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Abstract: A chord of a path P is an edge joining two non-adjacent vertices of P. A path
P is called a monophonic path if it is a chordless path. A monophonic graphoidal cover of
a graph G is a collection ¥, of monophonic paths in G such that every vertex of G is an
internal vertex of at most one monophonic path in 1, and every edge of GG is in exactly one
monophonic path in t,,. The minimum cardinality of a monophonic graphoidal cover of G
is called the monophonic graphoidal covering number of G and is denoted by 7, (G). In this
paper, we find the monophonic graphoidal covering number of corona product of wheel with

some standard graphs.
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§81. Introduction

By a graph G = (V, E) we mean a finite, undirected connected graph without loops or multiple
edges. The order and size of G are denoted by p and q respectively. For basic graph theoretic
terminology we refer to Harary [6]. The concept of graphoidal cover was introduced by Acharya
and Sampathkumar [2] and further studied in [1, 3, 7, 8].

A graphoidal cover of a graph G is a collection 1 of (not necessarily open) paths in G
satisfying the following conditions:

(i) Every path in ¢ has at least two vertices;

(i1) Every vertex of G is an internal vertex of at most one path in ;

(#i1) Every edge of G is in exactly one path in .

The minimum cardinality of a graphoidal cover of G is called the graphoidal covering
number of G and is denoted by n(G).

The collection 1) is called an acyclic graphoidal cover of G if no member of ¥ is cycle; it
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is called a geodesic graphoidal cover if every member of 1 is a shortest path in G. The mini-
mum cardinality of an acyclic (geodesic) graphoidal cover of G is called the acyclic (geodesic)
graphoidal covering number of G and is denoted by 7,(ng). The acyclic graphoidal covering
number and geodesic graphoidal covering number are studied in [4,5]. Generally, a Smaran-
dachely graphoidal cover € (G, k, P) of graph G is the union of subgraphs with property &2,
hold with every vertex v € V(G) is in at most k subgraphs and every edge is in exactly one
subgraph with property &2. Certainly, let & = {path,cycle} or & = {path} and k = 1.
Then, a Smarandachely graphoidal cover (G, 1, &) is respectively the graphoidal cover of G
or acyclic graphoidal cover of G.

A chord of a path P is an edge joining any two non-adjacent vertices of P. A path P is
called a monophonic path if it is a chordless path. For any two vertices u and v in a connected
graph G, the monophonic distance d,(u,v) from u to v is defined as the length of a longest
u — v monophonic path in G. The monophonic eccentricity e,,(v) of a vertex v in G is e, (v) =
max{d,(v,u) : u € V(G)}. The monophonic radius is rad,,(G) = min{e, (v) : v € V(G)} and
the monophonic diameter is diam,,(G) = maz{e,,(v) : v € V(G)}. The monophonic distance
was introduced and studied in [10, 11].

A monophonic graphoidal cover of a graph G is a collection 1), of monophonic paths in
G such that every vertex of GG is an internal vertex of at most one monophonic path in ¢,
and every edge of GG is in exactly one monophonic path in 1,,. The minimum cardinality of a
monophonic graphoidal cover of G is called the monophonic graphoidal covering number of G
and is denoted by 7,,(G). The monophonic graphoidal covering number was introduced [12]
and studied in [13,14].

Product graphs have been used to generate mathematical models of complex networks
which inherits properties of real networks. By using basic graphs, corona graphs are defined by

taking corona product of the basic graphs.

Definition 1.1 The corona of two graphs G and H is the graph G o H formed from one copy
of G and |V (G)| copies of H, where the it" vertex of G is adjacent to every vertex in the it
copy of H.

82. Monophonic Graphoidal Covering Number on Corona Product of Wheel with
Some Standard Graphs

Theorem 2.1 For the wheel W,, = K1 + Cy,—1 (n > 5), 1, (W) = n.

Proof Let W,, = K14+C,,_1 be a wheel with V(K;) = {v} and V(Cp,—1) = {u1,us, -+ ,up—_1}

and let P : wy,ug, -, Up—2, Po @ U1, Up—1,Un—2, P31 u1,v,up_9 and Piyo : v,u; (2 <0 <
n—3and i =n—1). It is clear that ¢, = {P1, Py, -+, Pu_1, P11} is a minimum monophonic
graphoidal cover of W,,. Hence n,,(W,,) = n. O

Theorem 2.2 (i) If G = P, o W, then 0, (G) = 2nr — 1;
(13) If G = W, o Py, then 0, (G) = n(r 4+ 2) — 2.
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Proof Let P :wuy,us, - ,u, be apath of order r and let W,, = K7 + C},_1 be a wheel with
V(Kl) = {Ul} and V(Cn_l) = {1}2,1)37 e ,’Un}.

