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Aim and Scope

International Journal of Neutrosophic Science (IJNS) is a peer-review journal publishing high quality
experimental and theoretical research in all areas of Neutrosophic and its Applications. IJNS is
published quarterly. IJNS is devoted to the publication of peer-reviewed original research papers lying in
the domain of neutrosophic sets and systems. Papers submitted for possible publication may concern with
foundations, neutrosophic logic and mathematical structures in the neutrosophic setting. Besides providing
emphasis on topics like artificial intelligence, pattern recognition, image processing, robotics, decision
making, data analysis, data mining, applications of neutrosophic mathematical theories contributing to
economics, finance, management, industries, electronics, and communications are promoted. Variants of
neutrosophic sets including refined neutrosophic set (RNS). Articles evolving algorithms making

computational work handy are welcome.

Topics of Interest

IJNS promotes research and reflects the most recent advances of neutrosophic Sciences in diverse

disciplines, with emphasis on the following aspects, but certainly not limited to:

(1 Neutrosophic sets [0 Neutrosophic algebra

(1 Neutrosophic topolog (1 Neutrosophic graphs

[1 Neutrosophic probabilities [0 Neutrosophic tools for decision making

(1 Neutrosophic theory for machine learning (1 Neutrosophic statistics

[ Neutrosophic numerical measures (1 Classical neutrosophic numbers

[ A neutrosophic hypothesis [ The neutrosophic level of significance

(1 The neutrosophic confidence interval [1 The neutrosophic central limit theorem
| Neutrosophic theory in bioinformatics

Cland medical analytics 1 Neutrosophic tools for big data analytics
| Neutrosophic tools for deep learning [1 Neutrosophic tools for data visualization
| Quadripartitioned single-valued
Ineutrosophic sets [ Refined single-valued neutrosophic sets
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Applications of neutrosophic logic in image processing

Neutrosophic logic for feature learning, classification, regression, and clustering
Neutrosophic knowledge retrieval of medical images

Neutrosophic set theory for large-scale image and multimedia processing
Neutrosophic set theory for brain-machine interfaces and medical signal analysis
Applications of neutrosophic theory in large-scale healthcare data

Neutrosophic set-based multimodal sensor data

Neutrosophic set-based array processing and analysis

Wireless sensor networks Neutrosophic set-based Crowd-sourcing
Neutrosophic set-based heterogeneous data mining

Neutrosophic in Virtual Reality

Neutrosophic and Plithogenic theories in Humanities and Social Sciences
Neutrosophic and Plithogenic theories in decision making

Neutrosophic in Astronomy and Space Sciences
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The Concept of Neutrosophic Limits in Real Sequences

Huda E. Khalid ¥, Ahmed K. Essa 2

12 Telafer University, Scientific Affairs and Cultural Relations Department, Telafer, Iraq; hodaesmail@yahoo.com

* Correspondence: hodaesmail@yahoo.com

Abstract

The theory of neutrosophic limits is the natural step before developing the theory of neutrosophic continuous
functions and developing the theory of neutrosophic differentiation. The goal of this work is to construct a new
definition of the neutrosophic limits for real sequences using the distance as a linear operator. Some new theorems
are presented to cover the theoretical notions of this topic and an illustrative example is presented to help the reader
understanding the notions of this article.

Keywords: Neutrosophic Limits, Neutrosophic Convergence, Real Sequences.

1. Introduction

The essential concepts that should be extended in neutrosophic theory are the fuzzy limits, fuzzy continuity, and fuzzy
derivatives. Neutrosophic researchers must extend the usual concept of the conventional limit of a sequence.
Furthermore, the main differences between neutrosophic theory and fuzzy theory are that any notion in neutrosophic
theory say < A > together with its counteractive < antiA > and with their spectrum of neutralities < neutA4 > in
between them (i.e. ideas supporting neither < A > nor < antid >). The < neutA > and < antiA > ideas together
are referred to as < nonA >. Neutrosophic logic is generalization of the fuzzy logic. In neutrosophic logic a
proposition has a degree of truth (T), a degree of indeterminacy (I), and a degree of falsity (F), where T, I, F are
standard or non-standard subsets of ] 70, 1* [ [1]. The neutrosophic logic was established by F. Smarandache [2]. In
this paper, the authors introduce pioneering work called neutrosophic limits for real-sequences using the linear
operator. The first improvement in the topic about neutrosophic limits was by F. Smarandache in his first edition of
neutrosophic calculus [3], the second attempt to determine the concept of functional limits, introduce the binomial
factorial theorem, and specify the indeterminate values of neutrosophic calculus were by Huda E. Khalid et al. [4,14].
There are many additional works by Huda E. Khalid concerning specifying the type of indeterminacy regarded to the
(over, off, under) neutrosophic theory [5,6,7,10], also she worked to improve the concept of neutrosophic geometric
programming [8,9,11,12,13], those previous works did not cover the limits and the continuity of real sequences which
regards as the basic concepts of mathematical analysis. This paper represents the first attempt in this direction.

2. Basic concepts
2.1. Definition [15]
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Suppose R = (—0,0) , R* = [0,00) and R** = (0, ), assume thatr € R* and letl = {a; ER; i =1,2,...}bea
sequence of real numbers.

2.2. Definition [15]

(a) A real number "a'’ is called an r-limit of a sequence [ (it is denoted by a = r — lim a; or a = r — liml) if for
11— 00

any € € R**, the inequality |a — a;| < r + ¢ is valid for almost all a; , i.e., there is such n that for any i > n, we
have |a —a;| <7 +¢.

(b) A sequence [ that has an r — limit is called r — convergent and it is denoted by [ — r¢ . Informally, a is an -
limit of a sequence [ for an arbitrarily small €, the distance between a and all but a finite number of elements from [
is smaller than r + ¢ . In other words, a number a is an r — limit of a sequence [ if for any € € R**, almost all a;
belong to the interval (a — r — €,a + r + €). Hence, r becomes a measure of convergence for .

2.3. Compare Between Fuzzy and Neutrosophic Logics [1,7]

The neutrosophic connections have a better truth-value definition approach to the real-world systems than the fuzzy
connections. They are defined on triple non-standard subsets included in the non-standard interval ] ~0, 1% [, while
in fuzzy theory they are defined on the interval [0, 1]. n_sup is not limited to 1, but it’s aggrandized to a monad
m (3%); similarly, n_inf maybe as low as m( ~0), not as 0. A paradox, which is simultaneously true and false, cannot
be evaluated in fuzzy logic, because the sum of the combinations should add up to 1, but it is allowed in neutrosophic
theory because of the thought of contradictory in neutrosophic logic may be (1,1,1). In dissenting to the fuzzy theory,
if an assumption <A> is t% true, doesn't necessarily mean it is (1 00- t ) % false. A better tactic is t% true, i %
indeterminate, and f % false, as in intuitionistic fuzzy logic, whereast € T, i € I, f € F.More general, with
n_sup <3tandn_inf = 0.

3. Neutrosophic Limits of Sequences
This section presents basic steps to define the neutrosophic limits for real sequences using linear operator.
3.1. The Behavior of limits in Neutrosophic Environment

To put forward the concept of neutrosophic convergence, one must compare the differences between the fuzzy
convergent in Definition 2.2 with the neutrosophic notion, the condition |a — a;| < r + ¢ given in Definition 2.2 is
not enough to maintain the neutrosophic convergent of any real number a to a sequence of real numbers [. In fact, we
need two additional conditions related with p(a, a;) < r + ¢ . Any neutrosophic convergence need three joints, the
first hinge is the neutrosophically convergent which is somehow likely fuzzy convergent but this indeed could not be
enough to lead to neutrosophic convergence, the second hinge is anti (a) which must exist and satisfy
lanti (a) — a;| > r + ¢, and neut(a) will be the final hinge. Logically with respect to the neutrosophic notion,
anti (a) should satisfy the divergent from the sequence [, while neut(a) is any real number that is neither convergent
to [ nor divergent, in other words, neut(a) is situated in the location between a & anti (a), so the distance between
neut(a) and any element a; € [ could not be less than r + & and could not be greater than r + £ . Consequently, the
distance between neut (a) and any element of [ must be equal to r + ¢ and this only happens when neut(a) becomes
as sequence of neutralities say ¢ = {c;, ¢,, C3,... }, where ¢; is neut (a) corresponding to the value of a; € [ . The
above inspired us the following definition

3.2. Definition

DOI :10.5281/ZENODO.3732601 9
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Let a be a real number, b a real number or an interval of real numbers, and ¢ be a set of real numbers. Then a is
called an r — neutrosophic limit of a sequence [, referred to as a = r — N lim q; or denoted by a = r — Nlim [,
>0

if for any ¢ € R** the following inequalities are satisfied together:
I-la—a;| <7 +e¢,
2-|b—a;| >r+¢e whereb = anti (a) [i.e. b is the opposite or negation of a ],

3-lg—ail =r+e¢ where ¢ = neut (a) [i.e. here ¢ = {c;, ¢,, C3,...}, ¢; is neut (a) corresponding to the value
of a; ] also neut (a) means neither a nor b.

Note that p(a,a;) < r + ¢ is valid for almost all a; , (i.e. there is such n that for any i > n, we have p(a,a; ) <71 +
€). Also p(b,a;) > r + ¢ is valid for almost all elements of a; ,( i.e. there is such m that for any i > m, we have
p(b,a;) > r + € ). Moreover, for the neutral of a there is a set of elements ¢ = {c;, ¢, c3,...} that satisfies the
inequality p(c;, a;) = r + € (i.e. ¢; represents the neut(a) corresponding to the element a, € I, ¢, represent the
neut(a) corresponding to the element a, € [ and so on). In this case, the sequence [ is r-neutrosophically convergent

N
to a and it is denoted by l — ,a .

In other words, the element a is r — Nlimit of a sequence [ if for an arbitrarily small € € R** | the distance between
a and all but a finite number of elements from [ is less than r + ¢ , at the same time there is another element b (it
could be an interval b = (b, b,) ) that the distance between b and all but finite number of elements from [ is greater
than r + ¢, simultaneously for any element of [ say a; there is a corresponding element ¢; that the distance between
a; &c;isequaltor + €.

It is obvious that almost all a; belong to the interval (a —r — &, a + r + ¢£), at the same time those almost all a; do
not belong to the interval (b —r — €, b + r + &) while for each element a; € [ there is one and only one element of a
sequence c satisfyaq; = ¢; —r — &.

4. Some Theoretical Results for Neutrosophic Limits
This section presents some results on neutrosophic limits.
4.1. Theorem

Let a, b be any two real numbers, and ¢ = {c;, ¢5, C3,...} be a set of real numbers, suppose that r € R*, and let | =
{a; €R; i =1,2,...} be a sequence of real numbers. If v =0 (i.e. a = 0 — N limit l), then for any ¢ € R** the
following inequalities hold:

la —¢;| < 2¢
b —¢;| < 2¢
Proof

Apply r = 0 to the inequalities of Definition (3.2), we get

la —a;l <e 1)
|b—a;| > e (2)
lc; —a;| = ¢ 3)

DOI :10.5281/ZENODO.3732601 10
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From equality (3),
ci—a;=Fe sa;=c;t¢
Return to the inequality |a — a;| < & and by using the definition of absolute value, we will get
0<a—g<e&—-e<—(a—a;)<0
Applying (4) to the above inequalities, will get the following inequalities,
0<a—-c¢<2e&-2e<—(a—¢) <0,
which imply that, |a — ¢;| < 2e,
Track the same above way to prove that,
b —¢;| < 2e.
The proof'is complete.
4.2. Theorem
Leta=r—Nliml,thena =q— Nliml, atq —r = ¢, whereg; € R*™™*.
Proof
Since a = r — N lim [, the following inequalities are holding together:
la —a;| <r+e
|b—a;|>r+e
lc;—a;l=r+¢
Since q — r = ¢4, it follows that ¢ > r and hence, g + € > r + ¢ . But from inequality (5) we have,
r+e>la—q| - la—a] <q+e.
Therefore, the first inequality of Definition (3.2) is holds for q.
From equality (7) we have, r = |¢; — a;| — ¢
Sq-g=lg-al-e=>g—al=q—¢& +e,
Reset —&; + € as &,
~ le; — a;| = q + &,, which means that the equality of Definition (3.2) is holding for q.
For the second inequality of Definition (3.2),
|b—a;|>r+e=q—¢ +¢,
reset —&; +eas e, = |b—aq;| > q + &,.
So, all restricted conditions of Definition (3.2) are holds for g.

DOI :10.5281/ZENODO.3732601
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~a=q—Nliml,
4.3. Note
1- We can re-express Definition (3.2) in the following alternative way.
A number a represents the neutrosophic limit for sequence [ if the triple (a, b, ¢) satisfies
a=1r—Nliml (aisan r — Nlimit of | for somer € R*)
b=#r—Nliml (bisnotr — Nlimitofl )
¢ ¥r—Nliml (cisniether r — N limit of l nor not r — N limit of ).
2- A sequence [ is neutrosophically convergent to a if [ has a neutrosophic limit to a.

5. Numerical Example

Leta=1andl = {%} where i is the set of all-natural numbers. Test if a is 2 — Nlimit of the sequence [. What about

the convergence of [ toa = 2.5 ?
Solution:

Herea =1, r =2, and let € = 0.1, it is obvious that p(1,a;) < r + € = p(1,a;) < 2.1 for almost all elements of
I. The value of b = anti (a) for a=1,7r = 2,6 = 0.1 is b = (3.1, ), while the sequence ¢ = neut (a) =
{3.1,2.6,2.4333, ..... },i.e. p(3.1,a;) = 2.1 > a; = 1 which is the first element in [, p(2.6, a,) = 2.1 = a, = 0.5.
which is the second element in [ , also p(2.4333,a;) = 2.1 = a; = 0.3333 = %the third element in [, it is clear that
the sequence ¢ = neut (a) satisfies the equality |c; — a;| = + £, here r + £ = 2.1 . Consequently, a = 11is 2 —
N limit of | (i.e. 1 =2 — Nliml). Buta = 2.5 isnot 2 — Nlimit of [ since at ¢ = 0.1 this implies that |2.5 - %| >

2.1 for almost all values of i except i = 1 and i = 2, this is a contradict to the first inequality of Definition (3.2), (i.e.
2.5 #2—Nliml).

6. Conclusions

It is well known that many processes of mathematics, such as differentiation and integration, demand the use of
limits. This paper presented the definition of neutrosophic limits of real sequence ! using the distance as a linear
operator. Moreover, two theorems for the sake of the theoretical part of this paper were proved. The notions of this
paper came as necessary first step to develop the notion of neutrosophic differentiation in the real space R and the
neutrosophic convergent.
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Abstract

In this paper, were using moving averages to pave the Neutrosophic time series. similar to use moving averages to
pave the classical time series . the difference, here were dealing with inaccurate data and values of the time series.in
the Neutrosophic time series, each unit of time(t) corresponds to a range of values instead of a single value. Finally,
we find that the Neutrosophic time series provide an accurate description of the behavior of the series better than in

the classic. Therefore, can predict the future of the series as accurately as possible.

Keywords: Time Series, Neutrosophic logic, Neutrosophic Time Series, moving averages.
1.Introduction

A time series is a set of data arranged in chronological order, the data of this series are associate to each other in the
general case, and this correlation gives us reliable future forecasts. also define it as a set of consecutive values
(observations) that describe the evolution of a phenomenon over time. say about this time series that it is neutrosophic
time series (NTS), if some or all of its values (its observations) are not explicitly specific, such as being a range of
values instead of one value [9]. That is, successive observations "that describe the evolution of a phenomenon with
time" , some or all of it is not precisely defined .

The neutrosophic logic was established by F. Smarandache in 1995 . It is a new branch of philosophy, presented as
a generalization for the fuzzy logic [1] and as a generalization for the intuitionistic fuzzy logic [3]. Where presented
it as a type of formal logic that aims at explaining the truth, falsehood, and neutral propositions .

The fundamental concepts of neutrosophic set, introduced by Smarandache in [4,5,6,8], Salama and rafif et al. in
[7,9,10,11,12,13,14,15,16,17], provides a new foundation for dealing with issues that have indeterminate data. The
idea of basic neutrosophic statistics was developed by F. Smarandache [2]. The idea of inferential neutrosophic
statistics and neutrosophic statistics was developed by Aslam [18,19]. Singh and Hong presented the time series
dataset in to Neutrosophic series using three different memberships are truth-membership, indeterminacy-
membership and falsity-membership[23]. In this paper, the authors provide a method for paving the Neutrosophic
time series using "forward, backward and central" moving averages. This is done similarly to that in classical logic,
with the difference that dealing with a Neutrosophic series rather than a classic series.

The aim of this paper is to demonstrate the method of "paving time series using moving averages" within the
framework of the Neutrosophic logic. Where find that dealing with the Neutrosophic series is better than the classic
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series , because the Neutrosophic series provides a more accurate and comprehensive description of the time series
data set and thus describe the series behavior better than it is in the classic. Which provides a better environment and
base for future forecasting.

Moving averages mean dividing the series into a number of equal and overlapping divisions, and replacing each
section with a number (mean, median, or others).

2. The forward moving averages of a Neutosophic time series:

Symbolize the moving averages of a Neutrosophic time series with the symbol Nm.

If denote to the Neutrosophic time series with the symbol N@Q;, the forward moving average is given by:

Nmt=nl[2-_

NQ;]

2.0

Where n is the degree of the moving average.

For example, for n =3 we have:

_ 1 t+2
Nm; = 3_[21'=t

Therefore:

W |-

le =

[NQ; + NQ; + NQs]

Nmy = = [NQz + NQ3 + NQ,]

And so on..

2.1. Example:

NQ;| = %[NQt + NQ¢11 + NQ¢y2]

Let's calculate the forward triple moving average for the following Neutrosophical time series, a series that represents
the humidity recorded during seven days in Homs:

DOI: 10.5281/ zenodo. 3732611

t NQ; Nmy
1 50,521 | ==[[50,52] + [51,53] + [49,50]] = [50,51.67]
2 51,531 | ==[[51,53] +[49,50] + [55,58]] = [51.67,53.67]
3 [49, 50] =[54.67 , 56.67]
4 [55, 58] =[58, 61]
5 [60, 62] =[61, 64]
6 [59, 63]
7 [64,67]
Table (1): Calculating the forward moving average
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3. Backward Moving Averages of a Neutrosophic Time Series:

The Backward moving average for a Neutrosophic time series is given by the following relationship:
1 _
Nm, =—[ZiZI"'NQil G

Where n is the degree of the moving average.

For example, for n =3 we have:

1 - 1
Nm; = ;[Zf:? NQi] = 3_[NQt + NQ¢—1 + NQ¢—,]
Therefore:

Nms = =[NQ; + NQ; + NQi]

Nmy, = 2 [NQs + NQ; + NQ,

And so on..
3.1. Example:

Let's calculate the Backward triple moving average for the Neutrosophical time series in the previous example (2.1):

t NQ, Nm

1 [50, 52]

2 [51, 53]

3 49,501 | ==[[50,52] + [51,53] + [49,50]] = [50,51.67]

4 [55,58] | ==[[51,53] + [49,50] + [55,58]] = [51.67,53.67]
5 [60, 62] =[54.67 , 56.67]

6 [59, 63] =[58, 61]

7 (64, 67] =[61, 64]

Table 2: Calculating the Backward moving average

4. Central moving average of a Neutrosophic time series:

The central moving average of a Neutrosophic time series is given by the following relationship:

1 t -1)/2
Nmt = ;[legﬁ(nzl)/z NQI] (4:1)

Where n is the degree of the moving average.

For example, for n =3 we have:

DOI: 10.5281/ zenodo. 3732611
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1 1
Nm; = ;[ EANQ] = 7 [NQe—1 + NQ¢ + NQr41]
Therefore:

Nmy = ~[NQ1 + NQ; + NQ3]

1
Nmz = [NQ; + NQ3 + NQ4]
For example, for n =5 we have:

Nm; = Si[ ztitz—z NQi]

And so on..
4.1. Example:

Let's calculate the central triple moving average for the Neutrosophical time series in the previous example (2.1):

t NQ; Nm;
1 [50, 52]

2 [51, 53] =[50,51.67]

3 [49, 50] =[51.67,53.67]
4 [55, 58] =[54.67 , 56.67]
5 [60, 62] =[58, 61]

6 [59, 63] =[61, 64]

7 [64,67]

Table 3: Calculating the central moving average

5. Note:
Through the previous three tables (1),(2),(3) we find that:

e When using the forward moving average, lose from the end of the series a number of values equal to
(n-1) value, (in our example the degree of Moving average n = 3, so lost two values from the end of the

series).

e When using the backward moving average, lose from the beginning of the series a number of values equal to
(n-1) value, (in our example the degree of Moving average n = 3, so lost two values from the beginning of

the series).
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e When using the central moving average, lose from the beginning of the series and at the end of it a number

of values equal to (n-1)2 value, (in our example the degree of moving average n = 3, therefore lost a value

from the beginning of the series and a value from the end of the series).

6. Graphical representation of the time series:

80
70
60
50
40
30
20
10

Figure 1. Before paving

70
60 ‘_‘__4”4—3
50
40
30

20
10

Figure 2. After paving

= conclude from Figures (1) and (2): That the graph line in the series after paving has become

smoother than the graph line in series before paving .

DOI: 10.5281/ zenodo. 3732611

18



International Journal of Neutrosophic Science (IINS) Vol 3, No. 1, PP. 14-20, 2020

= The diagram of the series did not merge "before and after the paving " into a single diagram until
the Neutrosophical values appear clearly and do not cause any confusion.

=  Was used the forward moving average in the graph.

7. Conclusion

conclude that the use of the Neutrosophic time series and paving them using the moving averages method provides us
with a complete and accurate description of the behavior of the time series, which facilitates the prediction process for
the future of this series, as well as the prediction process is performed accurately and with the least possible errors.

In the near future, we are looking forward to studying the seasonal, periodic and random changes of neutrosophic time
series, as well as the method of eliminating the seasonal effect of neutrosophic time series.
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Abstract: Real-human kind issues have distinct sort of ambiguity and among them; one of the critical troubles is
solving the shortest path problem. In this contribution, we applied the developed score function and accuracy
function of pentagonal neutrosophic number (PNN) into a shortage path selection problem. Further, a time
dependent and heuristic cost function related shortest path algorithm is considered here in PNN area and solved it
utilizing an influx of dissimilar rational & pioneer thinking. Lastly, estimation of total ideal time of the graph
reflects the importance of this noble work.

Keywords: PNN, Score and accuracy function, shortest path algorithm.

Introduction: The perception of fuzzy set was first manifested by Professor Zadeh [1] in 1965 to grip the
uncertain data. Since then, the conception of fuzziness plays a most important feature to solve engineering and
statistical problem. As the researches goes on, researchers from different areas published several articles in this areas
and they extended the idea of fuzzy set in various fields according to their need. Recently, researchers invented the
perceptions of pentagonal [2], hexagonal [3], heptagonal [4] fuzzy numbers and they applied it in distinct areas like
operation research based EOQ, EPQ model, game theory, transportation problem etc. Further, in 1986 Prof.
Atanassov [5] demonstrated the idea of intuitionistic fuzzy set which was the extension of Zadeh’s fuzzy set. Here,
he considered both membership and non-membership function instead of Zadeh’s membership function. After that, a
basic question grows up into our mind that how can we construct the mathematical model to deal with the idea of
vagueness? Different kinds of methodologies were devised by using the researchers to describe intricately the
conceptions of some new unsure parameters and to handle these complex problems, the selection makers placed
forth their numerous thoughts in disjunctive areas. Later, Smarandache [6] in 1998 developed the remarkable idea of
neutrosophic set which contains three disjunctive membership function namely i) truth ii) hesitation and iii) falsity.
Actually, this is the extension of intuitionistic fuzzy set and general Zadeh’s fuzzy set. As researches goes on,
researchers introduced triangular [7], trapezoidal [8] and very recently pentagonal [9] neutrosophic set and its
classification in different cases. Recently, de-neutrosophic technique of pentagonal neutrosophic number [10], score
function based application [11] and MCGDM problem [12] has been illustrated by Chakraborty et. al. Also,
Chakraborty [13, 14] manifested the concept of cylindrical neutrosophic number in research domain and applied it in
graph theory and MCGDM problem. A few novel works [15-25] are also comes out recently in neutrosophic area
which plays an essential role in distinct fields like MCGDM, mathematical modeling, neutro-algebra, cryptography,
linear programming, and topological spaces. In this current area, Shortest path search problem is one of the
important problem in neutrosophic domain. Recently, Kumar et al [26] developed neutrosophic shortest path, [27]
interger valued neutrosophic shortest path, [28] Gaussian based shortest path and [29] weighted arc length based
shortest path in neutrosophic area. Also, Broumi et al [30] manifested bellman shaped shortest path problem which
plays a vital role in graph theory research.

This paper deals with the conception of pentagonal neutrosophic number in different aspect. Nowadays, researchers
are very much interested in doing shortest path problem in artificial intelligence problem in PNN environment. Here,
we consider a shortest path problem in PNN area where we utilize the idea of our developed score and accuracy
function for solving the problem.

1.1 Motivation

The idea of vagueness performs an important position in construction of mathematical modeling, economic
problem and social real lifestyles hassle and so on. If, anyone consider a shortest path problem in PNN area then
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how he/she will managed it and solve it? How we can relate PNN and crispificaton result ? From this aspect we
actually try to develop this research article.

1.2 Novelties

Only some of the articles are published in PNN area till now. Although it can be applied in many fields and compute
the results there. Our main focus is to apply the established PNN number in different areas.

(i) Develop score and accuracy function.

(i1) Application of our established score function in shortest path problem.

2. Preliminaries
2.1 Definition: Fuzzy Set: [1] Set M called as a fuzzy set when represented by the pair (X, Wi (x)) and thus stated as

M = {(x pg(x): x € X, uz(X) € [0,1]} where x € the crisp set X and pg(X) € the interval [0,1].

2.2 Definition: Intuitionistic Fuzzy Set (IFS): [5] An fuzzy set [2] Sy in the universal discourse X, symbolized
widely by x is referred as Intuitionistic set if Sp = {{x; [y(x),8§(x)]) i x € X}, where y(x): X — [0,1] is termed as
the certainty membership function which specify the degree of confidence, §(x): X — [0,1] is termed as the
uncertainty membership function which specify the degree of indistinctness.

y(x), 6(x) exhibits the following the relation 0 < y(x) + 6(x) < 1.

2.3 Definition: Neutrosophic Set: [6] A set Ne,, in the universal discourse X, figuratively represented by x named
as a neutrosophic set if Ney = {(x; [AIVEM(x)'nIVEM(x): omM(x)]) ix € X}, where Age,, (x):X 2] —0,1+] is
stated as the truthness function, which designates the degree of confidence, mge,, (x): X =] — 0,1 + [ is stated as the
hesitation function, which designates the degree of indistinctness, and o, (x): X =] — 0,1 + [ is stated as the
falseness function, which designates the degree of deceptiveness on the decision taken by the decision maker.
Aer (%), e, (%) & Ofe,, (x) displays the following relation:
=0 < Sup {Age,, (XD} + Sup {rw,, (x)} + Sup {G,@ﬂfx)} <3+
2.4 Definition: Single-Valued Neutrosophic Set: [7] A Neutrosophic set Ney, in the definition 2.3 is assumed as a
Single-Valued Neutrosophic Set (SNeM) if x is a single-valued independent variable. SNeA =
{065 [Aswey, (%), Tswe,, (%), Oswe,, (X)) : x € X}, where Agyg,, (), sy, (x) & Osx,, (x) signified the notion of
correct, indefinite and incorrect memberships function respectively.If three pointsd,, ey & f, exists for
which Ay, (do) = 1, tsxe,, (€0) = 1 & 05xg,, (fo) = 1, then the SNeyis termed neut-normal.
SCS,, is called neut-convex indicating that SCS,, is a subset of a real line by meeting the resulting conditions:
L Aswey(8d; + (1 = 6)d,) = m n{dswe,, (d1), Aswe,, (d2))
ii.  Tsxe,,(0d; + (1 — 8)d,) < max (msye,, (d1), Tsye,, (d2))
ii. Osne, (0d; + (1 — 6)d,) < max ( osyg,, (d1), Osye,, (d2))
whered; & d, € Rand § € [0,1]
2.5 Definition: Single-Valued Pentagonal Neutrosophic Number: [9] A Single-Valued Pentagonal Neutrosophic
Number (/) is defined as, Ss = ([(s%,t, ul, v1,w); ul, [(s% t2, u?, v, w?); 0], [(s3, £3,u®, v3, w); 7)),
where p, 8,1 € [0,1]. The truthness function(ugs): R — [0, u], the indeterminacy function (653): R — [0, 1] and the
falsity function (s3): R — [, 1] are given as:

bssa() st < x < ¢! Ossm(¥) s2 < x < t2
Ut <x <ul Oss: () t? < x < u?
u x =ul 9 x =u?
s(x) = , O5(x) =
55 (x) Ussm(Out < x < v? () Ossm(u? < x < v?
Usa (v < x <wt 7 (V% < x < w?
0 otherwise 1 otherwise
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Nsu(*) s3 < x < t3
Nt <x <ud
9 x=ud
Nem(ud < x <v?
Nem (v <x <wd
1 otherwise

nss(x) =

3. Score Function: Score function actually relates any uncertain number and the crisp number in our real world. A
score function is defined and developed in PNN Whp,,, = (W, Wy, W3, W,, Ws; T, i, 0) as,

Here, (1 + m) is the beneficiary portions of PNN membership function and (1 — u — o) is the hesitation portions of
(Wi+wo+w3+wa+ws)

5
Thus, Score function is described as SCp,,, = % wi+w,+ws+w,+wg) X 24+1—p—o0),

PNN membership function. Also, we have the mean of the components as,

Accuracy function is described as ACp,, = % W +w,+ws+w,+we) X 2+mn+pu+o0)

3.1 Relationship between any two PNN:

Let us consider any two PNN defined as follows

Wpen1 = (Ttpent Hpent Opent) \Wrenz = (Tpenzs Upenzs Openz)
1) SCPenl > SCPenZ , WPenl > WPenZ
2) SCPenl < SCPenZ ’ WPenl < WPenZ

3) SCpent = SCpenz » Wpen1 = Wpena

Then, if ACpeny > AC ,Wpeny > Wpens
ACpen1 < ACpenz s Wpen1 < Whpen;

ACpen1 = ACpenz » Wren1 = Wpena
4. Shortest Path Search Algorithm under PNN Environment:

Here we consider a problem in PNN environment to compute the shortest path in a very simple way. Shortest path
Search Algorithm is one of the best and popular skills used in path finding and graph traversals. Many games and
web- based graphs are used here to compute the shortest path very efficiently. This Algorithm finds the shortest path
through the search space using the hemistich function. It uses a best first search graph algorithm and finds a least
cost path from current node to destination node. Consider a weighted graph in PNN area [10] whose weights and
heuristic cost function are given as a pentagonal neutrosophic number with multiple nodes and we want to reach the
target node to starting node as quick as possible. It defined a heuristic cost function S(n) = p(n) + h(n) where
S(n)= estimated cost of the cheapest solution, p(n)= cost to reach node n from the starting position, h(n) =
estimated heuristic cost. Time and cost these are hesitation factors in case of real life problem. Here we consider the
functions p(n), h(n) are both pentagonal neutrosophic number. This algorithm expands less search tree and
computes the optimal result faster.

4.1 Algorithm

Step1: Convert all the PNN into crisp number using the established score value Section (3).
Step2: Placed the starting node to open list
Step 3: Check whether the open list is empty or not, if the list is empty then stop the process.

Step 4: choose the node from the open list, which has the least value of estimation function S(n), if node "n" is
target node then back to success and stop.

I7El)

Step 5: Expand node “n” and produce all of its successes and put “n” in the closed list.

ITEl) 7}

e Foreach successes “n”, check whether “n” is already in the open or closed list.

. 1

o [f'not then compute evaluation function for “n”” and placed it into open list.
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Step 6: Else if node “n” is already in open and closed then it should be attached to the back pointer which reflects
the lowest g(n') value.

Step 7: Stop.

