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Aim and Scope

International Journal of Neutrosophic Science (IJNS) is a peer-review journal publishing high quality
experimental and theoretical research in all areas of Neutrosophic and its Applications. IJNS is
published quarterly. IJNS is devoted to the publication of peer-reviewed original research papers lying in
the domain of neutrosophic sets and systems. Papers submitted for possible publication may concern with
foundations, neutrosophic logic and mathematical structures in the neutrosophic setting. Besides providing
emphasis on topics like artificial intelligence, pattern recognition, image processing, robotics, decision
making, data analysis, data mining, applications of neutrosophic mathematical theories contributing to
economics, finance, management, industries, electronics, and communications are promoted. Variants of
neutrosophic sets including refined neutrosophic set (RNS). Articles evolving algorithms making

computational work handy are welcome.

Topics of Interest

IINS promotes research and reflects the most recent advances of neutrosophic Sciences in diverse

disciplines, with emphasis on the following aspects, but certainly not limited to:

[ Neutrosophic sets [J Neutrosophic algebra
[ Neutrosophic topolog [ Neutrosophic graphs
[ Neutrosophic probabilities [J Neutrosophic tools for decision making
[ Neutrosophic theory for machine learning [ Neutrosophic statistics
[ Neutrosophic numerical measures (] Classical neutrosophic numbers
[ A neutrosophic hypothesis [ The neutrosophic level of significance
(1 The neutrosophic confidence interval [l The neutrosophic central limit theorem
| Neutrosophic theory in bioinformatics
Cland medical analytics 1 Neutrosophic tools for big data analytics
Tl Neutrosophic tools for deep learning Tl Neutrosophic tools for data visualization

T Quadripartitioned single-valued
Cneutrosophic sets T Refined single-valued neutrosophic sets
1 Applications of neutrosophic logic in image processing

1 Neutrosophic logic for feature learning, classification, regression, and clustering
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[ Neutrosophic knowledge retrieval of medical images

[ Neutrosophic set theory for large-scale image and multimedia processing
[ Neutrosophic set theory for brain-machine interfaces and medical signal analysis
[ Applications of neutrosophic theory in large-scale healthcare data

[J Neutrosophic set-based multimodal sensor data

[ Neutrosophic set-based array processing and analysis

[ Wireless sensor networks Neutrosophic set-based Crowd-sourcing

[J Neutrosophic set-based heterogeneous data mining

[7 Neutrosophic in Virtual Reality

[7 Neutrosophic and Plithogenic theories in Humanities and Social Sciences
[0 Neutrosophic and Plithogenic theories in decision making

[ Neutrosophic in Astronomy and Space Sciences
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Abstract

An optimal decision-making environment demands feasible Multi-Attribute Decision-Making methods.
Plithogenic n — Super Hypergraph introduced by Smarandache is a novel concept and it involves many attributes.
This article aims to bridge the concept of Plithogenic n-Super Hypergraph in the vicinity of optimal decision
making. This research work introduces the novel concepts of enveloping vertex, super enveloping vertex, dominant
enveloping vertex, classification of the dominant enveloping vertex (input, intervene, output dominant enveloping
vertices), plithogenic connectors. An application of Plithogenic n-super hypergraph in making optimum decisions
is discussed under various decision-making scenarios. Several insights are drawn from this research work and will
certainly benefit the decision-makers to overcome the challenges in building decisions.

Keywords: Plithogenic n-super hypergraph, decision making, attributes, dominant enveloping vertex.

1.Introduction

It is quite inevitable for each one is taking up the role of decision-maker in their instances of life. Decision
making isn’t an activity, but a process comprising of many tasks. The desired outcomes of decisions are a success, if
it fails then the process has to be revived. The cognitive contribution in choosing the best alternative with the
consideration of criteria and criteria weights is not a simple task; it demands sequential steps and scientific
approach. The managerial of either a start-up company or a multinational organization must possess the skills of
making optimal decisions to make their companies march in the path of victory. The decision-making environment
is not deterministic always and it is characterized mostly by uncertainty and impreciseness, to tackle these
challenges the decision-makers are moving towards Multi-Criteria Decision Making methods (MCDM) to design

optimal solutions.
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Received: March 07,2020 Revised: April 30, 2020 Accepted: May 18, 2020


HP
Typewriter
Received:  March 07, 2020     Revised: April 30, 2020     Accepted: May 18, 2020


International Journal of Neutrosophic Science (IINS) Vol 7, No. 1, PP. 08-30, 2020

MCDM has been explored for the past seventy years and it has been broadly divided into MADM (Multi-
Attribute Decision Making) and MODM (Multi-Objective Decision Making) [1]. The former helps in the selection
of the alternatives based on attribute description and the latter is based on optimization of decision maker’s multi
objectives. MADM methods are gaining impetus in the decision-making environment as they are highly developed
with robust mathematical principles and also these methods prevent small and medium-sized companies in
purchasing expensive software or executing erudite systems of the decision process. MADM methods are more
operative and the most widely used methods are Analytic Hierarchy Process (AHP) and Analytic Network Process
(ANP) introduced by Satty [2]; Decision Making Trial and Evaluation Laboratory (DEMATEL) developed by
Tzeng and Huang [3]; The Technique for Order Preferences by Similarity to an Ideal Solution (TOPSIS) method
was proposed by Hwang and Yoon; Vlise Kriterijumska Optimizacija I Kompromisno Resenje (VIKOR) method was
developed by Tzeng and Huang.

In the above described MADM methods, the major steps involved are (i) formulation of initial decision-making
matrix (IDMM) comprising of values representing the degree of fulfilling the criteria by the alternatives. (ii)
Normalization of the values in IDMM (iii) Determination of criterion weight (iv) Ranking of alternatives. In these
MADM methods, the alternatives are ranked based only on the extent of criteria satisfaction, but the consistency of
ranking is not checked as these methods do not provide space for it. The selection of alternatives is based only on
attribute satisfaction and it does not consider any other input such as previous data related to the impacts or the
effects of these kinds of chosen alternatives. These other inputs are not brought into the decision-making
environment and the previous feedback review is also not incorporated into the decision-making environment.

Let us consider the possible situations of exercising decision making in a company, for example in the
selection of personnel, methods of production, the extension of product features, the above instances of decision-
making situations are not new to companies, as these processes are routine. In making decisions, certainly the
managerial will be aware of the desired target to be achieved and will employ his previous experience or the
feedback received by him from various sources as inputs in the selection of alternatives. The above-said MADM
does not provide space for such kinds of feedback inputs. A comprehensive decision-making environment must
comprise of alternative selection based on several inputs such as attribute satisfaction, feedback, and impact of
attributes towards the desired output. To overcome such shortcomings, a novel MADM method is introduced in this
research work with the integration of Plithogenic — super Hypergraphs introduced by Smarandache [4]. Plithogenic
sets introduced by Smarandache [5] are the extension of neutrosophic sets that are characterized by truth,
indeterminacy, and false functions. The robust nature of neutrosophic sets inspired several researchers to employ it
in diverse fields. Gayathri et al [6] developed multiple attribute group decision making neutrosophic environments
with the utilization of Jaccard index measures. Muhammad Naveed Jafar et al [7] used neutrosophic soft matrices
with score function to evaluate new technology in Agriculture. Ajay et al [8] developed a single-valued triangular
neutrosophic number approach of multi-objective optimization based on simple ratio analysis based on the MCDM
method. Luis Andrés Crespo Berti [9] applied a neutrosophic system to tax havens with a criminal approach. Abdel-
Basset [10] developed three-way decisions based on neutrosophic sets and AHP-QFD framework for supplier

selection problem, also developed a hybrid neutrosophic group ANP-TOPSIS framework for supplier selection
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problem [11].Plithogenic sets that deal with attributes, degree of appurtenance, and degree of contradiction have
been extensively used in decision making with quality function deployment for selecting supply chain sustainability
metrics and for evaluating hospital medical care systems by Abdel-Basset et al [12,13]. In these decision making
approaches plithogenic aggregation operations are used to make decisions based on the best and worst criteria with
decision-makers' opinions as inputs. These methods of decision making focus primarily on evaluation and selection
of alternatives based on combining plithogenic aggregation operators and do not provide space for any graphical
representation of the relational impacts between the alternatives.

In the proposed MADM each alternative is considered as an object encompassing several attributes. The
decision-making environment consists of three kinds of objects namely input, intervention, and output. The
alternatives are taken as inputs, desired target as output, and intervene (intermediate) objects are the objects that
combine with the input objects. A company always works on target based. Personnel design project and work on it
tirelessly to achieve various sets of goals. The project never gets accomplished with the attainment of a single goal
but a series of goals. The success of a project is defined in various dimensions. In the proposed MADAM, the
selection of alternatives is based on the degree of association between the attributes of inputs and the attributes of
outputs independent or dependent on intervening objects. This decision-making approach is more comprehensive
than the conventional MADM methods as it incorporates attributes and feedback into the input system. Also, many
times the company prefers collaborative works and the effects of combined initiatives are high. Conventional
MADM does not provide space for it, but the proposed MADM is designed exclusively for measuring the optimal
combination. Also in MADM methods, graphical representations are not made so far to represent alternatives,
criteria, and their relationship. In this novel MADM, plithogenic —n super hypergraphs are used to represent the
objects as enveloping vertices and the association between the vertices by plithogenic connectors.

The article is structured as follows: Section 2 introduces new concepts used in novel MADM; section 3
presents the application of novel MADM in optimal decision making; section 4 discusses the results and the last

section concludes the work.

2. Preliminaries

2.1 Enveloping vertex

A vertex representing an object comprising of attributes and sub-attributes in the graphical representation of a multi
attribute decision-making environment.

For instance

Let us consider Personnel (V) as an input object, this input has a vital role in target achievement, the output object.
These attributes are like databases.

The attributes like Qualification (V1), Age (V2), Experience (V3) are taken into consideration

Attribute sets = {Qualification, Age, Experience}

Qualification = {Graduation, Graduation with additional degree}

Age = {25-35,36-45}

Experience = { Local, National ,International }

DOI: 10.5281/zen0d0.3876206 10
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Local {0-5,6-10}, National {0-3,4-6}, International {0-2,2-5}

Fig.2.1Enveloping vertex

Thus an enveloping vertex comprises hyperedges, where each hyperedge represents values of the attributes.
2.2 Super Enveloping vertex

An enveloping vertex comprises of Super hyper edges

Fig.2.2 Super Enveloping vertex

DOI: 10.5281/zen0d0.3876206 12
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2.3 Dominant Enveloping Vertex

An enveloping vertex is with dominant attribute values

Attribute sets = {Qualification, Age, Experience}

The dominant attribute values

Qualification = {Graduation, Graduation with additional degree}
Age = {25-35,36-45}

Experience = { Local, National ,International }

Fig.2.3 Dominant Enveloping Vertex
2.4 Dominant Super Enveloping Vertex
A super enveloping vertex with dominant attribute values
Attribute sets = {Qualification, Age, Experience}
The dominant attribute values
Qualification = {Graduation, Graduation with additional degree}
Age = {25-35, 36-45}
Experience = { Local, National ,International }

Local {0-5,6-10}, National{0-3,4-6}, International {0-2,2-5}

Vil
W2z

V33

Fig.2.4 Dominant Super Enveloping Vertex

DOI: 10.5281/zen0d0.3876206
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2.5 Classification of Dominant Enveloping Vertex

The dominant enveloping vertex set are classified as input, intervene and output based on the nature of object’s
representation.

2.6 Plithogenic Connectors

The connectors associate the input enveloping vertex with output enveloping vertex. These connectors associate the
effects of input attributes to output attributes and these connectors are weighted by plithogenic weights.

Let us consider the MADM environment with the product as input object, advertising as intervene object and
product success as the output object

Product is the input enveloping vertex, advertising as intervening enveloping vertex and product success as the
output enveloping vertex.

Input attributes = {Design, Price}

Design = {creative, conventional }

Price = {High, moderate, low}

Intervene attributes = { Target group, Medium of advertising}

Target group ={female, children}

Medium of advertising = { social networks, media}

Output Attributes = { Profit, Customer Acquisition, Product Reach}

Profit = { Expected, Beyond the target}

Customer Acquisition = { High, Extremely High}

Product Reach = { National, International}

Vi

Vill

V122

V2

Fig.2.5 Plithogenic Connectors

Cl1 is the simple plithogenic connector representing the relation between the dominant input attributes to dominant

output attributes.

DOI: 10.5281/zen0d0.3876206 14
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C2 is the combined plithogenic connector representing the relation between the combined dominant input and

intervene attributes to dominant output attributes.

Dominant Attribute Relational Matrix Representation

V311 V322 V331
V11l 0.5 0.2 0.3
V122 0.6 0.7 0.8
V111,v221 0.5 0.6 0.4
V111,v222 0.6 0.3 0.8
V122,221 0.4 0.6 0.8
V122,V222 0.4 0.6 0.7

3. Application of Novel MADM method
3.1 Description of Decision-making Environment
COVID 19 has locked the academic activities to a great extent; the stratagem of Work from Home is employed by
the teaching fraternity to engage the learners. One of the biggest challenges to teaching community lies in handling
online learning forums and they are badly in need of exposure to the E-learning system of education. To make
academicians surpass this task, educational institutions are offering various online courses and organize E-
programmes to enhance the professional competency of faculty in partnership with several industries. In this period
of the lockdown, the linkage between industries and institutions is getting enhanced in developing countries
especially in India. The companies enter institutions as academic partners in establishing virtual laboratories and
entertain many online programs in the form of webinars, online courses, and software training programs to handle
online classes. The conduct of such programs will certainly contribute to the professional efficiency of faculty.
Suppose if an institution decides to conduct any one of the forms of the online program, then it has to decide
whether to conduct the program in partnership with industry or independently and also the decision of selecting the
kind of online program is based on the feedback acquired from other institutions on the previous organization of
such programs. The institution before organizing such programs should decide the component of professional
efficiency to be enhanced and determine the contributing factors of the online program towards the same. An
optimal solution to this decision-making situation is determined by using the representation of Plithogenic —n Super
hypergraph and novel MADM method based on attributes. This decision-making method involves not only the
selection process of alternatives based on criteria alike other multi-attribute decision-making methods but it provides
space for the selection of alternatives independent or dependent on other alternatives based on their attributes. The
outcome of decision making is also considered in the decision-making process. The selection of the alternatives is
based on attributes of input objects, intervene objects and output objects.

In this decision-making environment there exist five objects [3 input objects, 1 intervene object and 1

output object] that are represented by enveloping vertices. The input enveloping vertices are Webinars, online

DOI: 10.5281/zen0d0.3876206 15
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courses, training programs on computer languages, intervene enveloping vertex is Industrial partnership and the

output enveloping vertex is Professional Efficiency. The description of the attributes of the objects are presented in

Table 3.1
Table 3.1 Description of Attributes
Vertex Representation Vertex Attributes Vertex Sub Attributes
Vi Education
Vi General Vi Health
Vius Psychology
Vi Focus Vi Physics
Chemist
Vi emistry
Vi Specific Vins Mathematics
Engineering
Viiza
within the
Vi college
Vi Local neighboring
Viaz colleges
Webinars
Vi Vi AICTE affiliated
Vi Vin National
Resource Vi Non-AICTE
persons affiliated
v Affiliation with
1231 the host college
Vi
International Non-affiliation
Vi3 with the host
college
Visn One day
Visi Day Vs Two days
Vis Duration Visis Three days
Vs One
Vi Week T
Vi wo
Via Vi Students Vi Englne.erlng
Target Group Va2 Non-Engineering

DOI: 10.5281/zen0d0.3876206
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v Research Scholars Via Engineering
142
Vi Non-Engineering
- Viai Engineering
Vi Academicians Vi Non-Engincering
Vo remembrance
Vai Course nature | Vi Basic Va2 understanding
Va1 understanding
Vo Moderate Vains application
Vaisi Analysis
Vaiz Advanced
Vaizz Evaluation
Voo Zoom
Zoho
Va2
Va1 Synchronous 5 i
Vas Vo xamineer
Course
Online courses Delivery Va4 Google meet
V2 Googl
Va2 oogle
Vo Classroom
Asynchronous
Youtube upload
Voo
Van One day
Vs Day Vasnz Two days
Va3 Duration Va3 Three days
V2321 One
Vo Week T
Vo wo
Vaai Students Vaan Englne_enng
Vosin Non-Engineering
V . .
24 Target Research Scholars Vaa Engineering
Group Vaer .
Vs Non-Engineering
- Vausi Engineering
Vo Academicians Vs Non-Engincering
Vi remembrance
Tramm(% progrtamme v Course v Basic v teretandi
V3 on Computer 31 nature 311 3112 undaerstanding
languages
Vii Moderate V3121 understanding

DOI: 10.5281/zen0d0.3876206
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Vii22 application
Viizi Analysis
Vi3 Advanced
Viis Evaluation
Vi Zoom
Zoho
V312
Vi Synchronous o~
Vi Vs xamineer
Course
Delivery V3214 Google meet
Varai Google
Vi Classroom
Asynchronous
Youtube upload
V3o
Vi One day
Vi3 Day Vasiz Two days
Vi3 Duration Vi3 Three days
V3321 One
Via Week T
Vi wo
Vi Students Vaann Engme-ermg
V12 Non-Engineering
Va4 Target Research Scholars Vaa Engineering
Group Ve .
Vi Non-Engineering
. V331 Engineering
\Y% A - -
- cademicians V3432 Non-Engineering
Vain Merit-based
Vau MOU Van Internship Va2 All students
Vi Merit-based
\Y Placement
Industrial 2 Vi All students
Partnershi -
V4 artnership Vo Partial
V. Equi t h
Vi 421 quipment purchase Vi Complete
Financial
Support A/ Program Vi Partial
organization
8 Vi Complete
Va1 | Knowledge sharing Vi Periodic
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Vi Technical Va2 Regular
Support V4321 Periodic
Vi Experts Visit
Va2 Regular
Vs Scopus
Vsi Publications Vs National Vsii2 ICI
Vsi21 Scopus
Vsiz International Vi ICI
Vsaui lecture
Ve Va1 Teacher-Centered Voris chalk & talk
Pedago
goey V522 V5221 Blended
Learner-Centered
Professional Vsan ICT
A\ Efficiency V311 original
V53 V531 Own
Content Vsiin modified
reparation
Prep Vsa Experts Visit Vsi21 Web sources
Vs Youtube
Va1 Zoom
Zoh
Vsann ono
Vst
OER Vsai3 Google meet
Vs Course Examineer
Delivery Vsai4
Vs Google
Vsa Classroom
Asynchronous v
422 Youtube upload

In the above table, the input objects such as webinars, online courses, training programs are represented as the input

enveloping vertices V1, V2, and V3 in Fig 3.1,3.2 and 3.3 respectively. The intervening object Industrial Partnership

is represented as V4 in Fig 3.4. The output object Professional Efficiency is represented as V5 in Fig 3.5.
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Fig.3.1 Representation of Input Object V1

Fig.3.2 Representation of Input Object V2
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Fig.3.3 Representation of Input Object V3
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Fig.3.5 Representation of Output Object V5

Each enveloping vertices comprises of many attribute and sub-attribute values. To determine the desired output with

and without the combination of input and intervene objects, the dominant attributes are chosen by the decision-

makers. The dominant attribute values of the objects are represented in Table 3.2

Table 3.2 Representation of Dominant Attributes

Vertex Representation Vertex Attributes Vertex Sub Attributes
A\’ Webinars
Vi Focus Vin General Y Education
111
Viz National AICTE
Viz Resource affiliated
persons Vi
Vi3 Duration Visi Day Viziz Two days
Via Vi Academicians v Engineering
Target Group 11
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V2 Online courses v application
Course Nature, Vai Course nature | Va2 Moderate 2122
Vo Asynchronous Google
Va2 Course Classroom
Delivery Vo
Va3 Duration Vasi Day Va2 Two days
Vo Vas3 Academicians Engineering
Target Group Vaai
V3 Training program on v application
Computer languages | V3i Course nature | Vi Moderate 3122
Vi Synchronous Google meet
Vi, Course
Delivery V314
Vi3 Duration Vi Week v One
3321
Vi Vi3 Academicians Engineering
Target Group Vi3
V4 Industrial Vaioi Merit-based
Partnership Vi MOU Vi Placement All students
Vain
Vi | Program organization Complete
Va Financial
Support Vi
Vi Experts Visit Regular
Vs Technical Vi
Support Regular
Vi
\'A] Professional v Scopus
Efficiency Vsi Publications Vs National >
Vs Learner-Centered Blended
Vs Pedagogy
Vsl
Vs3i Own original
Vs3 Content
preparation Vs3in
Vsa Course Vs Asynchronous Vsan Google
Delivery Classroom

The Dominant Enveloping vertices are presented in Fig 3.6
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l I -
Fig. 3.6 Dominant Enveloping vertices

3.1 Decision-Making Scenario 1

The institution is certain of the dominant sub-attributes and makes decisions based on dominant attributes of the
input objects. The graphical representation of attribute relation between input dominant enveloping vertices and the
output dominating attribute vertex with simple plithogenic fuzzy connectors is presented in Fig 3.7

Fig.3.7 Representation of Decision-Making Scenario I
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The dominant attribute relational matrix representation between the input objects on the output objects is presented

as follows
Vsin Vsni Vsin Vs
Vi 0.55 0.2 0.5 0.6
Vil 0.8 0.5 0.5 0.8
Viziz 0.75 0.6 0.6 0.9
Vi3 0.65 0.8 0.1 0.4
Va2 0.5 0.9 0.3 0.6
Vaui 0.3 0.5 0.6 0.8
Vo 0.45 0.4 0.4 0.9
Vausi 0.6 0.8 0.2 0.4
Vi 0.85 0.2 0.8 0.8
V3214 09 0.3 0.9 0.9
Vi3 0.5 0.55 0.5 0.4
Va3 0.6 0.8 0.2 0.4

The frequency matrix as discussed by [14] shall be constructed to rank the dominant attributes of input objects
contributing to the dominant attribute of the output object. This is a simple decision-making environment as it does
not involve the role of an intervening object.

3.2 Decision Making Scenario I1

The institution is certain of the dominant sub-attributes and makes decisions based on dominant attributes of the
input and intervene objects. The graphical representation of attribute relation between input and intervene dominant
enveloping vertices and the output dominating attribute vertex with combined plithogenic fuzzy connectors is

presented in Fig.3.8

Fig.3.8 Representation of Decision-Making Scenario 11
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The dominant attribute relational matrix representation between the input and intervene objects on the output objects

is presented as follows

Vsin Vsl Vsan Vs
Vi, Vain 0.65 0.6 0.5 0.6
Vi, Vain 0.8 0.65 0.7 0.8
Vi221,Vai2 0.75 0.8 0.85 0.6
Vi431,Vai22 0.62 0.85 0.8 0.69
Vi431,Vas2 0.6 0.89 0.58 0.7

The frequency matrix shall be constructed to rank the combined dominant attributes of input and intervene objects
contributing to the dominant attribute of the output object. This is a little complex decision-making environment as

it involves the role of an intervening object. Fig 3.9 presents the graphical representation of it.

