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§1. Introduction

Zadeh [19] was the first to develop the idea of a fuzzy set in 1965. The theory of fuzzy sets has

since been extensively expanded by other authors. Fuzzy metric spaces were first introduced

by Osmo Kaleva [10], Kramosil and Michalek [14], Georage and Veeramani [9], et al. in various

ways. On the other hand, the concept of fuzzy normed linear spaces has been provided in

several ways by Katsaras [11], Felbin [6], Cheng and Mordeson [4] and Bag and Samanta [1].

Different generalised metric and norm types, such as the 2-metric [7], b-metric [5], strong-

b-metric [13], G-metric [15], 2-norm [13], G-norm [12], etc., as well as generalised fuzzy metric

and fuzzy norm types, such as the fuzzy b-metric [16], strong-fuzzy b-metric [18], fuzzy cone

metric [17], fuzzy cone norm [2], G-fuzzy norm [3], etc.

Oner proposed fuzzy strong b-metric spaces and produced some topological findings on

these spaces in [18].

§2. Preliminaries

In this section, some definitions and results are collected which are used in this paper.

Definition 2.1 A binary operation ∗ : [0, 1]× [0, 1]→ [0, 1] is called a t-norm if it satisfies the

following conditions:
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(a) ∗ is commutative and associative;

(b) ∗ is continuous;

(c) a ∗ 1 = a for all a ∈ [0, 1];

(d) a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d for each a, b, c, d ∈ [0, 1].

If ∗ is continuous, then it is called continuous t-norm.

The following are examples of some t-norms.

(i) Standard intersection: a ∗ b = min{a, b}.
(ii) Algebraic product: a ∗ b = ab.

(iii) Bounded difference: a ∗ b = max{0, a+ b− 1}.

Definition 2.2 A binary operation � : [0, 1] × [0, 1] → [0, 1] is a continuous tconorm if it

satisfies the following conditions:

(a) is commutative and associative;

(b) is continuous;

(c) � = a for all a ∈ [0, 1];

(d) a � b ≤ c � d whenever a ≤ c and b ≤ d for each of a, b, c, d ∈ [0, 1].

If ∗ is continuous, then it is called continuous t-norm.

The following are examples of some t-norms.

(i) Standard intersection: abb = max{a, b}.
(ii) Algebraic product: a ↓ b = ab.

(iii) Bounded difference: a � b = min{0, a+ b− 1}.

Definition 2.3 A three tuple (X,M, ∗) is said to be a fuzzy metric space, a case of neutrosophic

set if X is an arbitrary set, ∗ a continuous t-norm and M a fuzzy set on X2× [0,∞) satisfying

the following condition, for all x, y, z ∈ X and t, s > 0 :

(a) M(x, y, 0) = 0;

(b) M(x, y, t) = 1 for all t > 0 iff x = y;

(c) M(x, y, t) = M(y, x, t);

(d) M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s);

(e) M(x, y, ) : .[0,∞)→ [0, 1] is left continuous;

(f) lim
n→∞

M(x, y, t) = 1.

Definition 2.4 A 5-tuple (X,M,N, ∗,�)issaidtobeanintuitionisticfuzzymetric space (shortly

IFM-Space) if X is an arbitrary set, ∗ is a continuous t-norm, ∀ is a continuous t-conorm and

M,N are fuzzy sets on X2 × [0,∞) satisfying the following conditions:

(a) M(x, y, t) +N(x, y, t) ≤ 1 for all x, y ∈ X and t > 0;

(b) M(x, y, 0) = 0 for all x, y ∈ X;

(c) M(x, y, t) = 1 for all x, y ∈ X and t > 0 if and only if x = y;

(d) M(x, y, t) = M(y, x, t) for all x, y ∈ X and t > 0;

(e) M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s) for all x, y, z ∈ X and s, t > 0;

(f) M(x, y, ) : .[0,∞)→ [0, 1] is left continuous for all x, y ∈ X;

(g) lim
n→∞

M(x, y, t) = 1;
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(h) N(x, y, 0) = 1 for all x, y ∈ X;

