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81. Introduction

In 1975, the connectivity index (now also called the Randi¢ index or the branching index)
of a graph G, denoted by R(G), introduced by the chemist Milan Randié¢ [6], is the degree-
based topological index that is most frequently applied in quantitative structure-property and
structure-activity studies. For a simple undirected graph G = (V, E) with vertex set V(G) and
edge set E(G), its Randi¢ index is defined as

1
weE(G) dudy
where d,, denotes the degree of the vertex u in G.
The sum-connectivity index [14], the atom-bond connectivity index [3] and the atom-bond

sum-connectivity index [1] are the class of successful variants of the connectivity index, and
defined as

1
SCIG) = Y ———,
uwveE(G) dy + dy
dy +dy, —2
ABC(G) = Gut o2
uwveE(G)
/ 2
uwveE(G) “ v

In 1976, Kier et al. [4] modified the Randi¢ index, and proposed the higher order Randié
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index " R(G) of a graph G, that is,

"R(G) = >

1 d_ ...
V1,02,...,0h+1€ER(G) v1Tv2 Unt1

where Ej,(G) is all paths of length h in G. Clearly, F4(G) is the edge of G. Thus the higher
order Randi¢ index is a natural extension of the Randi¢ index. The higher order Randi¢ index
is of great interest in mathematics [2,7,9,11] and the theory of molecular topology [10]. In
particular, the lower order Randié¢ index has attracted widespread attention from scholars, and
extensively studied [5,8,12,13]. However, these investigations all focused on benzenoid systems.
The results of the chemical trees (alkanes) have not been reported.

Naturally, we need to study other high order connectivity indices, especially the second
order connectivity indices. By definition, the second sum-connectivity index, second atom-bond

connectivity index and the second atom-bond sum-connectivity index are respectively

1
2501G) = Y e
\/77
uwvweEs(G) du +dy + du
dy+dy+dy—3
2ABC(G) = > \/ T ,
uwvw€Fs (G) R
3
"ABS@) = ) \/1_M'

wvw€Fa (G)

In this paper, the expression of the second order connectivity indices of some chemical

trees is found.

82. Chemical Trees of Module 2

The chemical trees of 7% and Ty are shown in Figure 1.

n = 0{mod2) Ty, 1= 1{maod2)
Figure 1. 7Y and Ty

Theorem 2.1 The second order connectivity indices of TS with n vertices are given by

2proy — O V3n V-2
18 3
2sor(ry) — ((H6VDn  14V5 - 10V7 - 35
12 36
2ABC(TD) = (4+g/5)n+2x/5'—§\/§—4’
2ABS(TY) = (12v/7 + 7\/6)n+ 14\/E_20\ﬁ_35\/6.

42 35
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Proof Let m(i,j, k) denote the number of paths with degree sequence (4,7, k). Then we

can obtain the basic information on 7% in the following table.

m(1,3,1) m(1,3,3) m(3,3,3)

n—6

Thus, we have

1
2 0
RTY) = ),
wvw€Fy (T) dudvdw

= 2><L—i—(n—2)><i4—n7_6><L
V3 Vo2 VT
(6+v3)n V32
18 3 7
) —
T Vdy +dy, + dy

uvwée Eo

28CI(TY)

2><1—|—( 2)><1—|—n_6><1
= — n_ QE— P— —_—
V5 VT2 V9
(74 6VT)n N 14/5 — 10V/7 — 35
42 35 ’
Z Vdy, +d, +d, —3
uvw€Es (T) dudydy
V6 2n—4 n—-6 2
= iyt oyt Xy
(4+vV2)n  2V6—-3V2—4
+ )
6 3
3
2ABS(TY) = > \/1
wvw€Fy (T) du T dv T dw
V2 2 n—6 6
= 2X—=4+nN—-2)X —=+ —7— X —
NG (n—2) N AR 3
(127 +7V/6)n  14y/10 — 20v/7 — 35\/6
42 * 35 '

