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§1. Introduction

In 1991, Balachandran [1] et.al, introduced and studied the notations of generalized continuous
functions. Different types of generalizations of continuous functions were studied by various
authors in the recent development of topology. Continous function is one of the main functions
in topology. Lellis Thivagar [4] introduced Nano topological space with respect to a subset X
of a universe which is defined in terms of lower and upper approximations of X. The elements
of Nano topological space are called Nano open sets. He has also defined Nano closed sets,
Nano-interior and Nano closure of a set. He also introduced the weak forms of Nano open sets,
namely Nano-open sets, Nano semi open sets and Nano preopen sets. He also defined Nano
continuous functions, Nano open mapping, Nano closed mapping and Nano Homeomorphism.
M.K.R.S.Veerakumar [10] was introduced the notion of 9 closed sets in topological spaces. Maki
[6] introduced the notion of A-sets in topological spaces in 1986. A-set is a set A which is equal
to its kernel, i.e., to the intersection of all open supersets of A. N.R.Santhi Maheswari and
P.Subbulakshmi [7], [8], [10] introduced Nano Ay (A) sets, nano Ay, (A) sets, nano Ay-set and
nano Aj‘p—set in nano topological spaces and we also introduce Nano (A, )-closed sets , Nano
(A, ¢)-Open sets and Nano Ay generalized Closed sets and Nano A¢g-continuous functions in
nano topological spaces. In this paper we introduce Nano Ay g-irresolute functions and discussed
some of their properties. Also we investigate the relationships between the other existing Nano

irresolute functions.
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§82. Preliminaries

Definition 2.1([7]) Let U be a non-empty finite set of objects called the universe and R be
an equivalence relation on U named as the indiscernibility relation. Then U is divided into
disjoint equivalence classes. Elements belonging to the same equivalence class are said to be in

discernible with one another. The pair (U, R) is said to be the approzimation space. Let X C U

(1) The lower approzimation of X with respect to R is the set of all objects, which can be
for certain classified as X with respect to R and it is denoted by Lr(X). That is Lr(X) =
Usev{R(X) : R(X) C X}, where R(X) denotes the equivalence class determined by X € U;

(2) The upper approzimation of X with respect to R is the set of all objects, which can
be for certain classified as X with respect to R and it is denoted by Ur(X ). That is Ug(X) =
Usev{R(X) : R(X) N X = ¢};

(3) The boundary of the region of X with respect to R is the set of all objects, which can
be classified neither as X nor as not X with respect to R and it is denoted by Br(X). That is
Br(X) = Ur(X) — Lr(X).

Lemma 2.2([4]) If (U, R) is an approzimation space and X,Y C U, then

=)

(1) Lr(X) € X C Ur(X);

(2) Lr(¢) = Ur(d) = ¢;

(3) Lr(U) =Ugr(U) =U;

(4) Ur(X UY) = Ur(X)UUR(Y);
(5) Ur(X NY) CUR(X)NUR(Y);
(6) Lr(XUY) D Lr(X)U Lr(Y);
(7) Lr(X NY) = Lr(X) N Lr(Y);
(8) Lr(X) C Lr(Y)and Ur(X) C Ur(Y) whenever X CY;
(9) Ur(

(

(

Definition 2.3([4]) Let U be the Universe and R be an equivalence relation on U and Tr(X) =
{U,¢, Lr(X),Ur(X), Br(X)} where X CU. tr(X) satisfies the following azioms:

(1) U and ¢ € Tr(X);

(2) The union of elements of any subcollection of Tr(X) is in Tr(X);

(3) The intersection of the elements of any finite subcollection of Tr(X) is in Tr(X).

We call (U, 7r(X)) is a Nano topological space. The elements of Tr(X) are called a open
sets and the complement of a Nano open set is called Nano closed sets.

Throughout this paper (U, Tr(X)) is a nano topological space with respect to X where X C
U, R is an equivalence relation on U, U/R denotes the family of equivalence classes of U by R.

