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PREFACE

In this book authors for the first time introduce the notion

of MOD subsets using Z, (or C(Z,) or (Z, U g)or (Z, U I) or
(Z, Uh)or (Z, Uk)or Z,f or C'(Z,) or (Z, Ug) or (Z, U1I) or

(Z, Uh)or (Z, Uk). On these MOD subsets the operation ‘+’
is defined, S(Z,) denotes the MOD subset and {S(Z,), +}

happens to be only a Smarandache semigroup.

These S-semigroups enjoy several interesting properties.
The notion of MOD universal subset and MOD absorbing

subsets are defined and developed.

{S(Z,), x} is also a semigroup and several properties

associated with them are derived.

MOD natural neutrosophic subsets forms only a
semigroup under ‘+’. In fact the main feature enjoyed by this
structure is they have subset idempotents with respect to ‘+’.
They are S-semigroups under ‘+’. These MOD natural
neutrosophic subsets of all 6 types are only semigroups under

3 b

X,



These enjoy distinct properties depending on the subset
that is used. Further in these cases two types of products can be
used one zero dominated product and the other MOD natural
neutrosophic zero dominated product. Both the product are
different. Finally using these MOD subsets matrices and
polynomials are defined and developed. The new notion of
MOD subset matrices are defined and these collections also

under ‘“+’ (or ‘x’) are only semigroups.

On similar lines MOD subset polynomials are defined

and they also form only a semigroup under ‘+’ (or ‘x”).

These new notions are interesting and researchers can
find lots of applications where semigroups find their

applications.

Several problems at research level are also suggested for the

readers.

We wish to acknowledge Dr. K Kandasamy for his
sustained support and encouragement in the writing of this

book.

W.B.VASANTHA KANDASAMY
ILANTHENRAL K
FLORENTIN SMARANDACHE



Chapter One

BAsIC CONCEPTS

In this chapter we introduce the basic references which is
essential for this study. Here we study the MOD subsets
semigroups of various types using the six types of MOD integers
as well as MOD natural neutrosophic numbers [66]. Further for
subset structures refer [51]. We used dual numbers
[48], special quasi dual numbers [50] and special dual like
numbers [49].

For the notion of finite complex numbers refer [47]. For
neutrosophic concept and structures on them refer [6-7].

The study here is significant for we are able to provide
finite order semigroups under +, the addition operation, in most
of the cases they are monoids and they are not groups but
however all of them under + operation are Smarandache
semigroups. These semigroups are of finite order.

On the other hand a study of MOD subset matrices and MOD
matrix subsets are introduced. They also are only finite
semigroups under ‘+’ which are Smarandache semigroups.

Finally we introduce the notion of MOD subset polynomials
subsets. Both of them under + are only semigroups. However
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if the polynomials are of the form Z:aixi then they are of
i=0
infinite order.

Thus these provide examples of monoid of infinite order
which are not groups. But if we use polynomials of type

Z:aixi , 2 <m < o then we get a class of MOD polynomial
i=0

subsets as well as MOD subset polynomials both of which are of
finite order. Still these are also only semigroups under +.

We replace the + operation by x and study the structure of
the semigroup. The MOD semigroups under x have several
interesting properties.

The book is endowed with several illustrative examples for
that alone can give more clarity to the reader about these
abstract concepts.

Finally we study the same structure in case of MOD natural
neutrosophic subsets. These behave in a distinct way for we are
forced to define two types of product; one the usual zero

dominant product in which 0 xI. =0 forallt € {n, c, g, h, k,
I} and m is a zero divisor or nilpotent or an idempotent in Z, or
C(Z,) or{Z, U g) or(Z, U h) or (Z, U k) or(Z, U I) [60].

The MOD natural neutrosophic number dominant zero
product is I x 0= I’ wherem €{n, c, g, h, k, I}.



Chapter Two

MOD SUBSET ALGEBRAIC STRUCTURES

In this chapter for the first time authors study the probable
algebraic structures on Z,, C(Z,), {Z, W I}, (Z, U g), {(Z, U h)
and (Z, U k),2 <n<oo,

Although in the 19" century set theory was introduced to
make a paradigm shift in mathematics modern algebra and set
topological spaces was introduced.

But unfortunately set theoretic notions was not exploited in
algebraic structures they were used only in topological spaces so
it is deem fit to study algebraic structures built using Z,, C(Z,)
and so on.

However we have defined and developed subset algebraic
structures in [51].

Here for the first time we introduced algebraic structures
not only on Z,, C(Z,) and so on but using Z! , C(Zy), (Zou )
and so on.

The latter theory gives many types of properties associated
with them different from the existing ones.
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Before we go for systematic definition first we will
illustrate by some examples.

Example 2.1: Let Z; be the modulo integers.

S(Z5) = {All subsets of Z; including Z;} = {{0}, {1}, {2},
{1,2}, {1,0}, {2, 0}, {1,2,0}}. Clearly o(S(Z3)) =17.

Example 2.2: Let S(Zo) = {{0}, {1}, ..., {8}, {0, 1}, {0, 2}, ...,
{7,8}, {0, 1,2}, {0, 1, 3},..., {6, 7,8}, {0, 1,2, 3}, ..., {5, 6, 7,
8},{0,1,2,3,4},...,1{4,6,7,5,8},{0,1,2,3,4,5}, ..., {3, 4,
5,6,7,8},{0,1,2,3,4,5,6},...,{2,4,5,3,6,7, 8} and so on
{0, 1, 2, 3, 4, 5, 6, 7, 8}} be the MOD subset collection and
0(S(Zo)) =2° - 1.

In view of all these we prove the following theorem.

THEOREM 2.1: Let Z, be the modulo integers. S(Z,) be the
collection of all subsets of Z,.

o(S(Z,) =2"—1.
Proof is direct and hence left as an exercise to the reader.

Throughout this book S(Z,) will denote the collection of all
subsets of Z,.

We will first define the operation of addition, + on S(Z,).

DEFINITION 2.1: Let Z, be the ring of modulo integers S(Z,) be
the collection of all subsets of Z,. S(Z,) is defined as the MOD
subset. Let A, B € S(Z,), A + B = {a; + b; (mod n) for each a; €
A and each b; € B} € S(Z,).

This is the way ‘+’ operation is defined on S(Z,).

We will describe with examples before we proceed onto
determine the properties enjoyed by this MOD subset semigroup,
{S(Zy), +}.
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Example 2.3: Let S(Zy) = {{0}, {1}, {2}, {3}, {0, 1}, {0, 2},
{0, 3%, {1, 2}, {1, 3}, {2, 3}, {0, 1, 2}, {0, 1, 3}, {0, 2, 3}, {1,
2,3}, {1, 2, 3, 4} = Z4} be the MOD subsets of Z,. Define + on
S(Z4) as follows.

{0} +{1,2,3} ={1, 2, 3},
{0} + {0, 3} = {0, 3}and so on.

It is left for the reader to prove {0} acts as the additive
identity of S(Z,).

It is important to note for any X € S(Zs) we do not in
general have a Y € S(Z4) such that

X+Y={0}.
Forif X=1{0,2,3},Y=1{2,3, 1} € S(Zy).
X+Y ={0,2,3}+{2,3,1}
={0+2,0+3,0+1, +2,2+3, 2+1,3+2,
3+3,3+1}
={2,3,1,0,1,3,1,2,0} ={0, 1, 2, 3} = Za.
This is the way ‘+’ operation is performed on S(Z,).
Wesee {2} + {0, 1,3} = {2, 3, 1} € S(Zy).
{2,0} +{0,1,3} ={2,3,1,0} = Zu.

Wesee Z4 = {2, 3, 1, 0} € S(Z,4), is such that for every x €
S(Z4), X + Z4 = Z4.

We call this Z, as the absorbing element of S(Zy).

{0,2} +{1,3} ={1,3,3, 1} = {1, 3} € S(Zy).
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We have also sets in S(Z4) such that X + Y =Y for Y in
S(Z4) and for a particular X in S(Zy).

This is not possible in usual cases that in semigroups or
groups or rings under +.

This situation does not follow the set theoretic results.

For {0, 2} and {1, 3} have no common factor infact a pair
of disjoint sets but their sum gives the set {1, 3}. This sort of
behavior in algebraic operations is very rare.

{0,1} +1{2,3,0} = {2,3,0, 1} = Z,.
Now consider {0, 1,2} + {3,0, 1} = {3,0, 1,2} =Z,.

However the sets {0 3 1} and {0, 1, 2} as sets are not
disjoint.

Example 2.4: Let S(Zs) = {(collection of all subsets of Z}.
Define ‘+’ operation on S(Z).

Let {3, 2} € S(Z).

(3,2} +{3,2} =1{0,5, 4},

(3,2} +1{0,5,4} = {3,2,0, 1},
3,20 +143,2,0,1}  =10,5,2,4,3,
£0,2,5,4,3V+ (3,21 = 13,2, 1, 4,
£1,2,3,4,0,5) + 3,2} = {4, 5, 0,
£1,2,3,4,5,00 + 43,2} = {4, 5, 0,

0,51,
3,2, 13,
17 27 3} = {ZG}

After adding sets a number of times we arrive at a fixed set;
such study is new and innovative.

{0, 3} + {0, 3} = {0, 3}.
10, 2} + 10,2} =10, 2, 4},
{0,2,4} +1{0,2} = {0, 2, 4}.

Thus these sets attains a fixed point.
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Thatis X+X=Y
Y+X=Y.

The following operation are pertinent.

If X = {a,, ay, a3, ..., a;} € S(Z,) is a subgroup under +
of Z,,, then we see X + X = X.

£0,3} + {0, 3} = {0, 3},
{0,2,4} +1{0,4,2} ={0,4,2} and
£0,1,2,3,4,5)+10,1,2,3,4,5 ={0,1,2, 3,4, 5}.

Thus {S(Z,), +} has elements X such that X + X = X so
{S(Z,), +} is not a group under +, only a semigroup under +.

Let X = {5} € S(Z¢),
{5} + {5} = {4},
{4} + {5} = {3},
{31 + {5} = {2},
{2} +{5} = {1},
{5} + {1} = {0}.

Let {3,5,01 =Y e S(Z,)
Y+Y=1{0,3,5}+1{0,3,5 =1{0,3,5,2, 4}
Y +140,2,3,4,5 = 1{0,2,3,4,5, 1}

{0,3,5} +{0,1,2,3,4,5 = 1{0, 1,2,3,4, 5}

Thus we see Z¢ = {0, 1, 2, 3, 4, 5} added with any set
X € S(Zs) gives only Zg.

X=1{0,2,4}and Y = {1, 5} € S(Z);
X+Y:{O:2:4}+{1:5}:{175:3}:Zl~

X+X=1{0,2,4} +{0,2,4} = {0,2,4} =X
Y+Y={1,5+{1,5}={2,4,0} =V,.



16 | MoD Natural Neutrosophic Subset Semigroups

Wesee X+X=Y +YbutX=Y.

Further 7, + Z, = {1, 5,3} + {1,5,3} = {2,0,4} =X
X+Y+X+Y=X X+Y=X)
Y+Y=X
X+YV)+X+Y)=X.

X+Y+Y={1,53}+{1,5=1{204}
(X+Y)+X={1,531+1{0,2,4 =X +Y.

Several interesting features can be analysed using the
subsets.

We see the structure of {S(Zs),*+} is only a semigroup of
order 2°— 1.

However {0} e S(Z¢) serves as the identity for any
X e S(Zg); X+ {0} =X={0} + X.

Infact {S(Ze), +} is a commutative monoid of finite order.

For any X € S(Zs) we cannot in general find a Y in S(Ze)
such that X +Y = {0}.

For take {2, 4} € S(Z¢) we do not have a Y € S(Z¢) such
that Y + {2, 4} = {0}.

Thus {S(Z¢), +} is only a monoid and not a group.

However {S(Zs), +} is a Smarandache MOD semigroup as
{Zs, +} is a group under +.

In view of all these we have the following theorem.

THEOREM 2.2: Let S(Z,) = {(collection of all subsets of Z,)};
2<n<oo,

i) o(SZ,)) =2"—-1.
ii) {S(Z,), +} is only a commutative monoid.
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iii) ThesetZ,={0, 1,2, ... n—1} € S (Z,) is such
that for every X € S(Z,);
X+Z,=2,+X=2,.

Proof is direct and hence left as an exercise to the reader.

DEFINITION 2.2: Let {S(Z,), +} be the MOD subsets semigroup
of Z,. Theset{0, 1,2, .., n— 1} =2, € S(Z,) is the defined as
the MOD universal subset of S(Z,).

We see S(Z,) has one and only one MOD universal subset.
The MOD universal subset of S(Z,) will also be known as the
MOD largest absorbing subset of S(Z,).

But there are many absorbing subsets of S(Z,,).
We will give some more examples before we proceed to
define and develop more properties about these new MOD subset

structures.

Example 2.5: Let S(Z,) = {Collection of all subsets of Z,}; the
MOD subset of Z», {S(Z;,), +} is the MOD subset semigroup.

Let X = {0,3} and Y = {0, 6,9, 3} € S(Z1»)
X+Y=1{0,3}+{0,6,9,3} ={0,3,6,9} =Y.

Let X;={0,2,4}and Y = {0, 6,9, 3} we see

Xi+Y =1{0,2,4} +{0,6,9,3}
0,2,4,6,9,3,8,11,5,10, 1,7} = Zy,

the MOD universal subset of S(Z,,) or the largest MOD subset of
S(Z12).

Let X, = {0, 8} and Y = {0, 6, 9, 3} € S(Z1»).
X +Y=1{0,6,3,9,8,11,5,2}.

Clearly X, + Y is not the MOD universal subset of S(Z;,).
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LetX; =1{0,2, 8} and Y = {0, 6,3, 9} € S(Zp);

X;+Y=1{0,2, 8} +{0,6,3,9!
=10,6,3,9,8,2,5 11} #Zp.

So only X; = {0, 2, 4} with Y gives the MOD largest
absorbing subset of S(Z15).

Let X, = {0,4, 8} € S(Zp),
X, +Y =1{0,4,8} +{0,6,3,9}
{0, 6,3,9,10,7

,1,2,11,4,8,5} =Zys.

Once again X4 = {0, 4, 8} with Y gives the MOD largest
absorbing subset of S(Z15).

Let X5 = {0, 5, 7} € S(Z2) now we find
Xs+Y ={0,5,7} + {0, 3,6,9}
={0,3,6,9,8,11,2,5,7,10, 1,4} = Z),.

We see Xs = {0, 5, 7} also yields with Y the MOD largest
absorbing subset of S(Z15).

Consider {0, 5, 11} = X¢ € S(Z1»).

We find X¢ + Y = {0, 5, 11} + {0, 3, 6, 9}
=10,3,6,9,8,5,11,2, 1} # Z».

So X¢ cannot yield Z;, when added with Y.
Let X;={0,7, 11} € S(Z1,).

{0,3,6,9}

We find X;+Y={0,7, 11} +
=1{0,3,6,9,7,10,1,4, 11, 2,5, 8} =Z,.

However X; yields Z;, the MOD largest absorbing set with

LetZ=1{0,2,4,6,8,10} and B, = {0, 1} € S(Z.).
B, +Z =1{0,1} +{0,2,4,6,8, 10}
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={0,1,2,3,4,5,6,7,8,9,10, 11} =Z),.

So Z with B, or B; with Z give the MOD universal subset of
S(Zy2).

Let Bz = {O, 3} S S(le)

B,+Z =1{0,3} +{0,2,4,6,8, 10}
=10,2,4,6,8,3,10,5,7,9, 11,1} = Zp,.

Again B, with Z yield the MOD universal subset of S(Z15).

Let By = {1,3} € S(Z1)
By +Z=1{1,3}+10,2,4,6,8, 10} = {1,3,5,7,9, 11}.

So B; cannot yield with Z the MOD largest absorbing subset
or the MOD universal subset of S(Z,).

Let B4 = {0, 5} € S(le)

B4+Z _{O 5}

+4{0,2,4,6,8, 10}
={0,2,4,6,8,5,10,7,9, 1

1,1,3} =Zp.
So with Z yields the MOD universal subset of S(Z,).

Let Bs= {0, 7} € S(Zy).

Bs also yields with Z the MOD universal subset of S(Z,).

Let B6
B¢+ Z

(3,5} € S(Zp),
(3,5 + {0, 2,4, 6,8, 10}
(3,5,7,9, 11, 1} # Z.

So B¢ cannot yield the MOD universal subset of S(Z,) with
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Let B;= {0, 9} € S(Zy).
B;+Z =1{0,9} + {0,2,4,6,8, 10}
=10,2,4,6,8,9,10,11, 1,3,5,7} = Zp.

So B; with Z yields the MOD universal subset of S(Z;5,).

Let Bs= {0, 1} € S(Z1);
Bs+Z ={0,11} + {0,2,4, 6,8, 10}
=1{0,2,4,6,8,10,1,3,11,5,7,9} = Z,,.

Thus Bg with Z yields the MOD universal subset of S(Z,,).
Bo= {1, 11} € S(Z1);
Bo+Z ={1,11}+{0,2,4,6,8, 10}
={1,3,5,7,9, 11}.

Thus some sets yield the MOD universal subset.
Let W = {0, 6} € S(Z1,) be the subset of S(Z,5).

Let X = {0, 5,2, 7} € S(Z1»)
W+X ={0,6} +{0,2,5,7}
=1{0,2,5,7,8,6,11, 1} # Zp,.

Thus for us to have the resultant sum to be the MOD
universal subset we need atleast the product of the cardinality to
be 12 and ‘0’ should be the common element between the two
sets.

Example 2.6: Let S(Z;) = {(collection of all subsets of Z;} be
the MOD subset semigroup under +.

Let X=1{0,2}and Y = {0, 1, 4} € S(Z,),
X+Y=1{0,2,1,4,3,6} #Z,.

Let X = {0, 2} but Y = {0, 1, 6} e S(Z»),
X+Y=1{0,2}+{0,1,6}={0,1,6,2,3} # Z;.

Let X= {0, 1,3} and Y = {0, 4, 5} € S(Z,),
X+Y=1{0,1,3,4,5, 6} Zr.
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Let X=1{0,1,2,3} and Y = {0, 4, 5} e S(Z)),

X +Y=10,1,2,3} +{0,4,5)={0,1,2,3,4,5,6} =Z,.

Let X=1{0,1,2,3} and Y= {5, 0, 6} e S(Z,),
X+Y=1{0,1,2,3}+{560}=1{0,1,2, 3,5, 6} =Z-.

Let X ={0,1,4, 5} and Y = {0, 3} € S(Zy),
X+Y=(0,1,4,5}+{0,3}=10,1,4,5,3} 2 Z..

So if in Z,, n is a prime S(Z,) happens to behave in a very
different way evident from this example.

Example 2.7: Let S(Z4) = {collection of all subsets of Z,} be the
MOD subset semigroup under +.

Let S={0,2} and Y = {1, 3}
S+Y={0,2}+ {l1,3} = {1, 3}
So S={0,2} leaves {1, 3} as it is even after addition.

Let X={1,2} and Y = {0, 3} € S(Zy),
X+Y={1,2} +{0,3} ={1,2,0} #Z4.

Let X={0,1,2} and Y = {0, 3} € S(Zy),
X+Y={0,1,2} +{0,3} ={0,1,2,3} =Z,.

Let X={1,3,2} and Y = {0, 1} € S(Z4),
X+Y={0,1}+{1,3,2} ={1,3,2,0} = Z,

Howeveritisseen Y < X yet Y + X # X but Z.
This is the specialty of MOD subset semigroups.

Wesee {0,3} =Y and X = {1, 2, 3} € S(Z,) is such that
X+Y={0,3} +{1,2,3} ={1,2,3,0} =Z,.

So we seeif Y = {0, 3} is replaced by Y; = {0, 2} then
Y +X={0,2} +{1,2,3} ={1,2,3,0} =Z4.

Let Y, = {0, 1} € S(Zs).
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We find Y, + X = {0, 1} + {1, 2,3} = {0, 1, 2, 3} = Z, thus
for X = {1, 2, 3} all the three sets {0, 1}, {0, 2} and {0, 3} are
such that their sum with X yield the MOD universal subset.

Example 2.8: S(Z,0) = {(collection of all subsets of Z;y} be the
MOD subset semigroup under +.

Let X = {0,2,4,6,8  and Y = {0, 5} e S(Zy).
X+Y =1{0,2, 4,6, 8} + {0, 5}
=10,2,4,6,8,7,9,5, 1,3} = Zy.

Thus X and Y sum lead to the MOD universal subset of
S(Z10).
Let Y, = {0, 3} and X = {0, 2, 4, 6, } € S(Zy).
Wefind Y, + X=1{0,3} +{0,2,4,6,8}
= {0, 2, 4,6,8,5, ,3,9, 1} =Z,,.

Thus Y; with X also yields the MOD universal subset of
S(Zyo).

Let Y, = {0, 1} € S(Zy0);
Y,+X ={0,1} + {0, 2,4, 6, 8}
={0,2,4,6,8,3,1,5,7,9} =Zy.

Thus Y, with X also yields the MOD universal subset Z;, of
S(Zyo).

Let Y3 = {0, 7} S S(Zlo),
Y;+X ={0,7} + {0, 2, 4,6, 8}
=1{0,2,4,6,8,9,7,1,3,5} =Z.

Thus Y; with X also yields the MOD universal subset of
S(Zyo).

Let Y4 = {0, 9} S S(Zl()),
we find Y4 + X = {0, 9} + {0, 2, 4, 6, 8}
=1{0,2,4,6,8,9,1,3,5,7} =Zy.
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So Y, also with X yields the MOD universal subset of S(Z).

These subset Y, Y, Y,, Y; and Y, are the smallest order
subsets of S(Z19) which when added with X = {0, 2, 4, 6, 8}
yield the MOD universal subset of S(Z ).

Example 2.9: Let S(Z,5) = {Collection of all subsets of Z;s} be
the MOD subset semigroup under +.

Let X = {0,3,6,9, 12} and Y = {0, 2} € S(Z:s).

X+Y =10,3,6,9, 12} + {0, 2}
=1{0,2,6,9,12,2,5,8, 11, 14}

Let Y= {0, 2, 8} S S(Zl5)

We find X +Y = {0,2, 8} + {0,3, 6,9, 12}
=1{0,3,6,9,12,2,5,8, 11, 14} = Zjs.

So Y with X does not yield the MOD universal subset of
S(Zs).

Let Y, = {0,2, 4} € S(Z:s).
3,6,9, 12}
,2,5,8,11,14,7,4, 10, 13, 1}

We see Y with X yields the MOD universal subset of S(Z;s).

Let Y, = {0, 8, 10} € S(Z1)

Y, + X ={0,8, 10} + {0, 3, 6,9, 12} = {0,3,6,9, 12,8, 11,
14, 2, 5, 10, 13, 1, 4, 7} = Z;5, so Y, also yields when added
with X the MOD universal subset of S(Z;5).

Let Ys = {0, 10, 14} € S(Z;s).

We find
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Y;+X

{0, 10, 14} + {0, 3, 6,9, 12}
0,3,6,9,12,10,13,1,4,7, 14,2, 5,8, 11}
Zss.

Thus Y3 also when added with X yields the MOD universal
subset of S(Z;s).

Let Y, = {0, 8, 14} € S(Z;5).

Y, +X = 10,8, 14} + {0,3,6,9, 12}
=10,3,6,9,12,8, 11, 14,2} # Z;s.

So Y4 cannot serve as the subset of S(Z;5) which can yield
Z,5 adding with the subset X.

Let Ys = {0, 8, 12} € S(Z:s).

Y5+ X={0,8, 12} + {0,3, 6,9, 12}
=10,3,6,9,12,8,11,14,2,5} # Z;s.

Thus it is left as a open conjecture for S(Z,).
Now we propose the following open problem.

Problem 2.1: Let S(Z,) be the MOD subset semigroup under +; n
a nonprime 2 < n < oo, Find the number of subsets X in S(Z,)
which when added with the subset P of S(Z,) where the
elements of P under + from a group and the sum of X + P as
MOD universal subset of S(Zn). Study this question for all
subsets of Z,.

DEFINITION 2.3: Let S(Z,) be the MOD subset semigroup.

Let P € S(Z,) if the collection of elements in P forms a
group under + then we define P to be a subgroup subset of
S(Z,).

We will illustrate these situations by some examples.
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Example 2.10: Let S(Z,4) be the MOD subset semigroup under
+.

P, = {0, 12},

P,= {0, 8, 16},

P;={0, 6, 12, 18},

Ps=1{0,3,6,9,12, 15, 18, 21},

Ps=1{0,2,4,6,8, 10, 12, 14, 16, 18, 20, 22} and

Ps = {4, 8, 12, 16, 20, 0} are the only subset subgroups of
S(Z14).

Finding subsets in S(Z,4) so that their sum with P, or P, or
P; or P, or Ps or Pg yielding the subset Z,, happens to be a
matter of routine and hence left as an exercise to the reader.

We see in case of P; = {0, 6, 12, 18} if we take

X=1{0,1,3,5,7,10} € S(Z»4) and we calculate

P;+X =1{0,6,12,18} + {0, 1, 3, 5,7, 10}

=1{0,6,12,18,1,3,5,7,11,7,13,19,9, 15, 14,
21,17,23,16, 10,22, 4} # Zo,.

Take B = {0, 1, 5, 4, 20, 9} € S(Z»»).

We find
P;+B ={0,6,12, 18} + {0, 1, 5, 4, 20, 9}
={0,6,12,18,1,5,9,20,7,13,19, 11, 17, 23,
15,21,4,3,10,16,22,2,8, 14} = Z4.

Thus for the MOD subgroup subset P3;, B in S(Z,4) serves as
the subset when summed up with P; yields Z,, the MOD
universal subset of S(Z,4).

Now for the same P; consider D = {0, 3,4, 5, 7, 8},

P;+D ={0,6,12, 18} + {0,3,4, 5,7, 8}



26 | MoD Natural Neutrosophic Subset Semigroups
={0,6, 12, 18,9, 15, 21, 3,4, 10, 16, 22, 5, 11, 17,
23,7,13,19, 1, 8, 14, 20, 2}.

Thus D is also another subset of S(Z,4) which yield the MOD
universal subset of S(Z,s) when added with the MOD subset
subgroup P; of S(Zy4).

Consider P, = {0, 8, 16} of S(Zy4).

Wesee X =1{0,1,2,3,4,5,6,7} € S(Zz4) is such that

P,+X =1{0,8,16} +{0,1,2,3,4,5,6,7}

={0,8,16,1,9,17,2,10, 18, 11, 19, 3, 4, 12, 20,
5,13,21,6,14,22,7, 15,23} = Zy4,

the MOD universal subset of S(Zy4).

Let P;={0,8, 16} and Y = {0, 9, 10, 11, 12, 13, 14, 15} €
S(Z,4) is such that

Pi+Y =1{0,8, 16} + {0,9, 10, 11, 12, 13, 14, 15}
= 10,8, 16,9, 10,11, 1, 13, 14, 15, 17, 1, 18, 2, 19,
3,20,4,21,5,22,6,23,7} = Zos € S(Zos)

is such that P; + Y yield the MOD universal subset of S(Z,4).

Clearly Y is not a MOD subgroup subset of S(Z,4); Y is only
just a MOD subset of S(Zy4).

Consider Ps = {0, 4, 8, 12, 16, 20} € S (Z,4), we see D = {0,
1, 2, 3} € S(Zx4) is such that

P+ D ={0,4,8,12, 16,20} + {0, 1,2, 3}
={0,4,8,12,16,20, 1,2,3,5,9, 13, 17, 21, 6, 10,
14, 18,22, 7, 11, 15, 19, 23} = Z,,.

Thus D when added with P¢ yields the MOD universal subset
of S(Zx4).
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Consider E = {0, 5, 6, 7} € S(Z4).

We find Ps+ E = {0, 4, 8, 12, 16,20} + {0, 5, 6, 7}
={0,4,8,12,16,20,5,6,7,9, 13,17, 21,
1, 10, 14, 18,22, 2, 11, 15, 19, 23, 3}
:Zz4.

Thus we see for the MOD subset subgroup Ps we have E €
S(Zy4) such that the sum of P¢ with E yields Z,4 the MOD
universal subset of S(Z,4).

Consider F = {9, 10, 11, 0} € S(Zy4).

{0,9, 10, 11} + {0, 4, 8, 12, 16, 20}
={048 12, 16, 20,9, 10, 11, 13, 17, 21, 1, 5, 14,
18,22,2,6,15,19,23,3,7} = Zsa.
Thus F added with P yield the MOD universal subset of
S(Z14).
Let G= {13, 14, 15, 0} € S(Zx4) we find
Pe+G =1{0,4,8,12, 16,20} + {0, 13, 14, 15}
= {0, 4, 8, 16, 20, 12, 13, 14,15, 17, 21, 1, 5, 9, 18,
22,2,6,10,19,23,3,7, 11} = Zy,

thus G is also a MOD subset of S(Z,4) such that P + G is the
MOD universal subset of S(Z,4).

Let H= {0, 17, 18, 19} € S(Z»4) we find
Pe+H =1{0,4,8, 12, 16,20} + {0, 17, 18, 19}
=10,4,8,12,16,20, 17, 18,19, 21, 1, 5,9, 13, 22,
2.6,10, 14,23, 3,7, 11, 15} = Zaa.

Hence H summed up with P4 gives the MOD universal subset
of S(Zx4).
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Let = {0, 21, 22,23} € S(Z»4), we find

J+Ps =1{0,21,22, 23} + {0, 4, 8, 12, 16, 20}
=10, 4,8,12,16,20, 1,5,9, 13,17, 2, 6, 10, 14,
18,3,7,11, 15, 19, 23, 21, 22} = Z,.

We see J summed up with P yields the MOD universal
subset Z,4 of S(Z4).

Consider K = {0, 3, 9, 15} € S(Z»4). We find

Ps+K = {0,4,8,12, 16,20} + {0, 3,9, 15}
= 10,4,8, 12, 16,20,3,9, 15,7, 11, 15, 19, 23, 13,
17,21, 1, 5} # Zoa.

Take L = {0, 3,9, 14} € S(Z») we find

L+Ps =10,3,9, 14} + {0, 4, 8, 12, 16, 20}
0,9,3,14,4,8, 12, 16,20, 7, 11, 15, 19, 23, 13,
21

1 5,18,22,2,6,10} = Zsa.

Il
,-A-\,-'\

7

Thus L also serves as a MOD subset which yields the MOD
universal subset of S(Z,4).

Hence we have several such subsets in S(Z,4) when added
with Pg can yield Zy,.

What is the problem is finding means and methods to get all
of them for a given MOD subgroup subset in S(Z,,).

Thus we leave the following problem as open.

Problem 2.2: Let {S(Z,), +} be the MOD subset semigroup, Z,
the MOD universal subset of S(Z,).

Let P € S(Z,) be a MOD subgroup subset of S(Z,). Find all
X € S(Z,) such that P + X =Z,.
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Next we proceed onto define the notion of product on MOD
subsets of S(Z,).

We will first illustrate this situation by some examples.
Example 2.11: Let S(Zs) = {(collection of all subsets of Z¢} on
S(Zs) we define product.

X ={0,3,2} and Y = {1, 4} € S(Z) then
X xY=/{0,3,2} x {1,4} = {0, 3, 2} € S(Ze).

X x X = {0, 3,2} x {0,3,2} = {0, 4, 31.
YxY={1,4}x{1,4} = {1,4) =Y.

Let X={3}and Y= {0,2,4} € S(Zs) ;
X xY={3}x{0,2,4} = {0}

XxX={3}e {3} x {31 =X.
Y xY=1{0,2,4} x {0,2,4} = {0,4,2} =Y.

XxX={3}x{31={31 =X
Y xY=1{0,2,4} € {0,2,4} = {0,4,2} =Y.

Thus both X and Y are idempotents that is they are defined
as MOD subset idempotents.

We call {S(Zs), x} is the MOD subset semigroup.

Let B = {0, 2, 3} € S(Z),
B xB={0,4,3}#B.

Let C = {0, 4, 3} € S(Zo),
CxC={0,4,3}=C
is a MOD subset idempotent of S(Zy).

Now {1} € S(Z¢)} is such that {1} x A=A x {1} = A for
all A € S(Zg). {1} is called as the MOD subset unit of S(Z).
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{0} € S(Zg) is such that {0} x A=A x {0} = {0} for all A
€ S(Zs) so {0} is defined as the MOD subset zero of S(Zs).

Clearly S(Z¢) is only a MOD commutative semigroup of
order 2°—1.

a={2} and b= {3} € S(Z¢) is such that
axb=1{2} x {3} = {0}.

LetP = {0,3,2} and Q = {4, 5} € S(Zy).

PxP=1{0,3,2} € {0,3,2} ={0,3,4} #P.
QxQ=1{4,5 x {45 =142 11 2Q.
PxQ=1{0,3,2} x {4, 5} = {0,2, 3, 4}.

(1,5,2,3} e S(Zo).
(1,5,2,3} x {1,5,2,3} = {1,5,2,3,4, 0} = Z.

Thus the MOD set T in S(Zg) is such that T x T is the MOD
universal subset of S(Z).

Let B= {1, 5} € S(Z).

BxB={l1,5} x {l,5} = {1, 5} is a MOD idempotent subset
of S(Z).

Let M= {1, 5,2} € S(Zy),
MxM={l1,52} e {1,5,2}=1{1,5,2,4} # M.

Let Y={1,3,2} and B= {1, 5} € S(Z¢)

BxY =1{1,5} x{1,3,2}=1{1,3,2,5,3,4}
=1{1,3,5,4,2} # Zs.

Consider C= {1, 3,5} and Y = {1, 3, 2} € S(Z),

wefindCxY =
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Thus the MOD subsets C and Y in S(Zs) are such that their
product yields the MOD universal subset.

Consider C+Y =1{2,4,0,3,5,1} =7Z;

Thus we see the pair of MOD subsets {C, Y} of S(Z¢) are
that Cx Y=Zsand C + Y = Zs.

Such MOD subsets are very unique and the study related
with them will be carried out later.

Example 2.12: Let {S(Z), x} be the MOD subset semigroup
under x.

Let A =1{2,0,3} € S(Z1),
AxA ={2, }x&ﬁﬁ}=&AﬁJﬂ=N.

A x A =1{0,4,6,9} x {0,2,3} ={0,8,1,7,5} = A’,

A*xA=1{0,1,8,5 7 x{0,2,3}=1{0,2,5,10,3,4} = A*

A*x A =1{0,1,2,3,5,7,8,9} x {0, 2, 3}
=1{0,2,4,6,10,3,5,7,9} =A’.

ATx A =1{0,2,4,3,6,10,5,7,9} x {0,2,3}
=1{0,4,8,6,1,9,10,3,7,5} = A

, 3,7,5} x {0,2,3}
=1{0,8,5,1,2,7,9,6,3,10,4} =A’=Z,,.

So finding such A in S(Z,;) such that A™ for some m is the
MOD universal subset of S(Z1,).



32 | MoD Natural Neutrosophic Subset Semigroups

Let B= {0, 3, 5} € S(Zn).
BxB =1{0,3,5}x1{0,3,5}= {0’9’4’3}:]32.

,9,4,3}1 x {0, 3,5}
9,1,53}x {0,3,5}=1{0,9,1,5,3} =B’.

B’xB =1{0,1,5,9,3} x {0,3,5}={0,3,4,5,9,1} =B*

x {0, 3, 5}

5

vs)

Thus A gives after product with A we get A* to be MOD
universal subset of S(Z1)).

LetP=1{0,1,5,78 10} € S(Z1).PxP=1{0, 1,5,7,8,
10} x {0, 1,5,7, 8,10} = {0, 1,5, 7, 8, 10,3, 2, 6,4, 9} = Z,,.

Thus P is a MOD universal subset of S(Z;) as P> = Z,,.

B=1{0,2,4,6,8,3} € S(Z)).

Similarly B gives the MOD universal subset of S(Z,,).

Let W= {0,5,4, 1,3} € S(Z))).
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WxW=1{0,5,4,1,3} x {0,5,4, 1, 3}
=1{0,5,4,1,3,9} =W

W2x W=1{0,5,4,1,3,9)x {0,5,4, 1,3}
=1{0,5,4,1,3,9} =W

Clearly W? = W so this MOD subset will not yield the MOD
universal subset of S(Z1).

Let V=1{0,7,2,1} € S(Z1);
VxV =1{0,1,2,7} x {0, 1,2, 7}

VExV =1{0,1,2,7,4,3,5 x {0,7, 1,2}
:{7 D a 34737578310,6}:\/

V=V =1{0,1,23,4,56,78,10} x {0,7, 1,2}
:{7 ’ 7334353637,8,10,9}2211,

Thus V is a MOD subset of S(Z,;) which gives V> = Z;,.

Infact if D = {0, 3} then D* = {0, 3} x {0, 3} = {0, 9}.

D><D—{04}><{0 31 =10, 1}
D’x D= {0, 1} x {0,3} = {0, 3} = D.

Thus D can never be a MOD subset of S(Z;;) which can
contribute Z;, when producted any number of times.

D'# Z,, for any t > 1.
Let E={0,2,5} € S(Z1))

ExE={0,2,5} x{0,2,5}={0,4, 10,3}=E2
E*x E={0,4, 10,3} x {0,2,5} ={0,8,9,6,4} =E’
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E’xE=1{0,8,9,6,4} x {0,2,5} ={0,5,7, 1,8, 9} =E*

0, 7 1,8,9} x {0,2, 5}
{0,10,3,2,5,7,1} = E*.

E°xE ={0,10,2,3,5,1,7} x {0,2, 5}
{0,9, 4, 6, 10,2, 3,5} =E°.

E°xE =1{0,9,4,6,10,2,3,5} x{0,2,5}
=1{0,7,8,1,9,4,6,10,3} =E’.

E'xE =1{0,7,8,1,9,4,6,10,3} x {0, 2,5}
=1{0,3,5,2,7,8,1,9, 6,4} =E°.

E*xE =1{0,3,5,2,7,8,1,9, 6,4} x {0,2, 5}
={O61043527189} E'=27,.

That is E* = Z,;.

We see if A € S (Zy;) with |A] = 3, |A] we mean the number
of distinct elements in A and one of elements in A is zero then
there is a m > 1 let m < 10 such that A™ = Z,;;; then A gives the
MOD universal subset after producting afinite number of times.

Example 2.13: Let {S(Z;), x} be the MOD subset semigroup
under product.

Let A= {0, 3} € S(Zy);
AxA={0,3}x {0,3} ={0,2} = A’
A2XA={0,2}X{0,3}={0,6}=A3
A’ x A=1{0,6} x {0,3} ={0,4} = A"
A*x A=1{0,4} x {0,3} ={0,5} = A’
A’ x A=1{0,5} x {0,3}=1{0, 1} = A°
ASx A=1{0,1} x {0,3}={0,3} = A.

Thus A for no value of m can reach Z, the MOD universal
subset of S(Z).
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Let B= {0, 1,4} € S(Zy):;

BxB={0,1,4} x {0, 1,4} = {0, 1,4, 2} =B
B’xB={0,1,4,2} x {0,1,4} = {0, 1, 4,2} =B’.

Clearly B* = B’ so we cannot get for any m, B™ = Z,
y g

Let B= {0, 2,5} € S(Z,)
BxB=1{0,2,5}x{0,2,5} = {0, 4,3} =B
B’xB=1{0,2,5} x {0,4,3}=1{0,1,6} =B’
B’xB={0, 1,6} x {0,2,5}=1{0,2,5} =B*=B.

Thus B* = B so we do not have a positive integer m such
that B" = Z,.

Let C = {0, 3,5} € S(Z»);
cxc—{o 3, 5}><{0 3, 5}={0 1,4}=c2

So this C behaves in an odd way such that C*= C?so
C’=C’ and so on

Let M= {0,4, 1,5} € S(Z))

MxM={,,,} {0,1,4,51=10,1,4,5}
:{0717 ) 7 36} M
M? x 0,1,4,2,5,6 x{0,1,4,5}

={
=1{0,1,4,2,56,3} =M’=7,.

Thus M’ = Z; so M’ gives the MOD universal subset of
S(Z,).

Let N = {0,2,3, 6} € S(Z).

WfindNxN =
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Thus N gives the MOD universal subset of S(Z,).
LetL = {0, 1,2, 3} € S(Zy);

L><L—{0 1,2,3}x{0,2,1,3}=1{0,1,2,3,4,6} =L*
L>xL ={0,1 2346}x{0,1,2,3}
=1{0,1,2,3,4,6,5' =L°=27,.

Thus L* gives the MOD universal subset of S(Z-)

Let V={0,2,4, 6} € S(Z;); we find
VxV={0,2,46}x{0,2,4,6}=1{0,4, 1,5,2,3}=V2

VExV =1{0,1,2,3,4,5 x{0,1,2,3, 4,5}
=10,1,2,3,4,5,6} =27,

Thus V? gives the MOD universal subset of S(Z,).

Let S={0, 1, 6} € S(Z,),
SxS=1{0,1,6} x{0,1,6}={0, 1, 6} =S. So no power of
S can give Z; and S = s is a MOD idempotent subset of S(Z-).

LetR = {0, 3, 5} € S(Z))
R xR=1{0,3,5}x{0,3,5=1{0,2
R*xR=1{0,1,2,4} x {0, 3, 5}

R’xR={0,3,5, 6} x {0, 3, 5}

1,4} =R’
{ 3,6,5} =R’
{0, 214}=R“=R2

So R* = R? can never give the MOD universal subset of
S(Z,).

Let G = {0, 2, 4} € S(Z,)
GxG =1{0,2,4}x{0,2,4} =1{0,4, 1,2} =G*
GxG—{0124}x{024}
={0,2,4, 1} =G’ =G~

So G’ = G* hence for no m (m a positive integer);
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G™ = Z, the MOD universal subset of S(Z,).

LetT={0,1,2,3,4,5} eS(Z),
wefind TxT =1{0,1,2,3,4,5} x {0, 1,2, 4, 5}
=1{0,1,2,3,4,5,6} = Z,.

Thus T is such that T x T = T? = Z, gives the MOD universal
subset of S(Z).

So for S(Z;) we see unlike S(Z;,) we do not see if A € S(Z,)
with |A| =3 and 0 € A then in general A™ # Z,.

However there are subsets in S(Z;) which are such that their
product taken at a stipulated number of times yields Z;.

But {S(Z,1), x} behaves in a different way.
So we are forced to suggest the following problem.

Problem 2.3: Let {S(Z,), x} be the MOD subset semigroup
under product (p a prime). Characterize those MOD subset A of
S(Z,) so that their power, A™ = Z,,, the MOD universal subset of
S(Z,); m> 1.

Next we take S(Z,) where n is a composite number and give
examples of the same.

Example 2.14: Let {S(Zs), x} be the MOD subset semigroup
under product x.

A=1{0,2,4,6} € S(Zy),
AxA=1{0,2,4,6}x{0,2,4 6 ={0,4) =A

A’ x A=1{0,2,4,6}x {0,4} = {0}.

A’={0}. We see A is a MOD nilpotent subset of S(Zs).

Let P = {0, 2, 5} € S(Zs)
PxP=1{0,2 5 x{0,2,5 ={04,21} =P
P?xP=1{0,4,2,1} x {0,2,5}=1{0,4,2,5, 1} =P°
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p’ xP—{O 1,2,4,5} x {0,2,5}=4{0,2,4,5, 1}
=Pp'=p°

P* =P? so for no m (m> 1).

Pm:Zg.

S=1{1,0,5,7} € S(Zs);

SxS=1{0,1,57x{0,1,57}=1{0,1,5,7,3} =S*

S?xS =1{0,1,5,3,7} x {0, 1,3, 5,7}
=1{0,1,5,7,3}=8=§"

Thus S* = S* so for no m (m a positive integer m > 1) we
can get S™ = Zs.

LetT = {Oa 2: 7} € S(Zg),
TxT =1{0,27}x{0,27 ={0,4,6 1} =T

T°xT ={0,1,4,6} x {0,2,7} ={0,2,7,1,5,4} =T’

TxT ={0,2,7,1,5,4} x {0,2, 7}
=1{0,2,7,4,6,1,3}=T
TxT ={0,2,7,4,6,1,3}x{027}
=1{0,4,6,1,52,7}=T".
T'xT =4{0,1,2,4,5,6,7} x {0,2, 7}

={0,2,4,1,6,7,3} =T°=T

Thus this will not lead to the MOD universal subset Zg S(Zs)
as T® = T4 T’ =T’ and so on.

Let P={0, 1,4} € S(Zs)
P’=PxP=1{0,1,4} x {0, 1,4} ={0, 1,4} =P.

So for no m > 1 P™ = Zg, so P cannot give the MOD
universal subset Zg of S(Zs).

W=1{0,6,1} e S(Z);



MOD Subset Algebraic Structures | 39
WxW=1{0,1,6}x {1,0,6} =0, 1, 6, 4} = W~
W2x W=1{0,1,4,6} x {0,1,6} ={0,4,6,1} =W =W

As W’ = W? it is impossible to arrive at W™ = Z for any
m> 1.

Example 2.15: Let {S(Z,;), x} be the MOD subset semigroup
under x.

Let B= {0, 3, 5} € S(Z1y);

BxB=1{0,3,5}x{0,3,5}=1{0,9,3, 1}
B*xB={0,1,3,9} x {0,3,5}=1{0,3,5,9} =B’
B’xB=1{0,3,59}x{0,3,5}={0,1,9,3,7} =B*
B*xB=1{0,1,9,3,7} x {0, 3,5} ={0,3,5,9,11} =B°
B5><B={O,35911}><{035}—{09317} B¢

B¢ xB=1{0,1,3,7,9} x {0,3,5}=140,3,5,9,11} =B’
B’ x B’ so for no m > 1, B™ = Z,,, the MOD universal subset
of S(Z,).

Let P = {0, 3, 10} € S(Z1).

P xP={0, 3,10} x {0, 3,10} = {0, 9, 6, 4} =P*
P> x P = {0, 6,4, 9} x {0, 10, 3} = {0, 4, 6,3} =P*

P’ x P={0,4, 6,3} x {0,3,10} = {0, 6,9, 4} =P* =P,

So P? = P* s0 we see P is not a MOD subset of S(Z,) which
can contribute to the MOD universal subset of S(Z1»).

Let V=1{0,1,2 5} € S(Z);
VX V=1{0,1,2,5} x {0,1,2,5} = {0,1,2,5,4,10} = V.

VixV =1{0,1,2,4,5 10} x {0, 1,2, 5}
=1{0,1,2,4,5,10,8} =V°.
VixV =1{0,1,24,58, 10} x {0, 1,2, 5}
=1{0,1,2,4,5,8,10} = V*.

But V* =V’ so we see V cannot for any (m > 1) give
V™ = Z,,, the MOD universal subset of S(Z,5).
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Let W=1{0,1,5,7,2} € S(Z1n);
WxW=1{0,1,5,2,7} x{0,1,2,5,7}
=10,1,5,2,7,10,4, 11} = W".

,4,5,7,10, 11,8} x {0, 1,2, 5,7}
:{0,1, s Ty 37310311,8}:W3.

W? = W? so this also does not yield the MOD universal
subset Z;, of S(Z1y).

LetM={0,1,5,6,8,9, 11} € S(Zp),

MxM =1{0,1,5,6,8,9,11} x {0, 1,5,6,8,9, 11}
{0,1,5,6,8,9,11,4,7,3} =M,

M>xM={0,1,5,6,8,9, 11, 4,7, 3} x
{0,11,5,6,8,9, 11}
=1{0,1,5,6,8,9,11,4,7,3} =

But M® = M so M cannot yield the MOD universal subset Z;,
of S(Z,).

Thus we see in case of finding the MOD subsets which can
yield MOD universal subset happens to be a very difficult
problem.

In view of this we propose the following problem.
Problem 2.4: Let {S(Z,), x} ( n a big composite number) be
the MOD semigroup under product. Find all MOD subsets B of

S(Z,) such that B" = Z, (m > 1).

Next we proceed onto study MOD subsemigroups of S(Z,)
by some examples.

Example 2.16: Let {S(Zs), x} be the MOD subset semigroup of
Z¢ under product x.
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Let P = {0, 2} e S(Z),
PxP=1{0,2}x {0,2} ={0,4} =P*
P> x P={0,2} x {0,4} = {0,2} =P’ =P.

So M = {P, P>, P> = P} is a MOD subset subsemigroup of
order two.

Let B= {0, 1,2} € S(Z)
BxB={0,1,2}x {0,2,1} = {0, 1,2, 4} =B?
B*xB ={0,1,2,4} x {0, 1,2}

=1{0,1,2,4,=B’= B

= {B, B, B* = B?} is a MOD subset subsemigroup of order
two in S(Z).

Clearly L and M are not isomorphic as MOD subset
subsemigroups.

LetS ={0,1,5,2} € S(Z)

SxS =1{0,1,52}x1{0,1,2,5}=1{0,1,5,2,4} =S*

S$*xS =1{0,1,2,4,5}x{0,1,2,5}
={0,1,2,4,5}=8= s,

Clearly N = {S, S?, S* = S} is a MOD subset subsemigroup
of S(Zg) and N = L as MOD subset subsemigroups of S(Zs).

Let W = {0, 2, 3} € S(Z), we find
W x W= {0, 2,3} x {0, 2,3} ={0,4, 3} = W
W2 x W=1{0,2,3} x {0,3,4} ={0,3,2} =W’ =W.

Now R = {W, W?, W’ = W} is a MOD subset subsemigroup
of S(Zy).

Clearly R = M as MOD subset subsemigroups of S(Z).

Let A = {0, 3} € S(Ze)
AxA=1{0,3}x{0,3}={0,3} =A’=A.
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Thus B = {A, A> = A} is a MOD subset subsemigroup of
order one.

Let C = {2} € S(Zy);
CxC={2}x{2}={4}=C?
CxC={4}x{2}={2}=C=C.

Thus S = {C, C%, C* = C} is a MOD subset subsemigroup of
order two.

Let T={0,1} and S = {0, 2} € S(Z).
We find the MOD subset semigroup generated by T and S.

TxT={0,1}x {0,1}={0,1} =T>=T.
Sx T=1{0,2} x {0,2} = {0,4} =S
S?xS=1{0,4} x {0,2} ={0,2} =S*=8S
S x T=1{0,1} x {0, 2} = {0, 2}.

So H = {{0, 1} {0, 2}, {0, 4} / {0, 1} x {0, 1} = {0, 1},
{0, 2} x {0, 2} = {0, 4}, {0, 2} x {0, 4} = {0, 2}, {0, 2} x {0,
1} = {0, 2} and {0, 4} x {0, 1} = {0, 4}} is a MOD subset
subsemigroup of order three.

It is to be noted S(Z) has the elements {1} to be the identity
but {0, 1} can be defined as pseudo identity of the subsets Y of
S(Z¢) where 0 € Y, for in the case {0, 1} x Y =Y for all such
Y e S(Z6)

So H can be described as a MOD subset subsemigroup with
the pseudo identity or specifically S is a pseudo MOD subset
monoid {0, 1} x {1} = {0, 1}.

However the pseudo identity is not the identity for if
Z=1{2,3,1} € S(Ze); {0, 1} x {2,3,1} ={0, 1,2, 3} = Z.

Hence our claim, but {1} x {2,3, 1} = {1, 3, 2} =Z.
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This is the major different between the identity {1} and
{0, 1}.

Infact {1} serves as the identity for the pseudo identity
{0, 1}.

In view of all these we give following definition.

DEFINITION 2.4: Let {S(Z,), x} be the MOD subset semigroup
under x, {1} € S(Z,) is defined as the identity and {0, 1} is
defined as the pseudo identity for all subset Y € S(Z,) such that
0 is one of the element in Y. Further {1} x {0, 1} ={0, 1} so {1}
serves as the identity for the pseudo identity.

DEFINITION 2.5: Let {S(Z,), x} be the MOD subset semigroup. P
={X;, ... X,/ 2 <t< oo X; € S(Z,)} < S(Z,) is defined as the
pseudo MOD subset monoid if {0, 1} acts as the pseudo identity,
that is {0, 1} xX; =X, for 1 <i <t.

We will give more examples of this situation.

Example 2.17: Let {S(Z,), x} be the MOD subset semigroup
under x.

Let A={6,3,2} € S(Z11)
AxA=1{2,3,6}x1{2,3,60=1{3,461,9,7 =A’

A*xA=1{1,2,3,56,7,8,9,10} x {2, 3, 6}
{2,4,6,10,1,3,7,5,9, 8} =A*

A*xA=1{2,1,3,4,567,8,9 10} = A’ = A",

Thus A’ = A* so A has no power to yield the MOD universal
subset of S(Zy1) viz Z,,.
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However if we have taken {0} U A = {0, 2, 3, 6} = B then
certainly B*=7,.

It is pertinent to observe and keep on record that in case we
use in S(Z,), n a prime then if a set A € S(Z,) such that A" =Z,
then necessarily A must contain 0.

