
International J.Math. Combin. Vol.1(2017), 102-110

Some Properties of a h-Randers Finsler Space

V. K. Chaubey1, Arunima Mishra2 and A. K. Pandey3

1. Department of Applied Sciences, Buddha Institute of Technology, Gida, Gorakhpur (U.P.)-273209, India

2. Rashtriya Inter College, Baulliya Coloney, Gorakhpur (U.P.)-273001, India

3. Department of Mathematics, Sant Longowal Institute of Engineering and Technology, Sangrur, Punjab, India

E-mail: vkchaubey@outlook.com, arunima16oct@hotmail.com, ankpandey11@rediffmail.com
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§1. Introduction

In 1971 Matsumoto [5] introduced the transformation of Finsler metric

L̄(x, y) → L(x, y) + biy
i (1.1)

and obtain the relation between the imbedding class numbers of a tangent Riemannian spaces

to (Mn, L) and a Finsler space (Mn, L̄) which is obtained by the transformation of the Finsler

metric L by the relation given by in the equation (1.1). Since a concurrent vector field is a func-

tion of (x) i.e., position only, assuming bi(x) as a concurrent vector field, Matsumoto [6] studied

the R3-likeness of Finsler spaces (Mn, L) and (Mn, L̄). Singh and Prasad [14,11] generalized

the concept of concurrent vector field and introduced the semi-parallel and concircular vector

fields which are functions of (x) only. Assuming bi(x) as a concicular vector field, Prasad, Singh

and Singh [11] studied the R3-likeness of (Mn, L) and (Mn, L̄).

If L(x, y) is a metric function of Riemannian space then L̄(x, y) reduces to the metric

function of Rander’s space. Such a Finsler metric was first introduced by G. Randers [13]from

the standpoint of general theory of relativity and applied to the theory of the electron microscope

by R. S. Ingarden [3] who first named it us Randers space. The geometrical properties of this

space have been studied by various workers [2, 7, 9, 12, 15].. In 1970 Numata [10] has studied

the properties of (Mn, L̄) which is obtained from Minkowski space (Mn, L) by transformation
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(1.1). In all those works the function bi(x) are assumed to be functions of (x) only.

In 1980, Izumi [4] while studying the conformal transformation of Finsler spaces, introduced

the h-vector bi which is v-covariantly constant with respect to Cartan’s connection CΓ and

satisfies the relation

LCh
ijbh = ρhij

Thus the h-vector bi is not only a function of (x) but it is also a function of directional arguments

satisfying L∂̇jbi = ρhij . The purpose of the present paper is to obtain the relation between

imbedding class numbers of tangent Riemannian spaces to (Mn, L) and (Mn, L∗) where L∗(x,

y) is obtained from the transformation of L(x, y) is given by

L∗(x, y) → L(x, y) + β(x, y), (1.2)

where β(x, y) = bi(x, y)y
i, i.e. bi(x, y) is the function of position and direction both.

§2. An h-Vector in (Mn, L)

Let bi be a vector field in the Finsler space (Mn, L). If bi(x, y) satisfies the conditions

bi|j = 0, (2.1)

LCh
ijbh = ρhij , (2.2)

then the vector field bi is called an h-vector [4]. Here |i denotes the v-covariant derivative with

respect to yi in the case of Cartan’s connection CΓ, Ch
ij is the cartan’s C-tensor, hij is the

angular metric tensor and ρ is given by

ρ =
LCibi
(n− 1)

, (2.3)

where Ci is the torsion tensor given by Ci
jkg

jk.

Lemma 2.1([4]) If bi is an h-vector then the function ρ and are independent of y.

Since The v-covariant derivation of b2 = gijbibj and the fact that gij is v-covariantly

constant yield

b∂̇kb = gijbibj |k.

In the view of (2.1) we have

∂̇kb = 0.

Thus we have

Lemma 2.2 The magnitude b of an h-vector is independent of y.

From (2.1), Ricci identity [8] and the fact that Sihjk = ghrS
r
ijk is skew-symmetric in h and
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i we have

bi|j |k − bi|k|j = −Sh
ijkbh = 0.

