INTERNATIONAL
JOURNAL OF

NEUTROSOPHIC
SCIENCE

Volume 4, 2020

Editor in Chief: Broumi Said & Florentin Smarandache



International Journal of Neutrosophic Science (IJNS) Volume 4, 2020

ASPG

American Scientific Publishing Group.

Table of Content

International Journal of Neutrosophic Science (IJNS)

Items Page Number
Table of Contents 2
Editorial Board 4
Aim and Scope 6
Topics of Interest 6
ISSUE 1
On Neutro-BE-algebras and Anti-BE-algebras 8-15

Akbar Rezaei, Florentin Smarandache

Elementary Examination of NeutroAlgebras and 16-19
AntiAlgebras viz-a-viz the Classical Number Systems
A.A.A. Agboola, M.A. Ibrahim and E.O. Adeleke
On Neutrosophic Quadruple Hypervector Spaces 20-35
M.A. Ibrahim, A.A.A. Agboola, E.O. Adeleke,
S.A. Akinleye

ON Neutrosophic Crisp Supra Bi-Topological 36-46
Spaces

Riad K. Al-Hamido
Exponential Laws and Aggregation Operators on 47-71
Neutrosophic Cubic Sets

Majid Khan , Ismat Beg , Muhammad Gulistan

ISSUE 2
On Some Special Substructures of Neutrosophic Rings 72-81
and Their Properties
Mohammad Abobala
A new ranking function of triangular neutrosophic 82-92
number and its application in integer programming
Sapan Kumar Das, S.A. Edalatpanah

A STUDY OF NEUTROSOPHIC CUBIC MN SUBALGEBRA 93-103
Mohsin Khalid , Neha Andaleeb Khalid
The Special Neutrosophic Functions 104-116
Ahmed Hatip

117-124

Proposal for a new theory of neutrosophic application of
the evidence in the Ecuadorian criminal process

Luis Andrés Crespo Berti

Published and typeset in American Scientific Publishing Group (ASPG) is a USA academic
publisher, established as LLC company on 2019 at New Orleans, Louisiana, USA. ASPG
publishes online scholarly journals that are free of submission charges.

Copyright © 2020 American Scientific Publishing Group (ASPG)



International Journal of Neutrosophic Science (IJNS)

Volume 4, 2020

American Scientific Publishing Group (ASPG) LLC,

New Orleans, USA

Mailing Address: 625 Wright Ave, Gretna, LA 70056, USA
Phone: +1(504) 336-3385

Fax: +1-888-417-7465

e-mail: manager@americaspg.com

WWW.americaspg.com




International Journal of Neutrosophic Science (IJNS)

Volume 4, 2020

Editorial Board

Editor in Chief

Dr. Broumi Said Laboratory of Information Processing, Faculty of Science Ben
M’Sik, University Hassan II, Casablanca, Morocco

Prof. Dr. Florentin Smarandache Departement of Mathematics, University of New
Mexico, 705 Gurley Avenue, Gallup, NM, 87301, United States

Editorial Board Members :

Cengiz ~ Kahraman, Istanbul  Technical
University,  Department  of  Industrial
Engineering 34367 Macka/Istanbul/Turkey
(kahramanc@itu.edu.tr).

Selguk Topal, Department of Mathematics,
Bitlis Eren University, Turkey
(s.topal@beu.edu.tr).

Muhammad Aslam, Department of Statistics,
Faculty of Science, King Abdulaziz University,
Jeddah 21551, Saudi Arabia
(aslam_ravian@hotmail.com;
magmuhammad@kau.edu.sa).

Philippe Schweizer, Independent researcher,
Av. de Lonay 11, 1110 Morges, Switzerland
(flippe2@gmail.com).

Amira Salah Ahmed Ashour, Tanta University,
Tanta, Egypt (amirasashour@yahoo.com
amira.salah@f-eng.tanta.edu.cg).

Peide Liu, School of Management Science and
Engineering, Shandong University of Finance

and Economics, China (peide.liu@gmail.com).

Jun Ye, Institute of Rock Mechanics, Ningbo
University, Ningbo, P. R, China
(yehjun@aliyun.com; yejunl@nbu.edu.cn).

Yanhui Guo, Department of Computer Science,
University of Illinois at Springfield, USA(
yguoS6@uis.edu guoyanhui@gmail.com).

irfan DELI, Kilis 7 Aralik University,
Turkey(irfandeli20@gmail.com).

Vakkas Ulucay, Kilis 7 Aralik University,
Turkey( vulucay27@gmail.com).

Chao Zhang, Key Laboratory of Computational
Intelligence  and  Chinese  Information
Processing of Ministry of Education, School of
Computer and Information Technology, Shanxi
University.China (czhang@sxu.edu.cn).

Xindong Peng, Shaoguan University, China(
952518336(@qq.com).

Surapati Pramanik, Department of
Mathematics, Nandalal Ghosh B.T. College,
Panpur, P.O.-Narayanpur, Dist-North 24
Parganas, West Bengal, PIN-743126, India
(surapati.math@gmail.com).

M. Lathamaheswari, Department  of
Mathematics Hindustan Institute of Technology
and Science, Chennai-603203, India
(lathamax(@gmail.com,
mlatham@hindustanuniv.ac.in).

Lemnaouar Zedam, Department of
Mathematics, University of M’sila, Algeria
(lemnaouar.zedam@univ-msila.dz).

S. A. Edalatpanah, Department of Applied
Mathematics, Ayandegan Institute of Higher
Education, Tonekabon,
Iran(saedalatpanah@gmail.com).

Liu  Chun Feng, Shenyang Aerospace
University, China
(liuchunfangl112@163.com).

Wadei faris Mohammed Al-omeri, Department
of Mathematics, Faculty of Science, Al-
Balga Applied University, Salt 19117, Jordan
(wadeimoonl@hotmail.com,
wadeialomeri@bau.edu.jo).




International Journal of Neutrosophic Science (IJNS)

Volume 4, 2020

Abhijit Saha, Department of Mathematics,
Techno College of Engineering Agartala
Maheshkhola-799004,  Tripura, India (

abhijit84.math@gmail.com).

D.Nagarajan, Department of Mathematics,
Hindustan Institute of Technology & Science,
India (dnagarajan@hindustanuniv.ac.in).

Prem Kumar Singh, Amity Institute of
Information Technology, Amity University-
Sector 125 Noida-201313, Uttar Pradesh-India
(premsingh.csim@gmail.com).

Avishek Chakraborty, Department of Basic
Science, University/College- Narula Institute of
Technology = Under MAKAUT, India
(tirtha.avishek93 @gmail.com).

Arindam Dey, Department of Computer
Science and Engineering, Saroj Mohan Institute
of Technology, Hooghly 712512, West Bengal,
India (arindam84nit@gmail.com).

Muhammad  Gulistan,  Department  of
Mathematics & Statistics, Hazara University
Mansehra, Khyber Pakhtunkhwa,

Pakistan(gulistanmath@hu.edu.pk).

Mohsin Khalid, The University of Lahore,
Pakistan(mk4605107 @gmail.com).

Hoang Viet Long, Faculty of Information
Technology, People's Police University of
Technology and Logistics, Bac Ninh, Viet Nam
(longhv08@gmail.com).

Kishore Kumar P.K, Department of Information
Technology, Al Musanna College of
Technology, Sultanate of Oman
(kishore2982@gmail.com).

Mohamed Talea, Laboratory of Information
processing, Faculty of Science Ben M’Sik,
Morocco (taleamohamed@yahoo.fr)

Assia  Bakali, Ecole Royale Navale,
Casablanca, Morocco (assiabakali@yahoo.fr).

Tahir Mahmood, Department of Mathematics
and Statistics, International Islamic University
Islamabad, Pakistan
(tahirbakhat@iiu.edu.pk).

Faruk KARAASLAN, Cankiri Karatekin
University, Faculty of Sciences, Department of

Mathematics, 18100, Cankiri, TURKEY(
fkaraaslan@karatekin.edu )

Mohamed Abdel-Basset, Department of
Computer Science, Zagazig University, Egypt
(analyst mohamed@yahoo.com,
analyst mohamed@zu.edu.eg).

Riad Khider AlHamido, Department of
mathematics Faculty of Sciences - Al- Furat
University, Syria (riad-
hamido1983@hotmail.com).

Fahad Mohammed Alsharari, Mathematics
Department, College of Science and Human
Studies at Hotat Sudair, Majmaah University,
Saudi Arabia (f.alsharari@mu.edu.sa).

Maikel Leyva  Vazquez,  Universidad
Politécnica Salesiana, Ecuador
(mleyvaz@gmail.com).

Ir. Victor Christianto, DDiv. (associate of
NSIA), Satyabhakti Advanced School of
Theology - Jakarta Chapter,
Indonesia(victorchristianto@gmail.com).

Xiaohong Zhang, Shaanxi University of
Science and Technology, China
(zhangxiaohong@sust.edu.cn, zxhonghz@?263
-net).

Huda E. Khalid, Head of the Scientific Affairs
and Cultural Relations, Presidency of Telafer
University ,Iraq (hodaesmail@yahoo.com,
dr.huda-ismael@uotelafer.edu.iq).

Ranjan Kumar, Department of Mathematics,
National Institute of Technology, Adityapur,
Jamshedpur, 831014, India.
(ranjank.nit52@gmail.com).

Choonkil Park, Department of Mathematics,
Hanyang University, Republic of Korea
(baak@hanyang.ac.kr).

Shahzaib Ashraf, Department of Mathematic
Abdul Wali Khan University, Mardan 23200,
Pakistan (shahzaibashraf@awkum.edu.pk).

Madeleine Al-Tahan, Lebanese International
University,Lebanon

(madeline.tahan@liu.edu.Ib).

Rafif alhabib, Department of mathmatical
statistic, Faculty of Sciences, albaath
University, Syria. (rafif.alhabib85@gmail.com)



International Journal of Neutrosophic Science (IJNS) Volume 4, 2020

American Scientific Publishing Group

ASPG

Aim and Scope

International Journal of Neutrosophic Science (IJNS) is a peer-review journal publishing high quality
experimental and theoretical research in all areas of Neutrosophic and its Applications. IJNS is
published quarterly. IJNS is devoted to the publication of peer-reviewed original research papers lying in
the domain of neutrosophic sets and systems. Papers submitted for possible publication may concern with
foundations, neutrosophic logic and mathematical structures in the neutrosophic setting. Besides providing
emphasis on topics like artificial intelligence, pattern recognition, image processing, robotics, decision
making, data analysis, data mining, applications of neutrosophic mathematical theories contributing to
economics, finance, management, industries, electronics, and communications are promoted. Variants of
neutrosophic sets including refined neutrosophic set (RNS). Articles evolving algorithms making

computational work handy are welcome.

Topics of Interest

IJNS promotes research and reflects the most recent advances of neutrosophic Sciences in diverse

disciplines, with emphasis on the following aspects, but certainly not limited to:

(1 Neutrosophic sets [0 Neutrosophic algebra

(1 Neutrosophic topolog (1 Neutrosophic graphs

[1 Neutrosophic probabilities [0 Neutrosophic tools for decision making

(1 Neutrosophic theory for machine learning (1 Neutrosophic statistics

[ Neutrosophic numerical measures (1 Classical neutrosophic numbers

[ A neutrosophic hypothesis [ The neutrosophic level of significance

(1 The neutrosophic confidence interval [1 The neutrosophic central limit theorem
| Neutrosophic theory in bioinformatics

Cland medical analytics 1 Neutrosophic tools for big data analytics
| Neutrosophic tools for deep learning [1 Neutrosophic tools for data visualization
| Quadripartitioned single-valued
Ineutrosophic sets [ Refined single-valued neutrosophic sets
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Applications of neutrosophic logic in image processing

Neutrosophic logic for feature learning, classification, regression, and clustering
Neutrosophic knowledge retrieval of medical images

Neutrosophic set theory for large-scale image and multimedia processing
Neutrosophic set theory for brain-machine interfaces and medical signal analysis
Applications of neutrosophic theory in large-scale healthcare data

Neutrosophic set-based multimodal sensor data

Neutrosophic set-based array processing and analysis

Wireless sensor networks Neutrosophic set-based Crowd-sourcing
Neutrosophic set-based heterogeneous data mining

Neutrosophic in Virtual Reality

Neutrosophic and Plithogenic theories in Humanities and Social Sciences

Neutrosophic and Plithogenic theories in decision making
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On Neutro-BE-algebras and Anti-BE-algebras
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Abstract

In this paper, the concepts of Neutro-BE-algebra and Anti-BE -algebra are introduced, and some related properties
and four theorems are investigated. We show that the classes of Neutro-BE-algebra and Anti-BE-algebras are
alternatives of the class of BE-algebras.

Keywords: BE-algebra; Neutro-sophication; Neutro-BE-algebra; Anti-sophication; Anti-BE -algebra.

1. Introduction

Neutrosophy, introduced by F. Smarandache in 1998, is a new branch of philosophy that generalized the
dialectics and took into consideration not only the dynamics of opposites, but the dynamics of opposites and their
neutrals [8]. Neutrosophic Logic / Set / Probability / Statistics / Measure / Algebraic Structures etc. are all based on
it. One of the most striking trends in the neutrosophic theory is the hybridization of neutrosophic set with other
potential sets such as rough set, bipolar set, soft set, vague set, etc. The different hybrid structures such as rough
neutrosophic set, single valued neutrosophic rough set, bipolar neutrosophic set, single valued neutrosophic vague set,
etc. are proposed in the literature in a short period of time. Neutrosophic set has been a very important tool in all
various areas of data mining, decision making, e-learning, engineering, computer science, graph theory, medical
diagnosis, probability theory, topology, social science, etc [9-13].

A classical Algebra may be transformed into a NeutroAlgebra by a process called neutro-sophication, and into
an AntiAlgebra by a process called anti-sophication.

In [2], H.S. Kim et al. introduced the notion of a BE-algebra as a generalization of a BCK -algebra. S.S. Ahn et
al. introduced the notion of ideals in BE-algebras, and they stated and proved several properties of such ideals [1]. A.
Borumand Saeid et al defined some filters in BE-algebras and investigated relation between them [3]. A. Rezaei et al.
investigated the relationship between Hilbert algebras and BE -algebras and showed that commutative self-distributive
BE-algebras and Hilbert algebras are equivalent [4]. In this paper, the concepts of a Neutro-BE -algebra and Anti-BE -
algebra are introduced, and some related properties are investigated. We show that the class of Neutro-BE-algebra is
an alternative of the class of BE-algebras.
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2. NeutroLaw, NeutroOperation, NeutroAxiom, and NeutroAlgebra

In this section, we review the basic definitions and some elementary aspects that are necessary for this
paper.

The Neutrosophy’s Triplet is (<A>, <neutroA>, <antiA>), where <A> may be an item (concept, idea,
proposition, theory, structure, algebra, etc.), <antiA> the opposite of <A>, while <neutroA> {also the
notation <neutA> was employed before} the neutral between these opposites. Based on the above triplet
the following Neutrosophic Principle one has: a law of composition defined on a given set may be true (T)
for some set elements, indeterminate (I) for other set’s elements, and false (F) for the remainder of the set’s
elements; we call it NeutroLaw. A law of composition defined on a given sets, such that the law is false (F)
for all set’s elements is called AntiLaw. Similarly, an operation defined on a given set may be well-defined
for some set elements, indeterminate for other set’s elements, and undefined for the remainder of the set’s
elements; we call it NeutroOperation. While, an operation defined on a given set that is undefined for all
set’s elements is called AntiOperation.

In classical algebraic structures, the laws of compositions or operations defined on a given set are
automatically well-defined [i.e. true (T) for all set’s elements], but this is idealistic. Consequently, an axiom
(let’'s say Commutativity, or Associativity, etc.) defined on a given set, may be true (T) for some set’s
elements, indeterminate (/) for other set’s elements, and false (F) for the remainder of the set’s elements;
we call it NeutroAxiom. In classical algebraic structures, similarly an axiom defined on a given set is
automatically true (T) for all set’s elements, but this is idealistic too. A NeutroAlgebra is a set endowed
with some NeutroLaw (NeutroOperation) or some NeutroAxiom. The NeutroLaw, NeutroOperation,
NeutroAxiom, NeutroAlgebra and respectively AntiLaw, AntiOperation, AntiAxiom and AntiAlgebra
were introduced by Smarandache in 2019 [6] and afterwards he recalled, improved and extended them in
2020 [7]. Recently, the concept of a Neutrosophic Triplet of Bl-algebra was defined [5].

3. Neutro-BE-algebras, Anti-BE-Algebras

Definition 3.1. (Definition of classical BE-algebras [1])
An algebra (X,*,0) of type (2,0) (i.e. X is a nonempty set, * is a binary operation and 0 is a constant
element of X) is said to be a BE-algebra if:

(L) The law * is well-defined, i.e. (Vx,y € X)(x *y € X).
And the following axioms are totally true on X:
(BE1) (Vx € X)(x *x = 0),
(BE2) (Vx € X)(0*x = Xx),
(BE3) (Vx € X)(x+x0=10),
(BE4) (Vx,y,z € X,withx #y)(x * (y xz) =y * (x * 2)).
Example 3.2
(i) Let N be the set of all natural numbers and * be the binary operation on N defined by

_(y ifx=1;
x*y_{1 if x # 1.

Then (N,*,1) is a BE-algebra.

DOI: 10.5281/zen0d0.3751862
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(if) Let Ny = NU{0} and let * be the binary operation on N, defined by

(0 ifx=y;
x*y= {y —x otherwise.
Then (Ny,*,0) is a BE-algebra.

Definition 3.3. (Neutro-sophications)

The Neutro-sophication of the Law (degree of well-defined, degree of indeterminacy, degree of outer-
defined)

(NL) Ax,y e X)(x *y e X)and (3x,y € X)(x *y = indeterminate or x x y & X),
The Neutro-sophication of the Axioms (degree of truth, degree of indeterminacy, degree of falsehood)
(NBE1) (3x € X)(x *x = 0) and (3x € X)(x * x = indeterminate or x * x # 0),
(NBE2) (3x € X)(0 * x = x) and (3x € X)(0 * x = indeterminate or 0 * x # x),
(NBE3) (3x € X)(x * 0 = 0) and (3x € X)(x * 0 = indeterminate or x * 0 # 0),
(NBE4) (3x,y,z € X,withx # y)(x *x (y *z) = y * (x * z)) and
(3x,y,z € X,withx #+ y)(x * (y * z) = indeterminate orx * (y *z) # y = (x * z)),
Definition 3.4. (Anti-sophications)
The Anti-sophication of the Law (totally outer-defined)
(AL) (Vx,y e X)(x *xy & X).
The Anti-sophication of the Axioms (totally false)
(ABE1) (Vx € X)(x *x # 0),
(ABE2) (Vx € X)(0 * x # x),
(ABE3) (Vx € X)(x* 0 # 0),
(ABE4) (Vx,y,z € X,withx # y)(x * (y x2) # y * (x * 2)).
Definition 3.5. (Neutro-BE-algebras)

A Neutro-BE-algebra is an alternative of BE-algebra that has at least a (NL) or at least one (NBEi), i €
{1, 2, 3,4}, with no anti-law and no anti-axiom.

Example 3.6.

(i) Let N be the set of all natural numbers and * be the Neutro-sophication of the Law * on N from Example 2.2.
(i) defined by

ifx=1;

x*xy = if x €{35,7};

otherwise.

e

DOI: 10.5281/zen0d0.3751862 10
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Then (N,*, 1) is a Neutro-BE-algebra. Since

(NL) if x € {3,5,7}, thenx xy = % ¢ N, forall y € N, whileif x ¢ {3,5,7} and x € N, then x * y € {1,y} € N, for
ally € N.

(NBE1)1+1=1€Nand3+3=3¢N,

(BE2) holds always since 1 * x = x, for all x € N.

(NBE3)5 1 ==+ landifx € {357}, thenx+1=1,

(NBE4) 5 (3%4) =5 % =? (indeterminate) and 3 * (5 * 4) = 3 *% = ? (indeterminate)
1

Also,2x(3%x4) =2 *% = ?(indeterminate),but3 * (2+x4) =3 %1 = 2

Further, 4 (8+2) =4%x1=1=8x(4x2).

(ii) Let S be a nonempty set and P (S) be the power set of S. Then (P(S),N, @) is a Neutro-BE-algebra.
N is the binary set intersection operation, but

(NBE1) is valid, since@ N @ = @ and forall@ # A € P(S),ANA=A4A+0.

(NBE2)dN @ =@andif@® + A, then®@NA =0 # 4,

(BE3) holds, since AN @ = @,

(BE4) holds, sinceAN(BNC)=Bn(ANC).

(iii) Similarly, (P(5),U, @), (P(S),n,S), (P(S),U,S), where U is the binary set union operation, are Neutro-BE-
algebras.

(iv) Let X := {0,a, b, c,d} be a set with the following table.

Table 1

*10|la|blc|d

Olclal|b|c|a

Then (X,*,0) is a Neutro-BE-algebra.
(NL) ¢ * 0 =? (indeterminate), and d * d = ? (indeterminate), and for all x,y € {0,a, b}, then x xy € X.

(NBEl)a*a=0and 0% 0 =c # 0 ord * d =? (indeterminate).

DOI: 10.5281/zen0d0.3751862 11
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(NBE2) holds since 0 * b =b,and 0 *d = a # d.

(NBE3) ¢ * 0 =? (indeterminate) # 0andifx € {b,d},thenx x0 =0,
(NBE4)d * (c*b) =d*b =0+ c*(d=*b) =c=0=?(indeterminate) and
ax(bxc)=axc=c=bx*(axc).

(v) Let S be a nonempty set and P(S) be the power set of S. Then (P(S), —, @) is an Anti-BE-algebra, where —
is the binary operation of set subtraction, because:

(BE1) is valid, since A — A = @,

(NBE2) holds, since —A =0 +* Aand @ — @ = @,

(NBE3) holds, sinceA— @ =A+ @and@—0 =0

(ABE4) is valid, since for A # B,one has A — (B — C) # B — (A — (), because:

x€A—(B—C)means (xe Aandx ¢ B-C),or{xe Aand (x¢BorxeC) },or {(xe Aand x € B) or (x € Aand x
€ C)}; whilexe B — (A — C) means {(xe Band x & A) or (x€ Band x € C)}.

(vi) Let R be the set of all real numbers and * be a binary operation on R defined by x * y = |x — y|. Then (R,*
,0) is a Neutro-BE-algebra.

(BE1) holds, since x * x = |x — x| = 0, for all x € R.

(NBE2) is valid, since if x = 0, thenx*0 = |[x — 0| = |x| = x,and if x < 0,thenx *x0 = |[x — 0| = |x| = —x #
X.
(NBE3) is valid, since if x # 0,then 0 *x = |0 — x| = |—x| # 0,and if x = 0, then 0 x 0 = 0.

(NBE4) holds, ifx =2,y = 3,z=4 we get |2-|3-4|| = |2 - 1| = 1 and |3-|2-4|| = |3-2| = 1;

while for x =4,y =8,z =3 we get |4 -|8-3|| = |4-5| = 1 and |8-|4-3|| = |8-1| =7 # 1.

Theorem 3.7.

The total number of Neutro-BE-algebras is 31.

Proof.

The classical BE-algebra has: 1 classical Law and 4 classical Axioms:

1 + 4 =5 classical mathematical propositions.

Let C;* mean combinations of n elements taken by m, where n, m are positive integers,n 2 m = 0.

We transform (neutro-sophicate) the classical BE-algebra, by neutro-sophicating some of the 5 classical
mathematical propositions, while the others remain classical (unchanged) mathematical propositions:

either only 1 of the 5 classical mathematical propositions (hence we have C2 = 5 possibilities) - so 4 classical
mathematical propositions remain unchanged,

or only 2 of the 5 classical mathematical propositions (hence we have CZ = 10 possibilities) - so 3 classical
mathematical propositions remain unchanged,

DOI: 10.5281/zen0d0.3751862 12
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or only 3 of the 5 classical mathematical propositions (hence we have C3 = 10 possibilities) - so 2 classical
mathematical propositions remain unchanged,

or only 4 of the 5 classical mathematical propositions (hence we have C# = 5 possibilities) - so 1 classical
mathematical proposition remainsnchanged,

orall 5 of the 5 classical mathematical propositions (hence we have C = 1 possibilities).
Whence the total number of possibilities will be:

CR+ci+c3+Ci+ce=01+1)5-c2=25-1=31.
Definition 3.8. (Anti-BE-algebras)

An Anti-BE-algebra is an alternative of BE-algebra that has at least an (AL) or at least one (ABEi),i €
{1,2,3,4}.

Example 3.9.

(i) Let N be the natural number set and X: = N U {0}. Define a binary operation *on X by x *, y = x2 + y2 + 1.
Then (X,*,0) is not a BE-algebra, nor a Neutro-BE -algebra, but an Anti-BE -algebra.

Since x *, x = x2 + x%2 + 1 # 0, forall x € X, and so (ABE1) holds.

Forallx € N, we have x * 0 = x2 + 1 # 0, so (ABE?2) is valid. By a similar argument (ABE3) is valid.

Since forx # y,onehasx *, (yx,z) = x>+ (V> + 22+ D2+ 1 # y*, (x x,2) =y> + (x> + 22 + 1)? + 1,
thus (ABE4) is valid.

(ii) Let S be a nonempty set and P(S) be the power set of S. Define the binary operation A (i.e. symmetric
difference) by AAB = (AUB) — (AN B) for every A,B € P(S). Then (P(S),4,S) is not a BE-algebra, nor
Neutro-BE-algebra, but it is an Anti-BE-algebra.

Since AAA = @ # S for every A € P(S) we get (ABE1) holds, and so (BE1) and (NBE1) are not valid.

Also, for all 4, B,C € P(S) one has AA(BAC) = BA(AAC). Thus, (BE4) is valid.

Since there is at least one anti-axiom (ABE1), then (P(S), A, S) is an Anti-BE-algebra.

(iii) Let U = {0, a, b, ¢, d} be a universe of discourse, and a subset S = {0, c}, and the below binary well-defined
Law * with the following Cayley table.

Table 2

Then (S,*,0) is an Anti-BE-algebra, since (ABE1) is valid, because: 0*0 = ¢ # 0 and c*c = ¢ # 0, and it is sufficient
to have a single anti-axiom.

Theorem 3.10.

The total number of Anti-BE-algebras is 211.
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Proof

The classical BE-algebra has: 1 classical Law and 4 classical Axioms:

1 + 4 = 5 classical mathematical propositions.

Let CJ* mean combinations of n elements taken by m, where n, m are positive integers, n 2 m = 0.

We transform (anti-sophicate) the classical BE-algebra, by anti-sophicating some of the 5 classical
mathematical propositions, while the others remain classical (unchanged) or neutro-mathematical
propositions:

either only 1 of the 5 classical mathematical propositions (hence we have C3 = 5 subpossibilities) - so 4
classical mathematical propositions remain some unchanged others neutro-sophicated or 24 = 16
subpossibilities; hence total number of possibilities in this case is: 5-16 = 80;

or 2 of the 5 classical mathematical propositions (hence we have C2 = 10 subpossibilities) - so 3 classical
mathematical propositions remain some unchanged other neutro-sophicated or 23 = 8 subpossibilities; hence
total number of possibilities in this case is: 10-8 = 80;

or 3 of the 5 classical mathematical propositions (hence we have C3 = 10 subpossibilities) - so 2 classical
mathematical propositions remain some unchanged other neutro-sophicated or 22 = 4 subpossibilities; hence
total number of possibilities in this case is: 104 = 40;

or 4 of the 5 classical mathematical propositions (hence we have C& = 5 subpossibilities) - so 1 classical
mathematical propositions remain either unchanged other neutro-sophicated or 21 = 2 subpossibilities; hence
total number of possibilities in this case is: 5-2 = 10;

or all 5 of the 5 classical mathematical propositions (hence we have C3 = 1 subpossibility) - so no classical
mathematical propositions remain.

Hence, the total number of Anti-BE -algebras is:
CE.25 1 4+ C2.252 4 (3,253 + C4.25% +(C2.255=5-16+10-8+10-4+5-2+1-1 =211
Theorem 3.11.

As a particular case, for BE-algebras, we have:

1 (classical) BE-algebra + 31 Neutro-BE-algebras + 211 Anti-BE-algebras = 243 = 3° algebras.
Where, 31 =25-1,and 211 = 35- 25,

Proof.

It results from the previous Theorem 3.10 and 3.11.

Theorem 3.12.

Let U be a nonempty finite or infinite universe of discourse, and S a nonempty finite or infinite subset of U. A
classical Algebra is defined on S.

In general, for a given classical Algebra, having n operations (laws) and axioms altogether, for integern > 1,

there are 3" total number of Algebra / NeutroAlgebras / AntiAlgebras as below:
1 (classical) Algebra, (2" —1) Neutro-Algebras, and (3" —2") Anti-Algebras.
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The finite or infinite cardinal of set the classical algebra is defined upon, does not influence the numbers of
Neutro-BE-algebras and Anti-BE -algebras.

Proof.
It is similar to Theorem 3.11, and based on Theorems 3.10 and 3.11.

Where 5 (total number of classical laws and axioms altogether) is extended/replaced by n.

5. Conclusion.

We have studied and presented the neutrosophic triplet (BE-algebra, Neutro-BE-algebra, Anti-BE-algebra)
together with many examples, several properties and four theorems.

Funding: “The first author has been supported by Payame Noor University (Grant No. /47416/7).”

Acknowledgments: “The authors would like to thank the reviewers for their reading of the manuscript and their many
insightful comments and suggestions.”

Conflicts of Interest: “The authors declare no conflict of interest.”

References

[1] S.S. Ahn, K.S. So, “On ideals and upper sets in BE-algebras, Sci. Math. Jpn. 68 (2) pp.279-285, 2008.

[2] H.S.Kim, Y.H. Kim, “On BE-algebras,” Sci. Math. Jpn. 66 (2007), pp.113-116.

[3] A.Borumand Saeid, A. Rezaei, R.A. Borzooei, “Some types of filters in BE-algebras,” Math. Comput. Sci., 7,
pp.341-352, 2013.

[4] A.Rezaei, A. Borumand Saeid, R.A. Borzooei, “Relation between Hilbert algebras and BE-algebras,” Applications
and Applied Mathematics, 8 (2) pp.573-584, 2013.

[5] A. Rezaei, F. Smarandache, “The Neutrosophic Triplet of Bl-algebras,” (submitted to Neutrosophic Sets and
System, USA).

[6] F. Smarandache, “Introduction to NeutroAlgebraic Structures and AntiAlgebraic Structures, “in Advances of
Standard and Nonstandard Neutrosophic Theories, Pons Publishing House Brussels, Belgium, Ch. 6, pp. 240-
265, 2019.

[71 F.Smarandache, “NeutroAlgebra is a Generalization of Partial Algebra,” International Journal of Neutrosophic
Science, 2 (1) pp. 8-17, 2020.

[8] FE.Smarandache, “Neutrosophy / Neutrosophic probability, set, and logic,” American Research Press, 1998. See
also: http://gallup.unm.edu/~smarandache/NeutLog.txt.

[9] S.A.Edalatpanah, “A Direct Model for Triangular Neutrosophic Linear Programming, “International Journal
of Neutrosophic Science, Volume 1, Issue 1, pp 19-28 , 2020

[10] S.Broumi, M.Talea, A. Bakali, F. Smarandache, D.Nagarajan, M. Lathamaheswari and M.Parimala, “Shortest
path problem in fuzzy, intuitionistic fuzzy and neutrosophic environment: an overview,” Complex &
Intelligent Systems, 5, pp.371-378, 2019, https://doi.org/10.1007/s40747-019-0098-z

[11] S.BroumiD. Nagarajan, A. Bakali, M. Talea, F. Smarandache, M. Lathamaheswari, “The shortest path
problem in interval valued trapezoidal and triangular neutrosophic environment,” Complex & Intelligent
Systems, 5, 2019, pp.391-402, https://doi.org/10.1007/s40747-019-0092-5

[12] S. Broumi, D. Nagarajan, A. Bakali, M. Talea, F. Smarandache, M. Lathamaheswari and J. Kavikumar,
“Implementation of Neutrosophic Function Memberships Using MATLAB Program,” Neutrosophic Sets and
Systems, Vol. 27, 2019, 44-52. DOI: 10.5281/zenodo.3275355

[13] Philippe Schweizer, “Uncertainty: two probabilities for the three states of neutrosophy,” International
Journal of Neutrosophic Science, Volume 2, Issue 1, pp.18-26, 2020.

DOI: 10.5281/zen0d0.3751862 15



International Journal of Neutrosophic Science (IJNS) Vol.4, No.l1, PP.16-19, 2020

ASPG

American Scientific Publishing Group

Elementary Examination of NeutroAlgebras and AntiAlgebras
viz-a-viz the Classical Number Systems

'A.A.A. Agboola]} 2 M.A. Tbrahim and ® E.O. Adeleke
1,2.3Department of Mathematics, Federal University of Agriculture, Abeokuta, Nigeria.

agboolaaaa@funaab.edu.ng’, muritalaibrahim40@ gmail.com?, yemi376 @yahoo.com?.

Abstract

The objective of this paper is to examine NeutroAlgebras and AntiAlgebras viz-a-viz the classical number
systems.
Keywords: NeutroAlgebra, AntiAlgebra, NeutroAlgebraic Structure, AntiAlgebraic Structure.

1 Introduction

The notions of NeutroAlgebra and AntiAlgebra were recently introduced by Florentin Smarandache " Smaran-
dache in® revisited the notions of NeutroAlgebra and AntiAlgebra and in” he studied Partial Algebra, Universal
Algebra, Effect Algebra and Boole’s Partial Algebra and showed that NeutroAlgebra is a generalization of Par-
tial Algebra. In the present Short Communication, we are going to examine NeutroAlgebras and AntiAlgebras
viz-a-viz the classical number systems. For more details about NeutroAlgebras, AntiAlgebras, NeutroAlge-
braic Structures and AntiAlgebraic Structures, the readers should see '™

Let U be a universe of discourse and let X be a nonempty subset of U. Suppose that A is an item (con-
cept, attribute, idea, proposition, theory, algebra, structure etc.) defined on the set X. By neutrosophication
approach, X can be split into three regions namely: < A > the region formed by the sets of all elements
where < A > is true with the degree of truth (T), < antiA > the region formed by the sets of all ele-
ments where < A > is false with the degree of falsity (F) and < neutA > the region formed by the sets
of all elements where < A > is indeterminate (neither true nor false) with the degree of indeterminacy (I).
It should be noted that depending on the application, < A >, < antiA > and < neutA > may or may
not be disjoint but they are exhaustive that is; their union is X. If A represents Function, Operation, Axiom,
Algebra etc, then we can have the corresponding triplets < Function, N eutroFunction, AntiFunction >,
< Operation, NeutroOperation, AntiOperation >, < Axiom, NeutroAzriom,
AntiAziom > and < Algebra, NeutroAlgebra, AntiAlgebra > etc.

