) =d,,(C,C) =
D(C,C) =n—-2. Also if G is a tree, then d(C,C’) = d,,(C,C’) = D(C, C’) for every cliques C
and C’ in G and the graph G given in Fig. 2.1,0 <d(C,C’) <d,,(C,C') < D(C,C’) <n —2.

Theorem 2.5 Let C and C' be any two adjacent cliques (C # C’) in a connected graph G.
Then d,,,(C,C’") =n — 2 if and only if G is a cycle C,(n > 3).

Proof Assume that G is cycle C,, : Uz, Uz, -+ ,Uy—1,U,, Ui (N > 4). Since any edge in G
is a clique, without loss of generality we assume that C = {u1,uz}, C’ = {u,,u;} be any two
adjacent cliques. Then there exists two distinct C — C’ paths, say P; and P, such that Py : uy
is a trivial C — C’ path of length 0 and P; : uz,us, -+ ,U,_1,U, is C — C’ monophonic path of
length n — 2. It is clear that d,,(C,C’) = n — 2. Conversely assume that for any two distinct
adjacent cliques C and C’ in a connected graph G, d,,(C,C’) = n — 2. We prove that G is a
cycle. Suppose that G is not a cycle. Then G must be either a tree or a cyclic graph.

Case 1. If Gis a tree, then C — C’ path is trivial. So that d,,,(C,C’) =0 <n — 2, which is a

contradiction.

Case 2. If G is a cyclic graph, then G must contain a cycle Cy4 : X1, Xz, -+, Xg, X1 of length
d<n. If C = {xy1,%X2} and C' = {X,, X1} then d,,,(C,C’) < n — 2, which is a contradiction. O

Since the length of a clique-to-clique monophonic path between any two cliques in K,, ,,, is

2, we have the following theorem.

Theorem 2.6 Let Ky .,(n < M) be a complete bipartite graph with the partition V1, V2 of
V (Ky,m) such that V1| = n and |V2| = m. Let C and C' be any two cliques in K, m,, then
d(C,C") =2.

Since every tree has unique clique-to-clique monophonic path, we have the following theo-

rem.

Theorem 2.7 If G is a tree, then d(C,C’) = d,,(C,C’) = D(C,C’) for every cliques C and
C’ inG.
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The converse of the Theorem 2.7 is not true. For the graph G obtained from a complete
bipartite graph Kz, (n > 2) by joining the vertices of degree n by an edge. In such a graph
every clique C is isomorphic to K3 and so for any two cliques C and C’, d(C,C’) =d,,(C,C’) =
D(C,C’) =0, but G is not tree.

83. Clique-to-Clique Monophonic Center

Definition 3.1 Let G be a connected graph and let C be the set of all cliques in G. The
clique-to-clique monophonic eccentricity €m,4(C) of a clique C in G is defined by €,,(C) =
max {d,,(C,C’): C’' € {}. A clique C' for which €,,,(C) = d,,(C,C’) is called a clique-to-clique
monophonic eccentric clique of C. The clique-to-clique monophonic radius of G is defined as,
Rpns = rad,,;(G) = min{e,,,(C) : C € {} and the clique-to-clique monophonic diameter of G is
defined as, Dy, = diam,,,,(G) = max {€,,,(C) : C € {}. A clique C in G is called a clique-to-
clique monophonic central clique if €,,(C) = Ry and the clique-to-clique monophonic center
of G is defined as, Cpy(G) = Ceny,,(G) = ({C el :e,,(C)=Ry,}). A cligue C in G is
called a clique-to-clique monophonic peripheral clique if €,,,(C) = Dy, and the clique-to-clique
monophonic periphery of G is defined as, Ppy(G) = Pery,,(G) = ({C € {:e,,(C) = Dpg}).
If every clique of G is a clique-to-clique monophonic central clique, then G is called a clique-

to-clique monophonic self centered graph.

Example 3.2 For the graph G given in Fig.3.1, the set of all cliques are given by, { =
{Cl,Cz,C3,C4,C5,C6,C7,C8,C9} where C]_ = {V;|_,V2,V3}7 C2 = {V3,V4}, C3 = {V4,V5,V6},
Cs4 = {Ve,V7}, Cs = {v7,Vs}, C6 = {Vs,V10}, C7 = {Vo,V10}, Cg = {Va,Vo}, Co = {V10, V11, V12,
Vi3, Vig}.

Vs Vg V7
V2
V4 Vs
V3
Vi1
Vi
o Vi2
Vg Vio
Vig Vi3
Fig.3.1

The clique-to-clique eccentricity e3(C), the clique-to-clique detour eccentricity epz(C), the
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clique-to-clique monophonic eccentricity €,,,(C) of all the cliques of G are given in Table 1.

CliguesC C, C, C3 C4 Cs C¢ C; Cg Co
es(C) 3 2 2 2 3 3 2 2 3
ems(C) 5 4 4 5 4 4 5 4 5
epsC) 6 5 4 5 5 5 6 5 6

Table 1

The clique-to-clique monophonic eccentric clique of all the cliques of G are given in Table

Cliques C  Clique-to-Clique Monophonic Eccentric Cliques

C; C4,C5,C6,C7,Co

C7 C11C21C31C8

Cg C11C21C31C8
Table 2

The clique-to-clique radius rz3 = 2, the clique-to-clique diameter d3 = 3, the clique-to-
clique detour radius Rz = 4, the clique-to-clique detour diameter D3 = 6, the clique-to-clique
monophonic radius R,,, = 4 and the clique-to-clique monophonic diameter D,,, = 5. Also
it is clear that the clique-to-clique center C3(G) = ({C5, C3, C4,C7,Cg}), the clique-to-clique
periphery P3(G) = ({C1, Cs, Cg, Cg}), the clique-to-clique detour center Cp3(G) = ({Cs}), the
clique-to-clique detour periphery Pp3(G) = ({C1,C7,Cg}), the clique-to-clique monophonic
center C,,,,(G) = ({Cy, C3,Cs, Cg, Cg}), the clique-to-clique monophonic periphery P,,,,(G) =
({C1,C4,C7,Co}).

The clique-to-clique monophonic radius R,,, and the clique-to-clique monophonic diameter

D, of some standard graphs are given in Table 3.

GraphG K, P,(n>3) C,(n>4) W,(n>5) K,.(m>n)

Rins 0 |252] n—2 n—3 2

D, 0 n—3 n—2 n—3 2
Table 3

Remark 3.3 The complete graph K,,, the cycle C,,, the wheel W,, and the complete bipartite
graph K,, ,,, are the clique-to-clique monophonic self centered graphs.

Remark 3.4 In a connected graph G, C3(G), Cp3(G), Cn;(G) and P3(G), Pp3(G), P
need not be same. For the graph G given in Fig 3.1, it is shown that C3(G), Cp3(G), C,(G)
and P3(G), Pp3(G), P, (G) are distinct.
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Theorem 3.5 Let G be a connected graph of order n. Then

(i) 0<e3(C) <eny(C) <ep3(C) <n-—2 for every clique C in G;
(ii)Ogrgng3§R3§n—2;
(iii)0§d3§Dm3 <D3<n-2.

Proof This follows from Theorem 2.3. |

Remark 3.6 The bounds in Theorem 3.5(i) are sharp. If G = Ky, then 0 = e3(C) = e,,,(C) =
ep3(C) = n—2. Also if G is a tree, then e3(C) = €,,,(C) = ep3(C) for every clique C in G
and the graph G given in Fig. 2.1, e3(C) < e,,,(C) < ep3(C), where C = {u,w}.

In [1, 2] it is shown that in a connected graph G, the radius and diameter are related
by rad(G) < diam(G) < 2rad(G), the detour radius and detour diameter are related by
radp(G) < diamp(G) < 2radp(G), and Santhakumaran et. al. [7]showed that the monophonic
radius and monophonic diameter are related by rad,,(G) < diam,,(G). Also Santhakumaran
et. al. [6] showed that the clique-to-clique radius and clique-to-clique diameter are related by
rs3 <ds < 2rz+1 and Keerthi Asir et. al. [4] showed that the upper inequality does not hold for
the clique-to-clique detour distance. The following example shows that the similar inequality

does not hold for the clique-to-clique monophonic distance.

