International J.Math. Combin. Vol.1(2024), 100-109

Some New Results on 4-Total Mean Cordial Graphs

R. Ponraj', S.Subbulakshmi? and M.Sivakumar3

1. Department of Mathematics, Sri Paramakalyani College, Alwarkurichi-627412, Tamilnadu, India

2. Department of Mathematics, Manonmaniam sundarnar university, Abishekapatti, Tirunelveli-627012,

Tamilnadu, India

3. Department of Mathematics, Government Arts and Science College, Tittagudi-606106,Tamilnadu, India

E-mail: ponrajmaths@gmail.com, ssubbulakshmis@gmail.com, sivamaths1975Qgmail.com

Abstract: Let G be a graph and let f : V(G) — {0,1,2,--- ,k—1} be a func-
tion where k € N and k& > 1. For each edge wv, assign a label f(uv) = [w—‘
and f is called a k-total mean cordial labeling of G if |tmys (i) — tmys (j)| < 1 for all
i,7 € {0,1,--- ,k — 1}, where t,s (z) denotes the total number of vertices and edges la-
belled with z, z € {0,1,2,--- ,k — 1}. A graph with admit a k-total mean cordial labeling
is called k-total mean cordial graph. In this paper we investigate the 4-total mean cordial

labeling behavior of some graphs which are obtained from stars.
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§1. Introduction

All graphs in this paper are finite, simple and undirected graphs only. Graceful labeling was
introduced by Rosa in [15]. Subsequently Graham and Sloan have introduced the notion of
harmonious labeling [2]. Motivated by these works several author introduce varies types of
graph labeling. The concept of k-total mean cordial labeling has been introduced in [4]. The
4-total mean cordial labeling behavior of several graphs like cycle, complete graph, star, bistar,
comb and crown have been investigated in [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14]. In this paper
we investigate the 4- total mean cordial labeling behavior of some graphs which are obtained
from stars. Let x be any real number. Then [x] stands for the smallest integer greater than or

equal to z. Terms are not defined here follow from Harary [3] and Gallian [1].

82. k-Total Mean Cordial Graph

Definition 2.1 Let G be a graph. Let f : V(G) — {0,1,2,--- ,k — 1} be a function where
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k €N and k > 1. For each edge uv, assign the label f (uv) = {M—‘ . f is called a k-total
mean cordial labeling of G if |ty (1) —tmy ()| < 1 for all 7,5 € {0,1,2,--- ,k — 1}, where
tmys (x) denotes the total number of vertices and edges labelled with z, x € {0,1,2,--- ,k —1}.
Otherwise, if there exist integersi,j € {0,1,2,--- .k — 1} such that [ty (1) — tmy (J)| > 2, such
a labeling f is called a Smarandachely k-total mean cordial labeling.

A graph with an admit a k-total mean cordial labeling or a Smarandachely k-total mean
cordial labeling is called a k-total mean cordial graph or a Smarandachely k-total mean cordial

graph.

83. Preliminaries

Definition 3.1 A complete bipartite graph K1 ,, is called a star. LetV (K ) = {w,w; : 1 <i <n}
and E (K1 ,) = {ww; : 1 <i < n}, wis called the central vertex of the star Ki .

Definition 3.2 A graph obtained from the cycle Cy, and star K, , by identifying the vertex of
Cp, with these central vertex of K1y is denoted by Cp, @ K1 .

Definition 3.3 Let Gy, Go respectively be (p1,q1), (p2,q2) graphs. A corona of G1 with Go
is the graph G1 ® Gy obtained by taking one copy of G1 , p1 copies of Gy and joining the it"
vertex of G1 by an edge to every vertex in the ith copy of Go where 1 < i < py.

Definition 3.4 A graph P, ©® K, is called a comb. Let P, be the path uius---u,. Let
V(P,oOK)=V(P,)U{v;:1<i<n} and E(P, ® K1) = E(P,)U{uv; : 1 <i<n}.
Definition 3.5 A graph L, = P, + K5 is called a ladder. Let the vertex set be V (L,) =
{ui,v; : 1 <i < n} and the edge set E (L) = {wuir1, 0041 : 1 <i<n—1}0{ww; 1 1 <i<n}.

