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Abstract: In this paper, we define a semi-symmetric metric connection in a (k, µ)-contact

manifold and study semi-invariant submanifolds of a (k, µ)-contact manifold endowed with a

semi-symmetric metric connection. We determine the integrability conditions of distributions

on semi-invariant submanifolds of a (k, µ)-contact manifold with a semi-symmetric metric

connection.
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§1. Introduction

The torsion tensor T of a linear connection ∇ on a Riemannian manifold M is given by

T (X,Y ) = ∇XY −∇YX − [X,Y ], X, Y ∈ χ(M). (1.1)

The connection ∇ is symmetric if its torsion tensor T vanishes identically, otherwise it is

non-symmetric. Again a linear connection ∇ is said to be a semi-symmetric connection if, the

torsion T of the connection ∇ satisfies

T (X,Y ) = η(Y )X − η(X)Y, (1.2)

where η is a 1-form and φ is a tensor field of type (1, 1). Further, a connection ∇ is called

metric connection on a Riemannian manifold M if

(∇Xg)(Y,Z) = 0. (1.3)

Otherwise, it is non-metric. The connection ∇ is said to be semi-symmetric metric connection
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if it satisfies (1.1)-(1.3). In 1924, Friedmann and Schouten [8] were the pioneers who unveiled

the notion of a semisymmetric linear connection on a Riemannian manifold. The subsequent

introduction of the concept of a metric connection came about through the work of Hayden [9]

in 1932.

In 1981, Bejancu and Papaghiuc introduced the idea of semi-invariant submanifolds, as

a generalization of invariant and anti-invariant submanifolds of contact metric manifolds. On

the other hand in 1995, Blair, Koufogiorgos and Papantoniou [5] introduced the new class of

contact metric manifolds with ξ belonging to (k, µ)-nullity distributions which are known as

(k, µ)-contact metric manifolds. In our previous work [12]-[17], we have investigated various

categories of submanifolds, such as invariant, slant, and semi-slant submanifolds within these

manifolds.

Recently, a noteworthy contribution was made by Avijit Sarkar et al. [10], who engaged in

a study focused on semi-invariant submanifolds within the context of (k, µ)-contact manifolds.

Moreover, an exploration of semi-invariant submanifolds extended to various classes of almost

contact manifolds has attracted attention from several geometers such as [1, 2, 7, 11, 20] and

other researchers.

Building upon the insights from the aforementioned research endeavors, this present paper

embarks on an investigation into semi-invariant submanifolds within the realm of (k, µ)-contact

manifolds with a semi-symmetric metric connection. The paper’s structure unfolds as follows:

In Section 2, a concise introduction to (k, µ)-contact manifolds sets the stage for the ensuing

exploration. Moving into Section 3, the analysis demonstrates that the connection induced

on semi-invariant submanifolds of a (k, µ)-contact manifold, endowed with a semi-symmetric

metric connection, retains both the attributes of being semi-symmetric and metric. Section 4

is dedicated to laying the groundwork by presenting fundamental outcomes pertinent to semi-

invariant submanifolds of (k, µ)-contact manifolds with a semi-symmetric metric connection.

Concluding the paper, the final section delves into a comprehensive discussion regarding the

integrability conditions governing distributions on semi-invariant submanifolds of (k, µ)-contact

manifolds with semi-symmetric metric connection comes into play.

§2. (k, µ)-Contact Manifolds

A contact manifold is a C∞ − (2n+ 1) manifold M̃2n+1 equipped with a global 1-form η such

that η ∧ (dη)n 6= 0 everywhere on M̃2n+1. Given a contact form η it is well known that there

exists a unique vector field ξ, called the characteristic vector field of η, such that η(ξ) = 1 and

dη(X, ξ) = 0 for every vector field X on M̃2n+1. A Riemannian metric is said to be associated

metric if there exists a tensor field φ of type (1, 1) such that

φ2 = −I + η ⊗ ξ, η(ξ) = 1, φξ = 0, η · φ = 0, (2.1)

g(φX, φY ) = g(X,Y )− η(X)η(Y ), g(X, ξ) = η(X), (2.2)

for all vector fields X,Y ∈ TM̃ . Then the structure (φ, ξ, η, g) on M̃2n+1 is called a contact

metric structure and the manifold M̃2n+1 equipped with such a structure is called a contact
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metric manifold [4].

Given a contact metric manifold M̃2n+1(φ, ξ, η, g), we define a (1, 1) tensor field h by

h = 1
2Lξφ, where L denotes Lie differentiation. Then h is symmetric and satisfies hφ = −φh.

