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Aim and Scope

International Journal of Neutrosophic Science (IJNS) is a peer-review journal publishing high quality
experimental and theoretical research in all areas of Neutrosophic and its Applications. IJNS is
published quarterly. IJNS is devoted to the publication of peer-reviewed original research papers lying in
the domain of neutrosophic sets and systems. Papers submitted for possible publication may concern with
foundations, neutrosophic logic and mathematical structures in the neutrosophic setting. Besides providing
emphasis on topics like artificial intelligence, pattern recognition, image processing, robotics, decision
making, data analysis, data mining, applications of neutrosophic mathematical theories contributing to
economics, finance, management, industries, electronics, and communications are promoted. Variants of
neutrosophic sets including refined neutrosophic set (RNS). Articles evolving algorithms making

computational work handy are welcome.

Topics of Interest

IINS promotes research and reflects the most recent advances of neutrosophic Sciences in diverse

disciplines, with emphasis on the following aspects, but certainly not limited to:

[ Neutrosophic sets [ Neutrosophic algebra
[ Neutrosophic topolog [ Neutrosophic graphs
[ Neutrosophic probabilities [ Neutrosophic tools for decision making
[ Neutrosophic theory for machine learning [ Neutrosophic statistics
[ Neutrosophic numerical measures (] Classical neutrosophic numbers
[ A neutrosophic hypothesis [ The neutrosophic level of significance
(1 The neutrosophic confidence interval | The neutrosophic central limit theorem
| Neutrosophic theory in bioinformatics
Cland medical analytics [J Neutrosophic tools for big data analytics
[ Neutrosophic tools for deep learning [J Neutrosophic tools for data visualization

T Quadripartitioned single-valued
CIneutrosophic sets [J Refined single-valued neutrosophic sets
1 Applications of neutrosophic logic in image processing

1 Neutrosophic logic for feature learning, classification, regression, and clustering
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[ Neutrosophic knowledge retrieval of medical images

[ Neutrosophic set theory for large-scale image and multimedia processing
[ Neutrosophic set theory for brain-machine interfaces and medical signal analysis
[ Applications of neutrosophic theory in large-scale healthcare data

[J Neutrosophic set-based multimodal sensor data

[ Neutrosophic set-based array processing and analysis

[ Wireless sensor networks Neutrosophic set-based Crowd-sourcing

[J Neutrosophic set-based heterogeneous data mining

[7 Neutrosophic in Virtual Reality

[7 Neutrosophic and Plithogenic theories in Humanities and Social Sciences
[7 Neutrosophic and Plithogenic theories in decision making

[ Neutrosophic in Astronomy and Space Sciences
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Concepts of Neutrosophic Complex Numbers

Yaser Ahmad Alhasan

Deanship of the Preparatory Year, Prince Sattam bin Abdulaziz University, KSA
v.alhasan@psau.edu.sa

Abstract

In this paper, concept of neutrosophic complex numbers and its properties were presented inculding the conjugate of
neutrosophic complex number, division of neutrosophic complex numbers, the inverted neutrosophic complex number
and the absolute value of a neutrosophic complex number. Theories related to the conjugate of neutrosophic complex
numbers are proved, the product of a neutrosophic complex number by its conjugate equals the absolute value of
number is also proved. This is an important introduction to define neutrosophic complex numbers in polar.

Keywords: Classical neutrosophic numbers, Neutrosophic complex numbers, Conjugate.
1. Introduction

As an alternative to the existing logics, Smarandache proposed the neutrosophic Logic to represent a
mathematical model of uncertainty, vagueness, ambiguity, imprecision, undefined, unknown, incompleteness,
inconsistency, redundancy, contradiction, where the concept of neutrosophy is a new branch of philosophy introduced
by Smarandache [3][7]. He presented the definition of the standard form of neutrosophic real number and conditions
for the division of two neutrosophic real numbers to exist, he defined the standard form of neutrosophic complex
number, and found root index n > 2 of a neutrosophic real and complex number [2][4], studying the concept of the
Neutrosophic probability [3][5], the Neutrosophic statistics [4][6], and professor Smarandache entered the concept of
preliminary calculus of the differential and integral calculus, where he introduced for the first time the notions of
neutrosophic mereo-limit, mereo-continuity, mereoderivative, and mereo-integral [1][8]. Madeleine Al- Taha
presented results on single valued neutrosophic (weak) polygroups [9]. Edalatpanah proposed a new direct algorithm
to solve the neutrosophic linear programming where the variables and right
hand side represented with triangular neutrosophic numbers [10]. Chakraborty used pentagonal neutrosophic number
in networking problem, and Shortest Path Problem [11][12].

This paper aims to study neutrosophic logic in the complex numbers by defining the conjugate of neutrosophic
complex number, division of neutrosophic complex numbers, the inverted neutrosophic complex number, the absolute
value of a neutrosophic complex number, I also have proven theories related to the conjugate of neutrosophic complex
numbers, and finally we proved the product of a neutrosophic complex number by its conjugate equals the absolute
value of number.

2. Preliminaries

2.1 Neutrosophic Real Number [4]

DOI: 10.5281/2zenodo.3900293
Received: Febraury 27, 2020 Accepted: June 05, 2020
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Suppose that w is a neutrosophic number, then it takes the following standard form: w = a + bl where a,b are real
coefficients, and I represent indeterminacy, such 0.1 = 0 and I = I, for all positive integers n.

2.2 Neutrosophic Complex Number [4]

Suppose that z is a neutrosophic complex number, then it takes the following standard form: z = a + ¢l + bi + dil

where a, b, ¢, d are real coefficients, and I indeterminacy, such that i2 = —1 =i =+/—1.
Note: we can say that any real number can be considered a neutrosophic number.

Forexample: 2=2+0.1, or:2=24+0.14+0.i+0.i.]

2.3 Division of neutrosophic real numbers [4]

Suppose that wy, w, are two neutrosophic numbers, where
W1=a1+b11, W2:a2+b21

To find (a; + byI) + (a, + b,I), we can write:

a, + byl

————=x+yl
a, + byl xTy

where x and y are real unknowns.
a; + byl = (a, + by)(x +yI)
a; + bl = ayx + (byx + ayy + byy)l
by identifying the coefficients, we get
a; = a,x
b, = byx + (a, + bz)y
We obtain unique one solution only, provided that:

a, 0

#0 = ay(a,+by)) #0

Hence: a, # 0 and a, # —b, are the conditions for the division of two neutrosophic real numbers to exist.
Then:

a1 + b11 _ al azbl - albz

a, +b,]  a, a,(a,+b,)’

2.4 Root index n > 2 of a neutrosophic real number [4]

1) Case: n=2
Let w = a + bl be a neutrosophic real number, then

Vva+bl=x+y.1

DOI: 10.5281/zenodo.3900293 10
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a+bl = (x +y.1)?
a+bl =x2+2xy.1+y?I

by identifying the coefficients, we get:

2

x“=a
y2+2xy=b
Hence x=+Va

y2+2Jay—b =0
By solving the second equation in respect to y we find:

F2va++vda+4b _
y= Va > =FJa+Va+b

Then we fined four solutions of va + bl:

Va+bl=vVa+ (—Va++va+b).I

Or: Va+bl=+va—(—Va++Va+b).I
Or: Va+bl =—Va+ (Va++va+b).I
Or: Va+bl=—Va+ (Va—+va+b).I

particular case: I = +I

2) Case: n > 2

NVa+bl=x+y.I

a+bl=(x+y.D)"

n-—1
a+bIEx"+<ZC{{y”"‘x ).I
k=0

n .
N xz{ nﬁ : nodd
+%a ; neven

n-1 .
Z Ckyn=*an=p
=0

Solve it in respect to y, we can distinguish two cases:

DOI: 10.5281/zenodo.3900293

11



International Journal of Neutrosophic Science (IINS) 10l 8 No. 1, PP, 9-18, 2020

When the x and y solutions are real, we get neutrosophic real solutions,

When x and y solutions are complex, we get neutrosophic complex solutions.

2.5 Multiplying two neutrosophic complex numbers [2]

Let z,,z, are two neutrosophic complex numbers, where
z; =a; +cl+byi+diil ,  z, =a, + ¢l +byi+ dyil
Then:
Zy .2y = (a + oI + byi + dqil )(a, + c,1 + byi + d,il)
= (aya, — bib,) + (a;c, + aycq + ¢;¢, — byd, — dyb, — d d,)I
+(aib, + a;by)i + (ayd; + c1by + ¢1dy + bycy + azdy +dicy)i 1
Example 2.1:
(3+5i+2il)(1+3il) =3+ 9il +5i — 151 + 2il — 6]

=3-—211+5i+11il

3. Conjugate of a neutrosophic complex number

Definition 3.1:

Suppose that z is a neutrosophic complex number, where z = a + cI + bi + d.il. We denote the conjugate of a
neutrosophic complex number by Z and define it by the following form:

Z=a+cl—-bi—d.il
Example 3.1:
z=4+5i-7il = z7=4-5i+7il
z=-21-i+8il = Z=-21+i—-8il
z=1il = z7=-il
As consequences, we have:
1. the conjugate of neutrosophic complex number Z is the same neutrosophic complex number z.

@)=z
2. Ifz=a+cl+bi+d.il

then
z+z=2(a+cl)=2Re(z) and z—Z=2(b+d.Di=2Im(2)

where Re(Z) is the real part of the complex number and Im(Z) is the imagine

DOI: 10.5281/zenodo.3900293 12
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3. We conclude from this, that the neutrosophic complex number is real if and only if = Z , and it is imaginary
ifandonlyif z=-27.

Remark 3.1:
The conjugate of the sum of two neutrosophic complex numbers is equal to the sum of their two conjugates.
21 +2, =2 + 7
Proof:
Suppose that z; , z, are two neutrosophic complex numbers, where
Z=a,+cl+bii+diil , z,=a,+c]+byi+dyil
Then:
71 + 2, = (ay + a,) + (o] + 1) + (by + by)i + (dy + dy)il
Zy + 2, = (a; + a) + (¢ 1 + 1) — (by + by)i — (dy + dy)il
=ay, +c;I — byi —dqyil +a, + ¢, — byi — d,il
= 5 +17,
Theorem 3.1

The conjugate of multiplication two neutrosophic complex numbers is equal to the multiplication of their two
conjugates.

L5 =74.4
Proof:
Suppose that z, , z, are two neutrosophic complex numbers, where
Z=a,+cl+bii+diil , z,=a,+c]+byi+dyil
Then:
21.Zy = (aq + ¢ I + byi + dyil )(a, + ¢, + byi + dyil)
= (aya, — b1 b,) + (a;c, + aycq + ¢;¢, — byd, — dyb, — dqd)y)I
+(aib, + a;by)i + (ayd, + c1by + ¢1dy + bycy + aydy +dicy)il 1
71.2; = (a1a; — by by) + (a1¢; + azey + €16, — bydy — diby — dydy)l
—(a;b, + a,by)i — (ayd, + ¢1by + ¢;d, + bycy, + a,dy +dqcy)il 1
71.75 = (a; + ;I — byi — dqil )(a, + c,1 — byi — d,il)
= (a1a; — biby) + (ayc; + azcy + ¢i¢; — byd; — diby — didy)]
—(aib, + a;by)i — (a1dy + c1by + ¢1dy + bycy + aydy +dicy)il 1

DOI: 10.5281/zenodo.3900293 13
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= 212, =117
4. Division of neutrosophic complex numbers
Suppose that z, , z, are two neutrosophic complex numbers, where
Z1=a;+cl+bii+dyil , zZy=a,+cl+bi+dyil ;z, #0
Then:

zy _ag+ ¢l +byi+dyil
Z,  ay + Cyl + byi + dyil

multiply the numerator and denominator by conjugate of z, we get:

z;  (ay + ¢l + bii+ dyil)(a; + ;] — byi — dyil)

ZZ B (az + Czl + bzl + dzll) (az + CzI - bzi - dzil)

_(ay + ¢yl + byi+ dyil)(a; + ;] — byl — dyil)
(az + .12 + (b, + dy1)?

_(a1a; + b1by) + (ay¢; + azc1 + €165 + bid; + diby + did;)]
B (az + 212 + (b, + d,1)?

+ (azbl - albz)i + (b1C2 + a2d1 + d1C2 - a1d2 - C1b2 - Cldz)i.l
(az + 312+ (by + dy1)?

_(aya; + biby) + (ayc; + aycq + c16, + bydy + diby + dydy)]
- (ay + c;1)2 + (b, + d,1)?

+ (azbl - albz) + (b1C2 + azdl + d1C2 - aldz - Cle - Cldz).l l_
(az + )% + (by + dy1)? '

Example4.1:
3+ 5i+ 2il
1+ 3il

Solution:
multiply the numerator and denominator by conjugate of (1 — 3il) we get:

345i+2il  (3+5i+2i)(1—-3il) 3—21I+5i+11il
14+3il ~  (@A+3iD@A-=-3i) 1+09I

_3-21 5+1u
“1xor "1y’

€y

Let us find:

DOI: 10.5281/zenodo.3900293
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T+or =Xt
3211 = (1 + 9D (x + yI)
3211 = x + 9xI + 10y]
3-21I1=x+ (9x+ 10y)I
:{ x =3
9x + 10y = =21
=3
x =3 x
48
${9(3)+10y=—21 =’{y=——=—4.8
10
3-210 o
= = — 4.
1+9]
Let us find:
5+11_
1+o1 7Y

54+11=1+9)(x+yID)
54111 = x+ 9xI + 10yl

5+11 =x+ (9x + 10y)I

:{ x=05
9x + 10y =11

=>{ x=3 =
9(5) + 10y = 11 y=—"—=-34

By substitution in (1):
3+ 50+ 2il
1+ 3il

=3— 48]+ (5—3.4D)i

=3 —4.8I + 5i — 3.4il

5. Inverted Neutrosophic complex number
Suppose that z is a neutrosophic complex number, where z = a + ¢l + bi + d. il

Then:
1

Z a+cl+bitdil

DOI: 10.5281/zenodo.3900293
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a+cl b—dI

@t +h+d) @)+ Brd?

Example 5.1:

N S
1—20 144 1+4"

=1 4I+21'
= 5 5.1

6. The absolute value of a neutrosophic complex number

Suppose that z = a + cI + bi + d. il is a neutrosophic complex number, the absolute value of a neutrosophic complex

number defined by the following form:

1Z| = y/(a + cD)? + (b + dI)?
Example 6.1:
Let z =1+ 21 + il, find the absolute value of z .

Solution:

1Z| = /(a+cD?+ (b +dI)?

=V1+4I+41+1

=V1+10]

VI+10l =x +yl

1+ 10I = x? + 2xyl + y?
by identifying we get:

{ x?=1
y?+2xy =10

Since the absolute value is positive, we take: x =1
By substitution in the second equation:

y24+2y=10 = y?+2y—-10=0

=2+ 2v11

> =—-1++vV11=23

y

Therefore,
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1Z| = |1+ 21 +il| =1+ 23]

Theorem 6.1:

Suppose that z = a + ¢l + bi + d. il is a neutrosophic complex number, multiplication the absolute value of z by its
conjugate equals to square of the absolute value of .

z.Z=1Z|?
Proof:
z=a+cl+bi+dil = zZz=a+cl—bi—d.il
z.z=(a+cl+bi+d.il)(a+cl—bi—d.il)
= a® + acl — abi — adil + acl + cI — bcil — cdli + abi
+bcil + b? + bdl + adil + cdil + bdl + d*I
= (a? + 2acl + c2I) + (b% + 2bdI + d?I)

=(a+c)?+ (b+d)?*=|Z|?

= z.z=|Z|?
Example 6.2:
Let z=4—-1+4+2i+3il,find z.Z.
Solution:
z.Z=1Z|?
= (a+ch?+ (b +dI)?
=4 -2+ (2+3I)?
=16—-81+1+4+121+91

=20+ 141

5. Conclusions

In this paper, conjugate of neutrosophic complex number was defiend and used to find the division of
neutrosophic complex numbers, the inverted neutrosophic complex number and the absolute value of a neutrosophic
complex number. This research has proven theorems related to the conjugate of neutrosophic complex numbers. This
approach can be applied to define the polar form and exponential form of the neutrosophic complex number.
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Abstract

To deal with fluctations in decision-making, fuzzy / neutrosophic numbers are used. The problem having
more fluctuations are difficult to sovle. Thus it is a dire need to define higher order number, also It is a very curious
question by researchers all around the world that how octagonal neutrosophic number can be represented and how to
be graphed? In this research article, the primarily focused on the representation and graphs of octagonal neutrosophic
number. at last, a case study is done using VIKOR method based on octagonal neutrosophic number. These
representations will be helpful in multi-criteria decision making problems in the case that there are large number of
fluctuations. Finally, concluded the present work with future directions.

Keywords: Neutrosophic Number, Octagonal Number, VIKOR Method, MCDM, Uncertainty, Indeterminacy,
Accuracy Function, De-neutrosophication.

1. Introduction

The theory of uncertainty plays a very important role to solve different issues like modelling in engineering
domain. To deal with uncertainty the first concept was given by [1], extended by [2] named as intuitionistic fuzzy
numbers. In year 1995, Smarandache proposed the idea of neutrosophic set, and the idea was published in 1998 [3],
they have three distinct logic components 1) truthfulness ii) indeterminacy iii) falsity. This idea also has a concept of
hesitation component the research gets a high impact in different research domain. In neutrosophic, truth membership
is noted by T, indeterminacy membership is noted by I, falsity membership is noted by F, These are all independent
and their sum is between 0< T + I + F < 3. While when talking about intuitionistic fuzzy sets, uncertainty depends on
the degree of membership and non-membership, but in neutrosophic sets then indeterminacy factor does not depend
on the truth and falsity value. Neutrosophic fuzzy number can describe about the uncertainty, falsity and hesitation
information of real-life problem.

Researchers from different fields developed triangular, trapezoidal and pentagonal neutrosophic numbers,
and presented the notions, properties along with applications in different fields [4-6]. The de-neutrosophication
technique of pentagonal number and its applications are presented by [7-10].

Scientists from different areas investigated the various properties and fluctuations of neutrosophic numbers and
the properties of correlation between these numbers [6-7]. The applications in decision-making in different fields like
phone selection [11-12], games prediction [13], supplier selection [14-16], medical [17], personnel selection [18-19].
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Octagonal neutrosophic number and its types are presented by [20] in his recent work. The graphical
representation and properties are yet to be defined while dealing with the concept of octagonal neutrosophic number
a decision-maker can solve more fluctuations because they have more edges as compare to pentagonal. Table:1
represents different numbers and their applicability.

Edge Parameter Uncertainty Hesitation Vagueness Fluctuations
Measurement Measurement Measurement

Crisp number * 2 2 e
Fuzzy number determinable © © &
Intuitionistic Fuzzy | determinable determinable w g
number

Neutrosophic determinable determinable determinable determinable
number

Table 1: Fuzzy numbers, their extensions and applicability

1.1 Motivation

From the literature, it is found that octagonal neutrosophic numbers (ONN) their notations, graphs and
properties are not yet defined. Since it is not yet defined so also it will be a question that how and where it can be
applied? For this purpose, is de-neutrosophication important? How should we define membership, indeterminacy and
non-membership functions? From this point of view ONN is a good choice for a decision maker in a practical scenario.

1.2 Novelties
The work contributed in this research is;

Membership, Non-membership and Indeterminacy functions
Graphical Representation of ONN.

De-neutrosophication technique of ONN.

Case study of personnel selection having octagonal fluctuations.

1.3 Structure of Paper

The article is structured as follows as shown in the Figure 1:

eIntroduction ePreliminaries eQOctagonal
Neutrosophic

Number,
Representation

eGraph of

Octagonal
Neutrosophic

Number

and Properties

eDe- eCase Study of eConclusion
neutrsophication Candidate
of ONN into Selection
Neutrosophic

Fuzzy Number

Figure 1: Pictorial view of the structure of the article
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2. Preliminaries

Definition 2.1: Fuzzy Number [1]

A fuzzy number is generalized form of a real number. It doesn't represent a single value, instead a group of values,
where each entity has its membership value between [0, 1]. Fuzzy number S is a fuzzy set in R if it satisfies the given
conditions.

e Jrelativelyone y € R with us (y)=1.
us (y) is piecewise continuous.
e S should be convex and normal.

Definition 2.2: Neutrosophic Fuzzy Number [3]

Let U be a universe of discourse then the neutrosophic set A is an object having the form

A= {< X: TA (x)' IA(x)J FA (x)' > X € U}

where the functions T, I, F : U— [0,1] define respectively the degree of membership, the degree of indeterminacy, and
the degree of non-membership of the element x € X to the set A with the condition. 0 <T, (x) + I (x) + F4 (x) <

3.
Definition 2.3: Accuracy Function [21]

Accuracy function is used to convert neutrosophic number NFN into fuzzy number (De-neutrosophication using Ag).
_ [TetIxt+Fyl

A(F) = {x=—="——"}
Ap represents the De-neutrosophication of neutrosophic number into fuzzy number.
Definition 2.4: Pentagonal Neutrosophic Number [6]
Pentagonal Neutrosophic Number PNN is defined as,
PNN =([(Q,0,5%,¢):0],[(Q%, 0%, &, %%, e1): W], [(Q% 0% ¢2,4%,€%): 1)
Where 6,¥, €]0,1].
The truth membership function (6): R — [ 0, 6],

the indeterminacy membership function (¥):[) — [g,1],

and the falsity membership function ( ):R—[ ,1].
3. Octagonal Neutrosophic Number [ONN] Representation and Properties

In this section, we define ONN, representations and properties along with suitable examples.

Definition 3.1: Side Conditions of Octagonal Neutrosophic Number [ONN]
An Octagonal Neutrosophic Number denoted by;

S((Q,0g%e ,06,3):0][(QL,0%,¢% !, 1,06%,3Y):W],[(Q% 02 62,%% €2, 2,6%3%): ])should satisfy the
following conditions:

Condition 1:

1. O truth membership function (6;): ®R— [ 0,1],
2. W indeterminacy membership function (W;):R— [g,1],
3. g falsity membership function ( ):R—[ ,1].
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Condition 2:

1.  ©g: truth membership function is strictly non-decreasing continuous function on the intervals [Q, €].
2. W indeterminacy membership function is strictly non-decreasing continuous function on the intervals

[Q, €].
3. «: falsity membership function is strictly non-decreasing continuous function on the intervals [Q?, £2].

Condition 3:

1.  ©g: truth membership function is strictly non-increasing continuous function on the intervals [, 3].

2. W indeterminacy membership function is strictly non-increasing continuous function on the intervals
[€1,3].

3. ¢ falsity membership function is strictly non-increasing continuous function on the intervals [€2,32].

Definition 3.2 : Octagonal Neutrosophic Number [ONN] A Neutrosophic Number denoted by S is defined as,
S=([(Q,0,5%¢ ,6,3):0],[(QL,0% el ¢t et, 1,6%,3Y): W], [(Q%02¢2,9% €% 2,0%3%): 1)

Where 6, %, €]0,1].

The truth membership function (6;): R— [ 0,1],

the indeterminacy membership function (W):R— [g,1],

and the falsity membership function ( ¢):R— [ ,1] are given as:

040 (%) Q<x<l

0, (%) 0<x<g

egz(X) £ x <%

B3 (%) v< x<eg
0

B5(x)= xX=¢
45 (%) e< x <
B4, (%) <x<0
0,:(x) 0 x<3
0 otherwise
Yoo (x) Ol<x<0?
Py, (%) 0'< x<gt
Y, (X) ql < x<#t
Pia(x) ¢<ax<et
Y:x)={ 3 x = ¢!
Pes(x) gl<x<
‘pgz(X) 1 < x< 61
Yy(x) o6'<x<st
1 otherwise
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s0® QM <x<D?
s1(%) 02< x<¢g
2(%) g < x<%?
s(x) < x<e?

()= x = €2
e 2<x< ?
o) 2< x< 6?
a® =< x<3?
1 otherwise

Where S=([(a<D<g<v<e< <o6<a)ol[(@'<l'<g<el<el< <o <st)y][(a?<

DI?<gl<et<el< 2<6*<3?): 1)

4. Graphical Representation of Octagonal Neutrosophic Number [ONN]

In this section, graphs of truthiness, indeterminacy and falsity function are presented.

Definition 4.1: Octagonal Neutrosophic Number [ONN]

0:0(0) 01<x<0.2
0:,(0) 02< x<03
0:,(0.1) 03< x<04
643(0.1) 04 < x<05

6:(x)= 1 x=0.5

043 (1) 05< x<06

0:,(0.1) 06< x<o0.7

6:,(0.1) 0.7< x<08
0 otherwise

Yo (1) 01<x<0.2
Y., (1) 02<x<03
¥Y,,(0.9) 03<x<04
¥Y.5(0.9) 04< x<05

Wi(x)= 0 x=05

Y5 (0) 05< x<0.6

¥, (0.9) 06< x<o0.7

Y,,(0.9) 0.7< x<0.8
1 otherwise

s0(1) 01<x<0.2
(1) 02<x<03
:2(0.9) 03< x<04
:3(0.9) 04 < x<05
sx)= 0 x =05
:3(0) 05< x<0.6
:2(0.9) 06< x<o0.7
:1(0.9) 0.7< x<0.8
1 otherwise
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4.1

1,2

0,8

0,6

0,4

0,2

Graphical Representation of Membership, Non-membership, Indeterminacy and ONN

Graphical Representation of the Trutheness of
Octagonal Neutrosophic Number

0 0,1 0,2 0,3 04 0,5 0,6 0,7 0,8

Figure 2: Graphical representation of the truthiness of ONN

0,9

Graphical Representation of the Falsity of Octagonal

Neutrosophic Number
1:2

0.e I'". /
0.6 \ /
04 \ /
0.2 \

\ ;

0 0.1 0.z 0.2 0.4 0.5 0.6 0.7 0.e

Figure 3: Graphical representation of the Falsity of ONN
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Graphical Representation of the Indeterminacy of Octagonal

Neutrosophic Number
1,2

08
0,6
0,4

0,2

Figure 4: Graphical representation of the Indeterminacy of ONN

Graphical Representation of the Octagonal

12 Neutrosophic Number

] ol nz 0.3 0.4 05 0.4 o7 0.g 0s

Figure 5: Graphical representation of the Octagonal Neutrosophic Number
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5. Accuracy Function for De-neutrosophication of Octagonal Neutrosophic Number (ONN)

5.1 De-neutrosophication of ONN into Neutrosophic Number

On the way of development of De-neutrosophication technique, we can generate results into neutrosophic number
according to the result of octagonal neutrosophic number and its membership functions.

DTN0N=(Q+D+Q+’V+S+ +0+3)’
8
Ino Q40 4gl 4ol el 140143t
D'NoN = ( )
8
pFvoy — (QZ+D2+q2+v2+sz+ 2462432
- 8
D Q+0+g+v+e+ ,63 Q' +0 +e+ +el+ 1+61+3 Q2 +02+g2+9¢2+e2+ 2+6%+32
Now 8 ’ 8 ’ 8
pTNoy  p'Noy  pFNoy
Dyo,= 3 s

e D™Non represents the de-neutrosophication of trueness of neutrosophic octagonal number into neutrosophic.

e D'Won represents the de-neutrosophication of indeterminacy of neutrosophic octagonal number into
neutrosophic.

e DFNon represents the de-neutrosophication of falsity of neutrosophic octagonal number into neutrosophic.
e Dy, represents the de-neutrosophication of octagonal number into neutrosophic number.

Example 1: In Table: 3 five octagonal neutrosophic numbers ONN are defuzzified into Neutrosophic Number.

Octagonal Neutrosophic Number Dyo,

1](0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8;0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9; (0.45,0.55,0.5375)
0.1,0.3,0.4,0.5,0.6,0.7,0.8,0.9)

21 (0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9;0.1,0.3,0.4,0.5,0.6,0.7,0.8,0.9; (0.55,0.5375,0.55)
0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9)

3 (0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.9;0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8; (0.4625,0.45,0.525)
0.1,0.2,0.4,0.5,0.6,0.7,0.8,0.9)

41(0.1,0.2,0.4,0.5,0.6,0.7,0.8,0.9; 0.1,0.3,0.4,0.5,0.6,0.7,0.8,0.9; (0.45,0.5375,0.55)
0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9)

5 (0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9; 0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8; (0.55,0.45,0.4625)
0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.9)

Table 2: De-neutrosophication of ONN into Neutrosophic number using Accuracy Function.

5.2 De-neutrosophication of Neutrosophic Number
On the way of development of de-Neutrosophication technique, we can generate results into fuzzy number according

to the result of neutrosophic number.

_DTN0N+D’N0N+DFN0N
DNOF 3 >

Dy, represents the de-neutrosophication of octagonal number into fuzzy number.

Example 2: In Table: 3 five octagonal neutrosophic numbers are defuzzified into Fuzzy.
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Octagonal Neutrosophic Number Doy Dyo,

1 (0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8;0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9; (0.45,0.55,0.5375) 0.5125
0.1,0.3,0.4,0.5,0.6,0.7,0.8,0.9)

2 (0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9;0.1,0.3,0.4,0.5,0.6,0.7,0.8,0.9; (0.55,0.5375,0.55) 0.54583
0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9)

3 (0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.9;0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8; (0.4625,0.45,0.525) 0.47916
0.1,0.2,0.4,0.5,0.6,0.7,0.8,0.9)

4 (0.1,0.2,0.4,0.5,0.6,0.7,0.8,0.9; 0.1,0.3,0.4,0.5,0.6,0.7,0.8,0.9; (0.45,0.5375,0.55) 0.5125
0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9)

5 (0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9; 0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8; (0.55,0.45,0.4625) 0.4875
0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.9)

Table 3: De-neutrosophication of ONN using Accuracy Function.
6. Case Study

To demonstrate the;

e Feasibility
e  Productiveness

of the proposed method, here is the most useful real-life candidate selection problem is presented.

6.1 Problem Formulation

Suppose we have three candidates which have different degree, experience and number of publications, the thing
which matter the most to select one which have more potential to deal with situation. The potential of person depends
upon degree, experience and number of publications they have. To improve the competitiveness capability, the best
selection plays an important role, and to select the best one. Due to octagonal we can deal with more fluctuations. The
background of formal education comparison also necessary. Same case for experience because it illustrates the
personality and also mention that person is capable to handle the circumstances. Same as publications is also important
for selection. With the concept of octagonal we have more expanse to deal with more edges. Suppose we are talking
about degree we can mention his all necessary degrees with grades.

6.2 Parameters

Selection is a complex issue, to resolve this problem criteria and alternative plays an important role. Following criteria
and alternatives are considered in this problem formulation.

6.2.1 Alternatives

Candidates are considered as the set of alternatives represented with S=< {,m,v>
6.2.2. Criteria
Following three criteria are considered for the selection

Degree
Experience
e  Publications

6.3 Assumptions

The decision makers {D;, Dy, D3, Dy, Ds, Dg, D7, Dg} will assign ONN, according to his own interest, knowledge
and experience, to the above-mentioned criteria and alternatives.

DOI: 10.5281/zenodo.3900315 27



International Journal of Neutrosophic Science (IINS) Vol 8, No. 1, PP. 19-33, 2020

o Assigning Octagonal Neutrosophic Number ONN, by decision makers to the candidate {.

Sr # No Criteria QOctagonal Neutrosophic Number (ONN)
1 Dearee < (0.72,0.35,0.71,0.77,0.41,0.73,0.77,0.81), (0.93,0.83,0.93,0.88,0.94,0.99,0.96,0.90),
g (0.86,0.95,0.99,0.97,0.94,0.93,0.95,0.91) >
2 Experience < (0.75,0.65,0.96,0.54,0.73,0.65,0.83,0.56), (0.75,0.45,0.95,0.38,0.68,0.79,0.57,0.13),
p (0.36,0.59,0.68,0.79,0.47,0.36,0.47,0.95) >
. <(0.74,0.73,0.64,0.75,0.96,0.34,0.85,0.89), (0..35,0.46,0.58,0.79,0.85,0.71,0.64,0.96),
3 Publications

(0.84,0.73,0.85,0.75,0.98,0.84,0.66,0.94)>

Table 4(a): ONN by decision makers to each criterion to the candidate ¢.

o Assigning Octagonal Neutrosophic Number ONN, by decision makers to the candidate @.

Sr # No Criteria Octagonal Neutrosophic Number (ONN)
1 Degree < (0.73,0.73,0.94,0.85,0.96,0.74,0.95,0.89), (0.33,0.46,0.59,0.79,0.85,0.79,0.74,0.86),
g (0.48,0.33,0.55,0.75,0.68,0.64,0.36,0.70) >
) Experience < (0.75,0.55,0.96,0.54,0.93,0.65,0.73,0.56), (0.93,0.83,0.83,0.58,0.84,0.69,0.76,0.80),
p (0.66,0.59,0.68,0.99,0.47,0.46,0.87,0.95) >
. . <(0.94,0.93,0.74,0.95,0.96,0.94,0.85,0.99), (0.28,0.26,0.58,0.35,0.45,0.61,0.64,0.36),
3 Publications

(0.28,0.23, 0.25, 0.45, 0.68, 0.44, 0.26, 0.34)>

Table 4(b): ONN by decision makers to each criterion to the candidate @.

o Assigning Octagonal Neutrosophic Number ONN, by decision makers to the candidate v.

Sr # No Criteria Octagonal Neutrosophic Number (ONN)

| Degree < (0.73,0.83,0.93,0.56,0.95,0.95,0.73,0.88), (0.76,0.95,0.69,0.94,0.94,0.63,0.55,0.61),
g (0.74,0.73,0.85,0.75,0.48,0.34,0.66,0.74) >

) Experience < (0.73,0.65,0.96,0.54,0.63,0.65,0.81,0.59), (0.75,0.45,0.85,0.38,0.78,0.79,0.67,0.13),
p (0.38,0.59,0.68,0.79,0.97,0.36,0.67,0.85) >

3 Publications <(0.74,0.73,0.64,0.75,0.96,0.34,0.85,0.89), (0.35,0.44,0.58,0.79,0.75,0.71,0.54,0.96),

(0.74,0.63,0.35,0.35,0.98,0.34,0.28,0.64)>

Table 4(c): ONN by decision makers to each criterion to the candidate v.

6.4 VIKOR Method

Vikor method is best for solve the problem of multi criteria decision making.it is used to drive on ranking and for
selection of a set of possibilities and solve consolation solution for a problem with aggressive criteria. Opricovic [12]
introduced the idea of Vikor method in 1998. It is related with both positive and the negative ideal solution, it can
change the variable into two or more alternative variables to find out the best compromise solution. By the help of

Vikor method we can put new ideas for group decision making problem under the certain criteria.
Vikor Method consist of following steps;

Step 1. Normalization of decision matrix and weight assigning.

Step 2. Now we will calculate the group unity value H;=[H?, H/] and the individual regard value S,=[S}, SY], where;

' L_ct ' U_ct
E sk-s? E sV-s?
L _ t 7 U _ t J
Hi = Wjs——st° Hi = Wjs——st
. t J . i J

J J
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And

L_ max SiLl_SJ' U_ max SIV]—S}'
Si=1<jsn Wi\ =7 )( » Si T1gjen Wi\ 5= 5F
J J J J

Step 3. Here we will Calculate the comprehensive sorting index W;=[W;, W], where

ﬁi—H*
H™ —H*

gi—S*
N

Wi=o +(1-0)

Now by using algorithm of interval fuzzy number:

L * L *

HE-H sk—s
Wich—Jr‘_ (1-o0) =+

H™ -H* S~ —S*

and

sk-s*
s™-s*

U *
Wi=o == H(1- o)
Here H*="" g}  H-=max gV gr=mingl g*—maxgU parameter o is called decision mechanism index, and it lies
between [0,1]. If 6 >0.5, it is the decision making in the light of maximum group benefit (i.e., if ¢ is big, group utility
is emphasized); if 6=0.5, here decision making in accordance with compromise. If 6 <0.5, it is the decision making in
the light of minimum individual regret value. In VIKOR, we take ¢ =0.5 generally, that is called compromise makes
maximum group benefit and minimum individual regret value.

Step 4. The rank of fuzzy numbers is S; , W; and H;.

Since S; , W; and H; are all still individual numbers, now to compare the two-interval value we use the possible degree
theory.

Here number of interval number A;= [A} , AV], (i=1,2, 3,...,m), the comparison steps are given of these interval
numbers;

(a) For any two intervals numbers A;=[A} , AY] and A;=[A} , A], now we will calculate the possible degree
pij= p(A; = Kj) and now we will construct the possible degree matrix p = (0;j)mxm, and the product by
comparison of any two interval numbers A;=[A} , AY] and A;=[A} , AY], where i,j=1,2,3,.....,m. Xu [18]
proved that matrix p = (p;j)mxm satisfies (p;; = 0, p;; + (p;=1, py = 0.5 (1,j=1,2,3,...,m)

The matrix p = (p;j)mxm is called the fuzzy complementary judgement matrix, and we can rank the alternatives as
follow.

(b) The rank of interval numbers A;=[A} , AV], (i=1,2,3,,m)
Ranking formula is given below

U=—— (37 py+2- 1).i=123,..m

m(m—1) 2
The smaller U, , is the smaller A;= [A} , AY] is.

Step 5. Now we will rank the alternatives based on S; , W; and H;(i=1,2,3,...,m).here the smaller of interval number
§; is, and the better alternative x; is. propose as a min {S; | i=1,2,3,...,m} if these two condition are satisfied[16]:
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@) S (A@)-S (AM)> 1/(m — 1), where A® called the second alternative with second position in the
ranking list by R ; m is the number of alternatives.
(i1) AMalternative also must be best ranked by {S;or/and R; | 1=1,2, 3...m}.

N % Group Unity ». Comprensive Rank of Fuzzy Ranking of \
bt e / Value J Sorting Index Number Alternatives .';

Figure 6: Flowchart of VIKOR algorithm
6.5 Numerical Analysis

Suppose that U is the universal set. Let HR which is responsible for recruiting and interviewing, and wants to hire a
new candidate in company. Three candidates S=< {,@,v > apply for this opportunity, which have different
degrees, experiences and publications. On the base of choice parameters {C; = Dergre, C, = Experience, C; =
Publication} we apply the algorithm to find the potential candidate.

