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§1. Introduction

Berwald introduced a connection coefficient C;k(ac, &) defined by

; .\ def 82Gi

and accordingly the covariant derivative of an arbitrary covariant vector i X in the sense of

Berwald is given by Rund [4]

4 % h
i 0X'T_9X'oG

) h
0= 327~ aak g T O (12)

The functions G* appearing in (1.2) are positively homogeneous of degree two in its direc-

tional arguments 47 and satisfies the following identities
Gii" =G, ib =Gt it Glih =0 and GLit = 2G° (1.3)
The geodesic deviation has been defined in the following form

+ H(x,7)z" =0, (1.4)

where the vector Z? is called the variation vector and the tensor H} (z, ) is being defined by

HYij = 201,G" — 0,0, G'2" 4 2GL,G' — 8,G9, G- (1.5)
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The tensors defined by

sz(ﬂf,l‘) =

1 (aHg OH! OH:,
7 ]

are respectively termed as Berwalds deviation tensor and Berwalds curvature tensor and they

satisfy the following
Hp,; = Hj, — Hyy, Hii' = (n—1)H, Hji*=H] = H)i" (1.7)

The projective covariant derivative of an arbitrary tensor T;(x, &) is given by Misra [2] as

T;((k)) = akT; o 387}§H£-kir + Tyhnézk - T}iH?k’ (1.8)
where .
; .\ def ; . i
i (z,2) = Gy, — nrl (2% sk T sz;L"k:g) (1.9)

are called projective connection coefficient and these coefficients are symmetric in its lower

indices. Involving the projective covariant derivative ,we have the following commutation for-

mulae
On (Tiia) = (OnT) () = Ty Mo~ T,
2T k) = —Or T Qi + Ty Qi — TiQ5 - (1.10)
where,
i def i i r T 7
Qhjr = 2 {a[kﬂj}h — I 51T + Hh[ij]r} : (1.11)

is called the projective entity and satisfies the following relations
Qhjr + Qln + Qhny = 0,
Qhgr(sn + Qs T @iy = 05
Qijk = Qjr, Qi = ga[ijr‘v
Qie = O Qly, Qijy = Qly, Qi =0,
Qjp = —Qpy and Qji" = Q}. (1.12)
The projective connection coeflicient H;- «(z, @) satisfies the following relations
Zkr - 3hH§m H%k = 8.;11'1};,

I, &" =0 and II},2" = II}. (1.13)
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82. NonCAffine Infinitesimal Projective Transformation

In view of the Berwalds covariant derivative [4], the Lie-derivative of a tensor field Tj’(x, %) and

the connection parameter G;k(x, &) are given as under [7] following

LT (z, &) =Tl " + (8ﬂ”j) viyE® + Thvl, (2.1)

L‘zyG;k(l’,l’) = l/gj)(k)H_;:khl/h =+ Gijkvf'r‘)'/‘tr' (22)

where ijh(x, %) has been defined by (1.6).

We also have the following communication formula from [7]

o (£,1}) - £, (8T}) =0, (2.3)
LTl = (ET)) 4y = TiL,Gly — (00T} ) LG, (2.4)
(£,Ghy) 0 (£,Gy;) 0= L, Hj o+ (L,Gry) GLpit — (£,Gh) Gyt (2.5)

Now, we give the following definitions which will be used in the later discussions.

Definition 2.1 A Finsler space F, is said to admit an affine motion [3] provided there exists

a vector v'(x) such that
(L), Gjp(z,2) = 0. (2.6)

Definition 2.2 A Finsler space is said to be symmetric [1] if the Berwalds curvature tensor
field Hyj, ;. (x, &) satisfies the relation

Hj, 1,

m) =
The following relations also hold good in such a symmetric Finsler space
Hipimy =0, Hjy =0 and Hpy =0, (2.8)
We now consider an infinitesimal point transformation
Z' = ' o' (x)dt (2.9)

where, v’(z) stands for a non-zero contravariant vector field defined over the domain of the
space and dt is an infinitesimal point constant. If such a transformation transforms the system
of geodesics into the same system then such a transformation in F), is termed as infinitesimal
projective transformation. It has been mentioned in [3] that the necessary and sufficient con-
dition in order that the infinitesimal point transformation given by (2.9) be an infinitesimal

projective transformation is given by the following equation

LGl = G — Gy, = 8ipie + 6pj — gyng”'di, (2.10)
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where, pi(z, ) and d;(x, ) are covariant vectors and satisfy the following identities