84. Main Results

Theorem 4.1 A graph C,, & K, is 4-total mean cordial labeling for all n > 3.

Proof Let C,, be the cycle ug ug -+ uy ur, V(Cp, ® K1) =V(Cp) U{w,w;: 1<i<n,
uwp =w} and E(C, & K1) = E(Cy) U {wqw; : 1 <i<n}. Obviously |V (C, ® Ki,)| +
|E(Cy ® Kin)| = 4n.
Case 1. n=1 (mod 2).

Let n =2r 4+ 1, r € N. Consider the cycle C), : uy us -+ u, uy. Assign the label 0 to the

r + 1 vertices uy, ug, ---, ur41. Now we assign the label 1 to the r vertices u,y2, Upt3, - -,
Uugr41. Next move to the pendent vertices. We now assign the label 3 to the 2r + 1 vertices wy,
Wz, =y W2p41-

Case 2. n =0 (mod 2).
Let n =27, r € N. Assign the label 2 to the vertex u;. Next we assign the label 0 to the r

vertices ug, us, ---, ur+1. We now assign the label 1 to the » — 1 vertices u,42, Ury3, -~ -, Uy
Now we assign the label 0 to the vertex w;. Next we assign the label 2 to the r — 1 vertices wo,

ws, -+, wy. Finally we assign the label 3 to the r vertices wy41, wrya, -+, Way.
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This shows that f is a 4-total mean cordial labeling follows from Table 1.

Order of n | 1 (0) | timp(1) | timg(2) | tmyp(3)

n=2r+1|2r+1 | 2r4+1 | 2r+1 | 2r4+1
n=2r 2r 2r 2r 2r

Table 1

This completes the proof. O

Theorem 4.2 A graph obtained from the comb P, ® K, and star K ,, by identifying the central

vertex w of the star with the vertex uy of the comb is 4-total mean cordial.

Proof Let G be the resulting graph. Take the vertex set and edge set of the comb is
as in Definition 3.4. Let V(G) = V(P, 0 K1) U{w;:1<i<n}. E(G) = E(P, 0 K;) U
{ugw; : 1 <i <n}. Clearly |V (G)| + |E (G)| = 6n — 1.

Case 1. n=0 (mod 2).

Let n = 2r, r € N. Assign the label 2 to the r vertices uy, ug, - -+, u,.. Now we assign the
label 3 to the r vertices w,41, Upya2, - -+, uz,. Next we assign the label 0 to the r vertices vy,
Vg, - -+, V. We now assign the label 2 to the r vertices v,4+1, vy42, - -+, v2,. Now we assign the
label 0 to the 2r vertices w1y, ws, - - -, Wa.

Case 2. n =1 (mod 2).

Let n =2r +1, r € N. Assign the label 2 to the r vertices uy, us, - -, u,. Next we assign
the label 3 to the r + 1 vertices uyy1, Urt2, -+, Uzr+1. Now we assign the label 0 to the » + 1
vertices vy, vg, -+, Upy1. We now assign the label 2 to the r vertices v,49, Vpi3, -, Vops1.
Next we assign the label 0 to the 27 vertices wy, wa, - -+, wa,. Finally we assign the label 1 to
the vertex wo,y1.

Thus, this vertex labeling f is a 4-total mean cordial labeling follows from Table 2.

n g (0) | top(1) | Ly (2) | tims(3)
n=2r 3r 3r 3r—1 3r
n=2r+1|3r+1 | 3r+1 | 3r+1 | 3r+2

Table 2

This completes the proof. O

Theorem 4.3 A graph G obtained from the comb P, ® K1 and two stars by identifying the
vertex uy of the comb with the central vertex of one star and u, with the central vertex of

another star is 4-total men cordial.

Proof Take the vertex set and edge set of the comb is as in Definition 3.4. Let V (G) =
V(P,OK))U{x,yi:1<i<n}and E(G) =E(P,® K1) U {uix;,uny; : 1 <i <n}. Note
that |V (G)| + |E (G)| = 8n — 1.