(i) N(x, y, t) = 0 for all x, y ∈ X and t > 0 if and only if x = y;

(j) N(x, y, t) = N(y, x, t) for all x, y ∈ X and t > 0;

(k) N(x, y, t) �N(y, z, s) ≥ N(x, z, t+ s) for all x, y, z ∈ X and s, t > 0;

(l) M(x, y, ) : .[0,∞)→ [0, 1] is right continuous for all x, y ∈ X;

(m) lim
n→∞

N(x, y, t) = 0 for all x, y ∈ X,

then, (M,N) is called an intuitionistic fuzzy metric on X. The functions M(x, y, t) and

N(x, y, t) denote the degree of nearness and degree of non nearness between x and y with respect

to t, respectively.

Definition 2.5 Let (X,M,N, ∗,�) be an intuitionistic fuzzy metric space. Then,

(a) A sequence {xn} is said to be convergent x in X if for each ε > 0 and t > 0, there exist

n0 ∈ N such that M (xn, x, t) > 1− ε and N (xn, x, t) < 0− ε for all n ≥ n0;

(b) A sequence {xn} is said to be Cauchy if for each ε > 0 and t > 0, there exist n0 ∈ N

such that M (xn, xm, t) > 1− ε and N (xn, xm, t) < 0− ε for all n,m ≥ n0;

(c) An intuitionistic fuzzy metric space in which every Cauchy sequence is convergent is

said to be complete.

Definition 2.6 A sequence {Si} of self maps on a complete intuitionistic fuzzy metric space

(X,M,N, ∗, �) is said to be intuitionistic mutually contractive if for t > 0 and iεN

M (Six, Sjy, t) ≥M
(
x, y,

t

p

)
and N (Six, Sjy, t) ≤ N

(
x, y,

t

p

)
,

where x, y ∈ X, p ∈ (0, 1), i 6= j and x 6= y.

Definition 2.7 Let (X,M,N, ∗,�) be an intuitionistic fuzzy normed linear space.

(i) A sequence {xn} is said to be convergent if there exists x ∈ X such that

lim
n→∞

M (xn − x, t) = 1 and lim
n→∞

N (xn − x, t) = 0

for all t > 0. Then x is called the limit of the sequence {xn} and denoted by lim
n→∞

xn;

(ii) A sequence {xn} in an intuitionistic fuzzy normed linear space (X,N) is said to be

Cauchy if

lim
n→∞

M (xn+p − xn, t) = 1 and lim
n→∞

N (xn+p − xn, t) = 0

for all t > 0 and p = 1, 2, · · · ;
(iii) A ⊆ X is said to be closed if for any sequence {xn} in A converges to x ∈ A;

(iv) A ⊆ X is said to be the closure of A, denoted by Ā if for any x ∈ Ā, if there is a

sequence {xn} ⊆ A such that {xn} converges to x. (v) A ⊆ X is said to be compact if any

sequence {xn} ⊆ A has a subsequence converging to an element of A.

Lemma 2.6 Let (X,M,N, ∗,�) be an intuitionistic fuzzy normed linear space and let M(x, .),

N(x, ·) be with x 6= 0). If the set A = {x : M(x, 1) > 0 and N(x, 1) < 0} is compact, then X is

finite dimensional.
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§3. Intuitionistic Fuzzy Strong φ-b-Normed Linear Space

In this section, we give the definition of intuitionistic fuzzy normed linear space in a new

approach.

Definition 3.1 Let φ be a function defined on R to R+ with the following properties

(φ1) φ(−t) = φ(t) for all t ∈ R;

(φ2) φ(1) = 1;

(φ3) φ is strictly increasing and continuous on (0,∞);

(φ4) lim
α→0

φ(β) = 0 and limα→∞ φ(β) =∞.

The followings are examples of such functions.

(i) φ(β) = |β| for all β ∈ R.

(ii) φ(β) = |β|p for all β ∈ R, p ∈ R+.

(iii) φ(β) =
2β2n

|β|+ 1
for all β ∈ R, n ∈ N.