Definition 2.4([4]) If (U,r(X)) is a nano topological space with respect to X. Where X C G
and if A C G, then
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(1) The Nano interior of the set A is defined as the union of all Nano open subsets contained
in A and is denoted by Nint(A), Nint(A) is the largest Nano open subset of A;

(2) The Nano closure of the set A is defined as the intersection of all Nano closed sets
containing A and is denoted by Ncl(A). Ncl(A) is the smallest Nano closed set containing A.

Definition 2.5([4]) Let (U,7r(X)) be a Nano topological space and A C G. Then, A is said
to be

(i) Nano semi-open (briefly Ns-open) if A C Ncl(Nint(A);
(it) Nano a-open (briefly Na-open) if A C Nint(Ncl(Nint(A));
(#i1) Nano regular-open (briefly Nr-open) if A = Nint(Ncl(A).

The complements of the above mentioned open sets are called their respective closed sets.

Definition 2.6([8]) Let A be a subset of a Nano topological space (U, Tr(X)). A subset NAy(A)
is defined as NAy(A) =N{H/AC H and H € NYO(U, mp(X)}.

Definition 2.7([8]) A subset A of a Nano topological space (U, Tr(X)) is called a NAy-set if
A= NAy(A). The set of all NAy, -sets is denoted by NAy (U, Tr(X)).

Definition 2.8([9]) Let A be a subset of a Nano topological space (U, Tr(X)). A subset N(A, )
closed if A= BNC, where B is NAy set and C is a Ny closed set.

Definition 2.9 Let (U,7r(X)) be a Nano topological space and A C G. Then A is said to be

(1) Nano sg-closed (briefly Nsg-closed) [2] if Nscl(A) C G whenever A C G and G is
Nano-semi open in U,

(2) Nano -closed (briefly Ni-closed) [10] if Nscl(A) C G whenever A C G and G is
Nano-sg open in U;

(3) Nano A generalized closed (briefly NAig-closed ) [8] if Nycl(A) C G, whenever
ACG and Gis N(A,v)- open in U.

Remark 2.10([9]) We have known the conclusions following:

(1) Every Nano closed set is N Ay g-closed;
(2) Every Ns-closed set is N Ayg-closed;
(3) Every Nr-closed set is N Ayg-closed;
(4) Every Na-closed set is N Ayg-closed,;
(5) Every N-closed set is N Ayg-closed.

Definition 2.11 The function f : (U, 7r(X)) — (V,75(Y)) is said to be

(1) Nr-continuous [3] if the inverse image of every Nano closed set in (V,7p(Y)) is Nr-
closed in (U, Tr(X));

(2) Nano-continuous [5] if the inverse image of every Nano closed set in (V, 7(Y)) is Nano
closed in (U, 7r(X));

(3) Ns-continuous [2] if the inverse image of every nano closed set in (V,7(Y)) is Ns-
closed in (U, 7r(X));
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(4) Na-continuous [3] if the inverse image of every Nano closed set in (V,7p(Y)) is Na-
closed in (U, 7r(X));

(5) Nu-continuous [9] if the inverse image of every Nano closed set in (V,7R(Y)) is N-
closed in (U, mr(X));

(6) NXpg-continuous [8] if the inverse image of every Nano closed set in (V,7(Y)) is
NXypg-closed in (U, Tr(X)).

Definition 2.12 The function f : (U, Tr(X)) — (V,73(Y)) is said to be

(1) Nr-irresolute [3] if the inverse image of every Nr-closed set in (V,7(Y")) is Nr-closed
in (U,7r(X)):

(2) Ns-irresolute [2] if the inverse image of every Ns-closed set in (V,7(Y")) is Ns-closed
in (U, 7r(X));

(3) Na-irresolute [3] if the inverse image of every Na-closed set in (V,7p(Y")) is Na-closed
in (U, mr(X));

(4) Np-irresolute [2] if the inverse image of every N1 -closed set in (V,7(Y')) is Nip-closed
in (U, mr(X)).

83. NXig -Irresolute Functions

In this section, we introduce and study a new concept of N Ayg-irresolute functions in Nano

topological spaces.