Definition 1.1.
(1) A NeutroAlgebra X is an algebra which has at least one NeutroOperation or one NeutroAxiom that is;
axiom that is true for some elements, indeterminate for other elements, and, false for other elements.
(i) An AntiAlgebra X is an algebra endowed with a law of composition such that the law is false for all the

elements of X.

Definition 1.2. ' Let X and Y be nonempty subsets of a universe of discourse U and let f : X — Y bea
function. Let x € X be an element. We define the following with respect to f(z) the image of x:

(i) Inner-defined or Well-defined: This corresponds to f(z) € Y (True)(T). In this case, f is called a Total
Inner-Function which corresponds to the Classical Function.

(ii) Outer-defined: This corresponds to f(z) € U — Y (Falsehood) (F). In this case, f is called a Total
Outer-Function or AntiFunction.

(iii) Indeterminacy: This corresponds to f(z) = indeterminacy (Indeterminate) (I); that is, the value f(x)
does exist, but we do not know it exactly. In this case, f is called a Total Indeterminate Function.
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2 Subject Matter

In what follows, we will consider the classical number systems N, Z, Q, R, C of natural, integer, rational,
real and complex numbers respectively and noting that N C Z C Q C R C C. Let +,—, x,+ be the
usual binary operations of addition, subtraction, multiplication and division of numbers respectively. Using
elementary approach, we will examine whether or not the abstract systems (N, x), (Z, %), (Q, %), (R, *), (C, )
are NeutroAlgebras or and AntiAlgebras where * = 4, —, X, +.

(1)

2

Let X = N.

(i) Itis clear that (X, +) and (X, x) are neither NeutroAlgebras nor AntiAlgebras.

(ii) For some z,y € X, x —y € X (True) (Inner) or x — y ¢ X (False) (Outer). However, for
all z,y € X withzx < y, x —y ¢ X (False) (Outer) and for all z,y € X with x > y, we
have x — y € X (True) (Inner). This shows that — is a NeutroOperation over X and .. (X, —)
is a NeutroGroupoid. The operation — is not commutative for all z € X. This shows that — is
AntiCommutative over X. We claim that — is NeuroAssociative over X.

Proof. Forxz > y,z =0,wehavex — (y —2) = (x —y) —z,orc —y+0=2—-y—0>0
(degree of Truth) (T). However, for ¢ > y, z # 0, we have x — (y — z) # (z — y) — 2 (degree of
Falsehood) (F). For z < y,c =0, we have x — y + 0 = x — y — 0 < 0 (degree of Indeterminacy)
(I). This shows that — is NeutroAssociative and .". (X, —) is a NeutroSemigroup. O]

(iii) For all x € X, x + 1 € X (True) (Inner). For some z,y € X, z +~y ¢ X (False) (Outer).
However, if x is a multiple of y including 1, then = = y € X (True) (Inner). This shows that
+ is a NeutroOperation and therefore, (X, =) is a NeutroGroupoid. It can be shown that = is
NeutroAssociative over X and therefore, (X, <) is a NeutroSemigroup.

The equation az = b is not solvable for some a,b € X. However, if b is a multiple of a including 1,
then the equation is solvable and the solution is called a NeutroSolution. Also, the equation acz? + bd =
(ad + be)z is not solvable for some a, b, ¢,d € X. However, if b is a multiple of a including 1 and cis a
multiple of d including 1, the equation is solvable and the solutions are called NeutroSolutions.

Let o be a binary operation defined for all z,y € X by

0if x=y
Toy = —a if <y
-8 if >y

where o, 5 € N such that « < (. It is clear that o is an AntiOperation on X and .". (X,0) is an
AntiAlgebra.

Let X = Z.

(1) (X,+) and (X, x) are neither NeutroAlgebras nor AntiAlgebras.

(i1) For all z,y,z € X such that z,y = 0,1, we have x —y = y — 2 = 0 € X (True), otherwise
for other elements, the result is False (Outer) so that — is NeutroCommutative over X. However,if
z,y,z=0,thenx—(y—=2) = (z—y) —2z = 0 € X (True), otherwise for other elements, the result
is False and consequently, — is NeutroAssociative over X and hence (X, —) is a NeutroSemigroup.

@iii) Forall z € X, x = +1 € X (True) (Inner). For all z € X, x =+ 0 = indeterminate (Indetermi-

nacy). For some z,y € X, x +~y ¢ X (False) (Outer) however, if x is a multiple of y including
+1, then x +y € X (True) (Inner). This shows that < is a NeutroOperation over X and ", (X, <)
is a NeutroGroupoid. It can also be shown that (X, +) is a NeutroSemigroup.
The equation ax = b is not solvable for some a,b € X. If a = 0, the solution is indeterminate
(Indeterminacy). However, if b is a multiple of a including +1, then the equation is solvable and
the solution is called a NeutroSolution. Also, the equation acz? + (ad — be)z — bd = 0 is not
solvable for some a, b, c,d € X. However, if b is a multiple of a including £1 and c is a multiple
of d including +1, the equation is solvable and the solutions are called NeutroSolutions.

For all z,y € X, let o be a binary operation defined by « o y = In(zy). If 2,y = 0, we have z oy =
indeterminate (Indeterminacy) (I). If x > 0,y < 0, we have x o y = indeterminate (Indeterminacy)
M. If x > 0,y > 0, we have z o y = False (F) except when x = y = 1. These show that o is a
NeutroOperation over X and .-, (Xo) is a NeutroAlgebra.
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Let o be a binary operation defined for all z,y € X by
12 0f <y
moy‘{ 1/2 if 2>y
It is clear that o is an AntiOperation on X and .. (X, o) is an AntiAlgebra.
(3) Let X = Q.

(i) (X,+) and (X, x) are neither NeutroAlgbras nor AntiAlgebras.

(ii) For all z,y,2z € X such that z,y,2 = 1, wehave x —y = y — x = 0 € X (True), otherwise
for other elements, the result is False so that — is NeuroCommutative over X. Also,if x,y,z = 0,
thenz — (y — 2) = (x — y) — 2 = 0 € X (True), otherwise for other elements, the result is False
and consequently, — is NeutroAssociative over X and (X, —) is a NeutroSemigroup.

(iii) For all 0 # z,y € X, x +y € X (True) (Inner) but for all z € X, x - 0 = indeterminate
(Indeterminacy). .. (X, <) is a NeutroAlgebra which we call a NeutroField.

For all z,y € X, let o be a binary operation defined by x oy = €**¥. If 2,y = 0, we have z oy =
indeterminate (Indeterminacy) (I). If x > 0,y = 0, we have = o y = indeterminate (Indeterminacy) ().
If x > 0,y > 0, we have x o y = False (F). These show that o is a NeutroOperation over X and .-. (Xo)
is a NeutroAlgebra.

Let o be a binary operation defined for all z,y € X by
oy ¢ if x<y
roy= e if x>y
where e is the base of Naperian Logarithm. It is clear that o is an AntiOperation on X and ... (X, 0) is
an AntiAlgebra.
(4) Let X =R.

(i) (X,+) and (X, x) are neither NeutroAlgebras nor PartialAlgebras.

(ii) For all z,y € X suchthatz,y = 0,£+1, wehave z —y = y — x = 0 € X (True), otherwise for
other elements, the result is False so that — is NeuroCommutative over X.

(iii) Forall 0 # z,y € X, z ~y € X (True) (Inner) but for all x € X, x + 0 = indeterminate
(Indeterminacy). It can be shown that + is NeutroAssociative over X. Hence, (X, <) is a Neu-
troSemigroup and therefore, it is a NeutroAlgebra which we call a NeutroField.

Let o be a binary operation defined for all z,y € X by
| =v/-1if z<y
xoy{ V=1 if z>y
It is clear that o is an AntiOperation on X and .. (X, o) is an AntiAlgebra.
(5) Let X =C.

(1) (X,+) and (X, x) are neither NeutroAlgebras nor AntilAlgebras.

(ii) For all z,w € X such that z,w = 0, +%, we have 2 — w = w — z = 0 € X (True), otherwise for
other elements, the result is False so that — is NeutroCommutative over X .

(iii) Forall 0 # z,w € X, z - w € X (True) (Inner) but for all z € X, z + 0 = indeterminate
(Indeterminacy). Therefore, (X, <) is a NeutroAlgebra which we call a NeutroField.

Let o be a binary operation defined for all 2z, w € X by
1 if |z |=|w]
cow={ jif |z|<|w
Eif |z]|>|w]|
where ijk = —1. It is clear that o is an AntiOperation on X and .". (X, o) is an AntiAlgebra.
Theorem 2.1. For all prime number n > 2, (Z,,,+, X) is a NeutroAlgebra called a NeutroField.

Proof. Suppose that n > 2 is a prime number. Clearly, 1 is the multiplicative identity element in Z,,. For all
0 # x € Zy,, there exist a unique y € Z,, such that z x y = 1 (True) (T). However, for 0 = x € Z,,, there does
not exist any unique y € Z,, such that x x y = 1 (False) (F). This shows that (Z,,, x) is a NeutroGroup. Since
(Zy,,+) is an abelian group, it follows that (Z,,, +, x) is a NeutroDivisionRing called a NeutroField. O
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3 Conclusion

We have in this paper examined NeutroAlgebras and AntiAlgebras viz-a-viz the classical number systems
N,Z,Q,R, C of natural, integer, rational, real and complex numbers respectively. In our future papers, we
hope to study more algebraic properties of NeutroAlgebras and NeutroSubalgebras and NeutroMorphisms
between them.
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Abstract

The objective of this paper is to study Neutrosophic Quadruple Hypervector Spaces and present some of their
basic definitions and properties. This paper generalizes the concept of Neutrosophic Hypervector spaces by
presenting their Neutrosophic Quadruple forms. Some notions such as Neutrosphic hypersubspaces, linear
combination, linearly dependence and linearly independence are generalized. Some interesting results and
examples to illustrate the new concepts introduced are presented.

Keywords: Neutrosophic Quadruple (NQ), Neutrosophic Quadruple set, NQ Hypervector spaces, Super
strong NQ Hypervector spaces, strong NQ Hypervector spaces, Weak NQ Hypervector spaces, NQ field,
Neutrosophic field, NQ Hypersubspaces, NQ bases.

1 Introduction

Neutrosophy is a new branch of philosophy that studies the origin, nature, and scope of neutralities, as well as
their interactions with different ideational spectra. Neutrosophic set and neutrosophic logic were introduced
in 1995 by Smarandache as generalizations of fuzzy set and respectively intuitionistic fuzzy logic. In neutro-
sophic logic, each proposition has a degree of truth (T"), a degree of indeterminacy (I), and a degree of falsity
(F), where T, I, F are standard or non-standard subsets of | =0, 1, see [#/252],

The notion of neutrosophic algebraic structures was introduced by Kandasamy and Smarandache in 2006, see
22133 Since then, several researchers have studied the concepts and a great deal of literature has been produced.
For example, Agboola and Akinleye introduced the concept of neutrosophic hypervector spaces inl and in?
they studied neutrosophic vector spaces. In,** Vasantha K., Ilanthenral K. and Smarandache F. introduced
for the first time the concept of neutrosophic qudruple vector spaces over the classical fields R, C and Z,. A
comprehensive review of neutrosophy, neutrosophic triplet set, neutrosophic quadruple set and neutrosophic
algebraic structures can be found in [FAPIOHIZIAINIATSION2T220051

The concept of hyperstructure was first introduced by Marty'®in 1934 at the 8th congress of Scandinavian
Mathematicians and then he established the definition of hypergroup in 1935 to analyze its properties and
applied them to groups of rational algebraic functions. M. Krasner! introduced the notions of hyperring and
hyperfield and use them as technical tools in the study of the approximation of valued fields. These concepts
have been developed and generalized by many researchers.

The notion of hypervector spaces was introduced by M. Scafati Tallini?* in 1988. Hypervector spaces have
been further expanded by other researchers. For more detailed information on hypervector spaces, the reader
should see [567823242526].

The present paper is concerned with introducing the concept of neutrosophic quadruple hypervector spaces.
Some of their elementary properties are presented.

2 Preliminaries

In this section, some basic definitions and properties that will be useful in this work are given.
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Definition 2.1. A neutrosophic quadruple number is a number of the form (a, bT, cI, dF’) where T', I, F' have
their usual neutrosophic logic meanings and a, b, ¢, d € R or C. The set N defined by
NQ = {(a,bT,cl,dF) : a,b,c,d € R or C} is called neutrosophic quadruple set.

Definition 2.2. ¥ Suppose in an optimistic way we consider the prevalence order T > I > F. Then the
combination of the usual Neutrosophic tools T, I, F' are :

TI =1IT = mazx{T,I} =T,

TF =FT =maz{T,F} =T,

IF =FI =max{I,F} =1,

TT=T2=T,
IT=12=1,
FF=F2=F

Analogously, suppose in a pessimistic way we consider the prevalence order 7' < I < F. Then we have:
TI=IT =max{T,I} =1,

TF =FT =mazx{T,F} = F,

IF =FI =maz{I,F} =F,

TT =T2 =T,
IT=12=1,
FF=F*=F

We shall adopt the pessimistic way in this work.

The following operations are defined on NQ, for « = (a,bT,cl,dF) and y = (e, fT,gI,hF) € NQ
we have that

z+y=(a,bT,cl,dF) + (e, fT,g1,hF) = (a + e, (b+ f)T, (c + g)I,(d + h)F) and

x—y=(a,bT,cl,dF)— (e, fT,9I,hF) = (a—e,(b— f)T,(c—g)I,(d — h)F) arein NQ.
For z = (a,bT,cI,dF) € NQ and k € R where k is a scalar and z is a vector in NQ.

kx = k. (a,bT,cl,dF) = (ka,kbT, keI, kdF) € NQ.

If £ =0=(0,0,0,0) € NQ usually termed as zero neutrosophic quadruple vector and for any scalar &k € R
we have k-0 = 0.
Further

(k+p)z = kz + px, k(px) = (kp)x, k(z +y) = kx + ky.

forallk,pe Randx,y € NQ. —x = (—a, —bT, —cI, —dF') which is in NQ.

Definition 2.3. Leta = (al, (ZQT, a3], CL4F‘)7 b= (bl, bQT, ng, b4F) S NQ Then

a - b = ((ll,(lQT, ag[, a4F) . (blabZTv b3[? b4F)
= (albl, (a1b2 + a2b1 + a2b2)T7 (a‘le + a2b3 + a3b1 + a3b2 + GBbS)I’
(a1bg + asby, asby + asby + asbs + asbs + a4b4)F)'

Theorem 2.4. * (NQ, +) is an abelian group.

|
Theorem 2.5. ¥ (NQ, -) is a commutative monoid.
7

Theorem 2.6. * (NQ, -) is not a group.

(
(
(
Theorem 2.7. ¥ (NQ, +, ) is a commutative ring.

Theorem 2.8. *# (NQ,+) = {(a,bT,cl,dF)|a,b,c,d € R or C or Zy;p a prime,+} be the Neutrosophic
quadruple group. Then V. = (NQ,+,0) is a Neutrosophic Quadruple vector space (NQ — vectorspace)
over R or C or Z,,, where 'd’ is the special type of operation between V and R (or C or Z,,) defined as scalar
multiplication.

Definition 2.9. “Y Let V = (NQ, +) be a NQ vector space over R (or C or Z,,). A subset L of V' is said to

be NQ linearly dependent or simply dependent, if there exists distinct vectors a1, ag, - - - ,ar € L and scalars
di,da, -+ ,dy € R (or CoZ,)not all zero such that dy ocay +daocas + -+ dpoar =0.
We say the set of vectors aq, as, - - -, ay is NQ linearly independent if it is not N linearly dependent.
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Definition 2.10. “*Let V = (NQ, +) be a NQ vector space over R (or C or Z,,) . A subset W of V is said to
be Neutrosophic Quadruple vector subspace of V' if W itself is a Neutrosophic Quadruple vector space over R
(or C or Zy).

Definition 2.11. "' Let P(V') be the power set of a set V, P*(V) = P(V) — {0} and let K be a field.
The quadruple (V, +, e, K) is called a hypervector space over a field K if:

1. (V,+) is an abelian group.

2. ¢ : K xV — P*(V) is a hyperoperation such that for all kK, m € K and u,v € V, the following
conditions hold:
(@ (k+m)euC (keu)+ (meu),
(b) ke(u+v)C(keu)+ (kev),
(c) ke(mewu)=(km)eu, whereke (meu)={kev:vemeu},
@) (—k)eu==Fe(—u),
&) ueleu.
A hypervector space is said to be strongly left distributive (resp. strongly right distributive) if equality holds in

(a) (resp. in (b)). (V,+, e, K) is called a strongly distributive hypervector space if it is both strongly left and
strongly right distributive.

Definition 2.12. ' Let (V, +, o, K) be any strongly distributive hypervector space over a field K and let
V() =<Vu()>={u=(a,bl):a,beV}

be a set generated by V, and I. The quadruple (V(I),+, e, K) is called a weak neutrosophic strongly dis-
tributive hyper vector space over a field K.
For every element u = (a,bl),v = (d,el) € V(I),and k € K we define
ut+v=(a+d,(b+e)l e V(I),
keu={(z,yl):x €kea,y €keb}.

If K is a neutrosophic field, that is, K = K(I), then the quadruple (V(I),+, e, K(I)) is called a strong
neutrosophic strongly distributive hyper vector space over a neutrosophic field K (7).
For every element u = (a,bl),v = (d,el) € V(I), and a = (k,mI) € K(I), we define

u+v=(a,bl)+ (d,el) = (a+d,(b+e)l),
aeu={(z,yl): (x €kea,yckebUmealmebd)}.

The elements of V(I) are called neutrosophic vectors and the elements of K (I) are called neutrosophic
scalars. The zero neutrosophic vector of V' (I), (0,0I), is denoted by 6, the zero element 0 € K is represented
by (0,0I)in K(I) and 1 € K is represented by (1,0I) € K(I).

Theorem 2.13. U Every strong neutrosophic hypervector space is a weak neutrosophic hy- pervector space

Theorem 2.14. ! Every weak neutrosophic hypervector space is a strongly distributive hypervector space

3 Formulation of a Neutrosophic Quadruple(NQ) Hypervector Spaces
and its Subspaces

In this section, we develop the concept of neutrosophic quadruple hypervector spaces and present some of
their basic properties. Except otherwise stated, all neutrosophic quadruple numbers will be real neutrosophic
quadruple numbers of the form (a, bT, cI,dF’) where a, b, ¢,d € R. The elements of V (T, I, F') will be called
neutrosophic quadruple vectors and the elements of K (I) and K (T, I, F') will be called neutrosophic scalars
and neutrosophic quadruple scalars respectively. (0,07, 0, 0F), the zero vector of V (T, I, F') will be denoted
by 6, the zero element of K (7', I, F') will be denoted by 0 € K while 1 € K will be denoted by (1,07,0I,0F)
in K(T,1,F).

Doi :10.5281/zenodo.3752906 22



International Journal of Neutrosophic Science (IJNS) Vol. 4, No.1, PP20-35, 2020

Definition 3.1. Let (V, +, e, K) be any strongly distributive hypervector space over a field K and let
V(T,I,F) =<V U(T,I,F) >={u= (a,bT,cl,dF) : a,b,c,d € V'}.

be a set generated by V, T, I and F. The quadruple (V(T,I,F),+,e, K) is called a weak neutrosophic
quadruple strongly distributive hypervector space over a field K.

For every element v = (a,bT, cI,dF),v = (e, fT,gI,hF) € V(T,I,F) and k € K we define

ut+v=_(a+e (b+ T, (c+9)I,(d+h)F)eV(T,I,F),
keu={(r,aT,yl,zF):r ckea,x € kebyckec zcked}.
Definition 3.2. Let (V, +, o, i) be any strongly distributive hypervector space over a field K and let
V(T,1,F)=<VU(T,I,F) >={u= (a,bT,cl,dF) : a,b,c,d € V}.

be a set generated by V', T, I and F. The quadruple (V(T, I, F'),+,e, K(I)) is called a strong neutrosophic
quadruple strongly distributive hypervector space over a neutrosophic field K (I).

For every element u = (a,bT,cl,dF),v = (e, fT,gI,hF) € V(T,I,F) and o = (k,mI) € K(I), we
define
utv=(a+e (b+ T, (c+g)I,(d+h)F) e V(T,I,F),

aeu={(raT,yl,zF): (rekea,x ckebyckecUmealUmebUmec,z€kedUmed)}.
Definition 3.3. Let (V, +, e, K) be any strongly distributive hypervector space over a field K and let
V(T,I,F) =<V U(T,I,F) >={u=(a,bT,cl,dF) : a,b,c,d € V}

be a set generated by V, T, I and F.
The quadruple (V(T,1,F),+,e, K(T,1I,F)) is called a super strong neutrosophic quadruple strongly dis-
tributive hypervector space over a neutrosophic field K (7', I, F').

For every element v = (a,bT,cl,dF),v = (e, fT,gI,hF) € V(T,I,F) and o = (k,mT,nl,tF) €
K(T,1,F),we define
utv=(a+e 0+ f)T (ct+g)l,(d+h)F)ecV(TIF),
aeu={(raT,yl,zF):r€kea,x ckebUmeaUmebyckecUmecUnealUnebUnec,
z€kedUmedUnedUteaUtebUtecUted}.

Example 3.4. Let n be a positive integer and let V (T, I, F') = R™(T, I, F') denote the neutrosophic quadruple
set of column neutrosophic quadruple vectors of length n with entries from the field R :

(a1, b1T, 01[, le)
(ag, bQT, CQI, dgF)

R™(T,I,F) = caj, b, e, d; € R, i=1,2---n
(ana bnTa enl, an)
For all
(a1,0:T,c11,dy F) (er, LT, g1, F)
(a2,b2T, col, do F') (€2, foT', gol, ho F')
u= . JU = . eV(T,I,F)
(an7 bnT, CnI7 an) (en7 f7lT7 gnI7 h’",F)
and k € K define:
(a1,01T,c11,d1 F) (er, LT, g1, F)

(a2, 2T, col, do F) (€2, foT', oI, ho F')

+
(en7 fﬂT7 gn[a hﬂF)

)
(a1 +e1, (b1 + f1)T, (e1 + g1)1, (di + 1) F)
(a2 + ez, (ba + f2)T), (c2 + g2)1, (d2 + ha) F)

(an + én, (bn + fn)Tv (Cn + gn)Iv (dn + hn)F)
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and
(a1,01T,c11,d1 F) (ri,z1Tyy1 L, 21 F) rr€keay,r1 €Ekeb,y Ekecy,z1 €Eked
(ag,bgT,Cgl,dgF) (’I“g,.’L‘QT,yQI,ZQF) ’I“QEk'.ag,xgEk.b27y2€k002,22€]€0d2
ke . = . : .
(an, bn T, eI, d, F) (rny 2y Ty ynl, zn F) rnEkeay,x, Ckeb, y, €kecy,z, Cked,

Then (V(T,1,F),+,e, K) is a weak neutrosophic quadruple strongly distributive hypervector space over the
field K.

Example 3.5. Let V(T,1,F) = R*(T,I,F) a
u = ((ar, 01T, crl,di F), (er, 1T, g1 1, ha F)),
and a = (k,mI) € K(I), define:

nd let K = R(I). For all
v = ((GQ,bQTa CZIadQF)v (627f2TagQI7 hQF)) S V(TaIaF)

u+v = ((ar +ag, (b1 +b2)T, (c1 + c2)I, (d1 + d2)F), (e1 + ez, (f1 + f2)T, (g1 + g2)1, (h1 + h2)F')).

aou = {((r,aT,yl,zF),(p,qT,sI,tF)):
(rekeaj,rckeb,yckeciUmea; UmebUmeci,zckedy Umed)
(pekee,gckefi,sckeggUmee,UmefiUmeg ,tEkeh;Umehi)}.

Then (V(T,1,F),+,e, K(I))is an strong neutrosophic quadruple strongly distributive hypervector space
over the neutrosophic field K ().

Example 3.6. Let V(T,I,F) = R*(T,I,F) andlet K = R(T, I, F). For all
u = ((a1,01T,c1I,di F), (er, (T, g1 I, i F)),v = ((az,b2T, col, doF), (€2, foT', g1, ho F)) € V(T, I, F)
and « = (k,mT,nl,wF) € K(T,I,F), define:

u+v = ((a1 +ag, (b1 +02)T, (c1 + c2)I, (dy + d2)F), (e1 + ez, (f1 + f2)T, (g1 + g2) I, (h1 + h2) F')).

aeu = {((r,zT,yl,zF),(p,qT, sI,tF)):
(rekeaj,rekebyUmearUmeb,yckeciUmeciUnea; Uneb Unecy,
z€kediUmediUnediUwea; Uweby Uwec; Uwed)
(pekeej,gckefifUmeeciUme fi,sckegUmeg  Unee;UnefiUneg,
tekehiUmehiUnehiUwee;Uwe frUweg Uwehy)}.

Then (V(T,1,F),+,e, K(T, I, F)) is a super strong neutrosophic quadruple strongly distributive hyper-
vector space over the neutrosophic quadruple field K (7,1, F).
From here on, every weak( strong [super strong]) neutrosophic quadruple strongly distributive hypervector
space will simply be called a weak( resp.(strong [super strong])) NQ-Hypervector space.

Proposition 3.7. .
1. Every super strong NQ-Hypervector space is a strong NQ-Hypervector space.
2. Every super strong NQ-Hypervector space is a weak NQ-Hypervector space.
3. Every strong NQ-Hypervector space is a weak NQ-Hypervector space.
Proof:
1. This is true, since K(I) C K(T,1,F).
2. Thisis true, since K C K(T,I, F).
3. This is true, since K C K(I).
Proposition 3.8. Every weak NQ-Hypervector space is a strongly distributive hypervector space.

Proof: Suppose that V (T, I, F') is a weak N Q-Hypervector space over a field K.
That (NQ, +) is a vector space is seen in [4].

Letu = (a,bT,cl,dF),v = (e, fT,gI,hF) € V(T,I,F) and k, m € K be arbitrary. Then
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(1). keu+meu = {(p,¢T,rl,sF):pekea,qckebrckecscked}
+ {(t,2wT,zI,yF):t € mea,w E meb,x Emec,y € med}
= {(p+t,(g+w)T,(r+x2),(s+y)F):p+t€kea+mea,q+wekeb+mea,
r+reckect+mec,s+ycked+med}.
Also

(k+m)eu = {@,{T,7"1,sF):p€(k+m)ea,¢ € (k+m)eb,r' € (k+m)ec,s € (k+m)ed}
= {(,{T,""I,sF):p'€kea+mea,qd ckeb+mea,r' ckec+mec,s’cked+med}
= keu+t+meu.

(2). keu+kev = {(pql,rI,sF):pEkea,qckebrckec,scked}
+ {(t,wT,zl,yF):tckec,wcke fxckegyc oh}
= {(p+t,(¢g+w)T,(r+2),(s+y)F):p+tckea+kec,gtweckebtkef
r+xckectkegs+ycked+keh}.

Also,
ke(utv) = ke(ate, (b+ f)T,(c+g)l,(d+h)F)

= {(,dT,"'ISF):p €ke(a+te),d cke(b+ [),r cke(c+g),scke(d+h)}

= {,{T,""I,sF):pekea+keeqd ckebt+kefr'ckec+keg,

se€ked+keh}

= keu+keun.
ke{(p,qT,rI,sF):pEmea,qE mebrcmec,scmed}
= {@,{T,7'[,sF):pckep,qd ckeq,r' cker s ckes}
= {@,dT,"'[,sF):p' €ke(mea),qd cke(med),r € (mec),s € (med)}
= {,dT,r'I,s'F):p' € (km)ea,q € (km)eb,r' € (km)ec,s' € (km)ed}
= (km)e (a,bT,cl,dF)
= (km)eu.

—
w

=
ol
[}

El
[ ]
<

~
|

4). (-k)eu = {(p,qT,rI,sF):pc(—k)ea,qc (—k)eb,rec(—k)ec,sc (—k)ed}
= {(p,qT,rl,sF):pcke(—a),gcke(=b),rcke(—c),scke(—d)}
= ke(—a,—bl)
= ke (—u).

(5). 1leu = {(p,¢T,rl,sF):pclea,gqclebreclec,scled}

= {(a,bT,cl,dF):a€lea,bclebcclec,decled}.
Showing that u € 1 e w.
Therefore we say that V (T, I, F') is a strongly distributive hypervector space.

Proposition 3.9. Let V(T I, F) be a super strong(strong) NQ-Hypervector space over a neutrosophic quadru-
ple field K (T, I, F)(neutrosophic field K (I)). Then

1. V(T,1,F) generally is not a strongly distributive hypervector space.
2. V(T,1, F) always contain a strongly distributive hypervector space

Proposition 3.10. Let (V(T,I,F),+1, 1) and (U(T, I, F),+2, ®3) be any two super strong NQ-Hypervector
space over a neutrosophic quadruple field K(T, 1, F). Let

V(T,I,F)xUT,I,F) = {((v,niT,vol,vsF), (u,uiT,usl,usF)):
(’U,’UlT,’UQI,’UgF) S V(T,I,F),(u,ulT,UQI,UgF) S U(T,I,F)} ’

For all
z = ((v,01T,v2l,v3F), (u,ur1 T, usl,usF)),y = (v, 01T, v5I, 05 F), (', u T upl, us F)) € V(T,1,F)xU(T,I,F)
and o = (k, k1T, kol , ksF) € K(T,I, F)
r+y= v+, (v1+ )T, (va +v5)I, (v + v3)F), (u+ v, (ug + u))T, (ug + us) 1, (ug + us)F)).
aer = {((paplT7p2Iap3F)7 (Qaq1T7 QQI7Q3F)) :
(pekoev,p EkovyUkievUkiev,po Ekevg Uk evyUkyevUkyeuvy Uk e,
psEkovsUk;evsUkyevsUksevUksev; UksewvyUkseus)

(gckeu,grckouUkioulUkiou,ga€kousUkyouy Uks@ulUkyeu Ukyeus,
g3 EkousUkiousUkseusUkseuUkzeuy UkseusUkseus)t.

Then (V(T,1,F) x U(T,I,F),+,e, K(T,1,F)) is a super strong NQ-Hypervector space.
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Proposition 3.11. Let (V(T,I,F),+1,1) and (U(T,I,F),~+2,3) be any two strong NQ-Hypervector
space over a neutrosophic field K (I). Let

V(T,I,F)xU(T,I,F) = {((v,nT,vol,vsF), (u,uiT,usl,uzF)):
(v,n1T,vol,v3F) € V(T, I, F), (u,u1T,usl,usF) € U(T,I,F)}

for all
x = ((v,nT,vel,v3F), (u,u1 T, uzl,usF)),y = (v, 0] T, v4I, s F), (v, ui T, ubI, us F)) € V(T, I, F)x
U(T,I,F)and o = (k, k1) € K(I)

z4y = ((v+0, (1 + )T, (v2 +05)1, (v3 +v3)F), (u+ v, (ur +u))T, (ug +usp) I, (uz + u3) F)).

aexr = {((p7p1Tap21,p3F)a(Q7q1TaQZIaQ3F)):
(pekoev,pr Ekovy,ps ckoevaUk;evUk;ev; Uk euvy,ps €kevsUky evs)
(gekou,qgg €koup,goEkousUkyoeulUkyeu; Uk @us, g3 €keusUky euz)}.

Then (V(T,I,F) x U(T,1,F),+,e, K(I)) is a strong NO-Hypervector space.

Proposition 3.12. Let (V(T,1,F),+1,e1) and (U(T, I, F), +2, ®3) be any two weak NQ-Hypervector spaces
over a field K. Let

V(T,I,F)xUT,I,F) = {((v,niT,v2l,vsF), (u,uiT,uzsl,usF)) :
(v,01T,val,v3F) € V(T, I, F), (u,u1T,usl,usF) € U(T, 1, F)}.

For all
x = ((v,nT,vel,v3F), (u,ur1 T, uzl,usF)),y = (v, i T, 51,05 F), (v, ui T, ubI, us F)) € V(T, I, F)x
UT,I,F)andk € K

z+y= v+, (v1+ )T, (va +v5)I, (v + v3)F), (u+ v, (ug + u))T, (ug + us) I, (ug + us)F)).

kex = {((p,;iT,p2l,p3F), (¢, 1T, q21,q3F)) : (p € kov,p1 €keovy,ps € kevy,p3 € kou3)
(gekeou,quchkeuy,gpchkeouyqgsckeous)t.

Then (V(T,I,F) x U(T,1,F),+,e, K) is a weak NQ-Hypervector space.

Proposition 3.13. Let V(T, I, F) be any super strong NQ-Hypervector space over a neutrosophic quadruple
field K(T,I,F), let U(T, 1, F) be any strong NQ-Hypervector space over a neutrosophic field K (I) and let
W (T, 1, F) be any weak NQ-Hypervector space over a field K . Then

1. (V(T,1,F)xU(T,I,F),+,e,K(I)) is a strong NQ-Hypervector space.
2. (V(T,I,F) x W(T,I,F),+,e, K) is a weak NQ-Hypervector space.

3. (U, I,F) x W(T,I,F),+,e, K) is a weak NQ-Hypervector space.
Proof:

1. From 1 of 3.7] we know that every super strong NQ-Hypervector space is a strong NQ-Hypervector
space. Then by applying[3.11]to this, we obtained the required result.

2. From 2 of[3.7] we know that every super strong NQ-Hypervector space is a weak NQ-Hypervector space.
Then by [3.12]the proof follows .