We consider now take B = {0, 5, 8, 9} € S(Z));

BxB=1{0,5,8,9} x{0,5,8,9}=10,3,7,1,9,6,4} =B

B'xB =10,3,7,1,9,6,4} x {0,5,8,9}
=1{0,5,8,9,4,2,1,6,10} =B’.
B’xB = 2,4,5,6,8,9, 10} x {0, 5,8, 9}

0,1,
~10.5.10,8.3,7, 1,6, 10,4,9} =B*=Z,,.
Thus B yield the MOD universal subset of S(Z,).

Let M= {0, 1,5} € S(Zy));

MxM={0,1,5} x {0,1,5} =40, 1,5,3} =M*

M>xM={0,1,5,3} x {0,1,5}={0,1,5,3,4} =M’

M’ xM=1{0,1,3,4,5} x {0,1,5}=1{0,1,3,4,5,9 =M"

M*xM={0,1,3,4,5,9} x {0, 1, 5}

=1{0,1,3,4,59} =M

M® = M* so M cannot yield the MOD universal subset Z;; for

any n, n> 1.

Now we give the following theorem.
THEOREM 2.3: Let {S(Z,), x}, (p a prime) be the MOD subset
semigroup under product. If A € S(Z,), A" = Z, (m > 1) only if
0 € A.

Proof given A™ = Z,so 0 € A". But as p is a prime no
product can yield 0 so 0 € A.

However if 0 € A one cannot say that A™ = Z,.
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This is will be illustrated by the following example.

Example 2.18: Let {S(Z7), x} be the MOD subset semigroup
under product x.

Let A= {6,0} € S(Z7).

AxA={0,6} x {0,6} = {0,2} = A
A’ x A=1{0,2} x {0,6} = {0, 12} = A®
A’ x A=1{0,12} x {0, 6} = {0, 4} = A*
A*x A=(0,4} x {0,6} ={0,7} = A’
A’ x A=1{0,7} x {0, 6} = {0, 8} = A°
A’ x A=1{0,8) x {0,6} = {0, 14} = A’
A7 x A= {0, 14} x{0, 6} = {0, 6} = A* = A,

Since A% = A for no m, m> 1 we can have A" =7Z,.

But 0 € A. Hence the converse of the theorem is not true.
That is if a set A € S(Z,), p a prime and 0 € A then in general
A" # Z, for some m> 1.

What we can say is if A" =Z, then 0 € A.

LetP =1{0,5,2} € S(Z),

PxP =1{0,25}x{0,2, 5 ={0,4,10,8} =P*

P’xP ={0,4,8,10} x {0,2,5} =0, 8, 16,3, 6} =P°

P xP = {0,836, 16} x {0,2,5)
- 10, 16, 6, 12, 15, 13} = P*

P*x P

{0, 6,12, 15,16, 13} x {0, 2, 5}
{0,12, 7, 315,9,14}=P5

P’xP =1{0,7,9,12, 14, 15,13} x {0, 2, 5}
=1{0,14,1,7,11,13,9,2} =P°
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P°xP =1{0,1,7,2,9, 11,13, 14} x {0, 2, 5}
={0214415911 10} =P’

P'xP =1{0,1,2,4,5,9,11, 10, 14} x {0, 2, 5}
=1{0,2,4,8,10,1,5,3, 11, 16} =P®

PPxP =1{0,2,1,4,8,5,10,11,3,16} x {0, 2, 5}
={0,4,2,8,16,10,3,5,6,15,12} =P°

P’xP =1{0,4,2,8,16,10,3,5,6,15,12} x {0, 2, 5}
=0, 8,4, 16, 15, 3,6, 10, 12, 13,7, 9} =P"

PYxP =1{0,3,6,4,8,16,15,12,13,7,9, 10} x {0, 2, 5}
=1{0,6,12,8,16,15,7,9,14,1,3,13, 11} =P"

P"xP =1{0,1,3,6,7,8,9, 11, 12,13, 14, 15, 16} x
{0, 2, 5}
=1{0,2,6,12,14,16,1,5,7,9,11, 13, 15, 8} =P"

P2xP =1{0,1,2,6,12,14,16,5,7,9, 11, 13, 15, 8} x
(0,2, 5}
=1{0,2,4,12,7,11, 15,10, 14, 1, 5,9, 13, 16, 8} = P"

PPxP =1{0,1,2,4,578,9,10, 11, 12, 13, 14, 15, 16} x
{0,2, 5}
=10,2,4,8,10,14,16,1,3,5,7,12,9, 11, 13, 15} =P"

P*xP =1{0,1,2,3,4,57,8,9,10,11, 12, 13, 14, 15, 16}
x {0, 2, 5}
=1{0,2,4,6,8,10,14,16,1,3,5,7,9, 11, 13,
15,12} =P =7,,.

Thus P = Z,; yields the MOD universal subset of S(Z,,).

LetB ={0,2,4} € S(Zy),
BxB ={0,2,4}x{0,2, 4} =1{0,4,8, 16} =B
B*xB ={0,4,8, 16} x {0,2,4} = {0, 8, 16, 15, 13} =B’
B’xB ={0,8, 16, 15, 13} x {0, 2, 4}
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= {0, 16, 15, 13,9, 1} =B*
B4><B={01913 15,16} x {0, 2, 4}
=1{0,2,1,9,13,15,4} =B’
B’xB =1{0,1,2,4,9,13, 15} x {0, 2, 4} and so on.

It is easily proved B" x Z,;; this task is left as an exercise to
the reader.

9 13, 14} x {0, 4, 5}
1,2,1,5, 14} =S’ and so on.

LetS ={0,4,5} € S(Z)
SxS ={0,4,5}x{0,4, 5} =1{0,16,3,8 =8
$?xS =1{0,3,8, 16} x {0,4,5} ={0, 12,6, 15,13} =S°
S*xS ={0,6,12, 13,15} x {0, 4, 5}
={07141913}—s4
{0, 1,7
{0,4, 1

For this S also we get S = 7,, that S yield the MOD
universal subset of S(Z;7)

Let M :{0,1 3} S(Zn)
MxM ={0,1,3} x {0,1,3} ={0,1,9,3} =M*
M>xM={0,1,3,9} x {0,1,3} ={0,1,3,9, 10} =M’
M’ xM={0,1,3,9, 10} x {0, 1, 3}
=1{0,1,3,9,10, 13} = M
M*xM=1{0,1,3,9,10, 13} x {0, 1, 3}
=1{0,3,1,9,10,13,5} = M® and so on.

Thus we see after some steps say 15, M = Z,; so M also
yield the MOD universal subset Z,7 of S(Z;7).

LetT = {0, 1, 3, 5} (S S(Zn)

TxT ={0,1,3,5}x {0,1,3,5}
=1{0,1,3,5,9, 15,8} =T*

T°xT ={0,1,3,5,8,9, 15} x {0, 1, 3, 5}
=10,1,3,5,8,9,15,7,10, 11} =T°

T°xT ={0,1,3,5,7,8,9,10, 11, 15} x {0, 1, 3, 5}
=1{0,1,3,5,7,8,9,10, 11, 15,4, 13, 16, 6} =T*

T'xT ={0,1,3,4,5,6,7,8,9, 10, 11, 13, 15, 16} x
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{0, 1, 3, 5}
=1{0,1,3,4,5,6,7,8,9, 10, 11, 13, 15, 16, 12, 14}
=T,

TxT=T=Z,.

Thus T is a MOD subset of S(Z,7) such that T® = Z,, the MOD
universal subset of S(Z;7).

Let V = 1{0,1, 12, 10,4} € S(Z12),

VxV —{,,, , 12} x {0, 1, 4, 10, 12}
=10, 1,4, 10, 12, 16, 6, 14, 15, 8} = V*

VExV =1{0,1,4,6,8,10, 12, 14, 15, 16} x
{0, 1,4, 10, 12}
=10, 1,4,6,8,10,12,14,15,16,7,5,9, 13, 11}
3

{0,1,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16}
=40, 1, 4, 10, 12}
{0,1,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16,
3,2} V= Zin.

Thus V* = Z,, contributes the MOD universal subset of
S(Z17).

Let W =1{0,1,2,4,5,10} € SZ1),

WxW=1{0,1,2,4,5, 10} x {0, 1,2, 4,5, 10}
4,5,10,8,3

{ X
{0,1,2,4,5,10,8,3, 16,6, 15} = W~

W2 x W=1{0,1,2,3,4,5,6,8, 10, 15, 16} x
{0, 1,2,4,5,10}
=10,1,2,3,4,5,6,8, 10, 15, 16, 12, 13,7, 9, 14}
=W

W x W= W* = Z,; gives the MOD universal subset of
S(Z17)
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Let A=1{0,1,3,5,7 8 and B= {4, 1, 10,9} e S(Z1)

AxB=10,1,3,5,7,8} x {4,9, 1, 10}

{0,1,3,5,7,8,4,12, 11, 15,9, 10, 13, 16, 2}
# 717

So the product of these two sets A and B does not yield the
MOD universal subset of S(Z,7).

LetP={0,1,2,7,10, 16} and
Q=158 11,4,156,9} € S(Z),

PXQ:{O’ 2 ’7’ 0’16}X{1:4:5:6:839:11715}
10, 16

:{07 b 373 b 743 53 63 83 93 117 157 137
12,3, 14} = Z;1.

Thus this pair of sets P and Q when their product P x Q is
taken gives the MOD universal subset Z;; of S(Z17).

We call the pair (P, Q) as the MOD universal subset pair of
S(Z17).

LetM= {0, 1,5,7,8,9, 10, 15} and
N=1{1,2,3,4, 11,13} € S(Z1).

MxN ={0,1,5,7,8,9,10, 15} x {1,2,3,4, 11, 13}
={0,1,57,8,9,10,15,6,2,3,4,11, 13, 14, 16}
So we cannot say always a pair of MOD subsets will

contribute to the MOD universal subset of S(Z,7).

We give a few more examples before we put forth some
results.

Example 2.19: Let {S(Z,,), x} be the MOD subset semigroup
under x.

Let A=1{0,5,9,7} and B={0,2, 4, 6,8,3} € S(Zw)
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,5,9,7 x {0, 2,4,6,8, 3}
,8,4,6,2,5,7, 1} #Zy,.

So {A, B} is not a MOD universal subset product.

Let A={1,4,6}and B={5,8,7} € S(Zy),
AxB=1{1,4,6} x{5,8,7} = {5,8,7,2} # Zi,.

So this pair {A, B} is not a MOD universal subset pair of
S(Zy).

LetS=1{0,1,2,5,8 andP = {1,3,7} € S(Z),

13,5,8) x {1,3,7}
s Lo 35383336497} Z]().

So the pair {S, P} yields the MOD universal subset Z;y of
S(Z1p). However not all MOD subsets pair can yield the MOD
universal subset Zy of S(Z).

Consider A= {0, 5} and B= {0, 2, 4, 6} € S(Zyo)
AxB={0,5} x{0,2,4, 6} ={0}.

Thus the MOD subset pair {A, B} yields the MOD subset zero
divisor of S(Zo)

Let Ax A={0,5} x {0,5} = {0, 5} so the MOD subset A of
S(Zy) is defined as the MOD subset idempotent of S(Z,).

Consider B x B= {0, 2, 4, 6} x {0, 2, 4, 6}
={0,4,8,6,2} #B.

So it is easily observed that in general all elements of S(Z,,)
are not MOD subset idempotents of S(Z).

b 27 43 63 8} e S(ZIO)'
,2,4,6,8} x {0,2,4,6, 8}
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={0,4,8,2,6} =S.
Thus S in S(Z,o) is the MOD subset idempotent of S(Zy).

Similarly let S = {0, 3, 9} € S(Zy);
SxS={0,3,9} x{0,3,9} ={0,9,7,1} #S.

Now we define and develop results related with MOD subset
universal pair in S(Z,).

DEFINITION 2.6: Let S(Z,) be the MOD subset semigroup under
product. A pair of MOD subsets {P, Q} is MOD subset universal
pairif PxQ =2, 7, P, Q € S(Z,).

P=Z,and Q #Z,

We have given examples of them.

However the following result is recorded.
THEOREM 2.4: Let {S(Z,), x} be a MOD subset semigroup under
product; n a prime. There exists MOD subset universal pairs
{P,Q} such that P x Q = Z,.

Proof is left as an exercise to the reader.

The following problem is left open.

Problem 2.5: Let {S(Z,), x} be the MOD subset semigroup; n a
composite number.

Obtain conditions on n so that S(Z,) has a MOD subset
universal pair, P, Q € S(Z,) \ Z,.

DEFINITION 2.7: Let {S(Z,), x} be the MOD subset semigroup. A
pair {P, Q}, P#Q € S(Z,) \ {0} is said to be a MOD zero divisor
subset pair if P x Q = {0).
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A MOD subset P in S(Z,) is said to be a MOD nilpotent subset
if P"= {0} form > 1.

A MOD subset P in S(Z,) \ {{0}, {0, 1}} is said to be a MOD
idempotent subset of S(Z,) if P x P = P.

We have given examples of them.

We present only one more example before we proceed onto
define S(C(Z,)).

Example 2.20: Let {S(Z,4), x} be the MOD subset semigroup
under product.

Let A=1{0,6, 12} and B= {4, 8, 10, 16} € S(Zs)
AxB=1{0,6,12} x {4, 8, 10, 16} = {0}.

Thus {A, B} is the MOD zero divisor pair of S(Zy4).

Let M = {0, 12} € S(Zy4) is such that M x M = {0} so M is
a MOD subset nilpotent of order two in S(Z,4).

Let N= {0, 6} € S(Zyy);
N x N = {0, 6} x {0, 6} = {0, 12} € N?
N> x N = {0, 12} x {0, 6} = {0} = N°.

Thus N is a MOD subset nilpotent of order three.

Let S={0,9, 1,6} € S(Z2)
SxS=1{0,9,16} x {0,9, 16} = {0,9, 16} =S.

Thus S in S(Z,4) is a MOD subset idempotent of S(Z,4).

Let T = {0, 10, 20, 16} and R = {0, 6, 12, 18} € (Z»s).
R x T = {0, 10, 20, 15} x {0, 6, 12, 18} = {0}.

Thus {R, T} is a MOD subset zero divisor pair of S(Z,4).

Let V={0, 12} and
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W=1{2,4,6,8,10, 12, 14,20, 16, 22} € S(Zs).
Vx W={0,12} x {2,4,6,8, 10, 12, 14, 20, 16, 22} = {0}.

Thus {V, W} the MOD subset pair is a MOD zero divisor. We
have shown examples of MOD subset zero divisor pair, MOD
subset nilpotents and MOD subset idempotents in S(Z,4).

We now illustrate properties of MOD finite complex number
subsets.

Through out this book S(C(Z,) denotes the collection of all
subsets of C(Z,).

Example 2.21: Let S(C(Z3)) = {{0}, {1}, {2},{ir}, {2iF}, {1 +
iF}z {2 + iF}z {1+2iF}7 {2+2iF}a {01 1}1 {O, 2}7 {0: iF}’ {07 2iF}:
£0, 1+ i}, .oy 10,2 + 20} {1, ip}, {1, ir + 21, {1, 1 + g}, ...,
(1, 2ip + 23, {2, i}, {1, 2}, {2, 1 +ig}, ..., {2, 2ip + 2} and so
on {C(Z3)} .

Let A={0,1+ip, 2 +1if, 1} and
B = {1, 2ig, ir} € S(C(Zy)).

A+B = {0, 1 +iF, 2+iF, 1} + {1, iF, 211:}
= {1, 2+ iF, iF, 1 +2iF, 2+ 2iF, 2, 1+ IF}
is an element of S(C(Z;).

| A | =4, that is number of elements in A is 4.

Number of elements in B is 3. But number of elements in
A+B=7.

Thus is the way + operation is performd on S(C(Z5)).

Example 2.22: Let

S(C(Zg)) = {collection of all subsets of the set C(Zs)}. Clearly
o(S(C(Zs))) = 2% —1 where |C(Zs)} denotes the number of
elements in C(Zs) S(C(Ze)) is defined as the MOD finite complex
number subsets.
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Let P = {3 + 2iF, 4, 2+ SiF, 511:} and Q = {2, 3iF, 1+ IF} €
S(C(Ze)).

We find P + Q = {3 + 2iF, 4, 2+ SiF, 511: + {2, 3iF, 1+ IF}
= {5+ 2ig, 0, 4 + Sig, 2 + Sig, 3 + Sig, 4 + 3ig, 2 + 2ig, 2ig, 5 +ip,
3, 1.

We see o(P) =4 and o(Q) = 3 but
o(P+Q)=11=0(P) + o(Q).

Let B= {0, 3, 3ir, 2} and C = {3ir, 3, 0} € S(C(Zy)).
B+C ={0,3,2,3ig} + {0, 3, 3i}
= {0, 3+ 3iF, 5, 2+ 311:}

Clearly o(B) =4, o(C) = 3 but o(B+C) = 4 < o(B) + o(C).

Thus we see in general o(B+C) is less than or greater than
or equal o(B) + o(C).

Let X={2} and Y = {4}
X+Y={2}+ {4} ={0}.
oX+Y)=1 oX)=1
o(Y)=1.

Thus o(A + B) = 0 is an impossibility.

Let T={0,2,3,4+ir, 5} and R = {ir, 2ir, 3ir} € S(C(Zy)).
T+R = {0, 2, 3, 4+ iF, 5} + {iF, 2iF, 311:}
= {iF, 2iF, 3iF, 2+ iF, 2+ 2iF, 2+ 3iF, 3+ iF,
3+ 2ig, 3 + 3ip, 4 + 2if, 4 + 3ig, 4 + 4i,
5+ig, 5 + 2ip, 5 + 3is).

(T+R)=15and o(T) =5 and o(R) = 3.
Clearly o(T + R) > o(T) + o(R).

Next we proceed define addition on S(C(Z,)).
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DEFINITION 2.8: Let S(C(Z,)) be the MOD finite complex
number subsets of C(Z,).

Define operation + on S(C(Z,)) for any A, B € S(C(Z,)) as
follows.

A + B = {every element of A is added with every element of
B} A+ B € S(C(Z,)).

Clearly A+ B=B + A, {0} € S(C(Zy,)) is such that A + {0}
= A for all A € S(C(Z,)).

{S(C(Z,)), +} is defined as the MOD subset finite complex
number semigroup under +.

Example 2.23: Let {S(C(Z)), +} be the MOD finite complex
number subset semigroup.

For A={0,5} and B= {5} we get
A+B=1{0,5}+{5}=1{0,5} =A.
A+A=1{0,5}+{0,5}={0,5}.

So A is a MOD finite complex modulo integer subset
idempotent of S((Z10)).

We see if X € S(C(Zjp)) in general we cannot find a
Y € S(C(Zy)) such that X + Y = {0}.

For take X = {0, 2, 6, 1 + i, 9 + ig}; we have no
Y € S(C(Zyo)) such that X +Y = {0}.

Let M = {5+ 2ir} and N = {1 + 8ir} S(C(Z10));
M + N = {5+ 2ig} + {1 + 8} = {61

Example 2.24: Let {S(C(Z,)), +} be the MOD finite complex
number semigroup.

Let X=1{0,1+1ip, i} and Y = {0, 1}
X+Y={0,ip 1 +ip, 1} = C(Z).
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Thus X with Y yields the MOD universal finite complex
number subset of S(C(Z,)).

Example 2.25: Let {S(C(Zs)), +} be the MOD universal finite
complex number subset semigroup under +.

Let X={0,2, 1 +ip, 2+ i 3 +1ip, 3, 1, 1 + 2ig, 2 + 2ip, 3 +
211:} and Y = {0, 1+ 3iF, 2+ 3iF, 3+ 3iF, iF, 2iF, 311:} € S(C(Z4))

Clearly X + Y = C(Zy).

Thus X + Y yields the MOD finite complex number
universal subset of S(C(Zy).

We give the following result.

THEOREM 2.5: Let {S(C(Z,)), +} be the MOD finite complex
number subset semigroup under +.

i) There exists a pair {P, Q} such that P + Q = C(Z,).
ii) IfP+Q=C(Z,) then PN Q = {0}

Proof is direct and hence left as an exerise to the reader.
We suggest the following problem.

Problem 2.6: Let S(C(Z,)) be the MOD finite complex number
subset semigroup under +.

i) Is it mandatory if {P, Q} is a MOD universal subset
pair then P N Q= {0}?

ii)) Can we find the number of such pairs?

iii) Is it possible for {P, Q} and {P, R} to be MOD
universal subset pair where R m Q # Q or R?

We will give some examples where we find sum of
P +P; P e S(C(Z,)).
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Example 2.26: Let {S(C(Z;5), +} be the MOD subset finite
complex number semigroup under +.

LetP={0,1,2,3+i 5} € S(C(Z1n)).

We find P+P=1{0,1,2,3+ir, 5} + {0, 1,2,3 +ip, 5} =
{0, 1,2,5,3+iF,3,4+iF,6,4,5+iF,7,6+2iF,8+iF, 10}:
P+P.

We see P+ P # P and o(P) = 5 and o(2P) = 14.

WefindP+P+P=1{0,1,2,3,4,5,6,7, 10, 3 +ig, 4 + 4ip,
5+1ip, 6 +1ip, 8 +1p, 8, 11, 7+ 1g, 9+, 9, 10 + ik, 1 + i, 6 + 2if,
7 + 2ig, 8 + 2ig, 9 + 2ig, 11 + 2ig, 11 +i, 2+ g} =P+ P + P;
o(P + P + P) =28 and so on.

The reader is left with the task of finding m such that
P+P+.. . +P =C(Zp).
%{—J

m-—times

So finding P+P+...+P = C(Z,) for m > 1 and P €

m-—times
S(C(Z,)) happens to be challenging and a difficult problem.
However one is sure there are P € S(C(Z,) such that
P+P+...+P = C(Z,); but one is not in a position to know the
number of such MOD finite complex number subsets P in
S(C(Z,)) whose sum result in the MOD finite complex number
universal subset C(Z,).

Problem 2.7: Let {S(C(Z,), +} be the MOD subset finite
complex number semigroup.

i) Find all P € S(C(Z,) such that P + P + ... + P, m times
=C(Z,); m> 1.

ii)) Find all MOD finite complex number subset universal
pairs; {P, Q} such that P + Q= C(Z,); P, Q e S(C(Z,)
\ C(Z,).
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One can find MOD subset subsemigroups, MOD subset
idempotents.

All these work is considered as a matter of routine so left as
an exercise to the reader.

Next we proceed onto describe the MOD subset neutrosophic
set;
S({Z, v I)) = {collection of all subsets of (Z,, U I)}.

Example 2.27: Let S((Zs U 1)) = {(collection of all subsets of
(Zs v I)} be the MOD subset neutrosophic set.

Let A={1+1,3+1,41,3,2+1} and B= {3, 2 + 41, 41, 21,
I} be elements of S((Zs U I)).

We can define the operation + on S({(Zs U I)).

Let P= {3,201+ 1,41 +3,2I} and
Q= {2, 1 +4L, 3L, 2+ 21} e S(ZsU D).

P+Q ={3,21+1,41+3,21} + {2, 1 +4L, 31,2 + 21}
= 00,20+ 3,41, 21+ 2, 4+ 4L 1,2+ 1,31 +4, 1 +1,
2+41,3+31, 1,3 +2L 21, 41+ 3} is in
S(Zs U I).

Clearly o(P) =4 and o(Q) =4, o(P + Q) = 15.
Let us now find
P+P ={3,21+1,41+32I} + {3,2[+ 1,41+ 3, 21}
={1,21+4,41+ 1,21+3,21+4,41+2,1+4,
31+ 1,1+3,41} € SZs v D).
The following observation is mandatory.

o(P) =4 and o(P + P) = 10.

Clearly P + P # 2P; for 2P =2{(3, 21 + 1, 41 + 3, 2I)}
={2x3,2Q21 +1),2(4l + 3),2 x 21}
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={1,41+2,31+ 1,41} #P +P.
That is why we do not write P + P + P = 3P or more
generally P+P+...+P #mP.
%{—J

m-—times

However mP is differently obtained. That is why we cannot
count as in case of usual algebraic structures.

LetL={2,3,0,1+L41+2} e S(Zs U D).

L+L

£0,2,3, 1+ 1, 41+2} +{0,2,3, 1 + 1,41 + 2}
£0,2,3, 1 +L41+2,4,3+1,4+1, 1,41 2 +2I,
AT+ 4,41+ 1,31 +4} #2L.

Further Lc L+ L. Infact Lc L+ L ifand only if 0 € L.
Let W= {1, 2+ 31, 41, I} be in S(Zs L I)).
W+ W={1,1,2+3L 41} + {1,1, 2 + 31, 41}
={2,1+1,3+31,1+41,21,2+41,0,3 +4I,
4+1,2+2I, 31}.
Clearly W ¢ W + W as a subset.
Hence in general if V € S(Zs u ))thenV ¢ V+ V.

LetR={1,2,41+1,3I} and
S=1{1,2,41+ 1,3 1 +1,4,2+3} € S(Zs U ).

We find
R+S={1,2,1+41, 31} + {1,2,1 +41,31,4,1+ 1,2+ 31}
={2,3,2+4,1+31,4,3+41,2+31, 1 +2[,3[+2,
L0,1,4L,4+3L2+1,3+1 1+4I 3+ 3I,
3 +21I3}.

However Rz R+S, SZzR+SbutRcS.



60 | MoD Natural Neutrosophic Subset Semigroups

There are several of the properties enjoyed by the MOD
subset neutrosophic set under + which is not a property of usual
modulo integers or reals or complex or neutrosophic numbers,
but true in case of MOD subsets of S(Z,)) and MOD finite
complex number subsets of S(C(Z,)).

Example 2.28: Let S({(Zi, U I)) be the collection of all MOD
subsets of neutrosophic integers. Let M = {6 + 61, 3, 31, 101, 41}
€ S((Zp V).

We find
M+M = {6+6l, 3, 31, 101, 41} + {6 + 61, 3, 31, 101, 41}
={0,9+6I,6+9I,6+4l 6+ 101, 6,3 + 31, 21,
101+ 3,41+ 3, 6L 1, 71, 3 + 101, 8I}.

o(M) =5 but order M + M = 15,
Let V. = {6, 61} and W = {61}
W+V ={6+6l}.
LetX ={6+6l}and Y = {6, 61}
X+Y ={6,06l}.

Clearly {6 + 61} = W e S({Zs U I)) is such that
W+ W={6+6l}+ {6+ 6]} ={0}.

But0+V=VforallVeS ({(Z,ul)).

Thus {S(Z, v I)), +} is a MOD neutrosophic subset monoid
which is commutative and is of finite order.

We see there are elements in S({(Z;, U I)) such that the pair
{P, Q} forms the MOD neutrosophic universal subset pair.

ThatisP+Q=(Z;; U ).
Also there are MOD neutrosophic subsets P € S ((Z, U 1))

such that P+P+...+P=(Z, U ), m>1.
%{—J

m-—times
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All these study is considered as a matter of routine so is left
as an exercise to the reader.

We also see several properties derived in case of S(Z,) and
S(C(Z,)), can also be derived in case of S({(Z, U I)).

Next we proceed onto describe by examples the operation
of product on the MOD subsets of S(C(Z,)) and S(Z, u I)).

Example 2.29: Let S(C(Zs)) be the collection of all MOD finite
complex number subsets of C(Zsg).

Let A= {3, 4+ 6ig, 2, 6} and
{5if, 2 + 4ig, 7} = B € S(C(Zy)).

We find A x B = {6,2,3,4+6i} x {7, 5ir, 2+ 4ir}
= {2, 6, 5, 4 + 2iF, 6iF, 2iF, 7iF, 411: + 2, 4,
6 + 4i, 4ir) € S(C(Zs)).

o(A) =4, 0(B)=3,0(AxB)=11.
AxA =1{6,2,3,4+6i} x {6,2, 3,4+ 6ir}

{4,2,6, 1,4+ 2i, 4ip, 4 + 2ig}
=0(A)=4buto(Ax A)="17.

This is the way product operation is performed on S(C(Zs)).

Let M= {411: + 4, 2iF, 611: + 4} and
N = {4 + 4ig, 4, 4ir} € S(C(Zy)).

M x N = {2ig, 4+4ig, 6igt4} x {4 + 4ip, 4, 4ip}
= {0}.

Thus the MOD finite complex number subset pair {M, N}
yields the MOD zero divisor subsets.

Let B= {4, 4 + 4i, 4ir} € S(C(Zy));
B x B= {4, 4ir, 4 + 4ir} x {4, 4ir, 4 + 4i} = {0}.
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Thus B is the MOD finite complex number nilpotent subset
of S(C(Zy)).

Infact it is left as an exercise for the reader to verify that
S(C(Zs)) is a finite commutative monoid.

{1} in S(C(Zg)) is such that A x {1} = A for all A €
S(C(Zg)) serves as the MOD subset identity of S(C(Zs)) under
product.

LetD = {2, 2ip, 4+ 4ir, 4} € S(C(Zy)).
D x D = {2, 2ip, 4 + 4ip, 4} x {2, 2ir, 4 + 4ip, 4}
= {4a 41F}9
D x D x D = {4, 4ip} x {2, 2ir, 4 + 4ip + 4} = {0}.

Thus D is the MOD finite complex number nilpotent subset
of S(C(Zy)).

However we see S(C(Zg)) cannot have idempotents.

Thus S(C(Zg)) has MOD finite complex number zero divisor
subset pair, MOD finite complex number nilpotent subsets.
However finding MOD finite complex number universal subset

pair in S(C(Zg)) happens to be challenging one as i;= 7 in
C(Z).

The reader is advised to work in this direction. Further find
P in S(C(Zg)) so that P™ = C(Zg); m> 1.

Example 2.30: Let {S(C(Z3)), x} be the MOD finite complex
number subset semigroup under product where;

C(Z3) = {0, 1, 2, iF, 2iF, 1+ iF, 1+ 2iF, 2+ iF, 2+ 211:}

Take A = {0, 1, 2, iF, 2+ IF} and B = {1, 1+ iF, iF, 1+ 211:}
e S(C(Zy)).

1, 2, iF, 2+iF} X {1, iF, 1 +iF, 1 +2iF}
, 1, 2,4p, 2+ 1, 1 + g, 1 + 2ip, 2 + 2ip, 2if}
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= S(C(Zy)).

Thus {A, B} is the MOD finite complex number subset
universal pair of S(C(Z5)).

Take A= {0, 1, 1 +i, ir} € S(C(Zy)).
AxA = {0, l,iF,1+iF} X {0, l,iF,1+iF}
=40, 1,1, 1 +ip, 2, ip + 2} = A

A*x A ={0,1,2,i 1 +ip, 2+ i} x {0, 1, ip, 1 + i}
= {07 17 27 iF: 1+ iF: 2+ iF: 2iF: 2+ iF: 2+ 2iF:
1+2ip} = C(Z5).
Thus A € S(C(Z5)) is such that A® = C(Zy).

Thus A is a MOD finite complex subset which gives the MOD
universal subset for m = 3.

Example 2.31: Let {S(C(Z¢)), x} be the MOD finite complex
number subset semigroup under product.

Let A= {0, 3, 3+ 3iF, 311:} and
B = {0,2,2+ 2if, 4 + 2, 2 + 4ir, 4ir} € S(C(Z)).

AxB= {O, 3, 3+ 3iF, 311:} X {O, 2, 4iF, 2+ 2iF, 4+ 2iF,
2+ 4ig} = {0}

So the pair {A, B} is the MOD finite complex number subset
zero divisor of S(C(Z)).

Further A x A = {0, 3, 3 + 3ir, 3ir} x {0, 3, 3 + 3, 3ir}
= {0, 3, 3+ 3iF, 311:} =A.

Thus A € S(C(Z¢)) is such that A x A = A so A is the MOD
finite complex number subset idempotent of S(C(Zy)).

LetD = {0, 4, 2+ 4iF, 2, 4+ 2iF, 4iF, 2iF, 2+ 2iF, 4+ 411:} S
S(C(Ze)).
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DxD= {0, 4, 2+ 4iF, 4 + 2iF, 411: 2, 2iF, 2+ 2iF, 4+ 411:} X
{0, 4, 2, 4iF, 2+ 2iF, 4 + 4iF, 2+ 4iF, 4 + 2iF, 211:} =DsoDis
again a MOD finite complex number of S(C(Zs)).

Several properties in this direction can be obtained and it is
considered as a matter of routine and is left as an exercise to the
reader.

Next a few examples of MOD neutrosophic subset
semigroup under x is defined.

Example 2.32: Let {S(C{(Zy 1)), x} be the MOD neutrosophic
subset semigroup under product x.

Let A= {31+5,21+4, 61 +2, 5,21, 3} and
B=1{0,1+1,4,6L 21} € S (Z,uUD).

AxB ={31+5,20+4,61+2, 51, 2L 3} x
(0, 1+1, 4, 11, 21}
= 10, 61, 21, 4L, 1 + 5, 8T + 4, 41 + 2, 3 + 31, 6 + 21,
8 + 41, 81, 2, 61}.

This is the way product is performed on S(C(Zy, L D).

Let A= {5+ 5L 5,5} and
B={2,21,41+2,61+4,41+6,41+4,2+ 6]} €
S(C{Zip U D)).

Clearly A x B = {0}.
AxA ={5+5L5L5} x {5+5L 5L 5}
= {5, 5,5+ 51} = A.

Thus A is a MOD neutrosophic subset idempotent of
S(C(Ziy V).

Let B = {6, 61} € S(C(Zy v I)) is such that
B x B = {6, 61} = B is again a MOD neutrosophic subset
idempotent.
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Let {5,2+5, 51+4} = Aand
B = {0, 61, 21} & S((Z1o U I))

AxB

5,2+ 5L, 51+ 4} x {0, 6L, 21}
0, 21, 41, 81} e S(Z;p U I)).

et ate)

Let M = {0, 6 + 81, 8 +4I, 6, 81, 4, 8} and N = {5}.
M x N = {0}.

Thus the {M, N} MOD neutrosophic subset pair is a zero
divisor subset of S(Z;p U I)).

Let W= {0,2, 4, 6,8} € S(ZipUl)

={0, 2,4, 6,8} x {0,2, 4,6, 8}
={0,2,4,6,8} =W.

This is also a MOD neutrosophic idempotent subset of S((Z;o
v D).

Let V = {0, 21, 41, 6L, 81} € S(Zp U I));
VxV ={0,2L 4L 6L 81} x {0, 21, 41, 61, 81}
= {0, 21, 41, 61, 81} = V.

This is also a MOD neutrosophic idempotent subset of S((Z;o
v D).

Let S = {collection of all subsets from the set {0, 2, 4, 8§,
61} = S(Zio W D).

Clearly S is a MOD neutrosophic subset subsemigroup of the
MOD neutrosophic subset semigroup S({Z;o U I)).

B = {collection of all subsets from the set {0, 21, 41, 81, 61} }
be the MOD neutrosophic subset subsemigroup of the MOD
neutrosophic subset semigroup S((Z;o U I)).
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We see B is an MOD neutrosophic subset ideal of
S({Zip W I)) but S is not a MOD neutrosophic subset ideal of

SKZyp U D)).
Consider F = {collection of all subsets from the set Z;,}.

F is only a MOD neutrosophic subset subsemigroup and not
an ideal of S((Zo U I)).

Let P = {collection of all subsets from the set Zol}; P is a
MOD neutrosophic subset subsemigroup and also a MOD
neutrosophic subset ideal of S((Z;o L I)).

In view of all these we have the following theorem.

THEOREM 2.6: Let {S(Z, U 1)), x} be the MOD neutrosophic
subset semigroup under x.

i) {S((Z, v 1), x} has MOD neutrosophic subsemigroup
which are not ideals.

ii) {S(Z, v 1), x} has MOD neutrosophic subsemigroup
which is also ideal.

Proof is direct and hence left as an exercise to the reader.

Now consider the MOD dual number subset semigroup.
S(Z, v g)) = {collection of all subsets from the MOD dual
number subset}; we will describe this by an example.

Example 2.33: Let
S({Z; U g)) = {collection of all MOD subset dual numbers}.

Let A={g, 0,2+ 5g,1+g}and
B = {4g, 3,4 +2g} € S(Z; L)).

AxB 0,5, 1+g 2+5g} x {3, 4g, 4 +2g}

{
{0, 3g, 6g, 4g, g, 6g+ 4,1 + 3g}.
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M = {2g, 0, 4g, 6g, 5g, g} € S((Z; L g)).
M xM = {2g, 0, 4g, 6g, 5g, g} x {2g, 0, 4g, g, 5g, 6g}
= 10}.

Thus M is a MOD dual number subset nilpotent of order two.
LetB={1+g,3+2g 4g+5} € S(Z; v g)).
BxB ={l+g3+2g4g+5)x{l+g 3+2g 4g+5}
={1+2g,5+2g 3+5g,2+5g, 1+g 4+5g
#= {0}.

Clearly B = {collection of all MOD dual number subset from
Z7g} < S({Z7; v g)) is a MOD dual number subsemigroup of B
which is also an ideal.

C = {collection of all MOD subset from Z,;} < S((Z; U g)) is
a MOD subset subsemigroup which is not an ideal.

So finding ideals other than B happens to be a very
challenging one.

Example 2.34: Let {S((Z1» U g))} be the MOD dual number
subset semigroup.

We can as in case of S(Z,) S(C(Z,)), SKZ, v 1)) define
multiplication.

Let B={0,1+g, 4g, 8,1+ 5g} and
C={6g,4+06gg+3} eS(ZnV Q)

BxC =1{0,4g,8, 1+g, 1+5g} x {6g. g+3,4+ 6g}
= {0, 6g, 8g, 3 +4g, 4+ 11g, 4g, 8, 4+ 10g,

4+ 11g}.

We now show how the operation of addition is performed
on S((Z12 U ).
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B+C=1{0,1+g 4g, 8, 1+ 5g} +{6g,4+6g g+3}=
{6g, 1 +7g, 10g, 8 + 6g, 1 + 11g, 4 + 6g, 5+ 7g, 4+ 10g, 5 +
11g, g+3,4+2g 5g+3,11+g,4+6g}.

We see o(B) = 6, o(C) =3, o(B x C) = 8 whereas
o(B+C)=14.

B+B={0,1+g,4g,8 1+5g}+{0,1+g 4g 8 1+5g}
={0,1+g,4g 8, 1+5g,2+2g,1+5g 9+38,
2+ 6g, 8g,8+4g,1+9g,4,9+ 5g,2+ 10g}.
o(B) =5 but o(B + B) = 15.
BxB={0,1+g4g,8 1+5g} x{0,1+g 4g 8, 1+5g}
={0,1+2g,4g, 8+ 8g, 1 +6g, 8§, 8g,4, 8 +4g,
1+10g}.
o(B x B) = 10.

Consider D = {g, 6g, 0, 4g, 8g, 5g} and
E={7g, 11g, 10g, 9g} € S(Zi» U g)).

D x E={0, 5, 6g, 4g, 8g, 5g} x {7g, 11g, 10g, 9g} = {0}.
o(D)=6,0(E)=4,0(D xE)=1.

D+E =1{0,g, 6g, 4g, 8g, 5g} + {7g, 10g, 11g, 9g}
= {0, 7g, 8g, g, 11g, 3g, 10g, 4g, 5g, 9g, 2g}

o(D) =6, o(E) = 4 but o(D + E) = 11.
Let M= {0,2,4,6,8, 10} € S(Zi»U g)).

M+M ={0,2,4,6,8, 10} + {0, 2,4,6,8, 10}
={0,2,4,6,8,10} =M.

Mx M= {0,2,4,6,810} x {0,2,4,6,8, 10}
={0,4, 8} # M.
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Thus M under + is a MOD dual number idempotent subset
whereas M under x is not an MOD dual number idempotent
subset.

Let G = {0, 6, 6g} € S(Z1, U D))
G x G = {0, 6, 6g} x {0, 6, 6g} = {0}.

Thus G is a MOD dual number nilpotent subset of
S({Z1» U g)) of order two.

Infact S{(Zi, W g)) has several MOD subset dual number
nilpotents of order two.

Finding properties about MOD dual number subset
semigroups under + and x is left as an exercise as it is a matter
of routine.

Next we proceed to describe MOD special dual like number
subsets by some examples.

Example 2.35: Let S((Z;5 W h)) be the MOD special dual like
number subset.

Let A= {5,5+3h,h,2} and
B={3,0,1, 12h} € S({(Z;s U h)).

We can define the operation of addition on A.

AxA =1{55+3hh 2} x {5 5+3hh, 2}
= {10, 5h, 5 + 9h, 8h, 10 + 6h, h, 2h, 4}.

o(A)=4,0Ax A)="1.
A+A ={2,h,55+3h}+{2,h,5 5+3h}
={4,2+h,7,7+3h,2h, 5+h,5+4h, 10, 10 + 3h,
10 = 6h}.

o(A + A) = 10.
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Let B = {3h, h, 4h, 8h} and
D = {6h, 7h, 5h, 10h} € S({Z;s U h)).

B x D = {h, 3h, 4h, 8h} x {6h, 7h, 5h, 10h}
= {6h, 3h, 9h, 7h, 13h, 11h, 5h, 0, 10h}.
o(B)y=4,0(D)=4, o(BxD)=09.

o(B+D) = {h, 3h, 4h, 8h} + {6h, 7h, 5h, 10h}
= {7h, 9h, 10h, 14h, 8h, 11h, 0, 6h, 13h, 3h!.

o(B+ D) = 10.

This is the way operations of + and x are defined on

Let M = {0, 5h, 10h} e S(Z:s U h).
M + M = {0, Sh, 10h} + {0, Sh, 10h} = {0, Sh, 10h} = M.

Thus the MOD special dual like number is an idempotent
subset under +.

M x M = {0, 5h, 10h} x {0, Sh, 10h} = {0, 10h, Sh} = M.

Thus M is again a MOD special dual like number idempotent
subset under x.

ClearlyM+M#2M but M + M =M.

P = {0, 3h, 6h, 9h, 12h} e S((Z:; U hY).

P+P

{0, 3h, 6h, Oh, 12h} + {0, 3h, 6h, 9h, 12h}
{0, 9h, 3h, 12h, 6h} =P.

Clearly P is again a MOD special dual like number
idempotent subset under +.
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P x P = {0, 3h, 6h, Oh, 12h} x {0, 9h, 3h, 6h, 12h} = P.

Again P is a MOD special dual like number subset
idempotent under x.

Example 2.36: Let {S((Zy; v h)), +} be the MOD special dual
like number subset semigroup under +.

Let A= {3h, 2 + h, 6h, 0} and
B = {8h, 9+10h, 5h, 2} € S((Z;; U h)).

We find
A+B ={3h,2+h,6h, 0} + {2, 5h, 10h + 9, 8h}
={3h+2,4+h,2+6h,2, 8h,2+6h,0,5h, 2h + 9,
4h+9, 10h + 9}.

This is the way + operation is performed on S({(Zy; U h)).

Let A= {3h+ 7} and B = {8h + 4} in S((Z,; U h)) is such
that A + B = {3h+ 7} + {8h+4} = {0}

Let
B = {0, h, 2h, 3h, 4h, 5h, 6h, 7h, 8h, 9h, 10h} € S(Z;; U h)).

Clearly B + B = B; so B is a MOD subset special dual like
number idempotent of S({Z;; L h)).

Infact (B) is a MOD subset subsemigroup under + of order
one.

Next we proceed on to describe the operation of product on
MOD subset special dual like number set S((Z, U h)).

Example 2.37: Let {S((Zy v h)), x} be the MOD special dual
like number subset semigroup under product.
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Let A= {5, 0, 10h, 15h, 10 + 5h, 5h + 15, 10h +10} and

B=1{4,4h+8,8h,8h+4,4+12h, 12h +38, 12,
12 +4h} € S((Zy U ).

AxB ={0}.

Thus the MOD special dual like number pair subset is a MOD
zero divisor subset pair.

Consider M = {5h, 0, 5, 16h, 16} € S((Zy U h)).

M x M = {0, 5, 5h, 16h, 16} x {0, 5, 5h, 16, 16h}
= {0, 5, 5h, 16, 16h} =M

Hence M is the MOD special dual like number idempotent
subset of S((Zy U I)).

Let L= {10, 10h, 10 + 10h, 0} e S(Zx U h)).

Clearly L x L = {0, 10, 10h, 10 + 10h} x {10, 0, 10h, 10 +
10h} = {0}, so L is the MOD special dual like number nilpotent
subset of order two in S({Z,, U h)).

Let B = {Collection of all subsets from the Z,,} <
S({Zy w h)), B is a MOD special dual like number subset
subsemigroup of S({(Z,y U h)) and is not an ideal.

Consider C = {Collection of all subsets from the set Z,sh} <
S((Zx U h)).

We see C is a MOD special dual like number subset
subsemigroup which is also an ideal of S({Z,, L h)).

Finding MOD subset ideals. MOD subset subsemigroups
happens to be a matter of routine and hence left as an exercise to
the reader.
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Next we briefly describe the MOD subset special quasi dual
number set by some examples.

Example 2.38: Let S((Z1, U k)) = {collection of all MOD subsets
from the set (Z;, U k)} be the MOD subset special quasi dual
number set.

Define addition on S({Z,, U k)) as follows:

Let A= {10k, k, 0, 5+ 2k, 9} and
B = {2k, 5k, 2 + 8k, 3} € S((Z1» U k).

A+B ={10kk, 0, 5, + 2k, 9} + {2k, 5k, 2 + 8k, 3}
= {0, 3k, 2k, 5 + 4k, 6k, 5k, 5 + 7k, 2 + 6k, 2 + 9k,
2+ 8k, 7+10k, 3 + 10k, 3 +k, 3, 8 +2k, 9 + 2k,
9+ 5k, 11 + 8k}.

o(A) =5, 0(B) =4 and o(A + B) = 18.
A+A ={10k k, 0,5+2k, 9} + {0, 10k, k, 5 + 2k, 9}
= {10k, 0, k, 5+ 2k, 9, 8k, 11k, 5, 9 + 10k, 2k,
3k+5,9+k, 5+ 3k, 10 + 4k, 2 + 2k, 6}.
o(A)=5but o(A+ A) = 16.
Clearly A + A # 2A.
Let A={0,2,4,6,8,10} € S(Z1» U k)).
A+A =1{0,2,4,6,8,10} + {0, 2,4,6, 10, 8}
={0,2,4,6,8,10} =A.

Thus A is a MOD special quasi dual number idempotent
subset of S((Z; U k) under +.

Let B = {0, 3k, 6k, 9k} € S{(Z1, U k).
B + B = {0, 3k, 6k, 9k} + {0, 3k, 6k, 9k} = B.

Thus B is again a MOD special quasi dual number
idempotent subset of S((Z;, U k)).
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We see S({Z, U k)) has MOD subsets such that A + A = A.

We see if A = {4, 4 + 8k, 4k, 8k, 10k + 10, 4k + 4k, 8 + 8k}
and B = {6, 6k, 6 + 6k} € S({Z;, U k)) then

A+B ={4,4+8k, 4k, 8k, 10 + 10k, 4 + 4k, 8 + 8k} +
{6, 6k, 6 + 6k}

= {10, 10 + 8k, 6 + 4k, 6 + 8k, 4 + 10k, 10 + 4k,
2 + 8k, 4 + 6k, 4 + 2k, 10k, 2k, 10 + 41. 4 + 10k,
8 + 2k, 10 + 6k, 10 + 2k, 6 + 10k, 6 + 2k, 4 + 4k,
10 + 10k, 2 + 2k}. o(A) =7,
o(B) =3 but o(A + B) =21.

B+B

(6, 6k, 6+ 6k} + {6, 6k, 6 + 6k}
{0, 6 + 6k, 6k, 6} = B.

KT=Bu {0} ={6,06k 0,6+ 6k} then T+T=TsoTis
again a MOD special quasi dual number subset idempotent under
+ of S(Z1, U k)).

Thus {S{(Z;, v k)), +} is only a MOD special quasi dual
number subset semigroup of finite order infact a finite
commutative monoid.

Example 2.39: Let S((Z¢ v k)) = {collection of all MOD special
quasi dual number subsets} be the MOD special quasi dual
number subset.

Let A= {3 + 3k, 3k, 3, 0}.

We find A x A = {3 + 3k, 3k, 3, 0} x {3 + 3k, 3k, 3, 0}
= 10,3, 3k, 3 + 3k} = A.
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Thus we get A to be a MOD special quasi dual number
idempotent subset of S((Zs U k)).

Let T = {2, 2k, 4k, 2 + 4k, 2k + 4, 4 + 4k, 0} and
S=13,3k, 3+3k 0} €S (ZsUk).

T xS = {2, 2k, 4k, 2 + 4k, 2k + 4, 4 + 4k, 0} x
(3, 3k, 3 + 3k, 0}
= {0}.

Thus we see the MOD special quasi dual number subset pair
of zero divisors of S((Zs U k)).

However we do not find any MOD special quasi dual number
subsets which are nilpotents in S({Z¢ U k)).

So the following problem is thrown open.

Problem 2.8: Find condition on {S{Z, U k), x} the collection
of all MOD special quasi dual number subsets semigroup under
product to contain MOD special quasi dual number nilpotents of
order m, m > 2.

We suggest a few problems for the reader.

Problems:
1. Let S(Z;;) be the MOD subset semigroup under +.

i) Find all subset in S(Z;;) such that their sum with
X =1{0,2,5,7, 10} gives Z;, the MOD universal subset
of S(Zy)).

i) Let Y=1{0,1,3,5, 7,9} € S(Z1); does there exists P;
subsets in S(Z;;) so that P; + Y = Z,,?

iii) Let X = {0, 2, 4, 6, 8, 10} € S(Zy)), find all Y in S(Z,;)
sothat X +Y = Z]].
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iv) Let B= {6, 5, 4, 7, 3, 8} € S(Z)), does there exist sets
Cin S(Z;;) so that B+ C=Zy;.

2. Let {S(Z), +} be the MOD subset semigroup.

i) Let X = {0, 4, 8, 12} € S(Zss), find all subsets P of
S(Z16) so that X + P = Zs.

ii) FindallR € S (Z6) such that R + R =Z5; R # Z;6 or
R = {0}.

iii) Find all MOD subsemigroups of S(Zs).

iv) Find all MOD subsemigroups of S(Z;s) which are MOD
subgroups.

v) FindallT € S (Zis) such that T+ T =T.

vi) Canwe have Y € S (Zj) such that Y +Y = {0}?

3. Let {S(Zy4), +} be the MOD subset semigroup under +.

i) Find all MOD subsets P in S(Z,4) so that P + P = {0}.

i1) Find all MOD subsets R in S(Zy) so that R + R =R.

iii) Find all MOD subsets T in S(Z,4) sothat T+ T +...+T=

m-—times

224; m>>2.

iv) Find all MOD subsets subsemigroups which are not MOD
subgroups.

v) Find all MOD subsets subsemigroups which are MOD
subgroups.

vi) Obtain any other special striking features associated
with S(Z,4).

4. Let {S(C(Z)), +} be the MOD finite complex subset
semigroup under +.

i) Study questions (i) to (vi) of problem 3 for this
S(C(Z1o)).
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ii) Obtain any other special feature associated with
S(C(Z1o)).

Let {S(C(Zyy)), +} be the MOD finite complex, subset
semigroup under +

i) Study questions (i) to (vi) of problem 3 for this
S(C(Z1)).
ii) Compare S(C(Zy9)) in problem (4) with S(C(Z1y)).

Let S(C(Z,4)) be the MOD finite complex number subset
semigroup under +.

i) Study questions (i) to (vi) of problem (3) for this
S(C(Z24)).

i1) Compare S(C(Zy4)) with S(C(Z,p)) in problem 4 and
S((C(Zy)) in problem 5.

Let {S({Z, v 1)), +} be the MOD neutrosophic subset
semigroup under +.

1)  Study questions (i) to (vi) of problem (3) for this
S(Zi, U D).

ii)) Compare the properties of S(Z,) and S(C(Z;,)) with
S(Zi, U D).

Let {S(Zy v 1)), +} be the MOD neutrosophic subset
semigroup.

i) Study questions (i) to (vi) of problem (3) for this
S(Zas U ).

ii) Compare S({(Zy w 1)) with S(Zy) and S(C(Zy) as
semigroups under +.

iii) Let Py = {S((Zys U 1), +} and P, = {S((Zes U 1)), +} be
MOD neutrosophic subsets with + operation.
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10.

11.

12.

Compare P; and P, with S{({(Zy U 1)), +}.

Let {S({(Zs v g)), +} be the MOD subset dual number
semigroup under +.

i) Study questions (i) to (vi) of problem (3) for this

S(Zis  g)).
ii)) Discuss the special features associated with

S(Zis v ).
iii) Compare {S((Z;s U g)), +} with {S(Zs), +} = Py,
Py = {S(C(Z1y)), +} and P3 = {S((Zis L 1)), +}.