Assign the label 0 to the n vertices uy, us, - --, u,. Next we assign the label 1 to the n

vertices vy, vg, « -+, v,. Now we assign the label 3 to the n vertices =1, 2, - -+, x,,. Finally we
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assign the label 3 to the n vertices y1, y2, - -, Yn-
Clearly tmf(0) = 2n — 1, timf(1) = tims(2) = tmyp(3) = 2n. O

Theorem 4.4 A graph obtained from the comb P, ® Ky and three stars by identifying the
vertex uy of the comb with the central vertex of one star, u, with the central vertex of second

star and vy with the central vertex of third star is 4-total mean cordial.

Proof Let G be the resulting graph. Take the vertex set and edge set of the comb is as in
Definition 3.4. Let V(G) =V (P, ® K1) U {z,¥i,2i: 1 <i<n} and E(G) = E(P,® K;) U
{urmi, unyi,v12; : 1 <i < n}. Clearly |V (G)| + |E (G)| = 10n — 1.

Case 1. n=0 (mod 2).

Let n = 2r, r € N. Assign the label 0 to the 2r vertices uy, us, -+, us,.. Next we assign
the label 2 to the 2r vertices vy, va, - -+, v2,.. Now we assign the label 3 to the 2r vertices x1,
To, -++, Tor. Then we assign the label 1 to the r vertices y1, y2, -+, ¥. We now assign the
label 3 to the r vertices yy+1, Yrt2, -+, Y2,. Now we assign the label 0 to the r vertices z1, 22,

.-+, zp. Finally we assign the label 3 to the r vertices 2,41, zp42, - -+, 225

Case 2. n=1 (mod 2).

Let n = 2r + 1, r € N. Assign the label 0 to the 2r + 1 vertices w1, ug, « -+, Ugr11. Now
we assign the label 2 to the 2r + 1 vertices vy, va, - -, vo,+1. Next we assign the label 3 to the
2r 4 1 vertices x1, x2, -+, To,+1. We now assign the label 1 to the r vertices y1, y2, -+, Yr.
Then we assign the label 3 to the r + 1 vertices yr41, Yr42, -+, Y2r+1. Now we assign the label
3 to the r vertices 21, 22, -+ -, 2. Finally we assign the label 0 to the r 4 1 vertices 2,41, 2r42,
Tty Zopgl-

Thus, the vertex labeling f is a 4-total mean cordial labeling follows from Table 3.

n tmg(0) | tmp(1) | tmp(2) | tmg(3)
n=2r 5r—1 5r 5r 5r
n=2r+1|5+2 | 5+2|5r+3 | 5r+2

Table 3

This completes the proof. O

Theorem 4.5 A graph G obtained from the comb P, ©® K; and four stars by identifying the
vertex uy of the comb with the central vertex of one star, u, with the central vertex of second
star, vi with the central vertex of third star and v, with the central vertex of fourth star is
4-total mean cordial.

Proof Take the vertex set and edge set of the comb is as in Definition 3.4. Let V (G) =
V(P,®©Ky) U{w,ziyi,zi:1<i<n}and E(G) = E(P, ® K1) U {u1w;, un;, v1y;, Unz; :
1 <i<n}. Note that |V (G)|+ |E (G)| = 12n — 1.

Case 1. n=0 (mod 2).

Let n = 2r, r € N. Assign the label 0 to the 2r vertices uy, ug, -+, ug,.. Next we assign
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the label 0 to the r vertices vy, va, -+, v,. We now assign the label 1 to the r vertices v,41,
Upta, -+, Ugr. Next we assign the label 3 to the 2r vertices wy, ws, -+, wa,.. Now we assign
the label 3 to the 27 vertices x1, xo, ..., 2,. Then we assign the label 1 to the 2r vertices y1,

Y2, -+, Yor. Finally we assign the label 3 to the 2r vertices 21, 29, -+, 22,.
Case 2. n=1 (mod 2).

Let n =2r 4+ 1, r € N. We now assign the label 0 to the 2r vertices ui, us, - -, ug.. Next
we assign the label 0 to the r 4 1 vertices vy, va, -+, vp4+1. We now assign the label 1 to the
r vertices v,1a, Uris, -+, Vor41. Next we assign the label 3 to the 2r + 1 vertices wy, wa, - - -,
war41. Now we assign the label 3 to the 2r + 1 vertices x1, x2, -+, T2,4+1. Then we assign
the label 1 to the 2r + 1 vertices y1, y2, - -, Y2r+1. Finally we assign the label 3 to the 2r + 1
vertices 21, 22, -+, Z9r41-

Thus, this vertex labeling f is a 4-total mean cordial labeling follows from Table 4.

n tmf(0) | tmgp(1) | tmp(2) | tmy(3)
n=2r 6r—1 6r 6r 6r

n=2r+1|6r+3 | 6r+2 | 6r+3 | 6r+3

Table 4
This completes the proof. O

Theorem 4.6 A graph obtained from the ladder L,, and star K, by identifying the vertez u;

of the ladder with the central vertex of star is 4-total mean cordial.