Fig.3.9 Representation of Decision-Making Scenario II with Intervening object
3.3 Decision Making Scenario I11
The institution is certain of the dominant sub-attributes. Let us consider a situation, suppose if the institution
decides to conduct a webinar with a focus on general, but not able to decide whether to give priority to Education,

Health or Psychology, then the decision-making environment becomes more complex. The graphical representation

DOI: 10.5281/zen0d0.3876206 26



International Journal of Neutrosophic Science (IINS) Vol 7, No. 1, PP. 08-30, 2020

of all sub-attribute relation between input and the output dominating attribute vertex with simple plithogenic fuzzy

connectors is presented in Fig. 3.10

Fig. 3.10 Representation of Decision-Making Scenario 111

The dominant attribute relational matrix representation is as follows

Vs V221 Vs3i1 Va1
Vi 0.55 0.2 0.5 0.6
Vi 0.6 0.55 0.7 0.85
Vi 0.5 0.3 0.6 0.6
Vi 0.8 0.4 0.4 0.8
Viziz 0.7 0.64 0.6 0.9
Vit 0.6 0.89 0.62 0.4
Van 0.54 0.9 0.73 0.6
Voo 0.83 0.5 0.6 0.8
Vo312 0.4 0.4 0.45 0.9
Vaas1 0.6 0.8 0.72 0.49
V3122 0.9 0.52 0.8 0.8
Vious 0.95 0.63 0.9 0.9
Viai 0.5 0.8 0.5 0.43
V3431 0.6 0.8 0.52 0.4

3.4 Decision-Making Scenario IV

This decision-making situation is characterized when the institution is uncertain of the dominant sub-attribute
values of the input object. Suppose if the institution decides to conduct a webinar with focus on general, but not able
to decide whether to give priority to Education, Health or Psychology, In this case, the dominant sub-attribute value
is not certain and suppose it wishes to collaborate with the industry then the decision-making environment becomes

highly complex. Fig 3.11 presents this graphically
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Fig.3.11 Representation of Decision-Making Scenario IV

The dominant attribute relational matrix representation is as follows

Vs Vs Vsiin | Vsan
Vi,V 0.65 0.6 0.5 0.6
Vi, Van 0.52 0.68 0.57 0.66
Vinz,Vann 0.45 0.67 0.72 0.56
Vi12,Vasn 0.56 0.68 0.74 0.69
Vi3, Vain 0.67 0.79 0.83 0.79
Vi3,V 0.57 0.82 0.74 0.68
Vi221,Va12 0.9 0.6 0.95 0.8
Vi221,Va3 0.6 0.8 0.45 0.9
Vi431,Vai2 0.62 0.85 0.8 0.69
Via31,Var12 0.67 0.78 0.7 0.63
Vi431,Va3 0.6 0.89 0.58 0.7

The ranking of the attributes contributing to Professional efficiency corresponding to each decision-making

environment is presented in Table 3.3
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Table 3.3 Ranking of the attributes

Decision Making Ranking of the Attributes contributing to Professional Efficiency
Environment
Decision Making V312 >V1221> V312>V 1221> V120>
Scenario I V2211>V2431> V111> V312> Vi431>V3431> Vs
Decision Making V1221,V4212> V1221, V320> V1431, V412> V1111, V4212, V1221, Va122> V431,
Scenario 11 V320>V 1312, V412> V1312, V430> V1111, V120> V312, Vario
Decision Making V3214>V2431>V1312>V2122> V312> V111> V211> Via31> V21> Viaz >
Scenario 111 V331>V2310> V12> Vs
Decision Making Vi221,Va212 > Vi113,Vaia - > Vi221, V122> Via31,Va122> Vi, Vaai> Vins, Vaae> Vigs, Vaaro>
Scenario IV V1431, V322> V1111, Va322> V1221, V322> V312, Va2 > V2, Vazoz > Vi312,Vazo> Vi3, Vo>
Vi112,Va122 > V2, Var12> Vi, Vaie> Vizio, Vaoio

4. Discussion

The ranking of the input attribute values of the dominant attributes contributing to the output dominant
attribute values shows the significance of the individual contribution of each input attribute value. In the first
decision-making scenario, the attribute values of the input object are ranked. In the second decision making a
scenario the combined attribute values of input and intervene objects are ranked. This helps in finding the combined
effect towards the attainment of the output attribute values. In the third decision-making scenario, the ranking of
sub-attribute values are made, in this case, there was a choice to choose between Education (Vi111), Health (Vi112) or
Psychology (V1113), but the preference s should be given to Education based on the ranking. In the fourth decision-
making scenario, the combined effects of sub-attribute values along with intervening attribute values are ranked and
here also the combined effect of the sub-attribute value, Education is gaining more significance. The above decision-
making scenarios were focusing on the effects of one input object and the same can be applied to other input objects
and the respective results can be determined. The same method of decision making can be applied to production
sectors in strategy selection which considers many attribute values and sub-attribute values and this proposed
plithogenic —n superhypergraph MADM can be applied in such decision-making scenario.
5. Conclusion

This article presents the application of plithogenic n-super hypergraph in the context of optimal decision
making. This research work introduces many new concepts such as enveloping vertex, dominant enveloping vertex,
super enveloping vertex, and plithogenic connectors. This research work creates a new avenue in MADM by
providing space for comprehensive decision making. A new approach to ranking the attribute values based on the
frequency matrix is initiated. The theoretical description of plithogenic n-super hypergraph is translated into
practical application in this research work and this will certainly open new vistas of research. This work can be

further extended with various plithogenic sets.
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A Note On Neutrosophic Soft Menger Topological Spaces
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Abstract

In this paper, the concept of neutrosophic soft Mengerness, neutrosophic soft near Mengerness and neutrosophic
soft almost Mengerness are introduced and studied. Some characterizations of neutrosophic soft almost
Mengerness in terms of neutrosophic soft regular open or neutrosophic soft regular closed are given.

Keywords: Neutrosophic soft sets, Mengerness on neutrosophic soft topological space, neutrosophic soft
continuous.

1. Introduction

The concept of fuzzy set was introduced by Zadeh in his classic paper [20]. C.L.Chang [6] has defined fuzzy
topological spaces. Atannasov [3] introduced the notion of intuitionistic fuzzy sets, Coker [7] defined the
intuitionistic fuzzy topological spaces. Soft sets theory was proposed by Molodtsov [12] in 1999, as a new
mathematical tool for handling problems which contain uncertainties. Maji et al [10] gave the first practical
application of soft sets in decision-making problems. Shabir and Naz [16] presented soft topological spaces and
defined some concepts of soft sets on these spaces and separation axioms. The concept of neutrosophic set (NS) was
first introduced by Smarandache [17,18,19] which is the generalization of classical sets, fuzzy set, intuitionistic
fuzzy set etc. Following this concept Al-Omeri and Jafari defined and investigated Neutrosophic crisp sets via
Neutrosophic crisp topological spaces [1,2]. The concept of connectedness and compactness on neutrosophic soft
topological space was introduced by Bera and Mahapatra [4,5]. For more applications on neutrosophic logic the
refrennces are suggested [21-23]

The investigation of covering properties of topological spaces has a long history going back to papers by
Menger and Rothberger [11,14]. However more recently a new theory called Selection Principles was introduced by
Scheepers [15]. The theory of Selection Principles has extra ordinary connections with numerous subareas of
mathematics, for example, Set theory and General topology, Uniform structures, and Ditopological texture spaces
[9].

In 1999, Kocinac defined and characterized the almost Menger property [9]. Following this concept, Agsa,
Moizud Din Khan defined and investigated nearly Menger and nearly star- Menger spaces [13]. For

In this paper we are concerned with the weaker forms of the fuzzy Mengerness in neutrosophic soft topological
spaces.
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2. Preliminaries

In this section we now state certain useful definitions, theorems, and several existing results for neutrosophic
soft topological spaces that we require in the next sections.

Definition 2.1. [17] Let X be a space of points (objects), with a generic element in X denoted by x. A neutrosophic
set A is characterized by a truth-member function T, an indeterminacy-membership function I, and a falsity-
membership function F,. T,(x), I,(x) and F,(x) are real Standard or non Standard subsets of ]70,1*[. That is
Ty, 14, Fy: X = 170, 1[. There is no restriction on the sum of T, (x), I,(x), F4(x) and so,

~0 < sup Ty (x) + sup L,(x) + sup Fy(x) < 3*.

Definition 2.2. [12] Let U be an initial universe set and E be a set of parameters. Let P(U) denote the power set of
U. Then for A € E , a pair (F,A) is called a soft set over U, where F:A—P(U) is a mapping.

Definition 2.3. [15] Let U be an initial universe set and E be a set of parameters. Let NS(U) denote the set of
neutrosophic sets (NSs) of U. Then for A € E, a pair (F,A) is called a neutrosophic soft set (NSS) over U, where
F:A—NS(U) is a mapping.

Definition 2.4. [8] Let U be an initial universe set and E be a set of parameters. LetNS(U) denote the set of
neutrosophic sets (NSs) of U. Then, a neutrosophic soft set N over U is a set defined by a set valued function Fy
representing a mapping Fy: E —» NS(U) where Fy is called approximate function of the neutrosophic soft set N. In

other words, the neutrosophic soft set is a parametrized family of some elements of the set NS(U) and therefore it
can be written as a set of ordered pairs,

N = {(e,{< X, Tengey s Ieney (%), Feney (x) >:x € U}): eE E}whereTfN(e)(x),IfN(e)(x),FfN(e)(x) € [0,1],
respectively the truth-membership, indeterminacy-membership, falsity-membership function obvious.

Definition 2.5. [8] The complement of a neutrosophic soft set N is denoted by N€ and is defined by
N = {(e' {< X, FfN(e)(x); 1- IfN(e)(X), TfN(e)(x) >:x € U}): eE€E E},

Let N; and N, be two NSSs over the common universe (U,E). Then N, is said to be the neutrosophic soft subset of
N, if for each e € E and for each x € U,

Teni(e) () < Tenace) s Ienice) () = Ienaey (X)) Frna(e) (X) = Fryz(e) ().
We write N; € N, and then N, is the is the neutrosophic soft superset of N;.

Definition 2.6. [8] Let N; and N, be two NSSs over the common universe (U,E). Then their union is denoted by
N; UN, = N3 and is defined as:

N3 = {(e, {< X, TfN3(e)(x), [fN3(e)(x), Fsz(e)(x) >:x € U}). e e E}Where
Tens(e x) = Trnice) (x) o TfNZ(e)(x)'IfNS(e) x) = Irnice) (x) = IfNZ(e)(x)' FfNS(e)(x) = Frnice) (x) * Frnace €3}

Their intersection is denoted by N; N N, = N, and is defined as:

N, = {(e, {< X, Tenace) (), Inace) (), Frnacey () >:x € U}): eE€ E} where
Tenace) () = Tenae) (%) * Tenzge) 0, Ienace) (X) = Ienae) (%) © Ienae) (%), Frnae)(X) = Fryieey (%) © Frna ey ().
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Definition 2.7. [4] Let M and N be two NSSs over the common universe (U,E). Then M-N may be defined as, for each
e € E and foreachx € U.

M—-N= {< X, Tram ey () * Fen ey (), Iemey () © (1 - IfN(e)(x))’FfM(e)(x) ° Ty ey (X) >}:

A neutrosophic soft set N over (U,E) is said to be null neutrosophic soft set if
Trngey(x) = 0, Ipn(ey(x) = 1, Fey(ey(x)=1 for each e € E and for eachx € U. It is denoted by @,,.

A neutrosophic soft set N over (U,E) is said to be absolute neutrosophic soft set if
Trnge)(x) = 1, Ipyn(ey(x) = 0, Fry(ey(x)=0 for each e € E and for each x € U. It is denoted by 1,,.

Clearly, @5 = 1,15 = @,,.

Definition 2.8. [4] Let NSS(U,E) be the family of all neutrosophic soft sets over U via parameters in E and
T, © NSS(U, E). Then t,,is called neutrosophic soft topology on (U,E) if the following conditions are satisfied.

@) @y, 1y €1y,
(i1) The intersection of any finite number of members of t,, also belongs to T,,.
(iii) The union of any collection of members of 7, belongs tot,,.

Then the triple (U,E, 7,,) is called a neutrosophic soft topological space. Every member of 7, is called 7,-open
neutrosophic soft set. An NSS is called t,,-closed iff its complement is T,,-open.

Definition 2.9. [4] Let (U,E, 7,,) be a neutrosophic soft topological space over (U,E) and M € NSS(U, E) be arbitrary.
Then the interior of M is denoted by M° or int(M) and is defined as:

M® =U {N,: N,is neutr osohic so ftopenandN; S M}.

Definition 2.10. [4] Let (U,E, t,,) be a neutrosophic soft topological space over (U,E) and A € NSS(U, E) be arbitrary.
Then the closure of A is denoted by 4 or cl(A) and is defined as:

A =N {N;: N,is neutr osohic so ftclosedand A € N, }.

Theorem 2.11. [4] Let (U,E, t,,) be a neutrosophic soft topological space over (U,E) and A € NSS(U, E). Then,
(A)=(A%)° and (A°)° = (A°)".

Proposition 2.12. [4] Let N; and N, be two neutrosophic soft sets over (U,E). Then,

() (N UNYE =N NS,
(li) (Nl n Nz)c = Nlc U NZC.

Definition 2.13. [4] Let (U,E, t,,) be a neutrosophic soft topological space and M € t,,. A family Q = {Q;:i € I'} of
neutrosophic soft sets is said to be a cover of M if M CU Q;.

If every member of that family which covers M is neutrosophic soft open then it is called open cover of M.
A subfamily of Q which also covers M is called a subcover of M.

Definition 2.14. [4] Let (U,E, 7,,) be a neutrosophic soft topological space and M € 7,,. Suppose {1 be a cover of M.
If Q has a finite subcover which also covers M then M is called neutrosophic soft compact.
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Definition 2.15. [4] Let ¢: U = V and : E = E be two functions where E is the parameter set each of the crisp sets U
and V. Then the pair(¢, ¥) is called and NSS function from (U,E) to (V,E). We write, (¢, y): (U, E) - (V,E).

Definition 2.16. [4] Let (M,E) and (N,E) be two NSSs defined over U and V, respectively and (¢,1)) be an NSS
function from (U,E) to (V,E). Then,

(1) The image of (M,E) under (¢, ), denoted by (¢, )(M, E), is an NSS over V and is defined as:

(0, V)M, E) = ((M),y(E)) = {< ¥(a), fpn)(¥(a)) >:a € E} where foreachb € Y(E) andy € V.

T (y) = max @(x)=ymax ¥ (2)=b[Tf(M)(a)(x)], i fxep—1(y),
e)®Y) = 1o, otherwise

I (y) = m ne(x)=y m n Y (@)=b[If(M)(2Q)(x)], i kep-1(y),
eMMY) = 14, otherwise

_ (M nex)=y m ny (a)=b[F{(M)(2)(x)], i kep-1(y),
F@(M)(b)(y) ~ 11, otherwise

(2) The pre-image of (N,E) under(¢, ), denoted by (¢, ) 1(N, E), is an NSS over U and is defined by:
(0, ) Y(N,E) = (¢~ *(N),p~*(E)) where for each a € ¥ ~1(E) and x € U.
Ty (N (@) ()=T sy (@) (9 (X)),
I‘I_71(N)(a)(x):IfN(w(a))((p(x));
F (N (@ ®)=F () (0 (),
If ¢ and ¢ are injective(surjective), then (¢, ) is injective (surjective).
Definition 2.17. [4] Let (U,E, 7,,) and (V,E, t,)) be two neutrosophic soft topological spaces.
(p,¥): (U,E, 7,) »(V,E, 1,) is said to be a neutrosophic soft continuous mapping if for each (N, E) € T, the inverse
image (¢, ¥)"1(N,E) € 1, i.e., the inverse image of each open NSS in (V,E,t,,) is also open in (U,E,T,,).
3. Neutrosophic Soft Mengerness

Here, the notion of Mengerness, almost Mengerness and near Mengerness on neutrosophic soft topological
space is developed with some basic theorems.

Definition 3.1. (a) A neutrosophic soft topological space (U.E, t,)is called neutrosophic soft Menger iff every
sequence {Q,,: n € N} of neutrosophic soft open covers of (U,E, t,,), there exists a sequence {V,,:n € N} such that for
every n € N, V,, is a finite subset of Q,, and U,y V, = 1,,.

(b) A neutrosophic soft topological space (U,E, t,,) is called neutrosophic soft almost Menger iff every sequence
{Q,: n € N} of neutrosophic soft open covers of (U,E, 1,,), there exists a sequence {V,;: n € N} such that for every
n € N, Vj, is a finite subset of Q,, and U,,cy V" = 1., where V" = {cl(V):V € V. }.
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(¢) A neutrosophic soft topological space (U,E,7,) is called neutrosophic soft nearly compact iff every
sequence {Q,:n € N} of neutrosophic soft open covers of (U,E,t,,), there exists a sequence {V},;: n € N} such that for
every n € N, V, is a finite subset of Q,, and U,y V' = 1,, where I}, = {int(cl(V)):V € V,}.

It is clear that in neutrosophic soft topological spaces we have the following implications:

Neutrosophic soft Menger->neutrosophic soft nearly Menger—>neutrosophic soft almost Menger.

Theorem 3.2. A neutrosophic soft topological space (U,E,t,,) is called neutrosophic soft almost Menger iff for each
family {Q,:n € N} of neutrosophic soft open sets in (U,E,r,) having the finite intersection property we have

nnEN Cl(Qn) * q)u-

Proof. Let (U,E,t,) be a neutrosophic soft almost Menger topological space. Consider {Q,,: n € N} be a sequence of
neutrosophic soft open sets in (U,E,t,,) having the finite intersection property. Suppose the N,cy ¢cl(Q,) = ®,. Then
we have Uy [cl(Q,)]=Npen int(Q,°) = 1,. Since (U,E,7,) neutrosophic soft almost Menger, for every n € N,
there exists a sequence {H,:n € N} such that H, is a finite subset of int(Q,°) and U,ecy H; = 1,, where
H;, = {cl(H):H < H,}. But from H, € int(Q,") and Q, < int(cl(Q,)), we see that N,ey @ = D, which is a
contradiction with the finite intersection property of {Q,:n € N}.

Conversely, let {Q,:n € N} be a neutrosophic soft open cover. If U,cy Hy # 1, where H;, = {cl(H):H € H,,} and
H, is a finite subset of Q,, then {(H;)‘:n € N} is an of neutrosophic soft open sequence with the finite intersection
property. Hence, from the hypothesis it follows that

nnEN Cl((Hrt)C) * q)u =>Un€N [Cl([Cl(H;)C)]C * 1u- Since UnEN Qn gunEN [Cl([Cl(H;;)C] * 1u!
then Upey @, # 1, which is a contradiction.

Definition 3.3. A neutrosophic soft set N; is called a neutrosophic soft regular open set iff N;=int(cl(N;)); a
neutrosophic soft set N is called a neutrosophic soft regular closed set iff No=cl(int(N>)).

Theorem 3.4. In a neutrosophic soft topological space (U,E,t,,) the following conditions are equivalent:

) (U, E, 7,) is neutrosophic soft almost Menger.

(ii) For each sequence {Q,:n € N} of neutrosophic soft regular closed sets such that N,ey @, = P, there
exists a sequence {V},:n € N} such that for every n € N, V,, is a finite subset of Q,, and N,ey V' = @y,
where V) = {int(V):V € V,}.

(iii) Nyen €l(Q,) # &, holds for each sequence {Q,:n € N} of neutrosophic soft regular open sets having
the finite intersection property.

(iv) For each sequence {Q,:n € N} of neutrosophic soft regular open covers of (U, E, t,), there exists a
sequence {V,:n € N} such that for every n€N, V, is a finite subset of @, and
Unew Vit = (cl(V):V € V).

Proof. The proof of this theorem follows a similar pattern to Theorem 3.2.

Definition 3.5. Let (UErt,) and (V,E,7,) be two neutrosophic soft topological spaces. Then
(o, ¥): (U,E, t,) » (V,E,7,) is said to be a neutrosophic soft almost continuous mapping if for each (N,E)
neutrosophic soft regular open set of (V,E,7,), the inverse image (¢, %) *(N,E) € t,. The inverse image of each
neutrosophic soft regular open set in (V, E, 7,,) is neutrosophic soft open in (U, E, t,,).

Theorem 3.6. Let (U,E,7,) and (V,E,) be two neutrosophic soft topological spaces and
(o, ¥): (U,E, t,) » (V,E, 1,) a neutrosophic soft almost continuous surjection mapping. If (M,E) is neutrosophic soft
almost Menger in (U, E, t,,), then (¢, )(M,E) is so in (V, E, 7,,).
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Proof. Let {Q,,, E): n € N} be a neutrosophic soft open cover of (¢,y)(M,E) i.e.,

C(M,E) SUpen(Qn, E). Since (¢, 1) is neutrosophic soft almost continuous,

{(@,P) tint(cl((Qn, E))): m € N} is a neutrosophic soft open cover of (M,E) . Since (M,E) is almost Menger, there
is a sequence {(H,, E):n € N} such that H, is a finite subset of {(¢,¥) tint(cl((Qn, E))):n € N} and
Unenv (Hp E) =1, where (Hy;, E) = {cl(H,E):H € H,,}. For every n€N and H € H,, we can choose a
member (Qy, E) S (Qn, E) such that (H,E) = (¢,¥)"*(Qy, E). From the surjectivity of (¢, ) we have

(M,E) € Upey cl ((¢,¢)—1 (int(cl(QH,E)))> =1,

Hence (¢, Y)(M,E) € (¢, Y)[ Unen cl((@, )" (int (cl(Qy, E))))1=

UnEN(qJ,t,b)[cl(go, lp)_l(int(cl(QH, E))))] =f(1,) =1,. But from int(cl(QH, E)) C cl(Qy,E) and from the
neutrosophic soft almost continuity of f,

(@, W)(cl(p, P)Hint(cl((Qu, ED))) € (@, ¥)((9,9) el (@, E)))) < cl(Qy, E) for each neN,
i.e, Upen cl(Qy, E) = 1,. Hence (¢, )(M,E) is neutrosophic soft almost Menger also.

Definition 3.7. Let (U,E,7,) and (V,E,7,) be two neutrosophic soft topological spaces. Then
(o, ¥): (U,E, 7)) » (V,E, 1,) is said to be a neutrosophic soft weakly continuous mapping if for each (N,E)

neutrosophic soft regular open set of (V,E, 7,), (¢, ) *(N,E) € int (((p, Y)1(cl(N, E)))

Theorem 3.8. Let (UEt,) and (V,E,t,) be two neutrosophic soft topological spaces and
(o, ¥): (U,E,7,) » (V,E 1,) is said to be a neutrosophic soft weakly continuous surjection mapping. If
(M,E) is neutrosophic soft Menger in (U,E, t,),then (¢,¥)(M,E) is neutrosophic soft almost Menger in
(V,E, 7,,).

Proof. By using a similar technique of the proof of Theorem 3.6, the theorem holds.

Definition 3.9. Let (UE,t,) and (V,E,7,) be two neutrosophic soft topological spaces.
Then (¢, ¥): (U,E, 7,) = (V,E, 1,) is said to be a neutrosophic soft strongly continuous mapping if for each
(M,E) neutrosophic soft set of (V,E,7,), (¢, ¥)[cl(M,E)] € (¢, Y)(M,E).

Theorem 3.10. Let (U,E,7,) and (V,E7,) be two neutrosophic soft topological spaces and
(p,¥): (U,E,1,) » (V,E,7,) a neutrosophic soft strongly continuous surjection mapping. If (M,E) is
neutrosophic soft almost Menger in (U, E, 7,,), then (¢, ¥) (M, E) is neutrosophic soft Menger in (V, E, 7,,).

Proof. By using a similar technique of the proof of Theorem 3.6, the theorem holds.

Corollary 3.11. Let (UE, 7 )and(V,E,t,) be two neutrosophic soft topological spaces and
(o, ¥): (UE,7,) » (V,E 1,) a neutrosophic soft strongly continuous surjection mapping. If (M,E) is
neutrosophic soft nearly Menger in (U, E, ), then (¢, ) (M, E) is neutrosophic soft Menger in (V, E, 7,,).

4. Conclusions

In this paper, the concepts of neutrosophic soft Menger topological spaces, Neutrosophic topological spaces,
Neutrosophic Bitopological spaces and Neutrosophic crisp supra bitopological spaces were introduced and studied.
Some interesting properties were also established. It would be interesting to study similar properties for
neutrosophic soft weakly Menger topological spaces, Neutrosophic crisp supra bitopological spaces, Neutrosophic
Bitopological Spaces and Neutrosophic Topological Spaces.
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Abstract

In a previous paper in this journal (IJNS), it is mentioned about a possible approach to re-describe QED without
renormalization route. As it is known that in literature, there are some attempts to reconcile vortex-based fluid
dynamics and particle dynamics. Some attempts are not quite as fruitful as others. As a follow up to previous paper,
the present paper will discuss two theorems for developing unification theories, and then point out some new proposals
including by Simula (2020) on how to derive Maxwell equations in superfluid dynamics setting; this could be a new
alternative approach towards “fluidicle” or “vorticle” model of QED. Further research is recommended in this new
direction.

Keywords: Neutrosophic logic, Vortex-based fluid dynamics, Fuidicle, Vorticle, QED, Renormalization, Maxwell-

Proca equations.

PACS 2010: 02, 03, 41, 98

1.Introduction

In literature, there are some attempts to reconcile between vortex-based fluid dynamics and particle dynamics, see

[15-21]. Some attempts are not quite fruitful as others, concerning describing classical electrodynamics.
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This paper will continue our previous article, suggesting that it is possible to find a way out of the infinity problem in
QED without renormalization route [14]. As in the previous paper [ 14], the role of neutrosophic Logic (developed by
one of us, FS) here is to find a third way or intermediate solution between point particle and vortex, that is why it is
suggested here a combined term: “vorticle” (from vortex and particle), or it may be called: “fluidicle” (from fluidic
particle). These new words vorticle and fluidicle are intended to capture the essence of “middle way” representing the

Neutrosophic Logic view.
Here three possible approaches by Tapio Simula, Lehnert’s RQED, and also Carl Krafft, will also be discussed.

The present paper will point out some new papers including by Simula [7] on how to derive Maxwell equations in

superfluid dynamics setting, this could be a new alternative approach towards “fluidicle” or “vorticle” model of QED.

2. A short review of progress QED theories in literature and two new theorems.

There are some progress in the literature of QED, beyond what is called “renormalization” route, for instance by

Daywitt, using a 7-dimensional spacetime and spinor wave [22-24].

Other developments have been made by Prof. Bo Lehnert, which he calls: revised Quantum Electrodynamics. There
are numerous possible ways to develop QED-like theories, and not only that some theoreticians have gone further to

develop Unification Theories, SuperUnification, and even Theory of Everything (TOE).

But almost all of them boiled down to mounting complexities and ever-increasing difficult technicalities, so it appears

to be more direct approach to start with writing down two theorems as follows:

2.a. Two new theorems and a corollary
Based on the above discussions, actually, it is suggested two theorems and a corollary over here:

Theorem 1I:
The true unified theory between gravitation, particles, and electromagnetic (UTGPE) fields should be based on a

consistent model of vacuum, preferably by a kind of ether fluid dynamics.
Theorem 2:
The true UTGPE, albeit it is quite difficult to find, shall be founded on no more than 3-dimensional space and 1-

dimensional time (Newtonian space).

Corollary:
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It should be possible and indeed relatively easy to find theoretical ways to unify four fundamental forces by increasing

spacetime dimensionality. Supra dimensional spacetime is one character of anti-realism theory of UTGPE.