Let {S(Z

semigroup under +.

U g)), +} be the MOD subset dual number

3] 0

i) Compare {S(Z,, v g), ¥} with {S(Z,, v 1)), +},

{S( 2310 )a +}a {S(C(Z48)a +} and {S(<Z48 % g))’ +}'
il) Study questions (i) to (vi) of problem (3) for this
1S Zy0 U 9)), +.

Let M = {S((Z3; U h)), +} be the MOD special dual like
number subset semigroup under +.

Study questions (i) to (vi) of problem (3) for this M.

ii)) Compare M with N = {S((Zss U h)), +}.

iii) Compare M with Py = {S(Z,0), +}, P> = {S(C(z47)),
+}, Py = {S(Zss U ), +}, P4 = {S(Z12 W I)), +} and
Ps={S((Zs U g)), *}.

Obtain all special and distinct features associated with
MOD special dual like number subset semigroup
{S(Zyw ), +}.
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17.
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Let W = {S({Z5s U k), +} be the MOD special quasi dual
number subset semigroup under +.

i) Study questions (i) to (vi) of problem (3) for this W.

il) Compare this W with Py = {S(Z;s), +},
Py = {SCZs), +, (P = {S(Zis U D), +,
Pys= {S((Zis W h)), +} and Ps = {S ((Z5s U @), +}.

iii) Compare W with B, = {S(Z;; U k)), +},
By = {S(Z; v k), +}, B; = {S((Z4 U k)), +} and
Bs= {S(<Zz43 ) k>), +}.

Determine any other special feature associated with
{S{Z, v k)), +} the MOD special quasi dual number
subset semigroup.

Let V = {S(Z;s), +} be the MOD subset semigroup under
addition. Characterize all MOD subsets of V which
contribute to MOD universal set Z;s.

Study problem (15) for W = {S(C(Z4,)), +} and
M = {S(Zs v 1)), +}.

Let W = {S(Zy), x} be the MOD subset semigroup under
product x.

i) Find all MOD subsets P of W such that P x Q = Zy
the MOD universal subset of S(Zy).

il) Find all MOD subsets P, Q such that P x Q = {0}.

iii) Can S(Z,0) have MOD subset nilpotents?

iv) Characterize all MOD zero divisor subset pairs of
S(Zx).

v) Find all MOD subset idempotents of S(Z).

vi) Find all MOD subset subsemigroups which are MOD
subset subgroups of S(Zy).
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18.

19.

20.

21.

22.

vii) Find all MOD subset subsemigroups which are not
MOD subset subgroups of S(Z).

viii) Find all MOD subset ideals of S(Zy).

ix) Can a MOD subset ideals be a MOD subset subgroup?

Let S = {S(Z,4), x} be the MOD subset semigroup under x.
Study questions (i) to (ix) of problem (17) for this S(Zss).

Let T = {S(Z37), x} be the MOD subset semigroup under x.

i) Study questions (i) to (ix) of problem (17) for this
S(Z37).

il) Compare S(Z3;) with S(Z4s) and S(Zyo) in problems
18 and 17 respectively.

Let Z = {S(Z¢4), x} be the MOD subset semigroup.

i) Study questions (i) to (ix) of problem (17) for this
S(Zes).

ii) Compare S(ss) With S(Z) of problem 18, S(Zss) of
problem 17 and S(Z3;) of problem 19.

Let {S(C(Zy9)), x} = V be MOD finite complex number
subset semigroup under x.

i)  Study questions (i) to (ix) of problem (17) for this V.
ii) Compare V with P = {S(Z,), x}.
iii) Compare V with S = {S(Z)), x}.
iv) Compare V with M = {S(Zg,), x}.

Let W = {S(C(Zs;)), x} be the MOD finite complex
number subset semigroup under x.

i) Study questions (i) to (ix) of problem (17) for this W.
ii)) Compare W with V of problem (20).
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26.
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iii) Find those P € W such that there is a Q with P x Q
C(Z43), the MOD universal subset of S(C(Z43)).

Let Z = {S({Zss U 1)), x} be the MOD neutrosophic subset
semigroup under product.

1) Study questions (i) to (ix) of problem (16) for this Z.
i1) Compare Z with {S(C(Z4s)), x} and {S(Zas), x}.
iii) Enumerate all special features enjoyed by Z.

Let M = {S({(Z19 W I)) be the MOD neutrosophic subset
semigroup under product.

Study question (i) to (ix) of problem (17) for this M.

Let P = {S({Zi» U g)), x} be the MOD dual number subset
semigroup under product.

i) Study questions (i) to (ix) of problem 17 for this P.

ii)) Prove P has more number of MOD subset zero divisors
than 81 = {S(le), X}, SZ = {S(C(le)), X},
S; = {S((Zi, v D)), x}.

iii) Prove P has more MOD subset ideals than S, S, and
Ss!

Let B = {S({(Zy v g)), x} be the MOD dual number subset
semigroup under x.

i) Study questions (i) to (ix) of problem (17) for this B.

ii) Obtain all special features associated with MOD dual
number subset semigroups under Xx.

iii) Compare P in problem (24) with this B.
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27.

28.

29.

Let E= {S(Z, U g), x} be the MOD dual number subset

semigroup under x.

1)  Study questions (i) to (ix) of problem (17) for this E.

ii)) Compare E with P and B of problem (24) and (25)
respectively.

i) All {S(Z, U g)), x} has several MOD nilpotent subsets
of order two irrespective of n, 2 < n <oo.

Let W = {S({Z;5 U h)), x} be the MOD special dual like
number subset semigroup under x.

1) Study questions (i) to (ix) of problem (17) for this W.

il) Compare W withV, = {S(Z;5), x}, Vo= {S(C(Zs)),
x}, V3= {S(Zs U 1)), x} and V4= {S({Z15 U ), x}.

iii) Which of the MOD subset semigroups, V; or V, or Vj
or V4 or Vs has the maximum number of MOD subset
zero divisor pairs?

iv) Which of the MOD subset semigroups mentioned in
(ii1) has maximum number MOD subset nilpotents of
order two?

v) Which of the MOD subsets semigroups mentioned in
(i) has maximum number of MOD subset
idempotents?

vi) Which of the MOD subset semigroups mentioned in
(iii) has maximum number of MOD subset ideals?

Let R = {S((Zy U h)), x} be the MOD subset semigroup
under product.

1) Study questions (i) to (ix) of problem (17) for this R.

ii)) Can R have MOD subset nilpotents of order two?

iii) Compare R with T = {S(Zy), x}, T, = {S(C(Zy)),
X}, T;= {S(<Zzg \ g)), X} and T,= {S(<Zzg \ I>), X}.

iv) Obtain any other special feature associated with R.
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Let Y = {S({(Zg U k)), x} be the MOD subset special quasi
dual number semigroup under x.

i) Study questions (i) to (ix) of problem (17) for this Y.

ii) Find o(Y).

iii) Compare Y with Dy = {S(Z4), x}, D, = {S((Zsr U 1)),
x}, D3 = {S(C(Zy)), x}, Dy = {S(Zs2 U g)), x} and
Ds = {S(Zi U I)), x}.

iv) Which of the MOD subset semigroups given in (iii)
will have maximum number of MOD subset
idempotents?

Let Z = {S((Zyy U k)), x} be the MOD subset special quasi
dual number semigroup.

1)  Study questions (i) to (ix) of problem (16) for this Z.
ii)) Compare Z with R in problem 29.

Enumerate all special features in S((Z, U k)),
i) nisaprime
il) nis a composite number

iii) nis of the form p', t > 2, p a prime.

Prove MOD subsets semigroups are of finite order and are
commutative.

Can one say all MOD subsets semigroups under x are S-
MOD subset semigroups?

Can these MOD subset semigroups under product have

1) S-MOD subset zero divisor pairs.
ii) S MOD subset idempotents.

Let W = {S((Ze1» v 1)), x} be the MOD subset semigroup.
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37.

38.

39.

40.

i) Does W contain S-MOD subset zero divisors?
ii)) Can W have MOD S-subset idempotents.

Characterize those MOD subset semigroups under x which
has MOD subset S-zero divisors.

Characterize those MOD subset semigroups under x which
has no MOD subset S-zero divisors.

Characterize those MOD subset semigroups under x which
has MOD subset S-idempotents.

Study for Smarandache MOD zero divisors subsets and
MOD S-idempotents subsets in {S({(Zss U k)), x}.



Chapter Three

MOD NATURAL NEUTROSOPHIC SUBSET
SEMIGROUPS

In this chapter we define the new notion of MOD natural
neutrosophic elements subset semigroups under + and x.

This study is very new however MOD natural neutrosophic
numbers have been introduced in [60] and also a complete study
of semigroups constructed using MOD natural neutrosophic
numbers have been carried out in [64].

Here we study semigroups constructed using subsets of
MOD natural neutrosophic numbers using Z! or (Z, U I); or (Z,
U gy or (Z, U h); or (Z, U k) or C(Z,).

As continuing the notation
S(Z!) = {collection of all subsets from the set Z! } which
will also be known as MOD natural neutrosophic subset set.

We will describe these by the following examples.
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Example 3.1: Let S(Z,) = {Collection of all subsets from the
set Z, ={0,1,2,3, I}, 3, 1 +I;,2+ 1,3+ 13,1+ 15,2+
L3+ L, 1+ [+ 5,2+ [+ 1, 3+ L+ I, [+ L}

A={I}, 1} +3,3,2, 1 + I] + I}) € S(Z}) is a MOD natural
neutrosophic subset of S( Z}).

B = {0, 1, 2, 3} is a MOD natural neutrosophic subset of
S(Z)).

We can define operations of + and x on S(Z)}).
Thus

S(Z! )= {collection of all subsets of the set Z! },2 <n <oo.

Clearly o(S(Z! )) < . However even finding order of Z! is
a difficult task.

We will give examples of them.
Example 3.2: Let {S(Z!), +} be the MOD natural neutrosophic
elements subset under +, addition, and it is defined as the MOD

natural neutrosophic subset semigroup under +.

IfA= {4+ 1, 1°,3,4,2, 0 and
B={I;,2,4, 1+ I} € S(Z}), then

A+B ={4+1,1,,3,42,0} +{I;,2,4 1+ L}
={4+1,1,3+1,2+1,3,1+1,0,4,2, 1}
=7!

L

This is the way the operation + is performed on S(Z).
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Thus the pair of MOD natural neutrosophic elements subset
is a MOD universal natural neutrosophic elements subset pair.

LetM= {0, 1,2} andN= {0, 1 + I} € S(Z}).

M+N ={0,1,2} + {0, 1 + [ }
={0,2,1+1),1,2+ 1;,3+ I} }.

We find M + M= {0, 1,2} + {0, 1, 2} = {0, 1, 2, 3, 4}.
N+N={0, 1+ )+ {0, 1+ 1} ={0,1+1,2+1}.

Let P=1{0, [} € S(Z)
P+P={0, I} +1{0, I} = {0, I}

Thus P is the MOD natural neutrospohi elements idempotent
subset of S(Z\).

LetM={0,1+1,2+1,1,2,3+ 13,4+ I} € S(Z}).

M+ M={0,1+1,2+1,1,2,3+ 1,4+ I }+
{0,1+1;,1,2,2+ 1,3+ 1,4+ 1}

={0,1+ 1,2+ 1,1,2,3+0,3,44+1,1}#M.

So in general we may not have M + M = M but here
M+M=Z..

Consider P = {collection of all subsets from {0, 1, 2, 3, 4}}
< S(Zs).

P is a MOD natural neutrosophic elements subset
subsemigroup as if for any X, Y € Pthen X + Y € P.
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Likewise M = {collection of all subsets from {0, I], 1 + I;,
2+ 10,3+ 1,4+ I3 }} < S(ZY) is a MOD natural neutrosophic
elements subsets subsemigroup of S( Z}).

LetM={0,2+ I, } and N= {0, 1, I;,3} € S(Z}).

M+N ={0,2+ I3} +{0,1, I, 3}
={0,2+1,1,3+ 1, I;, 3}.

Next we provide one more example of MOD natural
neutrosophic subset semigroup.

Example 3.3: Let {S(Z},), +} be MOD natural neutrosophic
subset semigroup.

Let A={3,0,4+ I, I}, I, I, Ip+ I’} € S(Z},).

A+A={0,3,4+ 17, 17, 17, 12, 17 +10 )+ (3,0, 17,

4L I I I 41

={0,3,4+ 1, I, 1, I, Iy + 1%, 6,7+ 1,3

+ 17,3+ 17,3+ 12,3+ 10 + 10, 4+ 10+ 12, 17 +

L, I8 + 10, I + I + 17, 8+ 17, 4+ 17 +17, 4+
I+ 12,4+ 17 + 10 + 17,4+ 17 + 17, and so on}.

This is the way + operation on S(Z}, ) is performed.
LetM={0,5, I;” + 1,4} and N = {8, 4, I.>, 6} € S(Z,).

M+N ={0,5, I7+I7} + {8,4,6, 1. }
={8, 1,8+ 1y +17,4,9,4+ 17 + 17,6, 11,
6+ 1y + 17, 17, 5+ 17, 1P+ I + I} € S(Z),).
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Clearly for a given A € S(Z;,) we may or may not be able

to find a B such that A + B = Z,,, that the pair of MOD natural

neutrosophic elements subsets may or may not yield the MOD
natural neutrosophic elements subset universal pair.

For we can say given a pair A, B of MOD natural
neutrosophic elements subset S(Zj,); sure we cannot say their

sum will be Z|, but we can establish given A € S(Z;,) we can
always finda B € S(Z,,) suchthat A+ B=Z,,.

In view of this we propose the following problem.

Problem 3.1: Let {S(Z! ), +} be the MOD natural neutrosophic
elements subset semigroup under +.

For any given A € S(Z! ) can we find a B such that A + B =

7!, the MOD natural neutrosophic elements subset universal
pair.

ii) Given two MOD natural neutrosophic elements subsets
A, B prove the pair (A, B) in general is not a MOD natural
neutrosophic elements universal subset pair.

We next study MOD natural neutrosophic elements finite
complex number subsets sets {S(C'(Z,))} by some examples.

Example 3.4: Let S(C'(Zs)) = {collection of all subsets of
C'(Zs)} be the MOD finite complex number natural neutrosophic
elements subset.

A={I5, L5, I

2+4ip 2

IS, 4 + 3iz} € S(C'(Zg)) is a MOD

finite complex number natural neutrosophic elements subset of
S(C'(Z)).

Let M= {1, ,2+3ip 1 +ip, 4, 5ir} € S(C'(Zy)).

343ip
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We find M + M = {I5, ,2+2if, 4, | +i, 5ig} + {155, , 2
+2ip, 4, 1+ g, i = {15, , 2420k + L5y, , 4+ Iy, T +Hie+

I,y > Sk, Iy o 2+ 21+ Iy, 4+ 4, 2ip, 3 + 3ip, 2 + ik, 2,
5+ip, 4 + Sig, 1, 4ip} € S(C'(Z)).

This is the way “+” operation is performed on S(C'(Zs)).

We see {S(C'(Ze)), +} is only a semigroup for given any A
€ S(C'(Z¢)) we may not be always in a position to find a
B e S(C'(Zs)) such that A + B = {0}.

However A + {0} = {0} + A=A for all A € S(C'(Z)).

Let A = {0, 2 +I5} we cannot find a B € S(C'(Zs)) such
that A + B = {0}.

Infact if M = {I{} and N = {I{ } then M+ N = {I{ +15 }.

Further if S = {1} e S(C'(Z¢)) then
S+S={IC}+ {1} = {IS}.

LetT+T= {I§+2ip s {I§+2ip = {I§+2ip 3, T e S (C'(Zy)).

Thus T is a MOD finite complex natural neutrosophic
subsets which are idempotents with respect to addition.

Hence {S(C'(Z,), +} is only a finite commutative
semigroup with {0} as the additive identity.

Example 3.5: Let {S(C'(Zg), +} be the MOD natural
neutrosophic finite complex number subset semigroup under +.

LetP=1{0,2,4,2+ I, 2i + I, } and
Q=1{6,215 , Ig } € S(C'(Zy)).
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We find
P+Q=1{0,2,4,2+15,2is+ I, } +{2,6, 15 , Ig, } = {2,

6, 1,1, .4 0,2+ 15 ,2+I , 4+ 15 ,4+ 1 ,4+15, 17,
2405+ 15, 24 05 + I, 2+ 2ip + 15, 6+ 2i + I, , 2i +

5, + 05, 2ie+ I + 15} e S(C'(Zy)).

2ip
Clearly o(P) =5, 0o(Q) =4, o(P + Q) = 18.

So, o(P + Q) = o(P) + o(Q) is not true in general.

Of course given P one can find a Q such that P + Q =

C'(Zg); that is (P, Q) is a MOD natural neutrosophic finite
complex number universal subset pair of S(C'(Zy).

We have R € S(C'(Zg)) such that R + R = 0. We have also
T € S(C'(Zs)) such that T+ T =T.

In view of all these we can prove the following theorem.

THEOREM 3.1: Let {S(Z!) (or S(C'(z,)), +} be the MOD

natural neutrosophic finite subset (or MOD natural neutrosophic
finite complex number subset) semigroup under +.

i) Forany A € S(Z,f) (or S(C'(Z,)) we can always find a
Bin S(Z,f) (or S(C'(Z,))) so that A + B = Z!' (or (C'(2,)). That

is the MOD natural neutrosophic subset pair is a universal pair.

ii) Given a pair of MOD natural neutrosophic subsets then in
general A + B # Z,f (or C'(Z,)).

Proof is direct and hence left as an exercise to the reader.

Example 3.6: Let {S({(Z, v 1))} be the MOD natural
neutrosophic-neutrosophic subsets with entries from (Z, U I);.
A={3+1,6+3L 1,71 1;,4L, 2, I, 0} and B= {0, 1+ 21,4l
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+ 4, 9, L, I,., 2} are MOD natural neutrosophic-

neutrosophic subsets of S((Z;, U I)).

We can define the operation + on S((Z;, w I)) and
{S({(Z1, v I)1), +} is a MOD natural neutrosophic-neutrosophic
subset semigroup.

Let A= {L,,,0, I, i+ L, } € (S(Zinw )

A+A:{II I;I’O’ I;I+I£+ZI}+

44219
I I I I
{I4+21’ I31 , 0, I31 +I4+21}
_ 1l I I I _
- {I4+21’ I31 ’ 0’ I31 + I4+21} =A.

Thus A is MOD natural neutrosophic-neutrosophic
idempotents subset of (S((Z, U I)y).

Let A={0,2,6,3L,4+1,,,3+8+1}and
B=1{4,0,8+ 1} € S(Znn U I}y,

A+B={0,2,63L4+1,, 1) +3+8I} +{0,4,8+ I}

=1{0,2,6,3L, 4+ Ifwu, Ié +3+ 8L 4, 6, 10, 4 + 31,
8+ I,,,7+81+ 1,8+ 1,,10+1,2+1L,631+8+1L,
I£1+41 + 1121’ 11 +8I+ I(I) + II21} € S(KZix U I)y).

Order of A =6, o(B) =3 and o(A + B) = 18.
Let A= {0, Ty + Iy, } € S((Zi U ).

A+tA ={0, 1 + L} +{0, [+ Ly}
= {0, L+L )

Let B= {6 + 61} then B+ B = {6 +6I} + {6 + 61} = {0}.
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Consider P = {Collection of all subsets of {Z;, U I}} <
S(<le ) I>[)

Clearly P is a MOD subset natural neutrosophic -
neutrosophic subsemigroup of S((Z;, L I)y).

We can find several MOD subset natural neutrosophic-
neutrosophic subsemigroups.

Example 3.7: Let W = {{collection of all subsets from
(Zg3 © )1} = S(Zg3 © D)), +} be a MOD natural neutrosophic

neutrosophic subsemigroup of finite order. Infact W a monoid.

There are several MOD subset natural neutrosophic
neutrosophic subsemigroups given by

B, = {collection of all subset of Z43},

B, = {collection of all subsets of Z,;1},

B; = {collection of all subsets of (Z4; U 1)},
B4 = {0, I(I)},B5= {a+ I(I) /a € Zg}t and
Bs={a+ I(I) /a e (Zys D)},

All these MOD subset natural neutrosophic- neutrosophic
subsemigroups are of finite order.

Now for any subset A € S({Z4; U I);); we can always find a
B € S((Zg3 W I)) such that A + B = (Z43 U I).

Example 3.8: Let {V, +} = {collection of all subsets from

(Zy © 1), +} be the MOD subset natural neutrosophic-
neutrosophic semigroup under +.

LetB={0,2,3, I;, I,, I, + [[,3+ I} } and
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C=1{1,2,0,3,2L3L L I\, I', I' . } & S(Zs L I)).

Clearly B + C # (Z4 U I);. However we can always find a D
€ S ((Z4w I)y) such that D + B =(Z4 U D).

Example 3.9: Let {S, +} = {S({(Z, U I);), +} be the MOD subset
natural neutrosophic - neutrosophic semigroup under +.

{(Zouly={0, L, L1+L 1L, L, L,,1+1,1+IL,I1+
L, I+ 0, 1+0, ,I+0L ,1+I+ 1, 1+1+1,1+1+1]

1+1 2 1+1 2 1+1 2

1 1 1 1 1 1 1 1 1 1 1
IO + II > IO + II+I > II + II+I > 1 + IO + II > 1 + IO + II+I > 1 + II+I
+1;

1 I I I I I I I I I
+ II’ 1+ I0 + II’I+ I0 + II+I’I+ I1+I + II’ I0 + II+I+II+I

L+ 0 +L I+ + 1, + L, 1 +I+ [+ +1+1

1+1+ 0+, 1+1+0, + 1, 1+I+ 1, + 1, 1+1+ I+
L+ I

1
I+1 >

So for any A € S we can find a B € S such that
A+B=(Z,uTl).

In view of all these we have the following theorem.

THEOREM 3.2: Let G = {S((Z, v 1)), +} be the MOD subset
natural neutrosophic - neutrosophic semigroup under +.

i) o(G) <o
ii) Forevery A € G thereis aB € G such that
A+B= (Zn UI)[

Proof is direct and we leave it as an exercise to the reader.

Now consider any A € S ((Z, U I);), we hav B such that A
+B= <Zn \ I>[

We call the pair (A, B) to be the MOD subset natural
neutrosophic-neutrosophic universal pair if A + B = (Z, U I}
and B is of least cardinality for a given A.
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We leave it as a open conjecture to find all B such that
| B | = o(B) is the least such that for a given B,
A+B=(Z, U

i) Is that B only one set or we can have more than one B?
ii)) For a given A find all B in S({(Z, v I);) so that
A+B=(Z, U

How many such B exist for a given A?
Further finding o((Z, L I))) is itself a very difficult problem.

Now we proceed onto describe MOD subset natural
neutrosophic dual number semigroups under + by examples.

Example 3.10: Let S = {S({(Zip VU g)1), +} be the MOD natural
neutrosophic subset dual number semigroup.

The reader is left with the task of finding o((Zo  I)).

Let A={5,2g+8, I§, I§, 15, 15} and

3g
B=10, I3,,,, I{,,» 3+ & 5g} €8; we find

A+B=1{52g+38 [}, I, I, [} +{0, I5,,,, I§

3g 242g % “4+6g° 3 +
8, 5g}

= (5,28 + 8, I8, 15, 1B, I8, I,

+5,2g+8+ I§

2+42g 2

2+ 8+

4+6g°

g
I+
g 5478 g g s 4 Te g
IZ+2g s IS+IZ+2g s I3g + IZ+2g s I0 + IZ+2g s 5 + I4+6g’
g 48 sy e g g ERI

Lt Do Is T Liges Lt Lipgys o ¥ L, 818, 1+3g,3+¢g

+I5,3+g+ 5,3 +g+ 15,,3+g+ I5,5+5g 7g+8, 5g+
I, 5g+ 1§, 5g + I5,, 5g+ I§} € S(Zio v ).

This is the way ‘+’ operation is performed on S.
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However {0} € S({Z1o v g)1) acts as the additive identity of
S.

We see given A € S we in general cannot find a B in S such
that A + B = {0}.

We can say only for singleton sets we can get for A, with
o(A)=1, and A e (Z, U g) alone is such that there is a A; such
that A + A1 = {O}

However if A= {I5} € S then we have no B € S such that
A+ B={0}.

{0,2} =A € S; B= {8} then
A+B=1{0,2} + {8} = {8, 0} = {0}.

Thus S is only a MOD subset natural neutrosophic
semigroup under + as every A € S has no additive inverse.

Example 3.11: Let B = {S({(Zi; U g)1, +} be the MOD subset
natural neutrosophic dual number semigroup under +.

We see B has MOD subset subsemigroup, o(B) is finite.

IfA={0, I} It

10g

+1I5,} €B.

10g > 4g s

A+A _{O IlOg’ 4g IOg’ }+{0 IlOg’ 4g’Ii;0g+I%g}
= {0, IlOg’ 4g’Ii;0g + Lgtg} =A.
Thus A is an MOD subset dual number idempotent of B.
B has also MOD subset dual number idempotents.

Thus in view of all these we have the following result the
proof of which is left as an exercise to the reader.



MOD Natural Neutrosophic Subset Semigroups | 97

THEOREM 3.3: Let M = {S((Z, v g)), +} be the MOD subset
natural neutrosophic dual number semigroup.

i) M has MOD subset dual number idempotents with
respect to +.

ii) M has MOD subset natural neutrosophic dual number
subsemigroups.

However it is a difficult task to find the number of MOD
subset dual number idempotents.

Further finding order of (Z, U g); and S(Z, U g)) is also a
difficult task. Finding the number of MOD subset natural
neutrosophic dual number subsemigroups is also a challenging
problem.

Next we proceed onto describe by examples the notion of
MOD subset natural neutrosophic special dual like number
semigroups under +.

Example 3.12: Let G = {S((Z1» U h);), +} be the MOD natural
neutrosophic special dual like number subset semigroup under +
0(G) < .

G has several MOD subset natural neutrosophic special dual
like number subset subsemigroup.

Let A= {0,6, ), , [) } and
B={3,58h I, L., I;} €G
We show how the operation + is performed on G.

A+B={0,6,1, 11, }+1{3,58h I3, L, I, IL}=
3,58, 15, 1o, L, ,9,3+0L,3+0L,,1,5+1,5+
II31+4h’ 8h + 6’ 8h + I; ’ 8h + I;l+4h’ 6+ Igh’ I; + Igh’ Igh+lg+4h’

h h h h h h h h
I9+2h + 6’ IZ + I9+2h 4 I3+4h + I9+2h 4 IZ + 6’ IZ + I3+4h} € G
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This is the way ‘+’ operation is performed on G.

Let A= {I;lh’ Izlh’ I;lh + 1 Ig’ Ig + I;lh’ 13h+lg’

4h >
Lo+ +1} eG.
It is easily verified A + A= A.

Thus A is the MOD subset natural neutrosophic special dual
like number idempotent of G.

G has several such MOD subset natural neutrosophic special
dual like number subsemigroups.

Interested reader can find the number of such MOD subset
natural neutrosophic special dual like number subsemigroups in
G.

Even finding 0({(Z;, U h))) is a difficult task.

Finding the number of MOD natural neutrosophic special
dual like number idempotents is yet a challenging problem.

Example 3.13: Let W = {S(Z; U h)), +} be the MOD natural
neutrosophic special dual like number subset semigroup under
+.

LetD={I" , I",3,4h+ 1} and E={0,2, I +4, I" +h,
0 2h 3h

3h
Ih + 1), + 5} € W. We show how D + E is calculated.

D+E={L}, 1,3, 4h+ 1} +{0,2,4+ 15 h+1} 5+

3h

L+ y=1{L, 10,3, 4h+ 1,2+ 1,2+ 10,5 3+4h 4+

3h
L+ L, Ip + 6, +4, 1, ,4h+5+ 1 h+ I h+ D + G,
5h+1+ It

3+h+ I, I R T I P s

B +1,4h+6+10+15 ) e W.
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This is the way + operation is performed on W.

Finding all MOD subset natural neutrosophic special dual
like number idempotents is left as an exercise to the reader.
Finding o(W) is also a challenging one.

The reader is expected to find the number of MOD subset
natural neutrosophic special dual like number subsemigroups of
W.

We have the following result.

THEOREM 3.4: Let S = {S((Z, U h), +} be the MOD natural
neutrosophic subset special dual like number semigroup under
+.

a) ofS) <o

b) S has MOD subset natural neutrosophic special dual like
number subsemigroups.

¢) S has MOD subset natural neutrosophic special dual like
number idempotents.

Proof is direct and hence left as an exercise to the reader.

Next we describe by examples MOD natural neutrosophic
subset special quasi dual number semigroup under +.

Example 3.14: Let S = {S({(Z;s U k);), +} be the MOD special
quasi dual number natural neutrosophic subset semigroup under
+.

Let A= {0, 5k, 15, 1§} and
B={3+6k I§+3,4k+5+1}€S.

A+B=1{0,5k 1§, L5} +{3+6k I§f+3,4k+5+ 1 }

3k °
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= {3+6k, 11k+3,3+6k+15,6k+3+ 15 +6, I +3,3+

3k
Sk+I5, Iy + 15 +3, i +3+ 15,4k +5+ 15, 9k + 5+ I},

6+9k ° 6k >

S+4k+ I + I, 4k+5+ 15 + 15, } €S.

9k+6

This is the way + operation is performed on S.
Let A={I§, I§,, Iy + L[} €S;

At A ={T, T, Ip + Ig b+ (I, Tg, T + T
={l, Lo Iy + I} = A

Thus A is the MOD subset special quasi dual number natural
neutrosophic idempotent element of S.

S has several such MOD subset idempotents.

However the reader is left with the task of finding the
number of such MOD natural neutrosophic special quasi dual
number subset idempotents of S.

Example 3.15: Let M = {S({(Z; U k);), +} be the MOD subset
natural neutrosophic special quasi dual number semigroup under
+. M has MOD natural neutrosophic subset special quasi dual
number subsemigroups.

A={I5, If + 15, 15,0} e Missuchthat A+ A=Aisa
MOD natural neutrosophic subset special quasi dual number
idempotent of M.

The reader is left with the task of finding the total number
of MOD natural neutrosophic subset special quasi dual number
idempotents of M.

In view of this we have the following theorem, the proof of
which is left as an exercise to the reader.
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THEOREM 3.5: Let S = {({(Z, U k)), +} be the MOD subset
natural neutrosophic subset special quasi dual number
semigroup under +.

i) o) <

ii) S has MOD subset natural neutrosophic special
quasi dual number subsemigroups.

iii) S has MOD subset natural neutrosophic special
quasi dual number idempotents.

iv) Forevery A € S there exists aB, (o(B) the least) in
S such that A + B = (Z, Uk),.

However we propose the following problems.

Problem 3.2: Let {S(Z, v k)), +} = S be the MOD subset
natural neutrosophic, special quasi dual number semigroup
under +.

i) Foragiven A € S, for a fixed n; 2 < n < oo how many B
exists such that A + B=(Z, U k)?

ii)) How many B with o(B) least exist for a given A in S so
that A+ B =(Z, U k)?

iii) Find all MOD natural neutrosophic special quasi dual
number subsets B of a fixed A such that
A+B=(Z,Uk).

iv) Find all MOD natural neutrosophic special quasi dual
number subsets of S which are MOD idempotent subsets
and study the three problems

a. Whennis at prime, give a large value for n.
b. Whenn=p'p a prime.

c. When nis a odd composite number (large).
d. When n is an even composite number.

Next we proceed onto describe the properties of S(Z!)
under product.

Here we define two types of products.
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i) 0 x I'= 17 for all appropriate t as the natural
neutrosophic dominant MOD natural neutrosophic
semigroups.

ii) 0 x I'= 0 for all appropriate t as the usual zero
dominant semigroup.

However even if we do not mention explicitly the structure
from the way product is used we will know whether the MOD
semigroup is zero dominant or MOD natural neutrosophic
element dominant.

We have already seen the concept of zero dominant, this
was used in [ ], for otherwise the MOD graphs edges would be
very clumsy or many leaving no edge free.

We will see when it is 0 dominant what are the special
properties enjoyed by it and when MOD natural neutrosophic

element is dominated what are the special features associated
with it, as semigroups under product.

Example 3.16: Let S = {S(Z},), x} be the MOD natural
neutrosophic subset semigroup in which S is zero dominated.

Thatis {0} x A= {0} forall A € S.

Let A=1{3,57 1,4+ 1’} and B={2,0,4, I} € S.
We find A x B;

AxB=13,57,1°4+1°) x {0,2,4, I}
={0,6,4, Il', 8+ 1),2,8 6+ L, I, I.” + I, }.
Suppose A= {1, 5,2+ L[’} and B= {2,0, .’} € S.

AxB ={I},52+ L'} x{2,0, I}
={17, 0,4+ I, 17, I 12+ 17} €S,

0
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Clearly S is a MOD natural neutrosophic subset semigroup.
Infact S is a monoid as {1} € S is such that

{1} xA=Ax{l}=Aforall A € S.

Further if A= {5, 0, I} } and B = {0, 2} then
AxB=1{50 1} x {0,2} = {0, I }.

We see 0o(A) =3, o(B) =2 but o(A x B) =2.

Thus these MOD subset natural neutrosophic semigroup

under product behave differently.

Further if A = {0, 2, 4, 8, 6} and B = {5} € S then

AxB=1{0,2,4,8, 6! x {5} = {0}.

Thus the pair {A, B} is a MOD natural neutrosophic zero

divisor pair subsets. However we can find MOD zero divisor
subset if I.” € A or B. Only when A = {0} or B = {0}. The zero

is possible. So we see if A € S such that I.” € A then forno B €
S\ {0}, A x B = {0},

The natural problem is to find for any A € S a B € S such

that AxB=Z],.

This task is really difficult and left as an exercise to the

reader.

Let A={1,0, I;O} and
B=1{3,54,1,2,6789, 1, I, I} €S.

AXB: {13 03 I;O} X {17 332343 57 69 7a 8a 9a 11203 I;;Oa ILO}
= {13 07 120323 37 47 53 63 73 83 97 Ilz(ia I;;Oa 11)0’ ILO} * Z{o
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However if A= {1, 0, I.”} then take B € Z|, \ {1’} then
AxB=2Z7,.

It is an interesting problem to find the number of subsets B
in Z;, sothat Ax B=Z].

Finding those subsets B in S which has the least cardinality
which gives A x B = Z,. Such study is innovative and
interesting so left as an exercise to the reader.

Also another natural question is how many MOD natural
neutrosophic subsets in S are idempotents.

Let A= {Oa 5: 1: 6} GS,
AxA={0,561}x{0,6,51}=1{0,6,51}=A.
So A is a MOD natural neutrosophic idempotent subset of S.

LetB={1,6, ', I’} € S
BxB ={1,6 1, I} x {16, I, I’}
={1,6, I’, I’} =B.

Thus B is also a MOD natural neutrosophic subset
idempotent of S.

Finding the total number of such MOD natural neutrosophic
subset idempotents in S happens to be challenging problem.

LetD={1,6,5, ", I', I.”,0} €.

DxD ={1,6,50, 1", I', I’} x {1,5,0, ', I}, I’}
={0,1,6,5 1, I, I’} = D.
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Thus D is also a MOD natural neutrosophic subset
idempotent of S.

It is yet a challenging problem to find the MOD natural
neutrosophic subset idempotent M of such that o(M) is the
highest cardinality.

However there are several MOD subset natural neutrosophic
idempotents P of S such that o(P) = 1.

Example 3.17: Let M ={S(Z},), x} be the MOD natural
neutrosophic subset semigroup which is zero dominated that is
0x ' =0.

Let A={0,2,6}andB={5,3,1+ 1", 7+ I!'} € M.

Tofind AxB,AxB=1{0,2,6} x {3,5 1+ 1", 7+ I}
=1{0,6,10,2+ 1,', 4+ 1", 7,8, 6+ I}'}

o(A) =3, 0(B)=4. o(A xB)=28.
So we see o(A x B) # o(A) x o(B) it may be less than o(A)

x o(B) it may be less than o(A) x o(B). We cannot actually
attain the equality.

Let A= {1, Iél, 5,6,8+ Iél} and
B={1,0,9,10,5+ '} € M.

Tofind AxB;AxB={1,1',56,8+ L'} x {0, 1, 9, 10,
5+11=40,1,1,56,8+I,9,10,6 + I, 3+ L', 5+ I,
7+1'} e M.

Clearly o(A) =5, 0o(B) =5, o(A x B) =12.

Now finding MOD subset natural neutrosophic idempotents
and nilpotents in M is an impossibility. For if A = {0} € M,
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then Ax A= {0}. IfA={0,1} e Mthen Ax A= {0, 1}.IfB
={0,1, I;'} € M then

BxB=1{0,1, [;'}.D= {1, I;'} € M is such that
DxD={1, [}'}.

These are some of the MOD natural neutrosophic subset
idempotents of M.

All these will be termed only as trivial MOD natural
neutrosophic subset idempotents of M. A={0,4,3,1} e Misa
nontrivial MOD subset idempotent.

Now the only MOD natural neutrosophic subset nilpotents
are A= {0} and B= {0, I'}.

So this M has no nontrivial MOD natural neutrosophic subset
nilpotents.

In view of all these we have the following theorem.

THEOREM 3.6: Let S = {S(Z!), x}, n a prime, be the MOD

natural neutrosophic subset semigroup under x which is zero
dominated.

i) S has no nontrivial MOD natural neutrosophic
subset nilpotents.
ii) This has MOD natural neutrosophic idempotents

subset given by {0, 1, a, b} where a x b = 1I;
a, b €Z, ortheset {Z,} =B orthesetT = {Z![,}.

Proof is direct and hence left as an exercise to the reader.

Example 3.18: Let S = {S(Z;), x} be the MOD natural
neutrosophic subset semigroup under zero dominant product
that is 0 x If=0forallt=0,2,4, 6.
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Let A= {2: 4: 0: 6} e S.
AxA=1{0,2,4,6} € {0,2,4,6} ={0,4} =B
AxAxA=BxA={0,4} x {0,2,6,4} = {0}.

Thus A is a MOD nilpotent subset natural neutrosophic
element of S of order three as A® = {0}.

LetM={0,} e S;MxM={0, [} x {0, L} =10, [}
= M is the MOD natural neutrosophic trivial idempotent subset
of S.

LetP= {15, 15, I, I} e S;
PxP={I, I, It, I} x {Ip, I, Ig, I} = {15, I} =P
PxPxP=PxP={L, B} x (B, 5, I, £1=(}.

Thus P is the MOD natural neutrosophic subset which is
natural neutrosophic nilpotent as P° = {I'} the natural
neutrosophic zero subset of S.

So interested reader can study this sort of MOD natural
neutrosophic subset nilpotents P and MOD natural neutrosophic

subset nilpotents R such that P'= {0} and R°= {I} }; t > 2 and
s >2 withn=p", p a prime; m > 2.

Next we proceed onto illustrate by examples MOD natural
neutrosophic finite complex number subset semigroups under
the zero dominant product x.

Example 3.19: Let S = {S(C'(Z¢)), x} be the MOD natural
neutrosophic finite complex number subset semigroup under

zero dominant product that is 0 x I = 0 for all relevant t; t in
C(Zo).
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Let A= {0, I{, I3, ,4} and

B={I ,3+15,2,3,is} €8;

AxB

{0, 15, I, » 4y x {15, , 3 + 15, 2,3, ie}

2+4ig

{0, 1, , Iy, 1§ + 15, I, + 15, 2, 4ir}.

2+4ig

This is the way product operation is performed on S.
o(A)=4and o(B) =5, o(A x B)="17.
Let A= {0, i, IOC, 51} €S;

AxA =1{0,i, I§,5 1} x {5,1,0,1, I{}
= {0, IS, 5, iF, 1, Sig} # A.

Thus finding MOD natural neutrosophic finite complex
subset idempotents happens to be a difficult problem.

LetP= {0, 1,1, I{, 5, 5ir} € S. We find
PxP ={0,1,i I, 5, 5} x {0, 1, ik, 15, 5, Sig}
= {0, 1, iF, IOC, 5, 511:} =P

Thus P is the MOD natural neutrosophic finite complex
number subset which is idempotent as P> = P.

Consider D= {0,3,4, IJ, 1} € S.

WefindD xD = {0, 1,3,4, IS} x {0, 1,3, 4, I}
=1{0,1,3,4, 1S} =D.

This D is also a MOD natural neutrosophic finite complex
number idempotent subset of S.
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Finding the total number of MOD natural neutrosophic finite
complex number idempotent subsets happens to be a
challenging problem.

Example 3.20: Let S = {S(C'(Zs)), x} be the MOD natural
neutrosophic finite complex number subset semigroup under the
zero dominant product where C'(Z3) = {0, 1, 2, ir, 2i, 1 +if, 2 +
ig, 14 20, 24+ 2i, IS, 1+ 15,2+ 15, ip + IS, 2ip + 15, 1 +ip +

I5,1+2ip+ 15,2+ 2ig + I L.
Let A= {1,ir, 2,0} and B={I{, 1+ 15,0, 1} € C'(Zy).

AxB ={1,i; 2,0} x {0,1, Iy, IJ + 1}
={0,1, 15,1+ 1,2,2+4 IS, ip, ip + IS} € S.

0
o(A) =4, o(B) =4 but o(A x B) =8.
This is the way product operation is performed. Finding

MOD natural neutrosophic finite complex number zero divisors
happens to be difficult task.

Let us find the product of A = {0, 1,2} € §,
AxA=1{0,1,2}x{0,1,2} ={0,1,2} =A e S.

Thus A is the MOD natural neutrosophic subset finite
complex number idempotent.

B = {0, 2, 1, iF, 1+ iF, 2iF, 2+ iF, 2+ 2iF, 1+ 211:} e S is such
that B x B = B. This B is again the MOD natural neutrosophic
finite complex number subset idempotent of S.

Thus even if in CI(Zn), n is prime we can have MOD natural
neutrosophic finite complex number C'(Z;) can have MOD

natural neutrosophic finite complex number subset idempotents.

In view of this we have the following theorem.
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THEOREM 3.7: Let S = {S(C'(Z,), x} be the MOD natural
neutrosophic finite complex number subset semigroup under
zero dominant product.

a) S has certainly MOD natural neutrosophic finite
complex number subset idempotents.

b) S has MOD natural neutrosophic finite complex
number subset subsemigroups.

¢) S may or may not have MOD natural neutrosophic
finite complex number subset nilpotents depending
on M.

Proof is left as an exercise to the reader.

We now give examples of MOD natural neutrosophic-
neutrosophic subset semigroup under zero dominant product x.

Example 3.21: Let M = {S((Zs U I);, x} be the MOD natural
neutrosophic- neutrosophic subset semigroup.

P={0,2,2+2],2I} € M such that
P xP={0,2,2L,2+2I} x {0,2,2],2+2I} = {0}.

So P is a MOD natural neutrosophic-neutrosophic subset
nilpotent of M.

LetN={0,I,1} e M
NxN=1{0,1,1} x {0, 1, I} = {0, 1, I} = N.

Thus N € M is the MOD natural neutrosophic- neutrosophic
idempotent subset of M.

Example 3.22: We consider M = {S(C'(Z,), x}.

Let D={0,1,2,3} € M, to find
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DxD={0,1,2,3} x{0,1,2,3} ={0, 2,3, 1} =D is again
a MOD natural neutrosophic - neutrosophic idempotent subset of
M.

LetZ = {1 + iF, iF, 3 +iF} and
Y = {2ig, 3if, 0} € M; to find Z x Y;

iF, 1+ iF, 3+ IF} X {0, 3iF, 211:}

=1
=10, 1, 3ip + 1, i + 1, 2, 2i +2}.

Here o(Y)=3,0(Z)=3buto(Z x Y)=6.

Let T={0,2,ir, | +ir, 2 +ir, I§ } and
R={1,2ip, 2+ 2ip, 1 + IJ,ip + If } € M.

TxR= {0,2, iF, 1 +iF,2 +iF, IOC} X {1,2iF,2+2iF, 1 +
IOC,iF+ IOC} = {0,2,iF, 1 +iF,2+iF, IOC,2,2iF+2,2+ IOC,iF+
IS 1 +ie+ IS, 2+ ip+ IS, 2ip + 15, 2ip + 3+ IS, 3+ IS, ip + 3
+ 15 )

o(T) =6, o(R) =5 but o(T x R) = 16.

This is the way product is obtained in M. However given A
€ M finding a B € M such that A x B = C'(Z,) happens to be a
difficult task.

Example 3.23: Let S = {S({(Zs U I))), x} be the MOD natural

neutrosophic-neutrosophic  subset semigroup under zero
dominant product.

Let A= {0, 4+4]} andB= {1, 1 +L3L I{} e S.

WefindAxB ={0,[,4+41} x {1, 1 +L 3L, I} }
={0,1,4+41,3L 4L I}, 21,4+ 2I} €S.

This is the way x is performed on S.
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{0,1,2,3,4} € S
=10,1,2,3,4} x {0,1,2,3,4} = {0,1,2,3,4} € S.

Thus P is a MOD natural neutrosophic-neutrosophic subset
idempotent of S.

Let T = {0, I, 2L, 31, 41} € S.

Consider T x T = {0, I, 21, 31, 41} x {0, I, 21, 3L 41}
0,1

, 1, 21 31, 41} =T.

Il
-~

Hence once again T is a MOD natural neutrosophic -
neutrosophic subset idempotent of S.

Let W=1{0,1,2,3,4, 1,21 3L 4L 1 +1, 1 +2I, 1 + 3L 1 +
AL2+12+2L2+3,2+4L3+1,3+2L,3+3L 3 +44+1,
4421, 4+31,4+41} €S.

We see W x W = W, so W is again a MOD natural
neutrosophic - neutrosophic idempotent subset of S.

However given A € S finding B € S such that A x B =(Zs
w I); happens to be a difficult task.

Let V=1{0, I}, [;+3,2+1+ I, } and
Z=1{0,1, I(I) +3+ 2L 41} € S.
VxZ=10,1;, I, +3,2+1+ 1} x {0, 1,4, 3+21+ I} }

=40, 1), I; +3,2+1+ 1,21+ I, 4+1+ 1), 1 +21+ I} }
e S.

This is the way product operation is performed on S.

o(V)=4,0(Z)=4and o(V x Z)=1.
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LetM={0,1, 1}e S
MxM={0, 1,1} x {0, 1,1} = {0, 1, I}

LetN=1{0,1,2,3,41 21, 3L, 4I} € S

NxN={0,1,2,3,4,1 2L 3L 41} x {0, 1,2, 3,4, 1, 2L,
31, 41}

={0,1,2,3,4,1,2[, 3L 41} =N

Thus N is the MOD natural neutrosophic- neutrosophic

idempotent subset of S.

Finding nilpotent subset of S is near to an impossibility. In

view of this we have the following conjecture 3.

Conjecture 3.Let S = {S({Z, v I)y);, x}, n a prime be a zero

dominant product MOD natural neutrosophic neutrosophic subset
semigroup.

Prove S has no nontrivial MOD natural neutrosophic -

neutrosophic nilpotent subsets.

Example 3.24: Let S = {S((Zs V I)1), x} be the MOD natural
neutrosophic - neutrosophic subset semigroup under zero
dominant product.

Let B={0,41,4,4+41 8, 81,8+ 8l} €S;

Bx B={0,41,4,4+4L8, 81,8+ 81} x {0,4], 4,4 +4I, 8,

81, 8 + 81} = {0}

Thus B is the MOD natural neutrosophic - neutrosophic

nilpotent subset of order two.

LetD = {0, 21, 2 + 21, 41, 4, 4 + 41} € S.

D xD={0, 21, 41,2 + 2, 4, 4 + 41} x {0, 2L, 41, 2 + 21,
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4 + 41}
= {0, 41, 81, 4 + 12I, 8 + 81} = D

D’ x D = {0, 41, 8L, 4 + 121, 8 + 81} x {0, 21, 41, 2 + 21,
4,4+ 41}

= {0, 8L, 8 + 81} = D°.
D’ x D = {0, 81, 8 + 81} x {0, 21, 41, 2 + 21, 4, 4 + 41}
= {0} =D".

Thus D is a MOD natural neutrosophic neutrosophic
nilpotent subset of order four.

LetR=1{0,1,2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15} €
S.

R x R = R, so R is a MOD natural neutrosophic-
neutrosophic idempotent subset of S.

Let T = {0, I, 21, 31, 41, 51, oI, ..., 101, 111, 121, 131, 141,
151} € S. 1t is easily verified T x T =T so once again T is a
MOD natural neutrosophic - neutrosophic idempotent subset of
S.

If B= {{Zis U I)} € S then also B x B = B is the MOD
natural neutrosophic - neutrosophic idempotent subset of S.

Thus even if n=p', t > 2 p a prime still S((Z, U I);) has MOD
natural neutrosophic - neutrosophic idempotent subsets.

In view of all these we have the following theorem.
THEOREM 3.8: Let S = {S((Z, v 1)), x} be the MOD natural

neutrosophic - neutrosophic subset semigroup under the zero
dominated product.
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a) S has MOD natural neutrosophic - neutrosophic
idempotent subsets for all n, 2 <n < oo,

b) S has MOD natural neutrosophic - neutrosophic
nilpotent subsets if n = p', t > 2 and p a prime.

¢) S has MOD natural neutrosophic - neutrosophic
subset subsemigroups.

Proof is direct and hence left as an exercise to the reader.

However the task of providing given a A € S (S as in
theorem 3) to find a B € S such that o(B) is the least is left as an
exercise to the reader.

Next we describe by examples the MOD natural
neutrosophic dual number subset semigroup under x, the
product is a zero dominated product.

Example 3.25: Let B = {S((Zy U g);, x} be the MOD natural
neutrosophic dual number subset semigroup under zero
dominant product.

Let M = {g, 0, 3g, 3g, 6g, 2g, 4g, 8g, 7g} € B.

Clearly M x M = {0}. So M is the MOD natural neutrosophic
dual number nilpotent subset of B.

Let D = {5g, 6g, 8g, g} € M, Dx D= {0}.

Thus B has several MOD natural neutrosophic dual number
subset nilpotents.

Now we describe a few MOD natural neutrosophic dual
number subset idempotents A = {0, 1,2, 3,4,5,6,7,8} € Bis
such that A x A = A is a MOD natural neutrosophic dual number
subset idempotent.

Let Z = {0, g, 2g, 3g, 4g, 5g, 6g, 7g, 8g} € B; Zx Z = {0}
is the MOD natural neutrosophic dual number nilpotent subset of
B.
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T=1{0, g, 5g} € Bissuchthat T x T = {0}.

It is important to keep on record that MOD natural
neutrosophic dual number subset semigroups have many MOD
natural neutrosophic dual number subsets which are nilpotent of
order two.

Let W={I5, IS, I}

4g 3g’

zg, } € B.
Clearly W x W = {It} thus W is a MOD natural

neutrosophic dual number natural neutrosophic zero nilpotent
subset of B.

Thus in this situation only we have MOD natural
neutrosophic dual number neutrosophic zero nilpotent subsets

N={I, I5,, I5,} € Bissuchthat Nx N= {If}.

Let A=1{0, I}, [f} and D= {I5,, [}, } € B;

3g
AxD={0, I}, I§} x {I5,, I, } = {0, I§ }.
Thus {0, I} } in B is defined as the mixed zero of B.

If E = {3, 1, I§+3, 4 + 3g} € B, then
Ex {0, I§}={1,3

> g+3’ 4g’4+3g’ Zg}X{Oﬂ I%}:{Oa I%}

Ig

4g

Ig

2g

Thus can we say for allx € B. xx {0, I§} = {0, I5}?

Example 3.26: Let S = {S((Z; U g)1), x} be the MOD natural
neutrosophic subset semigroup under the zero dominant
product.

Let A= {3,4,5,2g, I} } and
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B={L, L, 1,2+4g}e S.

AxB={3,4,52g I§} x {1, I¥

gﬂ

I§,, 2 +4g}

=1{3,4,5,2¢ I§, I, I5,, 6+ 5g, 1 +2g, 3 + 6g, 4g}.

3g
This is the way product is obtained.

We find A x {0, £} = (3,4, 5, 2g, I£} x {0, £} = {0, IE}.
So we see for every A € S; A x {0, It} = {0, I} }.

Further A x {0} = {0} forall Ain S.

Finally A x {I5} = {I;} or {0} or {I;, O} for all A € S.
Thus we have three zeros and in this zero dominated MOD
natural neutrosophic dual number subsets {0} is the zero and

{I3} and {I}, O} are such that {I5} x {0} = {0} and
{15, 0} x {0} = {05.