4.2 Flowchart:

/ Convert each PNN into crisp number using score value /

/ Placed the start point to Open List /

Computation of S (n)

'

Remove from open list and put on closed and generate the new value of §(n) |

If"n"is the target
sector

-—| Calculate §(n) Step by step and modify |

Figure 4.2.1: Flowchart for the problem

Terminate

4.3 Hlustrative Example: Find the shortest path from A to F of the following graph in PNN environment.

Edges Optimistic Time
E, < (2,345,6;040.5,0.6) > Stage Heuristic Value
E, < (34567;0.6,03,04) >
<(03,0.7,1.2,1.5,2; 0.6,0.5,0.3) >

E; < (12,253,35;0.6,04,05) > B < (05,0.814,2,24;0.6,0.7,0.4) >
E, < (0,0.513,5;0.3,02,0.6) >

c < (0.2,0.40.6,0.8,1;0.8,0.6,0.5) >
Es < (15,2,255345;03,04,03) >

D < (0.8,1.3,1.8,2.4,3;0.3,04,0.5) >
Eq < (2335445;0.7,02,04) > E < (0.7,15,2,2.5,3;0.7,0.4,0.4) >

Doi : 10.5281/zenodo.3732659 24




International Journal of Neutrosophic Science (IINS)

Vol. 3, No. 1, PP. 21-28, 2020

E, < (3,3.5,4,4.5,5;0.6,0.2,0.3) >
F < (0.6,0.9,1.3,1.8,2.4;0.5,0.2,0.3) >
Eg < (0.3,0.4,0.45,0.5,0.6; 0.6,0.3,0.4) >
Connection Eq E, E; E, Es Eg E; Eg
Edges A-B B-C C-D B-E E-D A-F D-F E-F
Step-1 Network Diagram:
Ez E3

CA

Step-2 Crispification using the established Score function (3)

[Figure-4.3.1]

Edges Optimistic Time

Ey 1.73 Stage Heuristic Value
E, 2.83 A 0.68

E; 1.36 B 0.71

E, 0.95 C 0.34

Es 1.44 D 087

Eg 2.38 E 1.23

E; 2.80 F 0.93

Eg 0.28

Step-3 Here, A is the starting node

Doi

S(n) =p(n)+ h(n) =0+ 0.68 = 0.68

S(n) = 1.73 + 0.71 = 2.44

S(n) = 2.38+ 0.93 = 3.31 (hold)

: 10.5281/zenodo.3732659
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[Figure-4.3.2]

E¢ (Hold)

Step-4

A—B— C S(n) = 1.73 + 2.83 + 0.34 = 4.9 (hold)
A-B— E S(n) =1.73+ 095+ 1.23 = 3.91

E, (Hold) E;

E,

E, [Figure-4.3.3]

E (Hold)
Step-5
A-B->E - F S(n) =173+ 0.95 + 0.28 + 0.93 = 3.89
A-B-E—-D S(n) =1.73 + 0.95 + 1.44 + 0.87 = 4.99 (hold)

E, [Figure-4.3.4]

E¢ (Hold)
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SO, the final shortest path is A>B— E — F and optimal cost is = 2.96 unit.

5. Conclusion and future research scope

The concept of PNN has an adequate scope of utilization in various studies in different domain. In this research
article, we strongly erect the perception of score and accuracy function from different aspects. Additionally, we
consider a shortest path problem in PNN environment and resolve the problem applying the idea of score function.
Since, there may be no such articles is until now hooked up in PNN area, for this reason we cannot done comparison
study of our work with the other established methods.

Further, researchers can immensely apply this idea of neutrosophic number in numerous flourishing research fields
like engineering problem, mobile computing problems, diagnoses problem, realistic mathematical modeling, social
media problem etc.
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Abstract

In this paper, the primarily focus is to extend the concept of Octagonal Neutrosophic Numbers (ONN) since these
numbers provide a wide range of applications while dealing with more fluctuations in the linguistic environment.
Firstly, mathematical notions and definitions of Linear, Symmetric and Asymmetric types are proposed. Secondly,
a — Cut is defined. Finally, a case study is done by using the TOPSIS technique of MCDM.

Keywords: Accuracy Function, Neutrosophic Numbers, Octagonal Neutrosophic Numbers (ONN), MCDM,
TOPSIS.

1.Introduction

Researchers and mathematicians all over the world developed important analytical skills and problem-solving
strategies to assess a broad range of issues in human resource, medicine, selection problems etc. But the most
challenging issues were related to the problems which were more qualitative rather than quantitative in nature.

Thus, the need to handle uncertain situations and vagueness in practical as well as theoretical problems led the
researchers to the development of theories like fuzzy, neutrosophic set theory. The neutrosophic sets (NSs) [1] reflect
on the truth membership, indeterminacy membership, and falsity membership concurrently, which is more practical
and adequate than FSs and IFSs in selection problems, that are uncertain, incomplete, and inconsistent.

The idea of triangular, trapezoidal and pentagonal neutrosophic numbers having membership function which are
dependent and independent was given by [2-4]. Single-valued neutrosophic sets are an extension of NSs which were
introduced by Wang et al. [8]. Ye [9] introduced, simplified neutrosophic sets, and Peng et al. [8,9] define their novel
operations and aggregation operators. Finally, there are different extensions of NSs, such as interval neutrosophic set
[10], bipolar neutrosophic sets [11], and multi-valued neutrosophic sets [12].

Smarandache and many other researchers [13-20] also discussed the various extension of neutrosophic sets in
TOPSIS and MCDM. Sagqlain et.al. [21] proposed a new algorithm along with a new decision-making environment.
Many other novel approaches were also used by many researches [22-42] in decision makings. Some Fundamental
properties and applications of triangular and pentagonal neutrosophic numbers are proposed by [43-47]. With the
concept of octagonal neutrosophic numbers, decision maker can deal with more fluctuations because they have more
edges as compared to pentagonal numbers. In this current epoch, the neutrosophic numbers can be converted into
fuzzy numbers and the ability to deal with fluctuations will be increased.
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1.1 Motivation

Different researchers had already published a lot of articles on neutrosophic arena, as they applied and extended
this concept in different fields such as MCDM. The conception on neutrosophic octagonal number is totally new. An
important issue is that if someone wants to take Linear ONN, then what should its representation be? How should we
define membership, indeterminacy and non-membership functions? From this point of view, ONN is a good choice
for a decision maker in a practical scenario.

1.2 The Paper Presentation

In this paper, the concept of Octagonal Neutrosophic Numbers ONN is extended.
e  Formulation of Linear, Non-Linear, Linear symmetric, Non-Linear symmetric Octagonal Neutrosophic
Numbers.
Defining the @ — cut of each type.
e A case study of personal selection.

1.3 Structure of Paper

The article is structured as shown in the following Figure.

e Introduction

.
e Mathematical Definitions

J
e Linear Octagonal Neutrosophic Number, its type, |

and a — cuts )

N
e Case Study of Candidate Selection

J

)
e Conclusion

J

Figure 1: Pictorial view for the structure of the article
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riangular

Trapezoidal
CRISP
Pentagonal
FU.
e
|
&‘ Heptagonal
Octagonal
N
g Triangular
rd N
> Trapezoidal
I ™,
> Pentagonal
INTUITIONISTIC . \
> Hexagonal
Fuzzy Numbers
> [ Heptagonal ]
> [ Octagonal W
NEUTROSPHIC — —

Fuzzy Numbers \\

—» Hexagonal
%ﬂi
—» Octagonal

Figure 2. Flow chart of the three types, fuzzy, Intuitionistic fuzzy,and neutrosophic logic numbers
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2. Mathematical Definitions

In this section, we present necessary definitions that are used throughout the paper.

Definition 2.1: Neutrosophic Set [1]: A set nA is neutrosophic if NA={{x; [Tg5(x), I 55 (x), Faa(X)]):x € X},
where Tz3 (x): = [0,1] be a truth membership function I 73 (x) be a indeterminacy membership function and Fzz (x)
is falsity membership function Tz (x), I 73 (x), Fzz(x) exhibits the following relation:

07 < Ta(x), I ga(0), Fa(x) < 3%

Definition 2.2: Triangular Neutrosophic Number [2]: Triangular single value neutrosophic number is given as
c/l,'\,';u=(p'1, D, D371, T2, T3) whose truth, indeterminacy and falsity membership is given as:

S forp <5<,
1 when x =p,
psx
D3—DP2

T".quu (x): .
for p, <x <p;
0 otherwise
g2-x
d2—q1
0 when x =q,
x~qz
d3—q2

forqlsfc<q‘2

g".quu(x): .
for g, <x < (5

1 otherwise
xX—P1
P1-D2

1 when x =p,
P37—X
P3-D2

forp, < x < 2
:F".quu(x): .
for p, <x <p;

0 otherwise

Where 0< T4, (0)+ T4, )+ Foiy,. ()< 3, XE Apey -

And the parametric foam of this type is (cﬂ;\/eu)a,'ﬁ,y:[T Neu1 (0)s Tneu2(0)3 Ineu1(B)s Incuz (B)s Freur (V)s Fneuz (V)]
Where’ TNe,ul(a)=p,1+ a(plz - p\l) ’ TNE,uZ(a)ngl - a(plg - Ijz) ’ gNéul(B): qIZ - B (qlz - ‘il) ’
Ineuz(B)= g2 1B (qlg - ‘iz) Tt V=12 =y (2 = 11) s Fryan(Y)=12 +y (3 — 13) ,Here 0< a<1,0< $<1,0<y
<landO<a+ B+ vy <3

Definition 2.3: Trapezoidal Neutrosophic Number [3]: Let X be the universe of discourse, a trapezoidal
neutrosophic set A in X is defined by: N={(X, Ty (X), T (0), F 5 QOM)REX Y, where T (X) <[0,1], T (X)<[0,1],
F(X)c[0,1] are consider as three trapezoidal number, Ty (X )=(f]1v @), £5.(%), 5. (), £ (J‘c)):J'C —[0,1],
Iy (X )=(i}«, @), 5% @), 5 @), i, (9%)):56 —[0,1], Fy (X)=(f;¢ @), f2QR), fr (@), f (92)):J'Cl—>[0,1] with  the
condition 0 <£ (%) + iy (X) + fn(X) <3, %X,

Definition 2.4: Pentagonal Neutrosophic Number [4]: Pentagonal neutrosophic number (g') for single valued is
defined as §=( [Ml, nt ol ;;1, ail; 1'[], [44;1,2,4;1:2, 02, ;;2, ciz; p], [’I’J;L3, 3,03, ;;3, ci3; 6]) where m, p, 6€[0,1]. The truth
membership function T <):R—]0, 1t], the indeterminacy membership function (."75):Rl—>[ P, 1] and falsity membership

function (j’S):Rl—)[ 6,1] and given as:
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(T (%) m! < x<nl (T401 (%) m? < x < n? (e (%) m3<x<nd
T n! <x <0 Tp () n? < x < 02 g2 (%) n<x< 0
To= M x=ol Bo= 0 x=0 gy 0 | x=0
T (x) 0! <x < p! Je1 (%) 0% < x < p? g (x) 03 < x < p?
T (%) #;1 <x<g! T p? < x < g? g (x) P2 < x < gd
otherwise \ 1 otherwise

0  otherwise 1
Where ([m! < ni'< ol < p' < glin|,[m? < n? <o? < g2 < g%p|,[m? <n3 <o® < p° < g%6|)
Definition 2.5: Octagonal Neutrosophic Number [ONN] A Neutrosophic Number denoted by S is defined as,

S=([(Qn8%8K63):6][(,nt v el K 6", 30 ): W], [(Q2 % €, 9% €4, K?, 6%, 3%): 6] ) Where 6, ¥ , &
€ [0,1].
The truth membership function (6;): R— [ 0,1],

the indeterminacy membership function (¥;):R— [g,1],

and the falsity membership function (Y;):R— [& ,1] are given as follows:

(050 (%) Q<x<n (Ve () Q'<x<n' (Yeo(x) P <x<n’
04(x) n<ax<g W5 (x) n'<x<g Ya(x) n?<x<g
0, (x) g§< x<¥ Wi (x) g < x<v Y, (x) & < x <%
05(x) v<=x<e Yulx) #'<x<eé Ya(x) 2 < x<é?

8:x)={ 6 x=c¢ Y:x={ 3 x=¢! Yix)={ & x = ¢

B(x) e<x<K Yilx) e <x<i! Yo(x) €< x<K
() K<x<o Yo(x) K'<x<o Yox) KP<x< 6
01(0) 6<x<3 v,(x) 6'<x<3 Yy(x) 6% < x<3?
0 otherwise \ 1 otherwise 1 otherwise

Where S=([(Q<n<g<v<e<K<o<a)o][(Q' <nl<e <vl<el <kl<é' <s):y][(0?<

n?<el<vl<e? <K?<o'<s?)s])
3. The definition of [LONN], Representation and Examples had been Presented

In this section, we discuss its representations, and investigate its properties.

Definition 3.1: Linear Octagonal Neutrosophic Number [LONN]

Let A = (Q,n,5% ¢XK,0,3) be a linear octagonal neutrosophic number.It should satisfy the following conditions:

U4 (x) is continuous function between the interval £ to 3 for truthiness.

U.i(x) is a non-increasing continuous function between the interval of Q to g for truthiness.
Uji(x) is a non-decreasing continuous function between the interval € to 3 for truthiness.

L4 (%) is continuous function between the interval Q! to 3! for falsity.

L i(x) is a non-decreasing continuous function between the interval of Q! to g! for falsity.

(%) is a non-increasing continuous function between the interval of g! to 3' for falsity.

L4 (x) is continuous function between the interval Q? to 3% for indeterminacy.

L ;(x) is a non-increasing continuous function between the interval of Q2 to g2 for indeterminacy.
(%) is a non-decreasing continuous function between the interval of g! to 32 for indeterminacy.

e Al ol ol D o
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3.2 Linear ONN with symmetry

Let c/lw= (Q,n,5% €K, 06,3) be a linear ONN with the following membership functions.

(0 x<Q
x—Q
# ”_—Q) QSxSn
* n<x<g
x-g
/a+(1—/a)(a) e<x<¥
Truthiness=T; (X) = 1 y<x<s
K—x
,k+(1—/z,)(§) e<x<K
* K<x<6
3—x 7
k(;) 0<x<3
0 x >3
With 0<£<1
(0 x < Q!
_Ql
/f&(:l_?) 91SxSn1
2 m<x<g
_o1
k+(1—/&)(;_11) g <x<o
Falsity =F, (X) = 1 l<x<gl
K-
/a+(1—/a)(K1_:1) e <x <K
* K'<x <ol
&(3311__:1) o' <x<s!?
0 x >3t
(0 x < Q2
—-0?
/&(:Z_QZ) QP <x<n?
Y2 M <x<g
_e2
&+(1—&)(V’%2) & < x <42
Indeterminacy =I; (X) = 1 < x<¢g?
2_
fc+(1—k)(§2_:2) & < x <K?
* K? < x < 6?
2_
* (:2_;) 6? <x <32
0 x>3?

33 a —'cut of Linear ONN with symmetry:

o —cut can be express as: Ay = {£ € X|T,(X), 1,(X), F,(X) > &}
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(A (@) = 0+ (1= Dfor &€ [6,5]
Ay (0) =1+ 11__—:; (g.— 1) for & € [by, 1]
Ag (0) =g+ 11_Tb°‘3 (¥ —¢€) for & € [bs, 1]

Truthiness= T, (X) = { Ay (0) =¥+ (e — ¥) for & € [b,, 1]
—Us4

Asp(@) = K = 3= (§ =) for & € [6,5,]
Azp(0) = 6 =35 (6 —K)for G € [6, 5]

Agr(d) =3 —+-(3 — 6)for & € [6,5;]
2

There we have Ay, (&), Ay, (&), Az (), Ag (@) are increasing and Az (&), Az (1), Az (&) are decreasing.

(A (0) ="+ (7" —)fora e [6,B,]

Az (@) = "ll +

-

% (&l — 1) for G € [6,b,]
1—b2

A (@) = & + 5 (v — &) for 4 € [6, 5]
—P3

Ay (@) =¥ + == (e — 1) for d € [6,b,]
—by

Asp(®) =K' - i(Kl —¢l) for & € [by,1]
by

Ayp(@) = 6! ——(6' = K')for & € [bs, 1]
b3

Ar(&) =31 == (31 = 61 for @ € [b,,1]
2

Falsity= F, (X) =

(A (@) =n?+5 (&2~ n2)for a € [6,5]
An(@) = & + 520 — ) for G € [6,5,)
Az, @) = v + 15 (& — o) for G € [6, 5]
Indeterminacy= 1,(00) =) A, (&) = € + =2 (% — &) for G € [6,5.]
Az (&) = 62 —%(62 —K?) for & € [By, 1]

Azr(8) = 32 — - (32 — 62)for & € [b3, 1]
3

Ap(6) =32 — < (32— 62)for & € [b,,1]
7]

34 Non-Linear ONN with symmetry: Let A;s= (Q, 1,8 a;,a,,K, 06, 3) (A4 iz y,mp) D€ @non linear ONN and
its membership function are:
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( 0 x<Q
x—Q ny
/&(r{_—n) QA<x<n
* n<x<g
T
fc+(1—/¢)(;‘7:)2 E<x<¥
Truthiness=Ty, (X) = 1 y<x<s
_.\T
&+(1—fc)(%:) ' e <x<K
# K<x<6
3—x e ,
/z(;) 0<x<3
0 x >3
( 0 x<Q
x—Ql ml 1 1
k(m) Q' <x<n
# m<x<g
_1\T2
&+(1—l¢)(;_21) gl <x <ot
Falsity =Fy,, (X) = 1 l<x<¢l
3 Kl x ny 1 1
£+ k)(_lgi—sl) e <x<K
* K'<x <ol
1_,\"2
# (331_:1) ' <x<3?
0 x>31
( 0 x <02
_gz\™
'k(:z__gz) QZS.?CST{Z
£ P <x<g?
_.2\M2
/a+(1—/a)(v’%3) 2<x<v?
Indeterminacy=Iy, (X) = 1 2 <x<e?
2_.\"1
k+(1—k)(%) & < x <K?
* K? < x < 62
2_ nz
/&(%) 6 <x<3?
0 x>32

3.5 a —'cut of Non-Linear ONN with symmetry

o — cut of LONNS can be expressed by: Ay = {# € X|Ty, (X)), Iy, (), Fy, (X)) > a}
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(A (@ = 0+ (2)" (n - Dfor ke [6,5]

Az (@) = -+ (52)" (e~ ) for e [bs, 1]
(v — &) for & € [bs, 1]

(e—%) ford e [b4, 1]

N

—a\"3

Az (0) =g+ (1 s

)
1- )"4

Truthiness= Ty, (X) = { Ay (&) =¥ + (

by

Asn(@ =K~ (£)" &~ o) for e [65,)
Aze(@) = 6~ (£)™ (6~ K)for a € [8,5]
Ar(d) =3— (bi)m3 (3—6)for & € [, b,]

(A () =0+ arm (n — QY forae [0 bi]

" (&1 ) for &€ [6,5,]

b,

—am

A (@) = & + 52" (0 — &) for € [6,5;)
Falsity= Fyy, (X) ={ Ag (&) =¥ + : (e! — %) for G € [o B,
Asp(@) =K =< (K — 1) for &€ [5,,1]

Ayp(®) = 61 —% (6 —K')for & € [by, 1]

Apr(@) =3 —— (3 — 6 for & € [b,, 1]

c"l1L(0() =1 +_ (ﬁ —n*)fora € [0 b,]

Az (0) = g " (42— &) for € [6,5,]

b,
Az (@) = ¥ + 11 ;‘ (€2 — ¥2) for & € [6, 5]
Indeterminacy= Iy, (X) ={ Ag (&) = €2 + 11 ; (K - 82) forae [0 b4]

Az(Q) = 67 —bi (6> —K?) for & € [by, 1]

Ayp(d) =32 —— (3 —oz)forae[b3,1]

A (&) = 32 —i (32— 6%)for & € [by, 1]
b

The increasing functions are A, (&), Ay, (&), Az (&), Ag () with respect to & and the decreasing functions are
A (0), Ayg (), Agr (&) with respect to &. Ay, (0), Aqy (&), A (00), Aqp, (&) with respect to .
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( 0 x<Q
-0\
# n<x<
—e\ "2
/&—(/&—?)(ﬁ) g<x<a
Truthiness =Ty, (X)= 1 a, <x<a,
_x\T
ic—(/c—r)(lf_;z) a, <x<K
# K<x<6
(2)7”2 0<x<s3
3—0
0 x >3
( 0 x< Q!
—_n1
e wees
w m<x<g
1 2
w—(w - q) (7) g<xr<al
Falsity =Fy, (X)= 1 b' <x<a,t
™y
w — (w — 8) (Klf_b’:l) b, <x<K!
w K'<x <ol
(3311__:1) e 0t<x<3?
0 x>3!
( 0 x <02
—2\™M
V(=) V<<
X M <x<g?
x - -y (E5) 2 <x<a?
Indeterminacy=I, (X)= 1 o <x<a?
2_
X—(X—Z)(Ifz_c') ¢y <x <K’
Z K? < x < 62
2_,\M2
Z(32_;2) 6°<x<3?
0 x>32

4. Case Study

To demonstrate the feasibility and productiveness of the proposed method, here is the most useful real-life
problem. Suppose we have three different persons which have different degree, experience and number of
publications. How can we select the person who has more potential to deal with situations?

Numerical Example: Suppose that U is the universe. Suppose that the HR which is responsible for recruiting,
interviewing and placing workers, wants to hire a new person in company. Three different persons (A, B, C) apply for
this opportunity, which have different degrees, experiences and publications. On the base of choice parameters
{C;, C,, C5} we have to select the best one.
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A B C

/ {C,(0.72,0.35,0.71,0.77,0.41,0.73,0.77,0.81)  {C,(0.33,0.73,0.34,0.25,0.26,0.74,0.45,0.29) {€4(0.23,0.33,0.63,0.56,0.45,0.35,0.73,0.28)
(0.93,0.83,0.63,0.88 ,0.94,0.99,0.96,0.60) (0.33,0.46,0.59,0.79,0.85,0.79,0.74,0.86) (0.76,0.55,0.69,0.34,0.24,0.63,0.95,0.91) }
(0.86,0.95,0.99,0.97,0.94,0.93,0.95,0.91)} (0.88,0.83,0.55,0.75,0.98,0.64,0.96,0.90) } (0.94,0.73,0.95,0.95,0.48,0.94,0.96,0.74) }
{C€,(0.35,0.65,0.36,0.54,0.33,0.65,0.43,0.56) {€,(0.25,0.55,0.36,0.54,0.33,0.65,0.43,0.56) {€,(0.23,0.65,0.26,0.54,0.63,0.65,0.41,0.59)
(0.75,0.45,0.95,0.38,0.68,0.79,0.57,0.13) (0.93,0.83,0.83,0.58 ,0.84,0.69,0.76,0.80) (0.75,0.45,0.85,0.38,0.78,0.79,0.67,0.13)
(0.96,0.99,0.78,0.79,0.97,0.36,0.97,0.95)} (0.96,0.99,0.98,0.99,0.97,0.76,0.87,0.95)} (0.98,0.89,0.88,0.79,0.97,0.96,0.87,0.85) }
{€3(0.24,0.33,0.44,0.55,0.56,0.34,0.45,0.89) {C€5(0.24,0.33,0.74,0.35,0.46,0.54,0.85,0.19) {C3(0.24,0.23,0.44,0.25,0.26,0.34,0.85,0.89)

. (0..35,0.46,0.58,0.79,0.85,0.71,0.64,0.96) (0.88,0.86,0.58,0.85,0.85,0.61,0.64,0.86) (0.35,0.44,0.78,0.79,0.75,0.71,0.94,0.96)
" (0.84,0.73,0.85,0.95,0.98,0.84,0.96,0.94)} (0.98,0.93,0.95,0.95,0.98,0.84,0.66,0.84)} (0.74,0.63,0.95,0.95,0.98,0.94,0.98,0.94) }

[In this above, matrix (C;, C,, C5) is mentioned in the row and persons (A,B,C) are mentioned in the column]

STEP 1: Defuzzify the Octagonal Neutrosophic number by using Accuracy Function [21]

T Q+n+etvretK+6+3 I Ql+n L+el+olrel+kI+0T43l, O F Q2 +1 2+62+02 +£2+K2 +6% +32
DTNoy==EETTETRT078y | plivoy = (=1 ), DFvoy = (221 )
b - 9 -

8 8

Then the neutrosophic soft matrix is
Criteria Ay A,

8

Aj

¢ | (0.6,0.8,0.9) (0.4,0.6,0.8)

G, | (0.4,0.5,0.7) (0.4,0.7,0.9)

C; | (0.4,0.6,0.9) (0.4,0.7,0.9)
STEP 2: For normalized aggregate fuzzy decision matrix.

=_(@ by &
o{EE

) )
Cij Cij Cij

Criteria Aq A,

(0.4,0.5,0.9)
(0.4,0.6,0.9)
(0.4,0.7,0.9)

Aj;

¢, | (0.6,0.8,1.0) (0.5,0.7,1.0)

¢, | (0.5,0.7,1.0) (0.4,0.7,1.0)

C; | (0.4,0.6,1.0) (0.4,0.7,1.0)
Aggregate decision matrix for criteria weighting

W,=(0.3,0.4,0.5) , W,=(0.5,0.6,0.7) W5=(0.1,0.2,0.3)

(0.4,0.5,1.0)
(0.4,0.6,1.0)
(0.4,0.7,1.0)

STEP 3. Weighted normalized fuzzy decision matrix. F]: 7,, multiply-by w;

Criteria Ay A,

Aj;

¢, | (0.1,032,05)  (0.1,0.28,0.5)
G, | (02,042,0.7)  (0.2,0.42,0.7)

C; | (0.04,0.12,03)  (0.04,0.14,0.3)

STEP 4. Find FNIS AND FPIS

At=(PF, Pt PSP

P =max (Py3) i=12,....m ,j=1,23,...n

A= (PL, Py, P5 e PT)

P =min (P;3) i=1,2,....m ,j=1,23,...n
A*=(P#(0.5,0.5,0.5), B (0.7,0.7,0.7), 5 (0.3,0.3,0.3)
A= (P{(0.1,0.1,0.1), ;~(0.2,0.2,0.2), P (0.04,0.04,0.04)
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Now by d(E §)= |2 (@1 — @)? + by — B,)? + (¢4 — ©)?

Positive Ideal Solution

Criteria Aq A, Aj
Cc, | 0.253 0.263 0.288
C, | 0.330 0.330 0.349
C; | 0.182 0.176 0.176

Negative Ideal Solution

Criteria Aq A, Aj
C, | 0.050 0.041 0.023
C, | 0.063 0.063 0.046
C; | 0.012 0.015 0.015

STEP 5. Now calculate distance between each weighted alternative

J;: Z;l:l Cz (vi}" 'U]*) ’ di_:Z;lﬂ & (UU, 1,7}'_)

d;=0.765 d;=0.125
d3=0.769 d;=0.119
d3=0.813 d3=0.084

STEP 6. Closeness coefficient

= dy
CCi:le+di+
Cc,=—22_ —0.140
0.125+0.765
CC—22 _=0.134
0.119+0.769
CC=—2% _—0093
0.084+0.813
Strategy Result value Rank
cc, | 0.140 1
e, | 0.134 2
cc, | 0.093 3

Clearly
A1> A, > Aj, The person deserves this post is A q.

5. Conclusions

In this article, types of octagonal neutrosophic number (Linear, Non-Linear, Symmetric, Asymmetric) are
proposed and their a — cuts were also derived. Octagonal Neutrosophic Numbers are very useful in solving multi
criteria decision making MCDM problems from daily life since this number can deal with more fluctuations. To
discuss the applicability and productiveness in daily life issues a case study was done using TOPSIS technique of
MCDM. In which firstly numbers were converted from octagonal to fuzzy using accuracy function and then used in
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the existing method. In forthcoming work, we’ll propose the aggregate operators of Octagonal Neutrsophic Numbers
and their matrix notions with operations.
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Abstract

The connection between neutrosophy and algebra has been of great interest with respect to many researchers. The
objective of this paper is to provide a connection between neutrosophic X—structures and subtraction algebras. In this
regard, we introduce the concept of neutrosophic X—ideals in subtraction algebra. Moreover, we study its properties
and find a necessary and sufficient condition for a neutrosophic X—structure to be a neutrosophic X—ideal.

Keywords: Subtraction algebra, X—structure, Neutrosophic X—ideal, Level set.
1. Introduction

Neutrosophic sets were introduced by Florentin Smarandache [11] as a new mathematical tool for dealing with
uncertainity. They can be viewed as a generalization of the fuzzy sets that were introduced in 1965 by Lotfi Zadeh
[14]. Where Zadeh defined fuzzy sets as mathematical model of vagueness in which an element belongs to a given set
to some degree that is a number between 0 and 1 (both inclusive). Neutrosophy is a base of neutrosophic logic which
is an extension of fuzzy logic where indeterminacy is included [13]. In neutrosophic logic [10], each proposition is
estimated to have the degree of truth in a subset T, the degree of indeterminacy in a subset I, and the degree of falsity
in a subset F. The study of neutrosophic sets and their properties have a great importance in the sense of applications
as well as in understanding the fundamentals of uncertainty. Some related work can be found in [1, 2, 3, 12].

A crisp set A in a universe X can be defined in the form of its membership function p,: X — {0,1} where p,(x) =1
if x € Aand u,(x) = 0 if x ¢ A. A single valued neutrosophic set is an example of neutrosophic set which has many
applications [10]. A new function, which is called negative-valued function, was introduced by Jun et al. [5] and they
used it to construct X-structures. Some work related to neutrosophic X-structures can be found in [6, 7]. Schein [9]
considered systems of the form (&,3,\), where @ is a set of functions closed under the composition “B” of functions
and the set theoretic subtraction “\” and hence (@, \) is a subtraction algebra. Jun et al. [4] introduced the concept
of ideals in subtraction algebras and discussed the properties of these ideals. Some researchers worked on combining
the notions of neutrosophic sets and subtraction algebra. For example, lbrahim et al. introduced neutrosophic
subtraction algebra (semigroups) and presented some results about them. Moreover, Park [8] discussed neutrosophic
ideals of subtraction algebras by using single valued neutrosophic sets.

In this paper, we apply the concept of neutrosophic X-structures in subtraction algebras. And it is organized as follows:
After an Introduction, in Section 2 and Section 3, we present some basic results about neutrosophic X-strructures as
well as about subtraction algebras that are used throughout the paper. In Section 4, we introduce neutrosophic X-ideals
(R-subalgebras) of subtraction algebra and prove that the intersection, the product, the homomorphic preimage, and
onto homomrphic image are neutrosophic X-ideals. Finally, in Section 5, we prove a necessary and sufficient condition
for X-structures to be neutrosophic X-ideals by introducing the (a, 8, y)— level sets.
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2. Neutrosophic N-structures

In this section, we present some basic results about neutrosophic X-structures. For more details about neutrosophy, we
refer to [5, 6, 7].

Definition 2.1. [5] Let S be a non-empty set. A function from S — [—1,0] is called a negative-valued function (X-
function) from S to [—1,0].

Definition 2.2. [7] Let S be a non-empty set. A neutrosophic X-structure over S is defined as follows:
X
SN - {(TN,IN,FN) X € S},
where Ty, Iy, Fy are X-functions on S which are called the negative truth membership function, the negative
indeterminacy membership function and the negative falsity membership function, respectively, on S.
It is clear that for any K-structure Sy over S, —3 < Ty(x) + Iy(x) + Fy(x) < 0 forall x € S.

X

Definition 2.3. [7] Let Sy = {m 1X € S} and Sy = {m:x € S} be R-structures over S.

(1) Sy is called a neutrosophic X-substructure of Sy, denoted as Sy S Sy, if for all x € S,
Tn(x) = Ty (x), In(x) < Iy(x), Fy(x) = Fy(x).
If Sy € Sy and Sy € Sy, We say that Sy = Sy.

(2) The union of Sy and Sy is defined to be the X-structure over S:

SNuM ={ =

S S——
(TnumINUMFNUM)

where Tyum(x) = Ty (%) A Ty (%), Ingm(x) = In(x) V Iy (x), and Fyym(x) = Fy(x) A Fy(x) forall x € S.
(3) The intersection of Sy and Sy, is defined to be the X-structure over S:

X
Snom = {(TNHM'INHM'FNHM) X € S}'

Where TNnM(x) = TN(x) \ TM(x), INUM(x) = IN(.x) N IM(.x), a.nd FNUM(‘x) e FN(X) \ FM(X) fOI’ a" X € S

(4) The complement of Sy is defined to be the X-structure over S:

=t s
Ne (TnCAnCFNC) x

where Tye = —1 — Ty (x), Iyc = =1 — Iy(x), and Fyc = —1 — Fy(x) forall x € S.

X

Definition 2.4. [7] Let X, Y be non-empty sets, f: X — Y be any function, and Xy = {—: X € X},
(TNINFN)
Yy = {L: y € Y} be X-structures over X, Y respectively. Then
(Tm.Im.FMm)

X

(1) the X-structure X -1,y = { (X € X} over X is defined as follows:

T e=10nyl =10y F p=1 (1))

T =100y (%) = Tu(f (), L1000y () = In(f (), and F g1y (x) = Fy (f (x));

2) the X-structure Yy = {4: € Y} over Y is defined as follows:
©) fv) (Teany Ieavy Feavy) Y

A=y Tu(®) i [T () # 0 _ Vrw=yIn(x) if f7T) # ©;
T z{ f=y Tm o _ Vrw=y ,
£ ») 0 otherwise. il ) -1 otherwise.

and
A=y Fu(x) if f71() #
F, z{ fl)=y '™ .
1) ) 0 otherwise.

