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Abstract. This paper introduces the recent theory of plausible and paradoxical
reasoning, known as DSmT (Dezert-Smarandache Theory) in the literature, which
deals with imprecise, uncertain and potentially highly conflicting sources of infor-
mation. Recent publications have shown the interest and the potential ability of
DSmT to solve fusion problems where Dempster-Shafer Theory (DST) provides
counter-intuitive results, especially when conflict between sources becomes high
and information becomes vague and imprecise. This short paper presents the foun-
dations of DSmT, its main rules of combination including the most recent ones and
introduce briefly some open challenging problems in fusion.
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1. Introduction

The development of the DSmT [8] arises from the necessity to overcome the inherent
limitations of the DST [7] which are closely related with the acceptance of Shafer’s
model (i.e. working with arhomogeneodsframe of discernmen® defined as a finite

set ofexhaustiveandexclusivehypothese®;, i = 1,...,n), the third middle excluded
principle, and Dempster’s rule for the combination of independent sources of evidence.
Limitations of DST are well reported in literature [17,13] and several alternative rules
to Dempster’s rule of combination can be found in [1,16,3,5,6,8]. DSmT provides a new
mathematical framework for information fusion which appears less restrictive and more
general than the basis and constraints of DST. The basis of DSmT is the refutation of the
principle of the third excluded middle and Shafer's model in general, since for a wide
class of fusion problems the hypotheses one has to deal with, can have different intrinsic
nature and also appear only vague and imprecise in such a way that precise refinement
is just impossible to obtain in reality so that the exclusive elemé&ntsinnot be prop-

erly identified and defined. Many problems involving fuzzy/vague continuous and rela-
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1Although the homogeneity @ is not explicitly mentioned in the DST, it is a strong implicit assumption
inherent to the Shafer's model. When working with DST, one implicitly assumes that all finite and exclusive
elements oP have somehow the same semantic nature, otherwise the complement defined over the power-set
becomes just a non-sense. The Shafer's model cannot deal directly with non-homogeneous elements (carrying
different semantics) 0®. This property however is necessary in many applications where the information
given by the sources can't be expressed with same semantic due to the potentially different intrinsic nature of
information carried by the sources/experts/sensors.



tive? concepts described in natural language with different semantic contents and hav-
ing no absolute interpretation enter in this category. We claim that in general, the nega-
tion/complement is not accessible, but DSmT offers the possibility to deal with negation
and Shafer's model as well. When the model of the problem fits with these constraints
(negation follows from exclusivity constraints), we include them in the frame and then
one forms the hyper-power set in the normal way. Thus DSmT deals naturally with nega-
tions/complements when necessary. DSmT starts with the notioeeoDSm modeind
considers® only as a frame of exhaustive elements which can potentially overlap and
have different intrinsic semantic natures and which also can change with time with new
information and evidences received on the model itself. DSmT offers a flexibility on the
structure of the model one has to deal with. When the free DSm model holds, the con-
junctive consensus is performed. If the free model does not fit the reality because it is
known that some subsets 6f contain elements truly exclusive but also possibly truly
non existing at all at a given time (in dynarhitusion), new fusion rules must be per-
formed to take into account these integrity constraints. The constraints can be explicitly
introduced into the free DSm model to fit it adequately with our current knowledge of
the reality; we actually constructtaybrid DSm modebn which the combination will

be efficiently performed. Shafer's model, which is the basis of DST, corresponds to a
very specific hybrid DSm (and homogeneous) model including all possible exclusivity
constraints. DSmT has been developed to work with any kind of model, to combine im-
precise, uncertain and potentially high conflicting sources for static and dynamic infor-
mation fusion. DSmMT refutes the idea that sources provide their beliefs with the same
absolute interpretation of elements®f what is considered as good for somebody can
be considered as bad for somebody else. Advances and first applications of DSmT are
detailed in [8].

2. Notion of hyper-power set

Let® = {fy,...,0,} be afinite set (called frame) af exhaustive elemerftsThe free
Dedekind’s lattice denotealyper-power seD® [8] is defined as

1. @,91,...,9»” € D°.
2. If A,B € D®,thenAN B andA U B belong toD®.
3. No other elements belong 10°, except those obtained by using rules 1 or 2.