Step 1. Associated Decision Matrix

Candidate={

/{C,(0,72,035,0.71,0.77.0.41,0.73,0.77,0.81)
(0.93,0.83,0.93,0.88 0.94,0.99,0.96,0.90)

(0.86,0.95,0.99,0.97,0.94,0.93,0.95.0.91)}
{£,(0.75,0.65,0.96,0.54,0.73,0.65,0.83,0.56)
(0.75,0.45,0.95,0.38,0.68,0.79,0.57.0.13)

(0.36,0.59,0.68,0.79.0.47,0.36,0.47,0.95)}
{€,(0.74,0.73,0.64,0.75,0.96,0.34.0.85,0.89)

{0.35,0.46,0.58,0.79,0.85,0.71,0.64,0.96)
(0.84,0.73,0.85.0.75,0.98.0.84.0.66,0.54)}

Candidate= @

{€,(0.73,0.73,0.94,0.85.0.96,0.74,0.95,0.89)
0.33,0.46,0.59,0.79,0.85,0.79,0.74,0.36)
(0.48,0.33,0.55 0.75.0.68,0.64,0.36,0.70)}

{€,(0.75,0.55,0.96.0.54,0.93,0.65,0.73,0.56)
(0.93,0.83,0.83,0.38 ,0.84,0.69,0.76,0.80)

(0.66,0.55,0.68,0.99,0.47,0.46,0.87,0.95)}

{C,(0.54,0.93,0.74,0.95.0.96,0.54,0.85,0.99)

(0.28,0.26,0.38,0.35.0.43,0.61.0.64,0.36)
(0.28,0.23,0.25,0.45,0.68,0.44.0.26,0.34)}

De-Neutrosophication of Octagonal Neutrosophic number by,

Candidate= v

{E,073083093056095085073.088)
(0.76,0.95,0.69,0.94 0.94,0.63,0.55,0.61)}
(0.74,0.73,0.85,0.75,0.48,0.34.0.66,0.74)}

1£,(0.73,0.65,0.96,0.54,0.63,0.65,0.81,0.59)
(0.75,0.43,0.85,0.38,0.78,0.79,0.67,0.13)

(0.38,0.59,0.68,0.79,0.97,0.36,0.67,0.85)}
(€, (0.74,0.73,0.64,0.75,0.96,0.34,0.85,0.89)
(0.35,0.44,0.58,0.79,0.75,0.71.0.54.0.96)
(0.74,0.63,0.35,0.33,0.98,0.34,0.28,0.64)}

DTNON:(Q+D+E¥+V;€++6+3), pivoy — (Ql+|] 1+q1+V1;-81+1+61+31)’ pFvoy — (92+D2+q2+v2;-€2+2+62+32
The associated neutrosophic matrix is,
(0.65,0.92,0.93) (0.84,0.67,0.56) (0.82,0.88,0.66)
X =1 (0.70,0.59,0.58) (0.70,0.78,0.70) (0.69,0.60,0.66)
(0.86,0.66,0.82) (0.91,0.44,0.36) (0.73,0.64,0.49)

The associated fuzzy matrix is,
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(0.8333) (0.6900) (0.7866)
X = (0.6233) (0.7266) (0.6500)
(0.7800) (0.5700) (0.6200)

After calculating normalized decision matrix, we determine the positive ideal solution as well as negative ideal
solution

r*={(0.65,0.92,0.93)} 1r~={(0.91,0.44,0.36)}

Step 2. Calculate the group utility value as ;= [HF, HY] and §;= S}, SV]
H,=10.2769,0.2000] H, =[0.1076,0.3846] H; =[0.4230,0.2230]

And S, =[0.1461,0.1615] S, =[0.0384,0.2000] S5=1[0.2000,0.1307]

Step 3. Now we will calculate the comprehensive sorting index W;= [W}, W]

W1 =0.0506

W2 =10.0275

W3 =0.0163

Step 4. Calculation of H; ,W; and S;

S1=0.2767 H1=0.1088 W1 =10.0506

S2 =0.2394 H2=0.1165 W2 =10.0275

S3=0.2530 H3 =0.1066 W3 =10.0163

Step 5. Ordering of H; ,W; and S;

Order the alternatives, listed by the values Si; Hi and Wi:

S2=0.2394 H3=0.1066 W3=0.0163

S3=0.2530 HI1=0.1088 W2=0.0275

S1=0.2767 H2=0.1165 WI1=0.0506

According to the ranking S3 is the potential candidate for the company.

7. Conclusion

The concept of octagonal neutrosophic number has sufficient scope of utilization in different studies in various
domain. In this paper, we proposed a new concept of octagonal neutrosophic number ONN, notion and graphical
representation. The de-neutrosophication technique is carried out by implementing accuracy function and following
points were concluded.

e The octagonal neutrosophic number, function and graph add a new tool for modeling different aspects of
daily life issues, science and environment.

e Since this study has not yet been studied yet, the comparative study cannot be done with the
existing methods.
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e Detailed illustrations of truthiness, indeterminacy, falsity and de-neutrosophication techniques will provide

all the required information in one platform to model any real-world problem.

In forthcoming work, authors will define the types Symmetric, Asymmetric, along with their a-cuts. Proposed work

can be used to model different dynamics, of applied sciences, such as MCDM and networking problems, etc.
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Abstract

In this paper, we present and study some of the basic properties of the new class of sets called weakly b-closed
sets and weakly b- open sets in fuzzy neutrosophic bi-topological spaces. We referred to some results related to the
new definitions, which we taked the case of equal in the definition of b-sets instead of subset. Then, we discussed
the relations between the new defined sets by hand and others fuzzy neutrosophic sets which were studied before us
on the other hand on fuzzy neutrosophic bi-topological spaces. Then, we have studied some of characteristics and
some relations are compared with necessary examples.

Keywords: Fuzzy neutrosophic sets, Fuzzy neutrosophic bi-topology, Fuzzy neutrosophic weakly b-closed sets,
Fuzzy neutrosophic weakly b-open sets.

1.Introduction

The notion of fuzzy set "FS" proved was show by L. Zadeh [1] where the membership of any element to this set
"FS" be a single falue between 0 and 1. After that K Atanassov [2-4] introduced the notion of intuitionistic fuzzy
sets "IFS" which was generalization of "FS", where the elements have membership and non-membership value
between the same interval 0 and 1. As proved and indulged F. Smarandache [5] introduced the concept of
neutrosophic sets "NSs" where he added the independed value between the value of "IFS" also in the same value, 0
and 1, then in the next papers [6], studied the neutrosophic topological spaces "NTSs" on the non standard interval
which made many important consequences and theorems so as so, foundation for all family of new mathematical
theories generalizing both their fuzzy topology counterparts and old classical topology, A. A. Salama [7] studied the
term of neutrosophic topology "NT". Finally, Y.Veereswari [8] gave an introduction of fuzzy neutrosophic
topological spaces "FNTSs".

The concept of fuzzy neutrosophic weakly-o™ generalized closed set and fuzzy neutrosophic b-closed sets "FN-b-
CS" was introduced and studied by F. Mohammed [9,10]. The term of bi-topological spaces was studied in
neutrosophic topology by R. Al-Hamido [11-13], so in this paper we will show the idea of fuzzy neutrosophic
weakly b-closed and fuzzy neutrosophic weakly b-closed sets also investigated some their properties on fuzzy
neutrosophic bi-topological spaces and we getting some neccesarly properties as generalized of many authors
studying, for more details and information about the applications of neutrosophic theory in new trends see [14-21].
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2. Preliminaries:

In this section of our study, we will refer to some basic definition and operations which are necessarily in our
work.

Definition 2.1 [7]: "Let Ux be a non-empty fixed set. The fuzzy neutrosophic set (FNS) uy is an object having the
form un ={<u, Auv(), yun(u), Vun(u)>: u € Uy} where the functions A.n(w), yun(u), Vun(u): Uy — [0,1] denote the
degree of membership function (namely A.n(u)), the degree of indeterminacy function (namely y.n(u)) and the
degree of non-membership function (namely V,n(u)) respectively of each element ue Uy to the set ux and 0 <
Aun()+ yun(u) +Vun(u) < 3, for each u € Un".

Remark 2.2: "FNS uy = {< u, Aun(u), oun(u), Vin(u) >: u €Uy} can be identified to an ordered triple < u, Aun, oun,
Vuw > in [0,1] on Uy".

Lemma 2.3 [8]: "Let Uy be a non-empty set and the FNSs uy and yy be in the form:
un = {<u, un, oun, Vun> } and yn={<u, Ay, oyn, Vyn>} on Uy. Then,

) UN S yNiff dun < Ayn, oun <oy and Van =V,

(i1) un=yniff un Synand yn S ux,

(iii) (un) ={<u, Vun, 1-0un, Aun >/,

(Av)  un Uyn ={<u, Mx(Zun, 2gn), Mx(oun, oyn ), Mn( Van, Vi) >,
v) un N yn ={<u, Mn( Ay, Ayn), Mu( oun, oyn), Mx(Van, Vin) >/,
(vi) On=4{<u, 0,0, 1>} and In={<u 1,1, 0>L"

Definition 2.4 [8]: "A Fuzzy neutrosophic topology ( For short, FNT) on a non-empty set Uy is a family Ty of
fuzzy neutrosophic subset in Uy satisfying the following axioms.

(i) Ov, In €Ty,
(i) unt N unz € Ty Vuni, punz € T,
(lll) Uuny €Ty, V{,uNj ] EJ}_CTN.

In this case the pair (Uy, Tw) is called fuzzy neutrosophic topological space ( for short, FNTS). The elements of Ty
are called fuzzy neutrosophic-open sets ( for short, FN-OS ). The complement of FN-OS in the FNTS (Uy, Ty ) is
called fuzzy neutrosophic- closed set (for short, FN-CS)."

Definition 2.5 [8]: "Let (Uy, Ty ) is FNTS and uny =< u, Aun, oun, Vv > is FNS in Uy. Then the fuzzy neutrosophic-
closure (for short, FN-CI ) and the fuzzy neutrosophic -interior (for short, FN-In) of ux are defined by:

FN-Cl(un) =N {yn:ynis FN-CS set in U and uy Syy },
FN-In (unx) = U{yn:ynis FN-OS setin Uand yn € un }.
Now, the FN-CI (uy) is FN-CS set and FN-In(uy) is FN-OS. set in Uy.
Further,
(1) unis FN-CS in U iff FN-Cl(un) = un,
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(i)  wnis FN-OS in U iff FN-In(uy) = un."
Definition 2.6 [9,10]: "The FNS Ayin FNTS (Uy, Ty) is called:

(1) Fuzzy neutrosophic regular-open set (FNR-OS) iff uy =FN-In(FN-Cl(ux)),

(ii) Fuzzy neutrosophic regular-closed set (FNR-CS.) iff uy = FN-CI(FN-In(uy)),
(iii) Fuzzy neutrosophic semi-open set (FNS-OS) iff uny € FN-CI(FN-In(ux)),

(iv) Fuzzy neutrosophic semi-closed set (FNS-CS) iff FN-In(FN-Cl(uy)) < un,

) Fuzzy neutrosophic pre-open set (FNP-OS) iff uy € FN-In(FN-Cl(uy)),

(vi) Fuzzy neutrosophic pre-closed set (FNP-CS) iff FN-CI(FN-In(uy)) < un,

(vii) Fuzzy neutrosophic a-open set (FNa-OS) iff uy € FN-In(FN-CI(FN-In(ux))),
(viii)  Fuzzy neutrosophic a-closed set (FNa-CS) iff FN-CI(FN-In(FN-Cl(uy))) < un,
(ix) Fuzzy neutrosophic B-open set (FNB-OS) iff uy S FN-CI(FN-In(FN-Cl(un))),
(x) Fuzzy neutrosophic B-closed set (FNB-CS) iff FN-In(FN-CI(FN-In(uy))) € un."

Definition 2.7 [7]: "A fuzzy neutrosophic set K in FNTS Uy is called fuzzy neutrosophic b-open set (for short, FNb-
0OS) if and only if K < In(CI(K))VClI(In (K))."

Definition 2.8 [15]: "A fuzzy neutrosophic set K in FNTS Ul is called fuzzy neutrosophic b-closed (for short, FNb-
CS) setiff In(CIK) I/Cl(In K) <K."

Definition 2.9 [11]: "Let Uy be a non-empty set and (U, Ty;), (U, Tnz) be two topological spaces then, the triple (Uy,
Tni, Tyz) is a fuzzy neutrosophic bi-topological space ( for short, FN-bi-TS )."

Definition 2.10 [11]: "Let Uy be a non-empty set and Tw;, Tn2 be two topologies on Uy. A subset A of Uy is called
fuzzy neutrosophic bi-open set ( for short, FN-OS ) if 4 € Ty;U Tao. A is called fuzzy neutrosophic bi-closed set ( for
short, FN-CS) if /5-4 is FN-OS.

Definition 2.11 [18]: "A FNS K in FN-bi-TS (U, Twi;, Tw2) is called fuzzy neutrosophic nowhere dense set if there
exists no FN-OS. set V such that V' € FN-CI(K). That is FN-In(FN-CI(K)) = Oy."

Remark 2.12 [15]: "Let K be a FNS in FN-bi-TS (U, Tni, Tn2). If K is a fuzzy neutrosophic nowhere dense set in
(Un, Tni, Tna), then, FN-In(K) = On. "

3.Weakly b_Closed Sets and Weakly b.open Sets in Fuzzy Neutrosophic bi-Topological Spaces

In this section, we introduce the concepts of weakly b-closed sets and weakly b-open sets and study some of their
characteristics on fuzzy neutrosophic bi-topological spaces.

Definition 3.1: A FNS K in a FN-bi-TS (Uy,Ty1, Ta2) is said to be a fuzzy neutrosophic weakly b.closed set (for
short, FNWb-CS) if FN-In(FN-CI(K)) N FN-CI(FN-In(K)) = K. The complement /x-K of a FNWb-CS in a FN-bi-
TS (Un, Tni, Tan) is called a fuzzy neutrosophic weakly b.open set ( for short, FNWb-OS) in Uy. The family of all
FNWb-CS of a FN-bi-TS (Uy, Tni, Th2) is denoted by FNWb-CS(Uy).

Example 3.2: Let Uy = {a, b} on Tn; = {0y, E;, In} and T2 ={0n, In} where E; = < u, (0.44, 0.44), (0.44, 0.63), (0.2,,
0.35) > is a FN-bi-TS on Uy.
Let K = <u, (0.44, 0.41), ((0.04, 0.0), (0.24, 0.33) >.

Now, FN-In(FN-CI(K)) N FN-CI(FN-In(K)) = E; Nix- E; = E; =K.
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Then, K is a FNWb-CS in FN-bi-TS (Uy, Tni, Ta2)-

Remark 3.3: The following cases are independent to each other in general in a FN-bi-TS (Uy, Tw1, Tn2).

(i) FN-CS and FNWb-CS.

(ii) FNR-CS and FNWb-CS.

(iii) FNP-CS and FNWb-CS.

(iv) FNa-CS and FNWb-CS.

Example 3.4: In Example 3.2,we have:

(1) K is a FNWb-CS but not a FN-CS in U as FN-CI(K) = Iy-E# K.

2) K=<u, (044, 0.63), (0.54, 0.5p), (0.44, 0.4p) > is a FN-CS as FN-CI(K) =1y-E; = K, but not a FNWDb-CS in Uy
as FN-In(FN-CI(K)) N FN-CI(FN-In(K)) = E; #K.

B)K =<u, (044 0.4), (0.54, 0.53), (0.44, 0.65) > is a FNWb-CS in Uy, but not a FNR-CS in Uy as
FN-CI(FN-In(K)) = In-E; # K.

@) K =<u, (04, 0.63), (0.54, 0.54), (0.4,, 0.43) > is a FNR-CS in Uy as FN-C/(FN-In(K)) = Iy-E;= K, but not a
FNWb-CS in Uy as FN-In(FN-CI(K)) N FN-CI(FN-In(K)) # K.

S) K=<u, (0.44, 0.63), (0.54, 0.55), (0.44, 0.45) > is a FNP-CS in Ux as FN-CI(FN-In(K)) = In-E;< K, but not a
FNWbD-CS in Uy as FN-In(FN-CI(K)) N FN-CI(FN-In(K)) # K.

(6) K =<u, (044, 0.43), (0.54, 0.55), (0.44, 0.6) > is a FNWb-CS in Uy but not a FNP-CS in Uy as
FN-CI(FN-In(K)) = In-E; €K

(7)) K =<u, (044 0.63), (0.54, 0.55), (0.44, 0.45) > is a FN-oclos. set in Ux as FN-CI(FN-In(FN-CI(K))) = IN-E; S
K, but not a FNWb-CS in Uy as FN-In(FN-CI(K)) N FN-CI(FN-In(K)) = E; # K.

) K =<u, (0.4, 0.43), (0.54, 0.53), (0.44, 0.65) > is a FNWb-CS in Un as FN-In(FN-CI(K)) N FN-CI(FN-In(K)) =
E; =K, but not a FNa-CS in Uy as FN-CI(FN-In(FN-CI(K))) = Ixn- E; K.

Theorem 3.5 : Let (Uy, Tni, Taz) be a FN-bi-TS, then:

(i) Every FNWb-CS is a FNb-CS.

(ii) Every FNWb-CS is an FNS-CS.

(iii) Every FNWb-CS is a FNB-CS.

Proof : (i) Let K be a FNWb-CS in FN-bi-TS ((Un, Tni1, Tn2),

Then, FN-In(FN-CI(K)) N FN-CI(FN-In(K)) = K.
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Now, as K € K, we get FN-In(FN-CI(K)) N FN-CI(FN-In(K)) € K.

Therefore, K is a FNb-CS in (Uy, Tni, Ta2).

(ii): Let K be a FNWb-CS in FN-bi-TS (Uy, Tn1, Ta2).

Then, FN-In(FN-CI(K)) N FN-CI(FN-In(K)) = K.

Now, as FN-In(FN-CI(K)) = FN-In(FN-CI(FN-In(FN-CI(K) N FN-CI(FN-In(K))))
€ FN-In(FN-CI(FN-CI(K) N FN-CI(FN-In(K))))
€ FN-In(FN-CI(K)) N FN-CI(FN-In(K))) = K.

Hence, K is a FNS-CS in (Uy, T, Tao).

(iii): Let K be a FNWb-CS in FN-bi-TS (Uy, Tn1, Ta2).

Then, FN-In(FN-CI(K)) N FN-CI(FN-In(K)) = K.

Now, FN-In(FN-CI(FN-In(K))) = FN-In(FN-CI(FN-In(K))) N FN-CI(FN-In(K))

€ FN-In(FN-CI(K)) N FN-CI(FN-In(K)) = K.

Therefore, we have FN-In(FN-CI(FN-In(K))) € K.

Hence, K is a FNB-CS in (Un, Tw1, Tn2).

Note: The converse of Theorem 3.5 is not true in general.

Example 3.6: In Example 3.2

(M) Let K = <u, (0.44, 0.6), (0.54, 0.55), (0.44, 0.45) >.

Then, FN-In(FN-CI(K)) N FN-CI(FN-In(K)) = E; # K.

Therefore, K is a FNb-CS but, not a FNWb-CS Uy as FN-In(FN-CI(K)) N FN-CI(FN-In(K)) + K.

Q) IfK = <u, (044 0.63), (0.5, 0.5), (0.44, 0.4)> is a FNS-CS in Uy as FN-In(FN-CI(K)) = E; € K, but not a

FNWb-CS.

B)If K=<u, (0.4, 0.6), (0.5, 0.5,), (0.4, 0.45) > is a FNB-CS in Uy as

FN-In(FN-CI(FN-In(K))) = E; € 1y-E; but, not a FNWb-CS in Ux as FN-In(FN-CI(K)) N FN-CI(FN-In(K)) # K.

Definition 3.7: Let (Uy, Tn1, Ta2) be a FN-bi-TS, then the subset K of Uy is called FN-clopen set (for shortly, FN-

CLOP) iff K is FN-CS and FN-OS in the same time.
Remark 3.8 : Every FN- CLOP set is both FNR-OS and FNR-CS.
Proposition 3.9: Let (Uy, Tn, Tx2) be a FN-bi-TS, then:

(i) If K is both a FNR-OS and a FNR-CS then, K is a FNWb-CS.
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(i1) If K is both a FN-CLOP set then, K is a FNWb-CS.
Proof: (i) Let K be both FNR-OS and FNR-CS in FN-bi-TS (Uy, Tni1, Ta2).
Then, FN-In(FN-CI(K)) N FN-CI(FN-In(K)) = K N K= K = K is a FNWb-CS.
(i) Let K be a FN-CLOP set in FN-bi-TS (U, Tn1, Ta2).
Then, FN-In(FN-CI(K)) N FN-CI(FN-In(K)) = FN-In(K) N FN-CI(K) = FN-In(K) = K.
Therefore, K is a FNWb-CS.
Theorem 3.10: If K is both a FNWb-CS and a FN-CS in FN-bi-TS (Uw, Ta1, Taz) then, K is a FN-OS.
Proof: Let K be both a FNWDb-CS and a FN-CS in FN-bi-TS (U, Ty, Taz).
Then, K = FN-In(FN-CI(K)) N FN-CI(FN-In(K)).
Now, K = FN-In(FN-CI(K)) N FN-CI(FN-In(K))
= FN-In(K) N FN-CI(FN-In(K)) = FN-In(K).
Therefore, K is a FN-OS in FN-bi-TS ((Uy, Twn1, Thz).
Definition 3.11: Let (Uy, Tyi, Tn2) is FNTS and uy =< u, Aun, oun, Vuy > is FNS in Uy. Then the fuzzy neutrosophic
semi-closure (for short, FN-sCI ) and the fuzzy neutrosophic —semi interior (for short, FN-sIn) of uy are defined
by:
FN-sCl(un) =N {yn: ynis FNS-CS in U and uy S yn }= un UFN-In(FN-Cl(uy)),
FN-sin (unx) = U{yn:ynis FNS-OSin U and yn € uy }=.
Theorem 3.12: For any FNWb-CS K in a FN-bi-TS (U, Tw1, Ta2), the following conditions hold:
(1) If K is a FNR-OS then, FN-sCI(K) is a FNWb-CS.
(ii) If K is a FNR-CS then, FN-sIn(K) is a FNWb-CS.
Proof:(i) Let K be a FNR-OS in FN-bi-TS (Uy, Tni, Ta2).Then, FN-In(FN-CI(K)) = K.
By definition, we have FN-sCI(K) = K UFN-In(FN-CI(K)) = K UK = K, by hypothesis.
Since, K is a FNWDb-CS in (Uy, Tni, Taz), FN-sCI(K) is a FNWb-CS in Uly,.
(ii) Let K be a FNR-CS in (Uy, Tni1, Tn2), then, FN-CI(FN-In(K)) = K.
By definition, we have FN-sIn(K) = K N FN-CI(FN-In(K)) = K N K = K, by hypothesis.
Since, K is a FNWDb-CS in(Uy, Tni, Txz), FN-sin(K) is a FNWb-CS.
Theorem 3.13: For a FNS K in FN-bi-TS (U, Tn1, Taz), the following conditions are equivalent:
(1) K is both a FN-OS and a FNWb-CS.
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(i1) K is a FNR-OS.

Proof: (i) = (ii) Let K be a FN-OS and a FNWb-CS in FN-bi-TS (Uy, Tni, Ta2).

Then, FN-CI(FN-In(K)) N FN-In(FN-CI(K)) = K and FN-In(FN-CI(K)) N FN-CI(K) = K,

Therefore, K = FN-In(FN-CI(K)).

Hence, K is a FNR-OS in (Uy, Tni, Tn2).

(i1)= (i) Let K be a FNR-OS in FN-bi-TS(Uy, Tn1, Ta2).

Since every FNR-OS is a FN-OS, K is a FN-OS in (Uy, Ty, Tx2) and K = FN-In(FN-CI(K)).

Now, FN-In(FN-CI(K)) N FN-CI(FN-In(K)) = K N FN-CI(FN-In(K)) = K N FN- CI(K) = K.

Hence, K is a FNWDb-CS in FN-bi-TS (U, Tw1, Tn2).

Definition 3.14: A FNS K in a FN-bi-TS (U, Ta1, Ta2) is said to be a fuzzy neutrosophic weakly b-open set ( for
short, FNWb-0S) iff K = FN-In(FN-CI(K)) U FN-CI(FN-In(K)).

The family of all FNWb-OS of a FN-bi-TS (Uy, Tn1, Ta2) is denoted by FNWb-OS(Un).

Example 3.15: In Example 3.2,

Let K = <u, (0.44 0.63), (0.54, 0.53), (0.44, 0.4p) > be a FNS in (Uy, Tn1, Ta2).

Now, FN-In(FN-CI( In-K )) N Fn-CI(FN-In( In-K )) = E; N In-E; = E; = Iy-K = Ix-K is a FNWb-CS

= IN-K is a FNWb-CS in (Uy, T, Taz).

Hence, K is a FNWDb-OS in (Uy, T, Ta2).

Theorem 3.16: Every FNWb-OS are FNb-OS ( FNS-0OS., FNB-OS) but not conversely in general.

Proof: Straight forward.

Example 3.17: Obvious from Example 3.6 (1), (2), (3) by taking complement of K in the respective examples.
Theorem 3.18: Every FN-OS, FNR-OS, FNP-OS and FNa-OS are independent to FNWb-OS in FN-bi-TS (Uy, T,
Tn2) and vice versa in general.

Example 3.19: Obvious from Example 3.4 (1), (2), (3), (4), (5), (6), (7), (8), by taking the complement of A in the
respective examples.

Theorem 3.20: If K is a FNWb-OS and fuzzy neutrosophic nowhere dense in FN-bi-TS ((Uy, T, Tn2), then:

(1) K is a FNR-CS.

(ii) K is a FNS-CS.

(iii) K is a FNo-CS.
DOI: 10.5281/zen0do.3900321

40



International Journal of Neutrosophic Science (IINS) Vol 8 No. 1, PP. 34-43, 2020

(iv) Kis a FNB-CS.

Proof: (i) Let K be a FNWDb-OS and fuzzy neutrosophic nowhere dense in FN-bi-TS (U, Ty, T2).
Then, K = FN-In(FN-CI(K)) U FN-CI(FN-In(K)) = Oy U FN-CI(FN-In(K)) = FN-CI(FN-In(K)).
Therefore, FN-CI(FN-In(K)) = K.

Hence, K is a FNR-CS in (Uy, Tni, Tn2).

(ii) Let K be a FNWb-OS and fuzzy neutrosophic nowhere dense in FN-bi-TS (U, T, Ta2).

Then, K € FN-In(FN-CI(K)) U FN-CI(FN-In(K)) = Oy U FN-CI(FN-In(K)) € FN-CI(FN-In(K)).
Therefore, K € FN-CI( FN-In(K)).

Hence, K is a FNS-CS in (Uy, Tni, Ta2).

(iii) Let K be a FNWb-OS and fuzzy neutrosophic nowhere dense in FN-bi-TS (Ux, T, Ta2).
Then, FN-In(FN-CI(K)) U FN-In(FN-CI(FN-In(K))) € K

Now, On U FN-In(FN-CI(FN-In(K))) € K.

Therefore, FN-In(FN-CI(FN-In(K))) € K.

Hence, K is a FNa-CS in (Un, w1, Ta2).

(iv) Let K be a FNWb-OS and fuzzy neutrosophic nowhere dense in FN-bi-TS (U, Ty, Ta2).
Then, FN-In(FN-CI(K)) U FN-In(FN-CI(FN-In(K))) € K.

Now, On U FN-In(FN-CI(FN-In(K))) € K.

Therefore, FN-In(FN-CI(FN-In(K))) €K.

Hence, K is a FNB-CS in (Un, Tw1, Ta2).

Theorem 3.21: If K is both a FNWb-OS and a FN-OS then, K is a FN-CS in FN-bi-TS (Uy, Twi, Th2).
Proof: Let K be both a FNWb-OS and a FN-OS in FN-bi-TS (U, Tni, Tz).

Then, K = FN-In(FN-CI(K)) U FN-CI(FN-In(K)).

Now, K = FN-In(FN-CI(K)) U FN-CI(FN-In(K)) = FN-In(FN-CI(K)) U FN-CI(K) = FN-CI(K).
Hence, K is a FN-CS in (Uy, Tni, Ta2).

Theorem 3.22: Let K be a FNWDb-OS in a FN-bi-TS (U, Tn1, Ta2), such that FN-In(K) = Oy, then, K is a FNP-OS.
Proof: Let K be a FNWDb-OS then, K is a FNb-OS in FN-bi-TS ((Uy, Ta1, Ta2).

Now, K € FN-In(FN-CI(K)) U FN-CI(FN-In(K)) € FN-In(FN-CI(K)) U Oy S FN-In(FN-CI(K)).

Hence, K © FN-In(FN-CI(K)).
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So, K is a FNP-OS in FN-bi-TS (U, T, Tio).

4.Conclusions

In this paper, we have introduced a new class of sets called fuzzy neutrosophic weakly b-closed sets and fuzzy
neutrosophic weakly b-open sets via fuzzy nutrosophic topological spaces. Many results have been studied as
generalization of classical fuzzy topology and intuitionistic fuzzy topology and applied in the field of fuzzy bi-
neutrosophic topology. After giving some ideas to compared the already existing new sets with the others existing
closed sets by definitions, theorems and propositions. Some interesting properties were investigated in addition, we
have provided some examples where such properties failed to be preserved via fuzzy neutrosophic bi-topological
spaces.We think, our studied class of sets belongs to the important class of fuzzy neutrosophic closed sets which is
very useful not only in the deepening of our understanding of some special features of the already well-known
notions of fuzzy neutrosophic topology but also proves useful in neutrosophic control theory.
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ABSTRACT.

This paper aims to introduce and study some new neutrosophic fuzzy pairwise notions via neutrosophic fuzzy ideals.
We, also generalize the notion of FPL-open sets. In addition to generalizing the concept of FPL-closed sets and NPL-
open function, the relationship between the above new neutrosophic Fuzzy pairwise notions and there other relevant
classes are investigated. In Geographical information systems (GIS) there is a need to statistically model spatial
regions with indeterminate boundary and under indeterminacy. Possible applications to GIS rules are touched upon.

Keywords: Neutrosophic set; Neutrosophic topology; Neutrosophic ideal open set; Neutrosophic closed set; GIS
Neutrosophic Rules; Neutrosophic Statistical Model

Introduction

Since the world is full of indeterminacy, the neutrosophic found their place into contemporary research. The
neutrosophic set was introduced by Smarandache in [3,4,7] and Salama et al. [5, 6, 8,10, 11, 12, 13, 14] introduced
the neutrosophic crisp set, neutrosophic topological spaces and many applications in statistics, computer science and
information systems. Neutrosophy has laid the foundation for a whole family of new mathematical theories
generalizing both their classical and fuzzy counterparts, such as neutrosophic set theory, in this paper is to introduce
and study some new neutrosophic fuzzy pairwise notion via neutrosophic fuzzy pairwise ideals. We, also generalize
the notion of FPL-open sets due to Abd El-Monsef, et. al [1, 2]. In addition to generalizing the concept of FPL-closed
sets. In Geographical information systems (GIS) there is a need to statistically model spatial regions with indeterminate
boundary and under indeterminacy. Possible applications to GIS rules are touched upon.

PRELIMINARIES
We recollect some relevant basic preliminaries, and in particular, the work of Smarandache in [3, 4, 7], and

Salama et al. [8-13].

2. Neutrosophic Fuzzy Pairwise Set and its Neutrosophic Fuzzy Pairwise Local Function.

Definition 2.1. Given (X,7;),i€{1,2} be an NFTS with neutrosophic fuzzy ideal L on X, y, ¢, uel*. Then <p,c,u>
is said to be :

(i) Neutrosophic fuzzy pairwise t*;-closed,i€{1,2} may have two types
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Type 1: if p*<p, u*>u, 6*<o .
Type 2: if p*<p, u*>u, 6¥>c
(or PN-*closed) if <p,o,u>* < <p,o,u>

(i1) Fuzzy neutrosophic pairwise NPL-dense — in — itself may have two types

Type 1: if p*<p,u*>u, 6*<c .
Type 2: if p*<p,u*>u, 6*>c
(or PN*-dense- in —itself) if <p,o,u> S<p,o,u> *.

(iii) Neutrosophic fuzzy pairwise*-perfect if <u,o,u> is PN*-closed and PN*- dense — in itself.
Theorem 2.1: Given (X,t;),i€{1,2} be a nfbts with neutrosophic fuzzy ideal L on X , y, o, uel* then <u,c,u> is
(1) PN*- closed iff Ncl*(<p,o,u> ) =<u,o,u> .

(i1) PN*- dense — in — itself iff Ncl*(<u,o,u> )= <p,c,u> *.
(iil) PN*- perfect iff Ncl*(<p,o,u> )= <p,0,u>*=<u,c,u>.

Proof: Follows directly from the neutrosophic fuzzy pairwise closure operator Ncl* for a neutrosophic fuzzy pairwise
;(L),i € {1,2} in and Definition 2.1.

Remark 2.1: One can deduce that
(i) Every PN*-dense- in — itself is a neutrosophic fuzzy pairwise dense set.

(i1) Every neutrosophic fuzzy pairwise closed (resp. neutrosophic fuzzy pairwise open) set is PN*-closed (resp.
PNt*; — open,i € {1,2}).

Corollary 2.1: Given (X,t;),i€{1,2} be a nfbts with neutrosophic fuzzy ideal L on X , < W, 0, u > €t; then we have :
(1) If <p,o,u> is PN*-closed then <p,o,u>* < Nint(<u,o,u> ) < Ncl(<u,o,u>).

(i) If <p,o,u> is PN*-dense- itself then Nint(<p,o,u>) < <u,c,u>*.

(iii) If <u,o,u> is PN*- perfect then Nint(<p,c,u>) = Nel(<u,0,u>) = <u,0,u>*.

Proof: Obvious.

Theorem 2.2 Given (X,7;),i€{1,2} be a nfbts with neutrosophic fuzzy ideal Lyon X , y, o, uel* then we have the
following: <u,o,u> is neutrosophic fuzzy pairwise « - closed iff <u,o,u> is PN*- closed.

Proof: It’s clear.
Corollary 2.2: For a nbts (X,7;), i€{1,2} with neutrosophic fuzzy ideal L on X, y, o, uel*, the following holds:

(1) If <p,0,u> EPNC(X) then <p,c,u> is PN*- closed.
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(i1) If <p,0,u> EPNBC(X) then Nint (Nint(<p,o,u>*)) < <u,o,u>.

(i) If <p,0,u> €EPNSC(X) then Nint(<p,c,u>*) < <p,o,u>.

Proof: Obvious.

3. Neutrosophic Fuzzy Pairwise L-Open and Neutrosophic Fuzzy Pairwise L- Closed Sets.

Definition 3.1. Given (X,7;),i€{1,2} be a NFBTS with neutrosophic fuzzy ideal L on X , y, o, uel* and <p,o,u> is
called a neutrosophic fuzzy pairwise NL -open set iff there exists <& p, 0 > et;,i1€{1,2},P =< p4, p,, p3 > such that
<pou>Cc<Ep,0>CP(<you>")(LT),ief1,2}.

We will denote the family of all neutrosophic fuzzy pairwise NL —open (X,t;) = W, o, uel*: < y,o0,u > <
T, — Nint[P(< ,0,u >*)(L, ;) Jand < W, 0,u >< 1, — Nint[P(< p, 0,u >*)(L, 1,)],i€{1,2} (simplify NPLO(X))
when there is no chance for confusion.

Theorem 3.1 Let (X,T;),1€{1,2} be a nfbts with neutrosophic fuzzy ideal L, then < p, o,u > eNPOL(X)

iff< p,o,u>c T — int(P(< wo,u>")(L, ‘ti))for ie{1,2}, P =< py,p2 P3 >.

Proof: Assume that < y, o,u > eNPOL(X) then Definition 3.1.1. there exists <& p, 0 > €t;

such that < p,0,u >S < §,p,0 >C P(< y,0,u >*)(L, 1;),i€{1,2}. But Nint(P(< I, o,u >*)) C P(< y,o0,u>"),
put <§p,0 >= Nint(P(< u,o,u >*)). Hence < y,0,u >< Nint(P(< W, o,u >*)).

Conversely < y,0,u > € Nint(P(< py,0,u >%)) € P(< p,0,u>").

Then there exists <&, p, 8 >= Nint(P(< y, o,u >"))ert;. Hence < p, o,u > in NPLO(X).

Definition 3.2. The largest T; — NPL — open(simply t; — NPLO(X)) set contained in < W, o,u > is called a
1; — NPL — neutrosophic interior of < i, o,u >. The complement of the neutrosophic fuzzy pairwise NL-open
subset of X is a neutrosophic fuzzy pairwise NL-closed subset of X (simply NPLC(X)).

We denoted by NPL-Nint(< y, o, u >).
Theorem 3.2. Let (X,1;),i€{1,2} be a nfbts with neutrosophic fuzzy ideal L, u, o, uel* and j is an arbitrary set then

i- The union of neutrosophic fuzzy pairwise NL-open subsets may be neutrosophic fuzzy neutrosophic pairwise NL-
open.

ii- If v =< v,V ,,v 3 > is neutrosophic fuzzy pairwise open and <p,c,u> may be neutrosophic fuzzy pairwise NL-
open subset of X. Then < y, ,u >N v may be pairwise NL-open subset.

Proof. (i) Let {< p, 0, u >}:]€j} be a family of NPLO(X). Then for each
Jej, < y,0,u >€ 1; — Nint(p < y,0,u >*])

and so Yj <y, 0,u >;€ YjT; — Nint (p <po,u>" ) € 1; — Nint(Y;p < y,0,u >*])*.

J
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(i1) Assume that v =<v,v,,Vv 3 > is neutrosophic fuzzy pairwise open and <u,c,u> may be neutrosophic fuzzy
pairwise NL-open subsets of X.

Then < y,0,u>NvCvn (Ti - Nint(P(< U, o, u >*))) o Nint(v NP(< y,0,u >*)) c

T; — NintP(v N< p, 0,u >)*.

Definition 3.3. Let (X,7;),i€{1,2} be a nfbts with neutrosophic fuzzy ideal L on X, l, 6, uel*. Then <u,c,u> is said to
be neutrosophic fuzzy.

i- ™ - closed iff t"; — Ncl*(< g, 0,u > ) =< y,0,u >.
ii- T*; — dense — in — itselfif < py,0,u >C P(< ,0,u >*)(L, T;).

iii- T%; — perfectif < y,0,u > ist*; — closed and t*; — dense — in itself.

Proof. Follows directly from the neutrosophic fuzzy closure operator for 7*; and Definition 3.1.

Theorem 3.3: Given (X,7;),i€{1,2} a nfbts with neutrosophic fuzzy ideal L on X, y, ¢, uel*, then the following
holds:

(i) If <p,0,u> is both neutrosophic fuzzy pairwise NL-open and t*; -perfect then <p,0,u> may be neutrosophic
fuzzy pairwise open.

(ii) If <p,0,u> is both neutrosophic fuzzy pairwise open and t*; dense - in - itself then <p,0,u> may be
neutrosophic fuzzy pairwise NL-open.

Proof. Follows from the definitions.

Corollary 3.1. For a neutrosophic fuzzy subset <p,o,u> of a nfbts (X,7;), ie{1,2} with neutrosophic fuzzy ideal
L on X, we have:

(i) If <p,0,u> is T"; — closed and NPL — open then Nint(< y, o,u >) = Nint(P(< y,0,u >))™

(i) If <p,o,u> is %y — perfect and NPL — open then < p,0,u > = Nint(P(< y, o,u >%)).

Theorem 3.4: If (X,7;), i€{1,2} a nfbts with neutrosophic fuzzy ideal L and y, o, uel* then

(i) < u, 0,u >N Nint(P(< y, 0,u >*)) may be a neutrosophic fuzzy NL-open set.

(ii) NPL t; — Nint(< , 0,u >) = Oy iff Nint(P(< y, 0,u >*)) = Oy.

Proof. (i) Since Nint(P(< p,0,u >*)) = P(< ,6,u >*) N Nint(P(< p, 6,u >")), then

Nint(P(< y,0,u >*)) = P(< y,0,u >*) N Nint P(< y,0,u >*) € P((< y,0,u>) N (< y,0,u>%))* Thus

<pou>NP(<ou>") c(<yo,u>n(<yo,u>nNint P(P(< U, o,u >*))* C NintP(< g, o0,u>)n
Nint P(P(< y, 0,u >*))*

Hence < p,o,u >N Nint (P(< W, o, u >*)) in NPLO(X).
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(ii) Let NPLt; — Nint(< p,0,u >) = Oy, then < p,0,u > NP(< y,0,u >*) = Oy, implies

Ncl(< i, o,u >N Nint P(< y,0,u >*)) = Oy andso

< y,0,u >N Nint P(< g, 0,u >*) = Oy. Conversely assume that Nint P(< y, 0,u >*) = Oy,
then < p,o0,u >N Nint P(< y,0,u >*) = Oy . Hence NPLt; — Nint(< p, 0,u >) = Oy.

Theorem 3.5: If (X,7;),i€{1,2} a nfbts with neutrosophic fuzzy ideal L on X, y, o, uel*,

then NPLt; — Nint(< y,0,u >) =< y,0,u >ANintP(< y,0,u >%).