DOI: 10.5281/zenodo.3738737 45



International Journal of Neutrosophic Science (IINS) Vol 3, No. 1, PP. 44-53, 2020

Remark 2.1. Let X, Y be non-empty sets, f: X — Y be any onto function, and Xy = {(T Ix X € X},
NIN-E'N

Yy = {L:y € Y} be R-structures over X, Y respectively. Then for all y € Y
(TmAmFMm)

Teny¥) = /\ v, I = \/ Iy,  Fawn®)= /\ Fyv (x).
fx)=y fx)=y fx)=y

3. Subtraction algebra

In this section, we present some results related to subtraction algebra that are used throughout the paper. For more
details, we refer to [4, 9, 15].

Definition 3.1. [15] An algebra (X, —) is called a subtraction algebra if the single binary operation “—" satisfies the
following identities: for any x,y,z € X,

D x-@-0=x

(2 x=(x-y)=y-@-x);

@) k=) —z=x-2)-v.

We introduce an order relation “<” on subtraction algebras: a < b ifand onlyif a —b = 0; where0 =a — aisan
element that does not depend on the choice of a € X.

Itisclearthata —0 =aand0—a =0 forall a € X.
Example 3.1. Let A, = {0, 1}. Then (4,, —;) is a subtraction algebra defined in Table 1.

Table 1. The subtraction algebra (4,,—;)

Example 3.2. Let A, = {0, a, b, c}. Then (4,,—,) is a subtraction algebra defined in Table 2.

- 0 1
0 0 0
1 1 0

Table 2. The subtraction algebra (45, —,)

— 0 a b
0 0 0 0
a a 0 a
b b b 0
c c b a

Definition 3.3. [4] A non-empty subset A of a subtraction algebra X is called a subalgebra of X if for all a, b € A,

a—>b € A.
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Definition 3.4. [4] A non-empty subset A of a subtraction algebra X is called an ideal of X if it satisfies the following
conditions.

(1)a—xe€Aforalla e Aandx € X;

(2) forall a,b € A, whenever av b existsin X thenav b € A.

Remark 3.1. Every ideal of a subtraction algebra is a subalgebra. But the converse may not hold.

We illustrate Remark 3.1 by Example 3.3.

Example 3.3. Let (4,,—,) be the subtraction algebra in Example 3.2. Then {0, c} is a subalgebra of 4, that is not an
ideal of A,. Thisisclearasc —a =b ¢ {0, c}.

Example 3.4. Let A; = {0, d, e}. Then (43, —3) is a subtraction algebra defined in Table 3.

Table 3. The subtraction algebra (45, —3)

— 0 d e
0 0 0 0
d d 0 d
e e e 0

Example 3.5. Let (45,—3) be the subtraction algebra in Example 3.3. Then {0},{0,d },{0,e}, A; are the only
subalgebras of A;. Moreover, every subalgebra of A5 is an ideal of A,.

Definition 3.5. Let (X, —,), (Y, —,) be subtraction algebras and f: X — Y be a function. Then

(1) fisahomomrphism if f(x—,y) = f(x)—2f(¥) and f(x Vy) = f(x) V f ().
(2) f isan isomorphism if f is a bijective homomrphism. In this case, we say that X and Y are isomorphic
subtraction algebras and we write X = Y.

Example 3.6. Let (X, —) be a subtraction algebra and Let S be any subalgebra of Let X. Then f: S — X defined as
f(x) = x is a homomrphism.

Example 3.7. Let (X,—;), (Y,—,) be subtraction algebras and f:X — Y be defined as f(x) = 0. Then f is a
homomrphism.

4. Operations on neutrosophic N-ideals (8-subalgebra) of subtraction algebra

In this section, we introduce neutrosophic X-ideals (X-subalgebras) of subtraction algebra, present some examples,
and study different operations on them.

Definition 4.1. Let (X, —) be a subtraction algebra. An X-structure Xy over X is called a neutrosophic X-subalgebra
of X if the following conditions hold for all x,y € X.

TnGx=y) STy VTyO), Iv(x—y) = Iy(x) Aly(y), and Fy(x —y) < Fy(x) V Fy ().

Definition 4.2. Let (X, —) be a subtraction algebra. An X-structure X y over X is called a neutrosophic X-ideal of X if
the following conditions hold.
Q) Ty(x—y) <Ty(), Iy(x—y) = Iy(x),and Fy(x —y) < Fy(x) forall x,y € X,
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(2) ifx vy existsin X then
Ty(xVy) STy VTy@), Iy(xVy) =Iy(x) Aly(y), and Fy(x Vy) < Fy(x) V Fy ().

X

&.if)

Example 4.1. Let (X, —) be any subtraction algebra and ¢, i, f € [—1,0]. Then Xy = { (X € S} is a neutrosophic

X-ideal of X. We call this neutrosophic X-ideal as constant neutrosophic K-ideal.

Example 4.2. Let (X, —) be any non-trivial subtraction algebra and ¢, i, f € [—1,0] with (¢, i, f) # (0,—1,0). Then

0 X . . .
Xy = {(“—f) T EX— {0}} is a neutrosophic X-ideal of X.

Corollary 4.1. Let (X, —) be any non-trivial subtraction algebra (i.e., X # @). Then X has at least two neutrosophic
N-ideals.

Proof. The proof follows from Example 4.1 and Example 4.2.

Remark 4.1. Let (X, —) be a subtraction algebra. Then every neutrosophic X-ideal of X is a neutrosophic X-subalgebra
of X. But the converse may not hold.

We illustrate Remark 4.1 by Example 4.3.
Example 4.3. Let (4, —) be the subtraction algebra defined in Example 3.2 and define A4, as follows:
0 a b c

=< ) ) ) >-
N (-0.8,—-0.1,-0.7) ' (—0.4,—0.5,-0.6) ' (—0.4,—0.5,—-0.6) ' (—0.8,—0.1,—-0.7)
Then A, is a neutrosophic X-subalgebra of A, that is not neutrosophic X-ideal of 4,.

4z

Remark 4.2. The results in this section are also valid for neutrosophic X-subalgebras. But we restrict our proof to
neutrosophic X-ideals.

Proposition 4.1. Let (X, —) be a subtraction algebra and X y be a neutrosophic X-ideal (X-subalgebra) of X. Then for
allx € X, Ty(0) < Ty(x), Iy(0) = Iy(x), and Fy (0) < Fy (x).

Proof. Since 0 = x — x for all all x € X, it follows that T,,(0) = Ty (x — x) < Ty (x), Iy(0) = Iy(x — x) = Iy(x),

Theorem 4.1. Let (X, —) be a subtraction algebra. Then Xy and X yc are neutrosophic X-ideals (X-subalgebras) of X
if and only if Xy is the constant neutrosophic X-ideal of X.

Proof. It is clear that if Xy is the constant neutrosophic X-ideal of X then Xy and X ¢ are neutrosophic X-ideals (X-
subalgebras) of X.
Let Xy and X yc be neutrosophic X-ideals (X-subalgebras) of X. Proposition 4.1 asserts that Ty (0) < Ty (x) and
Tyc(0) < Tye(x) ,Iy(0) = Iy(x) and Iyc(0) = Iyc(x), and Fy(0) < Fy(x) and F,c(0) < Fyc(x). The latter
implies that

Ty (0) < Ty(x) and —1 — Ty (0) < -1 — Ty (x),

Iy(0) = Iy(x) and =1 — I, (0) = —1 — I, (x),

Fy(0) < Fy(x) and —1 — Fy(0) < =1 — Fy(x).
We get now that Ty (x) = Ty (0), Iy (x) = I4(0), and Fy (x) = Fy(0). Thus, Xy is the constant neutrosophic X-ideal
of X.
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Proposition 4.2. Let (X, —) be a subtraction algebra and Xy, X); be neutrosophic X-ideals (X-subalgebras) of X.
Then Xy IS @ neutrosophic X-ideal (X-subalgebra) of X.

Proof. Let x,y € X. Then
Tnomx —y) = Ty —y) VTu(x —y) < Tn(x) VT (x) = Tyam(x);
Inomx =) = InGe = y) Ay (x — y) = Iy () Ay (x) = Iynm(x);
Fyom(x —y) = Fy(x =) V Fy(x — y) < Fy(0) v Fy (%) = Fyam ().
Suppose that xv y exists in X. Then
Tnam(x VYY) = Ty(x VY) VT (x Vy) < Ty() VING) V Tu(x) V Ty () = Tnam () V Tyam ()
Inamx Vy) = INGevy) Ay (e vy) = InG) Ay Ay () Al (@) = Inam () A lnom (9
Fyom(x vy) = Fy(x Vy) vV Fy(x vVy) < Fy(x) vV Fy(y) V Fy(x) V Fy(y) = Fyam () V Fyam ).

Therefore, Xy iS @ neutrosophic X-ideal (X-subalgebra) of X.

Corollary 4.2. Let (X, —) be a subtraction algebra and Xy, be a neutrosophic X-ideal (X-subalgebra) of X for i =
1,2,...,n. Then Xnr N is a neutrosophic R-ideal (X-subalgebra) of X.

Remark 4.3. Let (X, —) be a subtraction algebra and Xy, X be neutrosophic X-ideals (X-subalgebras) of X. Then
Xnyum May not be a neutrosophic R-ideal (X-subalgebra) of X.

We illustrate Remark 4.3 by Example 4.4.

Example 4.4. Let (4,,—,) be the subtraction algebra defined in Example 3.2 and define the neutrosophic X-ideals
of X A,y A, as follows:

0 a b c
Az =< (-0.8,—0.1,—0.7)’ (—0.8,—0.1,—0.7) ' (—0.4,—0.5,—0.6) (—0.4, —0.5, —0.6) <
0 a b c
AZ =< ) ) N >,
M (-0.8,-0.2,—0.7) ' (—0.4,—0.3,—0.6) " (=0.8,—0.2,—0.7) ' (—0.4,—0.3,—0.6)

Then
0 a b c

A =< ) ’ ) >
2NUM ~~(Z0.8,-0.1,—0.7)’ (—0.8,—0.1,—0.7)' (—0.8,—0.2,—0.7) " (—0.4, —0.3,—0.6)

is not a neutrosophic X-ideal of X as —0.3 = Iy, () = Iyym(a Vv b) & Iyym(a) A Iygm(b) = —0.2.

Proposition 4.3. Let (X, —,), (Y, —,)be subtraction algebras and Xy, Yy be neutrosophic X-ideals (X-subalgebras) of
X, Y respectively. Then (X X Y)n«m IS @ neutrosophic X-ideal (X-subalgebra) of X x Y. Here, for all (x,y) € X X Y,

Taxm (6, ¥)) = Ty () V Tu (), Insem (6, ) = In(x) A Iy (¥), and Fym (%, 7)) = Fy(x) V Fu ().

Proof. The proof is straightforward.

Example 4.5. Let (A;, —;) be the subtraction algebra defined in Example 3.1 and define A, ; as follows:

0 1
A =< .
iN (~0.8,-0.1,-0.7) ’ (~0.4,—0.5,—0.6)
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_ (0,0) (0,1) (1,0) (1,1)
Then (4; X Ay)nxn =< (-0.8,-0.1,-0.7) * (=0.4,—0.5,—0.6) ’ (—0.4,~0.5,0.6) ’ (—0.4,—0.5,—0.6)

subtraction algebra (4, X A, —) presented in Table 4.

> is a neutrosophic X-ideal for the

Table 4. The subtraction algebra (4, X 4,,—)

- (0,0) 0,1) (1,0) (1,1)
(0,0) (0,0) (0,0) (0,0) (0,0)
0,1) 0,1) (0,0 0,1) (0,0)
(1,0) (1,0) (1,0) (0,0) (0,0)
(1,1) (1,1) (1,0) 0,1) (0,0)

Theorem 4.2. Let (X, —;), (Y,—,) be subtraction algebras, X , Yy be neutrosophic X-ideals (X-subalgebras) of
X,Y respectively, and f: X — Y be a homomorphism. Then X1y, is a neutrosophic X-ideal (X-subalgebra) of X.

Proof. Let x,a € X. Then
Tf—i(M)(x —a)=Ty(f(x—a)) =Ty(f(x) — f(a)) < TM(f(x)) =Tr-10m) (x),
If—i(M)(x —a)=Iy(f(x—a)) = Iy(f(x) — f(a)) = IM(f(x)) = If_l(M)(x);
Ff—l(M)(x —a) =Fy(f(x —a)) = Fy(f(x) — f(a)) < FM(f(x)) = Ff—l(M)(x)-
Suppose that x V a exists in X. Then
Tr-1myxVa) =Ty(f(xvVa) =Ty(fx)Vf(a) < Tu(f(0)) v Tu(f(@) = Tr-10my(X) V Tp-10my (@),
I-iy(xva) = Iy(f(xva) =Iy(fx) Vv f(a) = Iu(fe)) Au(f(@) = Le-103py () Al =100y (@),
Feip(xva) = Fiy(f(x Va)) = Fy(f(x) v f(a)) < FM(f(x)) \4 FM(f(a)) = Fr-10m)(X) V Fp-10py (@).

Therefore, X¢-1.yy, is a neutrosophic X-ideal of X.

Example 4.6. Let (X, —) be a subtraction algebra, S a subalgebra of X, and X = { 1X € X} a neutrosophic

x
(Tn.INFN)

X-ideal of X. Then by Theorem 4.1 and by taking f: S — X as f(x) = x for all x € S we get that Sy is a neutrosophic
X-ideal of S. Where Sy = {;-x € S}

(TNINFN)
Theorem 4.3. Let (X, —;), (Y,—,) be subtraction algebras, X , Y be neutrosophic X-ideals (X-subalgebras) of
X, Y respectively, and f: X — Y be a surjective homomorphism. Then Yy y, is a neutrosophic X-ideal (X-subalgebra)
of Y.

Proof. Let y, b € Y. Since f is surjective, it follows that Ty ny (¥ — b) = Ay _p=r(x) Tn(x). Moreover, there exist a €
X such that b = f(a). We have that Ty ny(y) = Ay—px) Tn(x) = Ty(x") for some x" € X with f(x") = y. We get
now that y — b = f(x") — f(a) = f(x' — a). The latter implies that that Ty ) (y — b) < Ty(x' —a) < Ty(x") =
Tecny (). Similarly, we get that F ) (y — b) < Fyony ().

IgenyY = b) = Vy(o=y—p Iy(x). Moreover, there exists a € X such that b = f(a). We have that I ) (y) =
Vi=y In(x) = Iy(x') for some x" € X with f(x") =y. We getnowthaty —b = f(x') — f(a) = f(x" — a). The
latter implies that Ig yy (y — b) = Iy(x" — @) = IN(X') = Iy (¥).
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Suppose that y v b € Y. We prove that Ty (v V b) < Ty ny(¥) V Ty (b) and Iy (v V b) = Iy (¥) A gy (),
Feony(y V b) < Fyny(¥) V Fyey (b) are done similarly.

We have Ty ny (¥ V b) = Ayyp=r(x) Tn(x). Moreover, there exists a € X such thatbh = f(a). We have that Ty v, (y) =
Ny= Tn(x) = Ty (x") and Ty (b) = Ap=f(x) Tn(x) = Ty(a)for some x’, a € X with f(x") =y,

f(a) =b Wegetnowthatyvb = f(x')V f(a) = f(x' Vv a). The latter implies that Tg yy(y V b) < Ty(x' Va) <
Tn(x") v Ty(a) = Tiy ) V Teny (B).

5. Level sets and neutrosophic R-ideals (R-subalgebra) of subtraction algebra
In this section, we define (a, B, y)— level sets of X  and study their relation with X-ideals of X.

Let X be a neutrosophic X- structure over X and let a, 3,y € [-1,0] be such that -3 < a4+ B+ y < 0. Then
(a,B,y)— level set of X is defined as follows:

XE X: Ty(x) < a,Iy(x) = B,Fy(x) <y}

Remark 5.1. The results in this section are also valid for neutrosophic X-subalgebras (instead of ideal we have
subalgebra). But we restrict our proof to neutrosophic X-ideals.

Proposition 5.1. Let (X, —) be a subtraction algebra, « € [—1,0], and X y a neutrosophic N-ideal of X. Then Ty%is
either an empty set or an ideal of X. Here, Ty® = {x € X: Ty(x) < a} is either an empty set or an ideal of X.

Proof. Let x,y € Ty* # @. Since Ty(x —y) < Ty(x) < a, it follows that x — y € Ty*. Suppose that x vV y exists
in X. Then Ty(x vV y) < Ty(x) VTy(y) < a. Thus, x V y € Ty*. Therefore, Ty“is an ideal of X.

Proposition 5.2. Let (X, —) be a subtraction algebra, 8 € [—1,0], and X y a neutrosophic X-ideal of X. Then Iy” is
either an empty set or an ideal of X. Here, Iy = {x € X: Iy(x) = B}.

Proof. The proof is similar to that of Proposition 5.1.

Proposition 5.3. Let (X, —) be a subtraction algebra, y € [—1,0], and Xy a neutrosophic X-ideal of X. Then F'is
either an empty set or an ideal of X. Here, Fy” = {X € X: Fy(x) < y}.

Proof. The proof is similar to that of Proposition 5.1.

Corollary 5.1. Let (X, —) be a subtraction algebra, a, 8,y € [—1,0], and X y a neutrosophic X-ideal of X. Then the
(a, B,y)— level set of X is either an empty set or an ideal of X.

Proof. We have the (a, B,y)— level set of Xy is TN“ﬂINﬁﬂ FyY. And by Propositions 5.1, 5.2, and 5.3, we have Ty,
Ing, and F" are either empty sets or ideals of X. Thus, the (a, 8,y)— level set of X  is either empty or an intersection
of ideals of X and hence, it is an ideal.

Lemma 5.1. Let (X, —) be a subtraction algebra, @, 8,y € [—1,0], and Xy an X-structure over X. If every non-empty
(a, B,y)— level set of X is an ideal of X then X  a neutrosophic X-ideal of X.

Proof. Let x,a € X. Then there exist &', B, y' € [-1,0] such that Ty(a) = &', Ixy(a) = B',Fy(a) =y'. Then aisin
the (', B',y")— level set of Xy which is an ideal of X. The latter implies that a — x is in the (a’, 8’, ") level set of
XN' We get now tha.t TN(a - x) < a = TN(a), IN(a - x) > ﬁ, = IN(a), FN(a - x) < y, = FN(a).
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Suppose that x vV a € X. Then there exista’, B',y', a", B",y"" € [-1,0] such that Ty (a) = o', Iy(a) = B',Fy(a) =
Y, Ty(x) = a", Iy(x) =p", Fy(x)=vy". Let a=a'va'",B=B"AB",y =y'vy". Then a,x are in the
(a, B,v)— level set of X  which is an ideal of X. The latter implies that a v x is in the (a, 8, y)— level set of X . Thus,
Ty(avx) < a=Ty(@VTyX), In(avx) == Iy(@ A Iyx),Fy(avx) <y = Fy(a) VFy().

Therefore, X y is a neutrosophic X-ideal of X.

Theorem 5.1. Let (X, —) be a subtraction algebra, a, 8,y € [—1,0], and X an X-structure over X. Then X is a
neutrosophic X-ideal of X if and only if every non-empty (a, 5, y)— level set of X is an ideal of X.

Proof. The proof follows from Corollary 5.1 and Lemma 5.1.

Theorem 5.2. Let (X, —) be a subtraction algebra, @, B,y € [—1,0], and X y an X-structure over X. Then the following
statements are equivalent.

(1) Xy isaneutrosophic X-ideal of X;
2) T\ Ing. and Fy" are either empty sets or ideals of X;

(3) Everynon-empty («a, B,y)— level set of X is an ideal of X.

Proof. (1) = (2): If Xy is a neutrosophic X-ideal of X then by Propositions 5.1, 5.2, and 5.3, we have Ty, INﬁ, and
FyY are ideals of X.

(2) = (3): If T“, Ing. and Fy" are ideals of X then the (@, 8,y)— level set of X is intersection of ideals of
X (intersection of Ty%, Ing. and Fy") and hence, it is an ideal of X.
(3)=(1): By Lemma 5.1.

Theorem 5.3. Let (X, —) be a subtraction algebra and «, 8,y € [—1,0] with (a,8,y) # (0,—1,0). Then every ideal
of X isan (@, B,y)— level set of a neutrosophic X-ideal of X.

X
(TNINSFN)

Proof. Let I be an ideal of X and Xy = { X € X} be R-structure of X defined as follows.

(Tn (), In(x), Fn (%)) = {((()af1);))) Oi{l;"\iii‘;&

Let o, ', ¥’ € [—1,0]. Then the (&', B, y")— level set of Xy is given as follows:

I ifa<a' <0,-1<p' ZBy<y' <0
X (a’;ﬁ,; V’) = (0!_1!0)
] otherwise.

And it is either an empty set or an ideal of X. Therefore, by Lemma 5.1, Xy is a neutrosophic X-ideal of X.
6. Conclusion

In this paper, we combined the notions of X-—structures, neutrosophy, and subtraction algebra to introduce
N—ideals (X-subalgebras) of subtraction algebras. Some operations on the defined notions were discussed. Moreover,
the (a, 8,y)— level sets were introduced and used to find a necessary and sufficient condition for X-structures to be
neutrosophic X-ideals (X-subalgebras).
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For future work, it would be interesting to check whether there is a relation between our results about X—ideals (X-
subalgebras) of subtraction algebras and the results related to single valued neutrosophic subtraction algebras
discussed by Chul Hwan Park in [8].
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Abstract

While making a decision, the neutrosophic set theory includes the uncertainty part beside certainty part (i.e.,
Yes or No). In the present uncertain socio-economic fashion, this pattern is highly acceptable and hence, the
limitations of fuzzy set and intuitionistic fuzzy set are overcome with neutrosophic set theory. The present
study provides a modified structure of linear programming problem (LP-problem) and its solution approach in
neutrosophic sense. A special type of neutrosophic set defined over the set of real number, viz., single valued
trapezoidal neutrosophic number (SVTN-number) is adopted here as the coefficients of the objective function,
right-hand side coefficients and decision variables itself of an LP-problem. In order to solve such problem, a
parameter based ranking function of SVTN-number is newly constructed from the geometrical configuration
of the trapezium. It plays a key role in the development of the solution algorithm. An LP-problem is normally
solved under the asset of some given constraints. Besides that, there may be some hidden parameters (e.g.,
awareness level of nearer society for the smooth run of a clinical pharmacy, ruined structure of road to be met
a profit from a bus, etc) of an LP-problem and these affect the solution badly when experts ignore them. This
study makes an attempt to solve an LP-problem by giving importance to all these to attain a fair outcome.
The efficiency of the proposed concept is illustrated in a real field. A real example is stated and is solved
numerically under the present view.

Keywords: Neutrosophic set; Single valued trapezoidal neutrosophic (SVTN) number; Linear programming
problem in neutrosophic sense; Simplex method.

1 Introduction

Due to complex diversity and vague atmosphere in the present socio-economic scenario, making a decision on
several events are being complicated day in day out. It is almost impossible to draw a decision in a straight
way due to incomplete and imprecise information available in the respective ground. Work pressure, diverted
mind, measurement errors, limited attention, lack of knowledge, time bounding pressure, the narrow scope of
placement at the end of academic, etc will force the experts to have such information. So, decision makers
focus to develop the concepts of decision making and optimization in an uncertain way. This results in the
exploration of fuzzy set by Zadeh [30] and intuitionistic fuzzy set by Atanassov [2]. But these logics can’t
manage the situations involving indeterminacy. There are many practical facts like in sports game, the role of
elector in the casting of poll, making decisions in different sectors, etc wherein one may predict three kinds
of outcomes. Smarandache [27] studied this kind of facts more precisely and he then introduced the notion of
the neutrosophic set (NS), a generalisation of intuitionistic fuzzy set. Each object in NS is characterised by a
triplet, viz., truth-membership value, indeterminacy-membership value and falsity-membership value. Each of
neutrosophic triplet is quantified explicitly and is independent in nature. The indeterministic part of uncertain
data plays an important role to make a proper decision which is out of scope in intuitionistic fuzzy set theory.

The ranking technique of fuzzy number, intuitionistic fuzzy number, neutrosophic number play an im-
portant role in developing different multi-attributive decision making, optimization, mathematical structures
and others. Gani and Ponnalagu [13] defined a method based on intuitionistic fuzzy linear programming for
investment strategy. Li [21] developed a ratio ranking technique of triangular intuitionistic fuzzy numbers
and applied it to MADM problems. Yao and Wu [29] brought a ranking method of fuzzy numbers based
on the decomposition principle and signed distance while Rao and Shankar [25] developed so with an area
method using the circumference of the centroid. Mukherjee and Basu [22] applied a fuzzy ranking method for
solving assignment problems with fuzzy costs. Roy and Das [26] solved a neutrosophic multi-objective pro-
duction planning problem. Deli and Subas [11] applied a ranking method of trapezoidal neutrosophic number
in MADM problems. Biswas et al. [9] have proposed an approach for multi-attribute group decision making
problems under single-valued neutrosophic environment. Hussian et al. [14] have solved the neutrosophic
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linear programming problem by transforming it into a crisp programming model. Pramanik [24] has put a new
direction to solve a neutrosophic multi-objective programming by extending Zimmermann’s approach. Several
approaches [3-8, 12] are seen to optimise LP-problems under real neutrosophic climate. Chakraborty [10] es-
tablished a score function of pentagonal neutrosophic number and applied it on a net working problem. Khalid
[15-20] handled neutrosophic geometric programming in several directions. Mullai et al. [23] developed an
inventory model with neutrosophic random variable.

Decision makers generally solve an LP-problem based on some constraints provided to them. Furthermore,
there are a number of parameters of an LP-problem such as, but not limited to, the awareness level of nearer
society for the smooth run of a clinical pharmacy, degree of redemption from Govt. tax on raw materials
used in industry to meet a profit, degree of ruined economy of society for inhaling situation of the nearer
market, degree of road condition in driving a bus to get a profit, etc. While solving an LP-problem, experts
ignore these facts and so the outcome is not fair as a whole. To conquer this limitation, a ranking function of
SVTN-number in term of a parameter graded in [0,1] is derived here from the geometrical configuration of
the trapezium. This parameter describes an additional character of an LP-problem which is modified here and
thus several situations (i.e., for different grades) of respective problem are managed nicely.

This study extends the concept of LP-problem from crisp sense to neutrosophic sense. Based on a ranking

function newly brought here, an efficient solution algorithm is developed to solve such a problem. The effi-
ciency of the present thought is measured in the real field. The paper is organised as follows.
Some preliminary definitions are remembered in Section 2. Section 3 provides a ranking function of SVTN-
number , and an LP-problem is given from the point of neutrosophic view. In Section 4, an algorithm is
developed towards solving such problem. The method has been illustrated with the help of a real life example
in Section 5. Finally, the present work and its future aspect and limitation are given in Section 6.

2 Preliminaries

Some necessary definitions and results are stated below to make out the main results.

2.1 Definition [1]

A fuzzy number P is designed by a pair of bounded functions P'(a), P%(a), a € [0, 1] where P* is mono-
tone increasing, left continuous and P# is monotone decreasing, right continuous with P (a) < PF(q).

A trapezoidal fuzzy number is displayed by P = (mq, no, ", d) where [mg, ng] is interval defuzzifier and
~v(> 0),0(> 0) are respectively left fuzziness, right fuzziness and (mg — v, ng -+ ) is the support of P. Its
membership function is defined as :

%(mfmoJr'y),mgf'ygmgmo,
Ple) = 1, x € [mg, ng),

3(ng —x+6), ng <z <mng+96,

0 elsewhere.

In parametric form P (o) = mo — v + ya, P (a) = ng + 6 — da.

2.2 Definition [27]

An NS P over the universe U is defined by a triplet namely truth-membership value pp, indeterminacy-
membership value vp and falsity-membership value np where p1p, vp,np : U —]70,17[. Thus P is displayed
as: P = {< z,up(x),vp(z),np(z) > x € U} with 0 < sup pp(z) + supvp(z) + supnp(z) < 3T,
Here 1t = 1 + &, where 1 is its standard part and ¢ is its non-standard part. Similarly =0 = 0 — &, where 0 is
its standard part and ¢ is its non-standard part.

This concept was primarily viewed in philosophical sense. But it is difficult to use NS with value from real
standard or nonstandard subset of | 0,17 [ in real field. To overcome this, NS with value from the subset of
[0,1] is considered.

2.3 Definition [28]

A single valued neutrosophic (SVN) set M over a universe U is an NS where the components of each triplet are
real standard elements of [0, 1]. Thus an SVN-set M is executed as : M = {< z, pps(z), var (@), nas(z) >:
x € U and ppr(x), vpr(z), nar(x) € [0,1]} such that 0 < sup pas(x) + sup vas(x) + sup nar(z) < 3.

Doi :10.5281/zenodo.3740647 55



International Journal of Neutrosophic Science (IJNS) Vol. 3, No. 2, PP. 54-66, 2020

2.4 Definition [11]

Let p;, qi, Si,t; € R (the set of all real numbers) with ordered as p; < ¢; < s; < ¢; (¢ = 1,2,3) and
Wi, Wi, Y € [0, 1]. Then a SVN-number 1 = (([p1, q1, 51, t1]; win), ([p2, @2, 52, t2]; um), ([p3, @3, 53, t3]; Yim))
is a special SVN-set on R whose truth value, indeterminacy value, falsity value are respectively defined by the
mappings i : R = [0, wg], v : R = [um, 1], s 0 R = [ym, 1] and they are respectively given as :

gh(x), p1 <z <aq, gL(x), pa <z < g, gh(x), p3 <z <gs,
W, @ << sy, Ugn, g2 < x < 83, Yins g3 < x < 83,
g;(x)’ s1<xz < t1, glrz(x)v sa <z < t2a g;(:ﬂ), S3 <z < t3,
0, otherwise. 1, otherwise. 1, otherwise.

The functions g/, : [p1,q1] = [0, wm], g, : [s2,t2] = [wm, 1], g5 : [s3,t3] = [ym, 1] are continuous and non-
decreasing which satisfy : g!,(p1) = 0,9, (q1) = wi, g} (s2) = um, gy (t2) = 1,97 (s3) = ym, gp(ts) = 1.
The functions g;, : [s1,%1] — [0, w],d, : [p2, ga] — [wm, 1],g£] : [ps, g3] = [ym, 1] are continuous and non-
increasing which satisfy : g7, (s1) = ws, g/, (t1) = 0,9.(p2) = 1, 9. (g2) = um, g} (p3) = 1,94 (g3) = Y-

If [p1,q1,81,t1] = [p2,q2, S2,t2] = [ps3,qs, S3,t3] in 1, it is reduced to a SVIN-number. Thus 1 =
{([p, q, s, t]; wi, un, yn)) is a SVTN-number.

2.5 Definition [6]

A neutrosophic set of the form m = (([p1, q1,01,&1];wm), ([p2, 92,02, §2]; wm), ([P3, 43, 93, €35 ym)) and
defined on R is called a SVN-number. §;(> 0) are the left spreads, &;(> 0) are the right spreads and [p;, ¢;]
are the modal intervals for degree of truth, indeterminacy, falsity-membership for ¢ = 1, 2, 3 respectively in m
and wy,, Um, Ym € [0, 1]. The three neutrosophic components are designed as :

Fwn(r—p1+061), p1—& <z <p,
T (z) = 1111m, z € [p1, q1],
Fwalan—2z+&), <z <q+&,
0, elsewhere.
3 (P2 — & +um(x —ma + 82)), pa—da < < py,
In(z) = “177“ z € [p2, 2],
s@-—etun(@e-r+&)), @e<r<e@p+,
1, elsewhere.
3 (p3 =z +ya(r —ps +383)), p3—d3 <z <ps,
Fa(z) = yl”"“ z € [ps3, g3,
c@—atyales—r+8&)), <<+,
L, elsewhere.

Here 7 consists of three pairs (T%, T4 ), (I, I%), (FL , F%) of bounded and continuous functions so that

() TL,I%, F% are monotone non-decreasing and 7%, IL. | FL are monotone non-increasing.

(i) 75, (r) < T3(r), I5,(r) = I3 (r), Fpo (r) = Fg(m),r € [0,1].

A SVN-number m is transformed into a SVTN-number when three modal intervals in /m are all equal. Thus
d = <([m0, no, (51, 51]; wq), ([mo, no, 52, 62]; uq), ([mo, no, (53, 53]; yq)> is a SVTN-number.