(i) Let G be the corona product of P, and W,,. The graph G is shown in Figure 1. Let
My s v, un, U, U, Up 1 Mg 02,053, Uin—1 (1 <0< 1)y MY 200,00, Vin—1 (1 <
i <)y Ml 00,001,001 (1<i<r)and S1 =J_, U;-Lzl {(ui,vij)} —{(ur,v1,1), (up,vr1)},

S = Uizt (Uj—3 {(vi1,vi5)} = {(vi1,vin-1)})-

Uy U9 U,

?_.'1:3 1. 132=

V1,4 : Uin V24 ——at U2

Figure 1

It is clear that v, = S1 U Se U{ My, Mo, ..., Myy1, M{, M}, ... . M M MY --- M} is
a minimum monophonic graphoidal cover of G and so 7, (G) = (nr —2)+r(n—3)+ (3r+1) =
2nr — 1.

(7i) Let G be the corona product of W,, and P,. The graph G is shown in Figure 2.

ua r
32
Us1
Un,1 U2
2 U322
Uy p U2.1

11 113 Uy

Figure 2

Let My : u2,1,v2,03, ,Un—1, Un—1,1; M2 : V2, U, Un_1; M3 : 2, 01,Un—1; Miy1 1 v1,v; (3 <
- . . . ! . - _ n s
i <n—2); My :v,vn Mt ui,uio,- s, (1 <4< n)and S =, j:1(“iaui,j) —

2

{(02, U2,1), (vn—la Un—1,1)}-
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It is clear that 9, = SU{My, Ma,...,M,, M{,M}, ..., M/} is a minimum monophonic
graphoidal cover of G and so n,,,(G) = (nr —2) +2n =n(r+2) — 2. O

Theorem 2.3 (i) If G = C, oW, then n,(G) = 2rn;
(i) If G = W, 0 Cy., then 0y (G) =n(r+3) — 2.

Proof Let C,. : uy,ug,- -+ ,u,,u; be a cycle of order r and let W,, = K; + C,,_1 be a wheel
with V(K1) = {v1} and V(Cr—1) = {v2,v3, -+ ,vn}.

(i) Let G be the corona product of C, and P,.
Case 1. r=3.

The graph G in this case is shown in Figure 3.

Figure 3

IN

Let My : vy, ur,up; My @ va1,ug,ug; M3 @ vg1,us,ur; Migs @ 02,03, ,Vin-1 (1
i < 3); M : vi2,0in,Vin—1 (1 <4 < 3); Mg vi2,01,0in1 (1 <i<3)and S) =
3 3
Ui (Ui { (i vi)} = {(i, vi0)}), S2 = Uiy (Uj—s{(vi1, vi)} — {(vi1, vin—1)})-
It is clear that every M; (1 <4 < 6) and M/ (1 < i < 6) are monophonic paths and every el-
ement in S;USs is a monophonic path. Hence 9, = S1USU{M;, M, - -+, Mg, My, M}, ... M}

is a minimum monophonic graphoidal cover of G and so 7,,(G) = 3n — 3+ 3(n —3) + 12 = 6n.
Case 2. r > 3.

Let My @ w1, ut, g, ... Up—1,Up—1,15 Mo @ ur, up, up_1; Mijo : 02,03, - ,Vin—1 (1
- . . - . "o, . _
i <)y Mo ovi0,0in,Vip—1 (1 <@ < 1)y M @ 02,051,051 (1 <4 < 1) and S =

?

Uiz U= (wivig)) = L, v10), (wr—1,00-1,1) 3, S2 = Uiy (Uj=3 (01, vi,5) = {(vi1, vin—1)})-

IN
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It is clear that every M; (1 < i <r+2), M/ (1 <i<7r)and M/ (1 <i<r)isa
monophonic path and every element in S; U S5 is a monophonic path. Hence ¥, = 51 U Ss U
{My, My, -+, Myyo, M{, M5, ... . M. M MY --- M/} is a minimum monophonic graphoidal
cover of G and so 1, (G) = (rn — 2) +r(n — 3) + (3r + 2) = 2rn.