3. From 3 of 3.7] we know that every strong NQ-Hypervector space is a weak NQ-Hypervector space.
Then by 3.12]the proof follows .

Definition 3.14. A nonempty subset N (7, I, F') of a super strong NQ-Hypervector space

(V(T,I,F),+,e, K(T,I,F)) over a neutrosophic quadruple field K (7T, I, F) is called a super strong NQ-
Hypersubspace of V(T, I, F)if (N(T,I,F),+,e, K(T, I, F)) is itself a super strong NQ-Hypervector space
over K(T,1,F). Itis essential that N (T, I, F') contains a proper subset which is a Hypervector space over K.

Definition 3.15. A nonempty subset N (T, I, F') of a strong NQ-Hypervector space

(V(T,1,F),+,e, K(I)) over a neutrosophic field K (1) is called a strong NQ-Hypersubspace of V (T, I, F)
if (N(T,I,F),+,e,K(I)) is itself a strong NQ-Hypervector space over K (I). It is essential that N (7', I, F)
contains a proper subset which is a Hypervector space over K.
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Proposition 3.16. Let N[T, I, F| be a subset of a super strong NO-Hypervector space

(V(T,1,F),+,e, K(T,I,F)) over a neutrosophic quadruple field K(T,1,F). Then N(I,T,F) is a super
strong NQ-Hypersubspace of V (T, I, F) if and only if for all w = (a,bT,cl,dF),v = (e, fT,gI,hF) €
V(T,I,F)and a = (k,mT,nl tF) € K(T, I, F) the following conditions hold:

1. NIT,1,F] 90,

2. u+v € N[T,I, F],

3. aev C N[T,I, F],

4. N[T, I, F| contains a proper subset which is a hypervector space over K.

Proof:

If N(T,1,F) is a super strong NQ-Hypersubspace of V (T, I, F), then obviously conditions 1, 2, 3 and 4
hold.

Conversely, let N[T, I, F'] be a subset of V(T I, F') such that N (T, I, F) satisfies the four conditions 1, 2,3
and 4.

To proof that N (7', I, F') is a NQ-Hypersubspace of V (T, I, F'). It is enough to prove that

1. N(T,I,F) has a zero NQ-vector.
2. Each NQ-vector in N (T, I, F) has an additive inverse.

Since N(T, I, F') is non-empty, let u = (a,bT,cI,dF) € N(T,I, F).
Now for (0,07,01,0F) € K(T,I, F) and by condition 3 we have that

(0,0T,01,0F) e uw = (0,0T,01,0F) e (a,bT,cI,dF) C N(T,I,F) = 60 € N(I,T, F).

Therefore N (T, I, F’) has a zero vector. Again, since —(1,07,0I,0F) € K(T,1, F) then
—(1,07,0I,0F) e u = —(1,07,01,0F") ® (a,bT,cl,dF) C N = —u e N(T,I,F).
Hence each NQ-vector in N (7, I, F') has an additive inverse.

Proposition 3.17. Let N[T, I, F| be a subset of a strong NQ-Hypervector space

(V(T,I,F),+,e, K(I)) over a neutrosophic field K(I). Then N(I, T, F) is a strong NQ-hypersubspace of
V(T,I,F) if and only if for all w = (a,bT,cI,dF),v = (e, fT,gI,hF) € V(T,I,F) and o = (k,mlI) €
K (I) the following conditions hold:

1. N[T,I,F] #0,
2. u+veN[T,I,F]
3. aev C N[T,I,F]
4. N|T,I, F) contains a proper subset which is a hypervector space over K
Proof : Follow similar approach as the proof of above.
Corollary 3.18. Let N[T, I, F| be a NQ-hypersubspace of a NQ-hypervector space V (T, I, F) if and only if
1. N[T,1, F] is non-empty.

2. aeu+pfevC N[T, I, Fl,foral o = (ky,miT,nI,rF),B = (kaymoT,nol,roF) € K(T,I,F)
and v = (a,bT,cl,dF),v = (e, fT,gl,hF) € N[T,I,F).

3. NI[T, I, F) contains a proper subset which is a hypervector space over K.

Example 3.19. Let V (7, I, F)) be a super strong NQ-Hypervector space defined in Example
Let N(T,I,F)=K(T,I,F) x {(0,0T,0I,0F)} CV(T,I, F)
Then N(T, 1, F) is a super strong NQ-Hypersubspace

Proof: Since 6 = ((0,07,01,0F), (0,07,0I,0F)) € N(T,I,F). Then N(T,I,F)# 0
Now let
u = ((al,blT,Cll,le),(0,0T,OI,OF)),U = ((ag,bgT,Cgl,dgF),(0,0T,OI,OF)) € N(T,I,F) and
a = (k,mT,nl,wF),8 = (K',m'T,n'[,w'F) € K(T,I,F), with ay,by,c1,d1,az2,b3,c2,dy € N and
k,m,n,w,k',m',n/,w € K
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Thenaeu+ Sev

= (k/’,’I’I’LT‘7 TLI,U)F).[(ahb]_T, 01[7 le), (0,0T, OI, OF)]—i—(k’,m’T, n'], w’F)o[(a27b2T, CQI, dgF), (0,0T, OI, OF)]
CH(x,yT, 21, tF), (p,qT,rI,sF)):x € keaj,y € kebiUmea; Umeb;,zE kec;Ume

citUneaiUnebiUneci,t ckediUmediUnediUweaUwebyUweciUwed|,pE kel qgc

keOUme0Ume0,r € ke0Ume0UneO0UneOlUne0,s € keOUmeOUnelUwe0UwelUwelUwe0}

+{((«" YT, 2’ [,LV'F),(p/,dT,r'I,s'F)): 2’ € K eas,y € k' eboUm'easUm' eby, 2’ €k ecoUm’e

coUn' easUn’ ebaUn’eco, t’ € K'edyUm’ edaUn'edyUw' eas Uw' @by Uw' ecoUw' ody,p’ € k'00,q €

k' e0Um e0UmM’ 00,1’ € k'e0Um’e0Un'e0Un’e0Un’'e0, s’ € keOUm' e0Un’e0Uw’e0Uw’ e0Uw’'e0Uw’ o0}

={((x1, 1T, 211,01 F), (2}, T, 2, 1,1 F)) 1 € ke ay + k' e ag,

y1 €Ekebi+k'ebyUmea; +m'easUmeb; +m' eby,z1 €kecy+k ecoUmecy +m'ecoUneay +

n'eayUneby+n'ebyUneci+n'eco,t cked;+k edyUmed; +m'edyUned; +n'edyUwear +

w eayUweb; +w ebyUwecs +w ecoUwed; +w eds,x) €0,y; €0,21 €0,¢; €0} CN(T,I,F).

— aeu+SevC N(T,I,F).

Lastly, we can see from the definition of N (7, I, F') that N(T, I, F') contains a proper subset which is a hy-

pervector space over K.

To this end we can conclude that N(T', I, F') is a super strong NQ-Hypervector space.

Proposition 3.20. The intersection of any two

1. super strong NQ-Hypersubspaces of a super strong NQ-Hypervector space V (T, I, F) over a neutro-
sophic quadruple field (K, I, F') is again a super strong NQ-Hypersubspace of V (T, I, F).

2. strong NQ-Hypersubspaces of a strong NQ-Hypervector space V (T, I, F) over a neutrosophic field
K(I) is again a strong NQ-Hypersubspace of V (T, I, F).

3. weak NQ-Hypersubspaces of a weak NQ-Hypervector space V (T, I, F') over a field K is again a weak
NQ-Hypersubspace of V(T,1, F).

Proof: Same as in classical case.

Proposition 3.21. Let S(T, I, F') be a super strong NQ-Hypersubspace, U(T, I, F') be a strong NQ-Hypersubspace
and W (T, I, F') be weak NQ-Hypersubspace of a super strong NQ-Hypervector space (V (T, 1, F),+,e, K(T,1, F)),
strong NQ-Hypervector space (V (T, I, F), +, e, K(I)) and weak NQ-Hypervector space (V (T, I, F),+, e, K)
respectively. Then

1. S(T, I, F)NU(T, I, F) is a strong NQ-Hypersubspace of strong NQ-Hypersubspace (V (T, I, F),+,e K(I)).
2. S(T,1, F)NW(T, I, F) is a weak NQ-Hypersubspace of weak NQ-Hypersubspace (V (T, I, F),+,e, K).

3. U(T, I, F)NW(T, 1, F) is a weak NQ-Hypersubspace of weak NQ-Hypersubspace (V (T, I, F),+, e, K).
Proof:

1. By 1 of 3.7) we have that every super strong NQ-Hypervector space is a strong NQ-Hypervector space.
Then by 2 of 3.20|the proof follows.

2. By applying 2 of [3.7]and 3 of[3.20| the proof follows easily.

3. By 3 of 3.7 we have that every strong NQ-Hypervector space is a weak NQ-Hypervector space. Then
by applying 3 of [3.20| the proof follows.

Proposition 3.22. Let Uy [T, I, F|,Us[T,I,F),--- ,U,[T, I, F| be NO-Hypersubspace of a
super strong[strong] NQ-Hypervector space V (T, I, F) over a neutrosophic field K (T, I, F)(resp.[K(I)]).
Then (;_, U; is a NO-Hypersubspace of V (T, I, K).

Proof: Same as in classical case.

Example 3.23. Let M, [T,I, F] = K(T,1,F) x {(0,07,0I,0F)} C V(T,I,F) and

My[T, 1, F] = {(0,0T,01,0F)} x K(T,I,F) C V(T,I,F).

Following the approach in Example[3.19] we can establish that M [T, I, F] and M>[T, I, F] are
NQ-Hypersubspaces of V(T, I, F).

Let ((a, bT, cI,dF), (0,0T,01,0F)) € My [T, I, F] and ((0,0T,0I,0F), (e, T, gI, hF)) € Ms|T, I, F).
Then

((a,bT, cI,dF), (0,0T,0I,0F)) + ((0,0T,01,0F), (e, fT, gI, hF)) = (((a + 0), (b + 0)T, (c + 0)I, (d +
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0)F), ((0+€), (0+ f)T, (0 +g)1, (0 + h)F)) = ((a, T, cl,dF), (e, fT, gI, hF))

But {((a, T, cI,dF), (e, fT,gI,hF))} is not a NQ-subset of M [T, I, F|U M[T, I, F].
Therefore M, [T, I, F| U M3[T, I, F] is not a NQ-Hypersubspace of V (T, I, F).

This observation is recorded in the following remark.

Remark 3.24. Let M{[T, I, F| and M,[T, I, F] be NQ-Hypersubspaces of a super strong NQ-Hypervector
space V(T, 1, F) overaNQ field K (T, I, F'), then generally, The union of two NQ-Hypersubspaces of a super
strong NQ-Hypervector space V (T, I, F') is not necessarily a NQ-Hypersubspace of V(T I, F).

Definition 3.25. Let N, [T, I, F] and N»[T, I, F] be any two NQ-Hypersubspaces of a super strong NQ-
Hypervector space V (T, I, F') over aNQ field K (T, I, F') then the sum of N1 [T, I, F| and N5[T, I, F'] denoted
by N1[T,I,F] + No[T, I, F] is called NQ Hyperlinear sum or NQ linear sum of the NQ-Hypersubspaces
N;[T,1,F]and N»[T, I, F]. And it is defined by the set

U{m +no:np = (ahblT,clI,le) e Nl[T,I,F},TLQ = (az,bQT,CQI7d2F) € NQ[T,I,F]}

The NQ Hyperlinear sum of N1 [T, I, F'] and N5 [T, I, F] is called the direct sum of the NQ-Hypersubspaces
Ni[T, I, F]and No[T, I, F| if N1[T, I, F] N No[T, I, F] = {6}.

Proposition 3.26. Let N1[T, I, F] and N5|T, I, F| be any two NQ-Hypersubspaces of a super strong NQ-
Hypervector space V (T, I, F) over a NQ field K(T,1, F). Then

1. NQ Hyperlinear sum of N1[T, I, F] and N5[T, I, F| is a NQ-Hypersubspace of V (T, 1, F).

2. NQ Hyperlinear sum of N1[T, 1, F]| and N3[T I, F] is the least NQ-Hypersubspace of V (T, 1, F') con-
taining N1[T, 1, F] and N5[T, I, F).

Proof:

1. Since 8 = (0,07, 01,0F) € N,[T, I, F] and 6 = (0,07, 0I,0F) € No[T, I, F],
then {6 + 0} C N, [T, 1, F] + No|T, I, F)
— {0} C N\[T,I,F| + No|T, I, F] = 6 € Ni[T, I, F] + No[T, F, ],
therefore N1[T, I, F| + N»[T, I, F) is non-empty.
Letu = (a,bT,cl,dF),v = (e, fT,gI,hF) € N7\[T,I,F|+ N5[T, I, F],then 3
Uy = (al,blT, Clj,le),’LLQ = (a,2,b2T, CQI,dgF) € Nl[Il,Ig] and v = (61,f1T, glj,th)
Vg = (61, f1T7gth1F) S NQ[Il,IQ] such that v € u; + v and v € us + vs.
Leta = (p,qT,rI,sF),8 = (p',¢T,r"I,s'F) e K(T,I, F).

Thenaeu+ SBev Cae(uy+vy)+ 3e(us+ vo)

= (p, qT,TI, SF)O((a1+61),(b1+f1)T7 (614’91)1, (d1+h1)F)+(p',q'T,r’I, S/F)O(((l2+62),(b2+
f2)T, (c2 + g2)1, (d2 + h2)F)

C{(z1, T, z1l,w F):x1 €Epe(ar+e1),y1 Epe(by+ fi)Uge(ar+e)Uqge(by+ f1),21 €
pe(ci+gi)Uqge(ci+gi)Ure(a;+e)Ure(by+ fi)Ure(ci+g1),ws €Epe(di+hi)Uqe
(di+hi)Ure(di+hi)Use(a;+e;)Use(by+ fi)Use(ci+g1)Use(dy+hi)}
+{(@2, YT, 2ol , woF) : w3 € p' @ (az +e2),y2 €p' @ (ba+ fo) Uq @ (a2 +e2) Uq @ (b2 + f2),22 €
pe(catg)Uqg e(ca+go)Ur’ e(as+ex)Ur (b + fo)Ur e (co+ go),ws € p' e (dy+ ho)U
q ®(dy+ ho)Ur e (da+hy)Us e@(az+ea)Us @ (byg+ fo)Us e(ca+ga)Us e (dy+ ha)}
={(z,yT,zI,wF):x € (pea;+pee;+p eas+p' ees),y € (peby+pefi+p eby+p efy)U
(gear+geer+q eaz+q ee)U(qobi+qgefi+q eby+q efo),

z€ (pecitpegitpecatpeg)U(qgeci+qgoegitqecatqeg)U(rear+ree+r'e
ag+1'eex)U(reby+refi+r eby+r efo)U(reci+reg +1r eco+1 egy)

w e (pedy+pehy+p edy+p ehy)U(qedi+qehi+q edy+q ehy)U(red+rehy+r'e
dy+ 1" ehg)U(sea;+see;+s eay+s ee)U(seby+sefi+s eby+s efo)U(seci+se
grtsecot+s eg)U(sed +sehy+s edy+ s ehy)}

={(kr,miT,n1 I, j1F) : ki € (pea;+p'eaz),m; € (peby+p'eby)U(qgear+q eaz)U(qeby +
q' eb3),ny € (peci+p eca)U(qeci+q eco)U(rear+r'eaz)U(reby+1'eby)U(recy+1'ecy),
J1E€(pedi+pedy)U(qed; +q edr)U(red; +r'edy)U(seay+s eaz)U(seby +s eby)U
(seci+ s ecy)U(sed; + 5 eds)}

+{(k2,moT,n21,joF) : ky € (poer +p ®ex),my € (po fi+p o for)U(qeer+q oea)U(qge f1+
q,.f2)5n2 € (p.gl—|—p/0g2)U(q.gl—Fq/Ogg)U(T.€1—|—’IJ.62)U(’/‘.JC1+T/.f2)U(T.gl+T/.gg)
jo € (pehy+p ehy)U(qgehyi+q ehy)U(reh;+r ehy)U(see;+s eex)U(sef)+s efy)U
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(segi+s eg)U(sehy+s ehy)} CN{T,I,F]+ No[T, 1, F).

Hence oo u+ 3o v C Ny[T, I, F] + No[T, I, F.

Now since Ny, No are proper subsets of N1[T, I, F| and Nz[T, I, F] respectively, with both N; and
Ny being hypervector spaces. Then N; + N is a hypervector space which is properly contained in
N [T, I, F]+N[T, I, F]. Then we can conclude that N1 [T, I, F]+ N»[T, I, F] is a NQ-Hypersubspace.

2. Let N[T, I, F] be NQ-Hypersubspace of V(T I, F’) such that N1[T, I, F| C N[T, 1, F] and
No[T,I,F] C N[T,I,F).
Letw = (a,bT,cl,dF) € N1[T,I,F]|+ No[T, 1, F], then Ju; = (a1, T,c11,doF) € N1[T, 1, F]
and uz = (ag, b2T,,c2l,daF) € No[T, I, F] such that u € uy + us.
Since N,[T, I, F] C N[T, I, F] and No[T, I, F] C NI[T, I, F], then uy, us € N[T, I, F].
Again since N[T, I, F] is a NQ-Hypersubspace of V(T I, F'), then we have that
w1 +us € N[T, I, F] = u € N|T, I, F).
Hence N1[T, I, F| + N2o[T,I,F] C N[T,I, F] and the proof follows.

Proposition 3.27. Let V(T, I, F) be a super strong NQ-Hypervector space over a NQ-field K(T, 1, F),
let uy = (a1, 01T, 11, d1 F),uz = (ag,b2T,col,doF), -+ yup = (an,byTycnl,doF) € V(T,1,F) and
ar = (ki,miT, I, 61 F),as = (ka,moT,rol, toF) - apn = (kp, mpT,rn I, t, F) € K(T,1,F). Then

1. NT,ILF) = U{ox eus +az@us + -+ ap ®u, : ay,00,-++ o, € K(T,1,F)} is a NO-
Hypersubspace of V(T, I, F).

2. N(T,I,F) is the smallest NO-Hypersubspace of V (T, I, F') containing uy,ug, - - , Uy,
Proof:
1. Follow similar approach as that of proposition [3.26]above.

2. Suppose that H(T, I, F') is a super strong NQ-Hypersubspace of V (T, I, F') containing
Uy = (ah blTa 61]7 le)a U2 = (a27 b2T7 02I7 dZF)a oy Up = (ana bnT7 CnIa an)
Lett € N(T,1, F), then there exists a1 = (k1,m1T,p1l, 1 F'), s = (ka,maT, pal, g2 F), -+ ,
oy = (kn,m1T,p1 I, F) € K(T, I, F) such that

tEOqO(al,blT,le,le)+a20(QQ,bQT,CQI,dQF)+~-~+an0(an,bnT,0n1,an) QH(T,I,F)

Therefore t € H(T, I, F) = N(T,I,F) C H(T, I, F).
Hence N(T, 1, F) is the smallest NQ-Hypersubspace of V (T, I, F') containing w1, ug, - - , Up,.

Note: The NQ-Hypersubspace N (T, I, F) of the super strong NQ-Hypervector space V (T, I, F') over a NQ
field K (T, 1, F') of proposition is said to be generated or spanned by the NQ-Hypervectors uy, g, - - , Uy,
and we write N (T, I, F) = span{uy,ug, - ,u,}.

Definition 3.28. Let N, [T, I, F) and No[T, I, F] be two NQ-Hypersubspaces of a super strong NQ-Hypervector
space (V(T,I,F),+,e, K(T,I,F)) over aNQ field K(T,I,F). V(T,I,F) is said to be the direct sum of
Ni[T, 1, F) and N»[T, I, F) written V (T, I, F) = N1[T, I, F| & Na[T, I, F] if every element v € V (T, I, F)
can be written uniquely as v = ny + ng where ny € Ni[T, 1, F] and ng € No[T, I, F].

Proposition 3.29. Let N1 [T, I, F| and No[T, I, F] be two NQ-Hypersubspaces of a super strong NQ-Hypervector
space (V(T,1,F),+,e¢, K(T,1,F)) over a NQ field K(T,I,F).V(T,I,F)= N,[T,I,F|® Ny[T, I, F]if
and only if the following conditions hold:

1. V(T,1,F)= Ny[T,1,F] + No[T,1, F].
2. Mq[T, I, F]N No[T, I, F] = {6}.
Proof : Same as in classical case.

Example 3.30. Let V(T,I,F) = R3*(T,I,F) be a super strong NQ-Hypervector space over a NQ-field
R(T,I,F) and let

N(T,I,F) ={(u,0,w) : uw = (a,bT,cl,dF),w = (k,mT,nl,pF) € R(T,1,F)} and

No(T,I,F) = {(6,v,0) : v = (e, fT,g9I,hF) € R(T,I,F)}, be super strong NQ-Hypersubspaces of
V(T,I,F). Then V(T,I,F) = Ni(T,1,F) ® No(T, I, F).
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To see this, let z = (u,v,w) € V(T,I, F), then x = (u, 0, w) + (0, v,0), so
@ € Ni(T,I,F) + No(T, I, F). Hence V(T, I, F) = Ny(T, I, F) + No(T, I, F).
To show that Ny (T, I, F) N No(T, I, F) = {0}, let z = (u,v,w) € Ny(T, I, F) N No(T, 1, F).
Then v = 0, ie (e, fT,9I,hF) = (0,07,0I,0F) because x lies in N1(T,I,F), and u = w = 0 i.e
(a,0T,cl,dF) = (k,mT,nl,pF) = (0,07,0I,0F) because x lies in No(T, I, F). Thus x = (6,0,0) = 0,
so § = (0,07,01,0F) is the only NQ-Hypervector in N1 (T, I, F') N No(T, 1, F).
Hence N1 (T, I, F) N No(T, I, F) = {0,07,0I,0F} = {6}.
— V(T,I,F) = N\(T,1,F) & No(T, I, F).

Definition 3.31. Let N [T, I, F] be a NQ-Hypersubspace of a super strong NQ-Hypervector space
(V(T,1,F),+,e, K(T,I,F))overaNQ-field K(T, 1, F). The quotient V (T, I, F)/N|[T, I, F|] is defined by
the set

{lv] =v+ N[T,I,F]:veV(T,I,F)}.

If for every [u], [v] € V(T,1,F)/N[T,I,F)and o € K(T,I, F), we define:
[u] © [v] = (u+v) + N[T, I, F]

and
a®ul=[aeu]={[z]:z € aeu},

it can be shown that (V(7, I, F)/N[T,1, F|,®,®, K(T,I, F)) is a super strong NQ-Hypervector space over
NQ-field K (T, I, F') called a super strong NQ quotient hypervector space.

4 Linear Dependence, Independence, Bases and Dimensions of NQ-
Hypervector Space

Definition 4.1. Let (V(T,I,F),+,e, K(T, I, F)) be a super strong NQ-Hypervector space over a NQ field
K(T,I,F) and let

B(T,I,F) = {u1 = (a1,0iT,c11,d1 F),us = (as,boT,col,doF), -+ jup = (an,bpyT,cnl,d, F)} be a
subset of V(T, I, F). B(T, I, F) is said to generate or span V (T, I, F) if V(T,1,F) = span(B(T, I, F)).

Example 4.2. Let V(T,1,F) = R*(T,I,K) be a super strong NQ-Hypervector space over a NQ field
R(T,1I,F)andlet B(T,I,F) = {u; = ((1,07,0I,0F),(0,07,01,0F),(0,07,0I,0F), (0,07,0I,0F)),
us = ((0,07,0I,0F), (1,07, 01,0F), (0,07, 0I,0F), (0,07, 01,0F)),

us = ((0,07,0I,0F), (0,0T,0I,0F), (1,07, 0I,0F), (0,07, 0I,0F)),

ug = ((0,07,0I,0F), (0,07,0I,0F), (0,07,0I,0F),(1,07,0I,0F))}.

Then B(T,1,F) spans V(T, I, F).

Definition 4.3. Let (V(T,1,F),+,e, K(T,I,F)) be a super strong NQ-Hypervector space over NQ-field
K(T,I,F). The NQ vector u = (a,bT,cl,dF) € V(T,I,F) is said to be a linear combination of the NQ
vectors u; = (al, blT, cal, le)7 Uy = ((IQ, bQT, col, d2F), e Uy = (an, bnT, cnl, an) S V(Il, 12) if
there exists NQ-scalars ai; = (k1,m1 T, 511,61 F), g = (ko, moT, sol, toF), -+ o = (kn,m,T, 8,1, t, F) €
K(T,1, F) such that

UEC L OU + 20Uy + -+ Oy ® Uy

Example 4.4. Let V(T,I,F) = R(T,I,F) be a weak NQ-Hypervector space over a field KX = R. An
element v = (1,17,41,7F) € V(T,1, F) is a linear combination of the elements v; = (1,27, —1I, —2F),
vy = (3,57,21,3F) e V(T,1,F)
Since

(1,1T,41,7F) € —2 o (1,2T, 11, —2F) + 1 o (3, 5T, 2I, 3F).

Definition 4.5. Let (V(T,1,F),+,e, K(T,1,F)) be a super strong NQ-Hypervector space over a NQ field
K(T,I,F) and let

B(T7 I, F) = {U1 = (al, blT7 01], le), Ug = (CLQ, bQT, CQI, dgF), e, Uy = (an, bnT, CnI, an)} be a
subset of V(T, 1, F).

1. B(T, I, F) is called a linearly dependent set if there exists NQ scalars ay = (k1,m1T, 811,81 F), g =
(ko,moT, sol,taF), -+ ,ap = (kp,mnT, s, 1,1, F) (not all zero) such that

0€aiou +as@us+ -+ ay ® Uy.
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2. B(T,I,F) is called a linearly independent set if
earou +aseus + -+, ®uy,
implies that &1 = ag = -+ = a, = (0,07,0,0F) = 6

Example 4.6. Let V(T I, F) = R(T, I, F') be a weak NQ-Hypervector space over a field K = R. The sub-
set B(T,I,F) = {(5,-7T,51,4F),(3,—4T,21,2F),(—2,3T,—3T, —2T)} of V(T,I, F) is NQ linearly
dependent set since

0c1e(5 —TT,5I,4F) + (—1) e (3, —AT,2I,2F) + 1 e (—2,3T, —3T, —2T)

Example 4.7. Let V(T,1,F) = R(T, I, F) be a weak NQ-Hypervector space over a field X = R. The subset
B(T,I,F) ={(7,0T,0I,0F),(0,3T,5I,0F), (0,0T,0T,—8T)} of V(T, I, F) is NQ linearly independent
set over R because we can not find a, b, ¢ € R such that

0 cae(7,0T,0I,0F) +be (0,3T,5I,0F) + ce (0,07, 0T, —8T)

If possible then § € a o (7,07,01,0F) + be (0,37,5I,0F) 4+ ce (0,07,0T, —8T) implies that;
0Ocae7+be0+ ce0 which forcesa =0,

0Eae0+be3 -+ ce0 which forces b =0,

0cae0+0beb+ ce0 whichforces b =0 and

0cae0+be0+ ce—8which forces ¢ = 0.

Thus the equations are consistentand a = b = ¢ = 0.

Proposition 4.8. Let (V(T,1,F),+,e, K) be a weak NQ-Hypervector space over a field K. Any singleton set
of non-null NQ vector of the weak NQ-Hypervector space V (T, 1, F) is linearly independent.

Proof: Suppose that 0 # v = (a,bT,cl,dF) € V(T,I,F).Let 6 € k e v and suppose that § # k € K.
Then k! € K and therefore, k1 @ 0 C k= o (k @ v) so that

0 € (k7'k)ew
= lew
= {(z,yT,zI,wF):x€lea,yclebzclecwecled}
{(z, 9T, 21, wF) : x € {a},y € {b}, 2 € {c},w € {d}}
= {(a,bT,cl,dF)}

= {v}

This shows that v = 6§ which is a contradiction. Hence, k& = 6 and thus, the singleton {v} is a linearly
independent set.

We note that the singleton set will be linearly dependent if it contains a null NQ-vector and 6 # k € K. This
observation is recorded in the next proposition.

Proposition 4.9. Let (V(T,1,F),+,e, K) be a weak NQ-Hypervector space over a field K. Any set of NQ-
vectors of the weak NQ-Hypervector space V (T, I, F) containing the null NQ-vector is always linearly de-
pendent.

Proof: Follows from Proposition {.§]
Proposition 4.10. Let (V(T,1,F),+, e, K) be a weak NQ-Hypervector space over a field K and let

B(I1,I5) = {u1 = (a1, 0T, 11, d1 F), ug = (a2, 02T, col, doF), - -+ ,up = (an, b T, 1, dn F)}

be a subset of V(T, I, F). Then B(T, I, F) is a linearly dependent set if and only if at least one element of
B(T, 1, F) can be expressed as a linear combination of the remaining elements of B(T, I, F).

Proof : Suppose that B(T', I, F') is a linearly dependent set. Then there exists scalars ki, ko, - - - , ky, not
all zero in K such that
Dekiou +koous+---+k,eu,.

Suppose that k1 # 0, then k; ! ¢ K and therefore
kited C kite(kieu; +hyous+---+k,ouy,)

= (ky'ky) ous + (ky ko) @ ug + -+ + (K tky) @y
Leuy + (ky ko) oug + -+ + (k7 'kyp) @ up,
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This implies that

—uy € (ky'ko)eug + -+ (ki tky) @ uy,
(w1) € (=1)o[(ky ko) oug + -+ (ky 'kn) o uy]
C (=1 e ((ky ko) oug + -+ (=1) o (ky 'kn) @ uy)
C (—ky ko) eug + (—ky k) eug+ -+ (—ky k) @ up.
This shows that u; € span{us,ug, - , U}
Conversely, suppose that u; € span{us,us, - ,u,} and suppose that 0 # —1 € K. Then there exists

ko, k3, -+, k, € K such that
u Ekoougs +ksouz+---+k, eu,

and we have
ur + (—u1) € (1) euys +koous + kzous + o+ ky ®u,.

from which we have
0e(—1)ou; +koous+ksous—+---+k,eou,.

Since —1 # 0 € K, it follows that B(T, I, F') is a linearly dependent set.

Proposition 4.11. Let (V(T,1,F),+,e, K(T,1,F)) be a super strong NQ-Hypervector space over a NQ-
field K(T,1,F)andlet M(T,I,F)and N(T,I,F) be subsets of V(T, I, F) suchthat M(T,I,F) C N(T,I, F).

1. If M(T, I, F) is linearly dependent, then N (T, I, F) is linearly dependent.
2. If N(T,1,F) is linearly independent, then M (T, I, F) is linearly independent.
Proof: Same as in classical case.

Definition 4.12. Let V (T, I, F') be a super strong(strong) NQ-Hypervector space over a NQ field K (7', I, F')
(resp. neutrosophic field K (7)) and let

B(T7 I, F) = {ul = (al, blT7 Cll, le), Uy = (ag, bQT, CQI, dgF), Uy = (an, bnT, CnI, an)} be a
subset of V(T, 1, F). B(T, I, F) is said to be a basis for V(T I, F) if the following conditions hold:

1. B(T,I,F) is alinearly independent set
2. V(T,I,F) = span(B(T, I, F)).

If B(T, I, F) is finite and its cardinality is n, then V(7T I, F') is called an n-dimensional super strong(strong)
NQ-Hypervector space and we write dims(V (T, I, F))(resp.(dimsV (T, 1, F))) = n. If B(T, I, F) is not
finite, then V' (T, I, F) is called an infinite-dimensional super strong(strong) NQ-Hypervector space.

Example 4.13. In@, B(T,I,F)isabasis for V(T,I, F) and dimsV(T,I,F) =4

Proposition 4.14. Let (V(T,1,F),+,e, K(T,1,F)) be a finite dimensional super strong NQ-Hypervector
space over a NQ field K(T, 1, F) and let

B(T,I,F) = {x1 = (a1,0iT,c11,d1 F), 29 = (a2, 02T, col,doF), -+ juy, = Ty = (an, b T, crl,d, F)}
be a basis for V(T,1,F) . Then every non null NQ-Hypevector x = (a,bT,cl,dF) € V(T,I,K) has a
unique representation.

Proof: Since B(T, I, F) isabasis for V(T,I, F)andx € V(T, I, K), thereexist ay = (k1,m1T,n1 1,41 F),
ag = (ko,moT,nol toF), -, an = (kn, mpT,ny,I, t, F) such that

TEQ oL +asexs+ -+, ex, (1).

Suppose we also let z € 31 @ x1 + o @ z2 + - - - + [3,, ® z,, for some 51 = (p1, 1 T, 11,51 F),
52 = (pg,(]gT,’I”gI,SgF),-n 7ﬁ’n = (pn,anmnI,snF) € K(T7[7F)
Therefore, —x € (—1)ex C (—1) o (B1 0z + Boexo+ - -+ [, 0x,)

= —zE€((-1)e(Brex))+((—1)e(B20x2))+ -+ ((—1) 0 (Brezn))

=  ((-lepr)ex)+((~1ef2)exz)+ -+ ((—1ep,)ex,))

= (=B1)ex1 + (—P2)@x2 + -+ (—fp) ® zp.
Therefore

—z € (—pr)exi+ (—P2)exa+ -+ (—fn)exy (2).
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From (1) and (2) we obtain
x4+ (—z) C(arex1tasexos+ - +a,ex,)+ (—f1)exs+(—F2)exa+ -+ (—Fn) @ x,).

Therefore 0 € z + (—z) C (a1 + (—=B1)) @ x1 + (a2 + (—B2)) @ xa + -+ + (an + (=Bn)) ® Ty
Since {x1,x9, - ,x,} is a basis for V(T I, F) and

(o —pPr)ex+ (ag—P2)oxa+ -+ (ay — frn) @ y.

Then it follows that 8 € ; — §;, foralli =1,2,--- ,n. Hence a; = b; ,foralli =1,2,--- ,n.