Remark 3.7 For the graph G of order n > 7 obtained by identifying the central vertex of
the wheel W,,_1 = K; 4+ C,,_> and an end vertex of the path P,. It is easy to verify that
D,.; = 2R, and D,,;, > 2R,,,, + 1.

Ostrand [5] showed that every two positive integers a and b with a < b < 2a are realizable
as the radius and diameter respectively of some connected graph, Chartrand et. al. [1] showed
that every two positive integers a and b with a < b < 2a are realizable as the detour radius and
detour diameter respectively of some connected graph, and Santhakumaran et. al. [7] showed
that every two positive integers a and b with a < b are realizable as the monophonic radius and
monophonic diameter respectively of some connected graph. Also Santhakumaran et. al. [6]
showed that every two positive integers @ and b with a < b < 2a+ 1 are realizable as the clique-
to-clique radius and clique-to-clique diameter respectively of some connected graph. Keerthi
Asir et. al. [4] showed that every two positive integers a and b with 2 < a < b are realizable
as the clique-to-clique detour radius and clique-to-clique detour diameter respectively of some
connected graph. Now we have a realization theorem for the clique-to-clique monophonic radius

and the clique-to-clique monophonic diameter for some connected graph.

Theorem 3.8 For each pair a,b of positive integers with 2 < a < b, there exists a connected
graph G with R,,; = a and Dy, = b.

Proof Our proof is divided into cases following.
Case 1. a=0Dh.

Let G = Cya2 : Ug,Ug, -+ ,Ug+2, Uz be a cycle of order a + 2. Then e,,,(u;u;+1) = a for
1 <i<a+2 Itis easy to verify that every clique S in G with €,,,(S) = a. Thus R,,,;, = a
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and D,,,, =basa=Dh.

Ug+1

Fig. 3.2
Case 2. 2<a<b<2a.
Let Cya2 : Ug, Uz, -+ ,Ug+2, U1 be a cycle of order a4 2 and Pp_g+2 : V1,V2, -, Vp_q+2 be

a path of order b —a+ 2. We construct the graph G of order b+ 3 by identifying the vertex uj
of Cy4+2 and vi of Py_q+2 as shown in Fig. 3.2. It is easy to verify that

b—i+2, if 2<i<[22]

€ms(Uilli+1) = z
’ b—a+i-1, if [Z2]<i<a+],

and €,,, (V;Vi+1) = a+i—1 if 2 <i<b—a+1,e,,,(Uzu3) = €, (Ug+1Ug+2) = €ms (Up—aqUp—q+1) =
b, €z (U1U2) = €45 (Urlg+2) = €15 (V1V2) = a. Tt is easy to verify that there is no clique S in G
with €,,5(S) < a and there is no clique S’ in G with e,,,,(S’) >b. Thus R,,, =a and D,,, =b
asa<h.

Case 3. a<b=>2a.

Let G be a graph of order b + 2a + 4 obtained by identifying the central vertex of the
wheel Wy+3 = Ki + Cps2 and an end vertex of the path Poy+2, where Ky : vi, Cpaq :

U1,Us, - ,Up+2,Uy and Pogyo 1 V1, Vo, -+ ,Vou+2. The resulting graph G is shown in Fig.3.3.
g grap g
Uz
0 et ° O et °
Vo V3 Vq Va+1 V2a+2
Up42

Fig. 3.3
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It is easy to verify that €,,;(ViU;Uj+1) =b if 1 <i<b+2and

2a — i, if 1<i<a,
€ma(ViVit1) = < )
1—1, if a<i<?2a+ 2.

It is also easy to verify that there is no clique S in G with e,,;,(S) < a and there is no
clique S’ in G with €,,5(S’) >b. Thus R,,,; = a and D,,,; =b as b > 2a. O

Santhakumaran et. al. [7] showed that every three positive integers a,b and ¢ with 3 < a <
b < ¢ are realizable as the radius, monophonic radius and detour radius respectively of some
connected graph. Now we have a realization theorem for the clique-to-clique radius, clique-
to-clique monophonic radius and clique-to-clique detour radius respectively of some connected

graph.

Theorem 3.9 For any three positive integers a,b, ¢ with 3 < a < h < ¢, there exists a connected
graph G such that r3 = a, R, =b, Rz =c.

Proof The proof is divided into cases following.
Case 1. a=b=c.

Let Py : Ug,Ug, -+ ,Ugs2 and P2 : V1, V2, ..., Va2 be two paths of order a+2. We construct
the graph G of order 2a+4 by joining U; in P; and v; in P, by an edge. It is easy to verify that
€3(U1V1) = s (U1V1) = €p3(U1V1) = @, €3(UiUi+1) = €5 (UiUi+1) = €p3(UiUi+) = a+i if 1 <
i<a-+1.

It is also easy to verify that there is no clique S in G with e3(S) < a,€,,,(S) < b and
ep3(S)<c. Thusrz=a,R,,, =band Rg=casa=h=c.

Case 2. 3<a<b<c.

Let P71 : U3,U2, -+ ,Uga2 and P2 : Vi,V2,--- ,V4a2 be two paths of order a + 2. Let
Q1 : Wi, Wa,...,Wp_q+3 and Q2 : 21,22, -+ ,2Zp_q+3 be two paths of order b —a + 3. Let
K1 :X1,X2, -+, Xe—p+1 and Kz :Y1,Y2,- - ,Ye_p+1 be two complete graphs of order ¢ — b + 1.

We construct the graph G of order 2¢ + 4 as follows: (i) identify the vertices u; in P; with wy
in Q1 and also identify the vertices vq in P, with z; in Qg; (ii) identify the vertices uz in P
with Wp_g+3 in Q1 and also identify the vertices zp_q+3 in Q2 with vz in Py; (iii) identify the
vertices Uy+1 in P71 with X3 in K; and also identify the vertices X._p+1 in Ky with u, in Pq;
(iv) identify the vertices Vo+1 in P2 with y; in Ks and also identify the vertices y._p+1 in Ks
with v, in Py; (V) join each vertex w;(2 < i < b—a+2) in Q; with uy in P; and join each
vertex z;(2 <i<b—a+2)in Qy with v, in Py (vi) join Uz in P; with v; in P,. The resulting
graph G is shown in Fig.3.4.
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:l(cfbﬁ»]é
(V5] O - o—o—o
Ug ua+1 ua+2
Va V3 Vo Va+1 Va+2
Vi O - o————o——o0
Va :
chbJrl
Fig.3.4
It is easy to verify that ez(uivy) = a,
a+1, if i=1,
e3(UaW;W;v1) = .
a+2, if 2<i<b-a+2,
a+1, if i=1,
e3(V2ziZi+1) = ]
a+ 2, if 2<i<b-a-+2,
a-+i, if 3<i<a,
es3(Uljr1) = .
2a+1, if i=a+1,
a+i, if 3<i<a,
e3(ViVi+1) = .
2a+1, if i=a+1,
63(K1) = 2a, e3(K2) = 2a, em3(u1v1) =bh,

and €, (UagwW;W;+1) =b+1i, if 1<i<b-a-+2

s €ms(V2Z;Zi+1) = b +1,

2b—a+i, if 3<i<a,
€ms(Uili+1) = )
2b+1, if T=a+1,
2b —a+1, if 3<i<a,
€ms(ViVi+1) = )
2b + 1, if i=a+1,
em3(K1) = Qb, emz(Kz) = Qb, eDg(U]_Vl) =C,

if 1<i<b—a+2,
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ED3(U2WiWi+1) =c+1i, if 1<i<b—-a+2, eDg(V22i2i+1) =c+i, if 1<i<b—-a+2,

c+b—a+1+i, if 3<i<a,
ep3(Uilj+1) = i
c+b+2, if T=a+1,

c+b—a+1+1, if 3<i<a,
ep3(ViVi+1) = .
c+b+2, if i=a+1,

ep3(Kiy)=c+b+1, ep3(Ky)=c+b+1.

It is also easy to verify that there is no clique S in G with e3(S) < a, €,,,(S) < b and
ep3(S)<c. Thusrz=a,R,, =band Rg=casa<b<c.

Case 3. 3<a<b=c.