2.b. Implication.

Therefore, a good candidate of true UTGPE, or at least a unification of gravitation and electromagnetic field in a
quantum sense, should be better off based on such characteristics, as a consistent combination between a quantum

feature of electrodynamics theory and/or quantum or sub-quantum’ model of aether fluid.

3. Three possible alternatives on QED
Allow us to begin this section with a quote from Sonin’s book [1], which can be paraphrased as follows:

“The movement of vortices has been a region of study for over a century. During the old style time of vortex elements,
from the late 1800s, many fascinating properties of vortices were found, starting with the outstanding Kelvin waves
engendering along a disconnected vortex line (Thompson, 1880). The primary object of hypothetical investigations
around then was a dissipationless immaculate fluid (Lamb, 1997). It was difficult for the hypothesis to find a shared
opinion with try since any old style fluid shows gooey impacts. The circumstance changed after crafted by Onsager
(1949) and Feynman (1955) who uncovered that turning superfluids are strung by a variety of vortex lines with quantized
dissemination. With this revelation, the quantum time of vortex elements started.”

Then it is possible find an expression that relates the topological and quantized vortices from the viewpoint of Bohr-

Sommerfeld quantization rules, which seem to remind us to the Old Quantum Theory, albeit from a different

perspective.

The quantization of circulation for nonrelativistic superfluid is given by [3]:

§vdr v (1)
m

N

Where N,7i,m_ represents the winding number, reduced Planck constant, and superfluid particle’s mass,

respectively [3]. And the total number of vortices is given by [44]:

w.27m*m

h

N ©)

! Added note: Robert N. Boyd has suggested his sub-quantum kinetic model of aether and also electron, using some features of
Kelvin-Helmholtz vortex theorem. See for instance: V. Christianto, F. Smarandache & R.N. Boyd, Electron Model Based
Helmholtz’s Electron Vortex & Kolmogorov’s Theory of Turbulence. Prespacetime J. vol. 10 (1), 2019. url:
https://prespacetime.com/index.php/pst/article/view/1516
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Some implications:

a. Simula’s approach

Provided it is acceptable that there is a neat correspondence between quantized vortices in superfluid helium and
Bohr-Sommerfeld quantization rules, now let us quote from abstract of a recent paper where Tapio Simula wrote,

which can be rephrased as follows [7]:

“Right now, and electromagnetism have a similar starting point and are new properties of the superfluid universe, which
itself rises up out of the hidden aggregate structure of progressively basic particles, for example, atoms. The Bose-Einstein
condensate is identified as the tricky dull matter of the superfluid universe with vortices and phonons, separately,
comparing to huge charged particles and massless photons.”[7]

In Simula’s model, Maxwell equations can be re-derived right from superfluid vortices.

b. Lehnert’s RQED

And one more approach is worthy to mention here. Instead of Simula’s model of electromagnetic and gravitation fields
in terms of superfluid vortices, we can also come up with a model of electrodynamics by Lehnert’s RQED from Proca
equations. As Proca equations can be used to describe the electromagnetic field of superconductor, we find it as a

possible approach too.

Conventional electromagnetic theory based on Maxwell’s equations and quantum mechanics has been successful in
its applications in numerous problems in physics and has sometimes manifested itself in a good agreement with
experiments. Nevertheless, as already stated by Feynman, there are unsolved problems which lead to difficulties with
Maxwell’s equations that are not removed by and not directly associated with quantum mechanics [20]. Therefore
QED, which is an extension of Maxwell’s equations, also becomes subject to the typical shortcomings of
electromagnetic in its conventional form. This reasoning makes a way for Revised Quantum Electrodynamics as
proposed by Bo Lehnert. [11-13]

In a series of papers, Bo Lehnert proposed a novel and revised version of Quantum Electrodynamics, which he calls
as RQED. His theory is based on the hypothesis of a nonzero electric charge density in the vacuum, and it is based on

Proca-type field equations [10, p. 23]:
——-V* |4, =pJ,, 11=1234 3)

Where

i¢
4, = (A,—j, )
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With A and ¢ standing for the magnetic vector potential and the electrostatic potential in three-space. In three

dimensions, we got [20, p.23]:

E
curlB _ &,(divE)C + £0 , )
Hy ot
curlE = _(?3’_]:’ (6)
B =curld,divB=0, (7
E- _v¢_2_/;, ®)
divE="". ©))
80

These equations differ from the conventional form, by a nonzero electric field divergence equation (9) and by the
additional space-charge current density in addition to displacement current at equation (5). The extended field

equations (5)-(9) are easily found also to become invariant to a gauge transformation.[10, p.23]
The main characteristic new features of the present theory can be summarized as follows [10, p.24]:

a. The hypothesis of a nonzero electric field divergence in the vacuum introduces an additional degree of
freedom, leading to new physical phenomena. The associated nonzero electric charge density thereby
acts somewhat like a hidden variable.

b. This also abolishes the symmetry between the electric and magnetic fields, and then the field equations
obtain the character of intrinsic linear symmetry breaking.

The theory is both Lorentz and gauge invariant.

d. The velocity of light is no longer a scalar quantity but is represented by a velocity vector of the modulus
c.

e. Additional results: Lehnert is also able to derive the mass of Z boson and Higgs-like boson.[21] These

would pave an alternative way to new physics beyond Standard Model.

Now it should be clear that Lehnert’s RQED is a good alternative theory to QM/QED, and therefore it is also
interesting to ask whether this theory can also explain some phenomena related to LENR and UDD reaction of Homlid

(as argued by Celani et a/).[8]
A recent paper [8] presented arguments in favor of extending RQED to become a fluidic Maxwell-Proca equations,

as follows:
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Now it appears possible to arrive at fluidic Maxwell-Proca equations, as follows [§]

(10)

80
V-B=0, (11
B=—VxE—Vx(ﬁ’va0), (12)
et E =V xB—p,j—x>A—(6E, + p,v+NT)-Vx(aVxE,), (13)

where:

V¢=—aa—’j1— E (14)
B=VxA, (15)
i =% (16)

Since according to Blackledge, the Proca equations can be viewed as a unified wavefield model of electromagnetic

phenomena [7], therefore the fluidic Maxwell-Proca equations can be considered as a unified wavefield model for

electrodynamics of superconductor.

Now, having defined Maxwell-Proca equations, it is possible to write down fluidic Maxwell-Proca-Hirsch equations

using the same definition, as follows:
2 2 1
=K )F - F) =— (F = F),
Ay
And
2 2 1
{,—x )T = J,) :?(‘]_Jo),
L

where

Y 1 60{2
0=V ———.
¢ 0
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In literature, the above fluidic Maxwell-Proca-Hirsch equations have never been presented elsewhere before. Provided
the above equations can be verified with experiments, they can be used to describe electrodynamics of

superconductors.

c. Krafft’s approach

A third approach of describing elementary particles from aether vortices perspective is discussed by Carl F.

Krafft [9]. See for example:

[ 8| B 1-THE-ETHER-AND-TS- X | 4 - i b
0O m filesd/ /O mywerk_2020/Praject2020/academia_2020/new_Academia/Haltandepinstitute/car_koafft/1-THE-ETHER- AND-ITS-VORTICES-BY-Carl-Freder 3 = f =
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Figure 1. A few elementary particles, source: Carl Frederich Krafft [9]

4. Concluding remarks

In this paper, continuing our previous article, it is argued that it is possible to find a way out of the infinity problem in
QED without renormalization route [14]. As a follow up to previous paper, in the present paper, first of all, two
theorems for developing unification theories have been discussed, along with pointing out some new proposals
including by Simula (2020) on how to derive Maxwell equations in superfluid dynamics setting. This could be a new

alternative approach towards “fluidicle” or “vorticle” model of QED.
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Three possible approaches: Tapio Simula, Lehnert’s RQED and also Carl F. Krafft, have also been discussed.
Nonetheless it should admitted that this article is not complete yet on possible ways to describe vorticle or fluidic as

an alternative to QED.

Hopefully this article will inspire further investigations in this line of thoughts.
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Abstract

This paper introduces the concept of n-refined neutrosophic vector spaces as a generalization of neutrosophic
vector spaces, and it studies elementary properties of them. Also, this work discusses some corresponding concepts
such as weak/strong n-refined neutrosophic vector spaces, and n-refined neutrosophic homomorphisms.

Keywords: n-Refined weak neutrosophic vector space, n-Refined strong neutrosophic vector space, n-Refined
neutrosophic homomorphism.

1.Introduction

Neutrosophy as a part of philosophy founded by F. Smarandache to study origin, nature, and indeterminacies
became a strong tool in studying algebraic concepts. Neutrosophic algebraic structures were defined and studied
such as neutrosophic modules,and neutrosopohic vector spaces, etc.See [1,2,3,4,5,6,7,89]. In 2013
Smarandacheintroduceda perfect idea, when he extended the neutrosophic set to refined [n-valued] neutrosophic
set, i.e. the truth value T is refined/split into types of sub-truths such as (T, Ty, ...,) similarly indeterminacy I is
refined/split into types of sub-indeterminacies (11, I», ...,) and the falsehood F is refined/split into sub-falsehood (Fi,
F»,..,) [10,11]. Refined neutrosophic algebraic structures were studied such as refined neutrosophic rings, refined

neutrosophic modules, and n-refined neutrosophic rings [4,12].

In this article authors try to define n-refined neutrosophic vector spaces, subspaces, and homomorphisms and to
present some of their elementary properties.

For our purpose we use multiplication operation (defined in [ 12]) between indeterminacies I, I, ..., I, as follows:
Il = Irrin(m,s)-
This work is a continuation of the study on the n-refined neutrosophic structures that began in [12].

2. Preliminaries
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Definition 2.1: [12]

Let (R,+,%) be aring and I;; 1 < k < n be n indeterminacies. We define R,(I)={ay, + a,I +---+ a,I,,; a; € R} to
be an n-refined neutrosophic ring.

Definition 4.3: [12]

(a) Let R,(I) be an n-refined neutrosophic ring and P = Y,i-, P;I; = {ag + a;I + -+ + a,l,,: a; € P;}, where P; is a
subset of R, we define P to be an AH-subring if P; is a subring of R for all . AHS-subring is defined by the condition
P, =P foralli,j.

(b) P is an AH-ideal ifP;aretwo-side ideals of R for all i, the AHS-ideal is defined by the condition P; = P; for all
i,j.
(c) The AH-ideal P is said to be null if P; = RorP; = {0} for alli.

Definition 2.3 :[5]

Let (V,+,- ) be a vector space over the field K; then ( V(I) , +, - ) is called a weak neutrosophic vector space over
the field K, and it is called a strong neutrosophic vector space if it is a vector space over the neutrosophic field K(I).

Definition 2.4 : [5]

Let V(I) be a strong neutrosophic vector space over the neutrosophic field K(I) and W(I) be a non empty set of V(I)
then W(I) is called a strong neutrosophic subspace if W(]) is itself a strong neutrosophic vector space.

Definition 2.6 :[5]

Let U(I) , W(I) be twostrong neutrosophic subspaces of V(I)and let f: V(1) - W (I) , we say that f is a neutrosophic
vector space homomorphism if

(a) (=L,

(b) fis a vector space homomorphism.

We define the kernel of f by Ker(f) = { x€ V(I); 1(x) = Oy () }-

Definition 2.7 :[5]

Let vy, v,..v5 € V(I)andx € V(I); we say that x is a linear combination of { v;;i = 1,..,s}if
X=a,v; + -+ + asv, suchthata; € K(I).

The set{ v;;i = 1,.., s}is called linearly independent if a; v, + - + a;vs = 0 implies a; = Ofor all i.

3. Main concepts and results

Definition 3.1:

Let (K,+,) be a field, we say that K,(I) = K + KI; + -+ KI,, = {ay + a1 I; + -+ + a,,I,;; a; € K} is an n-refined
neutrosophic field.

It is clear that K, (1) is an n-refined neutrosophic field, but not a field in the classical meaning.
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Example 3.2 :

Let K = Qbe the field of rationals. The corresponding 3-refined neutrosophic field is
Qs(I) ={a+ bl; + cl, + dI3;a,b,c,d € Q}.

Definition 3.3 :

Let (V,+,") be a vector space over the field K. Then we say that V,(I) =V + VI, + -+ VI, = {xy + x;1; + - +
Xpln; x; € V}is a weak n-refined neutrosophic vector space over the field K. Elements of V;, (I)are called n-refined
neutrosophic vectors, elements of K are called scalars.

If we take scalars from the n-refined neutrosophicfield K,,(I), we say that V,(I) is a strong n-refined neutrosophic
vector space over the n-refined neutrosophic field K, (I). Elements of K, (I) are called n-refined neutrosophic
scalars.

Remark 3.4:
If we take n=1 we get the classical neutrosophic vector space.

Addition on V;,(I)is defined as:

n n n
aili + bili = (ai + bl)IL
i=0 i=0 i=0
Multiplication by a scalar m € Kis defined as:
m - Yizoail; = Xizo(m.a)l;.

Multiplication by an n-refined neutrosophic scalar m = Y1~ m;I; € K, (I)is defined as:
Qisomily) - Bito aily) = X1 j—o(mi-a)) L 1;,
where a; S V,mi € K, ILI] = Irrin(i,j)~

Theorem 3.5 :

Let (V,+,") be a vector space over the field K. Then a weak n-refined neutrosophic vector space V, (I) is a vector
space over the field K. A strong n-refined neutrosophic vector space is not a vector space but a module over the n-
refinedneutrosophic field K, (I).

Proof:

It is similar to that of Theorem 2.3 in [5].

Example 3.6:

Let V = Z, be the finite vector space of integers modulo 2 over itself:

(a) The corresponding weak 2-refined neutrosophic vector space over the field Z, is
V,(DH)={01,1,,,, + L1+, +1L,1+1,1+ 1}
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Definition 3.7:

Let V,(I) be a weak n-refined neutrosophic vector space over the field K; a nonempty subset W,,(I) is called a weak
n-refined neutrosophic subspace of V, (I) if W}, (I) is a subspace of V, (I) itself.

Definition 3.8:

Let V,(I) be a strong n-refined neutrosophic vector space over the n-refined neutrosophic fieldK,, (I); a nonempty
subset W, (1) is called a strong n-refined neutrosophic subspace of V,(I) if W,,(I) is a submodule ofV}, (1) itself.

Theorem 3.9:

Let V,(I) be a weak n-refined neutrosophic vector space over the field K, W}, (I) be a nonempty subset of V,(I).
Then W, (I) is a weak n-refined neutrosophic subspace if and only if:

x+yeW,(I),m-x € Wy(Dforall x,y € W,,(I),m € K.
Proof:

It holds directly from the condition of subspace.

Theorem 3.10:

Let V,(I) be a strong n-refined neutrosophic vector space over an n-refined neutrosophic field K, (I), W, (I) be a
nonempty subset of V,(1). Then W,,(I) is a strong n-refined neutrosophic subspace if and only if:

x+y €W,(I),m-x € W,(Dforall x,y € W,(I),m € K, (I).
Proof:

It holds directly from the condition of submodule.

Example 3.11:

Let V = R?be a vector space over the field R, W = < (0,1) > is a subspace of V, RZ(I) = {(a,b) + (m,s)I; +
(k,t)I; a,b,m,s, k,t € R} is the corresponding weak/strong 2-refined neutrosophic vector space.

Wo(I) ={ag + a11; + a,1,} = {(0,x) + (0,y)I; + (0,2)I,; x,y,z € R}is a weak 2-refined neutrosophic subspace
of the weak 2-refined neutrosophic vector space RZ(I) over the field R.

W,o(I) ={ag + a;I; + a,1,} = {(0,x) + (0,y)1; + (0,2)I,; x,y,z € R}is a strong 2-refined neutrosophic subspace
of the strong 2-refined neutrosophic vector space R2(I) over the n-refined neutrosophic field R, (I).

Definition 3.12:

Let V,(I) be a weak n-refined neutrosophic vector space over the field K, x be an arbitrary element of 1, (I), we say
that x is a linear combination of {x;, x5, ..., X} C V,(I), orx = a;xq + ayx, + -+ apxny: a; € K, x; € V,(1).

Example 3.13:

Consider the weak 2-refined neutrosophic vector space in Example 3.11,
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x=(02)+ (1,3)I € R3(), x=2(0,1)+1(1,0)I; +3(0,1)I, i.e x is a linear combination of the set
{(0,1), (1,0)1;, (0,1)1,} over the field R.

Definition 3.14:

Let V,(I) be a strong n-refined neutrosophic vector space over an n-refined neutrosophic field K, (I), x be an
arbitrary element of V,(I), we say that x is a linear combination of {xq,x,, ..., xp} SV, (I) is x = a;x; + ayx, +
ot A Xy a; € K, (D, x; € V(D).

Example 3.15:

Consider the strong 2-refined neutrosophic vector space RZ(I) = {(a,b) + (m,s)I; + (k,t)I;;a,b,m,s,k,t € R}
over the 2-refined neutrosophic field R, (1),

x=02)+GB3)L+(-10L=Q2+L)-(01)+A+1L) -, +{,—1;) (1,0)],, hence x is a linear
combination of the set {(0,1), (1,1)1;, (1,0)I,} over the 2-refined neutrosophic field R, (I).

Definition 3.16:

Let X = {x4, ..., X, } be a subset of a weak n-refined neutrosophic vector space V,(I) over the field K, X is a weak
linearly independent set if Y,/ a;x; = 0 i mplieq; = 0; a; € K.

Definition 3.17:

Let X ={xy,...,x,} be a subset of a strong n-refined neutrosophic vector space V,(I) over the n-refined
neutrosophic field K, (I), X is a weak linearly independent set if ),/ a;x; = 0 i mpli ea; = 0; a; € K, (I).

Definition 3.18:

Let V,,(I), W,,(I) be two strong n-refined neutrosophic vector space over the n-refined neutrosophic field K,, (1), let
f:V,(I) = U,(I) be a well defined map. It is called a strong n-refined neutrosophic homomorphism if:

flaax+b.y)=a.f(x)+b.f(y)forall x,y € V,(I),a,b € K,(I).
A weak n-refined neutrosophic homomorphism can be defined as the same.

We can understand the strong n-refined homomorphism as a module homomorphism, weak n-refined neutrosophic
homomorphism can be understood as a vector space homomorphism.

Remark:

The previous definition of n-refined homomorphism between two strong/weak n-refined vector spaces is a classical
homomorphism between two modules/spaces. We can not add a similar condition to the concept of neutrosophic
homomorphism (f (I;) = I;), since I; is not supposed to be an element of V;, (I)if ¥ has more than one dimension for
example. According to our definition,Ker(f) will be a subspace (which is different from classical neutrosophic vector
space case) sicnef was defined as a classical homomorphism without any additional condition.

Definition 3.19:

Let f:V,(I) = U,(I) be a weak/strong n-refined neutrosophic homomorphism, we define:

(a) Ker(f) = {x € V,(I); f(x) = 0}.
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(b) Im(f) = {y € Up(I); 3x € Vy(Dandy = f(x)}.

Theorem 3.20:

Let f: V,(I) = U,(I) be a weak n-refined neutrosophic homomorphism. Then
(a) Ker(f)is a weak n-refined neutrosophic subspace of 1, (I).

(b) Im(f)is a weak n-refined neutrosophic subspace of U, (I).

Proof:

(a) fis a vector space homomorphism since V}, (1), U, (I) are vector spaces, hence Ker(f) is a subspace of the vector
space V, (I), thus Ker(f) is a weak n-refined neutrosophic subspace of V,(I).

(b) It holds by similar argument.

Theorem 3.21:

Let f:V,(I) = U,(I) be a strong n-refined neutrosophic homomorphism. Then
(a) Ker(f)is a strong n-refined neutrosophic subspace of 1, (I).

(b) Im(f)is a strong n-refined neutrosophic subspace of U, (I).

Proof:

(a) fis a module homomorphism since V},(I), U,,(I) are modules over the n-refined neutrosophic field K, (I), hence
Ker(f) is a submodule of the vector space V},(I), thus Ker(f) is a strong n-refined neutrosophic subspace of , (1).

(b) Holds by similar argument.
Example 3.22:

Let R%(I) = {xo + xlll + x2[2; Xg, X1, X € RZ}, R%(I) = {yo + ylll + y212; Yo, Y1, Y2 € R3} be two weak 2-
refined neutrosophic vector space over the field R. Consider f: RZ2(I) —» R3(I), where

fl(a,b) + (m,n)I; + (k,s)I,] = (a,0,0) + (m,0,0)I; + (k,0,0)I,, f is a weak 2-refined neutrosophic
homomorphism over the field R.

Ker(f) ={(0,b) + (0,n)I, + (0,s)I,; b,n,s € R}.
Im(f) = {(a,0,0) + (m,0,0)I; + (k,0,0)I,; a,m, k € R}.
Example 3.23:

Let W,(I) =< (0,0,1)I; >={q.(0,0,a)l;;a €R,q € R,(}, U,(I) =< (0,1,0)]; >={q.(0,a,0)[;;a ER;q €
R,(I)} be two strong 2-refined neutrosophic subspaces of the strong 2-refined neutrosophic vector space R3(I) over

2-refined neutrosophic field R,(I). Define f: W, (I) - U,(I); f[q(0,0,a)I;] = q(0,a,0)I;; g € R,(1).
fis a strong 2-refinedneutrosophic homomorphism:

Let A = q,(0,0,a)I;,B = q,(0,0,b)I; € W,(I); q4,q, € R,(I), we have
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A+ B =1(q; +q,)(0,0,a+b);,f(A+B) =(q, +q2)-(0,a+ b,0)I; = f(A) + f(B).
Letm = ¢ + dl; + el, € R,(I) be a 2-refined neutrosophic scalar, we have
m-A=c-q,(00,a)l; +d-q,(0,0,a)11; + e-q.(0,0,a)l,]; = q1(0,0,c.a +d.a+e.a)l;,
fm.A) =q,(0,c.a+d.a+e.a0)l; =m- f(A), hence f is a strong 2-refined neutrosophic homomorphism.
Ker(f) = (0,0,0) + (0,0,0)I, + (0,0,0)L,.
Im(f) = U, (D).
Remark 3.24:

A union of two n-refined neutrosophic vector spaces V;, (I)andW,, (1) is not supposed to be an n-refined neutrosophic
vector space, since the addition operation can not be defined. For example consider V = R3, W = R?,n = 2.

5. Conclusion

In this paper we have introducedthe concept of weak/strong n-refined neutrosophic vector space. Also, some related
concepts such as weak/strong n-refined neutrosophic subspace, weak/strong n-refined neutrosophic homomorphism
have been presented and studied.

Future research

Authors hope that some corresponding notions will be studied in future such as weak/strong n-refined neutrosophic
basis, and AH-subspaces.
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Abstract

In this paper, a new approach of neutrosophic topological space (NA-NTS) is going to be introduced which is
more general than neutrosophic topological space. Moreover, a new kind of neutrosophic sets and neutrosophic
concepts in this new space is going to be created, which may makes us created a new kind in neutrosophic
topology. We prove that a new approach of neutrosophic topological space is not a classical topological space.
Also, a new approach of neutrosophic topological space is neither neutrosophic topological space nor neutrosophic
crisp topological space. Many examples and theories are presented..

Keywords: New approach of neutrosophic topological spaces, new approach of neutrosophic open sets, new
approach of neutrosophic closed sets.

1. Introduction

Recently, as a generalization of fuzzy set was defined by Zadeh [1] and intuitionistic fuzzy set was defined by K.
Atanassov([2], the concept of the neutrosophic set was first given by F. Smarandache [3,4]. A.A. Salama and S.A.
Alblowi [5] presented neutrosophic topological space via neutrosophic sets. In recent years, the theory of
neutrosophic theory becomes very widespread among scientists around the world. For more details about
neutrosophic topological space and applications of neutrosophic set theory, the readers should see [6—-13].

Recently, Agboola et al. in[14,15], presented the concept of neutrosophic ring and neutrosophic group. Then, in
2015, Agboola in[16], presented the concept of refined neutrosophic algebraic structures. Also, he introduced
refined neutrosophic groups. Recently, several works have been done to generalize the neutrosophic algebraic
structures to refined neutrosophic algebraic structures. In 2020, Adeleke et al. In [17,18] studied several refined
concepts such as refined neutrosophic rings and introduced their basic properties, refined neutrosophic ideals and
refined neutrosophic homomorphisms in details. Many researchers had many contributions to neutrosophic ring [19]
and neutrosophic topology as [20], [21] and [22]. Also, F. Smarandache extended the neutrosophic set to refined [n-
valued] neutrosophic set, and to refined neutrosophic logic, and to refined neutrosophic probability, See[23].

This paper is devoted to the study of a new approach of neutrosophic topology and new approach of neutrosophic
topological space, and investigate its basic properties. Also, we prove that a new approach of neutrosophic
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topological space is not a classical neutrosophic topological space. We provide many new definitions, important
results, some theories and examples.

2. Definition

In this section, we recall some basic definitions such as neutrosophic group, refined neutrosophic group and
neutrosophic ring which are useful in the sequel.

Definition 2.1. [17] Let (G, *) be any group, the neutrosophic group is generated by I and G under * denoted by

N(G)={<GUI>,*}.

Definition 2.2: [19]

Let R be any ring. The neutrosophic ring (R U I) is also a ring generated by R and I under the operations of R.
Example 2.3: [19]

Let Z be the ring of integers; <Z U I> ={a+bl:a,b € Z}.<Z U I> is aring called the neutrosophic ring of
integers. Also Z# S<ZUD.