The truth, indeterminacy and falsity-membership values of a SVTN-number differ with respect to their
corresponding height only by Definition 2.4. But to compare the various SVTN-numbers in a more flexible
way, both supports ( i.e. the bases of trapeziums) and heights of neutrosophic components are allowed to differ
in Definition 2.5. So, it is the more generalisation of Definition 2.4.

3 Ranking technique of SVTN-number

The score value of SVTN-number is evaluated here from geometrical view and its properties are studied. Then
a linear ranking function is defined with this score value.
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3.1 Definition

The maximum heights of three neutrosophic components of a SVITN-number (proposed in Definition 2.5)
are all taken as one (i.e., 1) to have a linear ranking function. Thus three components of a SVTN-number

p={[p,q,61,&] [P, 4,62, &l [P, ¢, 65, &5]) are designed respectively as follows.

s y—p+d), p—& <y<p,
( ) ]-7 HAS [P»QL
1s(y) =
! sla—y+&), a<y<q+&,
0, elsewhere .
-y, p—&<y<p,
vily) = 0, y € [p,dl,
3 EW—q), ¢<y<q+é,
1, elsewhere.
t—y), p—ds<y<p,
( ) 07 xe[ 7Q]7
n5(y) =
3 -9, 9<y<q+é&,
1, elsewhere.

Consider two SVTN-numbers & = ([a, b, w1, A1], [a, b, w2, A, [a, b, ws, As]) and & = ([c, d, &1, k1], [¢, d, &2, Ka],
[C, d, 53, 163]>. Then,
(i) Addition :

El—‘r—é = <[a+c,b+d,w1 +£1,>\1 +/€1], [a—l—c,b+d,w2 +£2,)\2+I€2}, [a+c,b+d7w3+£3, )\3 +I<63]>.
(ii) Scalar multiplication : For any real number x,

xa = ([za,xb, w1, TA1], [Ta, zb, xwa, A2, [xa, b, w3, xA3]) if © > 0.

za = ([xb, za, —xA1, —zw1], [xb, TG, —TA1, —Twa], [xb, Ta, —x A1, —zws]) if £ < 0.
(iii)) If a = b = w; = A\; = 0 for all ¢ in a, then it is called a zero SVTN-number and is denoted by

0 = ([0,0,0,0],[0,0,0,0], [0,0,0,0]).

3.1.1 Product of two SVTN-numbers
Leta = <[aa ba Wi, A1]a [a7 ba w2, )‘2]7 [CL, ba w3, )‘3]> and ¢ = <[C7 d7 K1, Cl]? [Ca d7 K2, <2]’ [Ca da K3, <3]> be two

svtn-numbers. Their product a - ¢ is defined as :
a-¢ = {([ac, bd, ary + cw1 — w1k, bC1 + dA1 + A1), (D
[ac, bd, aks + cws — wake, bla + dAa + A2(a],
[ac, bd, ars + cws — w3k, bCs + dA3 + A3(3])
when b+ X\; >0 and d+(; >0,Vi=1,2,3.
a-¢ = {([ad, be, —aly + dwy + w11, —bk1 + cA1 — A1K1], 2)
[ad, be, —als 4+ dwe 4+ wala, —bka + cAg — A2ka],
[ad, bc, —als + dws + ws(s, —bkrs + cAg — Azk3])
when b+ )\; <0, but d+ ¢ >0,Vi=1,2,3.
a-¢ = {([bd, ac, =bly — d\y — A\1(1, —ak1 — cwy + wik1], 3)
[bd, ac, —bla — dAg — 22, —akg — cwa + wWaks),
[bd, ac, —bC3 — dA3 — A3(3, —ak3 — cws + w3aks])
when b+ )\; <0 and d+(; <0,Vi=1,2,3.
Suppose b+ A3 < 0,d+ (3 > 0onlybutb+ A\, > 0,d+( >00rb+ A, < 0,d+( <Ofork =1,2
(i.e., others keep same sign) then the product is also defined from above as the components in neutrosophic

triplet are independent in nature. More precisely, the product of falsity components in a - ¢ follows the 2nd rule
whereas the product of truth and indeterminacy components in a - ¢ follow either 1st rule or 3rd rule.

3.1.2 Geometrical representation of SVTN-number

The SVTN-number in different looks and their comparison are now presented geometrically by means of
Definition 2.4 (Figure 1), Definition 2.5 (Figure 2), Definition 3.1 (Figure 3) respectively. In the present study,
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the components of neutrosophic triplet differ by their supports only. Figure 4 represents the truth value of
SVTN-number alone by Definition 3.1.

3.2 Score of SVITN-number

Let, Figure 4 represent a SVIN-number p = ([p, q, 1, (1], [p, ¢, 92, (2], [P, q, I3, (3]). Let the trapeziums
AGHD, LBCN and M BCP correspond respectively the truth value, indeterminacy value and falsity value.
Two perpendicular lines BG and C'H are drawn. Then each trapezium is divided into two triangles and one
rectangle/square. Now let us consider each trapezium separately.

The trapezium AGH D (see Figure 5) consists of two triangles ABG,C H D and one rectangle BOCHG.
With respect to the co-ordinate of vertices of trapezium AGH D corresponding to p, the centroid of triangles
ABG and CHD are Gy (p — %, 1) and G3(q + <, 1) respectively. Also the centroid of rectangle BC HG is

373 373
the intersecting point G5 of its two diagonals i.e., GQ(L;(I, %) For contrary, suppose G1, G2, G'3 are collinear.
Then the area of triangle formed with these points as vertices will be zero i.e.,
L p+tq G, 1 G o1, 1 00 p+gq
et T op ) A3 5 - 5) €

= 01+ ¢ =3(p—q) <0, (using Def. 3.1)

It is a contradiction to the hypothesis that §; + ¢(; > 0. Hence G1, G2, G5 are non-collinear and a triangle
can be formed with these points as vertices. The centroid of this triangle is G’ (w, ). The
centroid points GG1, G5, G3 are the balancing points for triangle ABG, rectangle BC HG and triangle CH D
respectively. But as the centroid G’ is much more balancing point for the two triangles and one rectangle as a

whole, so this point is taken to construct the ranking function.
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The trapezium LBCN consists of two triangles LBG, HCN and one rectangle BC HG. With respect to
the co-ordinate of vertices of trapezium LBCN corresponding to p, the centroid of the triangles LBG and
HCN are G4(p— 52 2) and G5(q+ 432 , g) respectively. The centroid of the rectangle BCHG is Go (p;“q, é)
Here G4, G, G5 are non-collinear for the same fact stated above. So the centroid G’ (M, ié) of
the triangle with vertices G4, G2, G5 is taken to construct the ranking function.

Finally, the trapezium M BCP consists of two triangles M BG, PCH and the rectangle BCHG. With
respect to the co-ordinate of vertices of trapezium M BC P corresponding to p, the centroid of the triangles
MBG and PCH are Gg(p— %3, 2) and G7(q+ %’37 2) respectively. By similar argument as above, the centroid
G" (W u 15) of a triangle of vertices G, G2, G7 is considered to form the ranking function.

We now define the score of p corresponding to truth value, indeterminacy value and falsity value respec-
tively as :

- 9p+9g—28, +2 - 99252 - 9p+9g—285+2
S“(p) — %( p+9q 2 1428 ), Su(p) _ 18( p+9g—252+ Cz) Sn(p) _ %( p+9¢ 2 3+ Ca)_
For an arbitrary parameter +y lying in [0, 1] and for any natural number n, the y-weighted score function of p is

denoted by S, () and is defined as :

S,B) = B + S @)L —A") + Sy(B)(1 ") 5)
= g 70O+ 90 — 20y + 20"+ 11(9p + 90 — 26, + 2G)(1 —7")

+11(9p + 9g — 263 + 2¢3) (1 — 7™))]

3.2.1 Proposition

The ~-weighted score of a SVTN-number obeys the following the norms.

(i) Tt is linear i.e., S, (¢ + d) = S, (&) = S,(d) and S, (&) = 7S, (¢), m being any real number and ¢, d are
two SVTN-numbers.

(i) S, (d — d) = S,(0).

(iii) S ,(€) is monotone increasing or decreasing or constant according as S, (¢) >

S (€) + Sy(é) or S,(¢) < Su(€) + 5,(€) or Sp(€) = S, (¢) + 5,(¢ )respectlvely
PFOOf: (1) Letc = <[(l, b7 w1, Al]a [aa baw23 AQ]a [av ba w3, )‘3]> andd = <[I7ya K1, Cl]v [Ly, K2, CQ]’ ['T7y7 K3, §3}>
be two SVTN-numbers. Then,

—d = ([~y, =2, (1, 51, [y, =, (2, Ka), [y, =, (s, K3])
C+C£ <[a+$7b+y7wl+f€17)\1+C1]a[a+$7b+y7w2+fi2a)\2+C2]7[a+$ab+yaw3+f€3a)\3+C3]>,
E—d:<[a—yab—$>W1+C17/\1+"€1],[a—yvb—$7W2+C2,/\2+/‘€2]7[a—y,b—$aw3+C3a)\3+f€3]>;

S, (¢) = ﬁ[7(9a+9b72w1 F2A1)7"+11(9a+9b—2wa +2X2) (1 —9™) +11(9a+9b—2w3 +2A3) (1 —y™)],

S,(d) = 537 [7(92+ 9y — 261 +2(1 )y +11(92+ 9y — 262 +2(2) (1 —7™) + 11(92 + 9y — 263+ 2¢3) (1 —y™)],

Sy(¢+d) = 324[7(9a+x +9b+y — 2wy + Ry + 20 + )Y+ 11(9a + = + 90+ y — 2ws + Kot
20 + G)(1 =" +11(9%a F z + 9b +y — 2ws + k3 + 23 + (3)(1 — ™)),
S,(E—d)= 7794 =y +9b — 2 — 2wy + (1 +2X + £1)Y" + 11(9a — y + 9b — z — 2wy + G+

20y + K2)(1 =) +11(9a —y + 9b — 2 — 2wz + (3 + 23 + k3) (1 — y™)];
Hence the result is.

(i1) I:Ierez —d = <[_y’ —, (1, Kl]’ [_y7 -, (2, "i2]7 [_y> -, (3, ‘%3]>‘
d—d=([z—y,y—z,k+, G +rl [z —y,y—2, /2 +C, G+ kol [ —y,y — 2,53+ (3,3 + K3]);
S (d d) = 324[7(9£E y+9yfx—2n1+§1+2(1+m)'y +11(9m7y+9y71’72/12+<2+
2C2+I€2)(1— )+11(91‘—y+9y—$—253+<3+2<3+I€3)(1— )]_O—S(O);
This ends (i1).

(iii)

5,0 = 7"8,@)+ (1=7)Su@) +(1=7")5,()
DD S0~ (5.0 + 5,(0)

%7(6) >, <, = 0when [S,(¢) — (S.(¢) + 5,(&))] >, <,= 0 respectively as v > 0. This meets the fact.
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3.3 Definition

Let SVTN(R) be the set of all SVTN-numbers defined over R. Fory € [0, 1], a mapping f, : SVIN(R) — R
is called a ranking function and it is defined as : f,(¢) = S,(¢) for ¢ € SVIN(R). The order of Z,w €
SVTN(R) is defined as :

Sy(%) > Sy(w) & & >; w (ie.,Z > withrespectto f,), S(Z) < S,(0) & T <y, W,

Sy () = Sy () & T =5, w.

4 Linear programming in neutrosophic sense

Here, we shall extend the concept of crisp LP-problem under the neutrosophic environment. First we recall
the structure of crisp LP-problem.

Max z = cx
such that Az = b, v = (x1,29, -+ ,2,) 2, >0
where ¢ = (c1,¢2,+ ,¢n), b= (b1,ba, -+ ,b,)" and A = [pi;]mxn With ¢;,b;, p;; all real.

The concept of LP-problem is now modified by considering the coefficients of the variables in the objective
function, the right hand side coefficients in the constraints and in the decision variables regarded as SVTN-
numbers. Thus a LP-problem in neutrosophic sense is designed as follows :

Max z =f, CT

such that Az = b, 2>f 0 (6)

where b € (SVIN(R))™, & € (SVIN(R))", A € R™*" & < (SVIN(R))" and f, is a ranking function.

4.1 Definition

1. Z € (SVTIN(R))" satisfying the constraints of (6) is called a feasible solution to (6).

2. If ¢cz* >y cx holds for all solutions Z to (6), then z* is an optimal solution to (6).

3. For the modified LP-problem (6), consider rank(A, b) = rank(A) = m. The columns of A is partitioned
as [B, N| where B,,x., and N are respectively called basis and non-basis matrix. Clearly rank(B) = m.
Then, a feasible solution # = (Zp,Zx)! to (6) obtained by setting T =, B71b, &N =7, 0is called a
neutrosophic basic feasible solution (NBFS). The component Z g and Z 5 are respectively called basic variable
and nonbasic variable. }

4. 7 is non-degenerate NBFS when all components of Zp >y 0. For Z being degenerate NBFS, at least one

component of g =j, 0.
4.1.1 Note

In the modified LP-problem (6), let A = [p;;]mxn = [P1, D2, -, Pn] Where each pr, = (P1k, D2k, , Pmk)"
is m component column vector. Taking partition on the columns of A, let By, « ., be the basis matrix. Suppose
wg, = (Wik, Wak, - ,Wmk)? is a set of m component scalars required to represent any column py, of A as a
linear combination of the column vectors of basis matrix B i.e., pr = Bwy.

5 Simplex method for modified LP-problem
The modified LP-problem (6) can be put as follows :
Max z =fy 6B£B+5N7~3N

suchthat Bip+ Nin =p,

v S

Ip,IN 2f,
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where g, T, B, N all are signified already. We have then,

ip+ B 'Niy =4, B'b (7
= épip+épB 'Niy =g, égB™'b
= Z-—énin+éEpB 'Niy =g, ésB™'D
= Z+(¢pBT'N —én)iy =y, épB'b (®)

Assuming Ty =y, 0, we getip =y, B~ by (7)and z =, ¢p B~ by (8). The LP-problem (6) is thus
arranged in the following table (Table 1).

Table 1 : Tabular form of modified LP-problem.

Cj CB CN

z g TN R.H.S
TR 0 1 B-IN B~1b
3 1 0 égB N — ¢y épB~ b

All the required information are met by Table 1 to proceed the simplex method. The cost row in Table 1 is
Xj =f, (EBB~'pj — &;),,¢p which implies x; = (Z; — ¢;) for non-basic variables.

5.1 Theorem

A non-degenerate NBFS (ip,7y) = (B~1b,0) is optimal to the modified LP-problem (6) if and only if
Ejféj Zf'y O7 V]:l, s N.

Proof. Let * = (i, Z%)! be an NBFS to (1) where &g = B~'b,Z = 0. Let Z* be the objective function
corresponding to z*. Then z* =; ¢pip =y, ¢gB~1b. Let % be the objective function corresponding to

another feasible solution Z = [Z1, T2, - ,Zy,]' to LP-problem (6), then Bip + NIy =7, b=s AZand
objective function is :

Z =p, @pEp+iniy =y B o= Y (EBTp - &) =5, 2 - Y (5 - &)
p;¢B p;¢B

Clearly, the solution is optimal if and only if Z; — &; >, 0Vj=1,--- ,n.

5.2 Theorem

For any NBFS to the modified LP-problem (6), if there is some column not in basis for which zj, — ¢, <z, 0
and w;p, <0;¢=1,2,---,m, then LP-problem attains an unbounded solution.

Proof. Let T g be a basic solution for the problem (6). Arranging the constraints,
Bip+ Niy =b
= Fp+ B 'Niy=B""
ip+ B! Z(pjsﬁj) = B~'b, pjs are the columns of N
J

4

= dp+y (B 'pji;)=B""b
J
= Zp+ Y (w;&;) =y, forp; = Bw;,p; ¢ B
J
= Fp,+ Y (wyd) =i =1, myj=1--n
J
= Fp, =i — »_(wiid;);i=1,--,m;j=1,-,n
J
If z, enters into the basis, then zy >y, 0 and Tj =y, 0 for j # B; Uk (B; being a column of B). Since
wi <0(E=1,---,m), s0 Wi — wirTg, > fr 0. Hence, basic solution remains feasible at present and for that
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feasible solution, objective function is :

m

. o o y .
Z* =y CBIB+CNIN =}, E B, (Wio — wikTx) + CpTp
i=1
m m
=, E €, Wip — ( E €B, Wik — Ck )Tk
1 =1

L
Il

=r, CpWo — (CpYr — Ck)Tk =y, 2 — (2 — C) Ty,

Thus 2* =y Z — (Zx — Cx)Ty. Itimplies Z* > 2, as Z, — & <y, 0.
Hence the LP-problem attains an unbounded solution.

5.3 Simplex algorithm for solving modified LP-problem
While applying simplex method to solve an LP-problem studied here, it is always assumed that the initial
solution is feasible. It will be optimised through some iterations. Following steps are practiced :

Step 1. For maximization problem, go to Step 1 directly. Otherwise, convert it into a maximization problem
by changing the sign of all price vectors ¢;.

Step 2. Introduce slack variables to convert all ‘<’ type inequations into equations. Consider the costs of all
slack variables to 0.

Step 3. Calculate a NBFS to the problem of the form Zp = B~'b = g and y = 0 and the respective
objective function as Z =y égB~'b =y ¢pil.

Step 4. Assume xp = fy 2B — CB =j, 0 for each basic variable and in the present iteration, calculate
Xj =f, Zj — ¢ =§, ¢pB~1p; — ¢; for each non-basic variable. The present solution will be optimal, if
zj—¢& >z 0, V.

Step 5. If x; =y, z; — ¢ <y, 0 for some non-basic variables then compute %), = min{x; }. If w;, < 0 for

7: - 7m’ | ’ i i € iterat‘lon. Othe] W]’Se
erl‘nll‘le d SO terminate th

to find out the index of the variable Z g, to be removed from the present basis.

Step 6. Modify w;g by replacing w;g — gj—::wik for i # r and w,q by Z’—:Z

Step 7. Develop new basis and perform Step 4, Step 5 repeatedly until the optimality is reached.
Step 8. Find the optimal solution and the optimal value of objective function.

6 Numerical Example

A real life problem is stated here and is solved numerically by use of proposed concept. For simplicity, we
define the y-weighted score function for n = 1 in rest of the paper.

6.1 Example

For business purpose, Mr. X wishes to drive his two lorries (L, L2) in two different routes (R1, R2). The
route R; is assigned for the lorry Ly and route Ry for Ls. He likes to allow a maximum of Rs. 30051 for
fuel charge and at most Rs. 320b, for the salary of staffs in a week. The consumed fuel charge is Rs. 23/hr
for Ly and Rs. 25/hr for Ly. The salary of staffs is estimated Rs. 30/hr for L1 and Rs. 40/hr for Ls. Such
type of variation of fuel charge and salary estimation are due to road condition, mileage of lorry, distance, road
tax, time bounds and different business angles. This results a profit approximately Rs. ¢; /hr from L; and Rs.
o /hr from L,. Now suggest him what time can he allow to run his lorries in two routes depending on these

criteria so that the maximum profit will be met as a whole in a week.

The problem can be summarised in the following table (Table 2):

Table 2 : Summarisation of Example 6.1
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Expenditure |} Route : R, Ry Available cost / week {}
Fuel charge Rs. 23/hr  Rs. 25/hr Rs. 30001
Staff salary Rs. 30/hr  Rs. 40/hr Rs. 3200y
Profit/hr = Rs. ¢; Rs. ¢5

Let the lorry L1 will run for z; hr in route R; and the lorry Lo will run for Z5 hr in route Rs in a week. The
problem will be then designed as follows :

Max z =j; C1%1 + Cod
such that 233 + 2532 <y, 300b;
3031 + 4032 <y, 320by
i1,@2 >4 0
It is a modified LP-problem in neutrosophic sense with a pre-assigned v = 0.4 where ¢y, ¢3, Z~71, 132 are all

SVTN-numbers given as follows :
4,7,1,3],14,7,3,4],[4,7,2,1]),

a = (4

é = {([6,8,4,10],16,8,5,1],[6,8,3,2]),

b = ([10,12,3,7],[10,12,6,12], (10,12, 4, 15]),
by = ([8,22,2,18],[8,22,4,25],[8, 22,7, 30]).

Rewriting the given constraints by introducing slack variables,
23F; + 25, + &3 =y, 3000,
3021 + 4033 + &4 =y, 320y
Z1,%2,%3,%4 2y, 0
The first revised simplex table is given in the following table (Table 3).
Table 3 : First revised simplex table.

5]' = C1 Co () 6

gl | 71 I I3 T4 R.H.S
I3 | 23 25 1 0 3000,
Z4 | 30 40 0 1 320b5 —

~(1)

g | &P dVgp e &Y

where 551) = -0, Eél) = —¢gand S (~(1)) = Sv(éil)) = S,(0).

Now S, (&") = 557 (14577 — 2178) < 0, S, (&) = 54(1696y — 2662) < 0 and &Y > & for
v = 0.4. So Z enters in the ba51s

Further S,(3005;/25) = 22 (4730 — 32887), S,(32005/40) = 5:(6908 — 47947). For v = 0.4,
(3000 /25) > I (320b5/40) and so the leaving variable is 4. The second revised simplex table is (Table 4):

Table 4 : Second revised simplex table.

Ej = c1 Co () ()
iV | 21 d2 | @3 a4 RHS
Fs | 174 0 | 1 58| 100(3by — 2b2) —
iy | 34 1 | 0 1/40 8Dy
i | &Pq &P P & 8boén
where S, (¢ (2)) =85 (~(2)) = S,(0) and 0(2) =36 — ¢, cf) = 45Ca.
Then S (@) = s (<726 4+ T407), S, (87) = 1555 (2662 — 1696+). For 4 = 0.4, clearly 5, (&) <

0, S ( ) > 0. So Z; enters in the basis.

Further ., ((300b; — 200b2)/z) = 129 (374 — 2767), 57(8132/‘ ) = 236908 — 4794). So the leaving

variable is z3 for v = 0.4. The final revised table is (Table 5):
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Figure 5 : Graph of run-time measurement Figure 6 : Profit measurement graph.

Table 5 : Final revised simplex table.

o 0 0

Cj = c1

ipd | &1 Z | 73 Ty R.H.S
i 1 0 | 417 -5/34 400(3b; — 2b9)/17
o 0 1 |-317 23/170 (736by — 900b1)/17

= | & @@ AP | 499(3h, — 25y)E) + £ (736bs — 900b1),

where S, (&%) = 5,(@Y) = 5,(0) and &) = & (46 — 3%:), &Y = 13(23é — 25¢1). Then S, (&Y) =

—L(726 — 7407) > 0 and S, (&1Y) = =L (6776 — 25837) > 0 for v = 0.4.

Thus the optimality arises. The optimal solution is : Z; = 400(3b; — 2by) /17, &4 = (736by — 900b;) /17

and so, Max 7 = 499(3h; — 2b,)¢; + <= (736by — 900b1 )éo.

6.1.1 Result and discussion

At optimality stage, different optimal values of Example 6.1 for different + is displayed in the following table
(Table 6).

Here S, (%1) = 192 (374 — 2767), S(&2) = 155-(103411 — 71148v) and S,(2) = 53;(7605114 —
5014498~).

Table 6 : Optimal values for different .
¥ 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
7 | 2716  25.16  23.15 21.15 19.14 17.14 1513 13.13 11.13 9.12
T2 | 1502 139.86 12953 1192 108.86 9853 88.19 77.86 67.53 57.19
Z | 23473 21925 20377 18230 17282 15734 14186 12639 11091 9543

The value for v = 1 is excluded in Table 6, as it terminates the iteration in Table 4. There Sﬂ,(égz)) =
7196(—726 + 7407v) > 0 for v = 0.9811 approximately. It is then suggested to run the lorry Lo in route
Ry only to meet a profit. Thus, it is clear from Table 6 that the character y plays a vital role to determine
the optimal solution in modified LP-problem. With respect to different -, it is seen that z;, To, Z are all
monotone decreasing functions. This -y is here signified as the level of ruination of road. It is one of the factors
determining the profit of owner from the lorry. In Figure 5, Series 2 and Series 3 represent the weekly run time
of two lorries L and Ly respectively. Figure 6 deals the weekly profit (Series 2) of Mr. X. In both graphical

presentation, Series 1 measures the level of ruination of road i.e., different .

7 Conclusion

The present study deals a modified structure of crisp LP-problem in the parlance of SVTN-number. An ap-
proach is taken to solve such problem by developing an efficient algorithm. A new ranking technique plays
a key role to develop this algorithm and also to establish some well known theories. The proposed concept
is illustrated by solving a real life problem. A discussion of result obtained is performed and is presented
graphically.
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This concept will assist the industrialists, directors of management institutes, marketing supervisors to
manage the various uncertain situations and complexities. They can reach at a fair end as the present notion
helps to solve a LP-problem with respect to the provided constraints and its hidden states together. Several
linear, non-linear programming problem, multi criteria decision making and also many mathematical frame
works may be enlighten by this attempt.

The ranking function is innovated here by taking the maximum height of each trapezium. It may be allowed
within [0,1] in future.
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Abstract

In this paper, we introduce the concept of Jaccard index measures under the neutrosophic environment to make the
right decision in multiple attributes. Here, we insinuate two Jaccard index measures based on distance and the
included weighted Jaccard of two vectors between the neutrosophic environment. Then, we determine the Multiple
Attribute group decision-making method (in short MAGDM) based on the Jaccard index measures under the
neutrosophic environment and also we compare the applications of the proposed MAGDM method in the
neutrosophic environment. Finally, certain descriptive examples are on hand to verify the residential handle and to

express its practicality and effectiveness.

Keywords: Jaccard index measure, Neutrosophic vague set, MAGDM.

1.INTRODUCTION

In 1999, Smarandache [28] presents another part of the theory known as neutrosophy, which studies the origin, nature,
and scope of neutralities, as well as their interactions with various ideational spectra. The neutrosophic set is the
generalization of the classic set, fuzzy sets [35], interval-valued fuzzy set [29], intuitionistic fuzzy set [5], interval-
valued intuitionistic fuzzy set [4], paraconsistent set, dialetheist set, paradoxical set, and tautological set. A
neutrosophic set has three basic components such that truth-membership, indeterminacy-membership, and falsity-
membership, and they are independent [28], for more informations on the neutrosophic theory we refere the readers
to [36-39].

Vague sets have been presented by Gau and Buehrar in 1993 as an extension of the fuzzy set theory [20]. It is
considered as an effective tool to deal with uncertainty since it gives more data when contrasted with fuzzy sets [30].

A vague set is defined by a truth-membership function t» and a false-membership function f» [17,18].
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Shawkat Alkhazaleh [27] in 2015 presented the idea of the neutrosophic vague set as a combination of neutrosophic
set and vague set. Neutrosophic vague theory is an effective tool to process incomplete, indeterminate and inconsistent
information. In 2019, Hashim et al.[21] developed a new generalized mathematical model called interval neutrosophic
vague sets which are a combination of vague sets and interval neutrosophic sets and a generalization of interval
neutrosophic vague sets. Al-Quran and Hassan [1,2, 3] in 2018 presented and gave more application on neutrosophic
vague soft under decision making.

In 2013, Ye [33] introduces the Multi-attribute decision-making method using the correlation coefficient under a
single-valued neutrosophic environment. It is one of the most significant angles in the executive’s science which can
deliver significant financial benefits in an assortment of fields, such as manufacturing domain[17], disaster assessment,
company investment management. For decision-making problems in engineering practice, the decision information is
generally incomplete and indeterminate [34]. To apply them to multi-criteria decision-making problems with
simplified neutrosophic information. Recently, Chakraborty et al. developed a multi-criteria decision-making problem
for different used in the bipolar neutrosophic domain[12]. Furthermore, Abdel basset develop multi-criteria decision-
making problem under a hybrid neutrosophic set[24].

The similarity measure between each alternative and the ideal alternative, the ranking order of all alternatives can be
determined and the best alternative can be easily selected as well. In fact, the degree of similarity between the objects
under study plays an important role. In vector space, especially the Jaccard similarity measures [9,10,11,13] are often
used in information retrieval, citation analysis, and automatic classification. Ye [32] proposed the Jaccard , Dice, and
cosine similarity measures between trapezoidal intuitionistic fuzzy numbers (TIFNs) that are treated as continuous
and applied them to multicriteria group decision-making problems.In 2014 Ye [32] developed three vector similarity
measures between single valued neutrosophic sets as a generalization of the Jaccard , Dice, and cosine similarity
measures between two vectors. Furthermore, in 2016, Mehmet and Deli developed a multi-criteria decision making
for bipolar neutrosophic sets based on Jaccard vector similarity measures and applied to a numerical examplein order
to confirm the practicality and accuracy of the proposed method [23]. In the paper, we using Jaccard index measures
which are more efficiency, further this method will give better result.

1.1. Motivation

A significant issue then arises if one considers a neutrosophic vague number: what will be a Jaccard index
neutrosophic vague measures and a weighted Jaccard index neutrosophic vague measures? How should we utilize a
Jaccard index neutrosophic vague measure in MAGDM? In light of this point of view, we built up the subject of this
exploration article. We succeeded in producing an illustration example.

1.2. Novelties

Various works have just been distributed right now setting. Analysts have just built up a few definitions and
applications in different fields. In any case, many interesting outcomes are as yet obscure. Our work aimed to create
thoughts for those obscure viewpoints:

(1)Introduction of a Jaccard index measures of neutrosophic vague set and its definition.

(1) Application in a Jaccard index measures in MAGDM.

1.3. The structure of the paper
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The paper is organized as follows: In section 1, we have discussed the introduction and literature review. In section 2,
contains the preliminaries section. In section 3, the concept of the neutrosophic vague set, a Jaccard index measures
and its properties. In section 4, we introduce the algorithm to solve a Multiple Attribute Group Decision-Making
(MAGDM). The practical problem is considered in section 5. The compression of the result has been done with two
more research in section 6. The conclusions are written in section 7.
2. PRELIMINARIES
Definition.2.1 7]
A Vague set V on the universe of discourse X written as A={ <x, ta(x), 1-fa(x) > | x € X }. is characterized by a truth-
membership function tv, and a false- membership function fv, as follows:
tv: U—[0,1], fv: U—[0,1],and tv+ £, <1
Definition.2.2 7]
Let A and B be vague sets of the form A = { <x, ta(x), 1-fa(x) > | x € X } and
B={<x,ts(x), 1-f8 (x) > |x € X }.Then
i A Cif and only if ta(x) < te(x) and 1-fa(x) < 1-fs(x).

il. A=B ifand only if A € B and B CA.

ii. A® = {<x, 1-fa(x),ta(x) > | x € X}.

iv. AUB ={<x, max (ta(x), ts(x) ), max (1-fa(x), 1-fs(x)) > | x € X}.