Proof Let G be the resulting graph. Take the vertex set and edge set of the lad-
der is as in Definition 3.5. Let V(G) = V (L,) U{w;:1<i<n} and E(G) = E(L,) U
{urw; : 1 <i < n}. Obviously |V (G)| + |E (G)| = Tn — 2.

Case 1. n=0 (mod 4).

Let n = 4r, r € N. Assign the label 0 to the r vertices uy, ug, -+, u,.. Next we assign the
label 1 to the r vertices u,41, Upy2, - -+, u2,. Now we assign the label 2 to the r vertices ug,1,
Ugrt2, -+, Ugpr. We now assign the label 3 to the r vertices ws, 11, usry2, <<+, ugr. Now we
assign the label 0 to the r vertices vy, v, - -+, v,.. We now assign the label 1 to the r vertices
Urg1, Urya2, -, V2. Next we assign the label 2 to the r vertices va,y1, vary2, -+, v3,. We now
assign the label 3 to the r vertices v3,11, v3r42, - - -, V4. Now we assign the label 0 to the r+1
vertices wy, wa, - - -, wy4+1. Then we assign the label 1 to the r vertices wy12, wWyy3, -+, Wopy1.
We now assign the label 3 to the 2r — 1 vertices woy 42, Worts, -+, Wap.

Case 2. n=1 (mod 4).

Let n =4r+ 1, r € N. As in Case 1 assign the label to the vertices u;, v;, w; (1 < i < 4r).

Now we assign the labels 3, 0, 1 to the vertices ug;41, Var+1, War41-
Case 3. n=2 (mod 4).

Let n = 4r + 2, r € N. Label the vertices u;, v;, w; (1 <4 < 4r + 1) as in Case 2. Next we
assign the labels 3, 0, 2 to the vertices u4,12, Vart2, Waria.
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Case 4. n =3 (mod 4).

Let n = 4r+3, r € N. In this case assign the label for the vertices u;, v;, w; (1 <14 < 4r 4 2)
as in Case 3. We now assign the labels 3, 0, 2 to the vertices ug,13, V4r13, Wart3-
This vertex labeling f is a 4-total mean cordial labeling follows from Table 5.
Order of | tmys (0) | tomy (1) | ting (2) | s (3)
n=4r r r r—1 | -1

n=4r+1 | Tr+1 Tr—+ 2 r+1 r+1

n=4r+2 | r+3 "+ 3 r+3 r+3
n=4r4+3 | Tr+5 r+4 | Tr+5 r+5

Table 5

This completes the proof. O

Theorem 4.7 A graph G obtained from the ladder L, and two stars K, by identifying the
vertex uy with the central vertex of one star and u, with the central vertex of another star is
4-total mean cordial.

Proof Take the vertex set and edge set of the ladder is as in Definition 3.5. Let V (G) =
V(L) U{ziy; 1 <i<n}land E(G) = E(L,) U{uiz;, uny; : 1 <i < n}. Note that |V (G)|+
|E(G)| = 9n — 2.

Case 1. n=0 (mod 4).

Let n = 4r, r € N. Assign the label 0 to the r vertices uy, us, - -+, u,. Now we assign the
label 1 to the r vertices w41, Urqo, - -+, us,-. We now assign the label 2 to the r vertices ugy41,
Uor42, -+, Usr. Next assign the label 3 to the r vertices ug, 41, ugrt2, - -+, usr. We now assign
the label 0 to the r vertices vy, va, ---, v,.. Next we assign the label 1 to the r vertices v,11,
Up4a, -+, Ua,. Now we assign the label 2 to the r vertices vo, 41, var42, - -+, vs.. We now assign
the label 3 to the r vertices vs,4+1, v3r42, -+, v4r. Next we assign the label 0 to the 2r + 1
vertices x1, 2, - -+, To,41. Now we assign the label 2 to the 2r — 1 vertices xo, 42, Tart3, -,

x4,. Then we assign the label 1 to the 2r vertices y1, y2, - - -, y2,. Finally we assign the label 3

to the 2r vertices Yar+1s Y2r425 © 0 Yar-
Case 2. n=1 (mod 4).