Proof. The first implication follows from Theorem 3.1.1 that is

< Wo,u>Ap <y o,u>"<NPL—Nint(< y,0,u>) (@Y

For the reverse inclusion, if <& p,0 > in NPLO(X) and < §,p,0 ><< y,0,u> thenP(<§p,0 >) <
P(< u,0,u>*) and hence NintP(<§, p,0 >*) < Nint P(< y, 6,u >*). This implies
<§p,0>=<Ep,08>ANIntP(<§p,0>") << pou>APKy0,u>").

Thus NPLt; — Nint(< y,0,u >) << g, 0,u > AP(< y,0,u>") 2

From (1) and (2) we have the result.

Definition 3.4: Given (X,7;),1€{1,2} a nfbts with neutrosophic fuzzy ideal L and &, p, 0el*, <&, p,0 > is called

neutrosophic fuzzy pairwise NL-closed set if its complement is neutrosophic fuzzy NL-open set. We will
denote the family of neutrosophic fuzzy NL-closed sets by NPLC(X).

Theorem 3.6: Given (X,7;),i€{1,2} a nfbts with neutrosophic fuzzy ideal L and &, p, 0€el*, < §,p,0 >
1N is neutrosophic fuzzy NL — closed, then P((Nint < §,p,0 >)*) << §,p,0 >.

Proof. It s clear.

Theorem 3.7: Given (X,1) be a nfbts with neutrosophic fuzzy ideal L on X and &, p, 6el* such that
P((Nint <& p,8>)*) = Nint P ((< £p,0 > ))

then < § p,0 > in NPLC(X) iff P((Nint < &,p,0 >)*) << & p,0 >.
Proof. (Necessity) Follows immediately from the above theorem. (Sufficiency).

Let P((Nint < §,p,0 >)*) <<§&p,0>, then <&p,0>°< (P(Nint <§p,0>))*=Nint<§p,0 > from
the hypothesis.

Hence < §,p, 0 >€ in NPLO(X). Thus <, p,0 > in NPLC(X).
Corollary 3.2: For a nfbts (X,7;), ie{1,2} with neutrosophic fuzzy ideal L on X the following holds:

(i) The union of neutrosophic fuzzy NPL-closed set and neutrosophic fuzzy NP-closed set may be a
neutrosophic fuzzy NPL-closed set.
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(ii) The union of neutrosophic fuzzy NPL-closed and neutrosophic fuzzy NPL-closed may be neutrosophic
fuzzy NPL-closed.

Conclusions

The notions of the sets and functions in neutrosophic fuzzy bitopological spaces are highly developed and
several characterizations have already been obtained. These are used extensively in many practical and
engineering problems, the computational topology for geometric design, computer-aided geometric design,
engineering design research, Geographic Information System (GIS) and mathematical sciences. We are in
the process of preparing a statistical model for neutrosophic bitopological layers for geographic information
systems.
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Abstract

This paper presents the refinement of neutrosophic hypervector spaces and studies some of its basic properties.
Some basic definitions and important results are presented. The paper also establishes the existence of a good
linear transformation between a weak refined neutrosophic hypervector space V' (I, I5) and a weak neutro-
sophic hypervector space V (I).

Keywords: Neutrosophy, neutrosophic hypervector space, neutrosophic subhypervector space, refined neutro-
sophic hypervector space, refined neutrosophic subhypervector space , refined neutrosophic hypervector space
homomorphism.

1 Introduction and Preliminaries

The concept of algebraic hyperstructure was first introduced by Marty [*]. He presented the definition of a
hypergroup, studied its properties and applied them to study the groups of rational algebraic functions. Also,
Marty used the new approach to solve several problems of the non-commutative algebra. Since then, several
researchers have been working on this new field of modern algebra and developed it to a very large extent.

M. Krasner [%°], introduced the notions of hyperring and hyperfield and used them as technical tools in the
study of the approximation of valued fields. There exist several types of hyperrings, some of which are: addi-
tive hyperring, multiplicative hyperring and general hyperrings. An important class of additive hyperrings is
Krasner hyperrings [23/2234],

A class of hyperrings (R, +,.) where "+ and """ are hyperoperations was introduced by De Salvo [24]. This
class of hyperrings has been further studied by Asokkumar [*], Asokkumar and Velrajan [{%12%] and Davvaz
and Leoreanu-Fotea [2¥]. Mittas in [“] introduced the theory of canonical hypergroups. J. Mittas was the
first who studied them independently from their operations. Some connected hyperstructures with canonical
hypergroups were introduced and analyzed by P. Corsini [2#22], P. Bonansinga [**2"], and K. Serafimidis in
[3233]. Further contributions to the theory of hyperstructures can be found in the books of P. Corsini [, T.
Vougiouklis , P. Corsini and V. Leoreanu [%2], and Davvaz and V. Leoreanu [*)]. The notion of hypervector
spaces was introduced by M. Scafati Tallini . In the definition [*!] of hypervector spaces, M. Scafati Tallini
considered the field as the usual field. In [%], Sanjay Roy and T. K. Samanta generalized the notion of hyper-
vector space by considering the hyperfield and considering the multiplication structure of a vector by a scalar
as a hyperoperation like M. Scafati Tallini and they both called the hyperstructure a hypervector space. They
established basic properties of hypervector space and thereafter the notions of linear combinations, linearly
dependence, linearly independence, Hamel basis were introduced and several important properties like dele-
tion theorem, extension theorem were developed.

Neutrosophy is a new branch of philosophy that studies the origin, nature and scope of neutralities, as well
as their interactions with different ideational spectra. Neutrosophic set and neutrosophic logic were introduced
in 1995 by Smarandache as generalizations of fuzzy logic/set [**] and respectively intuitionistic fuzzy logic/set
[12]. In neutrosophic logic, each proposition has a degree of truth (T'), a degree of indeterminancy (I) and
a degree of falsity (F), where T, I, F are standard or non-standard subsets of =0, 17| as can be seen in
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[5256] A comprehensive review of neutrosophic set, neutrosophic soft set, neutrosophic topological spaces,
neutrosophic algebraic structures and new trends in neutrosophic theory can be found in [>1418:27542],

Agboola and Davvaz introduced and studied neutrosophic hypergroups and presented some of their ele-
mentary properties in [/] and in [*], they studied and presented basic properties of canonical hypergroups and
hyperrings in a neutrosophic environment, Quotient neutrosophic canonical hypergroups and neutrosophic hy-
perrings were also presented. In [*], Agboola and Akinleye studied neutrosophic hypervector spaces and they
presented their basic properties.

In [%®], Smarandache introduced the concept of refined neutrosophic logic and neutrosophic set which al-
lows for the splitting of the components < T, I, F' > into the form < 1%, T3, --- ,Ty; Ih, Iz, -, I;
Fy, Fy,--- | Fs >. This refinement has given rise to the extension of neutrosophic numbers a + b/ into refined
neutrosophic numbers of the form (a + b1 Iy + bols + - -+ + b, I,,) are real or complex numbers which has
led to the introduction of refined neutrosophic set. Refined neutrosophic set has been applied in the devel-
opment of refined neutrosophic algebraic structures and refined neutrosophic hyperstructures. Agboola in []
introduced the concept of refined neutrosophic algebraic structures and studied refined neutrosophic groups in
particular. Since then, several researchers in this field have studied this concept and a great deal of results have
been published. Recently for instance, Adeleke et al published results on refined neutrosophic rings,refined
neutrosophic subring in [1] and in [4], they presented some results on refined neutrosophic ideals and refined
neutrosophic homomorphism. The present paper is devoted to the study of refined neutrosophic hypervector
space and presents some elementary properties of this structure.
For the purposes of this paper, it will be assumed that I splits into two indeterminacies I; [contradiction (true
(T') and false (F'))] and I5 [ignorance (true (7°) or false (F'))]. It then follows logically that:

nLn = 1 = I,
Ll, = I3 = I and
LI, = LI = I.

Definition 1.1. Let (F,+,.) be any field. The triple (F'(I), +, -) is called a neutrosophic field generated by
Fand L. (Q(I),+,-) and (R(I), +, -) are examples of neutrosophic fields.

Definition 1.2. © Let (V, +,.) be any vector space over a field K and let V' (I) =< V U I > be a neutrosophic
set generated by V and I. The triple (V'(I), +, -) is called a weak neutrosophic vector space over a field K. If
V(1) is a neutrosophic vector space over a neutrosophic field K (), then V (I) is called a strong neutrosophic
vector space. The elements of V' (I) are called neutrosophic vectors and the elements of K (I) are called
neutrosophic scalars.

Ifu=a+bl,v=c+dl € V(I)where a,b,cand d are vectors in V and o = k +mI € K(I) where k and
m are scalars in K, then :

utv=(a+bl)+ (c+dl)=(a+c)+ (b+d)I,

and
oau=(k+ml)-(a+bl)=k-a+(k-b+m-a+m-b)l.

Definition 1.3. “J Let H be a non-empty set and o : H x H — P*(H) be a hyperoperation. The couple
(H, o) is called a hypergroupoid. For any two non-empty subsets A and B of H and « € H, we define

AoB = U aob, Aox=Ao{z} and zoB={x}oB.
a€A,beB

Definition 1.4. 23 A hypergroupoid (H, o) is called a semihypergroup if for all a, b, ¢ of H we have
(aob)oc=ao(boc), which means that

U uoc—= U aov.

u€aob vEboc

A hypergroupoid (H, o) is called a quasihypergroup if for all ¢ € H we have a o H = H o a = H. This
condition is also called the reproduction axiom.

Definition 1.5. 23 A hypergroupoid (H, o) which is both a semihypergroup and a quasi- hypergroup is called
a hypergroup.

Definition 1.6. %I Let (H,0) and (H', o’) be two hypergroupoids. A map ¢ : H — H', is called
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1. an inclusion homomorphism if for all x, y of H, we have ¢(z o y) C ¢(z) o’ ¢(y);
2. a good homomorphism if for all x, y of H, we have ¢(z o y) = ¢(x) o’ ¢(y).

Definition 1.7. %% Let (Hy,*;) and (Ho,x2) be any two refined hypergroupoids and let f : H; — Ho be a
map. We say that :

1. fis a homomorphism if for all z, y of Hy,

f(@x1y) C flz)*2 f(y);
2. fis a good homomorphism if for all =,y of Hy,

flax1y) = f(z)* f(y):
3. fis astrong homomorphism on the left if

fx) e f(y)xe f(z) = 3y € Hy > f(y) = f(y)andz € ¢ 51 2.

Similarly, we can define a homomorphism , which is strong on the right. If f is strong on the right and
on the left we say that f is a strong homomorphism.

Definition 1.8. >* Let H be a non-empty set and let + be a hyperoperation on H. The couple (H, +) is called
a canonical hypergroup if the following conditions hold:

l.z+y=y+az, forallz,y € H,

N

x4+ (y+z)=(x+y) +z foralzy,ze€ H,
3. there exist a neutral element 0 € H such thatx +0 = {z} =0+ z, forall z € H,
4. for every x € H, there exist a unique element —z € H such that 0 € z + (—z) N (—x) + =,
5. z€x+yimpliesy € —x+zandx € z —y, forall z,y, z € H.
Definition 1.9. “J A hyperring is a triple (R, +, -) satisfying the following axioms:
1. (R,+) is a canonical hypergroup.

2. (R,-) is a semihypergroup such that z - 0 = 0 - = = 0 for all z € R, that is, 0 is a bilaterally absorbing
element.

3. Forallz,y,z € R
(@ x - (y+z)=z-y+x-zand
®) (z+y)-z=z-2+y- 2
That is, the hyperoperation - is distributive over the hyperoperation +.

Definition 1.10. = Let P(V) be the power set of a set V, P*(V) = P(V) — {0} and let K be a field.
The quadruple (V, +, e, K) is called a hypervector space over a field K if:

1. (V,+) is an abelian group.
2. ¢ : K xV — P*(V) is a hyperoperation such that for all k,m € K and u,v € V, the following
conditions hold:
(@ (k+m)euC (keu)+ (meu),
(b) ke(u+v)C (keu)+ (kev),
(c) ke(mewu)=(km)eu, whereke (meu)={kev:vemeu},
@ (—k)eu=ke(—u),
) ueleu.
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A hypervector space is said to be strongly left distributive (resp. strongly right distributive) if equality holds in
(a) (resp. in (b)). (V,+, e, K) is called a strongly distributive hypervector space if it is both strongly left and
strongly right distributive.

Definition 1.11. "2 Let V and W be hypervector spaces over K. A mapping T : V. — W is called

1. weak linear transformation iff

Tx+y)=T(x)+T(y)andT(aozx)NaoT(x)# 0, Va,y €V, a €K,

2. linear transformation iff

Tx+y)=T()+T(y)andT(aoz) CaoT(x), Va,y €V, a € K,

3. good linear transformation iff

Tx+y)=T(x)+T(y)andT(aoz) =aoT(x), VyeV, a € K.

Definition 1.12. “Let (H, %) be any hypergroup and let < H U [ >= {x = (a,bl) : a,b € H}.

The couple N(H) = (< H U >, %) is called a neutrosophic hypergroup generated by H and I under the
hyperoperation x. The part a is called the non-neutrosophic part of = and the part b is called the neutrosophic
part of x.

If z = (a,bl) and y = (¢, dI) are any two elements of N(H), where a,b, ¢,d € H, then

zxy = (a,bl) % (¢,dIl) = {(u,vD)|u € axc,v EaxdUbxcUbxd} = (axc,(axdUbxcUbxd)I).
Note thatax ¢ C H and (axdUb*xcUbxd) C H.

Definition 1.13. ® A neutrosophic hyperring is a triple (N (R), +, .) satisfying the following axioms :
1. (N(R),+) is a neutrosophic canonical hypergroup.

2. (N(R),.) is a neutrosophic semihypergroup.
For all (a, bl), (¢,dI), (e, fI) € N(R),
(@) (a,bl).((c,dI) + (e, fI)) = (a,bl).(c,dI) + (a,bl).(e, fI) and
(b) ((¢,dI) + (e, f1)).(a,bI) = (c,dI).(a,bI) + (e, f1).(a, bI).
Definition 1.14. © Let (V, +, e, K) be any strongly distributive hypervector space over a field K and let
V(I)=<VUI >={u=(a,bl) : a,b € V} be a set generated by V" and I.
The quadruple (V(I),+, e, K) is called a weak neutrosophic strongly distributive hypervector space over a

field K.
For every u = (a,bl),v = (¢,dI) € V(I) and k € K, then

ut+v=_(a+ec (b+d)I)ec V),

keu={(z,yl):x €kea,y€ keb}.

If K is a neutrosophic field, that is, K = K (I), then the quadruple (V' (I),+, e, K(I)) is called a strong neu-
trosophic strongly distributive hypervector space over a neutrosophic field K (). For every u = (a,bl),v =
(¢,dI) e V(I)and o = (k,mI) € K(I), we define

ut+v=_(a+ec (b+d)I) e V),

aeu={(z,yl):x€kea,yckebUmealmeb}.

The zero neutrosophic vector of V' (I), (0,0I), is denoted by 6, the zero element 0 € K is represented by
(0,07)in K(I) and 1 € K is represented by (1,07) in K (I).

Definition 1.15. #If x : X (I, I5) x X(I1, Is) — X (I3, I5) is a binary operation defined on X (I3, I5), then
the couple (X (I, I1), *) is called a refined neutrosophic algebraic structure and it is named according to the
laws (axioms) satisfied by .
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Definition 1.16. # Let (X (I1, I2), +, .) be any refined neutrosophic algebraic structure where ”’+" and """ are
ordinary addition and multiplication respectively.
For any two elements (a, bly, cls), (d,ely, fI5) € X (I, 1), we define
(a, bIvaI2) + (d> 6]1, fIQ) = (a + da (b + 6)]1, (C + f)IQ)v
(a,bly,cly).(d,ely, fI3) = (ad, (ae + bd + be + bf + ce) I, (af + cd + cf)I3).

Definition 1.17. ®1f”+" and ”’.”" are ordinary addition and multiplication, I, with & = 1, 2 have the following
properties:

LI+ I+ + Iy = nli.

2. I+ (—Ix) =0.

3. I - Iy, - - - - I, = I} = I}, for all positive integers n > 1.
4. 0- I =0.

5. I ! is undefined and therefore does not exist.

2 Formulation of Refined Neutrosophic Hypervector Space

This section shows the formulation of refined neutrosophic hypervector space and present some of its proper-
ties.

Definition 2.1. Let (V, +, o, i) be any strongly distributive hypervector space over a field K and let
V(I1,I) =<V U(I1,I5) >={u = (a,bl1,cls) : a,b,c € V'}

be a set generated by V, I1 and Is. The quadruple (V' (I1, I2),+, e, K) is called a weak refined neutrosophic
strongly distributive hypervector space over a field K.
For every element u = (a,bly, cls),v = (d,ely, fI3) € V(I1,13), and k € K we define

u—+v= (a+d, (b+6)[1,(0+f)[2) c V(Il,IQ),
keu={(z,ylh,zl5) :x €kea,yckebzckec}.

If K is a refined neutrosophic field, that is, K = K (11, I2), then the quadruple (V (11, I2),+, e, K(I1, I2)) is
called a strong refined neutrosophic strongly distributive hypervector space over a refined neutrosophic field
K(I,I).
For every element u = (a,bly,clz),v = (d,ely, fI2) € V(I1,13), and a = (k,mIy,nly) € K(I1, 1), we
define

u+v=(a,bly,cly)+ (d,ely, fIs) = (a+d,(b+e)I1,(c+ f)]2),

aeu={(z,yh,zL): (x €kea,yc kebUmealUmebUmecUneb,zckecUnealnec)}.

The elements of V' (I3, I5) are called refined neutrosophic vectors and the elements of K (I, I5) are called
refined neutrosophic scalars. The zero refined neutrosophic vector of V' (I, I), (0,017, 0I5), is denoted by 0,
the zero element 0 € K is represented by (0,011,0I3) in K(I;,I>) and 1 € K is represented by
(1, 014, 0[2) S K(Il, _[2)

Example 2.2. 1. Letr be a fixed positive integer and let
V = Q1,L)(vr) = {(a,b\/TI1,c\/T2) : a,b,c € Q,r € ZT}. Then V is a weak refined
neutrosophic strongly distributive hypervector space over Q. If u = (a,b\/rIl1,c\/rl3) and v =

(d,ey/rIh, f/Tl2) thenu+v = (a+d),(b+e)/rli,(c+ f)y/rlaisagainin V.
Also, for a € Q, then

aeou={(x,y/rl1,z/rlh) :z €Eaea,yc aebzcaec}cV.

Doi :10.5281/zenodo.3900146 54



International Journal of Neutrosophic Science (IJNS) Vol.8, No.l1, PP50-71, 2020

2. Let V(I1,I5) = R(I1, ) and let K = R. For all u = (a,bly,cls), v = (d,ely, fI3) € V(I1,13) and
k € K, define:
utv=(a+d (b+e)li,(c+ [)l)

keu={(z,yl1,z5):x €kea,yckeb zckec}.

Then (V (I3, I5),+, e, K) is a weak neutrosophic strongly distributive hypervector space over the field
K.

Example 2.3. 1. Let V(I1,I5) = R3(I4, I3) and let K = R(11, I3). For all
u = ((avbjlacIQ)a (dv eIlafIQ)7(gahI17j-[2))7U - ((a/ablllac/IQ)v(dlaeljlaf/IQ)a(glahlllvj/IQ)) €
V(I1,1I2) and o = (k, mIy,nly) € K(I,I3), define :

utv = ((a+d,(b+V ), (c+) ), (d+d, (e+e ), (f+ f)2), (g+g, (h+h)I, (5 +5)12)),

aou = {((v1,y1l1,2112), (22, Y211, 2212), (23, Y311, 2312)) :
1 €kea,
yy€kebUmeaUmebUmecUneb,
z1€kecUnealUnec,
To E ked,
yp€EkeeUmedUmeeUme fUnee,
zn€kefUnedUnef
T3 Ek.ga
ys€EkehUmegUmehUmejuUneh,
zzE€EkejUnegUnej}.

Then (V (I, I3),+,e, K(I1,I3)) is a strong refined neutrosophic hypervector space over the refined

neutrosophic field K (I, I).

2. Let V(I1,I3) = R%(Iy, I5) and K = R define for all x = (u,v) € V(I1, I3) with u = (a,blq,cly),
v=(d,ely, fls)anda € K

OZRXRQ(Il,Ig) —>P*(R2(II,IQ)), OR .ZRXRQ(Il,IQ) —>P*(R2(Ih[2)),
ae(u,v) =aeuxR(I,Is). ae(u,v) =R(I[1,1) X aewv.

Then (V (I3, I2), +, e, K) is a weak refined neutrosophic strongly distributive hypervector space.
From now on, every weak(strong) refined neutrosophic strongly distributive hypervector space will sim-
ply be called a weak(strong) refined neutrosophic hypervector space.

Lemma 2.4. Let V (I, I5) be a weak refined neutrosophic hypervector space over a field K. Then for all
ke K andu = (a,bly,cly) € V(I1,12), we have

1. kel =1{0}.
2. keu={0} implies that k = 6 or u = 0.
3. —ue(—1l)eu
Proof. 1. ke =ke(0ef)=(k0)e=0e6=10

2. Letk € K and u € V be such that k e u = {6}.
Ifk=0,then0eu=24.
If k # 0,then k! € K. Therefore keu =0 =k ' o (kou) =k lef
= (k7 tk)eu=0= lgxou=0= u=>0.
O

Proposition 2.5. Every strong refined neutrosophic hypervector space is a weak refined neutrosophic hyper-
vector space.

Proof. Suppose that V (I, I5) is a strong refined neutrosophic hypervector space over a refined neutrosophic
field K (11, I5) say. Since K C K (I, I2) for every field K, then we have that V' (I1, I2) is also a weak refined
neutrosophic hypervector space. O
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Proposition 2.6. Every weak refined neutrosophic hypervector space is a strongly distributive hypervector
space.

Proof. Suppose that V' (I, I5) is a weak refined neutrosophic hypervector space over a field K. Obviously,
(V(I1,1I),+) is an abelian group. Let u = (a,bly,cly),v = (d,ely, fI;) € V(I1,13) and k,m € K be
arbitrary. Then

(1) keu+meu = {(p,qly,rl):pEkea,qckebrckecht
{(s,tli,wlz) : s€Emea,t € mebwecmec}h
= {(p+s,(q+t),(r+w)ly):p+sckea+mea,q+tckeb+meb,
r+wéekec+mech.

And,
(k+m)eu = {(x,yh,zL):x€(k+m)ea,yc (k+m)eb,zc (k+m)ec}
{(z,yl1,2Is) :x €kea+mea,yckeb+meb zckec+mec}
keu+meu.
(2) keu+kev = {(p,gli,rle):pckea,gckebreckec}+
{(s,tI1,wly):s € kedtckeecweckef}
= {(p+s(@+t)1,(r+w)l):p+seckeatkedg+tckebtkeec,
rtwekec+kef}

And,

ke (u+wv) = ke(a+d,(b+e)i,(c+ [)l2)
= {(z,yh,zL):zcke(a+d),ycke(b+te),zcke(c+f)}
= {(z,yh,zl):xckea+kedyckebtkec,zckect+kef}
= keu+tkeu.

(3) ke(meu) = ke{(r,yl1,zl):x €mea,yc meb,z€ mec}

{(p,ql1,7r):pckex,gckeyrckez}

{(p,q[l,TIQ)ZpEkO(mOG),QEkO(m.b),TEk‘(m.c)}

= {(p,ql1,rL2):p€ (km)ea,qge (km)eb,re (km)ec}

(km) e (a,bly, cls)

(km) e u.

4) (=k)eu = {(z,yl1,z5):x € (-k)ea,yc (—k)eb, z¢
= {(z,yl,cly):x €ke(—a),ycke(=b),z¢€
= ke(—a,—bl,—cl)
= ke (—u).

(—k)ec}
ke(—c)}

(5) lew {(z,yl1,zl):x €lea,yclebzclec}
{(z,yl, zL) : ® € {a},y € {b}, 2 € {c}}
{(a,b[l,clg)}.

= u€leu.

Accordingly, V (I, I) is a strongly distributive hypervector space.

O

Corollary 2.7. Every weak refined neutrosophic hypervector space which is strongly right distributive is
strongly left distributive .

Proof. The proof follows from the proof of Proposition [2.6]. O

Proposition 2.8. Let (Vi(11,13), 41,01, K(I1,12)) and (Va(I1, I3), +2, @2, K(I1, I2)) be two strong refined
neutrosophic hypervector spaces over a refined neutrosophic field K (1, I5). Let

Vl(Il,IQ) X ‘/2(11,12) =

{((a1,51[1701[2>,(ag,bQIhCQIQ)) : (al,blll,cllg) S %(Il,fg),(ag,bgll,CQIg) S Vé([l,lg)} andfor all
u = ((a1,b111,612), (ag,bgll,CQIg)), v = ((all,bllll,c/llg), (G/Q,bIQIQ,C/QIQ)) S ‘/1(11,[2) X VQ(Il,IQ) and
a = (k,mI,nlz) € K(I1,I5), define:

u+v=(((a1+ay), (b1 + b)) 1, (c1 + 1) I2), (a2 + ay), (b2 + b3) 11, (c2 + c5)I2)),
aou={((z,yl,212), (p,ql1,712))}.

rekeay,

ycekebyUmeasUmeb Umec; Un eby,

z€keciUnea; Unecy,
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pEkeas,

gEkebyUmeasUmebyUmecyUn eby,

z€kecyUneasUnecs.

Then (Vi(I1, I2) x Va(I1,I3), +, e, K(I1, I3)) is a strong neutrosophic hypervector space.

Proof. Suppose that V; (I, I3) and Vs (I, I2) are strong refined neutrosophic hypervector spaces over a refined
neutrosophic field K (I, I5).

Letu = ((a17 b1[17 6112)7 (a27 bQIlv CQI?))7 U= ((alla bllllv 6/112)3 (al25 bl212v 0/212)) € Vl(Ih 12) X ‘/2(11? 12)
and o = (k,mIy,nly), 8 = (kK',m'I1,n'Iy) € K(I1,I>) be arbitrary.

1. We can easily show that (V7 (I, Is) x Vao(I1, I2), +) is an abelian group.

2. Now we want to show that (& + ) eu C e u+ e u.

Consider

(Oé—|—ﬁ) U= (k+k’,(m+m’)ll,(n+n’)lg) ° ((al,blll,(}lIQ),(ag,bgll,CQIg))
C{{(z,yl1,212), (p,ql1,r2)) :x € (k+k)eoaj,ye (k+k)ebyU(m+m')ea,U(m+m')e
bhUm+mecaU(n+n')eb,ze(k+k)ecitU(n+n')earU(n+n')ec,
pe(k+k)eas,qe (k+k)eboU(m+m')easU(m+m')ebsU(m+m')ecaU(n+n')ebs,z€
(k+Ek)ecaU(n+n')easU(n+n')ecy}

={((x,yl1,212), (p,ql1,rl2)) : x € keay+k eaj,y € keb +k'ebjUmea; +m'ea; Umeb; +
m ebiUmec;+m' eciUneb +n'eb,zckeci+k eciUnea; +n'ea;Unec; +n'ecy,
p € keas+k'eas,q € keby+k'ebyUmeas+m’easUmebs+m'ebyUmecs+m’ecolUneby+n'ebsy, 2 €
kecot+k ecoUneas+n'easUnecs+necsy}.

Now if we take x = s1 + 81,y = t1 + ], 2 = wy + w), p = s2 + 85, q = to + t5 and r = w; + w) then
we have

{((s1 s, (a0 11, (wrwy)L2), (s2+55, (L2 +15) 11, (wi+w)) ) : s1+5) € keay+K eay, t1+
th€ekeb+k ebyUmea;+m’ ea;Umeb;+m'ebjUmeci+m'eciUneby+n’eby, w +wj €
keci+k'eciUnea; +n'ea;Unecy +n'ecy,

So+sh € keas+k eas, to+t), € keby+k'eboUmeas+m’ easUmeby+m’eboUmeco+m’ ecoUneby+
n' eby, wotwh € keco+k'ecoUneas+n'easUneco+n'ecot = {((s1,t111, w1 lz), (s2,t2l1,wals))
s1 € keay,t; € kebyUmea;UmebiUmec;Uneby,w; € keciUnea;Unecy, So € keagy, 1y €
kebyUmeasUmebyUmecoUnebs, wy € kecoUneasUnece }+{((s},t1 1, wi12), (sh, thl1, whls)) :
si ek ea,tiek’ebyUm ea;Um' ebyUm' eci Un' @by, w) €k’ec;Un’ea;Un’ ecy,
shek'eag,thek’ebyUm eaaUm' eboUm’ ecoUn' @by, wh € k' ecoUn’ eayUn’ ecy}
Caeu+ feu.

Then (a + ) euCaeu+ Seu.

3. Now we want to show that c @ (u+v) Caeu+aev
ae(u+tv)=(k,ml,nl)e((a +ay,(by + b)), (c1+ c))1Ia), (as + ab, (ba + b5) 11, (c2 + ¢5)12))
C{(z,yl1,212),(p,qh,rls) :x € ke (a1 +a),y € ke (b +b))Ume(a; +aj)Ume(by +b))U
me(cy+c)Une(by+b)),z€ke(ci+c)Une(ar+aj)Une(c;+c),
peEke(ag+ay),qgc ke (ba+by)Ume (az+ab)Ume (by+by)Ume (ca+ ch)Une (by+bh),
reke(cat+ch)Une(as+ab)Une(ca+ch)}

={(z,yh,zL),(p,ql1,rlz):x €keoea; +keaj,yckeb +kebiUmea; +meajU
meby+mebiUmecy +meciUneb; +nebj,zckec;+keciUnea;+neajUnec;+nech,
p € keas+keah,q € keba+kebyUmeas+mea,Umebs+meb,Umecy+mechUnebs+nebs, r e
kecotkechbUneas+mnea,Unecy+necht.

If we take x = s1 + 81,y =t1 + ], 2 = w1 + w, p = s2 + s, q = to + t5, and r = wy + w) then we
have

{(s1+81, (t1+t)) 1, (w1 Hw))I2), (sa+5, (ta+th)[1, (wa+wh) o) : s1+8) € kear+kea),t;+t] €
kebi+kebjUmea; +meajUmeb;+mebiUmecyi+meciUneb; +nebi,w+w|e
keci+keciUnea;+nealUnec;+nec),ss+s, € keas+keal,, to+th € keby+keb,Umeas+me
abUmeby+meb,Umecy+mechUnebs+nebl, wo+wh € kecot+kechbUneas+nea,Unecy+nech}
= {(Sl,tl]l,ﬂ)l[g),(SQ,tQIl,wQIQ) 181 € koal,tl ckebjUmeaiUmeb; Umec; Unobl,wl €
keciUnea;Unecy, sy € keas,to € kebsUmeasUmebyUmecoUneby, wy € kecoUneasUne
co} +{(sh, t I, wi1a), (sh, thl1, whls) : 8| € kea),t] € kebjUmeajUmebiUmeciUneb|, w) €
keciUneaiUnec), s, € kea),t, € keb,Umea,Umeb,Umec,Uneb,, w) € kechUnea),Unecs} C
aeyu+aevn.

Then we have that « @ (u +v) C v eu+ aewv.
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4. ae(feu)=cae{((z,yl1,2l),(p,ql1,7]2)):x € k' ea;,y € k' eby Um/ ea; Um’ eby Um’ ec; U
neb,ze€k'eciUn'eaiUn'eci,pck’eas,qgc k’oebyUm’ easUm’  ebyUm'  ecoUn’ eby, 7 €
K ecoUn easUn’ ecy}
={((«',y' 1,2 I5),(p',¢T1,r'L)): 2’ €kex,y ckeyUmexUmeyUmezUney,
ZekezUnexUnez, pckepqgckegUmepUmeqUmerUneg,
ZekerUnepUner}

={((«',y'I1,2' L), (0, ¢ I1,r'L)) : 2’ € ke (k'eay),y cke(k'ebyUm ea; Um’ eby Um’ e
caUn’eb)Ume(k'ea;)Ume (k'ebyUm' ea; Um’ ebyUm’ec;Un’ eb)Ume(k'eciUn’e
apUn’eci)Une(k'ebyUm ea; Um' eby Um' ecy Un' eby),
Zeke(keciUn'ea;Un'eci)Une(k’ea;)Une(k'eciUn’ea;Un’ecy), p' € ke(k'eas),q €
ke(k'ebyUm' easUm’ ebsUm’ ecoUn'eby)Ume (k'eas)Ume (k' @by Um’ easUm’ ebyU
m'ecoUn’ eby)Ume (k'ecoUn’ easUn’ecy)Une(k'ebyUm’ easUm’ ebyUm’ ecoUn/ ebs),
Zeke(kecoUn easUn’eco)Une(k’ea)Une(k’ecoUn’easUn’ecy)}

={((«',¢' 1,7 Is),(p',¢1,r' L)) : ©’ € (kk')eay,y € (kk')ebyU(km')ea U (km’)eb;U(km')e
c1U(kn') @by U(mk')ea; U(mk')eby U (mm')ea; U(mm’)eb; U(mm')ec;U(mn’)ebU(mk’)e
ctU(mn')ea; U(mn')ecy U(nk')eby U(nm')ea; U(nm')eb U(nm')ecy U (nn')eby,z €
(kk')ociU(kn')ea U (kn')eciU(nk’)ea; U(nk')eciU(nn')ea;U(nn')ecy, p' € (kk')easz, ¢ €
(kK') obo U (km') eag U (km') @by U (km') e co U (kn') @ bo U (mk') e ag U (mk') @by U (mm') e ag U
(mm’) @by U (mm') eco U (mn') @by U (mk’) @ ca U (mn') eas U (mn') ecyU (nk’) @by U (nm’) e
az U (nm’) @by U (nm/) e co U (nn’) e by,

2 € (kk')ecoU (kn') eas U (kn') e co U (nk') @ as U (nk’) e co U (nn') eaz U (nn') e ca}

= ((k,mIy,nly)(K',m'Iy,nlz)) ® ((a1,b111, c112) (a2, bal1, c2l3))

= (af) e u.

5. (—a)u = {(z,yl1, 212)(p,ql1,712)) : © € —keay,y € —kebjU—mea; U—meb;U—mec;U—ne
b1,z € —keciU—nea;U—necy,p € —keas,q € —kebsU—measU—mebyU—mecyU—neby,r €
—kecoU—neayU—necy}
={(z,yl1,zI2(p,ql1,r]2)):x € ke (—a1),yc ke (—=by)Ume(—a;)Ume(—b)Ume (—c1)U
ne(—b),z€ke(—ci)Une(—a;)Une(—ci1),pcke(—az),q€ke(—by)Ume(—az)Ume
(=ba)Ume(—c2)Une(—bs),r cke(—cy)Une(—az)Une(—cs)}
= (k,thnIQ)(—((al,blIh01I2)(a2,b21170212))) = a(—u).

6. leu={(z,yl,zL)(p,ql1,r]3)) :x €lea;, y € leb,z € lec), pEleay, g€ loeby,r € locy}
= {(al,blll,01[2)(a2,5211702[2>) ca1 € leay, by € 1eby, c1 € 1ecy, ay € 1eas, by € 1oby, 5 €
1 e ¢y}, which shows that u € 1 e u.
Accordingly, Vi (11, I5) x Va(I4, I2) is a strong refined neutrosophic hypervector space.

O

Proposition 2.9. Let (V(I1,15),®,01,K) and (H,+p,en, K) be a weak refined neutrosophic hypervector
spaces and a hypervector space, respectively. Let

V(Il,IQ) x H = {((a,b[l,CI2)7h) : (a,bIl,cIQ) S %(Il,fg),h € H}

Forallu = ((a,bly,cly),h),v = ((¢/,V'1,d I5),g) € V(I1,12) x H and k € K, define:
utv=_(a®d,(bdV)1,(c®)]:),h+mg),

keu={((z,yh,zl2),p):x €keja,yc ke bc ke c,pckeyh}.

Then (V1(I1, 1) x H,+, e, K) is a weak neutrosophic hypervector space.

Proof. The proof follows from the same pattern as the proof of Proposition2.§]. O

Definition 2.10. Let (V (I1,15),+,e, K(I1,12)) be a strong refined neutrosophic hypervector space over a
refined neutrosophic field K (11, I2) and let W[I;, I3] be a nonempty subset of V' (I, I3). W[Iy, I2] is said to be
a subhypervector space of V (I, I) if (W[I1, I2], +,e, K(I1, 7)) is also a refined neutrosophic hypervector
space over the refined neutrosophic field K (I, I2). It is essential that W[I;, I5] contains a proper subset which
is a hypervector space over a field K.

Example 2.11. Let V(I1,I3) = R?*(Iy, ;) and K = R([y, I5) then (R?(Iy, I5), +,e, K(I1, I3)) is a strong
refined neutrosophic hypervector space over refined neutrosophic field K = R(I1, 12), where the hyperopera-
tions + and e are defined V u = ((a1,b111, c111), (ag, bo 11, cls)),

v = ((a’l, b/l-[la Cll_[l), (0/2, boly, CIIQ)) € V(Il, IQ) by :

u+v=((a1+ay, (b1 +01) 11, (1 + €1)12), (az + ah, (b2 + b5) 11, (c2 + ¢5)12)),
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aeu={((z,yh,zl),(p,ql1,rls)) :x €kea,yckebjUmea;Umeb;Umec; Uneb,
zE€keciUneaiUnec,peEkeasy,gEkebyUmeaysUmebyUmecyUn ebs,
rekecaUneasUnecs}.

Let W(I1,1I5) = K(I1,1I2) x {(0,001,015)} C V(I4, I2).

Then W (I, I5) is a strong refined neutrosophic subhypervector space.

Proof. Since § = ((0,011,015), (0,0I1,013)) € W(Iy,I5). Then W (I3, I3) # 0.
Now let uy = ((al,blfl,CQIg),(07011,0I2)) , U1 = ((all,blIl,Cljg)(0,0ll,OIQ)) S W(Il,IQ), and o =
(k,mIy,nl),8 = (K,m'I},n'Iy) € K(I, I5) with a1, by, c1,a}, b}, ¢}, k,m,n,k',m';n €R.
e U+ B ey = (k,m[l,nfg) ° [(al,b1[1,61]2), (0,0Il,OIQ)]+
(k/, m'Ihn’Ig) L] [(a/l, blIl, 61]2)(0, 0[1, 0[2)]

- {((x,yl1,215), (p,ql1,r2)) :x € kea,yckebUmea; Um ebU
meciUneb,zcEkeciUnea;Unecy,p€ ke,
gekeOUmeOUmeOUmeO0Unel,rckelUnelUnel}

H (&', v, 2 L), (P, ¢ 1,7 [5)) : &' € k' e af,

y ek ebiUm/ eaiUm'  ebiUm' eciUn' e,
Zekeciun eajUn’ ec],

pekel,qd cke0Um e0U

m e0Um e0UnR 0,7 c k' e0Un e0Un e0}

= Al(s,t1,wh), (s, t',w')):s€kea; +k ea],
teckeb +k ebfUmea; +m'eajUmeb; +m/eb] Umec;+
m eci Uneby +Un ebl,
wekecy+k e Unea+n eajUnecy +Un ecf,

s’ e O,t/ S O,’LU/ S 0} - W(Il,lg).

== aeu+[Fevy CW(I,ly).

Lastly, we can see from the definition of W (I, I5) that W (I, I5) contains a proper subset which is a
hypervector space over K.
To this end we can conclude that W (I, I2) is a strong refined neutrosophic hypervector space. O

Proposition 2.12. Let W1 [I1, Is], W[4, Is], - - - , Wy, [I1, I5] be refined neutrosophic subhypervector spaces
of a strong refined neutrosophic hypervector space (V(I1,12),+, e, K(I1,I5)) over a refined neutrosophic
field K (I, I5). Then (;_, W;|I1, I1] is a refined neutrosophic subhypervector space of V (I, I5).