V. ANB ={<x, min (ta(x),ts (x) ), min (1-fa(x), 1-fs(x)) > | x € X}.
Definition.2.3 ?7)
A neutrosophic set A on the universe of discourse X is defined as
A ={<x, Ta(x), Ia(x), Fa(x) >, x € X}where T, [, F: X— ]70,17T and 70 < Ta(x) + Ia(x) + Fa(x) <3™.
Definition.2.4 7]
A neutrosophic vague set Anv (NVS in short) on the universe of discourse X written as Anv = { <x; Tanv(x), [anv(x)
, Fanv(x) >; x € X } whose truth-membership, indeterminacy-membership and false-membership functions is defined
as:
Tanv (x) = [T, T*], Ianv (x) = [I7, I'], Fanv = [F~, F'] where
T =1-F
2)F=1-T and
3) 7 0<T +I +F<2".
Definition.2.5
Let X be a universe of discourse. A bipolar neutrosophic set Agns in X is defined as an object of the form

Apns= { <x; T'(x), I'(x),F'(x), T(x), I(X),Fx)>x€ X}

Where T', FY,T": X > [1,0] and T, F, I : X - [—1,0]

3. Jaccard Index Measure of Neutrosophic Vague Sets.

Definition.3.1
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Let Anv ={ < x; Tanv(x) , Ianv(X), Fanv(x) >; x € X} and Bav ={< x; Tenv(X), Ienv(x), Fenv(x) >; x € X }two
neutrosophic vague set in X. Then the two Jaccard index measure of Anv and Bnv are proposed based on distance
and the included weighted Jaccard index measure of two vectors, respectively as follows:

Jaccard index measure based on distance

Inv(Anv, Bav)=

[Tany () Tany )|+ Tany () Tany )1+ [Lany Ce)-Igny e |+ Lany (x)-Igny (x7)]
n + [FaAny (i)-Fgny e 1+ [ Fany (20)-Fgy (x1)] (5)
=1 ([TXNV(xi)]Z"'[TENV(xi)]Z+[TXNv(xi)]z+[TB_NV(xi)]Z+[IXNV(xi)]2+[’ENv(xi)]z*'[IZNV(xi)]z"'[IENV(xi)]2>
+ [Py el +[ Py )] +{Fany o)) +[Fany (2]
_([TXNv(xi)-TENV(xi)]‘*[ Tany ) Tany )1+ [y () ny (i) |+ IZNV(xi)-IENV(xi)]>
+ [FXNv(xi)-Fng(xi)]“'[ Fany (x)-Fgny (x)]

Weighted Jaccard index measure based on two vectors

Winv(Any, Bay) =

[Tany 0 Tany D)+ Tany () Tany G+ [ ANy (eI ny () [+ [ gy (- Igny ()]
+ [FAny () Feny )|+ Fany (60 -Fany ()] (6)
[TXNV(xi)]Z+[T§NV(xi)]2+[TXNV(xi)]2+[T§Nv(xi)]2+[’ZNv(xi)]2+[’§Nv(xi)]2+[’ZNV(xi)]2+[1§Nv(xi)]2>
+ [F/INV("i)]Z+[F§Nv(xi)]2+[F/INV(xi)]2+[FENV(xi)]2
_([TXNV(xi)-TENV(xi)]Jf[ Tany ) Ty )1+ [ vy ()1 vy e |+ IZNV(xi)-IENV(xi)])
+ [FAny Ced Finy D]+ Eany (e -Fany (6]

i=1(wy) (

According to the above definition 3.1, the two Jaccard index measures J(Anv, Bnv) for NVs satisfy the following
properties (p1)—(p3):

(p1) 0<IJnv(Anv, Bav) <1

(p2) Inv(Anv, Bav) = Inv(Bay, Anv);

(p3) If Anv = By, then Inv(Anvy, Bay) = 1.

Proof. Firstly, we prove the properties(p1)-(p3) of J(Anv, Bnv)
(p1) It is clear that Jxv(Anv, Bav) >0

We have to proof Jnv(Anv, Bnv) < 1 By the inequality

2ab < a’+ b2
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<

n <[TA+NV(xi)- Tany )1 + [ Tawy (). Tany Ced] + Wiy Oc)- Iy (c) 1 + [ Ly (60).- IENV(’Q)])
=t + [y (). Fgny ()] + [ Fay (x0). Fayy (x0)]
<[TKNV(Xi)]2 + [Ty &)1 + [Tanv 1% + [Tony 1% + [Ty GDI? + [TEnv KD ]? >
n [Lany D 1? + [gny ()12 + [FAnv(x)1% + [Feny X012 + [Fany &)1% + [Fany (x)]?
=t _ ([TXNV(Xi)-Tng(Xi)] + [ Tanv &0- Ty )] + [y G- Ty xi)] + [ Tany (x0)- IENV(Xi)]>
+ [FAny %0)- Finy (D] + [ Fany (%0)- Fany (%01

[Tiw o). Ty (2] + [ Tany (- Tany ()1 + [y Ge)- Iy ()] + [ iy (). Igny (x0)]

Z + [Fvw (i) Fay ()] + [ Fany (). Fany ()] <
i=1 ( [Taww (e 12 + [Ty )12 + [Tany (12 + [Ty ()12 + [y (D12 + Ugny ()12 ) -
+[1A_Nv(xi)]2 + [IB_Nv(xi)]z + [FA?]V(xi)]Z + [F;Nv(xi)]z + [FA_Nv(xi)]z + [FB_Nv(xi)]z
_ ([TAtVV(xi)'TE;—NV(xi)] + [ Tany (- Ty (ed] + [y Ge)- Iy (D1 + [IXNV(xi)-IENV(xi)])

+ [ (- Fgny ()] + [ Fay Ged- Fapy ()]

~ Jnv(Any, Bav) <1

Hence, 0 < Jnv(Anv, Bnv) <1 holds.
(p2) It is clear that
Inv(Anv, Bay) = Inv(Bay, Any),
~ It is true.
(p3) if Anv =By,
(TFanv(xi), T-anv(xi); T anv(xi), Tanv(xi) ;Franv(xi), Fanv(xi)) =
(THenv(xi), Tenv(xi); Ienv(xi), Ienv(xi) ;FBnv(xi), Fenv(Xi))
where i=1,2,3........ .
Here, Anv and Bnv considered as two vectors so ,

[|Anv || = ||Bnv || where

AN || :J[TAJ;VV(xi)]Z + [Tany )12 + [Liyy (D12 + [Liwy (x) 12 + [Eayy ()12 + [Fany (x)]?

B | :J[TJNV(xi)]Z + [Tany ()12 + Ugny ()12 + [gny (c)]? + [Fgny ()12 + [Fany (x)]?

. ANy .B
And there exist —YVNV_
[1AnvI]IIBavI|

[TZNV (%)-T;Nv (x[)]+[ T (x[)'T;NV(xi)]+ [[ZNV(xi)'l;NV ("z)]*’[ Liwy (xt)',ENV (x[)]

_ + [F:{NV(XI)'F;NV(XI)]+[F;NV(X[)'FENV(XI)]
J[TZNV(XI)]2+[TZNV(X[)]2+[IZNV(xL)]2+[[ZNV(xi)]Z+ [F;Nv(xz)]z‘*[F;Nv(xz)]z . J[T;Nv(xz)]z“'[TENV(xi)]z*'[IENV(XL)]Z"'[’ENV(X[)]Z"' [FENV("[)]Z"'[FENV(X[)]Z
=1.

Hence,
Inv(Anv, Bay) = 1.

Thus, we have proved.

If we consider the weighted Jaccard index measure between Anv and B nv are proposed, respectively, as follow:
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Winv(Any, Bav)

[Tany ) Teny )|+ Tany () Teny )+ [any )-Igny ) |+ [ Lany () Tgny (x)]
=T (W) + [Fany (- Fgny el +[ Fany () -Fany ()]
T ( [TXNV(xi)]Z"'[TENV(xi)]Z"'[TXNV(xi)]Z+[TB_NV(xi)]Z+[IZNV(xi)]2+[1gNV(xi)]z )
[IZNV(xi)]Z"‘[IENV(xi)]Z"' [FXNV(xi)]Z"'[FB+NV(xi)]2+[FA_NV(xi)]2+[FB_NV(xi)]Z
_([TXNv(xi)Tng(xi)]"'[TXNv(xi)TB_Nv(xi)]“'[IZNv(xi)Jng(xi)]'*'[IZNv(xi)-IENv(xi)]>
+ [Fany - Fgny )| +[ Fany () Fgpy (6]
Where wi €[0,1], and Y7, w; = 1 fori=1,2,....,n.

It is obvious that the two weighted Jaccard index measures WJ(Anv, Bnv) also statisfy the following properties (p1)-
(P3):

(pl) 0<WIinv(Any, Brny) <15

(p2) Winv(Anv, Banv) = Winv(Bavy, Anv);

(p3) If Anv = By, then Winv(Any, Bav) = 1.

We can easily prove the properties (p1)-(p3) for Winv(Anv, Bnv) by a similar proof process.

4. MAGDM Method Based on the Jaccard Index Measures

For an MAGDM problem, let G= { g1, g2, ......... gm} be a set of m alternatives and A= {A1, Az......... An} be a set
of n attributes. The weight vector of the attributes Aj (j =1, 2, ..., n) is
oA = (WAL, OA2, ... , ®an)T, satisfying wa; € [0, 1], and Yi=qwy;=1forj=1,2, .., n. Assume that EX = {EXi, EXo,
..., EXy} is a group of specialists and their corresponding weight vector is we = (wE1, OF2, ... , ®ky)’, satisfying ®ecE€[0,
1], and Y5 _, wg, = 1. Each specialist can dole out the truth-degree, falsity-degree, and indeterminacy-degree to each
attribute Aj j =1, 2, ..., n) on the choices gi (=1, 2, ..., m) according to the neutrosophic environment respectively.
Therefore, we can established in NVs decision matrix
D¥=(df;) mxn=[ Df, DX, ....,DE]", is an NVs for Tnv, Ixv ,Fxv € [0,1]

Then, we apply the Jaccard index measures of neutrosophic vague set (in short NVs) to solve MAGDM problems

4.1. Algorithm to solve MAGDM problem.
Step 1: We establish the Ns, BNs, NVs matrix Gu'= (gij)ax3 G (i=1,2,3,4) as follows:
G = (gf;) mxn=[ G, G¥,...,GE]"

Step 2: Calculate the weighted Jaccard index measures values by Eq.(2,4,6) using H.
Step 3: Calculate the overall weighted Jaccard index measure values considering the corresponding weight of each
expert to evaluate the alternatives Gi (i=1, 2, ... , m), as follows:

Ju(DX, Gi)=X_, wg Ju(Di, Gi) (7

WIn(DX,Gi)=Xh_, wgi Ju(DFi,Gi) (8)
Where wg, € [0,1] and ¥ _, wg, = 1.
Step 4: Rank all alternatives according to the value of WIJu(D¥, Gi) or Ju(D¥, Gi) and
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select the better choice. The greater value of a Jaccard index measure, is the better alternative.

Step 5: End.
5. Practical example

Let us consider the decision making problem. There is a speculation organization, which needs to put an aggregate
of cash in the best choices. There is a board with four potential alternatives to invest the money. (1) Gi is a motor
company; (2) Gz is a pump company; (3) Gs is an arms company; (4) G is a furniture company. The investment
company must make a decision according to three attributes given below: (1) A is the growth analysis; (2) Az is the
risk analysis; (3) As is the environmental impact analysis. Then, the weight vector of the attributes is given by are
0.35,0.25 and 0.40 . Thus, when the four possible alternatives with respect to the above three attributes are evaluated

by the expert, we can get the accompanying the neutrosophic vague decision matrix:

1
Dy [<0.4,0.2 >,<0.2,07 >,<0.3,04 >],[< 0.3,02 ><0.1,0.1 >,< 0.2,0.3 >],[< 0.4,0.3 >,< 0.2,0.2 >,< 0.4,0.5 >]
_ Dz1 _|[< 05,06 ><0.702><090.1>],[< 04,05 ><0202 >< 0403 >],[< 03,01 >< 04,05 >< 0.8,0.1 >]

B D_% [<0.6,04 >,<0.2,0.2 >,<0.4,0.5 >],[< 0.5,0.6 >,< 0.7,0.7 >,< 0.8,0.4 >],[< 0.3,0.5 >,< 0.4,0.4 >,< 04,03 >]|’
Dl [<0.3,0.2 >,< 04,04 >,< 0.5,0.7 >],[< 0.4,0.3 >,< 0.4,0.4 >,< 0.8,0.9 >],[< 0.4,0.8 >,< 0.3,0.3 >,< 0.4,0.5 >]
4

— 2_
D12 r[< 0.3,0.4 >,< 0.5,0.8 >,< 0.2,0.4 >],[< 0.2,0.3 >,< 0.3,04 >,< 0.5,0.1 >],[< 0.6,0.4 >,< 0.3,0.4 >,< 0.5,0.4 >]
D= Dj _ |[<0.4,03>,<0.50.6 ><0.6,0.8 >],[< 0.5,0.1 >< 0.4,0.3 >< 0.6,0.7 >],[< 05,09 >,< 0.2,03 >,< 0.6,0.7 >]
D32 [<0.1,0.3 >,<0.4,0.6 >,< 0.8,0.5 >],[< 0.4,0.3 >,< 0.2,0.3 >,< 0.4,0.3 >],[< 0.5,0.6 >,< 0.3,0.5 >,< 0.8,0.6 >]|’
D2 l[< 0.6,0.1 >,< 0.6,0.5 >,< 0.6,0.3 >],[< 0.6,0.5 >,< 0.1,0.3 >,< 0.5,0.2 >],[< 0.3,0.6 >,< 0.2,0.1 >,< 0.3,0.6 >]
L 4_

D13 r[< 0.3,0.1 >,<0.1,0.6 >,< 0.2,0.3 >],[< 0.4,0.6 >,< 0.2,0.4 >,< 0.4,0.5 >],[< 0.5,0.7 >,< 0.1,0.5 >, < 0.3,0.4 >]]
D= D; _|[<03,0.7 ><06,05><0.6,03 >],[< 03,04 >< 01,01 >< 03,04 >],[< 04,0.3 > < 0.50.6 >,< 07,02 >]
D§’ [<0.5,0.3 >,<0.4,0.5 >,< 0.6,0.4 >],[< 0.4,0.5 >,< 0.5,0.6 >,< 0.6,0.5 >], [< 0.4,0.2 >,< 0.6,0.5 >,< 0.2,0.4 >]
D3 l[< 0.4,0.3 >,< 0.5,0.3 >,< 0.4,0.6 >],[< 0.5,0.2 >,< 0.5,0.3 >,< 0.5,0.6 >],[< 0.5,0.6 >, < 0.4,0.2 >,< 0.3,0.2 >]
L. 4_

Dl

Then, the developed MAGDM approach can be applied to this decision- making problem using the following steps:

Step 1: we can compute the Jaccard index measures Gi(i=1,2,3,4) by using by Eq.(5) as follows:

.
G}k [<0.50.6 >,<0.1,0.6 >,< 0.2,03 >],[< 0.4,0.6 >,< 0.1,0.1 >,< 0.2,0.1 >],[< 0.6,0.7 >,< 0.1,0.2 >,< 0.3,0.4 >]

G'= G; _|[<05,07><05,0.2><06,0.1>],[<050.6 ><0.1,0.1 >< 03,03 >],[< 05,09 ><0.2,0.3 >,< 0.6,0.1 >]
D; [<0.5,0.3><0.202><04,04>],[< 04,05 >,<0.2,0.3 >,< 04,03 >],[< 0.50.6 >,< 0.3,04 >,< 0.2,03 >]
D; [< 0.6,0.3 >, < 0.4,0.3 >, < 0.4,0.3 >],[< 0.6,0.5 >,< 0.1,0.3 >,< 0.5,0.2 >],[< 0.5,0.8 >, < 0.2,0.1 >,< 0.3,0.2 >]

Step 2: We calculate the Jaccard index measures values dependent on the distance between D}

Equation (1) as follows:

Invs(DY, Gi) = { Invs(DE, G3 ) , Invs(D2, G3 ), Tnvs(D2, G3), Invs(DL, G )} ={0.7844, 0.7088, 0.7409, 0.9409 }
Invs(D2, Gi) = { Invs(D2, G} ) , Invs(DZ, G3 ), Tnvs(D2, G3), Invs(DZ, G )1=1 0.9550, 0.9847, 0.9122, 0.9688}
Invs(D3,Gi) = { Invs(D3, 61, Invs(D3, G5 ), Tnvs(D2, G2, Invs(D3, G ) 1=1 0.9245, 0.9066, 0.9455, 0.9813}

Similarly, we can calculate the weighted Jaccard index measures values dependent on the two vectors between by

equation (6) as follows:
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Wiwvs(D', G) = { Whws(Di,G;) , WIw(D;,G3), Wiws(D3,G3), Wikvs(Dg,G)}={ 0.9732, 0.9644,
0.9673,0.9432}

Winvs(D?, Gi) = { Winvs(DZ,G7) , Winvs(D7,G3), Wixvs(DZ,G3), Whws(DZ, G;)}={0.8468, 0.8615, 0.9750,
0.9584}

Winvs(D?, Gi) = { Winvs(D3,G) , Winvs(D3,G3), Whws(D3,G3), Wixvs(D3, G;)}=1{0.7807, 0.8500, 0.9827,
0.8366}.

Step 3: Considering the relating weight o =(0.37,0.33,0.3)" of the specialists to assess the alternatives Gi (i = 1, 2,
3, 4), we can calculate the overall weighted Jaccard index measure values depends on distance by Equation (7) as
follows:

Invs(DX, G1)=0.37 x Invs(D1, G1) + 0.33 x Invs(DZ, G7 ) +0.3 x Invs(D3, G1 ) =0.8064

Invs(DX, G2)=0.37 x Invs(D3, G3 ) + 0.33 x Invs(DZ, G5 ) +0.3 x Invs(D3, G5 ) =0.8568

Invs(DX, G3)=0.37 x Invs(D3, G5 ) + 0.33 x Invs(D3, G ) +0.3 x Invs(D3, G5 ) =0.9331

Invs(DX, G#)=0.37 x Invs(Df, G5 ) + 0.33 x Invs(DZ, G5 ) +0.3 x Invs(D3, G5 ) =0.8597

Similarly, we can calculate the overall weighted Jaccard index measures values based on the two vectors between
by equation (8) as follows:

Winvs(DX, Gi)= 0.8737 Wlnvs(D¥,G2)=0.8961 Wnvs(DX, G3)= 0.9744 WInvs(D¥,Ga)= 0.9162

Step 4: According to the above values of Invs(D¥, Gi) and (i=1,2,3,4), the distance value of both the Jaccard index
measure and the weighted Jaccard index measure values based on two vectors, the ranking orders: Gz > Gs > G2 >
G are same. As indicated by the most extreme value of Jaccard index measures, the alternative Gs is the better

decision.

6. Related Comparison
Further comparison, table 6.1 show the MAGDM results based on the Jaccard index measures of NVs proposed in
this paper and the neutrosophic set and bipolar neutrosphic set were proposed Jaccard index in the relevant paper

[23][32]. Here, we utilizing Enq (8) for the two neutrosophic set and bipolar neutrosophic set respectively.

MAGDM METHOD JACCARD INDEX RANKING ORDER THE BEST
ALTERNATIVE

Invs(DX,Gr) 0.8064,0.8568,0.9331,0.8597 G3> Gs> G2 > Gy Gs

Wnvs(DX,G1) 0.8737,0.8961,0.9744,0.9162  G3> G4 > G2 > Gy Gs

Wins (DX,Gi) 0.8003,0.7961,0.8447,0.8147  G3> G4 > G2 > Gy Gs

WJens(DK,Gr) 0.8700,0.7456,0.8940,0.8957  G3 > G4 > G2 > Gy Gs

Table 6.1. Decision results based on neutrosophic environment MAGDM method
Obviously, from the result of table 6.1, ranking orders and best alternatives based on the new method based on this

paper is consistent with the result provided by Mehmet and Irfan [23]. Compared with the [23,32] the calculation
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process of the Jaccard index for MAGDM proposed in this paper is relatively compared to neutrosophic set and
bipolar neutrosophic set based on the Jaccard index for MAGDM in [23, 32]. The above comparisons demonstrate
that thispaper present a new concept for solving decision-making problems is more efficient under a neutrosophic
environment.

7 .Conclusion

In this paper we develop MAGDM method and gave its application under theneutrosophic environment and also to
show the exhibit effectiveness of theproposed method, we utilized an illustration example. There are many similarity
measures utilized inthe decision-making problem but we have utilized a Jaccard similarity measure toshow that the
proposed method can effectively solve decision-making problems with NVs information. Furthermore, researchers

can be extended to study some new correlation coefficients between NVs and their MAGDM.
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Abstract

Uncertainty is a big problem in our routine life. Many theories were developed to handle uncertain environments.
This paper approaches the concept of neutrosophic soft matrices (NSM) and multiple types of NSM to achieve
solutions to a possible problem and provide ideas to tackle other problems relating to uncertainties. Here, NSM
has been utilized to demonstrate the performance of different farmers, and further score function has been
implemented to solve a possible application of decision making in agriculture. It explains the selection of the best
farmer by scientific experts through an algorithm in this paper. The selection based upon the better production of
crop and nature, fertilizer, pesticides, etc. are used as attributes, which will contribute to the performance of each
farmer. Finally, combining the attributes, which will help us achieve a conclusion to determine the best farmer.

Keywords: Neutrosophic Soft Set, NSM, Agriculture, Decision Making, Score function.
1. Introduction

Many researchers use different tools to solve the uncertainties and problematic issues in different fields
like engineering, business administration, environment, medical sciences, etc., which are unable to
solve, by using standard mathematical tools. To overcome the difficulties of standard tools, researchers
work to apply different tools to deal with uncertain problems. Some of these are fuzzy sets, intuitionistic
fuzzy sets, neutrosophic sets, etc. In 1965 Lotfi. A. Zadeh [1] proposed a wonderful theory named the
fuzzy set theory to deal with uncertain issues. Further, in 1975, a more advanced interval-valued fuzzy
set (IVFS) was proposed by Yang [2], which has a wide range than a simple fuzzy set. In 1982, Pawalk
initiated another wonderful theory named rough set theory [3]. After that, the intuitionistic fuzzy set
theory was coined by Atanassov [4] in 1983. In 1995 neutrosophic fuzzy set was proposed by Florentine
Smarandache [5]. After that, in 1999, Molodtsov [6] developed the soft set theory, which is a major
mathematical operator when dealing with decision-making problems in a vague environment. It has
wide applications such as decision making in the medical field, economics, and social sciences. In 2001,
Maji et al. [7] extended the Molodtsov [6] theory and defined different basics of soft sets. Later in 2004,
Maji et al. [8] proposed the idea of intuitionistic fuzzy soft sets. Cagman [9] coined the idea of fuzzy
soft matrices in 2010. Fuzzy soft matrices have a wide range of applications in decision-making
problems. However, simple matrix theory fails when sometimes dealing with uncertainty problems.

After that, in 2012, Das and Chetia [10] introduced intuitionistic fuzzy soft matrices (abbr. IFSMs) with
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different types of products and axioms on these products. Then, Mondal et al. [11, 12] introduced
different types of IFSMs. In some real-world problems, we need to go with different tools to solve the
uncertainty and abstruse problems, and furthermore, if we talk about intuitionistic fuzzy soft sets, we
just have to deal with truth and false-membership values for a proper description of an object. The
intuitionistic fuzzy sets can only handle the unclear info regarding both truth and false membership
values. The neutrosophic soft set is a complete family of all neutrosophic sets, which is the generalized
form of an intuitionistic fuzzy soft set with truth-value, indeterminate value, and false value. In 2013
P.K.Maji [13] defined different operators on neutrosophic fuzzy soft set and applied soft sets in
unpredictable problems. In 2014, Broumi, et al. [14] defined interval-valued NSS and its applications
in decision-making problems. In the same year, Broumi et al. [15] proposed different relations on
interval-valued neutrosophic soft sets. It leads to decision making in various fields of life. In 2014,
Broumi, et al. [16] applied different mappings on neutrosophic soft expert sets. In the same year, Irfan
Deli and Broumi[17] defined neutrosophic soft matrices and used soft matrices in decision-making.
Applications were requiring decision-making, having multiple selection criteria. Researchers applied
these techniques in decision making in different fields of life. In 2019, Jafar et al. [18] applied
intuitionistic soft set in medical diagnose. In 2019, Jafar et al. [19] worked on Sanchez’s identification
by trapezoidal fuzzy number. In 2020, Jafar et al. [20] discussed the application of soft-set relation and
soft matrix in medical diagnosis by Sanchez. In 2019, Riaz et al. [21] studied the hardness of the water
in laundry based on the fuzzy logic controller. The selection of smartphones in Pakistan decision making
by Saglain et al. [22] in 2018. In 2019, Saglain et al. [23] predicted about 2019 Cricket world cup by
TOPSIS Technique. Researchers [24-26] applied different strategies for problem solving and selection.
In 2009, Mustafa et al. [27] applied fuzzy logic on sorting and grading in agriculture. After in 2013,
Papageorgion et al. [28] proposed yield prediction using the fuzzy cognitive map. In 2014, Virgin and
Riganabanu [29] proposed an application of an interval-valued fuzzy soft matrix for the detection of
diseases in plants. In 2017, Neamatollah et al. [30] proposed an optimal cropping pattern of agriculture
on the fuzzy system. In 2018, Mota et al. [31] defined fuzzy validity measures and their applications of
decision making in agricultural engineering. In the same year, 2018, Loganathan and Pushpalatha [32]
proposed an application in agriculture using fuzzy matrices. In 2019, Savarimuthu and Mahalaksmi [33]
defined T-Conorm operators on IFSM and proposed its applications in agriculture. For more
information on neutrosophic theory and their application, we refer the readers to the following
references [34-37]. In this paper, the concept of neutrosophic fuzzy soft matrices, different types of
fuzzy neutrosophic soft matrices, and some operators on soft matrices and its application in agriculture
has been demonstrated. Several applications, studied under neutrosophic soft matrices, fuzzy
neutrosophic matrices and neutrosophic fuzzy matrices, have been worked on and are being worked on
as we speak. Conclusively, neutrosophic fuzzy soft matrices have been used in decision making to
approach the desired result. The goal is to display the usage of the said concepts and ideas in the possible

application of agriculture. In section 2, the discussion is about the soft set and its different types. In
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section 3, the discussion is about methodology, which is used in the application of neutrosophic soft

matrices. In section 4 and 5, we discussed the algorithm and real-life example of an NSM.

2 Preliminaries

In this section, some basics will be under discussion; to understand the concepts of paper, you must know the
following.

2.1 Soft Set [20]

Let K be a set of alternatives, and D is a set of attributes. Let P (K) denotes the set of all subsets of K and A is a
subset of D. Then (F , A) is called a soft set over K where F is a mapping given by F: A — P(K).In fact soft set
(F ,A) is a family of subsets of K. Fore € A, (F , A) is defined as

(F,A)={F(e) e P(K):eeD,F(e)=0ife¢ A}
Example 2.1
Let K={fi,fo.fs.fa} be a set of houses of different colors (paints) and D =
{Yellow (e,), Green(e,), Sky blue(es)} is a set of attributes. If A = {e;, e3} € D. Let Fy(ey) = {f1, fo, fo} and
F,(e3) = {f1, f5, fa} then the soft set(F,,D) = {(es, {f1, f>, fu}), (es, {f1, f3, fu})}, which describes the colors of

houses. We write the soft set as follows

K Yellow(eq) Green(ey) Sky blue(ez)
f1 1 0 1
f2 1 0 0
f3 0 0 1
fa 1 0 1

2.2 Fuzzy Soft Set [21]

Let K be a universe, and D be a set of attributes and any set A € D. Let P(K) denotes the set of all fuzzy sets of
K. A set (F,, D) is said to be fuzzy soft set over K such that F, is a mapping given by F,: D = P(K) such that
F,(e) = ¢ ife & A where ¢ is a null fuzzy set.

Example 2.2

See example 2.1, we give membership value in 0 or 1, but in FSS we choose membership value from interval

[0,1] instead of crisp numbers 0 and 1.Then
(F4, D) = Fp(ey) = {(f1,0.5), (f2,0.3), (£,,0.8)}
Fu(e3) = {(f1,0.2), (f3,0.9), (f4,0.6)} is the fuzzy soft sets describe the colors of houses.

K Yellow(eq) Green(ey) Sky blue(ez)

f1 0.5 0.0 0.2
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fa 0.3 0.0 0.0
fs 0.0 0.0 0.9
fa 0.8 0.0 0.6

2.3 Fuzzy Soft Matrices (FSM) [18]

Let (F4, D) be a fuzzy soft set and K X D is defined by a relation G, = {(f ,e): e € A, f € F4(e)}.The function

of G, is written by ag4: K X D — [0,1] where ag,(f ,e) € [0,1] is the membership value.

If [aij] = a; (fl- ,e]-) then, the matrix is

a1 A 0 Qip

[a' ] _|Q21 Q22 Qgp
Ulmxn : : : :

Am1 Amz2  ° Amn

Which is soft matrix of soft set (F , D) over K called the fuzzy soft matrix (FSS).

Example 2.3

Let K = {f,, f2. f5, fa, fs} is a universal set and D = {e;, e,, e3, e, } is a set of all attributes then
A = {e;,e,,e,} S D Then the soft set (Fp ,A) = {Fp(e;), Fp(ey), Fp(es)} where

Fp(ey) = {(f1,0.5), (f2,0.3), (f3,0.1), (£, 0.2), (f5, 0.8)}

Fp(ez) = {(f1,0.3), (f2,0.6), (f,0.4), (f1,0.9), (f5, 0.2)}

Fp(eq) = {(f1,0.2),(f2,0.7), (fs,0.1), (£,,0.3), (s, 0.5)}.

Then, the soft matrix [ai j] is

0.5 03 0.0 02
03 0.6 0.0 07
[a;;]=]01 04 00 01

08 0.2 0.0 05

2.4 Neutrosophic Soft Set (NSS) [17]

Suppose K be a universe with an element in K denoted by fand D be a set of attributes. A neutrosophic set N over
K is characterized by a truthiness T, , indeterminacy I, and a falsity value F, where T4, I4 and F, are real

standard subsets of [0, 1]. And ~ fy:D - N(K)

A={(e{< £, (Ta(" (), Fa()} >): f € U,e € D, Tu(), La(F), Fa(f) € [0,1]}

There is no restriction on the sum of T, (f), L, (f), Fa(f) . 70 < T, (f) + L(f) + E4(f) < 3*.
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Example 2.4

Let K={fi,fo.fs.fa} be a set of houses of different colors (paints) and D =
{Yellow (e,), Green(e,), Sky blue(e;)} is a set of attributes. IfB = {e;,e3} € D.

Let (Fg,D) = Fy(ey) = {(f,,0.5,0.2,0.3), (f,0.3,0.4,0.2), (f,, 0.4,0.1,0.3)}

Fg(es) = {(f1,0.2,0.4,0.3), (f5,0.5,0.1,0.4), (f4, 0.6,0.3,0.1)} Which describes the colors of houses. We write

the neutrosophic soft set as follows

K Yellow(eq) Green(e,) Sky blue(ez)
f1 0.5,0.2,0.3 0.0,0.0,0.0 0.2,0.4,0.3
f2 0.3,0.4,0.2 0.0,0.0,0.0 0.0,0.0,0.0
f3 0.0,0.0,0.0 0.0,0.0,0.0 0.5,0.1,0.4
fa 0.4,0.1,0.3 0.0,0.0,0.0 0.6,0.3,0.1

2.5 Neutrosophic Soft Matrix (NSM)

Suppose K = {fl,fz,f3, } be the universe and D = {e;, e;, €3, ..... } be a set of attributes and4 € D. A set
(F,A) be an NFSS over K. Then the subset of K X D

Is definedas R, = {(f , e); e€AfEF, (e)} which is the relation form of (F, , D). The truthiness, indeterminacy

and falsity values are:
Tg,:K XD —[0,1], Ig,:KxD-[0,1], Fr,s K x D —[0,1]

Tr,(f,e) €[0,1] , I,(f,e) € [0,1] ,Fg,(f,e) € [0,1] are the truthiness, indeterminacy, and falsity of f € K

for eache € D?

If [(Tyj, 1ij, Fij)] = [Ty (fi €)1 (fio €), Fij (fis ¢7)] then

(Tll’ 111' Fll) (T12’ 112' FlZ) o <T1n'11n' Filn)

_ | To1, 121, Fa1) (T Ipp, Fop) o (Top, Ipn, Fop)
[(Tl'j'li}"F'j)]mxn_ 21 21 21 22 252 22 : 2n Zn 2n

(Tm1: Iml: le) (Tmz' Im2r sz) (Tmn' Imnr an)

That is called m X n order neutrosophic soft matrix over K.

Example 2.5

LetK = {fl,fz, f3,f4,f5} is a universal set and D = {e;, e,, e3, e, } is a set of all attributes then
A = {e;,e,,e,} S D Then the soft set (Fp ,A) = {Fp(e;), Fp(e,), Fp(e,)} where

Fp(ey) = {(f1,0.5,0.2,0.2), (f,,0.3,0.4,0.1), (f5,0.1,0.6,0.3), (f;,0.2,0.3,0.5), (f, 0.2,0.1,0.4)}
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Fp(e,) = {(f1,0.3,0.5,0.1), (2, 0.6,0.2,0.2), (fs, 0.4,0.3,0.3), (f3,0.3,0.1,0.5), (f, 0.2,0.5,0.1)}

Fp(es) = {(f1,0.2,0.3,0.5), (f,,0.7,0.1,0.1), (f3,0.1,0.6,0.3), (f;, 0.3,0.4,0.1), (f5, 0.5,0.2,0.2)}.