Let Py : U, Uz, ,Ug,Ug+2 and P2 : V1,V2, -+, V4, Ve+2 be two paths of order a + 2.
Let Q1 : W1, Wo, - ,Wp_q+3 and Q2 : 21,22, -+ ,Zp_q+3 be two paths of order b —a + 3. Let
E; :xiB3<i<b-a+2)and F; : y;(3 <i <b-—a+2) be 2(b— a) copies of K;. We
construct the graph G of order 4b — 2a + 6 as follows: (i) identify the vertices up in P1 with
w1 in Qg and also identify the vertices v1 in Pp with z3 in Qg; (ii) identify the vertices uz in
P1 with Wy_,+3 in Q1 and also identify the vertices z,_,+3 in Q2 with vz in P, (iii) join each
vertex X;(3 < i <b—a+2) with w;(3 <i <b—-a+ 2) and u; and also join each vertex
yi3<i<b—a+2)withz(3<i<b-—a+2)andv; (iv) join u; in P; with v; in P,. The
resulting graph G is shown in Fig. 3.5.

Uy
V51 O - o———o0
ua+1 ua+2
Vo V3 Va+1 Va+2
Vi LI o——o0
V4

Fig.3.5
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It is easy to verify that ez(uvy) = a,

a+1, if 1=1,
es(Ww;+1) =<a+2, if i=2,
a-+ 3, if 3<i<b-—a+2,

and 63(Uiui+1) =a+i, if 1 <i<a+1, 63(U1Xi) =a+1,

if 3<i<b-—a+2,
es(w;x;) =a+2, if 3<i<b—a+2 e,,(uvy)=h,

b+1, if i=1
Bms(WiWi1) = ¢ 20—a+5—1i, if 2<i< Lbﬂé+5J
b+1, if [24*2|<i<b-a+2
b+1, if i=1,

€ms(Uilie1) = ¢ 2b—a+3, if i=2,
2b—a-+1, if 3<i<a+1,
and e,,,(U1X;) =b+1, if 3<i<b—a+2,

2b—a+6—1i, if 3<i< |

Bma (WiX;) = i . ’
b+i, if |48 <i<b-a-2,
and eDg(U]_V]_) =C,
c+1, if i=1,
ep3(WiWir1) = ¢2c—a+5—1i, if 2<i< =422,
c+i, if |42 <i<b-a+2,
c+1, if i=1,
eps(UUi+1) = ¢2c—a+3, if i=2,
2c—a-+1, if 3<i<a+1,

and eD3(U1Xi)=C+1, if 3<i<b-—a+2,

2—a+6—i, if 3<i< |42,
c+i, if |g=|<i<b-a+2

eps(W;X;) =

It is easy to verify that there is no clique S in G with e3(S) < a, e,,,(S) <band ep3(S) <c.

Thusrs=a, R, =band R3=casa<bh=c. O

Santhakumaran et. al. [7] showed that every three positive integers a,b and ¢ with 5 < a <

b < ¢ are realizable as the diameter, monophonic diameter and detour diameter respectively of
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some connected graph. Now we have a realization theorem for the clique-to-clique diameter,
clique-to-clique monophonic diameter and clique-to-clique detour diameter respectively of some

connected graph.

Theorem 3.10 For any three positive integers a,b, c with 4 < a <b < ¢, there exists a connected
graph G such that d3 = a, D,,,, = b and D3 =c.

Proof The proof is divided into cases following.
Case 1. a=b=c.
Let G = Pg+3:Ug,U2, -+ ,Ug+3 be a path. Then

a—i+1, if 1<i< |92,

i—2, if [ <i<a+2.

e3(U;jUj+1) = €mg(UsUia1) = €p3(Uiliv1) =

It is easy to verify that there is no clique S in G with e3(S) > a, €,,,(S) > band ep3(S) > c.
Thus d3 =a, D,,, =band D3 =casa=bhb=c.

Case 2. 4<a<b<ec.

Let Py : U1,U2, -+ ,Ug+2 be a path of order a+2. Let P2 : Wy, Wz, -+ ,Wp_4+3 be a path of
order b —a+ 3. Let P3 : X1,X2 be a path of order 2. Let K1 : y1,¥2, -+ ,Ye_p+1 be a complete
graph of order ¢ — b+ 1. We construct the graph G of order ¢ + 3 as follows: (i) identify the
vertices Up in P1, w1 in P2 with X1 in P3 and identify the vertices Uz in P1 with Wy_ 443 in Po;
(i) identify the vertices Ug+1 in P71 with y1 in K; and identify the vertices U, in Py with Y._p+1
in Ky; (iii) join each vertex w;(2 < i <b—a+ 2) in P, with uz in P;. The resulting graph G
is shown in Fig.3.6. It is easy to verify

Ug Ug+1  Ug+2

Fig.3.6

that 63(X1X2) =a, 63(K1) =a—1,
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a—1, if 1<i<b-—a+1,
e3(UaW;W;+1) = .
a-—2, if i=b—a+2,

and e,,;(X1X2) = b, €,,(K1) =b —1,

b—a+i-1, if 3<i<a for b—a+i>a-—i,

€ma(Uili+1) = . ) . )
a—i, if 3<i<a for b—a+i<a-i,
b—i, if 1<i<|4] for |§]<b-—a+3,
mg(UpWiWis1) = Si—1, if |5]<i<b—a+3 for |5]<b-—a+3,

b—i, if 1<i<b-—a+3 for [3]>b—a+3,

and eDg(X]_Xg) =C, eD3(Kl) = ba

b—a+i, if 3<i<a for hb—a+i>c—-b+a—-i—-1,
epa(Uili+1) = . . . .
c—b+a—-i—-1, if 3<i<a for b—a+i<c—-b+a-—-i-1,
c—i—1, if 1<i<|y]| for |5 <c-b+1,
ep3(UaW;iWi+1) = qi—1, if |[$]<i<b—a+3 for |[§]<c—b+1,
c—i—1, if 1<i<b—a+3 for |§]>c—b+1

It is easy to verify that there is no clique S in G with e3(S) > a, €,,,(S) > band ep3(S) >c.
Thus d3 =a, D,,, =band Dg=casa<b<c.

Case 3. 4<a<b=c.

Let P1 : U, Uz, -+ ,Ug+2 be a path of order a+ 2. Let Py : Wy, W2, ...,Wp_,+3 be a path
of order b —a+ 3. Let P3 : X1, X2 be a path of order 2. Let E; : x;(3<i<b—a+2)beab—a
copies of K;. We construct the graph G of order 2b — a + 4 as follows: (i) identify the vertices
u; in P1,w1 in Py with X; in P3 and also identify the vertices uz in Py with Wy_,+3 in Py; (i)
join each vertex X;(3 < i <b—a+ 2) with uz in P; and w; in P,. The resulting graph G is
shown in Fig.3.7.

Ug+1 Ug42

Fig.3.7
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It is easy to verify that ez(X1X2) = a,

a—I, if 1<i< |4y,
es(Uiljr1) = ¢ _LZJ
i—1, if [§]<i<a,
es(usx;) =a—2, if 3<i<b-—a+2,
a, if 1<i<b-a,
es(WWi+1) =<a—1, if i=b—a+1,

a—-2, ifi=b—-a+2,
and e3(x;w;—1) =a—1, if 3<i<b—a+2 e,,(Xa1x2) =b,

b—a-+2, if 3<i<b—-—a+2 for b—a+3>a-2,

€ma (UsX;) = .
a— 2, if 3<i<b—-—a+2 for b—a+3<a-2,
b, if i=1,
b—a+2, if i=2 for hb—a+3>a-2 ,
€ms(Uili+1) = S a— 2, if i=2 for b—a+3<a-—-2,
b—a+i—-1, if 3<i<a for b—a+3>a—-2,
a—i, if 3<i<a for b—-a+3<a-2,
b—i, if 1<i<|[bgH],
a+i—1, if |[=2*Hl<i<b-—a+]1,
€ms (WiW,s1) = i L 2 J .
i—1, if i=b—a+2 for i>a—2,
a-—2, if i=b—a+2 for i<a-2,

€ (Wi oW, if 3<i<|b=ar3|,
em3(XiWi_1): m3( 1—2VWq l) > _L 2 J

em3(wi_1wi) if L%J<i§b—a+2,
ep3(X1X2) = ¢,
c, if i=1,
c—a-+2, if i=2 for hb—a+3>a-2 ,
ep3(UU;+1) =< a—2, if i=2 for b—a+3<a-2,

c—a+i—1, if 3<i<a for b—a+3>a—-2 ,
a—i, if 3<i<a for b—a+3<a-2,
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H : H b—a+1
c—i, if 1<i< =g,
a+i—1, if |[=¢*l<i<b-a+1,
ep3(WiWi+1) = i L 2 J i
i—1, if i=b—a+2 for i>a-2,
a—2, if i=b—a+2 for i<a-—-2

epa(Wi—pw;—1) if 3<i <[4,

ep3(XiW;—1) =
ep3(W;—1w;) if =48] <i<b-—a+2,

c—a-+2, if 3<i<b—-—a+2 for hb—a+3>a-2,

eps(UsX;) =
a—2, if 3<i<b—-a+2 for hb—a+3<a-2.