Proof. Consider the collection of refined neutrosophic subhypervector space

{W;(I1, I5) : i = 1,2, - - n} of a strong refined neutrosophic hypervector space V (I3, I3).

Take u = (a,bly,cly),v = (d,ely, fIs),a« = (k,pl1,ql3) and B8 = (r, sI1,tl5).

Letu,v € (i, Wi(I1, I2) then u,v € W;(I1, 1) forall i =1,2,---n.

Now for all scalars o, 8 € K (I1, I>) we have that

aeu+ fev=(k,pli,qls)e (a,bly,cly)+ (r,sl1,tl5) e (d,ely, fI5)
C{(x,yl,z):x€keayckebUpeaUpebUpecUqgeb zckecUgealUqgec}+
{(&/,y' 1,2 )2’ ered,y creeUsedUsecUse fUtee 2 crefUtedUte f}
={(z+2,(y+y)1,(z+ 7)) x4+ 2’ €kea+red,

y+y €kebt+recUpea+sedUpebt+secUpec+seflUqgeb+iec,

247 €kect+refUgea+tedUqec+tef} CW;(I1,I)Vi=1,2,3--- n.

= aeu+fevC N, Wil ).

Lastly, since W;(I1, ) Vi=1,2,3,--- ,n contain proper subsets W; which are hypervector space,
N, Wi(I1, I5) is a strong refined neutrosophic subhyperspace. O

Proposition 2.13. Let W [Iy, I3] be a subset of a strong refined neutrosophic hypervector space

(V(I1, I2),+,e, K(I1, I)) over a refined neutrosophic field K (Iy,I5). Then W I, I3] is a refined neutro-
sophic subhypervector space of V (I1, I2) if and only if for all

u = (a,bly,clz),v = (d,el1, I2) € V(I1,12) and a = (k,mlIy,nly) € K(I1,13), the following conditions
hold:

1. W(I, ] # 0,

2. u+veW[h, I,
3. aeu C W[, I5),
4

. W11, I3] contains a proper subset which is a hypervector space over K.
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Proposition 2.14. Ler V(I1,15) be a strong refined neutrosophic hypervector space over K (I1,15) and let
Ui (I, 1), Us(I1, I) be any strong refined neutrosophic subhypervector spaces of V (I, I).

Then Uy (11, I5) U Us(1I1, I5) is a strong refined neutrosophic subhypervector space if and only if

Ul(Il, 12) g UQ(Il, IQ) or Ul(Il, IQ) :_) UQ(Il, IQ)

Proof. Let Uy (I, I5) and Us (11, I5) be any strong refined neutrosophic subhypervector spaces of V' (I1, I5).
= Now, suppose U; (11, I2) C Us(I1, I3) or Uy (11, I2) D Us(I1, I5) then we shall show the

Ui (I, I3) U Us(I4, I2) is a strong refined neutrosophic subhypervector space of V (11, I5).

Without loss of generality, suppose that Uy (I, Is) C Us(I4, I3).

Then we have that Uy (11, ) U Us(I1, Is) = Us(Iy,I3). But Us(Iy,I5) is defined to be a strong refined
neutrosophic subhypervector space of V (I3, I5), so Uy (I1, I2) U Us(I1, I2) is a strong refined neutrosophic
subhypervector space of V (I, I5).

<= We want to show that if Uy (1, Is) U U (I, I2) is a strong refined neutrosophic subhypervector space of
V(Il, 12) then either UI(II; 12) - Ug([l, IQ) or Uy (]1, IQ) D) UQ(Ih 12)

Now suppose that Uy (11, Iz) U Ua(I1, I2) is a strong refined neutrosophic subhypervector space of V (I, I2)
and suppose by contradiction that Uy (I1, I2) € Us(1Iy, I) or Uy (11, I2) 2 Us(1y, I5).

Thus there exist elements x1 = (a1 + b111 + c113) € Uy (11, I2)\Uz(I1, I2) and

To = (ag + boly + CQIQ) € UQ(Il, IQ)\Ul(Il, .[2) So we have that 1, x5 € Ul(Il, IQ) @] U2(I17 IQ),

since Uy (11, Is) U Us(11, I3) is a strong refined neutrosophic subhypervector space, we must have that

x1 + a9 =23 € U (11, I5) U Ug([l,fg).

Therefore x1 + xo = x5 € Uy (I, I2) or &1 + xo = x5 € Us(I4, I3)

= a9 = a3 —x1 € Ui(I1,I3) orx1 = x3 — 2 € Us(I1, I3) which is a contradiction.

Hence Uy (11, I5) C Uy(I1, I2) or Ui (11, I3) 2 Us(Ih, I2) as required. O

Remark 2.15. If W1[I1, I2] and Wh[I4, I5] are refined neutrosophic subhypervector spaces of a strong re-
fined neutrosophic hypervector space V' (I, I3) over a refined neutrosophic field K (Iy, I5), then generally,
Whlly, I;] | Wa[I4, I5] is not a refined neutrosophic subhypervector space of V (I, I) except if

Wl[Il,IQ] g WQ[Il, 12] or WQ[Il,IQ] g Wl[Il,IQ].

Definition 2.16. Let W1[I, I5] and W5[I1, I3] be two refined neutrosophic subhypervector spaces of a strong
refined neutrosophic hypervector space (V (I3, I>), +, e, K(I1, I)) over arefined neutrosophic field K (I, I5).
The sum of W1 [I1, I5] and Wa |11, I5] denoted by Wi [I1, Is] + Wall1, I5] is defined by the set

U{w +riw= (a7bll7612) S W1[117[2],$ = (da eIlafIQ) € W2[11712]}'

If Wi (I, Is) N Wa[Iy, I5] = {0}, then the sum of W [I;, I5] and W5[[;, I5] is denoted by
W1 [.[1, IQ] D WQ[Il, Ig] and it is called the direct sum of W1 [Ilv 12} and WQ[I:[, IQ]

Proposition 2.17. Let Wi[I1, I5] and Ws[I1, Is] be two refined neutrosophic subhypervector spaces of a
strong refined neutrosophic hypervector space (V(I1,15),+, e, K(I1, 1)) over a refined neutrosophic field
K(I, I).

1. WhL, Iz] + Wa[I4, I5] is a refined neutrosophic subhypervector space of V (I, I5).

2. Whlly, Ix] + Wa[l4, I3] is the least refined neutrosophic subhypervector space of V (I, I5) containing
Wl[ll, 12] and WQ[Il, 12]

Proof. 1. Since 0 € Wl[Il,[Q] and 0 € WQ[Il,IQ], {9+0} - Wl[[l,IQ] + WQ[Il,Ig].
SO,{Q} - Wl[Il,IQ] + WQ[Il,IQ] —0e Wl[Il,IQ] + WQ[I1712}, therefore Wl[Il,IQ] + WQ[Il,IQ}
is non-empty.
Letu = (a,b117012)7’l) = (d, ell,flg) S Wl[lhlz] + WQ[Il,IQ] ,then Ju; = (al,blll,cllg),
U = (ag,bgll,CQIQ) S Wl[]l,IQ] and v = (d1,€1]1,f1[2),’02 = (d2,€211,f212) S WQ[Il,IQ] such
that u € uy + v1 and v € ug + vs.
Leta = (k,mlIy,nls), 8 = (K',m'I;,n'I5) € K(I, I5).
Now aeu+SevCae(u+uv)+5e(us+ v2)
= (k,m[l,’ﬂjg) o (a1 + dl, (b1 + 61)[1, (61 + 61)]2)—|—
(k",m’]l, TL/IQ) L] (CLQ —+ dQ, (bQ + 62)]1, (62 + 62)12)
{(x1, 11, 2102) 21 € ko (a1 + dy),
yy€ke(by+e)Ume(a;+di)Ume(by+er)Ume(cy+ fi)Une(by+ep),
z1€ke(cr+ fi)Une(a;+di)Une(ci+ f1)}
+{($2,y211,2’2]2) 1 X9 € k' e (a2 + dg),
Yo E k' e (ba +ex) Um' e (az +da) Um’ e (ba +e3) Um' e (co + fo) Un’ e (by + e3),
zo €K o(ca+ fa)Un' e(ag+da)Un' e(ca+ fa)}

N
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= {(z,yh,zl):xz€(kea; +ked +k eas+ Kk edy),
ye(keb+kee +k eby+ k' ee)U(mea; +med; +m’ eas+m’ edy) U
(meby+mee; +m eby+m' eex)U(mecy+me fi+m'eco+m'efo)U
(neby+nee;+n'eby+n'eey),
z€(keci+kefi+k ecot+k efo)U(nea;+ned +n eay+n edy)U
(neci+nefi+n eco+n ef)}
= {(Sl,tlll,’wljz) 181 € (k ®a + K .ag),
t1 €(keby+k eby)U(mea; +m' eas)U(meby +m eby)U(mecy +m' ecy)U
(neby+n eby),w; € (kec; +k' ecy)U(nea; +n' eaz)U(necy +n' ecy)+
{(Sg,tgll,wglg) 189 € (k‘ odi +kK e dg),
to€ (kee;+k eecg)U(med; +m'edy)U(mee; +m'eey) U(me fi+m' e fo)U
(neey +n'ees),
wy € (ke fi+k efo)U(ned;+n'edy)U(nefi+n'ef)}
C WhlL, L]+ Wa[ly, I5].
Hence a e u+ S e v C Wil L] + Wh|l, ).
Now since W7y, W are proper subsets of Wi [I1, I5] and Wh[I, I5] respectively, with both W; and
W5 being hypervector space. Then Wy + W5 is a hypervector space which is properly contained in
Wh[l1, Iz] + Wa[I4, I]. Then we can conclude that Wy [I1, Is] + Wa[I1, I5] is a refined neutrososphic
subhypervector space.

Let W I, I2] be refined neutrosophic subhypervector space of V'[I1, I3] such that W1 [I1, Iz] € W1y, I]
and W2[117IQ} Q W[Il,lg].
Let u = ((L,b[l,CIQ) € Wl[Il,IQ] + WQ[Il,IQ], then Hul = (al,b111,01]2) S Wl[Il,IQ] and
Ug = (ag,bgfl,CQIQ) € WQ[Il,IQ] such that u € uy + us.
Since W [Il, 12] - W[I]_,IQ] and WQ[Il, IQ] - W[Il, IQ], then uy,us € W[Il,fg}.
Again since W1y, I5] is a refined neutrosophic subhypervector space of VI, I2], then we have that
uy +ug C W[Il,[2] — u € W[Il,fg].
Hence W1 (I, Is] + Wa[I1, Is] € W13, I5] and the proof follows.

O]

Remark 2.18. If V(I3 I1) is a weak refined neutrosophic strongly left distributive hypervector space over a
field K, then

1.

W, ] = J{k eu: k € K} forms a weak refined neutrosophic subhypervector space of V (I, I5),
where v = (a,bly,cls) € V(I1,I3). This refined neutrosophic subhypervector space is said to be
generated by the refined neutrosophic vector v and it is called a refined neutrosophic hyperline span by
the refined neutrosophic vector u.

If wu = (a,bly,cls),v = (d,ely, fI5) € V(I1,12), thenthe set W = [J{a®eu+ Seov,a,0 € K}isa
weak refined neutrosophic subhypervector space of V' (11, I5). This refined neutrosophic subhypervector
space is called refined neutrosophic hyperlinear span of the refined neutrosophic vectors u and v.

Proposition 2.19. Let V(I1, I2) be a weak refined neutrosophic strongly left distributive hypervector space
over the field K and uy,us, -+ ,u, € V(I1,I2), withu; = (a;,b;11,¢;lo) fori =1,2,3---n. Then

1.

Proof.

W, L) = J{a1eus +aseus+- -+, 0u, : ay,as,- - ,ap € K} is a weak refined neutrosophic
subhypervector space of V (I, 15).

W (I, I5) is the smallest weak refined neutrosophic subhypervector space of V (I1,I3) containing
UL, Uy~ 5 Up.

1. The proof follows from similar approach as 1 of Proposition[2.17.

2. Suppose that M (I, I5) is a weak refined neutrosophic subhypervector space of V(I1, I2) containing

Uy = (al,blll,cllg),uQ = (CLQ,bQI1,CQIQ), e Uy = (an,bnll,cnlg). Lett € W(Il,IQ), then there
exist aq, g, - -+ , ¢, € K such that

t€age(ay,bili,cilz) +age(az,bali,cals) + -+ + ay ® (an, b1, crls).

Therefore t € M (I1,I5) = W(I1,15) C M(I1, ).
Hence W (I, I5) is the smallest weak refined neutrosophic subhypervector space of V' (I, I5) contain-
ing uy, Usg, -, Up.

O
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Proposition 2.20. Ler V (I1,I2) be a strong refined neutrosophic hypervector space over a refined neutro-
sophic field K (I, I5), and let

ur = (a1,b111, c1lz), ug = (a2, bolv, c2l2), -+, up = (an,bpI1, cnla) € V(Ih, I2),

ar = (ki,mudh,t11a), o = (ko,molv, tols) - -+, an = (kn, mpdh, t12).

Then:

1. W(I1, 1) = J{areus+aseus+- - +ay0u, : ay,aa, -+ o € K(I1, 1)} is a refined neutrosophic
subhypervector space of V (I, I).

2. W(Iy, I,) is the smallest refined neutrosophic subhypervector space of V (I, I5)
containing uy,Us, -+ , Up.

Proof: The proof follows from similar approach as that of Proposition[2.19| .

Remark 2.21. The refined neutrosophic subhypervector space W (I, I5) of the strong refined neutrosophic
hypervector space V' (I1, I2) over a refined neutrosophic field K (I, Iz) of Proposition is said to be gen-
erated by the refined neutrosophic vectors uy,ug, - - - , u, and we write W (I, Is) = span{ui,ug, - ,u,}.

Definition 2.22. Let (V(I1,15),+,e, K(I1,12)) be a strong refined neutrosophic hypervector space over a
refined neutrosophic field K (I3, I5) and let

B(Il,IQ) = {u1 = (al,blfl,clfg),w = (0@,1)2]1,02[2),"' yUp = (an,bnfl,cnfg)} be a subset of
V(Iy,12). B(I1, I2) is said to generate or span V' (I1, Io) if V(I1, I2) = span(B(I1, I2)).

Example 2.23. Let V (I3, I5) = R3(I1, I3) be a strong refined neutrosophic hypervector space over a neutro-
sophic field R(I;, I5) and let B(Iy, Is) = {u; = ((1,01,0I3), (0,011,0I5),(0,01;,013)),

us = ((0,0I1,012), (1,011,015), (0,011,015)),us = ((0,0I,013), (0,0I1,012), (1,011,013))}.

Then B(11, I2) spans V (11, I2).

Example 2.24. Let V (I3, I3) = R?(I, I3) be a weak refined neutrosophic hypervector space over a field R
and let B(I1, I2) = {u1 = ((1,0I1,012), (0,0l1,012)),uz = ((0,011,012), (1,011, 0l2)),

UuUs = ((0,[1,0[2), (0,0]1,0]2)),11,4 = ((07011,012), (0,11,012)),U5 = ((0,0[1,[2), (0,0]1,0]2)),

Ug = ((O, 0[1, 0[2), (070_[1, .[2))} Then B(Il, Ig) Spans V(Il, IQ)

Definition 2.25. Let W[y, I5] and X [I;, I3] be two refined neutrosophic subhypervector spaces of a strong re-
fined neutrosophic hypervector space (V (I1, I5), +, e, K(I1, I5)) over a refined neutrosophic field K (I3, I).
V (I, I) is said to be the direct sum of W[y, I] and X [I, I] written V (11, Is) = W(I1, I2] ® X [I1, I2] if
every element v € V (I, I3) can be written uniquely as v = w + x where w € W[y, Iz] and © € X [I1, ).

Proposition 2.26. Let W Iy, I1] and X [I1, I] be two refined neutrosophic subhypervector spaces of a strong
refined neutrosophic hypervector space (V (11, I5), +, e, K (I, I)) over a refined neutrosophic field K (I, I5).
V (I, I2) = W[, Is) ® X[I1, I2] if and only if the following conditions hold:

1. V(I, ) = W[, L] + X[, ).
2. WL, LN X1, L] = {0}.
Proof. Same as in classical case. O

Definition 2.27. Let (V (I1,13),+,e, K(I1,12)) be a strong refined neutrosophic hypervector space over a
refined neutrosophic field K (I3, I5). The refined neutrosophic vector
u = (a,bly,cly) € V(I1, I5) is said to be a linear combination of the refined neutrosophic vectors

uy = (al, blll, 01[2),11,2 = (CLQ, bg[l, 0211), e Uy = (an, bnll, CnIQ) S V(Il,fg) if there exist refined
neutrosophic scalars a1 = (kl, mlh, t1[2)7 Qg = (k‘z, mgll, tQIQ), e, Oy = (kn, mnIl, tnjg) S K(Il, IQ)
such that

UEC QL OU + 2 ®Uy + -+ QO ® Uy

Definition 2.28. Let (V(I1,15),+,e, K(I1,15)) be a strong refined neutrosophic hypervector space over a
refined neutrosophic field K (17, I5) and let

B(Il,IQ) = {u1 = (al,blfl,clfg)ﬂl,g = (a2,b2[1,6212), e, Uy = (an7bn11,cn12)} be a subset of
V(I I).

1. B(I4,I) is called a linearly dependent set if there exist refined neutrosophic scalars
o] = (kl, myly, tllg), g = (]{12, moly, tg[g), e L Oy = (k‘n, mply, tnIQ) (not all zero) such that

0Ecaiou +aseus+ -+ ay ® Uy.
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2. B(I4,I) is called a linearly independent set if
cajou +aseuy+ -+, 0 u,
implies that 1 = ag = -+ - = a, = (0,017, 015).

Proposition 2.29. Let (V(I1, I2),+,, K) be a weak refined neutrosophic hypervector space over a field K.
Any singleton set of non-null refined neutrosophic vector of the weak refined neutrosophic hypervector space
V (11, I5) is linearly independent.

Proof. Suppose that 6 # v = (a,bl;,cls) € V(I1,12). Let 8 € k e v and suppose that § # k € K.
Then k! € K and therefore, k' @« 0 C k= o (k @ v) so that

0 (k=1k) ew

levw

{(z,yl1,zl):x €lea,yclebzclec}
= {(z,yl1,2I2) : @ € {a},y € {b}, z € {c}}

= {(a,b[l,cfg)}

= {v}.
This shows that v = 6§ which is a contradiction. Hence, k& = 6 and thus, the singleton {v} is a linearly
independent set. O

Im

Proposition 2.30. Let (V(I1,12),+,e, K) be a weak refined neutrosophic hypervector space over a field
K. Any set of refined neutrosophic vectors of the weak refined neutrosophic hypervector space V (I, I5)
containing the null refined neutrosophic vector is always linearly dependent.

Proposition 2.31. Let (V(I1,12),+, e, K) be a weak refined neutrosophic hypervector space over a field K
and let B(I1, Is) = {uy = (a1,b111,¢c112),us = (az,b2l1,¢200), -ty = (an,bply, cnla)} be a subset of
V(I1,13). Then B(I1, I5) is a linearly independent set if and only if at least one element of B(I, I2) can be
expressed as a linear combination of the remaining elements of B(Iy, I5).

Proof : This can be easily established.

Proposition 2.32. Let (V(I1,13),+, e, K) be a weak refined neutrosophic hypervector space over a field K
and let
B(Iy,13) = {u1 = (a1,011,c111),uz = (ag,bal1,cala), -+ ,up = (an, bpl1, cla)}

be a subset of V(I1,15). Then B(I1, 1) is a linearly dependent set if and only if at least one element of
B(I1, I5) can be expressed as a linear combination of the remaining elements of B(I1, I5).

Proof : Suppose that B(Iy, I) is a linearly dependent set. Then there exist scalars k1, ks, - - - , ky, not all
zero in K such that
0eckiouy +kooug+---+k,eou,.

Suppose that k1 # 0, then ki ! € K and therefore
kited C kile(kieu; +kyous+---+ky,ouy,)

(ky 1) o us + (kg k) @ up + -+ (kM) @ un,
= 1.U1+(k'l_le).'UQ""‘""(kl_lkn).Un

so that
eleuy + {u}

where u = (a,bly,cls) € (kflsz) ouy + -+ (k tky) @ uy.

Thus 6 € {(a+a1, (b+b1)[l, (C—i—cl)lg)} from which we obtain u; = (al, by Iy, 61[2) = —u= —(a, bl CIQ)
so that
uy € ( 1)

C (1) o () o+ (5 ) o)

Q ( kf )ou2+(—kf1k3)ou;;—i—-~-+(—k:flkn)oun.
This shows that u; € span{ug, ugz, - , Uy }.
Conversely, suppose that uy € span{usg, us, - , u, } and suppose that 0 # —1 € K.
Then there exist ko, k3, - - , k, € K such that

u Ekyougs +ksousz+---+k, eu,
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and we have
ur 4 (—u1) € (1) euy + ko ous + kzeus + e+ ky eu,.

From which
0e(—1)eu; +koous+ksous—+ -+ k,ou,.

Since —1 # 0 € K, it follows that B(I1, I2) is a linearly dependent set.

Proposition 2.33. Ler (V(I1,15),+,e, K(I1,12)) be a strong refined neutrosophic hypervector space over
a refined neutrosophic field K (I, I3) and let B1(I1,I3) and Ba(Iy, Is) be subsets of V(I1, Is) such that
Bi(I1,1I5) C Bo(Ih, I2). If B1(I1, I2) is linearly dependent, then Ba(1I1, I5) is linearly dependent.

Proposition 2.34. Let (V(I1,13),+, e, K(I1,12)) be a strong refined neutrosophic hypervector space over
a refined neutrosophic field K (I, I5) and let B1(I1,15) and Bo(I1, I5) be subsets of V(I1,1Is) such that
Bi(I1,15) C Bo(I1, I). If B1(11, I5) is linearly independent, then By (11, I5) is linearly independent.

Definition 2.35. Let (V ([1,13),+,e, K(I1,12)) be a strong refined neutrosophic hypervector space over a
refined neutrosophic field K (I1, I2) and let B(I1,1I3) = {u1 = (a1,b111,c111),us = (ag,baly,cols), -}
be a subset of V' (I1, I2). B(I1, I2) is said to be a basis for V' (11, I5) if the following conditions hold:

1. B(I, 1) is a linearly independent set
2. V(I1,I5) = span(B(I1, I2)).

If B(I4, 1) is finite and its cardinality is n, then V' (I3, I5) is called an n-dimensional strong refined neu-
trosophic hypervector space and we write dims(V (I, 1)) = n. If B(I1, I2) is not finite, then V (I3, I5) is
called an infinite-dimensional strong refined neutrosophic hypervector space.

Definition 2.36. Let (V (I, 13),+,e, K(I1,13)) be a weak refined neutrosophic hypervector space over a
field K and let B(Il,lz) = {U1 = (al,blll,clh),ug = (a2,b2[170212), < } be a subset of V(Il712).
B(I, I) is said to be a basis for V' (I3, I3) if the following conditions hold:

1. B(Iy,I5) is a linearly independent set
2. V(Ihfg) = span(B(Il, [2))

If B(I1, 1) is finite and its cardinality is n, then V' (I, I3) is called an n-dimensional weak refined neu-
trosophic hypervector space and we write dim,,(V (I1,I2)) = n. If B(I1, I2) is not finite, then V (I3, I3) is
called an infinite-dimensional weak refined neutrosophic hypervector space.

Example 2.37. In Example B(I4,I5) is a basis for V' (I1, I2) and dims(V (11, I3)) = 3.
Example 2.38. In Example B(I4,I5) is a basis for V (I1, I2) and dimw (V (11, 12)) = 6.

Proposition 2.39. Let (V (11, 13),+,e, K(I1,12)) be a strong refined neutrosophic hypervector space over a
refined neutrosophic field K (I, I5) and let

B(I,I5) = {u1 = (a1,b1]1,c113),us = (az,bal1,0202),++ yupn = (an,bnl1,cnl2)} be a subset of
V (11, I5). Then B(Iy, I5) is a basis for V (11, I5) if and only if each refined neutrosophic vector

u = (a,bly,cly) € V(I1,I5) can be expressed uniquely as a linear combination of the elements of B(I1, I2).

Proof. Suppose that each refined neutrosophic vector u = (a, b, cly) € V(I1, I5) can be expressed uniquely
as a linear combination of the elements of B(I1, I2). Then u € span(B(Iy, I2)) = V (I3, I2).

Since such a representation is unique, it follows that B(I;, I2) is a linearly independent set and since

u € V(I1, I) is arbitrary, it follows that B(Iy, I5) is a basis for V (I3, I3).

Conversely, suppose that B(Iy, I5) is a basis for V' (I, I), then V (I, Is) = span(B(I1, I5)) and B(I,I5) is
linearly independent. Now it remains to show that u = (a,bly, cl3) € V (I3, I) can be expressed uniquely as
a linear combination of the elements of B(I, I5).

To this end, for a1 = (k1, m111,p1l2), a0 = (ke,maly,polo), -+ ,ap = (kn,mpl1,prl2),

B1 = (r1, 5111, t112), B2 = (12, 8211, tal2), -, By = (Tn, sn11, tnl2) € K(I4, I2),

let us express u in two ways as follows:

UE QT oUL T Qo ®Us + -+ + (py ® Up, (1)

ucBroeu +Prous+ -+ 5, 0uy,. (2)
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From equation(2), we have
—u € (~1)eu (—1)e(Brous +foous+ -+ By ouy,)

(=1)B1) eur + ((—=1)B2) @ ug + -+ + ((—1)8n) o up

(=B1) eus + (—P2) eus + e+ (—105,) ® uy. (3).

1M

From equations (1) and (3), we have
u+(—u) € (a1 + (=B1)) eur + (a2 + (=B2)) o uz + - + (o + (=) ® un

=0 € (a1 — 1) our+ (az — Pa) oug + -+ + (an — Bn) ® up.
Since B(I3, I5) is linearly independent, it follows that

ap—fr=ar—fo=-=ay — B, =(0,001,0I)

and therefore,
oy = Br,a0 = P, -+ ,apn = Bn.

This shows that u has been expressed uniquely as a linear combination of the elements of B(I3, I5). The proof
is complete. O

Proposition 2.40. Let (V (I, 15),+,e, K) be a weak refined neutrosophic hypervector space over a field K
and let

Bi(I,1I) = {uy = (a1,b111,c1l2),uz = (ag,baly, c2la), -+ ,uy = (an,bpl1, cl2)} be a linearly indepen-
dent subset of V (I, 12). Ifu € V(I1,13)\B1(I1,I2) = V(I1,I2) N (B(I1, I2))° is arbitrary, then
By(I1,I3) = {u1 = (a1,b11,c112),us = (ag,bal1,c212), -+ sty = (an,bpl1,cpnla), u} is a linearly de-
pendent set if and only if u € span((B1(I1, I2)).

Proof. Suppose that Bo(I1, I2) is a linearly dependent set. Then there exist scalars k1, ks, - - - , kp, k not all
zero such that
0eckiou +koyous+---+k,ou,+keu. (4)

Suppose that & = 0, then there exist at least one of the k}s say k1 # 0 and equation (4) becomes
O€kiou +kyoug+ - +ky-u, (5)

from which it follows that the set

Bi(I1,15) = {u1 = (a1,b1 11, c112),u2 = (ag,boly,cols), -+t = (an, bply, clz)} is linearly dependent.
This contradicts the hypothesis that By (I, I2) is linearly independent. Hence k # 0 and therefore k~! € K.
From equation (4), we have

k'ef) C Kk le(kioeu;+koouy+---+ky,ou,+keu)

=0 € (k'ki)ous+ (k7 tko)oug+ -+ (k7 'ky) ou, + (k1K) 0w

=0 = v+u(where ve (k'ki)ou+ (k™ ko) @ug+ -+ (k7 ky) @ uy)

=u = —ve(-1)o (k7 k) ous + (ktha) oug + -+ (k7 k) o uy)

=u € (=1)e[(k7 k1) ous + (k7 ka) ous+ -+ (k7 1ky,) o uy)

= u € (k7 tky)ous+ (—k tky)oug+ -+ (=k"1ky,) e u,

= u € span(Bi(11, 7).

Conversely, suppose that u € span(B1([1, I2)). Then there exist k1, ko, - - - , k,, € K such that

U € kiouyt+kyous+---+k,eou,
= u+(—u) € kioeu t+koous+---+k,ou,+(—1)eu
=0 € kiouytkyous+---+ky,ou,+(—1)eou.

Since u ¢ By ([, I5) and By (I, I5) is linearly independent, it follows that {uy, us, - - - , up,u} = Ba(I1, I2)
is a linearly dependent set. The proof is complete. O

Definition 2.41. Let W[I;, I5] be a refined neutrosophic subhypervector space of a strong refined neutro-
sophic hypervector space (V (1, I2), +, e, K (11, I5)) over arefined neutrosophic field K (I3, I5). The quotient
V (I, I2)/W I, I5] is defined by the set

{[’U} =v+ W[Il,IQ} U E V(Il,IQ)}
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Proposition 2.42. Let V(I1, 1) /W, L] = {[v]| = v+ W[, 2] : v € V(I1,2)}.
If for every [u], [v] € V(I1,I2) /W[, Is] and o € K (I3, I5) we define:

[u] @ [v] = (u+v) + W[, L]

and
a®ul =[aeu] ={[z]:x € xou}.

(V(I,I2) /W, L), ®,®, K(I1, I2)) is a strong refined neutrosophic hypervector space over a refined neu-
trosophic field K (I, I5) called a strong refined neutrosophic quotient hypervector space.

Proof. The proof is similar to the proof in classical case. O

Proposition 2.43. Let W1y, I5] be a refined neutrosophic subhypervector space of a strong refined neutro-
sophic hypervector space V (I1, I) over a refined neutrosophic field K (I, I), let (V (I, I2)/W|I1,12]) be
as defined in Proposition [2.42), then the following hold:

1. W[I, I,] is finite dimensional and dimsW Iy, I5] < dim,V (I3, I3).
2. dlmg(v(ll712)/W[Il, 12]) = dimsV(Il,Ig) — dngW[[l,IQ]
Proof:

1. Let By (I3, I5) be the basis for W1y, I5] and let Bo(I1, I2) be a basis for V (I3, I5). Since W[Iy, I5] C
V(I1,I3) then By(I,I5) is contained in By (Iy,I2). Therefore By (I3, I3) is a linearly independent
subset of V' (I1, Iz). Then we have that
|B1(I1, I2)| < |Ba(I1, I2)|. Now, since | B (11, I2)| < |Ba(I1, I2)| and V (I1, I2) is finite dimensional
we can conclude that W (I, I5) is finite dimensional and

dimSW(Il,Iz) = ‘Bl(I17]2)| é ‘BQ(I17IQ)| = dimSV(Il,Ig).

2. Let {ug,uz, - ,uy} be abasis of W[I, Is]. Then this can be filled out to a basis,
{uy,ug -+, Um,v1,v9, -+ v, }of V(I1, I5) , where m+n = dim,V (I1, I5) and m = dim ;W |[I, I5].
Let [v1], [v2], - -+, [vs] be the images in V (I1, I5) /W Iy, Is], of v1, v, -+ , Up.
Since any vector v € V/(I1, I5) is in a linear combination of wuy, ug, - -« , U, V1, V2, -+ , Uy, We have
that

VEa UL+ s 0UsF Ay @ Uy, + SrO0v1 + o evg+ -+ B @ vy,

then

vE[arour] @ oz ou] B @ [ @ U] D [Brov1] D [Breva] B D [Br @ vy

Q [ﬂl L] Ul] D [62 L] Ug] D---D [ﬁn (] Un] (SiHCC [Oéi ° ’U,Z] Q (Ozi ° ul) + W[Il,IQ] g W[I]_,IQ])
:61. [Ul]@ﬁQ. [UQ]@"'@ﬁn. [Un]

Thus [v1], [v2] -+, [vn] span V (I3, I5) /W11, I2]. We claim that they are linearly independent, for if

Oerio[v]BArgeva @ - DA, @ [vy]

then
ferie[v]®Arae[va]® BN, 0 [v,] D W[, [5]
OC A o] @Azova] @ DAy ofvp] Dy efu] @z efus] @ @y o [ug]
which by the linear independence of the set {uy,uz -+ , Um, v1,v2 - , v, } forces
AM=X=-= A =n=7="=7,=0

This shows that V (I, Is)/W{I4, I5] has a basis of n elements, and

dimgs(V(I1, L) /W1, ]) =n = (n+m) —m=dim,V (I, I2) — dim;W|[I, I5].

Proposition 2.44. Let W1 (I1, I2) and Wy (I, I2) be finite dimensional weak refined neutrosophic subhy-
pervector spaces of a weak refined neutrosophic vector space V (11, 1) over a field K. Then W1 (I1, I2) +
W (11, I) is a finite dimensional refined neutrosophic subhypervector space of V(I1, I) and

dimw(Wl(Il,IQ)—FWQ(Il,IQ)) = dimw(Wl(Il,Ig))+dimw(W2(Il,Ig))—dimw(W1(Il, IQ)ﬂWg(Il,IQ)).
IfV(Il,IQ) = Wl(ll,lg) (&) WQ(Il,IQ) then
dimw(Wl(Il,Ig) + Wg([hfg» = dimw(Wl(Il,Ig)) + dimw(WQ(Il,IQ)).
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Proof: We know that W (11, Is)NWs (I3, I3) is a refined neutrosophic subhypervector space of both Wy (I, I5)
and W (I, I). So Wi (I, Is) "1 Wa(I4, I5) is a finite dimensional refined neutrosophic subhypervector space
of V(Il, 12)

Suppose that dimw(Wl (Il, 12) N W2(117 IQ)) = k, dimw(Wl (117 IQ)) = m and

dim.,(Wa(I1,I5)) = n then we have that k < m and k < n.

Now, let {uy,us, - ,ug} be a basis of Wi (I, I5) N Wa(I1, I5). Then we have that {uy, ug, - ,ur} is a
linearly independent set of refined neutrosophic vectors in Wy [I1, Is] and W5 (11, I5] with k < m and k < n,
then it follows that either {uy, ua, -+ ,ug} is a basis of W1 [I1, I3] and W5[I1, I5] or it can be extended to a
basis for W1 [Iy, Io] and Wh[I, 5] .

Let {uy, ug, -+ , Uk, 1,02, , Um— } be abasis for Wq[I1, Io], and let {uy, ug, -+ , up, w1, wa, - , Wp_k}
be a basis of W[, I5].

Then the refined neutrosophic subhypervector space W1 (I, Is] + Wa[I, I5] is spanned by the refined neutro-
sophic vectors {uy,ug, -« , Uk, V1, V2, Vm—k, W1, Wa, -+ , Wy_p + and these refined neutrosophic vectors
form an independent set. For suppose

k m n
0 e Z ;U + Z ﬂj’t}j —+ Z’}/T’LUT.
i=1 j=1 r=1
Then
n k m
- Z’err € Z o + Z Bjv;
=1 i=1 j=1

n

k m
= (1) e (=) mw,) Sy (-1 eau;+ Y (~1)e b
r=1 =1 j=1

n k m
= ywr €Y (—ai)ui + Y _(—B)v;
r—1 i=1 Jj=1

which shows that Z:,Lzl ~rw, belongs to W1[ly, Is]. As Zle ~rw, also belongs to W[, I5], it follows

that
n k
Z’yrw'r = Z )\iui
r=1 =1
for certain scalars A\j, Ao, - -+, Ag.
Because the set {uy, ug, -+ , Uk, Wy, Wa, -+, Wy_} is independent, each of the scalars
¥y = 0. Thus
k m
0 € Zaiui + Zﬂj’l)j
i=1 j=1
and since {uq,ug, - , Uk, V1, V2, -, Um_} is also an independent set, each o; = 0 and each 3; = 0. Thus,
{u17u25 Uk, UL, V2,0 Um—k, W1, W2, 0 0 7wn7k} is a basis for
Whllh, Io) + Wa[l4, I5].
Finally,
dimw(Wl(Il,Ig) -+ WQ(Il,IQ)) = k +m — k +n— k
=m+4+n—=k

= dimw(Wl(Il, IQ)) + dimw(Wg(Il, _[2)) — dimw(Wl(Il,Ig) n WQ(Il, _[2))

Definition 2.45. Let (V(I1,13), +,e, K (I1,12)) and W (I3, I5),+', ', K (I3, I2)) be two strong refined neu-
trosophic hypervector spaces over a neutrosophic field K (11, I5).

A mapping ¢ : V (I, Is) — W (I, I3) is called a strong refined neutrosophic hypervector space homomor-
phism if the following conditions hold:

1. ¢ is a strong hypervector space homomorphism.
2. ¢(0,1,15) = (0,11, I5).

If in addition ¢ is a bijection, we say that V' (11, I5) is isomorphic to W (I, I) and we write
VI, 1) 2 W (I, I).
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Proposition 2.46. Let (V(I1,15),+, e, K(I1,I2)) and (W (I3, I2),+,, K (I3, I5)) be two strong refined neu-
trosophic hypervector spaces over a refined neutrosophic field K (I1,1I5) and let ¢ : V (I1,I5) — W (I, I2)
be a bijective strong refined neutrosophic hypervector space homomorphism.

If B(I1,I2) = {u1 = (a1,b11h,c112),us = (ag,b2l1,c2l0), -+ ,un = (an,bplr,cnly)} is a basis for
V(I1, L), then B'(I1, 1) = ¢(B(I1, I2)) = {d(u1), p(ua), -, ¢(un)} is a basis for W (I, I3).

Proof. Suppose that B(I1, I2) is a basis for V(I1, I2). Then for an arbitrary v = (a,bly,cls) € V (I3, I3),
there exist refined neutrosophic scalars
a1 = (kl,mlfl,tlfg),ag = (kg,mgfl,tgfg), e, Oy = (kn,mnjl,tnjz) € K(Il,IQ) such that

UE QL oU + 20Uy + -+ Qp @ Up,
= ¢(u) € p(a1 o us +az ®uy+ -+ ay o uy)
)

=ar o ¢(ur) + az o dluz) +' -+ ay o d(uy,).

Since ¢ is surjective, it follows that ¢(u), ¢(u1), (ug), - , d(u,) € W (I, I5) and therefore
¢(u) € span(B’(I1, I2)). To complete the proof, we must show that B'(I1, I5) is linearly independent.
To this end, suppose that

¢(0) € B1 o d(ur) +' B2 o P(uz) +' -+ +' B, o P(un)
where 81 = (p1, 111, 8112), B2 = (D2, q211, s212), -+, Bn = (P, Gnl1, snl2) € K(I1, I5), then
P(0) € P(Brour) + ¢(B2 @ uz) +' o +" 4(5, @ uy)
= ¢(Brour + Prous+ -+ By o uy).
Since ¢ is injective, we must have
bepProu+Boreus+ -+ [, ®up,.

Also, since B(I4, I5) is linearly independent, we must have

pi=P2="-- =, =(0,0l1,01).

Hence B'(I1, 1) = {¢(u1), d(uz), -, ¢(uy,)} is linearly independent and therefore a basis for W (11, I2).
O

Remark 2.47. Suppose we wish to transform a refined neutrosophic hypervector space into a neutrosophic
hypervector space, an interesting question to ask will be, can we find a mapping that will help us achieve this?
The answer to this is Yes.

The mapping ¢ : V (I1, 1) — V(1) defined by

¢((xayI17212)) = (Cﬂ, (y+Z)I) Véﬂ,y7Z eV

will make such transformation possible. This mapping is a non-neutrosophic one. This make sense since every
refined neutrosophic hypervector space and neutrosophic hypervector spaces are hypervector spaces.

Proposition 2.48. Let (V(I1,I3),+,e) be a weak refined neutrosophic vector space over a field K and let
V(I) be a weak neutrosophic vector space over K. The mapping ¢ : V (I, Iy) — V(I) defined by

o((x,yl1, 213)) = (z,(y + 2)I) Va,y,z €V
is a good linear transformation.