Then, the neutrosophic soft matrix is

(0.5,0.2,0.2)
(0.3,0.4,0.1)
F;;)] =1(0.1,0.6,0.3)
(0.2,0.3,0.5)
(0.2,0.1,0.4)

[( ijr lijy

(0.3,0.5,0.1)
(0.6,0.2,0.2)
(0.4,0.3,0.3)
(0.3,0.1,0.5)
(0.2,0.5,0.1)

(0.0,0.0,0.0)
(0.0,0.0,0.0)
(0.0,0.0,0.0)
(0.0,0.0,0.0)
(0.0,0.0,0.0)

(0.2,0.3,0.5)
(0.7,0.1,0.1)
(0.1,0.6,0.3)
(0.3,0.4,0.1)
(0.5,0.2,0.2)

2.6 Complement of Neutrosophic Soft Matrices

Suppose A= [( i Lijs )] € NSM,,,,,,.Then the complement of A is doted by A" and is defined as A" =
[( L}' U’ )] for allland_]
Example 2.6

See example 2.5

(0.2,0.8,0.5)
(0.1,0.6,0.3)
(0.3,0.4,0.1)
(0.5,0.7,0.2)
(0.4,0.9,0.2)

= [(Fyy, 1 =1y, Ty)] =

2.7 Addition of Neutrosophic Soft Matrices

If A=[(T414F} i lijs

the addition of A and B as

A, B
18418
L min(F4 F}

L]’ 2

A+B=C= (max(TA T5),

2.8 Subtraction of Neutrosophic Soft Matrices

If A=|[(T4 15 F

ijrlijo ] € NSmen >

B = (1515,

subtractionof AandBas A —B =C = (TA - T8 1 -

Ly’

| € NSMyr . B = [(T5, 15, FE

(0.1,0.5,0.3)
(0.2,0.8,0.6)
(0.3,0.7,0.4)
(0.5,0.9,0.3)
(0.1,0.5,0.2)

| € NSMppn

i )foralliandj.

1’

3 Neutrosophic Soft Matrix Application in Agriculture

3.1 Value Matrix

Suppose 4 = [(T{, I,

V(A) =
3.2 Score Matrix

If A=|[(T414

418, F)| € NSMyyyn B = [(TS, I

ijrLijr

by S(az) and is defined as S¢4 5y = V(A4) — V(B).

[(T + 1f — F{})] for all i and j, respectively. Where i = 1,2,3 ........

(0.0,0.0,0.0)
(0.0,0.0,0.0)
(0.0,0.0,0.0)
(0.0,0.0,0.0)
(0.0,0.0,0.0)

thenC = [(T, If;

FB)] € NSM,,y, thenC = [(T§, I, F§

I8, F{ — F5) forall i and j.

1]’

lj’

(0.5,0.7,0.2)
(0.1,0.9,0.7)
(0.3,0.4,0.1)
(0.1,0.6,0.3)
(0.2,0.8,0.5)

F5)| € NSMyyxr,. Then

| € NSMy,,. Then

F A)] € NSM,,», then, A is called the value of NSM denoted by V(A) and is defined by

mandj=123.....n

FB)] € NSM,, . Then, the score matrix of A and B is denoted
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3.3 Total Score

If A=[(T4,1{,F)] € NSMypu, .B = [(T,15,F5)] € NSMypp. Then, their corresponding value matrix be

V(A),V(B) and their score matrix beS(, ). Then the total score for each u; in U as

S = ijl(V(A) —v(B))

Methodology

Let K is a set of farmers who produces a quality of wheat for better health of human beings to be chosen as the
best farmer. This whole process and selection of the farmers will be made by agriculture experts, use of natural
resources, fertilizers and pesticides will be taken into account. Suppose D is a set, which consists of parameters
relative to the harvested products by farmers. First of all, compute NFSS(F,, D) over K show the farmers’
selection by agricultural experts T, Where F, is a mapping F,: D = N(K) , is the collection of all neutrosophic
subsets of K. Now, computation of another NFSS(Gg, D) over K demonstrate farmers’ selection by the agriculture
experts from another field Z, Where G is a mappingGg: D = N(K), is the assortment of all neutrosophic subsets
of K. Now develop the matrices A and B relative to the neutrosophic soft sets (F4, D) and(Gg, D). Also, compute
the complement matrices A" and B° from the complements of neutrosophic soft set (F4, D)’ and set(Gg, D),
respectively. After this, calculate A + B, the greater membership value of farmers that will be judged by the
experts. Also, calculate A° + B®, the maximum membership value of non-selected farmers. Now calculate value

matrices V(4 + B) and V(A" + B") and score matrix S (A+B)(A°+B")) and the total score S; for each farmer in K. At

last Sy = max(S;) determines that the farmer f; is selected as the best farmer by the experts.

4. Algorithm

Step 1: Compute the neutrosophic soft set (F,, D), (Gg, D) and then find the NSMs A and B corresponding to the
(F,4, D)and(Gg, D) respectively.

Step 2: Compute the neutrosophic soft complement sets (Fy, D)°, (Gg, D) and compute the NSMs A andB’
corresponding to the (F,, D) and(Gg, D)’ respectively.

Step 3: Calculate(A + B), (A" + B"),V(A + B), V(A" + B") and S((A+B) (445

Step 4: Calculate the total score S; for each f; in K.

Step 5: FindS), = max(S;), and then conclude the best farmer f;, has the maximum value.

Step 6: If S} has more than one value, then repeat the step 1 and so repeat the complete process.
S Application in Decision Making

As traditional mathematical methods are limited for solving problems, so researchers use different techniques
for problems involving decision-making. Neutrosophic soft matrix (NSM) is one of those techniques that is used
in this paper as this tool is used by many researchers to solve their MCDM (Multi-Criteria Decision Making)
problems. Let us try to solve an MCDM problem by using NSM. Suppose (F4, D) and (Gg, D) are two NSS

showing the set of four farmers who are selected from the universal set K = {f, f5, f3, 1} by the experts T and
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Z. Suppose D = {ey, e,, e3} be the set of attributes representing the different manures like nature, fertilizer,

pesticides, etc. will be considered to choose the best farmer by examining wheat that is better for human health.

Step 1: Construction of Neutrosophic Soft Sets

(Fa, D) = {F4(ey1), Fa(ey), Fa(es)}

Fa(ey) = {(f,,0.5,0.2,0.2), (f,,0.4,0.3,0.1), (f3,0.3,0.5,0.2 ), (f,, 0.6,0.2,0.1 )}

Fa(ey) = {(£,,0.2,0.4,0.3), (f,,0.7,0.2,0.1), (f3,0.2,0.5,0.3), (f,,0.4,0.5,0.1)}

F,(e3) = {(f1,0.6,0.1,0.2), (f, 0.5,0.3,0.2), (f3, 0.3,0.5,0.2), (f4,0.7,0.1,0.2)}.
(Gp, D) = {Gg(ey),Gp(ey), Gp(es)}

Gs(ey) = {(f1,0.6,0.3,0,1), (f,,0.4,0.3,0.2), (f3,0.2,0.6,0.1), (f;,0.6,0.2,0.1)}

Gz(ey) = {(£1,0.5,0.3,0.2), (2, 0.7,0.2,0.1), (f3, 0.4,0.3,0.2 ), (f3, 0.6,0.2,0.1 )}

Gy (es) = {(f,,0.4,0.2,0.3), (f5,0.2,0.5,0.3), (f3, 0.6,0.2,0.2), (f,,0.7,0.2,0.1)}.

These are neutrosophic soft matrices of above soft sets:

Step 2

1(0.5,0.2,0.2)
(0.4,0.3,0.1)
(0.3,0.5,0.2)
[(0.6,0.2,0.1)

1(0.6,0.3,0.1)
(0.4,0.3,0.2)
(0.2,0.6,0.1)
[(0.1,0.5,0.2)

(0.2,0.4,0.3)
(0.7,0.2,0.1)
(0.2,0.5,0.3)
(0.4,0.5,0.1)

(0.5,0.3,0.2)
(0.7,0.2,0.1)
(0.4,0.3,0.2)
(0.6,0.2,0.1)

Then, the neutrosophic soft complement matrices are

1(0.2,0.8,0.5)

_1(0.1,0.7,0.4)

(0.2,0.5,0.3)
[(0.1,0.8,0.6)

1(0.1,0.7,0.6)
(0.2,0.7,0.4)
(0.1,0.4,0.2)

[(0.2,0.5,0.1)

Step 3: Construction of Value Matrix.

(0.3,0.6,0.2)
(0.1,0.8,0.7)
(0.3,0.5,0.2)
(0.1,0.5,0.4)

(0.2,0.7,0.5)
(0.1,0.8,0.7)
(0.2,0.7,0.4)
(0.1,0.8,0.6)

(0.6,0.1,0.2)]
(0.5,0.3,0.2)
(0.3,0.5,0.2)
(0.7,0.1,0.2)

(0.4,0.2,0.4)1
(0.2,0.5,0.3)
(0.6,0.2,0.2)
(0.7,0.2,0.1)

(0.2,0.9,0.6)]
(0.2,0.7,0.5)
(0.2,0.5,0.3)
(0.2,0.9,0.7)

(0.3,0.8,0.4)1
(0.3,0.5,0.2)
(0.2,0.8,0.6)
(0.1,0.8,0.7)

7(0.6,0.25,0.1)
(0.4,0.3,0.1)
(0.3,0.55,0.1)
[(0.6,0.35,0.1)

(0.5,0.35,0.2)
(0.7,0.2,0.1)
(0.4,0.4,0.2)

(0.6,0.35,0.1)

(0.6,0.15,0.2)
(0.5,0.4,0.2)
(0.6,0.35,0.2)
(0.7,0.15,0.1)

(A+B) =

7(0.2,0.75,0.5)
(0.2,0.7,0.4)
(0.2,0.6,0.2)
(0.2,0.65,0.1)

(0.3,0.65,0.2)
(0.1,0.8,0.7)
(0.3,0.6,0.2)

(0.1,0.65,0.4)

(0.3,0.85,0.4)
(0.3,0.6,0.2)
(0.2,0.65,0.3)
(0.2,0.85,0.71)

(A +B)=
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Now calculate score matrix as

Step 4: To find the Total Score

0.75 0.65
_loé6 o8
VA+B) =075 o6
0.85 0.85
045 0.75
. e |05 02
VA +B) =06 o7
0.75 0.35
03 —0.1
s lo1 o6
(a+B)(4+87)) ~ 0.15 —0.1
01 05
0.0
. 0.7
Total Score : 0.25

1.0

Step 5: Best Selection using highest score

Sk =1.0

0.55
0.7
0.75
0.75

0.75
0.7
0.55
0.35

-0.2
0
0.2
0.4

As we can see above the last value is maximum so the farmer h, has gain more score so the farmer h, is selected

as best farmer by the experts.

6. Conclusion

In this paper, the concept of neutrosophic soft matrices has been described, and the application of some new

operations has been tested through neutrosophic soft matrices. A possible application has been tackled through

the usage of NSM, which will not only prove useful by itself but will help researchers to solve other problems of

uncertainties through similar procedures. The following paper demonstrated a new solution procedure to solve

neutrosophic soft sets based on real-life decision-making problems. This procedure proves quite feasible in many

real-life scenarios where ease of decision-making is the goal in mind.
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Abstract

The concept of a neutrosophic cubic set in a UP-algebra was introduced by Songsaeng and Iampan [Neu-
trosophic cubic set theory applied to UP-algebras, 2019]. In this paper, we define the image and inverse
image of a neutrosophic cubic set in a non-empty set under any function and study the image and inverse
image of a neutrosophic cubic UP-subalgebra (resp., neutrosophic cubic near UP-filter, neutrosophic cubic
UP-filter, neutrosophic cubic UP-ideal, neutrosophic cubic strong UP-ideal) of a UP-algebra under some UP-
homomorphisms.

Keywords: UP-algebra, UP-homomorphism, neutrosophic cubic UP-subalgebra, neutrosophic cubic near UP-
filter, neutrosophic cubic UP-filter, neutrosophic cubic UP-ideal, neutrosophic cubic strong UP-ideal

1 Introduction

The type of the logical algebra, a UP-algebra was introduced by Iampan'? Later Somjanta et al*? studied
a fuzzy UP-subalgebra, a fuzzy UP-ideal and a fuzzy UP-filter of a UP-algebra. Guntasow et al” studied a
fuzzy translation of a fuzzy set in a UP-algebra. Kesorn et al'” studied an intuitionistic fuzzy set in a UP-
algebra. Kaijae et al1% studied anti-fuzzy UP-ideals and anti-fuzzy UP-subalgebras. Tanamoon et al *® studied
a Q-fuzzy set in a UP-algebra. Sripaeng et al** studied an anti Q-fuzzy UP-ideal and an anti Q-fuzzy UP-
subalgebra of a UP-algebra. Dokkhamdang et al# studied a generalized fuzzy set in a UP-algebra. Songsaeng
and Tampan®*2? studied an A/-fuzzy UP-algebra and a fuzzy proper UP-filter of a UP-algebra. Senapati et
al 2% studies a cubic set and an interval-valued intuitionistic fuzzy structure in a UP-algebra.

A fuzzy set f in a non-empty set A is a function from A to the closed interval [0, 1]. The concept of a
fuzzy set in a non-empty set was first introduced by Zadeh 8 The fuzzy set theory developed by Zadeh and
others have found many applications in the domain of mathematics and other domains. Zadeh*” introduced
an interval-value fuzzy sets. The concept of a neutrosophic set was introduced by Smarandache2® in 1999.
Wang et al*” introduced the concept of an interval-valued neutrosophic set in 2005. Jun et al'¥ introduced
the concept of an interval-valued neutrosophic set in a BCK/BCI-algebra. The concept of a neutrosophic
N -structure in a semigroup was introduced by Khan et al*® in 2017. Jun et al** applied the concept of a
neutrosophic A\-structure to a BCK/BCl-algebra in 2017. Songsaeng and Iampan"32 applied the concept of
a neutrosophic set to a UP-algebra. Ibrahim et. all’ introduced the concept of a neutrosophic subtraction
algebra and a neutrosophic subtraction semigroup, and Al-Tahan and Davvaz' introduced the concept of a
neutrosophic R-ideal of a subtraction algebra in 2020.

A neutrosophic cubic set which is the generalized form of fuzzy sets, cubic sets and neutrosophic sets was
introduced by Jun et al¥ in 2017. Igbal et al'! introduced the concept of a neutrosophic cubic subalgebra
and a neutrosophic cubic closed ideal of a B-algebra in 2016. Songsaeng and Iampan? introduced the concept
of a neutrosophic cubic set in a UP-algebra in 2020. Khalid et. al'® applied the concept of a multiplicative
interpretation of a neutrosophic cubic set to a B-algebra in 2020.

From literature review, we will study the image and inverse image of neutrosophic cubic UP-subalgebras
(resp., neutrosophic cubic near UP-filters, neutrosophic cubic UP-filters, neutrosophic cubic UP-ideals, neu-
trosophic cubic strong UP-ideals) under some UP-homomorphisms.
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2 Basic concepts and preliminary notes on a UP-algebra

Before the study, we will review the definition of a UP-algebra.

Definition 2.1. "’ An algebra X = (X, 0,0) of type (2, 0) is said to be a UP-algebra, where X is a non-empty
set, o is a binary operation on X, and 0 is a fixed element of X if it holds the followings:

(UP-1) (forall z,y,z € X)((yoz)o((zoy)o(xroz))=0),
(UP-2) (forall z € X)(0ox = x),

(UP-3) (forall z € X)(x o0 =0), and

(UP-4) (forall z,y € X)(zoy=0,yox=0=x =y).

From/” we already know that the concept of a UP-algebra is a generalization of a KU-algebra (see?l).
Example 2.2. “* Let Y be a universal set and let € P(Y'), where P(Y’) means the power set of Y. Let
Po(Y)={AcP(Y)|Q C A}. Define a binary operation o on Pq(Y’) by putting Ao B = BN (A“UQ) for
all A, B € Po(Y), where A® means the complement of a subset A. Then (P (Y), 0, ) is a UP-algebra. Let
PUY) = {A € P(Y)| ACQ}. Define a binary operation  on P*(Y') by putting A e B = BU (A° N Q)

for all A, B € P(Y). Then (P}(Y), e, (2) is a UP-algebra. In particular, (P(Y),0,0) and (P(Y), e, X) are
UP-algebras.

Example 2.3. “ Let IN; be the set of all natural numbers with zero. Define two binary operations - and * on

]NO by

(for all m,n € INy) (m-n:{ n ifm <n, )

0 otherwise
and

(for all m,n € INy) (m*n{ n ifm>norm =0, >

0 otherwise
Then (INy, -, 0) and (INg, *, 0) are UP-algebras.
2ABIRIR22S

For more examples of a UP-algebra, see!

In a UP-algebra X = (X, 0,0), the followings are valid (see’®).

(forall z € X)(z oz =0), 2.1)
(forall z,y,z € X)(xoy=0,yoz=0=xz02z=0), (2.2)
(forall z,y,z € X)(xoy=0= (zox)o(z0y)=0), (2.3)
(forall z,y,2 € X)(zoy=0= (yoz)o(zxoz)=0), (2.4)
(forall z,y € X)(xo(yox)=0), (2.5)
(forall z,y € X)((yozx)ox =0 x=youx), (2.6)
(forall z,y € X)(x o (yoy) =0), 2.7
(forall a,z,y, 2 € X)((z 0 (y02)) o (v (a0 ) o (a0 2))) = 0), 8)
(forall a,2,, 2 € X)((((a0) 0 (a0y)) o) o (z 0 y) 0 2) = 0), 29)
(forall z,y,z € X)(((xoy)oz)o(yoz)=0), (2.10)
(forall z,y,z € X)(zoy=0=2x0(z0y) =0), (2.11)
(forall z,y,z € X)(((xoy)oz)o(xo(yoz))=0),and (2.12)
(forall a,z,y,2 € X)(((xoy)oz)o(yo(aoz))=0). (2.13)

FromZ the binary relation < on a UP-algebra X = (X o,0) is defined as follows:
(forall z,y € X)(x <y < xzoy=0).
In a UP-algebra, 5 types of special subsets are defined as follows.
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Definition 2.4. 227 A non-empty subset A of a UP-algebra X = (X, 0,0) is said to be
(1) a UP-subalgebra of X if (forall z,y € A)(zoy € A).
(2) anear UP-filter of X if

(i) the constant 0 of X isin A, and

(ii) (forall z,y € X)(ye A= zoyc A).
(3) a UP-filter of X if

(i) the constant 0 of X isin A, and

(ii) (forall z,y € X)(zoye A,z € A=ye A).
(4) a UP-ideal of X if

(i) the constant 0 of X isin A, and

(i) (forall z,y,z € X)(zo(yoz)c A, yc A=zo0zc A).
(5) astrong UP-ideal of X if

(i) the constant 0 of X isin A, and

(ii) (forall z,y,z € X)((zoy)o(z0x) € A,y € A= x € A).

Guntasow et al® and ITampan® proved that the concept of a UP-subalgebra is a generalization of a near
UP-filter, a near UP-filter is a generalization of a UP-filter, a UP-filter is a generalization of a UP-ideal, and
a UP-ideal is a generalization of a strong UP-ideal. Moreover, they proved that the only strong UP-ideal of a
UP-algebra X is X.

Definition 2.5. “Let (X, 0,0x) and (Y, e, 0y) be two UP-algebras. A function f from X to Y is said to be a
UP-homomorphism if
(forall z,y € X)(f(zoy) = f(z) e f(y))-

A UP-homomorphism f: X — Y is said to be a UP-epimorphism if f is surjective, a UP-monomorphism
if f is injective, and a UP-isomorphism if f is bijective.

Theorem 2.6. “ Let X and Y be two UP-algebras with fixed elements of 0x and Oy, respectively, and let
[+ X =Y be a UP-homomorphism. Then the followings hold:

(1) f(Ox) = Oy, and
(2) (forall 1,22 € X)(z1 <22 = f(21) < f(22)).

In 1965, the concept of a fuzzy set in a non-empty set was introduced by Zadeh*® with the following
definition.

Definition 2.7. A fuzzy set (briefly, FS) in a non-empty set X (or a fuzzy subset of X) is defined to be a
function X : X — [0, 1], where [0, 1] is the unit segment of the real line. Denote by [0, 1] the collection of
all FSs in X. Define a binary relation < on [0, 1]% as follows:

(forall A,z € [0,1]X)(\ < & (forall x € X)(\(z) < p(x))). (2.14)
Definition 2.8. “Z Let A be a FS in a non-empty set X. The complement of A, denoted by A\, is defined by
(forall z € X)(\%(2) = 1 — \(x)). (2.15)

Definition 2.9. “ Let {)\; | j € J} be a family of FSs in a non-empty set X. We define the join and the meet
of {\; | j € J}, denoted by V;c s\ and Aje s\, respectively, as follows:

(forall x € X)((VjesAj)(x) = sup,c {Aj(®)}), (2.16)

(for all @ € X)((AjesA))(@) = infes (s (@)}): @.17)
In particular, if A and p be FSs in X, we have the join and meet of A and p as follows:

(forall z € X)((AV p)(x) = max{\(x), u(x)}), (2.18)

(forall x € X)((A A p)(z) = min{\(z), p(x)}), (2.19)

respectively.

Doi :10.5281/zenodo.3746022 91



International Journal of Neutrosophic Science (IJNS) Vol. 3, No. 2, PP. 89-107, 2020

An interval number we mean a close subinterval @ = [a~, a™] of [0, 1], where 0 < a~ < a¥ < 1. The
interval number @ = [a~,a™| with a= = a* is denoted by a. Denote by int[0, 1] the set of all interval
numbers.

Definition 2.10. > Let {a; | j € J} be a family of interval numbers. We define the refined infimum and the
refined supremum of {a; | j € J}, denoted by rinf;c ;a; and rsup;¢ ;a;, respectively, as follows:

. ~ _ . — . +
rinf e s {a;} = [}relg{aj },juelg{aj H, (2.20)
rsup;e ;{a;} = [sup{a;j },sup{a;}]. 2.21)
jeJ jeJ

In particular, if @1,a; € int[0,1], we define the refined minimum and the refined maximum of @; and @s,
denoted by rmin{a;, a2} and rmax{as, as}, respectively, as follows:

rmin{ay,ds} = [min{a;,a; },min{a;, ad }], (2.22)

rmax{ay,ds} = [max{a],a; }, max{a],ag}]. (2.23)

Definition 2.11. 2 Let @1,d@ € int[0,1]. We define the symbols “>=”, “<”, “=" in case of @; and dy as
follows:

Gy = dy & a] >ay andaf > af, (2.24)

and similarly we may have a; = a, and a; = ds. To say a; = as (resp., a; < a2) we mean a; = do and
61 7& ag (resp., 61 j 62 and Zil 7é ag)

Definition 2.12. ¥ Let @ € int[0, 1]. The complement of @, denoted by @, is defined by the interval number
a“=[1-a*1-a") (2.25)

In the int|[0, 1], the followings are valid (see>>).

(for all @ € int[0, 1])(a = a), (2.26)
(for all @ € int[0,1])((a“)° = a), (2.27)
(for all @ € int[0, 1})(rmax{a a} = a and rmin{a,a} = a), (2.28)
(for all @y, as € int[0, 1])(rmax{a;, a2} = rmax{as, @ } and rmin{ay, @z} = rmin{as,a1}), (2.29)
(for all @y, as € int[0, 1])(rmax{a,as} > @y and ay *= rmin{ay, as}), (2.30)
(for all @,dy € int[0,1])(a; = ap < af < ay), (2.31)
(for all @y, as,as,ay € int[0,1])(a; = @2,a3 = a4 = rmin{ay, asz} > rmin{as, a4}), (2.32)
(for all @y, as,as € int[0,1])(a1 > a2,as = a2 < rmin{ay, as} = aa), (2.33)
(for all @y, as,as,as € int[0, 1])(a1 > a9, a3 = a4 = rmax{ay, as} = rmax{as,a4}), (2.34)
(for all ay,as,as € int[0,1])(as = a1,as = as < as = rmax{a,as}), (2.35)
(for all @1, as € int[0, 1])(a1 = a2 < rmin{a;,as} = az), (2.36)
(for all @y, az € int[0,1])(a; = dz & rmax{a;,as} = ay), (2.37)
(for all @y, ds € int[0,1])(rmin{a$,as} = rmax{a;,a,}%), (2.38)
(for all @, dy € int[0, 1])(rmax{a{,as’} = rmin{a;,as}%), (2.39)
(for all @y, ds, a3 € int[0, 1])(@; < rmax{as,ds} < af = rmin{as,a§}), (2.40)
(for all @y,dy, a3 € int[0,1])(@; = rmax{asy, a3} < a¢ < rmin{ag,as}), (2.41)
(for all @y, ds, a3 € int[0, 1])(@; < rmin{as, as} < af > rmax{ay,as’}), and (2.42)
(for all @y, ds, a3 € int[0,1])(@; > rmin{dy, as} < af < rmax{as,as}). (2.43)

In 1975, the concept of an interval-valued fuzzy set in a non-empty set was first introduced by Zadeh*®
with the following definition.

Definition 2.13. An interval-valued fuzzy set (briefly, IVES) in a non-empty set X is an arbitrary function
A X — int[0,1]. Let IVFS(X) stands for the set of all IVFS in X. For every A € IVFS(X) and
r € X, A(x) = [A (z), AT (x)] is said to be the degree of membership of an element = to A, where A=, A"
are FSs in X which are called a lower fuzzy set and an upper fuzzy set in X, respectively. For simplicity, we
denote A = [A—, AT].
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Definition 2.14. "2 Let A and B be IVFSs in a non-empty set X. We define the symbols “C”, “2O”, “="in
case of A and B as follows:
AC B« (forall z € X)(A(z) < B(z)), (2.44)

and similarly we may have A O Band A = B.

Definition 2.15. “?Let A be an IVFS in a non-empty set X . The complement of A, denoted by A€, is defined
as follows: A (z) = A(z)® forall z € X, that is,

(forall z € X)(A%(z) = [1 — AT (x),1 — A~ (x)]). (2.45)
We note that A (z) =1 — AT () and A®" (z) =1 — A (a) forall z € X.
Definition 2.16. ** Let {A; | j € J} be a family of IVFSs in a non-empty set X. We define the intersection
and the union of {A; | j € J}, denoted by NjcsA; and Ujc s A;, respectively, as follows:

(forall x € X)((NjesA;)(z) =rinf;cs{A4;(x)}), (2.46)

(forall z € X)((UjesAj)(z) = rsup;c ;{A;(z)}). (2.47)

‘We note that
(forall @ € X)((NjesA;) ™ (2) = (Ajes Ay (@) = inf {47 (2)})

jeJ
and
(forall & € X)((MjesA))* () = (AjesAf) (@) = inf {AF (@))).
Similarly,
(forall z € X)((Ujes4;) " (z) = (Vjes A )(z) = igg{A}(I)})
and

(forall = & X)(Ues A7) (2) = (Vies A} () = sup(4] (2)))

In particular, if A; and A5 are IVFSs in X, we have the intersection and the union of A; and A, as follows:
(forall z € X)((A1 N Ag)(z) = rmin{A; (x), A2(z)}), (2.48)
(forall z € X)((A1 U A2)(z) = rmax{A;(x), A2(z)}). (2.49)

In 1999, the concept of a neutrosophic set in a non-empty set was introduced by Smarandache*® with the
following definition.

Definition 2.17. A neutrosophic set (briefly, NS) in a non-empty set X is a structure of the form:
A={(z, \r(x), 1(z), \p(2)) | z € X}, (2.50)

where Ar : X — [0, 1] is a truth membership function, A\; : X — [0,1] is an indeterminate membership
Sunction, and A\p : X — [0, 1] is a false membership function. For our convenience, we will denote a NS as
A= (X, )\T7>\I>)\F) = (X7 >\T,I,F) = {(x, )\T($)7 )\[(ﬁ), )\F(LL')) ‘ x € X}

Definition 2.18. “® Let A be a NS in a non-empty set X. The NS AY = (X, A5, A, \%) in X is said to be
the complement of A in X.

In 2005, the concept of an interval neutrosophic set in a non-empty set was introduced by Wang et al >
with the following definition.

Definition 2.19. An interval-valued neutrosophic set (briefly, IVNS) in a non-empty set X is a structure of
the form:
A = {(.%‘,AT(LC)7A](LE),AF($)) |$€X}, 2.51)

where A, Ar and A are IVFSs in X, which are called an interval truth membership function, an interval
indeterminacy membership function and an interval falsity membership function, respectively. For our conve-
nience, we will denote aIVNS as A = (X, Ay, A1, Ar) = (X, Ar 1.r) = {(z, Ar(z), Ar(x), Ap(2)) |z €
X}

Definition 2.20. “/ Let A = (X, Ay, A7, Ar) be an IVNS in a non-empty set X. The IVNS A¢ =
(X, AS, AS, AS) in X is said to be the complement of A in X.
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In 2012, the concept of a cubic set in a non-empty set was introduced by Jun et all?

definition.

with the following

Definition 2.21. A cubic set (briefly, CS) in a non-empty set X is a structure of the form:
C={(z,A(z),\(x)) |z € X}, (2.52)

where A is an IVFS in X and A is a FS in X. For our convenience, we will denote a CS as C = (X, A, \) =
{(z, A(z), \(z)) | v € X}.

In 2017, Jun et al ¥ introduced the concept of a neutrosophic cubic set with the following definition.

Definition 2.22. A neutrosophic cubic set (briefly, NCS) in a non-empty set X is a pair &/ = (A, A), where
A= (X,Apr, A, Ap)isan IVNS in X and A = (X, Ap, A;, Ap) is a neutrosophic set in X . For simplicity,
we denote & = (Ar 1 rp,Ar1,r). ANCS &/ = (A,A) in a non-empty set X is said to be constant if
Ap, Ar, Ap, A, A1, and Ap are constant functions. The complement of a NCS & = (A, A) is defined to be
the NCS &7/¢ = (AY, AY).

In 2020, the concepts of a neutrosophic cubic UP-subalgebra, a neutrosophic cubic near UP-filter, a neu-
trosophic cubic UP-filter, a neutrosophic cubic UP-ideal, and a neutrosophic cubic strong UP-ideal of a UP-
algebra were introduced by Songsaeng and Iampan? with the following definition.

Definition 2.23. A NCS &/ = (A, A) in a UP-algebra X = (X 0,0) is said to be
(1) aneutrosophic cubic UP-subalgebra of X if

r(xoy) = rmin{Ar(x), A
(forall z,y € X) | Ar(zoy) < rmax{A;(z),A;(v)} |, (2.53)
r(xoy) = rmin{Ar(z), A
Ar(zoy) < max{Ap(z), A
(forall z,y € X) [ Ar(zoy) > min{A;(z),\(y)} |. (2.54)
)

(2) aneutrosophic cubic near UP-filter of X if

Ar(0) = Ap(z)
(forallz € X) [ A7(0) = Ar(z) |, (2.55)
Arp(0) = Ap(z)
Ar(0) < )\T(w))
(forall z € X) | A(0) > As(z) |, (2.56)
Ar(0) < Ar(z)
Ar(zoy) = Ar(y)
(forall z,y € X) | Ar(zoy) < Ar(y) |, (2.57)
Ap(zoy) = Ar(y)
Ar(zoy) < Ar(y)
(forall z,y € X) | Ar(zoy) > A1(y) (2.58)
Ar(zoy) < Ar(y)

(3) aneutrosophic cubic UP-filter of X if it holds the followings: 2.33)), (2:36)), and

Ar(y) = rmin{Arp(z o y), Ar(z)}

(forall z,y € X) | Ar(y) S rmax{A;(zoy), Ar(z)} |, (2.59)
Ap(y) = rmin{Ap(zoy), Ar(z)}
Ar(y) < max{Ar(zoy), \r(z)}

(forall z,y € X) [ Ar(y) > min{A;(zoy), Ar(z)} (2.60)
Ar(y) < max{Ap(zoy), A\r(x)}
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(4) a neutrosophic cubic UP-ideal of X if it holds the followings: 2.33)), (2.36)), and

Ap(zoz) = rmin{Ar(xo(yoz)), Ar(y)}
(forall z,y,z € X) AIEJ: o zg <rmax{A;(zo(yoz)),Ar(y)}
=T

) , 2.61)
rlroz min{Ar(zo (yoz2)),Ar(y)}

Ar(z o z) < max{Ar(z o (yoz)),Ar(y)}
(forall z,y,z € X) | Ar(zoz)>min{A\;(zo(yoz)),\r(y)} |. (2.62)
Ap(zoz) <max{Ap(zo(yoz)),\r(y)}

(5) a neutrosophic cubic strong UP-ideal of X if it holds the followings: (2.33), (2.36)), and

() = rmin{Ar((z 0 y) o (z0x)), Ar(y)}

(forall z,y,z € X) | Ar(x) 2rmax{A;((zoy)o(z0x)),Asr(y)} |, (2.63)
(z) = min{Ap((z o y) o (z0x)), Ar(y)}
Ar(z) < max{Ar((zoy) e (z01)),Ar(y)}

(forall z,y,z € X) | Ar(z) > min{A;((zoy)o(zox)),A\1(y)} |- (2.64)

Ar(z) <max{Ar((zoy)o(z0x)), Ar(y)}

Songsaeng and Iampan" proved that the concept of a neutrosophic cubic UP-subalgebra is a generalization
of a neutrosophic cubic near UP-filter, a neutrosophic cubic near UP-filter is a generalization of a neutrosophic
cubic UP-filter, a neutrosophic cubic UP-filter is a generalization of a neutrosophic cubic UP-ideal, and a
neutrosophic cubic UP-ideal is a generalization of a neutrosophic cubic strong UP-ideal. Moreover, they
proved that a neutrosophic cubic strong UP-ideal and a constant NCS coincide.