Definition 3.2 Let X be a linear space over the field R and b ≥ 1 be a given real number. A

fuzzy subset N of X × R is called intuitionistic fuzzy strong φ-b-norm on X if for all x, y ∈ X
the following conditions hold:

(i) ∀t ∈ R with t ≤ 0,M(x, t) = 0;

(ii) (∀t ∈ R, t > 0,M(x, t) = 1) iff x = θ;

(iii) ∀t ∈ R, t > 0,M(cx, t) = M
(
x, t

φ(c)

)
if φ(c) 6= 0;

(iv) ∀s, t ∈ R,M(x+ y, s+ bt) ≥M(x, s) ∗N(y, t);

(v) M(x, ·) is a non-decreasing function of t and limt→∞M(x, t) = 1;

(vi) ∀t ∈ R with t ≥ 0, N(x, t) = 0;

(vii) (∀t ∈ R, t = 0, N(x, t) = 0) iff x = θ;

(viii) ∀t ∈ R, t < 0, N(cx, t) = N
(
x, t

φ(c)

)
if φ(c) 6= 0;

(ix) ∀s, t ∈ R, N(x+ y, s+ bt) ≤ N(x, s) �N(y, t);

(x) N(x, ·) is a non-increasing function of t and limt→∞N(x, t) = 0.

Then (X,M, N, φ, b, ∗) is called intuitionistic fuzzy strong φ-b-normed linear space.

§4. Finite Dimensional Intuitionistic Fuzzy Strong φ-b-Normed Linear Spaces

In this section, some basic results on finite dimensional intuitionistic fuzzy strong φ-b-normed

linear spaces are established.

Lemma 4.1 Let (X,M, N, φ, b, ∗, �) be a Intuitionistic fuzzy strong φ-b-normed linear space with

the underlying t-norm ∗ continuous and t-co norm at (1, 1) and {x1, x2, · · ·xn} be a linearly

independent set of vectors in X. Then there exists c > 0 and δ ∈ (0, 1) such that for any set of
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scalars {β1, β2, · · · , βn} with
∑n
i=1 |βi| 6= 0

M

β1x1 + β2x2 + · · ·+ βnxn,
bc

φ
(

1∑n
i=1|βi|

)
 < 1− δ. (4.1)

and

N

β1x1 + β2x2 + · · ·+ βnxn,
bc

φ
(

1∑n
i=1|βi|

)
 > 0− δ. (4.2)

Proof Notice that the equations

M

β1x1 + β2x2 + · · ·+ βnxn,
bc

φ
(

1∑n
i=1|βi|

)
 < 1− δ.

and

N

β1x1 + β2x2 + · · ·+ βnxn,
bc

φ
(

1∑n
i=1|βi|

)
 > 0− δ.

are equivalent to the relations

M (α1x1 + α2x2 + · · ·+ αnxn, bc) < 1− δ

and

N (α1x1 + α2x2 + · · ·+ αnxn, bc) > 0− δ

for some c > 0, δ ∈ (0, 1) and for all set of scalars {α1, α2, · · · , αn} with
∑n
i=1 |αi| = 1 If

possible, suppose that (4.1) does not hold. Thus, for each c > 0 and δ ∈ (0, 1), there exists a

set of scalars {α1, α2, · · · , αn} with
∑n
i=1 |αi| = 1 for which

M (α1x1 + α2x2 + · · ·+ αnxn, bc) ≥ 1− δ

and

N (α1x1 + α2x2 + · · ·+ αnxn, bc) ≤ 0− δ.