2ABC(TY)

This completes the proof. O

Theorem 2.2 The second order connectivity indices of Ty with n vertices are given by

- 224

2R(TY) = (6+1\8/§)n L 6v6 \/élg?nf |
7 4v/5 — 240V/7 + 140/6 — 490 + 1051/2
2sor(ry) — ((H6VDn | 84V5 240V + 140v6 — 490 + 105v2

42 420

4 2 2/6 — 16 — /2 1

2ABC(T)) = ( +6‘[)”+ V6 — 16 6f+ﬁ,
2apseryy — (YOH120T)n | 18910 — 490V — 480V +420v2

42 420
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Proof Let m(i, 7, k) denote the number of paths with degree sequence (i, 5, k). Then we
can obtain the basic information on T3 in the following table.
m(1,3,1) m(1,3,3) m(3,3,3) m(1,2,3) m(1,3,2) m(3,3,2)
1 n—4 ot 1 1 1
Thus we have
"R(T}) = ——
wvw€eEs(T) dudydu
1 L on-7 1 1 1 V2
= Ix—=4+Nn—4) X —=+— +1x +1Xx —=4+1x—
N R e R Y IV A
1 —4 — 7 6 6 2
_ L n-4 n-7 1 V6 V6 V2
NREE 6 \/§ 6 6 ' 6
(6+v3)n  6v6—V3+3v/2—-24
= + R
18 18
1
SCIT) = Y, ———
uvw€Es (T) dy +do + du
1 1 n—7 1 1 1 1
= IXxX—=4+n—-4H)X ——=4+— X —=+1x—=+1x —=+1x —
R Y. A RING RN RN RN
S N A I
5 7 6 6 4
(T+6VT)n  84v/5 — 240V/7 + 140v/6 — 490 4 105v/2
= + 9
42 420
dy +dy +dy —3
2ABC(T21) — Z \/ u v w
wvw€ Ey (T) dudvdw
V6 2 n-—7T \/5 V2 V2 V10
= 1x 2 —4)x= A Y gx ik X
e R i i B
V6  2n—38 7 oV2 V2 V2 V10
R R T TR N
B (4+\/§)n+2\/6—16—\/§+\/ﬁ
B 6 6 ’
2ABS(TY) = > \/
uwvweE2(T) d T d +du
10 2 -7 6 1 1 10
= —\ﬁ+(n—4)xf+7n ><£+—+—+—‘F
5 T2 372 V2 4
(TV6 4+ 12v/T)n 189+/10 — 490+/6 — 480+/7 + 420v/2
42 420
This completes the proof. 0
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83. Chemical Trees of Module 3

The chemical trees of 75, T3 and T3 are shown in Figure 2.

Figure 2. TY, T3 and T3

Theorem 3.1 The second order connectivity indices of TS with n vertices are given by

2R(TY) = (2v6 + \1/8§+ Vo) 2\/58_ \/g’
28CI(TY) = (28v/6 + 122\£+ 20V 2‘ﬁ;;7\/§7
2ABC(TY) = (6v2+ 2\1/§+ Vi0)n \/ggm’
2ABS(TY) = (28\/§+8\8/z+ W0 47 ifm,

Proof Let m(i,j, k) denote the number of paths with degree sequence (4,7, k). Then we
can obtain the basic information on 7% in the following table.

m(1,2,3) m(2,3,1) m(2,3,2) m(3,2,3)

Thus, we have
RI) =Y e
wvw€ Eo(T) urvTw

= 2X — 4+ — v
5 T6 * 3 R

V6 V6n—3v6  V3n—3V3+2n—6v2
R 9 + 18

2V6+V3+Vv2n  2v2+ V3
18 6

V6 V6 2n—6+£><n—3 V2 n—6
6
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1
so11y) =Y e
V oy v w
uvw€eEy(T) dy +dy +d