5 Conclusion

In this paper, we have studied Hypervector Space in the Neutrosophic Quadruple (NQ) environment. Their
basic properties have been extended and established in the Neutrosophic Quadruple (NQ) environment. We
hope to study the homomorphsms and establish more advanced properties of this structure in our future work.
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Abstract

In this paper, neutrosophic crisp supra bi-topological structure, which is a more general structure than neutrosophic
crisp supra topological spaces, is built on neutrosophic crisp sets. The necessary arguments which are pairwise
neutrosophic crisp supra open set, pairwise neutrosophic crisp supra closed set, pairwise neutrosophic crisp supra
closure, pairwise neutrosophic crisp supra interior is defined, and their basic properties are presented. Finally, many

examples are presented.

Keywords: Neutrosophic crisp supra bi-topological spaces, neutrosophic crisp supra pairwise open (closed) sets,
neutrosophic crisp supra bi-open (closed) sets.

1. Introduction

The concept of neutrosophy is a new branch of Philosophy introduced by Smarandache [1,2], and has many
applications in different fields of sciences such as topology. As a generalization of the concept of topological spaces,
Salama and Smarandache [3] defined neutrosophic crisp topological spaces in 2014. The crisp supra topological space
was introduced by Mashhour et al. [4] In 1983, as a generalization of the concept of topological space.
Jayaparthasarathy et al.[ 5] generalized this concept and introduced the concept of neutrosophic supra topological space
in 2019, by using the neutrosophic fuzzy sets. Also, Al-Hamido presented a more general study, where he created the
concept of neutrosophic crisp supra topological spaces [6] in 2020. In 2018 AL-Nafee et al. [7] introduced the notion
of new neutrosophic crisp points and neutrosophic crisp separation axioms in neutrosophic crisp topological space.
The concept of supra bi-topological spaces was introduced by Gowri, and Rajayal [8 ] as an extension of supra
topological spaces in 2017. On the other hand, the concept of bi-topological spaces was introduced by Kelly [9] as an
extension of topological spaces in 1963. He did define bi-topological space as a set endowed with two topologies.
The concept of neutrosophic bi-topological spaces was introduced by Al-Hamido [10 ] as an extension of neutrosophic

topological spaces in 2019. This concept has been studied in [11]. Also, the concept of neutrosophic crisp bi-
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topological spaces was introduced by Al-Hamido [12] as an extension of neutrosophic crisp topological spaces in
2018. Since the discovery of neutrosophic topological space and neutrosophic crisp topological space, there has been
a concerted research efforts to find new neutrosophic open sets and neutrosophic crisp open sets, for more detail see

[13-31].

In this paper, we use the neutrosophic crisp sets to introduce neutrosophic crisp supra bi-topological space. Also, we
introduce new class of neutrosophic crisp supra open (closed) sets in this space, as pairwise neutrosophic crisp supra
open set, pairwise neutrosophic crisp supra closed set, pairwise neutrosophic crisp supra closure, and we study some

basic properties of this new neutrosophic crisp supra open (closed) sets.

2. Preliminaries
In this part, we recall some basic definitions and properties which are useful in this paper.

Definition 2.1. [3]

Let X # O be a fixed set. A neutrosophic crisp set (NCS)  is an object having the form U =< Uy, U, Uz >;

U, U, and Uy are subsets of X satisfying UynU, = @, U;NU; = @ and U,nU; = 0.

Definition 2.2. [3]

@y maybe defined in four ways as a neutrosophic crisp set, as follows :

1. Ox=<0, 0, X>.
2. On=<0,X,0 >
3. =<0, X, X >
4. On=<0, 0, D >.

Xy may be defined in four ways as a neutrosophic crisp set, as follows :

1. Xy=<X, 0, 0>.
2. Xn=<X,X, 0>
3. Xn=<X,0,X>.
4. Xy=<X,X,X>.

Definition 2.3. [3]

Let X # @ be a fixed set, and U =< Uy, Uy, U3 >,V =<V, V,, V3 > are two neutrosophic crisp sets, then:
UuUV may be defined as two ways, as follows :

1. UUV=<U1UV1,U2UV2,U3OV3>.
2. UUV=<U1UV1,UZOV2,U3OV3>.

U NV may be defined as two ways, as follows :

3. UnV:<Uan1,U2nV2,U3UV3>.
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4, UﬂV=<UlﬂV1,U2UV2,U3UV3>.

Definition 24. [3]

A neutrosophic crisp topology (NCT) on a non-empty set X isafamily T of neutrosophic crisp subsetsin X may
be satisfying the following axioms:

1. Xy and @ybelong to T.

2. T is closed under finite intersection.

3. T is closed under arbitrary union.

The pair (X, T) is a neutrosophic crisp topological space (NCTS) in X. Moreover, the elements in T are said to be

neutrosophic crisp open sets (NCOS). A neutrosophic crisp set F is closed (NCCS) if and only if its complement F*
is a neutrosophic crisp open set.

Definition 25. [6]

A neutrosophic crisp supra topology (NCST) on a non-empty set Xis a family Sof neutrosophic crisp subsets in X
may be satisfying the following axioms:
1. Xy and @ybelong to S.

2. Sis closed under arbitrary union.

The pair(X, S) is said to be a neutrosophic crisp supra topological space (NCSTS) in X. Moreover, the elements in

S are said to be neutrosophic crisp supra open sets (NCSOS). A neutrosophic crisp set F is neutrosophic crisp supra

closed (NCSCS) if and only if its complement F° is neutrosophic crisp supra open.

3. Neutrosophic crisp supra bi-topological space

In this section, we introduce the neutrosophic crisp supra bi-topological space. Moreover, we introduce new types of

neutrosophic crisp supra open (closed) sets in this space and study their properties.

Definition 3.1.

Let ['1, ', is two neutrosophic crisp supra topologies on a nonempty set X then (X, 1’1, ;) is aneutrosophic
crisp supra bi-topological space (SBi-NCTS for short ).

Example 3.2.

Let X={a,b}, I'i'={0By, Xn, A, B, E}, [:={0y, Xn, B, G}; A={<{a},J,0>}, B={<J,{b},T>}, E={<{a},{b},T>},
G={<0,J,{a}>}.

Then (X,I")),(X,I,) are neutrosophic crisp supra spaces. Therefore(X, ', [';) is a neutrosophic crisp

supra bi-topological space.

Definition 3.3.
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Let (X,I'1,I";) bea neutrosophic crisp supra bi-topological space. Elements in [’y U 'y are said to be

neutrosophic crisp supra bi-open sets ( SBi-NCOS for short ). A neutrosophic crisp set F is neutrosophic crisp supra

closed (SBi-NCCS for short ) if and only if its complement F° is a neutrosophic crisp supra bi-open set.

- The family of all neutrosophic crisp supra bi-open sets is denoted by ( SBi-NCOS(X) ).
- The family of all neutrosophic crisp supra bi-closed sets is denoted by ( SBi-NCCS(X) ).
Example 3.4.

In Example 3.2, the neutrosophic crisp supra bi-open sets (SBi-NCOS) are :
SBi-NCOS(X) ={@y, Xx, A, B, E, G}.

Remark 3.5.

1. Every neutrosophic crisp supra open sets in ( X, Fl) or (X,I,) is a neutrosophic crisp supra bi-open set.

2. Every neutrosophic crisp supra closed sets in ( X, Tl) or (X, FZ) is a neutrosophic crisp supra bi-closed
set.

Remark 3.6.

Every neutrosophic crisp supra bi-topological space (X,I;,I';) induces two neutrosophic crisp supra
topological spaces as (X,I)),(X,I,).

Remark 3.7.

If (X,T°) is neutrosophic crisp supra topological space. Then (X,I,I") is a neutrosophic crisp supra bi-
topological space.

Remark 3.8.

Let (X,I'1,T,) isa neutrosophic crisp supra bi-topological space ( SBi-NCTS). Then the union of two

neutrosophic crisp supra bi-open (bi-closed) sets is not necessary a neutrosophic crisp supra bi-open (bi-closed)

set as the following example shows that.

Example 3.9.

Let X={a,b}, ['1={0By, Xn, A }, T2={0y, Xn, B }; A={<{a},0,0>}, B={<,{b},{a}>}. Then (X,[1,T;) isa
neutrosophic crisp supra bi-topological space.

A, B are two neutrosophic crisp supra bi-open sets but AUB={<{a},{b},0>} is not a neutrosophic crisp supra
bi-open set.

Also, A€, B€ are two neutrosophic crisp supra bi-closed sets but A°UB€ ={<X, X, {b}>} is not a neutrosophic

crisp supra bi-closed set.

Remark 3.10.

Let (X,I';,T;) be a neutrosophic crisp supra bi-topological space ( SBi-NCTS ). Then the intersection of two
neutrosophic crisp supra bi-open (bi-closed) sets is not necessary a neutrosophic crisp supra bi-open (bi-closed)
set as the following example shows that.

Example 3.11.
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In Example 3.9, A, B are two neutrosophic crisp supra bi-open sets, but AnB={<@, @,{a}>} is not neutrosophic
crisp supra bi-open set.
Also, A€, B¢ are two neutrosophic crisp supra bi-closed sets, but A“NB¢ ={<{b},{a},X>} is not neutrosophic
crisp supra bi-closed set.
4. The interior and the closure via neutrosophic Supra bi-open (closed) sets

In this section we define the closure and interior neutrosophic crisp supra set based on these new varieties of

neutrosophic crisp supra open and closed sets. Also, we introduce the basic properties of closure and the interior.

Definition 4.1.

Let (X, I'1, I'2) be aneutrosophic crisp supra bi-topological space, and A be a neutrosophic crisp supra set then

The union of any neutrosophic crisp supra bi-open sets contained in A is called a neutrosophic crisp supra bi-

interior of A ( NCSint(A) ).
NCSint(A) =u{B ;BcA; BeSBi-NCOS(X)}.
Theorem 4.2.

Let (X, "1, T") be a neutrosophic crisp supra bi-topological space. If A, B are neutrosophic crisp supra sets then

1. NCSint(A) c A.
2. NCSint(A) is not necessary a neutrosophic crisp supra bi-open set.
3. AcB = NCSint(A) = NCSint(B)-

Proof :

1. The proof follows from the definition of NCSint(A) as a union of any neutrosophic crisp supra bi-open sets

contained in A.
2. The proof follows from Remark 3.8.
3. Obvious.
Definition 4.3.

Let (X, "1, I'y) bea neutrosophic crisp supra bi-topological space. If A is neutrosophic crisp supra set then :

The intersection of any a neutrosophic crisp supra bi-closed sets containing A is called neutrosophic crisp supra
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bi-closure of A ( (NCScl(A)).
NCScl(A)=N{B ;B2A; BeSBi-NCCS(X)}.
Theorem 44.

Let (X, "1, "y) be a neutrosophic crisp supra bi-topological space and A be a neutrosophic crisp supra set then:

I Ac NCScl(A)-
2. NCScl(A) is not necessary a neutrosophic crisp supra bi-closed set.
Proof :

1. The proof follows from the definition of NCScl(A) as an intersection of any neutrosophic crisp supra bi-

closed set contained A.
2. The proof follows from Remark 3.10.

5. Pairwise neutrosophic crisp supra open (closed) sets

In this section, we introduce new concept of open and closed sets in neutrosophic crisp supra bi-topological space,
as a pairwise neutrosophic crisp supra open(closed) sets. Also, we investigate the basic properties of this new concept
of open and closed sets in SBi-NCTS .

Definition 5.1

Let (X,I'1,I";) be a neutrosophic crisp supra bi-topological space. A neutrosophic crisp supra set A over X is said
to be a pairwise neutrosophic crisp supra open set in (X, 'y, I'3) if there exists a neutrosophic crisp supra open set B

in I'; and a neutrosophic crisp supra open set C in I', such that A=BUC .

Definition 5.2

Let (X,T'1,I"2) be a neutrosophic crisp supra bi-topological space. A neutrosophic crisp supra set A over X is said
to be a pairwise neutrosophic crisp supra closed set in (X, 'y, ') ifits crisp neutrosophic complement is a pairwise
neutrosophic crisp supra open set in (X,I";,I",). Obviously, a neutrosophic crisp set A over X is a pairwise
neutrosophic crisp supra closed set in (X, 'y, ') if there exists a neutrosophic crisp supra closed set B in ( ['1 )°
and a neutrosophic crisp supra closed set C in (I'5 )° such that A=BNC .

The family of all pairwise neutrosophic crisp supra open (closed) sets in (X,I';,I";) s denoted by
PNCSO(X, I, I'3) [PNCSC(X, 1, T2)].

Example 5.3

In Example 3.9, the family of all pairwise neutrosophic crisp supra open (closed) sets in (X, ['1,T5)
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PNCSO(X, I'1. T2)={ @y, Xn, A, B, AUB };
AUB={<{a},{b},0>}.

Theorem 5.4
Let (X,I';,T5) be a neutrosophic crisp supra bi-topological space. Then the family of all pairwise neutrosophic

crisp supra open set is a neutrosophic crisp supra topology on X. This neutrosophic crisp supra topology is denoted
byl'15.

Proof:

Since PPy = Oy , hence @y €Ty, I'; Therefore @y € PNCSO(X, Iy, I'2). Similarly, Xy € PNCSO(X, 'y, I'2).

Let {(N;):i € I} € PNCSO(X,T';,T;). Ni is a pairwise neutrosophic crisp supra openset, V i € I.

There exist Nj; € I'; and Njp€ I'; such that = Nj; U N, V i € I, which implies that:

Uier Ni = Uier(Ni1 U Niz) = (Uier[Ni1]) U (User[Ni2])-

Since I'1, 'y are neutrosophic crisp supra topologies, UieI[Nil] €I’ and UieI[Niz] er,.

Therefore U,;¢; Ni is a pairwise neutrosophic crisp supra open set.
Remark 5.5

Let (X,I"1,T"3) be a neutrosophic crisp supra bi-topological space. Then an arbitrary intersection of pairwise

neutrosophic crisp supra closed sets is a pairwise neutrosophic crisp closed set.

Proof:
Let {(N;):i € I} € PNSC(X,T'1,T";). Then Ni is a pairwise neutrosophic crisp supra closed set Vi € I,
therefore there exist N;; € (I';)¢ and Nj,€ (FZ)C such that N; = N;; N N, Vi € I which implies that:

Nier Ni = Niet(Nix N Niz) = (Nies[Nia]) 0 (Nier[Ni2])-
Now, since I'y, I, are neutrosophic crisp supra topologies, Ne/[N ;] € (') and NierN,] € (T'y)°. Therefore,
N;ie; N, is a pairwise neutrosophic crisp supra closed set.

Remark 5.6.

1) Every neutrosophic crisp supra open sets in (X,I";) or (X,I',) is a pairwise neutrosophic crisp supra

open set.

2) Every neutrosophic crisp supra closed sets in ( X, Fl) or (X, FZ) is a pairwise neutrosophic crisp supra

closed set.

Proof. Straightforward.
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Remark 5.7.
Let (X, "1, I"y) be aneutrosophic crisp supra bi-topological space then :

1) Every neutrosophic crisp supra bi-open sets is a pairwise neutrosophic crisp supra open set, but the converse

is not true.

2) Every neutrosophic crisp supra bi-closed sets is a pairwise neutrosophic crisp supra closed set, but the

converse is not true.

Proof. Straightforward.

Example 5.8.
In Example 3.9 AUB is pairwise neutrosophic crisp supra open sets in (X, I'1, ['3) ,but it is not a neutrosophic crisp

supra bi-open set .

Definition 5.9.
Let (X, ', '2) be a neutrosophic crisp supra bi-topological space (SBi-NCTS) and let A be a neutrosophic crisp
set. then the union of any neutrosophic crisp a pairwise supra open sets , contained in A is called pairwise

neutrosophic crisp supra interior of A (PNSB iint(A)). and let A be a neutrosophic crisp set.
PNSPint(A) =U{B: BcA;B € PNCSO(X,T';,T,)}.
Theorem 5.10.

Let (X, 1, '3) be a neutrosophic crisp supra bi-topological space, and let A be a neutrosophic crisp set. then :
1. PNSPint(A) c A.
2. PNSPint(A)is pairwise neutrosophic crisp supra open set .

Proof :

1. The proof follows from the definition of PNS? iint(A) as a union of any pairwise neutrosophic crisp supra

open sets ,contained in A.

2. The proof follows from Theorem 5.4.
Definition 5.11.
Let (X, "1, ;) be neutrosophic crisp supra bi-topological space (SBi-NCTS) and let A be a neutrosophic crisp
set. Then the intersection of any neutrosophic crisp a pairwise supra closed sets , containing A is called pairwise
neutrosophic crisp supra closer of A (PNSZicl(A)).
PNSPicl(A) =U {B: Bo A;B € PNCSC(X,I';,T,)}.
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Theorem 5.12.

Let (X, 1, ;) be neutrosophic crisp supra bi-topological space , A be a neutrosophic crisp set then :
1. AcCPNSBicl(A).
2. PNSE icl(A) is a pairwise neutrosophic crisp supra closed set.

Proof :

1. The proof follows from the definition of PNSBiCI(A) as a intersection of any pairwise neutrosophic crisp

supra closed set containing in A.

2. The proof follows from remark 5.5.

Remark 5.13.
The following diagram shows the relationship between different types of neutrosophic crisp open sets that were studied

in section 3 and section 5.

6. Conclusion

In this paper, we have defined a new topological space by using neutrosophic crisp sets due to Salama [3]. This
new space called neutrosophic crisp supra bi-topological space .Then we have introduced new neutrosophic crisp
open(closed) sets in neutrosophic crisp supra bi-topological space Also we studied some of their basic properties and
their relationship with each other. We introduced pairwise neutrosophic crisp supra closure, pairwise neutrosophic
crisp supra interior, we also have provided examples where such properties fail to be preserved. In addition, Many
results have been established. This paper is just the beginning of a new structure, and we have studied a few ideas
only, it will be necessary to carry out more theoretical research to establish a general framework for the practical
application. In the future, using these notions, various classes of mappings on neutrosophic crisp supra bi-topological
space, separation axioms on the neutrosophic crisp supra bi-topological spaces, neutrosophic crisp supra bi-o-open
sets, neutrosophic crisp supra bi-f-open sets , neutrosophic crisp supra bi-pre-open sets , Neutrosophic crisp supra

bi-semi-open sets and many researchers can be studied.
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Abstract

This paper presents operational laws along with their cosine measure for the numbers whose base
is an interval value and study their properties. Consequent upon these definitions and properties
neutrosophic cubic weighted exponential averaging and dual neutrosophic cubic weighted
exponential averaging aggregation operators are defined. A multi attribute decision making method
is then developed for proposed aggregation operators. An example is constructed as an application.
The validity of multi attribute decision making method is also tested and comparative analysis is
provided to compare these aggregation operators with existing results.

Keywords: : Neutrosophic cubic number; dual neutrosophic cubic number; neutrosophic cubic exponential
weighted averaging; dual neutrosophic cubic exponential weighted averaging ; multi attribute decision making.

1.Introduction

The decision making is an imperative part of cognitive based human activity. Multi attribute decision making
method (MADM) provides a better environment to rank the set of alternatives under different criteria. The problem
arises when vague and insufficient data is available. This uncertainty in data can be handle by fuzzy set theory (FS)
presented by Zadeh [1] and its extensions like interval valued fuzzy set (IVFS) [2,3], intuitionistic fuzzy set [4],
interval valued intuitionistic fuzzy set (IVIFS) [5], cubic set (CS) [6]. The intuitionistic fuzzy set attracted the
researcher due to its structure of both membership, non-membership and hesitant component. Over the last few
decades, several researchers used it for decision making problems [7,8,9,10,11,12]. In IFS the hesitancy component
is depended upon the choice of membership degree and non-membership degree which restricted the choice of
choosing. Smarandache defined a novel tool, neutrosophic set NS [13] to deal with vagueness in more desirable way.
NS are generalization of IFS [14]. In NS all the components are independent. Soon after its presentation, it is further
extended into INS [15], NCS [16] etc. The collection and manipulation of data is a hard job. In daily life problems we
are often in a situation that the extraction of accurate and precise information is not possible due to the vague nature
of problem, communication gaps, hesitancy etc. Thus NS and its extension are better tools to deal with such situation
in comparison with IFS and cubic set. This characteristic of NS and INS attracted the researchers to apply it in different
field of decision making process [17,18,19,20,21,22,23,24,25]. Neutrosophic Cubic Number (NCN) is a combination
of INS and NS which makes it a better choice so that expert can choose the value in the form of an interval value and
single value. NCS provides a better plate form to deal with vague and insufficient data. In recent pass researchers have
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applied NCS to aggregation operators and decision making problem. Zhan et al. [26] worked on multi criteria decision
making on neutrosophic cubic sets. Banerjee et al. [27] used GRA for multi criteria decision making on neutrosophic
cubic set. Lu and Ye [28] defined cosine measure to neutrosophic cubic set. Pramanik et al. [29] used similarity
measure to neutrosophic cubic set in 2017. Majid et al. [30] presented neutrosophic cubic Einstein geometric
aggreagtion operators. Khalid et al. [31] introduced MBJ — Neutrosophic Translation on G-Algebra and Schweizer
[32] studied two probabilities for the three states of neutrosophy. In their works all these researchers defined
arithematic and Einstein operation and aggregations operators under neutrosophic cubic environment. It is observed
in decision making process that the weight is based on the assumption to be in [0,1] and their sum is one. The aim of
this work is to deal the situation where the weight is crisp or interval value. To support this task some new operational
laws along with some aggregation operators are defined on NCS.

Contribution In this work, we propose methodologies to measures the aggregate value of neutrosophic cubic values
using exponential form.

- The neutrosophic cubic exponential operational laws are defined along with some important properties.

- Based on these operations and properties heutrosophic cubic exponential aggregations operators are defined.
Validity and comparative analysis are discussed.

- The neutrosophic cubic set is the combination of both neutrosophic and interval neutrosophic, this
characteristic enable us to deal both interval valued neutrosophic and neutrosophic set at the same time.

Organization This study consist of nine sections. Section 1 covers the introductory work of researchers over the
some past decades. In section 2 the preliminaries work is reviewed which enable us to start this work. In section 3
some exponential operational laws with base crisp and interval value are introduced, dual neutrosophic cubic number
(DNCN) are defined and some useful properties are obtained. Cosine measures is defined to compare two NCN and
DNCN. Section 4, presents neutrosophic cubic weighted exponential averaging (NCWEA) operators and dual
neutrosophic cubic weighted exponential averaging (DNCWEA) aggregations operators are defined in which the
weight is in the form of crisp value or interval valued and the exponents are NCS. Section 5 develops a decision
making process for the proposed aggregations operators. An illustrative example is provided as an application in
section 6. In Section 7, the validity test is performed for DM problem to check the validity of MADM. In section 8,
the MADM based upon proposed aggregation operators is compared with some neutrosophic cubic weighted
averaging (NCWA) and neutrosophic cubic Einstein weighted averaging (NCEWA) aggregation operators. The paper
ends with conclusion in section 9.

2. Preliminaries
Definition 2.1 [13] A structure N = {(TN (), 1, (y), Fy (y))| y eY} NS, where T, |, and F are fuzzy sets

and respectively called truth, indeterminacy and falsity functions.

Definition 2.2 [15] An INS in Y is a structure N ={('I:N(y), fN (y), IfN(y))| er}WherefN (). I~N (y)and

IfN (y) are interval valued fuzzy truth, indeterminacy an falsity function in Y respectively.

Definition 2.3 [16] A structureA={(y,TN(y), fN(y),lfN(y),TN(y),IN(y), FN(y))/er}is NCS in Y in which

(TNN(y)=[TNL,TH,fN(y)=[|;,|H,|5N(y)=[FNL,FH) is an INS and (T, 1y, Fy)is NS in Y. Simply denoted by

N =(Ty. Ty . To o Fy)  where, [0,0]< T, + Ty +F <[3,3J0<T, +1,+F, <3.N"denotes the

collection of NCSin Y .

For the sake of convenience the NCS are written as A:([TAL|TAUM|k| L [FGR Tl FA)
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Definition 2.4 [30] The sum of wo NCN, A= ([Tr, T [[15. 13 ].[FrFY | T, Fy)  and

AT A

B= ([T Tg 1[5 181, [FE,F51.Te. I8, Fe) is defined as

(rr; TS =TT T 4TS —TITI LI + 1 =15 1Y 1Y —|§|§],J

A'B' A

A®B= L-L ~Uru
[FA FB ) FA FB ]1TATB' IAIB’FA+FB _FAFB

Definition 2.5 [30] The product of two NCN, A=([TA, Ty [[15 18 [[Fr.FY [ To 1, Fy)  eond

Ar' A
Bz([TBL’T;][Iél|g],[FBL,F;],TB,|B,FB) is defined as

A®B=£rr:T;,T:T;1,[|;|;,I;’I:L[F:+F;—F:F;,F:+F;—F:F;],J

To+Tg =T, Tg, L+ 1= 1,05, FFy
Definition 2.6 [30] The scalar multiplication on a NCN A=([TAL,TH,[I,&, IH,[FAL,FH,TA,IA,FA) and a Scalar @
is defined
[1-(1-T0)71-A-T)7 L= 1,)7.1-@A-1;)7],
WA= L w U w w w o
[(FA) ’(FA) ]’(TA) 1(IA) ’l_(l_FA)
Theorem 2.7 [30] Let A= ([TAL,T:],[IX, Iy ],[FAL, FEJ,TA, [ FA) be a NCN, then the exponential operation

is defined by

[ @ L0 0D - (1-Fa )T - (- FY ),
l_(l_TA)w ’1_(1_ IA)w ’(FA)W

3. Exponential operational laws with crisp and interval parameters on neutrosophic cubic sets

Aw'

Operational laws has a key role in any work. In this section we develop some exponential laws in neutrosophic
cubic environment in which the exponential parameters are crisp and interval value.

Definition 3.1 Let A= ([T,\L,T,kJ J,[I,ﬁ, [y ],[FAL, F J T ar L, FA) be a NCN the exponential law for crisp value

V is defined as
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Ve [0,1]
|:1_V(FA)L ’1_V(FA)U i|’1_VTA 1-V' ViR

e o Yoyt e

,V>1
[1_(1/v)<FA> 1-(/v)™ },1—(1/v)“ 1-(UV) @)

In both cases V* isa NCN.

Example 3.2 Let A=([0.2,0.8],[0.4,0.7],[0.1,0.5],0.7,0.2,0.6) be aNCN, V=05 and V =3, then

~ |([0.574,0.870],[0.659,0.812],[0.066,0.292],0.384,0.129,0.757),V = 0.5
| ([0.801,0.411],[0.641,0.460],[0.104,0.425],0.539,0.198,0.514),V = 3

Definition 3.3 Let A=([TA T ] [I,';, I;’} [ } Tail4 FA), be a NCN and

A = ([l 1].,[1.1].[0,0].0, O,l) be maximum NCN, then the cosine measure(C,,) is defined as

C,(A)= {cos%(l—TAL F1-TY #1141 1Y PR FY 4T, +1, +1- FA)},Cm (A)e[0,1]
Remark 3.4 If C_ (A) and C,, (B) be the cosine measures of two NCN then C_(A)>C_(B)= A>B and
C,(A)=C_ (B)=A=B

Theorem 3.5 Let A= ([VHAL,VHAU },[VH’&,VHX },[1—VFAL ,1—VF’E },ZL—VT’*,ZL—V'A ,Vl’FA) be a neutrosophic

cubic value and V, > V,, then (V,)" >(V,)" for V,,V, €[0,1] and (V,)" <(V,)" for V,,V, >1.
Proof: Let V, >V, and V,,V, €[0,1] then

ICARCAR (A RR(A !

(Vl)A: L FY T | 1-F
1) =) |- () () (v
and
o (V)T [
T [ ) A ) a9 ()
since (V) 2 (V) (V)T 2 (V)7 ()7 2 (V)T () 2 ()
1-(V,)" £1-(V,)™ 1-(V)" £1-(V,)™ ) 1-(%,)" <1-(V,)",
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1-(V) 7 1= (V) (V)™ +
cos((V1)") =475 1 (V2) ™ +1(v) " (v,)7 12

1-(V,) ™ +1-(V,) " +(v,)*
Ry

cos((V,)") =4 2| +1-(V,) ¥ +1-(V,) " (V) +
(Vz)TA Jr(VZ)IA Jrl_(vz)l_FA

obviously (V,)">(V,)", if V,>V, and V,,V,>1, then 0</V,,1/V, <L1.

Remark 3.6 Considering some values of V', we can affirm some special cases of (V)"

11t V=1 then (V)" =([11],[11],[0,0],0,0,1).

2. 1t A=([11],[1,1],[0,0],0,0,2) , then (V)" =([1.1],[L1],[0,0],0,0.1). For each value of V.

3.1t A=([0,0],[0,0],[1.1],1L0) then (V)A=([V,V],[V,V],{1—(V)FAL 1-(v)* ]1—(V)“,1—(V)'A,v).

Theorem 3.7 Let A=([Ty, Ty ][ 1502 [ [Fa FY ] T LR, B= ([T T8 1518 [ FEFY ] Tl Ry ) and

C:([TCL,TCUJ,[ICL,Ig],[FCL,FCU],TC,IC,FC)be three NCNs and V €[0,1] (if V >1,thenl/V) then the
following holds.

> Vievei=vtevh

> VAeVE=VvieV”

> (VPeve)eve=vie(Veve)

> VARVERVE =V "®(VPeVe)

Proof Straight forward, so omitted.

Theorem 3.8 Let A=([To.T [[1n 12 J[Fr R ] ToluFa) B=(T 1 ][50 J[F B ] Tl Ry ) e two
NCNs and @ be a scalar then the following holds.

» o(VF Ve )= V" Qo VPt

» (VAevE) =F")"a ()"

> (o1 @wz)VA = w1 vA b o vA

> (VA)"H)7 = (V)™

Proof: Consider
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|:v1—TAL ’vl—Tk’ ][Vl—lk,vl—lg ] [Vl—TBL’Vl—TgJ :|1[v1—|'g ,Vl—lg ]
o(V'OVe)=a [1—VFAL,1—VF5 } @ [1—VFBL,1—VFB” }
1-V™,1-V' v 1-V 1-V' v

|:vl—T); +vl—TBL _Vl—T)\' Vl—TE'; Vl—T,k’ +vl—TéJ _Vl—Tk’ Vl—Té’ }

|:V1—I'g R ViR IR VR TR v R R vE S VR vA B R VA Vl—lg:|

[(1-97)(a=97) =97 -9 |

(1—VTA)(1—VTB ),(1—V'A)(1—V'B ),vl‘FA +VERe iRyt

F(lvlﬁ _yETs Tk T )w ’] r‘(lv“k _yhts ik pls )w ’]
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@—v“)m—@—vH)w+@—vk')+
(I—Vl')m—(l—vl')m(l Vi)
1-(1-v*! f—@—vHﬂw+@ VR
@—v“ Y—@—v“ww@ v“)

[wvﬁ®wvawvw@wV*]wV“@wVWwV“@wVW

1-(1=V" ) = (1= ) (1= ) 4

(1_ yiTe )W _ (1_ yiTa )W (1_ yiTe )”’

[ZUVFAL@ZUVFBL,ZUVFE(-BZUVF;]ZUVTA@ZUVTB,ZUV'A@@VIB
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[ZD'VTAL @ZD'VTBL,ZD'VTE EBZUVTEL’J},[ZUV"k El-)zUV'E%,wV'g @wV'g]

zﬁ

> (w1+w2)VA=(wl+w2)1

E
E

|

aV* Qe V® o V™ @wVFBU]w Vr@a Ve oV @a Ve oV ®a Ve

|

— (1_ v TA )(’”1+132) 1 (1_ Ty )(m‘l+m2):| ,

_(1_v1—|k )(m1+b72) ,1—(1—V1*'3 )(m’l+mz):|,

oV ' ®w V®

|:V1—TAL Vl—T}g':| l:v1—|k Vl—lﬁ:|

[1-VH -9 |1V 1o v v

U

-

\%

Fr )(’Ul“ﬂz) (

1-VF

)(Wﬁwz):l

)

(1™ )™
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o o o )
> ((VA)‘”l )wz - [1—(1—VFAL )" - (19" )WJ

1—(1—VTA )”’1 A-(1-v" )”’1 ,(vl-FA )”’1

(7 o )
oo oo )
i)
i)

o o oo )
= [1—(1—ka )" (1-v7 )%}

1- (1= ) 1= (-9 ) (V)™

(v

Definition 3.9 Let A=([TrTY L[1L 1y L [FrFY L Tolu R B=(T0 T L0 0 ][R R L TR ) b two

NCN, then d = [ A B] isreferred as DNCN.
Definition 3.10 Let A= ([TAL T },[Ik, s },[FAL, F) ],TA, [ 5 FA) be a NCN the exponential law for interval

value parameter for V= [VL VY ] is defined as
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/ [(VL )1*(TA)L’ - )1*(TA)U :l’ h
[(VL )1*(|A)L’ - )1*(|A)U :l’

|:1 — (Ut )(FA)L’ 1— (vt )(FA)U :l’

N TR O BN D R G -b e L 0.1]

< >,V ., = [0,1

( [eovHrr Tt Ut T,

[(vu )17<|A>L,(vu )1—<|A>U :l

[1 — (Y )(':A)L’:L — (Y )(FA)U :l

\ 1 — (vu )TA,l_ (VU )IA,(VU )1—FA

<%>A = < - = ~
4 [ /et T8 ot HTTT ],

[@/cot 0 creot »HTOT ),
[1— @/cot »TVT 1 — @ieots »HET T,
\_ 1 — /o ™1 — @t N aet »hte o
< >, vk ,wv > 1
4 [@/co® NPT ey »aet T,

[@/cov NIV oy et ),
[1— /oY »TPT 1 — @eey »HET ),

\_ 1-— @ MDA L — @/ D', @il )t A
N~ -~

In both cases it is neutrosophic cubic dual.