Then, for c = δ = 1
m ,m = 1, 2, . . ., there exists a set of scalars

{
α
(m)
1 , α

(m)
2 , . . . , α

(m)
n

}
with∑n

i=1

∣∣∣α(m)
i

∣∣∣ = 1 such that

M

(
ym,

b

m

)
≥ 1− 1

m

and

N

(
ym,

b

m

)
≤ 0− 1

m
,

where ym = αβ
(m)
1 x1 + β

(m)
2 x2 + · · ·+ β

(m)
n xn. Since

∑n
i=1

∣∣∣α(m)
i

∣∣∣ = 1, we have 0 ≤
∣∣∣α(m)
i

∣∣∣ ≤ 1

for i = 1, 2, . . . , n. So for each fixed i, the sequence
{
α
(m)
i

}
is bounded and hence

{
α
(m)
i

}
has
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a convergent subsequence. Let α1 denotes the limit of that subsequence and let {y1,m} denotes

the corresponding subsequence of {ym}. By the same argument {y1,m} has a subsequence

{y2,m} for which the corresponding subsequence of scalars
{
α
(m)
2

}
converges to α2. Continuing

in this way, after n steps we obtain a subsequence {yn,m} where

yn,m =

n∑
i=1

γ
(m)
i xi with

n∑
i=1

∣∣∣γ(m)
i

∣∣∣ = 1

and γ
(m)
i → αi as m→∞ for each i = 1, 2, · · · , n.

Let y = α1x1 + α2x2 + · · ·+ αnxn. Now,

M (yn,m − y, t) = M

 n∑
j=1

(
γ
(m)
j − αj

)
xj , t


= M

(γ(m)
1 − α1

)
x1 +

n∑
j=2

(
γ
(m)
j − αj

)
xj ,

t

n
+ b(n− 1)

t

nb


≥ M

((
γ
(m)
1 − α1

)
x1,

t

n

)
∗M

 n∑
j=2

(
γ
(m)
j − αj

)
xj , (n− 1)

t

nb


= M

((
γ
(m)
1 − α1

)
x1,

t

n

)

∗M

(γ(m)
2 − α2

)
x2 +

n∑
j=3

(
γ
(m)
j − αj

)
xj ,

t

nb
+ b

(
1− 2

n

)
t

b2


≥ M

((
γ
(m)
1 − α1

)
x1,

t

n

)
∗M

((
γ
(m)
2 − α2

)
x2,

t

nb

)

∗M

 n∑
j=3

(
γ
(m)
j − αj

)
xj ,

(
1− 2

n

)
t

b2


≥ M

((
γ
(m)
1 − α1

)
x1,

t

n

)
∗M

((
γ
(m)
2 − α2

)
x2,

t

nb

)
∗ · · · ∗M

((
γ(m)
n − αn

)
xn,

t

nbn−1

)

= M

x1, t

nφ
((
γ
(m)
1 − α1

))
 ∗ · · · ∗M

xn, t

nbn−1φ
((
γ
(m)
n − αn

))


and

N (yn,m − y, t) = N

 n∑
j=1

(
γ
(m)
j − αj

)
xj , t


= N

(γ(m)
1 − α1

)
x1 +

n∑
j=2

(
γ
(m)
j − αj

)
xj ,

t

n
+ b(n− 1)

t

nb
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= N

((
γ
(m)
1 − α1

)
x1,

t

n

)

≤ N
(
γ
(m)
1 − α1

)
x1,

t

n

)
�N

 n∑
j=2

(
γ
(m)
j − αj

)
xj , (n− 1)

t

nb


�N

(γ(m)
2 − α2

)
x2 +

n∑
j=3

(
γ
(m)
j − αj

)
xj ,

t

nb
+ b

(
1− 2

n

)
t

b2


≤ N

((
γ
(m)
1 − α1

)
x1,

t

n

)
�N

((
γ
(m)
2 − α2

)
x2,

t

nb

)
and

N

 n∑
j=3

(
γ
(m)
j − αj

)
xj ,

(
1− 2

n

)
t

b2


≥ N

((
γ
(m)
1 − α1

)
x1,

t

n

)
�N

((
γ
(m)
2 − α2

)
x2,

t

nb

)
� · · ·∇N

((
γ(m)
n − αn

)
xn,

t

nbn−1

)

= N

x1, t

nφ
((
γ
(m)
1 − α1

))
 � · · ·∇N

xn, t

nbn−1φ
((
γ
(m)
n − αn

))
 .

