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1. Introduction 

Neutrosophy is a new branch of philosophy founded by Smarandache [6,36], to study the indeterminacy in the 

real world problems. It has a huge effect in many areas such as topology [7,27,29], equations [3,30], decision 

making [8], abstract algebra [25,26,39,41], and number theory [35]. As an extension of these concepts, Salama 

introduced the Neutrosophic crisp sets Theory as a generalization of crisp sets theory [53] and developed, 

inserted and formulated new concepts in the fields of mathematics, statistics, computer science and information 

systems through neutrosophics [54-59]. Neutrosophic algebraic studies began with the definitions of 

neutrosophic groups [9,17], and rings [13]. The neutrosophic rings and their generalizations such as refined 

neutrosophic rings [19], and n-refined neutrosophic rings [11,12], were very useful in the study of neutrosophic 

algebraic structures. Neutrosophic algebraic structures were defined basing on neutrosophic rings and fields, 

where we find many concepts from classical algebra were generalized into neutrosophic algebraic systems such 

as neutrosophic matrices over neutrosophic fields [1,42], refined neutrosophic matrices over refined 

neutrosophic fields [24],  n-refined neutrosophic spaces over n-refined neutrosophic fields [21,32], linear 

modules and ideals [4,5,20,22].  Neutrosophic complex numbers were firstly studied in [43]. Recently, many 

of their properties were discussed in [44], especially their invertibility, absolute values, and complex functions. 

Also, they were generalized into refined neutrosophic complex numbers in [46]. 

Through this paper, we study n-refined neutrosophic complex numbers for the first time. On the other hand, we 

study many related properties of these numbers such as the invertibles, conjugates, and absolute values. 
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2. Neutrosophic complex number 

Definition 2.1.Neutrosophic Real Number: 

Suppose that 𝑤 is a neutrosophic number, then it takes the following standard form: 𝑤 = 𝑎 + 𝑏𝐼 where 𝑎, 𝑏 

are real coefficients, and 𝐼 represents the indeterminacy, where0. 𝐼 = 0 and 𝐼𝑛 = 𝐼 for all positive integers 𝑛. 

For example: 

𝑤 = 1 + 2𝐼, 𝑤 = 3 = 3 + 0𝐼. 

Definition 2.2. Neutrosophic Complex Number: 

Suppose that 𝑧 is a neutrosophic complex number, then it takes the following standard form: 𝑧 = 𝑎 + 𝑏𝐼 +

𝑖(c + d𝐼) where 𝑎, 𝑏, 𝑐, 𝑑  are real coefficients, and 𝐼 is the indeterminacy element, where𝑖2 = −1 i.e.𝑖 =

√−1. 

We recall 𝑎 + 𝑏𝐼 the real part, then it takes the following standard form 𝑅𝑒(𝑧) = 𝑎 + 𝑏𝐼. 

We recall 𝑐 + 𝑑𝐼 the imagine part, then it takes the following standard form 𝐼𝑚(𝑧) = 𝑐 + 𝑑𝐼. 

For example: 

𝑧 = 4 + 𝐼 + 𝑖(2 + 2𝐼) 

Note: we can say that any real number can be considered a neutrosophic number. 

For example: 𝑧 = 3 = 3 + 0. 𝐼 + 𝑖(0 + 0. 𝐼) 

Definition 2.3. Division of neutrosophic real numbers: 

Suppose that 𝑤1 , 𝑤2  are two neutrosophic number,where 

𝑤1 = 𝑎1 + 𝑏1𝐼, 𝑤2 = 𝑎2 + 𝑏2𝐼 

Then: 

𝑤1

𝑤2

=
𝑎1 + 𝑏1𝐼

𝑎2 + 𝑏2𝐼
=

𝑎1

𝑎2

+
𝑎2𝑏1 − 𝑎1𝑏2

𝑎2(𝑎2 + 𝑏2)
𝐼 

3. n-Refined neutrosophic complex numbers. 

Definition 3.1.  