Example 3.11 Let A=([0.3,07],[0.20.7],(0.308],050506)be a NCN andV=[0.3,0.7], V=[48], then

[0.430,0.696],[0.381,0.696],
[0.303,0.618],0.514,0.452,0.617

[0.779,0.898],[0.751,0.989],
[0.101,0.248],0.807,0.836,0.867

,V=[0.3,0.7]

[0.378,0.659],[0.329,0.659],
[0.340,0.670],0.564,0.500,0.574

[0.233,0.535],[0.189,0.535],
[0.464,0.810],0.712,0.646,0.435

Vv =[4,8]

Definition 3.12 Let di =[A,B;].(i=1,2) be two DNCN and @ be a real number then the algebraic operations

are defined as
> ded=[A®A B®B]
> d®d =[A®A,B®B]
> @d, =[zA, B ]
> () =[(a)(8)]
In these operations, first we use an interval exponential operational laws and then operation between NCNs or
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real numbers are used. Hence it provide both the rationality of interval exponential operational laws and NCNs
or real number operational laws as well.

Definition 3.13 Letdz{([TL T R R T R T T

ALI AL AU AL ALl AL ' AU AU AL AUl AU

AU,|;UMFALU,F:U]TAUJAU,FAU)} bea
DNCNand d” ={([1,1],[1.1],[0,0,],0,0,1),([1,1],[1,1],[0.0.],0,0,1)} be the maximum DNCN, then the
cosine measure(C,,,) is defined as

Cm(d):{cos%(l—TALL +1—T:L +1- I;L +1- I:L +FALL + F:L T+ +1-F, +1—TALU +1—T:U +1- I;U +1- I:U + FALU + F:U tTotly 1-Fy )}
C,(d)e[0,1]

Definition 3.14 Let Cm<dl) and cm(dz) be the cosine measures of two NCN then

C,(d,)>C,(d,)=d,>d, and C,(d,})=C,(d,)=d, =d,.

4. Neutrosophic Cubic Exponential Weighted Aggregation operator
Using definitions 3.1 and 3.10, in this section we propose the NCWEA and DNCWEA operators, where the base

is crisp value or an interval numbers and the exponent is a NCNs.

Definition 4.1 We define the Neutrosophic cubic weighted exponential averaging operator (NCWEA) as

m
NCWEA(Ny, Ny, ..N,)) = @ (V)N
i=1
where N, (i=12,...,m) are weightand V,(i =1,2,...,m) real numbers respectively.

Theorem 4.2 Let N, :([Th; ,T,;’IJ,[I,:I Ay, ],[ng , Fﬁi],TNi Ay s FNi) for (i=1,2,...,m) be the collection

of NCsand V,(i=1,2,...,m) are real numbers respectively, then the NCWEA is a NCs, where
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Jif Ve[O,l]
8 - |
1-8(V,)" 1-8(V,)" .&(v,) "
NCWEA(N,,N,,..,N, )= = -
m S 1Ty
[g(l/vi) ®(11V)) }
o)y
= = Jif V1

-9

i=1

where N, (i=1,2,...,m) is the weight of V(i =1,2,
Proof To prove the theorem we use mathematical induct

For m=2, wehave

NCWEA(N,,

= (Vl)N1 ®(V2)

() (v |
(V) )
[1_(v1)F~L1 ,1-(vl)ﬂ,

1_(V1)TN1 '1_(V1)INl ’(vl)l_FNl
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1-@(1/V,)" 1-(1/V,)" &1/, ™
i=1 i=1

Ry, _m Y
(1/v,)™ 1 ic?l(l/vi) }

M),

ion, let V, €[0,1] where i=1,2,...,m

2

Nz) = .®(vi)Ni

i=1

N,

() (v) |
(V) ()
[1-(v2)F~Lz ,1_(v2)ﬂ,

1-(V,)" 1 (V)" (V)
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<
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<
-
T

[l_é(vi)F”L‘ 1-g(v,)" }’“éwif“‘ 1-9(V,)" o (v, )™

i=1 i=1 i=1

Assuming for n=m, isa NCs thatis
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i=1 i=1 i= i=1
NCWEA(Nl, N,,.., Nm): [1—?_91(Vi)FN‘ ,1—i§:<)1(Vi)FN‘ ]
1-0(V,)™ 1-8(V,)" .&(V,) "
i=1 i=1 i=1
We prove the result for n=m+1, isaNCs.
- L .
(V)™
SV, | (Vo) o,
®(V, )lf'hi ] | (Voua) ™
i=1 I ’ B 1-1kL
m L ’ (Vw+1) to ’
(V. 11y, . ,
L i:1( ! ) | i (Vw+1)17IN‘”*l |
NCWEA(Nl, N,,..., Nm+1) = 1_§(Vi )FNi , (9] {1(Vm+1)':¢ml }
1-®(v,)" 1 (V)™
i=1
m 1—(V TNo2 ,
l—®(VI )TNi ’ ( m+l)|
i1 1—(V o) "
:L_i@:)l(vi)lNi , (Vwﬂ)l_Fle
m 1-Fy,
Loav) ,

o+l L o+l L
o]

i=1

@7+l 17|’|\_‘i T+l l*'hi

[g(vi) ®(V1) }
o+l

- TORER (AR

T+l

Ty o+l Iy o+l 1-Fy,
1- @l(vi) I ’1_§(Vi) ' ’.®(Vi) I

If V,>1, then 0<1/V, <1, and then using above procedure a similar proof can be obtained for the following
aggregation operators
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i

NCWEA(N,,N,,..., N, )= [
{1—:(1/2)“- 1- ®(1/v )FN'}

CNE]

U)oV, T“'}

p

I® s

11V, 9 @rv,)" }

1-Fy,

1-®(1/V,)™ 1-8(1/V,)" & (1/V,)

i=1 i=1 i=1

This complete the proof.

Definition 4.3 Let N, = ([T, Ty J.[15. 1% J[Fo R [ Tt o Ry ) for (i=1,2,..,m)  be the

collection of NCs and V = [VILVIU ](i =1,2,...,m) be the collection of interval numbers, then the DNCWEA

operator is defined as

DNCWEA(N,, N,,....N, ) =®(¥,)"

i=1

where N. (i =1,2,...,m) is the weight corresponding to  V/, [VL VU](I =12,...,m).

Theorem 4.4 Let N, :([T’\Il-i’T'\L‘JijI [IN Ay, ],[ng,F,;’i],TNi, INi,FNi) for (i=1,2,...,m) be the collection

of NCsand V = [VIL , ViU ](i =1,2,...,m) be collection of interval numbers, then the DNCWEA operator is given

by
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NCWEA(N,,N,,...,N, )=

~ —

4 |:® T HTTRLD oh H Th :| A
® S D N

N, S :|
i=1 i—1

|:1—<§ O D ok HFN :|

i—1 i=1

500

1-D O™, 1D o o',
i—1 i—=1

D ot
i=1

< >.,ifO = vl =v’ =1
/ |:® S S :|

D v H .S ol Ht N ]
i=1

|:1—<§> PO 1L D (oY O :|

i—1 i=1

&6

=

1-D (TP O™ 1D ol o',
i—=1 i—=1
D P O
\_ =

- |:® A/ ot H TR D (1ot TR

i—=1

.®3

® (17 ~t e 1/ - ' :|
i=1 i=1

|:1—é> A/t > 1 D st HF :|
i—=1 i—1

1- & A/ oFH™, 1 D (A rk o',
i—1 i—=1

S @/~ ot

i=1

>, if v} = vt =1

AN

/ |:® A/ oY HT TR D (/P TR

i=1

i=1 i=1

XD A/ vV HVN D s ol Ot :|
|:1—<§> A/ o HN 1 - s w¥H “:|,
i—=1 i—=1

1- @srwl >,
i=1
1 ® s <P '™, ® (/7Y >y

- -1 S

C ~

The proof is analogous to Theorem 4.2.

5. Decision making method based on the NCWEA and DNCWEA operators

Based on NCWEA and DNCWEA operators, a decision making problem can be dealt. In such MADM problem
the weight is NCs and alternative value are crisp or interval numbers.

For this consider the MADM problem with m alternative Az{ai,az,...,am} and Cz{yl,yz,...,yn} be n

attributes. An expert has evaluated these attributes in the form of NCs and the suitable alternative in the form of crisp
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ij?

value V; €[0,1] (1/V. if v, >l) or interval numbers.

Vi =[ Vi, Vi [<[01](1/ v}

ij? ij’

if Vi>1;1/Vy,if Vi >1)for (i=12,..,m;j=12,..,n).

ij?
Step 1: A preference value decision matrix D = [Vij} or D= [@ij] is constructed for m alternatives and n

attributes, where weight is expressed as N, =({TNLJ*T;,M|L ! },{FJI,FH,T I FNJ) (j =12,.., n) in NCs form for

Nt N Nt INg
corresponding attributes.

Step 2: Using the suitable aggregation operator like NCEWA or DNCEWA the overall aggregated value is obtained.
Step 3: Using the measurement function of definition 3.3 or definition 3.14, values are ranked.
Step 4: The best alternative is chosen amongst the ranked.

6. Example
Next we provide an illustrative example as an application to our aggregation operators.

Example 6.1

Our example from daily life is an application to pick the best alternative using the decision making matrix
with base either crisp values or interval numbers and weight as neutrosophic cubic number.
A steering committee is interested to prioritize the set of information improvement project using a multi-attribute
decision making method. The committee must prioritized the implementation and development of set of six
information technologies improvement projects a i (j=1,2,...,6) . The weight of these six attributes are expressed

in term of NCs
([0.5,0.6],[0.2,0.5],[0.4,0.8],0.7,0.8,0.4),([0.2,0.5],[0.7,0.9],[0.3,0.7],0.8,0.5,0.3),

{a,.a,,3,,2,,a;,8,} =4([0.4,0.7],[0.2,0.5],[0.5,0.7],0.3,0.6,0.2),([0.3,0.6],[0.4,0.7],[0.2,0.5],0.6,0.4,0.7),
([0.2,0.5],[0.3,0.7],[0.2,0.6],0.5,0.3,0.8),([0.1,0.6],[0.3,0.6],[0.4,0.8],0.6,0.9,0.4)

by decision maker. The three factors (alternatives) {yl, Y, y3} , Y, - productivity to maximize the efficiency and

effectiveness, Y, differentiation from products and services of competitors, and - Y, management to assist the

managers in enhancing the planning, are considered to assess the contribution of these project. The goal of committee

is to choose best alternative among them.

Step 1: The decision maker(s) is (are) required to make the suitable judgement of alternatives Y; (i =12, 3) with

respect to these attributes @;(j =1,2,...,6) and give the evaluated information of the crisp values V; € [0,1],

which is structured as follow.

0.7 0.6 05 08 05 04
D=[v,]=|05 07 09 04 06 0.7
02 03 06 05 07 06

Step 2: Utilizing the NCEWA operator to evaluate these preferences of alternatives
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d, = NCWEA(a,,a,,...,a;) =

= ([0.0790,0.2445),[0.0874,0.2959],[0.6964,0.9082], 0.8499, 0.8748,0.1523)
Similarly d, = ([0.1266,0.2859],0.1491,0.3657],[0.5789,0.8545),0.8381, 08054, 0.2616

d, = ([0.0367, 0.1275],[0.0459,0.1827],[0.8126,0.9684],0.9568, 0.9521, 0.0606)
Step 3: We have  C,(d,)=09998067, C,(d,)=09998217  and  C,(d,)=09997450,  here
C,(d,)>C,(d,)>C,(d,) theranking order of alternatives are 'y, >, > Y,.

Step 4: The best alternative on the basis of these calculationsis Yy, management to assist the managers in improving
their planning.

If the suitable judgment of each attribute Y; (i =1, 2,3) is made for interval numbers of interval valued

decision making matrix:

In such a case the proposed MADM is based on DNCWEA operator may be applied to choose the suitable
alternative, described in the following steps:
Step 1: First of all the interval valued decision making matrix is formed by decision maker:

[0.5,0.8] [0.4,0.6] [0.2,0.5] [0.7,0.9] [0.4,0.6] [0.3,0.4]
D=(V;)=|[0.4,05] [0.6,08] [0.80.9] [0.4,0.6] [05086] [0.7,0.8]
[0.2,0.3] [0.3,0.5] [0.5,0.7] [0.4,0.5] [0.6,0.8] [0.50.8]

Step 2: The proposed MADM based on DNCWEA operator is applied to decision making matrix considering NC

values of attributes a;(j =1,2,...,6) as weight for alternatives Y, (i :1,2,3).
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( [0.0163,0.1001], [0.0220,0.1216],[0.8766,0.9819],0.9547,0.9691,0.0348),
( 0 1061,0.2962],[0.1424,0.3700],[0.1524,0.4290],0.2675,0.8458,0.1773)

[0 0835,0.2133],[0.09542,0.2875],[0.6657,0.9098],0.8921,0.8609, 0.1802)
( O 2221,0. 3792] [0.2173,0.4416],[0.4986,0.7823],0.7512, 0.7240,0.2018)

-~ [([0.0211,0.0951],[0.0274,0.1384],[0.8525,0.9804],0.9703,0.9682,0.0426
- ([0.1069,0.2433],[0.1125,0.2970],[0.7165,0.9052],0.8853,0.8736,0.1526)

Step 3: To rank the value the cosine measure is determined for the values computed in Step 2,

C, (dl) =0.3346,C (CTZ) =0.3613,C (d~3) =0.2460. Theranked alternatives areas Yy, > Y, > Y,.

Step 4: The best alternative on the basis of these calculationsis Yy, management to assist the managers in improving

their planning.

7. Validity Test

Wang and Triantaphyllou [33] proposed criteria to figure out the validity of a MADM method.
Test Criterion 1: "The replacement of a non-optimal alternative with an arbitrary worse value does not change the
index of best alternative".
Test Criterion 2: "The transitive property is satisfied by an effective MADM method ".
Test Criterion 3: "If MADM problem is decomposed into the sub DM problem and the same MADM procedure is
applied to sub problem for ranking of alternatives, the order ranking of the alternatives must be similar to ranking of
un decomposed DM problem®.
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Validity Test by Criterion 1

We change the rating value of non-optimal alternative Y, by yé :[0.3 08 04 0.2 09 0.5], we
have d, = ([0.0307,0.1155],[0.0272,0.1118],[0.8034,0.9585],0.9348,0.9462,0.0579)

and C, (d,)=0.1695, made no changes in said method.

alidity test graphical representation

1 2 3
Propsed Example

1 2 3
Man-optirmal altemative replacement

Fig.1: Comparison of graph by changing an alternative with non-optimal alternative.

The graph indicates that if the non-optimal value does not cause any change in optimal alternative, which is
1 (y,) in this graph and 3(y5) is non-optimal alternative.

Validity Test by Criterion 2
Under this criterion we decompose the decision matrix into {yl, y2} , {yl, y3} and {yz, y3} , We observe

that Yy, >VY,, ¥, > Y;and Yy, > Y,. Thatis transitive property is satisfied.
Validity Test by Criterion 3

By validity test in criterion 2, we observe that the sub DM satisfy the original ranking order, that is

Yo > Y1 > Y,
Hence validity test 1,2 and 3 are satisfied by MADM.

8. Comparison Analysis
In this section we compare the exponential aggregation operator with NCWA operator.
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d, = NCWA(a,, a,,...,a;) =

, =([0.7311,0.9551],[0.8277,0.9352],[0.0154, 0.2351],0.1429,0.1102, 0.9072)
([0.7309,0.9682],[0.8384,0.9880],[0.0153,0.2411],0.0910,0.1086,0.9062)

([0.5974,0.9262],[0.7160,0.9608],[0.0334,0.3001],0.1484,0.1461,0.9072)

2

d
d
d

]
I this casecm(dl')=o.9831,cm(d2')=o.9851,andcm(d;)=o.9663. This  yields that

Y2> Y1 > Y,
Here the role of real number (base) is change by weight in neutrosophic cubic weighted aggregation operator
(NCWA) operator, we observe the same result as by NCEWA operator.

Now we compare the exponential aggregation operator with NCWA operator.
?i()i(ZHTNLJ )WJ 7%(171_&] )w] é(l*’T;j )wJ 7§(1,T’:JJ )WJ

6 w 6 w6 w6 wo |
R I RPN T
j=1 j=1

j=1 j=1

6 Wi 6
O ]
d, = NCWA(,,3,....3,) = - S RN
@(27':“‘1) +§>:<)1(FJ) ??1(27':1) +§>§1(F1)
28T, ) 2@, @R, @R, )

d, =([0.7231,0.9424],[0.8123,0.9042],[0.0167,0.2413],0.1325,0.1245,0.8952)
d, = ([0.7241,0.9523],[0.8258,0.9752],[0.0149, 0.2253],0.0985, 0.1436,0.8967)
d, = ([0.5862,0.9155],[0.7012,0.9624],[0.0337,0.3001],0.1325,0.1453,0.9157)

In this caseC, (d, ) = 0.9725,C,(d, ) = 0.9753,and C, (d, ) =0.9574 This yields that y, > Y, > Y. Here

the role of real number (base) is change by weight in neutrosophic cubic Einstein weighted aggregation operator
(NCEWA) operator, we observe the we get the same result as by NCEWA operator.
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Comparison of NCWEA, NCA, NCEWA
15 I T T

I cwer
T newa
I \cewA

05— -

Fig.2: Graphical comparison of NCWEA with NCWA and NCEWA.
From the graph it is clear that NCWEA produce same result as NCWA and NCEWA, so we have a good tool to
deal the cases in which neutrosophic cubic values appears in exponential form.

9. Conclusion

This manuscript presents a novel exponential operational laws (EOL) on NCSs with base crisp value and interval
value which is an effective addition to the existing laws. We evaluated some properties and relations. Based upon
these EOLs, we established NCWEA and DNCWEA operators. These aggregation operators are applied to establish
a MADM for solving the daily life problem with the neutrosophic cubic information. The proposed method is used
upon a daily life problem as an application. A comparative analysis with neutrosophic cubic weighted aggregation
operator (NCWA) and neutrosophic cubic Einstein weighted aggregation operator (NCEWA) is provided to show the
effectiveness of the approach. The graphical representation is accomplished between these operators. It is concluded
that these newly defined operational laws and the proposed aggregation operators can parallelly be used to solve the
MADM problems in more accomplished manner.
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Abstract

In this paper we introduce the notions of AH-ideal and AHS-ideal as new kinds of neutrosophic substructures
defined in a neutrosophic ring. We investigate the properties of these substructures and some related concepts as

AH-weak principal ideal, AH-weak prime ideal and AH-weak maximal ideal.

Keywords: Neutrosophic ring, AH-ideal, AHS-ideal, Neutrosophic substructure, AHS-homomorphism.
1. Introduction

Neutrosophy as a branch of philosophy introduced by Smarandache has many applications in both real world and
mathematical concepts, especially, in algebra. The notion of neutrosophic groups and rings is defined by Kandasamy
and Smarandache in [9], and studied widely in [3 , 4, 7]. Studies were carried out on neutrosophic rings,
neutrosophic hyperring, and neutrosophic refined rings. See [1-2]. Neutrosophic rings have many interesting
properties and substructures such as neutrosophic subrings and neutrosophic ideals. They are defined and studied
widely. See [1,3, 4]. In this work we focus on subsets with form P+QI where P,Q are ideals in the ring R. Two new
kinds of neutrosophic substructures which we call AH-ideals and AHS-ideals can be defined by the previous aspect.
We prove many theorems which describe their essential properties. Also, we introduce some related concepts such
as AH-weak principal ideal, AH-weak prime ideal and AH-weak maximal ideal which have many interesting

properties similar to the properties of the classical principal, maximal and prime ideals defined in classical rings.
For our purpose we introduce the concept of AHS-homomorhism and AHS-isomorphism.

Motivation

Since the neutrosophic ring under addition and multiplication (+ and x) R(I)={a+bl ; a,b € R ,R is aring} can be

represented as R+RI [4], we are interested in studying the subsets with form P+QI; where P, Q are ideals in R, in

addition to investigating their properties.
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2. Preliminaries

In this section we introduce a short revision of some theorems and definitions about ideals and neutrosophic ideals.
Definition 2.1:[8]

Let (R,+,%) be aring and P be an ideal of R

(a) Pis called prime ifa x b € P impliesa € Por b € P for a,b € R.

(b)P is called maximal if there is no proper ideal J is containing P.

(c) P is called principal if P=<a> for some a€ R.

(d) The set M = {x € R; An € Z such x™ € P} is called the root ideal of P and we denote it by v/P.

Theorem 2.2:[8]

Let R, T be two commutative rings and f: R — T be a ring homomorphism; let P be an ideal in R and J an ideal in T

suchJ # T and kerf < P # R, then

(a) P is prime in R if and only if f(P) is prime in T.

(b) P is maximal in R if and only if f(P) is maximal in T.
(c) Jis prime in T if and only if f~1(J) is prime in R.

(d) J is maximal in T if and only if f~1(J) is maximal in R.
Definition 2.3:[9]

Let (R,+,x) be a ring, then R(I)={a + bl ; a,b € R} is called the neutrosophic ring; where I is a neutrosophic

indeterminate element with the condition /2 = I.

Definition 2.4:[9]

Let R(I) be a neutrosophic ring, a non-empty subset P of R(I) is called a neutrosophic ideal if :
(a) P is a neutrosophic subring of R(I).

(b) foreveryp € Pand r € R(I), we have r X p,p X1 € P.

Theorem 2.5: [8]

Let P, Q be two ideals in the ring R, then P N Q ,P + Q , P X Q are ideals in R.
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For definitions of P+Q, PxQ, [see 8, pp. 49-53].
3. Main concepts and discussion
Definition 3.1:

Let R be aring and R(I) be the related neutrosophic ringand P = Py + Pl = {ay + a;1; ay € Py,a, €

P.}; P,, P; are two subsets of R.

(a)We say that P is an AH-ideal if Py, P; are ideals in the ring R.
(b)We say that P is an AHS-ideal if P, = P;.

(c) The AH-ideal P is called null if Py, P; € {R, 0 }.

Theorem 3.2:

Let R(I) be a neutrosophic ring and P = Py, + P;I be an AH-ideal, then P is not a neutrosophic ideal in general by

the classical meaning.
Proof:

Since Py, P, are ideals, they are subgroups of (R,+), thus P = P, + P,/ is a neutrosophic subgroup of (R(I),+). Now

suppose that
r=1,+mnrl €RU),a=ay+al EP.

We havea = 1yay + (ra, + nay +1r9a,)1, we remark thatr;a, + rya, + rya;does not nessecary belong to Py

because a, does not belong to P; thus P is not supposed to be an ideal. See example 3.17.

It is easy to see that if P, = P;, then P = P, + P;! is a neutrosophic ideal in the classical meaning.

Remark 3.3:

We can define the right AH-ideal as Py, P; are right ideals in R, and the left AH-ideal as P, P; are left ideals in R.
Definition 3.4:

Let R(I) be a neutrosophic ring and P = Py + P;1 , Q = Qo + QI be two AH-ideals. Then we define:

P+ Q= (Py+ Qo)+ (P + QI

PNQ=(P,NQy)+ (PLNQI

P x Q= PyQo+ (P1Qo + PyQq + P1Q)I.
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Theorem 3.5:

Let R(I) be a neutrosophic ring and P = Py + P;I, Q = Qo + Q4] be two AH-ideals, then
P+Qand P N Q, PxQ are AH-ideals.

Proof:

P; x Q;, P, +Q;, P,nQ; fori € {0,1} are ideals in R as a result of Theorem 2.5, thus we get the proof. See example
3.17.

Definition 3.6:

Let R(I) be acommutativeneutrosophic ring and P = Py + P;I be an AH-ideal then the AH-root of P can be defined

as: AH — Rad(P) = [Py + /P, I.
Theorem 3.7:
Every AH-root of an AH-ideal is also AH-ideal.

Proof:
Since \/Fl is an ideal in R we get that \/FO + \/Fl I is an AH-ideal of the neutrosophic ring R(I).
It is easy to see that if P is an AHS-ideal then the AH-root of P is also an AHS-ideal because \/P_ = \/Fl .

Definition 3.8:

Let R(I) be a neutrosophic ring and P = P, + P;I be an AH-ideal. Then we define the AH-factor as: R(I)/P =
R/Py+R/P; I

Theorem 3.9:

Let R(I) be a neutrosophic ring and P = P, + P;I be an AH-ideal then R(I)/P is a ring with the following two

binary operations
[(xo + Py) + (Yo + PDIT+ [(x1 + Py) + (v, + PDI] =

[(xo +x1 + Py) + (yo + 1 + PI]
[Cxo + Py) + (o + POI] X [(x1 + Py) + (y1 + PI]=[(xg X x1 + Py) + (¥g X y1 + PI].

Proof:
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Since Py, P; are ideals in R, thenR/P,,R/P;are rings, so R(I)/P under the previous operations is closed. It is

obvious that (R(I)/P ,+) is abelian neutrosophic group.

Addition is well defined, suppose that [(xy + Py) + (yo + P)I] = [(xy + Py) + (v + PI]so (xg + Py) =
(x1 + Pp) and (¥ + P1) = (y; + Py) thus x; — X, € Py, y1 — ¥ € Py

[(x2 + Py) + (yo + PDI] = [(x3 + Py) + (y3 + P)I]so(x; + Py) = (x3 + Py) and (y, + P;) = (y3 + P;) thus
X3 =%, EPy,y3 =y, €EPy

[(xo + Py) + (vo + PDIN + [(xz + Py) + (v, + PI] = [(x¢ + x5 + Py) + (¥o + ¥, + P;)I]and
[(xg + Po) + (y + POIT + [(x3 + Py) + (y3 + PDI] = [(x1 + x3 + Py) + (v + y3 + P)I]

We can see that (x; + x3) — (xo +x2) = (X1 —%o) + (x3 —x2) € Ppand (y1 + y3) — (Vo +¥2) = (1 — Yo) +
(73 —¥2) € Pithus [(xq + x5 + P) + (y1 + y3 + POI] = [(xo + x5 + Py) + (yo + ¥, + PI].

Multiplication is well defined.Sincex; — xq € Pythen (x; — xp) X X5 = X1 X X3 — Xo X X, € Py, by the same we
find x; X (x3 —x3) = x; X x3 —x; X x, € Py that implies (x; X x5 — x5 X X3) + (X3 X X3 — X1 X X3) =

(%1 X X3 — x9 X x3) € Py

By the same argument we find (y; X y3 — ¥o X y,) € Pithus (y; X y3 + P1)= (Yo Xy, + P;) and (x; X x3 +

Py) = (x¢ X x5 + Py);thus addition and multiplication are well defined.
The multiplication is associative and distributive with respect to addition.

Let x =(xg+Py)+ (o +P)I,y= (0 +P)+ O, +P)I,z=(x, +Py) + (v, + P,)I be three elements in
R(I)/P we have:

xX (y+2z)=[(xg+Py)+ o+ Pl X[(xg+x;,+Py) + (y1 +y, + PDI] =
[xo X (x1 +x2) + Pl + [yo X (v1 +¥2) + Pl =[x X %1 + X9 X X3 + Po] + [yo Xy1 +¥o Xy, + P ]I =

[(xo + Po) + (vo + POINX[(x1 + Po) + (v + POIT+ [(xo + Po) + (¥o + POINX[(x2 + Py) + (y2 + P)I]=x X
y + xXz.

Following the same argument,we can prove that (y +z) X x = y Xx +2z X x.
Thus we get the proof.
Definiton 3.10:

Let R(I), T(J) be two neutrosophic rings and the map f:R(I) —» T(J) we say that f is aneutrosophic AHS-

homomrphism if
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The restriction of the map f on R is a ring homomorphism from R to T i.e.fz: R — Tis homomorphism and
fla+bD) = fr(a) + fr(b)].

We say that R(I), T(J) are AHS-isomomrphic neutrosophic rings if there is a neutrosophic AHS-homomorphism
f:R(I) - T(J)which is a bijective map i.e (R = T), we say that f is a neutrosophic AHS-isomorphism.
Example 3.11:

Suppose that R = (Z,, +,%), T = (Z4,, + ,X) are two rings, we have f: R(I) » T(J); f(a + bl) = 5a + 5b] is an

AHS-homomorphism because fz: R = T ; fzr(a) = 5a is a homomorphism between R and T.

The previous example shows that AHS-homomorphism is not supposed to be a neutrosophic ring homomorphism
defined in[3] because f(I) = f(0+ 1.I1) = f(0O) + f(1)] =0+ 5/ =5] #J.

It is easy to see that if f: R(I) = T(J) is a neutrosophic AHS-homomorphism then f (R u )) = fr(R) + fr(R)/.
The AH-kernel of f: R(I) — T(J) can be defined as AH — Kerf = Kerf, + Kerfp ]

In the last example we have Kerfr = {0,2,4} thus AH — kerf = Kerfi + Kerfgl= {0, 2, 4, 21, 41, 2+41, 2+21,
4421, 4+41 }.

If Q=Q, + @4/ is an AH-ideal of T(J),then the inverse image of Q is
fHQ = Qo) + fr (@I
Theorem 3.12:

Let R(I), T(J) be two neutrosophic rings and f: R(I)=>T(J) is a neutrosophic ring AHS-homomorphism, let P = P, +
P;I be an AH-ideal of R(I) and Q = Q4 + Q4J be an AH-ideal of T(J), then we have

(a) f(P) is an AH-ideal of f(R(I)).

(b) f~1(Q) is an AH-ideal of R(I).

(c) If P is AHS-ideal of R(I), then f(P) is an AHS-ideal of f(R(])).

(d) AH — kerf = kerfgr + ker fi1 is an AHS-ideal;f5 is the restriction of f on the ring R.
(e) The AH-factor R(I)/kerf is AHS — isomorphic to f(R(I)).

Proof:

(a) Since f can be restricted on R, by Definition 3.10, we can write
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f(P) = fr(Py) + fr(Py)]. Since fr(P;); i € {0,1} is an ideal in f(R), thus f(P) is an AH-ideal in f(R(1)).
(b) Since £71(Q) = f72(Qy) + fr1(QI and f71(Q,); i € {0,1} is an ideal in R so f~1(Q) is an AH-ideal of T(J).
(c) We have Py = Py, so fr(Py) = fz(P;) and f(P) must be an AHS-ideal.

(d) Since kerfy is an ideal of R then AH — kerf = kerfr + kerfgl is an AHS-ideal of R(]).

(e) Since f'is a ring homomorphism, then R /kerfi = f(R) so we get:

R(D)/kerf = R/kerfr + R/kerfp] = fr(R) + fr(R)] = f(R(])).

We mean by the symbol = the concept of AHS-isomorphism introduced in Definition 3.10.

[For more clarity see Examples 3.17 and 3.18].

Definition 3.13:

Let R(I) be a neutrosophic commutative ring and P = Py + P;I be an AH-ideal. Then we say that

(a) P is a weak prime AH-ideal if Py, P; are prime ideals in R.

(b) P is a weak maximal AH-ideal if Py, P; are maximal ideals in R.

(c) P is a weak principal AH-ideal if Py, P; are principal ideals in R.

Definition 3.14:

Let R(I) be a commutative neutrosophicring,we call it a weak principal AH-ring if every AH-ideal is a weak AH-

principal ideal.

Theorem 3.15:

Let R(I), T(J) be two commutative neutrosophic rings with a neutrosophicAHS-homomorphism f: R(I)>T(J) then
If P=P, + P;I is an AHS- ideal of R(I) and AH-Ker f < P# R(I) then

(a) P is a weak prime AHS-ideal if and only if f(P) is a weak prime AHS-ideal in f(R(])).

(b) P is a weak maximal AHS-ideal if and only if f(P) is a weak maximal AHS-ideal in f(R(])).

(c) If Q= Qo + Q4J is an AH-ideal of T(J) then it is a weak prime AH-ideal if and only if f ~1(Q) is a weak prime in
R(D).

(d) If Q =Q, + QJis an AHS-ideal of T(J) then it is a weak maximal AHS-ideal if and only if f~1(Q) is a weak

maximal in R(T).

DOI:10.5281/zen0d0.3759799 78



International Journal of Neutrosophic Science (IINS) Vol 4 No. 2, PP. 72-81, 2020

Proof:

(a) We have AH-Ker f < P so kerfp < Py, kerfzg < P,.We can find

fr(Py) = fr(Py)and both of them are ideals in f(R); thus f(P) = fr(Py) + fr(P,)] is a weak prime AHS-ideal in

f(R(I)) if and only if P is a weak prime AH-ideal in R(I) as a result of theorem 2.2.

(b) Following the same argument, we can get the proof.

(¢) We have that f~2(Q) = fr "(Qo) + fr *(QI, and fr (Qo), fr~*(Qy) are prime in R if and only if Qy, Q; are

prime in T, then the proof holds.

(d) We have £~1(Q) = fr " (Qy) + fr (@1, and fr " (Qo), fr_ *(Q,) are maximal in R if and only if Q,, Q, are

maximal in T by theorem (2.2), thus the proof holds.
Remark 3.16:

It is easy to see that if P is an AH-ideal in R(I) then (a) and (b) are still true.
(¢), (d) are still true if Q is an AHS-ideal.

Example 3.17:

In this example we clarify some of introduced concepts.

Let R(D=Z4(I), Py = {0,2,4}, P, = {0,3} are two ideals in Z, then we have

(a) P=P, + P;1 = {0,2,4 ,2+31,4+31, 31} is an AH-ideal.

(b) Q=P; + P;I ={0,3,3 + 31,31} is an AHS-ideal because P; = P;.

(c) We have: R/Py={P, , 1+P, } and R/P, = {P, ,1+ P, , 2 + P,}; thus the AH-factor

R(D/P={Py+ P, Py+ (1+P)I,Py+ (2+P)I,(1+Py) + P, I, (1+Py) + (1 + P)I, (1+Py) + (2 + P))I }
We shoud remark that Py = Py + 0./ and 0 =0 + 0.L.

(d)We can clarify the addition on the AH-factor R(I)/P as:

[Po+ (A +P)HI+[(A+P)+ 2+ P)IN=[(0+1)+Py] + [(1+2)+P;] 1= (14Py) + (3+Py) I = (1+Py) + P4I.
We can clarify the multiplication on the AH-factor R(I)/P as:

[Po+ (A +P)INX[A+P)+R+PDI]=[(0X1D)+P]+[(A1%x2)+ P ]Il =P+ (2+P)I.

(e) Wecanseethat PN Q = (P, N P) + (P, N P)I = {0} + P,I = {0,31} which it is an AH-ideal.
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HP+Q=(Py+P,)+ (P, +P)I=R+PI={0123453,1+3,2+3I,.... 5+ 313}
Example 3.18:

Suppose that R = (Zg , + ,X), T = (Z;,, + ,X) are two commutative rings, we have f: R(I) » T(J); f(a + bl) =
5a + 5b].

fis a neutrosophicAHS-homomrphism becausefz: R = T ; fz(a) = 5a is a homomorphism.