Definition 2.4: [5]

A neutrosophic topology (NT) on aset X #J is a family I' of neutrosophic subsets in X satisfying the following

axioms.

1. lN 5 ON el.
2. T'is closed finite intersection.
3. I' is closed under arbitrary union.

the pair (X, I') is called neutrosophic topological space (NTS) in X. Moreover, elements of I" are known as
neutrosophic open sets (NOS) and their complements are neutrosophic closed sets(NCS).

For a neutrosophic set A over X, the neutrosophic interior and the neutrosophic closure of A are defined as:
Nint(A)=U{G: GESA,GEeTl }and Ncl (A=N{F: AcF,FeT }.

3. A new Approach Of Neutrosophic Topological Space:

In this section, we study a new approach of neutrosophic topological space, and investigate its basic properties. We
denote the indeterminacy by ( 1). The indeterminacy I is taken to have the properties 1.1 = I>= 1.
Definition 3.1:

Let y=J be any set, then we define (y)nas following (y)n={ a®bl : ac y,be xU {0 } } (the set N(y) is
generated by I and G), also, bl is indeterminacy and bl = 1.

- The power set of  is denoted by P(y).
- The power set of (y)n is denoted by P[(3)n].

Definition 3.2:
1. If A €P(y and A#D then (A)n € P[()n]; (A)n={ a®bl : ac y,be y U {0 } }, also, bl is

indeterminacy and bl = I. But if A= then (A)n =J®1.
2. If (AN € P[(yn], then (D@1 ) U (AN = (A)n and (FDPI) N (AN = TOL
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Example 3.3:

Let X={1,2,3} then ()x={ a®bl : ac y,be yU {0} }={1, 2, 3, 1®L, 201, 301}

We remove many elements in N(y) such as 1@21, 131, 2@21, 2@31, 321, 3P31I because, every one of them
equal to member in {1®I, 21, 3®I1}.

If A={1,2}then, (A)N={ a®bl : ac y,beyU {0 } }={1, 2, 11, 2D1}.

Example 3.4:

Let y={x, y} then ()n={ a®bl : ac y,bey U {0 } }={ x,y, x®I, y®I}

We remove many elements in N(y) as x®xI, x®yl, y@xI, y®yl. because, every one of them equals to member
in { x®I, y@I}.

If B={x}then, (B)n={ a®bl : ac y,be yu {0 } }={x, x®PI}.

Definition 3.5:

Lety=3, if T={Ai}ica is topology on yx, then a new approach of neutrosophic topology (Na-NT) ony is a family
T={(A)n}ica of ()N

The pair (xT) is called a new approach of neutrosophic topological space (Na-NTS) in y, Moreover, members
of T are known as a new approach of neutrosophic open sets (Na-NOS) and their complements are a new
approach of neutrosophic closed sets (Na-NCS), members of P[(y)n] are known as a new approach of
neutrosophic sets (Na-NS).
Remark 3.6:

- Na-NOS(y) means the family of the new approach of neutrosophic open setson y .

- Na-NCS(y) means the family of the new approach of neutrosophic closed sets on .

Example 3.7:

Lety={e,f,g}. T=1{9,4,B,C, X},

A= {e,f}, B = {e! g}' C= {e}T = {@@1, (A)N' (B)N! (C)N! (X)N}
Ay ={e, f,e®PL fOI},(B)y ={e, g, e®I,gPI}, (C)y = {e, eDI}.
Then(x, T) is a new approach of neutrosophic space.

Remark 3.8:

New approach of neutrosophic topological space is not a classical topological space.
Proof:

Since D¢ T, then new approach of neutrosophic topological space is not a classical topological space.
Theorem 3.9:

If I=0 then the new approach of neutrosophic topological space is a classical topological space.

Proof:

If =0, then, T = T therefore, new approach of neutrosophic topological space is a classical topological space.
Remark 3.10: Let (Aj)ne T, for all i€ A, then:

1. Uica(A)N =(YieaAi)n.
2. (A1 )N ﬁ(Az )N = (Alﬁ A )N-

Theorem 3.11: Let y=J then if T={(Ai)n}iea is a new approach of neutrosophic topology (Na-NT), then:

=Tu{,X} is N-topology on (¥, and (x, T) is N-topological space.

( N= neutrosophic, but we saied N-topology in this Theorem is for neutrosophic topology because in [4], is defined,
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but they don't have the same concepts).

Proof:

- Ttis clear that J,X et.

- Let (A, (A2)neT then Ay, Ay €T, but T is topology, therefore, Aim A, €T, hence (AN Ax)n € T.

Therefore (A1)n N(A2)n = (A1N A2)n €1 by remark 3.10.

- Foreveryi€A, let (Aj)NeT then Ai€T, but T is topology, therefore, \UicaAi €T, hence (UicaAi)n € T.

Therefore, Uiea(Ai)N =(UieaAi)n €T by remark 3.10.

Therefore T is N-topology on (Y, and (, t) is N-topological space.

Remark 3.12:

New approach of neutrosophic topological space is not a neutrosophic topological space.
Remark 3.13:

New approach of neutrosophic topological space is not a neutrosophic crisp topological space.

4. The interior and closure operations in a new approach of neutrosophic topological space:
In this part, we define the closure and interior via new approach of neutrosophic open (closed) set.
Definition 4.1: Let (¥, T) be an NAo-NTS, and A is a new approach of neutrosophic set (N4-NS) then :
The union of any Na-NOS, contained in A is called the a new approach of neutrosophic interior of A
(Na-int(A)).
Na-int(A) = U{B ; BCA ; Be NAs-NOS }.
Theorem 4.2:
Let (x, T) be an Na-NTS, A, B are a new approach of the neutrosophic set (Na-NS) then :

1. Na-int(A)c A.

2. Na-int(A) is No-NOS.

3. Ac B = Na-int(A) < Na-int(B).

1. Follows from the definition of Na-int(A) as a union of any Na-NOS, contains in A.
2. Since the union of any Na-NOS, is Na-NOS, then Na-int(A)=U{B ; BCA ; Be NA-NOS(X) } is Na-

NOS.
3. Proofis obvious.
Definition 4.3:

Let (x, T) be an NAo-NTS, and A is a new approach of neutrosophic set (Na-NS) then :
The intersection of any Na-NCS, including A is called a new approach of neutrosophic closure of A
(Na-cl(A)).
Na-cl(A)=n{B ; BoA ; Be NA-NCS(y) }.
Theorem 4.4:
Let (x, T) be an Na-NTS, and A is a new approach of neutrosophic set (Na-NCS) then :
1. A < Na-cl(A).
2. Na-cl(A) is Na-NCS.
Proof :
1. Follow from the definition of Na-cl(A) as an intersection of any Nao-NCS contained in A.
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2. Profis obvious.
Theorem 4.5:
Let (x, T) be an NAo-NTS, and A is a new approach of neutrosophic set (Na-NCS) then :
1. Na-cl(x-A)=x - (Na-int(A)).
2. Na-int(x-A)=x - Na-cl(A)).
3. Na-int(A)=x - Na-cl(x -A)).
4. Na-cl(A)=yx - (Na-int(x -A)).

1. x-(Na-int(A))=x -[U{B ; BcA ; Be NA-NOS }]
="{X-B ;x-B2x-A;x-Be Na-NOS(x) }= Na-cl(x -A)
=u{x-B ; x-Bc A ; X-Be NaA-NOS(X) }=x - Na-int(A).
2. X-Na-c(A)=x-[n{B ; BoA ; Be NA-NCS(x) }]
=U{x-B ;x-Bcx-A;x-Be Na-NCS()) }= Na-int(x -A).
3. Follows from (2) by put x -A in place of A.
4. Follows from (1) by put x -A in place of A.
Theorem 4.6:
Let (x, T) be an NAo-NTS, and A is a new approach of neutrosophic set (Na-NCS) then :
1.  Ais NaA-NCS, iff Na-cl(A) = A.
2. Ais NaA-NOS, iff No-N-int(A)= A.
Proof :
1. Follow from the definition of Na-cl(A) and Theorem 3.4.
2. Follow from the definition of Na-int(A) and Theorem 3.2.
Theorem 4.7:
Let (x, T) be an NAo-NTS, and A is a new approach of neutrosophic set (Na-NCS) then :
1. Na-cl[Na-cl(A)]= Na-cl(A).
2. Na-int[Na-int(A)]= Na-int(A).
Proof :
Prof is Obvious.
Remark 4.8:
Let (x, T) be an Na-NTS, A, B are a new approach of neutrosophic set (Na-NS) then :

1. Na-int(ANB) < Na-int(A)NNa-int(B).
2. Na-cl(AnB) < Na-cl(A)nNa-cl(B).
3. Na-int(AUB) o Na-int(A)UNa-int(B).
4. Na-cl(AUB) o Na-cl(A)UNa-cl(B).

1. Since AnB < A, AnB < B then Na-int(AnB)c Na-int (A) and Na-int(ANB)< Na-int(B), hence
Na-int(ANB)c Na-int(A)N Na-int(A).

2. Since AnB c A, AnB < B then Na-cl(AnB)< Na-cl(A) and Na-cl(AnB)c Na-cl(B), hence Na-
cl(AnB)c Na-cl(A)NNa-cl(A).

3. Since AcAUB, BCAUB then Na-int(A)c Na-int(AUB) and Na-int(B)cNa-int(AUB), hence
Na-int(A)UNa-int(B)< Na-int(ANB).

4. Since AcAUB, BCAUB then Na-cl(A)c Na-cl(AuUB) and Na-cl(B)cNa-cl(AUB), hence Na-cl(A)v
Na-cl(B)cNa-cl(ANB).

Conclusion

In this work, we have introduced a new approach of neutrosophic topology and a new approach of neutrosophic
topological space. Then, we have introduced a new approach of the neutrosophic open (closed) sets in a new

approach of the neutrosophic topological space. Also, we studied some of their basic properties. Finally, This paper
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is just a beginning of a new structure and we have studied a few ideas only. It will be necessary to carry out more
theoretical research to establish a general framework for the practical application. In the future, using these notions,
various classes of mappings and separation axioms on the new approach of neutrosophic topological space can be

studied.
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Abstract

The objective of this paper is to introduce the concept of NeutroRings by considering three NeutroAxioms
(NeutroAbelianGroup (additive), NeutroSemigroup (multiplicative) and NeutroDistributivity (multiplication
over addition)). Several interesting results and examples on NeutroRings, NeutroSubgrings, Neutroldeals,
NeutroQuotientRings and NeutroRingHomomorphisms are presented. It is shown that the 1st isomorphism
theorem of the classical rings holds in the class of NeutroRings.

Keywords: Neutrosophy, NeutroGroup, NeutroSubgroup, NeutroRing, NeutroSubring, Neutroldeal, Neutro-
QuotientRing and NeutroRingHomomorphism.

1 Introduction

The concept of neutrosophic logic/set introduced by Smarandache?® is a generalization of fuzzy logic/set in-
troduced by Zadeh® and intuitionistic fuzzy logic/set introduced by Atanasov* In neutrosophic logic, each
proposition is characterized by truth value in the set 7, indeterminacy value in the set / and falsehood value
in the set F' where T, I, F are standard or nonstandard of the subsets of the nonstandard interval |~0, 17|
where ~0 < inf7 +inf I + inf F' < supT + supl +sup F < 3T. Statically, T, I, F are subsets, but
dynamically, the components of T', I, F' are set-valued vector functions/operators depending on many param-
eters some of which may be hidden or unknown. Neutrosophic logic/set has several real life applications in
sciences, engineering, technology and social sciences. The concept has been used in medical diagnosis and
multiple decision-making >"1%2% Neutrosophic set has been used and applied in several areas of mathematics.
For instance in algebra, neutrosophic set has been used to develop neutrosophic groups, rings, vector spaces,
modules, hypergroups, hyperrings, hypervector spaces, hypermodules, etc H##THISIONTZAZ Tn analysis,
neutrosophic set has been used to develop neutrosophic topological spaces*"*# and many other areas of math-
ematical analysis. The concept of neutrosophic logic/set is now well known and embraced in many parts of
world. Many researches have been conducted on neutrosophic logic/set and several papers have been published
in many international journals by many neutrosophic researchers scattered all over the world. Neutrosophic
Sets and Systems and International Journal of Neutrosophic Science are presently two international journals
dedicated to publication of research articles in neutrosophic logic/set.

Smarandache! recently introduced new fields of research in neutrosophy called NeutroStructures and An-
tiStructures respectively. In/2” Smarandache introduced the concepts of NeutroAlgebras and AntiAlgebras and
in*!'he revisited the concept of NeutroAlgebras and AntiAlgebras where he studied Partial Algebras, Universal
Algebras, Effect Algebras and Boole’s Partial Algebras and he showed that NeutroAlgebras are generalization
of Partial Algebras. Motivated by the works of Smarandache in,"2!' Agboola et al in® studied NeutroAlgebras
and AntiAlgebras viz-a-viz the classical number systems N, Z, Q, R and C. Also motivated by the work of
Smarandache in2? Agboola® formally introduced the concept of NeutroGroup by considering three NeutroAx-
ioms (NeutroAssociativity, existence of NeutroNeutral element and existence of Neutrolnverse element). In
Agboola studied NeutroSubgroups, NeutroCyclicGroups, NeutroQuotientGroups and NeutroGroupHomomor-
phisms. Several interesting results and examples were presented and it was shown that generally, Lagrange’s
theorem and 1st isomorphism theorem of the classical groups do not hold in the class of NeutroGroups. In con-
tinuation of the work started in,? the present paper is devoted to the presentation of the concept of NeutroRing
by considering three NeutroAxioms (NeutroAbelianGroup (additive), NeutroSemigroup (multiplicative) and
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NeutroDistributivity (multiplication over addition)). Several interesting results and examples on NeutroRings,
NeutroSubgrings, Neutroldeals, NeutroQuotientRings and NeutroRingHomomorphisms are presented. It is
shown that the 1st isomorphism theorem of the classical rings holds in the class of NeutroRings.

2 Preliminaries

In this section, we will give some definitions, examples and results that will be useful in other sections of the
paper.

Definition 2.1. %1

(1) A classical axiom defined on a nonempty set is an axiom that is totally true (i.e. true for all set’s
elements).

(i) A NeutroAxiom (or Neutrosophic Axiom) defined on a nonempty set is an axiom that is true for some
set’s elements [degree of truth (T)], indeterminate for other set’s elements [degree of indeterminacy (I)],
or false for the other set’s elements [degree of falsehood (F)], where T', I, F' € [0,1], with (T, I, F) #
(1,0, 0) that represents the classical axiom, and (T, I, F') # (0,0, 1) that represents the AntiAxiom.

(iii) An AntiAxiom defined on a nonempty set is an axiom that is false for all set’s elements.
Therefore, we have the neutrosophic triplet: < Axiom, NeutroAxiom, AntiAxiom >.

Definition 2.2. ¥ Let G be a nonempty set and let * : G x G — G be a binary operation on G. The couple
(G, %) is called a NeutroGroup if the following conditions are satisfied:

(i) = is NeutroAssociative that is there exists at least one triplet (a, b, ¢) € G such that
a*(bxc)=(axb)xc (1)
and there exists at least one triplet (z,y, z) € G such that

xx(yxz)#£ (xxy)* 2. 2)

(ii) There exists a NeutroNeutral element in G that is there exists at least an element a € G that has a single
neutral element that is we have e € G such that

axe=e*xa=a 3)

and for b € G there does not exist e € GG such that

bxe=exb=0»> 4)

or there exist e1, e5 € G such that
bxey = e xb=0b or ®))
bxes = eaxb=0>0 with e; # eq (6)

(iii) There exists a Neutrolnverse element that is there exists an element a € G that has an inverse b € G
with respect to a unit element e € G that is

axb=bxa=c¢e @)

or there exists at least one element b € G that has two or more inverses ¢,d € G with respect to some
unit element v € G that is

bxec = cxb=u ()
bxd = dxb=u. )
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In addition, if * is NeutroCommutative that is there exists at least a duplet (a,b) € G such that

axb=bx*a (10)
and there exists at least a duplet (¢, d) € G such that

cxd#£dxe, (1)

then (G, %) is called a NeutroCommutativeGroup or a NeutroAbelianGroup.
If only condition (i) is satisfied, then (G, ) is called a NeutroSemiGroup and if only conditions (i) and (ii)
are satisfied, then (G, %) is called a NeutroMonoid.

Example 2.3. " Let U = {a, b, c,d, e, f} be a universe of discourse and let G = {a, b, c,d} be a subset of U.
Let * be a binary operation defined on G as shown in the Cayley table below:

x|la|b|c|d
alblc|d]|a
bleld|alc
cldlal|bl|d
dla|b|lcl|a

Then (G, ) is a NeutroAbelianGroup.

Example 2.4. “'Let G = Z;( and let * be a binary operation on G defined by z xy = x + 2y forall z,y € G
where "+ is addition modulo 10. Then (G, ) is a NeutroAbelianGroup.

Definition 2.5. ¥ Let (G, *) be a NeutroGroup. A nonempty subset H of G is called a NeutroSubgroup of G
if (H, ) is also a NeutroGroup.

The only trivial NeutroSubgroup of G is G.

Example 2.6.  Let (G, *) be the NeutroGroup of Exampleand let H = {a,c,d}. The compositions of
elements of H are given in the Cayley table below.

x|al|lcl|d
alb|d]|a
cld|bl|d
dla|c|a

Then, H is a NeutroSubgroup of G.

Definition 2.7. “ Let (G, *) and (H, o) be any two NeutroGroups. The mapping ¢ : G — H is called a
homomorphism if ¢ preserves the binary operations * and o that is if for all x, y € G, we have

p(x +y) = ¢(x) 0 d(y). (12)
The kernel of ¢ denoted by Ker¢ is defined as
Ker¢ = {o: 6(z) = en} (13)

where ey € H is such that N;, = ey for at least one h € H.
The image of ¢ denoted by Im¢ is defined as

Img(z) ={y € H:y = ¢(x) forsome h € H}. (14)
If in addition ¢ is a bijection, then ¢ is an isomorphism and we write G = H.

Theorem 2.8. = Let (G, *) and (H, o) be NeutroGroups and let N, = eq such that eq * v = x * eq = T for
at least one x € G and let Ny = ey such that ey xy = y * ey = y for at least one y € H. Suppose that
¢ : G — H is a NeutroGroup homomorphism. Then:

(i) ¢(ec) = en.
(ii) Kerg is a NeutroSubgroup of G.
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(iii) Imdo is a NeutroSubgroup of H.
(iv) ¢ is injective if and only if Ker¢ = {e,}.
Theorem 2.9. ¥ Let H be a NeutroSubgroup of a NeutroGroup (G, *). The mapping ¢ : G — G/ H defined

by
Y(x)=2H V2 eq@

is a NeutroGroup homomorphism and the Keriy # H.

Theorem 2.10. 2 Let ¢ : G — H be a NeutroGroup homomorpism and let K = Ker$. Then the mapping
Y : G/K — Im¢ defined by
Y(eK)=¢(x) Ve eqG

is a NeutroGroup epimorphism and not an isomorphism.

3 Development of NeutroRings and their Properties

The new concept of NeutroRing is developed and studied in this section by considering three NeutroAxioms
(NeutroAbelianGroup (additive), NeutroSemigroup (multiplicative) and NeutroDistributivity (multiplication
over addition)). Several interesting results and examples are presented.

Definition 3.1.  (a) A NeutroRing (R, +,.) is a ring structure that has at least one NeutroOperation among
"4+ and ".” or at least one NeutroAxiom. Therefore, there are many cases of NeutroRing, depending
on the number of NeutroOperations and NeutroAxioms, and which of them are Neutro-Sophicated.

For the purposes of this paper, the following definition of a NeutroRing will be adopted:

(b) Let R be a nonempty set and let +,. : R x R — R be binary operations of ordinary addition and
multiplication on R. The triple (R, +, .) is called a NeutroRing if the following conditions are satisfied:

(i) (R,+) is a NeutroAbelianGroup.
(i) (R,.)is a NeutroSemiGroup.

(iii) ”.” is both left and right NeutroDistributive over ’+" that is there exists at least a triplet (a, b, ¢) €

R and at least a triplet (d, e, f) € R such that

a.(b+c¢) = ab+ac (15)
(b+c)a = ba+ca (16)
de+f) # de+df (17)
(e+f)d # ed+ fd. (18)

If 7" is NeutroCommutative, then (R, +, .) is called a NeutroCommutativeRing.
We will sometimes write a.b = ab.

Definition 3.2. Let (R, +,.) be a NeutroRing.

(i) R is called a finite NeutroRing of order n if the number of elements in R is n that is o(R) = n. If no
such n exists, then R is called an infinite NeutroRing and we write o( R) = oo.

(i1) R is called a NeutroRing with NeutroUnity if there exists a multiplicative NeutroUnity element © € R
such that ux = zu = z that is U, = u for at least one = € R.

(iii) If there exists a least positive n such that nz = e for at least one *+ € R where e is an additive
NeutroElement in R, then R is called a NeutroRing of characteristic n. If no such n exists, then R is
called a NeutroRing of characteristic NeutroZero.

(iv) Anelement x € R is called a Neutroldempotent element if 2% = x.

(v) An element x € R is called a NeutroINilpotent element if for the least positive integer n, we have
x"™ = e where e is an additive NeutroNeutral element in R.

(vi) Anelement e # x € R is called a NeutroZeroDivisor element if there exists an element e # y € R such
that xy = e or yx = e where e is an additive NeutroNeutral element in R.
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(vii) An element z € R is called a multiplicative Neutrolnverse element if there exists at least one y € R
such that zy = yx = u where w is the multiplicative NeutroUnity element in R.

Definition 3.3. Let (R, +,.) be a NeutroCommutativeRing with NeutroUnity. Then
(1) R is called a NeutrolntegralDomain if R has no at least one NeutroZeroDivisor element.
(ii) R is called a NeutroField if R has at least one Neutrolnverse element.

Example 3.4. Let X = {a, b, ¢, d} be a universe of discourse and let R = {a, b, ¢} be a subset of X. Let ""+”
and ”.”" be binary operations defined on R as shown in the Cayley tables below:

+la|b]|ec alblec
alalbl|b alalala
blclalc alcla
clblcl|a alcl|b
It is clear from the table that:
c+b+c) = (c+b)+c=a,
a+(b+c) = bbut (a+b)+c=c#b.
a+c = c+a=hb,
a+b = b but b+a=c#b.

This shows that “+" is NeutroAssociative and NeutroCommutative. Hence, (R, +) is a commutative Neu-
troSemiGroup.

Next, let N, and I, represent additive neutral element and additive inverse element respectively with
respect to any element z € R. Then

N, = a,
I, = a.
Ny does not exist,
I does not exist.
N, = b,
I. = a.

Hence, (R, +) is a NeutroAbelianGroup.
Next, consider
b(cb) = (bc)b=a,
c(bc) = a but (cb)c=10b#a.

This shows that (R, .) is NeutroAssociative.
Lastly, consider

a.(b+c¢) = ab+ac=a,
b.(c+a) = ¢, but be+ba=a#c
(b+b).b = bb+bb=a,
(b+a)c = b, but be+ac=a#b.
ab = b.a=a,
b.c = a,but c.b=c#a.

This shows that ”.” is both left and right NeutroDistributive over "+ and it is NeutroCommutative. Hence,
(R, +,.) is a NeutroCommutativeRing. Since U, = a that is aa = a, it follows that (R, +, .) is a NeutroCom-
mutativeRing with NeutroUnity.

It is observed that ”a” is both Neutroldempotent and NeutroNilpotent element in R. NeutroZeroDivisor
elements in R are "a, b, ¢”’. Again, R is a NeutroField but not a NeutrolntegralDomain.
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Theorem 3.5. Every NeutroField R is not necessarily a NeutrolntegralDomain.

Example 3.6. Let X = Z;( and let ® and ® be two binary operations on X defined by z®y = 2z +y and z©®
y =x+4yforall x,y € X where "+" is addition modulo 10. Then (X, &, ®) is a NeutroCommutativeRing.
To see this:

(i) (X,®) is a NeutroAbelianGroup: Let ., y, z € X. Then

r®(y®z) = 2rx+2y+z and (z®y)® = 4x + 2y + 2, equating these we have
20 4+2y+2z = dx+2y+z
= 2z = 0
r = 0,5.

Thus, only the triplets (0, z,y) and (5, z,y) can verify the associativity of @ (degree of associativity =
20%) and therefore, @ is NeutroAsociative.

(i1) Existence of NeutroNeutral and Neutrolnverse elements: Lete € X suchthatz e =2x4+e ==
and e ®x = 2e + x = z. Then 2x + e = 2e + x from which we obtain e = z. But then, only
0®0=0and 5@ 5 =5 in X (degree of existence of neutral element = 20%). This shows that X has
a NeutroNeutral element. It can also be shown that X has a Neutrolnverse element.

(iii) NeutroComutativity of ®: Let t @y = 2x +yand y Sz = 2y +zsothat 2o +y = 2y +
from which we obtain © = y. This shows that only the duplet (z,x) can verify commutativity of &
(degree of commutativity = 10%) that is, & is NeutroCommutative. Hence, (X, @) is a NeutroAbelian-
Group.