Thus, if λ is an eigenvalue of h with eigenvector X, −λ is also an eigenvalue with eigenvector

φX. Also we have Tr · h = Tr · φh = 0 and hξ = 0. Moreover, if ∇̃ denotes the Riemannian

connection of g, then the following relation holds:

∇̃Xξ = −φX − φhX. (2.3)

It is seen that the vector field ξ is a Killing vector with respect to g if and only if h = 0. In

this case the manifold becomes a K-contact manifold. A K-contact structure on M̃ gives rise

to an almost complex structure on the product M̃2n+1×R. If this almost complex structure is

integrable, the contact metric manifold is said to be Sasakian. Equivalently, a contact metric

manifold is Sasakian if and only if

R̃(X,Y )ξ = η(Y )X − η(X)Y,

holds for all X,Y, where R̃ denotes the curvature tensor of the manifold M̃ .

The (k, µ)-nullity distribution of a contact metric manifold M̃2n+1(φ, ξ, η, g) is a distribu-

tion [5]

N(k, µ) : p→ Np(k, µ) = {Z ∈ TpM :

R(X,Y )Z = k[g(Y,Z)X − g(X,Z)Y ] + µ[g(Y,Z)hX − g(X,Z)hY ]}.

for any X,Y ∈ TpM̃ . Hence if the characteristic vector field ξ belongs to the (k, µ)-nullity

distribution, then we have

R(X,Y )ξ = k[η(Y )X − η(X)Y + µ[η(Y )hX − η(X)hY ]. (2.4)

Thus a contact metric manifold satisfying the relation (2.4) is called a (k, µ)-contact metric

manifold. In particular, if µ = 0, then the notion of (k, µ)-nullity distribution reduces to the

notion of k-nullity distribution, introduced by Tanno [19]. A (k, µ)-contact metric manifold is

Sasakian if k = 1. In a (k, µ)-contact metric manifold the following relations hold [5]:

h2 = (k − 1)φ2, k ≤ 1, (2.5)

(∇̃Xφ)(Y ) = g(X + hX, Y )ξ − η(Y )(X + hX). (2.6)

§3. Semi-Invariant Submanifolds

In this section, we introduce the notion of semi-invariant submanifold of a (k, µ)-contact man-

ifold which generalizes the notion of both invariant and anti-invariant submanifolds.

A non degenerated submanifold M of a (k, µ)-contact manifold is called a semi-invariant
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submanifold, if there exists a pair of orthogonal distributions {D,D⊥} on M such that

(i) TM = D ⊕D⊥⊕ < ξ >;

(ii) The distribution D is invariant under φ, that is φDx = Dx, for each x ∈M ;

(iii) The distribution D⊥ is anti-invariant under φ, that is φD⊥x ⊂ T⊥x M , for each x ∈M .

A semi-invariant submanifold becomes invariant (resp. anti-invariant) submanifold if D⊥x =

0 (resp. Dx = 0) for all x ∈ M . Further, a submanifold which is neither invariant nor anti-

invariant is called a proper semi-invariant submanifold.

We denote by ∇̃ the Levi-Civita connection on M̃ with respect to induced metric g. Then

the Gauss and Weingarten formulas are given by

∇̃XY = ∇XY + σ(X,Y ), (3.1)

∇̃XN = −ANX +∇⊥XN, (3.2)

for any tangent vector fields X, Y and the normal vector field N on M , where σ, A, ∇ and

∇⊥ are the second fundamental form, the shape operator, induced connection on M and the

normal connection respectively. If the second fundamental form σ is identically zero, then the

manifold is said to be totally geodesic. The second fundamental form σ and the shape operator

AN are related by

g(σ(X,Y ), N) = g(ANX,Y ).

Now, we define a semi-symmetric metric connection ¯̃∇ in a (k, µ)-contact manifold M̃ by

¯̃∇XY = ∇̃XY + η(Y )X − g(X,Y )ξ. (3.3)

for all X,Y ∈ TM̃ .

Proposition 3.1 Let M be a semi-invariant submanifold of a (k, µ)-contact manifold M̃ with

a semi-symmetric metric connection. Then

( ¯̃∇Xφ)Y = g(X + hX, Y )ξ − η(Y )(X + hX) + g(φX, Y )ξ − η(Y )φX, (3.4)

∀ X,Y ∈ Γ(TM).

Proof By virtue of (2.6) and (3.3), the proposition follows after having done similar com-

putations as in the proof of Theorem 3 in [20]. �

Proposition 3.2 Let M be a semi-invariant submanifold of a (k, µ)-contact manifold M̃ with

a semi-symmetric metric connection. Then

¯̃∇Xξ = −φX − φhX +X − η(X)ξ, (3.5)

∀ X,Y ∈ Γ(TM).