We define a n- refine neutrosophiccomplex number by the following form: 

𝑧 = (𝑎𝑜 + 𝑎1𝐼1 + 𝑎2𝐼2 + ⋯ + 𝑎𝑛𝐼𝑛) + 𝑖(𝑏𝑜 + 𝑏1𝐼1 + 𝑏2𝐼2 + ⋯ + 𝑏𝑛𝐼𝑛) , where 

𝑎𝑜 , 𝑎1, 𝑎2, … , 𝑎𝑛 , 𝑏𝑜, 𝑏1, 𝑏2, … , 𝑏𝑛are real coeffients. For example: 

𝑧 = (−1 + 𝐼1 + 2𝐼2 − 𝐼3) + 𝑖(1 − 2𝐼1 − 𝐼2 + 2𝐼3) 

We recall 𝑎𝑜 + 𝑎1𝐼1 + 𝑎2𝐼2 + ⋯ + 𝑎𝑛𝐼𝑛 the real part, then it takes the following standard form 𝑅𝑒(𝑧) = 𝑎𝑜 +

𝑎1𝐼1 + 𝑎2𝐼2 + ⋯ + 𝑎𝑛𝐼𝑛We recall 𝑏𝑜 + 𝑏1𝐼1 + 𝑏2𝐼2 + ⋯ + 𝑏𝑛𝐼𝑛 the imagine part, then it takes the following 

standard form 𝐼𝑚(𝑧) = 𝑏𝑜 + 𝑏1𝐼1 + 𝑏2𝐼2 + ⋯ + 𝑏𝑛𝐼𝑛. 

Remark 3.1.An n-refined neutrosophic complex number can be defined as follows: 

𝒛 = 𝒂 + 𝒃𝑰𝟏 + 𝒄𝑰𝟐 + ⋯ + 𝒇𝑰𝟑, where 𝒂, 𝒃, 𝒄, … , 𝒇are complex number. For example: 

𝒛 = (−𝟏 + 𝒊) + 𝒊𝑰𝟏 + (𝟑 − 𝟐𝒊)𝑰𝟐 − 𝟐𝒊𝑰𝟑. 

Remark 3.2. 
𝐼𝑛 . 𝐼𝑛 = 𝐼𝑛,  𝐼𝑖 . 𝐼𝑗 = 𝐼min (𝑖,𝑗). 
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Definition 3.2.The conjugate of a n-refined neutrosophiccomplex number: 

Let 𝑧 = (𝑎𝑜 + 𝑎1𝐼1 + 𝑎2𝐼2 + ⋯ + 𝑎𝑛𝐼𝑛) + 𝑖(𝑏𝑜 + 𝑏1𝐼1 + 𝑏2𝐼2 + ⋯ + 𝑏𝑛𝐼𝑛) a refined neutrosophic complex 

number.We demote the conjugate of arefindneutrosophic complex number by �̅� and define it by the following 

form: 

�̅� = (𝑎𝑜 + 𝑎1𝐼1 + 𝑎2𝐼2 + ⋯ + 𝑎𝑛𝐼𝑛) − 𝑖(𝑏𝑜 + 𝑏1𝐼1 + 𝑏2𝐼2 + ⋯ + 𝑏𝑛𝐼𝑛) 

For example: 

𝑧 = (−1 − 𝐼1 + 𝐼2 + 4𝑰𝟑) + 𝑖(2 + 𝐼1 + 𝐼2 − 𝑰𝟑), Then �̅� = (−1 − 𝐼1 + 𝐼2 + 4𝑰𝟑) − 𝑖(2 + 𝐼1 + 𝐼2 − 𝑰𝟑). 

Definition 3.3.The absolute value of an n-refined neutrosophiccomplex number: 

Suppose that 𝑧 = (𝑎𝑜 + 𝑎1𝐼1 + 𝑎2𝐼2 + ⋯ + 𝑎𝑛𝐼𝑛) + 𝑖(𝑏𝑜 + 𝑏1𝐼1 + 𝑏2𝐼2 + ⋯ + 𝑏𝑛𝐼𝑛)  is a refined 

neutrosophic complex number. The absolute value of a z can be defined by the following form: 

|z| = √(𝑎𝑜 + 𝑎1𝐼1 + 𝑎2𝐼2 + ⋯ + 𝑎𝑛𝐼𝑛)2 + (𝑏𝑜 + 𝑏1𝐼1 + 𝑏2𝐼2 + ⋯ + 𝑏𝑛𝐼𝑛)2 

Remark3.3.  

(𝟏). (�̅�)̅̅ ̅̅ = 𝒛. 

Proof: Let 𝒛 = (𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏) + 𝒊(𝒃𝒐 + 𝒃𝟏𝑰𝟏 + 𝒃𝟐𝑰𝟐 + ⋯ + 𝒃𝒏𝑰𝒏), then 

�̅� = (𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏) − 𝒊(𝒃𝒐 + 𝒃𝟏𝑰𝟏 + 𝒃𝟐𝑰𝟐 + ⋯ + 𝒃𝒏𝑰𝒏). 

Now. 