3 Homomorphic properties of a NCSs in a UP-algebra

In this section, the image and inverse image of a NCS are defined and some results are studied.

Definition 3.1. Let f be a function from a non-empty set X into a non-empty set Y and &7 = (Ar 1 p, Ar1 F)
be a NCS in X. Then the image of 27 under f is defined as a NCS f(</) = (f(A)r,1.p, f(N)7r1,p)in Y,
where

_ f rsup,cpoi{Ar(x)} if f7(y) is non-empty,
H(Arly) = { [0,0] otherwise,

= e
f(A)r(y) = { ][fg’u(f))]refﬂ(y){AF(x)} ift}{e;ifigéi’is non-empty,
FN7(y) :{ ilnfmeffl(y){AT(a:)} i)fﬂ{e;\l,v(ii’is non-empty,

inf -1, {Ar(2)} if f~1(y) is non-empty,
FNr() :{ 1 < (y){ @ otl{er\xi(iz()e. o
Example 3.2. Let X = {0x,1x,2x} be a UP-algebra with a fixed element 0x and a binary operation o
defined by the following Cayley table:
o |0x 1x 2y
Ox | Ox 1x 2x
1x |Ox Ox 1x
2x | Ox Ox Ox
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and let Y = {0y, 1y, 2y } be a UP-algebra with a fixed element Oy and a binary operation e defined by the
following Cayley table:
e |0y 1y 2y
Oy | Oy 1y 2y
1y | 0y Oy 2y
2y | 0y Oy Oy

We define a function f : X — Y as follows:

f(0x) =0y, f(1x) =1y, and f(2x) = 1y.

We define a NCS o/ = (AT7 I,FsATI, r) in X with the tabular representation as follows:

X A(x) A(x)

Ox (j0.4,0.7],[0.5,0.7,[0.2,0.4]) (0.1,0.3,0.4)
1x  ([0.1,0.2],[0.1,0.5],0.4,0.5]) (0.3,0.8,0.4)
2x ([0.8,0.9],]0.7,0.8],[0.1,0.6]) (0.1,0.5,0.7)

Then f(</) = (f(A)r,1.7, f(N)7r,1,7) in Y with the tabular representation as follows:

Y A(z) A(z)

Oy ([0.4,0.7],[0.5,0.7],[0.2,0.4]) (0.1,0.3,0.4)
1y ([0.8,0.9],[0.1,0.5],[0.4,0.6]) (0.1,0.8,0.4)
2Y ([070]7[171]7[ ’0]) (17071)

Hence, f(<7) = (f(A)r,r,r, f(N)71,1,r)isaNCSinY.

Definition 3.3. Let f be a function from a non-empty set X into a non-empty set Y and .of' = (AT, I,FsAT,I, F)
be a NCS in Y. Then the inverse image of .7 is defined as a NCS f~1(«?) = (f~*(A)r,1,r, [*(N)7,1,F) in
X, where

(fOI‘ all x € X)(f_l(A)T’[’F(l‘) = ATJ’F(f(l‘))), (3.1)
(fOI‘ all z € X)(f_l(/\)T717F(Z‘) = /\T,I,F(f(x)))~ (3.2)

Example 3.4. In Example we have (X,0,0x) and (Y, e, 0y ) are two UP-algebras. We define a function
f:+ X — Y asfollows:

f(0x) =0y, f(1x) =1y, and f(2x) = 1y.
We define a NCS & = (Ar 1,p, Ar,1,r) in Y with the tabular representation as follows:

Y A(x) Ax)

Oy ([0.3,0.7],[0.3,0.5],]0.1,0.4]) (0.5,0.4,0.7)
1y ([0.6,0.7],[0.1,0.3],[0.4,0.5]) (0.2,0.7,0.8)
2y ([0.5,0.9],[0.3,0.5],[0.5,0.8]) (0.3,0.5,0.4)

Then f~*(«/) = (f"*(A)r.1.r, f~*(N)7,1,r) in X with the tabular representation as follows:

X A(x) Ax)

Ox (]0.3,0.7],[0.3,0.5],[0.1,0.4]) (0.5,0.4,0.7)
1x ([0.6,0.7],[0.1,0.3],[0.4,0.5]) (0.2,0.7,0.8)
2x ([0.6,0.7],]0.1,0.3],[0.4,0.5]) (0.2,0.7,0.8)

Hence, f~1(«) = (f Y (A)r. 1,7, f ' (A\)1,1,F) isaNCS in X.

Definition 3.5. A NCS
of = (Ap 1 r, r1,r)in X is said to be order preserving if

Ar(x) 2 Ar(y), Ar(z) = Ar(y), Ar(2) 2 Ar(y),
(forall 2,y € X) (“y;‘{wx)zxmmwsw(y),AF(x)z r (1) ) G.3

Lemma 3.6. Every neutrosophic cubic UP-filter (resp., neutrosophic cubic UP-ideal, neutrosophic cubic
strong UP-ideal) of X is order preserving.

=
A
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Proof. Assume that &7 = (Ap ; p, A1 1,F) is a neutrosophic cubic UP-filter of X. Let z,y € X be such that
z <yin X. Then z oy = 0. Thus

Ar(y) = rmin{Ar(z o y), Ar(z)} = rmin{Ar(0), Ar(z)} = Ar(z), (E39.e355).234)
Az(y) = rmax{A;(z oy), A;(z)} = rmin{A;(0), A; ()} = As(z), (E39.¢355.237)

Ap(y) = tmin{Ap(z o y), Ap(z)} = rmin{Ar(0), Ap(z)} = Ar(z), (39),2:53).2-36))

Ar(y) < max{Ar(z oy), Ar(2)} = max{Ar(0), Ar(z)} = Ar(2), (2.60).2.56))

A1(y) 2 min{A;(z o y), Ar(z)} = min{A;(0), Ar(z)} = Ar(z), (2.60).(2.56))

Ar(y) < max{Ap(z oy), Ap(z)} = max{Ap(0), Ap(z)} = Ar(2). ((2.60).(2.56))

Hence, <7 is order preserving. O

Theorem 3.7. Let (X,0,0x) and (Y, ,0y) be two UP-algebras, f: X — Y be a UP-homomorphism, and
= (Ap, 1 r, Ar,1,7) be a NCS in Y. Then the followings hold:

(1) If o is a neutrosophic cubic UP-subalgebra of Y, then the inverse image (<) of & under f is a
neutrosophic cubic UP-subalgebra of X.

(2) If o is a neutrosophic cubic near UP-filter of Y which is order preserving, then the inverse image
f~Y() of o under f is a neutrosophic cubic near UP-filter of X.

(3) If o is a neutrosophic cubic UP-filter of Y, then the inverse image f~'(a/) of &/ under f is a neutro-
sophic cubic UP-filter of X.

(4) If o is a neutrosophic cubic UP-ideal of Y, then the inverse image f~'(</) of </ under f is a neutro-
sophic cubic UP-ideal of X.

(5) If < is a neutrosophic cubic strong UP-ideal of Y, then the inverse image =1 (<) of </ under f is a
neutrosophic cubic strong UP-ideal of X.

Proof. (1) Assume that <7 is a neutrosophic cubic UP-subalgebra of Y. Then for all z,y € X,

[ A)r(xoy) = Ar(f(zoy)) (@)
=Ar(f(z)e f(y))
= rmin{Ar(f(z)), Ar(f(y))} (E33))
= rmin{f = (A)r(z), (A2 (y)}, (EIn
FH A (@ oy) = Ar(f(zoy)) (EN1))
= Ai(f(z)e f(y))
= rmax{A;(f(2)), Ar(f(y))} (E33))
= rmax{f "' (A)r(2), [T (A)r(y)}, (G1p
fH A p(xoy) = Ap(f(zoy)) (EIn
=Ap(f(z) e f(y))
= rmin{Ap(f(2)), Ar(f(y))} (E33))
= rmin{f ™ (A)p(z), T (A)r(y)}, (EB1)
T Nr(zoy) = Ar(f(zoy)) (3]
=M (f(z)e f(y))
< max{Ar(f(z)), A\r(f(y))} (2]
= max{f~'(\)r(z), f Nry)}, (B2
F 1@ oy) = Ar(f(zoy)) (@)
= Ai(f(z) e f(y))
> min{Ar(f()), Ar(f(y))} (39
= min{f ' (V) r(2), F (N 1()}, (B2
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F p(xoy) = Ap(f(zoy)) (@2
= Ar(f(z) e f(y))
< max{Ap(f(2)), Ar(f(y))} (@5%)
= max{f ' (N r(2), T (N ry)}- (@2

Hence, f (/) is a neutrosophic cubic UP-subalgebra of X.

(2) Assume that <7 is a neutrosophic cubic near UP-filter of Y which is order preserving. By Theorem
[(2)]and (UP-3), we have forall z € X,

FHA)2(0x) = Ar(f(0x)) = Ap(f(x)) = f~1(A)r(z)
FHA)(0x) = Ar(f(0x)) = Ar(f(2) = 1 (A)1(2),
FHAF(0x) = Ap(f(0x)) = Ar(f(z)) = [ (A)r(2),
S N1 (0x) = Ar(f(0x)) < Ar(f(2) = F (N7 (2),
FH10x) = Ar(f(0x)) > Ar(f(2) = £ (V)i ()
FH ) r0x) = Ar(f(0x)) < Ar(f(2) = F (V) r(2)

Letz,y € X. Then

FHA)r(woy) = Ap(f(zoy)) = Ar(f(x) o f(y) = Ar(f(y) = FH(A)rly),  (@3D.GI)
FHA)(@oy) = Ar(f(zoy)) = Ar(f(z) e f(y) = Ar(f(y) = f~1 (A)1(y), (E37).G.1)
FTHA)p(zoy) = Ap(f(zoy)) = Ap(f(@) e f(y) = Ar(f(¥) = f(A)r(y),  (@3D.GI)
F Nr(@oy) = Ar(f(zoy)) = Ar(f(2) e f(y) < Ar(f(y) = f (N2 (y), (2358).32))
FH 1@ oy) = A(f(zoy)) = Ar(f(x) o f(y) = Ai(f(y) = F~ (N)1(y), (E39).3:2)

F Nr@oy) = Ap(f(zoy)) = Ar(f(2) o f(y) < Ar(f(¥) = (N r(y). (E358).62)

Hence, f~1 (/) is a neutrosophic cubic near UP-filter of X.

(3) Assume that <7 is a neutrosophic cubic UP-filter of Y. Then ¢/ is a neutrosophic cubic near UP-filter

of Y. By Lemma [3.6]and the proof of we have f~1(/) satisfies the assertions (2.33) and (2.56). Let
z,y € X. Then

I A)rly) = Ar(f(y)) (@1
~ rmin{Ar(f(z) o (). Ar(f(2))} @&
=rmin{Ar(f(zoy)), Ar(f(x))}
=rmin{f "' (A)r(zoy), [T (A)r(z)}, (@.In

FH A1) = Ar(f(y)) (@.1p)
= rmax{A;(f(z) e f(y)), Ar(f(x))} (@39
=rmax{A;(f(zoy)), Ar(f(x))}

:rmax{ffl(A (@oy), FH(A)(z)}, (EN1)

FHA)rW) = Ar(f(y) (@.1p)
=rmin{Ar(f(z) e f(y)), Ar(f(2))} (35D
=rmin{Ar(f(zoy)), Ar(f(z))}
=mmin{f ' (A)r(zoy), [ (A)r(z)} @Iy

FHNr(y) = A (f() (@2
< max{Ar(f(z)e f(y)), \r(f(x))} (2.60))
=max{Ar(f(zoy)), \r(f(z))}
= max{f ' (N)r(zoy), (N (2)} ED

T N1ly) = M (£ (y) (@2
> min{Ar(f(x) o (), Ar(f(2))} (@50
=min{A;(f(zoy)), \1(f(2))}
=min{f N (zoy), F 1 N)(x)}, (3-2)
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F r(y) = Ar(f(y)
< max{Ar(f(z) e f(y)),
(f

=
—
/\
—
—~
8
~
=
—

(zoy)), >\F( ( N}
N r(oy), fT (N r(x)}.

Hence, f~1(.<7) is a neutrosophic cubic UP-filter of X.

= max{\p

= max{f~

(@2
(260

(@2

(4) Assume that <7 is a neutrosophic cubic UP-ideal of Y. Then . is a neutrosophic cubic UP-filter of Y.

By the proof of [(3)] we have f~! () satisfies the assertions (Z:53) and (2:36). Let z,y, z € X. Then

FHA)r(zo2) = Ar(f(zo2))
= Ar(f(z) e f(2)

= rmin{ Az (f(x) 2))) Ar(f(y))}
= rmin{Ar(f(z) o (f(y 0 2))), Ar(f(y))}
= rmin{AT(f( y))}

FHA)(x 0 2) = Ar(f(w 0 2))
= Ar(f(z) o f(2))
= rmax{A;(f(z) o (f(y) ® f(2))), Ar(f(y))}
= rmax{A;(f(z) o (f(y © 2))), A1(f(y))}
= rmax{A;(f(z o (y© 2))), Ar(f(y))}
= mmax{f ' (A)r(z o (yo2)), [~ (A)(y)}
FTHA)F(oz) = Ap(f(z02))
= Ap(f(z) e f(2))
= rmin{Ap(f(z) o (f(y) ® f(2))), Ar(f(¥))}
= mmin{Ap(f(z) e (f(y© 2))), Ar(f(y))}
= rmin{Ap(f(z o (yo2))), Ar(f(y))}

= max{ /\T

= max{Ar

HA/—\A

Hence, f~! (&) is a neutrosophic cubic UP-ideal of X.
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(5) Assume that .7 is a neutrosophic cubic strong UP-ideal of Y. Then 7 is a neutrosophic cubic UP-ideal
of Y. By the proof of [(4)] we have f~!(7) satisfies the assertions (Z:53) and 2-36). Let z, y, z € X. Then

T (A)r(@) = Ar(f(2)) (@)
= rmin{ Az ((f(2) ® f(y)) o (f(2) ® f(2))), Ar(f(y))} (2-63))
= rmin{Ar(f(z 0 y) o f(z 0 x)), Ar(f(y))}
= rmin{A7(f((z0y) o (z 0 7)), Ar(f(y))}
= min{f " (A)r((zoy) o (z0x)), f (A)r(y)}, (@1

FHA)1(2) = Ar(f(2)) (ER1))
=< rmax{Ar((f(z) e f(y)) o (f(2) ® f(2))), Ar(f(¥))} (Z.63))
= rmax{A;(f(z 0y) e f(z 0 2)), Ar(f(y))}
= rmax{A;(f((zo0y) o (z02))), Ar(f(y))}
= max{f ™' (A)r((zoy) o (z 0 2)), f T (A)r(y)}, (A1)

M A p(@) = Ap(f(2)) (@)
= rmin{Ap((f(2) o f(y)) o (f(2) ® f(2))), Ar(f(y))} (2.63))

(f
=rmin{Ap(f(zoy)e f(zo0x)),Ar(f(y))}
f

= rmin{Ap(

((
=rmin{f (A p((zoy)o (z02)), f 1A ry)}, ((ER1))

F (@) = Ar(f()) (Eh))
< max{Ar((f(z) o f(y)) @ (f(2) ® f(2))), Ar(f(y)} (264
=max{Ar(f(zoy)e f(zox)), Ar(f(y))}
= max{Ar(f((zoy) o (z02))), \r(f(y)}
= max{f ' (\r((zoy) o (z0x)), fT (Nr(y)}, (@2

FHN1(@) = Ar(f(2)) (@2
> min{A7((f(z) o f(y)) o (f(2) ® f(2))), Ar(f ()} (6%
=min{A;(f(zoy)e f(zo)), Ar(f(y)}
=min{A;(f((z0y) o (z02))),A1(f(y))}
=min{f ' (N)1((z0y) o (z02)), F N1y}, (32

FHNr(@) = Ar(f(2)) (@2
< max{Ar((f(z) o f(y)) o (f(2) @ f(2))), Ar(f(y))} (264
=max{Ap(f(zoy)e f(z0x)), Ar(f(y))}
=max{Ar(f((z0y) o (z02))),Ar(f(y))}
=max{f T (N)r((zoy)o(z02)), f (Nr(y)} (@2

Hence, f~1(&7) is a neutrosophic cubic strong UP-ideal of X . O

Definition 3.8. A NCS 7 = (Ap; r, Ar,1,r) in X has NCS-property if for any non-empty subset A of X,
there exist elements ar ; r, Or,1,r € A (instead of ar, ar, ar, Br, B1, Br € A) such that

Ar(ar) = rsup,e a{A7(8)}, Ar(ar) = rinfse a{A1(s)}, Ar(ar) = rsup,c 4 {Ar(s)},
Ar(Br) = infse a{A7(5)}, Ar(Br) = supsca{A1(s)}, Ar(Br) = infoea{Ar(s)}.

Definition 3.9. Let X and Y be any two non-empty sets and let f : X — Y be any function. A NCS
o = (AT,I,F; /\TJ,F) in X is said to be f-invariant if

(forall x,y € X)(f(z) = f(y) = Ar1,r(z) = A7 1,F(y), A 1.7 (2) = A7 1,F(Y))- (3.4)

Lemma 3.10. Ler (X,0,0x) and (Y, e, 0y) be two UP-algebras and let f: X — Y be a UP-epimorphism.
Let & = (Ap 1 r,Ar1,r) be an f-invariant NCS in X with NCS-property. For any xz,y € Y, there exist
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elements ar 1 p,yr.1.r € f~ () and Br 1 r,d1.1.F € 1 (y) such that

f(A)r(z) = Ar(ar), f(A)(z) = AI(CYI) f(A)r(z) = Ar(ar),
fN (@) = Ar(vr), f(N)1(2) = A1(y1), fA)F(@) = Ar(vF),
fA)r(y) = Ar(Br), f(A)1(y) = Ar(B1), f(A)r(y) = Ar(BF),
fNr(y) = Ar(ér), f(N)1(y) = A1(¢1), FA) p(Y) = Ar(oF),
f(A)r(zey) = Ar(ar o Br), f(A)(zey) = Ar(as o Br), f(A)p(z e y) = Ap(ar o Br),
f)r(wey) =Ar(yrodr), f(A)1(z ey) = Ar(vr 0 ¢1), f(N)r(z 0 y) = Ar(yr © ép).
Proof. Letx,y € Y. Since f is surjective, we have f~1(x), f~1(y), and f~!(z oy) are non-empty subsets of

X. Since &/ has NCS-property, there exist elements ar 1, p, vr.1,r € [~ (2), Br.1, 7y ¢7.0,F € [~ (y), and
ar1,r,br.1r € f~1(x e y) such that

)
)
)
)=

f(A)7(2) = rsupye p-1(){Ar(8)} = Ar(ar),
f(A)r(z) = rinfye 1) {Ar(s)} = Ar(a),
f(A)p(z) =rsupses-1(y{Ar(s)} = Ap(ar),
f7 (@) = infecp-1){Ar(s)} = Ar(vr),
fN1(@) = supe () {A1(8)} = Ar(r),
fNp(z) =infse 1) {Ar(s)} = Ar(yF),
F(A)7(y) = 1sup,e -1y {Ar(s)} = Ar(Br),
f(A)r(y) = rlnfsef L(y) {AI(S)} AI(ﬁI)
f(A)p(y) = rsup,ecs-1(,){Ar(s)} = Ar(BrF),
fN)1(y) = infee -1y {Ar(s)} = Ar(or),
FN1(y) =supge -1,y {A1(8)} = Ar(o1),
FNF(y) =infse 1) {Ar(s)} = Ar(¢r),
and
f(A)T(z @ y) = 15UDs¢ p—1 (1ay) { AT (5)} = Ar(arT),
f(A)r(z ey) =rinfcp-1(zey){A1(s)} = Ar(ar),
F(A)F(z @ y) = 1SUP e -1 (pay) 1 AF(8)} = AF(aF)
fNr(z 0 y) =infici1(zey){Ar(s)} = Ar(br
JN)1(x 0y) =supscp1(pay){Ar(s)} = Ar(b )
f)F(zey) =infsci-1(zey) {Ar(s)} = Ar(br).
Since
flar) =z ey = f(ar)e f(Br) = f(ar o Br),
flar) =zey= f(ar)e f(Br) = f(aroB1),
flap) =z oy = f(ar)e f(Br) = f(ar o Br),
flor) =z ey=f(yr)e f(ér) = f(yr o ér),
fbr) =z ey = f(yr)e f(é1) = f(v10¢r),
for) =z ey = f(yp)e f(ér) = f(yro oF),

f(A)r(zey) = Ar(ar) = Ar(ar o Br),
f(A)(xey) = Ar(ar) = Ar(ag o fr),
f(A)r(zey) = Ap(ar) = Ar(ar o fr),
fN)r(xey) = Ar(br) = Ar(yr © ¢1),
JN)1(xey) = Ar(br) = Ai(yr 0 ¢1),
fNF(zey) = Ap(brr) = Ar(YF o ¢F).
The proof is completed. O

Doi :10.5281/zenodo.3746022 101



International Journal of Neutrosophic Science (IJNS) Vol. 3, No. 2, PP. 89-107, 2020

Theorem 3.11. Let (X,0,0x) and (Y, e,0y) be two UP-algebras, f: X — Y be a UP-epimorphism, and
o = (Ar 1 p, Ar,1,5r) be a NCS in X. Then the followings hold:

(1) If o is an f-invariant neutrosophic cubic UP-subalgebra of X with NCS-property, then the image (<)
of & under f is a neutrosophic cubic UP-subalgebra of Y.

(2) If & is an f-invariant neutrosophic cubic near UP-filter of X with NCS-property, then the image f (<)
of of under f is a neutrosophic cubic near UP-filter of Y.

(3) If & is an f-invariant neutrosophic cubic UP-filter of X with NCS-property, then the image f(<) of
o/ under f is a neutrosophic cubic UP-filter of Y.

(4) If & is an f-invariant neutrosophic cubic UP-ideal of X with NCS-property, then the image f(<) of
o/ under f is a neutrosophic cubic UP-ideal of Y.

(5) If < is an f-invariant neutrosophic cubic strong UP-ideal of X with NCS-property, then the image
f(&) of o under f is a neutrosophic cubic strong UP-ideal of Y.

Proof. (1) Assume that & = (Ap 1 F, Ar,1,F) is an f-invariant neutrosophic cubic UP-subalgebra of X with
NCS-property. Let 2,y € Y. Since f is surjective, we have f~1(z), f~1(y), and f~!(x e y) are non-empty.
By Lemma there exist elements ar ., y7.1,7 € ' (x) and Br 1, r, ¢1.1.F € f~'(y) such that

f(A)r(z) = AT(OéT) f(A)(z) = AI( 1), [(A)r(z) = Ar(ar),
F)7(@) = Ar(yr), fN)1(z) = Ar(v1), fN) r(2) = Ar(7r),
F(A)r(y) = Ar(Br), f(A)1(y) :AI( 1), f(A)r(y) = Ar(BF),
F)7(y) = Ar(or), fN1(y) = Ai(b1), FN) F(y) = Ar(oF),
f(A)r(zey) = Ap(arofr), f(A)(zey) = Ar(arofr), f(A)p(zey) = Arp(ar o fr),
F)r(xey) =Ar(yr o dr), f(N)1(zey) = Ai(y1 0 ¢1), f(N)r(z 0 y) = Ar(vF 0 ¢F).
Then
f(A)r(zey) = Ar(ar o fr) = rmin{Ar(ar), Ar(fr)} = rmin{ f(A)r(z), f(A)r(y)}, (E33))
f(A)1(zey) = Ar(ar o 1) = rmax{A(ar), Ar(8r)} = rmax{f(A)r(z), f(A)r(y)}, (€33
f(A)r(zey) = Ar(ap o Br) = rmin{Ar(ar), Ar(Br)} = rmin{ f(A)r(z), f(A)r(y)}, (E53))
f)r(zey) =Ar(yr o 1) < max{Ar(yr), Ar(¢r)} = max{f(N)r(z), f(N)r(y)}, (2]
F)1(zey) = Ar(yroér) = min{A;(vr), Ar(¢r)} = min{f(A\)r(2), fF(N)1(y)}, ()]
Fr(xey) = Ap(yr o ¢r) < max{Ar(yr), Ar(¢r)} = max{f(A)r(z), f(Nr(y)}. (€39

Hence, f(<7) is a neutrosophic cubic UP-subalgebra of Y.

(2) Assume that &/ = (Ar 1 p,Arr,r) is an f-invariant neutrosophlc cubic near UP-filter of X with
NCS-property. By Theorem.- we have Ox € f~1(0y) and so f~1(0y) is non-empty. Thus

f(A)7(0y) =18upse 100,y {Ar ()} = Ar(0x)
f(A)r(0y) = rinf,cr-1(0,){Ar(s)} < Ar(0x)

f(A)F(Oy) = 18up,cs-1(0,){Ar(s)} = Ap(Ox)
fN)7(0y) = infycr1(0,){Ar(5)} < Ar(0x)
F)1(0y) = supsep-1(0,){A1(s)} = Ar(0x)
f)F(0y) = infep1(0,){Ar(s)} < Ar(0x)

Lety € Y. Since f is surjective, we have f~!(y) is non-empty. By and (2:36), we have Ar(0x) =
AT(S),A[(Ox) j A[(S),AF(Ox) i AF(S),)\T(O)() S )\T(S),A[(Ox) 2 /\[(S),)\F(Ox) S )\F(S) for all
s € f~!(y). Then A7 (0x ) is an upper bound of { A7 (s) }se f-1(y)» Ar(0x ) is alower bound of { A1 (s)}se p-1(y).
Ar(0x) is an upper bound of {Ar(s)}scf-1(y) Ar(0x) is a lower bound of {A7(s)}scf-1(y)» Ar(0x) is an

3.5)
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upper bound of {A7(s)}scf-1(y), and Ap(0x) is a lower bound of {Ar(s)}se p-1(,)- By B-3), we have

f(A)7(0y) = Ar(0x) = 18upye p-1(,){AT(s)} = f(A)7(y),
f(A)1(0y) = Ar(0x) = rinfoc 1) {Ar(s)} = f(A)1(y),
f(A)Fr(Oy) = Ap(0x) = rsup,ec g1,y {Ar(s)} = f(A)r(y),
F)1O0y) < Ar(0x) < infeep-1){Ar(s)} = f(N)7(y),
FN10y) > Ar(0x) > supse -1 {Ar(s)} = f(N)1(y),
f)F(0y) < Ar(0x) < infoep-1){Ar(s)} = fF(N)F(y)

Letz,y € Y. By Lemma there exist elements ar 1 7, yr,1,r € f~ 1(x) and Brir, ¢TI, F € 1y
such that

f(A)r(z) = AT(aT)7f(A)[(x):A( 1), f(A)r(z) = Ap(ar),
F)r () = Ar(yr), fN)1(x) = Ar(v1), FN) r(2) = Ar(vF),
F(A)r(y) = Ar(Br), f(A)1(y) = A1(B1), f(A)r(y) = Ar(Br),
F)7(y) = Ar(or), FN1(y) = A1(61), FNF(Y) = Ar(oF),
f(A)r(zey) = Ar(ar o fr), f(A)r(xey) = Ar(aro Br), f(A)r(x ey) = Ap(ar o Br),
f)r(zey)=Ar(yrodr), [N i(zey) =Ai(viodr), f(N)r(zey) = Ar(vr o ¢F).
Then
f(A)r(zey) = Ar(ar o Br) = Ar(Br) = f(A)r(y), (37
f(A)1(zey) = Ar(aroBr) 2 Ar(Br) = f(A)1(y), (€37
f(A)p(zey) = Ar(aroBr) = Ar(Br) = f(A)r(y), (€37
f)r(zey) =Ar(yr o dr) < Ar(dr) = fF(N)r(y), (38
JNr(xey) = Ar(yroor) > Ar(ér) = fF(N)1(y), (@38
f)r(ey)=Ar(vroor) < Ar(or) = f(N)Fr(y). (38

Hence, f(<7) is a neutrosophic cubic near UP-filter of Y.

(3) Assume that &7 = (A 1 p, A7, r) is an f-invariant neutrosophic cubic UP-filter of X with NCS-
property. Then 27 is a neutrosophic cubic near UP-filter of X. By the proof of . we have f(&) satisfies
the assertions (2:53) and @) Letz,y € Y. By Lemma- 3.10] there exist elements ar 1 p, Y71 r € f1(2)
andb’T“m(bT[FEf ( )suchthat

f(A)r(z) = AT(aT)7f(A)I(x):A( 1), f(A)r(z) = Ap(ar),
F)r(x) = Ar(yr), fN)1(x) = Ar(v1), FN) r(2) = Ar(VF),
F(A)r(y) = Ar(Br), f(A)1(y) = A1(B1), f(A)r(y) = Ar(Br),
F)7T(y) = Ar(or), FN1(y) = A1(61), FNF(Y) = Ar(oF),
f(A)r(zey) = Ap(ar o fr), f(A)(zey) = Ar(ar o f1), f(A)r(z e y) = Ap(ar o Br),
f)r(zey)=Ar(yrodr), f(Ni(zey) =Ai(vi0¢ér), f(N)r(zey) = Ar(vr o ¢F).
Then
f(A)r(y) = Ar(Br) = rmin{Ar(ar o fr), Ar(ar)} = rmin{f(A)r(z e y), f(A)r(z)},  (Z39)
J(A)1(y) = Ar(Br) = rmax{Aj(ar o fr), Ar(ar)} = rmax{f(A)r(z e y), f(A)r(z)}, (39
f(A)r(y) = Ap(Br) = rmin{Ar(ar o Br), Ar(ar)} = min{f(A)r(z e y), f(A)r()}, (C59)
F)r(y) = Ar(¢r) < max{Ar(yr o ér), Ar(yr)} = max{f(N)r(z e y), f(N)r(2)}, (60
F1() = Ar(¢r) = min{Ar(y7 0 ¢r), Ar(vr)} = min{ f(A)r(z o y), f(N)1(2)}, (2600
FNF(y) = Ap(dr) < max{Ap(vr o ¢r), Ar(yr)} = max{f(N)r(z e y), f(N)r(z)}. (60

Hence, f(<) is a neutrosophic cubic UP-filter of Y.

(4) Assume that &7 = (Ar 1,p, Ar,r,r) is an f-invariant neutrosophic cubic UP-ideal of X with NCS-
property. Then .o¢ is a neutrosophic cubic UP-filter of X. By the proof of we have (<) satisfies the
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assertions (:33) and ([@:36). Let z,y, z € Y. By Lemma[3.10] there exist elements a7, p, 71,7 € f~}(),
Br.rrs 1,1k € fH(y) and Yr 1y wr € f71(2) such that

f(A)7(y) = Ar(Br), f(A)1(y) = Ar(B1), f(A) r(y) = AF(ﬂF)
F)r () = Ar(or), F(N1(y) = A1), FN)r(Y) = Ar(or),
f(A)7 (v e2) = Ar(ar otr), f(A)1(z e 2) = Ar(ar o 1), f(A)r(z @ 2) = Ap(ar o YF),
FN)r(xez) =Ar(yrowr), f(AN)i(zez) =Ar(yrowr), f(N)r(z ®2) = Ar(vF owr),
f(A)r(re(yez)) =Ar(ar o (Bror)),
f(A)r(z e (yez)) = Ar(aro(Brovrn)),
f(A)p(z e (yez))=Ap(aro(Broyr)),
f)r(ze(yez))=Ar(yr o (ér cwr)),
f)r(ze(yez))=Ar(yro(¢rowr)),
f)r(ze(yez)) =Ar(vro(¢rowr)).
Then
f(A)r(z e z) = Ar(ar oyr)
= rmin{Ar(ar o (Br o ¥r)), Ar(Br)} (&)
= rmin{f(A)r(z e (ye=2)), f(A)r(y)}
fA)(xez)=Ar(ayoty)
= rmax{A(as o (Bror)), Ar(Br)} (@e1))

rmax{f(A)(z e (ye=z)), f(A)1(y)},
f(A)p(rez)=Ap(apotr)

= rmin{Ap(ar o (Br o ¢r)), Ar(Br)} (1))
rmin{f(A)r(z e (yez)), f(A)r(y)},

fN)7(z 2) = Ar(yr owr)
< max{Ar(yr o (¢r owr)), Ar(ér)} (2.62)
=max{f(A)r(z e (ye=2)), f(Nr(y)}

f)1(ze2) = Ar(vr owr)
> min{Ar(yr o (¢r owr)), Ar(¢r)} (262

min{f(A);(z e (ye2)), f(N)1(y)},
F)r(ze2)=Ap(yrowr)
< max{Ar(vr o (¢F o wr)), \r(dF)} (62
=max{f(A)r(z e (ye2)), [(Nr(y)}

Hence, f (%) is a neutrosophic cubic UP-ideal of Y.