It is easy to verify that there is no clique S in G with e3(S) > a, €,,,(S) > band ep3(S) >c.
Thus d3 =a, D,,, =band D3 =casa<b=c. O

In [2], it is shown that the center of every connected graph G lies in a single block of
G, Chartrand et. al. [1] showed that the detour center of every connected graph G lies in a
single block of G, and Santhakumaran et. al. [7] showed that the monophonic center of every
connected graph G lies in a single block of G. But Keerthi Asir et. al. [4] showed that the
clique-to-clique detour center of every connected graph G does not lie in a single block of G.

However the similar result is not true for the clique-to-clique monophonic center of a graph.

Remark 3.11 The clique-to-clique monophonic center of every connected graph G does not
lie in a single block of G. For the Path P2,+1, the clique-to-clique monophonic center is always
P3, which does not lie in a single block.

We leave the following open problems.

Problem 3.12 Does there exist a connected graph G such that e3(C) # €,,(C) # eps(C) for
every clique C in G?

Problem 3.13 Is every graph a clique-to-clique monophonic center of some connected graph?

Problem 3.14 Characterize clique-to-clique monophonic self-centered graphs.
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Abstract: Let G = (V,E) be a simple graph. The neighborhood graph N(G) of a graph
G is the graph with the vertex set V US where S is the set of all open neighborhood sets
of G and with vertices u,v € V(N (G)) adjacent if u € V and v is an open neighborhood set
containing u. In this paper, we obtain the domination number, the total domination number
and the independent domination number in the neighborhood graph. We also investigate
these parameters of domination on the join and the corona of two neighborhood graphs.

Key Words: Neighborhood graph, domination number, Smarandachely dominating k-set,
total domination, independent domination, join graph, corona graph.
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81. Introduction

Let G = (V, E) be a simple graph with |V (G)| = n vertices and |E(G)| = m edges. The neigh-
borhood of a vertex u is denoted by N¢(u) and its degree |[Ng(u)| by degg(u). The minimum
and maximum degree of a graph G are denoted by 8 = §(G) and A = A(G), respectively. The
open neighborhood of a set S C G is the set N(S) = U,cy gy N(V), and the closed neighbor-
hood of S is the set N[S] = N(S)US. A cut-vertex of a graph G is any vertex u € V (G) for
which induced subgraph G\ {u} has more components than G. A vertex with degree 1 is called
an end-vertex [1].

A dominating set is a set D of vertices of G such that every vertex outside D is dominated
by some vertex of D. The domination number of G, denoted by y(G), is the minimum size of a
dominating set of G, and generally, a vertex set D% of G is a Smarandachely dominating k-set
if each vertex of G is dominated by at least K vertices of S. Clearly, if k = 1, such a set Dg is
nothing else but a dominating set of G. A dominating set D is a total dominating set of G if
every vertex of the graph is adjacent to at least one vertex in D. The total domination number

of G, denoted by y:(G) is the minimum size of a total dominating set of G. A dominating

1Received December 26, 2016, Accepted November 27, 2017.
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set D is called an independent dominating set if D is an independent set. The independent
domination number of G denoted by y;(G) is the minimum size of an independent dominating
set of G [1].

The join of two graphs G; and Gz, denoted by Gi + Gz, is the graph with vertex set
V(G1) UV (Gz) and edge set E(G1) UE(G2) U {uv|u € V(Gy)andv € V (G2)}. The corona
of two graphs G; and G; is the graph G = G; o G, formed from one copy of G; and |V (G1)|
copies of Gy, where the ith vertex of G; is adjacent to every vertex in the ith copy of G,. For
every V. € V(Gy1), G} is the copy of G, whose vertices are attached one by one to the vertex
V. The corona G o Kj, in particular, is the graph constructed from a copy of G, where for each
vertex V € V (G), a new vertex vV’ and a pendant edge vv' are added [2].

We use K,,, C,, and P,, to denote a complete graph, a cycle and a path of the order n,
respectively. A complete bipartite graph denotes by K,, ,, and the graph Ki , of order n+1 is
a star graph with one vertex of degree n and n end-vertices.

The neighborhood graph N (G) of a graph G is the graph with the vertex set V US where
S is the set of all open neighborhood sets of G and two vertices U and v in N (G) are adjacent
if u € V and v is an open neighborhood set containing u. In Figure 1, a graph G and its
neighborhood graph are shown. The open neighborhood sets in graph G are N(1) = {2, 3,4},
N(2) ={1,3}, N(3) = {1,2} and N(4) = {1} [3].

{1}

4
1
1 (1,2 (1,3}
o) 3
2, 3,4}
2 3 .
G N(G)

Figure 1 The graph G and the neighborhood graph of G.

In this paper, we determine the domination number, total domination number and inde-
pendent domination number for the neighborhood graph of a graph G. Also, we consider the
join graph and the corona graph of two neighborhood graphs and investigate some parameters
of domination of these graphs.

82. Lemma and Preliminaries

In the text follows we recall some results that establish the domination number, the total

domination number and the independent domination number for graphs, that are of interest
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for our work.

Lemma 2.1([3]) If G be a graph without isolated vertex of order n and the size of m, then
N (G) is a bipartite graph with 2n vertices and 2m edges.

Lemma 2.2([3]) If T be a tree with n > 2, then N(T) = 2T.

Lemma 2.3 ([3]) For a cycle C,, with n > 3 vertices,

2C,, ifniseven,

N (Cn) =
Co, ifnis odd.

Lemma 2.4 ([3])

(i) For1<m<n, N(Kp.,)=2Kn;

(if) Forn>1, N(K,) =K,;
(iii) A graph G is a r-regular if and only if N(G) is a r-regular graph.

Lemma 2.5 ([1]) Let y(G) be the domination number of a graph G, then

(i) Forn=3,y(Cy) =Yy(Pn) =[5l
(i) y(Kn) =y(K1n) = 1;
(iv) y(Kn)=n.
Lemma 2.6 ([4]) IfT be a tree of order n and | end-vertices, then
n—1+2
y(T) = —3

Lemma 2.7 ([5]) Let G be a r-regular graph of order n. Then

Lemma 2.8 ([6]) Let y: be the total domination number of G. Then
(1) Ye(Kn) = Ve(Knm) = 2;
2 if n=0 (mod4),

2
(i) ye(Pa) =ye(Cn) =¢ 232 ifn=2 (mod4),
"TH otherwise.

(iiii) Let T be a nontrivial tree of order n and | end-vertices, then

n—1+2

yt(T) 2 2 )

(iv) Let G be a graph , then y:(G) > 1+ %, where C is the set of cut-vertices of G.
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Lemma 2.9 ([7]) Lety; be the independent domination number of G. Then

(i) vi(Pn) =Vi(Cn) = [5];
(i) Vi(Kym) = min{n,m};
(iii) For a graph G with n vertices and the mazimum degree A,

N AOELERS

(iv) If G is a bipartite graph of order n without isolated vertex, then

Vi(G) <

l\DID

(V) For any tree T with n vertices and | end-vertices,

n+1
. <

Lemma 2.10 ([8]) For any graph G, X(G) < A(G) + 1 where X(G) is the chromatic number
of G.

Lemma 2.11 ([9]) For any graph G, K(G) < 8(G), where K(G) is the connectivity of G.

83. The Domination Number, the Total Domination Number and the

Independent Domination Number on N(G)

In this section, we propose the obtained results of some parameters of domination on a neigh-

borhood graph.