Proof By virtue of (3.3) and (2.3), the proposition follows after having done similar com-

putations as in the proof of Theorem 4 in [20]. �
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Theorem 3.3 The connection induced on a semi-invariant submanifold of a (k, µ)-contact

manifold that admits a semi-symmetric metric connection also admits a semi-symmetric metric

connection.

Proof Let ∇̄ be the induced connection with respect to the unit normal N on semi-invariant

submanifold M of a (k, µ)-contact manifold with semi-symmetric metric connection ¯̃∇. Then,

¯̃∇XY = ∇̄XY +m(X,Y ), (3.6)

where m is a tensor field of type (0, 2) on semi-invariant submanifold M .

Using (3.1) and (3.3), we have

∇̄XY +m(X,Y ) = ∇XY + σ(X,Y ) + η(Y )X − g(X,Y )ξ.

Equating tangential and normal components of the above equation, we get

m(X,Y ) = σ(X,Y ).

∇XY = ∇∗XY + η(Y )X − g(X,Y )ξ. (3.7)

Thus, ∇̄ is also semi-symmetric metric connection. �

Now, the Gauss and Weingarten formulae for semi-invariant submanifolds of a (k, µ)-

contact manifold with a semi-symmetric metric connection are given by

¯̃∇XY = ∇̄XY + σ(X,Y ), (3.8)

¯̃∇XN = (−AN + η(N))X + ∇̄⊥XN, (3.9)

for all X,Y ∈ Γ(TM) and N ∈ Γ(T⊥M), where σ and AN are the second fundamental form

and Weingarten endomorphism associated with N , and are related by

g(σ(X,Y ), N) = g((−AN + η(N))X,Y ).

For X ∈ Γ(TM), N ∈ Γ(T⊥M), we can write

X = PX +QX + η(X)ξ, (3.10)

φN = BN + CN, (3.11)

where P and Q are the projection operators of TM to D and D⊥ respectively, and BN (resp.

CN) denote the tangential (resp. normal) component of φN .

§4. Basic Results

Lemma 4.1 Let M be a semi-invariant submanifold of a (k, µ)-contact manifold M̃ with a
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semi-symmetric metric connection, then we have

( ¯̃∇Xφ)Y = (∇̄XP )Y + σ(X,PY )−AQYX + η(N)X

+(∇̄XQ)Y −Bσ(X,Y )− Cσ(X,Y ), (4.1)

( ¯̃∇Xφ)N = (∇̄XB)N + σ(X,BN)−ACNX + P (−AN )X +Q(−AN )X

+(∇̄XC)N + Pη(N)X +Qη(N)X. (4.2)

Proof Using (3.10), (3.11), the Gauss and Weingarten formulae, necessary arrangements

are made to obtain the desired. �

We state the next Lemma whose proof is straightforwardly deduced by applying (3.4) in

(4.1) and (4.2), hence omitted.

Lemma 4.2 Let M be a semi-invariant submanifold of a (k, µ)-contact manifold M̃ with a

semi-symmetric metric connection, then we have

(∇̄XP )Y −AQYX + η(N)X −Bσ(X,Y ) = g(X + hX, Y )ξ

−η(Y )(X + hX)− η(Y )PX, (4.3)

(∇̄XQ)Y + σ(X,PY )− Cσ(X,Y ) = −η(Y )QX, (4.4)

(∇̄XB)N −ACNXσ(X,PY )− Cσ(X,Y ) = 0, (4.5)

(∇̄XC)N + σ(X,BN) +Q(−ANX + η(N)X) = 0, (4.6)

g(PX, Y ) = 0, (4.7)

g(QX,Y ) = 0, (4.8)

for all X,Y ∈ Γ(TM), N ∈ Γ(T⊥M).

Lemma 4.3 Let M be a semi-invariant submanifold of a (k, µ)-contact manifold M̃ with a

semi-symmetric metric connection such that ξ ∈ Γ(TM), we have

∇̄Xξ = −φX − φhX +X − η(X)ξ, σ(X, ξ) = 0. (4.9)

∇̄ξξ = 0, σ(ξ, ξ) = 0, ANξ = 0. (4.10)

Proof Using (3.3) and (3.5) we have (4.10). In addition, we get

o = g(σ(X, ξ), N) = g(σ(ξ,X), N) = g(ANξ,X).

This completes the proof. �
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§5. Integrability of Distributions

In this section, we study the integrability of all the distributions involved in the definition of

semi-invariant submanifolds.

For all X,Y ∈ Γ(D), we have

g([X,Y ], ξ) = g(∇XY, ξ)− g(∇YX, ξ).