(5) Assume that &7 = (Ar 1 r, A1, F) is an f-invariant neutrosophic cubic strong UP-ideal of X with
NCS-property. Then <7 is a neutrosophic cubic UP-ideal of X. By the proof of | we have f (&) satisfies the

assertions (2.53)) and (2.56 - Letz,y,z € Y. By Lemma- there exist elements arrpyrr € ),
Br.ar, 1.1 r € f~H(y) and Y1 p,wr 1 r € f71(2) such that

f(A)r(x) = Ar(ar), f(A)1(x) = Ar(ar), f(A)r(z) = Ar(ar),
fN)r(z) = )\T(’YT)af()‘)I(x Ar(v1), fAN) R (x) = Ar(yF),

)
)
FA)r(y) = Ar(Br), f(A)1(y) = A1(B1), f(A)r(y) = Ar(Br),
F)r(y) = Ar(o7), FN1(y) = Ar(d1), FN)F(y) = Ar(dr),

f(A)r((zey) e (zex)) = Ar((¢r o Br) o (Yr 0 ar)),
f(A)1((zey) e (ze0x)) =Ar((¢roBr)o (Yroar)),
f(A)r((zey)e(z02)) = Ap((r o Br) o (YF o ar)),
fN)r((zey)e(zex)) = Ar((wr o ¢r) o (wr 07)),
JN)r((zey)e(zex)) = Ar((wro¢r) o (wronrg)),
f)r((zey)e(z02)) = Ap((wr o dr)o (WroTF)).
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Then
f(A)r(z) = Ar(ar) = rmin{A7((¢r o Br) o (Y7 o ar)), Ar(Br)} (63
= mmin{f(A)r((z e y) e (z 0 )), f(A)r(y)},
f(A)r(z) = Ar(ar) 2 rmax{A;((s); o Br) o (Yroarg)), Ar(Br)} (2.63))
=rmax{f(A);((zey) e (z02)), f(A)r(y)},
f(A)r(z) = Ap(ap) = tmin{Ap((¢Yr o Br) o (Yr o ar)), Ar(Br)} (263
=rmin{f(A)r((zey) e (z0x)), f(A)r(y)},
f)7 (@) = Ar(vr) < max{Ar((wr © ¢7) © (wr 0 v7)), Ar(dr)} (64
=max{f(A)r((zey)e(z02)), f[(\)r(y)},
F) (@) = Ar(vr) = min{A;((wr 0 ¢1) o (wr 071)), Ar(or)} (64
=min{f(A\)((zey) e (zez)), f(N)i1(y)},
fNF(@) = Ar(vr) < max{Ar((wr o ¢r) o (wr o VF)), Ar(¢r)} (X))
=max{f(A)r((zey)e(z02)), f(N)r(y)}
Hence, f(<7) is a neutrosophic cubic strong UP-ideal of Y. [

4 Conclusions and future work

In this paper, we have studied the image and inverse image of a neutrosophic cubic UP-subalgebra (resp.,
neutrosophic cubic near UP-filter, neutrosophic cubic UP-filter, neutrosophic cubic UP-ideal, neutrosophic
cubic strong UP-ideal) of a UP-algebra under some UP-homomorphisms. The results of the study, in the case
of inverse image, we noticed that only a neutrosophic cubic near UP-filter required order preserving condition.
In the case of image, we noticed that all concepts of NCSs required f-invariant and NCS-property assertions
and UP-epimorphism.

In our future study, we will apply this concept/results to other types of NCSs in a UP-algebra. Also, we will
study the P-intersection, P-union, R-intersection, R-union of neutrosophic cubic UP-subalgebras, neutrosophic
cubic near UP-filters, neutrosophic cubic UP-filters, neutrosophic cubic UP-ideals, and neutrosophic cubic
strong UP-ideals of a UP-algebra.
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Abstract

In this paper, we find a relationship between SVNS and neutrosophic N-structures and study it. Moreover,
we apply our results to algebraic structures (hyperstructures) and prove that the results on neutrosophic R-
substructure (subhyperstructure) of a given algebraic structure (hyperstructure) can be deduced from single
valued neutrosophic algebraic structure (hyperstructure) and vice versa.

Keywords: Neutrosophic N-structures, SVNS, («, 3,7)-level set, neutrosophic N-ideals, neutrosophic R-
substructures (subhypertsructures)

1 Introduction

Neutrosophy, a new branch of science that deals with indeterminacy, was launched by Smarandache in

1998. The theory of neutrosophy considers every notion or idea < A > together with its opposite or nega-
tion < antiA > and with their spectrum of neutralities < neutA > in between them (i.e. notions or ideas
supporting neither < A > nor < antiA >). The < neutA > and < antiA > ideas together are referred
to as < nonA >. Smarandach?” defined neutrosophic sets as a generalization of the fuzzy sets introduced by
Zadeh?? in 1965 and as a generalization of intuitionistic fuzzy sets introduced by Atanassov® in 1986. Fuzzy
sets allow gradual membership of an element in a set by assigning each element a degree of membership
between 0 and 1 that are both inclusive. Whereas intutionistic fuzzy sets allow gradual membership as well
as gradual non-membership of an element in a set by assigning each element a degree of membership and a
degree of non-membership in a way that their sum is a real number in the unit interval [0, 1]. Single valued
neutrosophic sets (SVNS)** generalize these two concepts so that each element has a truth value, indetermi-
nacy value, and a falsity value and each of these values is a number in the unit interval [0, 1]. Sometimes
we have negative information. As an example, “The rate increase in a certain bank depends on employees’
performance. It increases by 3% annually if the employee’s performance is outstanding (convincing many
business women/men to invest their money in the bank), by 2% annually if the employee’s performance is
very good, by 1% annually if the employee’s performance is good, and no increase if the employee’s per-
formance is average. Let’s say that Sam convinces annually around twenty business women/men to invest
their money in the bank, so he got the 3% annual increase as a result of his excellent job. And there is an
employee “Bella” who comes always late to her work, leaves early, complains about the bank in public and as
a result, she leads to the loss of some possible investors in the bank. So, in this case Bella is making the bank
loses and as a result she does not deserve an annual increase but instead she should be given a decrease in her
salary.” In order to deal with such negative information, we need negative functions. So, by means of negative
functions, neutrosophic R-structures were introduced'*!> They are similar to SVNS where each element has
a truth value, indeterminacy value, and a falsity value but each of these values is a number in the interval
[—1, 0], i.e., the truth, indeterminacy, and the falsity functions are negative-valued functions. Neutrosophy has
many applications in different fields of Science. Many researchers® 22141221l worked on the connection be-
tween neutrosophy and algebraic structures (hyperstructures). More precisely, the connection between SVNS
and algebraic structures (hypertsructures) and the connection between neutrosophic N-structures and algebraic
structures (hypertsructures) grabbed the attention of algebraist researchers. For example, Al-Tahan” studied
single valued neutrosophic polygroups, Khan et al'l?' discussed neutrosophic R-subsemigroups, Park studied

Doi :10.5281/zenodo.3750220 108
Received: January 25, 2020 Revised: March 27, 2020  Accepted: April 13, 2020


HP
Typewriter
Received: January 25, 2020     Revised: March 27, 2020     Accepted: April 13, 2020


International Journal of Neutrosophic Science (IJNS) Vol. 3, No. 2, PP. 108-117, 2020

neutrosophic ideals of subtraction algebras, and Al-Tahan and Davvaz” studied neutrosophic N-ideals of sub-
traction algebras.

A question arises here:
“Is there a certain relationship between SVNS and neutrosophic N-structures?”
Another question arises now:

“What would be the effect of such a relationship between SVNS and neutrosophic N-structures on the
study of both: single valued neutrosophic algebraic structures (hypertsructures) and neutrosophic
N-substructures (subhypertsructures)?”

This article answers the above two questions and it is constructed as follows: after an Introduction, in Section 2,
we find a relationship between SVNS and neutrosophic X-structures. In Section 3, we discuss the effect of such
a relationship between SVNS and neutrosophic X-structures on the study of both: single valued neutrosophic
algebraic structures (hypertsructures) and neutrosophic R-substructures (subhypertsructures) and we deal with
some examples of algebraic structures (hypertsructures).

2 Relationship between SVNS and neutrosophic X-structures

In this section, we find a relationship between SVNS and neutrosophic N-structures and study it. Moreover,
we illustrate our results by some examples.

Definition 2.1. 2# Let X be a space of points (objects), with a generic element in X denoted by x. A single
valued neutrosophic set (SVNS) A on X is characterized by truth-membership 74, indeterminacy-membership
function I 4 and falsity-membership function F'4. For each point ¢ € X, T (z), Ia(z), Fa(x) € [0, 1].

Definition 2.2. '#I5 Let X be a non-empty set. A neutrosophic R-structure over X is defined as follows:
x

(T (), In(2), Fi (2))

where Ty, Iy, Fiv are X-functions on X (i.e. functions on X with codomain [—1, 0]) which are called the
negative truth membership function, the negative indeterminacy membership function and the negative falsity
membership function, respectively, on X.

Sy ={

rre X}

Definition 2.3. Let X be a non-empty set, o, 3,7y € [0, 1], and A a SVNS over X. Then the (a, 3,7)-level
set of A is defined as follows:

Liapy ={r € X :Ta(z) > a, La(2) = B, Fa(x) <7}

Definition 2.4. Let X be a non-empty set, «, 3,y € [—1, 0], and Sy a neutrosophic R-structure over X . Then
the (v, B,7)-level set of Sy is defined as follows:

Liapq = {2 € X : Tn(z) < o, In(x) > B, Fy(z) < 7}

Definition 2.5. # Let X be a non-empty set and A, B be single valued neutrosophic sets over X defined as

follows.
x T

T @ Fa@) P = G ) Fa@)

A=H{ rx € X}

Then

e A is called a single valued neutrosophic subset of B and denoted as A C B if Ty(z) < Tp(z),
Ta(xz) < Ip(x),and Fa(x) > Fp(x) forallz € X.
If AC Band B C Athen A = B.

e The union of A and B is defined to be the SVNS over X:

(Taus(x), Laup(x), Faup(x))

Where TAUB(x) = TA(.T) \Y TB(JC), IAUB(I') = IA(JC) \Y IB(l‘), and FAug(JJ) = FA(QS) A FB(J’) for
allz € X.

AUB={ cx e X}
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e The intersection of A and B is defined to be the SVNS over X:
x
(Tan(x), Lans(z), Fanp(z))

Where Tanp(z) = Ta(x) A Tg(x), Ianp(z) = 14(z) A Ig(x), and Fanp(x) = Fa(z) V Fg(z) for
allz € X.

San = {

rx e X}

Definition 2.6. '°' Let X be a non-empty set and Sy, Sys be neutrosophic N-structures over X defined as
follows.

T T

N AT @ @ B @) = T @ (), P @)

cxe X}

Then

e Sy is called a neutrosophic N-substructure of Sy, and denoted as Sy C Sy if Tn(z) > Ta(z),
In(x) < Ip(x),and Fy(x) > Fy(x) forallz € X.
If Sy € Sy and Sy € Sy then Sy = Sy

e The union of S and S}, is defined to be the N-structure over X:

Tnom (), Inum (), Fyum ()

Where TNU]W(.’)S) = TN(LB) A TM(.’L'), INUJ\/[(IL‘) = IN(.’E) V I]w(.”[}), and FNuM(LL') = FN(.’E) A\ FM(CL‘)
forall z € X.

SNUM:{( cx e X}

e The intersection of Sy and S}, is defined to be the N-structure over X:

x
VM = @), Tt @), P @) € X
Where TNQM(ZL') = TN(I’) \ T]V[(LE), INQM([L') = IN($) AN IM(LL'), and FNQM(x) = FN(I') V F]w(x)
forallz € X.
Fore more details about operations on SVNS and operations on neutrosophic R-structures, we refer to the
papers T3/

Proposition 2.7. Let X be a non-empty set, A, Sy be defined as follows:

T @ Fa@) = S N @ — L@ - 1)

Then Ais a SVNS over X if and only if Sy is a neutrosophic R-structure of X.

A=A{ cx e X}

Proof. Let Abea SVNS of X. Then for every z € X, 0 < Ty(x),Ia(x), Fa(z) < 1. The latter implies that
—1 < —Ty(x),Ia(z) — 1, Fa(z) — 1 < 0. Thus, Sy is a neutrosophic X-structure of X. Similarly, if Sy is
a neutrosophic N-structure of X then A is a SVNS of X. O

Example 2.8. Let X = {0,1 2} and A = {(0_1 0.003) (07 0.3035) 080503 ) be a SVNS over X. Then

SN—{( 01781707) e 07 —03) (0%, 05 07)}isaneutrosophicN—structureofX.

Theorem 2.9. Let A be a SVNS of X and 0 < o, 8,7 < 1. Then Lo g = L—0, g—1.~-1.

Proof. Wehave Lo g~ = {x € X : Ta(x) > a,Ia(x) > B,Fa(z) <y}and L_n5-14-1 = {z € X :
Tn(z) < —a,In(x) > f—1,Fn(x) <+ —1}. Having T4 (z) > «, Ia(x) > 5, and F4(x) < v equivalent
to Tn(z) = —Ta(z) < —a, In(x) = Ia(x) =1 > B —1,and Fy(x) = Fa(xz) — 1 < v — 1 respectively
implies that Lo g = L_a,5—1,-1. O

Proposition 2.10. Let X be a non-empty set, Sy, A be defined as follows:

@ In@ @) AT T @ @ T L@ 1 D)

Then A is a SVNS of X if and only if Sy is a neutrosophic X-structure of X.

Sy ={ tx € X}
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Proof. Let Abe a SVNS of X. Then for every z € X, 0 < —Tn(z),In(z) + 1, Fy(z) + 1 < 1. The latter
implies that —1 < Ty (), In(x), Fiy(z) < 0. Thus, Sy is a neutrosophic N-structure of X. Similarly, if Sy

is a neutrosophic N-structure of X then A is a SVNS of X. [
Example 2.11. Let X = {0,1,2} and Sy = {73 s —03)° (07 i 05" 0 71270'3)} be a neutro-

0 1 2
0.1,0.1,0.7)° (0.7,0.7,0.5)° (0,0,0.7

sophic R-structure over X. Then A = {; 7} aSVNS over X.

Theorem 2.12. Let A be a SVNS of X and —1 < o, B,y < 0. Then L_4, 148,14~ = Lo~
Proof. The proof is similar to that of Theorem 2.9} O

3 Applications to algebraic structures (hyperstructures)

In this section, we apply the relationship we found in Section 2 between SVNS and neutrosophic R-structures
on some algebraic structure (hypertsructures) and we present our main theorems in Subsection 3.4.

3.1 Applications to semigroups

In> Khan et al. discussed neutrosophic N-structures and applied it to semigroups. In this subsection, we
deduce some of their results by applying the relationship that we found in Section 2 between SVNS and
neutrosophic R-structures.

A semigroup is a groupoid that satisfies the associative axiom. For example, the set of positive integers under
standard addition, the set of negative integers under standard addition, the set of integers modulo a positive
integer n under standard multiplication modulo n are semigroups.

Definition 3.1. Let (X, 0) be a semigroup and A a SVNS over X. Then A is single valued neutrosophic
semigroup over X if for all x,y € X, the following conditions hold:

o Ty(zoy)>Ta(x)ANTa(y);
o Iy(zoy)>Is(x)ALa(y);
o Fy(zoy) < Fy(x)V Fa(y).

Definition 3.2. 2 Let (X, o) be a semigroup and Sy a neutrosophic R-structure over X. Then Sy is neutro-
sophic N-subsemigroup of X if for all z,y € X, the following conditions hold:

e Ty(zoy) <Tn(z)VTn(y);
o In(zoy) > In(z)AIN(y);
o Fy(zoy) < Fy(z)V Fy(y).
Remark 3.3. Let a, b be any real numbers. Then
e 1+ (and)=(1+a)A(1+Dd);
e 1+(aVvbd)=(1+a)V(1+Dd);
o ifc=aAbthen —c = (—a) V (-b);
o if d =aVbthen —d = (—a) A (D).

Theorem 3.4. Let (X, o) be a semigroup and Sy a neutrosophic R-structure over X. Then Sy is neutrosophic
N-subsemigroup of X if and only if A is a single valued neutrosophic semigroup over X. Here,

@ In@ @) AT T @ @ L@ 1 D)

Proof. Let A be a single valued neutrosophic semigroup over X and z,y € X. Then —Tn(z o y) >
(=Tn(@) A (=Tn W), 1+ In(zoy) > 1+ In(x) A1+ In(y)),and 1 + Fy(zoy) < (14 Fy(x)) V
(1 4+ Fn(y)). The latter implies that Ty (x o y) < Tn(z) V Tn(y), In(z oy) > In(z) A In(y), and
Fy(zoy) < Fy(x) V Fy(y). Thus, Sy is neutrosophic R-subsemigroup of X. Similarly, we can prove that
if S is neutrosophic N-subsemigroup of X then A is a single valued neutrosophic semigroup over X. O

Sy ={

cx e X}
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Theorem 3.5. Let (X, 0) be a semigroup and A a SVNS over X. Then A is a single valued neutrosophic
semigroup over X if and only if L, 3 ) is either the empty set or a subsemigroup of X forall 0 < a, 3,7 < 1.

Proof. The proof is similar to that of Theorem 5.1 O

Theorem 3.6. Ler (X, 0) be a . semigroup and A a SVNS over X. Then A is single valued neutrosophic
semigroup over X if and only if L g ) is either the empty set or a subsemigroup of X forall =1 < «, 3,7 <
0.

Proof. Let —1 < «a,3,v < 0. Then there exist 0 < o', 8’,7 < 1 such that o/ = —a, /' = S+ 1, and
v =v+1. Theoremasserts that L, g/ ) is either the empty set or a subsemigroup of X. The latter and
Theorem [2.12|imply that f(a, 8.7) = L(a’,p',4) 1s either the empty set or a subsemigroup of X.

Let0 < o/, 8,7 < 1. Then there exist —1 < o, 8,7 < Osuchthato’ = —, ' = S+ 1,andy' = y+1.
But having L, 4,+) is either the empty set or a subsemigroup of X and that Lo g /) = L(a,g,) imply that
L(q g7, is either the empty set or a subsemigroup of X for all 0 < o/, #’,7" < 1. Thus, A is single valued
neutrosophic semigroup over X by Theorem [3.3] O

Theorem 3.7. Let (X, o) be a semigroup and Sy a neutrosophic R-structure over X where,

€T T

R o T T ) R E e e A W r R
Then the following statements are equivalent.
1. Sy is a neutrosophic N-subsemigroup of X ;
2. Ais a single valued neutrosophic semigroup over X ;
3. f(aﬁ’,y) is either the empty set or a subsemigroup of X for all -1 < o, 8,7 < 0;
4. L(a,p,~) is either the empty set or a subsemigroup of X for all0 < o, 8,y < 1.
Proof. The proof follows from Theorem [3.4] Theorem [3.3] and Theorem 3.6] O

Example 3.8. Let (Z™", +) be the semigroup of positive integers under standard addition. Let

(=0.6,—0.4,—0.7) if x is a multiple of 2;

(I'n(x), In(z), Fn(x)) = {(_0,57—0.5, —0.6) otherwise.

Then Sy = {(TN(;C) INJE;C) o) - T € Z*} is a neutrosophic R-subsemigroup of Z* as A = {(TA(Q:) IAJEx),FA(x)) :
x € ZT} is a single valued neutrosophic semigroup over Z*. Where

(0.6,0.6,0.3) if = is a multiple of 2;

(Ta(2), La(z), Fa()) = {(0.5,0.5,0.4) otherwise.

3.2 Applications to polygroups

In” Al-Tahan defined single valued neutrosophic polygroups and studied their properties. In this subsection,
we use the result in® with the relationship we found in Section 2 between SVNS and neutrosophic X-structures
to prove some results on neutrosophic X-subpolygroups.

Algebraic hyperstructures represent a natural generalization of classical algebraic structures and they were
introduced by Marty!® in 1934 at the eighth Congress of Scandinavian Mathematicians. Where he generalized
the notion of a group to that of a hypergroup. He defined a hypergroup as a set equipped with associative
and reproductive hyperoperation. In a group, the composition of two elements is an element whereas in a
hypergroup, the composition of two elements is a set. Many researchers worked on hypertsructure theory and
its applications. We refer to 21012 A certain subclasses of hypergroups were introduced such as polygroups.
The latter were introduced by Comer,” where he emphasized their importance in connections to graphs, re-

lations, Boolean and cylindric algebras. For more details about polygroups and their applications, we refer
to BT

Definition 3.9. "' Let P be a non-empty set. Then, a mapping o : P x P — P*(P) is called a binary
hyperoperation on P, where P*(P) is the family of all non-empty subsets of P. The couple (P, o) is called a
hypergroupoid.
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In the above definition, if A and B are two non-empty subsets of P and x € P, then we define:
AoB= |J aob,zoA={x}oAand Aox = Ao {x}.
acA
beB

Definition 3.10. @ A polygroup is a system < P, o,e,”! >, where e € P, 7! : P — P is a unitary operation
on P, “o* maps P x P into the non-empty subsets of P, and the following axioms hold for all z,y, z € P:

l. (zoy)oz==axo0(yoz),
2. eox =zxoe={z},
1

3. z€yozimpliessy €xoz tandz €y toux.

Let (P, o) be a polygroup and K C P. Then (K, o) is a subpolygroup of (P, o) if for all a,b € K, we have
thataob C K anda™! € K.

Example 3.11. Let P = {e, a, b} and define the polygroup (P, ;) by Table[l]

Table 1: The polygroup (P, 01)

o1 e a b
€ e a b
a a {e,b} {a,b}
b b {a,b} {e,a}

Definition 3.12. ® Let (P, 0) be a polygroup and A a SVNS over X. Then A is single valued neutrosophic
polygroup of P if for all =,y € P, the following conditions hold:

o Ta(xoy) >Ta(x) NTa(y);

o Iy(xoy)>1Ta(x)AIa(y);

o Fa(zoy) < Fa(x)V Fa(y);

o Ta(zx™Y) > Ta(x), Ia(z™1) > Ia(z), Fa(z™1) < Fa(2).

Definition 3.13. Let (P, o) be a polygroup and Sy a neutrosophic R-structure over P. Then Sy is neutro-
sophic R-subpolygroup of P if for all z,y € P, the following conditions hold:

o Tn(zoy) <Tn(z)VTIn(y)

o In(zoy) = In(z) An(y);

o Fy(zoy) < Fyn(z)V Fn(y);

o Tn(z7') < Tn(x), In(z7) > In(x), Fy(z™') < Fn(x).

Theorem 3.14. Let (P, o) be a polygroup and S a neutrosophic X-structure over P. Then Sy is neutrosophic
W-subpolygroup of P if and only if A is a single valued neutrosophic polygroup over X. Here,

Tn@ In@) Fv@) - S A @ In@) T L @) D)

Sy =1 :x € P}.

Proof. Let A be a single valued neutrosophic polygroup over P and x,y € P. Then —Tn(z oy) >
(=Tn(@) A (=Tn(y), 1+ In(zoy) > (1 +In@) A1+ In(y)),and 1 + Fx(zoy) < (14 Fn(z)) V
(1 + Fn(y)). The latter implies that Ty (xz o y) < Tn(z) V Tn(y), In(z oy) > In(z) A In(y), and
Fy(z oy) < Fy(x) V Fy(y). Moreover, having —Tn(z7!) > —Tn(z), Iy(z7') =1 > In(z) — 1,
Fy(z71) — 1 < Fy(z) — 1 implies that T (z71) < T (), In(271) > In(x), Fn(27!) < Fy(z).Thus,
Sy is neutrosophic N-subpolygroup of P. Similarly, we can prove that if Sy is neutrosophic X-subpolygroup
of P then A is a single valued neutrosophic polygroup over P. O

Theorem 3.15. = Let (P,0) be a polygroup and A a SVNS over P. Then A is single valued neutrosophic
polygroup over X if and only if L, 3 ) is either the empty set or a subpolygroup of P forall0 < «, 3,7 < 1.
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Theorem 3.16. Let (P, o) be a polygroup and A a SVNS over X. Then A is single valued neutrosophic
polygroup over X if and only if L, g ) is either the empty set or a subpolygroup of P for all =1 < «, 3,y <
0.

Proof. The proof is similar to the proof of Theorem [3.6] O

Theorem 3.17. Let (P, o) be a polygroup and Sy a neutrosophic N-structure over P where,

R PN NN N L (e e e R WM e TR
Then the following statements are equivalent.
1. Sy is a neutrosophic N-subpolygroup of P;
2. Ais a single valued neutrosophic polygroup over P;
3. f(a,ﬁﬁ) is either the empty set or a subpolygroup of X forall —1 < «, 3,7 < 0;
4. L(a,p,~) is either the empty set or a subpolygroup of X forall 0 < «, 3,y < 1.
Proof. The proof follows from Theorem [3.4] Theorem [3.14] and Theorem 3.15} O

Example 3.18. Let (P, 01) be the polygroup defined in Example Then

e a b

S =
N {(—0.7, —0.4,-0.9)" (—0.6,—0.6, —0.8)" (—0.6, —0.6, —0.8) }

is a neutrosophic N-subpolygroup of P; as A = {(Q7 0.6,00) (0.6,0.00.2)
neutrosophic polygroup over P;.

b . .
, (0_670_4702)} is a single valued

Remark 3.19. Theorem implies that the results known for single valued neutrosophic polygroups in®
hold also for neutrosophic R-subpolygroups.

3.3 Applications to subtraction algebras

Park in/” Al-Tahan and Davvaz in’ defined neutrosophic ideals and R-ideals of subtraction algebras respec-
tively and studied their properties. In this subsection, we use the results in' with the relationship we found in
Section 2 between SVNS and neutrosophic X-structures to some results on neutrosophic RN-ideals of subtrac-
tion algebras that were proved in..

Subtraction algebra was introduced by Shein in 19928 and some results about it can be found in 1323

[T3R2]

Definition 3.20. >3 An algebra (X, —) is called a subtraction algebra if the single binary operation “-” satisfies

the following identities: for any z,y, 2z € X,
l.z—(y—z) =uxa;
2ox—(x—y) =y—(y—a)
. (x—y)—z=(r—2)—y.

Definition 3.21. "2’ A non-empty subset I of a subtraction algebra X is called an ideal of X if it satisfies the
following conditions.

1. a—x € Iforalla € I and z € X
2. forall a,b € I, whenever a V b exists in X thena V b € I.
Example 3.22. Let X; = {0, 1,2} and define the subtraction algebra (X7, —1) by Table[2}

Definition 3.23. "7 Let (X, —) be a subtraction algebra and A a SVNS over X. Then A is single valued
neutrosophic ideal of X if for all x,y € X, the following conditions hold:

o Ta(x —y) > Ta(x);
o Iy(x—y) > Ia(x);
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Table 2: The subtraction algebra (X7, —1)

N = O

\S N e) K]
N O O
O = Ol

o Fy(x —y) < Fy(x);

o if v Vyexistsin X then Ta(z Vy) > Ta(x) ATa(y), Ia(xVy) > Ta(z) ANla(y), and Fa(z Vy) <
Fa(x)V Fa(y).

Definition 3.24. ' Let (X, o) be a subtraction algebra and Sy a neutrosophic N-structure over X. Then Sy is
neutrosophic N-ideal of X if for all z,y € X, the following conditions hold:

o In(z —y) <Tn(z);
o In(x—y) > In(z);
e Fy(x—y) < Fy(z);

o if v Vyexistsin X then Ty (xVy) < Tn(z) VIN(Y), IN(xVy) > In(z) ANIN(y), and Fy(zVy) <
Fy(z) V Fn(y).

Theorem 3.25. Let (X, —) be a subtraction algebra and Sy a neutrosophic N-structure over X. Then Sy is
neutrosophic N-ideal of X if and only if A is a neutrosophic ideal of X. Here,

X X
Sy = e XHA= rx e X}
T T T ) R o M e P C B WO P T
Proof. The proof is similar to the proof of Theorem [3.14] O

Theorem 3.26. 2 Let (X, 0) be a subtraction algebra and A a SVNS over X. Then Sy is neutrosophic ideal
of X if L(q,p,) is either the empty set of ideal of X for all 0 < v, B,y < 1.

Theorem 3.27. Let (X, —) be a subtraction algebra and A a SVNS over X. Then A is neutrosophic ideal of
X ifand only if Lo, p.~) is either the empty set or an ideal of X for all =1 < «, 3,y < 0.

Proof. The proof is similar to the proof of Theorem 3.6} O

Theorem 3.28. Let (X, —) be a subtraction algebra and SN a neutrosophic N-structure over X where,

x x
R Y O N N ) R o M N M R W R
. Then the following statements are equivalent.
1. Sy is a neutrosophic N-subpolygroup of P;
2. Ais a single valued neutrosophic polygroup over P;
3. f(aﬁﬁ) is either the empty set or a subpolygroup of X for all —1 < «a, 8,v < 0;
4. L(a,p,~) is either the empty set or a subpolygroup of X forall 0 < o, 3,y < 1.
Proof. The proof follows from Theorem [3.25] Theorem [3.26] and Theorem[3.27] O

The authors proved in” the following theorem which can be deduced from Theorem [3.28]

Theorem 3.29. “ Let (X, —) be a subtraction algebra and Sy a neutrosophic R-structure over X. Then Sy is
neutrosophic R-ideal of X if and only if L, g ) is either the empty set of ideal of X for all =1 < «, 3,7 < 0.

Example 3.30. Let (X7, —1) be the subtraction algebra defined in Example Then

0 1 2
(—=0.7,-0.4,—0.9)" (—0.7,—0.4,—0.9) " (—0.6, —0.6, —0.8)

Sy ={ }

is a neutrosophic RN-ideal of X7 as A = { 07 096 01 (07 0%6 01)° 06 0?4 0_2)} is a neutrosophic ideal of X .
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3.4 Generalization to any algebraic structure (hyperstructure)

We can deduce from the work presented in the previous subsections that neutrosophic substructures (subhyper-
structures) and neutrosophic N-substructures (subhyperstructures) are connected. The following two theorems
generalize our work.

Theorem 3.31. Let X be any algebraic structure (hyperstructure) and Sy a neutrosophic N-structure over
X. Then Sy is neutrosophic N-substructure (subhyperstructure) of X if and only if A is a single valued
neutrosophic algebraic structure (hyperstructure) over X. Here,

Tn@ In@) Fv@) A TR @ L @ 1 )

Theorem 3.32. Let X be any algebraic structure (hyperstructure) and Sy a neutrosophic N-structure over X
where,

Sy =1{

rxe X}

Tn@ v @) A TR o @ T L@ 1 )

Then the following statements are equivalent.

Sy ={

cxe X}

1. Sy is a neutrosophic N-substructure (subhyperstructure) of X;

2. Ais a single valued neutrosophic algebraic structure (hyperstructure) over P;

3. f(a,gﬁ) is either the empty set or a substructure (subhyperstructure) of X for all —1 < «, 8,~v < 0;
4. L(a,p,~) is either the empty set or a substructure (subhyperstructure) of X forall 0 < «, 3,y < 1.

Remark 3.33. Theorem [3.32] implies that if some results are known for single valued algebraic structures
(hyperstructures) such as single valued neutrosophic groups, rings, hypergroups, hyperrings, etc., then these
results hold also for neutrosophic N-substructures (subhyperstructures) of these algebraic structures (hyper-
structures).

4 Conclusion and discussion

SVNS and neutrosophic N-structures grabbed the attention of neutrosophic researchers. In this paper, we
found a relationship between the two concepts. And we used this relation to prove that there is a connection
between neutrosophic substructures (subhyperstructures) and neutrosophic N-substructures (subhyperstruc-
tures). Moreover, we presented examples on this connection by dealing with specific algebraic substructures
(subhyperstructures) such as semigroups, polygroups, and subtraction algebras. As a result, we were able to
deduce that by defining a new single valued neutrosophic structures (hyperstructures) over a given algebraic
structure (hyperstructure) and working on it, we can immediately define neutrosophic R-substructures (sub-
hyperstructures) of the same algebraic structure (hyperstructure) and the results that we get for SVNS will be
applicable for neutrosophic N-structures.

For future work, it will be interesting to find more applications on SVNS and to project the relationship between
SVNS and neutrosophic X-structures we found in this paper on the new applications.
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