If |©] = n, then|D®| < 22". The generation oD® is presented in [8]. Since for
any given finite se®, |D®| > |29, we call D® the hyper-power sebf ©. |D®| for

n > 1 follows the sequence of Dedekind’s numbers:1,2,5,19,167,7580,... An analytical
expression of Dedekind’s numbers obtained by Tombak and al. can be found in [8].

2The notion of relativity comes from the own interpretation of the elements of the féaimeeach sources
of evidences involved in the fusion process.

3j.e. when the fram® and/or the modeM is changing with time.

4We do not assume here that elemehtsiave the same intrinsic nature and are necessary exclusive. There
is no restriction or9; but the exhaustivity.



3. Free and hybrid DSm models

© = {#0,,...,6,} denotes the finite set of hypotheses/concepts characterizing the fu-
sion problem.D® constitutes théree DSm modeM/(©) and allows to work with

fuzzy concepts which depict a continuous and relative intrinsic nature. Such kinds of
concepts cannot be precisely refined in an absolute interpretation because of the unap-
proachable universal truth. When &}l are truly exclusive discrete elemenf3® re-

duces naturally to the classical power 88t This is what we call the Shafer’s model.

We deonote itM°(©). Between the free DSm model and the Shafer's model, there ex-
ists a wide class of fusion problems represented in term of DSm hybrid models where
O involves both fuzzy continuous concepts and discrete hypotheses. In such class, some
exclusivity constraints and possibly some non-existential constraints (especially when
working on dynamic fusion) have to be taken into account. Each hybrid fusion problem
is then characterized by a proper hybrid DSm mati¢{©) with M(0) # M/ (0)

and M(0) # M°(©). From a general fram@, we define a map(.) : D® — [0,1]
associated to a given body of eviderigas

m(@) =0  and > m(A) =1 (1)

AeD®

m(A) is thegeneralized basic belief assignment/m@gzba) ofA. Thegeneralized belief
and plausibility functiongire defined as:

Bel(A) £ ) m(B) PI(A)2 Y m(B) @)
BCA BNA#D
BeD® BeD®

4. Classic DSm fusion rule

When the free DSm model holds, the conjunctive consensus, called DSm classic rule
(DSMC), is performed o®®. DSMC of two independehsources associated with gbba
m1(.) andma(.) is thus givernvC € D® by [8]:

mase)(C)=m(C) = Y mi(A)m(B) 3

A,BeD®
ANB=C

SinceD® is closed undet andn set operators, DSmC guarantees that) is a proper
generalized belief assignment, ke(.) : D® — [0, 1]. DSmC is commutative and asso-
ciative and can always be used for the fusion of sources involving fuzzy concepts when-
ever the free DSm mode\17(©) holds. This rule can be directly and easily extended
for the combination of: > 2 independent sources [8].

SWhile independence is a difficult concept to define in all theories managing epistemic uncertainty, we
consider that two sources of evidence are independent (i.e. distinct and noninteracting) if each leaves one totally
ignorant about the particular value the other will take.



5. Hybrid DSm fusion rule

When M/ (©) does not hold (some integrity constraints exist), one deals with a proper
DSm hybrid modelM (©) # M/ (0).The first general rule working on any model has
been called DSm hybrid rule (DSmH) in [8]. More sophisticated rules based on differnt
proportional conflict redistributions have recently been proposed [9] and only the most
efficient one is presented in section 7. DSmH#or 2 sources is defined for all € D®

as:

o) (4) £ 6(A) - [S1(4) + S2(4) + S3(4)] (4)

where$(A) is the characteristic non-emptiness functiofi a set4, i.e. ¢(A) = 1 if
A ¢ 0 and¢(A) = 0 otherwise, wher® = {@,0}. O, is the set of all elements of
D® which have been forced to be empty through the constraints of the mdcshd()
is the classical/universal empty s8t.(A) = m s 9y (A), S2(A), S3(A) are defined by

k
Si(4) 2 Z H m;i(X;) (5)
X1,X2,..., XkeD@ i=1
(X1NX2N..NXk)=A

k

Sa(A) £ Z H m;i(X;) (6)
X1,X2,...,.X1,LED i=1
[U=A]V[(UED)N(A=I})]

k
Sa(4) = > IImx @
X1,X2,...,X,€D® i=1
u(c(X1NX2N...NX))=A
(X1NX2N...NX})ED

with U = u(X;) U ... U u(Xy) whereu(X) is the union of allg; that composeX,

I; £ 0, U...U#, is the total ignorance, and X) is the conjunctive normal forfrof X .