Using (3.1) in above, we get

g([X,Y ], ξ) = g(∇̃XY, ξ)− g(∇̃YX, ξ). (5.1)

Taking account of (3.3) in (5.1) and using (3.5), we obtain

g([X,Y ], ξ) = g(Y, φX + φhX)− g(X,φY + φhY )

and so, g([X,Y ], ξ) 6= 0. This leads to the following:

Theorem 5.4 Let M be a semi-invariant submanifold of a (k, µ)-contact manifold M̃ with

a semi-symmetric metric connection such that dim(D) 6= 0. Then the distribution D is not

integrable.

Theorem 5.5 Let M be a semi-invariant submanifold of a (k, µ)-contact manifold M̃ with a

semi-symmetric metric connection. Then the distribution D⊕ < ξ > is integrable if and only if

σ(X,φY ) = σ(φX, Y ),

for all X,Y ∈ Γ(D⊕ < ξ >).

Proof For X,Y ∈ Γ(D), we have

φ([X,Y ]) = φ(∇XY −∇YX).

Using (3.1) in the above equation, we get

φ([X,Y ]) = φ(∇̃XY − ∇̃YX). (5.2)

Making use of relation (3.3) in (5.2), we get

φ([X,Y ]) = ¯̃∇XφY − ( ¯̃∇Xφ)Y − η(Y )φX − ¯̃∇φX + ( ¯̃∇Y φ)X − η(X)φY. (5.3)

Taking account of (3.8) in (5.3) and using (3.4), we obtain

φ([X,Y ]) = ∇̄XφY + σ(X,φY ) + ∇̄Y φX + σ(Y, φX)

−g(hX, Y )ξ + η(Y )(X + hX) + g(hY,X)ξ − η(X)(Y + hY ) + 2g(φX, Y ),
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where φ([X,Y ]) shows the component of ∇XY from the orthogonal complementary distribution

of D⊕ < ξ > in M . Then, [X,Y ] ∈ Γ(D⊕ < ξ >) if and only if σ(X,φY ) = σ(Y, φX). �

Theorem 5.6 Let M be a semi-invariant submanifold of a (k, µ)-contact manifold M̃ with a

semi-symmetric metric connection. Then the distribution D⊥ is integrable.

Proof For all X,Y ∈ Γ(D⊥), we have

g([X,Y ], ξ) = g(∇XY, ξ)− g(∇YX, ξ).

Using (3.1) in the above equation, we get

g([X,Y ], ξ) = g(∇̃XY, ξ)− g(∇̃YX, ξ). (5.4)

Taking account of (3.3) in (5.4) and using (3.5), we obtain

g([X,Y ], ξ) = g(Y, φX + φhX)− g(X,φY + φhY ),

which implies that g([X,Y ], ξ) = 0. So η([X,Y ]) = 0. Then, we have [X,Y ] ∈ Γ(D⊥). �

Theorem 5.7 Let M be a semi-invariant submanifold of a (k, µ)-contact manifold M̃ with a

semi-symmetric metric connection. Then the distribution D⊥⊕ < ξ > is integrable if and only

if

AφXY = AφYX,

for all X,Y ∈ Γ(D⊥⊕ < ξ >).

Proof For X,Y ∈ Γ(D⊥), we have

φ([X,Y ]) = φ(∇XY −∇YX).

Using (3.1) in above, we get

φ([X,Y ]) = φ(∇̃XY − ∇̃YX). (5.5)

Making use of relation (3.3) in (5.5), we get

φ([X,Y ]) = ¯̃∇XφY − ( ¯̃∇Xφ)Y − η(Y )φX − ¯̃∇φX + ( ¯̃∇Y φ)X − η(X)φY. (5.6)

Taking account of (3.9) in (5.6) and using (3.4), we obtain

φ([X,Y ]) = AφXY −AφYX + ∇̄⊥XφY − ∇̄⊥Y φX + g(hY,X)ξ − g(hX, Y )ξ

+η(Y )(X + hX)− η(X)(Y + hY ).

Then ,we get

[X,Y ] ∈ Γ(D⊥⊕ < ξ >)⇒ AφXY = AφYX.
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Conversely

φ2([X,Y ]) = φ{AφXY −AφYX + ∇̄⊥XφY − ∇̄⊥Y φX + g(hY,X)ξ − g(hX, Y )ξ

+η(Y )(X + hX)− η(X)(Y + hY )}.

Making use of (2.1) and using the equality AφXY = AφYX, the above equation can be

written as

[X,Y ] = φ(∇̄⊥XφY )− φ(∇̄⊥Y φX) + η(Y )φ(X + hX)− η(X)φ(Y + hY ).

Thus, [X,Y ] ∈ Γ(D⊥⊕ < ξ >). Hence the distribution D⊥⊕ < ξ > is integrable. �
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