Now taking limit as m→∞ on both sides, we have

lim
m→∞

M (yn,m − y, t) ≥ 1 ∗ 1 ∗ · · · ∗ 1, ∀t > 0

and

lim
m→∞

N (yn,m − y, t) ≤ 0 > 0 � · · · ∨ 0, ∀t > 0

i.e

lim
m→∞

M (yn,m − y, t) = 1, ∀t > 0

and

lim
m→∞

N (yn,m − y, t) = 0, ∀t > 0

Now, for r > 0, choose m such that 1
m < r

b2 . We have

M
(
yn,m,

r

b

)
= M

(
yn,m + θ,

b

m
+ b

(
r

b2
− 1

m

))
≥
(
yn,m,

b

m

)
∗M

(
θ,
r

b2
− 1

m

)
≥
(

1− b

m

)
∗ 1

and

N
(
yn,m,

r

b

)
= N

(
yn,m + θ,

b

m
+ b

(
r

b2
− 1

m

))
≤ N

(
yn,m,

b

m

)
�N

(
θ,
r

b2
− 1

m

)
≤
(

1− b

m

)
� 0
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which implies

lim
m→∞

M
(
yn,m,

r

b

)
≥ 1 i.e., lim

m→∞
M
(
yn,m,

r

b

)
= 1

and

lim
m→∞

N
(
yn,m,

r

b

)
≤ 0 i.e., lim

m→∞
N
(
yn,m,

r

b

)
= 0.

Again,

M(y, 2r) = M
(
y − yn,m + yn,m, r + b · r

b

)
≥M (y − yn,m, r) ·N

(
yn,m,

r

b

)
and

N(y, 2r) = N
(
y − yn,m + yn,m, r + b · r

b

)
≤ N (y − yn,m, r) �N

(
yn,m,

r

b

)
.

Thus,

M(y, 2r) ≥ lim
m→∞

M (y − yn,m, r) ∗ lim
m→∞

M
(
yn,m,

r

b

)
⇒M(y, 2r) ≥ 1 · 1 = 1⇒M(y, 2r) = 1

and

N(y, 2r) ≤ lim
m→∞

N (y − yn,m, r) � lim
m→∞

N
(
yn,m,

r

b

)
⇒ N(y, 2r) ≤ 0 � 0 = 0⇒ N(y, 2r) = 0.

Since r > 0 is arbitrary, so y = θ. Again since
∑n
i=1

∣∣∣α(m)
i

∣∣∣ = 1 and {x1, x2, . . . , xn} is a

linearly independent set of vectors so y = α1x1 + α2x2 + · · · + αnxn 6= θ, thus we arrive at a

contradiction and Lemma is proved. �

Theorem 4.2 Every finite dimensional Intuitionistic fuzzy strong φ-b-normed linear space with

the underlying t-norm * continuous and t-co norm � Continuous at (1, 1) is complete.

Proof Let (X,M, N, φ, b, ∗, �) be a Intuitionistic fuzzy strong φ-b-normed linear space where

b(> 1) is a real constant. Let dimX = r and {e1, e2, · · · , er} be a basis for X. Let {xp} be a

Cauchy sequence in X. Then, xn =
∑r
k=1 α

(n)
k ek for suitable scalars α

(n)
1 , α

(n)
2 , · · · , α(n)

r · So

lim
m,n→∞

M (xm − xn, t) = 1, ∀t > 0

and

lim
m,n→∞

N (xm − xn, t) = 0, ∀t > 0.

Now, by Lemma 4.1 it follows that ∃c > 0 and δ ∈ (0, 1) such that

M


r∑
i=1

(
a
(m)
i − α(n)

i

)
ei,

bc

φ

(
1∑r

i=1

∣∣∣α(m)
i −α(n)

i

∣∣∣
)
 < 1− δ
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and

N


r∑
i=1

(
α
(m)
i − α(n)

i

)
ei,

bc

φ

(
1∑r

i=1

∣∣∣α(m)
i −α(n)

i

∣∣∣
)
 > 0− δ. (4.3)

If
r∑
i=1

∣∣∣α(m)
i − α(n)

i

∣∣∣ = 0

then α
(m)
i = α

(n)
i for any integer i implies that {xn} is a constant sequence and hence follows

the theorem. So we may assume

r∑
i=1

∣∣∣α(m)
i − α(n)

i

∣∣∣ 6= 0.