(iv) (X, ®) is a NeutroSemiGroup: Let z,y, z € X. Then
2O @Woz)=c+4y+16z and (zOy) © z =z + 4y + 4z

so that x 4+ 4y + 16z = = + 4y + 4z from which we obtain 12z = 0 so that = = 0,5. Hence,
only the triplets (z,y,0) and (z,y, 5) can verify associativity of ® (degree of associativity = 20%) and
consequently, (X, ®) is a NeutroSemigroup.

(v) NeutroDistributivity: Let z,y, z € X. Then

0O (y® z) x4+ 8y+4z,(x@y)® (x®z) =3x + 8y + 4z so that
r+8y+4z = 3r+8y+4z
=2r = 0
z = 0,5.

This shows that only the triplets (0, y, z) and (5, y, z) can verify left distributivity of ® over ®
(degree of left distributivity = 20%). Again,

(yoz2)0x = 4dx+2y+2yo0x)d(z0x) =12z + 2y + z sothat
dx+2y+z = 12x+4+2y—+=z
= 8z 0
z = 0,5.

This shows that only the triplets (0, y, z) and (5, y, z) can verify right distributivity of ® over &
(degree of right distributivity = 20%). Thus, @ is both left and right NeutroDistributive over &. Finally,
letz®y =2+ 4yand y © x = y + 4z. Putting z + 4y = y + 4z we have = y showing that
only the duplet (z,x) can verify the commutativity of ® (degree of commutativity = 10%). Hence, ®
is NeutroCommutative and accordingly, (X, @, ®) is a NeutroCommutativeRing.

Theorem 3.7. Let (R;,+,.),i = 1,2,---  n be a family of NeutroRings. Then
(i) R =, R; is a NeutroRing.

(ii) R =11\_, R; is a NeutroRing.

Doi :10.5281/zenodo.3877121 67



International Journal of Neutrosophic Science (IJNS) Vol. 7, No. 2, PP. 62-73, 2020

Proof. Obvious. O

Definition 3.8. Let (R, +,.) be a NeutroRing. A nonempty subset S of R is called a NeutroSubring of R if
(S, +,.) is also a NeutroRing.

The only trivial NeutroSubring of R is R.

Example 3.9. Let (R,+,.) be the NeutroRing of Example 3.4 and let S = {a,b}. The compositions of
elements of S are given in the Cayley tables below.

+lal|b .lalb
alalb ala
blc|a blal|ec

Then, S is a NeutroSubring of R. To see this:
(i) (S,+) is a NeutroAbelianGroup:

+(a+bd) = (a+a)+b=hb,
b+ (a+b) = a, but (b+a)+b=c#a.

N, = a,

I, = a,

Ny does not exist,
I does not exist.

a+a = a, buta+b=bb+a=c#b.
Hence, (S, +) is a NeutroAbelianGroup.
(i) (S,.) is a NeutroSemigroup:
a(ba) = (ab)a = a,
b(bb) = a, but (bb)b=c# a.

This shows that (.5, .) is a NeutroSemigroup.

(iii) NeutroDistributivity:

ala+b) = aa+ab=a,
b(b+a) = a, but bb+ba ="b#a.
(b+a)a = ba+aa=a,
(a+b)a = ¢, but aa+ba=a#c.

This shows that both left and right NeutroDistributivity hold. Accordingly, (S, +,.) is a NeutroRing.
Since S is a subset of R, it follows that S is NeutroSubring of R.

Theorem 3.10. Let (R, +,.) be a NeutroRing and let {S;},i = 1,2, -- ,n be a family of NeutroSubrings of
R. Then

(i) S =, Si is a NeutroSubring of R.
(ii) S =TI, Si is a NeutroSubring of R.
Proof. Obvious. O

Definition 3.11. Let (R, +,.) be a NeutroRing. A nonempty subset I of R is called a left Neutroldeal of R if
the following conditions hold:

(1) I is a NeutroSubring of R.
(i) € I and r € R imply that at least one zr € I forall r € R.

Definition 3.12. Let (R, +,.) be a NeutroRing. A nonempty subset I of R is called a right Neutroldeal of R
if the following conditions hold:
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(i) I is a NeutroSubring of R.
(i) € I and r € R imply that at least one rz € I forall r € R.

Definition 3.13. Let (R, +,.) be a NeutroRing. A nonempty subset I of R is called a Neutroldeal of R if the
following conditions hold:

(1) I is a NeutroSubring of R.
(i) x € I and r € R imply that at least one xr,rx € I forall r € R.

Example 3.14. Let R = {a,b, ¢} be the NeutroRing of Example[3.4|and let I = S = {a, b} be the Neutro-
Subring of R given in Example[3.9] Consider the following:

aa = a,ab=a,ac =a,ba =a,bb=c¢& I,bc = a.
This shows that I is a left Neutroldeal of R. Again,
aa = a,ba =a,ca=a,ab=a,bb=cgl,cb=c¢ I.
This also shows that I is a right Neutroldeal of R. Hence, [ is a Neutroldeal of R.

Theorem 3.15. Let (R, +,.) be a NeutroRing and let {I;},i = 1,2,--- ,n be a family of Neutroldeals of R.
Then

(i) I =i, I; is a Neutroldeal of R.

(ii) I =31, I; is a Neutroldeal of R.
Proof. Obvious. O
Definition 3.16. Let (R, +,.) be a NeutroRing and let I be a Neutroldeal of R. The set R/I is defined by

R/I={z+1I:z€R}. (19)

For x + I,y + I € R/I with at least a pair (x,y) € R, let ® and ® be binary operations on R/I defined as
follows:

(+Dey+I) = (z+y) +1, (20)
z+DHoOy+I) = zy+1. 1)

Then it can be shown that the tripple (R/I, @, ®) is a NeutroRing which we call a NeutroQuotientRing.

Example 3.17. Let R be the NeutroRing of Example[3.4]and let I be its Neutroldeal of Example[3.14] Then

a+1 = {ab}=1I,
b+1I = {a,c},
c+T = {be},

R/I = {a+1,b+1I,c+1I}={{a,b},{a,c}, {bc}}.

Consider the Cayley tables below:

@ a+1|b+1|c+1 O] a+I|b+1|c+]1
a+I|a+IT|b+1|b+1 a+I|a+I|a+1|a+1
b+1I|c+I|a+1]|c+1 b+I|a+1|c+I|a+1
c+I | b+T1|c+I|a+1 c+I|la+1|c+1I|b+1

It easy to deduce from the tables that (R/I, ®, ®) is a NeutroRing.

Theorem 3.18. Let I be a Neutroldeal of the NeutroRing R. Then R/I is a NeutroCommutativeRing with
NeutroUnity if and only if R is a NeutroCommutativeRing with NeutroUnity.

Proof. Easy. O
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Definition 3.19. Let (R,+,.) and (S,+’,.") be any two NeutroRings. The mapping ¢ : R — S is called
a NeutroRingHomomorphism if ¢ preserves the binary operations of R and S that is if for at least a pair
(z,y) € R, we have:

dx+y) = o)+ o), (22)
d(ry) = ox)/dy) (23)

The kernel of ¢ denoted by Ker¢ is defined as
Ker¢ ={z: ¢(z) =er} (24)

where e € R is such that N, = e for at least one r € R.
The image of ¢ denoted by Im¢ is defined as

Im¢={yeS:y=¢(x) foratleastone y € S}. (25)

If in addition ¢ is a NeutroBijection, then ¢ is called a NeutroRinglsomorphism and we write R = S.
NeutroRingEpimorphism, NeutroRingMonomorphism, NeutroRingEndomorphism and NeutroRing Automor-
phism are defined similarly.

Example 3.20. Let R be the NeutroRing of Example[3.4Jand let ¢ : R x R — R be a mapping defined by
_Joa ifz=uy,
s ={ g i oY

It can be shown that ¢ is a NeutroRingHomomorphism. The Ker¢ = {(a,a), (b,b), (¢, ¢)} which is a Neu-
troSubgRing of R x R as can be seen in the Cayley tables below.

+ (a,a) | (b,b) | (c,c) . (a,a) | (b,b) | (c,c)
(a,a) | (a,a) | (b,b) | (b,b) (a,a) | (a,a) | (a,a) | (a,a)
(b,0) | (c,c) | (a,a) | (c,c) (b,b) | (a,a) | (c,¢) | (a,a)
(c,c) | (b,b) | (c,¢) | (a,a) (c;0) | (a,a) | (e,0) | (bD)
Im¢ = {a,d} £ R.

Theorem 3.21. Let R and S be two NeutroRings. Let N, = e, for at least one x € R and let N, = eg for at
least one y € S. Suppose that ¢ : R — S is a NeutroRingHomomorphism. Then:

(i) ¢(er) is not necessarily equals eg.
(ii) Kerg is a NeutroSubring of R.
(iii) Imd is not necessarily a NeutroSubring of S.
(iv) ¢ is Neutrolnjective if and only if Ker¢ = {er} for at least one e, € R.

Example 3.22. Let R = {a, b, c} be the NeutroRing of Example[3.4]and let I = {a, b} be the Neutroldeal of
R given in Example[3.14] Let ¢ : R — R/I be a mapping defined by ¢(x) = x + I for at least one z € R.
Then ¢(a) = a+ I = {a,b} = 1,¢(b) = b+ I = {a,c} and ¢(c) = ¢+ I = {b, ¢} from which we obtain
that ¢ is a NeutroRingHomomorphism.

Kerg={x € R:¢(v) =eryr}={zrc€R:x+1=egy=a+1}=1
Theorem 3.23. Let I be a Neutroldeal of a NeutroRing R. Then the mapping ¢ : R — R/I defined by
Y(x) =x+ 1 foratleastone x € R

is a NeutroRing Epimomorphism and the Kery = 1.

Theorem 3.24. Let ¢ : R — S be a NeutroRingHomomorpism and let K = Ker¢. Then the mapping
Y : R/K — Img defined by

Y(x 4+ K) = ¢(x) foratleast one x € R
is a NeutroRinglsomorphism.
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Proof. Letx + K,y + K € R/K with at least a pair (z,y) € R. Then

Yz+K)e+K) = d(z+y) +K)

= o(z+y)

= (@) +o(y)

= Y@+ K)oyy+ K).
P+ K)o+ K) = d((y)+K)

= ¢(ay)

= o(x)¢(y)

o+ K) 0 p(y + K).
{r+KeR/K :¢(z+K) =eyum)}
= {t+KecR/K:¢(r)=ey)}

= {er/x}-

Kery

This shows that 7 is a NeutroBijectiveHomomorphism and therefore it is a NeutroRinglsomorphism that is
R/K = I'm¢ which is the same as what is obtainable in the classical rings. O

Theorem 3.25. NeutroRinglsomorphism of NeutroRings is an equivalence relation.

Proof. The proof is the same as the classical rings. [

4 Conclusion

We have for the first time introduced in this paper the concept of NeutroRings by considering three NeutroAx-
ioms (NeutroAbelianGroup (additive), NeutroSemigroup (multiplicative) and NeutroDistributivity (multipli-
cation over addition)). Several interesting results and examples on NeutroRings, NeutroSubgrings, Neutrolde-
als, NeutroQuotientRings and NeutroRingHomomorphisms are presented. It is shown that the 1st isomorphism
theorem of the classical rings holds in the class of NeutroRings. More advanced properties of NeutroRings
will be presented in our future papers. Other NeutroAlgebraicStructures such as NeutroModules, NeutroVec-
torSpaces etc are opened to be developed and studied by other Neutrosophic researchers.
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This paper studies classical homomorphisms between n-refined neutrosophic ring and m-refined neutrosophic ring.
It proves that every m-refined neutrosophic ring R, (I) is a homomorphic image of n-refined neutrosophic ring
R, (I), where m < n. Also, it presents a discussion of kernels and some corresponding isomorphisms between
those rings.
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1.Introduction
Neutrosophy is a new kind of logic founded by Smarandache, concerns with origin, nature, and indeterminacy.

Neutrosophic ideas found their way in algebra and its applications. Neutrosophical algebraic studies began with
Smarandache and Kandasamy in [5]. They presented many neutrosophical structures such as neutrosophic rings,
groups, and loops. Many generalizations came to light, such as n-refined neutrosophic structures, refined
neutrosophic rings, n-refined neutrosophic rings, refined neutrosophic ideals, refined neutrosophic homomorphisms,
and AH-substructures.See[1-8].

In [3], Abobala proved that each neutrosophic ring R(I) is a homomorphic image of the refined neutrosophic ring
R(I4, 1,). This result means that a refined neutrosophic ring R(I,1,) is a ring extension of R(I). This extension can
be represented by the homomorphism f: R(I;,I,) = R(I); f(a, by, cl,) = a + (b + ¢)I. In this paper we generalize
the previous result into n-refined neutrosophic rings. Also, we prove that each m-refined neutrosophic ring R,,, (1) is
a homomorphic image of n-refined neutrosophic ring R,,(I), where m < n.

All homomorphisms through this paper are taken by classical meaning in Ring Theory, not by neutrosophical
meaning. For example, see[1, 2].

Motivation

This paper generalizes some results introduced in [3] about refined neutrosophic rings, into n-refined neutrosophic
rings. Also, it clarifies that n-refined neutrosophic ideas have an algebraic origin, since n-refined neutrosophic ring
R, (I) can be realized as a classical ring extension of the ring R.

2. Preliminaries
In this section, we show some concepts we used through the paper.
Theorem?2.1: [3]
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Let (R ,+,X) be a ring and R(I), R(I;, I;) the related neutrosophic ring and refined neutrosophic ring respectively, we
have:

(a) There is a ring homomorphism f: R(ly,I;) = R(I).

(b) The additive group (Ker(f),+) is isomorphic to the additive group (R,+).

Theorem 2.2: [3]

Let R be a ring, where Char(R) = 2, there is a subring of R(I, I,) say K with property K = R; R(I;,1,)/K = R(I).
Definition 2.3: [6]

Let (R,+,X) be aring and [;; 1 < k < n be n indeterminacies. We define R,,()={aq + a,I + -+ a,I,, ; a; € R} to
be n-refined neutrosophic ring.

Addition and multiplication on R, (I)are defined as:

Yicoxili + Xisovili = Xiso(xi + y) I, Xico xiy X Xt yil; = Z?j:o(xi X y; ) 1;.

Where x is the multiplication defined on the ring R.

3. Main results

In the following section, we discuss the main results and theorems.

Lemma 3.1:

Let R be a ring with unity 1, R,,(I), R,,_; (1) be the corresponding n-refined neutrosophic ring, and
(n-1) refined neutrosophic ring respectively. Then:

() R,_1(I)is a homomorphic image of R,,(1).

(b) R,(I)/K = R,,_1(I); K is a ring with property K = R.

Proof:

(a) Define the map

iRy (D) = Ryoa (D) f(ag + ayy + -+ anly) = ag + ayly + -+ analyp + (@1 + ap)lnog
fis well defined. Considerx = Y\i-, a;l; = Yo b;l; = y, we have a; = b; for all i, thus

Ao + alll + -+ an_zln_z + (an_l + an)ln_l = bo + blll + -+ bn_zln_z + (bn—l + bn)ln_l, this means f(x) =
f.

fis a classical ring homomorphism.
Let x = Yo ail;, ¥y = D= bil; be two arbitrary elements in R,,(I), we have:
x+y=Xiolai+b)l,

xX.y = Z?,j:o(ai- bj)lilj = ZZ}'_:Zo(ai- bj)Iin + (an—lln—l + anln)- (bp-1lp—q + bply) =
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Y2, (ai b)) L1 + (ap—q.by—q + @y_1. by + Aybp_)Iy_q + ay. byl
fC+y) = BiZg(ait+b)]; + (@noy + @y + byoy + b)lney = () + f ().
flx.y) = Zﬁffo(ai. b1 + (@n-1.bp-1 + Gn1.by + Qybp_y + ay. b))y,
fO).fy) =
lao + ayly + -+ analn—z + (@n-1 + @) ln1]. [bo + byly + -+ + bp_zln—3 + (bp—y + bp)In1].
Hence f(x.y) = f().f ().
(b) Ker(f) = {y = X0 bil; € R,(I): f(y) = 0}, this implies b; = 0 for all 0 < i <n — 2 and
Ap-1 = =y, s0 Ker(f) = {a,(I, — In-1); an € R}=K.
By first isomorphism theory we find
R,(I)/K = R,_1(I). Consider g: K - R; g(a,(I, — I,_1)) = a,. Where a, € R.
It is easy to see that g is a well defined map, f is an isomorphism:
Let=a,(I, — I,_1),y = by(I, — I,_1);a;,b; € R;i € {n — 1,n} be two arbitrary elements in K,
x+y=(an+by)Un —In-1), g(x +y) = an + by = g(x) + g»).
X.Y = Qn.bply — an.bply_y — an. bl 1 + an. byl = an. by(In — In-1),
g(x.y) = an.by = g(x). g»).
It is clear that g is bijective. Thus we get the proof.
Theorem 3.2:

Let R be a ring with unity 1, R, (1), R,,(I) be the corresponding n-refined, m-refined neutrosophic ring with m < n.
Then R, (I) is a homomorphic image of R, (I).

Proof:

If m = n then it is clear.

Suppose that m < n. Then by previous lemma, we get a series of ring homomorphisms
Ry(D) =f, Ry (D) =5, Ry (D) o =g,y Rmer (D =, Rin(D.

fr-mOfn—m+10 ... 0fn_10fpis a ring homomorphism between R,,(I), R,,(I) since it is a product of homomorphisms,
thus our proof is complete.

Example 3.3:

Let R =Zbe the ring of integers modulo 6, R,(I) ={a+ bl, +cl, +dl;+ el a,b,c,d, e €R} be the
corresponding 4-refined neutrosophic ring, R;(I) = {a + bl, + cI, + dl3;a,b,c,d € R} be the corresponding 3-
refined neutrosophic ring. We have:
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(@) f:R,(I) » R;(); f(a+ bl +cl, + di; + el,) = a+ bl + cl, + (d + e)l5is a homomorphism.
(b) Ker(f) = {m(I, — I3); m € R} = R, and R, (I /Ker(f) = R;(I).
(c) g:R3(I) = R,(1); g(a+ by + cl, + dI3) = a+ bl; + (c + d)I,is a homomorphism too.

(d) gof:R,(I) = R,(I); gof (a + bl; + cl, +dI; + el,) = a+ bl, + (c +d + e)l,is a homomorphism between
R4(D), R, (D).

Result 3.4:

According to Theorem 3.2, ifR,,(I) is an n-refined neutrosophic ring. Then:

R,()/Ky = Rpy_1(1),Rp_1(D)/Kp—q = Ry (D), ..., R{(I)/K; = R,Where K; = R.

So, we have the following series of ring extensions R = R,(I) = - = R,,_1(I) = R, (I). For each ring
R,,(I); 1 < m < nthere is a subring K = R, with property R,,(I)/K = R,,_,(I).

According to the previous result, we can understand the n-refined neutrosophic ring R,,(I) as an extension of R with
n steps. Each step can be represented by a ring homomorphism.

Remark 3.5:

The main application of Result 3.4 that it clarifies the algebraic nature of n-refined neutrosophic idea in the case of
n-refined neutrosophic ring.

Splitting I into n subindeterminacies I, ..., I, is a logical idea introduced by Smarandache in [7,8]. This work shows
that it has an algebraic origin in rings, since the n-refined neutrosophic ring R, (I)can be considered as a classical
ring extention based on classical homomorphisms.

5. Conclusion

In this article we have studied classical homomorphisms between n-refined neutrosophic ring R, (I) and m-refined
neutrosophic ring R,, (1), where m < n. Also,we haveproved the following results:

1) Each m-refined neutrosophic ring is a homomorphic image of n-refined neutrosophic ring, where m < n.

2) Each n-refined neutrosophic ring R, (I) is a ring extension of the ring R by n steps. Each one can be represented
by a ring homomorphism.
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Abstract

This article introduces the concept of AH-submodule, AHS-submodule of a neutrosophic module, and AHS-
homomorphism. This work presents some basic notions and properties of these concepts such as AH-Kernel, AH-
Quotient, and dimension, and determines the algebraic structure of weak neutrosophic module over a commutative
ring R.
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1. Introduction
Neutrosophy as a new branch of philosophy founded by Smarandache has an interesting effect in real world

problems, applications and algebraic studies. Recently, neutrosophic sets have been applied in the medical field such
as diagnosis of bipolar disorder diseases [1], evaluation hospital medical care systems [2], intelligent medical
decision support model based on soft computing and many other ares [3], and novel group decision making model
for heart disease [4].

Many neutrosophic algebraic structures have been defined and studied such as neutrosophic rings, neutrosophic
groups, neutrosophic vector spaces and refined neutrosophic rings. See[7, 8, 9, 10, 11, 12, 13, 14]. AH-substructures
were defined for the first time in neutrosophic rings in [5], then they were introduced in refined neutrosophic rings
in [2]. These structures have many symmetric properties which illustrate a line between classical algebra and
neutrosophical algebra. AH-ideal in a neutrosophic ring R(I) is a set with form P + QI where P, Q are ideals in R,
other AH-structures can be defined to have many parts, each part has a special structure such (subspace, ideal, and
submodule). AH-substructures were studied in refined neutrosophic rings, and neutrosophic vector spaces too [6,8].
In this paper we try to define AH-submodule and AHS-submodule of a neutrosophic module and introduce some of
their elementary properties. Also, some interesting concepts were defined and applied in this study, such as
neutrosophic module AHS-homomorphism, and AH-Quotient module.

Motivation
This work is an extension of studies about AH-substructures in neutrosophical algebraic structures in [5,6,8].

2. Preliminaries
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In the following part, we recall some notions which will be used in our study.
Definition 2.1: [15]

Let (N, +, .) be a module over the ring R. Then (N(I), +, .) is called a weak neutrosophic module over the ring R,
and it is called a strong neutrosophic module if it is a module over the neutrosophic ring R(I).

Here elements of N(I) have the form x + yI; x,y € N, i.e N(I) can be written as N(I) = N + NI.
Definition 2.2: [15]

Let M(I) be a strong neutrosophic module over the neutrosophic ring R(I) and W(I) be a nonempty set of M(I), then
W() is called a strong neutrosophic submodule if W(I) itself is a strong neutrosophic module.

Definition 2.3: [15]

Let U(I) and W(I) be two strong neutrosophic modules and let f: U(I) - W (I), we say that f is a neutrosophic
vector space homomorphism if

@ f) =1

(b) f is a module homomorphism.

We define the kernel of f by Ker(f) = { x€ M(I); f(x) =0 }.
Definition 2.4: [6]

Let R(I) be a neutrosophic ring and P = Py + P;I = {a, + a,I; ay € Py,a, € P;}.

(a) We say that P is an AH-ideal if Pyand P; are ideals in the ring R.

(b) We say that P is an AHS-ideal if Py = P;.

Definition 2.5: [6]

Let (R(I4, 1), +,X) be a refined neutrosophic ring, and P, P, P, be three ideals in the ring R then the set
P = (Py, P11, P,15) = {(a,bl;,cl,);a € Py,b € Py, c € P,} is called a refined neutrosophic AH-ideal.

If Py = P, = P, then P is called a refined neutrosophic AHS-ideal.

3. Main concepts and discussion

In this section we introduce our main definitions, results, and we illustrate some examples.

Definition 3.1:

Let M(I) = M + MI be a strong/weak neutrosophic module, the set

S=P+QI ={x+yl;x € P,y € Q},where Pand Q aresubnodul es of V is called an AH-submodule of M(I).
If P = Q, S is called an AHS-submodule of M(]).
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Example 3.2:

We have M =Z% = Z X Z is a module over R, P =< (0,1) >,Q =< (1,0) >, are two submodules of M. The set
S=P+QI={0,a)+ (b,0);a,b € Z} is an AH-submodule of M(I).

The set L = P 4+ PI = {(0,a) + (0,b)I}; a,b € Z is an AHS-submodule of M(J).

Theorem 3.3:

Let M(I) = M + MI be a neutrosophic weak module over the ring R, and let S = P + QI be an AH-submodule of
M(I), then S is a submodule.

Proof:
Suppose that x =a+ bl,y =c+dl € S;a,c € P, b,d € Q,

x+y=(a+c)+ (b+d) €S.Foreachscalarm € R we obtain m.x = m.a + (m.b)I € S, since
P and Q aresubmodul es; thus S = P + QI is a submodule of M(I) over the ring R.

Theorem 3.4:

Let M(I) be a neutrosophic strong module over a neutrosophic ring R(I), let S = P + PI be an AHS-submodule.
Then S is a submodule of M(I).

Proof:

Suppose thatx = a + bl,y =c+dIl € S;a,c,b,c EP,

x+y=(a+c)+(b+d)eS.Let m=t+dl € R(I) be aneutrosophic scalar, we find

m.x = (t.a) + (d.a+d.b+t.b)l € S,sinced.a +d.b + t.b € P, thus we get the desired result.
A strong AH-submodule is not supposed to be a submodule. For examples see [4].

Definition 3.5:

(a) Let M and W be two modules, Ly,: M = W be a homomorphism. The AHS-homomorphism can be defined as
follows:

L:M(I) - W(I);L(a+ bl) = Ly(a) + Ly (b)I.

(b) IfS = P + QI is an AH-submodule of M(I), L(S) = Ly, (P) + Ly (Q)I.

() IfS = P+ QI is an AH-submodule of W(I), L™1(S) = Ly} (P) + Ly} (Q)I.

(d) AH — Ker(L) = Ker(Ly) + Ker(Ly) I ={x+yl;x,y € Ker(Ly)}.