_ 2X@+@X2n—6+\ﬁxn—3+ﬁxn—6
6 6 3 7 3 4 3
(28v6 + 12V7 +21V2)n  2V7 4+ TV2
252 14

Z Vdy, +dy, +dy — 3
uwvw€Fa (T) dudydu
V2 V2 2n—-6 V3 n—-3 V10 n-—6

:277 —
R S A T A

(6v2 + 23 + v10)n — 6v/3 — 6v/10
18

(6v2+2v3+V10)n  V3+V10
18 3

3
apsr) = X\
(T) u v w

uvwé€ Eo

2ABC(TY) =

_ 2X£+ﬁx2n—6+lxn—3+ V5 n—6
2 2 3 N4i 3 2v/2 3
(28v2+8V7+7V10)n  4V7+T7V10
84 4

This completes the proof. O

Theorem 3.2 The second order connectivity indices of Ty with n vertices are given by

(2vV6+v3+v2)n | 5v3-2v6—4V2

2 1
R(T3) 18 18 ’
) L (28v/6 + 127 +21v/2)n  15v/2 + 56 + 15v/7 — 18V/5
SOI(T3) — - 9
252 45
2ABC(TY) = (6\/§+2\/§+\/E)n+6\/5—3\f—7\f—2m7
18 9
2ABS(TY) — (28\/§+8\8/Z+7\/ﬁ)n+\/ﬁ75\1/5710ﬁ.

Proof Let m(i, 7, k) denote the number of paths with degree sequence (4,5, k). Then we
can obtain the basic information on T3 in the following table.

m(1,3,1) m(1,3,2) m(3,2,3) m(2,3,2)
9 2n—2 n—4 n—"7

3 3 3

Thus, we have
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1
2 1
R(T3) = Z ——
wvw€FEy(T) dudvdw
V3 V6 2n—2 V2 n—-4 V3 n-7
*2?+? 5 "6 XT3 6 X3
(V6 +V3+V2)n | 5V3—2V6— 42
n 18 18 ’
1
25CI(TYH = S
(T3) WXE: Vo +dy + dy
V5 \[ Mm—2 V2 n—-4 VT n-7
= 2 —_— —_— —_— _—
5 6 5 T4 XT3 Tt T3
o (28VBHI12VT+21V2)n 15V2 4+ 5vV6 4+ 157 - 18V5
- 252 45 ’
dy +dy +dy —
QABC(TBI) _ Z \/ v w
wvw€Es(T) d dvdw
V6 \f m—2 V10 n—4 V3 n-7
= 2 —_— —_— _—
3 T2 5 ¢ 3 T3 * 3
7 (6ﬂ+2\/§+M)n+6\/6—3f—7\/§—2m
- 18 9 ’
2ABS(T) = > \/
wvw€E(T) d +d +d
_ 2X\/ﬁ+2n—2xé+n—4xm+n—7x2ﬁ
n 5 3 2 3 4 3 7
B (28\/§+8\ﬁ+7m)n+\/ﬁ—5\/§—10ﬁ
- 84 15 ’

This completes the proof.

Theorem 3.3 The second order connectivity indices of T3 with n vertices are given by

4+ 13n
2 2 _
R(T?)) - 24 )
2SON(T?) - (\/6+8+\/§)n+5\/6—14—4\/§7
18 9
2ABO(T?) = (3+4\/§+8\/6)n+10\/37677\/67
24 6
2ABS(TE) = (3\/§+3\/§+8\/6)n+15\/§—12\/§—14\/5.