Consider M = {0, g, 2g, 3g, 4g, 5¢g, 6g, tg + I5, tg+ [, tg +

I, g+ I8 I B I gt I3+ I g+ 5 IS,
tg+ I8, + I tgt I+ I+ 5, L gt T IE I gt

B+ I8+ I8, + I8, . tg+ I8, + I8 + IE, + IE, tg+18 +15,

g g g
I, ]

g g g g g
FURINR -2 LI LS P A |

oo 8T 15+

Ii +I§g+ Lot Igg, t=20,1,2, ..., 6} € S is such that if

S(M) = {collection of all MOD natural neutrosophic dual
number subsets from M} then S(M) is a MOD natural
neutrosophic dual number subsets subsemigroup of S and infact
a MOD natural neutrosophic dual number subset ideal of S.

In view of all these we have the following theorem.
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THEOREM 3.9: Let S = {S((Z, U g)), x} be the MOD natural
neutrosophic dual number subset semigroup under zero
dominant product.

i) S has several MOD natural neutrosophic dual
number nilpotent subsets of order two.

ii) S has MOD natural neutrosophic subset dual
number ideals.

iii) S has MOD natural neutrosophic subset dual
number idempotents.

iv) S has MOD natural neutrosophic subset dual
number subsemigroups which are not ideals.

Proof is direct and hence left as an exercise to the reader.
Next we proceed onto describe by examples MOD natural
neutrosophic subset special dual like number semigroups under
zero dominant product.
Example 3.27: Let G = {S({(Zio v h))), x} be the MOD natural
neutrosophic special dual like number subset semigroup under
the zero dominant product.

Let B= {0, h, 1,5, 5h, 5+5h} € G,

1,5,5h,5+5h} x {0, h, 1,5, 5h, 5 + 5h}
,1,h,5,5h 5+5h} =B.

Thus B is the MOD natural neutrosophic special dual like
number idempotent subset of G.

Let H= {0, 5,5h,5+5h, I}, I! } and
K=1{0,2,2h, I}, I, } €G.

HxK ={0,55h,5+5h I}, Il } x {0,2,2h, I}, I}, }
={0, I}, I}, b, 1} eG.
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This is the way MOD natural neutrosophic special dual like
number subsets product is obtained.

Let T=1{0,5,5h,5+5h, I} } and S = {0,2,2h, I } € G.
TxS=1{0,5,5h,5+5h, I} } x {0,2,2h, I} = {0, I} }.

Thus the product of the MOD natural neutrosophic special
dual like number subsets yields the MOD natural neutrosophic

special dual like number zero pair {0, I} }.
LeteM=1{0, I}, I} , I}, + 5} and N = {0, I } € G.
We find M xN={0, 15, I}, I, +5} x {0, I } = {0, I} }.
Thus we can prove for every Z € G. Z x {0, [l } = {0, I} }.

LetL=1{0,1,2,3,4,5,6,7,8,9} € G. Clearly LxL =L
so L is a MOD natural neutrosophic special dual like number
idempotent subset of G.

Let R = {0, h, 2h, 3h, 4h, ..., 9h} € G.

R x R = R so R is again a MOD natural neutrosophic
special dual like number idempotent subset of G.

W = {{Zip U h)} € G is again a MOD natural neutrosophic
special dual like number subset idempotent of G as

WxW=W.

We see G has MOD natural neutrosophic special dual like
number subset idempotents and zero divisors.

However finding MOD natural neutrosophic special dual like
number nilpotents happens to be a difficult task for
S({Z1o w h);) has no nontrivial nilpotent subsets.
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Example 3.28: Let W = {S((Z;; U h))), x} be the MOD natural
neutrosophic special dual like number subset semigroup under
the zero dominant product. Given A € W the task of finding B
such that A x B =(Z;3 U h); is left as an exercise to the reader.

T = {{Zi3}} € W is a MOD natural neutrosophic special
dual like number subset idempotent of W.

V = {(Z;; U h)} € W is also a MOD natural neutrosophic
special dual like number subset idempotent of W.

M = {0, h, 2h, 3h, ..., 12h} € W is again a MOD natural
neutrosophic special dual like number subset idempotent of M
asMxM=M.

Let P = {collection of all subsets from {(Z;; UI" )} relevant

t € (Z13 U h)} < W is a MOD subset natural neutrosophic special
dual like number ideal of W.

In view of all these we have the following theorem.

THEOREM 3.10: Let S = {S({(Z, U h)), x} be the MOD natural
neutrosophic special dual like number subset semigroup with
zero dominant product.

i) S has MOD natural neutrosophic special dual like
number subset idempotents, 2 <n < oo,

ii) S has MOD natural neutrosophic special dual like
number nilpotents only for n = p', t > 2 p a prime or
n a appropriate composite number.

iii) S has MOD natural neutrosophic special dual like
number subset zero divisors, that is A x B = {0} or
AxB={1}}orAxB=1{0, 1} for some A, B €S.

iv) S has MOD natural neutrosophic special dual like
number subset subsemigroups which are not ideals.

v) S has MOD natural neutrosophic special dual like
number subset subsemigroups which are ideals.
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Proof is direct and hence left as an exercise to the reader.
Next we propose the following problem.

Problem 3.3: Let S = {S({Z, U h)), x} be the MOD natural
neutrosophic special dual like number subset semigroup with
zero dominant product.

i) Find conditions on n so that S has MOD natural
neutrosophic special dual like number subset
nilpotents.

ii)) Given A € S prove we can find always a B with
minimal order (o(B) minimal) such that A x B =
<Zn |\ h>[

iii) Is that B unique or there are more than one B
mentioned in (i) which is such that
A xB=(Z,Uh)?

Next we proceed onto describe by examples the MOD
natural neutrosophic special quasi dual number subset
semigroups under the zero dominant product.

Example 3.29: Let M = {S({Z;s U k);, x} be the MOD natural
neutrosophic special quasi dual number subset semigroup under
the zero dominant product.

Let P = {Zs} € M, clearly P x P = P so P is a nontrivial
MOD natural neutrosophic special quasi dual number subset

idempotent of M.

R = {{Z;5 U k)} € M is again a MOD natural neutrosophic
special quasi dual number subset idempotent of M as R x R =R.

Infact M has several such MOD natural neutrosophic special
quasi dual number subset idempotents.

Let A= {3+k, 5 L5, I;,0,1} and
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= {5k + 10, 10k, 0, I ,, } € M.

Wefind Ax B={3+k, 5, I , I}, 0, 1} x {5k + 10, 10k,
0’ Il3(+5k

= {0, 5k + 10, 10k, I} ., I§, 15, 1§ , 10k + 5, 5k}.
This is the way the product operation is performed on M.
Let A= {5, 5k, 10k, 10} and B= {3, 6, 9,0} € M.

A xB=1{5,5k, 10k, 10} x {3, 6,9, 0} = {0}.

Thus {A, B} is the MOD natural neutrosophic special quasi
dual number subset zero divisor pair.

Further A x {0} = {0} forall A € M.
Ax {5} ={I§} or {I}, 0} or {0} forall A e M

Let A= {L, 15, If,., } and B= {0, I§ } then
A x B=1{0, lg}.

Let A= {I;, I, I, L., Ly } and B= {7 } then
AxB={I}}.

Let A= {I,5} and B= {3k}, A x B= {5, 0}.

Thus we see we can have any of these MOD natural
neutrosophic special quasi dual number subset zero divisors.

Let N = {collection of all subsets from Zs} < M, N is a
MOD natural neutrosophic special quasi dual number
subsemigroup of M which is not an ideal of M.
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Let S = {collection of all subsets from Z;sk} = M,

S is again a MOD natural neutrosophic special quasi dual
number subsemigroup of M which is not an ideal of M.

Several interesting results can be obtained in this direction.

Example 3.30: Let S = {S((Zis V k);, x} be the MOD natural
neutrosophic special quasi dual number subset semigroup under
the zero dominant product.

S has MOD natural neutrosophic special quasi dual number
subset nilpotents.

Take A = {2, 4k, 8k, 1} € S

Ax A= {2, 4k 8k, 12} x {2, 4k, 8k, 12} = {4, 8k, 8} = A?
Alx A= (4,8, 8Kk} x {2, 4k, 8k, 121= {8} = A’

A’ x A= {8} x {2,4k, 8k 12} = {0} = A*.

Thus A is the MOD natural neutrosophic special quasi dual
number subset nilpotent of order four.

LetB={L, I{, I}, I}, } €S.

BxB ={Il;, Il;’ Ig’ Ii(Zk}X {Iga Il;a Ils: x Ii(Zk
= {1}, Iy, Iy } =B,

BZXB:{IE’ Ig’ ng}x {115’ Il;a Iga Ii(zk}:{lls:}:]?’3
B’ xB={If} x {({I, I}, I{, I, } = {If } =B

Thus B is a MOD natural neutrosophic special quasi dual
number MOD natural neutrosophic zero nilpotent subset of order
4.

LetD: {Il;+4ka Il(()ﬂ Oﬂ Il;+4k} € s’

D x D = {0, Il(() > Il;+4k > Il;+4k 3 x 10, Il(() > Il;+4k > Il;+4k }
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=1{0. I, Ly } =D,

Dz X D = {Oa Il(() s IngrSk} x {01 Il(() s Il;+4k’ Il;+4k}
={0, I} =D’

Thus D in S is the MOD natural neutrosophic special quasi
dual number subset mixed nilpotent of order three as D’ = {0,

I } which is a MOD natural neutrosophic special quasi dual
number mixed zero of S.

Now we see S has MOD natural neutrosophic special quasi
dual number subset zero divisors.

Let A= {8 +4k, 0,12} and B= {2, 0,4 + 8k} € S.
AxB=1{0,12,8+4k} x {0,2, 4+ 8k} = {0, 8, 8k} # {0}.

Let A= {8+4k, 12} and B= {8 + 12k, 8k + 4} € S.
A xB={8+4k, 12} x {8+ 12k, 8k + 4} = {0}.

Thus S has MOD natural neutrosophic special quasi dual
number subset pair of zero divisors.

Interested reader can work in this direction for more types
of MOD natural neutrosophic special quasi dual number zero
divisors and nilpotents.

However we have the following theorem.

THEOREM 3.11: Let S = {S({(Z, U k)}), x} be the MOD natural
neutrosophic special quasi dual number subset semigroup
under the zero dominant product.

i) S has MOD natural neutrosophic special quasi dual
number subset idempotents.

ii) S has MOD natural neutrosophic special quasi dual
number subset nilpotents only for n not a prime.
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iii) S has MOD natural neutrosophic special quasi dual
number subset subsemigroups which are not ideals.

iv) S has MOD natural neutrosophic special quasi dual
number subset subsemigroup which are ideals.

Proof is direct and hence left as an exercise to the reader.

Next we proceed on describe by one or two examples MOD
natural neutrosophic subsets under dominant MOD natural

neutrosophic zero divisor I} (I§ or I or I¢ or I{ or I}).
Thatis0x I, = I fort € {n, k, h, g, c, I}.

Example 3.31: Let S = {S(Z},), x} be the MOD natural

neutrosophic subsets semigroup in which, MOD natural
neutrosophic zero divisor dominant product is defined.

LetP={5,5+112°, I;O, Igo}andQ={2, I;O,O,l} €S

PxQ ={55+1), ], Ij)x {0, 1,2, I}

={0, Iy, I, Iy, 5,5+ I, '+ I }.

This is the way MOD subset natural neutrosophic semigroup
where MOD natural neutrosophic zero divisor product is
dominant is defined.

Thatis 0 x Ip'= Ty

LetB=1{5,0}andD={2,4,6,8} €S,

BxD={0,5} x {4, 2,6, 8} = {0}.

Thus this pair {B, D} gives the MOD natural neutrosophic
zero divisor pair.

Lete A={I, I'}and B= {1}, I, I.’, I’ } €S,
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AxB= (I 1 x (I, I 1 = 1),

Thus the MOD natural neutrosophic subset pair gives the
MOD natural neutrosophic zero divisor.

Lt E={I’ I',0}and D= {1, I", 0, I, I’} € S;
ExD={0, I}, '} e {1}, I, ', 0, I} } = {0, I} }.

Thus this MOD natural neutrosophic pair gives the MOD
natural neutrosophic zero divisor pair.

Wesee 0x 1) =0, I.”x 0= I,” and so on.

Wesee T = {Zo} € Sissuchthat T x T =T is a MOD
natural neutrosophic subset idempotent of S.

We see when 0 x I = 0 the semigroup behaves differently

from the case when 0 x I! = I?.

However from the context one can easily find out how these
products differ.

IfB={I’, I, I’} and C= {0, I} S then

BxC={I}, IV, '} x {0, '} = {1}, I, I.”} where
0xIL°=1°.

But if we assume 1}’ x 0 = 0 then

BxC={L, I, I’} x {0, I’} = {I;), 0} is the MOD
natural neutrosophic zero divisor pair.
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Thus we see the very difference when 0 x I = I’ and
L’ x0=0.

Finding MOD natural neutrosophic subsemigroups and ideals
1s considered as a matter of routine and hence left as an exercise
to the reader.

Example 3.32: Let M = {S(Z},), x} be the MOD natural
neutrosophic subset semigroup under the MOD natural
neutrosophic zero dominant product, thatis Ij) x 0= I .

We see if A, B € M\ {0} then A x B = {0} is an
impossibility A x {0} # {0} in M.

Let A= {4,3+ 1), 15,8} and B= {0} € M, then
AxB={8,154,3+ 1)} x {0} ={0, I} = {0} .
Let A={4,3+ 1,158 andE= {[} }e S,
AxE={43+1,158} x {1y} = {I;}.

Thus this is the case of MOD natural neutrosophic zero
dominant product semigroup.

In case of {0} dominant MOD natural neutrosophic product
semigroup.

Wesee AxE={4,3+ 1,158} x {1y} = {1 }.
But if E = {1}’ } is replaced by F = {0}
AxF={4,3+1),15,8} x {0} = {0} in case

(0} x A= {0}
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Incase A x{I))} = I} we see
AxF={4,3+17,15,8} x {0} = {0, I[j }.
So there is a difference in the results.

As per need of the situation one can use either MOD natural
neutrosophic zero dominant product or just zero dominant
product.

Now we will provide examples of MOD natural neutrosophic
finite complex number subset under MOD natural neutrosophic

finite complex number zero dominant semigroup. That is { I }

x {0} = {17 }.

Example 3.33: Let S = {S(C'(Zy)), x} be the MOD natural
neutrosophic finite complex number, subset, MOD natural

neutrosophic finite complex number zero I dominant product.
Wesee A= {I} and

B={5+3i2i+12, I}, I+ I, } €S.

4ip

AxB={IS} x {5+3ig, 2ig+ 12, IS, I+ I 1 = {15},

4ip

Thus for all A € S we have A x {I$ }= {I{ }, however
A x {0} # {0} in this product.

LetP={3+ip I}, , IS, 4+ 15,5+ 3i+ I} and

15+5ip

Q=1{0,1;, I, I5, } €S

PxQ={3+is Ly, [j,4+15, 5+3i+ I5} x

0,1, I, 15}
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=1{0, 15, 15, IS, I, Iy, -

S5ip 0 15ip+150
This is the way product operation is performed on S.

Let A= {I, , Ig,5+5ig + I I{+ 6+ 8i¢} and
B={I,5+3i I } €5,

AxB={Ij, , Ig,5+5i 17, I{ +6+8ir} x {I{, I

8ip

5+ 3}

= {1, I+ Ig, T +Ig, Ty + T, I

c c C
16i 2 121F+ 1 1 L,
c

IS+ 6}

8ip > 110

This is the way product operation is performed on S.

Clearly P = {Z,} is a MOD natural neutrosophic finite
complex number subset which is an idempotent {C(Z,)} =B €
S is again a MOD natural neutrosophic finite complex number
subset idempotent of S.

Let M = {collection of all subsets from the set Z,o} — S be a
MOD natural neutrosophic finite complex number subset
subsemigroup which is an ideal.

N = {collection of all subsets of the set C(Z,9)} < S is again
a MOD natural neutrosophic finite complex number subset
subsemigroup which is not an ideal of S.

So S has MOD natural neutrosophic finite complex number
subset subsemigroups which are not ideals.

Example 3.34: Let W = {collection of all subsets from
S(C'(Z11)), x} be the MOD natural neutrosophic finite complex
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number subset semigroup under ‘x’ where x is MOD natural
neutrosophic zero dominated that is 0 x Iy = I .

We see C = {collection of all subsets from Z;;} < W is a
MOD natural neutrosophic finite complex number subset
subsemigroup of W.

D = {collection of all subsets from C(Z;;)} < W is again a
MOD natural neutrosophic finite complex number subset
subsemigroup of W.

Both C and D are deals of W.

Finding MOD natural neutrosophic zero divisors and
nilpotents in W happens to be a difficult task.

However M = {Z;;} € W is a MOD subset natural
neutrosophic finite complex number idempotent of W.

N = {C(Z;1))} € W is also a MOD subset natural
neutrosophic finite complex number idempotent of W.

Thus if in {S(C'(Z,)} p a prime finding MOD natural
neutrosophic subset finite complex number zero divisors and
nilpotents is left as a open conjecture.

However for p = 2 we have S(C'(Z,)) has MOD natural
neutrosophic finite complex number nilpotents of order two.
Also S(C'(Z,)) has MOD natural neutrosophic finite complex
number subset zero divisors as A = {0, 1 +ig} and B = {1 + ig}
gives A x B = {0}.

Further S(C'(Z,)) has MOD natural neutrosophic finite
complex number MOD natural neutrosophic finite complex
number mixed zero divisors.

For take A = {0, IOC, 1 +ig} and
B={I{, 1+ir} € {S(C'(Z), x}.
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AxB={015, 1+ig} x {I{, 1 +ig} = {1, 0}.
IfA={I§, 1 +ir} € {S(C'(Zy)), x}, then

AxA={I, 1 +i} x {IJ 1+i} = {I, 0} is the MOD
natural neutrosophic subset finite complex number mixed
nilpotent of order two.

In view of all these we are forced to suggest in

{S(C'(Z,)), x}, {p > 2, p a prime} finding MOD natural
neutrosophic finite complex number real zero divisors {0}, or
MOD natural neutrosophic finite complex number subset zero

divisors {IJ} or MOD natural neutrosophic finite complex

number mixed zero divisors { I, 0} happens to be a challenging
problem.

However we are always guaranteed of MOD natural
neutrosophic finite complex number subsets idempotents and
subsemigroups in case of (S(C'(Zy)), x} whatever be n.

In view of these we have the following theorem.

THEOREM 3.12: Let M = {S(C'(Z,)), x} be the MOD natural
neutrosophic finite complex number under MOD natural

. . C . .
neutrosophic finite complex number zero I; dominating.

a) M has MOD natural neutrosophic finite complex
number subset idempotents.

b) M has MOD natural neutrosophic finite complex
number subset subsemigroups which are not ideals.

¢) M has MOD natural neutrosophic finite complex
number subset nilpotents and zero divisors only if n
is a suitable composite number.

Proof is direct and hence left as an exercise to the reader.
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Next we proceed onto describe MOD natural neutrosophic
dual number subset semigroup under MOD natural neutrosophic

dual number zero product that is If x 0 = I§= 0 x I by some
examples.

Example 3.35: Let S = {S((Z14 U g)1), x} by the MOD natural
neutrosophic dual number subset semigroup under MOD natural
neutrosophic dual number zero product that is

I x0=9x%x I5=1Ij
A=1{2g, 3g, 5g, 8¢g, g} and B = {8g, 10g, 12¢g, 6g} < S.

Clearly A x B = {0} is a MOD natural neutrosophic dual
number subset zero divisor.

Let C= {1, I5,, I;,} and D= {0, I§,, I}, I},, } €S;
Cx D = {I;} is the MOD natural neutrosophic dual number

zero divisor pair which does not give the real zero.

Thus these MOD natural neutrosophic dual number subset
semigroups has pairs of zero divisors which may yield either

{0} or {15}

Infact S has several MOD natural neutrosophic dual number
subsets which are real nilpotent of order two or MOD natural
neutrosophic nilpotents of order two.

Let A= {5g} € S, Ax A= {0}.
LetB={I;,} € S,BxB={[}}.

Let D = {3g, 8g} e S; Dx D= {0}.
LeeM={L,, I5,, I}, } €S.

Clearly M x M = {5 }.
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Finding zero divisors of the other form happens to be a
difficult task.

Let P = {collection of all subsets from Z;4} < S; P is only a
MOD natural neutrosophic dual number subset subsemigroup
which is not an ideal of S.

B = {collection of all subsets from (Z;5s U g)} < S; B is only
a MOD natural neutrosophic dual number subset subsemigroup
which is not an ideal of S.

Similarly W = {collection of all subsets from the set Z4g}
< S is only a MOD natural neutrosophic dual number subset
subsemigroup of S, which is not an ideal but W is also a zero

square semigroup as W x W = {0}.
Infact for everya,b e Waxb=0.

Let us give one more example of the situation before we
proceed onto enumerate their related properties.

Example 3.36: Let
V = {collection of all subsets from the set S(Z;o U g)1}; x} be
the MOD natural neutrosophic dual number subset semigroup.

This also has MOD natural neutrosophic dual number subset
zero divisor pairs A, B € V, A x B = {0}, also has MOD natural
neutrosophic dual number subset, MOD natural neutrosophic

zero pairs thatis A, B € V; with A x B = {1} }.

Finally a mixed MOD natural neutrosophic dual number
subset pair givenby A x B={I5,0}; A,B e V.

We make it clear that, even though 19 is a prime number we
see V has MOD natural neutrosophic dual number zero divisors
and MOD natural neutrosophic dual number nilpotents of order
two.
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In view of all these we have the following theorem.

THEOREM 3.13: Let S = {S((Z, v g)); x} be the MOD natural
neutrosophic dual number subset semigroup in which the
product is MOD natural neutrosophic dual number zero

dominated thatis I§ x0= 1§ =0 x I§.

Then the following are true.

i) S has MOD natural neutrosophic dual number
subset real zero divisor pairs.

ii) S has MOD natural neutrosophic dual number
subset MOD natural neutrosophic dual number zero
divisor pair; thatis A x B ={1{ } for A, B € S.

iii) S has MOD natural neutrosophic dual number
subset subsemigroups which are not ideals.

iv) S has MOD natural neutrosophic dual number
subset idempotents.

v) S has MOD natural neutrosophic dual number
subset subsemigroups which are zero square
semigroups.

The proof is direct and hence left as an exercise to the
reader.

Next we proceed onto describe the MOD natural
neutrosophic special dual like number subset semigroups by

examples.

Example 3.37: Let Z = {S({Z1o v h)), x} be the MOD natural
neutrosophic special dual like number subset semigroup.

Let A = {5+ 2h, 5h, 3h, Ig s IZ } and

B={3h,2h+4, 1}, 1,5 €Z
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AxB={5+2h,3h,5h [}, I}} x {3h, 2h+4, 1},,5, 1)}
= {h, 0, 9h, 5h, I, I}, 2h, 8h, I}, }.

This is the way product operation is performed on Z.
Here 0 x Ip =13 =1} x 0.

Let A= {5h, 5, 5+ 5h, 0} and B = {2, 2h, 6h, 8h, 4h, 6h +
2,8h+ 8,2+ 8h} € Z. A x B= {0}; that is the pair A, B € Z
gives the MOD natural neutrosophic special dual like number
subset real zero divisor.

Let P = {IZ’I;‘ ’Ig+4h ’Igh} and Q = {I;‘, Ig’ I?h’ I;Sh} €
Z.

P x Q= {1} }, so that pair P, Q € Z contributes to the MOD
natural neutrosophic special dual like number subset pair the
product of which yields MOD natural neutrosophic special dual
like number zero.

T=1{Zio} € Sissuchthat T x T = {Z,}.

Thus T is a MOD natural neutrosophic special dual like
number subset idempotent of Z.

Similarly R = {Z;oh} is also a MOD natural neutrosophic
special dual like number subset idempotent of Z.

M = {{Z;p U h)} is also a MOD natural neutrosophic special
dual like number subset idempotent of Z.

However finding nilpotents of MOD natural neutrosophic
special dual like number subset happens to be a challenging
one.

Let N = {collection of all subsets from Z,o} < Z be the MOD
natural neutrosophic special dual like number subset
subsemigroups of Z which is not an ideal of Z.
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B = {collection of all subsets from the set Z;oh} < Z be the
MOD natural neutrosophic special dual like number subset
subsemigroup of Z which is not an ideal.

Example 3.38: Let B = {S((Zi7 W h);); x} be the MOD natural
neutrosophic special dual like number subset semigroup.

This B also has MOD natural neutrosophic special dual like
number zero divisors as well as MOD natural neutrosophic
special dual like number idempotents.

Thus if T = {Z,7} € B. T is such that T x T =T; that is T is
a MOD natural neutrosophic special dual like number idempotent
subset of B.

R = {Z;7h} € B is again MOD natural neutrosophic special
dual like number idempotent subsaet of B as R x R =R.

Similarly, W = {(Z;; U h)} € B is again a MOD natural
neutrosophic special dual like number idempotent subset of B as
WxW=W,

D ={collection of all subsets from the set Z;;} < B is again
a MOD natural neutrosophic special dual like number subset
subsemigroup of B which is not an ideal of B.

We see finding MOD natural neutrosophic special dual like
number subsets of zero divisors and nilpotents happens to be a
difficult problem.

Problem 3.4: Let M = {S({(Z, v h);), x} be the MOD natural
neutrosophic special dual like number subset semigroup under
the MOD natural neutrosophic special dual like number zero

dominated product, thatis I[[ x 0=0x I} = I .
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a) If n is a prime, does M contain MOD natural
neutrosophic special dual like number subset pairs A, B
€ M such that

i) AxB={0}.
i) AxB={Ih}.
iii) AxB={0, I} }.

b) Ifnis a prime can M contain A such that A x A = {0},
AxA={L}orAxA={0, I} }.

Next we proceed onto describe the MOD natural
neutrosophic special quasi dual number subset semigroup under
MOD natural neutrosophic zero product that is

Ifx0=0x [[= I, by examples.

Example 3.39: Let S = {((Z1» U k)), x} be the MOD natural
neutrosophic subset special quasi dual number semigroup under
MOD natural neutrosophic zero dominant product,

[x0=0xI=15.

Let A= {6k + 6, 3k, 6k, 3, 6} and
B={4,4k 8k 8 +4k 4+ 8k} € S, Ax B={0}.

Let A= {I, I}, I§, [0, I§ } and
B = {Iﬁ, Il;+4k’ ng’ ng’ ng+4} €S;AxB= {Il(()} is the
MOD natural neutrosophic special quasi dual number, MOD

natural neutrosophic special quasi dual zero.
A= {15, 0, I¢, I ) and B=1{0, Ij, L, Iy ) €S,

Clearly A x B = {0, If} is the mixed MOD natural
neutrosophic special quasi dual number zero.
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Let D = {Z),} be the subset of S; D x D = D is a MOD
natural neutrosophic special quasi dual number subset
idempotent of S.

Let E = {Z],} be the subset of S, E x E = E is a MOD

natural neutrosophic special quasi dual number subset
idempotent of S.

Let F = {{Zi, U k)} be the subset of S, F x F =F is a MOD
natural neutrosophic special quasi dual number subset
idempotent of S.

Let G = {collection of all subsets of (Z;, U k)} < S be the
MOD natural neutrosophic special quasi dual number subset
subsemigroup of S and not an ideal of S.

H = {collection of all subsets of Z;;k} < S be the MOD
natural neutrosophic special quasi dual number subset
subsemigroup of S and not an ideal of S.

Let K = {0, 6k, 6 + 6k, 6} € S; K x K = {0} is a MOD
natural neutrosophic special quasi dual number nilpotent subset
of S.

LetL={If, If, I}, } € S,L x L= {1} is the MOD natural
neutrosophic special quasi dual number subset MOD natural
neutrosophic quasi dual number nilpotent.

Example 3.40: Let B = {S((Z; L k);) be the collection of all
MOD natural neutrosophic special quasi dual number subset, x}
be the MOD natural neutrosophic special quasi dual number
subset under the MOD natural neutrosophic special quasi dual
number zero divisor product dominated semigroup that is

If x0=0x If=1I5.

LetP, = {0,1,2,3,4,5,6} B.



MoD Natural Neutrosophic Subset Semigroups | 139

Clearly P; x P; = Py so P, is a MOD natural neutrosophic
special quasi dual number idempotent subset of B.

Let P, = {0, k, 2k, 3k, 4k, 5k, 6k} € B.

We see P, x P, = P, so P, is a MOD natural neutrosophic
special quasi dual number idempotent subset of B.

P; = {Zi} e B is such that P; x P; = P3 is the MOD natural
neutrosophic special quasi dual number idempotent subset of B.

P, = {{(Z7; U k);} € B is a MOD natural neutrosophic special
quasi dual number idempotent subset of B as P4 x P4 = P,.

Now finding MOD natural neutrosophic special quasi dual
number nilpotent subsets or MOD natural neutrosophic special

quasi dual number subset zero divisor pairs yielding {0} or{ I} }
or { If, 0} happens to be a difficult task.

Further M = {collection of all subsets of Z;} < B is a MOD
subset natural neutrosophic special quasi dual number
subsemigroup of B.

Let N = {collection of all subsets of Z;k} < B; N is a MOD
natural neutrosophic special quasi dual number subset
subsemigroup of B.

T = {collection of all subsets from the set (Z; U k)} is the
MOD natural neutrosophic special quasi dual number subset
subsemigroup of B.

None of them are ideals of B.
In view of all these we propose the following problem.

Problem 3.5: Let
S = {{collection of all subsets from (Z, U k);} = S(Z, U k));
x} be the MOD natural neutrosophic special quasi dual number
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subset semigroup under MOD natural neutrosophic special quasi
dual number zero dominant product operation. That is I§ x 0 =

0x I =15.

i) Can S have MOD natural neutrosophic special quasi
dual number nilpotent subsets?

ii) Can S have MOD natural neutrosophic special quasi
dual number subset pairs A, B such that

AxB={0orAxB={[f}orAxB={I,0}?
In view of all these we have the following result.

THEOREM 3.14: Let G = {collection of all subsets from the set
S((Z, U k)), x} be the MOD natural neutrosophic special quasi
dual number subset under MOD natural neutrosophic special
quasi dual number zero dominant product semigroup.

i) G has MOD natural neutrosophic special quasi dual
number idempotent subsets for all 2 <n < .

ii) G has MOD natural neutrosophic special quasi dual
number subset subsemigroup which are not ideals;
2<n<om

iii) G has MOD natural neutrosophic special quasi dual
number subsets A in G such that A xA = {0} or A xA =
{1} or A x A = {0, I} nilpotents of order two; n an
appropriate composite number.

iv) G has MOD natural neutrosophic special quasi dual
number subset pairs A, B € G such that they are MOD
natural neutrosophic special quasi dual number zero
divisors, thatis A x B = {0} or AxB={I,}or A xB =

{1}, 0}; for all composite number n; n > 2.

Proof is direct and hence left as an exercise to the reader.

Next we proceed onto describe by examples the MOD
natural neutrosophic neutrosophic subset semigroups under

product in which I}, x0=0x I} =0or I} .
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Example 3.41: Let M = {S((Zs U I);), be the collection of all
subsets of (Z;s U I);, x} be the MOD natural neutrosophic-
neutrosophic subset semigroup under the MOD natural
neutrosophic-neutrosophic subset zero dominant product that is

I, x0=1,

Let A={1+1,6+2L I,,,3+1I,, 0} and
B={I;, I\,,,,6+4I, 8} € M.

4441 >

AxB={1+L6+2I, 121,34- Iélﬂo} X {I(I)a I£+41a
6 + 41, 81}

= {1y, L.,, I, +1,,0,6+14L 4 +4L 2+ 121 + I,
L, 8+ I} eM,
this the way product operation is performed on M.

Let A= {4, 4 +41 81, I} and B = {4, 41, 8} € M.
AxB={41,4+41 8 1.} x {4, 41,8} = {0, I }

is the MOD natural neutrosophic - neutrosophic mixed zero
divisor in M.

Let T={4,4L, 4+ 4l 8+ 8} € M.

T x T = {0}; thus T is a MOD natural neutrosophic
neutrosophic nilpotent subset of order two.

LetP = {Ii > I;I > I£1+41’ Iéns > IEHSI > I£1+41 } eM; clearly

P x P = {I}}; that is P is a MOD natural neutrosophic -
neutrosophic subset nilpotent of MOD natural neutrosophic -
neutrosophic zero as P x P = {1 }.

Study in this direction is innovative and interesting.
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B = {Zs} € M is the MOD natural neutrosophic-
neutrosophic subset idempotent of M as B x B =B.

Further A = {Zil} € M 1is again a MOD natural
neutrosophic - neutrosophic subset idempotent of M as
AxA=A.

Thus M has MOD natural neutrosophic - neutrosophic subset
nilpotents and idempotents.

Now W = {collection of all subset of Z;s} < M is a MOD
natural neutrosophic - neutrosophic subset subsemigroup of M
but is not an ideal of M.

V = {collection of all subsets from the set (Z;s U I);} = M is
also a MOD natural neutrosophic - neutrosophic subset
subsemigroup of M which is not an ideal.

Let D = {collection of all subsets of {0, I(I) , Ii te(Zigul)y

is either a nilpotent or idempotent or a zero divisor in (Zs U 1)}

< M is a MOD natural neutrosophic subset subsemigroup which
is an ideal of M.

Infact this ideal D of M is defined as the pure MOD natural
neutrosophic - neutrosophic ideal of M.

Example 3.42: Let

G = {{collection of all subsets from the set (Z;; U I);}, x} be the
MOD natural neutrosophic - neutrosophic subset semigroup
under the MOD natural neutrosophic neutrosophic zero dominant

product, thatis Iy x 0=0x I{ = I}.

Finding nontrivial MOD natural neutrosophic - neutrosophic
subset nilpotents is a challenging task.

For in (Z, U ).
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P={1+1} € (Z, U D)is such that P x P = {0}.

However B, = {Z;;} € G is a MOD natural neutrosophic -
neutrosophic idempotent subset of G.

B, = {Z;;I} € G is again a MOD natural neutrosophic -
neutrosophic idempotent subset of G.

B; = {{(Z;; U )} € G is again a MOD natural neutrosophic -
neutrosophic idempotent of G.

Further P, = {collection of all subsets from the set Z,;} <
G, is a MOD natural neutrosophic - neutrosophic subsemigroup
of G which is not an ideal of G.

P, = {collection of all subsets from the set Z;;1} < G is also
a MOD natural neutrosophic - neutrosophic subsemigroup of G
which is not an ideal of G.

P; = {collection of all subsets from the set (Z;; WD)} c G is
a MOD natural neutrosophic - neutrosophic subset subsemigroup
of G which is not an ideal of G.

Thus we propose the following problem.

Problem 3.6: Let
K = {collection of all subsets from the set (Z, U I);; p a prime,

x} be the MOD natural neutrosophic - neutrosophic semigroup
under product dominated by MOD natural neutrosophic -

neutrosophic zero Ij; (I; x 0=1; =0 x I}).

i) Can K contain non trivial MOD natural
neutrosophic - neutrosophic nilpotents subsets A in

K such that A x A = {0} or A x A = {I}} or
AxA={0,1;}?

ii)) Can K contain nontrivial MOD natural neutrosophic-
neutrosophic zero divisor subset pairs A, B € K,



144 | MoD Natural Neutrosophic Subset Semigroups

such that
AxB={0lorAxB={[[}orAxB={0, I} }?

iii) CanP = {1}, 0, I} / t € (Z, U I), where t is either a
nilpotent or an idempotent or a zero divisor of
(Z, U D)} be an ideal such that o(P) >p + 1?

Now we proceed onto express the following result.

THEOREM 3.15: Let S = {S((Z, v 1)), x} be the MOD natural
neutrosophic - neutrosophic subset semiring under the MOD
natural neutrosophic - neutrosophic zero dominated product

(ie. I} x0 =0 x 1} = 0). Then the following are true.

i)

S has MOD natural neutrosophic - neutrosophic subset
idempotents.
S has MOD natural neutrosophic neutrosophic subsets A

€ S such that A x A = {0} or A x A = {I}} or

A x A ={0, I}, ie. nilpotent subsets of order two (n
an appropriate composite number).

S has MOD natural neutrosophic neutrosophic subset
pair A, Bin S such that A x B = {0} or A xB = {1 } or
A xB = {0, I} (For n - a composite number).

S has MOD natural neutrosophic neutrosophic subset
subsemigroups which are not ideals.

S has MOD natural neutrosophic neutrosophic subset
ideal given by P = {[[, 0, [t[ /t € (Z, UI) wheretis

an idempotent or nilpotent or a zero divisor or elements
of the form a" = a, m a positive integer.

Proof is direct and hence left as an exercise to the reader.

Next we proceed onto propose some problems for the
interested reader.
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Problems

1. Find all MOD natural neutrosophic subset subsemigroups
of H = {S(Z),), +} where H is the MOD natural
neutrosophic subset semigroup under +.

i) Find o(H).

ii)) Find all MOD natural neutrosophic subset universal
pairs of H.

iiil) Can H have MOD natural neutrosophic subset
idempotents?

2. Let G = {S(Z;,), +} be the MOD natural neutrosophic
subset semigroup under +.

i) Find o(G).

ii)) How many MOD natural neutrosophic subset pairs A,
BeGwithA+B=2Z?

iii) Find all MOD natural neutrosophic subset idempotent
of G.

iv) Find all MOD natural neutrosophic subset
subsemigroups of G.

3. Let K = {S(Z,,), +} be the MOD natural neutrosophic
subset semigroup under +.

1)  Study questions (i) to (iv) of problem (2) for this K.
ii) For given A is K how many B € K exists such that
A+B=7Z,.

4.  Enumerate all special and interesting features associated
with S = {S(Z! ), +} the MOD natural neutrosophic subset
semigroup under +.

5. Let W ={S(C'(Zy0)), +} be the MOD natural neutrosophic
finite complex number subset semigroup under +.
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10.

1) Study questions (i) to (iv) of problem (2) for this W.
ii) Compare W with V = {S(Z},), +} as MOD natural

neutrosophic subset semigroups.
iii)  Prove o(V) < o(W).

Let M = {S(C'(Zx)), +} be the MOD natural neutrosophic
finite complex number subset semigroup under +.

1) Study questions (i) to (iv) problem (2) for this M.
ii)  Study the special and distinct features enjoyed by
M.

Let N = {S(C'(Zu3)), +} be the MOD natural neutrosophic
subset finite complex number semigroup under +.

1) Study questions (i) to (iv) of problem (2) for this N.
ii)  Compare N with T = {S(Z},,), +} and derive the
special features associated with N.

Let W = {S(Zys v I)y), +} be the MOD natural
neutrosophic- neutrosophic subset semigroup under +.

1) Study questions (i) to (iv) of problem (2) for this W.

ii)y Compare W with N = {S((Zs)), +} and
M= {S(Zj;), +}.

i) Will o(N) > o(W) or o(W) > o(N)?

Let B = {S({Zs v D)), +} be the MOD natural
neutrosophic -neutrosophic subset semigroup under +.

Study questions (i) to (iv) of problem (2) for this B.

Let D = {S(Zes v D)1, +} be the MOD natural
neutrosophic - neutrosophic subset semigroup under +.



11.

12.

13.

14.
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Study questions i) to (iv) of problem (2) for this D.

Obtain all special and distinct features enjoyed by
S ={(Zs v D), +}.

Let E = {S({(Zy U g)1), +} be the MOD natural neutrosophic
dual number subset semigroup under +.

1) Study questions (i) to (iv) of problem (2) for this E.
i) IfA={5g+4 L5, L,,8+ 1} eEfindall BinE
such that A + B =(Zy U g)1.

Let Z = {S(Zs v gy), +} be the MOD natural
neutrosophic subset dual number semigroup under +.

1) Study questions (i) to (iv) of problem (2) for this Z.

ii)  Compare Z with P = {S(Z};), +}, the MOD natural
neutrosophic subset semigroup.

iii) Compare Z with T = {S({(Z4; L I)1), +} the MOD
natural neutrosophic-neutrosophic subset semigroup

iv)  Compare Z with S = {S(C'(Zs3), +} the MOD
natural neutrosophic finite complex number subset
semigroup.

V) Let A={If,, T¢I+ T2+ 6g+ I, 3+ 4g 40+

29g, 27 + 18g, I, + 14g + 12} € Z; how many B
in Z are such that A + B =(Zg U g)1.?

Let F = {S(Zs v gy, +} be the MOD natural
neutrosophic dual number subset semigroup under +.

1) Study questions (i) to (iv) problem (2) for this F.

ii)  Can we say if in (Z, U g); n is a composite number
S(Z, v g)) has more number of MOD natural
neutrosophic dual number subset subsemigroups?
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15.

16.

17.

18.

19.

20.

Does H = {S({(Z, v g)), +} enjoy any other special
features than S = {S((Z, U I}, +} or M = {S(Z!), +} or
N = {S(C'(Zy)), +}?

Let T = {S({Zg v h))), +} be the MOD natural neutrosophic
special dual like number subset semigroup under +.

1) Study questions (i) to (iv) of problem (2) for this T.

ii)  Obtain all the special and distinct features enjoyed
by T.

iii) LetP ={7h, I, , L, Il,.,, [}, 3+4h+0, 2,
5h+3,7+h} eT.
Find all Q in T such that P + Q = (Zs U h)y.

Let Y = {S(Zi v h)), +} be the MOD natural
neutrosophic special dual like number subset semigroup
under +.

1) Study questions (i) to (iv) of problem (2) for this Y.
ii))  Compare T in problem (16) with this Y.

Let R = {S({Zi, v h)), +} be the MOD natural
neutrosophic special dual like number subset semigroup
under +.

1) Study questions (i) to (iv) of problem (2) for this R.
ii))  Compare this R with T and Y of problems (16) and
(17) respectively.

Obtain all special and distinct features associated with
M = {S(Z, v h)), +} the MOD natural neutrosophic
special dual like number subset semigroup under +.

Let S = {S({Z4 U k);), +} be the MOD natural neutrosophic
special quasi dual number subset semigroup under +.



21.

22.

23.

24.
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1) Study questions (i) to (iv) of problem (2) for this S.
ii)  Compare S with T = {S(Z},), +}.

Let B = {S((Z» v k)), +} be the MOD natural
neutrosophic special quasi dual number subset semigroup
under +.

1) Study questions (i) to (iv) of problem (2) for this B.
ii))  Compare this B with S in problem (20).

Let M = {S({(Zy v k)), +} be the MOD natural
neutrosophic special quasi dual number subset semigroup
under +.

1) Study questions (i) to (iv) of problem (2) for this M.

ii) Let A={5+5k I, I, +6k+8 I + [+
I§, .+ 4 + 5k} € M, how many subsets B in M
exist such that A + B =(Z;o U k)1.

iil) Find the least order of B in (ii) such that
A+B={ZwUk

iv)  Does there exist more than one such B with least
order?

Enumerate all special features associated with
S ={S(Z, v k)y), +} .

Let P = {S(Z;,), x} be the MOD natural neutrosophic
subset semigroup under zero dominated product, that is
0x I} =0.

i)  Find o(P).

ii)) How many MOD natural neutrosophic subset
idempotents are in P?

iil) How many MOD natural neutrosophic subset
nilpotents are in P?

iv) Find all MOD natural neutrosophic subsets zero
divisor pairs of P.
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25.

26.

27.

v) Find all MOD natural neutrosophic subset
subsemigroups of P which are not ideals of P.

vi)  Find all MOD natural neutrosophic subset ideals of
P.

vii) Find for any A € P the total number of B in P such
that A x B = Z,,; the MOD natural neutrosophic
universal subset of P.

viii) Can we say for every Z € P there exists at least one

Y ePwithZxY=2Z],?

Let B = {S(Z,,), x} be the MOD natural neutrosophic
subset semigroup which is real zero product dominated
thatis 0 x I} = I;) x 0=0.

1) Study questions (i) to (viii) of problem (24) for this
B

ii))  Can we have for this B MOD natural neutrosophic
nilpotent subsets and MOD natural neutrosophic zero
divisor subset pairs?

Let W = {S(Z.,), x} be the MOD natural neutrosophic
subset semigroup under real zero dominated product that
is I2'x 0 =0.

Study questions (i) to (viii) of problem (24) for this W.

Let V = {S(C'(Zs)), x} be the MOD natural neutrosophic
subset semigroup under zero dominated product,

0x IJ =0.

1) Study questions (i) to (viii) of problem 24 for this
V.

ii))  Obtain all special and distinct features associated
with V.

iii) Compare V with T = {S(Z;), x} the MOD natural
neutrosophic subset semigroup under x, in which



28.

29.

30.

31.

32.
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0x I =0.

Let N = {S(C'(Z43)), x} be the MOD natural neutrosophic
finite complex number subset semigroup under real zero

dominant product, that is 0 x IS = 0.

i)  Study questions (i) to (viii) of problem (24) for this N.
ii)) Compare N with V of problem (27).

Enumerate all special and interesting features associated
with S = {S(C'(Z,)), x} the MOD natural neutrosophic
finite complex number subset semigroup under real zero
dominant product, that is 0 x I =0.

Let W = {S(Zy3 v I)), x} be the MOD natural
neutrosophic neutrosophic subset semigroup under real

zero dominant product, that is 0 x I = 0.

i) Study questions (i) to (viii) of problem (24) for this W.

ii) Obtain any other special feature associated with W.

i) Will P = {IOC, 0, Ii where t € (Z;3 U I)and tis a zero
divisor or a nilpotent or an idempotent, x} < W be a

MOD natural neutrosophic - neutrosophic subset ideal
of W.

Let D = {S((Zx v I)), x} be the MOD natural
neutrosophic - neutrosophic subset semigroup under the
real zero dominated product.

1) Study questions (i) to (viii) of problem (24) fo this
D.
ii))  Compare this D with W in problem (30).

Let E = {SCZ, v Dy, x} be the MOD natural

neutrosophic - neutrosophic subset semigroup under the
real zero dominated product.
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33.

34.

35.

36.

1) Study questions (i) to (viii) of problem (24) for this
E.

ii))  Compare this E with D and W of problem (31) and
(30) respectively.

Study all special and distinct features enjoyed by MOD
natural neutrosophic - neutrosophic subset semigroup
under real zero dominated product.

Let S = {S(Ziw v g)1), x} be the MOD natural
neutrosophic dual number subset semigroup under real

zero dominant product, thatis 0 x 1§ = If x 0=0.

1) Study questions (i) to (viii) of problem (25) for this S
ii)) Can we say S has more number of MOD natural
neutrosophic dual number subset nilpotents A such

that Ax A={0}orAxA={[f}or A x A = {0,
I54?

iii) Can we conclude S will have more number of MOD
natural neutrosophic dual number subsets (A, B) zero
divisor pairs; that is A x B= {0} or A x B= {I}} or
AxB={0,15}?

iv) Compare S with D = {S(Z!,), x}, E = {S(C'(Z10)), x}
and F = {S({Zio v g)1, x}.

Let R = {S((Z4; U g)1, x} be the MOD natural neutrosophic
dual number subset semigroup under real zero dominant
product.

1) Study questions (i) to (viii) of problem (24) for this
R.
ii))  Compare R with S of problem (34).

Enumerate all special and distinct features associated with
MOD natural neutrosophic dual number subset semigroup
P under real zero dominant product where

P={S((Z. v gh), x}.



37.

38.

39.

40.
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Let M = {S({(Zis v h)), x} be the MOD natural
neutrosophic special dual like number subset semigroup

under real zero dominant product, Ig x 0=0.

1) Study questions (i) to (viii) of problem (24) for this
M.

ii) Compare M with P ={S(Z},), x} the MOD natural
neutrosophic subset semigroup.

iil) Compare M with V ={S({(Zs U g)1), x} the MOD
natural neutrosophic dual number subset semigroup.

iv)  Compare M with W = {S((Z4 U I);), x} the MOD
natural neutrosophic - neutrosophic subset
semigroup.

Let F = {S(Z;; v h)), x} be the MOD natural
neutrosophic special dual like number subset semigroup
under real zero dominated product.

1) Study questions (i) to (viii) of problem (24) for this
F

ii))  Compare F with M of problem (37).

Describe all the distinct features enjoyed by MOD natural
neutrosophic special dual like number subset semigroup S
under real zero dominant product where

s :{S(<Zn o h>[)a X}'

Let T ={S(Z4 v k);), x} be the MOD natural neutrosophic
special quasi dual number subset semigroup under real

zero dominant product i.e. I§ x 0 = 0.

1) Study questions (i) to (viii) of problem (24) for this
T.

ii)  Compare this T with P = {S(C'(Z4)), x} the MOD
natural neutrosophic finite complex number subset
semigroup with real zero dominated product.
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41.

42.

43.

44,

iil) Compare T with W = {S((Zs U g)1), x} the MOD
natural neutrosophic dual number subset semigroup
under the real zero dominant product.

Let G = {S(Zi7 v k)), x} be the MOD natural
neutrosophic special quasi dual number subset semigroup
under the real zero dominated product.

1) Study questions (i) to (viii) of problem (24) for this
G.
ii))  Compare this G with T of problem (40).

Let H = {S({Zx v k)), x} be the MOD natural
neutrosophic special quasi dual number subset semigroup
under real zero dominated product.

1) Study questions (i) to (viii) of problem (24) for this
H.

ii))  Compare this H with G and T of problems (41) and
(40) respectively.

Let J = {S({Z, U k)1), x} be the MOD natural neutrosophic
special quasi dual number subset semigroup under real
zero product dominated semigroup.

Enumerate all special and distinct features enjoyed by J
and compare it with H = {S(Z, U I))), x},
K = {S(C'(Zy)), x} and L = {S(Z, L gh), x}.

Let G = {S(Z},), x} be the MOD natural neutrosophic

subset semigroup under MOD natural neutrosophic zero
dominated product.

1) Study questions (i) to (viii) of problem (24) for this
G.

ii)) Compare G with the MOD natural neutrosophic
product semigroup which is defined under real zero
product.



45.

46.

47.

48.
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Let S = {S(Z},), x} be the MOD natural neutrosophic
subset semigroup under the MOD natural neutrosophic
zero dominated product, thatis I x 0= I} .

1) Study questions (i) to (viii) of problem (24) for this
S.

i) IfA={I),3+17,2,57,9,12} eSfindaBin
S so that A x B = Z.,, the MOD universal subset of
S.
a) How many such B € S?

b) What is the least order of such B?
c) What is the greatest order of such B?

Let P = {(Z},), x} be the MOD natural neutrosophic subset
semigroup which is MOD natural neutrosophic zero
dominated I3'x 0= I3

1) Study questions (i) to (viii) of problem (24) for this
P.

ii)) Find all MOD natural neutrosophic mixed zero
divisors of P.

iii) Is A x {0, I} = {0, I*} for A in P?

Let K = {S(Z!), x} be the MOD natural neutrosophic

subset semigroup under the MOD natural neutrosophic
zero dominated product.

1) Study all special features enjoyed by K.
ii))  If the product is under real zero dominated product

compare both the semigroups for same S( Z! ).

Let W = {S(C'(Z4s)), x} be the MOD natural neutrosophic
finite complex number subset semigroup under the MOD
natural neutrosophic zero dominated product.
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49.

50.

51.

52.

1) Study questions (i) to (viii) of problem (24) for this
W.
i) IfP={ly Ig, IG+ 8+ ik, Ly » Ly, - 4 8, 3,

24+40ig
39,2, 1, I, + Ig, + Iy, } € W, find Q € W such
that P x Q = C'(Z4s), the MOD natural neutrosophic
finite complex number universal subset of W.

iii)  For that given P € W how many such Q € W such
that P x Q = C'(Z4s) exist?

Obtain all special and interesting features enjoyed by
S = {S(C'(Z,)), x} the MOD natural neutrosophic finite
complex number subset semigroup under MOD natural
neutrosophic zero dominated product.

Let G = {S(Zi5s v I)), x} be the MOD natural
neutrosophic - neutrosophic subset semigroup under the
MOD natural neutrosophic - neutrosophic zero dominated

product, I} x 0= 1.

1) Study questions (i) to (viii) of problem (24) for this
G.

i) W= {I,5+ I, L+ Lu+3+8L7+90+
.2 3,5 10,7, 8 e G find V e G such that

W x V =(Z;5 U I);, the MOD natural neutrosophic -
neutrosophic universal subset of G.
iil) How many such V’s exist for this given W?

Let H = {S({(Zs; v D)), x} be the MOD natural
neutrosophic - neutrosophic subset semigroup under the
MOD natural neutrosophic neutrosophic zero dominated
product.

Study questions (i) to (viii) of problem (25) for this H.

Let F = {S(Z.,u Iy, x} be the MOD natural
5

neutrosophic - neutrosophic subset semigroup under the
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54.

55.
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MOD natural neutrosophic - neutrosophic zero dominated
product.

1) Study questions (i) to (viii) of problem (24) for this
F.

ii)  Compare F with H and G of problems (51) and (50)
respectively.