Theorem 3.6:

Let W(I) and M(I) be two neutrosophic strong/weak modules, and L: M(I) - W (I) be an AHS-homomorphism:

(a) AH — Ker(L) is an AHS-submodule of M(I).
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(b)If S = P+ QI is an AH-submodule of M(I), L(S) is an AH-submodule of W(I).
() IfS = P + QI is an AH-submodule of W(I), L™1(S) is an AH-submodule of M(I).
Proof:

(a) Since Ker(Ly,) is a submodule of M, we find that AH — Ker(L) = Ker(Ly) + Ker(Ly)I is an AHS-
submodule of M(I).

(b) We have L(S) = Ly (P) + Ly (Q)I; thus L(S) is an AH-submodule of W(1), since Ly, (P), Ly, (Q)are submodules
of W.

(c) By regarding that L1(S) = Ly} (P) + L} (Q)I, Ly*(P) and Ly} (Q) are submodules of M, we obtain that
L71(S) is an AH-subModule of M(I).

Theorem 3.7:

Let W(I) and M(I) be two neutrosophic strong modules over a neutrosophic ring R(I), and L: M(I) - W(I) be an
AHS-homomorphism. Then

Lix+y)=Lx)+L(y),L(m.x) =m.L(x), forall x,y € M(I),m € R(I).
Proof:
Suppose x =a+bl,y =c+dl;a,b,c,d € M,and m = s + tI € K(I), we have

Lix+y)=L(la+cl+[b+dll)=Ly(a+c)+Ly(b+d)=[Ly(a)+ Ly +[Ly(c)+ Ly(d)I]=
L(x) + L(y).

m.x=(s.a)+ (s.b+t.a+t.b)I,L(m.x) = Ly(s.a) + Ly(s.b + t.a+ t.b)]

=s.Ly(a) + [s.Ly(b) + t.Ly(a) + t. Ly (D) = (s + tI). (Ly(a) + Ly (b)I) = m. L(x).

Theorem 3.8:

Let S = P + QI be an AH-submodule of a neutrosophic weak module M(I) over a ring R, suppose that
X={x;l1<i<n}isabasesof PandY = {y;; 1 < j < m} is a bases of Q then X U Y1 is a bases of S.

Proof:

Let z = x + yI be an arbitrary element in S; x € P,y € Q. Since P and Q are submodules of M we can write
X=a1%; +ayx, + -+ ax,; a;ERand x; EX,y = by, + by, + -+ by ym; b EK,y; €Y.

Now we obtain z = (a;x; + - + a,x,) + (byy1I + -+ + by 1); thus X U Y1 generates the subspace S.

X U Y1 is linearly independent set. Assume that (a;x; + - + a,x,) + (b1y1l + -+ + by, i) = 0, this implies

a;x; + ax, + -+ ayx, =0and (byy; + by, + -+ by, ym)I = 0. Since X and Y are linearly independent sets
over R, we geta; = b; = 0 for all i,j and X U Y is linearly independent then it is a basis of S.

Result 3.9:
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Let S = P + QI be an AH-submodule of a neutrosophic weak module M(I) with finite dimension over a ring R,
from Theorem 3.8 and the fact that X N YI = @, we find dim(S) = dim(P) + dim(Q).

Example 3.10:

Let M =Z3 = Z x Z X Z is a module over the ring Z, P =< (0,0,1) >, Q =< (0,1,0) > be two submodules of M,
(@S =P+QI={0,0,m)+(0,n,0)]; mn € Z }is an AH-submodule of M(I).

(b) The set {(0,0,1), (0,1,0)1} is a bases of S, dim(S) = dim(P) + dim(Q) =1+ 1 = 2.

() Ly:M > M; Ly(x,y,z) = (x+y,y,z)forallx,y,z€Z is a homomorphism, the corresponding AHS-
homomorphism is

L:M(I) » M(I); L[(x,y,2z) + (a,b,c)I] = Ly (x,y,2) + Ly(a,b,c)[=(x +v,y,z) + (a + b, b, c)I.

(d) L(S) = Lyy(P) + Ly (Q) = Ly {(0,0,m)} + Ly {(0,n,0)} = {(0,0,m) + (n,n,0)I}; m,n € Z, which is an AH-
submodule of M(I).

Example 3.11 :

Let M=Z2 =Z x Z, W=Z% =Z X Z X Z be two modules over the ring Z, Ly: M - W; Ly (x,y) = (x +y,x +
¥, x + y) is a homomorphism. The corresponding AHS-homomorphism is

L:M(I) -» W) L[(x,y) + (a,D)[]=(x+y,x+y,x+y)+(a+b,a+b,a+b)l

KerLy =< (1,—-1) >, AH — Ker(L) = Ker(Ly) + Ker(Ly) I =< (1,-1) > +< (1,-1) > I =
{(a,—a) + (b,—b)I;a,b € Z} which is an AHS-submodule of M(T).

We find dim(Ker(L)) =1+ 1= 2.

Definition 3.12:

Let M(I) be a neutrosophic strong/weak module, S = P + QI be an AH-submodule of M(I), we define
AH-Quotient module as:

M(D)/S=M/P+M/Q)I=(x+P)+ (y + Q)I;x,y € M.

Theorem 3.13:

Let M(I) be a neutrosophic weak module over a ring R, and S = P + QI be an AH-submodule of M(I). The AH-
Quotient M (I)/S is a module with respect to the following operations:

Addition: [(x +P) + (v + QI+ [(a+P)+ b+ QDlI=x+a+P)++b+Q;x,y,a,bEM.
Multiplication by a scalar: (m).[(x + P) + (y + Q)I] = (m.x + P) + (m.y + Q)I,;

X,y € Mand m € R.

Proof:

It is easy to check that operations are well defined, and (M (I)/S, +) is abelian group.
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Letz=[(x+P)+ (y+ Q)€ M(I)/S, we have 1.z = z.

Assume that m,n € R, we have m.(n.z) = m.[(n.x + P)+ (n.y + Q)I] = (m.n.x + P) + (m.n.y + Q)I =
(m.n).z.

m+n)z=[m+n).x+Pl+[(m+n).y+Qll=m.z+n.z

Leth=[(a+P)+ b+ QIleM)/S,z+h=(x+a+P)+(y+b+0Q)I,
m(z+h)=mx+ma+P)+(my+mb+Q)m.z+m.h.

Example 3.14:

We have M = Q2 = Q X Q is a module over the ring Z, P =< (0,1) >, N =< (1, 0) > are two submodules of M,
S=P+NI={0,a)+ (b,0)I;a,b € Q} is an AH-subspace of M(I).

The AH-Quotient is M(I)/S = {[(x,y) + P]1 + [(a,b) + N]I;x,y,a,b € Q}.

We clarify operations on M(1)/S as follows:

x=[(2,1)+P]+[(1,3)+Nll,y =[(2,5) + P]+ [(1,1) + N]I are two elements in V(I) /S, m =
3isascalarinZ.

x+y=1[(46)+P]+[(24)+N]I,3.x=1[(63)+P]+[(3,9) + N]I.
Remark 3.15:

If S=P+PI is an AHS-submodule of a neutrosophic weak module M(I) over the ring R, then AH-Quotient
M(I)/S = M/P + M/P I is a weak neutrosophic module, since M /P is a module.

We introduce the following result, it determines the algebraic structure of neutrosophic module.
Theorem 3.16:

Let (N,+,.) be a module over the commutative ring R, N(I) be the corresponding weak neutrosophic module over R.
Then

N() =N xN.

Proof:

Define f: N x N = N(I); f(x,y) = x + yI;x,y € N, it is easy to see that f is well defined bijective map.
Let (x,y),(z,t) e M X M,r € R, we have (x,y) + (z,t) = (x + z,y + t),r.(x,y) = (r.x,1.y),
flao+ @z ]l=&+2)+ @+l =&+yD+ @+t =[f(xy)+f(z0).
flr-Coy)=rx+r.yl =r.(x +yl) =r. f(x). Hence f is a module isomorphism.

Result 3.17:

Theorem 3.16 shows that the concept of weak neutrosophic module is a rediscovering of direct product of a module
with itself, thus all results in [11] can be obtained easily according to this result.
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According to the previous result, we can find that every submodule of a weak neutrosophic module is an AH-
submodule, since every submodule of M X M has the form W X N; W, N are submodules of M.

5. Conclusion

In this article, we have defined the concepts of AH-submodule, AHS-submodule, and AHS-homomorphism in
neutrosophic module as new generalizaion of AH-substructures in neutrosophic vector spaces. Also, we have
studied some basic properties of these concepts.

On the other hand, we have proved that every weak neutrosophic module M(I) over any commutative ring R is
isomorphic to the direct product of M with itself.

Future Aspect

This study can be extended into more neutrosophic structures.
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Abstract

Modules are one of the fundamental and rich algebraic structure concerning some binary operations in the study of
algebra. In this paper, some basic structures of refined neutrosophic R-modules and refined neutrosophic submodules
in algebra are generalized. Some properties of refined neutrosophic R-modules and refined neutrosophic submodules
are presented. More precisely, classical modules and refined neutrosophic rings are utilized. Consequently, refined
neutrosophic R- modules that are completely different from the classical modular in the structural properties are
introduced. Also, neutrosophic R-module homomorphism is explained and some definitions and theorems are
presented.

Keywords: Refined neutrosophic group, refined neutrosophic ring, refined neutrosophic R-module, weak refined
neutrosophic R-module, strong refined neutrosophic R-module, refined neutrosophic R-module homomorphism.

1. Introduction

Neutrosophy is a new branch of philosophy that studies the nature, origin, and scope of neutralities as well as their
interaction with ideational spectra. Neutrosophy is the base of neutrosophic logic, which is an extension of fuzzy logic
in which indeterminacy is included. Florentin Smarandanche introduced the notion of neutrosophy as a new branch
of philosophy in 1995. After that, he introduced the concept of neutrosophic logic and neutrosophic set where each
proposition in neutrosophic logic is approximated to have the percentage of truth in a subset 7' , the percentage of
indeterminacy in a subset / and the percentage of falsity in a subset £ so that this neutrosophic logic is called an
extension of fuzzy logic as well as an extension of intuitionistic fuzzy logic.

Neutrosophic set is the generalization of the classical set, neutrosophic group, and neutrosophic ring the generalization
of classical group and ring, etc. The same way neutrosophic R-module is the generalization of the classical R-module.
By utilizing the idea of neutrosophic theory, Vasantha Kanadasamy and Florentin Smarandache [11] studied
neutrosophic algebraic structures by inserting an indeterminate element [ in the algebraic structure and then

combining ‘I ’ with the corresponding binary operation for corresponding binary operation.

Agboola in [1], introduced the concept of refined neutrosophic algebraic structures and studied refined neutrosophic
groups in particular. Since the introduction of refined neutrosophic algebraic structures, many neutrosophic
researchers have established and studied more refined neutrosophic algebraic structures. Adeleke et al. [5] studied
refined neutrosophic rings and refined neutrosophic subrings and presented their fundamental properties. Also in [6],
Adeleke et al. studied refined neutrosophic ideals and refined neutrosophic homomorphisms and presented their basic
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properties. The present paper is devoted to the study of refined neutrosophic R-module. More properties of refined
neutrosophic R-module will be presented. For more details about neutrosophy, refined neutrosophic logic,
neutrosophic groups, and refined neutrosophic groups, the readers should see [2-4, 7-10, 12-25].

2. Preliminaries

In this section, we present the basic definitions that are useful in this research.

Definition 2.1. [1] Let (X (I o, ) ,+, ) be any refined neutrosophic algebraic structure where +and - are ordinary

addition and multiplication respectively. [, and I, are the split components of the indeterminacy factor / that is

I=al +pI, witha,feR or C . Also, [, and I,they are taken to have the properties
I1}=1,1;=1,andl 1, =11 =1, .

For any two elements, we define

) x+y =(abl,cl,)+(d,el,, 2):(a+d’(b ve)l,(c+f )12)
ad ,(ae +bd +be +bf +ce)l,,

2) x-y =(a,bl,.cl,)-(d.el.f1,) = (of +cd +cf )1

Definition 2.2. [1] Let (G ,*) be any group. The couple (G ([ 1, ) ,*) is called a refined neutrosophic group
generated by G, I, and 1,. (G ([1,12 ) ,*) is said to be commutative if, forall X,y € (G (]1,[2 ),*) we have

x *y =y *x Otherwise, we (G (] 1, ) R *) are called a non-commutative refined neutrosophic group.

(0,0,0),(1,0,0),(0,7,,0),(0,0,7,)
(0’[1512)’(1’]1’0)’(1’0’12)’(1’11512)

commutative refined neutrosophic group of integers modulo2. Generally, for a positive integer n >2,

Example2.3. [1] Let [] 2([1,[2) = . Then (22 (11,12),*) itisa

Z,(1,,1,),*) itis a finite commutative refined neutrosophic group of integers modulo n.
2\t d phic group g

Theorem2.4. [1]
(1) Every refined neutrosophic group is a semigroup but not a group.

(2) Every refined neutrosophic group contains a group.

Definition 2.5. [1] Let (G’ ([ 1y ) , *) be a refined neutrosophic group and let H (1 1y ), be a nonempty subset of
G (]1,[2 ) .H ([1,[2 ), is called a refined neutrosophic subgroup of G ([1 1, ) if (H ([1,[2 ) ,*), it is a refined
neutrosophic group. It must contain a proper subset which is a group. Otherwise, H (] 1, ),it will be called a

pseudo refined neutrosophic subgroup G (1 i 2) )

Definition 2.6. [1] Let (G ([1,]2 ) ,*) and (H ([1,12),0) , be two refined neutrosophic groups.
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Then the mapping: i : (G ([ 1y ) , *) - (H ([ 1y ) , 0) is called a neutrosophic homomorphism if the following

conditions hold:

nye( I )

Dy (x y)= (x)ew(y)

2w (l,)=1, k=12
(1) The kernel of i denoted by kery is defined by the set{g EG(11,12):l//(g)=(0,0]1,012)} i
(2) The image of ¥ denoted by Imy/ is defined by the set{h EH(]l,Iz),Elg EG(]I,IZ):W(g)=h}.

3. On refined Neutrosophic R-module:

Definition 3.1 Let (M ,+, ) be any R-module over a commutative ring R . The triple (M (11 A, ), +, ) is called

a weak refined neutrosophic R-module over aring R generated by M , I, and 1,.

It M (] v 2) is a refined neutrosophic R-module over a refined neutrosophic ring R (1 1, ) , then M (1 wi 2)

is called a refined strong neutrosophic R-module.

Theorem 3.2. Every strong refined neutrosophic R-module is a weak refined neutrosophic R-module.

Proof: Suppose that M ([ v 2)is a strong refined neutrosophic R-module over a refined neutrosophic ring

R (]1,[2) .RcR (11,12) for every ring R , it follows that M ([l,lz)is a weak refined neutrosophic R-

module.

Theorem 3.3. Every weak (strong) refined neutrosophic R-module is an R-module.

Proof: If we have m=(a,b11,clz),n=(d,ell, 2)EM(11312) where a,b,c,d,e,f €M and

a:(p,q[l,rlz),ﬂ:(s,tll,ulz)eR ([1,12):p,q,r,s,t,u €R  then:

Da(m+n)=a(a+d,(b+e)l,,(c+f)1,)
:(p,qll,rlz)(a+d,(b +e)l,(c+f )12)
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2)(a+ﬂ)m

3)(a,8)m

p(a+b),

= (p(b +e)+q(a+d)+q(b+e)+q(c+f)+r(b +e))]1,

(p(c+f)+r(a+d),r(c +f))12

pa+pb,
(pb +pe +qa+qd +gb +qge +qc +qf +rb +re)ll

(pc +pf +ra+rd +rc +}f)12

z(pa,(pb +qa+qb +rc+re)l,(pc +ra+rc)]2)
+(sd,(se +td +te +1f +ue)l,,(sf +ud +uf )12)

=oam +an

(p ql,,rl,)+ (s,tll,uIZ))(a,bll,cl2)
(

:( p +s),(q +t)11,(r +u)12)(a,bll,dz)

p+s)a,

(
= ( p+s)b+(qg+t)a+(qg+t)b+(q+t)c +(r+u)b)11,
(

(p +s)c +(r+u)a+(r +u)c)]2

ap t+as,

= (pb +bs +qa+ta+qb +tb +qc +tc +rb +ub)11,

(pc +sc +ra+ua+rc +uc)12

=(p.ql .11, )(a,bI L)+ (st ul, ) (a,bl, I, )

=am + fn

:((p,q]l,r]2)(s,t]l,ulz))(a,bll,dz)
:((PS),(pt +qs +qt +qu +rt )1, (pu +rs +m)12)(a,b11,c12)

((ps)a).
(ps )b +(pt +gs +qt +qu +1t )a+(pt +qs +qt +qu +7t )b
(pt +gs +qt +qu +rt )c +(pu +rs +ru )b v

((p )c +(pu +7s +m)a+(pu +7s +ru) )]2
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p(sa)

[p (sb +ta+tc +tb +ub)+gsa+q (sb +ta+tc +tb +ub)+}
1°

q sc +ua +uc)+r(sb +ta+tc +tb +ub)

p SC +ua +uc)+7‘sa+l’(sc +ua +uc))12
4) For (l,0,0)ER (]1,12) we have:

(1,0,0)-m =(1,01,,01, ) (a,bI ,cI, )
= (la,(1 +0a +0b +0c +0b)I,,(lc +0a+0c) 1, )

= (a,b]l,clz) =
Therefore, that M (1 i 2) is an R-module.

Lemma 3.4: If we have M (1 i 2) as a refined neutrosophic R — module over a refined neutrosophic ring

R(Il,lz) andifwetakem=(a,b11,C]2),n=(d,ell, 2) and SZ(x,yII,ZIZ)EM(Il,IZ) where

a,b,c,d,ef . x,y,zeM az(p,qll,rlz)eR([1,12):p,q,r € R then:
) m+s=n+s=>m=n

2)a(0,01,,01,) =(0,01,,01,)
3)(0,01,,01,)m =(0,01,.01,)
4)(—a)m =a(-m)=—(am)

Definition 3.5: Let M (1 w4 2)be a strong refined neutrosophic R- module over a refined neutrosophic ring
R (Il,lz)and let N (Il,lz)be a nonempty subset of M (]1,12). N ([1,[2)is called a strong refined
neutrosophic submodule of M ([ wi 2) it N ([ wi 2)is itself a strong refined neutrosophic R- module over

R (11 ,]2) . It is essential that N (11 1, ) contains a proper subset which is an R-module.

Definition 3.6: Let M (I o, ) be a weak refined neutrosophic R-module over a ring R and let N (I) be a nonempty
subset of M (]1 T, ) N (11 A ) is called a weak refined neutrosophic submodule of M (]1 1, ) ,if N (]1 ,12)

is itself a weak refined neutrosophic R-module over R. It is essential that NV (1 "N ) contains a proper subset, which

is an R-module.
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Theorem 3.7: If we have M ([ 1y ) as a refined neutrosophic R — module over a ring R (1 v 2) and if we take

N (11,]2) as a subset of M ([1,[2 ) , N (11 I, ) is a strong refined neutrosophic submodule of M ([1,[2 ) if

and only if the following conditions hold:

1) n,n,eN (I,,1,)=n,+n,eN (I,1,)

3) for allr =(a,ﬂ1,,7]2)eR(11,12):a,ﬁ,7eR
neN (1,,],)=aneN (I,1,)

3) N ([ v 2) must have a proper subset which is a R — module.

Corollary 3.8: If we have M (1 i 2) as a refined neutrosophic R — module over a refined neutrosophic ring
R (11,12) and if we take NV (11,12) as a subset of M ([1,[2), then N ([1,12) is refined neutrosophic

submodule of M (I o, ) if and only if the following conditions hold:

1) for alla(p,q]l,rlz),ﬂ(s,t]l,u]2)eR (11,]2):p,q,r,s,t,u eR

n+n,eN (I.,1,) implies an +pn,eN (I,,1,)
2) N ([ v 2) must have a proper subset which is a R — module.

Example 3.9. Let M ([ v 2)be a weak (strong) refined neutrosophic R-module. M ([ 1, ) is a weak (strong)

refined neutrosophic submodule called a trivial weak (strong) neutrosophic submodule.

Example 3.10. Let M ([1 1, ) =M, .. ([1 ,12) = {I:au :| ‘a; € R ([1 I, )} be a strong refined neutrosophic R-

module over the strong refined neutrosophic ring R (1 1, ) and let
N(1,1,)=N,..(1,1,)= {[bl.j |:b, €R(1,.1,), trace(N,,) =(o,011,012)}

Then N ([ 1, ) is a strong refined neutrosophic submodule of M (1 1y ) )
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Theorem 3.11: Let M ([ 1, ) be a strong refined neutrosophic R-module over a refined neutrosophic ring
R ([1 I, ) and let {Nn ([1 A, )} i be a family of strong refined neutrosophic submodules of M ([1 A, ) . Then

NN, (11 ,]2) is a strong refined neutrosophic submodule of M (11 A, ) .

Proof: Clearly (0,011,0[2 )M enN ([1,[2) and NN | (]1,]2) # @ . Since for

([1’12)

Vn € 4,(0,01,,01,), €N, (I,.1,) Letbe x =(a,bl ,cl,),y (d.el,.fI,)eN,(I,I,) and

1,,15)
let be 0(=(p,q]l,r12)ER(Il,12) .Then x +y,ax e NN (11,]2) . Since, for
Vneldx+yeN, ([1,12) and ax e NN, ([1,]2) Hence NN, ([l,lz)isastrong refined neutrosophic

submodule of M (11,12 ) .

Remark: Let M (1 1, ) be a strong refined neutrosophic R-module over a refined neutrosophic ring R (1 1 2)
and let N, (]1,12) and N, (11,12) be two distinct strong refined neutrosophic submodules of M (11,12).

Generally, N, (] 1, ) UN, (1 1, ) is not a strong refined neutrosophic submodule M (1 1, ) )

However, if N,(/,,1,)<N,(I,,I,)or N,(I,,1,)2N,(I,,1,) then N (I,,1,)UN,(I.,1,)is a

strong neutrosophic submodule of M (1 1, ) )

Definition 3.12. If we have M (]1,]2) and N (]1,12) as two refined neutrosophic R — modules over a ring
refined neutrosophic ring R (]1 1, ) ,amapping @ : M (]1 A, ) >N ([1 A, ) is said to be a refined neutrosophic

homomorphism R — module, precisely when:

1) (p(rm +r5n'):r(p(m)+r'¢)(m) forall m,m'e M (11,12) and 7,7 € R (11,12)

ve(1)=1,,0(1,)=1,.

Endomorphism, epimorphism, monomorphism, automorphism, and isomorphism of ¢ have the same definitions as

those of the classical cases.

Definition 3.13. Let M (]l,lz)and N (Il,lz)be strong refined neutrosophic R-modules over a refined
neutrosophic ring R([ 1 2)and let w:M ([ 1 2)—)N ([ v 2) be a refined neutrosophic R-module

homomorphism then:
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(1) The kernel of i denoted by kery is defined by the set{m eM (11,12):l//(m)=(0,0]1,012)} )
(2) The image of i denoted by Imy/ is defined by the set{n eN (I],IZ)EIm eM (Il,lz)tl//(m)zn}.

Example 3.14. Let M ([ wi 2)be a strong refined neutrosophic R-module over a refined neutrosophic ring
R ([1,12). The mapping ¥ : M ([1,[2) M ([l,lz)deﬁned by l//(m)zm for all m e M ([1,[2) is

refined neutrosophic R-module homomorphism and ker i = (0, 07,,07, ) .

Example 3.15. The mapping l//:M(11,12)—)M(11,12)deﬁned byl//(m)=(0,0]l,012) for all

meM (1 1, ) is refined neutrosophic R-module homomorphism.

Definition 3.15. Let M (I wi 2)and N (I wi 2)be strong refined neutrosophic R-modules over a refined

neutrosophic ring R([ 1 2) and let y:M ([ v 2)—)N ([ v 2)be a refined neutrosophic R-module

homomorphism. Then:

(1) kery is not a strong refined neutrosophic submodule of M (1 1y ) but a submodule of M.
(2) Im is a strong refined neutrosophic submodule of N (l 1 ) .

Proof: (1) Obviously, /,,/, e M (]1,12) but(1)([1)=[1 #* 0,(0(]2)212 #( . That kery is a submodule

of M is clear.
(2) Clear.
5. Conclusion

In this paper, the refined neutrosophic R-modules and refined neutrosophic submodules which are completely different
from the classical modules and submodules in the structural properties were defined. It was shown that every refined
neutrosophic R-module is an R-module. Finally, refined neutrosophic R-module homomorphism was explained and

some definitions and theorems were given.
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Abstract

The objective of this paper is to present the concept of a refined neutrosophic vector space. Weak(strong)
refined neutrosophic vector spaces and subspaces, and, strong refined neutrosophic quotient vector spaces are
studied. Several interesting results and examples are presented. It is shown that every weak (strong) refined
neutrosophic vector space is a vector space and it is equally shown that every strong refined neutrosophic vec-
tor space is a weak refined neutrosophic vector space.

Keywords: Neutrosophy, neutrosophic vector space, neutrosophic vector subspace, refined neutrosophic vec-
tor space, refined neutrosophic vector subspace, refined neutrosophic quotient vector space.