Theorem 3.1 Let the neighborhood graph of G be N(G), then

() vy =2[3;

(i) y { 2[3] ifniseven,
[22] zfn is odd.

(iii) Y(N (K1) = Y(N(K,,)) =

(iv) For2§n§m y(N(K )) 4;
(V) Forn =2, y(N(Ky)) =

Proof (i) Using Lemma 2.2, for n > 2, N(P,,) = 2P,,. So, it is sufficient to consider a
dominating set of P,,. By Lemma 2.5(i), y(P,) = [%]|. Therefore,

Y(N(Pn)) = 2y(Pn) = 2[5 .

(ii) If n is even then by Lemma 2.3, N(C,) = 2C,,. So, we consider a cycle C,, of order n
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and using Lemma 2.5(i), we have

Y(N(C.)) = 2v(Cy) = 2[3].

If n is odd, then since N (C,,) is a cycle of order 2n so, Y(N(C,,)) =y(C2,) = [%ﬂ

The segments on (iii), (iv) and (v) can be obtained similarly by applying Lemma 2.1,
Lemma 2.4 and Lemma 2.5. O

Theorem 3.2 Let T be a tree of order n with | end-vertices. Then

;(n—l+2) <y(N(T)) <n.

Proof Using Lemma 2.2, for every tree T, N(T) = 2T. So, we consider a tree T to
investigate its domination number. Thus, by Lemma 2.6, for every tree T of order n with |

end-vertices,
n—I1+2
ym =12
Therefore,
n—I+ 2)
3 .
Since T is without isolated vertices so, N (T) is a graph without any isolated vertex. There-
fore, V(T) € V(N(T)) is a dominating set of N(T). Thus, Y(N(T)) < n. It completes the

result. O

Theorem 3.3 Let G be a r-reqular graph. Then,

Proof Using Lemma 2.5(iii), since G is an r-regular graph so, N(G) is a r-regular graph
too. According to Lemma 2.1 and Lemma 2.7, we have

2n

VIN@G) > -

Theorem 3.4 Let N(G) be a neighborhood graph of G. Then for every vertex X € V (G),
dega(X) is equal with degn(cy(X).

Proof Assume X € V (G) and degg(X) = k. So, the neighborhood set of X is N(X) =
{y1, - ,Yx} where y; € V(G). In graph N(G), X is adjacent to a vertex such as N(u) that
consists X. Then, X is adjacent to N (y;) for every 1 < i < k. Thus, degree of X is k in N (G).
Therefore, degg (X) = degn(a)(X). |

Theorem 3.5 Let Y(N(G)) be the domination number of N(G). For any graph G of order n
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with the maximum degree A(G),

[ f&eﬂ <V(N(G)) < 2n— A(G).

Proof Let D be a dominating set of N(G). Each vertex of D can dominate at most itself
and A(N(G)) other vertices. Since by Theorem 3.4, A(N(G)) = A(G) so,

vIN(©) = | > [ 1 |

Now, let v be a vertex with the maximum degree A(N(G)) and N [v] be a closed neighbor-
hood set of v in N(G). Then v dominates N[v] and the vertices in V (N (G)) \ N[v] dominate
themselves.

Hence, V (N(G)) \ N[v] is the dominating set of cardinality 2n — A(N(G)). So,
Y(N(G)) < 2n — A(N(G)) = 2n — A(G). 0

We establish a relation between the domination number of N (G) and the chromatic number
X(G) of the graph G.

Theorem 3.6 For any graph G,

Y(N(G)) + X(G) < 2n+1.

Proof By Theorem 3.5, y(N(G)) < 2n — A(G) and by Lemma 2.10, X(G) < A(G) + 1.
Thus,
Y(N(G)) +X(G) <2n+1. O

We obtain a relation between the domination number of N (G) and the connectivity K(G)

of G following.
Theorem 3.7 For any graph G,

Y(N(G)) +K(G) < 2n.

Proof By Theorem 3.5, Y(N(G)) < 2n — A(G) and by Lemma 2.11, K(G) < §(G).
Therefore,
Y(N(G)) +K(G) <2n— A(G) +3(G),

since, 8(G) < A(G) so,
Y(N(G)) + k(G) < 2n. O

The following theorem is an easy consequence of the definition of N (G), Lemmas 2.2-2.4
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and Lemma 2.8.

Theorem 3.8 Let the neighborhood graph of G be N(G) and y:(N(G)) be the total domination
number of N(G). Then

n if n=0 (mod4),
(i) Ye(N(Pn)) =Ve(N(Cn)) =4 n+2 ifn=2(mod4),
n—+1 otherwise,
(i) For everyn,m > 1, y¢(N(Ky,.»)) = 4;
(iii) Forn > 2, y,(N(K,)) = 4.

Theorem 3.9 Let G be a graph of order n without isolated vertices and with the maximum
degree A. Then,

)

Y:(N(G)) > N

Proof Let D be a total dominating set of N(G). Then, every vertex of V(N (G)) is
adjacent to some vertices of D. Since, every v € D can have at most A(N(G)) neighborhood,
it follows that A(N(G))y:(N(G)) > [V (N(G))| = 2n. By Theorem 3.4, A(N(G)) = A(G) = A

so, AY;(N(G)) > 2n. Therefore,

vi(N@©) = T :

Theorem 3.10 Let T be a nontrivial tree of order n and | end-vertices. Then,

ViIN(T) >n+2—1.

Proof Using Lemma 2.2, N(T) = 2T and so, Y:(N(T)) = 2y,(T). By Lemma 2.8(iv),

n+2-—1

yi(T) > 3

Therefore,
n+2-—1
Ye(N(T)) = 2y,(T) > 2(*"—) =n+2-1. .

Theorem 3.11 Let G be a graph with X cut-vertices. Then,

V:(N(G)) > 1+x.

Proof Let C be the set of cut-vertices of N(G). Since for every cut-vertex u of G, u and
N (u) are both cut-vertices in N(G) so, |C| = 2x. By Lemma 2.8(iv), y:(N(G)) > 1 + %
Therefore, we have
€|

2X
Vt(N(G))21+7:1+7:1+x. O

Theorem 3.12 Let y;(G) be the independent domination number of G. Then
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(i) YZ(N (Kn,m)) =2m;
(i) Vi(N(Kyn)) =2;
(i) yi(N(Ky)) = 2n;
(iv) vi(N(Pn)) =2[51;
~J 2[%] ifniseven,
V) YN {Cn)) = { (28] ifnis odd.

Proof The theorem easily proves using Lemma 2.3, Lemma 2.4(i, ii), Lemma 2.5 and
Lemma 2.9(i, ii). O

Theorem 3.13 For a graph G with N vertices and the mazimum degree A,

[2[’!

Proof Tt is easy to see that N (G) is a graph of order 2n and the maximum degree A. So,

using Lemma 2.9(iii) we have the result. O

We establish a relation between the independent domination number of N(G) and the
chromatic number X(G) of G.

Theorem 3.14 For any graph G,
Yi(N(G)) +X(G) <2n+1.
Proof By Theorem 3.13, y;(N(G)) < 2n — A(G) and by Lemma 2.10, X(G) < A(G) + 1.

So,
Vi(N(G)) +X(G) <2n+1. O

The following theorem is the relation between the independent domination number of N (G)
and the connectivity K(G) of G.

Theorem 3.15 For any graph G,

Vi(N(G)) +K(G) < 2n.

Proof By Theorem 3.13, y;(N(G)) < 2n — A(G) and by Lemma 2.11, K(G) < §(G). So,
Vi(N(G)) + K(G) < 2n — A(G) +3(G) < 2n. O
Theorem 3.16 Let G be a simple graph of order n and without any isolated vertex. Then

Yi(N(G)) <n.
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Proof For every graph G with n vertices, N (G) is a bipartite graph of order 2n. Since G
doesn’t have any isolated vertex so, N (G) is a graph without isolated vertex. Thus, by Lemma

2.9(iv) we have

YVi(N(G)) < — =n. |

Theorem 3.17 Let T be a tree with n wvertices and | end-vertices without isolated vertices.
Then

[V )

Yi(N(T)) < z(n+2I).