Describe all special features associated with MOD natural
neutrosophic - neutrosophic subset semigroup under the
MOD natural neutrosophic zero dominated product,
M= {s(<zn U I>I)a X}'

Compare M with P = {S({(Z, U I);), x} where P enjoys the
real zero dominated product, thatis 0 x I} _ o In M.

Let B = {S(Zis v g)), x} be the MOD natural
neutrosophic dual number subset semigroup under the
MOD natural neutrosophic dual number zero dominated

product, thatis 0 x I§ = I5.

1) Study questions (i) to (viii) of problem (24) for this

B.
i) Let T=({If,5g+ I, 0+8g+ 5, I, + 12,
I§,, I5,, 1} € B. Find a V in B so that

T x B = ((Zis U g)1, the MOD universal natural
neutrosophic dual number subset of B.
iii)  For this given T how many such B’s exist.

Let W = {S(Zizs VU g)1), x} be the MOD natural
neutrosophic dual number subset semigroup under the
MOD natural neutrosophic dual number zero dominated

product thatis I x 0= I5.

1) Study questions (i) to (viii) of problem (24) for this
W.
ii))  Compare the W with B in problem (54).
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56.

57.

58.

59.

Let C = {S((Zss U g)), x} be the MOD natural
neutrosophic dual number subset semigroup under the
MOD natural neutrosophic dual number zero dominated

product, thatis I§ x 0= 1I5.

1) Study questions (i) to (viii) of problem 24 for this
C.

ii))  Compare C with W and B in problems 54 and 55
respectively.

Let S ={S((Z, U g)1), x} be the MOD natural neutrosophic
dual number subset semigroup under the MOD natural
neutrosophic dual zero number dominated product.

What are the special features enjoyed by S as g* =,0 and
[, I§,= 1§ foranyr,s € Z,

Let M = {S(Zs v h)), x} be the MOD natural
neutrosophic special dual like number subset semigroup
under the MOD natural neutrosophic special dual like

number zero dominant product thatis I} x 0= 1} .

1) Study all special features associated with M.

il)  Study questions (i) to (viii) of problem (24) for this
M.

i) IfH={6+1,,0,1,7,5,3+h+ 1, } e Mfinda
K in M such that H x K = (Zg U h);), the MOD
natural neutrosophic special dual like number
universal subset.

How many such K in M exists?

Let W ={S((Zy v h)), x} be the MOD natural
neutrosophic special dual like number subset semigroup

under the product 1) x 0= 17 .

Study questions (i) to (viii) of problem (24) for this W.



60.

61.

62.

63.
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Enumerate all special and distinct features enjoyed by
S = {S(Z, U h)), x}, Il x 0 = 1}, the MOD natural
neutrosophic special dual like number subset semigroup.

Compare S with R = {S(Z, U g)1), x}; I§ x 0= 13, the
MOD natural neutrosophic dual number subset semigroup.

Let S = {S(Zy; v k)), x} be the MOD natural
neutrosophic quasi dual number subset semigroup under
the MOD natural neutrosophic special quasi dual number

zero dominated product, thatis If x 0= I .

1) Study questions (i) to (viii) of problem (24) for this
S.

ii)) Compare S with P = {S({(Zy v h)), x} and
R = {S((Zx v g)h), x}.

Let T = {S({(Zs U k);, x} be the MOD natural neutrosophic
special quasi dual number subset semigroup under the

product of If x 0= If.
1) Study questions (i) to (viii) of problem (24) for this
T

ii))  Compare S in problem (61) with this T.
i) IfA={4+15,3+1, I,2,3,1} eTfindall B
€ T such that A x B = (Zs U k);, the MOD natural

neutrosophic special quasi dual number universal
subset.

Let V = {S({Z4 U k)1, x} be the MOD natural neutrosophic
special quasi dual number subset semigroup.

1) Study questions (i) to (viii) of problem (24) for this
V.
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64.

if)

iii)

Compare V with W = {S({(Zs v g)1), x} the MOD
natural neutrosophic special quasi dual number
subset semigroup.

If D = {Z4} € V does there exists a E € V such
that D x E = (Zy4 v k) the MOD natural
neutrosophic special quasi dual number universal
subset of V.

Let S = {S({Z, v k);), x} be the MOD natural neutrosophic
special quasi dual number subset semigroup under the

product If x0=1I5.

If B = {Zk} € S find all A in S with
A x B:<ZnUk>[.

KT={Z,T} findallQ € SwithQ x T=(Z, UKk)..
If Vv = (Z, v k find all W in S with
V x W =(Z, U k), the MOD natural neutrosophic
special quasi dual number universal subset of S.



Chapter Four

SEMIGROUPS BUILT ON MOD SUBSET
MATRICES AND MOD SUBSET
POLYNOMIALS

In this chapter for the first time we introduce the new notion
of MOD subset matrices of two types. Likewise we introduce the
notion of MOD subset polynomials.

Let S(Z,) = {collection of all subsets of Z,}.

M = (aj))s«¢ Where ajj € S(Z,); 1 <1<, 1 <j <t} denotes the
collection of all MOD subset s x t matrices associated with S(Z,).

We will illustrate this situation by some examples.

Example 4.1: Let
C D T 6)

be the collection of all 2 x 2 MOD subset matrices with entries
from S(Z).
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3,2,0 1,2 1 0,2
e Liz,sj} {{5}}} =R {{0{,;} is,sﬂ =
Example 4.2: Let
S={(a, a», a3, a4) / a; € S(Zy9); 1 <1< 4}
be the MOD subset row matrix.

x=({0,1,3},{2,4,6,5}, {1,2,6,0,9}, {1,2}) € S
y={1}, {0}, {Zwo}, {4,2}) € S.

Example 4.3: Let
b
b, )
T={ b bjeS(Zp); 1<j<4}
b

be the MOD subset column matrix with entries from S(Z4,).

{40,28,4,0} {1}

A= 0.1,2,4,25; and B = 3 eT.
{3,4,6,2} {5}
{Z,,} {41}

Example 4.4: Let

W=4|"7 "t aeSZy);1<i<8}

be the MOD subset matrix.
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{2,3,44  {10,4,0}
12,370 {Zy}
{10,8,18} {1}
{1,2,15} {3,16,5}

e W.

oo
oo| Za w0
m @

{0,6,10} {0,6,4}
Now having seen examples of MOD subset matrices we

proceed onto show how operations of + and x are performed on
them.

We will describe these situations by examples.

Example 4.5: Let

, || @i € S(Zyg); 1 £1<3}

be the MOD subset matrix collection.

{3,2} {0,1,5,7}
Letx=| {5} andy = {3} €A
{7,4,2} {9,2}
{3,2} {0,1,5,7} {3,2,4,8,7,10,9}
x+ty=| {5 |+ {3} = {8} €A

{7,4,2} {9,2} {9,6,4,3,1}
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This is the way ‘+’ operation is performed on A.

{0,5} {5,0}
LetS=|{52}| andR=| {583} | € A.
Zy {17,5;}
{0,5} {5,0} {0,5}
S+R=|{52}|+|{583}| =1{0,7,3,8,5} | € A.
Zy {1,7,5} Zy

Thus we see {A, +} is only a MOD subset matrix semigroup
and is not a group.

However we can prove A is a Smarandache semigroup.
In view of all these we prove the following theorem.

THEOREM 4.1: Let M = {(my)s / my € S(Z,); 1 <i <t, 1 <j <,
+} be a MOD subset matrix semigroup under +.

i) oM) <o
ii) M is a Smarandache semigroup,
iii) M is a monoid as (0) € M, and
(0) +4=4+(0) =A.
Proof is direct and hence left as an exercise to the reader.

We now describe MOD finite complex number subset matrix
sets by some examples.

Example 4.6: Let

B = {(a}, ay, a3, a4, a5, a5) / a; € S (C(Zp)); 1 £1<6}
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be the MOD finite complex number subset matrix set.

M= ({0, 1, 3, 5}, {6, 7, 10}, {11}, {5, 7, 8, 10}, {8, 9, 11},
{2}) € B is a MOD finite complex number subset of B. We can
as in case of S(Z,), the MOD subset matrices define the operation
+ on B.

Leta=({0, 2,1}, {7,8}, {9}, {2, 4, 3}, {5}, {3ir}) and
b= ({2ir + 8}, {0}, {1}, {3}, {1, 2, 4ig}, {6 + i, 1}) € B.
Tofinda+b

a+b=({0, 1,2}, {7, 8}, {9}, {2, 4 3}, {5}, {3ir}) + ({2i +

8%, {0}, {1}, {3}, {1, 2, 4ie}, {6 +ip, 1})

=({2ir + 8, 2ir + 9, 2i¢ + 9, 2i¢ + 10}, {7, 8}, {10}, {6, 7,

51, 46,7, 5 + 4ig}, {6+ 4ip, 1 + 3ig)).

This is the way + operation is performed on B.

Clearly {B, +} is only a finite commutative monoid as
({03}, {0}, {0}, {0}, {0}, {0}) acts as the additive identity.

Example 4.7: Let
o
aZ
S=<la, || aeS(C(Z));1<1<5}
a,
L35 ]

be the MOD finite complex number subset column matrix.
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[0, i, +6,2+6i,} | I {2,3}
(1+1,,4} (4+i.,3)
Letx = {2,3,5} andy = {3} .
{0} {({2+i.,3+4i.,3}
| {6+2i,,551} | | {2450,2+2i} |

We now define + on S as follows:

[{0,i. +6,2+6i.}| [ {2,3}
(1+1,,4} (4+i.,3}
X+y = {2,3,5} + {3}
{0} ({2+i,,3+4i.,3}
| {6+2i.,5,51) | | {2+5i,2+2i.} |

[42,3,i; +1,i,+2,4+6i.,5+6i,} |
{0,1+1,4 41,5+ 21}

-~ {5,6,1} e S.
{{2+1;,3,3+4i;}

{1,5i.,2+3i.,1+4i.,2i.,2}

This is the way + operation is performed on S.
Thus {S, +} is a finite commutative monoid.

However finding the order of S is a challenging task for a
general C(Z,); 2 <n <oo.

Next we proceed onto describe the MOD neutrosophic subset
matrix sets under the + operation on them by some examples.

Example 4.8: Let
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P=<" *llaeS(Zsul);1<i<8)

be the MOD neutrosophic subset matrix set.

0,2,3)  {L1+20
{0} {I+3}

Let A=
{L2+30} {1+2L2I}
{3} {1+1,31,2}
{1+1,2}  {0,3I}
{1+2L31} {0,1,2}
{0} {2}
{1+3L,1,2} {2,2I}
{0,2,3} {L1+ 21} {1+1,2}  {0,3I}
A+ B = {0} {I+3} N {1+2L31} {0,1,2}
{L2+31}y  {1+21,21} {0} {2}
{3} {1+1,31,2} {1+3L,1,2} {2,2I}
{2,0,1+ L3+ LL1} {L1+2L0,1+1}
_ {1+2L3I} {I+3,1+1,21+3} cp
{1,2+3I} {2+21,3+2I}
{0,1,31} {0,3+L,2+3,1+3L1,2+2[}

This is the way the sum of two MOD subset neutrosophic
matrices are obtained.



168 | MoD Natural Neutrosophic Subset Semigroups

0,2,34  {L1+2D 0,2,3)  {L1+20
heal| O s | @ ey
{L2+31} {1+2L2I} {L2+30} {1+2L2I}
(3 {1+1,3L2) (3 {1+1,3L2)
(0,2,3,1} 21,1+31,2}
o 02420
| oLy £2,0,1}

2} {2+4213+12L1,2+3L0}

This is the way + operation is performed on P.

We can prove in general if S(M) = {Collection of all m x t
matrices with entries from S((Z, U I))} then S(M) under the
operation of + is a MOD neutrosophic subset matrix semigroup
of finite order.

Clearly S(M) is not a group.

Example 4.9: Let
SAN)=4| * || aeS(Zeu D), 1 <i<4,+}
a

be the MOD neutrosophic subset matrix semigroup under +.

{0,3,2 + 41} {4,2}
L,2,51+1 3,0
Let A= { +h and B = 3.0) e S(N).
{0,3+3I} {2}

{4+21,3+ 51} {4+41}
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[{0,3,2+ 1,41} {4,2}
A+ - 251+ | | 3,0}
{0,3+31} {2}

| {14+ 21,3+ 51} {4+41}

[{4,1,1,4+41,2,54+1,41+2}
{1,2,51+1,4,5,51+4}

= e S(N).

{2,5+31}

(2,14 31}

This is the way ‘+’ operation is performed on S(N).

{0}
Let {0} = igi e S(N), clearly A + {0} = {0} + A=A

{0}

for all A € S(N). Given AeS(N) it is not easy to find the
inverse infact inverse of A under + operation does not exist in
general for every A € S(N).

3} 3}
LetT = @) € S(N), clearly P = X e S(N)
{51 {
{ {51
is such that
3 3 {0}
e | B W |

5L th {0}
th BL] L0
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Thus P is the MOD neutrosophic subset matrix inverse of T
in S(N).

All'Y € S(N) may not have a inverse associated with it.

{3,0,2}
{4,1,21+1}
For the Z = € S(N), we cannot find a
{21+ 4,41}

{51+ 1,2+3L2} |

{0}
{0}
{0} |
10}

Y in S(N) suchthat Z+Y =

Hence we may not be able to find a inverse for every
Y € S(N).

Thus {S(N), +} is only a MOD neutrosophic subset
semigroup of finite order and is commutative.

Example 4.10: Let
S(T)={(a, a», a3) /a; € S(Z;, W I)); 1 <i<3, +}
be the MOD neutrosophic subset semigroup under +.

({0}) = ({0}, {0}, {0}) is the additive identity in S(T) for
A+ ({0})=({0})+ A=A forall A e S(T).

Thus S(T) is a finite commutative monoid.

LetP=({0,7,3,2,1,4+1}, {0}, {2})and
Q=({3, 101+ 1}, {4 +1,31+4}, {31+4, 7}) e S(T),
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P+Q=({0,7,3,2,1,4+1}, {0}, {2}) + ({3, 1 + 101}, {4
+ 1,31+ 4}, {31+4,7})

=({3,1+10L 10, 8 + 101, 6,4 + 10, 5,3 + 10L, 1,1+ 3, 7
+1}, {4+ 1,31 +4}, {2+3L6,9}) e S(T).

This is the way ‘+’ operation is performed on S(T).

Next we proceed onto give examples of MOD dual number
subset matrices and describe their properties.

Example 4.11: Let

S(W) = {B ﬂ

be the MOD dual number subset square matrices.

a € S(Zpvw @), 1 <i<4}

{0,g,4+2g,5+9g} 1{9+8g,4g,2+3g,5g} S(W)
= S .
{,2g+3,7g+9,8g}  {0,5,1,3g,7g+2}

{0} {0}}

o) =
(o {{0} {0}

is defined as the MOD dual number subset identity matrix with
respect to addition operation +.

{0,3+8g,9g+2} {4+8g,6g+1}
LetM =
{3+4g,g+1} {5g+4,2g+3}
4+20 6g+4,3 3g+1,5
_ | t4+2g,6g+4,3;  {3g+15g} < SW).
{1,2g,3} {7g+2,6g+1}



172 | MoD Natural Neutrosophic Subset Semigroups

2 4 1
M4 Nz |03+82.9g+2) {4+8g.6g+1} ]
{3+4g,g+1} {5g+4,2g+3}

{4+2g,6g+4,34  {3g+1,5¢g}
{1,2g,3} {7g+2,6g+1}

{4+2g,3,6g+4,7,7+4g, {5+g9g+2,
6+8g,g+6,52+6,9g+5} 3g+4,g+1}
{4+4g,g+2,3+6g, {2g+6,9g+5,

3g+1,6+4g,g+4} g+5,8g+4}

This is the way + operation is performed on S(W).

Thus {S(W), +} is a MOD dual number subset semigroup
under +.

Example 4.12: Let

S(V)=1la, a,|| aeS(Zsug), 1<is, +}

as  ag

be the MOD dual number subset semigroup under +; S(V) is of
finite order.

The task of finding the order of S(V) is left as an exercise to
the reader.

0y {0}
(105) = {0} {0} | € S(V),
0y {0}
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acts as the additive identity of S(V). For all G € S(V).
G+ {0}={0}={0} +G=G.

{l+g,2¢,2+g} {0,g+2,2g+1,2}
Let A= {0,2¢g,2} {Lg,g+1} and
{1,0,1+2g,g} {2+2g,g}

{0,2g,1+2¢g}  {1,2+g}
B=| {Lg?2g  1{0,2g+1g}| € S(V).
{1+g,8,2g} {0,1, g}

Consider

{l+g,2¢,2+g} {0,g+2,2g+1,2}
A+B= {0,2g,2} {Lg,g+1}
{1,0,1+2g,g} {2+2g,g}

{0,2g,1+2¢g}  {L,2+g}
+1 {lg2g  {0,2g+1,g}
{1+g,8,2g} {0,1,g}

[{1+g2g,2+glg {2+gl,g2g+20,]

2,0} 2g+1,1+ g}
{Lg,2,g,0,2+g, {LLg,g+1,2g, € S(V).
2+2g,2g+1} 2g+1,2g+2,2}
{2g,g,1+g,2g+1, {2+2g,g,2¢,

| 2+¢,0,1,2} l1+g,2}

This is the way ‘+’ operation is performed on S(V).
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S(V) is only a MOD dual number semigroup as every Z €
S(V) in general does not have an inverse.

{l+g,2+2¢g,2,1,0; {0}

B= {0} {0} | € S(V).
{0} {0}
{0y {0}
We cannot find a A such that A+B=| {0} {0} | = ({0}).
{0y {0}

We next describe the MOD special dual like number subset
matrix by some examples.

Example 4.13: Let

SM) = {{al o 34} /ai € S(Zi,uh)); 1 <i<8,+)
a a a a

5 6 7 8

be the MOD special dual like number subset matrix semigroup
under +.

0y {0} {0} {0

} e S(M)
{0y {0y {0} {0}

Clearly ({0} = {

is the additive identity of S(M).

Let A= { 3.4h}  {0.5+h} {L3h} (h4} } "
2+h,0} {L4+3h} (0,2} {+h3}
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:{{7,0} {2,4+3h} {1+h,0,1} {7}

} e S(M).
{10,3h} {5} {7+3h} {9,2h}

A+B{{3,4h} 0,5+h!  {,30h} {h,d } .
{2+h,0} {1,4+3h} {0,2} {l1+h,3}

7,00 {2,4+3h} {1+h,0,l {7}
10,30} {5} (7+3h}  {9,2h}

10,7+4h {2,4+3h,7+h, {2+h,1,2,1+4h

{11,7+h}
_ | 3.4h} 9+4h} 1+3h}
{10,3h,h {10+h,1+ 3h,
{6,9+3h} {7+3h,9+3h}
2+4h} 0,3+2h}
e S(M).

This is the way + operation is performed on S(M).
The reader is expected to find o(S(M)).

Clearly if

e { 0 10 {0}}
b0} 0 (0}

is a MOD special dual like number subsemigroup of S(M).

a,b e S(Zpu b)), +} < S(M)

S(M) has several MOD special dual like number subset
matrix subsemigroups.

Example 4.14: Let
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S(P) =

ai e S(Z;UhY), 1 <i <5,+)

be the MOD special dual like number subset matrix semigroup

under +.

acts as the identity element for S(P).

P]Z

{0}

(103) = | {0}

(= e e e

{0}

o))

{0} ]

e S(P)

a e S(Z;Vu ), +} < S(P)

is a MOD special dual like number subset matrix subsemigroup.

Pzz

(= e e e

a € S(Z;h), +} < S(P)
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is again a MOD special dual like number subset matrix
subsemigroup.

a e S(Zy), +} < S(P)

g
)
Il

o O o o W

is a MOD special dual like number subset matrix semigroup.

Py = a,b € 8(Z7), +}

S O O o e

is also a MOD special dual like number subset matrix
subsemigroup of S(P).

a, b € S(Z;h), +} < S(P)

]
W
Il

o o o o W

is also a MOD special dual like number subset matrix
subsemigroup of S(P).

S(P) has several MOD special dual like number subset
matrix subsemigroups.
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The reader is left with the task of finding the number of
MOD special dual like number subset matrix subsemigroups of
S(P).

Next we give some examples of MOD special quasi dual
number subset matrix semigroups.

Example 4.15: Let

S(B) — {[al a2 a3 ]
a, a; a,
be the MOD special quasi dual number subset matrix semigroup
under +.

a € S(Zow k) 1 <16, +}

07 {0} {0}1

oYy =
(on {{0} 07 {0}

is the MOD special quasi dual number subset identity matrix of
S(B); for every A in S(B), A + ({0}) = A.

n-fo o]

is a MOD special quasi dual number subset matrix subsemigroup

of S(B).
P, a 0 0
? 0 b ¢

is also a MOD special quasi dual number subset matrix
subsemigroup of S(B).

b,a €S (ZUk))+} = S(B)

a,b e S((ZyU k)) and

C e S(Zsk), +} = S(B)
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The reader is left with the task of finding the order of P, and P,.

Let
a b ¢

P3:
{{d e f}

is a MOD special quasi dual number matrix subset
subsemigroup.

a,bc e S(Zyuk)),d, e e S((Z)and

f e S(Z¢k), +} < S(B)

Example 4.16: Let

2

W —_
N

o}
=N

S(M) =

a
a
Yl ae S(Zwu k) 1<i<12,+}
a

N

O O o o
oo

©

1

jov)
o

a
a12

be the MOD special quasi dual number subset matrix semigroup
under +.

Infact S(M) is a monoid as

{0} {0} ]
{0y {0}
{0y {0}
0}) = ;
(10}) 0 10}
{0y {0}
10} {0}
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inS(M) is A+ ({0}) = A for all A € S(M).
The reader is left with the task of finding the order of S(M).

We see

oy w0 ]] .
P, o () a; € S(Zy), 1 £i<4,+} < S(M)

{0} {0
L0} 10

is a MOD special quasi dual number subset matrix
subsemigroup of S(M).

o igi igi ai € S(Zisk); 1<i<3,1} = S(M)

{0} {0
L0} 10

is again a MOD special quasi dual number subset matrix
subsemigroup of S(M).

{0} {0}]

{0} {0}
oy o3|

P; o () a; € SKZpuU k), +} < S(M)

{0} a,

10} {0} ]
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is again a MOD special quasi dual number subset matrix
subsemigroup of S(M).

Infact all these three MOD subset matrix subsemigroups are
infact MOD subset matrix submonoids of S(M).

The reader is left with the task of finding all MOD special
quasi dual number subset matrix subsemigroups of S(M).

Infact can there be MOD matrix subset matrix
subsemigroups in S(M) which are not MOD matrix subset
submonoids of S(M)?

In view of all these we have the following theorem.

THEOREM 4.2: Let S(M) = {collection of all t x s matrices with
entries from S(Z,) (or S(C(Z,)) or S((Z, U 1)) or S((Z, U g)) or
S((Z, W h)) or S((Z, U k)); +} be the MOD subset matrix monoid
(or MOD subset matrix finite complex number monoid or MOD
neutrosophic subset matrix monoid or MOD dual number subset
matrix monoid or MOD special dual like number subset matrix
monoid or MOD special quasi dual number subset matrix
monoid respectively).

i) o(S(M)) <

ii) S(M)  has several MOD  matrix  subset
subsemigroups.

iii) All MOD matrix subset subsemigroups are MOD
subset matrix submonoids.

Proof is direct and hence left as an exercise to the reader.
Next we proceed on to describe MOD subset matrix
semigroups under natural product X, of matrices by some

examples.

Example 4.17: Let
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SM)=<]|a

5 | @i € S(Ze); 1 <15, x,}

be the MOD subset column matrix subset semigroup. We see
S(Zs), the collection of all subsets of Z¢ under product is a

semigroup.

[ 40,2} | 3,1} |
(3,4} (5,2}
Let A=| {5} |andB=|{3,4}
{1,0} {2}
1 {2,1,5} | L {1
0,2y ] [3.1
(3,4} (5,2}
Ax,B=| {5} | xq {3,4}
{1,0} {2}
{215 ] | {1

40,2} x{3,1} |

=| 5ix3.4 | =
{10} x {2}

{3,4} x{2,5} {0,2,3}

215 x| [ {2.1,5) ]

0,2} ]

e S(M).

3,2} |e S(M).

{2,0}

This is the way product x, operation is performed on S(M).
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o]
{0}
(103) = | {0} | € S(M)
{0}
RU3

and for all A € S(M) we have A x, ({0}) = ({0}) x, A = ({0}).

Further

]
it
()= {3 | e SM)
it
Rit3

is defined as the MOD identity element of S(M) with respect to
X

Clearly ({1}) x, A=A x, ({1})=A for all A € S(M).

[{0,3,4} | [0y |
{2,5} {0}
Let A=| {0} |andB|{1,2,3}| e S(M),
{1,2,3} {0}
| {3,4,5} ] L {0} ]
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[0,3,44] [ {0y | [{0}]
{2,5} {0} {0}
clearly Ax,B=| {0} | x,|{,2,3}|=]{0}|.
{1,2,3} {0} {0}
13,45, ] [ {0} ] [{0}

Thus we say A is a MOD subset matrix zero divisor B and

vice versa.
[40,1,3} |
{3}
LetN=| {1,3} | € S(M).
{4}
_{4,3,0}_
[{0,1,3} ]  [{0,1,3}] [{0,1,3}]
{3} {3} {3}
Nx,N=| {,3} | x| {,3} | =] {0,3} | =N.
{4} {4} {4}
1{4,3,00 | [{4,3,0}] |{4,0,3}

Thus we see N in S(M) is the MOD subset idempotent matrix
with respect to the product operation.

Thus S(M) is a MOD subset matrix commutative monoid of
finite order which has MOD subset matrix zero divisors and MOD
subset matrix idempotents in it.

However S(M) has no MOD subset matrix nilpotent
elements.
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Example 4.18: Let S(P) = {(a), a,, a3, a;) where a; € S(Zg); 1 <1
<4, x} be the MOD subset matrix semigroup under product.

Let A= ({3, 5,6}, {2, 7}, {1}, {0}) and
B=({4,3}, {5,0} {7,8,3,4}, {5,6,7,0}) € S(P).

AxB=({3,5, 6}, {2, 7}, {1}, {0}) x ({4, 3}, {5, 0}, {7, 6, 3,
4}, {5,6,7,0})

=({3,5,6} x {4,3},{2,7} x {5, 0}, {1} x {7, 6, 3, 4}, {0}
x {5,6,7,0})

=({4,0,1,7,2}, {2,3,0}, {7, 6, 3, 4}, {0}) € S(P).

This is the way product operation is performed on the MOD
matrix subset semigroup S(P).

1}y = {1}, {1}, {1}, {1}) e S(P) acts as the
multiplicative identity. For A x ({1}) = ({1}) x A = A for all
A x S(P).

({0}) = ({0}, {0}, {0}, {0}) € S(P) is such that A x ({0}) =
({0} x A= ({0}); for all A = S(P).

Let A= ({4,2}, {0}, {4}, {0}) and
B = ({4}, {3,4,5}, {2,4}, {7,6,3,2, 1}) € S(P);
Ax B = ({0, {0}, {05, {0}) = ({0}).

So A is a MOD subset matrix zero divisor of B and vice
versa.

Let P, = {(a}, 0, 0, 0) / a; € S(Zg), x} < S(P); clearly P, is a
MOD subset matrix subsemigroup of S(P) which is also a MOD
subset matrix ideal of S(P).
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Let P, = {(0, al, a,, 0) / a;, a € S(Zs), x} < S(P), clearly P,
is also a MOD subset matrix ideal of S(P).

Further P, N P, = ({0}).

Let M = {(a, a5, a3, a4) / a; € S({0, 2,4, 6}); 1 <i<4, x}
S(P), we see M is a MOD subset matrix ideal of S(P).

Now let T = ({4}, {4}, {0}, {2, 4}) € S(P); we find

T xT=({4}, {4}, {0}, {2, 4}) x ({4}, {4}, {0}, {2,4))
= ({4} > {45, {4) x {4}, {0} x {0}, {2, 4} x {2,4})

= ({0}, {0}, {0}, {4,0)=T"

T'x T = ({0}, {0}, {0}, {4, 0}) x ({4}, {4}, {0}, {2, 4})
= ({0}, {0}, {0}, {0}) = T* = ({0})

Thus T € S(P) is a MOD subset nilpotent matrix of order
three.

Hence this S(P) has MOD matrix subset nilpotents. However
finding nontrivial MOD subset matrix idempotents happens to be
a challenging problem.

In view of this we have the following theorem.

THEOREM 4.3: Let S(B) = {collection of all m x p subset
matrices with entries from S(Z,); n =p' (t >2); x,} be the MOD
subset matrix semigroup under natural product x,.

i) S(B) has MOD subset matrices A such that
A’ = ({0}) for some s > 2.

ii) S(B) has only trivial MOD subset matrix
idempotents.
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Proof is direct and hence left as an exercise to the reader.

Example 4.19: Let

a, a,

S(W)=<|a, a,

as  ag

a; € S(Z1p); 1 €16, x,}

be the MOD subset matrix semigroup under the natural product
Xn.

{0,6; {6}

4.2; {53
{,3,2} {0}

Let A= and

3.7} {9,3,10}
L3 T
3} {8,9,10,3}

B= e S(W).

3,7} {9,3,10}
X | {1,5} {7}
(8,9,10,3}

0,6} {6}
{4,2y {5,3}
L11,3,2y {0 3

Ax,B=

[{0,6}x{3,7}  {6}x{3,910}

= | (4,2} x{1,5}
| {1,2,3}x {3}

{0,6}

{3,6,9}

{5,3} x{7}
{01 % {3,9,8,10}

16,0}
=|1{4,2,8 {3,5}
10}

e S(W).

This is the way product operation n is performed on S(W).
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{0y {0}
({0}) =140} {0} | e S(W) is the zero of S(W) and
{0y {0}
I I
({1 =1{} {1}]| e S(W)
I I

is the identity element of S(W). S(W) is a commutative MOD
subset matrix monoid of finite order.

The task of finding o(S(W)) is left as an exercise to the
reader.

{0,6; {6}
P=| {0} {6} | € S(W) is such that
{6,0} {6,0}

{0} {0}
Px,P=[{0} {0} | =({0}).
{0} {0}

Thus P is a MOD subset matrix nilpotent of order two.

Left us find some MOD subset matrix idempotents of S(W).

4.9 4
LetM=| {9 {L9}| e S(W)
4.1,9y {1,0}
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4.9 &
MxM=| {9} {9} =M.
{4,1,9% {10}

Thus M is a MOD subset matrix idempotent of S(W).

{4,8,2y {4,8}
LetB={3,6,9} {6,9} | and
{4,8;  {0,3,9}
{6y {6,3}
C=| {48 {48} € S(W).
{3,6,9} {4,8}
{0y {0}
Clearly B x, C=| {0} {0} | =({0}).
{0y {0}

Thus B is a zero divisor of C and vice versa.

We have seen this S(W) has MOD subset matrix zero
divisors, MOD subset matrix idempotents and MOD matrix subset
matrix nilpotents.

So if n = 12 = 2?3 we see it has all such MOD special subset
matrices.

In view of all these we put forth the following result.

THEOREM 4.4: Let S(M) = {collection of all s x t subset
matrices with entries from S(Z,), x,} be the MOD subset matrix
semigroup under the natural product x,, where n = p'q where p
is a prime and r > 2, g any composite or prime number.



190 | MoD Natural Neutrosophic Subset Semigroups

i) Then S(M) has nontrivial MOD matrix subset

idempotent.
ii) S(M) has nontrivial MOD matrix subset nilpotents

(order of the nilpotents depends on r).
iii) S(M) has MOD subset matrix zero divisors.

Proof is left as an exercise to the reader.

Example 4.20: Let

s (V) — a1 a3 aS a()
a, a, a, a,
be the MOD subset matrix semigroup under the natural product

X

a; € S(Zs); 1 <1<8, x,}

LetA:{{OJ} 10,3} {0}} and
L4y {0p {12} {2}

:{&” {0,1,2} {4,0} {2,3,4}

} e S(V).
L3 {43 {0 {L3}

AXHB{{”} m 03 {0}1
L4 00y

X{B& {0,1,2} {4,0} Q@Q}
L3 @43 {0y {13

_ {{0, 2x{3,1} {1}x{0,1,2} {0,3}x{0,4} {0}x{2,3, 4}1
{1,4}x{1,3} {0} x{4,3}  {1,2}x{0} {2} x{1,3}

:{m¢a {0,,2} {0,2} {0}

} e S(V).
{,4,3,2} {0} {0y  {2,1}



Semigroups built on MOD Subset Matrices ... | 191

This is the way product operation X, is performed on S(V).

We see S(V) has no nontrivial MOD subset matrix
nilpotents, non trivial MOD subset matrix idempotent and
nontrivial MOD matrix subset zero divisors.

In view of all these we have the following result.

THEOREM 4.5: Let S(D) = {collection of all m xn subset
matrices with entries from S(Z,); p a prime, x,}! be the MOD
subset matrix semigroup under natural product x,.

i) S(D) has no nontrivial MOD subset matrix
idempotents.
ii) S(D) has no nontrivial MOD subset matrix
nilpotents.
iii) S(D) has only MOD subset matrix zero divisors of
the form A = (a;y) and B = (by); a;, b; € S (Z,).
Then A x B = ({0}) only if either a; = {0} or b; = {0}.

Proof is direct and hence left as an exercise to the reader.

Example 4.21: Let

S(P) = {B ﬂ

be the MOD subset matrix .

a; € S(Zy); 1 £1<4}

We can define two types of products as the collection is a
square matrix one the usual product x and the other is the
natural product X,

{S(P), x} is a non commutative MOD subset matrix
semigroup of finite order; infact a matrix subset monoid with
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1 0
<u»={“ {1.

Ut

But {S(P), x,} is a commutative MOD matrix subset

semigroup under the natural product x,; infact a MOD subset
matrix monoid with

{1l
({1}):{{} {}}

I
as the identity with respect to the natural product x,,.
Both x and x,, are two distinct operations on S(P).

Let A= —{5’2’4} {3’1}1 and
L {01} {5}

LS I .
RURETE] B

. {{5,24} {3,1}1 y {{12} {5} }
0,1} {5} {7y {0,4.2}

(5,2, x (1,2} + {5,2,41x {5} +
3= (3,1} {0,4,2)
Conx{,2t+ 0,1 x {5+

{53 x {7} {51 x1{0,4,2}
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{5,2,4,0,8 {5,0} +

REAt {0,4,2,6}
{0,1,2} + 0,51+ (0)
5}
{6,3,5,1,9 {0,4,2,6,5.9,
{17} 7,1} ] I
{5,6,7} {0,5}

This is the way usual product operation x is performed on
S(P).

Now we find

per 12 8 1 s

[ {1,2yx{2,4,5}  {1,2}x{3,1}
+{51x{0,1} +{5} x {5}
{7}x{2,4,5! {7y 3,1} +

| +{0,4,2} x{0,1}  {0,4,2} x {5}

[{2,4,8,5)+ {3,6,1,2} +
{0,5} {5}
{4,8,5} + (L7} +
{0,4,2} {0}
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{7,9,3,0} {8,1,6,7}

= {4,8,5,2, 1
{ L7}
9,6,0,7}

Clearly I and II are not equal so in general A x B=B x A
for A, B € S(P).

Thus {S(P), x} is a MOD subset matrix non commutative
semigroup.

Now we find

AXHB{{SM} {371}}“ {{1’2} 5} }
{0, {5} (7} {0,4,2}

_ {{5,2,4}x{1,2} 3,1} x {5} }
0.3x {7y  {5}x{0,4,2}

_ {{5,2,4, 0,8} {5}} 11

0,7 {0}

Clearly A x,B=B x, Abut AxB#Ax,Band B x A #
A x, B evident from equations (I), (IT) and (III).

Finding MOD subset matrix zero divisors in {S(P), x} is left
as a matter of routine.

Further {S(P), x} may contain a MOD subset matrix left zero
divisor which may not be a MOD subset matrix right zero
divisor.
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We see {S(P), x} may have a right unit MOD subset matrix
which may not be a MOD subset left unit and vice versa.

Now in view of all these we have the following result.

THEOREM 4.6: Let S(M) = {collection of all m x n subset
matrices with entries from S(Z,); x} be the MOD subset square
matrix semigroup under the usual product.

i) o(S(M)) < coand is a non commutative monoid.

ii) S(M) may contain MOD subset matrix right zero
divisors which may not in general be MOD subset
matrix left zero divisors.

iil) S(M) will have MOD subset matrix right ideals
which are not left ideals.

Proof is direct and hence left as an exercise to the reader.

Next we just describe MOD finite complex number matrix

subset semigroups under x, the natural product by some
examples.

Example 4.22: Let S(M) = {(ay, ..., ag) be the collection of all
MOD subset finite complex number matrix with entries from
S(C(Zyp)); x} be the MOD subset finite complex number matrix
semigroup.

We see ({0}) = ({0}, {0}, {0}, {0}, {0}, {0}) € S(M) is
such that A x ({0}) = ({0}) for all A € S(M).

Further ({1}) = ({1}, {1}, ..., {1}) € S(M) is such that A x
({1}) = A, is the identity or unit MOD subset matrix of S(M).

Thus S(M) is a MOD subset finite complex number matrix
monoid of finite order.

Reader is expected to find o(S(M)).
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Consider P, = {(a;, 0,0, 0, 0, a) / a;, a, € S(C(Zy0)), X} <
S(M) is a MOD finite complex number subset matrix
subsemigroup or a submonoid of S(M).

Let A= ({3, ir, 2 + Sig}, {2ir}, {1, 2, 3 + g}, {1}, {ir}, {0,
1,2 +1ir}) and

B=({0, 1, + 2}, {1 + 2ig, 3}, {3, 4ir, 2 + ig}, {3}, {4},
(0, 1, 3}) € S(M).

A x B=({3, i, 2 + 5ig}, {2ir}, {1, 2, 3 +ig}, {1}, {ie}, {0,
1, 2 +ig}) x ({0, 1, ip + 2}, {1 + 2i, 3}, {3, 4ig, 2 + ir}, {3},
{4iF}: {07 1’3})

= ({3, i, 2 + 5ig} x {0, 1, ip + 2}, {2ip} x {1 + 2ig, 3}, {1, 2,
3 +ip} x {3, 4ip, 2 + i}, {1} x {3}, {ir} x {4ir}, {0, 1,2 +ip} x
{0, 1, 3})

= ({0, 3, i, 2 + 5ip, 3ig + 6, 9 + 2ig, 9 + 2i}, {6if, 2ir + 8},
{3, 6, 9 + 3ig, 4ig, 8i, 12ir + 6, 2 + ip, 4 + 2ip, 5 + 5ig}, {3},
{6}, {0, 1,2 + i, 3, 6 + 3ig}).

This is the way product operation is performed on MOD
finite complex number subset matrices.

Let A = ({0}, {24, 6ir + 31, {2}, {4 + Sig, 0, 3ix}, {0}, {4,
2ir, + 9, 3})

B = ({3 + 5if, 2, 4, 3ir + 71, {0}, {5 + 5ir, 51,{0}, {3 + 2ir,
Tig + 5,2+ 8ir}, {0}) € S(M).

A x B = ({0}, {0}, {0}, {0}, {0}, {0})=({0}).
A= ({5}, {5ic}, {5+ 5ir, 0}, {1, 6}, {5, 6}, {0, 1}) € S(M).

Thus A x A = A is the MOD subset finite complex number
matrix idempotent of S(M).
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A= ({5}, {5+ 5ig, 5, Sir}, {4+ 4ig, 8, 8ir, 2}, {0}, {4 + di,
6+ 2ir, 6ir + 8}, {5+ 5ir}) and

B=({2,4, 6}, {4, 6, 2, 8, 8if, 2ir}, {5, 5ir, 5 + 5ig}, {3,2 +
3ip, 5+ 6ip, 3 + 8ip, 1 + 9ir}, {5 + 5ip, 5}, {2, 8, 6 + 6ip, 8ir + 4,
4 + 4ip}) € S(M) is such that

A x B = ({0}, {0}, {0}, {0}, {0}, {0}) = ({0}) is a MOD
subset matrix zero divisor of S(M).

The reader is left with the task of finding the number of
MOD subset matrix zero divisors of S(M).

Example 4.23: Let

S(V)=14|v, || vi € S(C(Z)); 1 <i<5, %)

be the MOD subset finite complex number matrix semigroup
under the natural product X,

[{3i,,4+2i,1} | [ 43,41} ]
(2,51} {6+3i,}
Let A= {0,i.} and B=| {2+4i.,3} | € S(V).
{2,6i.} {1+i,}
L5 | (3+5i,,3}
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[(3ip,4+2i,13] [ {3,4i,) |
{2,5i,} {6+3i,}
We find A x, B= {0,1;} Xn | {2+ 41,3}
{2,61;} I+
L5 | [{3.3+50} ]
[{2i,3,5+3i;,4i; |
[{3ip,1,4+2i,}x{3,4i,} | |5i,6+2i;}
(2,51} x {6 +3i,} {5+6i,,2i,+ 6}
= {0,i}x{3,2+4i.} |=| {0,3i,,2i,+3}
(2,6} x {1+i.} {2+ 2i,,6i.+1}
{5} x{3,3+5i,} | {3,3+5i,,1,
1+41.}

This is the way the natural product x, operation is

performed on S(V).
"]
{1
Clearly ({1}) = | {1} | acts as the multiplicative identity; for
{1
L

Ax({1})=Aforall A e S(V).

o]
{0}
(103) = [ {0} | € S(V)
{0}
RU3




Semigroups built on MOD Subset Matrices ... | 199

is such that A x ({0}) = ({0}) for all A € S(V).

We see

{0}
{2,3,4+1;}
A= {0} and
{5+ 21,31}

{0}

[{1+i,2i;,3i,+5,6+2i,} |
{0}
B= (4+ip,2+3i,) e S(V)
{0}
{1+1.,2451;,41.}

1s such that

oy
{0

Ax,B=|{0} | =S(V)
{0

RUS

has only MOD finite complex number subset matrix zeros of the
following form.

It is left as an open problem to find other types of real zero
divisors. For these type of zero divisors can be realized as the
trivial type of MOD finite complex number subset matrix zero
divisors.
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However if
T
aZ
SB)=<la; || ai€S(Zy); 1 <15, x,} < S(V)
a,
L35 ]

is a MOD finite complex number subset matrix subsemigroup of
S(V) which is not an ideal of S(V).

In view of all these the following result is put forth.

THEOREM 4.7: Let S(B) = {collection of all subset matrices
with entries from S(C(Z,)); x,} be the MOD finite complex
number subset matrix semigroup.

i) S(B) has nontrivial MOD finite complex number subset
matrix zero divisor which are nontrivial (n not a
prime).

ii) S(B) has MOD finite complex number subset matrix
subsemigroups which are not ideals.

iii) S(B) has MOD finite complex number subset matrix
ideals.

Proof is direct hence left as an exercise to the reader.

We leave the following as a open conjecture.
Conjecture 4.1: Let S(W) = {collection of all s x t MOD finite
complex number subset matrix with entries from S(C(Z,)) p a
and prime, x,}be the MOD finite complex number subset matrix

semigroup under natural product.

Can S(W) have MOD finite complex number subset matrix
nontrivial zero divisors?
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Next we proceed onto describe MOD subset neutrosophic
matrix semigroup under natural product x, by some examples.

Example 4.24: Let
a1 aZ
S(W)=1<la, a,||aeS(Zr,ul);1<1<6, x,}
as  ag

be the MOD neutrosophic subset matrix semigroup under natural
product x,.

{3,411+ 2,6} {2,1}
Let A=| {4+6L2I} {0} and
{1,2,5I} {3+7L21+3}

{2,0} {4+ 51}
B=|{1+3I} {2+5L4I}|eS(W).
{31+8  {2+4]}

3,41+ 2,6} x {2,0} 2,1t x {4+ 51}
Ax B=|{4+6L21}x{1+3I} {0} x {41,2 + 5T}
(1,25} x 31 +8  3+7L21+3}x{2+41}

{6,81+4,0,31,6I}  {8+10L91}
= {81,4 + 61} {0} e S(W).
{31+8,61+4,71} {6+61,6+2I}

This is the way the product operation x, is performed on
S(W).
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[ {6+61,31,3,6+31} {4,4+4181}
Let A= |{10I+10,10+101,0} {6+6L3I} |and
{4+61,6+8I} {6,81+ 8}

{34,41,8,81,8+81} {6,61,3L3+61}
B=| {6,6+6L60 (A1+4,881} | e S(W)
{6,61,6+ 61} (6,61 + 6}

1s such that

0y {0}
Ax,B={0} {0} | =({0})

{0y {0}
is the MOD neutrosophic subset matrix zero divisor of S(W).
Let

(4,41 9,91}
B=|{44) (I | eSW)
PO {9

1s such that

(4,41} {9,91}
Bx,B=|{4,4} {II |=B.
oL 9

Thus S(W) has MOD neutrosophic matrix subset idempotents.

Infact S(W) also has nontrivial MOD neutrosophic matrix
subset nilpotents given by the following matrix.
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(6,61} (61}
F=[{6+6I} {6+6} | eSW)
0! {6,6L6+6I}

1s such that

0y {0}
Fx, F=1{0} {0} | =({0})
0y {0}

is the MOD neutrosophic subset matrix nilpotents of order two.
In view of all these we have the following result.

THEOREM 4.8: Let S(M) = {collection of all s x t subset
matrices with entries from S((Z, U 1)), x,} be the MOD
neutrosophic subset matrix semigroup under natural product x,.

i) Ifn=p'q (=2 pa prime of any composite number)
then S(M) has MOD neutrosophic subset matrix
nilpotents, the order of which is dependent on t.

ii) S(M) has MOD neutrosophic subset matrix idempotents.

iii) S(M) has MOD neutrosophic subset matrix zero divisors
which are nontrivial.

iv)  S(M) has MOD neutrosophic subset matrix ideals.

Proof is direct and hence left as an exercise to the reader.

Next we proceed onto describe MOD dual number subset
matrix semigroups under natural product by examples.

Example 4.25: Let

S(P) = {al a, a; a, ag}
aS aG a7 aS a10

a € S(Zs U 2));
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1 <1<10; %,}
be the MOD dual number subset matrix semigroup under natural
product.

Let

A:{{Sg,g} 3.0} {g.2g} {2g} {g,2g}} < SPY:
{3g.g} Pg4gt {2g} {420} {5g.g}

0y {0} {0} {0} {0}

clearly A x, A= {
{0y {0} {0} {0} {0}

} =({0}).
Thus A is MOD nilpotent dual number subset matrix of S(P).

Infact S(P) has several MOD nilpotent subset matrices of
order two.

Infact
S(M) — {al az a3 a'4 a9 :|
aS aG a7 aS a10

is a MOD dual number subset matrix subsemigroup which is also
an ideal of S(P).

ai € {S(Z2)};

1<i <10}  S(P)

Infact S(M) is a zero square MOD dual number subset ideal
of S(P) as S(M) x S(M) = ({0}).

We see S(P) has MOD dual number subset matrix
subsemigroups which are not ideals.

For let
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a a a a a
1 4 4, a4, 3
S(T) = { :|
a; A, a; Az 3y

is a MOD dual number subset matrix subsemigroup of S(P)
which is clearly not an ideal of S(P).

a; € S(Ze); 1 <1510, x,}

c S(P)

L:{H} 35 10,3 14,00 {0

} e S(P)
0y 13,05 10,4y 4 {3

WE SCC

anL={{4} 35 10,3 {40 {0}}:L
0y {0,3; {04y @4 3}

Thus L is a MOD dual number matrix subset idempotent of
S(P).

Hence S(P) has MOD dual number matrix subset nilpotents,
MOD dual numbers matrix subset idempotents and MOD dual
number matrix subset zero divisors.

S(P) has MOD dual number subset ideals which are square
zero divisors and MOD dual number subset subsemigroups
which are not ideals.

Example 4.26: Let

a, a,
S®) - { "

be the MOD subset dual number matrix semigroup under usual
product. Clearly S(B) is a non commutative MOD dual number
subset matrix semigroup finite order.

aeS(Znug);l<i<4 x}
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Let A {{3g,4g,10g} {9g,g,8g’6g}} < SB)
{g.2g,5g}  {2g.8,7g}
_ {0y {03 _
clearlyAxA—{{o} {0}} ({0}),

so is a MOD dual number subset matrix nilpotent of order two.

Infact S(B) has several MOD dual number subset matrix
nilpotents of order two under usual product x.

The task of finding MOD dual number subset matrix
idempotents of S(B). Thus finding o(SB)) and getting MOD dual
number subset matrix left zero divisors which are not MOD dual
number subset matrix right zero divisors are left for the reader.

In view of all these we have the following result.

THEOREM 4.9: Let S(V) = {collection of all s x t subset
matrices with entries from S((Z, U g)), x} be the MOD dual
number subset matrix semigroup under usual product x.

i) S(V) is a non commutative MOD subset dual number
matrix semigroup of finite order.

ii) S(V) has several MOD subset dual number matrix
nilpotents of order two.

iii) S(V) has MOD dual number subset matrix ideal
which is a zero square subsemigroup.

iv) S(V) has MOD dual number subset matrix
idempotents depending on Z,

Proof is direct and hence left as an exercise to the reader.

We leave it as an exercise to the reader to show MOD dual
number subset matrix semigroup under natural product x, is
different from the usual product x.
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Next we proceed onto describe MOD special dual like
number subset matrix semigroup under both the natural product
x, and that of usual product x by some examples.

Example 4.27: Let

sOy= 4| || & eS(Ziwuhy); 1<i<8, x}
a

be the MOD special dual like number subset matrix semigroup
under the natural product X,

$3h,2h+1,5)  {0,4h}
{0} {2}
(h} {0,2h +1,8h}
{5h+5,5,  {8h+3,2h}

Let A=

{h,3h} {4h+2,3} |
{Th+2,8h+3 {4+7h,8h,3h
B=|5h+8,3h,4, 7h+3,2,0} e S(D).
{3+4h,5h+1} {2}

{3} {h,2+3h} |

We find
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{3h,2h +1,5} {0,4h}
Ax,B= 0 2 X
{h} {0,2h +1,8h}
{5Sh+5,5)  {8h+3,2h}
{h,3h} {4h+2,3} |
{Th+2,8h+3 {4+7h,8h,3h
5h+8,3h,4}  7h+3,2,0}
{3+4h,5h+1} {2}
{3} {h,2+3h} |
{3h,2h +1,5} x {0,4h} x
{h,3h} {3,4h+2}
{0} x {7Th +2,8h + 3, {2} x {4+ 7h,8h,
= | 5h+8,3h,4} 3h,0,,7h +2}
{h} x {3+ 4h, {0,8h,2h +1} x
S5h+1} 2}
{5,5h+5}x{3}  {2h,8h+3}x{h,2+3h}

{3h,7h,5h,9h}
{0}
{7h,6h}
{5,5h +5}

{0,2h,4h}

{8 +4h,6h,0,4,4h + 6}

{0,6h,4h +2}

2h,h,0,6+9h}

This is the way natural product is performed on S(D).

{6} {6h}
Leta=| PP B b op
(5.6} {5h,6h}

{0,6,6h} {0,5,5h}
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A x, A= Aso A is the MOD special dual like number subset
matrix idempotent of S(D).

{2,4h,6h} {5,5h,5h +5} |

{0,5} {2+4h,8h +2}
Let M =| {6h + 6,8 + 6h,
{5h, 0}
4 + 6h,4h}

| {2+2h,8+6h} {8h+4,2h+8} |
and

{2,2+ 4h, 4h,8h, 6h, |
{5,5h,5+5h}
6+2h}
{2,2h,4h +6,8h + 2, (5,01
B =|4+6h,4,8h} ’

{2,2 +8h,6h + 4,

{4,5h}
8+ 2h}
{5,5h,0,5 + 5h} {5,0}

{0} {0}
{0} {0}

Mx,B= =({0}).
o 10 ({0})
{0} {0}

Thus M is a MOD special dual like number matrix subset zero
divisor.

Let

sy =1 " || a e SZuh); 1 <i<8, x} < SD)
a
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be the MOD special dual like number matrix subset
subsemigroup of S(D).

Clearly S(P) is also a MOD special dual like number matrix
subset ideal of S(D). We give one more example.