Proof. ¢ is well defined. Suppose (x,yI1, zI5) = (2'y'I, 2'I5) then we that x = 2/, y = y' and 2’ = 2. So,
o((z,yh, 212)) = (2, (y + 2)I) =2’ + (y + ") = ¢(a',y' [, 7' I2).

Now, suppose (x,yl1, zI2), (z',y'I1,12'I3) € V(I1, I3) then
Oo((z,yl1, 202) + (2, y' 1, ' I2)) = o((z+2"), (y+y ), (2 +2)]2)
(0 + @)y o/ +2 4 )
($+$)>((y+2) (v +2)1
(x +2'), ((y+z)[+(y +2)I)

(@, (y +2)I) + (¢, (y' + 2')I)
= ¢($ yIlazI2)+¢(m yIlaZIQ)
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o(ko (z,ylh, z15)) ¢{(a,blh,clr):a€kox,beEkoy,c€koz}
{p(a,bl1,cly):a €kox,be koy,c€ koz}
{(u,vI) :u € a,v €b+c}
{(u,vl):u€kox,v€koy+koz}

= {(u,vl):u€kox,vecko(y+z)}

= ko(x,(y+2)I)

= ko¢(x,yl,zl).
Hence ¢ is a good linear transformation. O

Proposition 2.49. Let L (V(I1,12),V(I)) be the set of good linear transformation from a weak refined
neutrosophic vector space V (I1, Is) over a field K into a weak neutrosophic vector space V (I) over a field
K. Define addition and scalar multiplication as below;

(¢+ ¢)(~T73/Ilaz~’2) = ¢(($,y117212)) + w((w7yllaz*[2))

and fork € K
(ko) (x,yly, 212)) = kd(x, ylq, z15).

Then, it can be shown that (Ly,(V (I1, 1),V (I)), 4+, -) is a weak neutrosophic strongly distributive hypervector
space.

Definition 2.50. Let ¢ : V(I1,I) — V(1) be a good linear transformation, then
ker¢p = {(z,yl1,z2L): ¢((z,yl1,2I3)) = (0,0I)}
= A{(w,yh,2h) : (z, (y + 2)I) = (0,01)}
= {0y, (-y)I2)}.

Proposition 2.51. Let ¢ : V(I1,1s) — V(I) be a good linear transformation.
1. ker ¢ is a subhyperspace of V (11, I5).

2. If W1, I] is a refined neutrosophic subhyperspace of V (I1, I), then the image of W I, I5], p(W I3, I3])
is a neutrosophic subhyperspace of V (I).

3 Conclusion

This paper studied refinement of neutrosophic hypervector space, linear dependence, independence, bases and
dimension of refined neutrosophic hypervector spaces and presented some of their basic properties. Also, the
paper established the existence of a good linear transformation between a weak refined neutrosophic hyper-
vector space V (I, I5) and a weak neutrosophic hypervector space V' (I). We hope to present and study more
properties of refined neutrosophic Hypervector spaces in our future papers.
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Abstract

In this paper, A new type of separation axioms in the neutrosophic crisp Topological space named neutrosophic
crisp pre separation axioms is going to be defined , in which neutrosophic crisp pre open set and neutrosophic
crisp point are to be depended on. Also, relations among them and the other type are going to be found.

Keywords: Neutrosophic crisp pre separation axiom, neutrosophic crisp separation axiom, neutrosophic crisp
point, Neutrosophic crisp semi separation axiom.

1. Introduction

In 1995, F.Samarandache generalized the fuzzy logic concept into the neutrosophic logic which presents a more
detaied and concise description than the fuzzy logic and classical logic; then several researches emerged in this
logic, in all branches of mathematics, especially Topology.

In 2012 A. A Salama et al. defined the concept of the neutrosophic set. Also, in 2020 A. Al-Nafey, R. Al-Hamido
and F. Smarandache define the neutrosophic crisp separation axioms[2]. Also, in 2020 R. K. Al-Hamido, L.A. Salha
and T. Gharibah define neutrosophic crisp semi separation axioms[13].

Recently, the neutrosophic crisp set theory may have applications in image processing [3-4]and possible applications
to database[6]. Also, neutrosophic sets [7] have applications in the medical field [8-11], [9], [10], [11] and in the
field of geographic information systems[5].Many researchers studied topology, and they had many contributions to
neutrosophic toplogy as [14], [15], [16], [17] and [18] and in neutrosophic bitopology in [19], [20], [21] and [22],
and in neutrosophic algebra in [23], [24], [25], [26] and [27].

In this paper, neutrosophic crisp pre separation axioms via neutrosophic crisp pre open set and neutrosophic crisp
point are going to be studied.

Lastly, the definition of separation axioms is as follows T;,i = 0,1,2 and the relations among them.

2. Preliminaries
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In this paper, the symbol (y,T) means a neutrosophic crisp topological space (N.TS), Also

N.. OS (N.. CS) means a neutrosophic crisp open(closed) sets and neutrosophic crisp pre open set in N.TS mean a
N.P.OS.

Some important definitions to this paper will be shown.

Definition 2.1. [1]

Suppos that X # @ be a fixed set. A neutrosophic crisp set (N¢.S) U is an object with the U=< U,, U,, Us> shape;
U1, U, and Usare subsets of X.

Definition 2.5. [12]
Suppos that x be a non-empty set. And x,y,z€ ¥, then:
a. xy,=<{x},0,0 > is called a neutrosophic crisp point (N.Py,) in .

b.  yn,=<0,{y},® > is called a neutrosophic crisp point (N.Py,) in x.
¢ zy,=<0,0,{z} > is called a neutrosophic crisp point (N.Py,) iny .
The set of all neutrosophic crisp points (N.Py,, NcPx,, NcPy,) is denoted by NCPy.

Definition 2.6. [12]
Suppos that (y,T) be an NcTS. Then y is called:

a. N;To-space for every two diffrant points from y there exists neutrosophic crisp open set in y containing one of

them but not the other.

b. N,To-space for every two diffrant points from y there exists neutrosophic crisp open set in  containing one of

them but not the other.

c. N;To-space for every two diffrant points from y there exists neutrosophic crisp open set in  containing one of

them but not the other.

Definition 2.7. [12]

Suppos that (y,T) be an NcTS. Then y is called:
a. N;Ti-space for every two diffrant points from y are Xy, , ¥y, there exists two neutrosophic crisp open set M,

M in y such that xy, € M1, yn, € Miandxy, € Mz, yN, € Mo
b. N, Ti-space for every two diffrant points from y are Xy, yy, there exists two neutrosophic crisp open set M1,
M in  such that xy, € Gi,yn, € Giandxy, € G2, yy, € Ga.
¢ N3Ti-space for every two diffrant points from y are Xy, yn, there exists two neutrosophic crisp open set M1,
Mz in  such that Xy, €M1, yn, €Miand xy, € M2, yy, €
Mo.

Definition 2.8. [12]

Suppos that (y,T) be an NcTS. Then ¥ is called:
a. N;Tr-space for every two diffrant points from y are xy,, ¥y, there exists two neutrosophic crisp open set M,
M in y such that xy, € M1, yyn, € Miand xy, & Mz, yy, € M. with MinMz= @.
b. N, T>-space for every two diffrant points from y are Xy, yn, there exists two neutrosophic crisp open set M1,
M in  such that xy, € My, yy, € Miand xy, € Mz, yy, € Mz with MinM,= @.
¢. N;3T>-space for every two diffrant points from y are xy,, yn, there exists two neutrosophic crisp open set Mi,
M. in y such that xy, € My, yy, € Miand xy, € Mo, yn, € M2 with Min My = @.

Definition 2.9. [13]

Suppos that (y,T) be an NcTS. Then y is called:
a. NjsemiTo-space if for every Xy, # yn, € there exists NcS.0S M in y containing one of them but not the other.
b. NjsemiTo-space if V xy,# yn, € X there exists NcS.0S M in y containing one of them but not the other.
¢.  NzsemiTo-space if V xy,# yn, € there exists NcS.0S M in  containing one of them but not the other.

DOI: 10.5281/zen0d0.3900438



International Journal of Neutrosophic Science (IINS) Vol 8, No. 2, PP. 72-79, 2020

Definition 2.10. [13]

Suppos that (y,T) be an NcTS. Then ¥ is called:

a. N; semiTi-space if for every xy, # yy, €) there exist NcS.0S M 1, M, in y such that xy, € M, yy, € M1 and
XN1 z My ,le e M.

b. N,semiTi-space if V xy, # yy, €} there exist NcS. 0§ M 1, My in y such that xy, € G1, yy, € Giand xy, € G2,
YN, € G2

¢.  NzsemiTi-space if V xy, # ¥y, €} there exist NcS. 0S M, M; in y such that xy, €My, yy, €M and xy, ¢ Mz,
VN, € M2

3

Definition 2.11. [13]

Suppos that (3, T) be an NcTS. Then y is called:

a. NjsemiTs-space if for every xy, # yy, € there exists NcS.0S M, M, in  such that xy, € My, yy, € M and
XN, g My, YN, € M,. with MiNM,= @.

b. N,semiT>-space if V Xy, # Yy, €) there exists NcS.0S M, M; in y such that Xy, € My, yy, € Miand Xy, € M
> YN, € M, with MiNM,= @.

¢ NsemiT>-space if V Xy, # yn, € there exists NcS.0S My, M, in y such that xy,€ M, yn, € M and Xy, €
Mo, YN, € M, with Min M= @.

3. Separation axioms via pre open sets

This section introuduces a new type of separation axioms in the neutrosophic crisp Topological space named
neutrosophic crisp pre separation axioms.

Definition 3.1.
Suppos that (3, T) be an NcTS. Then y is called:

d. NjpreTo-space if for every xy, # ¥, € there exists NcP.OS M in y containing one of them but not the other.
e. NypreTo-space if V xy,# yn, €X there exists NcP.OS M in y containing one of them but not the other.
f. NspreTo-space if V xy,# yn, € there exists Nc.P.OS M in y containing one of them but not the other.

Definition 3.2.
Suppos that (y,T) be an N.TS. Then 7y is called:

d. N;Ti-space if for every xy,# yn, € there exist NcP.0S M1, M in y such that xy, € M1, yn, € M1and xy, ¢
M . le e M.

e. N,preTi-space if V xy, # yn, €Y there exist NcP.0S M1, Ma in y such that xy, € Gi, yn, € Giand xy, ¢ G2,
yn, € G2

f.  N3preTi-space if ¥ xy, # yn, €) there exist NcP.0S M, M, in x such that Xy, €M1, yn, €M and xy, € Mz,
YN3 e M

Definition 3.3.

Suppos that (y,T) be an N.TS. Then 7y is called:

d. N;preTs-space if for every xy,# yn, €) there exists NcP.0S M 1, M; in y such that xy, € M1, yy, € M and
XN, € My, YN, € M,. with MiNM,= @.

e. NppreTo-space if V xy, # yn, € there exists NcP.0S M, Mz in y such that xy, € My, yn, € Miand xy, € M2,
YN, € M, with MiNnM,= @.

f.  NspreTz-space if V xy, # yn, €) there exists NcP.0S Mi, Mz in y such that xy,€ My, yn, € M1 and xy, &
Mo, YN, € M, with Min M= @.

Theorem 3.4.

Suppos that (y,T) be an N TS, then :
1.  Every N;To-space is N,preTo-space.
2. Every N,To-space is N,preTo-space.
3. Every N;To-space is N3preTo-space.
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Proof:

1. Suppose that (x,T) is an N;To-space, therefore for every two xy, # yy,, there exists an N..OS M in
containing one of them to which the other does not belong. So there exists an NcP.0S M in y containing
one of them to which the other does not belong, therefore X is N;preTo-space.

2. Suppose that (x,T) is an N,To-space, therefore for every two xy, # yy,, there exists an Ne.OS M in y
containing one of them to which the other does not belong. So there exists an NcP.0S M in y containing
one of them to which the other does not belong, therefore X is N,preTo-space.

3. Suppose that (y,T) is an N3To-space, therefore for every two xy, # yn,, there exists an Ne.OS M in y
containing one of them to which the other does not belong. So there exists an NcP.0S M in  containing
one of them to which the other does not belong, therefore X is N;preTo-space.

Remark 3.5.

The converse of theorem 3.4 is not true, as it is shown in the following examples.

Example 3.6.

Letx ={a,b,c},T={0y,Xy, AL, A={<{a}, 0,0 >}
NpP.OS=TU{B={<{ac},00>},C={<{ab},00 >}

Let xy, = {< {b},0,0 >}# yn, = {< {c},0,0 >}ey there is no a N..OS M in y containing one of them but not
the other. Therefore (y,T) is not N, To-space.

Letxy, = {< {b},0,0 >}=yn, = {<{a},0,@ >}ey there is a N:P.OS B in y containing one of them but not the
other.

Let xy, = {< {a}, 0,0 >}= Yy, = {<{c},0,® >}ey there is a N.P.OS A in  containing one of them but not
the other.

Letxy, = {< {0}, 0,0 >}» yy, = (< {c}, 0, ® >}ey there is a N..OS B in  containing one of them but not the
other. Therefore (y,T) N;preTo-space.

Then (y,T) N.preTo-space, But (3, T) is not N; To-space.
Example 3.7.

LetX = {a,b,c},T = {mN :XN 'A }'A = {< {a},Q,(D >}
NP.OS=TU{B={<{a,c},0,0>},C={<{ab},0,0 >}

Letxy, = {< 0,{b},® >}# yn, = {< 0,{ c},® >}y there is no a N..OS M in y, containing one of them but not
the other. Therefore (y,T) is not N,To-space.

Let xy, = {< @,{b},0 >}# yn, = {< 0,{c},@ >}y there is a N.P.OS B in y containing one of them but not
the other.

Let xy, = {< @,{a},® >}# yn, = {< D,{c},® >}ey there is a N.P.OS A in y containing one of them but not
the other.

Let xy, = {< @,{b},0 >}# yn, = {< 0,{ a}, ® >}ey there is a NcP.OS A in y containing one of them but not
the other. Therefore (y,T) N,preTo-space.

Then (y,T) N,preTo-space, But (3, T) is not N, To-space.
Example 3.8.

LetX = {a,b,c},T = {mN IXN 'A }'A = {< {a}l®'® >}
NP.OS=TU{B={<{a,c},0,0>},C={<{ab},00>}}

Let xn, = {< 0,0,{ b} >}# yn, = {< @,0,{ c} >}ey there is no a N..OS M in y containing one of them but not
the other. Therefore (y,T) is not N;To-space.

Letxy, = {< 0,0,{ b} >} yn, = {< 0,0, { c} >}y there is a N,P.OS B in  containing one of them but not the
other.

Letxy, = {< @,0,{a} >}z yn, = {< D,0,{c} >}ey there is a N.P.OS A in y containing one of them but not the
other.

Let xy, ={< @,0,{ b} >} yn, = {< 0,0,{ a} >}ey there is a N..OS A in y containing one of them but not the
other. Therefore (y,T) NspreTo-space.

Then (y,T) N3preTo-space, But (3, T) is not N;To-space.
Theorem 3.9.

Let (y,T) be an N.TS, then :
1. Every N, Ti-space is N;preTi-space.
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2. Every N,Ti-space is N,preTi-space.
3. Every N;3Ti-space is NypreT-space.

Proof:
1. Suppose that (x,T) is an N; Ti-space , therefore for every two Xy, #yy, , there exist an No.OS M1, Mz in
such that xy, € M1, yy, € M1 and xy, € M2, yn, € Ma. So there exists an NcP.0S M1, My in y such that
XN, € My, yn, € Miandxy, € Mz, yy, € Mo
Therefore X is N;preTi-space.
2. Suppose that (x,T) is an N,Ti-space , therefore for every two xy, # yn, , there exist an Ne.OS M1, M, in
such that xy, € M1, yy, € M1 and Xy, € Mz, yyn, € Mo. So there exists an NcP.0S M 1, M; in j such that
XN, € M1, yn, € Miandxy, € M2, yy, € M.
Therefore X is N,preTi-space.
3. Suppose that (3,T) is an N3Ti-space , therefore for every two Xy, # Yy, » there exist an Ne.OS My, Mz in g
such that xy, € M1, yy, € M1and Xy, € Mz, yy, € Mo. So there exists an NcP.0S M 1, My in j such that
XN, € M1, yn, € Miandxy, € Mo, yy, € M.
Therefore X is N;preT,-space.
Remark 3.10.
The converse of a theorem 3.9 is not true, as it is shown in the following example.
Example 3.11.
LetX = {a,b,c},T = {¢N iXN 'A'B}'A = {< { a},®,¢ >}:B = {< { b, C}: @;@ >}
NP.OS=TU{G={<{b},0,0>},C={<{c},0,0 >}LE={<{a,b},0,0 >}, H={<{ac}00>}}
Letxy, = {< {b},0,0 >} yn, = {<{c},0,0 >}ey there is no Nc. 0S M, M in y such that xy, € Mi, yy, €
M; and xy, € M2, yn, € Ma. Therefore (3, 1) is not N;Ti-space.

Then (y,T) NipreTi-space, but (3, T) is not N, Ti-space.
Example 3.12.

Letx ={a,b,c},T={0y,Xy,A B}, A={<0,{a},0 >},B={<?,{b,c},0 >}.
NS.0S=TU{G={<0,{b},0 >},C={<0,{c},0>}LE={<0,{a,b},0 >} H={<0,{ac}0>}}
Letxy, = {< @,{b},0 >}#yn, = {< 0,{ ¢}, ® >}y there is no Nc.0S M, M, in y such that xy, € My, yy, ¢
M; and xy, € M2, yn, € Mo. Therefore (3, T) is not N, Ti-space.

Then (y,T) N,preTi-space, but (%, T) is not N, Ti-space.
Example 3.13.

Letx ={a,b,c},T={0y,Xy,ABLA={<0,0,{a}>},B={<0,0,{b,c} >}
NS.0S=TU{G={<0,0,{b}>},C={<0,0,{c}>}LE={<0,0,{ab}>LH={<0,0,{a,c}>}}.
Letxy, = {< 0,0,{ b} >}z yn, = {< 0,0,{ c} >}ey there is no Nc. 0S M, M. in y such that xy, € Mi, yy, €
M, and xy, ¢ M2, yn, € M. Therefore (3, 1) is not N3 Ti-space.

Then (y,T) NspreTi-space, but (3, T) is not N3Ti-space.
Theorem 3.14.
Let (y,T) be an N.TS, then :

1. Every N, T»-space is N, preT»-space.

2. Every N,T:-space is N,preT»-space.

3. Every N;T»-space is N3preT>-space.

Proof:
1. Suppose that (x,T) is an Ny T>-space , therefore for every two xy, # yy, , there exists an Nc.0S M1, M in
y such that xy, € My, yy, € M1and xy, € Mz, yn, € Mo with MinMz= @. So there exists NcP.0S M,
M in y such that xy, € My, yy, € Miandxy, € Mo, yy, € Ma. with MinMe= @.
Therefore X is N;preT2-space.
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2. Suppose that (x,T) is an N, T>-space , therefore for every two Xy, # y, , there exists an Nc.0S M, Mz in
x such that xy, € My, yy, € M1 and xy, € M2, yn, € Mo with MinMz= @. So there exists NcP.0S M,
M in y such that xy, € M1, yn, € Miand xy, € M2, yn, € Ma. with MinMy= @.
Therefore X is N,preT:-space.
3. Suppose that (x,T) is an N3 T2-space , therefore for every two Xy, # yn, , there exists an Nc. 0S M, Mz in
x such that xy, € M1, yy, € M1 and xy, € Mz, yn, € Ma. with MinM,= @. So there exists NcP.0S M,
M in  such that xy, € M1, yn, € M1 and xy, & Mz, yn, € M. with MinMz= @.
Therefore X is N3preT»-space.
4.
Remark 3.15.
The converse of the Theorem 3.14 is not true,, as it is shown in the following example.
Example 3.16.

In example 3.11. (3, T) NypreT2-space, but (3, T) is not N, T>-space.
Example 3.17.
In example 3.12. (3, T) N,preTz-space, but (y,T) is not N, T>-space.
Example 3.18.

In example 3.13. (3, T) NspreTz-space, but (3, T) is not N3 T>-space.
Theorem 3.19.

Let (y,T) be an N.TS, then :

1.  NjpreTz-space = N;preTi-space = N;preTo-space.
2. N,preT,-space = N,preT-space = N,preTo-space.
3.  NjpreTz-space = N;preTi-space = NipreTo-space.
The converse of the Theorem 3.19 is not true.
Remark. 3.21.
Relations among the different types of neutrosophic crisp separation axioms which were studied in this paper,
appear in the following diagram.

Ni-ST;-space  —> Ni-ST;-space — > Ni-ST,-space.

I I St

Ni-Ty-space  —> Ni-Tj-space ——> Ni-T,-space.

T S

Ni-PT>-space  —> Ni-PT;-space —> Ni-PT,-space.

&

<

i=0,1,2.

Conclusion

In this paper, a new type of neutrosophic crisp separation axioms has been defined by using neutrosophic crisp pre
open sets and certain point in the neutrosophic crisp topological spaces. Moreover, the connections between
neutrosophic crisp pre separation axioms and the existing neutrosophic crisp separation axioms are studied. And
many examples are presented to clear the concepts introduced. Also, proof their basic properties. Also, investigate
their fundamental properties and characterizations.
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Abstract

In a previous paper in this journal (IINS), it is mentioned about a possible approach of “curemony” as a middle way
in order to reconcile Eastern and Western’s paradigms of medicine [1]. Although it is known in literature that there
are some attempts to reconcile between Eastern and Western medicine paradigms, known as “integrative medicine,”
here a new viewpoint is submitted, i.e. Bong Han duct system (PVS), which is a proof of Meridian system, can be a
bridge between those two medicine paradigms in neutrosophic sense. This can be considered as a Neutrosophic Logic
way to bridge or reconcile the age-old debates over the Western and Eastern approach to medicine. It is also hoped
that there will be further research in this direction, especially to clarify the distinction between Pasteur’s germ theory
and Bechamp’s microzyma theory. More research is obviously recommended. Motivation of this paper: to prove that
Neutrosophic Logic offers a reconciliation towards better dialogue between Western and Eastern medicine systems.
Novelty aspect: it is discussed here how Bong Han Duct system offers a proven and observable way to Meridian
system, which in turn it can be a good start to begin meaningful dialogue between Western and Eastern systems.

Keywords: Pasteur, microzyma, Bechamp theory, meridian system, Bong Han Kim, Bong Han duct system,

neutrosophic logic

1.Introduction

In the light of recent advancements on the use of Neutrosophic Logic in various branches of science and mathematics,

this paper discuss possible application in medicine philosophy. See for instance [13-19].

This paper is inspired partly by the movie, Jewel in the Palace (Dae Jang Geum). One of these authors (VC) has a
younger brother who likes to watch that movie. He already completed watching the entire series (more than 70

episodes) more than three times. According to a good documentary on that movie [11]:
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A history book courageous woman is reawakened in a hit TV dramatization. In 1392, the Joseon Dynasty
appeared. The rulers of Joseon would lead the Korean landmass until the administration fell, to be supplanted
by a Japanese provincial system, in 1910. All things considered, Joseon's heritage suffers: It was one of the
world's longest-running imperial administrations. In the "Joseon-Wangjo-Sillok" - "The Annals of the Joseon
Dynasty;" the official record of the realm - a lady named "Daejanggeum" is referenced. She lived during the
rule of King Jungjong (1506~1544), and the archives disclose to us that she had been a low-positioning court
woman who picked up the ruler's trust and was elevated to the most noteworthy positioned woman in the
kitchen, and furthermore to regal doctor. In one notice in the archives, the ruler states, "I have nearly
recuperated from the sickness of a couple of months. So I should offer honors to the individuals who put forth
bunches of attempts to fix me. Give the imperial doctors and euinyeo (female associate) Daejanggeum

blessings.”
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Janggeum's name appeared in "Joseon-Wangjo-Silok”

Figure 1. Jang Geum name was recorded in the "Joseon-Wangjo-Sillok" - "The Annals of the Joseon

Dynasty.” After Kang Min Su [11]

What is more interesting to these authors, is not only the depiction of royal palace at the time, but also the use of royal

cuisine as medication, beside the use of acupuncture methods.[11]
Now it seems obvious for Western scholars to pause at this point and ask: “What? Acupuncture? Are you joking?”

This short review paper is discussing that approach: whether it is possible to reconcile both Eastern and Western
medicine paradigms from the view point of Bong Han Kim’s duct system (PVS) and its relation to Bechamp’s

microzyma.
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As it is brought up in [1], it is notable by most medication experts, that Western way to deal with medication depends
on "assaulting" an infection, individually. This is called germ hypothesis: one remedy for one ailment (Pasteur). On
the contrary side, Eastern medication is situated specifically on old knowledge of restoring the parity (harmonious
functions) of the body, at the end of the day: to blend our body and our live with nature. In spite of the fact that those
two methodologies in medication and social insurance have caused such a large number of contentions and false
impressions, really it is conceivable to do an exchange between them. From Neutrosophic Logic’s point of view, a
goal to the above clashing ideal models can be found in creating novel methodologies which acknowledge the two
conventions in medication, or it is conceivable to call such a methodology: "curemony," for example by
simultaneously relieving an infection and reestablishing harmony and returning concordance in one's body-mind-soul

all in all.

Now it is known that one of the objections by Western scholars about the Eastern medicine (based on meridian points)
is the unobservability of meridian vascular/duct system. This makes meridian system neglected in almost all textbooks
taught in Western medicine schools. Therefore, here a new viewpoint is submitted, i.e. Bong Han duct system (PVS),
which is a proof of Meridian system, can be a bridge between those two medicine paradigms in neutrosophic sense.
This can be considered as a Neutrosophic Logic way to bridge or reconcile the age old debates over the Western and

Eastern approach to medicine.

It would be a lot easier to merge both the eastern (ancient) and the modern western curative system in terms of
neutrosophy. These neutrosophic intermediates will help further to boost dialogues between those Western and Eastern
system and their useful information. This neutrosophic intermediator is actually dealing with conscious of both non-

matter and matter in terms of ancients and modern techniques.

2. Introduction to Bong Han duct system

Nonetheless, in literature it is recorded that Bong Han Kim is a Professor in Biology in Korea. Around 1950-1960 he
found the vessel which is a "duct"” to known Eastern Meridian system, which is already known in acupuncture medicine
system. Therefore it seems like a bridge between Western and Eastern medicine paradigms. As it is mentioned in
previous paper [1], this paper will discuss how those paradigms can be reconciled in Neutrosophic Logic, using a
degree of Western medicine and a degree of Eastern medicine, as the neutral part of neutrosophy. To us, Bong Han

duct system is a good way to start a healthy and meaningful dialogue between those two paradigms in medicine.
As Vitaly Vodanoy wrote, which can be rephrased as follows:

“In the 1960's Bong Han Kim found and described another vascular framework. He had the option to separate
it unmistakably from vascular blood and lymph frameworks by the utilization of an assortment of techniques,
which were accessible to him in the mid-twentieth century. He gave nitty gritty portrayal of the framework
and made thorough graphs and photos in his distributions. He showed that this framework is made out of
hubs and vessels, and it was answerable for tissue recovery. In any case, he didn't reveal in subtleties his
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techniques. Thus, his outcomes are moderately dark from the vantage purpose of contemporary researchers.
The stains that Kim utilized had been idealized and being used for over 100 years. In this manner, the names
of the stains coordinated to the unequivocal conventions for the use with the specific cells or particles.
Generally, it was not typically important to portray the strategy utilized except if it is altogether strayed from
the first technique.”[9]

Although his method was almost forgotten until recently, it has been recovered again in the past decade. It is clear
therefore, that Bonghan Kim’s work, who essentially (and without being aware of the work previously done by
Bechamp) discovered that what we call the 'Meridian System' (known as the Kyungrak System in the Korean tongue)
which exists in the body as an actual third anatomical vascular system, comprised of ducts, ductules, corpuscles, and
a unique type of fluid, the contents of which tie directly back to Bechamp's own discoveries (work is still being done

today on the mapping out of this anatomical system, as it is far more extensive than the old Oriental texts gave it

credit.) See [4].
Remark on terminology:

“In a matter of seconds before the primary International Symposium on Primo Vascular System, which was
held in Jecheon, Korea during September 17-18, 2010, Dr. Kwang-Sup Soh, recommended that it is critical
to concur upon a solitary phrasing for the Bonghan framework. It was concurred that following terms would
be embraced: Bong-Han System (BHS) - Primo Vascular System (PVS); Bonghan Duct (BHD)- Primo
Vessel (PV); Bonghan Corpuscle (BHC)- Primo Node (PN); Bonghan Ductule - P-Subvessel; Bonghan
Liquor-Primo Fluid (P-liquid); Sanalp-Microcell”’[9].

Now in the next section, it will be discussed virus research, especially at their beginning.

Hidden the introduction of virology is a conviction that infections are monomorphism, they are fixed species,
unchangeable; that each neurotic kind produces (typically) just a single explicit illness; that microforms never emerge
endogenously, i.e., have supreme source with the host. Thus the worldview prompts conviction called "germ

hypothesis" of Pasteur: for example one remedy for one disease.[6-7]

Bechamp recorded standard as the premise of another hypothesis about "infections." Briefly, this guideline holds that
in every single living life form are organically indestructible anatomical components, which he called microzymas.
They are freely living sorted out matures, equipped for creating compounds and fit for advancement into increasingly
complex microforms, for example, microbes. Bechamp's proposition is that infection is a state of one's interior
condition (landscape); that ailment (and its indications) are "conceived of us and in us"; and that malady isn't created

by an assault of microentities yet considers forward their endogenous cause. [8]

All things considered, it is realized that Pasteur duplicated whatever he discovered Bechamp thoughts would fit in his

own hypothesis. Consequently, Bechamp was unmistakably increasingly unique researcher contrasted with Pasteur.

DOI: 10.5281/zenodo.3900539 83



International Journal of Neutrosophic Science (IINS) Vol 8, No. 2, PP. 80-86, 2020

3. A re-interpretation of diseases and virus from Bechamp’s theory
This section begin by citing [4], which can be paraphrased as follows:

“Through a cautious perception of the wonders of the thickening of the blood just as the procedure of
maturation; and as a methods for all the more accurately deciphering the basic idea of these marvels;
Bechamp straightforwardly saw that there exist a layers of subcellular, miniaturized scale natural living
structures known as 'microzymas', a word which when interpreted signifies 'minor ages'. These structures
were alluded to without anyone else and by other people (who came later, and mentioned a similar objective
facts) as some type of 'atomic granulations' (more on this beneath). These microzyma are littler in size than
some other known types of small scale natural life, and fill in as the base establishment for the development
of every other type of such life.”

Moreover, on a more recent setting, see Andrew Kaufmann’s report on WHO’s early investigation of the corona

virus, before it was declared globally as an epidemic.!

According to Dr. Andrew Kaufman's report, a ““virus” as observed is actually an exosome. That is not impossible.
Even if you want to be more assertive. It's not just the PCR test that is inaccurate. So the so-called virus is indeed

questionable. Because it relates to the germ theory of Pasteur, meaning each disease will need one type of medicine

[11[2].

That's not right. Pasteur's theory draws a lot from the real expert at the time: Bechamp.[4]

In essence, according to Bechamp, the source of the disease is most likely to be endogenous. Meaning from within

the body when adjusting itself to the environment.

What is interesting to ask here is what kind of the changes in the environment that triggers the emergence of
symptoms such as excessive thirs? Actually, it is known as one of the symptoms known for electromagnetic
radiation. Therefore, it is no surprise that there are some allegations by experts: severe radiation disturbances arise in
Wuhan and Italy and also the USA because of they are the locations where the massive 5G network has begun to be

installed (see also Firstenberg’s report [5]).

But this short paper is not intended to discuss more detailed about relation between 5G and covid-19, so this problem

will be left to others to take up this matter and investigate further.
4. Concluding remarks

This paper continued our previous article, where possible approach of “curemony” is discussed as a middle
Neutrosophic way in order to reconcile Eastern and Western’s paradigms of medicine [1]. Although it is known in

literature, that there are some attempts to reconcile between Eastern and Western medicine paradigms, known as

! Dr. Andrew Kaufman’s interview on corona virus test. url: https://www.youtube.com/watch?v=f9mzdvOEjBc
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“integrative medicine,” here it is submitted a viewpoint that Bong Han duct system (PVS) which is a proof of meridian

system, can be a neutrosophic bridge between those two medicine paradigms.

Here a new viewpoint is submitted, i.e. Bong Han duct system (PVS), which is a proof of Meridian system, can be a
bridge between those two medicine paradigms in neutrosophic sense. This can be considered as a Neutrosophic Logic

way to bridge or reconcile the age old debates over the Western and Eastern approach to medicine.

It would be a lot easier to merge both the eastern (ancient) and the modern western curative system in terms of
neutrosophy.These neutrosophic intermediates will help further to boost dialogues between those Western and Eastern
system and their useful information. This neutrosophic intermediator is actually dealing with conscious of both non-

matter and matter in terms of ancients and modern techniques.

As mentioned in our previous paper [1], it is also discussed how those paradigms can be reconciled in Neutrosophic
Logic. To us, Bong Han duct system (PVS) is a good way to start a healthy and meaningful dialogue between those

two paradigms in medicine.
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Abstract

In this paper, a neutrosophic fuzzy data warehouse modelling approach is presented to support the neutrosophic analysis
of the publishing house for books which allows integration of neutrosophic concept in dimensions and facts without
affecting the core of a crisp data warehouse. Also we describe a method is presented which includes guidelines that can be
used to convert a crisp data warehouse into a neutrosophic fuzzy domain. Finally we have presented an OLAP system that
implements a neutrosophic multidimensional model to represent imprecision using neutrosophic concept in hierarchies and
facts and achieving knowledge discovery from imperfect data. The use of neutrosophic structures and the definition of the
OLAP operations (roll-up, drill-down, slice, and dice) enable the model to manage the imprecision of data and hide the
complexity of the model and provide the user with a more understandable result.

Keywords: Fuzzy Sets, Neutrosophic Fuzzy Data Warehouse, Neutrosophic Fuzzy Cube, Neutrosophic Fuzzy OLAP
Operation.

1. Introduction

In business scenarios, where some of the data or the business attributes are neutrosophic, it may be useful to construct a
warehouse that can support the analysis of neutrosophic data. Accurate information about an organization’s state is
necessary in order to make strategic decisions. Information contains historical data derived from transaction data, but It
usually include data from other sources such as relational databases, spreadsheets, mainframes, mail systems or even paper
files Each of these data stores tends to serve a subset of the enterprise for decision making. An increasing number of
heterogeneous information systems makes retrieving meaningful information more difficult. In order to gather, store and
process this information, various information systems are used. The enterprise information system map shows often
numerous, heterogeneous and complex information system constellations. Often, for operational use relational database
systems are used and for analytical purposes a data warchouse is used. Bill Inmon [1] is cited very often and seems to be
the father of the term Data Warehouse. In fact, Inmon’s definition goes back to the first edition of his book “Building The
Data Warehouse” from 1993, Wolfgang Lehner [2], a researcher in data warehousing, has recently published a profound
and comprehensive book on data warechouse systems in German. He references Bill Inmon, but his book also contains a
more elaborate definition of data warehouse systems, In addition to a relational database, a data warehouse environment
includes an Extraction, Transformation, and Loading (ETL) solution, an Online Analytical Processing (OLAP) engine,
client analysis tools, and other applications that manage the process of gathering data and delivering it to business users.
This analytical view on data finally enables the enterprise to have a more global sight on its business environment than
operational systems can provide. Therefore, data warehouses are often used as systems for decision making [3]. Besides
positive aspects of centralized processing of business information such as decision making support, difficulties occur in
maintaining and analyzing data warehouses. The amount of data that has to be processed in a data warehouse increases
every day and turns into challenging tasks for administration and analysis. Next to the problem of high quantity, data from
operational systems are often incomplete, vague or uncertain. This quality issue cannot be completely eliminated in the
pre-processing stage of the data. Consequently, a certain amount of vagueness directly impacts the analysis and decision
making that is based on the information of a data warehouse [4]. Data warehousing and on-line analytical processing
(OLAP) are essential elements of decision support. "In [24-29] OLAP is computer processing that enables a user to easily
and selectively extract and view data from different points of view. Data warehouse and OLAP tools provide an efficient
framework for data mining. Besides, data from real world are often imperfect, either because they are uncertain, or because
they are imprecise. To solve this problem, We have presented a structure that manages imprecision by means of
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neutrosophic techniques [7, 8]. The use of neutrosophic set theory in systems enhances the understand ability of the
discovered knowledge; this is the reason why we have proposed an approach to perform OLAP-based on neutrosophic
concept. The ability to analyze large amounts of data for the extraction of valuable information presents a competitive
advantage for any organization. . The managers need information about their business and insight into the existing data so
as to make decision more efficiently without interrupting the daily work of an On-Line Transaction Processing (OLTP)
system. The technologies of data warehousing, OLAP, and data classification support that ability. The data warehouse is a
central data pool which integrates heterogeneous data sources and provides strategic information for analysis and decision
support. The special needs of the OLAP technology was the main cause of the use of a multidimensional view of the data.
On-Line Analytical Processing (OLAP) presents an approach to data analysis where data is consolidated and aggregated
with respect to multiple dimensions of interest. The idea is to consolidate large amounts of data by summarizing and
aggregating data elements for every cell of a data cube. Classification of data elements reduces an arbitrarily high number
of data elements into an arbitrarily small set of classes, which highly reduces the granularity of data. In OLAP, classification
is used for the consolidation of dimensional attributes." In Many complicated problems like, engineering problems, social,
economic, computer science, medical science...etc, the data associated are not necessarily crisp, precise, and deterministic
because of their vague nature. Most of these problems were solved by different theories. One of these theories was the
fuzzy set theory discovered by Zadeh in [17-20] to handle vagueness , uncertainty and imprecision ,In fuzzy logics the
two-point set of classical truth values {0, 1} is replaced by the real unit interval [0, 1] each real value in [0, 1] is intended
to represent a different degree of truth, ranging from 0, corresponding to false in classical logic, to 1, corresponding to
true. . A fuzzy set A in M can be represented as an ordered set of tuples {(m, 4(m))}. But for some applications it is not
enough to satisfy to consider only the membership-function supported by the evident but also have to consider the non-
membership-function against by the evident Atanassov [6] introduced another type of fuzzy sets that is called Intuitionistic
Fuzzy Set (IFS) which is more practical in real life situations. The main novelty of neutrosophic logic, as we shall see, is
that we do not even assume that the incompleteness or “indeterminacy degree” is always given by 1 — (t + f). Smarandache
and A.A.Salama [7, 8] introduced another concept of imprecise data called neutrosophic crisp sets. Neutrsophic set is a
powerful general formal framework that has been recently proposed. Let N be a set defined as follows: N = {(T, I, F) : T,
I, F 510, 1]}. Where (T) the Truth degree, (F) the falsehood degree and (I) the indeterminacy degree, I = [0, 1] may
represent not only indeterminacy but also vagueness, uncertainty, imprecision, error etc. Note also that T, I, F, called the
neutrosophic components [9].Several researchers dealing with the concept of neutrosophic set such as M. Bhowmik and
M.Pal in [10] and A.A.Salama in [11-15]. For more information on the application of neutrosophic theory, the readers can
referes to [ 30-33] . In this paper we aim to construct a neutrosophic data warehouse. The key benefit of integrating
neutrosophic logic in data warehouse it allows analysis of data in both classical and neutrosophic manners. The use of the
proposed approach is demonstrated through a case study of a published housing for books. Finally we have presented an
OLAP system that implements a neutrosophic multidimensional model to represent imprecision using neutrosophic concept
in hierarchies and facts and achieving knowledge discovery from imperfect data.