Proof For every tree T, N(T) = 2T. Let v be an end-vertex of G. Then, the corresponding
vertices of v and N(v) are end-vertices in N(G). Thus, if T has | end-vertices then 2l end-
vertices are in N(T). So, by Lemma 2.9(v) we have

n+2l)

VilN(T)) = 2y,(T) < 2(=

84. The Results of the Combination of Neighborhood Graphs

In this section, we consider two graphs G; and G, and study the join and the corona of their
neighborhood graphs in two cases. In Section 4.1, we consider two cases for the join of graphs: i)
the neighborhood graph of G1+G> that denotes by N (G1+Gg), ii) the join of two graphs N (G1)
and N(Gz). So, the domination number, the total domination number and the independent
domination number of these graphs are obtained. In Section 4.2, we study the domination
number, the total domination number and the independent domination number on two cases

of the corona graphs: 1) N(G1 0 Gy) and ii) N(G1) o N(G3).

4.1 The Join of Neighborhood Graphs

Let G1 be a simple graph of order n; with m; edges and G, be a simple graph with n, vertices
and my edges. By the definition of the join of two graphs, G; + G2 has n; + ny vertices and
M1 + My + mym; edges. So, the neighborhood graph of G; + G2 has 2(n; 4+ n2) vertices and
2m edges where m = mj; + my + mymy. For every X € V (G;1 + G2) that X € V (G1), we have
dege, +a,(X) = degg, (X) + N2, Also, if y € V(G1 + G2) and y € V (Gz) then degg,+a,(Y) =
degg,(y) + n1. On the other hand, using Theorem 3.4 we know that degge(X) = degn(g)(X).
So, dega,+a, (X) = degn(a,+a,)(X). Thus, if X € V (Gy), then degn (g, +a,)(X) = degq, (X) +n2
and if y € V (Gz) then degn (g, +a,)(Y) = dega, (y) + n1.

Now, let G; and Gz be simple graphs without any isolated vertex. Thus, the join of N(Gy)
and N (G2) denotes N (G1) + N(Gz) of order 2(n1 4+ ny). Also, N(G1 + G2) has 2m; + 2m;, +
4mim;y edges. Therefore, E(N(G1)+N(G2)) = E(N(G1 +G2)) +2mim;. Also, we can obtain
for every x € V(N(G1)), degn(ci)+n(G2)(X) = degn(ay)(X) + 2n2 and for every y € V (G2),
degn G+ (Y) = dedn(a,y (¥) + 2ns.
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Theorem 4.1 Let G1 and Gy be simple graphs without isolated vertex. If order of Gp is np
and A(G1) > ny — 1, then

Y(N(G1 +G2)) =Vi(N(G1 + G2)) = 2.

Proof Let X € V (G1) be a vertex with the maximum degree at least N1 —1. So, X dominates
N1 — 1 vertices of Gy. Let D = {X,Ng,+¢,(X)} and Ng,+¢,(X) be the open neighborhood set
of X in G1 + G,. Since, every vertex of Gy is adjacent to all of vertices of Gz in G1 + G2 so, the
degree of X in G1 4+ Gz is N1 + Nz — 1 and X dominates N1 + Nz — 1 in N(G3 4+ Gy). Similarity,
Ng,+G,(X) dominates Ny 4+ ny — 1 vertices of N(Gy + Gz). So, Y(N(G1 + Gz)) = |D| = 2.

Since, X and Ng,+q,(X) are not adjacent in N(G1 + G2). Thus, D is an independent
dominating set in N(Gj + G3). Therefore, y;(N(G1 + Gy)) = 2. O

Theorem 4.2 Let Gy and Gz be simple graphs without isolated vertices. Then

2 <Y(N(G1+Gz)) <4.

Proof Tt is clearly to obtain Y(N(G1 + G2)) > 2. Let S = {X,Ng,+c,(X), ¥, Na,+c,(¥Y)}
where X € V(G1) and y € V (G3). Then, X dominates all of vertices of G, in G + G2 and so,
all of vertices of N(G1 + Gz) that are the corresponding set to the neighborhoods of V (Gy).
Similarity, y € V (G2) dominates n; vertices of N(Gy + G3). It is shown that S is a dominating
set of N(G1 + G2). Therefore, the result holds. m

Theorem 4.3 For graphs G1 and Ga,

Y+(N(G1 + Gy)) = 4.

Proof Assume S = {X,Ng,+c,(X),¥,Ng,+c,(¥)} where X € V(G1) and y € V (Gz). The
vertex of Ng,+¢,(X) in N(G1 + G3) is the corresponding vertex to the neighborhood of X in
G1. So, X dominates all of the vertices of G; and y dominates all of vertices of G,. It is clearly
to see that X is adjacent to Ng,+¢,(Y) and y is adjacent to Ng,+a,(X). Therefore, S is a total
dominating set of N(Gy + Gz) and we have y;(N(G1 + G2)) < |S| = 4.

Let D be a total dominating set of N(Gy + Gz) that |D| < 3. We can assume that
D = {Xx,y,z}. Thus, we have the following cases.

Case 1. If X,y,z € V(G1 + Gy), then since V (N(G1 + Gz)) =V (G1 + G2) US so, all of the
vertices S are dominated by D where S is the set of all open neighborhood sets of G1 + Ga.
But, each of vertices of V (G1 4+ G2) in V (N(G;1 + G2)) is not dominated by D. Thus, it is a
contradiction.

Case 2. Let one of vertices of D be in V (G1+G3) and remained vertices be in S of N (G1+G3).
Without loss of generality suppose that X € V (G1). So, X € V(G1 + G2) and y,z € S. since X
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doesn’t dominate Ng, -+, (X) and y,z don’t dominate the corresponding vertices to y and z in
V (G1 + G2) so, D is not the dominate set in N(Gj + G2). So, it is a contradiction.

Therefore, y;(N(G1 + G2)) > 4. O

Theorem 4.4 For graphs G1 and Ga,

(i) Y(N(G1) +N(G2)) =2,
(i) Y:(N(G1) + N(Gp)) = 2.

Proof Using the definition of the total dominating set and the structure of the join of two
graphs, the result is hold. O

4.2 The Corona of Neighborhood Graphs

In this section, the results of the investigating of the corona on the neighborhood graphs are

proposed.
Theorem 4.5 Let G be a connected graph of order m and H any graph of order n. Then

y(N(G) o N(H)) = 2m.

Proof According to the definition of the corona G and H, for every v € N(G), V (v +
N(H)")NV (N(G)) = {v} in which N(H)" is copy of N (H) whose vertices are attached one by
one to the vertex v. Thus, {v} is a dominating set of v+ N(H)" for v € V (N(G)). Therefore,
V (N(G)) is a dominating set of N(G) o N(H) and y(N(G) o N(H)) < 2m.

Let D be a dominating set of N(G) o N(H). We show that DNV (v+ N(H)Y) is a
dominating set of v+ N (H)" for every v € V (N(G)).

If v € D, then {v} is a dominating set of v+ N(H)". It follows that V(v + N(H)") N D
is a dominating set of v+ N(H)". If v £ D and let X € V(v + N(H)") \ D with X # v. Since,
D is a dominating set of N(G) o N(H), there exists y € D such that xy € E(N(G) o N(H)).
Then,y € V(N(H)”")ND and xy € E(v+ N(H)?). Therefore, it completes the result.

Since DNV (v 4+ N(H)?) is a dominating set of v+ N(H)" for every v € V(N(G)) so,
Y(N(G)oN(H)) = |D| > 2m. It completes the proof. m

Theorem 4.6 Let G be a connected graph of order m and H any graph of order n. Then

Y+(N(G) oN(H)) = 2m.

Proof Tt is easily to obtain that V (N (G)) is a total dominating set for N(G) o N(H). So,
Ye(N(G) oN(H)) < 2m.

Let D be a total dominating set of N(G) o N(H). Then, for every v € V (N(G)), |V (v +
N(H)?)NDJ| > 1. So, Y;((N(G) oN(H)) = |D| > 2m. Therefore, y,(N(G)oN(H)) =2m. O
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Theorem 4.7 Let G be a simple graph of order n without isolated vertex. Then

YZ(N (G) o Kl) =2n.