Thus we have

Lemma 2.3 For an h-vector bi we have Shijkb
h = 0, where Shijk are components of v-curvature

tensor of Cartan’s connection CΓ.

The concept of concurrent vector field in (Mn, L) has been introduced by Tachibana [16]

and its properties have been studied by Matsumoto [6]. A vector field bi in (Mn, L) is said to

be concurrent if it satisfies the condition (2.1) and

bi|j = −gij , (2.4)

where |j denotes h-covariant differentiation with respect to xi in the sense of Cartan’s connection

CΓ.

Applying Ricci Identity [8]

bi|j |k − bi|k|j = −bhP h
ijk − bi|hC

h
jk − bi|hP h

jk

and using (2.1) and (2.4) we have

P h
ijkbh + Cijk = 0.

Since Pimjk = gmhP
h
ijk is skew-symmetric in i and m, contraction of above equation with

bi = gijbj gives Cijkb
i = 0. Hence we have the following

Lemma 2.4 An h-vector bi with ρ 6= 0 is not a concurrent vector field.

§3. Properties of the h-Randers Finsler Space

Let bi be an h-vector in the Finsler space (Mn, L) and (Mn, L∗) be another Finsler space whose

fundamental function L∗(x, y) is given by (1.2).

Since bi is an h-vector, from (2.1) and (2.2), we get

∂̇jbi = L−1ρhij , (3.1)

which after using the indicatory property of hij yields ∂̇jβ = bj .

Definition 3.1 Let Mn be an n-dimensional differentiable manifold and Fn be a Finsler space

equipped with a fundamental function L(x, y), (yi = ẋi) of Mn. A change in the fundamental

function L by the equation (1.2) on the same manifold Mn is called h-Randers change. A space

equipped with fundamental metric L∗ is called h-Randers changed Finsler space F ∗n.



Some Properties of a h-Randers Finsler Space 105

Now differentiating (1.2) with respect to yi we have

l∗i = li + bi, (3.2)

where li = ∂̇iL is the normalized supporting element in (Mn, L) and l∗i = ∂̇iL
∗ is the normalized

element of support in (Mn, L∗). The quantities of (Mn, L∗) will be denoted by starred letter.

Now differentiating (3.2) with respect to yj then the angular metric tensor h∗ij = ∂̇j l
∗
i is given

by

h∗ij = σhij , (3.3)

where σ = LL−1(1 + ρ). Hence we have

g∗ij = σgij + (1 − σ)lilj + (libj + ljbi) + bibj . (3.4)

From (3.4) the relation between the contravariant components of the fundamental tensors

can be derived as follows

g∗ij = σ−1gij − (1 + ρ2)σ−3(1 − b2 − σ)lilj − (1 + ρ)σ−2(libj + ljbi), (3.5)

where b is the magnitude of the vector bi.

From the lemma (2.1) and (3.2) we have

∂̇iσ =
(1 + ρ)

L
mi, (3.6)

mi = bi −
β

L
li. (3.7)

Now differentiating (3.3) with respect to yk (3.2), (3.6), (3.3) and the fact

∂̇khij = 2Cijk − L−1(hiklj + hjkli),

we have

C∗
ijk = σCijk + (1 + ρ)

hijmk + hjkmi + hkimj

2L
. (3.8)

From the definition of mi, it is evident that

(a) mil
i, (b) mib

i = b2 − β2

L2 = mimi,

(c) hijm
i = hijb

i = mj , (d) Ch
ijmh = L−1ρhij .

(3.9)

From (2.1), (3.5), (3.8) and (3.9) we have

C∗r
ij = Cr

ij +
(hijm

r + hr
jmi + hr

imj)

2L∗ − 1

L∗ [{ρ

+
L

2L∗ (b2 − β2

L2
)}hij +

L

L∗mimj ]l
r. (3.10)
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Proposition 3.1 Let F ∗n = (Mn, L∗) be an n-dimensional Finsler space obtained from the

h-Randers change of the Finsler space Fn = (Mn, L), then the normalized supporting element

l∗i , angular metric tensor h∗ij, fundamental metric tensor g∗ij and (h)hv-torsion tensor C∗
ijk of

F ∗n are given by (3.2), (3.3), (3.4) and (3.8) respectively.