Let n = 4r + 1, r € N. Label the vertices u;, v;, z;, y; (1 <i < 4r) as in Case 1. Next we

assign the labels 3, 1, 0, 1 to the vertices w4y y1, Var41, Tar+1 Yars1-
Case 3. n=2 (mod 4).

Let n = 4r + 2, r € N. In this case assign the label for the vertices w;, v;, x;, y;
(1<i<4r+1)asin Case 2. We now assign the labels 3, 1, 0, 1 to the vertices w4, 42, Vart2,

Tar+2 Ydrt2-

Case 4. n =3 (mod 4).

Let n = 4r + 3, r € N. As in Case 3, we assign the label to the vertices w;, v;, z;, y;
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(1<i<4r+2). Finally we assign the labels 3, 1, 0, 1 to the vertices u4,+3, V4rt3, Taris

Yar+3.
Thus, the vertex labeling f is a 4-total mean cordial labeling follows from Table 6.

Size of n | timyf (0) | tomyg (1) | tmyp (2) | tmy (3)
n=4r 9r 9r—1 | 9r—1 9r
n=4r+1| 9+2 | 9r+1 | 9r+2 | 9r+2
n=4r4+2| 9r+4 | 9r+4 | 9r+4 | Ir+4
n=4r4+3 | 9r+6 | 9r+7 | I9r4+6 | Ir+6

Table 6

This completes the proof. O

Theorem 4.8 A graph obtained from the ladder L, and three stars K, by identifying the
vertex uy with the central vertexr of one star, w, with the central vertex of second star and vy

with the central vertex of third star is 4-total mean cordial.

Proof We denote G as the resulting graph. Take the vertex set and edge set of the ladder
is as in Definition 3.5. Let V (G) = V (Lp) U {2, ¥i,2; : 1 <i<n} and E(G) = E(L,) U
{urm;, unyi,v12; : 1 <i <n}. Clearly |V (G)| + |E (G)| = 11n — 2.

Case 1. n=0 (mod 4).

Let n = 4r, r € N. Assign the label 0 to the r vertices uy, ug, - - -, u,. Next we assign the
label 1 to the r vertices u,4+1, Upy2, - -+, ua,. Now we assign the label 2 to the r vertices ug,1,
Ugrt2, -+, Ugyr. We now assign the label 3 to the r vertices us, 11, usry2, <<+, ugr. Now we
assign the label 0 to the r vertices vy, v, -+, v,.. We now assign the label 1 to the r vertices
Urg1, Ury2, * -, U2r. Next we assign the label 2 to the r vertices vary1, vory2, -++, v3r. We
now assign the label 3 to the r vertices vs,41, v3r42, - -+, v4r. Next we assign the label 0 to the
3r + 1 vertices 1, x2, - -+, T3r+1. Now we assign the label 2 to the » — 1 vertices x3,42, 3,43,

-+, T4r. Then we assign the label 1 to the r vertices y1, y2, -+, y-. We now assign the label
3 to the 3r vertices y,11, Yr+2, - -+, Yar- Finally we assign the label 2 to the 4r vertices z1, 2o,

Cty e
Case 2. n=1 (mod 4).

Let n = 4r + 1, » € N. In this case we assign the label to the vertices w;, v;, i, yi, 2

(1 <i<4r)asin Case 1. We now assign the labels 3, 0, 0, 1, 1 to the vertices u4r41, Vart1,

LTar4+1 Ydr+15 Z4r+1-
Case 3. n=2 (mod 4).

Let n = 4r + 2, r € N. As in Case 2, we assign the label to the vertices u;, v;, z;, y; 2;
(1 <i<4r+1). Finally we assign the labels 3, 1, 0, 2, 2 to the vertices u4,t2, Vart2, Tarto,

Ydr+4+2, Z4r42.