0ip=pj,  Phk = nOkp,  Pari™ = pr,

pdd® =p,  0;d=d;j,  duy = OpOkd,

dhk.%"h =dr and dhki'hi}k =d, (2.11)

Keeping in mind the formula (2.5), the Lie-derivative of Hj;, can be expressed in the

following form

LoHj i = (L£,Gh) ® (LoGhn) 5y + (LoGR) #Gi,,. (2.12)

Using (2.10) and (1.3) in (2.12), we get
LoHl = 8ipne) — 0kbn() + 6hDjck) — OhPr() — 9ing" diy + grng™ i)
9119 " Gl dmdt = 9170 Gl dm . (2.13)

We multiply (2.13) by ©"37 and thereafter note (2.11) and the homogeneity property of
Hj ). (x, @) and get

L Hj = 2i"pey — by’ — &' prjya’ — gjng" dign "0 + geng®dyjyi"i. (2.14)

Now, allow a contraction in (2.14) with respect to the indices 4, k and thereafter use
equations (1.7), (2.11) and get

L,H = —p;a’ + ﬁ (diya? — gjng" dyiyi"i?) . (2.15)
With the help of (2.15) and (2.14), we get
(L HL — L,HSL) = 3@'pgy — 0pprjd” + geng dygja"a?
—ﬁ {drd" + (2 — n)gjng" dyrythi’ } . (2.16)

Differentiate (2.16) partially with respect to £" and thereafter allow a contraction in the

resulting equation with respect to the indices ¢ and r, we get the following

L0-H — L,0cH = (3n+2)pr — (n+ 3)pigj) + digy@” + geng™ " {dpagy) + div }
5—n ch+j Oé 2-n
o X d + 2107 x gTsl X {n — Grndy(r) — gkhdl(j)} (2.17)

after making use of (1.7) and (2.11).

The underlined equation

G (x, %) = Gi(a, ) — P(s, )" (2.18)
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represents the most general modification of the function i G which will leave (2.18) unchanged.
Thus, we say that the equation (2.18) defines the projective change [4] of the function G*(z, #).
The tensor defined by

1

(urtf - o) ! (2.19)

is invariant under the projective change (2.18) and therefore it is regarded as projective deviation

tensor. This deviation tensor also satisfies the following identities
W’ =0, Wji"=-W] and 0,Wj =0. (2.20)

The Lie-derivative of the projective deviation tensor W/(z, &) in view of (2.16) and (2.17)

can be written in the following form

LWy = —7 {P(W + 2P @' + o dgd
.q . r o h . C}er 2 —n
— [dk(j)x] + gkng l(drl(j) +di(ry) + 9l gd st ( Grndi(ry — gkhdl(j))] }
grs \n—1
—Sip it iy hej 2T hj
kPG + geng” di T + n—19in9 diry®" @’ (2.21)

We now apply the commutation formula given by (2.4) to the projective deviation tensor

Wi(z, i) and get

LWy = (L, W1) ) = WLl = WAL, Gl — (8W)) (£,Gl) & (2.22)

)

Using (2.2) and (2.3) in (2.22), we get
ﬁpW;(r) - ('CpW;)(T = W; (6ipr - grhgildz) - Wripj — 2W;pr

9"y [Wigsr + (0aW]) gri” = (8.0 ) 9] (2:23)

)

We now allow a contraction in (2.23) with respect to the indices ¢ and r and thereafter use
(2.20) and get

L Wiy = (LW)) ) = (0= 2)Wipy, — Whay + g™y {W;;gjl- + (3hwj) giss'rs} L (2.24)
Now, transvect " in (2.23) and thereafter use (2.3) and (2.20), we get
[LPW]?(T) — (£, W) (T)} B = Wlilp, —AWip — Whggldid” + g"dii"
oM did" [ Wigir + (OaW))grsd® ). (2.25)

We now make an assumption that the space under consideration is symmetric one, i.e.,

W;(T) = 0 and as such under this assumption the equations (2.24) and (2.25) can alternatively
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be written in the following forms
(£ W) ) = 2= MWy + Wide = g"dy [Wides + (8,0} grsi°] (2.26)
and