1 Introduction and Preliminaries

Neutrosophy is a new branch of philosophy that studies the origin, nature and scope of neutralities, as well as
their interactions with different ideational spectra. The concept of neutrosophic logic/set was introduced by
Smarandache in [2%22] as a generalization of fuzzy log/set [“] and respectively intuitionistic fuzzy logic/set [*].
In neutrosophic logic, each proposition has a degree of truth (7"), a degree of indeterminancy (/) and a degree
of falsity (F'), where T', I, ' are standard or non-standard subsets of | =0, 1*[. In [*Y], Smarandache introduced
the notion of refined neutrosophic components of the form < 11,715, -+ Ty 11, I, I; F1, Fo, -+ - [ Fy >
of the neutrosophic components < 7T, I, ' >. The refinement has given rise to the introduction of refined
neutrosophic set and the extension of neutrosophic numbers a + bI into refined neutrosophic numbers of the
form (a + by Iy + boly + -+ + b,I,,) where a,by,bo, - - , b, are real or complex numbers. Agboola in [*]
introduced the concept of refined neutrosophic algebraic structures and studied refined neutrosophic groups
with their basic and fundamental properties. Since then, several neutrosophic researchers have studied this
concept and a great deal of results have been published. Recently, Adeleke et al. studied refined neutrosophic
rings and refined neutrosophic subrings in [V] and also in [%], they presented several results and examples on
refined neutrosophic ideals and refined neutrosophic ring homomorphisms.

The concept of neutrosophic vector space was introduced by Vasantha Kandasamy and Florentin Smaran-

dache in [%?]. Further studies on neutrosophic vector spaces were carried out by Agboola and Akinleye in [%]
where they generalized some properties of vector spaces and showed that every neutrosophic vector space over
a neutrosophic field (resp. field) is a vector space. A comprehensive review of neutrosophic set, neutrosophic
soft set, fuzzy set, neutrosophic topological spaces, neutrosophic vector spaces and new trends in neutrosophic
theory can be found in [#2H7H10AI923728]
In the present paper, we present the concept of a refined neutrosophic vector space. Weak(strong) refined
neutrosophic vector spaces and subspaces, and, strong refined neutrosophic quotient vector spaces are studied.
Several interesting results and examples are presented. It is shown that every weak (strong) refined neutro-
sophic vector space is a vector space and it is equally shown that every strong refined neutrosophic vector
space is a weak refined neutrosophic vector space.

For the purposes of this paper, it will be assumed that I splits into two indeterminacies /; [contradiction
(true (T') and false (F'))] and I [ignorance (true (T") or false (F'))]. It then follows logically that:
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LnL = = I,
IQIQ = .[22 = .[2, and
11[2 = IQIl = Il-

Definition 1.1. ¥ If x : X (I, I5) x X (I, I3) — X(I1, I,) is a binary operation defined on X (I, I5), then
the couple (X (I1, I2), *) is called a refined neutrosophic algebraic structure and it is named according to the
laws (axioms) satisfied by .

Definition 1.2. ® Let (X (11, I5), +, .) be any refined neutrosophic algebraic structure where + and . are ordi-
nary addition and multiplication respectively.
For any two elements (a, bI1,clz), (d,elh, fI2) € X (I1,I3), we define

(Cl7 bIl,CIQ) + (d7 6]1, f]g) = (a + d, (b + 6)[17 (C + f)]g),
(a,bl1,cly).(d,ely, fI3) = (ad, (ae + bd + be + bf + ce)I, (af + ed + cf)I3).

Definition 1.3. *If 4+ and ”.” are ordinary addition and multiplication, I}, with k = 1, 2 have the following
properties:

. In+ I + - + I, = nly.

2. I+ (—Ix) = 0.

3. Iy, - I, - - - - I, = I} = I, for all positive integers n > 1.
4. 0-I; =0.

5. I ! is undefined and therefore does not exist.

Definition 1.4. ® Let (G, %) be any group. The couple (G(I1, I5), *) is called a refined neutrosophic group
generated by G, I; and Ir. (G(Iy,I3),*) is said to be commutative if for all z,y € G(I,Is), we have
x *y = y * x. Otherwise, we call (G(I1, I2), *) a non -commutative refined neutrosophic group.

Definition 1.5. ® If (X (I, I5), *) and (Y (I1, I3), *") are two refined neutrosophic algebraic structures, the
mapping
¢ : (X(Ilv IQ)a *) - (Y(Ilv -[2)7 */)

is called a neutrosophic homomorphism if the following conditions hold:

L. ¢((a, bIla CIQ) * (d7 6113 fIQ)) = (rb((av bIla CIZ)) * ¢((da 6117 fIQ))
2. ¢(I) = Iy for all (a,bly,cls), (d,ely, fI3) € X(I1,12) and k = 1,2.

Example 1.6. % Let

Zs (11, I2) = {(0,0,0),(1,0,0),(0,1,0),(0,0, I2), (0, I1, I2), (1, 11,0),(1,0,I3), (1, I1, I5) }.

Then (Z3 (11, I2),+) is a commutative refined neutrosophic group of integers modulo 2.

Generally for a positive integer n > 2, (Z,,(I1, I2), +) is a finite commutative refined neutrosophic group of
integers modulo n.

Example 1.7. ¥ Let (G(I1, I2), *) and and (H (I, I5), ) be two refined neutrosophic groups.

Let ¢ : G(I1,12) x H(I1, 1) — G(I1, I5) be a mapping defined by ¢(x, y) = z and let

Y G(I, 1) x H(I1,Iy) — H(I,I3) be a mapping defined by ¢(x,y) = y. Then ¢ and 1) are refined
neutrosophic group homomorphisms.

Definition 1.8. ! Let (R, +,.) be any ring. The abstract system (R(Iy, I),+,.) is called a refined neutro-
sophic ring generated by R, I;,I,. (R(I1,I2),+,.) is called a commutative refined neutrosophic ring if
for all z,y € R([1,I>), we have xy = yx. If there exists an element ¢ = (1,0,0) € R(Iy, I2) such that
er = ze = g forall x € R(Iy, I), then we say that (R(I1, I2),+, .) is a refined neutrosophic ring with unity.

Definition 1.9. ' Let (R(Iy, I2), +, .) be a refined neutrosophic ring and let n € Z*.

(i) If ne = 0forall x € R(I,1s), we call (R(Iy,1s),+,.) arefined neutrosophic ring of characteristic n
and n is called the characteristic of (R(I1, I2), +, .).

(i) (R(Iy,I2),+,.)is call arefined neutrosophic ring of characteristic zero if forall x € R(I1,I5), nx =0
is possible only if n = 0.
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Example 1.10.

() Z(I,1),Q(I1,I2),R(I1, I5),C(I1, I2) are commutative refined neutrosophic rings with unity of char-
acteristics zero.

(i) Let Zo(I1, I2) = {(0,0,0),(1,0,0),(0, I1,0), (0,0, I5),
(0,1,15),(1,11,0), (1,0, I1), (1,11, I2)}. Then (Zo(I1,I2),+,.) is a commutative refined neutro-
sophic ring of integers modulo 2 of characteristic 2. Generally for a positive integer n > 2, (Z,,(I1, I2),+,.)
is a finite commutative refined neutrosophic ring of integers modulo n of characteristic n.

aip a2 A1n
a1 G2z -t A2n

Example 1.11. "' Let ME (I}, 15) = . . ) ) ta;; € R(I1,12) p be arefined neutro-
ap1  An2 [£2779)

sophic set of all n x n matrix.

Then (ME,,, (I1, I5), +, .) is a non-commutative refined neutrosophic ring under matrix multiplication.

Theorem 1.12. L' Let (R(11,I5), +,.) be any refined neutrosophic ring. Then (R(Iy,15),+,.) is a ring.

2 Formulation of a Refined Neutrosophic Vector Space

In this section, we develop the concept of refined neutrosophic vector space and its subspaces and also present
some of their basic properties.

Definition 2.1. Let (V, +,.) be any vector space over a field K. Let V' (I, I5) =< V' U (Iy, I3) > be a refined
neutrosophic set generated by V, I; and I. We call the triple (V' (I1, I2), +,.) a weak refined neutrosophic
vector space over a field K, if V' (I1, 1) is a refined neutrosophic vector space over a refined neutrosophic field
K(I, L), then V (I, I5) is called a strong refined neutrosophic vector space. The elements of V' (I15) are
called refined neutrosophic vectors and the elements of K (I, I3) are called refined neutrosophic scalars.

Ifu=a+bly+clh,v=d+el + fI, € V(I1,13) where a, b, ¢, d, e and f are vectors in V and
a =k+ ml, + nly; € K(I, 1) where k, m and n are scalars in K, we define:

u+v=(a+bl +cla)+ (d+ely + fI3) = (a+d) + (b+e)l1 + (c+ f)Is,
and
au = (k+mly +nls).(a+ bl + clz) = k.a+ (k.b+ma+mb+ m.c+nb)l; + (kc+n.a+n.c)ls.

Example 2.2. Let R?(Iy, I,) denote the refined set of all ordered pairs (,y) where 2 and y are refined neu-
trosophic real numbers given as ¢ = a + bly + clo andy = d + el; + f1s.
Define addition and scalar multiplication on R?(Iy, I5) by

(x,y)+ («',y) = (a+bL+clh,d+elh + flo)+ (a/ + V1 + o, d + eI + f'Is)
= (a+d +O+V)1+(c+ ), d+d + (e+e )i+ (f+ f)]2)
= (z+2y+v)
For a = (k +mIy + nly) € R(1y, I5)
alz,y) = (k+ml +nls).(a+bly + cly,d+ely + fIo)
= ((k —|— mh —|— TLIQ).((I —|— b[l + CIQ), (k —|— mh —|— ?’LIQ)(d —|— 6[1 + fIQ))
= (ka+ (kb+ma+mb+mc+nd)l+ (kc+na+n.c)ly k.d+
(ke+md+me+m.f+ne)l; + (k.f+nd+n.f)la,).

Then R? (11, I) is strong refined neutrosophic vector space over R(1, I).

And if € R with scalar multiplication defined as

a(z,y) = ala+ bl + clo,d+ el + fIp) = (a4 a.bly + a.cly, a.d + acel; + a.fIp) = (a.z, a.y),
then R?(1, I3) is weak refined neutrosophic vector space over R.

Example 2.3. M,,x,(I1,1I2) = {[aij] : aij € Q(I1,I2)} is a weak refined neutrosophic vector space over a
field Q and it is a strong refined neutrosophic vector space over a refined neutrosophic field Q (I, I2).
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Example 2.4. Let V = Q(I1,1,)(v2) = {a + (bI; + cl5)V2 : a,b,c € Q}. Then V is a weak refined
neutrosophic vector space over Q. If u = a + (bI; + cly)v/2 and v = d + (el; + f12)V/?2

thenu 4 v = (a +d) + (b+ e)[1vV2 + (¢ + f)I>\/2 is again in V.

Also, fora € Q, au = ala+ (bl + clz)V2) = a.a + (a.bly + a.cly)v/2isin V.

Proposition 2.5. Every strong refined neutrosophic vector space is a weak refined neutrosophic vector space.

Proof. Suppose that V (I, I5) is a strong refined neutrosophic vector space over a refined neutrosophic field
K(I, 1) say. Since K C K (I, 1) for every field K, we have that V' (I, I2) is also a weak refined neutro-
sophic vector space. O

Proposition 2.6. Every weak (strong) refined neutrosophic vector space is a vector space.

Proof. Suppose that V' (I, I) is a strong refined neutrosophic vector space over a refined neutrosophic field
K(Iy,I;). That (V (I3, I2),+) is an abelian group can be established easily.

Letu=a-+bly +ch,v=d+el; + flo e V(I1,5),a=k+mly +nls, B=p+qly +rl5 € K(I1,15)
where a,b,c,d,e, f € Vand k,m,n,p,q,r € K.

Then:

L. a(u+v)=(k+ml + nly)(a+bly +clo+d+ely + 1)
=(k+ml +nl)(a+d+ (b+e)1 + (c+ f)I2)
= ka+kd+[kb+ke+ma+md+mb+me+me+mf+nb+nell; +[ke+kf+na+nd+nc+nfll,
= [ka+ (kb+ma+ mb+ mc+nb)I; + (kc+ na+ne)lz) + [kd + (ke + md + me +mf +ne)l; +
(kf +nd+nf)ls]
= (k+ml + nls)(a+ bl + clz) + (k+ mly + nly)(d+el; + fI5)
= au + av.

2. (a+PBlu=(k+ml +nly+p+qlh + rlz)(a+ bl; + cls)
=((k+p+(m+qli+ (n+r)l)(a+bl+cl)
= ka+pa+ [kb+pb+ma+qa+mb+ qgb+me+ qc+nb+ bl + [ke+pe+na+ra+nc+rely
= [ka+ (kb+ma+mb+mc+nb) I, + [ket+na+nc|Iz)+ [pa+ (pb+ga+qb+ge+rd) I + [pe+ra+rc I
= (k+ml + nls)(a+ bl + cls) + (p+ ql1 + rlz)(a + bl; + cl)
= au + Pu.

3. (af)u = ((k+mly +nla)(p+ ql1 + rlz))(a+ bl; + cl3)
= (kp+ (kg + mp + mq + mr + ng)l1 + (kr + np 4+ nr)l2)(a + bl; + cls)
= kpa + [kpb + kga + mpa + mqa + mra + nga + kqgb + mpb + mqb + mrb + ngb + kqc + mpe +
mqc + mre + nge + krb 4+ npb + nrblI; + [kpce + kra + npa + nra + kre 4+ npc + nrc]ly
= (k+mI +nl)pa+ (pb+ qa + gb+ qc + rb)I1 + (pc + ra + re)Is]
= (k+ml + nl)((p+ ql1 + rlx)(a+ bl; + cly))
= a(Bu).

4. For1 =140l + 0 € K(I115), we have
].’LL = (]. + 0[1 + 0[2)(& + bIl + CIQ)
=a+(b+0+0+0+0)1 4 (c+0+0)1,
=a+bl; +cls.

Accordingly, V' (I, I3) is a vector space.

O

Example 2.7. Let P, (I, I2) be the set of refined neutrosophic formal power series in variable x of the form
ZZO:O A" = ag + a1 + agx? + -+ + a,ax™ + - -, with a,, € R(Iy, I3) and

an = Pp + Gnl1 +rploforn=1,2,3---

If addition and scalar multiplication (for o € K (I3, I2)) are defined as:

(ZZO:O anz") + (fo:o bpa)) = (Z;:O:o(pn + qnly +rola)a™) + (Zzozo(un +vpli + wpla)x™)
= (Zf:o(pn +up + (gn + )1 + (1 + wp ) I2)2™)
« (chzo(pn + anI + T7L12)$n) = (ZZO:Q a(pn + inl + TnIQ)xn)

= S o(e+ fIi + gb)(pn + gnly + rypl2)z"
= Yoloepn+ (eqn + fpn + fou + fro+ 9gu) 11
+(€Tn + gPn + grn)I2~
Then P, (I1, I2) is a strong refined neutrosophic vector space over K (I, I5).
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Note 1. A refined neutrosophic formal power series can be loosely thought of as an object that is like a refined
neutrosophic polynomial. Alternatively, one may think of a refined neutrosophic formal power series as a
refined neutrosophic power series in which we ignore the questions of convergence by not assuming that the
variable x denotes any numerical value (not even an unknown value). Thus, we do not regard these refined
neutrososphic formal power series as infinite sum in P, of refined neutrosophic monomials.

Example 2.8. Let P(I;, I5) be the set of all refined neutrosophic polynomial in variable = with coefficients in
R[Ihlg]. Letp,q € P(Ihlg) and o = (k +ul; + ’UIQ) S K(Il,IQ).

p = (ag+boli + cola) + (a1 + b1y + crlo)x + - - + (an + bp Iy + cplo)x™,

and
q=(ap + b1 +cpl2) + (ay + Vi + i o)z + -+ + (ay, + b [y + ¢, T2) 2™
If m > n, the sum of p and ¢ is given by

p+q = ((ao+ap) + (bo+0)I1 + (co+ cp)I2) + ((ar +ay) + (by + V)1 + (e1 + ) 2)x + -+ -+
((an +ap) + (b + U1+ (en + ) I2) + (@) g + b g I + g D)2 o
(al, + b, 11 + ch, I2)z™.

A similar definition is given if m < n.
The product of p and a scalar « is given by

ap = (k+uIl+UI2)(a0+b0]1+CQI2)+(I€+’LL11+’UIQ)(a1+b1[1+01]2)1'+° . +(k+u]1+UI2)(an—l—anl—i—cnIg)x”
Then (P(I4,I2),+,-) is a strong refined vector space over a refined neutrosophic field K (11, 13).

Proposition 2.9. Let F'(I1, I3) be a refined neutrosophic field and (R(I1, I5), ¢) a refined neutrosophic
F-algebra, where R(I1, 1) is a refined neutrosophic ring with identity. Then R(Iy, I3) is a strong refined
neutrosophic vector space over F(I1,I5) with addition being that in R(Iy,I5) and scalar multiplication
defined by ar = ¢(a)r. Here ¢ : F(I1,1s) — R(I1,12) is a neutrosophic homomorphism such that
&((1 4 0, + 015)) = (1 + 0L + 015) and ¢(1I},) = I.

Proof. 1. That (R(Iy,I5),+) is a neutrosophic abelian group can be easily established.

Letz=a+bl1 +cl,y=d+elL + fIs € R(11,12>,Oé:k+mll + nls,
B=u+vl +wl € F(I1,I5). Where a,b,¢,d, e, f € Rand k,m,n,u,v,w € F.

2. alz+y)=(k+mli +nh)((a+d+ (b+e)l1 + (c+ f)I3)
= ka+kd+[kb+ke+ma+md+mb+me+me+mf+nb+ne|l1 + [ket+kf+na+nd+nc+nf|ls
= [ka+ (kb+ma+ mb+ mc+nb)I; + (kc+ na+nc)ls) + [kd + (ke + md + me+mf +ne)l; +
(kf +nd+nf)ls)
=(k+ml + nh)(a+ by + clz) + (k+mli + nl)(d+ el + fIs)
= ¢((k+mly +nl))(a+ bl + clz) + ¢((k + mly +nls))(d+el; + fI)
= d(a)z + (a)y.

3. (a+ Bz =(k+mly+nly+p+qly +rl3)(a+ bl + cly)
=(k+p+(m+ql+ (n+r)h)(a+ bl +cl)
= ka+pa+ [kb+pb+ma+qa+mb+ qgb+me+ qc+nb+rbll1 + [ke+pec+na+ra+nc+rcl;
[ka + (kb + ma + mb+ mc + nb)I1 + [ke + na + ne]ls]
[pa + (pb+ ga + qb + gc + rb)I1 + [pc + ra + rc|ls
(k+ mI; +nly)(a+ bl + cly) + (p+ ql1 + r13)(a+ bly + cly)
d((k+mly +nl2))(a+bl1 +cla)+ B((p+ ql1 + r12))(a + by + cls)
bla)s + 6(B)z.
= (¢p(a) + ¢(8))x = p(a + B)z, since ¢ is a refined neutrosophic homomorphism.

I+

4. (af)u = ((k+mIy +nl)(p+ ql1 + r2))(a + bl; + cl)
= (kp+ (kg + mp +mq + mr + nqg)l1 + (kr + np 4+ nr)lz)(a + bl; + cls)
= kpa + [kpb + kqa + mpa + mga + mra + nga + kgb + mpb + mqb + mrb + ngb + kqc + mpc +
mqc + mre + nge + krb 4+ npb + nrblI; + [kpe + kra + npa + nra + kre 4+ npc + nre]ly
= (k+ml +nl)pa+ (pb+ ga+ gb+ qc + rb)I1 + (pc + ra + re) 1]
=(k+ml +nL)((p+ ql1 + rI3)(a + bl1 + cly))
= ¢((k +mIi +nl2))(¢((p + ql1 + 712))(a + bl1 + cl2))
= ¢(a)(¢(B)z).
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5. For1 =1+ 011 4+ 01y € F(I;12), we have
lz = (1 + 01 + OIQ)(G + bl + CIQ)
= ¢(1+ 011 + 03)(a + bl + cly).
Accordingly, R(I, I2) is a strong refined neutrosophic vector space over F'(I1, I5).
O

Lemma 2.10. Let V(I1, I2) be a strong refined neutrosophic vector space over a refined neutrosophic field
K(Ii,Ix)andletx = a+bly+cly, y = d+eli+ flo, z = k+mIy +nls, € V(I1, I2), B = u+v+wls €
K(Ihlg). Then

I x4 2=y + zimplies = y.
2. 0z =0.

3. B0 =0.

4. (=B)z = B(—z) = —(B2).

Proof. l.x4+2z=y+z2
(a+ bl +cla) 4+ (k+ml +nl) = (d+el; + fI2) + (k+ml +nly)
= a+k+b+m)+(c+n)la=d+k+(e+m)1+ (f+n)l
<~ a+k=d+k,b+m=e+mandc+n=f+n
<—a=d,b=candc=f
= a+bl1+clo=d+el, + flo =z =1y.

2. Consider Sz = ((u + vI1 + wlz) 4+ (0 + 011 + 012))(a + bI1 + cl2)
= ((u+0)+ (v+0) I + (w+ 0)I3)(a+ bly + cly)
= (u+0)a+((u+0)b+ (v+0)a+ (v+0)b+ (v+0)c+ (w+0)b) [1 + ((u+0)c+ (w+0)a+ (w—+0)c)Io
= ua+ 0a + (ub+ 0b+ va+ 0a + vb + 0b+ ve+ 0c + wb + 0b) I1 + (uc+ 0c+ wa + 0a + we + 0¢) I
= (ua+(ub+va+vb+vc+wd) I+ (uc+wa+wce)I2)+(0a+(0b+0a+0b+0c+0b) I1 +(0c+0a+0c) I2)
= Bx + 0x
= 0z = 0.

3. Since g € K(I1, I2),
B0+ B0 = (u0 + (10 + v0 + v0 4+ v0 + w0)I; + (u0 + w0 + w0)I5) + (u0 + (u0 + v0 + v0 4 v0 +
w0) 11 + (u0 + w0 + w0)I3)
= (u0+u0+ (u0+u0+v0+v0+v0+v0+v0+v0+w0+w0)I1 + (u0+ 10+ w0+ w0+ wl+w0)I3)
= (u(040)+ (u(04-0)+v(0+0)+v(04+0)+v(0+0) +w(0+0))I; +(u(040)+w(040) +w(0+0)) I
= (w0 + (u0 + v0 4 v0 + v0 + w0)I; + (u0 + w0 + w0)I; = B0
— B0 =0.

4. Letﬁ c K(Il,lz) and x € V(Il,lz).
So Sz + (=B)x = (u+ vl + wlz)(a + bly + clz) + (—(u + vIh + wlz))(a+ bly + cl3)
= (ua+ (ub+va + vb+ ve+wb)I1 + (uc + wa + we)Iz) + (—ua + (—ub — va — vb — ve — wb)I; +
(—uc —wa — we)ly)
= (ua—ua+ (ub—ub+va—va+vb—vb+vec—ve+wb—wb) I + (uc—uc+wa—wa+we—we)ls)
= ((u—uw)a+((u—u)b+(v—v)a+(v—v)b+(v—v)c+(w—w)b) 1 +((u—u)c+ (w—w)a+ (w—w)e) I3)
= (0a + (0b + 0a + 0b + Oc + 0b)I; + (0c + Oa + 0c)I3)
— (0+ 0L +0Ls)(a+ bl +cly) =0z =0 by 2.
Then Sz + (—f)x = 0 = (—f)x = —fx.
So Bz + f(—x) = (u+ vl; + wls)(a + bl; + cl) + ((u + vl; + wl))(—(a + bl; + cly)) =
(ua + (ub + va + vb + ve + wb) I + (uc + wa + we)lz) + (u(—a) + (u(=b) + v(—a) + v(—b) +
v(=¢) +w(=b)) i + (u(=¢) + w(=a) + w(=c))lz)
= (ua + u(—a) + (ub + u(=b) + va + v(—a) + vb + v(=b) + ve + v(—c) + wb + w(—b)) [ + (uc+
u(—c) + wa + w(—a) + we + w(—c))Iz)
= (u(a—a)+(u(b—b)+v(a—a)+v(b—b)+v(c—c)+w(b—b)) 1 +(u(c—c)+w(a—a)+w(c—c))lz)
= (w0 + (40 + v0 4+ v0 + v0 + w0)I; + (u0 + w0 + w0)I3) = (u + vy +wlz)(0+ 01 + 013)
=p40=0 by3.
Then Sz 4+ f(—2x) = 0 = S(—x) = —fx.
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Definition 2.11. Let V' (I7, I2) be a strong refined neutrosophic vector space over a refined neutrosophic field
K(I, 1) and let W (I, I3) be a nonempty subset of V' (I, I5). W (I, I2) is called a strong refined neutro-
sophic subspace of V (I, I) if W (I3, I5) is itself a strong refined neutrosophic vector space over K (I, I»).
It is essential that W (I, Is) contains a proper subset which is a vector space.

Definition 2.12. Let V' (I1, I2) be a weak refined neutrosophic vector space over a field K and let W (11, I2)
be a nonempty subset of V (11, I2). W (I, I2) is called a weak refined neutrosophic subspace of V' (I3, I5) if
W (I, I2) is itself a weak refined neutrosophic vector space over K. It is essential that W (I, I5) contains a
proper subset which is a vector space.