2. Crisp Data Warehouse Concept

A data warehouse [1] is a database, which is kept separate from the organization's operational database. There is no
frequent updating done in a data warehouse, it possesses consolidated historical data, which helps the organization to
analyze, organize, understand, and use their data to take strategic decisions. This analytical view on data finally enables
the enterprise to have a more global sight on its business environment than operational systems can provide. Therefore,
data warehouses are often used as systems for decision making. The term "Data Warehouse" was first coined by Bill Inmon.
he describe the data warehouse as “subject-oriented, integrated, non volatile, and time-variant collection of data in support
of management’s decision support. The components of his definition in the following way:

2.1. Subject-Oriented: Subject-Oriented means that the main objective of data warehouse is to facilitate decision process
of a data company, and within any company data naturally concentrates around subject areas, so information gathering in
warehouse is aiming for a specific subject rather than for the functions of a company.

2.2. Integrated: Being integrated means that the data is collected within the data warehouse, that can come from different
tables, databases or even servers, but can be combined into one unit that is relevant and logical for convenience of making
strategic decision.

2.3. Non-volatile: Non-volatile means the previous data is not erased when new data is added to it. A data warehouse is

kept separate from the operational database and therefore frequent changes in operational database is not reflected in the
data warehouse.
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2.4. Time-variant: The content of the data warehouse grows over time, where on regular basis snapshot of current data is
entered into the data pool. The key structure of the data warehouse always contains time.

3. Linguistic variables

Linguistic variables are collect elements into similar groups where we can deal with less precisely and hence we can handle
more complex systems. it's is an important concept in fuzzy logic and plays a key role in its applications, especially in the
fuzzy expert system Linguistic variable is a variable whose values are words in a natural language , For example, “speed”
is a linguistic variable, which can take the values as “slow”, “fast”, “very fast” and so on. Zadeh developed on top of the
fuzzy set theory a means for mathematically representing natural language [16]. Therefore, he defined a linguistic variable
values [17, 18, 19] . The values of the linguistic variable called linguistic terms, are projected on a universe of discourse.
Fuzzy sets are used to define the degree of membership with which a value might belong to a linguistic term. Zadeh defines
a linguistic variable as follows:

3.1. Definition (Linguistic variable [20]). A linguistic variable is a quintuple (X; T(X); G;M; F) defined as follows:

X is the name of the linguistic variable, T(X) is the set linguistic terms of X , G represents a syntactic rule that generates
the set of linguistic terms, M is the universe of discourse and F is a semantic rule that defines for each linguistic term its
meaning in the sense of a fuzzy subset on U.

4. Concept of Neutrosophic Fuzzy Sets

The main idea of Neutrosophic Sets is to characterize each logical statement in a 3D Neutrosophic Space, where each
dimension of the space represents respectively the truth (T), the falsehood (F), and the indeterminacy (I) of the statement.
Neutrosophic Logic (NL) is a generalization of Zadeh’s fuzzy logic (FL), and especially of Atanassov’s intuitionistic fuzzy
logic (IFL), and of other logics For example, suppose there are 10 voters during a voting process In time t1, fivevote \yes",

three vote \no" and two are undecided, using neutrosophic notation, it can be expressed as X1(0.5, 0.2, 0.3) In time t2, four
vote \yes", two vote \no", and three are undecided, it then can be expressed as (0.4 0.3, 0.2). the notion of neutrosophic set
is more general and overcomes the aforementioned issues. In neutrosophic set, indeterminacy is quantified explicitly and
truth-membership, indeterminacy- membership and falsity-membership are independent. This assumption is very important
in many applications such as information fusion in which we try to combine the data from different sensors. The
neutrosophic set takes the value from real standard or non-standard subsets of ]—0,1+[. So instead of ]—0,1+[ we need to
take the interval [0,1] for technical applications, because ]-0,1+[ will be difficult to apply in the real applications such as
in scientific and engineering problems. For software engineering proposals the classical unit interval [0, 1] is used. For
single valued neutrosophic logic, the sum of the components is:

case (1) 0< t+i+f <3 when all three components are independent;

case (2) 0 <t+i+f <2 when two components are dependent, while the third one is independent from them.

case (3) 0 <t+i+f <1 when all three components are dependent.

5. Case Study

The case study discusses a The Publishing house for books , It currently offers a collection of books for purchase, Each
customer is asked to rate the book when he read it, When the publishing house makes statistical survey To measure the
performance of their business such that Publishing house for books analyzes the revenue of the books based on the age of
the customers or stores or measure the performance based on rating of customers it is found that the proportion of persons
did not give a specific answer (undecided). Their answer is not belong to a certain class or not belonging to this category,
This percentage has not been taken into account for it found that there is ambiguity in the data became unclear ,for example
the book "Scientific Miracles in the Holy Quran " some of people classify this book to scientific category and some of
people classify it to religious category and others not decided(not sure) if this book belong to scientific category or religious
category. so they didn't give a specific answer. Now we have three answers membership, Non Membership and
Indeterminacy. Neutrosophic Sets to solve this ambiguity in the data and taking the opinion of indeterminacy into account
and gave them the degree. for example: the Neutrosophic set " scientific books " might contain the following tuples:"
scientific books " = {" Scientific Miracles in the Holy Quran " , < 0.7,0.1,0.2 >}< 0.7,0.1,0.2,> which 0.7 is represented
the membership degree of this book to scientific books genre, 0.2 is represented the non membership degree of this book
to scientific books genre and 0.1 is represented the indeterminacy degree of this book to scientific books genre. so we must
integration neutrosophic fuzzy concept to data warehouse.
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6. Neutrosophic Fuzzy Data Warehouse

In order to create a neutrosophic data warehouse, a method is presented that can guide the transformation of a classical data
warehouse into a neutrosophic data warehouse. The input to the method is a classical data warehouse and the output is a
neutrosophic data warehouse. This approach is allows integrating neutrosophic concepts without the need for redesigning
the core of a data warehouse. By using this neutrosophic data warehousing approach, it is possible to extract and analyze
the data simultaneously in a classical manner and in a neutrosophic manner.

For example, books might be classified into different genres. In the classical data warehouse, a book always belongs or
not belong fully to one or more genres the numbers of the interval [0, 1] where 1 implies full belonging and 0 implies no
belonging at all. In reality, books can often be categorized into several genres while belonging or not belonging more to
one genre than to another with different degrees. A book “can be a scientific book, a religious book, a political book, a
social book or a literary book and so on. In this classification it belonging at the same time to one or more genre but with
different degrees and it not belonging with different degrees, and also has indeterminacy degree. In order to truly represent
this ambiguity in classification the neutrosophic set theory can be applied therefore, the Publishing house classifies the
books with a neutrosophic concept.

The following figure show convert classical data warehouse into neutrosophic data warehouse:

NPUT (&) |  Processin ' SuTPUT (8]

System Meutresephic
- )
Datas Warshouse
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| ‘R

—& - AoR =B Ty Cranny Y, [
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Figure 1: convert classical data warehouse into Neutrosophic Fuzzy Data warehouse

6.1. Basic Definitions of Neutrosophic Fuzzy Data Warehouse

In this section we introduce and study the following definitions of Neutrosophic Data Warehouse.
6.1.1 Definition (Neutrosophic fuzzy data warehouse (NDW)).
A neutrosophic fuzzy data warehouse model is a set of combination of four types of tables .these are (Dimension tables
(D), Fact tables (F), Neutrosophic Classification Tables (NCT) and Neutrosophic Degree Tables (NDT)) and it is
represented by NDW. NDW = {D, F, NCT, NDT}
6.1.2 Definition (Neutrosophic Fuzzy Table (NT) ).
Neutrosophic Table is the table which contain a neutrosophic target element and the table may be dimension table or Fact
table.
6.1.3 Definition (Neutrosophic Fuzzy Target Element (NTE)).
Neutrosophic Target Element (NTE) is the elemet may be in in a Fact table or a dimension table which required to be
classified in neutrosophic.
6.1.4 Definition (Class Neutrosophic Fuzzy Target Element (CNTE) ).
A class neutrosophic Target element (CNTE) for a neutrosophic Target element (NTE), it's all possible values (linguistic
terms) for a neutrosophic Target element.
6.1.5 Definition (Neutrosophic Fuzzy Degree (ND) ).
All values for neutrosophic Target element belong to a certain neutrosophic degree to a class neutrosophic which
neutrosophic Target element belong . The degree of belonging to a value to class neutrosophic is called neutrophic degree.
6.1.7 Definition (Neutrosophic Classification Table (NCT)).

A table that holds linguistic terms (neutrosophic classes and it consists of two attribute (a primary key of the table and a
class neutrosophic target element which can be classified neutrosophic), NCT = {PK, CNTE}

6.1.8 Definition (Neutrosophic Fuzzy Degree Table (NDT) ).
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A table that stores the degree of each linguistic term is called neutrosophic degree table,it has contain four attributes: (the
primary key of the table, the foreign key of neutrosophic table which contain neutrosophic target, the foreign key of
neutrosophic classification table and neutrosophic degree of each linguistic terms for linguistic variable (neutrosophic
target)). NDT= {PK, FK NT, FK NCT, FK NDT}

6.2. Neutrosophic Date Warehouse Model

In addition to the classical analysis in a data warehouse, The Publishing house for books needs some features that are
available using neutrosophic concepts. For integrating neutrosophic concepts into a data warehouse, one must first analyze
which elements in the data warehouse should be classified neutrosophic. The element may be an element in the fact table
or an element in a dimension table. An element that has to be classified neutrosophic is called the neutrosophic target
element (NTE). The steps are the follow:

1) First step: identify what should be classified to identify the neutrosophic target element.

2) Second step: identify the set of linguistics terms that are used for classifying the neutrosophic target element. Repeat
this step for all neutrosophic target elements.

3) Third step: define a neutrosophic function for each linguistic term. Repeat this step for each linguistic term.

4) Forth step : create Neutrosophic classification table which holds classes of neutrosophic target element (linguistic terms)
and it contain two attribute one is the primary key of the table and second is the class neutrosophic target element.

5) Fifth step : create Neutrosophic degree table which holds neutrosophic degrees fo each linguistic term and it contain
four attribute which the first attribute is the primary key of the table, the second attribute is the foreign key of the
neutrosophic table, the third attribute is the foreign key of Neutrosophic classification table and the fourth attribute is the
neutrosophic degree (ND) attribute for the neutrosophic target element ,The values of neutrosophic degree attribute are
calculated by neutrosophic functions ( represented by <T,|, F > where T is the membership degree of element to a set A ,
F is the non membership degree of element to a set A and | is the degree of indeterminacy element to a set A.
6) sixth step : Relate neutrosophic table with neutrosophic classification table and neutrosophic degree table with each
other.
The following figure represented Neutrosophic Date Warehouse Model:

- ™~
Neutrosophic Date Warehouse Model

|Step One: |dentify Neutrosophic Target Eelment (NTE1

v
| Step Two: Identify Linguistic Terms |
7
|Step Three: Define Neutrosophic Function (NF) |
Step Four : Create NCT
L4
Step Five : Create NDT

<
Step Six : Relate NT,NCT,NDT

. >y

Figure 2: Neutrosophic fuzzy data warehouse Model
6.2.1 Dimension Book

The books are classified into different genres. In the classical data warehouse, a book always belongs to interval [0,1]
where 1 is implies to belonging degree of the book fully to one or more genres and 0 is implies to not belonging degree of
the book to one or more genres. In reality, books can often be categorized into several genres while (belonging,
indeterminacy, not belonging) more to one genre than to another at the same time. For Example, the book "Scientific
Miracles in the Holy Quran" can be classified scientific and Religious, but more strongly scientific (membership) ,and can
be classified not belonging to one or more genres by different degrees (non membership) and also the book have the
indeterminacy degree. With the classification in the classical data warehouse approach, the published house cannot classify
the books into different genres. Therefore, the published house classifies the books with a neutrosophic concept
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- First the book genre is defined as neutrosophic target element.

- The second step is to identify the linguistic terms. In this case, the linguistic terms are the different genres to which the
books belong. These genres can be extracted from the dimension category in the book dimension.

- In the third task is to identify the neutrosophic functions for each genre has to be defined

After identifying neutrosophic target element, linguistic terms and their neutrosophic functions,

- forth step is to create neutrosophic classification table holds the genres as class neutrosophic element.

- Fifth step is to create neutrosophic degree table contains neutrosophic degrees for each neutrosophic target element
corresponding to class neutrosophic elements.

-finally, sixth step is to relate the neutrosophic classification table, the neutrosophic degree table and the neutrosophic table
to each other.

The following Figure show neutrosophic concept in book dimension:

@ [PK_Neutrosophic Degree_BookGenre] Neutrosophic Class_BookTable *
[FK_Neutrosophic Class_Book] = = ¥ [PK_Neutrosophic Class_Book]
FK_Book [Neutrosophic Class]

[Neutrosophic Degree]

Neutrosophic Concept

(" ™y
i dim.author
lome——————a
dim.book * % Plk_Author
® Pk_Book MName
Narme
Fk_sAuther
Fk_Category
dim.category
o=

e | ® Pk_Category
Category

Dimension Book

Figure 3: Neutrosophic Concept Book Genre
The following figure shows result sets of apply neutrosophic concept in book dimension

BookID  Name Neutrosophic Class ~ Membership Degree
[ Scientific Miracles in the Holy Quran scientific w <06,01,03
1 Scientific Miracles in the Holy Quran religious w ¢05,02,03>
2 Political Islam and the coming battle political w 207,01,02»
2 Political lslam and the coming battle religious w 06,01,03
3 perhaps you laugh social w 204,03,03>
3 perhaps you laugh Comic w 206,02,02>
5 Soft hands romantic w 20.7,0,03=
§ Soft hands Comic w 2 03,02,05
] Astronomical calculations and scientific applications in the service of lslamic law ~— scientific w 207,070,005
] Astronomical calculations and scientific applications in the service of lslamic law ~ Fiction w <04,01,05>

Figure 4: Result Set of Apply Neutrosophic Concept Book Genre

6.2.2 Dimension Customers A data warehouse contains the dimension customer, each customer has the attributes name,
address and birthday. From the attribute birthday, the age of the customer can be calculated using the function today
birthday
dim.customer

% PE_Customer
Marme
Birthday
Address

Figure 5: Dimension Customer
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The published housing is interested in analyzing the revenue based on customers ages therefore, the publishing house
classifies the customers ages with a neutrosophic concept in the following steps:

- The first step "The neutrosophic fuzzy target element is the customer age.

- The second step is to identify the linguistic terms for customer age. In this case, the linguistic terms for linguistic variable
(customer age) are (old, middle, young) where old: customers more than 60

Middle: customers between 20 and 60, Young: customers less than 20
- The third step is to identify the neutrosophic functions for each linguistic term.

the publishing house defines the neutrosophic function that transform the age of customer into neutrosophic degrees by
calculating neutrosophic function which represented by N=< p1 4,0 4,v 4 >

Where p, is the membership degree (belonging degree), o 4 is the indeterminacy degree and v 4 is the non-membership
degree (not belonging). The membership function depends on the customer age is the following

For example, if the customer age is 26 years old, it is transformed to term Young N ., (26) =<0.4,0.3 ,0.3> and term
Middle N . (26) = <0.6,0.2 ,0.2> and term Old N(26) = <0, 0.1, 0.9 >

e membership degree of age 26 years old to Linguistic term young as fellowftyg,ng(26) = 0.4 and linguistic
term Middleptigaieqg((26) = 0.6 and linguistic term Old p,14(26) = 0.0
e Non membership degree of age 26 years old to linguistic term young as fellow 9y,,,4(26) = 0.3 and linguistic
term Middle 9,,,;441¢(26) = 0.2 and linguistic term Oldd,;4(26) = 0.9
e indeterminacy degree of age 26 years old to linguistic term young as fellow 679y5,4(26) = 0.3
and linguistic term Middle 6,,;441¢(26) = 0.2 and linguistic term Old 64;4(26) = 0.1
After identifying neutrosophic target element, linguistic terms and their neutrosophic functions,
one neutrosophic classification table (NCT) which holds category of customers ages (set of linguistic terms (old , middle ,
young ) as class neutrosophic target element.
-Fifth step is to create neutrosophic degree table (NDT) contains neutrosophic degrees for each linguistic term
corresponding to class neutrosophic target elements.
- Sixth step and final task, is to relate the neutrosophic classification table, the neutrosophic degree table and the
neutrosophic table to each other.
The following figure gives dimension customer in neutrosophic concept

BooklD Book Name T ]

I StficMradesin e Holy Qwen witfic (0

Puic W andhecomin pofic

pehagsoulaugh o

N wigos A0
St band mmantc 201

o it 3

bo|b et caleions andscetfc ppcationsn e sece f i

Figure 6: Neutrosophic Concept Customer age

The following figure show the input data in customer dimension in classical data warehouse
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Customer ID Customer Name Age Class"Old" Class"Middle" Class"Young"

1 Samy Ghareeb Bondok | 59 | <09,0.1,0> |<0.1,02,07>| <0,03,0.7>
2 Walaa Samy Bondok 20 |<00,01,09> <0,0.2,08> <1,0,0>

3 Marwa Fawzy Abbas 36 <0,05,05> <1,0,0> <0,03,0.7>
4 Mohamed Samy Bondok| 25 | <0,0.1,0.9> |<05,0.2,03>(<05,03,0.2>
5 Rana Alaa Hamoda 66 <1,0,0> <0,02,08> | <0,01,09
6 Ayoub Ahmed 6 <0,01,09 | <0,02,09 <1,0,0>

7 Omnia Hassan Osman 42 <0,05,05> <1,0,0> <0,03,0.7>
8 Ali Mohsen Ali 33 |<0,05,05>| <1,0,0> <0,03,0.7>
9 Brouj Ahmed 9 <0,01,09> | <0,0.2,08> <1,0,0>

Figure 7: Input Date in Classical Data Warehouse in Dimension Customer
The following figure show how to construct neutrosophic analysis of dimension customer

egree_Customer Table *

@ [PK_Meutrosophic Degree_AgeCustomer]
[FK_Neutrosophic Class_AgeCustomer]
FK_Cu

[Neutrosophic Degree]

Neutrosophic Concept

dim.customer *
¥ PK_Customer
MName
Birthday
Address

Dimension Customer

Figure 8: Result Set of Apply Neutrosophic Concept Customer Age

6.2.3 Fact

Fact

% PK_Fact
FE_Year
FK_Book
FE_Store
FE_Customer
FK_Employee
FK_Type
Rating

Revenue

Figure 9: Fact Table

Customers are asked to rate every book when they read it. The rating of the book in the fact table As the rating is always
between 0 and 10. The published housing for books uses this customer rating to evaluate the books into good, bad books.
For this neutrosophic concept, the steps are the following:

The first step "The neutrosophic target element is the rating attribute in the fact table.
The second step is to identify the linguistic terms. In this case, the linguistic terms for customer rating are (good , bad)
rate .

In the third task is to identify the neutrosophic functions for each linguistic term.

The publishing house defines the neutrosophic function as follows:

For example, if a customer rate a certain book 6 from 10 transformed to term good N good =<0.6,0.1,0.3>and term
bad Mpgqg = <0.4,0.2,0.4> and

Membership degree of rate (6) to Linguistic term good as fellow fg404(26) = 0.6 and linguistic term bad [peq(26) = 0.4
Non membership degree of rate (6) to linguistic term good as fellow 9 4004(6) = 0.1 and linguistic term bad 95,4(6) = 0.2
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Indeterminacy degree of rate (6) to linguistic term good as fellow 6 44,4(6) = 0.3 and linguistic term bad 6p44(6) = 0.4

After identifying neutrosophic target element, linguistic terms and their neutrosophic functions,

one neutrosophic classification table which holds the linguistic terms as class neutrosophic target element (good , bad ) is
created then The neutrosophic degree table contains neutrosophic degrees for each neutrosophic target element
corresponding to class neutrosophic elements. For final step, the neutrosophic classification table, the neutrosophic degree

table and the neutrosophic table have to be related to each other
. The following figure show how to apply neutrosophic concept in fact table:

Book D

Book Name

Class Good'

(Class Bad"

1 Scientiic Miracles n the Holy Quran

<.0,0

<0,01,08>

PoliticalIslam and the coming batfle

<08,01,01>

<02,02,08>

perhaps you laugh

04,0105

<06,02,02>

Soft hands

<0,01,09>

<1,0,0°

Astronomical calculations and sclentic appiications inthe service of slamic law| 3

<0,01,09>

<1,0,0°

The following figure show input data in fact table in classical data warehouse

Figure 10: Neutrosophic Concept Fact Rating

@ [PK_Neutrosophic Degree_FactRating]

[FK_Neutrasophic Class_FactRating] o
FK_Fact

[Neutrosophic Degree]

Neutrosophic Class_FactRatingTable *
% [PK_Neutrosophic Class_FactRating]

[Neutrosophic Class]

utrosophic Concept J

ra

o]

Fact*

¥ PK_Fact
FK_Day
FK_Book
FK_Store
FK_Customer
FK_Employee
FK_Type
Rating

Revenue

Fact Table

y

Figure 11: Input Data In Classical Data Warehouse in Fact Table

The following figure shows result set of apply neutrosophic concept in Fact table:
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Book Name

Rafing

Class Good

Class'Bad

1 Seientfc Miracles n the Holy Quran

<00

<0,01,08°

Polticallslm and the coming hate

<08,01,0.05

<02,02,08>

<04,01,05>

<0§,02,02>

Sof hands

Astronomical calculaions and scientifc applications inthe service o Isamic law

<0,01,09°
<0,01,09°

Figure 12: Result Set of Apply Neutrosophic Concept in fact rating
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7. Olap Operations in Crisp Data Warehouse:
Codd, E. F. defined [8] the specialized OLAP operations drill-down, roll-up, slice and dice. According Codd and the OLAP
Council [27] the OLAP operations called classical data warehouse operations, can be described shortly as follows:
e  The Roll-up operation consolidates the values of a dimension hierarchy to a value on the next higher level.
e The Drill-down operation is used to navigate from top to bottom in a dimension. It is the opposite operation of the
Roll-up operation.
e The Slice operation extracts a subset of values based on one or more dimensions using one dimension attribute to
define the subset.
e Dice operation extracts a subset of values based on more than one dimension using more than one dimension
attribute to define the subset.
Vassiliadis [12] proposed a notation of basic cube, cube and multidimensional database as follows :
7.1 Definition (Basic Cube):
A basic cube [27] is as a 3-tuple (D, L, Rp); where D = (Dj,......... ,Dn, M) is a list of dimensions D and a measure M in a
fact, L =(DL,,......... ,DLn, ML ) is a list of dimension levels DL, aggregated measures ML and R; is a set of cells x =

5 ST , Xn, m}, where x, € dom(DL;) and m € dom(ML) represents the instance values of the basic cube.
Example 1, The example considers a data warehouse with a fact table containing the fact revenue and three dimensions
region, Product and time. The hierarchies for the dimensions are as follows:

e  region: store — city — region

e  Product: book

e time: day — month — year
a basic cube may take the following form: ( < region ,Book, time, revenue >,< city, book, day, aggregated revenue >, R )
where D is the dimensions region, Book, time, revenue >, L is the dimension levels < city, book, day, aggregated revenue
>and R : set of cells represented by Figure 2.

Book Region Time Revenue
book A cairo jan 1 620
book A cairo jan 2 420
book A Alex Feb 1 300
book A Alex Feb 2 450
book B cairo jan 1 310

Figure 13: Ry, of Basic Cube
7.2 Definition (Cube ):
A cube [28] is a 4-tuple < D, L, Cy,, R > where D = < Dy,..,Dn, M > is a list of dimensions D and a measure M in a fact, L
= <DL,y,..,.DL, , ML > is a list of dimension levels DL and aggregated measure ML, Cy, is a basic cube and R is a set of

cells x = {xi,..., Xn, m}, where X, € dom(DL) and m € dom(ML) represents the instance values of the cube. A cube can
therefore be denoted as (< region, product, time, revenue >, < city, book, month, aggregated revenue >, (< region,
product, time, revenue >,< city, book, day, aggregated revenue >, Ry ), R ) where Ry, is represented in Figure 12 and R in
Figure 13.
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book Region Time Revenue
book A cairo January 1040
book A Alex February 750
book B cairo January 310

Figure 14: R of Cube

The aim of defining a cube and a basic cube is the traceability of operations. Suppose that a data warehouse operation will
calculate the average yearly revenue of books based on the cube with monthly revenues. It is necessary to go back to daily
revenue, the lowest granularity, in order to give a meaningful result on yearly level. If the basic cube of the cube monthly
revenue is not known, it is not possible to go to a lower level. No prediction can be made how the daily revenues have been
aggregated to monthly

revenues. Therefore, one can say that every cube representing a data collection in the data warehouse owns a basic cube
which contain the lowest granularity of a dimension [23].

7.3 Definition (Multidimensional database):
A multidimensional database is a couple <D, C > where D is a set of dimensions and C is the basic cube representing the
lowest granularity [12] .
Every OLAP operation defined below will have the following characteristics
e To identify the level / of the dimension d we will use d./ such as time.year
e The dimension and dimension level are merged using a dot notation into one variable in order to simplify the
operation. Therefore, a dimension can be specified as D = time or with including a dimension level as D = time.
month.
e The dot notation can be extended in order to integrate other category attributes. A full path to a dimensional
attribute month in dimension level month of dimension time can be specified as D = time. month. month.
The definition of a cube is adapted as follows:
7.4 Definition (cube (C))):
A basic cube [13] is a 3-tuple <D, M, R > where D= (Dy,........ ,Dn) is a list of dimensions, dimensions levels separated
by adot, M isan aggregated measure (in a fact) and R is a set of data tuples x = {X ,.............. , Xk, m}, where xx € dom(D)

and m € dom(M) representing the instance values of the cube.the following figure represent a cube for three dimension
year , books , city and measure revenue:

Time
2016
Books — 2
Scientific Books 50 1200 50 {
|
religi oo 50 5 }
Political Book 0 850 0 | [
— |
Social Books 800 70 S ¥ |
terary Books 9S00 5 600 ]
airo Portsaid L[ — City

Figure 15: Cube

Once we have the structure of the multidimensional model, we need the operations to analyze the data in the Data Cube.
Over this structure we have defined the normal operations of the multidimensional model such as Roll-up, Drill-down,
Slice and Dice .

7.5 Roll up Operation in Classical Data Warehouse:
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The roll-up operation is used to navigate a dimension upwards. Agrawal, Gupta and Sarawagi [29] defined a roll-up
operation as a special case of their merge operation that it is executed on one dimension. For the dimension region a roll-
up operation is executed when the dimension level store is aggregated to the next higher level city, and dimension level
day is aggregated to the next higher level month. An example would be a cube C that is a subset representing the daily
revenues, the revenues aggregated to the lowest hierarchy level of dimension time. Cube C can then be merged into a cube
C’ that is a data set representing the monthly revenues.

7.5.1 Definition (Roll-up):

Roll up (C,D', fp, fn) = C’; where C is a basic cube, C' is anew cube after applying roll up operation, D’ is the dimension
of higher level , fp is the dimension merge function and f, is the measure aggregation function. The domain (domp) of D
domp(C) is a set containing the dimension instancesd, domp(C’) is calculated by applying the function fp on the dimension
d of domp(C). domp(C") = {fp(d)=d' |d € domp(C)},d € D, €Ed'EE D'. The measure mc(d) of each instance d is calculated
by applying the function f, to each mc(d) in regards to the aggregation function fp.

d ={janl, jan2,......... jan31} € D, D = {di, dy, d3, ........ }, d" = {jan} € D', D' = {jan, feb, mar, ...... }={d"1, d'2, d's,........ }
mei(d) = fu({t | t = mc(d) * fo(d) = d'}). dom ¢(C" ) = doMgime:montn(C") might be the set {January, February}, The instances
of domiime:month(C'") are composed of instances of domy(C) = domiime:day(C) = {January 1,......, January 31, February 1,.....,
February 28},The function fp defines {January 1,....... , January 31} —January and {February 1,....., February
28} —February.

C’ = roll up(< time.day, revenue, S >, time.month, f;, Sum Revenue) rollup the daily revenue to monthly revenue where C
= < time.day, revenue, S >, D’ = time.month, fy = function on dimension time to transform lower level day to higher level
month ex {January 1,....... ,January 31} —January and f,, = sum of revenue per month for example The revenue of January
1 might be m¢ (Januaryl) = 6000 and January 31 mc (January31) = 5000, The function fi, is defined as summation the
revenue of January is calculated as mc (January) = 6000 + 5000 = 11000.

7.6 Drill-down Operation in Crisp Data Warehouse:

With a Drill-down operation, values in a dimension level will be decomposed in values of the lower dimension level. This
operation is used to reveal more detailed levels of data in a dimension. Drill-down is the opposite operation of roll-up. To
be able to perform a drill-down, how the category attribute instances are compound from the lower hierarchy level instances
must be known in advance. Considering the revenue of the year 2010 cannot drilled-down to monthly revenue, if the
revenue of every month in 2010 is not known in advance. Otherwise, one can decompose the revenue of 2010 in infinite
ways. A roll-up operation defining the aggregation functions and the value instances of the higher hierarchy level has to be
executed before a drill-down operation [27].

Hence, the drill-down operation can be considered as a binary operation and formally be defined as:

7.6.1 Definition (Drill-down).

Drill down(C',D", f'p ,f1y ) =C"; where C" is anew cube after applying the operation drill down , D" is the dimension of
lower , C'=roll up(C,D’, fp, fin) and f'p, f''y are the inverse function of fp respectively fi. The following figure shows
the roll-up and drill-down operation in a cube:

__ Year
- ";’_O__i‘" P 7
o
2014748 Es Drill down
Scientific Books 1500 | 1200 | 950 20131015
Roll up
Religious Books 950 1000 | 750 Chemistry Experiments 350
Political Books 1100 | 850 1200 Blood Work 350
Social Books 800 700 550 Computer Science 50
Literary Books v 900 650 600 Cairo Alex  Portsaid
Product=— — —» City
Cairo Alex Portsaid

Figure 16: Roll-up and Drill-down Operation in a Cube
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7.7 Slice Operation in Crisp Data Warehouse:

Slice is the act of picking a rectangular subset of a cube by choosing a single value for one of its dimensions. The slice
operation cuts out a slice from a data cube in the multidimensional space of a data warehouse. For example, the cube C
=(< time.year, product.book, region.city >, revenue, R) can be sliced using the value 2014 for the dimensional attribute
year. This will extract the revenue by all books category achieved in 2014 in each city .A slice operation can formally be
defined as:

7.7.1 Definition (Slice):

slice(C, dm) = C'; where C is a cube ,C' is anew cube after applying the slice operation and dn Edom(Dy,) is the element
instance that slices the cube. For extracting the revenue of all books category in all cities in 2014, the slice operation would
be defined as follows: slice ( C = < time.year, product.book, region.city >, revenue, S >, d,, = time.year.year =" 2014").
The following figure 6 shows the slice operation in a cube:

Year
?.197, 2014 /g
cUL0,
2014 /E 5

Scientific Books| | 1500 § 1200 | 950
Scientific Books | | 1500 | 1200 | 950 g
Slice Religious Books| | 950 | 1000 | 750
Religious Books 950. | 1000 | 750
olitical Books 1100 | 850 1200
Political Books 1100 | 850 | 1200
Social Books 800 | 750 550
Social Books 800 700 | 550
Literary Booksv op0 | 630 | 600

Literary Books V 900 650 600

—
Cairo Alex Portsaid
Product— = City ' T

Cairo Alex Portsaid

Figure 17: Slice Operation

7.8 Dice Operation in Crisp Data Warehouse:

The dice operation produces a sub cube by allowing the analyst to pick specific values of multiple dimensions. The Dice
operation cuts out a dice from a data cube in the multidimensional space of a data warehouse. Slicers in a dice are combined
using the logical operations AND, OR or NOT. The dice operation can formally be defined as follows:

7.8.1 Definition (Dice).

Dice (C,{dm,......... , di}, {fmyeeennen. , fici}) =C' ; where C is the cube, C' is acube after applying the dice operation,
Vn€{m,........ , k}:d, € dom(Dn) are the element instances that slice the cube and VX € m,....... , k-1 : fx € {AND, OR,
NOT} are the logical operator that combine the slicers in a way that dm fin fm+1 ,......, dic1 fici dk. As an example of a dice
operation, the cube C =( < time.year , product.book , region.city >, revenue, R ) can be diced in order to show the revenue
of category of books( scientific ,religious and political ) in city cairo and, dice = ( < time.year, product.book, region.city

>, revenue,S >, < product.book = "Scientific" or " religious" or "political", regon.city = "Cairo"or"Alex">,
{AND,AND}).The following figure 18 shows the dice operation:
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yra
\I- ’
2014 ¥
Scientific Books 1500 | 1200 | 950 )
Dice
Religious Books 950 | 1000 | 750
Political Books 1100 | 850 | 1200
Political Books | 1100 | 850
Social Books 800 700 | 550 =
Cairo Ale
Literary Books v 900 | 650 | 600
Producte—— - =» City
Cairo Alex Portsaid

Figure 18: Dice Operation

8. Aggregation of Neutrosophic Fuzzy Concepts:

Aggregating of data in a data warehouse affects the neutrosophic concepts that classify data. Data is grouped together in a
more dense view or split to reveal a more detailed view. The grouping is defined by the aggregation function that is often
a summation, a maximization, a minimization, a count or an average function. This aggregation function is fundamental to
the standard data warehouse operations. In order to be able to classify aggregated data, the neutrosophic concepts have to
be aggregated too. In the next sections, two methods for aggregation of neutrosophic concepts are discussed. The first
method is redefines the neutrosophic concept with the aggregated data instances as the new neutrosophic target element.
for each dimension level, one neutrosophic degree table is created for the aggregate neutrosophic concepts. The class
neutrosophic target elements are reused from the base neutrosophic neutrosophic concept containing the class neutrosophic
target elements and a neutrosophic function is specified Therefore, this method is described not aggregating values. the
second method is aggregates the neutrosophic degree instances of the neutrosophic concept to a more dense view. Each
method is illustrated using an example.

7.5.1 First Method '"Redefine of Neutrosophic Fuzzy Concepts for Aggregation Data":

A possible solution for aggregation of the neutrosophic concept onto another dimension hierarchy level. Redefining of a
neutrosophic concept does not take the neutrosophic degree values into consideration. The linguistic terms and the
neutrosophic functions are applied to a new hierarchy level. The neutrosophic degrees are recalculated based on the new
neutrosophic target element. Neutrosophic degrees from the neutrosophic concept on the lower hierarchy level are not
taken into consideration. for example , To redefine the neutrosophic concept store surface from dimension hierarchy level
store, the neutrosophic concept is created on the level city. The neutrosophic classification table (NCT) is taken from the
original neutrosophic concept. Whereas, the neutrosophic degree table (NDT) has to be newly created for the new
neutrosophic concept. This is due to that new neutrosophic functions are calculating the neutrosophic degree based on the
new neutrosophic target elements. These newly calculated neutrosophic degree are stored in the new NDT.

for example 2. To the dimension store a fact table is added. The fact table contains a measure revenue and the primary key
of fact table and the foreign key relation to the store table (FK_store). A neutrosophic concept is added having revenue as
the neutrosophic target element. Store A and B earned multiple revenues of 2500 for store A and 4500 for store B. For
every revenue a new instance is stored in the fact table. The total revenue of a city is the sum of all revenues earned by
stores. Each revenue has a neutrosophic degree for each linguistic term in the neutrosophic concept revenue
(N high, M middle, Mlow). For the city hierarchy level the revenues are aggregated to the city Cairo and we want to
classify revenues of level city. For do that the neutrosophic concept including the neutrososphic degree table must be
defined on city level. The neutrosophic target element for this neutrosophic concept is the city revenue and neutrosophic
class for store revenue is reused for city revenue
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Mhigh=<0.6,0.1,0.3>
MNmiddle=< 0.3, 0.2, 0.5>
MNDT Miow -« 0.1, 0.1, 0.8~

Citv R City Cairo
x PYRNLI&
l Y N R = 7000

Dimension Kegion

p—
NDT /
\EEDTE A B
5tore Revenue R = 2500 R = 4500
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Mhigh=<0,0.2, 0.8> Mhigh=<0.6,0.2 ,0.2=
N Mmiddle =< 0.5, 0.1, O.b> MNmiddle =< 0.4, 0.1, 05>
MNiow=<0.7,0.1,0.2> Miow=<0.2,0.1,0.7>
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Figure 19: Dimension Store and Fact Revenue with Neutrosophic Concepts

the idea of reuse the neutrosophic classification table of the base concept to reduce the amount of extra tables and to limit
the resources in the neutrosophic data

7.5.2 Second method: Aggregation of Neutrosophic Concepts

The second method is to aggregate the neutrosophic degree of each neutrosophic target element instance into a next higher
hierarchy level. Each value of the next higher hierarchy level is composed of a set of value from the neutrosophic target
element .a neutrosophic degree for each instance of the next higher hierarchy level can be considered as aggregation of the
neutrosophic degree of the lower level. In order to illustrate the aggregation of neutrosophic concepts, consider the
following Example 2. A data warehouse contains a dimension store with two category: store and city. All stores are
aggregated to the corresponding city. For all stores their area is measured and added to the dimension as dimensional
attributes on level store. Considering Lehner [16], dimensional attributes can be aggregated on higher hierarchy levels,
similarly as it would happen for measures. Therefore, the store area can be aggregated to the level city. a neutrosophic
concept with store area as neutrosophic target element is defined. The neutrosophic concept classifies the area as big,
medium and small. In example 1, the average store area of a city can be calculated by aggregating the area of all stores in
a city with an average function. In order to apply the neutrosophic concept store area on the level city, the neutrosophic
degree have to be aggregated. By the foreign key relation of stores to cities, it is known which store areas are aggregated
to a distinct city area. the neutrosophic degree on level store can be identified that aggregate to a neutrosophic degree on
level city. An additional aggregation function can then be defined that aggregates the neutrosophic degree of the stores to
the neutrosophic degree of the city. In the case of store area, the arithmetic average of the neutrosophic degree of each class
neutrosophic can be used to generate the corresponding neutrosophic degree for the cities. The dimensional attribute area
is aggregated using an average function and therefore an aggregation of the neutrosophic concept using the arithmetic
average . In this case, no additional tables have to be created. For example: A city Cairo contain 2 store A and B, A

neutrosophic concept apply in store area ,the area of store A is 90 meter square with neutrosophic degree Mig =
(0,0.4,0.6) , Npedium = {0,0.6,0.4), Nyman = (1,0,0) and the area of store B is 270 meter square with

neutrosophic degree Np;g= <0.7,0.1,0.2 >, Npedium = < 0.7, 0.2, 0.1 > Ngmay =<0, 0.6, 0.4 >, here need to

do roll up operation from level store to a higher level city ,this is done by two steps:
1) the city (cairo) area is aggregated using an average function = (90+270) /2 = 180 meter square

2) the neutrosophic degree for city area is aggregation of the neutrosophic concept using the arithmetic average such as:
ubigx90 + pbig*270 obig*90 + ogbigx270 Vbig+90 + Ibig*270

Npi = <
big 360 ’ 360 ’ 360
0%90 + 0.74270 0.4%90 + 0.1%270  0.6¥90 + 0.2+270
=< , , >=<0.525 ,0175,0.3>
360 360 360
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N — - pmedium#90 + pmedium#270 omedium#+90 + cmedium+*270 Ymedium*90 + Ymedium=*270
medium ~ 360 ’ 360 360

0%90 + 0.7%270 0.6%90 + 0.2%270 0.4%90 + 0.1%x270
=< , , >=<0.525,0.3,0.175>
360 360 360
usmall*90 + usmall*270 osmall*90 + osmall*270 Ysmall*90 + Ismall*270

N, =<
small 360 ’ 360 ’ 360
1%90 + 0%270 0%90 + 0.6%270 0%90 + 04270

=< ) ) >=<0.25,045,0.3>
360 360 360

The following figure 8 shows that the second method for aggregation neutrosophic concept in dimension store :

)

Nus{180) = <0.525, 0.175, 0.3>
N-nndlu'r.(1 80} = <0525, 03, 0.175=

MNaman(180) = <0.25, 0.45, 0.3> Dimension Region

Cairo(180)
. r’/r \-,

pa o o= . - .

| Y \ (keutrosophic |

l\Sture A {90?/ .:_F‘-to re B {2?0’}{.}- | Co:c :;c-ﬂ c

R S "H-\._\__\_____‘-" /T —— i
o Y Area i
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Figure20: Aggregation of a Neutrosophic Concept

8. Olap Operations in Neutrosophic Data Warehouse :

the classical data warehouse operation can be extended to support neutrosophic concept. neutrosophic concepts can be
treated as dimensional attributes. Lehner [2] defines multidimensional objects that are capable of aggregating dimensional
attributes and takes them into consideration as segments for slice and dice operations. it is possible to aggregate
neutrosophic concepts and to use them as slicers for slice and dice operations. a fact can be aggregated over a dimension
hierarchy, the neutrosophic concept with the fact as neutrosophic target can be aggregated . The neutrosophic concepts on
facts can be considered as segmentation in slice and dice operation just as neutrosophic concepts on dimensional attributes.
When segmenting a cube with a neutrosophic concept, the class neutrosophic degree are the delimiter of a segment. In
order to discuss the classical operations, these characteristics of neutrosophic concepts have to be taken into consideration.
The definition of crisp cube is adapted to integrate neutrosophic concepts.