Definition 3.1 A function f : (U, 7r(X)) = (V,7x(Y)) is said to be N pg-irresolute if f~(G)
is a NX\pg-open set in (U, Tr(X)) for every NApg-open set G in (V,7(Y)).

Example 3.2 Let U = {a,b,c,d} with U/R = {{a},{b,c,d}} and X = {b,c}.Then 7r(X) =
{U,¢,{b,c,d}}. Let V = {a,b,c,d} with V/R' = {{b},{d},{a,c}} and Y = {a,b}. Then
TR(Y) ={V,¢,{b}, {a,c},{a,b,c}}. Define a mapping f : (U, 7r(X)) — (V,73(Y)) as, f(a) =
a, f(b) =0, f(c) =d, f(d) = c. Here the inverse image of every NAyg- closed set in (V,75(Y))
is NAg-closed set in (U, 7r(X)). Hence f : (U, 7r(X)) = (V,75(Y)) is NAtg-irresolute.

Theorem 3.3 Let (U,r(X)), (V,75(Y)) and (W,75(Z)) be Nano topological spaces. If f :
(U, 7r(X)) = (V,1R(Y)) and g : (V,75(Y)) = (W,Tx(Z)) are two functions. If f is Ng-

irresolute and g is NApg-continuous then g o f is N Ag-continuous.

Proof Let G be a Nano closed set in (W, 75(Z)). Since g is N Apg-continuous, g~ (G) is
a Npg-closed set in (V,7x(Y)). Since f is NAyg-irresolute, f~1(g71(G)) is a NApg-closed
set in (U, 7p(X)). Thus (go f)"1(G) is N\g-closed in U, for every NAig closed set G in
(W,Tr(Z)). Hence the composition go f : (U, 7r(X)) = (W,75(Z)) is N Apg-continuous. [

Theorem 3.4 Let f: (U, mr(X)) = (V,7r(Y)) and g : (V,71(Y)) = (W, 74(Z)) be two maps.
If f and g are both NAg-irresolute then go f is Nig-continuous.

Proof Let G be Nano closed in (W, 7/5(Z)). Since every Nano closed sets is N Aipg-closed.
Since g is NAyg-irresolute, g~ *(G) is NAyg-open in NAg-closed (W,74(Z)). Since f is
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N Mipg-irresolute, f~1(g71(G)) is NApg-closed in U. Thus (go f)"HG) = (g HG)) is a
NXpg-closed set in (U, 7r(X)), for every Nano closed set G in (W, 75;Z)). Hence go f is NAig
- continuous. 0

Theorem 3.5 Let (U,7r(X)), (V,75(Y)) and (W,7”r(Z)) be Nano topological spaces. If
f:(U (X)) = (V,1r(Y)) and g : (V,75(Y)) = (W, 155(Z)) be two functions. If f and g are
both N Xipg-irresolute then g o f is NAg - irresolute.

Proof Let G be NApg-closed in (W, 74Z)). Since g is Npg-irresolute, g1 (G) is NAhg-
closed in (W, 74(Z)). Since f is NXyg-irresolute, f~1(g71(G)) is NApg-closed in (U, 7r(X)).
Thus (go f)~HG) = f~ g (QG)) is N\pg-closed set in (U, 7r(X)), for every NAhg-closed set
in (W,752(Z)). Hence g o f is N Apg-irresolute. O

Theorem 3.6 A function f : (U,tr(X)) — (V,75(Y)) is NXpg-irresolute if and only if
the inverse image f~1(G) is Npg-closed set in (U,Tr(X)), for every NMg-closed set in
(V. mr(Y)).

Proof Let G be NAyg-closed in (V,75(Y)). Then V-G is NAyg-open in (V,75(Y)). Since
f is Nyg-irresolute, f~1(V —@Q) is NA\pg-open in (U, 7r(X)). But f~2(V-G) =U - f~1(G).
Hence f~1(G) is NAyg-closed in (U, 7r(X)).