Proposition 2.13. Let V (11, I2) be a strong refined neutrosophic vector space over a refined neutrosophic field
K(I,I5) and let W (11, I3) be a nonempty subset of V (I, Is). W (I, I5) is a strong refined neutrosophic
subspace of V (I, I2) if and only if the following conditions hold:

1. u,v € W(Iy, I3) implies u +v € W (I, I).
2. w € W(Iy, Iy) implies ou € W(Iy, I2) forall a € K(I1, I5).
3. W(Iy, Is) contains a proper subset which is a vector space.

Example 2.14. Let V (I, 1) be a weak (strong) refined neutrosophic vector space. V' (Iy,I3) is a weak
(strong) refined neutrosophic subspace called a trivial weak (strong) refined neutrosophic subspace.

Example 2.15. Let K(I1,I3) = R(I1, I3) be a refined neutrosophic field and V (11, I5) = R3(I;, 1) be a
strong refined neutrosophic vector space. Take W (11, I2) to be the set of all vectors in V' (I, Iz) whose last
component is 0 = 0 4+ 07 + 0I5. Then W (11, I5) is strong refined neutrosophic subspace of V' (I7, I2).

Proof. To see this, let
W(Il,[2) = {(l‘ = a+b11 +CIQ,y = d+6[1 +f[270 = O+0[1 +0]2) S V(Il,fg) : a,b,c, d,e,f € V}

1. Given that u,v € W(Iy, I), where u = (z,y,0) and v = (2/,3,0). Then
utv=(x,y9,0)+ (2',y,0) = (a+bly +clo,d+ely + fI5,0+ 0, + 0I3) + (a/ + b'I; + I, d' +
6’[1 + f/IQ, 0 + 011 + 0]2)
=(a+d+OG+0)1+ (c+)d+d +(e+e )1+ (f+ f)2,0+0+ (04+0)I1 + (0+0)I5)
=(a+d +O+V)+ (c+ ), d+d + (e+ €)1+ (f+ f')I2,0 + 011 + 013).
Hence we have that u + v € W (I3, I3).

2. Givenu € W (I, I5) and scalar « € K (I, I) with a = r + sI; + t1s.
Then au = (’I“ + sl + t]g)(a + bl + cls,d + el + fIQ,O + 071 + OIQ)
((7‘ —|— 811 + tIg)((Z—i— bIl —|— CIQ), (’I” —|— 311 —|—t12)(d+ 6]1 + fIQ), (’I‘ —|— 811 + t[g)(o —|— 0[1 + 012))
= (ra+ (rb+sa+sb+ sc+tb)I; + (rc+ta+tc)ly, rd+ (re+sd+se+sf+te)ly + (rf+
td+tf)lz, 10+ (r0+ s0+ sO0+ s0 + t0)I; + (r0 + t0 + t0)I2)
=(ra+ (rb+sa+sb+sc+th)[; + (rc+ta+tc)la, rd+ (re+sd+se+sf+te)ly+ (rf+
td + tf)]g, 0+06 + 0[2) € W(Il,lg).

3. Since W C W(I4, 1) is a proper subset which is a vector space, W (I, I2) is strong refined neutro-
sophic subspace.

O

Example 2.16. Let V(I1,15) = R2?([y, I5) be a strong refined neutrosophic vectors space over a refined
neutrosophic field R(17, I5) let

W, IL)={(zx=a+bly +chhyy=d+el; + fIs) € V(I1,]3) : x = y witha,b,c,d,e, f € V}.

Then W (I4, I) is a strong refined neutrosophic subspace of V' (11, I5).

Example 2.17. Let V(I1,I5) = Mpxn(I1, 1) = {[ai;] : a;j € R(I1,12)} be a strong refined neutrosophic
vector space over R([y, I2) and let W (I, I) = Apxn(l1,I2) = {[bij] : bij € R(I1,12) and trace(A)= 0}.
Then W (I, I») is a strong refined neutrosophic subspace of V (I3, I5).
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Example 2.18. Let V(I1, I3) = R3(Iy, I5) be a strong refined neutrosophic vectors space of column refined
neutrosophic vectors of length 3 over a refined neutrosophic field R(1y, I3). Consider

xT
W(Il,IQ): Yy ;x:a+b11+dg,y:d+e[1+f12EV(Il,Ig) a,b,c,d,e,fGV QV(Il,IQ)
0

W (I, I5) consisting of all refined neutrosophic vectors with 0 = 0 + 0I; + 0I5 in the last entry.
Then W (I3, I5) is a strong refined neutrosophic subspace of V (I, I2).

Proposition 2.19. Let V (11, I2) be a strong refined neutrosophic vector space over a refined neutrosophic
field K(I1,11) and Let {U, (11, I2) }nex be a family of strong refined neutrosophic subspaces of V (I, I3).

Then (,,c» Un(I1, I2) is a strong refined neutrosophic subspace of V (I, I2).

Proof. Consider the collection of strong refined neutrosophic subspaces

{Un(I1,13) : m € A} of V(I1,I5). Take u = a + bly + cla, v = d+ely + fIs, « = k+ pl; + ¢l2 and
B=r-+sl +tl.

Let u,v € (,c) Un(l1, I2) then u,v € Up(I1,12) ¥ n € X. Now for all scalars o, 3 € K (I, I2) we have
that au + fv = (k + pI1 + ql2)(a + bl + clo) + (r + sIy + tly)(d+ ely + fI)

= (ka+ (kb+pa+pb+pc+gb) 1 + (kc+qga+qc)lz) + (rd+ (re+sd+se+sf +te)ly + (rf +td+tf)Is)
= (ka+rd)+ (kb+pa+pb+pc+gb+re+sd+se+sf +te)l; + (ke+qa+qc+rf+td+tf)ls.
Therefore au + fv € Up(I1, 1) Vn € A = au+ v € [,y Un(I1, I2).

Lastly, since U,,(I1, I5) for all n € X contains a proper subset U,, which is vector space, we have that

(Mnex Un(I1, I2) is a strong refined neutrosophic subspace. O

Proposition 2.20. Let V (11, 15) be a strong refined neutrosophic vector space over the neutrosophic field
K(I1,15) and let U1(I1,15),Us(I1, I2) be any strong refined neutrosophic subspaces of V(I1,12). Then
Ui(I1,I2) U Us(I1, 1) is a strong refined neutrosophic subspaces if and only if Uy(I1,12) C Us(I1,I2)
or Ul(ll,lg) D) Ug([l,lg).

Proof. Let Uy (I, I5) and Us (17, I5) be any strong refined neutrosophic subspaces of V' (I, I»).

= Now, suppose U; (11, I2) C Us(I1, I3) or Uy (11, I2) D Us(I7, I5) then we shall show the

Ui (I, I3) U Us(I4, I2) is a strong refined neutrosophic subspaces of V (I, I).

Without loss of generality, suppose that Uy (I, Is) C Us(I4, I2).

Then we have that Uy (11, Is) U Us(I1, I5) = Us(Iy,13). But Us(Iy, I5) is defined to be a strong refined
neutrosophic subspace of V' (I1, I2), so we can say that Uy (11, Io) UUy(I4, I2) is a strong refined neutrosophic
subspace of V' (I, I2).

<= We want to show that if Uy (11, I2) U Us(I1, I2) is a strong refined neutrosophic subspace of V (I3, I5)
then either Ul(Il,Ig) - UQ(Il,IQ) or Ul(ll,lg) D) Ug(]l,lg).

Now suppose that Uy (11, I5) U Us(I4, I2) is a strong refined neutrosophic subspace of V' (I, I5) and suppose
by contradiction that Ul(Il, IQ) g UQ(Il, IQ) or Ul(Il, IQ) 2 U2(117 IQ)

Thus there exist elements 21 = a1 + b111 + c11z € Uy (1, [2)\Ua(I1, I2) and

To = ag + boly + coly € UQ(Il,IQ)\U](Il7 I2) So we have that

21,29 € Uy(I1, 1) UUs(I1, I1), since Uy (11, Iz) U Us(1I1, I3) is a strong refined neutrosophic subspace, we
must have that z1 + xo = x3 € Uy (I1, o) UUs (I, I3).

Therefore x1 + 29 = z3 € Ul([l,IQ) orry + o =3 € UQ(Il,IQ)

= a9 = a3 —x1 € Ui(I1,[3) or 1 = 23 — 2 € Us(I1, I3) which is a contradiction.

Hence Uy (11, I5) C Us(I1, I2) or Ui (I3, I3) 2 Us(Ih, I2) as required. O

Remark 2.21. Let V (I3, I5) be a strong refined neutrosophic vector space over a refined neutrosophic field
K(I, I5) and let W1 (I, Iz) and W (I3, I5) be two distinct strong refined neutrosophic subspaces of V' (I, I).
Wi(I1, I3) U Wo(I) is a strong refined neutrosophic subspace of V (Iy, Is) iff Wi (I, 1) € Wa(Iy,1s) or
Wo(Iy, Iy) C Wiy, I5).

Definition 2.22. Let U(I;,I3) and W (11, I3) be any two strong refined neutrosophic subspaces of a strong
refined neutrosophic vector space V (I, I5) over a neutrosophic field K (I, I5).

1. The sum of U(Iy, I3) and W (11, I3) denoted by U (11, I2) + W (I, I2) is defined by the set
{u+w U € U(I1,IQ),’LU S W(Il,fg)}

2. VI, I5) is said to be the direct sum of U (I, I5) and W (I, I5) written
V(I,Is) =U(I1,12) @ W(I4, I) if every element v € V (I1, I2) can be written uniquely as
v =1u+ w where u € U(I1,Iz) and w € W (I3, I3).
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Proposition 2.23. Ler U(I1, Is) and W (I, I3) be any two strong refined neutrosophic subspaces of a strong
refined neutrosophic vector space V (11, I2), over a refined neutrosophic field K (I, I5).
Then U(Iy,I2) + W (I, I5) is a strong refined neutrosophic subspace of V (I, I2).

Proof. Since U(Iy, I5) and W (I, I5) are nonempty strong refined neutrosophic subspaces,

U(l, I2) + W(I, I2) # {}.

Obviously U(I, Iz) + W (I3, Iz) contains a proper subset U + W which is a vector space.

Now let x,y € U(I1,1I2) + W(I1,Is) and o, 5 € K (11, I2).

Then x = (uy 4+ usly +usls) + (w1 +waly +wsls), y = (ua +usly +ugls) + (ws + ws i + welao) where
u; € Uyw; € W, withi = 1,2,3,4,5,6. a« = k+ml; +nly, 8 = p+ qly + rl; where k,m,n,p,q,r €
K(I,I).

Then,

ax+ By = (k+ml +nl)[(ur +wi) + (u2 +w2) 1 + (uz +ws) o] + (p + ql1 +712)[(us +wa) + (us +
ws) 1 + (us + we) 2]

= [(kuy + kwy) + (kug + kws + muy + mwy + mug + mws + mus + mws + nus + nws)l; + (kus +
kws 4 nuy + nwy + nuz +nws) L] + [(pus + pws) + (pus + pws + qua + qua + qus + qus + que + que +
rus + rws) 1 + (pug + pwe + rug + rwy + rug + rwe) Io]

= [(kuy + pug) + (kug + pus + muy + qug + mug + qus + mus + que + nue + rus)lh + (kus + pug +
nuy + rug + nug + rug) o] + [(kwy + pws) + (kws + pws + mwy + qwg + mwy + quws + mws + queg +
nwsy + rws) 11 + (kws + pwg + nwy + rwy + nws + rwe)lz] € U(Ih, I2) + W (I, I).

Accordingly U (I, Is) + W (I3, I5) is a strong refined neutrosophic subspace of V (11, I5). O

Proposition 2.24. Let U(Iy, I5) and W (I, I5) be strong refined neutrosophic subspaces of a strong refined
neutrosophic vector space V (11, I) over a refined neutrosophic field K (I, I5).
V(I1,Iy) =U(I1, Iy) @ W(I1, I2) if and only if the following conditions hold:

1. V(Il,IQ) = U(Il,lg) + W(Il,jg) and
2. U(I1,I;) N W (I, L) = {0}.
Proof. The proof is similar to the proof in classical case. O

Example 2.25. Let V(I,I3) = R3(I3,I3) be a strong refined neutrosophic vector space over a refined
neutrosophic field R(Iy, I2) and let

U(Il,fg) = {(u70,w) u=a-+ bI1 + CIQ,U) =g + hIl + kIQ € R(Il,fz)} and

W(Il,lg) = {(O,’U,O) rv=d+el; + fIQ S R(Il,[2>},

be strong refined neutrosophic subspaces of V' (I1, I3). Then V(I1,1I3) = U(I1, Iz) ® W (I1, I3).

To see this, let © = (u,v,w) € V(I1,I3), then x = (u,0,w) 4+ (0,v,0), so x € U(Iy, I2) + W(I3,I3).
Hence V (11, Is) = U(I1, I2) + W(Iy, I5).
To show that U (I, Io) N W (Iy, I2) = {0}, let x = (u,v,w) € U(I1,I2) N W (I3, I2).
Thenv = 0,i.e d+el;+ fIo = 0+01; + 015 because x lies in U (11, I3),and u = w = 0i.ea+ bl +cls =
g+ hIy + kI, = 0+ 01y + 015 because x lies in W (11, I5).
Thus = (0,0,0) = 0, so 0 = 0+ 01 + 0I5 is the only refined neutrosophic vector in U (11, I2) "W (I3, I3).
So U(Il,lz) n W(Il,lg) = {O + 017 + 012} = {O}
Hence, V(I1,12) = U(I1,I2) @ W (11, I2).

Example 2.26. In the strong refined neutrosophic vector space V (I, I) = R®([y, I5), consider the strong
refined neutrosophic subspaces

U(Il, 12) e {(a, b, c,0,0)\a = l‘1+y1]1+21]2,b = xot+y2l1+2015,and ¢ = x3+ysli+23ls € V(Il,Iz)}
and

W = {0,0,0,d, €)|d =4+ ysl1 + 2412, e=x5+ysl1 + 2515 € V(Il,lg)}.
Then V(Il,fg) = U(Il,fg) © W(Il,fg).

To see this, let © = (a, b, ¢, d, €) be any refined neutrosophic vector in V' (I, I3), then
x = (a,b,¢,0,0)+(0,0,0,d,e), so x liesin U(Iy, I2) + W (I, I2).
Hence V (I3, Is) = U(I1, 1) + W(I1,I2). To show that U(I1, Is) N W (11, I3) = {0}, letx = (a,b,c,d, e)
lie in U(Il,Ig) n W(Il, IQ)
Thend = e = 0i.e x4 + yalh + 2412 = x5 + ys5I1 + 2512 = 0 + 017 + 0I5 because z lies in U(I4, I5), and
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a=b=c=01ie x1+y1l1 + 2110 = 2o + yo2l1 + 22015 = w3 + y3I1 + 2315 = 0+ 0I; + 0I5 because x
lies in W (11, ).

Thus x = (0,0,0,0,0) = 0,s0 0 = 0+ 0I; + 015 is the only refined neutrosophic vector in

U(Il,lg) N W(Il,fg). So U(Il,lg) n W(Il,lg) = {0 + 0l + 0[2}

Hence, V(I1,12) = U(I1,I2) @ W (11, ).

Example 2.27. Let V(I1,12) = P2,(I1, I2) be the strong refined neutrosophic vector space over a neutro-
sophic field K (I, I5). Then let

Ul([l,IQ) = {p(t) S Pgn L ag +agt2 =+ .- +a2nt2n,With ap, ag - aop S R(Il,IQ)}

U2(11712) = {p(t) € Py, a1+ a3t3 —+ -+ agn,lt%_l,with a1,as---aap—1 € R(Il,lg)}

be strong refined neutrosophic subspaces of Pa,, (11, I2).
Then Pgn(fl, IQ) = Ul(-[lv 12) D UQ(Il, I2)

Proposition 2.28. Let U (I, 1) and V (11, I5) be strong refined neutrosophic vector spaces over a refined
neutrosophic field K (I, I). Then

U(lL, L) xV(I1,15) ={(u,v) :u € U(I1,1I3),v € V(I1,15)}
is a strong refined neutrosophic vector space over K (I, Is) where addition and multiplication are defined by:
(u,v) + (', 0") = (u+u', v+ ),
a(u,v) = (au, aw).
Proof. 1. We want to show that (U (I1, Is) x V(I1, I2), +) is refined neutrosophic abelian group .

(a) Clearly (U(Iy,I3) x V (I, I2,+) is closed, since for
(u,v), (W' ,v") € (U(I1,I2) x V(I1,I3)) where (u,v) = ((a + bly + clz), (d + el + fI2)) we
have that
(u, )+, v") = [((a + bly + cla), (d+el; + fI3)) + ((¢/ + V11 + L), (d + ' I; + f']I5))]
=llat+d + 0+ L+ (ct+)h), (d+d + (et )+ (f + [)]2]
= (u-l—u’,v +Ul) S U(Il,.[g) X V(Il,IQ).
(b) Let (u,v), (v,v") and (u”,v") € U(I1,I2) x V(I1,I2). Then
[(u, ) + ((u,"v") + (u",0"))] = [((a + bIy + clz), (d + el1 + f15))
_"_ ((a/+a// + (b/+b//)[1 _|_ (C/ +C”)IQ),(d/ +d//+ (e/ +€//)Il _|_ (f/ _"_f//)IQ)]
= (a+d +a"+ b+ +V") 1+ (c++ ")), (d+d +d"+(e+e'+e L+ (f+ f + "))
—[a+a+ O+ + (4 D), [d+d + (e + e+ (F + )] +
((a”—i—b”[l +c”12),(d”—|—e”11 +f”.[2))
= [(w,0) + (', )] + (u”, 0").
Then we say that 4" is associative.
(c) The identity in U(I1, I2) x V (11, 12)) is (Ou(1,,1,), Ov(1,,1,)) Where
Ou(1,,15) is the identity in U (Iy, I2) and Oy (g, 1) is the identity in V' (11, I2) then
(u,v) + (Ou(1,,15), Ov (1, 1))
[(a + bIl + CIQ) (d + 611 + fIQ)] [(0 + 0.[1 + 0[2), (0 + 0]1 + 0]2)]
=(@+0+b+0)1 + (c+0)L),(d+0+ (e+0)I; + (f +0)I2)
=(04+a+ (0+0)I +(0+c)l2),(0+d,(0+ €)1 + (0+ f)I2)
= (a4 bly + clp),(d+ely + fIz) = (u,v).
(d) For each (u,v) € U(I1,I3) x V(I1,I3)) the inverse is (—u, —v) where
—u € U(I,1I2) and —v € V(I1, I2) is the inverse of w and v respectively. Then
(u,v) + (—u, —v) = [((a+bl1 +cly), (d+el1 + fI3)) + ((—a— bl — cly), (—d — eI, — f15))]
=(a—a+ (b I+ (c—c)la),((d—d)+ (e—e)1 + (f — [)I2)
(—a+a+ (=b+ )1+ (—c+)),((—d+d)+ (—e+e)[y + (—f + f)I5)
= (04011 + 0I3), (04011 + 0I2) = (Ou(1,,15), Ov(1y,12))-
(e) For (u,v), (u',v") € U(I1,1I3) x V(I1,I2) we have that
u,v) + (u v)=[((a+bl1 +cls),(d+ely + fI))+ ((/ + 011 + L), (d + €Ty + f'15))]
=l(a+a"+ 0+ ) +(c+c)), ((d+d) + (e + )L+ (F + /') )]
(@ +a+ O +0)[ + (¢ +¢)l2), (d' +d) + (¢ +e) L + (f' + [)]2)]
= [((a"+V' L+ L), (d'+ €' I+ ['12)) + ((a+ bl +cla), (d+eli + f12)] = (W', 0') + (u, v).
Then we say that -+ is commutative.

—~
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Leta=k+mly +nls, B =1+ sl + tl, € K(I1,15), then

2. a((w0) + () = al(a+ Iy +ch), (d+ el + F1)) + (@ + 0Ty + 1), (& + /Ty + /1))
—af(+d + b+ V)T + (e + VD), (d+d) + (e + )T + (f + [)D)
= (aa+ ad + (ab+ ab )1 + (ac+ ac)Iz), ((ad + ad') + (ae + ae’ ) + (af + af’)]2)
= ((ca + ably + acls), (ad + ael; + aflz)) + ((ad’ + ab' I} + acd' Iy), (ad + ae’' I} + af'ly))
= (au, av) + (au’, av’)
= a(u,v) + a(u,v").

3. (a4 B)(u,v)=(k+r+(m+s) 1 + (n+t)2)((a+bl1 +clz), (d+elh + fI2))
=((k+r+(m+s)1+n+t)2)(a+bly+clp), (k+r+(m+s)1+n+t)l)(d+el1+ fI))
= [(ka+ra+ (ma+ sa)l; + (na+ta)ls + (kb4 rb+ mb+ sb+nb+tb)I; + (mc+ sc)l; + (ke+
rc+nc+te)ls)), (kd+rd+ (md+ sd)l; + (nd + td)Is + (ke + re + me + se + ne + te)[; +
(mf+sf)L+ (kf +rf+nf+tf)h))]
= [(ka + maly 4+ nalz) + (kb + mb + nb)I1 + (mcly + (k¢ + ne)lz), (kd + mdl + ndlz) +
(ke+me+ne)ly + (mfl + (kf +nf)l2)] + [(ra+ saly + tals + (r1b+ sb+ tb) I + (scly + (re+
te)lz)), (rd+ sdly +tdly) + (re+ se+te)ly + (sfIh + (rf +tf)12))]
= [(k+mI1+n2)((a+bl1 +cly), (d+eli + 1))+ [(r+ sl +tl)((a+ bl +cla), (d+el1 + f12))]
= a(u,v) + B(u,v).

4. (af)(u,v) = (K +mly + nl)(r+ sl + tls))(u,v)
= (kr + (ks + mr + ms + mt + ns)I; + (kt + nr + nt)I2)((a + bI1 + cla), (d+ el; + fI2))
= (kra + (krb+ ksa + mra + msa + mta + nsa + ksb + mrb + msb + mtb + nsb + ksc + mrc +
msc + mic + nsc + ktb + nrb + ntd) Iy + (kre + kta + nra + nta + ktc + nrc + ntc)ly,  krd +
(kre + ksd + mrd + msd + mtd + nsd + kse + mre + mse + mte + nse + ksf + mrf + msf +
mtf +nsf + kte + nre + nte)l; + (krf + ktd + nrd + ntd + kt f + nrf + ntf)1Is)
= ((k+ml; + nlz)(ra+ (rb+ sa + sb+ sc+ tb)I1 + (rc+ ta + tc)lz) (k+ mly + nly)(rd +
(re+sd+se+sf+te)ly + (rf+td+tf)))
= o(Bu, fv).

5. For (1 + 111 + 11,) € K(I1,12), we have
1+ 1L + 113) - (u,v) = (L + 11} + 1I3)(a + by + clz,d + el + f13)
=la+(1b+1la+1b+1c+1b) 1 +(le+la+1c)lz  1d+(le+1ld+1le+1f+1e)1+(1f+1d+1f)I;
= ((1 + 1]1 + 1[2)(@ + bIl + CIQ), (1 + 1[1 + 1]2)(d + 6[1 + f]g))
= (a4 bl +cly,d+ el + fIs) = (u,v).
O

Proposition 2.29. Let U(Iy, I5) be weak refined neutrosophic vector spaces over a field and V' be a vector
space over a field K. Then

U(l, 1) xV ={(u,v) ru= (a+ by +cly) e U(I1,12),v eV}
is a weak refined neutrosophic vector space over K where addition and multiplication are defined by:
(u,v) + (', 0") = (u+u', v+ ),
a(u,v) = (au, aw).
Proof. The proof follows the same approach as in the proof of Proposition 2.2§] O

Definition 2.30. Let W (I;, I5) be a strong refined neutrosophic subspace of a strong refined neutrosophic vec-
tor space V' (I, Iz) over a refined neutrosophic field K (I, I). The quotient V' (I1, I5)/W (I3, I5) is defined
by the set

{U + W(Il,lg) NS V(Il,IQ)}.

Proposition 2.31. The quotient V(I1,15)/W (I1,1I2) is a strong refined neutrosophic vector space over a
refined neutrosophic field K (I,,15) if addition and multiplication are defined for all u + W (I, I3),v +
W(I,I5) € V(I1,15) /W (I, L) and o € K(I1, I2) as follows:

(’U,‘i’ W(Il,IQ)) + (U =+ W(Il712)) = (U + ’U) =+ W(Il,IQ),
a(u + W(Ihfg)) = au + W(Ih.[g).

This strong refined neutrosophic vector space (V (11, I5)/W (I1, I2), +, .) over a neutrosophic field K (11, I5)
is called a strong refined neutrosophic quotient space.

Doi :10.5281/zenodo.3884059 107



International Journal of Neutrosophic Science (IJNS) Vol.7, No.2 , PP.97-109, 2020

3 Conclusion

In this paper, we have presented the concept of refined neutrosophic vector spaces. Weak(strong) refined neu-
trosophic vector spaces and subspaces, and, strong refined neutrosophic quotient vector spaces were studied.
Several interesting results and examples were presented. It was shown that every weak (strong) refined neu-
trosophic vector space is a vector space and it was equally shown that every strong refined neutrosophic vector
space is a weak refined neutrosophic vector space. This work will be continued in our next paper titled “On
Refined Neutrosophic Vector Spaces II”.
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