Proof Tt is clearly that there exists 2n end-vertices in N (G) o Kj. Since, the set of these
end-vertices is the dominating set and the independent set in N (G) o K; so, the result holds. O

Theorem 4.8 Let G be a simple graph without isolated vertex. Then
N(GoKji) 2N(G)oKj.

Proof Two graphs are isomorphism, if there exists the function bijection between the
vertex sets of these graphs. So, we consider the function f : V (N(GoKj)) — V(N (G) o K;)
where for every Uand vin V (N(GoKj)) if uv € E(N(GoKj)) then F(u)f(v) € E(N(G)oKjy).
It means that there exists an one to one correspondence between the vertex sets and the edge
sets of N(G o K;) and N(G) o K;. We easily obtain the following results:

For N(Go Kj), [V(N(GoKj))| = 2|V(GoKj)| = 2(2n) = 4n and |[E(N(G o Ky))| =
2|E(G o Kj)| =2(m+n). Also, for graph N(G) o Ky, we have

=
z
©
o
2
I

2[V(N(G))[ = 4n,
2n+ [E(N(G))| =2n+2m = 2(n+m).

m
z
G)
[e)
2
I

For any X € V(N(G o Ky)) with degn(cok,)(X) = 1, then x € V (G) and x € V (N(G)).
On the other hand, if y € V(N(G) o K1) and degn(cyok, (Y) = 1 then, y € V(N(G)). Thus,
x € N(G o Kj) is corresponding to y in N(G) o K;. Also, using Theorem 3.4, if x € V (G),
then degn(cok,)(X) = deggor, (X) and degn(cyok, (X) = dedgox, (X). Therefore, if X € V (G)
then, the degree of X in N(G o Kj) is equal with the degree of X in N(G) o K;. These results
are shown that there exists an one to one correspondence between two graphs N(G) o Ky and
N (G o K1). 0

Theorem 4.8 is shown that the obtained results on some parameters of domination of two
graphs N(G o K1) and N(G) o K are equal. So, Theorems 4.5-4.7 hold for N (G o K;) for any
graph G.

Acknowledgement

The work is performed according to the Russian Government Program of Competitive Growth
of Kazan Federal University.

References

[1] T.W. Haynes, S.T. Hedetniemi and P.J. Slater, Fundamentals of Domination in Graphs,
Marcel Dekker Inc., New York, 1998.
[2] R. Frucht and F. Harary, On the corona of two graphs, Aequationes Math. 4 (1970) 322-324.



150 M. H. Akhbari, F. Movahedi and S. V. R. Kulli

[3] V.R. Kulli, The neighborhood graph of a graph, International Journal of Fuzzy Mathemat-
ical Archive, 8 (2) (2015), 93-99.

[4] E. Delavina, R. Pepper and B. Waller, Lower bounds for the domination number, Discus-
siones Mathematicae Graph Theory, 30 (2010), 475-487.

[5] M. Kouider, P. D. Vestergaard, Generalized connected domination in graphs. Discret.
Math. Theor. Comput. Sci. (DMTCS) 8 (2006), 57-64.

[6] D. Amos, On Total Domination in Graphs, Senior Project, University of Houston Down-
town, 2012.

[7] W. Goddard and M. A. Henning, Independent domination in graphs: a survey and recent
results, Discrete Mathematics, 313 (2013), 839-854.

[8] G. A. Dirac, Note on the colouring of graphs, Math. Z. 54 (1951), 347-353.

[9] F. Harary, Graph Theory, Addison-Wesley, Reading, MA, 19609.



International J.Math. Combin. Vol.4(2017), 151-156

Primeness of Supersubdivision of Some Graphs

Ujwala Deshmukh
(Department of Mathematics, Mithibai College, Vile Parle(West), Mumbai, India)

Smita A. Bhatavadekar

(Department of Applied Mathematics, Lokmanya Tilak College of Engineering, University of Mumbai, India)

E-mail: ujwala_-deshmukh@redi (mhil.com, smitasjl@gmail.com

Abstract: A graph with n vertices is said to admit a prime labeling if it’s vertices are
labeled with distinct integers 1,2, ---,n such that for edge xy , the labels assigned to x
and y are relatively prime. The graph that admits a prime labeling is said to be prime.
G. Sethuraman has introduced concept of supersubdivision of a graph. In the light of this
concept, we have proved that supersubdivision by Ko of star, cycle and ladder are prime.
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81. Introduction

We consider finite undirected graphs without loops, also without multiple edges. G Sethuraman
and P. Selvaraju [2] have introduced supersubdivision of graphs and proved that there exists
a graceful arbitrary supersubdivision of C,,,n > 3 with certain conditions. Alka Kanetkar has
proved that grids are prime [1]. Some results on prime labeling for some cycle related graphs
were established by S.K. Vaidya and K.K.Kanani [6]. It was appealing to study prime labeling
of supersubdivisions of some families of graphs.

82. Definitions

Definition 2.1(Star) A star S, is the complete bipartite graph Ky, a tree with one internal
node and N leaves, for n > 1.

Definition 2.2(Ladder) A ladder L,, is defined by L,, = P,, x P here P,, is a path of length n

, X denotes Cartesian product. L, has 2N vertices and 3n — 2 edges.

Definition 2.3(Cycle) A cycle is a graph with an equal number of vertices and edges where

vertices can be placed around circle so that two vertices are adjacent if and only if they appear

1Received January 9, 2017, Accepted November 28, 2017.
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consecutively along the circle. The cycle is denoted by C,,.

Definition 2.4(Subdivision of a Graph) Let G be a graph with p vertices and q edges. A graph
H is said to be a subdivision of G if H is obtained by subdividing every edge of G exactly once.
H is denoted by S(G). Thus, [V|=p+q and |E| = 2q.

Definition 2.5(Supersubdivision of a Graph) Let G be a graph with p vertices and q edges. A
graph H is said to be a supersubdivision of G if it is obtained from G by replacing every edge
e of G by a complete bipartite graph Kz . H is denoted by SS(G). Thus, V| =p+ mq and
|[E| = 2mq.

Definition 2.6(Prime Labelling) A prime labeling of a graph is an injective function ¥ :
V(G) = {1,2,---,|V(G)|} such that for every pair of adjacent vertices u and v, ged (F (u),  (v))
=1 i.e.labels of any two adjacent vertices are relatively prime. A graph is said to be prime if it

has a prime labeling.

Generally, a labeling is called Smarandachely prime on a graph H by Smarandachely denied
aziom ([5], [8]) if there is such a labeling ¥ : V(G) — {1,2,---,|V(G)|} on G that for every
edge UV not in subgraphs of G isomorphic to H, ged (f (u), f (v)) = 1.

For a complete bipartite graph Ky ,,, we call the part consisting of two vertices, the 2

vertices part of K2 .,y and the part consisting of m vertices, the m-vertices part of Kz p, in this
paper.

83. Main Results

Theorem 3.1 A supersubdivision of S, i.e. SS(S,,) is prime for m = 2.

Proof Let u be the internal node i.e.centre vertex. Let vi,Va2,---,V, be endpoints. Let
v} vZi=1,2,---,n be vertices of graph K, replacing edge uv;. Here, |V|=3n+ 1.

Let f:V — {1,2,...,3n 4 1} be defined as follows:

f(u)=
F(

v;) = 3i, i=1,2,---,n,
f(v})=3i i=1,2,---,n
f(v3) =3i+1, i=1,2,---,n

Asf(u)=1, ged(f(u),f(v})) =1and gcd(f(u),f(v?)) =1.
As successive integers are coprime, ged (f (v}),f(v;)) = (3i —1,3i) =1 and ged (F (v2),

f(v;)) = (3i+1,3i) = 1. Thus SS (S,,) is prime. O

Let C,, be a cycle of length n. Let 1, Cy, - - - , C, be the vertices of cycle. Let Ci—fiﬂ, k=1,2
be the vertices of the bipartite graph that replaces the edge ¢;C;+1 for i = 1,2,---,n — 1 Let

ck k = 1,2 be the vertices of the bipartite graph that replaces the edge ¢,c1. To illustrate

n,11

these notations a figure is shown below.
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2
C
2 7.1
Cio

Fig.1 Graph with n = 7 with general vertex labels

Theorem 3.2 A supersubdivision of C,, i.e. SS (C,,) is prime for m = 2.