Conversely, assume that inverse image f~!(G) is NAg-closed in (U,7r(X)), for every
NXpg-closed set G in (V,7,(Y)). Let F be NAyg-open in (V,75(Y)). Then V — F is Nyg-
closed in (V, 75(Y)). By assumption, f~*(V — F) is NApg-closed in (U, 7r(X)). But f~1(V —
F)=U — f~Y(F). Then f~1(F) is N\g-open in (U, 7(X)). Hence f is NAtbg - irresolute.l]

Theorem 3.7 A function f : (U,mr(X)) — (V,75(Y)) is NXpg-irresolute if and only if
F(NMYgcl(F)) C NXpgel(f(F)) for every subset F of (U, Tr(X)).

Proof Suppose f is NAyg-irresolute. Let FF C U. Then f(F) C V. Hence NAygcl(f(F))
is Nyg-closed in V. Since f is Ng-irresolute, f~1(NXpgcl(f(F))) is Npg-closed in
(U,7r(X)). Since f(F) C NXpgcl(f(F)), which implies F C f~1(NXgcl(f(F))). Since
NMpgcl(F) is the smallest N Apg-closed set containing F, NAgcl(F) C f~Y(Npgel(f(F))).
Hence f(NMpgel(F)) € NXpgel(f(F)).

Conversely, assume that f(NAgcl(F)) C Npgcl(f(F)), for every subset F of U. Let G
be NAg-closed in V. Now, f~1(G) C U. Hence f(NXpgel(f~1(GR))) C NX\gel(f(f~HQ))) =
NXgel(G), which implies NAygel(f~1(G)) C f~H(NXpgel(G)) = f~1(G) that implies f~1(G)
is NAyg-closed in U, for every NAig-closed set G in V. Hence f is NAg-irresolute. g

Theorem 3.8 A function f : (U,mr(X)) — (V,7,(Y)) is NXpg-irresolute if and only if
I HNXMgint(G)) C NXgpgint(f~1(Q)), for every subset G of (V,7x(Y)).

Proof Let f be NMyg-irresolute. Let G C V . Then NMpgint(G) is NAg-open
in V. Since f is NXyg-irresolute, f~H(Npgint(Q)) is NXpg-open in (U,7z(X)). Hence
NXpgint(f~H(N \pgint(Q))) = f~H(NXpgint(G)). Since G C V, NXpgint(G) C G al-
ways. Hence f=Y(NXpgint(G)) = N pgint(f~H (N pgint(G))) € NXpgint(f~1(G)). Thus
(N Aggint(G)) € Npgint(f(G)).
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Conversely, let f~1(NXgint(G)) C NXpgint(f~1(Q)), for every subset G of V. Let F be
NMtpg-open in V and hence N \igint(F) = F. By our assumption, f~1(F) C NXygint(f~(F)).
But N\ygint(f~1(F)) C f~1(F). Hence f~1(F) = N\gint(f~1(F)). Then f~1(F)is N \ig-
open in U, for every subset F' of V. Hence f is N Ayg-irresolute. O

Theorem 3.9 A function f : (U, tr(X)) — (V,7,(Y)) is NXpg-irresolute if and only if
NXpgel(f~HG)) C f~H(NMpgel(Q)), for every subset G of V.

Proof Suppose f is NAg-irresolute. Let G C V, then NApgcl(G) is NAg-closed in V.
Since f is irresolute, f~1(NAbgcl(G)) is NApg-closed in U. Thus Npgel(f~H(Npgel(G))) =
F YN pgcl(@)). Since G € NMpgel(GQ), then f~HG) C f~H(NMpgel(G)). Now, NApgel(f~1H(G)) C
NMgel(f~H (N Xbgel(G))) = £~ (NMbgel(G)) which implies NAvgel(f~1(G)) € f~H (N Agel(G)),
for every subset G of V.

Conversely, let NAgel(f~1(G)) C f~H(NMpgcl(Q)), for every subset G of V. Let F be
NMpg-closed in V and hence N \gcl(F) = F. By our assumption, N\gcl(f~1(F)) C f~1(F).
But f~Y(F) € N\pgcl(f~1(F)). Hence f~1(F) = NXpgcl(f~1(F)). Then f~1(F) is NXig-
closed in U, for every subset F' of V. Hence f is NAyg-irresolute. O
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