Proposition 3.2 Let F ∗n = (Mn, L∗) be an n-dimensional Finsler space obtained from the

h-Randers change of the Finsler space Fn = (Mn, L), then the reciprocal of the fundamental

metric tensor g∗ij is given by (3.5).

The curvature tensor Shijk of (Mn, L∗) is given by

S∗
hijk = C∗

hkmC
∗m
ij − C∗

hjmC
∗m
ik . (3.11)

From the equation (3.8) and (3.10), we have

C∗
hkmC

∗m
ij = σChkmC

m
ij + αhijhhk +

(1 + ρ)

2L
{Cijkmh + Chjkmi

+Chikmj + Chijmk} +
(1 + ρ)

4LL∗ {2hijmkmh

+2hhkmimj + hikmjmh + hihmjmk + hjkmimh

+hjhmimk}, (3.12)

where α = (1+ρ)ρ
4L2 + 1+ρ

4LL∗
(b2 − β2

L2 ). Thus from (3.11) we have

S∗
hijk = σShijk + hijdhk + hhkdij − hikdjh − hhjdik, (3.13)

where dij = σ
2hij + 1+ρ

4LL∗
mimj .

If we define the tensor Aij and Bij as

Aij =
hij + dij√

2
, Bij =

hij − dij√
2

, (3.14)

then S∗
hijk is written as

S∗
hijk = σShijk − (AhjAik −AhkAij) + (BhjBik − BhkBij). (3.15)

Thus we have

Proposition 3.3 Let F ∗n = (Mn, L∗) be an n-dimensional Finsler space obtained from the

h-Randers change of the Finsler space Fn = (Mn, L), then the curvature tensor S∗
hijk is given

by (3.15).

If |j denotes v-covariant differentiation with respect to yj in (Mn, L∗) then we have

hij |k − hik|j =
(hij lk − hiklj)

L
, (3.16)
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mi|j −mj |i =
(milj −mj li)

L
, (3.17)

dij |k − dik|j =
(dij lk − diklj)

L
. (3.18)

Hence from (3.14), (3.16) and (3.18), we get

Aij |k −Aik|j =
(Bij lk −Biklj)

L
, (3.19)

Bij |k −Bik|j =
(Aij lk −Aiklj)

L
. (3.20)

§4. Imbedding Class Numbers of Tangent Riemannian Space to (Mn, L) and (Mn, L∗)

The tangent vector space Mn
x to Mn at every point x is regarded as n-dimensional Riemannian

space (Mn
x , gx) with Riemannian metric gx = gij(x, y)dy

idyj . Thus the component Ci
jk of

Cartan’s C-tensor are the Christoffel symbols associated with gx, i.e.

Ci
jk =

1

2
gih(·∂kgjh + ∂̇jghk + ∂̇hgjk).

Hence Ci
jk defines the Riemannian connection on Mn

x . It is observed from the definition if Shijk

that the curvature tensor of the Riemannian space (Mn
x , gx) at a point x. The space (Mn

x , gx)

equipped with such a Riemannian connection will be called the tangent Riemannian space.

In the theory of Riemannian space, we know that any n-dimensional Riemannian space

V n, can be imbedded isometrically in a Euclidean space of dimension n(n−1)
2 . If n + r is the

lowest dimension of the Euclidean space in which V n is imbedded isometrically then the integer

r is called imbedding class number of V n. The fundamental theorem of isometric imbedding

[1] states that the tangent Riemannian n-space (Mn
x , gx) is locally imbedded isometrically in

an Euclidean n+ r space if and only if there exist r numbers, and λ = ±1, r symmetric tensor

H(P )ij and r(r−1)
2 covariant vector fields H(PQ)i = H(QP )i, Q = 1, 2, 3, · · · , r satisfying the

Gauss equations,

Shijk = Sigmaλ(P ){H(P )hjH(P )ik −H(P )hkH(P )ij},

where summation is given over P .

The Codazzi equations

H(P )ij |k −H(P )ik|j = Σλ(Q){H(Q)ijH(QP )k −H(Q)ikH(QP )j},

where summation is given over Q and Ricci-Kuhne equations

H(PQ)i|j −H(PQ)j |i + Σλ(R){H(RP )iH(RQ)j

−H(RP )jH(PQ)i} + ghk{H(P )hiH(Q)kj −H(P )hjH(Q)ki} = 0.