Proof Let p1,p2,---,Pr be primes such that 3 < p; < pz2 < psz--- < pi < 3n such that if
p is any prime from 3 to 3n then p = p; for some i between 1 to k.

Define S; = {S2,/S,, = 2%,i € N such that S;, < 3n}. Choose greatest i such that p; <n
and denote it by I. Let S;,, = {Sp, /Sy, =p1xi, 1€{2,3,--- ,n}\{ps, i1, , Pr_(n—r-2)}-
Define f:V — {1,2,...,3n} using following algorithm.

Case 1. n=3to 8.
In this case, k = n.

Step 1. f(c,)=p, for r=1,2,--- kandf(ci,) =1

Step 2. Choose greatest i, such that 2p; < 3n and denote it by r. Define S,; for
J=2,3,---,rsuch that Sp;, <SSy tobeS, = {Spji/SPji =p; xiie {2,3, e B—ﬂ }}

Step 3. Fori=2,3,---,n, k=1,2. Label CZHl using elements of Sy, in increasing order
starting from j = 1,2,---,r and then by elements of S, in increasing order.

Step 4. Choose greatest i such that 2¢ < 3n. Label thl, k=1,2as 21,212

Step 5. Label Ciz as 2°.
Case 2. n=9to 11
In this case, K +1 =n.

Step 1. f(c,)=p, for r=1,2,...,kand f(c,)=1.
Step 2. Choose greatest 1, such that 2p; < 3n and denote it by r. Define S, for
j=2,3,---,r such that SZ,J.F1 < Spji to be S,; = {Spji/Spji =p; xi,ie {2,3, cee, [3—"—‘ }}

Pj
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Step 3. Fori=2,3,---,nand k = 1,2, label Cf,i+1 using elements of Spj in increasing
order starting from j = 1,2,...,r and then by elements of S, in increasing order.

Step 4. Choose greatest i such that 2¢ < 3n. Label Cﬁyl, k=1,2 as 2072 21-3,

Step 5. Label le,Z’ k=1,2as 2" and 201,

Case 3. n>12.

Step 1. f(c,)=p, for r=1,2,---,k

Step 2. f(Cr+1)=1.

Forj=1,2,---,n—k—2,f(c,—;) = 3pi—;.

Step 3. Choose greatest 1, such that 2p; < 3n and denote it by r. Define S,; for
J=2,3,---,rsuchthat Sy, <S5, tobe

-1

j—1
Sy, = {spji/s,,ji =p; xiic {2,3,... , ﬁ_ﬂ}\ J{k x psk e N}}.
J r=1

Step 4. Fori=2,3,---,n and k = 1, 2. Label Cﬁi+1 using elements of S, in increasing
order starting from j = 1,2,...,r and then by elements of S, in increasing order.

Step 5. Choose greatest i such that 2¢ < 3n. Label thl, k=1,2as 272273,

Step 6. Label C’fyz, k=1,2as 2" and 201,

In this case, labels of vertices C1,Cp, -+ ,C; are prime . Vertices Cx+1, to C, get labels
which are multiples by 3 of p;,pi—1, -+ ,Pi—(n—k—2). Apart from these labels and 3 itself, we
have kK — 1 more multiples of 3. Thus k — 1 vertices of the type Cg7i+l, 2<i< [%W J=1,2
will get labels as multiples of 3. And hence are relatively prime to labels of corresponding c.s.

Similarly, for multiples of 5,7 and so on. Thus, SS (C,,) is prime. m|

Theorem 3.3 A supersubdivision of L,,, i.e. SS(L,,) is prime for m = 2.

Proof Let ug,up,--- .U, and Vvi1,V2,---,V, be the vertices of the two paths in L,. Let
U;Uj+1,ViVir1 for i = 1,2,---,n —1 and wv; for i = 1,2,---,n — 1,n be the edges of
L,. Let Xf,k = 1,2 be the vertices of bipartite graph K;» replacing the edge U;U;+1,1 =
1,2,---,n—1. Let yf, k=1,2,---,m be the vertices of the bipartite graph K3 » replacing the
edge Vp,—iVp—j—1,i =1,2,--- ,n—1. Let Wf, k =1, 2 be the vertices of the bipartite graph K »
replacing the edge u;v; fori =1,2,--- ,n—1,n.

Thus, V| =2n+2n+2(n—1)+2(n—1) = 8n—4. Let p1,P2,- -, Px be primes such that
3 < p1 <p2 <ps--- <pr <3nsuch that if p is any prime between 3 to 3n then p = p; for
some I between 1 to k. Choose greatest i, such that 2p; < 8n — 4 and denote it by r.

Define Sy, for j =2,3,---,r such that S]DJ.F1 < Spja to be

j—1
Sy, = {spji/spji =p; xi,ie€ {2,3,--- : Pnp_. 4H\U {k xp,/k e N}}-
J

r=1

Define S, = {Szi/szi = 2%,i € N such that Sy, < 3n} and a labeling from V. — {1,2,---,8n—
4} as follows.
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Case 1. n=2.

In this case, k = 2n. Let X = {wi,w3,y1,y?, w},wf,x2} be an ordered set. Define S,,
such that Sy, = {8y, /Sy, =p1 xi=3xiie {23 [E=t]1L

Pi
Step 1. f(u.) =p, forr=1,2.
Step 2. T (Vy—y) = Prar+1 forr =0,1.
Step 3. f(x}) =1.
Step 4. Label elements of X in order by using elements of S, in increasing order starting

with j =1,2,---,r and then using elements of S, in increasing order.

Case 2. n =3 and 6.

In this case, k= 2n+1. Let X = {X%vX%vX%, e axi—l!xi—lvy%vyfvy%a e ay}z—l!y’rzz—liw::ll_-v
W%, W%, cee ,W,ll, W,Zl} be an ordered set. Define S, such that
. .. 8n —4
Spl_{splilspli_plX|—3X|'|€{2,3,"',’7 0 —‘}}
J
Step 1. f(u.) =p, forr=1,2,---,n.

Step 2. T (Vy—y) = Prar+1 forr=0,1,---,n—1.
Step 3. f(x}) =1and f (x2) = p.
Step 4. Label elements of X in order by using elements of S, in increasing order starting

with j =1,2,---,r and then using elements of S, in increasing order.

Case 3. n=4,5and 7 to 11.

In this case, k = 2n. Let X = {X3,X3,X3, -+, Xp_1, X5_1, Y1, Y1, ¥3, - -\ Ya_1, Va_1, Wi, Wi,
w3, .-+, Wi, w2, x2} be an ordered set. Define S, such that
. - n—4
Spl_{splilspli_plX|—3X|'|€{2,3,"',’78p —‘}}
J
Step 1. f(u.) =p, forr=1,2,---,n.

Step 2. T (Vy—y) = Prar+1 forr=0,1,...,n—1.
Step 3. f(x}) =1.
Step 4. Label elements of X in order by using elements of S,; in increasing order starting

with j =1,2,---,r and then using elements of S, in increasing order.
Case 4. n>12.

Let X = {x3.X8,%5, . X} 0. X 1, ¥1.Y5.¥5, Yo 1. YA 1, Wi, WA, Wi g, Wi, W}
be an ordered set. Choose greatest i, such that p; < (Sns’ﬂ and denote it by .

Step 1. f(u.) =p, forr=1,2,---,n.

Step 2. T (v,) =3p,_¢—1) forr=1,2,---,2n —k.

Step 3. T (Vu—r) = Prsr+1 forr=0,1,---,n—(2n—k +1).

Step 4. S, = {S,,, /Sy, =p1 xi, i€{2,3,---, [N P Piets -+ Pr—@n—k—1) }-
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Step 5. Label elements of X in order by using elements of S, in increasing order starting
with j =1,2,---,r and then using elements of S, in increasing order.
Step 6. Choose greatest i such that 2¢ < 3n. Label x},x% as 2¢ and 211,

In the above labeling, vertices u;s and VS receive prime labels. Vertices XS, y;s,w;s
adjacent to uls,v/s are labeled with numbers which are multiples of 3 followed by multiples of
5 and so on. Since m = 2(small), labels are not multiples of respective primes. Thus SS (L)

prime. O
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We know nothing of what will happen in future, but by the analogy of past
experience.

By Abraham Lincoln, an American president.
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