8.1 Definition ( Neutrosophic Fuzzy Cube (NC)):

A cube in neutrosophic data warchouse is composed of 4-tuple (D,N,M,S ); where D = (Di, D,,........ ,Dy) is a list of
dimensions, dimensions levels including the dimension attribute separated by a dot, N = (Nj, Na, ,Ny) is a list of
neutrosophic concepts with neutrosophic target that are either in (facts or dimension) or class neutrosophic target element
of neutrosophic concept separated by a dot, M is a measure in a fact and S is a set of data tuples x = {x,......Xp,

Nyererene ng ,m}, where x, € dom(D), Vnx € dom(N) and m € dom(M) representing the instance values of the cube. For
example: A neutrosophic concept is added to the fact revenue as neutrosophic target element. The neutrosophic concept
revenue contains three classes “low”, “middle” and “high” revenue and the book decomposed into several genre such as
(scientific, political, religious,.... so on ) and the dimension city with neutrosophic target area contain three neutrosophic
class ( Big , Medium , Small).

A Neutrosophic Cube is a binary operation which can be involved two steps as fellow:

1) select Crisp Dimensions.

2) apply the neutrosophic concept on the neutrosophic target element.

A neutrosophic cube can be: (< time.month, Region.city, Product.book>,< time.month.revenue, Region.city.area,
Product.book.genre >, revenue ,S). The neutrosophic concept revenue is propagated on dimension time on level month and
on dimension Region on level city and on dimension Product on level book. The result set of the neutrosophic cube are
tuples containing the aggregated revenue as follow:
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Book Name NCBook  |Neutrosophic Degres Book| City | HC.City Area | Neutrosophic Degree City Area | Month | Revenue | HC Revenue | Neutrosophic Degree Revenue
Scientific Miracles in the Holy Quran | Scientific Books |  <0.8,0.1,01% | Cairo |  Big <09,01,0¢ February | 6200 | High ¢0.7,01,02¢
Scientific Miracles in the Holy Quran | Scientific Books | <0.8,0.1,04> | Cairo | Big <09,01,0: February | 6200 | Middle <0.3,02,05:
Scientific Miracles in the Holy Quran | Scientific Books |  <0.8,0.1,01» | Cairo |  Big <09,01,0¢ February | 6200 | Low <0,03,07

Scientific Miracles in the Holy Quran | Scientific Books|  <0.8,01,0.1> | Cairo | Medium <0.1,02,0.7> February | 6200 | High ¢0.7,01,02¢

Scientific Miracles in the Holy Quran | Scientific Books|  <08,0.1,00% | Cairo | Wedium <0.1,02,0.7 February | 6200 | Middle <.3,02,05:

Scientific Miracles in the Holy Quran | Scientific Books | <0.8,01,0.1% | Cairo | Medium ¢01,02,07¢ February | 6200 | Low <0,03,07

Scientific Miracles in the Holy Quran | Scientific Books | <0.8,0.1,01> | Cairo | Small <(,02,08: February | 6200 | High <.7,04,025
Scientific Miracles in the Holy Quran | Scientific Books |  <0.8,0.1,01% | Cairo | Small ¢(,02,08: February | 6200 | Middle ¢0.3,02,05¢
Scientific Miracles in the Holy Quran | Scientific Books | <08,0.1,04> | Cairo | Small <(,02,08: February | 6200 | Low ¢),03,07¢
Scientific Miracles in the Holy Quran | Political Books | <03, 0.2,05 | Cairo |  Big <09,01,0¢ February | 6200 | High <0.7,01,02¢
Scientific Miracles in the Holy Quran | Political Books |  <0.3,02,05> | Caim|  Big <09,01,0> February | 6200 | Middle ¢0.3,02,05¢
Scientific Miracles in the Holy Quran | Political Books | <03, 0.2,05> | Cairo |  Big <09,01,05 February | 6200 | Low <),03,07¢

Scientific Miracles in the Holy Quran | Political Books | ¢0.3,02,0.5% | Cairo | Medium <(1,02,0.7 February | 6200 | High <0.7,01,02¢

Scientific Miracles in the Holy Quran | Political Books |  <03,0.2,0.5> | Cairo | Wedium 04,0207 February | 6200 | Middle <0.3,02,05:

Scientific Miracles in the Holy Quran | Political Books |  <0.3,0.2,05% | Cairo | Wedium ¢(.1,02,0.7 February | 6200 | Low <0,03,07¢

Scientific Miracles in the Holy Quran | Political Books |  <0.3,0.2,03> | Cairo | Small <0,02,08> February | 6200 | High <.7,04,022
Scientific Miracles in the Holy Quran | Political Books |  <0.3,0.2,05% | Cairo | Small <0,02,08: February | 6200 | Middle <0.3,02,05:
Scientific Miracles in the Holy Quran | Political Books |  <0.3,02,0.5> | Cairo | Small <(,02,08> February | 6200 | Low ¢0,03,07

Figure 21: S of Neutrosophic Cube

If N contains a class neutrosophic target element, By applying the third step (class neutrosophic target element ) in the
binary neutrosophic cube. A Neutrosophic Cube is a trinary which can be involved three steps as fellow :

1) Select Crisp Dimensions.

2) Apply the neutrosophic concept on the neutrosophic target element.

3) Apply the class neutrosophic target element.

For example : (< time.month, Region.city , Productbook>< time.month.revenue, Region.city.area.big,
Product.book.genre.scientific >, revenue ,S )

The following figure 10 shows the neutrosophic cube with class neutrosophic target (big city area) :

Book Name NCBook  |Neutrosophic Degres Book City NC.City Area | Neutrosophic Degree City Area | Month | Revenue | IC Revenue | Neutrosophic Deqree Revenue

Scientfic Miracles in the Holy Quran | Scientific Books |  <0.8,0.1,0.0> | Caio |  Big <(9,04,0% February | 6200 | High <(7,04,02>

Scientfic Miracles in the Holy Quran | Scientific Books |  <0.8,0.1,0.0% | Caio |  Big <09,04,0% February | 6200 | Middle ¢0.3,02,05¢

Scientific Miracles in the Holy Quran | Scientific Books | <0.8,0.1,0.0> | Cairo | Big <(9,01,05 February | 6200 | Low <0,03,07>

Figure 22: Neutrosophic Cube with Class Neutrosophic Target.

8.2 Roll-up in Neutrosophic Data Warehouse:
A roll-up operation can be applied to a neutrosophic cube, the roll up operation on a neutrosophic data warehouse involving
neutrosophic concepts can be defined as:

8.2.1 Definition (Roll-up involving Neutrosophic Concept (RNC):

RNC = roll-up ( NC, DH, NH, fp, fn, fn); where NC is a Neutrosophic cube , DH is the dimension of higher level, NH
is the neutrosophic concept of higher level, fp is the dimension merge function, f, is the measure aggregation function , fy
is the method how to aggreagate neutrosophic concept on the next level and RNC is the result cube on the higher level after
applying roll up operation. This roll-up operation is a binary operation that first aggregates the crisp fact revenue. In the
second step, it applies the new neutrosophic concept to the data collection with the following steps:

1) roll-up of the crisp cube.

2) apply the neutrosophic concept on the new dimensional level.
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For example: roll up (NC, < time.month >, < time.month.revenue >, revenue, S >, time.year , time.year.revenue, fime year,
Revenue, fy) = (< time.year > ,<time.year.revenue>, revenue , NS >. where DH is the dimension of higher level year =
time.year , NH is the neutrosophic concept of higher level year = time.year.revenue, fq is the dimension merge function

such as { Janygis,Feboois,

Decyois}— 2015, fi is the aggregation revenue per year and RNS is the result set of apply

the roll up operation on neutrosophic cube. the following figure 11, 12 shows the roll-up operation in neutrosophic cube :

Book Name HC.Book Neutrosophic Degree Book| City | NC.City Area | Neutrosophic Degree City Area year Revenue | HC.Revenue | Neutrosophic Degree Revenue
Scientific Miracles in the Holy Quran | Scientific Books <0.8,01,01> Cairo Big <09,01,0> 2015 60500 High <08,04,01>
Scientific Miracles in the Holy Quran | Scientific Books <0.8,01,01> Cairo Big <09,01,0> 2015 60500 Middle <0.2,02,06>
Scientific Miracles in the Holy Quran | Scientific Books <0.8,01,01> Cairo Big «09,01,0> 2015 60500 Low <0,03,07>
Scientific Miracles in the Holy Quran | Scientific Books <0.8,01,01> Cairo | Medium <0.1,02,07> 2015 60500 High <08,04,01>
Scientific Miracles in the Holy Quran | Scientific Books <0.8,01,01= Cairo | Medium <0.1,02,07= 2015 60500 Middle <0.2,02,06=
Scientific Miracles in the Holy Quran | Scientific Books <0.8,01,01> Cairo | Medium <0.1,02,07> 2015 60500 Low <0,03,07>
Scientific Miracles in the Holy Quran | Scientific Books <0.8,01,01> Cairo Small <0,02,08> 2015 60500 High <08,01,01>
Scientific Miracles in the Holy Quran | Scientific Books <0.8,01,01> Cairo Small <0,02,08> 2015 60500 Middle <0.2,02,06=
Scientific Miracles in the Holy Quran | Scientific Books <0.8,01,01> Cairo Small <0,02,08> 2015 60500 Low <0,03,07>
Scientific Miracles in the Holy Quran | Political Books <0.3,02,05= Cairo Big <09,01,0> 2016 40000 High =0.3,0.1,0.6>
Scientific Miracles in the Holy Quran | Political Books <0.3,02,05= Cairo Big <09,01,0> 2016 40000 Middle <04,03,03>
Scientific Miracles in the Holy Quran | Political Books <0.3,02,05> Cairo Big <09,01,0> 2016 40000 Low <0,02,08>
Scientific Miracles in the Holy Quran | Political Books <0.3,02,05> Cairo | Medium <01,02,07> 2016 40000 High =0.3,0.1, 06>
Scientific Miracles in the Holy Quran | Political Books <0.3,02,05> Cairo | Medium <01,02,07> 2016 40000 WMiddle <04,03,03>
Scientific Miracles in the Holy Quran | Political Books <0.3,02,05= Cairo | Medium <01,02,07= 2016 40000 Low <0,02,08>
Scientific Miracles in the Holy Quran | Political Books <0.3,02,05> Cairo Small «0,02,08> 2016 40000 High <0.3,01,086>
Scientific Miracles in the Holy Quran | Political Books «0.3,02,05> Cairo Small «0,02,08> 2016 40000 Middle <0.4,03,03>
Scientific Miracles in the Holy Quran | Political Books <0.3,02,05> Cairo Small <0,02,08> 2016 40000 Low <0,02,08>
Scientific Miracles in the Holy Quran | Scientific Books <0.8,01,01>= Alex Big <0.7,02,01> 2015 50800 High <07,01,02>
Scientific Miracles in the Holy Quran | Scientific Books <0.8,01,01> Alex Big <07,02,01> 2015 50800 Middle <06,02,02>
Scientific Miracles in the Holy Quran | Scientific Books <0.8,01,01> Alex Big <07,02,01> 2015 50800 Low <01,02,07>
Scientific Miracles in the Holy Quran | Scientific Books <0.8,01,01> Alex Medium <05,01,04> 2015 50800 High <0.7,04,02>
Scientific Miracles in the Holy Quran | Scientific Books <0.8,01,01> Alex Medium <05,01,04> 2015 50800 WMiddle <06,02,02>
Scientific Miracles in the Holy Quran | Scientific Books <0.8,01,01> Alex Medium <05,01,04> 2015 50800 Low <01,02,07=
Scientific Miracles in the Holy Quran | Scientific Books <0.8,01,01= Alex Small «0.3,02,05> 2015 50800 High <07,01,02>
Scientific Miracles in the Holy Quran | Scientific Books <0.8,01,01> Alex Small «0.3,02,05> 2015 50800 Middle <06,02,02>
Scientific Miracles in the Holy Quran | Scientific Books <0.8,01,01> Alex Small «0.3,02,05= 2015 50800 Low <01,02,07>
Scientific Miracles in the Holy Quran | Political Books <0.3,02,05> Alex Big <0.7,02,01> 2016 28000 High <01,02,07>
Scientific Miracles in the Holy Quran | Political Books «0.3,02,05> Alex Big «0.7,02,01> 2016 28000 Middle <0.4,03,03>
Scientific Miracles in the Holy Quran | Political Books <0.3,02,05> Alex Big <0.7,02,01> 2016 28000 Low <0.8,01,01>=
Scientific Miracles in the Holy Quran | Political Books <0.3,02,05= Alex Medium <0.5,01,04= 2016 28000 High <0.1,02,07=
Scientific Miracles in the Holy Quran | Political Books <0.3,02,05> Alex Medium <0.5,01,04> 2016 28000 Middle <04,03,03>
Scientific Miracles in the Holy Quran | Political Books <0.3,02,05= Alex Medium <0.5,01,04> 2016 28000 Low <0.8,01,01>
Scientific Miracles in the Holy Quran | Political Books <0.3,02,05> Alex Small <03,02,05> 2016 28000 High <01,02,07>
Scientific Miracles in the Holy Quran | Political Books <0.3,02,05> Alex Small <03,02,05> 2016 28000 Middle <04,03,03>
Scientific Miracles in the Holy Quran | Political Books <0.3,02,05> Alex Small <03,02,05> 2016 28000 Low <0.8,01,01=

Figure 23: Roll-up Operation in Neutrosophic Cube

Year

Cairo

Alex

Portsaid

2015

60500

31000

19000

ND

Nhigh = 0.8, 0.1, 0.1=
Nmiddle = 0.2 , 0.2, 0.6=
Mlow= 0, 0.3, 0.7=

MNhigh = 0.7, 0.1, 0.2=
Nmiddle = 0.5, 0.1, 0.4=
Nlow= 0, 0.3, 0.7=

Nhigh < 0.4,0.2, 0.4=
Nmiddle <0.3 , 0.3, 0.4=
Mlow= 0.7, 0.1, 0.2=

2016

40000

10000

8000

ND

MNhigh < 0.3, 0.1, 0.6=
Nmiddie =0.4 , 0.3, 0.3=
Niow= 0, 0.2, 0.8 =

MNhigh < 0.3, 0.2, 0.5=
Nmiddle <03, 0.1, 0.6=
Miow= 0.8, 0.1, 0.1=

Nhigh = 0.1, 0.1, 0.8=
Nmiddie =0.2 , 0.2, 0.6=
MNiow= 0.8, 0.1, 0.1=

Figure 24: Roll-up Operation from month to year
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If N contains a class neutrosophic target element, the third step is apply class neutrosophic target element to above steps
in binary operation ,the roll up operation is a trinary operation in neutrosophic concept:

1) roll-up of the crisp cube

2) apply the neutrosophic concept on the new dimensional level.

3) select the class neutrosophic target element.

roll up (< time.month >, < time.month.revenue >, revenue, S >, time.year, time.year.revenue.middle, fime year, Revenue) =
(< time.year > ,<time.year.revenue>, revenue , NS >

The following figure 13 , 14 shows the roll-up operation in neutrosophic cube with neutrosophic target element (middle
revenue):

Book Name CBook  |Neutrosophic Degree Book City NC.City Areg | Neutrosophic Degree City Area|  year | Revenue |NC.Revenug | Neutrosophic Degree Revenue

Scientific Miracles in the Holy Quran | Scientiic Books |  <08,01,01> | Cairo | Big ¢<09,04,0: 05 | 60500 | Middle ¢02,02,06

Scientific Miracles in the Holy Quran | Scientfic Books|  <0.8,04,04> | Cairo | Medium 01,0207 05 | 60300 | Middle 06,049,035

Scientific Miracles in the Holy Quran | Scientific Books |  <0J,02,03> | Cairo | Small ¢0,02,085 05 | 60300 | Middle ¢03,02,055

Scientific Miracles in the Holy Quran | Scientfic Books |  <0.8,04,04> | Caio | Big <09,01,02 016 | 40000 | Middle <04,03,05:

Scientific Miracles in the Holy Quran | Scientfic Books|  <0.8,04,04> | Cairo | Medium <0.1,02,07 016 | 40000 | Middle <04,03,03

Scientific Miracles in the Holy Quran | Scientific Books |  <03,02,05> | Cairo | Small ¢0,02,08> 016 | 40000 | Middle <04,03,03

Figure 25: Roll-up Operation with Class Neutrosophic Target Element

Year Cairo Alex Portsaid
2015 60500 31000 19000

ND Nmiddle < 0.2, 0.2, 0.6> | Nmiddle < 0.5, 0.1, 0.4> | Nmiddle <0.3, 0.3, 0.4>
2016 40000 10000 8000

ND Nmiddle <0.4 , 0.3, 0.3= Nmiddle <0.3 , 0.1, 0.6= Mmiddle <0.2 , 0.2 , 0.6=

Figure 26: Roll-up Operation with Class Neutrosophic Target Element

The original cube contains the aggregated revenue of month in all cities ordered by the neutrosophic concept revenue. The
cube resulting from the roll-up operation contains the aggregated revenue of year in all cities ordered by the neutrosophic
concept revenue

8.3 Drill-down in Neutrosophic Data Warehouse:

A drill-down operation is the opposite operation of a roll-up. It is not a valid operation if the roll-up operation is not defined
in an earlier step. Therefore, a drill-down operation in the neutrosophic data warehouse can be defined as given in § 6.3.1.
6.3.1 Definition (Drill-down Involving Neutrosophic Concepts (DRNC)):

DRNC = drill down (RNC, DL, NL, f'p, £y, f-'n); where RNC is ROLL UP (NC, DH, NH, fj, fi, fy), DL is the dimension
of level lower ,NL is the neutrosophic concept of lower level, f'p is the inverse dimension merge function of fp, £y, is the
inverse measure aggregation function of fi, and f-!y is the inverse of fy, DRNC = result cube on the lower level after
applying the drill down operation .The following figure 15 shows that the function and inverse function on dimension:
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fjanl jam2 . ... jan3l} { January}

Figure 27.: Function merge on Dimension

The following example shows a drill-down operation with a neutrosophic cube:

DRNC = drill down ((< time.year, region.city > ,<time.year.revenue, region.city.area >, revenue , S >), < time.month,
region.store > , < time.month.revenue, region.store.area > , f'l4, f'm ); where DL = < time.month, region.store >, NL =
time.month.revenue, region.store.area > , "4 is the inverse function from year to month and from city to store and , ' is
the aggregate revenue per month and RNC = rollup (< time.month, rgion.store >, < time.month.revenue,
region.store.area > , revenue , S >, < time.year.revenue, Region.city.area >, fp, Revenue)= (< time.year, region.city
> <time.year.revenue, region.city.area > , revenue , NS >. The following figure16 shows the drill down operation in
neutrosophic cube:

Year Month Cairo Alex Portsaid
A B C D E F
January 3200 4100 3900 3800 2300 3600
N D NNH.::IQ‘;-II <<DU'?5' 00'12' 00'231 MNeutrosophic Meutrosophic Meutrosophic Meutrosophic Meutrosophic
nr:lllcl\:<U 2 .U 2 U E;= Degree Degree Degree Degree Degree
February 4200 3800 3200 4100 3200 4200
N MNeutrosophic Meutrosophic Meutrosophic Meutrosophic Meutrosophic
2015 ND Neutresophic Degres Degree Degree Degree Degree Degree
......... 2800 8500 8700 5300 6200 7100
N Meutrosophic MNeutrosophic Meutrosophic Meutro=sophic Meutrosophic
N D Neutresephic Degres Degree Degree Degree Degree Degree
December 3600 3800 3600 3700 2400 4100
N Meutrosophic Neutrosophic Meutrosophic Meutrosophic MNeutrosophic
N D MNeutroesophic Degree Degree Degree Degree Degree Degree
January 3200 3700 2900 1100 g00 2100
N MNeutrosophic Meutrosophic Meutrosophic Meutrosophic Meutrosophic
N D Neutrosophic Degree Degree Degree Degree Degree Degree
February 3000 2500 2100 1200 850 1500
N Meutrosophic MNeutrosophic Meutrosophic Meutro=sophic Meutrosophic
20 1 6 N D Neutrosophic Degres Degree Degree Degree Degree Degree
...... 6700 4600 3800 2000 1600 3100
N Meutrosophic Neutrosophic Meutrosophic Meutrosophic MNeutrosophic
N D Neutresephic Degree Degree Degree Degree Degree Degree
December 2300 2700 2500 1200 1150 1300
N Neutrosophic Meutrosophic Meutrosophic Meutrosophic Meutrosophic
N D Neutrosophic Degree Degree Degree Degree Degree Degree

Figure 28: Drill-down Operation in Neutrosophic Cube
The cube resulting from the drill down operation contains the aggregated revenue per month in all stores ordered by the
neutrosophic concept revenue.

9.4 Slice in Neutrosophic Data Warehouse:

The classical slice operation extracts a subset of values of a neutrosophic cube depend on select one dimension. A definition
of a slice operation in the neutrosophic data warehouse is as follows:

9.4.1 Definition (Slice in Neutrosophic Concepts(SNC)):

SNC= slice (NC, s) where NC is neutrosophic cube and s is the element instance that slices cube NC

A slice operation of a neutrosophic cube will always result in a neutrosophic cube. A slice operation

on a crisp cube will also always result in a crisp cube. In order to illustrate, the following operation slices a neutrosophic
cube according its class neutrosophic target element:

slice(<< time.year >, < time.year.revenue >, revenue, R >, time.year.year ="2015" ) = <<time.year, >, < time.year.year
>, revenue , S >.The following figure 17 show the slice operation in neutrosophic cube:
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Book Name NC.Book NC.Books City NC.City Areajosophic Degree Citvl year | Revenue |NC.Revenue| Neutrosophic Degree Revenue
Scientific Miracles in the Holy Quran | Scientific Books | <0.8,0.1,01> Cairo Big <0.9,01,0= | 2015 | 60500 High <08,04,04>
Scientific Miracles in the Holy Quran | Scientific Books | <0.8,0.1,0.1> Cairo Big <09,01,0= | 2015 | 60500 Middle =02,02,06>
Scientific Miracles in the Holy Quran | Scientific Books | < 0.8,0.1,0.1> Cairo Big <09,01,0= | 2015 | 60500 Low <0,03,07¢=
Scientific Miracles in the Holy Quran | Scientific Books | <0.8,0.1,01> Cairo | Medium |<0.1,0.2,0.7>| 2015 | 60500 High <08,04,04>
Scientific Miracles in the Holy Quran | Scientific Books | <0.8,0.1,01> Cairo | Medium |<0.1,02,0.7=| 2015 | 60500 | Middle <0.2,02,06>
Scientific Miracles in the Holy Quran | Scientific Books | <0.8,0.1,01> Cairo | Medium |<0.1,0.2,0.7>| 2015 | 60500 Low <0,03,0.7=
Scientific Miracles in the Holy Quran | Scientific Books | <0.8,0.1,0.1> Cairo Small <0,02,08= | 2015 | 60500 High <08,04,04>
Scientific Miracles in the Holy Quran | Scientific Books | < 0.8,0.1,0.1> Cairo Small <0,02,08= | 2015 | 60500 Middle <02,02,06>
Scientific Miracles in the Holy Quran | Scientific Books | <0.8,0.1,01> Cairo Small | <0,02,08> | 2015 | 60500 Low <0,03,07>
Scientific Miracles in the Holy Quran | Scientific Books | <0.8,0.1,01> Alex Big <0.7,02,01=| 2015 | 50800 High <07,01,02>
Scientific Miracles in the Holy Quran | Scientific Books | <0.8,0.1,01> Alex Big <0.7,02,01=| 2015 | 50800 Middle «06,02,02>
Scientific Miracles in the Holy Quran | Scientific Books | <0.8,0.1,0.1> Alex Big <0.7,02,01>| 2015 | 50800 Low =01,02,07>
Scientific Miracles in the Holy Quran | Scientific Books | < 0.8,0.1,0.1> Alex | Medium |<0.5,01,04>| 2015 | 50800 High <0.7,04,02>
Scientific Miracles in the Holy Quran | Scientific Books | <0.8,0.1,01> Alex | Medium |<0.5,01,04>| 2015 | 50800 | Middle <0.6,02,02>
Scientific Miracles in the Holy Quran | Scientific Books | <0.8,0.1,01> Alex | Medium |<0.5,01,04=| 2015 | 50800 Low <01,02,07>
Scientific Miracles in the Holy Quran | Scientific Books | <0.8,0.1,01> Alex Small |=03,02,05=| 2015 | 50800 High <0.7,04,02>
Scientific Miracles in the Holy Quran | Scientific Books | <0.8,0.1,0.1> Alex Small |=<03,02,05=| 2015 | 50800 Middle =06,02,02>
Scientific Miracles in the Holy Quran | Scientific Books | <0.8,0.1,0.1» Alex Small |<0.3,02,05=| 2015 | 50800 Low 201,02,00>

9.5 Dice Operation in Neutrosophic Data Warehouse:

Figure 29: Slice Operation in Neutrosophic Cube
In the resulting cube contain all revenue in city for year 2015 and the year 2016 and others not found

A dice operation in a neutrosophic can restrict neutrosophic concepts and dimensions. Furthermore,
The slice operation can be extended to a dice definition by including logical operators to combine multiple slicers.

9.5.1 Definition (Dice involving neutrosophic fuzzy concepts (DNC)):

DNC = Dice (NC,{sm,.......

€ dom (D),

Tityenvveerveenns fii € {AND, OR,NOT} are the logical operators that combine the slicers in a way that combines sy With Sme+1.
The dice operation works similarly and performs a selection on two or more dimensions. For example:

A dice operation on a neutrosophic cube with two neutrosophic concepts is illustrated as follows:
dice (<< time.year , region.city > , < time.year.revenue, region.city.area >, revenue , S >, {time.year.year

= "2015",

region.city.area = "big"},{ANDY}) .The following figure 18 shows that the dice operation in neutrosophic cube.

Book Name NC.Book NC.Books City NC.City Areajosophic Degree Citvl year | Revenue |NC.Revenue| Neutrosophic Degree Revenue
Scientific Miracles in the Holy Quran | Scientific Books | <0.8,0.1,0.1> | Cairo Big <09,01,0= | 2015 | 60500 High <08,0.1,01>
Scientific Miracles in the Holy Quran | Scientific Books | <0.8,0.1,0.1> | Cairo Big <09,01,0= | 2015 | 60500 | Middle <0.2,02,06>
Scientific Miracles in the Holy Quran | Scientific Books | <0.8,0.1,0.1> | Cairo Big <09,01,0= | 2015 | 60500 Low <0,03,07>
Scientific Miracles in the Holy Quran | Scientific Books | =<0.8,0.1,0.1> Alex Big <0.7,02,01=| 2015 | 50800 High <0.7,01,02>
Scientific Miracles in the Holy Quran | Scientific Books | <0.8,01,01% | Alex Big |=<07,02,01%| 2015 | 50800 | Middle <0.6,02,02>
Scientific Miracles in the Holy Quran | Scientific Books | <0.8,0.1,0.1> | Alex Big ([<07,02,01>| 2015 | 50800 Low <0.1,02,07>

Figure 30: Dice Operation in Neutrosophic Cube

The resulting cube shows only the revenue of the year2015” that belong to city class "big"

Conclusion

Using a neutrosophic approach in data warehouse concepts improves information quality for the business process. this
approach include neutrosophic concept into structure of dimensions or into fact tables of the data warehouse model, then
we construct truth degree, falsity degree and indeterminacy degree which close to natural language. Added , We have
presented a structure that manages imprecision by means of neutrosophic logic. Most of the methods previously
documented give a neutrosophic set as a result. we have presented an OLAP system that implements a neutrosophic
multidimensional model to achieve knowledge discovery from imperfect data and to enhance the system performance.
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Abstract

This paper introduces the novel concept of Neutro- BC' K -algebra. In Neutro-BCK-algebra, the outcome of
any given two elements under an underlying operation (neutro-sophication procedure) has three cases, such as:
appurtenance, non-appurtenance, or indeterminate. While for an axiom: equal, non-equal, or indeterminate.
This study investigates the Neutro-BCK-algebra and shows that Neutro-BCK-algebra are different from BCK-
algebra. The notation of Neutro-BCK-algebra generates a new concept of NeutroPoset and Neutro-Hass-
diagram for NeutroPosets. Finally, we consider an instance of applications of the Neutro-BCK-algebra.
Keywords: Neutro-BC K -algebra, NeutroPoset, Neutro-Hass diagram.

1 Introduction

Neutrosophy, as a newly-born science, is a branch of philosophy that studies the origin, nature and scope
of neutralities, as well as their interactions with different ideational spectra. It can be defined as the inci-
dence of the application of a law, an operation, an axiom, an idea, a conceptual accredited construction on
an unclear, indeterminate phenomenon, contradictory to the purpose of making it intelligible. Neutrosophic
Sets and Systems international journal (which is in Scopus and Web of Science) is a tool for publications of
advanced studies in neutrosophy, neutrosophic set, neutrosophic logic, neutrosophic probability, neutrosophic
statistics, neutrosophic measure, neutrosophic integral, and so on, studies that started in 1995 and their applica-
tions in any field, such as the neutrosophic structures developed in algebra, geometry, topology, etc. Recently,
Florentin Smarandache [2019] generalized the classical Algebraic Structures to NeutroAlgebraic Structures
NeutroAlgebras) and AntiAlgebraic Structures (AntiAlgebras) and he proved that the NeutroAlgebra is a gen-
eralization of Partial Algebra'” He considered < A > as an item (concept, attribute, idea, proposition, theory,
etc.). Through the process of neutrosphication, he split the nonempty space and worked onto three regions
two opposite ones corresponding to < A > and < antiA >, and one corresponding to neutral (indeterminate)
< neutA > (also denoted < neutroA >) between the opposites, regions that may or may not be disjoint -
depending on the application, but they are exhaustive (their union equals the whole space). A NeutroAlgebra
is an algebra which has at least one NeutroOperation operation that is well-defined (also called inner-defined)
for some elements, indeterminate for others, and outer-defined for the others or one NeutroAxiom (axiom that
is true for some elements, indeterminate for other elements, and false for the other elements). A Partial Alge-
bra is an algebra that has at least one partial operation (well-defined for some elements, and indeterminate for
other elements), and all its axioms are classical (i.e., the axioms are true for all elements). Through a theorem
he proved that NeutroAlgebra is a generalization of Partial Algebra, and examples of NeutroAlgebras that are
not partial algebras were given. Also, the NeutroFunction and NeutroOperation were introduced.”

Regarding these points, we now introduce the concept of Neutro-BC K -algebras based on axioms of
BC'K-algebras, but having a different outcome. In the system of BC K -algebras, the operation is totally
well-defined for any two given elements, but in Neutro- BC K -algebras its outcome may be well-defined, outer-
defined, or indeterminate. Any BC K -algebra is a system which considers that all its axioms are true; but we
weaken the conditions that the axioms are not necessarily totally true, but also partially false, and partially
indeterminate. So, one of our main motivation is a weak coverage of the classical axioms of BC K -algebras.
This causes new partially ordered relations on a non-empty set, such as NeutroPosets and Neutro-Hass Dia-
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grams. Indeed Neutro-Hass Diagrams of NeutroPosets contain relations between elements in the set that are
true, false, or indeterminate.

2 Preliminaries

In this section, we recall some definitions and results from/Z which are needed throughout the paper.

Let n € N. Then an n-ary operation o : X™ — Y is called a NeutroOperation if it has x € X" for which
o(z) is well-defined (degree of truth (T)), x € X™ for which o(z) is indeterminate (degree of indeterminacy
(D), and x € X™ for which o(x) is outer-defined (degree of falsehood (F)), where T, I, F € [0,1], with
(T,I,F) # (1,0,0) that represents the n-ary (total, or classical) Operation, and (T, I, F') # (0,0,1) that
represents the n-ary AntiOperation. Again, in this definition “neutro” stands for neutrosophic, which means the
existence of outer-ness, or undefined-ness, or unknown-ness, or indeterminacy in general. In this regards, for
any given set X, we classify n-ary operation on X" by (¢); (classical) Operation is an operation well-defined
for all set’s elements, (i7); NeutroOperation is an operation partially well-defined, partially indeterminate,
and partially outer-defined on the given set and (#i7); AntiOperation is an operation outer-defined for all set’s
elements.

Moreover, we have (4); a (classical) Axiom defined on a non-empty set is an axiom that is totally true
(i.e. true for all set’s elements), (i7); NeutroAxiom (or neutrosophic axiom) defined on a non-empty set
is an axiom that is true for some elements (degree of true = T), indeterminate for other elements (degree of
indeterminacy = I), and false for the other elements (degree of falsehood = F), where T, I, F' are in [0, 1] and
(T, I, F) is different from (1,0, 0) i.e., different from totally true axiom, or classical Axiom and (7', I, F') is
different from (0,0, 1) i.e., different from totally false axiom, or AntiAxiom. (4i%); an AntiAxiom of type C
defined on a non-empty set is an axiom that is false for all set’s elements.

Based on the above definitions, there is a classification of algebras as follows. Let X be a non-empty set
and O be a family of binary operations on X. Then (A4, O) is called

(1) a (classical) Algebra of type C, if O is the set of all total Operations (i.e. well-defined for all set’s
elements) and (A, O) is satisfied by (classical) Axioms of type C(true for all set’s elements).

(ii) a NeutroAlgebra (or neutro-algebraic structure) of type C, if O has at least one NeutroOperation (or
NeutroFunction), or (A, O) is satisfied by at least one NeutroAxiom of type C that is referred to the set’s
(partial-, neutro-, or total-) operations or axioms;

(7i1) an AntiAlgebra (or anti-algebraic structure) of type C, if O has at least one AntiOperation or (A, O)
is satisfied by at least one AntiAxiom of type C.

3 Neutro-BCK-algebra
3.1 Concept of Neutro-BCK-algebra

In this section, we introduce several concepts suc has: Neutro- BC' K -algebra, Neutro- BC K -algebra of type
5, NeutroPoset and Neutro-Hass Diagram and investigate the properties of these concepts.

Definition 3.1. ? Let X be a non-empty set with a binary operation “* ” and a constant “0”. Then, (X, *,0)
is called a BC' K -algebra if it satisfies the following conditions:
(BCI-1) ((xxy)*(z*x2))*(zxy) =0,
(BCI-2) (x*(z*xy))*xy =0,
(BCI-3) z+x =0,

(BCI4) z+xy=0andy+x =0imply z =y,
(BCK-5) 0%z =0.
Now, we define Neutro- BC K -algebras as follows.

Definition 3.2. Let X be a non-empty set, 0 € X be a constant and “ * ” be a binary operation on X. An
algebra (X, x,0) of type (2, 0) is said to be a Neutro- BC K -algebra, if it satisfies at least one of the following
NeutroAxioms (while the others are classical BCK-axioms):
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(NBCI-1) (3z,y,z € X suchthat ((z *y) * (x % 2)) x (2% y) = 0)) and (3 z,y, z € X such that ((z * y) * (z
z)) * (z * y) # 0 or indeterminate );

(NBCI-2) (3x,y € X suchthat (z % (z*y)) xy = 0) and (3 z,y € X such that (z * (z *y)) *y # 0 or
indeterminate );

(NBCI-3) (3x € X suchthatz x z = 0) and (3 € X such that z * z # 0 or indeterminate );

(NBCI-4) (3z,y € X, suchthatif zxy = y*x = 0, wehave z = y) and (3z,y € X, such thatif zxy = y*xx = 0,
we have z # y );

(NBCK-5) (32 € X suchthat 0 2 = 0) and (32 € X such that 0 * 2 # 0 or indeterminate ). Each above
NeutroAxiom has a degree of equality (1), degree of non-equality ('), and degree of indeterminacy (I),
where (7,1, F) ¢ (1,0,0),(0,0,1).

If (X, *,0) is a NeutroAlgebra and satisfies the conditions (NBCI-1) to (NBCI-4) and (NBCK-5), then
we will call it is a Neutro- BC K -algebra of type 5 (i.e. it satisfies 5 NeutroAxioms).

Example 3.3. Let X = Z. Then
(i) (X, *,0) is a Neutro- BC' K -algebra, where for all z,y € X, wehave x xy = = — y + zy.
(it) (X, *, 1) is a Neutro- BC K -algebra, where for all z,y € X, we have z x y = xy.

1 if ¢ an even

(#i7) (X, *,1) is a Neutro- BC K -algebra, where for all z,y € X, we have x x y = . .
zy ifx anodd

Let X = () be a finite set. We denote Npcx (X) and Ny pe i (X) by the set of all Neutro- BC K -algebras
and Neutro- BC K -algebras of type 5 that are constructed on X, respectively.

Theorem 3.4. Let (X, *,0) be a Neutro BCK -algebra. Then
(2) If | X| =1, then (X, *,0) is a trivial BCK -algebra.
(i2) If | X| =2, then [Npek(X)| =2 and INNpok (X)] = .
(i3i) If | X| = 3, then there exists ) Y C X, such that (Y, ', 0) is a nontrivial or trivial BC K -algebra.

Proof. We consider only the cases (%), (iii), because the others are immediate.

(i3) Let X = {0,z}. Then we have 2 trivial Neutro-BC K-algebras (X, *1), (X, *2) and an infinite
number of trivial Neutro- BC'K -algebras of type 5 (X, x, 0) in Table [T} where w ¢ X.

(#it) Let X = {0, x,y}. Now consider Y = {0, 2} and define a Neutro- BC K -algebra (X, *’,0) in Table
Clearly (Y, ',0) is a non-trivial BC K -algebra. If Y = {0}, it is a trivial BC K -algebra. O

Table 1: Neutro- BC K -algebras of order 2

/
*1‘017 *Q‘OI *‘O;l: B‘ggy
OOm,Ox0,0anndxwog.
0 «x z |z O z|w O
y |0 y =z

Theorem 3.5. Every BC K -algebra, can be extended to a Neutro- BC K -algebra.

Proof. Let (X, *,0) be a BCK-algebra and o ¢ X, and U be the universe of discourse that strictly includes
X Ua. Forall z,y € X U{a}, define *, on X U {a} by z %, y = x * y where, z,y € X and if « € {z,y},
define x *,, y as indeterminate or x %, y ¢ X U «. Then (X U {a}, %4, 0) is a Neutro- BC K -algebra. O

Example 3.6. Let X = {0,1,2,3,4,5}. Consider Table
Then

(i) If a = 0, then (X, %1,0) is a Neutro-BC K-algebra and if a = 1, then (X \ {3,4,5},%1,0) is a
BCK-algebra.