(L W}) 3" = Wip = Wi p, + Wigng" did” — gd's” [W,ing ¥ (a’hw;') g,ﬁsg;«ﬂ . (2.27)

)
We propose to eliminate the term W/py, with the help of (2.26) and (2.27) and the result

of elimination will give the following
M= {thdh — g, [W;;gjr + (8w;) grs:ics} } &, (2.28)

where,
M} = (L,W]) ) & + (2 =n) (L, W), " (2.29)

At this stage, if we assume that the Finsler space F,, admits a projective motion which will be
characterized by
L,G4 = 0. (2.30)

Therefore, in such a case, with the help of (2.10) and (2.30) we shall easily arrive at the
conclusion that the vectors p(z, &) and d(x, %) should separately vanish.

With the help of all these observations, we can therefore state the following conclusions.

Theorem 2.1 In a Finsler space F,, the equation (2.28) always holds provided the space
under consideration admits a nonCaffine infinitesimal transformation such that the Berwalds

covariant derivative of W} remains an invariant.

Theorem 2.2 In a Finsler space F,, M; =0 (where MJZ has been given by (2.29)) provided the
space under consideration admits an affine infinitesimal transformation such that the Berwalds

covariant derivative of W; remains an invariant.

Theorem 2.3 In a Finsler space F,, the equation (2.28) necessarily holds provided the space

under consideration is symmetric one and it admits a non-affine infinitesimal transformation.

Theorem 2.4 In a Finsler space F,, the equation (2.26) necessarily holds provided the space

under consideration is symmetric.

§3. Infinitesimal Special Projective Transformation

In view of the projective covariant derivative as has been given by (1.8) and the projective
connection coefficient H;k(:c, z) as has been given by (1.9), the Lie-derivatives of an arbitrary

tensor Tj(m, 2) and the projective connection coefficient are respectively given by

L,Tj(x,3) = Tiyv" + (&T}) vien®” = Tjvie) + Ty (3.1)
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and
LIl (2, 8) = {(my) (@) + Quaterv” + (&Hink) (s (3.2)

In the operators £,, d and (()), we have the following commutation formulae
0y (£.1) = £, (8,1]) =0,
i i i ! i ! 3 i I .m
(LoT3) ) = LoThey) = TiL Tl — TR, (alTj) L0 ™ and
(ﬁl’mzj)((k)) - (ﬁumﬂc)((j)) = L,Qh; + ('Cvné'b) M i” + (£,10) H;‘hlx.b' (3.3)

In order that the infinitesimal point transformation given by (2.9) may define an infinites-
imal special projective transformation, it is necessary and sufficient that [3]

L, = ﬁ;‘k — I}, = 85bx + Gb; — gikg" i, (3.4)

where, bg(z, %) and ¢;(z, &) are covariant vectors and they satisfy the following relations

Db =1bj,  buk = WOkb,  bppi" = by,
bhkfﬂh"tk = b, 3j = Cj, Cjk = 8j6k6,
ki = cp, and  eppiit = c. (3.5)

Using (3.4), (3.5) and the commutation formula given by (3.3), the Lie-derivative of the
projective entity wa. (2,20 can be written in the following form

LoQhje = O5buiwmy) + 0hbiwy) — 9ing" ity — gin(wn 9"

—9in9{(e)ct — Okb(()) — Shbr(() + Irng" Ci((s)

+0n((0)9" &+ Geng((jyy et — SR + gm0
087 ey, — 919" e Ty (3.6)
Now, transvect #"47 in (3.6) and therefore use (1.12) and (1.13) together, we get
LQL = 2y = Okband” +&" g (g0 + 9" euin)
— Gjn (Qfl(k))Cz + gilcl((k))) - gjh((k))gilcl] . (3.7)

We allow a contraction in (3.6) with respect to the indices ¢ and k and thereafter transvect-

ing the equation thus obtained by "7, we get
L,Quja"! = (L=n)bgnd’ +end’ +g"ai"a’ (gims) — gini)

—gjni"i (9”05((1)) + gééi))cl) + ging((jy i i’ (3.8)
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where we have taken into account (1.12).
We now eliminate b(;))4’ using (3.7), (3.8) and get