Again, for 0 < δ < 1 from (4-3) it follows that there exists a positive integer n0(δ, t) such

that

M

(
r∑
i=1

(
α
(m)
i − α(n)

i

)
ei, t

)
> 1− δ, ∀m,n ≥ n0(δ, t) (4.4)

and

N

(
r∑
i=1

(
α
(m)
i − α(n)

i

)
ei, t

)
< 0− δ, ∀m,n ≥ n0(δ, t). (4.5)

Now, from (4.4) and (4.5), ∀m,n ≥ n0(δ, t) we have

M


r∑
i=1

(
α
(m)
i − α(n)

i

)
ei

bc

φ

(
1∑r

i=1

∣∣∣α(m)
i −α(n)

i

∣∣∣
)
 < M

(
r∑
i=1

(
α
(m)
i − α(n)

i

)
ei,t

)

and

N


r∑
i=1

(
α
(m)
i − α(n)

i

)
ei

bc

φ

(
1∑r

i=1

∣∣∣α(m)
i −α(n)

i

∣∣∣
)
 > N

(
r∑
i=1

(
α
(m)
i − α(n)

i

)
ei, t

)
.

Thus,
bc

φ

(
1∑τ

i=1

∣∣∣α(m)
t −α(m)

i

∣∣∣
) < t

since M(x, t) is non-decreasing with respect to t and

bc

φ

(
1∑τ

i=1

∣∣∣α(m)
t −α(m)

i

∣∣∣
) > t
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since N(x, t) is non-increasing with respect to t. Hence, since t > 0 is arbitrary, namely

lim
m,n→∞

bc

φ

(
1∑r

i=1

∣∣∣α(m)
i −α(n)

i

∣∣∣

 = 0

then

lim
m,n→∞

φ

 1∑r
i=1

∣∣∣α(m)
i − α(n)

i

∣∣∣
 =∞.

Thus,

φ

 1

limm→∞
∑r
i=1

∣∣∣α(m)
i − α(n)

i

∣∣∣
 =∞

since φ is continuous. Then

lim
m,n→∞

r∑
i=1

∣∣∣α(m)
i − α(n)

i

∣∣∣ = 0

since lim
α→∞

φ(β) =∞. Therefore,
{
α
(m)
i

}
is a Cauchy sequence of scalars for each i = 1, 2, · · · , r.

So each sequence
{
α
(m)
i

}
converges. Let limn→∞ α

(n)
i = αi for i = 1, 2, . . . , r. Define x =∑

i=1 αei. Then clearly x ∈ X. By similar calculation as in Lemma 4.1 , it can be shown that

limn→∞M (xn − x, t) = 1, limn→∞N (xn − x, t) = 0,∀t > 0. Hence X is complete.

§5. Conclusion

Recently, various writers have constructed various kinds of generalised fuzzy metric spaces as

well as generalised fuzzy normed linear spaces. The concept of fuzzy strong b-normed linear

spaces was presented after the introduction of fuzzy strong b-metric spaces, and various findings

in finite finite dimensions fuzzy strong b-normed linear spaces were examined. We believe there

is a vast area of research to be done in order to create fuzzy strong b-normed linear spaces. Open

issues in such spaces include results on completeness and compactness, operator standards, etc.
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[16] S. Nădăban, Fuzzy b-metric spaces, Int. J. Computers Communications and Control, 11

(2016), pp. 273-281.

[17] T. Oner, M.B. Kandemir and B. Tanay, Fuzzy cone metric spaces, J. Nonlinear Sci. Appl.,

8(2015), pp. 610-616.

[18] Oner, On topology of fuzzy strong b-metric spaces, J. New Theory, 21 (2018), pp. 59-67.

[19] L.A. Zadeh, Fuzzy sets, Inf. Control, 8 (1965), pp. 338-353.