(i1) Let G be the corona product of W,, and C,.. The graph G in this case is shown in
Figure 4. Let My : ug1,V2,03,  * ,Un—1,Un—1,1; Ma : V2,0, Un_1; Mg : v2,01,0p—1; M] :
Wity Ui2y U1 (1 <4 <m)y MU win, w1 (1 < i <m)and S; = U _s(v1,0:) —

{(Ulvvnfl)}’ Sy = U?:l U;Zl(”ivui,j) - {(U27UZ,I)(Unflvunfl,l)}

Figure 4

It is clear that every M; (1 <i<3), M/ (1 <i<n)and M/ (1 <i<mn)are monophonic
paths and every element in S; U Se is a monophonic path in G. Hence ¢, = S; U Se U
{My, My, M5, My, M} M;, - M} M{ MY, --- M} is a minimum monophonic graphoidal
cover of G and s0 1, (G) = (n —3) + (nr —2) + 2n+3) = n(r +3) — 2. O

Theorem 2.4 (i) If G = K, oW,, then n,(G) = 5(r +4n — 11);
(i) If G = Wy, 0 K., then 1, (G) = n(r? +r +2) — 10.

Proof Let K, be the complete graph of order r with the vertex set {ui,us, - ,u,} and
let W,, = K; + C,,_1 be a wheel with V(K;) = {v1} and V(Cp—1) = {v2,v3,...,0,}.

(7) Let G be the corona product of K, and W,,. The graph G is shown in Figure 5. Let

M; v, uuipr (1 <@ < r—1); My vpg,ue,ur; Niot 032,058, Vi1 (1 <0 < 7))
,. ' N .
N} 02,0 0,Vin—1 (1 <i<7); NIt v 0,v1,uin—1 (1 <i<7)and

T

S =

%

uzavz,]
r

SQZU_

=1

(% 1avz,j (Ui,lvvi,'n—l)}v

U
U
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S; = E(KT) - {(u17u2)7 (’LLQ,U3), R (uT—huT‘)’ (urvul)} :

It is clear that every M;, N;, N/, N/, for 1 < i < r, are monophonic paths and every element

in S1 U S U S3 is a monophonic path. Hence,
Ym =81 JS2|JSs|J{M1, Mo, -+, My, Ny, Ny -+, Ny NY, NG, -+ NJ N, NG - N

is a minimum monophonic graphoidal cover of G and hence

r(r—1)

Dm(G) =r(n—1)+r(n—3) + 5

7T+4r:g(r+4n711).

G

U14 U2.n Up 4

Figure 5

(ii) Let G be the corona product of W,, and K., which is shown in Figure 6.

e il
Lll_l 12 Uy r lT\,

Figure 6
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Let My : u21,v2,v3, ..., Un—1,Un-1,1; M2 : U2, Vpn, Un—1; M3 : v2,v1,Vp—1 and

C=

Sl = (v17vi) —{(/Ul,vnfl)}7
=3

SQ = U(viaui,j) - {(U27u2,1)a(Un—laun—l,l)},
i=1j=1

Sy = |JEBEK.
i=1

It is clear that every M7, My and M3 are monophonic paths and every element in S;US2US3
is a monophonic path. Hence v, = S1 U Sy U S5 U {M;, M2, M3} is a minimum monophonic
graphoidal cover of G and hence

r(r—1)

Nm(G) = (n—3) + (nr —2) +n( 5

) =n(r®+7r+2) - 10. O
Theorem 2.5 If G = W, o Wy, then n,(G) =r(2s +4) — 2.

Proof Let W, = K1 +C,_1 be a wheel with V(K1) = {u1} and V(Cr_1) = {u1,ua, -+ ,ur}
and let Wy = K; + Cs_1 be a wheel with V(K;) = {v1} and V(Cs—1) = {v1,v2, -+ ,0s}.
The graph G is shown in Figure 7. Let M; : vg1,ug,us, -+ ,Ur_1,Vp_1,1; M2 : U2, Up, Up_1;
M3 2 ug, uy, e 15 M 202,03, vis1 (1 <0 < 1)y M2 050,056,051 (1 <4 <)y M
V2, Vi1, Vis—1 (1 <4 < r) and St = Uig(ur, i) — {(u1,ur-1)}, S2 = Uiz (Uj=s (Vi1 vig) —
{(i1,vi,5-1)}), Sz = Uiy Ui (wis vi ) — {(ug, v2,1), (ur—1,vr-11)}-

Figure 7

It is clear that ’(/Jm = Sl U S2 USg U {Ml, Mg, Mg, M{, Mé, ce ,M,,I‘, M{/7 Mé/, te ,M:ﬂ/, M{N,
My’ -+, M!"} is a minimum monophonic graphoidal cover of G and so

(@) =0Br+3)+(r—3)+r(s=3)+(rs—2)=r(2s+4) —2. O
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