Case 4. n=3 (mod 4).
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Let n = 4r + 3, r € N. Label the vertices w;, v;, x;, ¥i, z; (1 <i <4r+2) as in Case 3.
Next we assign the labels 3, 0, 0, 2, 1 to the vertices w4,+3, Vart3, Tar+3, Yar+3, 24r+3-

This vertex labeling f is a 4-total mean cordial labeling follows from Table 7.

n tmg (0) | tmg (1) | iy (2) | tmy (3)
n =4r 11r 11r —1 | 11r —1 11r

n=4r+1 | 11lr+3 | 11r+2 | 11r+2 | 11r+2
n=4r+2 | 11r+5 | 11r+5 | 11r+5 | 11r +5
n=4r—+3 | 1Ir+8 | 11r+8 | 11r+7 | 11r +8

Table 7

This completes the proof. O

Theorem 4.9 A graph G obtained from the ladder L, and four stars by identifying the vertex
w1 with the central vertexr of one star, w, with the central vertex of second star, vy with the
central vertex of third star and v, with the central vertex of fourth star is 4-total mean cordial.

Proof Take the vertex set and edge set of the ladder is as in Definition 3.5. Let V (G) =
V(L) UAw;, 29,2 : 1 <i<n}and E(G) = E(Ly) U {uyw;, unx;, v19;, vpzi - 1 < i <n}.
Obviously |V (G)| + |E (G)| = 13n — 2.

Case 1. n=0 (mod 4).

Let n = 4r, r € N. Assign the label 0 to the 4r vertices uy, us, -+ -, ug-. Next we assign
the label 2 to the 4r vertices vy, vo, -+, v4,-. We now assign the label 0 to the 27 + 1 vertices
wi, Wa, + -, Wary1. Now we assign the label 1 to the 2r — 1 vertices wa, 42, Worys, -+, Wyp.
Next we assign the label 1 to the r + 1 vertices =1, 22, ---, ,+1. Then we assign the label
3 to the 3r — 1 vertices x,42, Zry3, -+, T4r.. We now assign the label 0 to the r — 1 vertices
Y1, Y2, -+, Yr—1. Next we assign the label 1 to the 2r 4 1 vertices y,, Yr+1, - -, Y3r. Now we
assign the label 3 to the r vertices ys;+1, Ysr+2, -+, yar. Finally we assign the label 3 to the
4r vertices z1, 22, **+, Z4r-

Case 2. n=1 (mod 4).

Let n = 4r + 1, r € N. Label the vertices w;, v, w;, x4, yi, 2 (1 <i < 4r) as in Case 1.
Next we assign the labels 0, 2, 2, 2, 3, 3 to the vertices wgqr11, Var+1, Wart1, Tar41s Ydrt1, Zdrt1-
Case 3. n=2 (mod 4).

Let n =4r 42, r € N. Asin Case 1, we assign the label to the vertices u;, v;, w;, x;, Y; 2;

(1 <i<4r). Finally we assign the labels 0, 0, 2, 2, 1, 0, 2, 3, 3, 1, 3, 3 to the vertices w441,

Udr+2, Var+1, V4p42, War41, War4+2, Tdr+1, Tar+2; Ydr+1, Y4r4+2, 24r+1, Z4r42-
Case 4. n =3 (mod 4).
Let n =4r + 3, r € N. In this case we assign the label to the vertices u;, v;, w;, x;, yi, 2

(1 <i<4r+2)asin Case 3. Finally we assign the labels 0, 2, 1, 3, 0, 3 to the vertices u4, 13,

V4r43, War+3, Tar+3, Yar+3, 24r+3-
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This vertex labeling f is a 4-total mean cordial labeling follows from Table 8.

Order of n | tmys (0) | timsr (1) | tmys(2) | tmys(3)

n=4r 13r 13r 13r—1 | 13r—1
n=4r+1 | 13r+2 | 13r+3 | 13r+3 | 13r+3
n=4r+2 | 13r+6 | 13r4+6 | 13r+6 | 13r4+6
n=4r+3 | 13r+9 | 13r +10 | 13r+9 | 13r+9

Table 8

This completes the proof. O

Example 4.1 A 4-total mean cordial labeling of the graph G obtained from Theorem 4.9 with
n =5 is given in Figure 1.

Figure 1
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