18 9
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Proof Let m(i,j, k) denote the number of paths with degree sequence (4,5, k). Then we

can obtain the basic information on 7% in the following table.

m(1,4,1) m(1,4,4) m(4,4,4)
n+10 4n—14 n—=8
3

3 3

Thus, we have

1
N DL
) Vudydo

uvw€Ey (T

_ n+10xl+4n—14xl+n78 1
3 2 3 4 3 8
4+ 13n

24

2SCI(T3)

1
Z)m

uvw€Ey (T
n—|—10>< 14_471—14>< 1_’_71—8>< 1
3 V6 3 NG 3 V12
4n—14  10v6 +V6n + (n —8)V3
_|_
9 18
(V6+8++v3)n  5V6—14—4V3
+ )
18 9
Z Vd,+d, +dy, —3
uwvweEy(T) dudydy

n+10 V3 4n-14 V6 n—-8 3
X — + X =+ X
3 2 3 4 3 8
(3+4\/§+8\/€§)n+10\/37677\/6
24 6 ’

3
2 )\/1_du+dv+dw

uvw€Ey (T

n+ 10 \/§+4n—14 \/6+n—8 V3

2ABC(T%)

2ABS(T})

X — X X
3 2 3 3 3 2
(3v2 + 33 +8V6)n N 15v2 — 123 — 146
18 9 '

This completes the proof. O

84. Chemical Trees of Module 4

The chemical trees of TY, T}, T7 and Tj are shown in Figure 2.
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Figure 3. TY, T}, T? and T}
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Theorem 4.1 The second order connectivity indices of T with n vertices are given by

“R(TY)

28CI(TY)

2ABC(TY)

2ABS(TY)

(6 +9v2)n N 20 — 15v/2

32

8

(70v/6 + 42+/10 + 105/2 + 240v/7)n

1680

+40\/6 — 6110 — 45v/2 — 60+/7 + 100

60

(4\/§+2x/5+x/ﬁ+16ﬂ)n+ 10v/6 + 16v/3 — 28v2 + /14 — 615

32
(35v/10 + 144/70 + 70v/2 + 160v/7)n

560

N 1202 — 64/70 — 45v/10 — 1204/7 + 1006

60

8

Proof Let m(i, j, k) denote the number of paths with degree sequence (i, j, k)
can obtain the basic information on T} in the following table.
m(1,4,1) m(1,4,2) m(1,4,4) m(2,4,4) m(4,2,4) m(2,4,2)
2416 n—7 5 1 n—8 n—12
Thus, we have
RO =Y e
uvw€eEs (T) dudy
_ n+16xl n—7+§+ 1 n 1 ><71—8_‘_1 n—12
4 2 22 4 42 4V2 4 4 4
_ (6+9v2)n N 20 — 15v/2
B 32 8

. Then, we
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1
2 0
SCI(TY) = >
V u v w
uwvw€Ey(T) d + d + d
_ on#16 1 n-7 5 1 1 n=8 1 n—I2
4 V6 VT 3 VI0 VIO 4 2V2 4
Von —18v2  Tn  V/10n —4v10  V2n  2v6+5
- 24 to T 40 T T3 T V7
~ (70v/6 + 42v/10 + 105v/2 + 240v/7)n N 40v/6 — 64/10 — 45v/2 — 60+/7 + 100
N 1680 60 ’
2 0 V du + dv + dw - 3
ABC(TY) = >
uwvw€Ey(T) dudvdw
_ n+16 V3 42  5V6 V14 V14 n—8 V5 n-—12
= Tq Xttty Tt T
V3n—+v14  V2n—7v2  5v6 —3vV5 —+/14  /14n +2v/5n
= + + +
8 2 4 32
4B+ 2V + V14 +16V2)n N 106 4 16v/3 — 28v2 — V14 — 6v/5
- 32 8 ’
uwvw€E(T) u T o+ dw
. n+16 V2 2V7 56 V70 _n—4 V10 n-—12
S el R Ul o e e T RO B
_ 5V —4VTO 4 VT0n | 6VTn+35V6 | VI0n—12V10 5, 2
40 21 16
~ (35V10 + 14/70 + 70v/2 + 160v/7)n N 120v/2 — 6+/70 — 45+/10 — 120+/7 + 100v/6
N 560 60 ’
This completes the proof. O

Theorem 4.2 The second order connectivity indices of Ty with n vertices are given by