We have: P = Kerfp = {0,2,4}, fo(R) = {0,5},R/P = f(R) = {0,5},R/P = {P,(1+ P)}.

The AH-factor R(I)/Kerf = R/P + R/P J={ (P +P.I), (P + [I+P])), ([1+P]+P J), ([1+P]+[1+P]J) }
Which is AH-isomomrphic to f(R(I))= fz(R) + fz(R)J = {0,5} + ({0,5})] = {0,5,5/,5 + 5/3}.

Q=P, + P,I = {0,3,3 + 3I,3I}is an AHS-ideal defined in Example 3.17, we have f(Q) = {0,5,5/,5 + 5/}, which is
an AHS-ideal of T(J).

S, = {0,2,4,6,8}is a ideal of T thus S=S, + Sy = {0,2,4,6,8,2],4/,6],8],2 + 2],2 + 4],2 + 6/,2 + 8], 4 + 2], 4 +
4],4 + 8],4 + 6],8 + 2J, 8+4J, 8+6J,8+8J} is an AHS-ideal of T(J).

F1(Se) = {0,2,4} s0 F71(S) = f71(Sy) + frt(So)I = {0,2,4,21, 41,2 + 21,2 + 41,4 + 21,4 + 4I}is an AHS-ideal
of R(I).

Example 3.19:

In the ring R (Z4,+,X) we have two maximal ideals P={0,3}, Q={0,2,4}thus P+QI and Q+PI are two weak
maximal AH-ideals of R(I).

Example 3.20:

(a) In the ring R=(Zg , + ,X) we have only one maximal ideal P={0,2,4,6} so P+PI is a weak maximal AHS-ideal of
R(D).

(b) We have Q ={0,4 } is an ideal in R,\/a: {0,2,4,6}= P thus the AH-root of Q+QI is equal to P+PI.
Example 3.21:

In the ring (Z,+, X) each ideal P is principal thus each AH-ideal S=P+QI is weak principal AH-ideal so Z(I) is a
weak principal AH-ring.

Example 3.22:

(a) In the ring (Z,+, X), P= <3>, Q=<2> are two prime and maximal ideals so P+QI ={3n+2ml; n, m€ Z } is weak

prime AH-ideal and weak maximal AH-ideal.
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(b)The map f: Z — Zg; f(a) = a mod 6 is a homomorphism so the related AH-homomorphism is

fiZ() - Zg()); f(a + bI) = [amod 6] + [bmod6]] and AH-kerf = 6Z + 6ZI is contained in P+QI.

©) f(P+QI =f(P)+f(Q)] =1{0,3}+{0,,2,,4}] which is a weak maximal / prime AH-ideal in Z4(I) since
{0,3 }, {0,2,4} are maximal and prime in Zg,.

(d) Since Q= {0,2,4} is maximal in Z,, P=Q+QJ is a weak maximal / prime AH-ideal of Z,(J) and we find
f71(P) = f.1(Q) + fz.'(Q)] =<2 >+ <2 >I which is a weak maximal/ prime AHS-ideal in Z(1).
Conclusion

In this article we introduced the concepts of AH-ideals and AHS-ideals in a neutrosophic ring. Some related
concepts as weak principal ideal, AH-weak prime ideal and AH-weak maximal ideal are presented with some useful
tools as AHS-homomorphism/isomorphism. We investigated the essential properties of these concepts and proved

many related theorems concerning these properties.
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Abstract

Real humankind problems have different sorts of ambiguity in the creation, and amidst them, one of the significant
issues in solving the integer linear programming issues. In this commitment, the conception of aggregation of ranking
function has been focused on a distinct framework of reference. Here, we build up another framework for neutrosophic
integer programming issues having triangular neutrosophic numbers by using the aggregate ranking function. To
legitimize the proposed technique, scarcely numerical analyses are given to show the viability of the new model. At
long last, conclusions are talked about.

Keywords: Neutrosophic triangular numbers, integer programming, aggregate ranking function.

1.Introduction

Professor Zadeh [1] was originally presented the idea of a fuzzy set theory (in 1965). The idea of fuzziness has a
leading feature to solve efficiently in engineering and statistical problem. Applying the uncertainty theory, plentiful
varieties of realistic problems can be solved, networking problems, decision-making problems, influence on social
science, etc. As aresult, by considering fuzzy parameters in linear programming, fuzzy linear programming is defined.
Accordingly, various researchers have demonstrated their attentiveness to various sorts of fuzzy linear programming
(FLP) issue and proposed a diverse system for dealing with FLP issues. If the parameters and constraints are fuzzy
numbers, then it is called fully fuzzy numbers. A general class of fully FLP (FFLP) was introduced by Buckley and
Featuring [46]. Many authors [2, 30-35, 37] considered issues either fuzzy linear programming implies either just the
right-hand side or the constraints have been fuzzy or simply factors are fuzzy. Fuzzy IP problem is also the main part
of LP problem. Allahviranloo et al. [3] offered a technique for solving IP problems. Fan et al., also [4] offered a
general technique for resolving IP under fuzzy environment. Dehghan et al. [38] proposed practical methodologies to
resolve a fully fuzzy linear system (FFLS) that is proportional to the remarkable systems. Lotfi et al. [39] proposed a
procedure for symmetric triangular fuzzy number, gained another system for dealing with FFLP issues by changing
over two relating LPs. To overcome these obstruction Kumar et al. [36] introduced another system for discovering the

fuzzy ideal arrangement of FFLP issue with uniformity imperatives. After that Edalatpanah [14-15], Das [8-12], Das
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et al. [5-6] have portrayed to deal with the FFLP issue with the assistance of situating limit and lexicographic
methodology. Wan and Dong [42] proposed a new approach for trapezoidal fuzzy linear programming problems
thinking about the acceptance degree of fuzzy constraints violate.

Pertaining the concept of Zadeh’s research paper, Atanassov [40] created phenomenally the intuitionistic fuzzy set
where he meticulously elucidates the concept of membership and nonmembership function. Smarandache [16] in 1998
germinated the notion of having neutrosophic set holding three different fundamental elements (i) truth, (ii)
indeterminate, and (iii) falsity. Each and every attribute of the neutrosophic sets are very relevant factors to our real-
life models. Afterward, Wang et al. [44] progressed with a single typed neutrosophic set, which serves the solution to
any sort of complicated problem in a very efficient way. Neutrosophic hypothesis applied in numerous fields of
sciences, so as to take care of the issues identified with indeterminacy, see [20, 22, 27-28,41, 45, 48-49]. In like
manner, Abdel-Baset [23] added the neutrosophic LP models the place their parameters are tended with trapezoidal
neutrosophic numbers and introduced a method for getting them. Das and Jatindra [43] introduced a strategy for
solving neutrosophic LP problem having triangular neutrosophic numbers by using ranking function. Edalatpanah [13,
21] presented some direct approaches of neutrosophic LP problem having the triangular fuzzy number. Again,
Edalatpanah [17-20] established some aggregate ranking functions for data envelopment analysis (DEA) based on
triangular neutrosophic numbers. Mohamed et al., [47] introduced another score function for neutrosophic integer
programming problems having triangulay neutrosophic numbers. Banerjee and Pramanik [25] added the LP problem
with single objective in neutrosophic number (NN) conditation with the assistance of goal programming. Likewise,
Pramanik and Dey [24] detailed arrangement technique to linear bi-level programming problem in NN condition.
Maiti et al. [26] introduced a strategy for multi-level-multi-objective LP problems by the assistance of goal
programming. Hussian et al. [29] proposed a neutrosophic LP issue using ranking function. A IP issue under
neutrosophic condition having triangular neutrosophic numbers was proposed by Nafei and Nasseri [7].

The motivation of this research paper, to develop an aggregate ranking function and usage of our function in
integer programming (IP) problem. We propose IP problem based on triangular neutrosophic numbers. We likewise
change the neutrosophic IP issue into a crisp IP model through the use of the aggregate ranking function. Any standard
methodologies explain this crisp IP issue.

This research paper is prepared as follows: in the next segment, some fundamental concepts, mathematical operation
on triangular neutrosophic numbers are introduced. In the next following segment, the proposed strategy for solving
the IP problem is examined. Following this segment, the sub-section of Limitation and shortcoming of the existing
method, sub-section of neutrosophic IP is discussed. In the next subsection, we discuss the proposed algorithm for
solving our problem. In segment before determination, a numerical model is given to uncover the viability of the

proposed model. At long last, conclusions are given in the last segment.

2. Preliminaries

Right now, some fundamental concepts and neutrosophic numbers have been examined under this segment.
Definition 1. [16]

Assume § be a space of objectives and s € S . A neutrosophic set N in S may be interpret via three membership

functions for truth, indeterminacy along with falsity and represent by ,OI(S) , ﬂl (S ) and ﬂ,(S) are real standard or
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real nonstandard subsets of ]O_, I [ That is
p,(s):S—> ]0_,1+|:,,31(S) S > ]0",1+[and A,(5):S > ]0_,1+|:. There is no limitation on the sum of
£9), 5,(8) and A4(5), s00” <sup p,(s)+sup S, (s)+sup 4, (s) <3".

Definition 2. [16]

A single-valued neutrosophic set (SVNS) / through S taking the form 1= {S, p,(S), ,BI(S),ﬂ[(S);S ES}, where

S be a space of discourse, p,(s):S — ]0_,1+[,ﬁ1(s) S - ]0",1+[and A,(s):S > ]0_,1+[With

0< ,OI(S) + ,BI(S) -i-/b(S) <3forall s€S. ,OI(S) , ﬂ[ (S ) and %(S) respectively represent truth membership,
indeterminacy membership, and falsity membership degree of s to [ .

Definition3 [43]. A triangular neutrosophic number (TNNs) is signified viaJ =< (»',b%,5°),(a,5,4) > isan
extended version of the three membership functions for the truth, indeterminacy, and falsity of s can be defined

as follows:

A
((bsz bb))a b' <s<b’,
=p
p(9)=1" T
((; _bsz)) a b <s<b’
0 something else
2 p—
((bb2 ;>)§, b' <s<b’,
pio=1" =
(s=)
(b3—b1)57 b’ <s<b’,
1, something else.
1 p—
((bb2 ;)) A, b' <s<b’
4(5) = A, s=b%,
(s=2)
(bs_bz)/i, b’ <s<b’,
1, something else.
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Where,0 < p,(s)+ B,(s)+ 4,(s) < 3,s € I. Additionally, when b >0,1is called a nonnegative TNN.

Similarly, when 5' <0, I becomes a negative TNN.
Definition 5 [19]. Arithmetic Operation

SupposeAI' =< (b',,b%,,b°),(,,8,, 4,) > andAzl =<(b‘z,bzz,b32),(a2,52,/12)>be two TNNs. Then the

mathematical computation will be explained as:

(VA ® A, =< (b +b,,b7 +b°,,0° +b,),(a, Ay, 5,7 8y, A v Ay) >

() A" = 4, =< (B =B, 0% =), b = b)) (a, Ay, 8,7 8y, A Ay) >

(i) A" ® A4, =< (b'b',,b2b%,, b b*)).(a, Ay, 8,7 8y, AV Ay) >, if B> 0,b% >0,

<(AB', A, 20 ), 3, 4) >, if A>0

a4 {<(ﬂb3l,ﬂb2 ) (e, 8,4)>  if A<0

b', b’ b
<b3 b2 bll)al/\az,é‘ /\52,/?1/\/12>(b31>0,b32>0)

A" b, b’ b,
(V)——= <(b3 bz o —L)a, ~na,, 8, A0, 4 /\/12>(b31<0,b32>0)
2

b, b* b
<b—11,b2 b3‘)a1/\a2,5 NO,, A /\/12>(b31<0,b32<0)
2

3. Proposed model

Before going to our main algorithm, first of all, we tend to begin a subsidiary i.e., drawback as well as restriction
of the available method [7]

3.1 Shortcoming and Limitation of the existing method

First of all, we investigate drawback as well as restrictions of an available method [7] under exclusive ranking
function.
Nafei and Nasseri [7] suggested a model for IP problems by utilizing the ranking function. However, the author uses
some scientific presumption to resolve the problem that may be invalid in any case. This has been examined in
Example 3.1 and Example 3.2.

Definition 6: One can examine any two TNNs in response to the ranking functions. Let
V=< (bl,b2 ,b3); a,o,A> be a triangular neutrosophic numbers (TNNs); then

1 3 2
R(IN):#

+la—5-24
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Example3.1 Let IV =< (4,8,10);0.5,0.3,0.6 >and I}’ =< (3,7,11);0.4,0.5,0.6 > then R(I)=7.9

and R(1,")=17.7
Based on definition 5:

IV +1Y =<(7,15,21);0.4,0.5,0.6 > then R(I" + 1) =152

We observe that R(I" + 1) # R(I")+ R(1") .

Here, we observed that the author used an invalid mathematical assumption i.e. ranking function, to solve the problem.
Therefore, we consider an aggregation ranking function, which was defined by Edalatpanah [19].

Definition 7. Let 1" =< (b] ,bz,bS); a,0, A > be atriangular neutrosophic numbers (TNNs); then the aggregation
ranking function is as follows:

(2+ min ¢ —max d —max 4)
9

R(IM) = D (b +b+b)
Example-3.2 Let [V =< (4,8,10);0.5,0.3,0.6 >and I" =<(3,7,11);0.4,0.5,0.6 > then R(I")=3.91
and R(1,")=3.03

Based on definition 5:

(2+0.4-0.5-0.6)
9

IV +1Y =< (7,15,21);0.4,0.5,0.6 > then R(I" + 1) = x(22+21) = 6.94

Hence,
R(]N +IIN) = R(]N) +R([1N).
Here, we observed from the above examples the existing method [7] uses the ranking function is invalid, and
Definition-7 of ranking function is valid. Therefore, we consider the aggregation ranking function to solve integer
programming.
3.2 Neutrosophic IP model
In this section, IP problem with neutrosophic elements are often described as the succeeding :
Max 7 = ; ¢ '/.xj

Subject to (1

X; 20,j=L2,...,n. and it is an integer

where X; is nonnegative neutrosophic triangular numbers and 5]. R dl.j ,b. represented the neutrosophic numbers.
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In our neutrosophic model we choose to maximize the degree of acceptance and limit the degree of rejection and

indeterminacy of the neutrosophic objective function and constraints. Now the model are often typed as follows:

Subject to

max p(x)
min S (x)
min A (x)

)2 4(x)
)2 B(x)
Sp(x)+ﬂ(x)+x1(x)$3
),,[)’(x),/i(x)ZO

x > 0isint eger.

x)=A
x)zp

The problem may be typed for the equal structure as follows:

max o, min o, min A

Subject to

a < p(x)
lzﬂ(x)
52/1(x)
a>A

azo
0<a+d+AL3
x=0.

2)

©)

the place & represents the least degree of acceptance, O represents the largest degree of rejection and A represents

the largest degree of indeterminacy.

Now the model may be turned into the following model:

Subject to

DOI: 10.5281/zen0d0.3767107

max(a@ —o0—A)

a < p(x)
/Izﬂ(x)
52/1(x)
a>A

azo
0<a+o0+A<3

x > 0,isinteger.

4)
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Finally, the model may be typed as:
min(l-a)+d+4

Subject to
a < p(x)
A>p (x)
) (x)
az>l (5)
a=0
0<a+o+A<3
x> 0,isinteger.

4. Proposed method
Here, we propose an algorithm which is solved our problem (1) and the steps are given as:
Step 1. Build the problem as the model (1).
Step 2. Consider b =< bl,bm,br;Th,]h,E, >,C =< cl,cm,c’;TC,]C,Fc > and using Definition 5, the LP

problem (1) can be transformed into problem (6).

Max (or Min)Z = Z(cj.,c;”,c;)xj

J=1

subject to 6)

D@, a5a,5 T, 1, F)x, <60 b3T,, 1, F,), i=1,2,....m.

l 1

x, 20, integer, j=12,...,n.

Step 3. Using arithmetic operations, defined in Section 2 and Definition 7, the problem obtained in Step-2, is converted

into the following crisp IP problem.
; N ! m r
Max (or Min)Z = WZ(cj,cj ,CO)X;
j=1
subject to (7

R (a,,a,,,a,5 7,1, F)x, <SRG, 6"b5T,, 1, F,), i=1,2,....,m.

1

X, >0, integer, j=1,2,...,n.

Step 4. Find the optimal solution x ; by solving the crisp IP problem got in Step-3.
Step 5. Find the optimal value by placing X, in z E]_ X,
j=1
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Step 6. From Step 5, solve the LP problem using the simplex method ignoring integer restrictions. If the obtained
solution satisfies integer restrictions, then Stop, otherwise go to the next step by using Gomory’s cutting plane
algorithm.
Step 7. Add the constraints to the given set of constraints of the problem and solve the modified problem. If its optimal
solution is integral, stop, otherwise repeating the step till an optimal integer solution is obtained.

5. Numerical Example
Here, we consider a case of [7] to represent the model and to quantify the effectiveness of our proposed model, we
tackle a numerical model.

Example-1

max 4x, +3x,

s.t.
lel + sz <12
§xl + éxz <35
x,,x, = 0,1nt eger.
where

4=<(2,4,6);(0.8,0.6,0.4) >

3=<(1,3,5);(0.75,0.5,0.3) >
4 =<(0,4,8);(1,0.0,0.5) >
2=<(1,2,3):(1,0.5,0.5) >

12 =< (5,12,19);(1,0.25,0.25) >
=<(1,3,5);(0.75,0.0,0.25) >
=<(3,5,7);(0.8,0.6,0.4) >

6 =<(1,6,11);(1,0,0) >

3
5

By utilizing the aggregation ranking function proposed in Definition 7 the above issue can be changed over to crisp

model as follows:

max 2.4x, +1.95x,
s.t.
3.33x,+1.3x, <6
2.5x, +6x,<3
x,,x, 2 0,1integer
By following the steps introduced in the last segment, the optimal solution integer programming problem of
the above problem is X, =1, X, =0 and the objective solutionis Z =2.4.

6. Conclusions

DOI: 10.5281/zen0d0.3767107 89



International Journal of Neutrosophic Science (IINS) Vol 4, No. 2, PP. 82-92, 2020

In this investigation, we present the neutrosophic IP and suggest a novel model to tackle it. In view of the present
ranking function of triangular neutrosophic, numbers are not valid, therefore a aggregation ranking function was
adopted for solving the problem. A new algorithm, the use of these ranking functions, is introduced to gain the
effectivity of IP problems. For calculating the integer programming, we use Gomory’s cutting plane algorithm.

At long last, we utilize a numerical application to delineate the common sense and legitimacy of the proposed strategy.
Also, the weaknesses of the current calculations are brought up and to show the benefits of the proposed calculations.

At long last, from the acquired outcomes, it tends to be presumed that the model is proficient and advantageous.

Funding: “This research received no external funding”

Conflicts of Interest: “The authors declare no conflict of interest.”

References

[1] L. A. Zadeh, Fuzzy Sets, Inf.and Cont.8, pp.338-353, 1965.

[2] N. Mahdavi-Amiri, S.H. Nasseri, Duality in fuzzy number linear programming by use of a certain linear ranking
function, Appl.Math.Comp.180, pp.206-216, 2006.

[3] T. Allahviranloo, KH. Shamsolkotabi, N. A. Kiani and L. Alizadeh, Fuzzy integer linear programming problems,
Int. J. Contemp. Math. Sciences, 2, pp.167 -181, 2007.

[4] Y. R. Fan,G. H. Huang, K. Huang, L. Jin, and M. Q. Suo, A generalized fuzzy integer programming approach for
environment management under uncertainty, Mathematical Problems in engineering, pp.1-17, 2014.

[5] S. Das, T. Mandal, S. A. Edalatpanah, A mathematical model for solving fully fuzzy linear programming
problem with trapezoidal fuzzy numbers, Applied Intelligence, 46, pp.509-519, 2016.

[6] S. Das, T. Mandal, S.A. Edalatpanah, A new method for solving linear fractional programming problem with
absolute functions, International Journal of Operation Research, 36, pp.455-466, 2019.

[7] A. H. Nafei, S.H. Nasseri, A new approach for solving neutrosophic integer programming problems, International
Journal of Applied Operational Research, 9, pp.1-9, 2019.

[8] S. Das, T. Mandal, Diptiranjan Behera, A new approach for solving fully fuzzy linear programming problem,
International Journal of Mathematics in Operational Research, 15(3), pp.296-309, 2019.

[9] S. K. Das, T. Mandal, & S. A. Edalatpanah, Erratum to: A mathematical model for solving fully fuzzy linear
programming problem with trapezoidal fuzzy numbers. Applied Intelligence, 46(3), pp.520-520, 2017.

[10] S. K. Das, T. Mandal, A new model for solving fuzzy linear fractional programming problem with ranking
function. Journal of applied research on industrial engineering, 4(2), pp.89-96, 2017.

[11] S. K. Das, T. Mandal, A MOLFP Method for Solving Linear Fractional Programming under Fuzzy Environment.
International Journal of Research in Industrial Engineering, 6(3), pp.202-213, 2017.

[12]S. K. Das, Modified method for solving fully fuzzy linear programming problem with triangular fuzzy numbers.
International Journal of Research in Industrial Engineering, 6(4), pp.293-311, 2017.

[13] S. A. Edalatpanah, A nonlinear approach for neutrosophic linear programming. Journal of Applied Research on
Industrial Engineering, 6(4), pp.367-373,2019.

[14] S. H. Najafi, S. A. Edalatpanah ,A note on “A new method for solving fully fuzzy linear programming problems”.
Applied mathematical modelling, 37(14-15), pp.7865-7867, 2013.

[15] S. H. Najafi, S. A. Edalatpanah, & H. Dutta, A nonlinear model for fully fuzzy linear programming with fully
unrestricted variables and parameters. Alexandria engineering journal, 55(3), pp.2589-2595, 2016.

[16] F. Smarandache, A unifying field in logics: Neutrosophic logic. neutrosophy, neutrosophic set, neutrosophic
probability: Neutrosophic logic: neutrosophy, neutrosophic set, neutrosophic probability. Infinite Study,
2003.

[17] S .A. Edalatpanah, Neutrosophic perspective on DEA. Journal of Applied Research on Industrial Engineering,
5(4), pp.339-345, 2018.

DOI: 10.5281/zen0d0.3767107 90



International Journal of Neutrosophic Science (IINS) Vol 4, No. 2, PP. 82-92, 2020

[18] S. A. Edalatpanah & F. Smarandache, Data envelopment analysis for simplified neutrosophic sets. Neutrosophic
Sets and Systems, 29, pp.215-226, 2019.

[19] S. A. Edalatpanah, Data envelopment analysis based on triangular neutrosophic numbers. CAAI Transactions on
Intelligence Technology, 2020, Article DOI: 10.1049/trit.2020.0016.

[20] S. A. Edalatpanah, Neutrosophic structured element, Experty System, 2020, Article DOI: 10.1111/exsy.12542 .

[21] S. A. Edalatpanah, A Direct Model for Triangular Neutrosophic Linear Programming, International Journal of
Neutrosophic Science, 1(1), pp.15-24, 2020.

[22] W. Yang, L. Cai, S, A. Edalatpanah, F. Smarandache, Triangular single valued neutrosophic data envelopment
analysis: application to hospital performance measurement. Symmetry 2020, 12, 588.

[23] M. Abdel-Basset, M. Gunasekaran, M. Mohamed, F. Smarandache, A novel method for solving the fully
neutrosophic linear programming problems. Neural Computi and Applications, 31(5), pp.1595-1605, 2019.

[24]S. Pramanik, S., & P.P., Dey, Bi-level linear programming problem with neutrosophic numbers. Neutrosophic
Sets and Systems, 12, pp.110-121, 2018

[25] D. Banerjee, & S. Pramanik, Single-objective linear goal programming problem with neutrosophic numbers.
Infinite Study,2018.

[26] I. Maiti, T. Mandal , S. Pramanik, Neutrosophic goal programming strategy for multi-level multi-objective linear
programming problem. J Ambient Intell Humaniz Comput. 2019, Article DOI: 10.1007/s12652-019-01482-
0

[27] S. Pramanik, & P.P., Dey, Multi-level linear programming problem with neutrosophic numbers: A goal
programming strategy. Neutrosophic Sets & Systems, 29, pp.242-254, 2019.

[28] J.Ye, Neutrosophic number linear programming method and its application under neutrosophic number
environments, Soft Computing, 22, pp.4639-4646, 2018.

[29] A. H. Hussian, M. Mohamed, M. Abdel-Baset and F. Smarandache, Neutrosophic Linear programming Problem,
Mathematical Sciences Letters, 6, pp.1-5, 2017.

[30] H.J. Zimmerman, Fuzzy programming and linear programming with several objective Functions, Fuzzy Sets Syst.
1, pp.45-55, 1978.

[31] L.Campos, J.L.Verdegay, Linear programming problems and ranking of fuzzy numbers, Fuzzy Sets Syst. 32,
pp-1-11, 1989.

[32] H. Rommelfanger, R. Hanuscheck, J. Wolf , Linear programming with fuzzy objective, Fuzzy Sets Syst. 29,pp.31-
48, 1989.

[33] J. M. Cadenas, J. L. Verdegay, Using fuzzy numbers in linear programming, system.Man.Cybernetics.PartB:
Cybernetics.IEEE Transactions on . 27,pp.1016-1022, 1997.

[34] J.J. Buckley, T. Feuring, Evolutionary algorithm solution to fuzzy problems: Fuzzy linear programming, Fuzzy
Sets Syst. 109,pp.35-53, 2000.

[35] I.Ramik, M. Vlach, Fuzzy mathematical programming: a unified approach based on fuzzy relation.Fuzzy Optim.
Decis. Mak. 1,pp.335-346, 2002.

[36] A.Kumar, J. Kaur , P. Singh, A new method for solving fully fuzzy linear programming problems, Appl. Math.
Modell. 35, pp.817-823, 2011.

[37] S. A. Edalatpanah, & S. Shahabi. A new two-phase method for the fuzzy primal simplex algorithm. International
Review of Pure and Applied Mathematics 8, pp.157-164, 2012.

[38] M. Dehghan, B. Hashemi, M. Ghatee, Computational methods for solving fully fuzzy linear systems, Appl. Math.
Comput. 179, pp.328-343, 2006.

[39] F.H. Lotfi, T. Allahviranloo, M.A. Jondabeha, L. Alizadeh, Solving a fully fuzzy linear programming using
lexicography method and fuzzy approximate solution, Appl. Math. Modell. 33, pp.3151-3156, 2009.

[40] K. T. Atanassov, Intuitionistic fuzzy sets, Fuzzy sets, 20,87-96, 1986.

[41] S. Broumi, A. Dey, M. Talea, A. Bakali, F. Smarandache, D. Nagarajan, R. Kumar, Shortest path problem
using Bellman algorithm under neutrosophic environment. Complex & Intelligent Systems, 5(4), 409-416,
20109.

DOI: 10.5281/zen0d0.3767107 91



International Journal of Neutrosophic Science (IINS) Vol 4, No. 2, PP. 82-92, 2020

[42] SP.Wan, JY. Dong, Possibility linear programming with trapezoidal fuzzy numbers. Appl Math Model, 38,
pp.1660-1672, 2014.

[43] S. Das, J. K. Dash , Modified solution for Neutrosophic Linear Programming Problems with mixed constraints.
International ~ Journal of Research in  Industrial  Engineering, 2020, Article DOI:
10.22105/riej.2020.224198.1127

[44] H. Wang, F. Smarandache, YQ Zhang, R. Sunderraman, Single valued neutrosophic sets, Multispace and
Multistruct,4, pp.410-413, 2010.

[45] M. Abdel-Basset, I. M. Hezam, F. Smarandache, Neutrosophic goal programming, Neutrosophic Sets and
Systems, 11, pp.25-34.

[46] J.J. Buckley, T. Feuring, Evolutionary algorithm solution to fuzzy problems: fuzzy linear programming, Fuzzy
Sets and Systems, 109, pp.35-53, 2000.

[47] M. Mohamed, M. Abdel-Baset, A.N.H. Zaied and F. Smarandache, Neutrosophic Integer programming Problem,
Neutrosophic Sets and Systems 15, pp. 3-7, 2017.

[48] A. Chakraborty, A new score function of pentagonal neutrosophic number and its application in networking
problem, International Journal of Neutrosophic Sciences, 1, pp.40-51, 2020.

[49] S. Broumi, M.Talea, A. Bakali, F. Smarandache, D.Nagarajan, M. Lathamaheswari and M.Parimala, Shortest
path problem in fuzzy, intuitionistic fuzzy and neutrosophic environment: an overview, Complex &
Intelligent Systems, 5, pp.371-378, 2019, https://doi.org/10.1007/s40747-019-0098-z.

DOI: 10.5281/zen0d0.3767107 92



International Journal of Neutrosophic Science (IINS) V0l 4, No. 2, PP. 93-103, 2020

A STUDY OF NEUTROSOPHIC CUBIC MN SUBALGEBRA

Mohsin Khalid', Neha Andaleeb Khalid?
'Dept. of Mathematics and Statistics, The University of Lahore, Lahore, Pakistan

Dept. of Mathematics, Lahore Collage For Women University, Lahore, Pakistan
mk4605107@gmail.com
nehakhalid97@gmail.com

Abstract

In this paper, we present the new kind of MN-subalgebra for neutrosophic cubic set which is called neutrosophic cubic
MN-subalgebra where M represents the initial of author’s first name Mohsin and N represents the initial of second
author’s first name Neha. We investigate this neutrosophic cubic MN-subalgebra on BF-algebra through some
significant properties of BF-algebra. We also use R-intersection, p-intersection, p-union upper bound, lower bound
and some important characteristics to study the behaviour of neutrosophic cubic MN-subalgebra [NCMNSU] on BF-
algebra.

Keywords: BF-algebra, Neutrosophic cubic set, Neutrosophic cubic MN-subalgebra.
1. Introduction

Fuzzy and interval-valued fuzzy sets were prsented by Zadeh [20,21] Jun et al. [3,4] defined the cubic set and proved
the axioms for cubic subgroups. Neggers and Kim [7] defined and investigated the B-algebra. Ahn and Ko [9] studied
the structure of BF-algebra. Walendziak [19] proved the conditions of B-algebra. Senapati et al. [13] worked on fuzzy
dot subalgebra and interval-valued fuzzy subalgebra with respect to t-norm in B-algebra.[14,6] many researches
worked on B-algebra and BG-algebra. Khalid et al. [15] studied the neutrosophic soft cubic subalgebra with different
characteristics. Khalid et al. [16] studied the effects of magnification of translation for MBJ-neutrosophic set. Khalid
et al. [17] investigated the T-ideal under the MBJ-neutrosophic on B-algebra. Khalid et al. [18] presented the
multiplication of neutrosophic cubic set. Smarandache [11,12] is the first person who presented the theory of
neutrosophy set which invloveed indeterminacy. Jun et al. [5] introduced neutrosophic cubic set. Senapati et al. [22]
studied the cubic subalgebras and cubic closed ideals in detailed on B-algebra.

The purpose of this paper is to introduce the idea of neutrosophic cubic MN-subalgebra. We investigate many results
to study the neutrosophic cubic MN-subalgebra in detailed way by using different concepts like p-intersection, R-
intersection and many others.

2. Preliminaries
In this section, some basic definitions are presented that are necessary for this paper.

Definition 2.1 [19] A nonempty set X with a constant 0 and a binary operation * is called BF—algebra, when it fulfills
these conditions for all t,,t, € X.
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l.t;*xt; =0
2.5,x0=1¢
3.0 % (t; xty) =t, *t, forall t,t, € X
A BF-algebra is denoted by (X,*,0).
Definition 2.2 [9] A nonempty subset S of BF-algebra X is called a subalgebra of X, if t; *t, ESV t,t, €S.

Definition 2.4 [9] A mapping f : X = Y of BF-algebra is called homomorphism if f (t; * t,) = f (t;) * f (t;) V t, t,
eX.

Definition 2.4 [21] Let X be the set of elements which are denoted generally by t,. Then a fuzzy set C in X is defined
as C = {< ty,vc(ty) > |t; € X}, where vc(t,) is called the membership value of t; in C and v¢(t;) € [0,1]. For a
family C; = {< ty,v¢;(t;) > [t; € X} of fuzzy sets in X, where i € U and U is index set, they defined the join (V) meet
(A) operations as:

Vieu G = (Viey V) (t1) = supfvg,|i € U}
and

Aieu Ci = (Ajey V¢;) (t1) = inf{vg,|i € U}
respectively, V t; € X.

The finding of supremum and infimum between two intervals is not simple. Biswas [2] explained a procedure to find
max/sup and min/inf between two intervals or a set of intervals.

Definition 2.5 [2] Let two elements P, P, € P[0,1]. If P, =[(t)1,(t})f] and P, =[(t;)3,(t)3], then
rmax(P;, P,) = [max((t,)7, (t;)37), max ((t;)7, (t;)3)] which is denoted by P, V'P, and rmin(P,P,) =
[min((t;)7, (t;)7), min((t;)7, (t;)3)] which is denoted by P; A" P,. Thus, if P, = [((t;)1)i, ((t1)2)*] € P[0,1] for
i =123, .., then we define rsup;(R) = [sup;(((t)1)5 ), sup; (((E))D], i e VI B = [V (67 Vs (8)1)F]- In
the same way we define rinf;(R) = [inf;(((t,),)7), infi(((t)1))], i€, AT B = [A; (€))7 A ((8)1)i']. Now we
call P, = P, & (t;)7 = (ty)7 and (t;)7 = (t;)7. Similarly the relations P, < P, and P, = P, are defined.

Definition 2.6 [1] A fuzzy set C = {< ty, uc(t,;) > |t; € X} is called a fuzzy subalgebra of X if vq(t; *t,) =
min{ve(ty), ve(t)} Ve, y €X

Jun et al. [5], defined and investigated neutrosophic cubic set.