108 V. K. Chaubey, Arunima Mishra and A. K. Pandey

For a special case when (Mn
x , gx) is of imbedding class 1, the above equations reduce to

Shijk = λ(HhjHik −HhkHij), (4.1)

Hij |k −Hik|j = 0. (4.2)

Since Shijky
k = 0, from (3.21), we have

HhjHi0 −Hh0Hij = 0

contracting above equation by yi, we have

HhjH00 −Hh0H0j = 0,

which implies that H0j = 0 or Hij = H−1
00 Hh0H0j . In the latter case we get Shijk = 0. In the

theory of spaces of imbedding class 1, [17] introduced the concept of type number t, which is

the rank of matrix ‖ Hij ‖ provided to the rank is more than 1. If the rank is 0 or 1, then

S vanishes. Therefore if (Mn
x , gx) is of imbedding class 1, the second fundamental tensor Hij

satisfies Hijy
j = 0 and thus the type number t is less than n.

Again by virtue of Lemma 2.3 and equation (4.1), we get

HhjHik −HhkHijb
h = 0.

From this equation we have

Hhjb
hbjHik −Hhkb

hHijb
j = 0.

This gives

Hhkb
h = 0, or Hik =

Hhkb
hHijb

j

Hhjbhbj
.

In the latter case Shijk = 0. Thus for an imbedding class 1, Hhkb
k = 0. Now we shall put

H∗
(1)ij =

√
σHij , ε∗1 = ε, (4.3)

H∗
(2)ij = Aij , ε∗2 = −1, 4.4

H∗
(3)ij = Bij , ε∗3 = 1, 4.5

then from (3.15) and (4.1), we get

S∗
hijk = Σλ∗P {H∗

(P )hjH
∗
(P )ik −H∗

(P )hhH
∗
(P )ij},

where summation is varies from P = 1, 2, 3. Thus the above equation is noting but Gauss

equation of (Mn
x , g

∗
x).

Now we put

H∗
(21)i = −H∗

(12)i = 0, (4.6)
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H∗
(31)i = −H∗

(13)i = 0, (4.7)

H∗
(32)i = −H∗

(23)i =
1

L
li (4.8)

and using (4.2), (4.3), (3.3), Lemma 2.1 and the fat that Hi0 = 0, we get

H∗
(1)ij |k −H∗

(1)ik|j = 0. (4.9)

Again in view of (4.4), (4.5), (4.6), (4.7) and (4.8), equations (3.19) and (3.20) reduce to

H∗
(2)ij |k −H∗

(2)ik|j = Σλ∗Q{H∗
(Q)ijH

∗
(Q2)k −H∗

(Q)ikH
∗
(Q2)j}, 4.10

H∗
(3)ij |k −H∗

(3)ik|j = Σλ∗Q{H∗
(Q)ijH

∗
(Q3)k −H∗

(Q)ikH
∗
(Q3)j}, 4.11

where summation is varies from Q = 1, 2, 3.

The equations (4.9), (4.10) and (4.11) are the Codazzi equations of (Mn
x , g

∗
x). Now we have

to verify Ricci-Kuhne equations, we have from (3.10),

li|j = L−1hij+L∗−1 [{ρ+ (2L∗)−1(v2 − β2

L2
)}hij + L∗−1mimj ]

from which we get li|j − lj |i = 0. Hence from (4.10), we get

H∗
(32)i|j −H∗

(23)j |i = 0,

which are the Ricci-Kuhne equations of (Mn
x , g

∗
x) as

M∗
(12) −M∗

(21) = 0, and M∗
(13) −M∗

(31) = 0.

Thus from above we have

Theorem 4.1 Let F ∗n = (Mn, L∗) be an n-dimensional Finsler space obtained from the h-

Randers change of the Finsler space Fn = (Mn, L), then if the tangent Riemannian n-space

(Mn
x , gx) to (Mn, L) is of imbedding class 1, then the tangent Riemannian n-space (Mn

x , gx) to

(Mn, L∗) is at most of imbedding class 3.
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