(#1) (X, *2,0) is a Neutro- BC K -algebra and (X \ {4, 5}, *2,0) is a BC K -algebra.

(#it) If s =t =y = z = 0,w = 3, then (X, *3,0) is a Neutro-BC K-algebra and for s = t = 1,y =
2,2 = 3, (X \ {5},%3,0) is a BCK-algebra. If s = t = y = z = 0,w = /2, then (X, *3,0) is a
Neutro- BC K -algebra of type 5 where s,¢ € {0,1},z € {4,5},y € {2,0},z € {3,0} and w € {3,V2}.
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Table 2: Neutro- BC K -algebras and Neutro- BC K -algebra of type 5

¥ [0 1 2 3 4 5 ¥ [0 1 2 3 4 5 *3 [0 1 2 3 4 5
010 0 O 02 0 0/]0 0 0 O 20 0]j]0 0 0 0 O 5
171 0 a 2 0 3 111 0 0 O 0 5 1171 0 t 0 s 0
212 2 0 0 2 0 , 212 1 0 0 50 and 2 |2 2 0 y O 3,
313 0 1 2 0 5 313 2 1 0 0 2 313 1 3 0 =z 0
410 4 0 1 4 0 410 1 0 4 1 2 4 14 4 4 4 0 1
514 0 1 0 2 3 515 0 4 0 0 = 510 2 0 2 0 w

Remark 3.7. In Neutro-BC K -algebra (X, 3, 0), which is defined as in Example[3.6] we have (1,5) €< and
(5,0) €<, but (1,0) €<, where (z,y) €< means = *3 y = 0. Thus <, necessarily, is not a transitive relation.
So we have the following definition of neutro-partially ordered relation on Neutro- BC' K -algebra.

Definition 3.8. Let X be a non-empty set and R be a binary relation on X. Then R is called a

(i) neutro-reflexive, if 3 & € X such that (x,x) € R (degree of truth T'), and 3 = € X such that (z, z) is
indeterminate (degree of indeterminacy I), and 3 « € X such that (z,z) ¢ R (degree of falsehood F);

(74) neutro-antisymmetric, if 3 x,y € X such that (x,y) € R and (z,y) € R imply that x = y (degree of
truth 7'), and 3 z,y € X such that (z,y) or (y,x) are indeterminate in R (degree of indeterminacy ),
and 3 z,y € X such that (z,y) € Rand (y,z) € R imply that x # y (degree of falsehood F);

(#i1) neutro-transitive, if 3 x,y, z € X such that (z,y) € R, (y,2z) € R imply that (x,z) € R (degree of
truth T'),and 3 z, y, z € X such that (z,y) or (y, z) are indeterminate in R (degree of indeterminacy 1),
and 3z,y,z € X suchthat (z,y) € R, (y,2) € R, but (z, z) € R (degree of falsehood F'). In all above
neutro-axioms (T, I, F') ¢ (1,0,0), (0,0,1).

(iv) neutro-partially ordered binary relation, if the relation satisfies at least one of the above neutro-axioms
neutro-reflexivity, neutro-antisymmetry, neutro-transitivity, while the others (if any) are among the clas-
sical axioms reflexivity, antisymmetry, transitivity.

If R is a neutro-partially ordered relation on X, we will call (X, R) by neutro-poset. We will denote, the
related diagram with to neutro-poset (X, R) by neutro-Hass diagram.

We define binary relations ” <;, <5 ” on X by (:c <y yiforonlyifzxy=00orz <y ) and (Cﬂ <5 yif
and only if (x * y # 0 or indeterminate ) or x <o = ) So we have the following theorem.

Theorem 3.9. An algebra (X, ,0) is a Neutro-BC K -algebra if and only if it satisfies the following condi-
tions:

NBCI-1") (3z,y € X suchthat ((z*y)*(xxz)) <1 (2xy)) and (3z,y € X such that ((zxy)*(z*2)) <2 (2*y)),

NBCI-2') (3z,y € X such that (x x (x xy)) <1 y) and (3 x,y € X such that (z * (z xy)) <2 y),

( )
( )
(NBCI-3") (EI x,y € X such that v < a:) and (El z,y € X such that v <4 x),
( )

NBCI-4' (Vm,y e X, ife <y yandy <y x, we get x = y) and (Vx,y e X, ifx <gyandy <o x, we get
x:y),

(NBCK-5') (3w,y € X suchthat 0 <y =) and (3z,y € X such that 0 <, x).

Proof. Let (X, *,0) be a Neutro-BC K -algebra. We prove only the item (N BCI-1), other items are similar
to. Since (X, *,0) be a Neutro-BC K -algebra, (3x,y € X such that (z*(z*y))*y = 0) and (3 z,y € X such
that (z  (x *y)) *y # 0 or indeterminate). By definition, (3 z,y € X such that ((z*y) * (zx2)) <1 (2xy))
and (3 z,y € X such that ((z * y) * (z * 2)) <5 (2 xy)). Conversely, let the items (NBCI-1') to (NBC1I-
4') and (NBCK-4'). Just prove (NBCI-1) and other items are similar to. Since (3 z,y € X such that
((zxy)*(z*2)) <1 (2*y)) and (Fz,y € X such that ((z*y) * (z*x2)) <o (2xy)), we getthat (Fz,y € X
such that ((z * y) * (z * 2)) * (z*y) = 0)) and (3 z,y € X such that ((z * y) * (z * 2)) * (zxy) # 0 or
indeterminate ) O
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Let (X, *,0) be a Neutro-BC'K algebra. Define binary relation < on X, by 2 < y if and only z <; y and
y <5 x. So we have the following results.

Theorem 3.10. Let (X, *,0) be a Neutro-BCK algebra and x,y,z € X. Then
(1) ife #£yandx <y, theny < x;
(i) < is a reflexive and symmetric relation on X ;
(#41) < is a neutro-transitive algebra relation on X.

Proof. (i) Letx # y € X and < y. If y < x, by definition we obtain (z xy = y *xxz = 0) and
(rxy=y*x#0)andsoz = y.

(), (4i7) It is clear by item (i) and Remark[3.7]

(4i7) It is obtained by (i1). O
Corollary 3.11. Ler (X, *,0) be a Neutro-BCK algebra. Then (X, *,0,<1), (X, *,0,<5) and (X, *,0,<)
are neutro-posets.

Let (X1, #1,071) and (X3, #2,02) be BC K -algebras, where X1 N Xo = (). For some z,y € X, define an
xxyy if if zyye Xy \ Xo
xxoy if if z,y € Xo\ X3
0, if if x € X1,y € Xs
05 if if € Xo,y € X,

operation x as follows: x xy = , where 01 * 0o = 05 and Oy x 07 = 0;.

Theorem 3.12. Let (X1, *1,01) and (X2, *2,02) be BCK-algebras, where X1 N Xy = § and X = X; U Xo.
Then

i) (X,x*,01) is a Neutro-BC K -algebra;
(@) (
(#3) (X, *,02) is a Neutro-BC K -algebra;

Proof. (i) We only prove (NBCI-4). Let x x y = 0;. It follows that x € X; and y € X5 or 2,y € X;.
If z,y € X1, because (X1, #1,01) is a BCK-algebra, y * x = 07 implies that = y. But for x € X; and
y € X5, we have y x & # 01 so (NBCT-4) is valid in any cases. Other items are clear.

(4) It is similar to item (7). O

Example 3.13. Let X; = {a,b} and X5 = {w,x,y, z}. Then (X1, *,a) and (X2, %, w) are BC' K -algebras.
So by Theorem[3.12] (X; U X1, *,a) and (X; U X1, *, w) are Neutro-BC K -neutralgebras in Table 3]

Table 3: BC' K-algebras and Neutro- BC' K -algebra

*x la b w x y =z
ala a w a a a
blb a a a a a
w | a w w ow w w
T | w w T w w w
ylw w y T w w
z |lw w z r T w

Corollary 3.14. Let (X1, %1,01) and (Xa, *2,09) be BCK-algebras. Then
(1) (X,%,01,<1), (X, *,02,<s) and (X, ,02, <5) are posets.
(i) (X,*,01,<2),(X,*,0q,<y) are neutro-posets.

Example 3.15. Consider the Neutro- BC K -algebra in Example Then we have neutro-posets (X, *, w, <;
), (X, *,a,<9) and (X, *,02,<) in TableEI, where — means that elements are not comparable and I means
that are indeterminates.

Definition 3.16. Let (X, *,0) be a Neutro-BC K -algebra, § € X and Y C X. Then
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Table 4: neutro-posets

<1 la b w x y =z <gla b w =z y =z <la b w =z y =z
a a — a T Yy =z a |la b a T y =z ala a w a a a
b | — b w x y =z b |b b w z y =z bla b b b b b
w a w o w w w w, w|a w w I I I, w|lw b w — -—

T r x w x X X zr |z « I « I 1T r|la b — x — -—
vyly y w oz y y yly v I I y I yla b - — y -
z z z w x Yy =z z z =z I I T =z z|la b — — — =z

(1) Y is called a Neutro-BC' K -subalgebra, if (1) 0 € Y, (2) forall z,y € Y, wehave x xy € Y, (3)
satisfies in conditions (N BC1I-3), (NBCI-4) and (NBCK-5).

(7i) 6 € X is called a source element, if it is a minimum or maximum element in neutro-Hass diagram of
(X, *,0).

Theorem 3.17. Let (X, *,0) be a Neutro-BCK -algebra and Y C X. If Y is a Neutro-BC K -subalgebra of
X, then

(7) (Y,%,0) is a Neutro-BC K -algebra.
(i) X is a Neutro-BCK -subalgebra of X.
Proof. They are clear. O

Corollary 3.18. Let (X, *,0) be a Neutro-BCK-algebra and |X| = n. Then there exist m < n and
T1,&9y ... Ty € X such that ({0,z1,xa,...,2m},*,0)is a Neutro-BC K -algebra of X.

Theorem 3.19. Let X be a non-empty set. Then there exists a binary operation “e” on X and 0 € X such
that

(i) (X,e,x0) is a Neutro- BC K -algebra.
(13) Forall #Y C X, Y U{xo} is a Neutro-BC K -subalgebra of X.

(#i1) If X is a countable set, then in neutro-Hass diagram (X, e, xq), we have |Maximal(X)| = 1 and
Minimal(X) = |X| — 1(|X]| is cardinal of X).

(iv) neutro-Hass diagram (X, e, x) has a source element.

Proof. Letx,y € X. Fixed ¢ € X and define z x y = y.

(7) Some modulations show that (X, , z¢) is a Neutro- BC K -algebra.

(#4) By Theoremand definition, it is clear.

(#it1) Let X = {xo, 21,22, 3,...}. Then by Corollary 3.11} (X, <,zq) is a neutro-poset and so has a
neutro-Hass diagram as Figure(l} O

Zo

Tl Lo T3 Ty e e e Ty -

Figure 1: neutro-Hass diagram (X, <, z;9) with source x.

Theorem 3.20. Let (X, <x) be a chain. Then
(7) there exists xx on X and 0 € X such that (X, *x,0) is a Neutro-BCK -algebra.
(it) forallz,y € X, we have x < y if and only if y <x «x.
(#i1) In neutro-Hass diagram (X, e, xq), 0 is source element.
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there exists xx on X and 0 € X such that (X, *x,0) is a Neutro- BC K -algebra.

Proof. Let0,z,y € X, where 0 = Min(X).

zVy if x<xy

(i) Define z xx y = . Some modulations show that (X, xx,0) is a Neutro-BC K-

z Ay otherwise
algebra.
(i) Let x,y € X. Clearly x * = x, then by definition 2 < y if and only if z xy = 0 and y * x # 0 if and
onlyify = 0if and only if y <x .
(iéi) By item (i), we get the neutro-Hass diagram (X, <x, 0) in Figure[] so 0 is source element. O

Let (X1, *1,01) and (X3, *2, 02) be two Neutro- BC' K -algebras, where XN X5 = (). Define x on X;UXo,
xxy if x,y€ X1\ Xo
byzxy=<x*xy ifx,yeXo\X;.
Y otherwise

Theorem 3.21. Let (X1, *1,01) and (Xa, x2,02) be two Neutro-BC K -algebras. Then
(#) (X1 U Xa,%,01) is a Neutro- BC K -algebra.
(i) (X1 U Xy, %,09) is a Neutro-BC K -algebra.
Proof. It is obvious. O

Let (X1, *1,01) and (X2, *2, 02) be two Neutro- BC K -algebras. Define * on X1 x Xa, by (z,y)*(2',y’) =
(x x1 2,y %2 y'), where (z,y), (z/,y') € X1 x Xa.

Theorem 3.22. Let (X1, *1,01) and (Xa, *2,02) be two Neutro-BC K -algebras. Then (X1 x Xa,*,(01,02))
is a Neutro-BC K -algebra.

Proof. We prove only the item (NBCI-4). Let (z,y), (¢/,y’) € X1 x Xo. If (z,y) * (2/,y') = (2/,y) *
(x,y) = (01,02), then (z %1 2’,y x2 ') = (01,02) and (2’ *1 ,y’ *2 y) = (02,01). It follows that (z,y) =
(2’,y'). In a similar way, (z,y) * (z',y") = (2',9') * (z,y) # (01,02), we get that (z,y) = (z,y’). Thus,
(X1 x Xa,%,(01,02)) is a Neutro- BC K -algebra. O

3.2 Application of Neutro- BC' K -algebra

In this subsection, we describe some applications of Neutro- BC' K -algebra.

In the following example, we describe some applications of Neutro- BC' K -algebra. We discuss applica-
tions of Neutro- BC K -algebra for studying the competition along with algorithms. The Neutro- BC K -algebra
has many utilizations in different areas, where we connect Neutro- BC K -algebra to other sciences such as eco-
nomics, computer sciences and other engineering sciences. We present an example of application of Neutro-
BC K-algebra in COVID-19.

Example 3.23. (COVID-19) Let X = {a = China,b = Italy,c = USA,d = Spain,e = Germany, f =
Iran} be a set of top six COVID-19 affected countries. There are many relations between the countries of
the world. Suppose * is one of relations on X which is described in Table 5] This relation can be economic
impact, political influence, scientific impact or other chasses. For example = * y = z, means that the country
z influences the relationship * from country x to country y. Clearly (X, x, China) is a Neutro- BC K -algebra.

Table 5: Neutro-BC K -algebra

* China Ttaly USA Spain Germany Iran
China China Iran Spain  Germany Ttaly USA
Ttaly China Ttaly Iran  Germany Spain Germany
USA China Ttaly USA USA Iran Iran
Spain China China China Spain USA Ttaly
Germany | China Germany  Italy Spain Germany Ttaly
Iran China Spain USA USA China Iran

And so we obtain neutro-Hass diagram as Figure 2] Applying Figure[2] we obtain that China is main source
of COVID-19 to top five affected countries and Iran, Spain, Italy are indeterminated countries in COVID-19
affection together, USA effects Spain and Germany effects Iran.

Doi :10.5281/zenodo.3902754 116



International Journal of Neutrosophic Science (IJNS) Vol. 8, No. 2, PP. 110-117, 2020

China

Germany

USA
Italy

Spain
Iran

Figure 2: neutro-Hass diagram (X, x, China) associated to infected COVID-19 .
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Abstract

The paper focuses on the applications of neutrosophic set theory in the domain of classical algebraic structures,
especially R-module. This study discusses some algebraic operations of neutrosophic sets of an R-module M,
induced by the operations in M and demonstrates certain properties of the neutrosophic submodules of an R-
module. The ideas of R module’s non-empty arbitrary family of neutrosophic submodules are characterized,
and related outcomes are proved. The last section of this paper also derives a necessary and sufficient condition
for a neutrosophic set of an R-module M.

Keywords: R-module, Neutrosophic Set, Neutrosophic Submodule, Support, Neutrosophic Point

1 Introduction

Traditionally the set theory deals with sets of objects, their features and framework models of axioms. Prac-
tical problems in research, science and economics cannot be solved in the current environment due to the
inadequacy of the ideas of parameterisation techniques. In 1965, Lotfi Aliaskar Zadeh [/I] published a paper
describing the concept of imprecise boundaries of sets which led to the emergence of fuzzy set theory. After
the implementation of fuzzy sets by Zadeh, this basic notion has been generalized in several ways. In 1986
Atanassov [2]] put forward intuitionistic fuzzy set theory as a stereotype illustration of a set in which each
component is concomitant with membership and non-membership grades. In 1995, the University of New
Mexico’s scientist and mathematics professor Florentin Smarandache [3|] inspired by sport matches (winning
/ defeating / tie scores), votes (pro / counter / null or black votes), decision making (accept / reject / pending)
and control theory (yes / no / not relevant) coined a new idea and a branch of philosophy called neutroso-
phy. Neutrosophy means understanding neutral concepts and extending of tri-valued logic by non-standard
analysis [4})5].

The main objective of the neutrosophic set is to narrow the gap between the vague, ambiguous and im-
precise real-world situations. Neutrosophic set theory gives a thorough scientific and mathematical model
knowledge in which speculative and uncertain hypothetical phenomena can be managed by hierarchal mem-
bership of the components “ truth / indeterminacy / falsehood ” [4}|6]. Among the different branches of
applied and pure mathematics, abstract algebra was one of the first few areas where research was conducted
using the concept of neutrosophic set. Some authors have studied the algebraic structure associated in pure
mathematics with uncertainty. In 1971, Azriel Rosenfeld [/7] presented a seminal paper on fuzzy subgroup and
W.J. Liu [8] developed the idea of fuzzy normal subgroup and fuzzy subring. It was a significant milestone
in the area of mathematics research and fuzzy algebra. Mordeson’s and Malik’s book [9] gives an account of
all these concepts upto 1998. Negoita and Ralescu [[10] launched the notion of a fuzzy module. Then fuzzy
module was further developed by Mashinchi & Zahedi [[11]]. The idea of a direct sum of fuzzy modules was
investigated by P. Isaac [12]. In 2011 P. Isaac, P.P.John [|13]] studied about the algebraic nature of intuitionistic
fuzzy submodule of a classical module.

The consolidation of the neutrosophic set hypothesis with algebraic structures is a growing trend in mathe-
matical research. One of the key developments in the neutrosophic set theory is the hybridization of the neutro-
sophic set with various potential algebraic structures such as bipolar set, soft set and hesitant fuzzy set [[14-16].
W. B. Vasantha Kandasamy and Florentin Smarandache [17] initially presented basic neutrosophic algebraic
structures and their application. Vidan Cetkin [[18}/19] consolidated the neutrosophic set theory and algebraic
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structures, creating neutrosophic subgroups and neutrosophic submodules. The basic features of single val-
ued neutrosophic submodules of an R-module (classical module) are studied by Cetkin and Olgun N [[19}120].
Neutrosophic algebraic structures have higher expressive power than classical crisp set-based structures. This
paper explains certain elementary properties of neutrosophic set of an R-module M and characteristics of
neutrosophic submodule of an R-module M.

Neutrosophic set generalizes a classical set, fuzzy set, interval-valued fuzzy set and intuitionistic fuzzy
set that can be used to make a mathematical model for the real problems of science and engineering. The
remaining of the paper is structured as follows. The section 2 briefs about neutrosophic set operations and
neutrosophic sub-modules of an R-module M. Section 3 provides some elementary properties of neutrosophic
set of an R-module M and related results. The findings and description of the related work are also briefed in
section 4. Finally section 5 presents a valid summary and future work of the proposed study.

2 Preliminaries

This section presents some of the preliminary definitions and results which are basic for a better and clear
cognizance of next chapters.

Definition 2.1. [21]] Let R be a commutative ring with unity. A module M over R is an abelian group with
a law of composition written ‘+’and a scalar multiplication R x M — M, written (r,z) ~> rz, that satisfy
these axioms

.1z =2

2. (rs)xz =r(sx)

3. (r+s)z=rz+sz

4. r(x+y)=rx+ry Vr,s€ Randx,y € M.

Definition 2.2. [21]] A submodule N of an R-module M is a nonempty subset that is closed under addition
and scalar multiplication, i.e., x1 + z2 € N, re € NVr € R, x1,x9,2 € N.

Definition 2.3. [22] Let A and B be submodules of an R-module M. The sum of A and B, denoted as a set
A+B={z+y:z€ Ayec B}
which is also a submodule and smallest submodule which contains both A and B.

Theorem 2.1. [22] The intersection of any non empty collection of submodules of an R-module is a sub
module .

Definition 2.4. [4] A neutrosophic set P of the universal set X is defined as P = {(z, tp(x),ip(z), fp(z)) :
x € X} wheretp,ip, fp: X — (70, 1+). The three components tp, i p and fp represent membership value
(Percentage of truth), indeterminacy (Percentage of indeterminacy) and non membership value (Percentage of
falsity) respectively. These components are functions of non standard unit interval (0, 1) .

Remark 2.1. [23[24] “If tp,ip, fp : X — [0, 1], then P is known as Single Valued Neutrosophic Set (SVNS).
Remark 2.2. This paper considers only SVNS. For simplicity SVNS will be called neutrosophic set.
Remark 2.3. UX denotes the set of all neutrosophic subsets of X or neutrosophic power set of X

Definition 2.5. [4}25] Let P and Q be two neutrosophic sets of X. Then P is contained in Q, denoted as P C @)
if and only if P(z) < Q(z) Vx € X, this means that tp(z) < tg(z), ip(z) <ig(z), fr(z) > fo(x), Vz €
X

Definition 2.6. [4,26] The complement of a neutrosophic set P = {z,tp(z),ip(z), fp(z) : x € X} of X is
denoted and defined as P¢ = {z, fp(z),1 —ip(z),tp(z): x € X}.

Definition 2.7. [4l27] Let P,Q € UX V2 € X. Then
1. The union C of P and Q is denoted by C' = P U ) and defined as C(z) = P(z) V Q(x) where C(z) =

{z,tc(x),ic(x), fo(x) : x € X} is given by
to(z) =tp(x) v ?Q(xg
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2. The intersection C' of P and Q is denoted by C' = P N Q and is defined as C(x) = P(x) A Q(x) where
C(z) ={z,tc(z),ic(z), fo(x) : x € X} is given by
to(xz) =tp(x) ANtg(x)
’Lc(l’) = Zp(l‘) A ZQ(I)
fe(@) = fp(x)V fo(z)
Definition 2.8. [28] Let P and Q) be neutrosophic sets of an R-Module M . Then their sum P + @ is a
neutrosophic set of M, defined as follows
P+ Q(x) ={z,tp+q(x),ip+q(x), fr+q(x) : € M} where
tpyq(x) = V{tp(y) Nq(2)lz =y + 2,y,2 € M}
irsa(@) = Vi{ip(y) Nig(=)|w = y+ 2,9,z € M}
friq(x) =N fry)V fo(2)lz =y +z,y,2 € M}.

Definition 2.9. [[19] Let P be a neutrosophic set of an R-module M and » € R. Define neutrosophic set 7P =

{z,t,p(x),irp(x), frp(x) : x € M} of M as follows t,.p(x) = {\/{tp( vy ifyeMa=ry

0 otherwise
{V{ip(y)} ifye M,x=ry

—~ —~

s ipp(x) =

Mrfe(y)} ifye Mz =ry

0 otherwise 0 otherwise

na 1500~

3 Neutrosophic Set of an R-module M

In this section a few algebraic properties of neutrosophic submodules of an R-module M are demonstrated
and evaluated using three different membership grade values of neutrosophic submodules.

Definition 3.1. [19] Let M be an R module. Let P € UM where UM denotes the neutrosophic power set of
R-module M. Then a neutrosophic subset P = {z,tp(x),ip(x),
fp(x):x € M} in M is called neutrosophic submodule of M if it satisfies the following;

L tp(0) =1,ip(0) =1, fp(0) =0
(

)
2. tp :1:+y) > tp(fﬂ) /\tp(y)
J ip(z) Nip(y)
fr(z+y) < fp(x)V fp(y), Yo,y € M

3. tp(rx) > tp(x), ip(rz) > ip(z), fp(rz) < fp(x),Vax e M,YreR.
Remark 3.1. The set of all neutrosophic submodules of R-module M represented by U (M).

Example 3.1. [19] Consider the classical ring R = Z4 = {0, 1,2,3}. Since each ring is a module on itself,
take R = Z, as a classical module. Define the single valued neutrosophic set P as follows

P ={(0,(1,1,0)),(1,(0.6,0.3,0.6)), (2, (0.8,0.1,0.4)), (3, (0.6,0.3,0.6)) }. Then the neutrosophic set P is
a neutrosophic submodule of M.

Definition 3.2. [19] Let M be an R module. Let P € UM where UM denotes the neutrosophic power set of
R-module M. Then a neutrosophic subset P = {z,tp(x),ip(x),
fp(z):xz € M} in M is called neutrosophic submodule of M if it satisfies the following;

1. tp(O):].,ip( )—]. fp( ) 0

2. tp(x+y) >tp(x) ANtp(y)
ZP(JC+y) >ZP( )/\ZP( )
fP(x+y)§fP( )\/fP( )a V:r,yGM

3. tp(ra) > tp(x), ip(re) > ip(x), fplrz) < fp(x),Va € M,¥Yr € R.
Remark 3.2. The set of all neutrosophic submodules of R-module M represented by U (M).

Theorem 3.1. [[19] Let P be a neutrosophic set of M. Then P € U (M) if and only if the following properties
are satisfiedVz,y € M, r,s € R

i) tp(0) =1,ip(0) =1, fp(0) =0

1) tp(re+ sy) > tp(x) ANtp(y); ip(re + sy) > ip(x) ANip(y);

fe(rz +sy) < fr(z)V fr(y)”.
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Definition 3.3. For any neutrosophic subset P = {(z,tp(z),ip(z), fp(x)) : * € X} of X, the support P*
of the neutrosophic set P can be defined as
P*={xe X, tp(x) > 0,ip(zx) >0, fp(x) < 1}.

Proposition 3.1. Let P, Q € UX. If P C @, then P* C Q*.
Proof. Giventhat P C Q,thentp(z) < tg(z) :ip(z) <ig(x): fp(z) > fo(x) Vx € X. Consider x € P*,
then ,¢tp(z) > 0,ip(z) > 0, fp(z) < 1. So it can conclude that

tQ(QS) > tp(l‘) >0

ZQ(x) > ’LP(.TC) >0

fo(x) < fp(x) <1
Sothat z € Q*, .. P* C Q*. Hence proved. O

Proposition 3.2. Let P = {z,tp(x),ip(z), fr(z);x € M} be a neutrosophic set of M, then ¢,p(rz) >
tp(x),irp(re) > ip(x) and fr.p(rz) < fp(z).

Proof. Consider
trp(re) =V{tp(y) :y € M,rz =ry} > tp(x),Vax e M
Similarly i, p(ra) > ip(x) . Also
fep(rz) =N {fp(y):y € M,rz =ry} < fp(z),Vax e M
Hence the proof. O

Proposition 3.3. If P,Q € UM thenVz,y € M, r,s € R
L tprsg)(re+ sy) > tp(x) Ato(y)
2. irpys@) (T + 8Yy) Zip(z) Nig(y)
3. farrs@)(rz+sy) < fr(z) A fo(y)

Proof. 1. Consider

trprs)(re +sy) = \/{trP(191) Ntsq(V2) 1 ¥1,02 € M, 91 + V2 = 1w + sy}
> tp(rx) Atsg(sy)
> tp(z) Ntoly)Va,ye M, r,s €R.
2. Same as above.
3. Consider
Jorisq)(re +sy) = /\{frP )V fsq(¥2) 1 01,92 € M, 91 + 92 = ra + sy}
< frp(ra) Vv fsQ(sy)
< fp(z)V foly)Vo,y e M, r,s € R.
Hence the proof. O

Definition 3.4. Let P;, i € J be an arbitrary non empty family of U where P; = {x,tp,(z),ip, (z), fp,(z) :
x € M} foreachi € J. Then
Yics Pi={x, tzp( x), ZZP( z), fs p,(x) : 2 € M} where
i€J

typ(x )*V{Afp(l’v I1€M,ZieJx¢:x}VxeM
ieJ

):
izpi( )—\/{/\ZP( r)ixs € MY, v =x}Vee M
fZP( )—/\{i;/pri( Z‘)Z.’L'iEM7ZZ-€JCEi:(E}V(L'EM

7€ J
in > x;, at most finitely s are not equal to zero.
i€J
Proposition 3.4. Let P;, i € .J be an arbitrary non empty family of U, then r({,.; Pi) = U, e, (rP;) forr €
R.
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Proof. Consider r | J,c; P; = {x,t, Uiey P (z), iUy, Py (2), frUieJqu (x):x € M, r e R}
Now

\/{tUiGJ Pi(y) Zf RS M,:C =71y

trUieJ Pl(il’) = {0

_ {V{Z_evjtpi(y)} if tyeMxz=ry

otherwise

0 otherwise
= Vi,.p
ieg F (@)
= tUieJ TP (ﬁ)

Similarly iy, p,(z) = iy,_, rp,(2)
Now

frUieIPi(l‘) = {i\{fulGJP’L(y)} ify€M7x:7~y

B {A{ié\JfPi (y)} ifyeMz=ry

1 otherwise

otherwise

= ié\.]frpi (J?)
= fUieJTPi (I)
Hence 7(U;c; Pi) = Uiy (rP;) forr € R. O

Definition 3.5. For any z € X, the neutrosophic point N{z} is defined as N{I}(s) = {37t1\7(m} (s),iN{m} (s), me (s):
s € X} where
1,1,0) z=s

. I
N{’}(S){(o,o,l) x#s

Remark 3.3. Let X be anon empty set. The neutrosophic point N{O} in X is N{O} () = {=, tRrgo, (z), i 0y (z), fN{O} (z) :
x € X} where
1,1,0) 2=0

o i«
N{O}(x)_{(o,o,m 240

Proposition 3.5. Let N{O} be the neutrosophic point in X. Then rN (0} = N{O} VreR.

Proof. Consider TN{O}(x) = {x,trN{O} (x),iTN{O}(ac), fTN{O}(x) :x € M}, where Vr € R and

b, (@) = Vitg, () :y€Max=ry}
B 0 #0
= tN{O} (x) V(L‘ (S M
Similarly it can prove that, irN{o} (x) = iN{O} (z)
fTN{O} (.’L') = /\{tT_N{O} (y) Yy e ]\47 xr = ry}
_Jo z=0
1 z#0

f]\?{o} (x)Ve e M

Hence for any r € R, TN{O} = N{O}. O

Theorem 3.2. Let P € UX. P = Ny, if and only if P* = {0}.
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Proof. If P = N{O},then P*=(ze X,tp(x) > 0,ip(x) >0, fp(z) < 1) ={0}.
Conversely, if P* = {0} = tp(0) > 0,ip(0) > 0, fp(z) < 1 and tp(z) = 0, ip(x) = 0 and fp(z) =
1V x # 0.Therefore

Hence the proof. O

Definition 3.6. For any neutrosophic subset P = {(z,tp(z),ip(z), fp(x)) : * € X} of X, the support P*
of the neutrosophic set P can be defined as

P*={ze X, tp(x) >0,ip(z) >0, fp(x) < 1}.
Proposition 3.6. Let P, Q € UX. If P C @, then P* C Q*.

Proof. Giventhat P C @, thentp(z) <tg(x):ip(x) <ig(x): fp(xz) > fo(z) Vz € X. Consider z € P*,
then ,tp(x) > 0,ip(z) > 0, fp(x) < 1. So it can conclude that

tQ(l’) > tp(x) >0

ig(x) >ip(x) >0

fala) < fr(z) <1
Sothat z € Q*, .. P* C @Q*. Hence the proof. O

Definition 3.7. Let P € U™X. If for all 3 € [0, 1], the 3-level sets of of P, can be denoted and defined as
Ps ={x € X :tp(z) > B,ip(x) > B, fr(z) < B} and the strict § level sets of P can be denoted and
defined as Pj = {z € X : tp(z) > B,ip(z) > B, fr(z) < B}.

Proposition 3.7. Let P;, i € J be an arbitrary non empty family of U, Then for any 3 € [0, 1], then

L (s =([)P)s

e ieJ
2. [JP)s < (U P)s
iceJ ied

Proof. 1. Consider

re((P)s & ze(P)gViel]
ieJ
& ié]tpi(x) > B, AR (z) > B, e fp(x) <pB
< tﬂieJ P; (:E) Z /87 iﬂie] P; (I) 2 /87 fnieJP’i (‘T) S /B
& TEe (ﬂ Pi)g
ieJ
2. Consider
x € U(H)ﬁ = x € (P;)pforsome j € J
ied
= tp(x) 2 B, ip(x) =2 B, fp(x) < B
) > L p, > ) <
= ithP"(x) 25, ié/J ir(@) 2 6, ié\J fr(@) <8
= ze(|JP)s
icd
Hence the proof. O

4 Neutrosophic Submodule of an R-module M

This section explains the characteristics of neutrosophic submodules of an R-module and some associated
results and theorems.
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Theorem 4.1. Let P € U(M). Then P* is a submodule of M.

Proof. Given P € U(M) and P* = {z € M,tp(z) > 0,ip(z) >0, fp(z) < 1}. Let 2,6 € P*. Then
tp(.%') > 0,’ip(l‘> > O,fp(l’) <1
tp(0) > 0,ip(0) >0, fp(0) <1

To prove that rx + s6 € P* wherer,s € R.

i.e. to prove that tp(rz + s0) > 0, ip(ra + s6) > 0, and fp(rz + s0) < 1.

Now

tp(ra + sb) tp(rz) Atp(sh)

>
> tp(z) Atp(6) > 0.

The remaining two inequalities can be proved in the same way.
Hence P* is a submodule of M . O

Theorem 4.2. Let P;, i € J be an arbitrary non empty family of U (M), then (.. ; P, € U(M) .

icJ
Proof. Consider(Y;c; Pi = {z,tn,_, p,(z)in,_, p.(2), f, o, P (@) 1w € MYand ity p(0) = A tr,(0) =
L in,_, p,(0) = ié\JiPi(O) =1 fn,., r(0) = ié/JfPi(O) =0Now,Vz,ye M,r,s € R

e, plretsy) = Ate(re+sy)

> ié\J(tPi () Atp,(y))
= [Atr@IALA LR )]
= tﬂie] Pl(m) /\tmiEJ Pl(y)

in the same way it can derive
imiEJ P; (T'T + Sy) Z iﬂieJ P; (SU) A iﬂieJ P; (y)
Inie, Bre+sy) < fo, P (@) Vi, P (Y)
Hence ;. ; P; € U(M) O
Remark 4.1. If P,Q € U(M),then PNQ € U(M) .
Definition 4.1. Let P;, i € J be an arbitrary non empty family of U where P; = {x,tp,(z),ip, (z), fp,(z) :
x € M} foreach i € J. Then
Yics Pi={z,typ(x),is p(2), fyp(2) : © € M} where
i€J i€J i€J
tsp (7)) = \/{é\Jtpi(xi) cxi € MY o v =afVr e M
i€J g
iy p(r)= \/{_é\]z'pi(xi) cxi e MY, v =atVre M

i€J
s p(z) = /\{v;/pri(xi) rxg € MY i =a}Vee M
i€J g
in > x;, at most finitely s are not equal to zero.
=
Theorem 4.3. If P,(Q € U(M), then P+ Q € U(M).

Proof. 1t is enough to prove that P + () satisfies the following conditions Vx,y € M,r,s € R

L tp1Q(0) = 1,ip+q(0) =1, fr1@(0) =0

2. tpi(re + sy) = tpiq(@) Apiq(y), irtq(ra + sy) 2 iriq(x) ANiriq(y),
frrq(re+sy) < friq(@) V friq(y)

Since P,Q € U(M), from the definition[2.8] condition 1 is obvious.
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Consider

tprg(x) ANtprgly) = \/{tp 1) ANtg(z2) 1 =x1 + 22} A
Vi
Vit
\/{tP sy1) Ntq(sye) : sy = sy1 + sy2}
= \Altp(ra) Atp(syn)] A ltq(ras) Ato(sys)]
DrE =71 + T, 8y = Sy1 + Sy2}
\/{tp(rxl + sy1) AN tg(rza + sy2)

crx 4+ sy = rwy + Sy1 + ras + sys}
= tpyQ(rz + sy) whererz + sy = r(x1 + x2) + s(y1 + y2)

y1) Ntg(y2) :y =11 +y2}

IN

rey) Atg(ras) v =rxy + T2} A

(
(
(
(

IN

V331,332a1117y2 S M

Similarly, ipq(rz + sy) 2 ip4Q(z) Nir+Q ) friQ(rz + sy) < friq(e) V friq(y)
P+ QeU(M). 0

Corollary 4.3.1. Let P;, i € J be a family of neutrosophic submodules of an R-module M. Then ) P; €
i€
U(M).

Corollary 4.3.2. Let P,Q € U(M), then
L (P+Q) =P +Q
2. (PNQ)*=P*NnQE*

Theorem 4.4. Let P € UM. Then P € U(M) < P hold the following
I. Ny C P
2.rPCPVreR
3. P+PCP

Proof. Consider P € U(M)
1. Consider N{O}( ) ={=, tN{O}( x), UKo, (x), fz\?{g} () : & € M} where

) (1,1,0) =0
N =
0} (@) {(0, 0,1) z#0
Then obviously, o) (z) <tp(x), iN{O}(x) <ip(x)and fN{O}(a:) > fplx)VeeM

Hence N{O} C P.
2. Consider rP = {z,t,p(x),irp(z), frp(x) : € M} where

trp(x
r(@) 0 otherwise

_ {v{my)} ifyeMa=ry

< tp(x) Vo e M [tp(x) =tp(ry) > tp(y)]

Similarly i, p(z) < ip(x), frp(z) > fp(x),Vo € M.
Hence rP C P.

3. Comsiderx € M,r € R

tprp(x) = V{tpyAtp(z):y,z€ M,z =y+ z}
tp(z) Ve e M [ta(z) =taly+2z) > ta(y) Ata(z)]

IN

Similarly, ip+p(x) S ’LP(IE) and fp+p(1') Z fp(x)
Therefore P + P C P.
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Conversely, assume P € U™ satisfies the given three conditions and to show that P € U (M).
Erom the condition 1,
Nygy CP = tN{O}(a:) <tp(x), Ko, (z) <ip(x) a.nd fN{O}(JJ) > fplr)VeeM
= tP(O) = l,iP(O) =1and fp(O) =0.
Now for x,y € M,
From condition 3, P + P C P

tr(x+y) = tpip(+y)
= V{tp(z1) ANtp(22): 21,20 € M,x +y = 21 + 22}
> tp(z) Atp(y)

V

Similarly, ip(x 4+ y) > ip(z) Nip(y), frz+y) < fp(x)V fp(y) Va,y € M.
Also from condition2,Vr € R, z € M,

tp(re) > typ(rx)

_ {\/{tp(y)} ify=rx,rr=ry

0 otherwise

> tp(z)

Similarly, ip(rz) > ip(z) and fp(rz) < fp(x).
Therefore it can conclude, P € U(M). O

Corollary 4.4.1. Let P € UM then P € U(M) < P hold the following
1. N{o} cCP
2. rP+sPC P, Vr,seR

5 Conclusion

Neutrosophic submodule is one of the generalizations of the algebraic structure “module” that supplements
the classic structure by assigning three diverse level graded features of each module component. This paper
presented numerous operations of neutrosophic sets of an R-module M, instigated by the operation addition
in M and an action of aring R on M. The scope and intent of this study are to generalize algebraic structures
and to create algebraic neutrosophic structures and find their application. The present study leads to explore
the concept of injective and projective neutrosophic submodules of an R-module, semi-simple neutrosophic
submodule of an R-module and a quasi neutrosophic submodule of an R-module.
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