Example 4.28: Let

a1 aZ
w-fo 2]

be the MOD special dual like number subset matrix semigroup
under the natural product X,

a, € S((Z1uh)); 1 <i<4, x,}

Lo a_[Bh+530.20.0105 {1 +h.h4+3h2+h)
= an
£0,1,h,5h,6h+6}  {h,0,2h+1,6h,9}

{0,h,4h+2,
{6h +4,0,1}
B= 3h + 6} e S(W);

{1,7h,5h,10h,10}  {0,1,10,5h, 5}

{3h +5,3h,2h,0,10} {l+h,h,4+3h,2+h}
Ax,B=

£0,1,h,5h,6h+6}  {h,0,2h+1,6h,9}

{0,h,4h +2,
Xn 3h + 6}
{1,7h,5h,10h,10} {0,1,10,5h,5}

{6h +4,0,1}
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{3h +5,3h,2h,0,10}x {h,1+h,4+3h,2+h}x
| {4h+2,3h+6} (0,1,6h + 4}
| {0,1,h,5h,6+6h} {0,h,2h +1,6h,9} x
x{1,7h,5h,10n,10}  {0,1,10,5,5h}

{0,8h,3h,2h,10h,7h +9, {0,h,1+h,4+3h,2 +h,
5+8h,h,7h,10 + 5h,8 + 9h} 10h,+5h,5+10h,8}
{0,1,h,5h,6 + 6h,7h,2h,7h  {0,h,2h +1,6h,9,5h,10h + 5
3h,10h,6h,10,5+ 5h} 8h,1,10h,10 +9h,4h,h}

This is the way natural product x, is obtained in S(W).

Let

a, a,
S(v) - {L : }

a; € S(Z11h); 1 <1<4, x,} < S(W)

o | 211

is the MOD subset special dual like number matrix subsemigroup

which is also an ideal of S(W).

Now if we replace in S(W) the natural product x, by x then
S(W) will be a non commutative MOD subset special dual like
number matrix non commutative semigroup under the usual

product x.

This two operations are distinct we will just show by some

an 1llustration.

{h,2h,1+h,0}  {10h,10,5h}
Let A= | {5+10h,10+5h, {10+2h,0,1, | and
h,5h,1,0} h+2}
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{ {3h,0,10} {4h,2 +6h,8h}

eS(W);
{0,10+2h,6h,4h,4,8} {8,7,5h,10,h,1}

we now define the usual product x in S(W).

{h,2h,1+h,0}  {10h,10,5h}
AxB=|{5+10n,10+5h, {10+2h,0,1, | x

h,5h,1,0} h+2}
{3h,0,10} {4h,2 + 6h,8h}
{0,10+2h, 6h,4h,4,8} {8,7,5h,10,h,1}
{0,10h,9h,10 + 10h,3h, 6h {0,8h,4h,5h,2 + 3h}
+{0,10h,1+ 9h,5h,8h, +{3,3h,4,4h,7h,6h,
9h,7h,7,3h} 2h,h,1,5h,10,10h}
{h,4h,3h,6+h,1+6h, {5h,9h,4h,10h, 7h,8h,2 + 6h,
6h,10h,0} + {0,1,10+2h,9+3h, 9+h,10} + {Sh+3,8,8h + 5,4 +3h,
6h,7h,4h,h,7 + 8h, 7,7h +3,h,3h,10 + 2h,1,h + 2,1+ 9h, 10,
| 4,4h+8,3+5h,8,8h+5} 2h,10h +9,5h} |
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{0,10h,9h,10 + 10h,3h, 6h,8h,10 + 9h,
2h,5h,7h,1+8h,1+ 7h,1+h,1+4h,
4h,10+4h,6h,10+8h,h,10+ 6h,
10h+7,9h+7,10h+ 6,7 +3h,6h+ 7,
10+2h,10h+3,9h+ 3,2 +10h,3 + 6h}
{h,4h,3h,6 + h,1+6h,6h,10h,0,8,h+1
4h+1,3h+1,7+h,2+6h,5h,5,10h+1,1,
10 +3h,8h + 5,10 + 6h,10 + 5h,5 + 3h,
8h,9h,7h+ 5,10+ 8h,10+h,10 + 2h,
9+4h,3h+5,9+7h,9+6h,4+4h,10+9h,
6+3h,8+h,9+9h,9+3h,2h,8+4h,
10h,9h,6 +7h,7h,8+3h,6 +8h,1+2h,
6+2h,1+7h,3+h,5h+8,8h+8,7h+§,
3+5h,9+6h,9,10h +8,3h +8,4h+8,
8+6h,3+6h,3+9h,3+8h,
| 9h+5,h+5,4,3,3+4h,3+5h}
{3,3h,4,4h,7h,6h,2h,h,1,5h,10,10h,
8h +3,0,4 +8h,9h,1+8h,10 + 8h,
8h,3 + 4h,4+ 4h,10+ 4h,5h +10,5h + 2,
2+4h,6+3h,2+7h,2+9h,3+3h,
2+8h,1+3h,2+h}
{10h +3,3h +3,9h+3,4h+3,h+3,
2h+3,h,5,1+6h,9h,10h,10+ 7h,
10,10+ 5h,7 +8h,2 + 5h,8 + 5h,
8+9h,6,7h,9 + 6h,8 + 4h,8 + 10h,
8+ 7h,6h,5+h,2h,4 +8h,8 + 8h,
8+6h,6+h,10h,4+h,8h,7,
2h+5,6h+5,5h,4+7h,h+5,7h+5,
4h+5,4+2h,0,7+3h,3+9h,4+10h,
6+9h,8h+4,7+4h,7+1h,4h+3,
3+3h,7+5h,7+9h,h+3,5h+3,
3,6h+3,3h+3,4h+3,5+2h,
2+5h,2+7h,2+7h,
9+2h,10+h}

This is the way the usual product operation is performed on
S(D).
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If we replace the usual product operation by natural product
x, certainly S(D) is commutative and both operations are
distinct.

Further we see under both the operations x as well as x, the

set
a a
S(V) = { : 2}
a, a,

is a MOD special dual like number subset matrix subsemigroup
which is an ideal.

a; € S(Z11h); 1 <i<4; x or x,}

This is the only common feature enjoyed by S(D), under
both x and x,,.

However MOD special dual like number zero divisor subset
matrices say A, B € S(D) need not in general imply
A x B=({0}) then A x, B=({0}) and vice versa.

Next we supply yet another example of this set up.

Example 4.29: Let

S(W)=1| * || aie S(Zs Uh)); 1 <i<4, x,}

be the MOD special dual like number subset matrix semigroup
under the natural product X,
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{3,2,0,h} {3h,1}
{2+2h,2} {2,2h}
Let A= and B = S(W);
3,1+ h} {1+2h}
{2h,2,0} {3+2h}
{3,2,0,h} {1,3h}
A o |22F2h| ] 2,20
! (3,1+h} | | {1+2h
{0,2,2h} (3+2h}
{3,2,0,h} x {1,3h} {3,2,0,h,2h,3h}
_ | 22420k x{2,2h} | {0} < SW),
{3,1+h}x{1+2h} {3+ 2h,1+2h}
{0,2,2h}x {3+ 2h} {0,2,2h}

This is the way natural product operation is performed on
S(W).

a

P, = igi a € S(Zuh); xa} < S(W)

{0}
is a MOD special dual like number subset matrix ideal of S(W).
a
_ {0}
Let P, = o) a € S(Zy), xn} < S(W)

{0}
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is a MOD special dual like number subset matrix subsemigroup
of S(W) which is not an ideal of S(W)

a

Let P, = igi a € S((Zs U BY); xa} < S(W)

{0}

is again a MOD subset special dual like number matrix ideal of
S(W).

Infact S(W) has several MOD special dual like number
subset matrices subsemigroup which are not ideal.

In view of all these we have the following theorem.

THEOREM 4.10: Let S(M) = {collection of all s x t matrices
with entries from subsets of S((Z, U h)); x,} be the MOD special
dual like number subset matrix semigroup under the natural
product x,.

i) S(M) has MOD special dual like number nilpotents,
idempotents and zero divisors if n is an appropriate
composite number of the form n = p"qm > 2, p a
prime and q a composite or another prime.

ii) S(M) has always MOD special dual like number
subset matrix ideals if the entries are from S(Z,h)
no matter whatever be n.

Proof is direct and hence left as an exercise for the reader.

Next we proceed onto describe the MOD special quasi dual
number subset matrix semigroups under x, and also under usual
product x provided the matrices under consideration are square
matrices by examples.
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Example 4.30: Let
a1 aZ a3
SB)=1<|a, a, a,||aeS(ZsUk));1<1<9, x,}
a, ag a

be the MOD special quasi dual number subset matrix semigroup
under the natural product X,

3,400 {14 n
LetA=| {0,3} {3k,3} {3+3k!|eS(B).
4.3k} 14,0,3k}  {1,3k}

We see A x, A = A, that is A is the MOD special quasi dual
number subset matrix idempotent.

Suppose we impose the usual product that is we find A x A,
then

03,4, (1,4 n
AxA=]| {03} 3.3k} {3+3k}| x
43k} {0,4,3k}  {1,3k}

03,4, 1,4 n
0,3 3,3k {3+3k
43k} {0,4,3k}  {1,3k}
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[40,3,41x{0,3,4} {3,0,4} x {1,4} {0,3,4} x {1} +
+{0,3} x{1,4} + +{1,4} x {3,3k} {1,4} x {3+ 3k}
{1} x {4,3k} +{1} x {0, 4,3k} +{1} x {1,3k}
{0,3} % {0,3,4} {0,3} x {1,4} + {0,3} x {1} +
+{3,3k} x{0,3} + {3,3k} x{3,3k} {3,3k} x {3+3k} +

(3+3kix {43k} +3+3k}x{0,4,3k}  {3+3k}x{l,3k}

{4,3k}x {0,3,4} {43k} x {14} + 4.3k} x {1} +

+{0,4,3k}x 0,3} {3,3k}x{0,4,3k}  {0,4,3k}x {3+3k}+
L3k x {43k} HL3kyx {0,4,3k} {143k} x {1,3k}

(0,3,4)+{0,3 {3,041+ 3,3k} gf;ﬁ }+
+{4,3K) +{0,4,3k} o
031+ 063K0] 031+ 063k DT
= | T T, (343,01
0 O +3+3K,0}
(0,3k,4} + BAE o
0,3k} + 0,3k} + ’
1,3k}
14,3k} (0,4,3k} |

[ 44,1,2,5,3k,  {0,1,3,3+k,3k, {4+3k,1+3k, |
3+3k,3k+4, 3k+4,51+3k, 2+3k,0,

1+ 3k} 3+3k,2+ 3k, 4} 1,3}
= 1{0,3,3k,3+3k} {3+3k,3,0,3k} {0,3,3k,3+3k} | = A.
{0,4,3k, £0,4,3k,2, (5,3k +1

2+3k,4+3k} 243k, 4+3k} 0,4 + 3k}

Thus we see the two operations behave in a very distinct way.
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{0,3k} {0,3+3k} {0,3,3k}
Let A= { {2} {4} {2 +4k} ] and
{4k +4} {2+2k, 4} {3+3k}
4 {44k {2
B={3,3k} {3+3k} {3,3k}| be elements of S(B).
{ {0,3}  {3,3+3k} {4,2} ]

3,3k} {0,3+3k} {0,3,3k}
Clearly A x, B=| {2} {4} {2+4k} | %,
{4+4k} {4,2+2k} {3+3k}

{ {4} {4,4k} {2} ]
3,3k} 3+3k} {33k}
0,3k} {3,3+3k} (4,2}
(3,3kix {4} {0,3+3k}x{4,4k}  {{0,3,3k}x{2}
=| {21x{3,3k} (4} {3+ 3k} 2+4k) % 3,3k}
(3+3k} x

(4+4Kx{0,3} 4,2+ 2k} x {3,3+3k} 42

0y {0} {0}
=10} {0} {0} =({0})

0y {0} {0}

Thus under the natural product x,. A, B is a zero divisor
pair. Now we find A x B
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3,3k} {0,3+3k} {0,3,3k)
- @ 4 214k | x
(4k+4) (42+2k) (3+3k)
{4} {4,4k} {2}
3,3k (B+3k {3,3K)
0,3} 3,3+3k  (2,4)

[ 3,3k} x {4} (3,3Kk} x {4,4k) 3,3k} x {2} +
10,3+3k)x (3,3k) {0,343k} x 343k} {0,343k} x (3,3k} +
10,33k} x{0,3)  +{0,3,3k}x {3,343k} (3,3k,0}x (2,4}

(2) % (4, 4K} + (4} (2} % (2} + {4}
AR B3 s ak B3k 244k
+{2+ 4k} x{0,3}
x{3,3+3k) x{2, 4}
(4 + 4} x {4 + (AKX (4+4K + Akt x {2+
4,242k x(3,3k) B3k x {4242k} {4,242k} x {3,3k}
| +3+3k)x{0,3) 1343k x {3,343k} +(3+3k)x{2,4}
0,3+3k,3,3k} {0,3+3k,3k3} {0,343k}
- ) 2,2k 2k+2k4k|.
{4+4k,k+1} {3+3k,1+k} {2+2k}

Clearly the pair A, B in S(B) does not yield a MOD zero
divisor of special quasi dual numbers under the usual product x.

However

S(P)= <la, a

ag || ai€ S(Zek); 1 <1<9, x,}
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as well {S(P), x} are both MOD special quasi dual number
subset matrix ideals of S(D).

This property alone is common to both the product x and x,,.
In view of all these we give the following result.

THEOREM 4.11: Let S(M) = {collection of all s x t matrices
with entries from subsets S((Z, U k), x,} be the MOD special
quasi dual number subset matrix semigroup under natural
product.

i) S(M) has MOD special quasi dual number subset
matrix idempotents, nilpotents and zero divisors for
n=p"q, m=>2 pisaprime, ¢ may be prime or non
prime.

ii) S(W) = {collection of all s x t matrices with subset
entries from S(Z,k) under natural product x,} is a
MOD special quasi dual number subset matrix ideal

of S(M).
Proof is direct and hence left as an exercise to the reader.

Next we proceed onto study MOD subset coefficient
polynomial semigroup under product by some example.

Example 4.31: Let

a; € S(le), X}

S[x] = {iaixi

be the MOD subset coefficient polynomial semigroup under
product.

Clearly o(S[x]) = .

Let p(x) = {0, 3, 6} + {2, 6}x + {5, 1, 8}x” and
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qx)= {4, 8,1} + {4, 6,3} X’ € S[x]

p(x) x q(x) = ({0, 3, 6} +{2, 6}x + {5, 1, 8}x°) x
({4, 8,1} + {4, 6, 3}x°)

=({0,3,6} x {1,4,8})+({2,6} x {4,8, 1})x + ({5, 1, 8}
x {1,4,8)x* +({0,3, 6} x {4, 6,3)x’ + ({2, 6} x {4, 6,31)x*
+({5,1,8} x {4,6,3)x’

= {0,3,6}+{8,4,0,2, 6}x+ {1, 5,8,2, 4}x* + {0, 9,6}x°
+{8,6,0}x* +{2,4,6,0}x" e S[x].

This is the way product of two polynomials is made in S[x].

(0)=0+0x + 0x* + ... + 0x" € S[x] is such that p(x) x (0) =
(0), S[x] is a commutative semigroup of infinite order.

Let p(x) = {0, 4} + {0, 8} x* + {0, 8, 4} x* and
q(x) = {0, 3, 6} + {6, 3, 9}x° e S[x].

p(x) x q(x) = ({0, 4} + {0, 8}x* + {0, 4, 8}x) x ({0, 3, 6} +
{3, 6, 91x°)

={0} + {0}x" + {0}x" + {0}x” + {0}x” + {0}x" = (0).

This we see S[x] can have pairs of polynomials such that
p(x) x q(x) = ({0}) is a zero divisor in S[x].

We can also find MOD subset coefficient polynomials
subsemigroups under x as well as ideals of S[x].

Let

aj € S(Z12), x} < S[x]

P[x]={ i aixj

ie2Z" U{0}
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is a MOD subset coefficient polynomial subsemigroup of S[x] of
infinite order which is clearly not an ideal of S[x].

For p(x) = {0, 5, 10, 2} x+ {8,4, 0, 1} € S[x] and
q(x) = {0, 5,8} +{0,9, 8,2} x* € P[x]

Consider p(x) x q(x) = ({8, 4,0, 1} + {0, 2, 5, 10} x) x ({0,
5,81 +{0,2,8,9})x°

=({8,4,0, 1} x {0, 5, 8}) + ({0, 2, 5, 10} x {0, 5, 8})x +
({8,4,0,1} x {0,2,8,9)x*+ ({0, 2, 5, 10} x {0,2,8,9})x’

5,2,4, 8+ {0,10, 1,2, 4, 8x + {0, 2, 8,4, 9}x° +
,2,8,6,9'x" ¢ P[x].

Hence our claim P[x] is only MOD subset polynomial
coefficient subsemigroup.

a; € S ({Oa 23 43 63 8a 10})1 X} - S[X]

R[x] ={Z:aixi
i=0
is a MOD subset coefficient polynomial subsemigroup which is
also an ideal of S[x].
The reader is left with the task of finding MOD subset

coefficient polynomial subsemigroups, ideals and zero divisors.
However it is kept on record that S[x] no idempotents.

Example 4.32: Let

a; € S(Zlg), X}

T[x] = {iaixi

be the MOD subset coefficient polynomial semigroup under x.
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Clearly T[x] has no zero divisors, however T[x] has no
ideals but has subsemigorups of infinite order.

In view of all these we have the following theorem.

THEOREM 4.12: Let W[x] = {Zaixi a; € S(Z,), x} be the
i=0

MOD subset coefficient polynomial semigroup.

i)  W/[x] has no idempotent MOD subset polynomials.

ii) W/[x] has MOD subset coefficient polynomials which
are nilpotents and zero divisors only for some
appropriate n, n = p'q (t > 2 p a prime and q any
number other than p).

iii) W[x] has MOD subset coefficient polynomial
subsemigroup for all n.

iv) W[x] has no MOD subset coefficient polynomial
ideals for n a prime.

Proof is left as an exercise to the reader.

Next we describe by example MOD finite complex number
subset coefficient polynomial semigroups under x.

Example 4.33: Let

a; € S(C(Zé)), X}

D[x] = {iaixi

be the MOD subset finite complex number coefficient
polynomial semigroup under product.

a; € S(Zg), x} < D[X]

P[x] = {iaixi

is a MOD subset finite complex coefficient polynomial
subsemigroup under x of D[x], however P[x] is not a MOD
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subset finite complex number coefficient polynomial ideal of
D[x].

Find MOD subset finite complex number coefficient
polynomial ideals of D[x].

Clearly D[x] has MOD subset finite complex number
coefficient zero divisor polynomials.

However D[x] has no nontrivial MOD subset finite complex
number coefficient nilpotent or idempotent polynomials.

It is left for the reader to find under what conditions MOD
finite complex number subset coefficient polynomials has
ideals.

For finding ideals happens to be yet another challenging
problem.

Example 4.34: Let

a; € S(C(ZB)), X}

i=0

S[x] = {iaixi

be the MOD finite complex number subset coefficient
polynomial semigroup under x.

S[x] has no MOD finite complex number coefficient subset
zero divisors or idempotents or nilpotents. However S[x] has
MOD finite complex number coefficient subset polynomial
subsemigroups but no ideals.

In view of this we propose the following problem.

Problem 4.1: Let S[x] = {Z:ajxi a; € S(C(Z,)) p a prime, x}
i=0

be the MOD finite complex number subset coefficient
polynomial semigroup under x.
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Can S[x] have MOD finite complex number subset
coefficient polynomial ideal?

THEOREM 4.13: Let

4 € S(C(Z,); ]

S[x] = {iaixi

be the MOD finite complex number subset coefficient polynomial
semigroup under X.

i) For appropriate n, S[x] has zero divisors,
nilpotents and ideals.

ii) For n a prime S[x] has no zero divisors and
nilpotents.

i) S/x] has no nontrivial MOD finite complex number
subset coefficient polynomial idempotent.

The reader is left with the task of proving this theorem.
Next we proceed onto describe MOD dual number subset

coefficient polynomial semigroups under x by example.

Example 4.35: Let

S[x] = {iaixi

i=0

a € S(Zi VY g)); x}

be the MOD dual number subset coefficient polynomial
semigroup under product.

S[x] has infinite number of MOD subset dual number
coefficient polynomials such that they are zero divisors.

S[x] has infinite number of MOD subset dual number
coefficient nilpotent polynomials of order two.
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Let p(x) = {3g, 2g, 5g, 6g} X’ + {g, 2g, 9g, 8g}x + {g, 0, 8g,
7g} € S[x].

Consider p(x) x p(x) = ({3g, 2g, 5g, 6g}x° + {g, 2g, 9,
8gix + {0, g, 8g, 7g}) x ({3g, 2g, 5g, 6g}x’ + {g, 2g, 9g, 8g}x +
{0, g, 7g, 8g})

= ({3g, 2g, 5g, 6g} x {3g, 2g, 5g, 6g})x° + ({3g, 2g, 5g, 6g}
x {g, 2g, 9g, 8ghx" + ({0, g, 7g, 8g} x {2g, 3g, Sg, 6g})x’ +
({g 2g 8g 9g} x {3g, 2g, 5g, 6g})x" + ({g, 2g, 8g, 9¢g} x {g,
2g, 8g, 9gH)x” + ({g, 2g, 8g, 9g} x {0, g, 7g, 8gh)x + ({0, g, 7g,
8g} x {3g, 2g, 5g, 6g}) X’ + ({0, g, 7g, 8g} x {g, 2g, 9g, 8g}) x
+ ({0, g, 7g, 8g} x {0, g, 7g, 8g}) = {0} x° + {0}x* + {0}x’ +
{01x* + {0}x* + {0}x + {0}’ + {0}x + {0} = ({0}).

Thus p(x) is a MOD subset dual number coefficient
polynomial which is nilpotent of order two in S[x].

Infact it is pertinent to keep on record that S[x] has infinite
number of MOD dual number subset coefficient nilpotent
polynomials of order two.

Let p(x) = {3g, g 0} X’ + {2g, g, 4g, 7g} x + {5g, 6g, 9¢,
8g, 0, 2g} and

qx) = {4g, 5g, 8g, 9g, 0} x* + {3g, 2g, g, 6g, 5g, 3g} €
S[x].

Clearly p(x) x q(x) = ({0}).

Thus p(x) is a MOD dual number subset coefficient
polynomial zero divisor of S[x].

We see S[x] has infinite number of MOD subset dual number
coefficient polynomial pairs which are zero divisors.

This is the marked difference between the MOD subset
coefficient polynomial semigroup and MOD dual number
coefficient subset polynomial semigroup under x.
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Further

a; € S(Z10g); x} < S[x]

i=0

B[x] = {iaixi

is a MOD dual number subset coefficient polynomial
subsemigroup which is also a MOD dual number subset
coefficient polynomial ideal of S[x].

Infact B[x] is a zero divisor subsemigroup as for any p(x),
q(x) € Bx]; p(x) x q(x) = ({0}), that is B[x] x B[x] = ([0}).

However in S[x] we do not have MOD dual number subset
coefficient polynomials which are idempotents.

Example 4.36: Let

ai € S((Z7 U g)); %}

i=0

S[x] = {iaixi

be the MOD dual number subset coefficient polynomial
semigroup under product.

Let p(x) = {3g, 2g, 0, g} + {4g, 5g, 6g}x" + {6g, g, 0}’ and

q(x) = {4g, 0} + {2g, 3g, g}x + {5g, 6g, 0, g}x’ € S[x].

p(x) x q(x) = ({0}). Thus we see even though Z; is a prime
field yet we have MOD dual number subset coefficient
polynomial pairs which are zero divisors.

Also p(x) x p(x) = ({0}) and q(x) x q(x) = ({0}) are both
MOD dual number subset coefficient polynomials which are
nilpotents of order two.
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a; € S(Z7); x} < S[x]

D[x] = {iaixi

is a MOD subset dual number coefficient polynomial
subsemigroup which has no nontrivial MOD dual number subset
coefficient polynomial zero divisors or nilpotents.

D[x] is not an ideal of S[x].

a; € S(Z7g); x} < S[x]

B[x] = {Z:aixi

i=0

is a MOD dual number subset coefficient polynomial
subsemigroup which is also an ideal.

This B[x] has nontrivial MOD subset dual number
coefficient polynomial pairs which are zero divisors as well as
nilpotents of order two.

However B[x], D[x] and S[x] has no MOD subset dual
number coefficient polynomial idempotents which are
nontrivial.

Fora= {0, 1} € S[x] then, we have a xa= {0, 1} x {0, 1}
= {0, 1} = a is a trivial MOD subset dual number coefficient
constant polynomial idempotent.

Inview of all these we have the following theorem.

THEOREM 4.14: Let S[x] = { . ax'| a; € S(Z, U g)); x} be

MOD dual number subset coefficient polynomial semigroup
under Xx.

i) S[x] has no nontrivial MOD dual number subset
coefficient polynomial idempotents.
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ii) S[x] has nontrivial MOD dual number subset
coefficient polynomial zero divisors and nilpotents
whatever be n.

iii) S[x] has nontrivial MOD dual number coefficient
polynomial subsemigroups which are not ideals.

iv) S[x] has nontrivial MOD dual number coefficient
polynomials subsemigroups D[x] which are not
ideals but D[x] x D[x] = ({0})

v) S[x] has nontrivial MOD dual number coefficient

a;, €

polynomial subsemigroups T[x] = {Zaixi
i=0

S(Z,g); x} < S[x] to be an ideal with T[x] x T[x] =
10}).

Proof is direct and hence left as an exercise to the reader.

Next we proceed onto describe MOD neutrosophic subset
coefficient polynomial semigroups by examples.

Example 4.37: Let

a; € S(<Zl7 V) I>), X}

S[x] = {iaixi

be the MOD neutrosophic subset coefficient polynomial
semigroup under x.

Clearly S[x] has no nontrivial neutrosophic subset
coefficient idempotent polynomials or nilpotent polynomials or
zero divisor polynomials as in Z7, 17 is a prime.

However if p(x) = {31, 4 + 21, 7} + {0, 41, 2 + I, 3}x* and

q(x)= {0, 1,4, 31} + {2+4L 3, 1} x* € S[x]; then

p(x) x q(x) = ({3L 4 + 21, 7} + {0, 41, 2+ 1, 3}x%) x ({0, L, 4,
31} x {1, 3,2 +41}x%)
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=({3L,4+2L 7} x {0, 1, 4, 31}) + ({0, 41, 2 + 1, 3} x {0, L,
4,300)x> + ({31, 7,4 + 21} x {1, 3,2+ 41})x* + ({0, 41, 2 + I, 3}
x {1,3,2+41})x*

= {0, 3L, 61, 71, 121, 16 + 8L, 11, 9L, L, 41} + {0, 41, 31, 161, 8
+ 41,12, 121, 91X + {31, 7, 4 + 21, 9L 4, 12 + 6L, I, 14 + 111, 8
+110x%+ {0,412 + 1, 3, 121, 91, 9, 71, 4 + 141, 6 + 121}x*

= {0, 31, 61, 71, 121, 6 + 8L, 11, 9L I, 41} +{31, 7, 4 + 21, 91,
4,12, 6L 1, 14+ 111, 8 + 111, 71, 7+ 41, 4+ 61, 131, 0, 4 + 161, 4
+ 41, 12 + 101, 51, 14 + 151, 12 + 51, 8 +15L, 61, 7 + 3L, 4 + 51,
14 + 101, 8 + 101, 121, 4 + 31, 12 + 91, 41, 14 + 141, 8 + 141, 2I,
161+7,4+1,8+71,15+4l, 12+ 61, 8 + 131, 12 + 41, 3 +10I,
8+ 51,5+ 151, 16 + 151, 12 + 31, 2, 16 + 21, 12 + 91, 16, 7 + 61,
12+1,9+ 111,20 + 111, 151, 121+ 7, 4 + 141, 41, 4 + 121, 12 +
I, 131, 14 + 61, 8 + 61, 121, 7 + 9L, 4 + 111, I, 4 +il, 12 + 151,
101, 14 + 31, 8 + 141} x> + {0, 41, 2 + 1, 3, 121, 91, 9, 71, 4 + 141,
6 + 121}x*.

This is the way product operation is performed on S[x].

a; € S{Zy7l); x} < S[x]

B[x] = {iaixi

is a MOD neutrosophic subset coefficient polynomial
subsemigroup which is also an ideal of S[x].

This S[x] has no nontrivial idempotents.

The trivial idempotent MOD neutrosophic subsets are {0},
{1}, {1}, {0, 1}, {0, I}, {1, I} and {O, 1, 1}.

They can only yield to constant MOD subset neutrosophic
polynomials.
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Example 4.38: Let

a; € (<le |\ I>), X}

S[x] = {iaixi

be the MOD neutrosophic subset coefficient polynomial
semigroup under product operation.

Let p(x) = {0, 4, 2} X’ + {0, 8, 8L 41} and q(x) = {0, 6, 61, 6
+ 61} + {0, 3, 3+ 3L, 61, 6+ 3I}x € S[x].

p(x) x q(x) = ({0, 2, 4}x> + {0, 8, 8L, 41}) x ({0, 6, 61, 6 +
61} + {0, 3,3 + 3L, 61, 6 + 31}x) = ({0}).

Thus S[x] has MOD neutrosophic subset coefficient
polynomial pair which are zero divisors.

However S[x] has no idempotents.
Let p(x) = {0, 6} + {0, 61, 6, 6 + 61}x> € S[x];

clearly p(x) x p(x) = ({0}) so p(x) is a MOD neutrosophic
subset coefficient polynomial nilpotent of S[x].

S[x] has trivial idempotents given by {0, 4, 9, 1}, {0, 4, 9},
{0, 4, 1}, {0,9, 1}, {0, 4}, {1, 4}, {1, 9} and {0, 9}.

Clearly

ai € S(Zpl), x} < S[x]

M[x] = {iaixi

is a MOD neutrosophic subset coefficient polynomial
subsemigroup which is also an ideal of S[x].

But
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aj € S(Z1), ¥} < S[x]

T[x] = {iaixi

is a MOD neutrosophic subset coefficient polynomial
subsemigroup which is not an ideal.

In view of all these we have the following result.

THEOREM 4.15: Let

a € S(Z, UI); x}

S[x] = {ia,x"
i=0

be the MOD neutrosophic subset coefficient polynomial
semigroup under product.

i) S[x] has no nontrivial MOD neutrosophic subset
coefficient polynomial idempotents.

ii) S[x] has MOD neutrosophic subset coefficient
polynomial pairs which can contribute to zero
divisors provided n is an appropriate composite
number.

iii) S[x] has MOD neutrosophic subset coefficient
polynomial nilpotents if n = p'q, t > 2, p a prime
and q a composite number

iv) D[x] = {iaixi

neutrosophic  subset  coefficient  polynomial
subsemigroup which is an ideal of S[x].

v) S[x] has MOD neutrosophic subset coefficient
polynomial subsemigroups which are not ideals.

a; € S(Z,1), x} is the MOD

Proof is direct and hence left as an exercise to the reader.

Next we proceed onto describe by examples MOD subset
special dual like number coefficient polynomial semigroups
under product.
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Example 4.39: Let

B[x] = {iaixi

a; € S((Z13 U h)), x}

be the MOD subset special dual like number coefficient
polynomial semigroup under product.

We see B[x] has no nontrivial idempotents. B[x] has no
nontrivial nilpotents as well as zero divisor polynomials.

However B[x] has MOD subset special dual like number
coefficient polynomial subsemigroups which are ideals.

Let p(x) = {3, 5h, 2+ h, 1} + {0, 4h, 3}x + {0, 1, 3h}x” and
q(x) = {0, 4h, 2}x* + {1, 2,3, 0} e BIx].

We find p(x) x q(x) = ({3, 5h, 2 + h, 1} + {0, 4h, 3}x +
{0, 1, 3, h})x* x ({0, 1, 2, 3} + {0, 2, 4h}x*)

={3,5h, 1,2 +h} x {0, 1,2, 3} + ({3, 5h, 1,2+ h} x {0, 2,
4hh)x* + (40, 4h, 3} x {0, 1, 2, 31)x + ({0, 3, 4h} x {0, 2, 4h})
x*+ ({0, 1, 3h} x {0, 1,2, 3)x> + ({0, 1, 3h} x {0, 2, 4h})x°

={0,3,5h, 1,2+h,6, 10h, 2,4 +2h, 9, 2h, 6 + 3h} + {0,
6, 10h, 2, 8 + 4h, 4 + 2h, 12, 7h, 4h}x* + {0, 4h, 3, 8h, 6, 12h,
91x + {0, 6, 8h, 12h, 3h}x’ + {0, 1, 3h, 2, 6h, 3, 9h}x* + {0, 2,
6h, 4h, 12h}x° € B[x].

This is the way product operation is performed in B[x]. B[x]
has no MOD idempotents or zero divisors or nilpotents.

Example 4.40: Let

0

M[x] = {Z:aixi

i=0

a; € S(<ZIS |\ h>), X}
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be the MOD subset special dual like number coefficient
polynomial semigroup under the product. M[x] has zero
divisors has no nontrivial nilpotents or idempotents.

p(x) = {5, 5h, 10} + {10, 10 + 10h, 5 + 10h, 0} x*and

q(x) = {3, 0, 3h} + {3 + 3h, 6}x> + {3h, 6h, 6 + 3h}x* €
Mx].

p(x) x q(x) = ({5, 5h, 10} + {10, 10 + 10h, 5 + 10h, 0})x* x
({0, 3, 3h} + {3 + 3h, 6h})x* + {6h, 3h, 6+ 3h} x*)

= {5, 5h, 10} x {0, 3, 3h} + ({5, 5h, 10} x {3 + 3h, 6h})x>+
({5, 5h, 10} x {6h, 3h, 6 + 3h})x* + ({10, 10 + 10h, 5 + 10h, O}
x {0, 3, 3h}) x> + ({10, 10 + 10h, 5 + 10h, 0} x {6 + 3h, 3h,
6h}) x° + ({10, 10 + 10h, 5+ 10h, 0} x {6h, 3+ 3h})x* = ({0}).

Thus this pair of MOD special dual like number subset
coefficient polynomials is a zero divisor subset polynomial pair.

We can find infinite number of MOD special dual like
number subset coefficient polynomial zero divisor pairs.

However M[x] has no nilpotents only trivial idempotents of
the form {0}, {1}, {6}, {10}, {6, 10, 0}, {1, 6}, {0, 6}, {1, 10},
{0, 10}, {0, 1, 6, 10} as 6°=6 (mod 15) and 10 x 10 = 10 (mod
15).

This has no nontrivial nilpotent subset only {0} is the trivial
nilpotent subset.

In view of all these we put forth the following theorem.

THEOREM 4.16: Let Sfx] = {Zaixi a; € S((Z, U h)); x} be

i=0

the MOD special dual like number subset coefficient polynomial
semigroup under product.



236 | MoD Natural Neutrosophic Subset Semigroups

Then
i)

S[x] has MOD special dual like number subset
coefficient polynomial subsemigroup which is not
an ideal (what ever be n).

S[x] has MOD special dual like number subset
coefficient polynomial semigroups which is also an
ideal.

S[x] has MOD special dual like number subset
coefficient polynomial nilpotents and zero divisors
only for appropriate n; n = p's (t =2, p a prime s a
composite or a prime different from p).

S/x] has no MOD special dual like number subset
coefficient polynomial which is an idempotent
polynomial.

Proof is direct and hence left as an exercise to the reader.

Next we proceed onto describe MOD special quasi dual
number subset coefficient polynomial semigroup under product
operation by some examples.

Example 4.41: Let

a; € S (<Zz() |\ k>), X}

S[x] = {iaixi

i=0

be the MOD special quasi dual number subset coefficient
polynomial semigroup under product.

Let p(x) = {0, k, 2k + 1, 4k} + {1, 5k, 2 + 3k} x + {1, O, 2k,
8k, 4x” and

q(x) = {0, 4k, 10k} + {10, 10 + 10k, 1, 0, k}x* € S[x].

p(x) x q(x) = ({0, k, 4k, 2k + 1} + {1, 5k, 2+ 2k}x + {1, O,
4, 8k, 2k}x*) x ({0, 4k, 10k} + {10, 10 + 10k, 1, 0, k}x*)
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= {0, k, 4k, 2k + 1} x {0, 4k, 10k} + ({0, k, 4k, 2k + 1} x
{10, 10k + 10, 1, 0, k})x* + ({1, 5k, 2 + 3k} x {0, 4k, 101})x +
({1, 5k, 2 + 3k} x {10, 10 + 10k, 1, 0, k})x’ + ({0, 1, 4, 2k, 8k}
x {0, 4k, 10k})x® = {0, 16k, 4k, 16k, 10k} + {0, 10k, 10, 10k +
10, k, 4k, 2k + 1, 19k, 16k, 19k}x* + {10, 10k, 10 + 10k, 1, 5k,
2 + 3k, 0, k, 15k, 19k}x’ + {0, 4k, 6k, 10k} x + {0, 4k, 16k,
12k,18é<, 10k}x*> + {0, 10, 10 + 10k, 1, 4, 8k, 2k, k, 4k, 12k,
18k} x”.

This is the way product operation is performed on S[x].

Consider p(x) = {10, 10k} + {0, 10, 10k + 10} x* + {10 +
10k, 10k}x* € S[x].

Clearly p(x) x p(x) = ({0}). Thus p(x) is a nilpotent MOD
subset coefficient polynomial.

Thus S[x] has both MOD special quasi dual number subset
coefficient polynomial zero divisors and nilpotents, however

has no idempotents.

Example 4.42: Let

a; € S (Zs W ky); x}

S[x] = {iaixi

be the MOD special quasi dual number subset coefficient
polynomial semigroup under product.

Let p(x) = {k, 1, 0} + {1 +k, 4, 2}x + {1, 3k, 3}x* and
q(x) = {0, k} + {1,2,3,k, 4} x* e S[x].

p(x) x q(x) = ({0, 1, k} + {2, 4, 1 + k} x + {1, 3k, 3}x%) x
{0k} + {1,2, 3, k, 4}x%
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=0, 1, k}x {0,k} + ({2, 4, 1 +k} x {0, k}) x + ({1, 3k, 3}
x {0, k}) x>+ ({0, 1, k} x {1,2, 3, k, 4)x* + ({2, 4, 1 + k}x{1,
2,3, 4, k) x’+ ({1, 3,3k} x {1,2, 3,4, k})x°

= {0, k, 4k} + {0, 2k, 4k}x + {0, k, 3k, 2k}x’ {0, 1,k 2, 2k,
3,3k, k 4k, 4} x*+ {2, 4, 1 +k 2,3,2+2k, 1,3 + 3k, 4 + 4k,
2k, 4k, 0}x° + {1, 2, 3, 4, k, 3k, 4k, 2k}x°.

This is the way product operation is performed on S[x].

S[x] has no MOD special quasi dual number subset
coefficient polynomial idempotents or zero divisors or
nilpotents.

In view of all these we have the following result.

THEOREM 4.17: Let S/x] be the MOD special quasi dual number
subset coefficient polynomial semigroup under product,

a €S (Z, UkY; x,.

S[x] = {iaixi

i) S/[x] has no MOD nilpotents or idempotents or zero
divisors if n = p, a prime.

ii) S/x] for all n has a MOD special quasi dual number
subset coefficient subsemigroups which are not
ideals.

iii) P[x] = {iaixi

special quasi dual number subset coefficient
polynomial ideal of S[x].

iv) S[x] has MOD nilpotents and zero divisors if n = p'q,
t > 2 p a prime and q a composite number of a
prime different from p.

a; €S (Z,k); x} < S[x] is a MOD

Proof is direct and hence left as an exercise to the reader.



Semigroups built on MOD Subset Matrices ... | 239

Next we proceed onto give by simple illustrations MOD
subset coefficient polynomial semigroup under product of finite
order very briefly.

Example 4.43: Let

a €S (Ze);x =1, x}

i=0

S[x]s= {iaixi

be the MOD subset coefficient polynomial semigroup under
product. S[x]s is of finite order and is commutative.

Let p(x) = {3,2,4} + {0, 5, 1}x” and
qx)={1,0,3} + {2,4,5, 1} x* € S[xJ;.

pgx) x q(x)=({3,2,4} +{0,5, 1} xX) x ({1,0,3} + {1,2,4,5}
X)

={3,2,4} x {1,0,3} + {3,2,4} x {1, 2, 4,5} x* ({0, 7, 5}
x {1,0,3) x>+ ({0, 1,5} x {1,2, 4, 5})x’

={3,2,4,0} +{3,2,4,0)x*+ {0, 1,5, 3} X’ + {0, 1, 5, 2,
4} (asx’ =1}

=({3,2,4,0} +{0,1,5,2,4}) + {3,2,4,0} x*+ {0, 1, 5,
31 x°

={3,2,4,0,1,5} +{3,2,4,0:x* + {0, 1, 5, 3} x".

This is the way product operation is performed on S[x]s.
The reader is left with the task of finding the order of S[x]s.

We see if p(x) = {0, 3} x> + {3} and q(x) = {0, 2} + {0, 2,
41x° e S[x]s, then p(x) x q(x) = [{3} + {0, 3}x* ] x [{0, 2} + {0,
2,4} X% = {0} + {0} X’ + {0}x° + {0}x" = ({0}).

Thus S[x]s has zero divisors.
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However S[x]s has no idempotents or nilpotents.

Example 4.44: Let

aeS(Z);x=1,x}

S[x]s= {iaixi

i=0

be the MOD subset coefficient polynomial semigroup under
product operation.

Let p(x) = {0, 3,2} + {6, 5, 1} x* and
qx)= {1, 2} + {3,4,2} x> € S[x]4,

) p(x) x q(x) = ({0, 3,2} + {6, 5, 1} x*) x ({1, 2} + {3, 4, 2}
X

={0,3,2} x {1,2} + {0, 3,2} x {3, 4, 2}x° + {6, 5, 1} x
(1,2} x*+ {6,5, 1} x {3,4,2}x’ = {0, 3, 2, 4, 6} + {0, 2, 6, 5,
1, 43x>+{6,5,1,2,3} x*+ {4, 1,3, 6,2, 5}x* € S[x]s.

This is the way the product operation is performed on S[x]a.
Clearly S[x], has no zero divisors or nilpotents or idempotents.

But S[x], is of finite order and the reader is expected with
the task of finding the order of S[x]a.

In view of all these we have the following result.

THEOREM 4.18: Let S/x],, = {Zaix" a; €S (Z2,); =, X}
i=0

be the MOD subset coefficient polynomial semigroup under
product.

i) of(S[x]m) < .
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ii) S[x], has zero divisors and nilpotents for
appropriate n.

iii) S[x], has no zero divisors and nilpotents when n is
a prime.

Proof is direct and hence left as an exercise to the reader.
Now we proceed onto describe by example the MOD finite
complex number subset coefficient polynomial semigroup of

finite order by examples.

Example 4.45: Let

a; € S (C(Zy); X' = 1, x}

M[x]¢ = {Zélaixi

be the MOD finite complex number subset coefficient
polynomial semigroup.

The reader is left with the task of finding the order of M[x]e.
M]x]¢ has MOD zero divisors but no nilpotents zero divisors but
no nilpotents.

Infact M[x]¢ has ideals.

aj € S ({Oa 23 43 6a 8})’ Xz = la X} - M[X]6

P[x]¢ = {Zélaixi

is a MOD subset finite complex number coefficient polynomial
subsemigroup which is not an ideal of M[x]s is a MOD subset
finite complex number coefficient polynomial subsemigroup
which is not an ideal of M[x].

Let p(x) = {0, 5} + {0, 5, 5i¢} x” and

q(x) = {0, 2} + {0, 2ir, 4} x + {0, 4 + 4ir, 8, 8ip} x* €
M[X]é.



242 | MoD Natural Neutrosophic Subset Semigroups

Clearly p(x) x q(x) = ({0}).

Consider

ai € S (10,5, Sip, 5+ Sipd); X' = 1, x}

T[x]¢ = {Zélaixi

< M[x]e

is again a MOD finite complex number subset subsemigroup
which is also an ideal of M[X]s.

However M[x]s has no nilpotents.

Example 4.46: Let

ai € S (C(Z7)); X =1, x}

B[x]; = {iaixi

be the MOD finite complex number subset coefficient
polynomial semigroup under product of finite order, B[x]; has
no idempotents, zero divisors or nilpotents.

Even finding MOD finite complex number coefficient
subsemigroups and ideals happens to be a difficult task.

Inview of all these we propose the following problem.

Problem 4.2: Let

a e S (CZ); x™" =1,

S [X]m = {i aixi

i=0

be the MOD finite complex number subset coefficient
polynomial semigroup (p a prime).

i) Can S[x],, have MOD finite complex number subset
coefficient polynomial ideals?
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il) Can S[x],, have MOD zero divisor subset coefficient
polynomial pairs?

iii) Can S[x], have MOD nilpotent subset coefficient
polynomials?

Next we describe one or two examples of MOD neutrosophic
subset coefficient polynomial semigroup of finite order.

Example 4.47: Let

a € S{(Zpul), x''=1,x}

10 )
W[x]0o = {Z:aixl
i=0

be the MOD neutrosophic subset coefficient polynomial
semigroup under x.

WI[x]10 has MOD neutrosophic subset coefficient polynomial
zero divisors and nilpotents.

Also W[x]o has ideals.

Example 4.48: Let

V[x]i2 = {iaixi |x"” =1, a; € S{((Z;z U ), x}

i=0

be the MOD neutrosophic subset coefficient polynomial
semigroup under x.

V[x];» has no MOD neutrosophic subset coefficient
polynomial idempotent or nilpotent or zero divisors.

V[x];» has nontrivial MOD neutrosophic subset coefficient
polynomials ideals.

The task of finding the order of V[x];, is left as an exercise
to the reader.
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Next we proceed onto describe MOD dual number subset
coefficient polynomial semigroups under product x by some
examples.

Example 4.49: Let

a e S{((Zi, U ), x°=1, x}

15
P[x];s = {Zaixl
i=0

be the MOD dual number subset coefficient polynomial
semigroup under x.

Clearly P[x];s has MOD dual number subset coefficient
polynomials which are nilpotents of order two. Also P[x];s has
MOD dual number subset coefficient polynomials which are
zero divisors.

Let p(x) = {3g, 10g, 6g, g, 9g} + {4g, 0, 8g}x’ + {10g, 13g,
2,01x° € P[x]:s.

Clearly p(x) x p(x) = ({0}).

Let q(x) = {3g, 10g} + {5g, 12¢g, g}x’ + {g, 2¢g, 5g, 7.9,
11g}x’ + {3g, 6g, 9g, 12g} x* € P[x];s.

We see p(x) x q(x) = ({0}). This P[x]s has MOD nilpotent
polynomials as well as MOD zero divisor polynomial pairs.

Further

x'°=1, a; € S(Z1sg), x} < P[x]is

15 )
W[X]15 = {Zaixl
i=0

is a MOD subset dual number coefficient subset polynomial ideal
Of P [X] 15.
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15
Let B[x]i5 = {Zaixi ai € S(Z14) x} < P[x]is;

i=0

B[x];5 is only a MOD dual number coefficient subset polynomial
subsemigroup of P[x];s which is not an ideal of P[x]s.

In view of all these we have the following theorem.

THEOREM 4.19: Let S/x],, = {Zaixi a; € S{((Z, vg)), XM=
i=0

1, x} be the MOD dual number coefficient subset polynomial
semigroup under X.

i) S[x]. has several MOD dual number coefficient
subset polynomial zero divisors and nilpotents even
if nis a prime.

ii) S[x], has MOD dual number subset coefficient
polynomial subsemigroups which are not ideals
even if n is prime.

iii) S[x], has MOD dual number subset coefficient
polynomial ideal even if n is a prime.

iv) S[x]. has no nontrivial MOD dual number subset
coefficient polynomial idempotent.

Proof is direct and hence left as an exercise to the reader.
Next we proceed onto describe MOD special dual like
number subset coefficient polynomial semigroups of finite order

by some examples.

Example 4.50: Let

a e S{(Z,Uh)); x x’=1}

Wix]s = {Zglaixi
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be the MOD special dual like number subset coefficient
polynomial semigroup under x.

Clearly if p(x) = {0, 4, 8} + {0, 8h, 4h+4}x*> + {4 + 8h, 8h +
8, 0}x* and

q(x) = {0, 3h} + {0, 3h + 3, 6h}x* + {0, 6 + 6h, 6h, 6 +
3h}x’ € W[x]s then clearly

p(x) x q(x) = ({0}); that is W[x]s has non trivial MOD
special dual like number coefficient subset zero divisor pairs.

Let p(x) = {0, 6} + {0, 6h}x +{0, 6 + 6h}x* € W[x]s.

We see p(x) x p(x) = ({0}) is a MOD special dual like
number subset coefficient polynomial nilpotent of order two.

However W[x]s has no nontrivial MOD subset special quasi
dual number coefficient polynomial idempotents.

8
We see V[x]s = {Z:ajxi a € S(Zph), X’ =1, x} < W[xJs

i=0

is a MOD special dual like number subset coefficient polynomial
subsemigroup of W[x]s whicih is also an ideal of w[x]s.

Example 4.51: Let

a; € S{({(Z1; U h)), x!! = 1, x}

10 _
S[x]0 = {Z:aixl
i=0

be the MOD special dual like number subset coefficient
polynomial semigroup under x.

10
Clearly P[x];0 = {Z:aixi a; € S(Z13); x''=1, x} < S[x]o

i=0
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is the MOD special dual like number subset coefficient
polynomial subsemigroup of S[x],o which is not an ideal of
S[x]io-

Consider

a; € S(Zish), x''=1, x} < S[x]1o

R[x]10= {iaixi

i=0

is a MOD special dual like number subset coefficient polynomial
subsemigroup of S[x];o which is also an ideal of S[x].

However finding nontrivial MOD special dual like number
subset coefficient polynomial zero divisor pairs or nilpotents or

idempotents in S[x]; is a different task.

In view of all these we have the following theorem.

THEOREM 4.20: Let Q[x],, = {Zaixi a; € S{((Z, Uh)); X!
i=0

= 1; x} be the MOD special dual like number subset coefficient
polynomial semigroup under x.

i) o(Qfx]) <o

ii) QOfx]. has MOD special dual like number subset
coefficient polynomial subsemigroups which are not
ideals (2 <n < )

iii) Qfx]., has MOD special dual like number subset
coefficient polynomial subsemigroups which are
ideals of Q[x] .

iv) If n is a composite number of the form n = p'q; t >
2, p a prime and q a distinct prime from p or a
composite number then Q[x], has nontrivial MOD
special dual like number subset coefficient
polynomials which are nilpotents or zero divisor
pairs.

v) What ever be n, Qfx], has no nontrivial
idempotent.
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Proof is direct and hence left as an exercise to the reader.

Next we proceed onto describe MOD special quasi dual

number subset coefficient polynomials semigroups under x by
some examples.

Example 4.52: Let

a; € S{(<Zz() Uk)), X7 = 1, X}

P[x]¢= {Zélaixi

i=0

be the MOD special quasi dual number subset coefficient
polynomial semigroup under x.

Let p(x) = {5, 5 + 5k, 10} + {5 + 10k, 10k, 10 + 51} x* + {0,
15k + 5, 15k} x* and

qx) = {4, 8k} + {4, 8 + 8k, 12}x + {12 + 12k, 8 + 16k, 16
+ 4k} x* € P[x]s.

Clearly p(x) x q(x) = ({0}).

Thus there are MOD special quasi dual number subset
coefficient polynomial zero divisor pairs.

We can have only nilpotents of the form
{0, 10} + {10, 10k, 0}x* + {0, 10 + 10k}x’ + {0, 10k}x* = p(x)
such that p(x) x p(x) = ({0}).

However we do not have nontrivial idempotents.

Only a very few nilpotents arising from subset coefficient
{0, 10, 10k, 10 + 10}.

But
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ai € S(Zy), x' =1, x} < P[x]s

D[x]¢ = {Zélaixi

i=0

is a MOD special quasi dual number subset coefficient
polynomial subsemigroup which is not an ideal of P[x]e.

Consider

a; € S(Zyk); x' =1, x} < P[x]e;

E[x]s = {Zélaixi

clearly E[x]s is a MOD special quasi dual number subset
coefficient polynomial subsemigroup which is also an ideal of
P[X]é.

Example 4.53: Let

a; € S{((Zs U k), x’=1, x}

G[x]o = {Zglaixi

i=0

be the MOD special quasi dual number subset coefficient
polynomial semigroup under product x.

G[x]y has no nontrivial nilpotents, zero divisors or
idempotents. However G[x]o has both MOD special quasi dual
number subset coefficient polynomial ideals and subsemigroups
which are not ideals.

In view of all these we hav the following theorem.

THEOREM 4.21: Let H[x],, = {Zaixi a; € S{((Z, Uk), X"
i=0

= 1, x} be the MOD special quasi dual number subset coefficient
polynomial semigroup under x.
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i) Hfx], has both MOD special quasi dual number
subset coefficient polynomial subsemigroup which
is not an ideal and a MOD special quasi dual
number subset polynomial subsemigroup which is
an ideal for all 2 <n < oo,

ii) H[x], has no nontrivial MOD special quasi dual
number subset coefficient polynomial idempotents
for 2 <n < oo

iii) H[x],, has nontrivial MOD special quasi dual
number subset coefficient polynomial zero divisors
and nilpotents in n if n is of the type, n = p'q (t > 2,
p a prime and p x q and a composite or some other
prime).