6+9v2)n 42 —29v/2
2 Tl — (
R(T) 32 T
) o (70v6 4+ 42v/10 4 105v/2 + 240v/T)n~ 210v/6 — 189v/2 — 144y/7 — 421/10
SCI(T)) = + ;
1680 336
) L (4V3 4+ 25 + /14 +16V/2)n  60v/3 — 48/2 — 5/14 — 18V/5
ABC(T}) = + ;
32 32
2ABS(TY) - (35\/10+14\/704-70x/f§+160x/7)n_+ 210v/2 — 961/7 — 63/10 — 144/70
4 - .
560 112

Proof Let m(i,j, k) denote the number of paths with degree sequence (i, 7, k). Then, we
can obtain the basic information on T} in the following table.

m(1,4,1) m(1,4,2) m(4,2,4) m(2,4,2)

n+15 _ n—>5 n—9
e n—3 -

4 4




84

Jingling Fang, Jie Li, Li Li and Zhen Lin

Thus, we have

*R(Ty)

2sci(ry))

2ABCO(TY})

2ABS(T})

This completes the proof.

*R(TY)

2SCI(T})

1
2 Vdudydy,

uwvweEy(T)
n+15xl+n—3+n—5x 1 +n—9
4 2 24/2 4 42 16

(6 +9v2)n N 42 — 29+/2
32 32

1
Z Vdy +dy +dy

uwvweEy(T)
n+15x@+n—3+ 1 Xn—5+n—9
4 6 VT o V1o 4 8v2
(70v/6 + 42v/10 4 105v/2 + 240v/7)n N 210v/6 — 189v/2 — 144+/7 — 421/10
1680 336 ’
Z Vd,+d, +dy—3
wvw€Ey(T) Y dudvdw
n+15 V3 n-3 V14 n-5 n-9 /5
X — X X —
4 2 V2 8 4 4 4
(4V3 4+ 2v5 + V14 + 16v/2)n N 60v/3 — 48v/2 — 5v/14 — 18V/5
32 32 ’
2 \/1 S d d3 d
wvw€Ey(T) u T dy 1w
n+15 V2 2n—-6 7 n-5  +/10n—9/10
X — + + X +
4 2 VT V70 4 16
(35v/10 + 14+/70 + 70v/2 + 160v/7)n N 210v/2 — 964/7 — 63y/10 — 14+/70
560 112 '
Theorem 4.3 The second order connectivity indices of Ti with n vertices are given by
(6 +9v2)n N 6 —11v2
32 6
(70v/6 + 42v/10 4 105v/2 + 240v/7)n N 140v/6 — 240+/7 — 1264/10 — 315v/2
1680 560 ’
(4v3+2V5 4+ V14 +16V2)n . 12v/3 — 16v2 — 6v/5 — 3v/14
32 16 ’

2ABC(T?)

2ABS(T?)

(35v/10 + 14+/70 + 70v/2 + 160v/7)n N 210v/2 — 424/70 — 105v/10 — 160/7

560 280
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Proof Let m(i,j, k) denote the number of paths with degree sequence (4,5, k). Then we
can obtain the basic information on 77 in the following table.

m(1,4,1) m(1,4,2) m(4,2,4) m4,2,1) m(2,4,2)
6

n+6 _ n—~6 n—
1 n—3 1 1 1

Thus, we have

R(T) = )