Definition 2.7 [5] Let X be a nonempty set. A neutrosophic cubic set in X is pair C = (X,S) where X =
{(ty; Re(ty), R;(ty), Ry (t1)) |t, € X} is an interval neutrosophic set in X and S = {(t;; Sg(t;), S;(t;), Sn(t1)) |t; € X}
is a neutrosophic set in X.

Definition 2.8 [5] For any C; = (X;, S;), where &; = {(t;; Rig(t;), Rj; (t1), ®in (€))t; € X}, S; = {{t5; Sig(t1), Su(tr),
Sin(t1)) |t; € X} for i € u, P-union, P-inersection, R-union and R-intersection are defined respectively by

P-union Up C; = (U X;, V §;), P-intersection Np C; = (N X;, A S)),
1€eu 1€u 1€eu 1€eu

i€u ieu
R-union Ui C; = (U X;, A S;), R-intersection: N C; = (N R, V S;), where
1€eu 1€u 1€eu 1€eu

i€u i€u
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Uieu 8 = {{ts; (Uieu Rig) (t1), (View Rin) (t1), (View Rin) (t))t; € X3,
Vieu Si = {{ts; (Vieu Sie) (t1)View Si) (t1), (View Sin) (t2))|t; € X3,
Nieu Vi = {{ts; (Nieu Rip) (t1), (Niew Rin) (t1), (Niew Rin) (L))t1 € X},
Aieu Si = {{ts; (Nieu Sie) (t1), (Miew Sin) (1), (Aiew Sin) (0t € X}

Definition 2.9 [22] Let C = {(t, X(t;), S(t;))} be a cubic set, where X(t;) is an interval-valued fuzzy set in X, S(t;)
is a fuzzy set in X. Then C is cubic subalgebra with following axioms:

Cl: R(ty * t,) = rmin{R(t,), 8(t,)},

C2: S(ty *t,) < max{S(t;),S(t,)}Vt,t, €EX

3. NEUTROSOPHIC CUBIC MN-SUBALGEBRAS

Definition 3.1 Let R = (X, S) be a cubic set, where X is subalgebra. Then R is NCMNSU under binary operation * if
it satisfies the following conditions:

Rp(ty * tp) = rmin{Rg(t,), Xg(t2)},
(N1) R;(ty * t) < rmax{¥,(t,), R;(t)},

Ry (t; * t;) < rmax{Ry (&), Ry ()}

Sg(ty * t;) < max{Sg(t,), Sp(t,)},
(N2) S1(ty = t) < min{S;(¢1), 5,(t,)},
Sn (& * £5) = min{Sy (¢,), Sy(t2)}-

Where E means existenceship/membership value, I means indeterminacy existenceship/membership value and N
means non existenceship/membership value.

Example 3.1 Let X = {0, t;, t,, t3, t,, ts} be a BF-algebra with the following Cayley table.

x 0 t, t, ts t, ts
0 0 ts ty ts t; t
t ty 0 ts t, ts t,
t, t, t 0 ts t, ts
ts t3 t, t 0 ts ty
t, t, ts t, t 0 ts
ts ts t, ts t, t, 0

A neutrosophic cubic set R = (Xg, Sg) of X is defined by
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Rg | [0.2,0.4] [ [0.1,0.4] | [0.2,0.4] [ [0.1,0.4] | [0.2,0.4] | [0.1,0.4]

8, | [0.7,0.9] | [0.6,0.87][0.7,0.9] | [0.6,0.8] | [0.7,0.9] | [0.6,0.8]

Ry | [0.3,0.2][10.2,0.17]70.3,0.2] [ [0.2,0.17 | [0.3,0.2] | [0.2,0.1]

0 t, t, t3 ty ts
Sg 0.1 0.3 0.1 0.3 0.1 0.3
S 0.3 0.5 0.3 0.5 0.3 0.5
Sn 0.5 0.6 0.5 0.6 0.5 0.6

All the conditions of Definition 3.1 are satisfied by the set R. Thus R = (Xg, Sg) is a NCMNSU of X.

Proposition 3.1 Let R = {{t;, Xz(t;), Sz(t;))} is a NCMNSU of X, then V t; € X, Rg(t;) = Rg(0), ¥;(ty) <
R;(0), Ry(ty) < Ry(0) andSg(t;) < Sg(0), Si(ty) = 51(0), Sn(t;) = Sy(0). Thus, Ng;n(0) and Sg;n(0) are the
upper bound and lower bound of Rg | y(t;) and Sg 5 (t;) respectively.

Proof. V t; € X, we have RXy(0) = Rg(t; *t;) = rmin{Rg(t,), Xg(t;)} = Re(t;) = Re(0) = Re(ty), ¥ (0) =
Ry(ty * ty) < rmax{R(ty), ¥;(t)} = K;(ty) = ¥ (0) < Ry(ty), Vy(0) = Wy (ty *ty) < rmax{Ry(ty), Ry(ty)} =
Rn(ty) = Ryn(0) < Ry(ty) and Sg(0) = Sg(ty * t;) < max{Sg(ty), Sg(ty1)} = Sg(ty) = Sg(0) < Sg(ty), S;(0) =
Si(ty * t;) = min{S;(ty), S;(t)} = Si(ty) = S;(0) = 51(ty), Sn(0) = Sy (ty * t1) = min{Sy(ty), Sn(t1)} = Sn(ty)
= Sn(0) = Sy(ty).

Theorem 3.1 Let R={(t;, Rz(t,), Sz(t;))} be a NCMNSU of X. If there exists a sequence {(t;),} of X such that
lim,_,,R=z((t1)n) = [1,1] and lim,_,,,Sz((t;)n) = 0. Then Xz (0) = [1,1] and Sz(0) = 0.

Proof. Using above proposition, N;(0) = Rg(t)) Vt; € X, ~ R(0) = Rg((t,),) forn € Z*. Consider, [1,1] = Rz (0)
> lim, L, Ng((t;)n) = [1,1]. So, X (0) = [1,1], ®;(0) < X;(t;) Vt; €X, = X (0) = R;((ty)y) forn € Z*. Consider,
[11] < R;(0) < limy oo Ry ((t1)n) = [1,1]. So, ®;(0) = [L,1], Ry(0) < ¥y(ty) V t; €X, = Ry (0) < Ry((ty)n) for
n € Z*. Consider, [1,1] < Ry(0) < lim_,Xy((t1)n) = [1,1]. So, Ny(0) = [1,1]. Hence, 8z(0) = [1,1]. Again,
using proposition, Sg(0) < Sg(ty) V t; €X, ~ Sg(0) < Sg((ty),) for n€Z*. Consider, 0<Sg(0) <
lim,_,,,Sg((t;)n) = 0. So, Sg(0) = 0, using proposition, S;(0) = S;(t;) V t; € X, =~ S;(0) = S;((t,),) for n € Z+.
Consider, 0 = S;(0) = lim,_,,,S;((t;)n) = 0. So, S;(0) = 0, using proposition, Sy(0) = Sy(t;) Vt; € X, ~ Sy(0) =
Sn((ty)y) forn € Z*. Consider, 0 = Sy (0) = lim,_,,,Sy((t1),) = 0. So, Sy(0) = 0. Hence, Sz(0) = 0.

Theorem 3.2 The R-intersection of any set of neutrosophic cubic MN-sunalgebra of X is NCMNSU of X.

Proof. Let R; = {(t;, (R)z, (5)=)|t; € X} where i € k, is family of sets of NCMNSU of X and t,,t, € X. Then (N
(Rpe)(ty * t) = rinf(R;)g(t; * tz) = rinf {rmin{(R;)g (t,), (R (t2)}} = rmin{rinf(R;)g (), rinf(R)g(t2)} =
rmin{(N (R)g) (t1), (N Re)(tz)} = (N (Re)(ty * tz) = rmin{(N (Ri)g) (t1), (N Ri)e) (t2)} (N (R (ty * t;)
= rinf(R;);(t; * t;) < rinflrmax{(R;);(t,), (R;);(t2)}} = rmax{rinf(R;);(t,), rinf(R;);(t2)} = rmax{(n (R;)(ty),
(N (R ()} = (N R (L * tz) < rmax{(N (R;)p) (t1), (0 R ()} (N0 R)n) (ty * tp) = rinf(R;)n(t; * ;)
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< rinf{rmax{(X;)n (t1), (Ri)n(tz)}} = rmax{rinf(R;)y (t,), rinf(R;)y (t;)} = rmax{(n R)n) (t,), (N RN (t2)}
= (N ®)n) (g * ) < rmax{(N (R)n) (1), (N R (t2)} and (V (S)e) (ty * t;) = sup (S)g(ty * t2) < sup {
max{(S;)g (t1), (Sg(tz)}} = max {sup (Sp)g(t1), sup (S)g(tz)} = max {(V (S))(t1), (V (Se)(t2)} = (V (S)r)
(t; * tz) < max {(V ($)g) (t1), (V (SD)e) (t2)} (V (S0 (s * tz) = sup (Spi(ty * t;) = sup {min {(S;);(t1), (S)i(
t;)}} = min {sup (5;);(t1), sup (S;):1(tz)} = min {(V (S))(t1), (V S)D(t2)} = (V (S (ty * t;) = min {(V (§;
D (), (V S ()} (V (SNt * ) = sup (Sn(t; * t2) < sup {min {(S)n(t1), (Sn(t2)}} = min {sup(S;)n
(t1), sup(Spn(tz)} = min{(V (Spn) (t1), (V (Sn) (t2)} = (V (Sn) (tr * tz) < min{(V (S)n) (1), (V (SN (t2)}
which show that R-intersection of R; is NCMNSU of X.

Theorem 3.3 Let R; = {(t;, (X))=z, (5;)=)|t; € X} be a collection of sets of NCMNSU of X, where i € k. If
inf {max {(S)g(t1), (S)e(t)}} = max {inf (S;)g(t1), inf (Sp)g(t1)}, inf {min {(S;)1(t,), (S1(t1)}} = min {inf (S;);
(ty), inf(S;)(t)}, inf{min{(S;)n(t1), (Sp)n (t1)}} = min{inf(S;)n (t1), inf(S;)n(t1)} V t; € X, then the P-intersection
of R, is also a NCMNSU of X.

Proof. Suppose that R; = {(t;, (X;)=, (5))=)|t; € X} where i € k, be a collection of sets of NCMNSU of X such that
inf {max {(S;)g(t1), (S)e(t1)}} = max {inf (§;)g(t,), inf (S;)g (t,)}, inf {min {(S;)1(t1), (S)1(t1)}} = min {inf (S),
(t1), inf(S;);(t,)}, inf {min {(S;)n(t1), (S)Hn(t1)}} = min {inf(S;)n (t,), Inf(S;)n(t)}}} V t; € X Now forty, t, € X.
Then (N (Ry)g)(ty * tp) = rinf(R;)g(ty * ty) = rinf{rmin{(R;)g (t;), (R (t2)}} = rmin{rinf(R;) (t,), rinf(R;)g(
t2)} = rmin{(N (R;)g)(t1), (N (R)e)(t2)} = (N R (ty * tp) = rmin{(N (R;)e) (t1), (N R (t2)} (N ®)D(
ty *ty) = rinf(R;);(t; * t;) < rinf{rmax{(R;);(t,), (R;)1(t)}} = rmax{rinf(R;);(t,), rinf(R;);(t2)} = rmax{(n
R (t), (0 R)D(t2)} = (N R (t * tz) < rmax{(N (X)) (tr), (N R (E2)} (N Ridn) (t; * ty)=rinf (R))y)
(ty * )< rinf{rmax{(¥;)n (t1), (Ri)n (t2)}} = rmax{rinf(R;)y (t,), rinf(R;)n (t2)} = rmax{(n (R;)n) (t,), (N (¥;
I (E2)} = (0 Ry (ty * t5) < rmax{(N (Rpn) (t1), (0 R)n)(t2)} and (A (Se)(ty * tp) = inf (S (ty * ;) <
inf {max {(S;)e(t1), (SDe(t2)}} = max {inf (S;)g(t,), inf (§)r(t2)} = max {(A (S (t1), (A (S)e)(t2)} = (AS;
JE(ty * tz) < max {(A (§)e)(t1), (A (SDe)(t2)} (A (St * tp) = inf (511 (ty * tp) = inf {min{(S;); (t1), (S
)i(t2)}} = min {inf (§;);(t,), inf (§;);(t2)} = min {(A (1) (t1), (A (SDD(t2)} = (A (S (ty * t5) = min {(A (5
D (E), (A (S ()} (A (SN (g * t5) = inf (§)n(t; * tz) = inf {min{(S;)n(t,), (Sn(t2)}} = min {inf (S;)n(ty
), inf(Si)n (t2)} = min{(A (S)n) (1), (A SN (£2)} = (A (S)n) (ty * t5) = min{(A (S)n) (t1), (A (S)n) (82}
Which show that P-intersection of R; is NCMNSU of X.

Theorem 3.4 Let R; = {(t;, (X))=z, (5)=z)|t; € X} where i € k, be a collection of sets of NCMNSU of X. If
rsup{rmin{(X;)g (t;), (R)e(t;)}} = rmin{rsup(R;)g(t,), rsup(X;)g(t;)}, rsup{rmax {(X;);(t,), (R;);(t;)}} = rma
x {rsup(R;); (t,), rsup(R;); (t2)}, rsup{rmax {(¥;)n (t1), (Rp)n(t2)}} = rmax {rsup(¥;)n(t,), rsup(Ry)n(tz)}, and
sup {max {(S;)g(t1), (S)e(t2)}} = max {sup (Sp)g(ts), sup (Se(t2)}, sup {min {(S;);(t1), (S)i(t2)}} = min{sup(
Spi(t1), sup(Si(tz)} sup{min{(S;)n(t1), (Sn(t2)}} = min{sup(S;)n(t1), sup(Sn(tz)} V ty,t; € X. Then P-
union of R; is NCMNSU of X.

Proof. Let R; = {(t;, ()=, (S))=)|t; € X} wherei € k, be a collection of sets of NCMNSU of X. V t;, t, € X, we have
some conditions mentioned in theorem. Then for t;,t, €X. (U (Rj)p)(t; *ty) = rsup(R)g(ty *ty) =
rsup{rmin{(X;)g (t;), (R;)g (tz)}} = rmin{rsup(R;)g(t,), rsup(R)g(tz)} = rmin{(U (R;)g)(t1), (U (R)e)(t2)} =
(U (R)e)(ty * t5) = rmin{(U (R)g)(t1), (U (R)e)(t2)} (U (Ri)) (ty * t5) = rsup(R;);(ty * t;) < rsup{rmax{(¥;
D1(ty), (Rp)i(t2)}3} = rmax{rsup(R;);(t;), rsup(R;);(tz)} = rmax{(U (X)) (ty), (U R (t2)} = (U R (ty * L,
) < rmax{(U (R;)p)(t1), (U (R (t2)} (U (Ri)n) (ty * t2) = rsup(R;)n(t; * tz) < rsup{rmax{(¥;)n(t,), (R)n(t;

)3} = rmax{rsup(R;)y (t1), rsup(R;)n (tz)} = rmax{(V (Ri)n) (t1), (U Ri)n)(t2)} = (U (Ri)n) (b * tp) < rmax{
(U Rn)(t1), (U (Rn)(t2)}, and (V (S)p)(ty * t5) = sup (Spg(ty * t;) < sup {max {(S)g(t1), (S)e(t2)}} =
max {sup (§;)g(t,), sup (S))g(tz)} = max {(V (S)e)(ts), (V S)e)(t2)} = (V (S)p) (ty * t2) < max {(V (S)e) (44
), (V (S)p) ()} (V (S (b * t2) = sup (S)i(ty * tz) = sup {min {(5);(t,), (S)i1(t2)}} = min {sup (5));(t,),sup
(Si1(t2)} = min {(V (S (t1), (V (S (t2)} = (V (S (ty * tz) = min {(V (S (t1), (V (S (t2)} (V (Sn)(
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ty *ty) = sup (§)n(ty * tz) = sup {min {(S;)n(t1), (S)n(t2)}} = min {sup (S;)n(t1), sup (Sin(tz)} = min {(V
S (), (V S (t2)} = (v Sw) (b * t5) = min{(V (S)n) (ty), (V (Si)n)(t2)}, which show that P-union of R;
is NCMNSU of X.

Theorem 3.5 If neutrosophic cubic set R = (Ng, Sg) of X is subalgebra, then V t; € X, Rg(0 * t;) = Xg(t;), ¥;(0 *
t;) < Ry(ty), Ny (0 *t;) < Ny(ty) and Sg(0 * t;) < Sg(ty), (0 * t;) = Sp(ty), Sy(0 * t;) = Sy(ty).

Proof. V t; € X, Rg(0 * t;) = rmin{Rz(0), Rg(t;)} = rmin{Rg(t; * t;), Rg(t;)} = rmin{rmin{R;(t,), R (t;)}, X
(t1)} = Rg(ty), ¥;(0 * ty) < rmax{R;(0), ¥;(t;)} = rmax{¥;(t; * ty), ¥;(t;)} < rmax{rmax{¥,(t,), ¥;(t;)}, ¥;(ty
)} = Ri(ty), ¥y (0 * t;) < rmax{Ry(0), ¥y (t;)} = rmax{Ry (t; = t;), Ry(t;)} < rmax{rmax{Ry(t,), Xn(t;) }, Ry
(t1)} = Ry(ty) and now V t; € X, Sg(0 * t;) < max{Sg(0), Sg(t;)} = max {Sg(t; * t;), Sg(t;)} < max {max{Sg(
t;), Sg(t1)}, Sg(t)} = S(ty), S1(0 * t1) = min{5;(0), S;(t;)} = min {S;(t; * t;), S;(t1)} = min {min {5;(t,), S;(t;
)} Si(t1)} = Si(ty), Sn(0 * t;) = min{Sy(0), Sy (t1)} = min {Sy(t; * t;), Sx(t1)} = min {min {Sy(ty), Sn(t,)}, Sy
(t1)} = Sn(ty)

Theorem 3.6 If netrosophic cubic set R = (Xg, Sg) of X is subalgebra then R(t; *t,) = R(t; * (0% (0 +t,))) V
t,t, €X.

Proof. Let X be a BF-algebra and t,,t, € X. Then we know by ([13] Proposition 2.5) that t, = 0 * (0 * t,). Hence,
Re(ty *ty) = Rg(ty * (0% (0% t3))) and Sg(ty *t;) = Sg(ty * (0 * (0% ty))). Therefore, Rz(ty *t;) = Rz(ty *
(0% (0 %t3))).

Theorem 3.7 If netrosophic cubic set R = (Xz, Sz) of X is subalgebra then X;(0) = rmin{Rg(t,), Xg(t;}), ¥;(0) <
rmax {X;(tz), X;(t;)}, Ry (0) < rmax {Ry(t;), ¥y (ty)}, and Sg(0) < max {Sg(t,), Se(ty)}, S1(0) = min {§;(t,), S;
(t1)} Sn(0) = min{Sy(tz), Sn(t)} V ity t; €X.

Proof. Here we use the ([13] Proposition 2.5) and above Proposition, now for t;,t, € X Xg(0) = Rg(t; *xt;) =
rmax{Rg (t;), Xg(t;)} = rmin {Rg(0 * (0 * t;)), Rg(0 * (0 * t;))} = rmin {Rg (0 * (0 * t;)), R (0 * (0 + t,))} =
rminRg(t;), X (t)},8;(0) = Ry (t; * t;) < rmax {¥;(t,), ®;(t;)} = rmax {K;(0 = (0 * t,)), ¥; (0 * (0 * t;))} =
rmax{X;(0 (0 * t;)), ¥;(0 * (0 * t;))} = rmax{¥;(tz), ¥;(t,)}, Rn(0) = Ry (t; * t;) < rmax{Ry(ty), ¥n(t1)} =
rmax{Ry (0 * (0 * t;)), Rn(0 * (0 * t;))} = rmax{Ry (0 * (0 * t;)), Ry (0 * (0 * t;))} = rmax{Ry(t,), ¥n(t;)}-
Now,  Sg(0) = Sg(t; *t;) < max{Sg(ty), Se(t1)} = max{Sg(0 * (0 * t,)), Sg(0 * (0 * t;))} = max{Sg(0 * (0
t2)), Sg(0 * (0 * t1))} = max{Sg(tz), Se(t1)},5:(0) = Sy(ty * t;) = min {S;(t;), S;(t;)} = min {5;(0 * (0 * t,)),
S1(0 % (0% t;))} = min {5;(0 * (0 * t5)), S;(0 * (0 * 1))} = min {§;(t2), S;(t1)}, Sy(0) = Sn(ty * t;) = min {Sy
(t1), Sn(ty)} = min {Sy(0 * (0 * t;)), Sy (0 * (0 * t;))} = min {Sy(0 * (0 * t3)), SN(0 * (0 * t;))} = min {Sy(t,),
Sn(t)}

Theorem 3.8 If neutrosophic cubic set R = (Xgz, Sz) of X is NCMNSU, then V t;,t, € X, Rz(t; * (0% t,)) =
rmin{Rz (t,), Rz (tz)} and Sg(t; * (0 * t;)) < max{Sg(t;), Sz(t2)}-

Proof. Here we use above Proposition for proof. Let t,,t, € X. Then we have NE(tl * (0 * tz)) >
rmin{Rg (t;), Xg (0 * t;)} = rmin{Rg(t;), Re(t;) LRty * (0 * t3)) < rmax{R;(t;), ¥;(0 * t;)} < rmax{¥;(t,), ¥;(
t2)}, Ry (ty * (0% t5)) < rmax{Ry (t;), Ry (0 * t)} < rmax{Ry(t;), Ry(tz)} and S (t; * (0 * t,)) < max {Sg(ty),

Sg(0 * t5)} < max {Sg(t1), Sg(tz)} Si(ty * (0 * t3)) = min {S;(ty), $;(0 * t)} = min {§;(ty), S;(tz)} Sn(ty * (0
t3)) = min{Sy(t;), Sn(0 * t;)} = min{Sy (t,), Sn(t2)}.

Theorem 3.9 If a neutrosophic cubic set R = (X, Sg) of X satisfies the following conditions, then R refers to a
NCMNSU of X:
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L Rg(0*ty) = Rg(ty), Ri(0*ty) < Rp(ty), Ry(0x1t;) < NVy(ty) and Sg(0 *t;) < Sg(ty), S;(0*ty) = Si(ty),
Sy(0% ;) = Sx(ty) V t; € X.

2. Rg(ty * (0 %ty)) = rmin{Re(t,), Re(ty)} Rty * (0 t5)) < rmax{R;(ty), ¥;(t;)}, ¥y (ty * (0 * t,)) < rmax{
Ry (t1), Ry (t2)} and Sg(ty * (0 * t,)) < max{Sg(ty), Sg(tz)} Si(ty * (0 * t;)) = min{S;(t;), S;(t;)}, Sn(t; * (0 *
t2)) = min{Sy(t;), Sn(t2)} V by, t; €X.

Proof. Assume that the neutrosophic cubic set R = (X, Sz) of X satisfies the both axioms above. Then by lemma, we
have 8g(t; * t;) = Rg(t; * (0% (0% t3))) = rmin{Rg(t;), Rg(0 * t;)} = rmin{Rg(t;), Rg(t2)}, Ri(t; * t3) = ¥y(

ty * (0% (0% t3))) < rmax {X;(ty), ¥;(0 * t5)} < rmax {X;(ty), ¥;(tz)} ¥y (tg *tp) = Ry(ty * (0% (0 % t3))) <
rmax{Ry(t,), Xy (0 * t;)} < rmax{Ry(t,), ¥n(t2)}, and Sg(t; * t;) = Sg(ty * (0% (0 * t;))) < max{Sg(t,), Sg(0 *
t;)} < max{Sg(ty), Sg(tz)} Si(ty *tz) = Si(ty * (0* (0 xt3))) = min{S;(ty),S5;(0 *tz)} = min{S,(t,), S;(tz)}
Sn(ty *t3) = Sn(ty * (0% (0 *t3))) = min{Sy(t;),Sn(0 * t5)} = min{Sy(t,), Sn(t2)} V t1,t, € X. Hence, R is
NCMNSU of X.

Theorem 3.10 A neutrosophic cubic set R = (Xz, Sz) of X is NCMNSU of X < Kz-, Rz+ and Sz are fuzzy subalgebra
of X.

Proof. Let Xz, R'" 'z and Sg are fuzzy subalgebra of X and t;,t, € X. Then Ng(t; *t,) = min{Xg(t,), 85 (t)},
i (ty * t5) < max{Ry (t,), Ky (t2)}, Ny (t; * t5) < max{Ry(t;), Ry (t)},RE (4 * ) = min{RE (t,), Rg (t5)}, 87 (ty
* ;) < max{Ri (t,), Ry (tz)}, Rty *t,) < max{¥{(t,), R{(t2)}, and Sg(t; *t,) < max{Sg(t,), Sp(t2)}, Si(ty *
t,) = min{S;(t,), S;(tz)}, Sn(ty * tz) = min{Sy(t,), Sn(t2)}. Now,Rg(ty *t;) = [Ng(t; * t;), RE(t; * t;)] =[min
{Rg (t1), Rg (t2)}, min{XR{ (t,), Rg (t2)}] = rmin{[Rg (t,), RE (£2)], [R (t1), RE (82)]} = rmin{Re(t,), Re(tz)}, Ry (ty *
tp) = [Ny (ty * t2), R (&g * £)] < [max {87 (t), 8y (tz)}, max {¥f (t1), ¥{ (t2)}] < rmax{[R} (t,), R ()], [y (t,)
SR (E2)]} = rmax {8 (ty), ®y(tz)} Ry (ty * tp) = [Ry(ty * t3), Ry (t; * )] < [max {Ry(ty), Ry (tz)}, max{Ry (t,),
R (t2)}] < rmax{[Ry (ty), 8 (t)], [Ry (t1), R (£)]} = rmax{Ry(t,), ¥x(t;)}. Therefore, R is NCMNSU of X.
Conversely, assume that R is a NCMNSU of X. For any t;,t, € X, {Ng(t; * t,), Nf(t; * t,)} = Np(t; *t,) =
rmin{Rg (t;), Rg (tz)} = rmin{[Rg (t1), RE (6], [Rg (t2), 8 (£2)]} = [min{RE (t1), Rg (£2)}, min{R (t,), RE(t2)3],
N7 (b * ), R (&g * t5)] = Ry (b * t5) < rmax{R;(ty), ®;(tz)} = rmax{[Ry (t,), 8 (t)], [Ry (t2), R (tz)]} =[max
{R7 (£, Ry (t2)}, max {K{ (t;), Rf (t2)3], [Ry(ty * t2), R{(Ey * t5)] = Ry (t; * t5) < rmax{Ry(t;), Ry (tz)} = rmax
{IRN (1), RY(E)], [Ry(t2), R (62)]} =[max{Ry (t1), Ry (t2)}, max{®y (t1), Ry (t2)}]. Thus, Rg (t; * t;) = min {Kz(
t1), Rz () LR7 (b * t) < max{Ry (t,), Ry (6) LR85 (t; * t5) < max{Ry(t;), Ry (t)},RE (8, * t,) = min {83 (t,), K3
() 18] (4 * t5) < max{Ry (ty), 8] (t2) 18§ (t; * t5) < max{R{(t;), R§(t,)}, and S (t; * t;) < max {Sg(t,), Sg(t,
)}, Si(ty * t5) = min{S;(t;), S;(t2)}, Sn(ty * t;) = min{Sy(t,), Sy(tz)}. Hence X%, Xz and Sz are fuzzy subalgebra
of X.

Theorem 3.11 Let R = (Xz, Sz) be a NCMNSU of X and n € Z*(the set of positive integer). Then 1. Rg(7"t; * t;)
> Np(ty) forn € 0. 2. R (7", *t;) < Xy(ty) for n € 0. 3. Ry (7t *t;) < Ry(t;) forn € 0. 4. S (7"t *t;) <
Np(t)) forn € 0. 5. S;(7"t; *t;) = R;(t;) forn € 0. 6. S (T"t, * t;) = Xy (ty) forn € O. 7. Rz (7"t * t;) = Nz (t;)
forn € E. 8. Sg(7"t; * t;) = Rz (ty) forn € E.

Proof. Let t; € X and n is odd. Then n = 2q — 1 for some positive integer q. We prove the theorem by induction.

Now Ng(t; *t;) = Rg(0) = Rg(ty), Ry(ty *t1) = 8 (0) < Ry(ty), Ry(ty * t;) = Ry (0) < Ry(ty) and Sg(ty *ty) =
Sg(0) < Sg(ty), Si(ty*t;) =S;(0) = Si(ty), Sn(ty*t;) =Sy(0) = Sy(t;). Suppose that Ng(7297't; xt;) =
Re(ty), Ri(T297 My *t) < Ry(ty), Ry (72971 #t;) < Ry(ty) and Sp(7297t; * t)) < Sp(ty), Si(7P97 'ty *ty) =
Si(ty), Sy(72971t, * t;) = Sy(t;). Then by assumption, R (72@FD=1t, « t,) = R (72971, = t;) = Rg (72971, * (t; *
(ty *11))) = Rp(T2971y * ty) = Ry (ty), (T2, 1)) = R (TP *ty) = R(P29My = (4 * (4 * 1)) =
Rp(72971y + 1) < Rp(ty), Ry (TP, 1) =Ry (T2 # 1) = Ry (72971 * (b * (t * ) = Ry(7297Mt, *
t1) < Ry(ty) and Sg(T2 @D~y £,)=85 (7297t * £,) =Sp(T297, * (ty * (ty * 1,))) =Sp(797't; * t;) < Sg(ty),
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SI(TAAD T x £)=S;(T29* ty % t;) = Sy(T297 My * (ty * (tg * 1)) = S;(TP47y * ty) = Sy(ty), Sy(TPE@FD e, *
t)=SN (129 g % t1) = SN(T297 Mty * (£ * (£ * t;))) = Sy(T297't; *t;) = Sy(ty), which prove (1),(2),(3),(4).(5)
and (6), similarly we can prove the remaining cases (7) and (8).

Note: The sets denoted by Iy_ and Is_ are also subalgebras of X, which are defined as: Iy, ={t; € X[Rz(t;) = 8z(0)},
Isz={t; € X|Sg(t;) = Sg(0)}

Theorem 3.12 Let R = (Xg, Sg) be a NCMNSU of X. Then the sets Iy, and g are subalgebras of X.

Proof. Let t;, t, € Iy,. Then Rg(t;) = Xgz(0) = Rg(t;) and Rg(t; *t;) = rmin{¥z(t,), Rz(t,)} = Rz(0). By using
Proposition 2.3, we know that Xz (t; * t;) = 83(0) or equivalently t; * t, € Iy.

Let t,t; € Iy,. Then Sg(t;) = Sg(0) = Sz(t;) and Sg(t; * t;) < max {Sg(t;),Sz(t;)} =Sz(0). Again by using
Proposition 2.3, we know that Sg(t; * t;) = Sg(0) or equivalently t; xt, € Ix.. Hence the sets I+ and Ig_ are

subalgebras of X.
Theorem 3.13 Let B be a nonempty subset of X and R = (RXz, Sg) be a neutrosophic cubic set of X defined by

[z, Kg,], ift; €B

[@z,, @=,] otherwise,

Wz, lftl €B
oz, otherwise

(1]

Rz (ty) = { ,Sr(ty) = {
V [kg,, Kz, .[@z,, 9=,] € D[0,1] and wg, @z € [0,1] with [kg , Kg,] = [@g,, @E,] [, K1,] < [@r,, @1,], [Ny, KN, ]
< [@n,, ¥n,], and wg < Qg, w; = @, wy = @y. Then R is a NCMNSU of X < B is a subalgebra of X. Moreover,
IRE:B:ISE'

Proof. Let R be a NCMNSU of X and t,t, € X such that t;,t, € B. Then Rg(t; * t,) = rmin{Rz(t,), Xg(t;)} =
rmin{[xg,, Kg, |, [Kg,, K, |} = [Kg,, kg, |, Ri(ty * t5) < rmax{¥;(t), R;(t;)} = rmax{[x;,, xy, ], [wq,, 1,1} = [k, %5, ]
s Ry (tg * t5) < rmax{Ry(ty), Ry (tz)} = rmax{[xy,, Ky, |, [kn,, ®n, 1} = [Kn,, Ky, ] and Sg(t; * t;) < max {Sg(t;), Sg
(t2)} = max {wg, wg} = wg, S;(t; * t;) = min{S;(t,), S;(tz)} = min {wy, w;} = w;, Sy(ty * t;) = min {Sy(ty), Sn(
t,)} = min{wy, wy} = wy,- Therefore t; * t, € B. Hence, B is a subalgebra of X. Conversely, suppose that B is a
subalgebra of X and t,, t, € X. Consider two cases.

Case 1: If t;, t, € Bthent; * t, € B, thus Rg(t; * t;) = [Kg,, Kg,| = rmin{Rg (t,), Rp(tz)}, Ri(t; * t5) =[x, x,] =
rmax{R;(t,), R;(t2)}, Ry (b * t5) = [y, Ky, ] = rmax {¥y(t;), Ry (tz)}, and Sg(t; * t,) = wg = max {Sg(t), Sg(
tz)} Si(ty * tz) = wp = min{S;(t,), S;(t2)}, Sn(ty * tz) = wy = min{Sy(t,), Sn(t2)}-

Case 2: If t; € B or t, € B, then Rp(t; *t;) = [@g,, @p,] = rmin{Rg(t;), Re(tx)}, Ri(ty *t;) < [, @] =
rmax{R;(t,), R;(t2)}, Ry (b * ) < [On,, Pn,] = rmin{Ry(t;), Ry(tz)}, and Sg(t; * t,) < eg = max {Sg(ty), Sg(
t2)}, Si(ty * ty) = o = min{S;(ty), S;(t2)}, Sn(ty * ty) = @ = min{Sy(t;), Sy (t2)}. Hence R is a NCMNSU of X.
Now, Iy ={t; € X,Rz(t;) = Rz(0)}={t; € X, Rg(t;) = [Kg,, kg, ]} = B, and Is;= {t; € X,Sz(t;) =Sz(0)}={t; €X,
Sg(ty) = wz}=B.