Prime is direct and hence left as an exercise to the reader.

In almost all cases these MOD subset coefficient polynomial
semigroups are Smarandache semigroups.

In view of this we have the following result.

THEOREM 4.22: Let S/x] (or S[x].) be the MOD subset (finite
complex or dual number or special quasi dual number of
special dual like number or special neutrosophic) coefficient
polynomial semigroup under x, infinite semigroup (or finite
semigroup) respectively. S[x] (or S[x] ) is a Smarandache MOD
semigroup if and only if Z, in S(Z,) or Z, in S(C(Z,)) or S((Z, v
g) or S((Z, v k) or S((Z, v h) or S(Z, v 1) is a
Smarandache semigroup.

Proof : Let S[x] = {iaixi a; € S(Zy,), (or S(C(Z,)) or S{Z, v

2) or S(Z, v h) or S ((Z, U k)), S(Zy v 1)) x} (S[x]m =
(> ax'/a € S(Z) (or S(C(Z,) or SKZ, U I)) or S(Z, U g))

or S((Z, U hY) or S((Z, U k))), x™' =1, x} be the MOD subset
coefficient polynomial semigroup under product.
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If S(Z,) is a Smarandache semigroup then n is a prime or Z,
has a subsemigroup H < Z, such that H is a group under
product.

Hence B = {{1}, {2}, {3}, {4}, {5}, {6}, ..., {p}} (orifh=
{hy, ..., hg} is a group under product H ¢ Z, then M = {{h;},
{hy}, ..., {h}}) under product is a subset group under x if and
only if S(Z,) is a S-semigroup under product. Thus the result.

We will illustrate this situation by an example or two.

Example 4.54: Let

a; € S(Zl3), X}

S[x] = {iaixi

be the MOD subset coefficient polynomial semigroup under
product x.

B = {{1}, {2}, {3}, {4}, {5}, {6}, ..., {12}} c S[x] is a
MOD subset subsemigroup under x which is in fact a group.
Hence S[x] is a Smarandache MOD - subset coefficient
polynomial semigroup under x.

Example 4.55: Let

a; € S(C(le)), X}

S[x] = {iaixi

i=0

be the MOD subset finite complex coefficient polynomial
semigroup P, = {{1}, {5}}, P, = {{1}, {11}} and P; = {{1},
{7}} are all subgroups under x and they are cyclic groups of
order two. Hence S[x] is a MOD subset finite complex number
polynomial coefficient Smarandache semigroup.
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Example 4.56: Let

x'"'=1, a; € S((Z1; U hy), x}

B[x]s ={Zglaixi

be the MOD subset special dual like number coefficient
polynomial semigroup under product.

B[x]y is a Smarandache MOD subset special dual like
number coefficient polynomial semigroup as T = {{1}, {2},

{3}, {4}, ..., {16} < B[x]y is a group under x.

Interested reader can get more properties about these
Smarandache notions.

Infact we can have the following example.

Example 4.57: Let

a € S(Zuug); x'=1,x}

10 _
S[x]io = {Z:aixl
i=0

be the MOD dual number coefficient subset polynomial
semigroup under product.

S[x]10 is a S-semigroup as {{1}, {7}} = By and B, = {{1},
{23}} are subset groups under product.

Table for B,
X {1y {7
{1 {1y {7
{74 [{7y {1}

Clearly B, is a cyclic subset group of order two.

Table for B,



Semigroups built on MOD Subset Matrices ... | 253

x_ {1} 423}
[y {23
1231 [{23} |{1}

Is a MOD subset subgroup of S[x];o.

Hence our claim S[x];o is a Smarandache MOD subset dual
number coefficient polynomial semigroup of finite order.

Infact we can say under x all MOD subset semigroups are
Smarandache MOD subset semigroups what ever be n of Z,.

Next we want to briefly describe MOD subset matrices that
is collection of subset matrices where matrices take entries from
Z,or C(Z,) or{Z, U g) or{Z, V) or (Z, k) or(Z, U h).

We describe them by examples. Secondly we also build
MOD subset polynomials with coefficients from Z, or C(Z,) or
(Z, v I) and so on.

We will describe both the situations by some examples.
We give a definition of both these notions.

DEFINITION 4.1: Let M = {collection of all m x t matrices with
entries from Z, or C(Z,) or (Z, U g)or (Z, U h)or (Z, U 1) or
(Z, k) under x, natural product operation).

S(M) = {collection of all subset matrices with elements from
M}. We can define x, on S(M) and {S(M), x,} is defined as the
MOD subset matrix semigroup.

DEFINITION 4.2: Let S[x] = {Zaixi a; € Z, or (Z, U g) or

i=0

(Z, Uk)or C(Z,); x} be the MOD polynomials under x.

Let S(S[x]) = {collection of all subsets from S[x]}.
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{S(S[x]), x} is defined as the MOD subset polynomials
semigroup under x of infinite order.

If S[x] is replaced by S[x], then {S(S[x]wm), %} is defined as
the MOD subset polynomial semigroup under x. Clearly
S(S[x]w) is of finite order and is infact a commutative monoid.

Next we proceed onto describe the MOD subset matrix sets
by some examples.

Example 4.58: Let M = {collection of all 1 x 5 row matrices
with entries from Zo} = {{a;, ay, a3}, {by, by, b3, by, bs}, ..., {t;,
ty, ..., t,} } where a;, b; and t; are 1 x 5 matrices with entries from
Zo.

Let P={(0, 1,0,0,2), (2,3,4,0,0), (0,8, 0,0,0)} and

Q=1{210,1,2),(1,1,1,1,1),(0,0,0, 1, 1),
(2, 5,0,0,6)} € M.

PxQ=1{(0,1,0,0,2),(2,3,4,0,0),(0,8,0,0,0)} x {(2,1,
0,1,2),(1,1,1,1,1), {(0,0,0, 1, 1), (2,5, 0,0, 6)}

={01004),43000),(08000),(01000),(2340
0),(08000),(00002),(00000),(05003),(46000),(0
4000)}.

This is the way product operation is performed on M.

Clearly {(0 0 0 0 0)} € M is such that

Ax{00000)}={00000)} xA={00000)}
for all A € M.

B={(11111)} e Missuchthat AxB=Bx A=A for
all A e M.
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Example 4.59: Let S(P) = {collection of all subset matrices
from the set of matrices

a € Zip; 1 1<3, x4}, X}

be the MOD subset matrix semigroup under natural product x,.

1] [3] [6 1] 10
A={|0|,[1[,|0}andB=1{[2],| 3|} €S(P)
2| 5] |3 3] 11
(1] [3] [6 [ 10
Ax,B={l0],|1],]0}x.{|2],]|3 |}
12] |5] |3 13] |1
(1] [6 1 1 10] [3 1
=40 % | 2,0 xa|2],|0 xa| 3 [,]1]|xa|2],
13] |3 3 1] |5 3
3] 10] [3] 1] [6 10
1| x4 31, Xa| 21, |0 x| 3 |}
5] 1 5] 31 |3 1

17 [6] [3] [10] [6] [0
=qofl,lo],[2[,|0],][3].|0[}esS®).
6| |9f [3] 2] |5] |3

This is the way product operation is performed on S(P).
Clearly S(P) has MOD subset matrix zero divisors, idempotents
and nilpotents given by
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0| {0
A={|9],|4]||0]|} €S(P)
41 19]10]
o] [o] [0]
issuchthat Ax, A={| 01, |9, |4]}.
0] [4] |9]

Thus A is a MOD subset idempotent matrix of S(P).
0] [4][8
LetB={|4],|8| |8]|}and
81 10|18

6] [37 0
A={|3],10]|6]|} esP).
6| |6] |6

0
Clearly A x, B={|0|}.
0

Thus A, B is a MOD zero divisor subset pair of S(P).

6] [0] [0] [0
LetB={[6],|6||0]|0]|} eSEP).
6| |of|6] |0

0

Wesee Bx,B={|0]}.
0
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Thus B is a MOD subset nilpotent matrix of order two in
S(P).

Let S(M) = {collection of all subsets of matrices from

a,

M={|a,||ae {02468, 10}, 1<i<3},x,}

a,

be the MOD subset matrix subsemigroup of S(P) which is also a
MOD subset matrix ideal of S(P).

Let S(W) = {collection of all subsets from

W = 0 a;, dy € ZIZa Xn}: Xn} c S(P)

a,

be a MOD subset matrix ideal of S(P).

Thus S(P) in this situation has MOD subset subsemigroups,
ideals, idempotents zero divisors and nilpotents.

Example 4.60: Let S(W) = {collection of all subsets from

a, a, a
W _ 1 2 3
a, a, a,
be the MOD subset finite complex matrix semigroup under the
natural product.

a; € C(Zs); Xy 1 <1<6}, x4}

S(W) has M™MOD finite complex number subset
subsemigroups as well as ideals.

However finding nontrivial zero divisors is a challenging one.
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) 0 0 O
For we say if A = { ) and
a, a; 0

B={(b1 b, OJ}GS(W)then
0 0 b,

00 0
Aan={(0 0 OJ};

such type of MOD matrix zero divisors will only be termed as
trivial MOD subset matrix zero divisors.

S(W) has no nontrivial MOD subset finite complex number
idempotents or nilpotents or zero divisors.

S(M) = {collection of all subset matrices from

M _ al aZ a3

a, a, a,

is only a MOD subset finite complex number matrix
subsemigroup which is not an ideal of S(W).

a € ”Zs, 1 <i1<6, x,}, x,} < S(W)

Consider S(N) = {collection of all subset finite complex
number matrices from

a, 0 0
N= {[ j /a1, 8y € C(Zs), xa}, Xn} } = S(W)
a, 0 0

is a MOD finite complex number subset matrix subsemigroup
which is also an ideal of S(W).

Example 4.61: Let S(Y) = {collection of all MOD subsets dual
number matrices from
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/aie<26Ug>;ISiS6,Xn},Xn}

be the MOD subset dual number matrix semigroup under the
natural product X,

0 3g 0 g 0 0 0 0
4g 0 2g 0 O g 2g
o |’

2¢ g 0 4g 3g 4g 4g 0

LetA={|°
S5g

g S5g| |0 g 0 g
2¢ 2 0 0
B=(| 8 El |7 88T csyy
4g 3g| |0 g g 2g
5¢ ¢ 0 3g 0 5g

clearly A x, B={

o O O O
o O O O
——

oo
=
o

Ax, A={ }and B x, B={

o O O O

o O O O

o O O O

o O O O
——
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Thus S(Y) has MOD subset dual number matrix zero divisors
and nilpotents.

Ve S(Y)

A~ O »~ O
S O O O
S O o O
S O b~ W
S O O W

1s such that M x, M = M so M is a MOD subset dual number
matrix idempotent of S(Y).

This S(Y) has MOD subset dual number matrix ideals as well
as subsemigroups which are not ideals.

This task is left as an exercise to the reader as it is
considered as a matter of routine.

Here we proceed onto give examples of MOD subset matrix
sets and their properties under natural product x,.

Example 4.62: Let S(P) = {collection of all subsets from the set
of MOD special quasi dual number 6 x 1 matrices

1

2

w

aie<leuk) 13i£6,xn}}

N

a
a
a
a
a

5

ag

be the MOD subset matrices set.
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o ][ 8 ][ 11 ]
0 9+k 0
Let A={ 0 , 0 , 0 },
1+k 0 1
0 0 0
L O | [ 0 ] [6+k]|
[9k +3 ]
0
6+k
B= ,
{ 0 }
0
| 6k +2 |
1 ][ 1ok | [ 4 ]
1 10 3+2k
1 1 4
and C = { , 0 , )
1+3k 6 3
1 6+ 5k 2+k
| 5+k| | 6 | [ O |

clearly it is left as an exercise to verify that

(A x, B) x, C=A x,(B x, C).

. | 261
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Clearly { +={(0)}

S O O O O O

acts as {(0)} x, A=A x, {(0)} = {(0)} for all A € S(P).

Further

{(D)} = € S(P) is such that

— e e e

Ax{(D={D} xA=A
for all A € S(P).

It is easily verified S(P) has MOD subset special quasi dual
number matrix zero divisors, nilpotents and idempotents.

Further S(P) has MOD subset special quasi dual number
matrix subsemigroups which are not ideals as well as

subsemigroups which are ideals.

Example 4.63: Let

a e(Zul; 1154, x (or x,)};
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S(B) = {collection of all subsets from B, x or (x,)} be the MOD
subset neutrosophic matrix semigroup under x (or x,) {S(B), x}
be a non commutative MOD subset neutrosophic matrix
semigroup; whereas {S(B), x,} is a MOD subset neutrosophic
commutative matrix semigroup.

S(T) = {collection of all subset matrices from

a, a,

is a MOD subset neutrosophic matrix ideal of S(B).

a; € Zl, 1 <1<4} %, (or x)} < S(B)

S(V) = {collection of all subset matrices from

a, a,
is a MOD subset matrix neutrosophic subsemigroup of S(B)
which is not an ideal of S(B).

a; € Zi;; 1 <i<4}, x (or x,)} < S(B)

Now having seen MOD subset matrix semigroups under
product we give a few related results.

THEOREM 4.23: Let S(M) = {collection of all subsets from M =
{m x t matrices with entries from Z, (or C(Z,) or (Z, V1) or (Z,
Uh)or (Z, Ug)or (Z, Uk); x, (m #1)}, x,} be the MOD subset
matrix semigroup.

i) o(S(M)) <

ii) S(M) is a MOD subset matrix commutative monoid.

iii) S(M) has MOD subset subsemigroups which are not
ideals.

iv) S(M) has MOD subset subsemigroups which are
ideals.

v) S(M) has MOD zero divisors, nilpotents and
idempotents for appropriate n.
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Proof is direct and left as an exercise to the reader.

All properties (i) to (v) hold good if Z, is replaced by C(Z,)
or (Z, W l)or{(Z,Uh)or(Z,Uk)or(Z,u g).

Corollary 4.2: If in the above theorem m = t then all results of
theorem hold good under the usual product x,,

Corollary 4.3: If in the above theorem m = t and the natural
product x, is replaced by x the usual product the MOD subset
semigroup has right ideals which are not left ideals,
subsemigroups which are not ideals, right zero divisors which
are not left zero divisors.

The proof of the above two corollaries is left as an exercise
to the reader.

Next we proceed onto describe by examples MOD subset
polynomial semigroups.

Example 4.64: Let S(M[x]) = {collection of all subset from the

MOD semigroups of polynomials

a; € Zyo, X}, X}

M[x] = {iaixi

be the MOD subset polynomial semigroup.

Clearly o(S(M[x])) = .

Let A= {x’+1,3x+4,5}and B= {2x + 5,2, 4x* + 8x* +
2} e S(M[x]).

AxB={x+1,3x+4,5 x {2x+5,2, 4x* + 8>+ 2} =
(5,0,2x + 5+ 2x*+5x%, 2x° + 2, 4x* + 8 + 2 + 4x” + 8x” +
2x%, 6x + 8, 8 + 2x% + 6x* + 6x + 2x° + 6x°} € S(M[x]).

This is the way product operation is performed on S(M[x]).
Let {(0)} = {(0 + Ox + 0x*> + ... + 0x")} be the MOD subset
polynomial.
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Clearly {(0)} x p(x) = {(0)} for all {p(x)} e SMIx]);
P[x] = {collection of some polynomials from M[x]}.

Likewise if {(1)} = {(1 + Ox + ... + 0x")} € S(M[x]); then
P[x] x {(1)} = P[x].

Let T[x] = {5x + 5, 5x°, 0, 5x’ + 5x'%, 5} and S[x] = {2x +
4, 4x* + 8x + 2, 8x°+ 4x + 2} € S(M[x]); T[x] x S[x] = {(0)}.

However S(M[x]) has no MOD subset polynomial
idempotents whatever be n.

Consider (P[x]) = {Zajxi ai € {0, 2, 4, 6, 8}, x}, let

i=0

S(P[x]) = {collection of all MOD subset polynomials from P[x],
x} < S(M[x]) is a MOD subset polynomial subsemigroup which
is also a MOD subset polynomial ideal of S(M[x]).

The task of finding MOD subset polynomial structures is left
as an exercise to the reader.

Example 4.65: Let S(W[x]) = {collection of all MOD subset

polynomials from the set

a € ((Zin v @), x}

W[x] = {iaixi

be the MOD dual number subset polynomial semigroup.

Let p(x) = {3gx* + 4gx’ + 5g, 15g + 8g x*, 10g + 2gx} and
q(x) = {l14g x* + 10gx> + 11g + 7g, 2gx* + 15gx* +,10g, 0, 12g
x'®, 10gx'’ + 12g} € S(W[x]).

Clearly p(x) x q(x) = {(0)}, p(x) x q(x) = {(0)} and q(x) x
qx) = {(0)}, thus S(W[x]) has MOD subset dual number
polynomials which are MOD subset dual number zero divisor
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polynomial pairs and MOD subset dual number nilpotent
polynomials of order two.

Infact S(W[x]) has MOD subset dual number polynomial
subsemigroups which are not ideals as well as subsemigroups
which are ideals.

This task is left as an exercise to the reader.

Example 4.66: Let
V[x] = {Z:aixi
i=0

be the MOD finite complex number coefficient polynomial
semigroup under x.

a; € C(Z]z), X}

S(V[x]) = {collection of all subset polynomials from V[x],
x} be the MOD complex coefficient polynomial subsets
semigroup.

It is left as an exercise for the reader to verify that S(V[x])
has MOD subset zero divisors and MOD subset nilpotents.

Infact S(V[x]) has MOD subset subsemigroups as well as
ideals. Both ideals and subsemigroups of S(V[x]) are of infinite
order.

Example 4.67: Let S(M[x]) = {collection of all subsets from the

MOD neutrosophic coefficient polynomials from

a; € <Zlg U I>, X}, X}

M[x] = {iaixi

be the MOD subset neutrosophic coefficient polynomials
semigroup under product operation x.

Reader is left with the task of finding MOD subset
neutrosophic coefficient ideals and subsemigroups.
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Finding zero divisors, and nilpotents happens to be a
difficult job has no nontrivial idempotent.

The reader is left with the task of studying MOD semigroups
by replacing (Z;y U I) in example 4.68 by (Z, U h) and later by
(Z, v k) and obtain similar results.

As this study is a matter of routine the reader is left at this
task. However we give the following theorem.

THEOREM 4.24: Let S(P[x]) = {collection of all subsets from

the MOD polynomials

a; € Z, x} (or

P/x] = {iaixi

a; € C(Z,), x}or

Plx] = {iaixi

i=0

a; € (Z, Ug), x}tor

Plx] = {iaixi

i=0

a; € (Z, V1), x} or

P/x] = {iaixi

a; € (Z, Uh), x}t or

P/x] = {iaixi

i=0

a; € (Z, Uk), x}) and so on.

P/x] = {Zaixi
i=0
i) S(P[x]) has zero divisors and nilpotents for
appropriate n.
ii) S([x]) has MOD subset polynomial subsemigroups
and ideals for all n in case of (Z, U h) and (Z, U k).
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iii) S(P[x]) has MOD subset polynomial subsemigroups
and ideals for appropriate n when C(Z,) or Z, is
used.

Proof is direct and hence left as an exercise to the reader.

We now briefly illustrate S(P[x],,) by some examples.

Example 4.68: Let S(P[x]y) = {collection of all subsets from

a, e{ZpUl, x!0= 1, x}, x}

P[x]o = {Zglaixi

be the MOD neutrosophic polynomial subset semigroup under
product x.

S(P[x]y) is of finite order.

Let A = {10Ix’+ 3x + 41, (21+4) x> + 2I} and
B = {5Ix’ + 7} e S[p[x]y).

We can calculate A x B as a matter of routine.

Infact S(P[x]y) has MOD zero divisors and nilpotents of
course only trivial idempotents.

Example 4.69: Let S(M[x];) = {collection of all subsets from

x'=1,a € C(Z7) x}, x}

M[x]; = {iaixi

be the MOD finite complex number coefficient subset
polynomial semigroup.

The reader is expected to find substructures and special
elements like nilpotents and idempotents if it exists.
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In view of all these we can have the following result.

THEOREM 4.25: Let S(M[x],) = {collection of all subsets from
MOD polynomial semigroup

+1
a; EZn, xm = 1, X},
i=0

M[x], = {iaixi

(or M[x],, = {Zaix" a; € C(Z,), = 1, x} or

i=0

M[x],, = ax'

X' \a; € (Z, 0L, X" =1, x}, or
i=0

ax' |a; € (Z, Uh) X" =1, x}, or

Mx],, = { ax' | a e, ug) X" =1 x}or

M[x]n = { ax' | a; € (Z, Uk) X" =1x } x}

be the MOD subset polynomial semigroup (or MOD) subset finite
complex number polynomial semigroup or MOD subset
neutrosophic polynomial semigroup or MOD subset dual number
polynomial semigroup or MOD subset special dual like number
subset polynomial semigroup and MOD subset special quasi dual
number polynomial semigroup respectively.

i) S(M[x],) has MOD subset polynomial subsemirings
and ideals for C(Z,), (Z, V1), (Z, U g), (Z, U h)and
(Z, Uk).

ii) o(S(M[x])) < oofor all sets, Z,, C(Z,) and so on.

iii) Clearly S(M[x] ) has zero divisors and nilpotents.
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iv) The MOD dual number polynomial subset S(M[x],)
using (Z, U g) behaves distinctly different from
other MOD semigroups.

Proof is direct and hence left as an exercise to the reader.

Next we proceed onto describe MOD matrix subset
collection under + operation by examples.

Example 4.70: Let P(M) = {collection of all subsets from the
MOD matrix semigroup

a,
a, ]
M= aj € Zg; 1 <i<4,+}, +}
a
3

a,

be the MOD matrix subset semigroup under addition.

ol [2] [1
o 1] |0
Let A ={ , , } and
207101712
31 10] |0
31 [1
0| |1
B={| [,| |} ePM).
1171
ol |1
ol [2] [1 31 [1
A+B_{0 1 0}+{0 1}
207101712 11711
31 (0] |0 ol |1
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0 31 [o] [1] [2 31 2 1] [1
0 o (0| [1] |1 o |1 1| |0
={ + , + o, + , + , +
2 17|21 |117]0 11710 1712
3 ol [3] |1] |0 ol |0 1] |0
3 1 1 5] [3 1] [3] [4] [2
o |0 1 1y {o| (1] 2] (0] |1
9 + } = { 9 9 9 9 9 }
11712 1 L300 (3011171313
ol |0 1 0| |3] [4] [1] [0] [1
e S(M).

This is the way + operation is performed on S(M).

S(M) is a MOD subset matrix commutative monoid of finite
order as

0
(=] |1 e so
0

is such that A + {(0)} = A for all A € S(M).
Clearly S(M) has MOD subsemigroup.

Example 4.71: Let

a, a, a

M 1 2 3
) ( J

a, a; ag

be the MOD special quasi dual number matrix semigroup.

ai€<ZI3Uk>,ISiS6,+}
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S(M) = {collection of all subsets matrices from M under +}
be the MOD special quasi dual number subset matrix semigroup
under +.

00 2)(111) (0o 0 2
Let A= , , and
05 0)\111)0 0 5
1 2 3Y(0 0 0) (3 1 2
B= , , e S(M).
00 o0/){000)\5 7 8
00 2) (11 k 0 0 2k
A+B+ , , +
05 0)\1 1 1+2k)°l0 0 5
1 23Y(0 00 301 2
00 0/{0 0 0)\k+5 7 8
B 1 2 5) (2 3 3k 1 2 3+2k
05 0)\1 1 1+2k)7l0 0 5 )
0 0 2)(0 0 2k)(1 1 k
05 0)0 0 5)\1 1 1+2k)
3 1 4 4 2 2+k
k+5 12 8) \k+6 8 9+2k)

3 1 2+2k
e S(M).
k+5 7 8

This is the way + operation is performed on S(M).

The reader is left with the task of finding MOD special dual
like number subset matrix subsemigroup.
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Next we describe + operation on S(P[x]), the MOD
polynomial subsets by some examples.

Example 4.72: Let

a; € <Zg ) g), -‘r}

P[x] = {iaixi

be the MOD dual number coefficient polynomial semigroup
under +.

Let S(P[x]) = {collection of all subsets from P[x], +} be the
MOD dual number coefficient polynomial subset semigroup
under +.

Let A= {3 +g)x*+ (4 +8g), 5gx’ + 8} and

B={(4 +3g) X+ 7x+ (8 +2g)} e S(P[x]).

A+B={B3+g)x" +(4+8g), 5gx +8} + {(4+3g) x" +
Tx +8+2g =3 +g) x"+ (4 +3g)x’ + 7x + (3 +g), Sgx’ + (4
+3g)x” + 7x + 7+ 2g} € S(P[x]).

This is the way + operation is performed on S(P[x]). The
reader is left with the task of proving (S(P[x]), +) is a MOD dual

number coefficient polynomial monoid under + of infinite
order.

Clearly {(0)} = {0 + 0.x + 0.x> + ... + 0.x"} € S(P[x]) is
such that for every A € S(P[x]); A+ {(0)} = A.

Hence S(P[x]) is an infinite order monoid.

The reader is left with the task of finding subsemigroups
and submonoids of S(P[x]).

We give yet another example.
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Example 4.73: Let S(P[x]) = {collection of all MOD finite
complex number coefficient polynomial subsets with entries
from

a; € C(Zys); +}, +}

P[x] = {iaixi

be the MOD finite complex number coefficient polynomials
subsets semigroup under + operation. P[x] has subsemigroups
of both finite and infinite order.

The reader is left with the task of finding such
subsemigroups.

Example 4.74: Let S(M[x]) = {collection of all subsets from the

MOD neutrosophic coefficient polynomial semigroup

a; € <Z]1 \ I>, X}’ X}

M[x] = {iaixi

be the MOD neutrosophic coefficient polynomial subset
semigroup under +.

o(SM[x]) = o« and S(M[x]) is and S(M[x]) is an infinite
monoid.

Let S(P[x]) = {collection of all MOD neutrosophic
polynomial coefficient from the semigroup;

a; € Zil, +}, x} < S(M[x]) be the MOD

P[x] = {iaixi

neutrosophic polynomial coefficient subset semigroup.

ae<Zjul> +}and

10
LetM = {Z:aixi
i=0




Semigroups built on MOD Subset Matrices ... | 275

S(M) = {collection of all subsets from M, +} is a MOD
neutrosophic polynomial coefficient subset subsemigroup of
finite order.

Thus S(M[x]) can have several MOD neutrosophic
coefficient polynomial subset subsemigroup of finite order
under +.

Let S(W) = {collection of all MOD neutrosophic polynomial
coefficient subsets from

a; € <le U I>, "r}’ -‘r}

W= {iaixi
i=0

be the MOD neutrosophic polynomial coefficient subset
subsemigroup of finite.

The reader is left with the task of finding o(S(M)) and
o(S(W)).

Example 4.75: Let S(M[x]y) = {collection of all MOD dual
number coefficient polynomial subsets from

ae(Zpueg, x!0= L, +}, +}

M[x]o = {Zglaixi

be the MOD dual number coefficient polynomial subset
semigroup under +. o(S(M][x]o) is finite and has finite order
MOD dual number coefficient polynomial subsemigroups.

Example 4.76: Let S(V[x]12) = {collection of all subsets from

a; € <Zl() ) I>, X13 = 1’ +}: +}

12 )
V[x]= {Z:aixl
i=0

be the MOD neutrosophic coefficient polynomial subset
semigroup of finite order.
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This has subsemigroups all of which are finite order.

S(P[x]12) = {collection of all subsets from

a € Zpl x°® =1, +},+} is a MOD

P[x]n = {iaixi

i=0

neutrosophic coefficient polynomial subset subsemigroup of
finite order.

Let A= {5Ix’ + 6Ix + 8I, 10I + 9Ix°} and
B = {51 + 6Ix’, 10Ix" + 31} e S(P[x]).

A+ B = {5Ix’ + 6Ix + 8L, 101 + 91 + x®} + {51 + 6Ix’, 10Ix,
31} = {5Ix°, 6Ix + 81 + 51 + 6Ix°, 101 + 9Ix° + 51 + 6Ix’ , 5Ix’ +
6Ix + 8I + 101 + 91 x°, 10I + 9Ix° + 10Ix} = {11Ix’ + 6Ix + I,
9Ix® + 6Ix” + 3L, 9Ix° + 5Ix’ + 6Ix + 6I, 9Ix® + 10Ix’ + I} €
S(P[x]12).

This is the way the ‘+’ operation is performed on S(P[x];>).
Interested reader can analyse the related properties of S(P[x];2).

Example 4.77: Let S(W[x];s) = {collection of all MOD
polynomials subsets from the MOD polynomial semigroup.

a; € 7y, x!? = 1, +}, +}

18 _
W[x]is = {Z:aixl
i=0

be the MOD polynomial subset semigroup under +.

Let A= {x", 16x’ + 11, 10, 3x° + 2} and
B={3x"+1,10x*+ 1,0, 8} € S(W[x]s).

A+B={x" 6x+11,10,3x°+2} + 3x’+ 1, 10x* + 1, 0,
8}
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= (x4 3x + 1,3x + 6x° + 12, 3x" + 11, 3x” + 3x’ + 3,
10x* + 1 +x'% 6x + 12 + 10x*, 10x* + 11, 3x° + 10x* + 3, x",
6x’ + 11, 10, 3x° + 2, x'* + 88, 6x° + 2, 1, 3x* + 10} €
S(W[x]1s).

The reader is left with the task of finding MOD polynomial
subset subsemigroups. Thus we see one can have two operations

MOD polynomial subsets. Under both of them they behave
differently.

Further we can have likewise two types of operations on
MOD subset matrices they are also different and distinct.

It is left as an exercise to work with these structures.

Infact we suggest a set of problems some of which are
challenging some of them easy just routine exercises.

Problems:

1. LetM = {(aj, a, a3, a4, a5) / a; € S(Zy), 1 <1< 5, +} be the
MOD subset matrix semigroup under +.

i) Find order of M.
il) How many MOD subset subsemigroups of M are

there?
i) s M a Smarandache MOD subset matrix
semigroup?
2. Let
al aZ
a; a4, .
S={ /aieS(Z43),13138,+}

aS aG
a a

be the MOD subset matrix semigroup under +.
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i) Study questions (i) to (iii) of problem (1) for this S.
ii)) Compare S with M is problems (1).

3. Let
a, a, a, a, a,
A={la, a, a; a, a,|a € S(Zw) l<1<15,+}
a,, a, a; a, a

11 12
be the MOD subset matrix semigroup.
i) Study questions (i) to (iii) of problem (1) for this A.
ii)) Compare A with S and M of problems (2) and (1)
respectively.
4. Obtain any other special and interesting features associated
with M = {(ajj)sx¢/ ajj € S(Zn); 1 <i<sand 1 <j<t, +}.

5. Let

a, a4

o

2 7

S

5 | /3 € S(C(Zy)); 1 <115, +}

w
0

4

©
S

a
B={|a
a
a

a
a
a
a

O o o o

5 10 15

be the MOD subset finite complex number matrix
semigroup.

Study questions (i) to (iii) of problem (1) for this B.

6. Let
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al aZ a3
T=1{la, a; a,|/aieS(Zsy);1<1<9,+}
a, a, a

9
be the MOD finite complex number matrix semigroup.
Study questions (i) to (iii) of problem (1) for this T.

Let

a5

W=<la, a, a; a, a,||aeS(Z,ul)1<i<l15,

4 ap a3 a4y A

+} be the MOD neutrosophic subset matrix semigroup.

i) Study questions (i) to (iii) of problem (1) for this W.
ii)) Compare W with T of problem 6.

Let
i 4, a, & ]
a4 aS a6
V= {la, a, a,|/aeS{(Znug;l<i<l5, +}
alO all a12
_a13 a'14 alS_

be the MOD subset dual number matrix semigroup.

i) Study questions (i) to (iii) of problem (1) for this V.
ii)) Compare V with W in problem 7.

Obtain all special and striking features enjoyed by MOD
subset dual number matrix semigroups.



280 | MoD Natural Neutrosophic Subset Semigroups

10.

11.

12.

13.

Let

10

a
S = {{al 2 & W } /i € S(ZiU h);
a, a,
1<i<10,+}
be the MOD special dual like number matrix semigroup.

Study questions (i) to (iii) of problem (1) for this S.

Let
a, a, a, a,
as; a, a, ag .
D={ /a; e S(Zisuk); 1<i1<16, +}
a9 alO a11 alZ
a, a, a, a

13 14 15 16

be the MOD special quasi dual number matrix semigroup.
Study questions (i) to (iii) problem (1) for this D.

Enumerate all special and distinct features associates with
MOD subset special quasi dual number matrix semigroup.

Let M = {(ay, a, a3, a4, as) / a; € S(Zg); 1 <1< 6, x} be the
MOD subset matrix semigroup.

i) Find o(M).

il) Find all MOD subset matrix subsemigroups which are
not ideals.

iii) Find all MOD subset matrix subsemigroups which are
ideals.

iv) Find all MOD subset zero divisors and S-zero divisors if
any.

v) Find all MOD subset nilpotent and idempotents of M.

vi) Obtain any other special feature enjoyed by M and
compare some M under +.
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14. Let
a, a, a, a, a,
S={la, a, a, a, a,|/aeS(C(Zpy)l<i<ls,
all alZ al3 a14 alS

Xn}

be the MOD subset finite complex number semigroup under
X.

Study questions (i) to (v) of problem (13) for this S.

15. Let

&)

3

N

[}
=N

/a; € S(Zipw ;1 <112, x,}

o o o o

N
oo

[a
a
a
a
a‘)
a

[ =]
IS

L™l 12 |
be the MOD subset neutrosophic semigroup under x.

Study questions (i) to (v) of problem (13) for this P.

16. Let

/a; € S(Zpu g); 1 <116, x,}
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17.

18.

19.

be the MOD subset dual number matrix semigroup under
product.

Study questions (i) to (v) of problem (13) for this V.
Obtain all special features enjoyed by MOD subset dual

number matrix semigroups and compare it with MOD subset
neutrosophic matrix semigroups both under x.

Let
a, a, a; a, a;

N={la, a, a; a, a,|/aeS(ZisVk);
all alZ al3 a14 alS

1 <i<15, %x,}
be the MOD subset special quasi dual number semigroup.

Study questions (i) to (v) of problem (13) for this N.

Let

a a

1 7

x={la, a; ay|/aieS(Zoul);1<1<9,x,}

a a a

3 6 9

be the MOD subset neutrosophic semigroup under natural
product x,.

1) Study questions (i) to (v) of problem (13) for this x,,.

ii) Replace the operation x, by x and study and distinguish
all the properties under x, and under x.
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20. Let

ai € S(Zn); +}

S[x] = {iaixi

be the MOD subset polynomial coefficient semigroup under
+.

i) Find all MOD subset subsemigroups of S[x]

il) Show S[x] can have finite order subset subsemigroups
of S[x].

iii) Obtain any other special feature associated by S[x].

21. Let

a; € S(C(Z17)), +}

P[x] = {iaixi

be the MOD subset finite complex number polynomial
coefficient semigroup.

Study questions (i) to (iii) of problem (20) for this P[x].

22. Let D[x] = {Z:aixi a; €S((Zg v ), +} be the MOD
i=0

neutrosophic subset coefficient polynomial semigroup.

Study questions (i) to (iii) of problem (20) for this D[x].

23. Let W[x] = {Z:aixi a; € S((Zy v g)), +} be the MOD dual
i=0

number subset coefficient polynomial semigroup.

Study questions (i) to (iii) of problem (20) for this W[x].
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24. Let

25.

26.

27.

a; € S(Zis U h)), +}

B[x] = {iaixi

be the MOD special dual like number subset coefficient
polynomial semigroup.

Study questions (i) to (iii) of problem (20) for this B[x].
Let

a; € S(Zis v k), +}

L[x]= {iaixi

be the MOD special quasi dual number subset coefficient
semigroup.

Study questions (i) to (iii) of problem (20) for this L[x].

Obtain all special and distinct features enjoyed by the 6
different MOD subset coefficient polynomials semigroup
under +.

Compare and construct them with each other by
enumerating all special features.

Let

a; € S(Zg); +, x'0 = 1}

T[x]o = {Zglaixi

be the MOD subset coefficient polynomial subsemigroups of
finite order under +,

i) Find o(T[x]o).

ii) Find all MOD subset coefficient polynomial
subsemigroups.

iii) Can we say using S (Zag) will yield more MOD subset
coefficient polynomial subsemigroups than by using



28.

29.

30.
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S(Z47)?
Let

20 )
M[x]z0= {Z:aixl
i=0

a; € S(C(Zw)), x> = 1,+}

be the MOD subset finite complex number coefficient

polynomial semigroup under +.

i)  Study questions (i) to (ii) of problem (27) for this
M[X]z().

il) Enumerate all special features associated with M[x],o
and compare it with T[x]y in problem (27)

Let

5 .
Wixls={Y ax'/aie (ZoyUD),x"=1,+}

i=0

be the MOD subset finite neutrosophic coefficient
polynomial semigroup.

i) Study questions (i) to (ii)) of problem (27) for this
WIx]s.

il) Compare W[x]s with M[x],y and T[x]o of problem 28
and 27 respectively.

Let
Vixls={D ax'/a; € S(ZnpUk),x’ =1, +}
i=0

be the MOD subset special quasi dual number coefficient
polynomial semigroup under +.

Study questions (i) to (ii) of problem (27) for this V[x]s.
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31.

32.

33.

34.

What are the special features associated with MOD subset
special quasi dual number subset coefficient polynomial
semigroups under +.

Let
18 .
Fx]s = {Z ax'/a; € S(ZiyU ), x” =1, +}

i=0

be the MOD subset special dual number coefficient
polynomial semigroup under +.

Study questions (i) to (ii) of problem (27) for this F[x];s.

Let
8 .
Pxls=1{D, ax'/aje S(ZyUh);x’ =1,+}

i=0

be the MOD subset special dual like number coefficient
polynomial semigroup under +.

i) Study questions (i) to (ii) of problem (27) for this P[x]s.

il) Study all special and distinct features associated with
MOD subset special dual like number coefficient
polynomial semigroups.

Let
S[x] = {Z ax'/a; e S(Zy) x}
i=0

be the MOD subset coefficient polynomial semigroup under
X.

i) Find all MOD subset coefficient polynomial
subsemigroup of under x.

il) Find all MOD subset coefficient polynomial ideals of
S[x] under x.

iii) Find all MOD zero divisors of S[x].

iv) Find all MOD nilpotents of S[x].



35.

36.

37.

38.
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v) Prove S[x] cannot have MOD idempotents.
vi) Can S[x] of finite order MOD subsemigroup?

Let P[x] = {Z ax' / a; € S((Zis U g) x} be the MOD dual
i=0
number subset coefficient polynomial semigroup under x.

Study questions (i) to (vi) of problem (34) for this P[x].
Let

a; € S<C(Zlg)>, X}

T[x] = {iaixi

be the MOD subset finite complex number coefficient
polynomial semigroup under x.

i) Study questions (i) to (vi) of problem (34) for this T[x].
ii) Find all special feature enjoyed by MOD subset finite
complex number coefficient polynomial under x.

Let

0

W[x] = {Z:aixi

i=0

a; € s<(Zgz ) k>, X}

be the MOD special quasi dual number subset coefficient
polynomial semigroup.

i)  Study questions (i) to (vi) of problem (33) for this M[x]
i1) Find all special features enjoyed by the MOD subset
special dual like number coefficient polynomial
semigroup.
9 .
Let P[x] = {Z ax' / a; € S(Zy); x'0=1, x} be the MOD
i=0

subset polynomial semigroup under x.

i) Find o(P[x])
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39.

40.

41.

ii) Find all MOD subset polynomial subsemigroups which
are not ideals.

iii) Find all MOD subset polynomial subsemigroups
which are ideals.

iv) Find all MOD zero divisors and MOD nilpotents of
P[x].

v) Give all special features associated P[x].

6 .

Let M[x] = {Z ax' /a; € S{(Zn U g); X =1, x} be the
i=0

MOD subset dual number polynomial semigroup.

i)  Study questions (i) to (v) of problem 38.

il) Distinguish M[x] and P[x] of problem 38.

iil) Prove M[x] enjoys special features entirely different
from other MOD subset coefficient polynomial
semigroup.

Let
VX =Y ax'/ a € S(C(Zi); )

i=0

be the MOD special quasi dual number subset coefficient
polynomial semigroup.

Study questions (i) to (vi) of problem (34) for this V[x].

Let

a; € S(<Zl() |\ k>), X}

G[x] = {Z:aixi
i=0
be the MOD subset special quasi dual like number coefficient

polynomial semigroup.

i)  Study questions (i) to (vi) of problem (34) for this G[x].
il) Compare G[x] with V[x] of problem (40).
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42. Let

12 )
H[x]i; = ={Z ax'/a e S(Zip U h)); x" =1, x}

i=0

be the MOD subset special dual like number coefficient
polynomial semigroup.

1) Study questions (i) to (v) of problem (38) for this H[x];»

43. Let S(M) = {collection of matrix subsets from

a a a a
M:{Ll 2 a4}aiezlg,lsi£8,+},+}

5 aG a7 8
be the MOD matrix subset semigroup under +.

i) Find o(M).

i1) Find all MOD subsemigroups of M.

iii) Can M have MOD idempotents under +.

iv) Enumerate all special features associated with S(M).

44, Let S(T) = {collection of all subsets from

a,

2

T={ a; € C(Zg); 1 <iL5,+}

3

N

(R - R

(o)

be MOD finite complex number subset matrices, semigroup
under +.

Study questions (i) to (iv) of problem (43).
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45.

46.

47.

Let W(S) = {collection of all subsets from the matrix set
with entries from (Z;, U D).

s={{al az} la; e (Ziwu D, 1<i<4,+}, }
a a

3 4

be the MOD neutrosophic matrix subset semigroup under +.
Study questions (i) to (iv) of problem (43) for this W(S).

Let H(M) = {collection of all subset matrix from
2 ]
a, a,
M={la, a,||ae{Znug,1<1<10,+},+}
a, ag
_a‘) alO_

be the MOD dual number subset matrix semigroup under +.

Study questions (i) to (iv) of problem (43).
Let V(N) = {collection of all subset matrices from

a, a, a, a, a. a

1 2 3 4 5 6 .

N={{ }/316248;131312,
a7 aS a‘) a10 a11 alZ

X}, Xn}
be the MOD subset matrix semigroup under €.

i) Find O(V(N))

ii) Find all MOD subset matrix zero divisors and nilpotents
of V(N).

iii) Find all MOD subset matrix subsemigroups which are
not ideals of V(N).

iv) Find all MOD subset matrix subsemigroups which are
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ideals of V(N).

v) Prove / disprove V(N) is a Smarandache MOD matrix
subset semigroup.

vi) Obtain all special features associated with V(N).

48. Let W(M) = {collection of all subset matrix from

&)

w

/a; <Z]3Ug>, 1 3136’ Xn}:xn}

N

IR RN R R
W

=N

be the MOD subset dual number matrix semigroup under x,,
the natural product.

Study questions (i) to (vi) of problem (47) for this W(M).

49. Let G(P) = {collection of matrix subsets from

al aZ a3
P={|a, a, a,|/a €C(Zy);1<1<9,+ (orx,) x (or
a, a; a

7 9

*n)}

be the MOD subset matrix finite complex number semigroup
under x (or x,).

i) Study questions (i) to (vi) of problem (47) for this G(P).

ii) Ifx is used prove G(P) is non commutative.

iii) Find in G(P) a MOD left zero divisor which is not a right
zero divisor and vice versa under the usual product x.

iv) Find all MOD left ideals which are not MOD right ideals
in G(P) under the usual product.
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50.

51.

52.

Let T(H) = {collection of all of matrix subsets from

a a a a a
H:{|:1 2 } N 5}/aie<Zz4ug>,xn,
a

6 a7 aS aQ a10
1 <i<10}, x,}
be the MOD dual number subset matrix semigroup.
i) Study questions (i) to (vi) of problem (47) for this T(H).

ii) Prove T(H) has more number of MOD zero divisors and
nilpotents even if n is a prime.

Let S(W) = {collection of all subsets from the MOD special
quasi dual number matrix semigroup

4, Az Ay

aZ a9 a16

a3 alO a17
W={la, a, ag|/ae(ZoUl), 1 <1521, x,}, x,}

aS a12 a19

aG a13 aZO

_aZI a14 aZl

be the MOD neutrosophic subset matrix semigroup under
natural product x,

i) Study questions (i) to (vi) of problem (47) for this
S(W).
ii) Distinguish T(H) of problem (50) from S(W).

Let S(M) = {collection of all subsets from the MOD matrix
special dual like number semigroup.



53.

54.

Semigroups built on MOD Subset Matrices ... | 293

a, ag ap

7

S

/ai € <Z]3 Uh), 1<i1< 15, Xn}: Xn}

o0

©
=

a
a
a
a

o o o

10 15

be the MOD subset special dual like number semigroup
under X,

Study questions (i) to (vi) of problem (47) for this S(M).

Let S(P[x]) = {collection of all subsets from the set P[x]
where

aPx]={) dx'/di € Zu}, x}
i=0

be the MOD subset polynomial semigroup under product.

i) Prove S(P[x]) is a commutative monoid of infinite
order.

il) Find all MOD ideals of S(P[x]).

iii) Find all MOD subsemigroups of S(P[x]) which are
not ideals.

iv) Find all MOD subset zero divisors and nilpotents of
S(P[x]).

v) Prove S(P[x]) cannot have idempotents.
Let S(W[x]) = {collection of all subsets from the MOD

semigroup.

Wi =Y dx'/ d € (Za). %} %}

i=0

be the MOD subset of finite complex number polynomials
semigroup.
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55.

56.

57.

Study questions (i) to (v) of problem (53) for this W[x].
Let S(Z[x]) = {collection of all subsets from the MOD
special dual like number polynomial semigroup

7[x] ={Z ax' / a; € (ZyU h), x}, x}

i=0

be the MOD special dual like number polynomials subsets
semigroup.

Study questions (i) to (v) of problem (53) for this S(Z[x]).
Let S(B[x]) = {collection of all subsets from the MOD dual
number coefficient polynomial semigroup
B[x]={) ax'/ae(ZynU g);x},x}
i=0
be the MOD subset polynomial dual number semigroup.

i) Study questions (i) to (v) of problem (53) for this
S(B[x]).

il) Prove S(B[x]) has more number of MOD zero divisors
and MOD nilpotents.

Let S(P[x]g) = {collection of all subsets polynomials from
MOD polynomial semigroup.

P[x]s ={Z ax'/a; € Zo, X' =1, x}, x}
i=0

be the MOD subset polynomial semigroup under x.

i) Find o(SP[x]s).

ii) Find all MOD zero divisors and nilpotents.

iii) Find all MOD subset ideals.

iv) Find all MOD subset subsemigroups which are not



58.

59.

60.

61.
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ideals.
v) Prove S(P[x]s) has no idempotents.

Let S(Q[x]s) = {collection of all subset polynomials from

Q[x]s ={26: ax /a; e (Zyy V]I, x' =1, x}, x}

i=0
be the MOD neutrosophic subset polynomials semigroup.
Study questions (i) to (v) of problem (57) for this S(Q[x]).

Let S(T[x]10) = {collection of all subset polynomials from

10 ,
T[X]10: {Z aixl/xll = la a; € <Z]9U g)a X}a X}

i=0
be the MOD dual number subset polynomial semigroup.
i) Study questions (i) to (v) of problem (59) for this T[x].

Let S(V[x];s) = {collection of all polynomial subsets from

18 )
V[x]1s ={Z ax' /x"”=1,a € (Z,Uk), x}, x}

i=0

be the MOD polynomial special quasi dual number subset
semigroup.

i) Study questions (i) to (v) of problem (57) for this
S(V[x]1s).

ii)) Compare S(V[x]is) when (Z;, U k) is replaced by
(Zi W h)yor{Z;, Vg or{Z;l),or C(Z,) and Z,.

Let S(P[x]) = {collection of all MOD subset polynomials
from
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62.

63.

64.

18 '
Plx] ={D ax'/a € Zus+}, +}

i=0
be the MOD subset polynomial semigroup.
i) Prove S(P[x]) has MOD subset semigroups of finite
order.

il) Find all MOD subset subsemigroups of infinite order.
iii) Prove o(S(P[x]) = o.

Let S (G[x]) = {collection of all subset polynomials from
18 )
GIx]1={D. ax'/a; € C(Z1), +}, +}
i=0

be the MOD finite number complex subset polynomial
semigroup under +.

Study questions (i) to (iii) of problem (61) for this S(G[x]).

Let S(V[x]) = {collection of all subset polynomial from

V[x] ={i ax'/ai € (ZipU @)}, +}, +}

i=0

be the MOD finite dual number subset polynomial semigroup
under +.

i) Study questions (i) to (iii) of problem (61) for this
S(VIX]).
il) Compare S(V[x]) with S(G[x]) of problem (62).

Let S(B[x]10) = {collection of all subset polynomials from

10 )
B[x]i0= {Z ax' /x'"' =1, a € Zug, +}, +}

i=0



65.

66.

67.
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be the MOD subset polynomial semigroup under +.
i) Find o(S(B[x]10)).
il) Find all MOD subset polynomial subsemigroups.

iii) Can S(B[x]i¢) have nontrivial idempotents?

Let S(V[x]s) = {collection of all polynomial subset from

6 .
Vixls={Y, ax'/x"=1,a € C(Zy), +}, +}

i=0

be the MOD finite complex number polynomial subset
semigroup under +.

Study questions (i) to (iii) of problem (64) for this S(V[x]e).

Let S(G[x];2) = {collection of all polynomial subsets from

12 )
G[xi2 ={Z ax /x®=1a € (ZinuUg),+,+)

i=0

be the MOD dual number coefficient polynomial subset
semigroup under +.

Study questions (i) to (iii) of problem (64) for this
S(G[x]i2).

Let S(M[x];9) = {collection of all polynomial subsets from
19 )
Mx]w={D, ax'/x*=1,a € (ZiyUk),+}, +}
i=0

be the MOD special quasi dual number polynomial subset
semigroup under +.

Study questions (i) to (iii) of problem (64) for this
S(M[x]1a)-
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68. Differentiate all special features associated with S(M[x];9)
in problem 67 with S(M[x];5) under product operation.

69. Compare S(M[x];9) on problem 67 with S(G[x];) in
problem 66.

70. Enumerate all special features enjoyed by the following
MOD semigroups. S(Q[x].) with entries from Z, or C(Z,) or
(Zy © g), (Zy U h), (Z, U k) and (Z, U I); 2 < m < oo,

Xm+l _ 1

Compare each of them.



Chapter Five

MOD SUBSET NATURAL
NEUTROSOPHIC SEMIGROUPS

In this chapter we just describe MOD natural neutrosophic
number semigroups of different types built using subsets from

Z! or C'(Zy) or {Z, U Iy or (Z, Uhor(Z, U gy or (Z, UK).

We describe by examples and derive several important and
interesting properties associated with them.

For properties of MOD natural neutrosophic numbers please
refer [60].

We first describe the notions by examples.

S(Z!) = {Collection of all subsets from Z! }.
Example 5.1: S(Z.) = {Collection of all subsets from Z|}.
A={I,5+15,5+ 15,3+ 15 + 15} and

B=1{1,2,0, I +5 4+ 15 + 15, I{ + [5+1} are MOD

subset natural neutrosophic numbers in S( Z}).
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Example 5.2: S (C'(Zg)) = {Collection of all subsets from MOD
natural neutrosophic finite complex numbers of C'(Zg)}.

Let A={I;, IJ+Ig+5, g+ 15 +15 + 5ip + 6} and

B={I +0, 17, Ig ., 15, ,2+6ir+ I, } € S(C'(Zy)).

6ip+4

S(Z, v I);) = {Collection of all subsets from the MOD
natural neutrosophic - neutrosophic set (Z, U I)1}.

Example 5.3: S({Z), v I);)) = {Collection of all MOD natural
neutrosophic-neutrosophic subsets from (Z;o U I);}.

LetB={I, I, +3+2L, 3+ I} , + 1}, I, + I}, + 4+5I} and

C={L, Ly, I+ L+ L, +4+ 71} € S(Zig L Iy) are
MOD natural neutrosophic - neutrosophic subsets of
S(<Zl() ) I>[)

Example 5.4: S({Zis  g)1) = {Collection of all MOD natural
neutrosophic dual number subsets from S((Z;s U g)1}.

LetS=1{L,, I,, I5,, [,,, + I§,.st5g+ 9} and
T={{3+4g+ 5,1, L, + L, §+ 15+ E+} e

S(Zis W gh).

Thus S({(Z, v g)1) = {Collection of all subsets from the MOD
natural neutrosophic dual number set (Z, U g);}.