1

wvw€ Eo (T) dudvdy
_ n+6xl+n—3+ 1 xn_6+1>< 1 +1Xn—6
4 2 22 42 4 2v/2 4 4
_ n+6xl+n—6x( 1 +1)+n—2
! 2 4 42 4 2V/2
B (6+9ﬁ)n+6711\/§
- 32 16
1
2 2
SCI(T?) = >
\/ u v w
wvweEs(T) dy +dy +d
_ n+6xi+n_3+ 1 Xn—GJFLJr 1 Xn—6
4 V6 VT V10 4 VT 2V/2 4
_ n+6xi+n—6x(1 n 1)+n—2
4 V6 4 V10 22 VT
B (70\/6+42\/E+105\/§+240\ﬁ)n+140\/6—160\ﬁ—84\/ﬁ—210\@
N 1680 560 ’
dye+dy +dy—3
2ABC(T42) — Z \/u v w
uwvw€Ey(T) Y dudvdw
_ n+6xﬁ+n—3+éxn—6+i+ VT Xn—6
4 2 V2 4 4 V2 V32 4
_ n+6xﬁ+n—6x(£+\ﬁ)+n—2
4 2 4 4 42 V2
B (4\/§+2\/5+\/ﬁ+16ﬂ)n+12\/5—16\f—6\f—3\/ﬁ
o 32 16 ’
3
PABS(T7) = ) \/1—
wvweEs(T) du + dv + dw
n+6 V3 2n—6 V7T n—-6 2 V5 n—6

= _ X —

+ + X +—=+——F=x—
4 V(A G VATURE VToo2v2 o A4
(35v/10 + 14+/70 + 70v/2 + 160v/7)n N 210v/2 — 424/70 — 105+/10 — 160+/7
560 280 ‘

This completes the proof. 0



86 Jingling Fang, Jie Li, Li Li and Zhen Lin

Theorem 4.4 The second order connectivity indices of Ty with n vertices are given by

2 -1 -
2RI = (6 +9v2)n N 8v/6 4 96v/3 — 1651/2 6’
32 96
) 5 (70v/6 +42v/10 +105v2 4 240v/7)n  35v2  8v/5 — 7/10
SCITY) = 1680 T T
B 67 N 35v/6 + 56
7 168
) 5 (434 2V5 + V14 +16v2)n  8/6 — 103 — 48v/2 — 115+ 8
32 16
_Nﬁ N 35v/15
32 9
2ABS(TY) = (35v/10 + 141/70 + 70v/2 4 160v/7)n
560
3502 — 980+/70 + 287v/10 — 960v/7 /6
+ 560 Ty

Proof Let m(i,j, k) denote the number of paths with degree sequence (4,5, k). Then we
can obtain the basic information on T} in the following table.

m(1,4,1) m(1,4,2) m(4,2,4) m(2,4,2) m(1,3,1) m(1,4,3) m(1,3,4) m(2,4,3)

zds n—=6 nt n il 1 2 2 1

Thus, we have

1
2 3
RTY) = ), ———
wvweE2(T) dudy
n+5 1 n—-6 n-—-7 1 n—11 1 1 1 1

X 5+ + X + X+ —F=+—F=+4x —%
4 2 22 4 442 4 4 26 3 24/3

(6 +9v2)n N 8v/6 + 961/3 — 165v/2 — 6

32 96
. 1
2 3
SCI(T)) = Z _—
uvw€Ey (T) dy +do + du
n+5 V6 n—6 1 n—-7 1 n-11
= X — + + X + —=X
4 6 VT V10 4 V8 4
Jr1 + L +2x 1
3 V5 V38
(7076 + 421/10 4+ 105v/2 + 240v/7)n~ 35v/2 85 — 7V/10
= 1680 T2 T W

_6\ﬁ N 35v/6 + 56
7 168
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Vdu+dv+dw_3

2 3
ABC(T}) = >
uwvw€Ey(T) dudvdw
_ n+5 V3 V2 n—7_ V14 V5 _ n-11
S R e S Sl S
1 6 5
2 3 V3
(4V3 4+ 25 + V14 4+ 16v/2)n 86 —10v/3 —48v2 —11V/5+8 714  35V/15
= + - +
32 16 32 96
uvweEa(T) u o +dw
_ n+5xﬁ+(n—6)x2\ﬁ+ N4 Xn—7+éxn—ll+§
4 2 7 V10 4 V8 4 V5
V5 V8
_ 3510+ 14VT0 + 702+ 160VT)n | 350v/2 — 980v/70 + 287v/10 — 960V/7 L Ve
B 560 560 3
This completes the proof. O
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