LZ(.’E,{E) = 2(1 — n)b((k))xz — bk((j))xlacj
+pni"d’ (gfl(j))cz + gilcl((j)))

il il + 7 St il < h -7t
~9((e)© — 9" iy + 0L + 9" i 8, (gincy) — iniy)

—gini" 5], (gilcl((z‘)) - gfl(i))cz) + ging{(jy i i, (3.9)
where,
LY L,QL +60.L,Qu i (3.10)

We apply the commutation formula (3.36) to the projective deviation tensor W;(x, z) and
thereafter use (3.4) and (3.5) to get

(LoW)) oy — LWy = Wibibi— Wigrg™e, — Wib; + W/grig'"c,

((r))
—(awi) b= 2Wib, — (8.W)) gungepi™. (3.11)

Allow a contraction in (3.11) with respect to the indices 7 and r, we get

(LW ) = LWy = (0 = 2)Wibe = Wher + ge, (Wigs; = (9W]) gom™) . (312)

Now, transvect (3.11) by ¢" and thereafter use (3.5), we get

7 7 T ly -2 7 l 7 .7
((EVWj)((Z.)) — E,,Wj((r))> " = Wiba' —4Wib — Wigng Pepi
A Wigr 9P epi” — (c")le) Grmg'Pepd"E™. (3.13)

We make the supposition that the infinitesimal special projective transformation given by

(3.4) leaves invariant the projective covariant derivative of the projective deviation tensor, i.e.,
% _

As aresult of this supposition, the equations (3.12) and (3.13) can respectively be expressed
in the following alternative form

(LW]) () = (0 = WSt = Wier+ e, (9:Wi = (B7}) gimic™) (3.15)

(4))
and

(LoW) () = Wibia' = AW}b = Wlgnge,i” + Wigeige,i” — (OW]) grmgeyi™i™. (3.16)

((r))

We now propose to eliminate Wb, with the help of (3.15) and (3.16), the result of elimi-
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nation gives the following

B;(x,m) = gl {—W}cl +g'e, [Wlkgkj - (&Wf) grmi'm} } +(n—2)

x [4ij + Wegrgeyi” — WigrgPeni” + (8W}) GrmgPeyiti™] | (3.17)

where,

.y def

B;- (x,2) = (EVW;) —(n—2) (EVW;) £ (3.18)

.7
n* n*
In order that the space under consideration may admit a special projective affine motion,

we always have

L,10, = 0. (3.19)

Using (3.4) and (3.19), we easily arrive at the conclusion that the vectors b(z, &) and ¢(z, &)
must separately vanish.

In the light of all these observations, we can therefore state results following.

Theorem 3.1 In a Finsler space F,, the equation (3.17) always holds provided the space under
consideration admits a non-affine infinitesimal special projective transformation such that the

projective covariant derivative of projective deviation tensor W} remains an invariant.

Theorem 3.2 In a Finsler space F,,, B]iz(gc7 ) given by (3.18) always vanishes provided the space
under consideration admits an affine infinitesimal special projective transformation such that

the projective covariant derivative of the projective deviation tensor W} remains an invariant.

If the Finsler space F;, under consideration be assumed to be symmetric one i.e., W;( ) =
0, then under such an assumption the equation (3.14) will always hold. Therefore, we can state
the result following.

Theorem 3.3 In a symmetric Finsler space F,, the equation (3.17) always holds provided the
space under consideration admits a non-affine infinitesimal special projective transformation
characterized by (3.4).

Theorem 3.4 In a symmetric Finsler space F,, Bj characterized by (3.18) always vanishes
provided the space under consideration admits an affine infinitesimal special projective trans-

formation.

84. Conclusion

The present communication has been divided into three sections of which the first section is
introductory, the second section deals with non-affine infinitesimal transformations, and in this
section, we have derived conditions which will hold when the space under consideration admits
non-affine as well as an affine infinitesimal transformation and in the sequel have established
the conditions which will hold when the space is symmetric and it admits an affine as well
as non-affine infinitesimal transformation. The third section deals with infinitesimal special
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projective transformation. Like the previous section, in this section we have established the
conditions which will hold when the space under consideration is symmetric and it admits a

non-affine as well as an affine infinitesimal special projective transformation too.
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