Let S(Z, w h);) = {Collection of all subsets from the MOD
natural neutrosophic special dual like number set with entries
from (Z, U h);}.
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Example 5.5: Let S({(Z;; v h)) be the MOD natural
neutrosophic special dual like number subset.

h
+ I10h

Let A={L,I},, + 1}

6h+2 3h+4 + Ig +3+6h, I} + 13 +
h+ 9} and

10h+2

B={L + 1} + [} +8,4+3h,10, 11+h, I}, + 1, +7, I} }

10h
€ S({Z1; W h);) are MOD natural neutrosophic special dual like
number subset of S((Z1, U h)).

S({Z, v k);) = {Collection of all MOD natural neutrosophic
special quasi dual number subsets of (Z, U k);}.

Example 5.6: Let S((Zis v k);)) = {Collection of all MOD
natural neutrosophic quasi dual number subsets of (Z; U k)1 }.

Let P = {Ii 5 ng 5 Ils;zk , 3 9k +Ii(0k } and

Q= {Ig’ 111(0+8k’ Ils: + 116(+4k+ nguo’ 8 + 9k + Il;’ 10, 7k,
I§.e } € S(Zis U k);) are MOD natural neutrosophic special
quasi dual number subsets of S((Z;s U k)1).

We see on S(Z!) or S(CY(Zy)) or SKZ, U Iyy) or S(Z, U
h);) or S(Z, v g)) and S({(Z, v k);) we can define algebraic
operations + or x and under each of these operations all these
six MOD sets are only MOD semigroups.

We will illustrate this situation by some examples.

Example 5.7: Let H = {S(Z.), +} be the MOD natural
neutrosophic subset semigroup under +.

Let A= {I{ +1{,3+ I} and

B={I, 5 +4, 1) + 1,3} e H.
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A+B (B + 15, 10 +3+ {3, 15, 15 +4, 1L + 15}

(4143, 10, 15 1 1 3415+ 15,
A+ +I, 1+ +15, IS+ 15 + 15 +15,
[+ 15 +3}.

Thus is the way + operation is performed on H.

H is infact a monoid as {0} € H is such that {0} + A=A
for all A € H.

Example 5.8: Let M = {S({(Zi, U g)1), +} be the MOD natural
neutrosophic dual number subset monoid under +.

Let A= {6g+1;,5+3g, I ,} and

S5g+

B={I,2 I ) eM

4g
A+B={6g+I},5+3g, I§g+4} + {Iig,2, I%gm}

= {6g +2 + I§, 7+3g, 2+I,,, 6 + [+ I .. +5+

6g+8 % “6g+8
3g, Ly + 15, L, P 15 +6g,5+3g+ 15, I, +15,} e M.

4g 5 “5g+4

The reader is expected to find MOD natural neutrosophic
dual number subset monoid of finite order.

Example 5.9: Let V = {S((Z;s U I);), +} be the MOD natural
neutrosophic - neutrosophic number subset monoid of finite
order.

Let A= {L,, L, [[+I+8} and

B= {I;I > Iél+4’ Ié’ I; +7+31} e V.

The reader is left with the task of finding A + B.
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Example 5.10: Let G = S(C'(Zo), +} be the MOD natural
neutrosophic finite complex number subset monoid of finite
order.

LetP={I5,Ig, , Ig +4+ir} and
Q=15 > Tisn 3 [ T Ig + 15, +2+41ie} € G,
The reader is expected to find P + Q.

Likewise we can find {S((Z;o U k);), +} and {S((Zy U k))),
+} and this is left as an exercise to the reader as it is considered
as a matter of routine.

THEOREM 5.1: Let {H +} = {S(Z') (or S(C'(Z)) or
S(Z, v g)) or S((Z, W h)) or S(Z, W k)) or S(Z, V1)), +}

be the MOD natural neutrosophic subset (or finite complex
number subset or dual number subset or special dual like
number subset or special quasi dual number subset or
neutrosophic subset) semigroup under +.

(i) o(H) <o
(i) H has MOD natural neutrosophic subsemigroups.

The proof is left as an exercise as it is considered as a
matter of routine.

We now give examples of MOD natural neutrosophic subset
monoid under x by some examples.

Example 5.11: Let {S, x} = {S(Z},), x} be the MOD natural
neutrosophic subset semigroup.

Let A= {1, I +4, I’} and

B={I;+17,6,0,6+ 1]} e {S, x}.
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AxB={I7, Ig+4, 17} x {Ij+1},0,6,6+ I’}
L R (O F O NS (S s
This is the way product operation is performed on B.

Thus B has MOD natural neutrosophic zeros also.

We can on B define another type of operation in which
I x 0= 17 and Ij’x 0 = 0. By the context we can understand
what product is used.

If Ix 0 = I} then we say the product is natural
neutrosophic zero dominated product. That is what we have
used in A x B.

The other product Ii} x 0 = 0, then we say the product is
natural zero dominated product.

Now we find A x B under natural zero dominated product.

AxB = {0, 17, 17, 12 04 104 17 11 1
I

The reader is left with the task of finding both types of
products.

However under both types of product they attain only a
monoid structure and in one the dominated usual zero will
contribute to zero divisors in another type the MOD natural
neutrosophic dominant zero will contribute to more MOD natural
neutrosophic zero divisors.

Further the reader is left with the task of finding MOD
natural neutrosophic subset ideals and subsemigroups which are
not ideals.
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Further subset nilpotents of two types and subset
idempotents.

We will give some more examples.

Example 5.12: Let {V, x} = {S(Z;5s v I)1), x} be the MOD
natural neutrosophic - neutrosophic subset semigroup.

A={6+31+1,,},0,2+ L, } and

31

B=1{0, I;,,, I, +4} e V.
We find the MOD natural neutrosophic - neutrosophic
subsets of V. We find the usual zero dominated product first.

A x B = {0, Iél+3+ 1191’ Ié’ 0, Iél+3+ 1191’ 6+ 1121+ 121 +IIGI

1 1 1 1
+ I3I s 8 + 191 + IZI + I0 } T I
Now we find the MOD natural neutrosophic zero dominated

product thatis Ij x 0= 1.

AxB= {I;I’ Ié’ 1191’ 0,6 +12[+ 1121+ I;I—i_ IIGI’ Iél+3+ll91’
Iém s 8+ I(I) s II91 +1121 } T II

Clearly I and II are distinct thus the product defined two
distinct MOD natural neutrosophic - neutrosophic subset monoid
which is commutative and is of finite order.

There are several MOD natural neutrosophic subset zero
divisors as well as usual zero divisors.

Study in this direction is a matter of routine with only
change which is to be observed is whether usual zero dominant
product is taken or MOD natural neutrosophic dominant zero is
taken.



306 | MoD Natural Neutrosophic Subset Semigroups

Such study is similar to one done in chapter 1.

Example 5.13: Let W = {S((Zy U g)1), x} be the MOD natural
neutrosophic dual number subset semigroup under product.
This has many subset nilpotents and zero divisors.

Py = {S(Zy), x} < W is a subset subsemigroup which is not
an ideal.

P, = {S(Zxg), x} < W is again subset subsemigroup which
is not an ideal.

P3 = {S((Zx v g)1), x} < W is again a subset subsemigroup
which is not an ideal.

Study in this direction is interesting and innovative.
P, is a zero square semigroup.

Example 5.14: Let M = {S({(Z5 U k)1), x} be the MOD natural
neutrosophic subset special quasi dual number semigroup.

Py = {S(Z3), x} is a MOD subset subsemigroup which is not
an ideal.

P, = {S(Z3k), x} is again a MOD subset subsemigroup
which is not a subset ideal.

P; = {S((Z;; U k)), x} is again a MOD subset subsemigroup
which is not a subset ideal. We see finding MOD subset zero
divisors and nilpotents happens to be a problem.

Further finding MOD subset idempotents is also a
challenging one as Z,; is used in this example.

We see P, = {S((L{,I¥) | t is an idempotent or zero divisor
in Z;3), x} is again a MOD natural neutrosophic subset
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subsemigroups which is also an ideal in the MOD natural
neutrosophic zero dominated product.

In view of all these we have the following theorem.

THEOREM 5.2: Let P, = {S(Z!), x} (or P, = {S(C'(Z,), x} or

{Ps = S((Z, 1)), x} or {Py=S((Zy U g)), x} or {Ps = S({(Z, U
h)r), x} or {Ps=S((Z, Uk)), x}) be MOD natural neutrosophic
subset semigroup under MOD natural zero dominated product.

Then the following are true.

(i) o(S(Z!)) (and all other such subset MOD natural

neutrosophic semigroups under x) is of finite order.

(i) {S(Z!), x} has MOD natural neutrosophic subset zero
divisors and subset nilpotent if n is an appropriate number.

(iii) Whatever be n, prime or otherwise P;, P, ..., Ps has
MOD natural neutrosophic subset subsemigroups which are not
ideals.

(iv) T = S({(1,,1.,) | m is a zero divisor or idempotent or
nilpotent in Z, (or C(Z,) or (Z, V1) or (Z, Ug)or (Z, Uh)or
(Z, Vk)} cP,i=1 2 .. 6 are MOD subset ideals of P,
i=12 ..06.

(v) Ps, P, Ps and Pgs has ideals of the form {S((Z,] uI[I P
{S((Z,g UIf )}, {S((Z,h uI[h M 1S((Z.k uI[k )} in P;, P, Ps and
P respectively.

Proof is direct and hence left as an exercise to the reader.
In case of product in theorem 5 is replaced by n MOD natural

neutrosophic usual zero dominated product then with
appropriate changes;
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this theorem can be proved.

Next we briefly describe MOD natural neutrosophic matrix
subset semigroups under + and two types of products by
examples.

Example 5.15: LetP = {(a;, a3, a3) | a; € S(Z}), | <i< 3, +}

be the MOD natural neutrosophic subset matrix semigroup under
+.

Let A=({0,3+I5, I3}, {1,4, I3}, {I; +13}) and

B=({2,1, L+15}, {I0,15}, {15,15,0}) € P.

We find A+ B= ({0,3 +I5, 13}, {1,4, IS}, {I{+15}) +
({2, 1, G+I53, {15,153, {15,13,0})

= ({0, 3+, ISy + {2, 1, I0+15}, {1, 4, I$} + {1,153,
{I5+15} + {15,15, 0})

=({2,5+ 0,2+, L4+ 5,1+ 15, I+ 15, IS + 1§ +
3, I + I+ I}, L + 1, Iy +4, 1§ + I3, I5+1, I3+4,
+15}, {I5+15, 15+ IS + I5}). This is the way + operation is
performed on P.

The reader is left with the task of finding MOD natural
neutrosophic subset matrix subsemigroups.

Example 5.16: Let

ae(Zyul)); 1<i<4,+}

=

Il
O oo ®
W N

N
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be the MOD natural neutrosophic - neutrosophic subset matrix
semigroup under +.

This has MOD natural neutrosophic - neutrosophic subset
matrix subsemigroup under +.

As this is considered as a matter of routine the reader is left
with the task of finding them.

Also if A, B € W then one can find A + B.

Example 5.17: Let

P=1la, a5 ag|| g e sz uky); 1<i<9,+)

be the MOD natural neutrosophic special quasi dual number
subset matrix semigroup under +.

P has MOD natural neutrosophic subset matrix
subsemigroup, this is left as an exercise to the reader.

In view of all these we give the following result.

THEOREM 5.3: Let P = {Collection of all m x t subset matrices
with entries from S(Z! ) or S(C'(2,)) or S(Z, U 1)) or (S((Z, v

h)) or S((Z, v k)) or S((Z, U g))), +} be the MOD natural
neutrosophic subset matrix semigroup under +.

(i) o(P) < .

(ii) P has MOD natural neutrosophic subset matrix
subsemigroups under +.

(iii) P has MOD natural neutrosophic matrix subsets which
are idempotents under +.
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The reader is left with the task of giving the proof.
Next we proceed onto describe both types of MOD natural
neutrosophic subset matrix semigroups under the product by

SOme more examples.

Example 5.18: Let

P= a; a, a4
a, as a,
be the MOD natural neutrosophic subset matrix semigroup under
usual zero dominated product that is 0 x I;> = 0.

ai € S(Z},); 1 <i<6, x,}

Laaf BAL 01 a0l
€ {0 112 +112} {112} {0 112}
s lg 8 9 270

andB=({0} {1 {1y,2} J s
6y {L5,10} AL +17)

_ [ BALY (0I5 (17,6}
We find A x, B = ({0 12 +3112} {1126} {06 I}
s 16 8 9 >0

(o m o 1y
BRI 8 V) s

:( {0} {0,1} {O’I?,IK}J
0,12 +17) {1217 {0,11}

This is the way product operation is performed on S.
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We see S has MOD natural neutrosophic matrix subset zero
divisors, nilpotents and idempotents.

This task is left as an exercise to the reader.
Further this S has MOD natural neutrosophic matrix subset
subsemigroups which are not ideals as well as subsemigroups

which are ideals.

Example 5.19: Let

- a a, -
a, a,
a, a
M= a, ag a eSS (<Zl() ) g)l), 1<i< 14, Xn}
a‘) a10
all alZ
L33 Ay |

be the MOD natural neutrosophic dual number subset matrix
semigroup under the MOD natural neutrosophic zero dominant

product I§ x 0= 15.

The task of finding MOD natural neutrosophic dual number
subset matrix zero divisors nilpotents, idempotents ideals and
subsemigroups are left as an exercise to the reader.

In view of all these we have the following result.

THEOREM 5.4: Let D = {Collection of all m x t subset matrices
with entries from S(Z') or (S(C'(Z,)) or S((Z, v 1)) or
(S((Z, v g)) or S(Z, U k)) or S((Z, U h);)), x,} be the MOD
natural neutrosophic subset matrix semigroup under the natural
zero dominated product or MOD natural neutrosophic zero
dominated product.
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Then (i) D has MOD natural neutrosophic subset matrix zero
divisors, nilpotents and idempotents only if n = p’q (s> 2, p a
prime) and for all n is case of S({(Z, U g)) barring only MOD
natural neutrosophic matrix subset idempotents.

(i) D has MOD natural neutrosophic subset matrix
subsemigroups which are not ideals.

(iii) D has MOD natural neutrosophic subset matrix
subsemigroups which are ideals.

Proof is direct and hence left as an exercise to the reader.

Next we proceed onto describe with examples MOD natural
neutrosophic matrix subset semigroups under + and x.

Example 5.20: Let S(M) = {Collection of all matrix subsets
from

M= la, || ae(Z,);1<i<3,+},+}

be the MOD natural neutrosophic matrix subset semigroup under
+.

3| I 0 5
Let A=</01,] O], 0 , 2 |+and
L o||+1 |1

4410 4
B= 0 |,|6+IC | e SMM).
1o 0
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37 [ 0 5
A+B={lollo || o ||2]t+
1|0 | 1ore ||

4+ 1Y 4
0 |,|6+1Y
Iy 0
3 4+1) 3 4 I 4+1)
=0+ O [,]of+]|6+L |, |0 |+] O |,
1 Iy 1 0 0 Iy
Iy 4 0 4+1Y 0
0|+ |6+L|,| 0 |+] 0 [,/ 0 |+
0 |0 L +1 Iy L +1
[ 4 5 4+1) 5 4
6+1) [, 2+ 0 |,|2|+|6+L
0 | |I Iy I 0
7+1y 7 4+1) + 13
= 0 |,|6+1)], 0 ,
1+1Y° 1 1y
4+1 4+1) 4
6+1) |, 0 | 641 |,

10 10 10 10 10
0 L +I5 +I | |1 +1
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9+1Y 9
2 || 8+1Y
L0+ 1Y I

This is the way + operation is performed on S(M).

The reader is left with the task of finding MOD natural
neutrosophic matrix subset subsemigroups.

Example 5.21: Let S(P) = {Collection of all matrix subsets
from

P= a; a, a4
a, a, a,
be the MOD natural neutrosophic dual number matrix subsets
semigroup under +.

Letam (3 B 4)( B L 0[5 I I
0 1 2)(5+2 0o 7)o 2 4

and
[ 0 1 5 Bl 1
Tg+3 1 L+ PlIE T8, IE+3)1 1 I 0

e S(P).

ai € S(ZyUg); 1 <i<6,+},+}

The reader is expected to find A +B. Further prove;

() - {[g X g]}
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acts as the additive identity of S(P); thatis A + {(0)} = A for all
A € S(P).

Find atleast 3 MOD natural neutrosophic subset matrix
subsemigroups of S(P).

Example 5.22: Let S(V) = {Collection of all matrix subsets
from

()

w
N

a e C'(Z5); 1<i<10,+}, +}

N w
(SR R R
=N

<
Il
D oM o o o
o

)
R
o

be the MOD natural neutrosophic subset matrix finite complex
number semigroup under +.

Find MOD natural neutrosophic finite complex number
subset matrix subsemigroups.

Find o(S(V)).
In view of all these we have the following theorem.

THEOREM 5.5: Let S(W) = {Collection of all matrix subsets
from

W={M= (mys.| my € Z,f or (C’(Zn)) or (Z, V1)or (Z, v

gy or{Z, Uk)or (Z, Uh), 1 <i<s, 1 <j<t +} be the MOD
natural neutrosophic subset matrix semigroup under +.

(i) o(S(W)) < o
(ii) S(W) has several MOD natural neutrosophic matrix
subset subsemigroups.

Next we describe by an example or two the notion of MOD
matrix subset natural neutrosophic semigroups under zero
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dominant product as well as MOD natural neutrosophic zero
dominant product.

Example 5.23: Let S(B) = {Collection of all matrix subsets
from

a; e Zh;lﬁiﬁ&xn},xn}

be the MOD natural neutrosophic subset MOD natural
neutrosophic matrix subset semigroup under zero dominant
product.

14 14 0 1 2 3
LetP: [7 (1)4 IO 12] (14 14 14 14}
0 1* o o)\ I oo IFert)
0 0 I} I
6 7 o 1¢)[and
{[13 414 0 7]
R=11 es 1t 2)

(2 0 TR LSS (L J}
0 0 [ € S(B).

The reader is assigned the task of finding A x, A and
B x, A.

Further find MOD natural neutrosphic matrix subset zero
divisors and idempotents.

Find also MOD natural neutrosophic matrix subset ideals and
subsemigroups.
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Example 5.24: Let S(M) = {Collection of all subset matrix
from

()

w

a; € <Zl() |\ h>[, 1<i< 6, Xn} Xn}

N

I
R R
n

=N

be the MOD natural neutrosophic special dual like number subset
matrix semigroup under the MOD natural neutrosphic zero
dominant product x,,.

Find MOD subset matrix natural zero divisors and
idempotents of S(M).

In view of all these we have the following result.

THEOREM 5.6: Let S(W) = {Collection of all matrix subsets
from W = {Collection of all s x t matrices with entries from
Z,f or C’(Zn) or (L, Ul)yor (Z, uglor (Z, Jk)or (Z, Uh),

Xu}, x,} be the MOD natural neutrosophic subset matrix or MOD
natural neutrosophic finite complex number subset matrix or
MOD natural neutrosophic - neutrosophic subset matrix or MOD
natural neutrosophic dual number subset matrix or MOD natural
neutrosophic special dual like number subset matrix or MOD
natural neutrosophic special quasi dual number subset matrix
semigroup under zero dominated product or MOD dominated
semigroup respectively.

(i) Then o(S(W)) < oo,
(i) S(W) has MOD subset matrix subsemigroups which are
not ideals as well as subsemigroups which are ideals.
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(iii) S(W) has MOD subset matrix zero divisor, nilpotents
and idempotents for appropriate n.

The proof is direct and hence left as an exercise to the
reader.

Next we proceed onto describe briefly the concept of MOD
natural neutrosophic number subset coefficient polynomial

semigroups under + and two types of products by examples.

Example 5.25: Let

a; € S(Zio )a +}

S[x] = {iaixi

be the MOD natural neutrosophic subset coefficient polynomial
semigroup under +.

Let p(x) = {0,4, 5+ 1 }x’ + {1+ 4, 2}
and q (x) = {6,4, 3, I’ +1°+ 5}x* + {4, 6+ 1.} e S[x].

p(x) +q(x)= {0, 4,5, I }x’ + {1+ 4,2} + {6,4,3, I+’ +
53+ {4,6+ 1}

= {0, 4,5, 1 1x° +{6, 4, 3, LY +1°+ 51x*+ {6, 8 + L', 8+
LY, I+ 1} e S[x].

This is the way + operation is performed on S[x].

The reader is left with the task of finding MOD natural
neutrosophic subset subsemigroups of finite order.

Further the reader is expected to prove all ideals of S[x]
have infinite cardinality.
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We prove S[x] has no nilpotents or zero divisors or non
trivial idempotents.

Let p(x) = {0, 5}x> + {5} and
qx)=1{2,4,0,6}x*+ {6,8,2}x*+ {0, 2, 4, 6, 8} e S[x].

Clearly p(x) + q(x) € S[x].

Example 5.26: Let W[x] = {Zw: ax'| a € S((Zy U gh); +} be

i=0

the MOD natural neutrosophic dual number subset coefficient
polynomial semigroup under +.

Enumerate all properties enjoyed by W[x].

We give the following result.

THEOREM 5.7: Let S[x] = {Zw: ax' | a eS(Z!) or S(C(Z,)) or
i=0

S((Z, U1 or S((Z, U2 or S((Zy U or S(Zu UK)); +} be
the MOD natural neutrosophic subset coefficient polynomial
semigroup or MOD natural neutrosophic finite complex number
subset coefficient polynomial semigroup or MOD natural
neutrosophic - neutrosophic subset coefficient polynomial
semigroup or MOD natural neutrosophic dual number coefficient
polynomial semigroup or MOD natural neutrosophic special
dual like number subset coefficient polynomial semigroup or
MOD natural neutrosophic special quasi dual number subset
coefficient polynomial semigroup respectively.

(1) o(S[x]) =co.
(i) S[x] has MOD natural neutrosophic subset coefficient
polynomial subsemigroups of finite order.

Next we proceed onto describe MOD natural neutrosophic
subset polynomial semigroups under both the products, zero
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dominated product as well as MOD natural neutrosophic zero
dominated product by some examples.

Example 5.27: Let

a; € S(C'(Zp)); x}

S[x] = {iaixi

be the MOD natural neutrosophic finite complex number
coefficient polynomial subset semigroup under zero dominated
product. S[x] has MOD natural neutrosophic finite complex
number subset coefficient polynomial zero divisors and
nilpotents but has no nontrivial idempotents.

However all MOD natural neutrosophic subset polynomial
subsemigroups and ideals are infinite order only. All these are
left as an exercise for the reader to verify.

ai € S((Ziz U gh); x} be

i=0

Example 5.28: Let P[x] = {Z ax'

the MOD natural neutrosophic dual number subset coefficient
polynomial semigroup under MOD natural neutrosophic zero
dominant product.

P[x] has infinite number of MOD natural neutrosophic subset
polynomial zero divisors and nilpotents.
However P[x] has non trivial idempotents.

In view of this we prove the following result.

THEOREM 5.8: Let B[x] = {ialxi a; € S(Z!) or S(C'(Z,)

i=0

or S((Z, 1)) or S((Z, wg)y) or S((Z, U h)) or S((Z, Uk)); x}
be the MOD natural neutrosophic subset coefficient polynomial
semigroup of any one of the coefficient subsets semigroup under
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the zero dominant product or MOD natural neutrosophic
dominant product.

(i) B[x] is of infinite order.

(ii) B[x] has no nontrivial idempotents.

(iii) B[x] has MOD natural neutrosophic subset coefficient
nilpotents or zero divisors which mainly depend on n.

(iv) B[x] has all MOD natural neutrosophic subset
coefficient subsemigroup or ideals are only of infinite order.

Proof is direct and hence left as an exercise to the reader.
Corollary 5.1: If in theorem the set S((Z, U g)) is taken then
the MOD natural neutrosophic dual number coefficient
polynomials has more number of nilpotents and zero divisors.

The proof is also left as an exercise to the reader.

Next we will briefly describe MOD natural neutrosophic
subset polynomials and define the + and two types of product
operations by examples.

Example 5.29: Let S(P[x]) = {Collection of all subsets from

P[x] = {Zw: aixi

neutrosophic polynomial subset semigroup.

ai € Z,, +}, +} be the MOD natural

Let
A= 3+ (I +T0)x+ I, I°+ 1 x°, 5x* + 10x + 3} and
B = {5x" + (10 + 1! )x+4, 8 + 5x + [°x’} € S(P[x]).

We can find A + B, which is a matter of routine and this
task is left as an exercise to the reader.

Infact S(P[x]) is of infinite order.
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This has subsemigroup both finite and infinite order.

Example 5.30: Let S(R[x]) = {Collection of all subsets from

aj € (Z12 U h)y), +}; +}

i=0

R[x] = {Zw: aixi

be the MOD natural neutrosophic special dual like number
polynomial subset semigroup under +.

All properties can be derived about S(R[x]) as a matter of
routine.

In view of all these we have the following result.
THEOREM 5.9: Let S(B[x]) = {Collection of all subset

polynomial from

a; € Z,f or C’(Zn) or (Z, Ul)or (Z, Ug)or

B/x] = {i ax'

i=0

(Z, Uh)) or (Z, k), +} +}

be the MOD natural neutrosophic subset polynomial semigroup
of any one of the six types.

S(B[x]) has MOD natural neutrosophic subset polynomial
subsemigroups of both finite and infinite order.

Proof is direct and hence left as an exercise to the reader.

Now we proceed onto give examples of MOD natural
neutrosophic polynomials subset semigroups under the product
in which 0 is dominated and another product is which the MOD
natural neutrosophic zero is dominated by the following
example.
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Example 5.31: Let S(P) = {Collection of all polynomial subsets
from

a; € <Zl() U k>[, X}, X}

P[x] = {Zw: aixi

i=0

be the MOD natural neutrosophic special quasi dual number
polynomial subset semigorup under the usual zero dominated
product.

o(S(P[x])) = o. Further all MOD natural neutrosophic
special quasi dual number polynomial subset subsemigroups or
ideals are of infinite order.

This S(P[x]) has MOD natural neutrosophic special quasi
dual number polynomial subset zero divisors. However S(P[x])
has no idempotents.

Let A= {5X’ + (I +15)x, (6+ I}) + (4 + )X, Ii x’} and
B = {( Il(; + Ils(k )X3a (Ils(k+2+3) + (Ig+5k+li+8k+lg+llg )Xz] €

S(P[x]).

It is a matter of routine to find A x B, so is left as an
exercise for the reader.

Example 5.32: Let S(T[x]) = {Collection of all polynomial
subsets from

a; € CI(ZZ7)3 X}a X}

T[x] = {Zw: aixi

be the MOD natural neutrosophic finite complex number subset
polynomial semigroup under x with usual zero dominated
product.

The reader is left with the task of finding all related
properties of S(T[x]).
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In view of all these we have the following theorem the
proof of which is left as an exercise to the reader.

THEOREM 5.10: Let S(P[x]) = {Collection of all polynomial
subsets from P[x] = {Zw: ax'

i=0

a; € Z!or c'z,) (Z, v or (Z,

vghor (Z, Jh)yor (Z, Uk) under zero dominated product x
or the MOD natural neutrosophic zero dominated product}, x}
be the MOD natural neutrosophic subset polynomial semigroup
under x defined over any of the six sets ( Z! or C'(Z,) and so on)
then

(1) o(S(P[x])) = .

(ii) S(P[x]) is a commutative monoid.

(iii) S(P[x]) has MOD natural neutrosophic subset
polynomial subsemigroups as well as ideals all of them are only
of infinite order.

(iv) S(P[x]) has MOD natural neutrosophic zero divisors and
nilpotents for appropriate n.

Next we proceed onto describe MOD natural neutrosophic
subset polynomial semigroup of finite order by examples.

Example 5.33: Let S(P[x]s) = {Collection of all polynomial
8
subsets from P[x]s = <> ax’

i=0

ai € (Zi Y 21); X’ =1, +, +

be the MOD natural neutrosophic dual number polynomial subset
semigroup under + of finite order.

o(S(P[x]s)) < oo. S(P[x]s) has MOD natural neutrosophic
dual number polynomial subset subsemigroup. Infact S(P[x]s)
is a commutative finite monoid.

Example 5.34: Let S(R[x];) = {Collection of all polynomial

3
subset from R[x]; = {Z aixi a; € CI(ZIZ); x*=1, +}, +} be the

i=0
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MOD natural neutrosophic finite complex number polynomial
subset semigroup under + of finite order.
Find all subsemigroups of S(R[x]5).
In view of all these we have the following result.

THEOREM 5.11: Let S(P/x],) = {Collection of all polynomial
subsets from

a; € Z,f or C’(Zn) or (Z, Ul)or (Z, Ug)or

i=0

Plx], = {i a,-xi

(Zy Uh)ror (Z, k) X""'=1, +}, +}

be the MOD natural neutrosophic polynomial subsets semigroup
of any one (taking entries from Z ,f or C'Z, or so on (Z, Uk);)
under +,

(i) o(S(P[x].) < o and is a finite commutative monoid.
(ii) S(P[x].) has several MOD natural neutrosophic
polynomial subset subsemigroups.

Proof is direct and hence left as an exercise to the reader.

Next we describe MOD natural neutrosophic polynomial
subset semigroup of finite order under both the types of
operations by examples.

Example 5.35: Let S(P[x]s) = {Collection of all polynomial

8
subset from the set P[x]s = {Zaixi a e Zy, x =1, x} x} be

i=0

the MOD natural neutrosophic polynomial subset semigroup of
finite order under zero dominant product.

S(P[x]s) has MOD natural neutrosophic polynomial subset
zero divisors and nilpotents.
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This has ideals and subsemigroups which are not ideals.
The reader is left with the task of finding them.

Example 5.36: Let S(B[x]s) = {Collection of all polynomial
subsets from

6
B[x]s = {Zaixi a; €(Zyu g, x°=1, x}, x}

i=0

be the MOD natural neutrosophic dual number polynomial subset
semigroup under MOD natural neutrosophic dual number zero
product.

Find all ™MOD natural neutrosophic dual number
subsemigroups and ideals.

This has lots of MOD subset zero divisors.
Inview of this we have the following results.

THEOREM 5.12: Let S(M/[x],) = {Collection of all polynomial
subsets from

M/x],. = {Zal.xi a; €7, X" =1or c'(z,) or (Z, VL) or
i=0

(Z, Uh)or (Z, Uk)or (Z, g x}, x}

be the MOD natural neutrosophic polynomial subsets semigroup
using any of Z! (or C'(Z,) or (Z, U I); and so on) under zero
dominant product or under MOD natural neutrosophic zero
dominant product.

(1) o(S(M[x]w) <
(ii) This S(M[x],) has MOD ideals and subsemigroups.
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(iii) S(M{[x],) has MOD natural neutrosophic polynomial
subset zero divisors and nilpotents.

Proof is direct and hence left as an exercise to the reader.

Thus we have given only a few examples and results
however the reader is left with the task of finding more
properties of them.

All these are suggested by the following problems some of
which are difficult, some are at research level and some of them
are simple exercises.

Problems:

1. Let B= {S(Z,), +} be the MOD natural neutrosophic subset
semigroup under +.

(i) Find o(S(Z},)).
(i1) Find all MOD natural neutrosophic subset idempotents
under + of B.
(i) Find all ™MOD natural neutrosophic subset
subsemigroups of B.

2. Let A = {S(Z,,), +} be the MOD natural neutrosophic
subset semigroup under +.

Study questions (i) to (iii) of problem (1) for this A.

3. Let D = {S(Z;,), +} be the MOD natural neutrosophic
subset semigroup under +.

Study questions (i) to (iii) of problem (1) for this D.

4. Let M = {S(C'(Z1)), +} be the MOD natural neutrosophic
finite complex number subset semigroup under +.
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10.

11.

(1) Study questions (i) to (iii) of problem (1) for this M.
(i) Compare M with P = {S(Z,,), +}.

Let N = {S(C'(Zs3)), +} be the MOD natural neutrosophic
finite complex number subset semigroup under +.

(1) Study questions (i) to (iii) of problem (1) for this N.
(i1) Compare this N with M of problem 4.

Let P = S((Zyp U I);), +} be the MOD natural neutrosophic -
neutrosophic subset semigroup under +.

Study questions (i) to (iii) of problem (1) for this P.

Let V = S((Zy; U L)), +} be the MOD natural neutrosophic -
neutrosophic subset semigroup under +.

(1) Study questions (i) to (iii) of problem (1) for this V.
(i1) Compare V with this P of problem 6.

Let E = S((Z1y U g)1), +} be the MOD natural neutrosophic
dual number subset semigroup under +.

Study questions (i) to (iii) of problem (1) for this E.

Let F = S({(Zss U g)1), +} be the MOD natural neutrosophic
dual number subset semigroup.

(1) Study questions (i) to (iii) of problem (1) for this F.
(i) Compare E of problem 8§ for this F.

Let G = S((Zyss U Kk)1), +} be the MOD natural neutrosophic
quasi dual number subset semigroup under +.

Study questions (i) to (iii) of problem (1) for this G.

Let H = S((Zs; U k);), +} be the MOD natural neutrosophic
special quasi dual number subset semigroup under +.
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13.

14.

15.

16.
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(1) Study questions (i) to (iii) of problem (1) for this H.
(i) Compare H with G of problem 10.

Let J = S({Zi135 v h))), +} be the MOD subset natural
neutrosophic special dual like number subset semigroup
under +.

Study questions (i) to (iii) of problem (1) for this J.

Let K = {S({(Zss U h))), +} be the MOD subset natural
neutrosophic special dual like number subset semigroup
under +.

(1) Study questions (i) to (iii) of problem (1) for this K.
(i1) Compare J of problem (12) with this K.

Enumerate all special features associated with MOD natural
neutrosophic subset semigroups under +.

Let T = {S(Z},), x} where x is zero dominated product
MOD natural neutrosophic subset semigroup.

(i) Find o(T).

(i1) Enumerate all MOD subset zero divisors.

(iii)Prove T have ideals find all MOD subset natural
neutrosophic ideals of T.

(iv) Find all MOD natural neutrosophic subsemigroup of T
which are not ideals of T.

(v) List out all MOD natural neutrosophic nilpotents subsets
of T.

(vi) List out all MOD natural idempotent subsets of T (if any
find out).

Let P = {S(Z,), x} be the MOD natural neutrosophic zero
dominated product MOD natural neutrosophic semigroup.

Study questions (i) to (vi) of problem (15) for this P.
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17.

18.

19.

20.

21.

22.

23.

Let M = {S(C'(Z4)), x} be the MOD natural neutrosophic
finite complex number zero dominated product semigroup.

Study questions (i) to (vi) of problem (15) for this M.

Let W = {S(C'(Zs)), x} be the MOD natural neutrosophic
finite complex number zero dominated product semigroup.

Study questions (i) to (vi) of problem (15) for this W.

Let S = {S(C'(Zs)), x} be the MOD natural neutrosophic
finite complex number zero dominated product semigroup.

(1) Study questions (i) to (vi) of problem (15) for this S.
(i1) Compare S with M and W of problem 17 and 18
respectively.

Let W = {S((Z4g, U L)), x} be the MOD natural neutrosophic
neutrosophic subset semigroup under usual zero dominated
product.

Study questions (i) to (vi) of problem (15) for this W.

Let T = {S({Z195 W I)1), x} be the MOD natural neutrosophic
- neutrosophic subset semigroup under usual zero
dominated product.

(1) Study questions (i) to (vi) of problem (15) for this T.
(i) Compare T with W of problem 20.

Let E = {S({(Zy U g)1), x} be the MOD natural neutrosophic
dual number subset semigroup which is usual zero
dominated.

Study questions (i) to (vi) of problem (15) for this E.
Let F = {S({(Zs; U g)1), x} be the MOD natural neutrosophic

dual number MOD natural neutrosophic zero dominated
subset semigroup.
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25.

26.

27.

28.
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(1) Study questions (i) to (vi) of problem (15) for this F.
(i) Compare F with E in problem 22.

Let Z = {S({Zz4 U h);), x} be the MOD natural neutrosophic
special dual like number subset semigroup under the usual
zero dominated product.

(1) Study questions (i) to (vi) of problem (15) for this Z.

(i1) If in Z the zero dominated product is replaced by MOD
natural neutrosophic zero dominated product compare
them.

Let K = {S({Zy9 U k)1), x} be the MOD natural neutrosophic
special quasi dual number subset semigroup under usual
zero divisor dominated product.

Study questions (i) to (vi) of problem (15) for this K.
Let V = {S({(Zg4 U Kk)1), x} be the MOD natural neutrosophic
special quasi dual number subset semigroup under MOD

natural neutrosophic zero dominated product.

(1) Study questions (i) to (vi) of problem (15) for this V.
(i) Compare K of problem 25 with this V.

Let N = {S({(Z, v D)), x} be the MOD natural neutrosophic -
neutrosophic subset semigroup.

Enumerate all properties associated with N.

2 3

5

=N

Let M = a € S(Zy,), 1 <i<12;+}

SRS

9
o o

oo

a
a
a9
a

&
o
o

11 12

be the MOD natural neutrosophic subset matrix semigroup
under +.
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29. LetY =

a a a a a
30. LetY = [ R ]
ag a; dg Ay Ay

31.

32. LetM =

(1) Study the special features of this semigroup.
(i1) Find all subsemigroup of M.
(iii) Find o(M).

(]

w
N

a; € S(C'(Zs)). +}

>N

]

DM o o o
o

[ I R
5

o
IS

be the MOD natural neutrosophic finite complex number
subset semigroup under +.

Study questions (i) to (iii) of problem (28) for this Y.

a; € S(<216 |\ I>[),

1<i<10;+}

be the MOD natural neutrosophic - neutrosophic matrix
subset semigroup under +.

Study questions (i) to (iii) of problem (28) for this C.
Enumerate all special properties enjoyed by MOD natural

neutrosophic - neutrosophic matrix subset semigroups under
+.

[S)

w
N

=N

ai e S(Ziw Uk, 1 <i<12;+)

O o

]

[T "I R CH
o
o

Rl
= ©
i
=)
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34.

35.
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be the MOD natural neutrosophic special quasi dual number
subset matrix semigroup under +.

Study questions (i) to (iii) of problem (28) for this M.

LetM=<la; a, a, ag||aeS(ZnVgh),

1<i<12;+}

be the MOD natural neutrosophic dual number matrix subset
semigroup under +.

Study questions (i) to (iii) of problem (28) for this T.

fa, a, a, a,]|
a5 a6 a7 ax
LetM=1la, a, a, a,]||aeS(ZsUh)y),
a13 a14 a15 al()
&7 g Qg Ay |

1 <i<20;+}

be the MOD natural neutrosophic special dual like number
matrix semigroup.

Study questions (i) to (iii) of problem (28) for this B.
Let D= {(a}, a, a3, a4, as) | a; € S(Z},); 1 <1< 5; x}

be the MOD natural neutrosophic subset matrix semigroup
under zero dominated product.

(i)  Find o(P).
(i)  Find all MOD natural neutrosophic subset matrix
subsemigroups which are not ideals.
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(iii)) Find all MOD natural neutrosophic subset matrix
subsemigroup which are ideals.

(iv) Find all MOD zero divisors of D.

(v)  Find all nilpotents of D (if any).

(vi) Find all idempotents of D (if any).

(vii) Find any other special features associated with D.

()

w

36. LetE=

N

5

O o o m o oo

6

a; € S(C'(Z47)); 1 <1<6; %y}

be the MOD natural neutrosophic subset matrix MOD natural
neutrosophic zero dominated finite complex number
semigroup under natural product x,.

Study questions (i) to (vii) of problem (35) for this E.

37. Let M =

I IS

Rl
©

o)

©

2 3 4

¥ |lai € SKZais U ),

12

a a a
a a a

=N

7

1

S

a, a, a
a, a5 a

15 16

1 <i<16; %}

be the MOD natural neutrosophic dual number matrix subset
semigroup under any of the product.

(1) Study questions (i) to (vii) of problem (35) for this B.
(i) Compare B with both the products.

38. LetP={| a,

a, a; a, a, ||a € S(Zuh)),

1 <i<15; %}
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40.
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be the MOD natural neutrosophic special dual like number
subset matrix semigroup.

Study questions (i) to (vii) of problem (35) for this P.

al aZ
a; a,
a5 a6
Let W= a, ag a; € S(<Zl44 |\ k>[), 1<i1< 14, Xn}
a‘) a10
all alZ
L33 Ay |

be the MOD natural neutrosophic special quasi dual number
subset matrix semigroup under natural product x,,.

Study questions (i) to (vii) of problem (35) for this W.

Let S(M) = {Collection of all subsets from

1

()

aie Z),; 1 <i<5;+}, +}

w

<
I
[N R N )
S

v

be the MOD natural neutrosophic matrix subsets (from M)
semigroup under +.

(1) Find o(S(M)).

(i1) Find all MOD natural neutrosophic subset subsemigroup.

(i) Find all MOD natural neutrosophic subset elements
which are idempotent subsets under +.
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41.

42.

43.

a; € (CI(ZZ())),

Let V= |:a1 a, 4a; a, d; ae:|
a7 aS a‘) a10 a11 a12

1 <1< 12; +} be the MOD natural neutrosophic semigroup

under +.

Define S(V) = {Collection of all matrix subsets from V; +}

the MOD natural neutrosophic finite complex number subset

matrix semigroup under +.

Study questions (i) to (iii) of problem (40) for this S(V).

Let S(W) = {Collection of all subsets from

a, a
W — 1 2

a, a,
MOD natural neutrosophic - neutrosophic matrix subset
semigroup under +.

a; € S(Zyo U Ii; 1 <i1<4;+}, +} be the

Study questions (i) to (iii) of problem (40) for this S(W).

Let S(B) = {Collection of all subsets from

B= a, 4, a; 3,

a; a, a, a,
be the MOD natural neutrosophic - neutrosophic matrix
subset semigroup under +.

ae(Zzugp1<i<§ +} +}

Study questions (i) to (iii) of problem (40) for this S(B).
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I al aZ a3 ]
a4 a5 a6
a7 aS a‘)
44, Let T = a, a, a, a; € <Zz4 |\ k>[, 1<i< 21, +}
alS a14 a15
alG a17 alS
319 3y 3y |

be the MOD natural neutrosophic special quasi dual number
semigroup under +.

S(T) = {Collection of all subset matrices from T, +} be the
MOD natural neutrosophic special quasi dual number subset
matrix semigroup under +.

Study questions (i) to (iii) of problem (40) for this T.

45. Let S(M) = {Collection of all matrix subsets from

[S]

w
N

O O
(=)}

a; GZ%Z; 1<i< 12; Xn};xn}

]

[T I R CH
n
o

©
S

[

&

be the MOD natural neutrosophic matrix subsets semigroup
under X,

(i) Find o(S(M)).

(i1) Find all MOD natural neutrosophic zero divisors.

(iii) Find all MOD natural neutrosophic nilpotents.

(iv) Prove this has MOD natural neutrosophic idempotents.

(v) How many MOD natural neutrosophic subsemigroup
which are not ideals?
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46.

47.

(vi) How many MOD natural neutrosophic ideals exist in
S(M)?

(vii) Obtain any other special property associated with
S(M).

Let S(D) = {Collection of matrix subset from

i a1 a2 a3 1
a4 a5 a6
a7 aS a9

D={%0 & el g7, 0 2 1 <1<245 x5 Xq}

a13 a14 a15
a16 a17 alS
al‘? aZO a21

132 Q3 Ay |

be the MOD natural neutrosophic dual number matrix subset
semigroup under x,.

Study questions (i) to (vii) of problem (45) for this S(D).

Let S(D) = {Collection of all matrix subsets from

()

aQ; €<le |\ I>[, 1<i< 6, Xn}; Xn}

N

)—U
I

O o o o o o
n w2

=)

be the MOD natural neutrosophic - neutrosophic subset
matrix semigroup.

Study questions (i) to (vii) of problem (45) for this S(P).



MoD Subset Natural Neutrosophic Semigroups | 339

48. Let S(Z) = {Collection of all matrix subsets from
a, a,

be the MOD natural neutrosophic special quasi dual number
matrix subsets semigroup under natural product or usual
product.

a; €(Zs UK); 1<1<4; %, (or x)};

xy(or x)}

(1) Study questions (i) to (vii) of problem (45) for this S(Z)
under both the natural product or usual product.

(i1) Prove {S(Z), x} is a non commutative finite monoid.

(iii)) Show {S(Z), x} has rights zero divisors which are not
left zero divisors and vice versa.

(iv) Find in {S(Z), x} right ideals which are not left ideals
and vice versa.

49. Let S[x] ={iaixi ai € S(Zy); +}
i=0

be the MOD natural neutrosophic  subset coefficient
polynomial semigroup under +.

(i) Prove S[x] has MOD natural neutrosophic subset
coefficient polynomial subsemigroups of finite order.
(i1) Find idempotents under + in S[x].

ai € S(C'(Za)); +}

i=0

50. Let P[x] ={Zw: ax'

be the MOD natural neutrosophic finite complex number
subset coefficient polynomial semigroup under +.

Study questions (i) to (ii) of problem (49) for this P[x].
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51.

52.

53.

54.

Let M[x] ={iaixi aj € S((Zy U gh); +}

i=0

be the MOD natural neutrosophic dual number subset
coefficient polynomial semigroup.

Study questions (i) to (ii) of problem (49) for this M[x].

Let V[x] ={Zw: ax'| ai € S(Zys U D) +}

i=0

be the MOD natural neutrosophic - neutrosophic subset
coefficient polynomial semigroup under +.

Study questions (i) to (ii) of problem (49) for this V[x].

Let P[x] ={iaixi ai € S(Zis); x}
i=0

be the MOD natural neutrosophic subset -coefficient
polynomial semigroup under zero dominant product of MOD
natural neutrosophic zero dominant product.

(i) Prove all MOD natural neutrosophic subset ideals and
subsemigroups of P[x] are of infinite order.

(i) Does P[x] have MOD natural neutrosophic subset
coefficient polynomial zero divisors?

(iii))Does P[x] have MOD natural neutrosophic subset
coefficient polynomial idempotent?

(iv)Can P[x] have MOD natural neutrosophic subset
polynomial coefficient nilpotents?

(v) Enumerate all special features enjoyed by P[x].

a; € S((Zos U )1); X}

i=0

Let M[x] = {Zw: ax'

be the MOD natural neutrosophic dual number subset
coefficient polynomial semigroup.
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56.

57.
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Study questions (i) to (v) of problem (53) for this M[x].

a; € S(<Zl4 N\ I>I)9 X}

Let B[x] = {Zw: aixi

i=0

be the MOD natural neutrosophic - neutrosophic subset
coefficient polynomial semigroup.

Study questions (i) to (v) of problem (53) for this B[x].

a; € S{(Zgz W k>[); X}

i=0

Let T[x] = {Zw: ax'

be the MOD natural neutrosophic subset -coefficient
polynomial semigroup of special quasi dual numbers.

Study questions (i) to (v) of problem (53) for this T[x].

Let S(P[x]) = {Collection of all subset polynomials from

a; € S(C'(Zga), +}; +}

P[x] ={Zw: aixi

i=0

be the MOD natural neutrosophic finite complex number
subset polynomials semigroup under +.

(1) Find all MOD natural neutrosophic finite complex
number subset polynomial subsemigroup of S(P[x]).

(i) Can S(P[x]) have M™MOD natural neutrosophic
idempotents under +?
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58.

59.

60.

61.

Let S(R[x]) = {Collection of all subset polynomials from

ai € (Zu VK +}; 4}

R[x] = {Zw: aixi

i=0

be the MOD natural neutrosophic special quasi dual number
coefficient polynomials subsets semigroup under +.

Study questions (i) to (ii) of problem (57) for this R[x].

Let S(W[x]) = {Collection of all subsets from

a € (ZoUy; +}; +}

WIx] ={i a

i=0

be the MOD natural neutrosophic - neutrosophic polynomials
subsets semigroup under +.

Study questions (i) to (ii) of problem (57) for this W[x].

ai € S(Z,); X’ =1;+}

Let P[x]s = {Zw: aixi

i=0

be the MOD natural neutrosophic subset -coefficient
polynomials under + of finite order.

(i) Find o(P[x]s).

(i1) Find all idempotents in P[x]s.

(i) Find all MOD natural neutrosophic subset coefficient
polynomial subsemigroup of P[x]s.

a; € S(C'(Zw)); x?=1; +}

11
Let S[x];; = {Zaixi

i=0

be the MOD natural neutrosophic finite complex number
subset coefficient polynomial semigroup.



62.

63.

64.
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Study questions (i) to (iii) of problem (60) for this S[x];;.

aie (ZinU g x'=1; +}

Let W[x]o = {29: aixi

i=0

be the MOD natural neutrosophic dual number subset
coefficient polynomial semigroup under +.

Study questions (i) to (iii) of problem (60) for this W[x]s.

aie S(Zy Uk x*=1; +}

i=0

Let M[x]; = {i aixi

be the MOD natural neutrosophic special quasi dual number
subset coefficient polynomial semigroup under +.
Study questions (i) to (iii) of problem (60) for this M[x]s.

8
Let B[x]s = {Z ax'| ae S(C'(Zp); X’ =1; x}

i=0

be the MOD natural neutrosophic finite complex number
subset coefficient semigroup under product (can be usual
zero dominated product or MOD natural neutrosophic zero
dominated product).

(i) Find o(B[x]s).

(i1) Find all zero divisors in B[x]s.

(ii1) Prove B[x]s cannot have idempotents.

(iv) Prove B[x]s has nilpotents.

(v) Find all MOD natural neutrosophic  subset
subsemigroups which are not ideals of B[x]s.

(vi) Find all MOD natural neutrosophic ideals of B[x]s.

(vii) Enumerate any of the special features associated with

1it.
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65.

66.

67.

68.

5
Let C[x]s = {Z aixi a;€ S({Zy Dy X8 = 1; x}

i=0

be the MOD natural neutrosophic - neutrosophic subset
coefficient polynomial semigroup.

Study questions (i) to (vii) of problem (64) for this C[x]s.

15
Let V[x]is = {Z ax'| aie S(Zp v gy x'0=1;x}

i=0

be the MOD natural neutrosophic dual number subset
coefficient polynomial semigroup.

Study questions (i) to (vii) of problem (64) for this V[x];s.

Let S(P[x];) = {Collection of all subsets from

a e Zi3;x8=1;+}

P[x]; = {27: aixi

i=0

be the MOD natural neutrosophic polynomial subsets
semigroup under +.

(i) Find o(S(P[x]);.

(i1) Find all MOD polynomial subset subsemigroups of
S(P[x]y).

(ii1) Find idempotents if any in S(P[x];).

Let S(B[x];5) = {Collection of all polynomial subsets from

a; € <le V) I>I, Xlg = la +}; +}

B[x]is = {i aixi

i=0

be the MOD natural neutrosophic - neutrosophic coefficient
polynomial subsets semigroup under +.
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Study questions (i) to (iii) of problem (67) for this S(B[x];s).

69. Let S(S[x]10) = {Collection of all polynomial subsets from

a,e(Zo Uk x!? = 1; +}; +}

i=0

11
S[x]10 = {Z ax'
be the MOD natural neutrosophic special quasi dual number

coefficient polynomial subsets semigroup under +.

Study questions (i) to (iii) of problem (67) for this
S(S[x]0).

70. Let S(W[x]19) = {Collection of all subsets from

10
Wi(x]io= {Zaixi aje Zb;x'"=1;x}; x}

i=0

be the MOD natural neutrosophic polynomial neutrosophic
subsets (from W|[x];o) semigroup under usual zero dominant
product or MOD natural neutrosophic zero dominant
product.

(i) Find o(S(W[x]10)).

(i) Can S(W[x]o) divisors?

(ii1) Does S(W[x]¢) contain non trivial idempotents?

(iv) Can S(W[x];9) have non trivial nilpotents?

(v) Find all MOD subset subsemigroups in S(W[x];)
which are not ideals of S(W[x]o).

(vi) Find all ideals of S(W[x]0).

(vii) Obtain any other special feature enjoyed by S(W[x]1).

71. Let S(P[x]i5) = {Collection of all subsets from
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72.

73.

a; e CI(ZIZ); x!? = 1; x}; x}

P[x]is = {i aiXi

i=0

be the MOD natural neutrosophic finite complex number
coefficient polynomials subsets semigroup under x.

Study questions (i) to (vii) of problem (70) for this
S(P[x]1s).

Study problem (70) when C'(Z},) is replaced by (Z,; U Iy
Let S(B[x]27) = {Collection of all subsets from

Blx]:r = {iaixi

a;€{(Z13U ) X2 = 1; x}; x}

i=0
be the MOD natural neutrosophic special dual like number
coefficient polynomial subset semigroup under x.

Study questions (i) to (vii) of problem (70) for this
S(B[x]27).
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In this book authors have introduced

the notion of MOD natural neutrosophic
subset semigroups. They enjoy very many
special properties. They are only
semigroups even under addition. This
book will provide several open problems
to a semigroup theorist.
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