Theorem 3.14 Let R = (Xg, Sg) be a neutrosophic cubic set of X. For [sg , sg, ], [S1,, 51,1, [Sn,, Sn,] € D[0,1] and
tg,, by, ty, € [0,1], the set Uz |([sg,, Sk, 1, [S1,, S1,), [Snys Sn, 1)) ={t1 € XIRE(ty) = [Sg,, Sg, ] Ri(ty) < [s1,, 51, ], Ry
(t) < [le,sNz]} is called upper ([sEl,sEz], [sll,slz], [le,sNz])-level of R and L(Sal(tgl,tll,tNl)) ={t, €
X[Sg(ty) < tg,, Si(t1) = t;,, Sn(ty) = ty, } is called lower (tg,, t;, ty,)-level of R. If R = (R, Sg) is NCMNSU of
X, then the upper [sz

g, Sz, ]-level and lower tg, -level of R are subalgebras of X.
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Proof. Let t;, t, € U(Nz|[sg,,Sz,]). Then Rg(t;) = [sg,, Sg,] and Rg(t;) = [Sg,, Sg,]. It follows that Rg(t; * t;) =
rmin{Rg (t,), Xg(t2)} = [sg,,Sz,] = t; * t; € URg|[Sg,, S, 1), Ri(ty) < [sy,,s1,] and Ri(t;) < [sq,, sy, ]. It follows
that X;(t; * t;) < rmax{¥;(t,), ¥;(tz)} < [s1,,s1,] = t; *t; € UR|[sy,, s, 1), ¥n(ty) < [Sny,Sn,] and Ry (ty) <
[Snys SN, ]- It follows that Ny (t; * t;) < rmax{Xy(t;), Ry(tz)} < [Sn,,Sn,] = ty *t; € URy|[sn,,Sn,]). Hence,
U(Nz|[sg,, Sz,] is a subalgebra of X. Let ty, t, € L(Sg|tg,). Then Sg(t;) < tg, and Sg(t;) < tg,. It follows that Sg(t; *
t;) < max{Sg(ty),Sg(tz)} < tg, = t; *t; € L(Sgltg,), Si(ty) = t;, and S;(t;) = t;,. It follows that S;(t; *t;) =
min{S;(t;),S;(t)} =t;, = t;*xt; € L(S5ty,), Sn(ty) =ty, and Sy(ty) =ty,. It follows that Sy(t; *t;) =
min{Sy(t;), Sn(tz)} = ty, = t; * t; € L(Sy|ty,), Hence L(Sg|tg, ) is a subalgebra of X.

Theorem 3.15 Let R = (Xz, Sz) is NCMNSU of X. Then &([sz,, sz, ]; tz,) = U(Rz|[sz,, sz,]) N L(Szltz, )= {t; €
XIRg(t1) = [sg,, Sg, ] Ri(ty) < [s1,,51,] Ru(ty) < [sny 5w, Se(ty) < tg,, Si(ty) = tr, Sn(ty) = ty, } is a subalge-
bra of X.

Proof. This theorem can be proved by using Theorem 3.14. The converse of Theorem 3.15 is not valid, for which we
present the example.

Example 3.2 Let X = {0, ¢, t,, t5, ty, ts} be a BF-algebra used in above example and R = (¥z, Sz) is a neutrosophic
cubic set defined by

0 t; t, ts ty ts
Ry [0.50.7] | [0.6,0.7] | [0.6,0.7] | [0.2,0.3] | [0.4,0.5] | [0.4,0.5]
X, [0.4,0.6] | [0.50.6] | [0.50.6] | [0.50.7] | [0.4,0.4] | [0.4,0.8]
R [0.3,0.5] | [0.3,0.6] | [0.3,0.6] | [0.3,0.6] | [0.2,0.3] | [0.2,0.3]
0 t; t, ts ty ts
Sy 0.2 0.4 0.4 0.6 0.4 0.6
S, 0.3 0.5 0.5 0.7 0.5 0.7
Sk 0.4 0.6 0.6 0.8 0.6 0.8

Now N([Sal, SEZ]; t51) = U(Nal [S:‘

Hl,SEZ]) N L(Ss|t51) ={t; € XIR(t;)) = [STleTl]’ Sr(t) <t} =1{0,8, 63N

{0,¢t,,t5,t3} ={0,t;,t5} is a subalgebra of X, similarly we can find this for indterminate and non membership
elelments. But R = (X5, Sz) is not a neutrosophic cubic subalgebra, since R, (t; * t,) = [0.2,0.3] £ [0.4,0.5] =
rmin{R.(t)), Ry (ty)}, R, (¢, * t,) = [0.4,0.8] £ [0.4,0.6] = rmax{X,(t,), ¥,;(t,)}, similarly we can find this for non
membership elelment and A;(a, * a,) = 0.6 £ 0.4 = max{Ar(a,), Ar(a,)}, similarly we can find this for

indeterminate and non membership elelments.
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4. CONCLUSION

In this paper, neutrosophic cubic MN-subalgebra was introduced and its few helpful results and new characteristics
were studied. The investigation of this new sort of subalgebra will help analysts to apply this subalgebra on various
algebras. We are recommending some ideas like multiplication, and cartesian product to apply this work.
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Abstract

In this study, we introduce the notion of special neutrosophic functions as new kinds of neutrosophic function
defined in a neutrosophic logic. As particular cases, we present the notions of neutrosophic Floor (greatest integer),
neutrosophic Absolute Function and neutrosophic Signum Function. Moreover, we draw its neutrosophic graph
representation and discuss similarities and differences for these special neutrosophic functions between the classic
case and neutrosophic case. We investigate some properties and prove them. However, we often need the definition
of absolute value function, especially in the metric space. Therefore, we introduce its initial definition in this study.

Keywords: Neutrosophic relation, Neutrosophic function, Neutrosophic derivative, Neutrosophic integral
Neutrosophic representation.

1. Introduction

In our life, there is three main types of logic. The first one is the classical logic which has two values, ‘true or
false’, ‘0 or 1°. The second one is the fuzzy logic which was first introduced by Dr. Lotfi Zadeh in 1960s. It has more
than two values. This means that it has more than ‘true or false’ because they are considered simple in this type of
logic. With fuzzy logic, propositions can be represented with degrees of truth and falseness [1, 2, 3]. The final type of
logic is the neutrosophic logic which is an extension of the fuzzy logic in which indeterminacy | is included taking

into consideration ( |"=nl =1,VneN ) [4, 5]. This idea has inspired a lot of researchers and opened up a wide
range of scientific research in many ways.

Due to the importance of calculus, Florentin Smarandache presented the basic of Neutrosophic Pre-calculus and

Neutrosophic Calculus, which studies the neutrosophic functions [6, 7]. A neutrosophic Function Nf :D——>R
is a function, which has some indeterminacy, with respect to its domain of definition, to its range, or to the relation
that connect between elements in D with elements in R .Especially; he also defined the neutrosophic exponential
function and neutrosophic logarithmic function.

The idea of the perception of pentagonal neutrosophic number from different aspects and the score function in
pentagonal neutrosophic domain was introduced in [8,9]. Additionally, in [10,11,12,13,14,15,16] the single
neutrosophic value and its properties of different kinds have been identified. Moreover, a lot of algebraic neutrosophic
structures have been identified, such as neutrosophic R-modules [17,18] and also in the area of neutrosophic
topological space [19,20].
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2.Preliminary

In this section, we present the basic definitions that are useful in this research.
2.1 Neutrosophic Subset Relation[6]:

A Neutrosophic Subset Relation 3, between two sets A and B , is a set of ordered pairs of the form

(A’,B') ,where A" isasubsetof A ,and B' asubsetof B ,with some indeterminacy. A neutrosophic relation

/3, besides sure ordered pairs (A "B ') that 100% belong to /3, can also contain potential ordered pairs (A”, B ")
, where A" isasubsetof A, and B” asubsetof B, which may be possible to belong to /3, but it is unknown
in what degree, or that partially belong to  with the neutrosophic value (T N ,F) where T means degree of
appurtenance to /3, I means degree of indeterminate appurtenance, and F means degree of non-appurtenance.
2.2 Neutrosophic Functions[6]:

A Neutrosophic Function is a neutrosophic relation in which the vertical line test does not necessarily work.

However, in this case, the neutrosophic function coincides with the neutrosophic relation. Generally, a neutrosophic
function is a function that has some indeterminacy [with respect to one or more of its formula, domain, or range].

Example [6]: Let’s we have f :{1,2,3} — {a,b,C,d} is a neutrosophic function defined as:

f (1)=a, f (2)=b, but f (3)=cor d [we are not sure], so we can writef (3)=1 . If we consider a

neutrosophic diagram representation of this neutrosophic function, we have:

Fig (1)

The color arrows mean that we are not sure if the element 3 is connected to the element C , or if 3 is connected
to d . Similarly, for a graph representation:

A

e .

T .

bp------- .
1 2 3

Fig(2)
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This example can be rephrased in another way, that 3 is connected with d only partially, let’s say (3, d )<O.6 02, 05)

which means that 60% the 3 is connected with d , 20% . It is not clear whether it is connected or unconnected, and

50% the 3 is not connected with d . The sum of components 0.6 +0.2+0.5=1.3 is more than 1 because the

three sources providing information about connection, indeterminacy, non-connection respectively are independent
and use different criteria of evaluation.

As we see, this neutrosophic function is neither a function nor a relation in the classical case.
Example: [6] Let’s consider h:R —R a different type of neutrosophic function defined as:

Vx eR,h(x)e [2, 3], so we can write h (X ) =1 . Therefore, we just know that this function is bounded by the
horizontal lines y=2 and y=3.

Fig (3)
We can modify h (X )and get a constant neutrosophic function (or thick function): 1 :R — P (R ) defined

as: Vx €R,l(x)=[2,3] where P (R) is the set of all subsets of R .
For example, is the vertical segment of line [2, 3].

3 y=3
i (x)
2 y=2 .
—
Fig (4)

Example:[6] A  non-constant  neutrosophic  thick  function: Kk :R —)P(R) defined as:

vx €R,k (x)=[2x,2x +1] whose neutrosophic representation is:
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v

=
N____________

Fig (5)
2.3 Neutrosophic Derivative[6] :

The general definition of the neutrosophic derivative of function f (X ) is:

[inff (X +h)—inff (X ),supf (X +h)—supf (X )]

f,g(x)zLiLrg n
Example: Let's f :R >R u{l} a neutrosophic function defined as: f [X + 2X, X J then :
[(x +h)2+2(x +h)—x?-2x,(x +h)3—x3}
fy (X )=lim
h—0 h
e (x +h)2+2(x +h)-x?-2x . (x +h)3—x3
{m h m h

d d
:[d—x(x2+2x),d—xx3}

=[ 2x +2,3x* |
Example: Let T : R—)Ru{l} a neutrosophic function defined as: f ( ):3X —X2l  then:
f’\;(x):!]lnng(X—'_h) fN( )
3(x +h x+h 3x —x 2l
:Iim[ ( ) - ] [ ]
h—0 h
=|hmgh-(3—2x| “M) 3 ax1 —0-1 =3-2x]

2.4 Neutrosophic Integral [7]
Using the neutrosophic measure, we will define a neutrosophic integral. The neutrosophic integral of a function

Nf s written as: I(X Nf )dv
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Where X is a neutrosophic measure space, and also the integral is taken with respect to the neutrosophic measure
V . Indeterminacy related to integration can occur in various ways: with respect to the value of the integrated function,
with respect to the lower or upper limit of integration, or with respect to the space and its measure.

Example: Let f :R —> R u{l } a neutrosophic function defined as: f (X ) =2x3 +(X 2 +3)| then :

F(x):j[4x3+(x2+3)l Jdx
:J.4x *dx +.[[(x2+3)l Jox

X3
=x*+2-1 +3xl +c

Integration neutrosophic Constant
c=a+bl :a,b eR

3. The Special Neutrosophic Functions:
3.1 Piecewise function:

A Neutrosophic piecewise Function is a piecewise function that has some indeterminacy [with respect to one or
more of: its domain, formula, or range].

The Neutrosophic piecewise function is may not be a classical function in general. However, we can say when
indeterminacy doesn’t exist we will be back the classical case again.

Example: Let’s consider a neutrosophic piecewise function which has indeterminacy with respect to its domain:
x 2 |x e{-11}

[2,3] |x ==1 or 1

Its clear that is f,(—1)=f, (1) =1 andf (1)=[2,3]

As in the classical way we can draw the neutrosophic graph:
A

4

f(x)=x?

v

Fig (6)

-1
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Example: Let’s consider a neutrosophic piecewise function, which has indeterminacy with respect to its formula:

[2x +1,6x] |x #0
fZ(X):{[l,e,) X =0

Itsclearthat f,(x)=1:x 20 and f,(0)=[13)

As in the classical way, we can draw the neutrosophic graph:

/

1/

A

o

S,

v

Fig (7)
Example: Let’s consider a neutrosophic piecewise function, which has indeterminacy with respect to its range:

L |x #5
fS(X): X -5

2 or 4 |x =5

Its clear that f,(5)=1 and fs(x):i:x #5

As in the classical way, we can draw the neutrosophic graph:

Fig (8) N\
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3.2 Signum function:

A Neutrosophic signum Function (N sgn ) is a signum function which has some indeterminacy [with respect
to one or more of: its domain, formula, or range] in two ways as follows:
1:x>0 and | =0
DN sgn(x +1)=<0:x =0 and | #0

-1:x<0 and | =0

1:x >0
2)N sgn(x )=<0+1:x =0
-1:x <0
The indeterminacy here is suitable to the problem conditions.

A Neutrosophic signum Function may be continuous at (0) due to the indeterminacy in contrary to the classical case.

Example: Let’s consider a neutrosophic signum function, which has indeterminacy with respect to its domain:

1:x>3 and | =0
N sgn(x =3+21)=<0:x=3 and | #0
-1:x <3 and | =0

As in the classical way, we can draw the neutrosophic graph:

Fig (9)

From the graph, we notice that the Neutrosophic signum function is continuous at 3 in the contrary to the
classical case, and when there is no indeterminacy the green color will fade. Therefore, we will go back to the
classical case.
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Example: Let’s consider a neutrosophic signum function which has indeterminacy with respect to its formula and

range:

1:x >5

N sgn(x +2)=40+1 :x =—2+1

-1:x <=3

As in the classical way we can draw the neutrosophic graph:

5

a4

3

A

v

Fig(10)

Notice what the indeterminacy has made in the graph. It becomes like a spectrum around zero.

3.3 Neutrosophic Absolute Function

A Neutrosophic Absolute Function (Nabs ) is an Absolute Function which has some indeterminacy [with
respect to one or more of: its domain, formula, or range] in three ways as follows:

X :Xx >0 and

I =0

I)Nabs (x +1)=<0+1:x =0 and | #0

—X X <0 and
X:Xx>0
2)Nabs (x )=10+1:x =0
—X X <0
X+1:x>0
3)Nabs (x +1)=10+1:x =0
X +1:x <0
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Properties:

I)Nabs (x +1)=abs (x )+

2)Nabs (0+1)=abs (0)+1 =

3)Nabs (x +1)+1 =abs (x )+2I Nabs (x +1)

4)Nabs (x +y +1)<Nabs(x +1)+Nabs(y +1)
proof :
Nabs (x +y +1)=abs(x +y )+
<abs (x )+abs (y )+
=abs (x )+ 1 +abs (y )+1
=Nabs (x +1)+Nabs(y +1)

5)Nabs (X +1 )=y +I

=abs (x )+1 =y +I

=abs (x )=y +I :{x:yﬂ
X ==y +I

Example: Let’s consider a neutrosophic Absolute function which has indeterminacy with respect to its domain:

X:Xx>0 and | =0
Nabs (x +31 )=<0+1:x =0 and | #0

—X:Xx<0 and 1 =0

Fig (11)
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Example: Let’s consider a neutrosophic Absolute function which has indeterminacy with respect to its formula, and
range:

X—=2:X>4
Nabs (x —2)=40+1 :x €[1,4]
2—-Xx:x <1

As in the classical way, we can draw the neutrosophic graph:

A

v

-3 -2 -1 0 1 2 3 4 5 6 7

Fig (12)

3.4 Neutrosophic Floor (greatest integer) Function

A Neutrosophic Floor (greatest integer) (Nfloor[] ) is a floor (greatest integer) that has some indeterminacy
[with respect to one or more of: its domain, formula, or range] in two ways as follows:

-1 :-1<x+1 <0
DNfloor[x +1]=50 :0<x +1 <1

1 :1<x+1<2

As in the classical way, we can draw the neutrosophic graph:
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pr

Here we can say that there is no difference between the neutrosophic case and the classical case.

2)Nfloor[x [=<0+1

As in the classical way, we can draw the neutrosophic graph:

-1+1 :=-1<x <0
0<x <1

1+1 :1<x <2

A

4

3

A

-4

Fig (13)

Fig (14)
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Properties:

DNfloor[x +1J=[x]J+1 =x +a+1 :0<a<l
2)Vn eN (I)
Nfloor[n+I1J=[n]+1

=n+1

3)Nfloor[[x +y +1]>Nfloor[x +1]+Nfloor[y +17]
proof :
Nfloor[x +y +1 =[x +yJ+I

x]+0yT+1

=[xXJ+1+[yJ+1

= Nfloor[x + 1]+ Nfloor[y +11]

4)vn eN (I)

Nfloor[x +n+1]=Nfloor[x +1]+n

proof :

Nfloor[x +n+1]=[x +n]+I
=[xJ]+n+lI
=[xJ+1+n

=Nfloor[[x +1]+n

4. Conclusions

In this research, we firstly obtained new kinds of neutrosophic functions and focused on the Neutrosophic
representation and proved some properties. In addition, we showed that the neutrosophic functions is not a function
in the classical case, but in some especial cases there were an coincidence between the neutrosophic case and the

classical case.

5. Future Research Directions

As a future work, this article can be extended to include continuity and derivation and integration as well as the

definition and applications of the Neutrosophic Cartesian.
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Abstract

In this article, the main objective was to examine the articulation mechanism of the guiding principles of evidentiary
law, the backbone of the criminal procedure directed at judges so as not to make inexcusable mistakes. A new theory
called reasoned equivalence based on numerical neutrosophics by considering each evidentiary principle <A> along
with its opposite or negation <Anti-A> and the spectrum of neutralities <Neut-A>. The data collection techniques
responded to participant observation and the Delphi technique, after having gathered the opinion of 60 collaborating
criminal lawyers about the problem through the exercise of the profession. The construction of the instrument fell to
an observation guide. The results gave the judicial practice a marked formative value, by establishing relationships
between the content of the evidence and the development of oral litigation techniques aimed at the promotion and
evacuation of evidence to contribute to a certain criminal process, the evidence necessary to that the judge can come
to the knowledge and conviction of the procedural truth of the facts.

Keywords: Criminal; equivalence reasoned; evidence; method; neutrosophic numbers; process

1. Introduction

Proving in its broadest and most contemporary expression tautologically means convincing the judge about the
certainty of the existence of an event. Besides, it is constituting a legitimate and open reaffirmation of the probationary
right. In most criminal cases it is affirmed that proof is the verification of something; the truth about a fact. Criminal
evidence is the circumstances submitted to the judge for his judgment. Therefore, it shows the veracity of what is
alleged about the facts in a trial [1], [2].

It is very important to deepen the knowledge of what concerns the presentation of evidence in a criminal procedure.
The function of the test, in general terms, supports: (...) the obtaining of the truth (...). The material truth of the facts
would reside in total knowledge of them by the judge [3]. That said, the emphasis should be put especially in the
interrogation, including recognition of places, people, or things as well as proof of judicial inspection, since this gives
validity to the criminal process. Therefore, it is necessary that the criminal procedures meet impermissible minimum
requirements and it is not illegitimate to avoid the nullity of the act or the whole process. As a consequence, it would
make it very difficult for the Judge to arrive at the truth of the facts; the purpose that pursues all investigation in the
criminal process [4], [5], [6]-

Any consideration that can be made regarding the subject under study is relatively complex given the needs that
currently arise when accessing justice, therefore some factors must be overcome to have effective, transparent justice
and expeditiously, and thus, fulfill the mission that all legal professionals have, the defenders, prosecutors of the Public
Prosecutor's Office, criminal lawyers in practice and officials of the Judicial Power [7].
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Next, the considerations after the transformation of the object of study, the following variables arise in
chronological order: (i) the statement of the accused; (ii) the interrogation or examination; (iii) cross-examination or
contrary-examination; (iv) the test of judicial inspection ex-ante ocular inspection; (v) the recognition of people,
things, places and; (vi) the proof evaluation system.

The investigation motivates us to recognize the absolute independence of the Administration of Justice. It requires
that the power of attorney exercise the power on itself, without the interference of another power that displays
unlimited faculties on the justice operator, much more if this same organism who designates it, appoints and swears
it, to finally sanction it disciplinary way proceeding for “inexcusable error” considered in Article 109, Number 7, of
the Organic Code of the Judicial Function [8]; and not only of the internal independence which was submitted; but the
same external independence is subject to interference that the political power does on the justice administration call
by this legal figure that has not had a sustainable and satisfactory legal explanation.

The fundamental contribution of the study focuses on the demonstration of the importance of the evidence right,
the backlist of the criminal process, specifically from the moment the arrest of the alleged suspect arises based on the
principles of general interest, the social order of the freedom of the accused, protected on a level of equality in
opportunities.

The problem is determined by the assumptions where the vice of the illegal evidence appears during the criminal
processes, to search through the analysis of the same solution that offers the appropriate procedural corrective.

In this sense, it holds in the indicated cases that, in the Ecuadorian criminal process, sometimes the judge excludes
evidence without vices of illegality at violating the principle of probation [6].

Successive and contemporaneously, concerning the evidence obtained illicitly: The judge at the time of assessing
the evidence produced a trial must analyze with great care, firstly, if the proof does not suffer from the illegality, that
is, contrary to a constitutional or legal rule [9].

Based on the arguments presented, empowered in the evidentiary dimension, the general educational objective at
a critical-transferential level was circumscribed in examine the purpose of the judicial evidence in the criminal process,
the means and, the probative sources based on the general principles of legality and legitimacy of the criminal
evidence.

2. Problem formulation

The problem is determined by the assumptions where the vice of the criminal evidence appears in the course of the
processes, to search through the analysis of the same solution that offers the appropriate procedural corrective to each
of these processes; pursuing the understanding and scope of the evidentiary mechanisms for the factual determination
of reality in the construction of judicial evidence, in correspondence with the following hypothesis:

How is the legality and legitimacy of the criminal evidence articulated for probation?
3. Neutrosophic numbers of unique value to represent the jurisdiction in the criminal procedural field

The definition of truth value in neutrosophic logic is represented as N = {(T,) : T, I, F € [0.1]} n, representing a
neutrosophic valuation [10], 11]. Specifically, one of the mathematical theories that generalize the classical and fuzzy
theories is the demonstration of statistical hypotheses, which is used in the present study [12], [13]. It is considered as
a mapping of a group of propositional formulas to N, and for each sentence, to obtain the result through the following
expression.

DOI: 10.5281/zenodo.3783805 118



International Journal of Neutrosophic Science (IINS) Vol. 4, No. 2, PP. 117-124, 2020

v(p)=(T,LF)
Starting from U that represents the universe of discourse and the neutrosophic set Ie ¢ U.
Where:

Ie is formed by the set of evaluative indicators that define a legal jurisdiction.

It should be noted that the following triads are used in legal Sciences: <A> be a physical entity (i.e. concept, notion,
object, space, field, idea, law, property, state, attribute, theorem, theory), <antiA> be the opposite of <A>, and
<neutA> be their neutral (i.e. neither <A> nor <antiA>, but in between) [14].

In the physical field, formal logic operates as a ‘“Paradoxist Physics Neutrosophic Physics is an extension of
Paradoxist Physics, since Paradoxist Physics is a combination of physical contradictories <A> and <antiA> only that
hold together, without referring to their neutrality <neutA>. Paradoxist Physics describes collections of objects or
states that are individually characterized by contradictory properties, or are characterized neither b a property nor by
the opposite of that property, or are composed of contradictory sub-elements. Such objects or states are called
paradoxist entities”. [14].

Let T (x), I (x), F (x) be the functions that describe the degrees of correlation or non-correlation, respectively, of a
generic element x € U, concerning the neutrosophic set Ie.

Therefore, when considering the clear (classic) principle of legality and legitimacy of criminal evidence. Yes only
if the criminal procedural law, it is equivalent to excluding the illegality of the evidence by refuting it as exclusionary
when it is qualified by the judge as pertinent to the criminal process by recognizing that in criminal trials in Ecuador
there is evidentiary freedom, therefore it is valid to affirm that in all In criminal trials, there is a 100% evaluation of
the criminal evidence by the judge.

Using the notation of neutrophilic numbers, we write that in Ecuador there is (1, 0, 0) probation, which means that
country is 100% legal, 0% undetermined legal, and 0% illegal.

However, the investigation shows that some courts exclude the validity of criminal evidence, invoking aspects such
as impertinence of the evidence, misusing evidentiary law. Therefore, it is determined that probation is among the said
in proportion to a fifth (20%) excluding equivalent to (0.8, 0, 0.2) - freedom and probative legitimacy [15].

4. Problem solution

Within the framework of rational choice, microanalysis is carried out based on a dual result that reveals open and
axial coding (Andréu Abela et. al, 2007) [16] oriented to find the signifier of the data.

The open coding consisted of the analytical procedure employing which the data were delimited giving way to the
thoughts, ideas, and meanings that contain it, to discover, catalog and develop concepts to arrive at a new theory called
Reasoned Equivalence (RE), consisting of If there is Probative Legality (PL) and Legitimacy of the Evidence (LE), it
is defined as logically equivalent to Probatory Freedom (PF), therefore, it is not possible to exclude the Evidence
(EV), represented under the following formula:
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Theoretical construction developed to solve a scientific problem

RE=PL+LE & PF#EV

Chart 1. Proposed formula for a theory of reasoned equivalence. Source [17].

Indicates that, in light of the proposed reasoned equivalence theory, it will positively impact the sphere of criminal
procedural law, given that, among other things, the judge must act and adhere to the framework in the objective
assessment of the evidentiary means alleged in safeguarding the interests of the intervening parties in all judgment.
Otherwise, the court decision could be counterattacked in appeal (superior court), even in administrative headquarters
for inexcusable error.

In such a way that the legal principle of non-exclusion from criminal evidence operates as a proposition that is
partially true and partially false or partially indeterminate for the operators of justice.

So evidentiary law is a branch of procedural science in criminal matters for a category of the population that may
be convenient; but also negative for another part of the intervening parties in the criminal trials.

Everything will depend on the role to be played, either as a defense or accuser party into procedures record trial.

It is limited that, under being the dynamic neutrosophic degrees, that is, they are not static, they can continually
change over time around hidden parameters that influence each other.

Thus, in all societies we find neutrosophic degrees of positive (T), indeterminate, or neutral (I) and negative (F)
attributes, therefore, we could say that in any society, we have the following neutrosophic degrees. The degrees T, I,
F are independent concerning each other [18].

(Ti, Ii, Fi) - inequality, (Tu Iu, Fu) - dissatisfaction, (Tc, Ic, Fc) -contradiction, (Tw, Iw, Fw), error of law, among
others, unlike Auguste Compte in Smarandache (who coined the term “perfect sociology”, given that we are people
imperfect by nature and to that extent, we can make the mistake of fact and law [19].

On the other hand, a line-by-line analysis was carried out, which led to an important theoretical approach by
correlating the context in which the central category (criminal evidence) is found and the subcategories (declaration
of the accused, interrogation or examination, cross-examination) or counter-examination, judicial inspection,
recognition of things, people and places and the valuation system), without prioritizing them, given the absence of
hierarchies: axial codification emerged [17].

Even when the axial coding is not predominant because the process of establishing relationships was executed
against the central category; but certainly plausible; by establishing a flexible class of the subcategories described
above with the properties and dimensions around a category taken as a transversal axis (criminal evidence), a scheme
was obtained that facilitates the understanding of the phenomena that provide a procedural process to configure the
category central.

This finding demanded to describe previously in what legal context the evidentiary function is developed at present
with a greater emphasis in the generalization this time from the lens of the probation articulated to the system of
evaluation of the criminal test based on the theory of reasoned equivalence proposal.
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5. Evaluative indicators of the principles in the evidence

The legal means of evidence constitute the regulated instruments provided by the national legislator; they identify

the indicators that represent the conviction of the alleged allegations on which the oral litigation of the exercise of
probative law is based. Indicators are the key element for determining the truth in all criminal proceedings. Chart 2
shows the evaluative indicators obtained in the activity.

Ne° Evaluative indicator

I1 Legality and legitimacy of the documentary evidence

12 Freedom from testimonial evidence

13 Relevance of expert evidence

14 Unlawfulness of other evidence

15 Exclusion from legal evidence

Chart 2. Evidence indicators.

After the analysis of the information codified in the Organic Integral Criminal Code of Ecuador [20], the

coefficients of knowledge, argumentation, and jurisdiction were determined, in the evaluation of the judge, the legal
proposal provided by five criteria (Strongly Agree, Agree, Little agree, Disagree, Did not answer), applied to five
variables based on the Likert scale.

For data collection, a Likert questionnaire is designed. This type of questionnaire is described as the method that

uses an instrument or form, intended to obtain answers about the problem under study and that the researched or
consulted person completes by himself [21].

How do you evaluate inexcusable How do you assess compliance How do you assess the

error regarding the illegal regarding the assessment of performance in the criminal trial
exclusion of evidence in evidence in jurisdictional lawyers during a criminal
jurisdictional practice? practice? process?

Chart 3. Questions asked internet to key informants

Most respondents who reached ninety-nine percent strongly agree that inexcusable error is not conceptualized in

the Organic Code of the Judicial Function, but is generically incorporated into very serious offenses but without a
clear definition of its meaning, for what has been done extensive interpretations of the norm, causing the rights of
judicial officials to be violated.
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In attention to the intentional sample population, it was made up of 60 criminal lawyers, who without the need to
physically gather them, collaborated with the information from the data provided. Meanwhile, the data collection
instrument fell into a guide for observation and recording of debate and dialogue structured with 3 questions
concerning the sensitive experience of the professional exercise of key informants to reveal information. Therefore,
the participant-observation allowed to check the phenomenon that is in front of the view, with the concern of avoiding
and preventing the observation errors that could alter the perception of a phenomenon or the correct expression of it.
In this sense, the observer is distinguished from the key informant since the latter does not attempt to reach the
diagnosis [22].

The analysis carried out and expressed allowed determining the values of the cut-off point of the categories. These
values were related to the step value category (N-P) of each expressed variable.

In the analysis of the results of the assessment of the contribution of the model, it was found that all items were
evaluated as Strongly Agree, Agree or Disagree, as shown in chart 3.

Capita C1 C2 C3 C4 Cs
Strongly Agree Agree Little agree Disagree Did not answer
1 99% 1% 0% 0% 0%
2 10% 15% 75% 0% 0%
3 44% 16% 40% 0% 0%

Chart 3. Refined Neutrosophic [14]. Result of the observation guide instrument applied to
key informants (collaborated criminal lawyers) to evaluate the proposal made.

Among the criteria issued by the experts consulted using the Delphi methodology [23, 24], the following elements
prevail:

- The indicators for measuring the exercise of evidentiary law to assess jurisdictional practice were considered
correct.

- The fulfillment of the evaluative indicators of the jurisdictional practice “Little agreement” being considered
under its development by the repetition in the exclusion of the evidence on the part of the judge when the time of their
evacuation arrives at the procedural stage of evaluation and preparatory trial.

- The growth of the indicator criminal trial lawyers during a criminal process is considered practically between
“Strongly agree” and “Little agree”.

In addition to the favorable criteria on the proposed model, the following suggestions and recommendations were
issued by the experts:

It must be considered that, although the level obtained in the evaluative indicator of jurisdictional practice must
prevail the guiding principle of probation, as long as the evidence is legal and legitimate by establishing that there is
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no place to exclude criminal evidence based on the principle of discretion of the judge for the responsibility that he
carries while avoiding abuses in the administration of justice.

It is important to indicate considerations on the contribution that is made to the research, given that, among other
things, from a positive point of view, [25] inclined to reflect on the evidence system in general, it contributes ideology
to be able to affirm that contemporary theories or standards of evidence are not fully met. In other words, it argues
that: contemporary law not only programs its forms of production but also its substantial contents, linking them
normatively with constitutionally recognized principles and values [26].

6. Conclusions

As a corollary, armed with the elements that link the various critiques to the content of each test, the theory of
reasoned equivalence proposed, bet that judicial operators, who sometimes act within surrealism, are inserted to the
extent that for some reason consider that the object of knowledge is separate from the subject that knows or what is
the same that the knowledge of the object differs from the subject to know. The judge cannot ex officio promote any
evidence. However, his faculty should endow it with such a possibility, at least with the limitations of the case since
it is at the expense of his investiture.

Therefore, it should be noted that for the simple fact, that there is currently individual background to this movement
surrealist, sometimes negatively, to demonstrate a particular disposition of the spirit that plunges into the depths of
the real, seeking a basis to affirm its faculty to the detriment of judicial activism. To that extent, the pretext of
surrealism will be useful for the discovery of its essence -as it is intended to demonstrate-, its permanent updating and
way of assuming the reality [27].

In such a way that knowledge is an exact reproduction of reality, and if it is totally or partially unknown, it is
because elements of judgment are missing, or simply the evidence was disturbed. Considering, whether or not it is
conducive or apt, in the abstract, to be able to prove a fact or legal act, it is a point of law, because it deals with the
application of the legal means that regulate the test in a particular case and therefore, the concept of the court of appeal
may be attacked in cassation by mistake of law if it is considered wrong.

This is important because in some countries certain proof can and other proof cannot be used as evidence in criminal
cases, meaning that the rules on the admissibility of evidence and the high standard of proof required in criminal
proceedings it necessarily needs to apply in this respect. In that case, juridically that would be an inexcusable error,
and ethically, an illegal judge decision.

Given the strict rules on the admissibility of evidence and the high standard of proof required in the criminal justice
systems of Ecuador, including, as appropriate, through legislative changes, that would facilitate the use of such
evidence in criminal proceedings.

Finally, in an attempt to contribute, the proposed theory of equivalence bets on a greater and better administration
of justice. It will tend to make criminal trials more expeditious, but above all mayor transparency when it comes time
to acquit the accused or on the contrary condemn those whom injustice deserves it.
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