S1(A) corresponds to DSMC rule farindependent sources based. bt (0); S»(A)
represents the mass of all relatively and absolutely empty sets which is transferred to
the total or relative ignorances associated with non existential constraints (if any, like in
some dynamic problemsy;s(A) transfers the sum of relatively empty sets directly onto
the canonical disjunctive form of non-empty sets. DSmH generalizes DSmC and is not
equivalent to Dempster’s rule. It works for any models (the free DSm model, Shafer’'s
model or any other hybrid models) when manipulatimgcisegeneralized (or eventually
classical) basic belief functions.

61n Boolean algebra the conjunctive normal form is a conjunction of disjunctions, in its simplest form, which
is unique; in this paper we consider each disjunction formed by a singleton or by a union of singletons; for
example:AN BN (CU D) is a conjunctive normal form; als& = (AUB)NC N (AUC) is a conjunction
of disjunctions, but it is not in its simplest form, then its conjunctive normal fora(%) = (AU B) N C
sinceC N (AU C) = C. The conjunctive normal form is introduced here in order to improve the original
formula given in [8] for preserving the neutral impact of the vacuous belief mg$3) = 1 within complex
hybrid models.



6. Fusion of imprecise beliefs

Since it difficult to have sources/human experts providing precise beliefs, a more flexible
theory dealing with imprecise information is necessary. So we extended DSmT for deal-
ing with admissible imprecise generalized basic beti¢f(.) defined as real subunitary
intervals of{0, 1], or even more general as real subunitary sets (not necessarily intervals).
These sets can be unions of (closed, open, or half-open/half-closed) intervals and/or
scalars all in0, 1]. An imprecise belief assignment!(.) over D® is saidadmissiblef

and only if there exists for everyy € D® at least one real numben(X) € m!(X)

such that) _ . e m(X) = 1. The following simple operators on sets (additi@rand
multiplication[]) are necessary [8] for the fusion of imprecise beliefs:

XlEEXQé{x|x=x1 + 29,21 € X1, 29 GXQ}
XO0X 2 {z|z=mx 29,71 € Xy, 29 € X}

From these operators, one generalizes DSmMC from scalars to sets as follows [8] (Chap.
6):VA # () € D°,

Mir () (4) = > 11| ™) (8)

X1,X2,..,X,eD®i=1,..k
(X1NXqn...nXp)=A

where and represent the summation, and respectively product, of sets. The

DSmH fusion of imprecise beliefs takes a form similar to (4), exceptﬁh@;(@)(A),
S1(A), S2(A) andS3(A) have to be replaced byLM(@ (A), S1(A), S1(A)andSi(A)
respectively, and where also the classical prodlmtd sumH- operators have to be re-
placed by their corresponding operators on sets-i.@ndf. The definitions of5{ (A),

(A) andSI(A) are similar to (5)-(7) except thaf and]] operators are replaced by
and andm; (X;) by m!(X;). A detailed presentation on DSmH imprecise with

several examples can be found in [8].

7. New proportional conflict redistribution rule

DSmH is one of possible issues for the fusion of highly conflicting vague imprecise
and uncertain information, but DSmH is not the unique solution for such fsind

more complex and efficient rules can also be used instead. Due to space limitations, we
present here the most sophisticated Proportional Conflict Redistribution (PCR) rule we
developed so far. Let® = {6, 6-,...,0,} be the frame of the problerty; denoting the
hyper-power seD® or classical power s depending on the model one wants to deal
with, and two belief assignments;, m, : G — [0,1] such thaty . m;(X) = 1,

i = 1,2. The general principle of the PCR rules is to compute

“while DSmH provides a satisfactory mathematical solution for any model and for static or dynamic fusion
problems.



1. the conjunctive ruleyX € G, my_(X) => x,,..x.ec [Lim; mi(X;)
n X

X1N..NXs=

2. the conflicting masses (partial and/or total), Total conflicting masg1, drawn
from two sources is defined byio = > mq(X1)ma(X2) = > m(X; N Xs)
where the sum is for alk;, X5 € G such thatX; N X, = (). The total conflicting
mass is nothing but the sum pértial conflicting masses:(X; N X7), where
X1 N X, = 0, represents a partial conflict betwe&n and X5. These formulas
can be generalized fer> 2 sources [9].

3. the proportional redistribution of the conflicting mass (total or partial) to non-
empty sets involved in the model according to all integrity constraints.

The way the conflicting mass is redistributed yields actually to five versions of PCR
rules denoted PCR1, PCR2, ...PCR5 [9]. PCR rules work for any degree of conflict
k12 € [0,1], for any model. They work both in DST and DSmT and for static or dy-
namical fusion and can be directly extended for the fusion of imprecise belief as well.
The sophistication/complexity (but correctness) of proportional conflict redistribution in-
creases from PCR1up to the PCR5 presented here. For static fusion, PCR1 coincides
with the Weighted Average Operator [4], but PCR1 and WAO do not preserve the neutral
impact of the vacuous belief assignment (VBA) (6,1 N...N#,,) = 1in the fusion, i.e.
whens > 1, [m; & ... & ms & m,|(X) becomes different fromm, @ ... ® m,](X)
althoughm,, (.) brings no extra specific information. PCR2-PRC5 overcome this draw-
back and preserve the neutral impact of VBA. A detailed presentation of PCR rules with
many examples can be found in [9]. PCRS5 fusion rule for two sources is is givedj:by [
VX € G\ {0}

_ mi(X)*ma(Y)  ma(X)*mu(Y)
mpcrs(X) = miz(X) + YEGZ:\{X}[mﬂX) + ma(Y) * ma(X) +ma(Y)

c(XNY)=0

}

wherec(z) is the conjunctive normal form af, m2(.) is the conjunctive consensus op-
erator and where all denominators different from zerolf a denominator is zero, that
fraction is discarded. The general PCR5 formulasfor 2 sources is given in [9]. PCR5

rule is quite natural since it redistributes proportionally the partial conflicting mass only
to the elements involved in the partial conflict, considering the conjunctive normal form
of the partial conflict. PCR5 proposes in the authors opinions a more exact redistribution
of conflicting mass to non-empty sets following the logic of the conjunctive rule. Further-
more, improvements of DSmH and PCR rules based on degrees of intersection, union
and inclusion are also possible as already introduced in [11] but will not be reported here.

8. Open challenging problems

There are many open fundamental and theoretical problems related with reasoning under
uncertainty. We briefly introduce here what we consider today as major open challenging
problems for future. Most of these problems have already been attacked over the years
by the research community but no clear solution and consensus have arisen so far in our
opinion. So we deeply think that more research effort have definitly to be put on these
important problems for improving the reasoning under uncertainty and for the devel-



opment of the next generation of performant multisensor systems involving uncertain,
incomplete, imprecise and conflicting information.

1. The firstfundamental question concerns the characterization of any type of source
in term of information content and consequently the development of an unified
theory of uncertainty [18]. The only consensus available today seems to be the
Shanon entropy for Bayesian sources. Some attempts to characterize other type of
sources (fuzzy sources, evidential sources, parodoxist sources, etc) have already
been proposed by example in [15,2,14,12], but no general theory exists today to
quantify the measure of uncertainty for all kind of sources. We even don't know if
one or several measures are necessary for such purpose. Many different measures
have been proposed and are in competition actually.

2. The second challenging problem concerns the fusion of qualitative and symbolic
information and the fusion of qualitative information with quantitative informa-
tion in expert systems.

3. The third major open problem is the development of a general theory of deci-
sion from reasoning under uncertainty. Several decision theories (mainly based
on probability theory) have been developed, but a general unified decision theory
is still missing.

9. Conclusion

This paper brings a short overview on DSmMT and the last advances obtained in the de-
velopment of new fusion rules. The major rules of fusion have been presented here for
the combination of precise and imprecise beliefs and open challenging and very diffi-
cult general problems have been proposed for future research and for probably several
generations of researchers in this field.
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