(�̅�)̅̅ ̅̅ = ((𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏) − 𝒊(𝒃𝒐 + 𝒃𝟏𝑰𝟏 + 𝒃𝟐𝑰𝟐 + ⋯ + 𝒃𝒏𝑰𝒏))̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

= (𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏) + 𝒊(𝒃𝒐 + 𝒃𝟏𝑰𝟏 + 𝒃𝟐𝑰𝟐 + ⋯ + 𝒃𝒏𝑰𝒏) = 𝒛 

(𝟐). 𝒛 + �̅� = 𝟐𝑹𝒆(𝒛) 

Proof: Let𝒛 = (𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏) + 𝒊(𝒃𝒐 + 𝒃𝟏𝑰𝟏 + 𝒃𝟐𝑰𝟐 + ⋯ + 𝒃𝒏𝑰𝒏), then 

�̅� = (𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏) − 𝒊(𝒃𝒐 + 𝒃𝟏𝑰𝟏 + 𝒃𝟐𝑰𝟐 + ⋯ + 𝒃𝒏𝑰𝒏). 

Now. 

𝒛 + �̅� = (𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏) + 𝒊(𝒃𝒐 + 𝒃𝟏𝑰𝟏 + 𝒃𝟐𝑰𝟐 + ⋯ + 𝒃𝒏𝑰𝒏)

+ (𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏) − 𝒊(𝒃𝒐 + 𝒃𝟏𝑰𝟏 + 𝒃𝟐𝑰𝟐 + ⋯ + 𝒃𝒏𝑰𝒏) 

𝒛 + �̅� = 𝟐[(𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏)] = 𝟐𝑹𝒆(𝒛) 

(3). 𝑧 − �̅� = 2𝐼𝑚(𝑧) 

Proof: Let 𝒛 = (𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏) + 𝒊(𝒃𝒐 + 𝒃𝟏𝑰𝟏 + 𝒃𝟐𝑰𝟐 + ⋯ + 𝒃𝒏𝑰𝒏), then 

�̅� = (𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏) − 𝒊(𝒃𝒐 + 𝒃𝟏𝑰𝟏 + 𝒃𝟐𝑰𝟐 + ⋯ + 𝒃𝒏𝑰𝒏). 

Now. 

𝑧 − �̅� = (𝑎𝑜 + 𝑎1𝐼1 + 𝑎2𝐼2 + ⋯ + 𝑎𝑛𝐼𝑛) + 𝑖(𝑏𝑜 + 𝑏1𝐼1 + 𝑏2𝐼2 + ⋯ + 𝑏𝑛𝐼𝑛)

− [(𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏) − 𝒊(𝒃𝒐 + 𝒃𝟏𝑰𝟏 + 𝒃𝟐𝑰𝟐 + ⋯ + 𝒃𝒏𝑰𝒏)] 

𝑧 − �̅� = (𝑎𝑜 + 𝑎1𝐼1 + 𝑎2𝐼2 + ⋯ + 𝑎𝑛𝐼𝑛) + 𝑖(𝑏𝑜 + 𝑏1𝐼1 + 𝑏2𝐼2 + ⋯ + 𝑏𝑛𝐼𝑛)

− (𝑎𝑜 + 𝑎1𝐼1 + 𝑎2𝐼2 + ⋯ + 𝑎𝑛𝐼𝑛) + 𝑖(𝑏𝑜 + 𝑏1𝐼1 + 𝑏2𝐼2 + ⋯ + 𝑏𝑛𝐼𝑛) 
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𝑧 − �̅� = 2𝑖(𝑏𝑜 + 𝑏1𝐼1 + 𝑏2𝐼2 + ⋯ + 𝑏𝑛𝐼𝑛) = 2𝐼𝑚(𝑧) 

(4). 𝑧1 + 𝑧2̅̅ ̅̅ ̅̅ ̅̅ ̅ = 𝑧1̅ + 𝑧2̅ 

Proof: 

Let𝒛𝟏 = (𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏) + 𝒊(𝒃𝒐 + 𝒃𝟏𝑰𝟏 + 𝒃𝟐𝑰𝟐 + ⋯ + 𝒃𝒏𝑰𝒏), 

𝒛𝟐 = (𝒄𝒐 + 𝒄𝟏𝑰𝟏 + 𝒄𝟐𝑰𝟐 + ⋯ + 𝒄𝒏𝑰𝒏) + 𝒊(𝒅𝒐 + 𝒅𝟏𝑰𝟏 + 𝒅𝟐𝑰𝟐 + ⋯ + 𝒅𝒏𝑰𝒏). 

Now. 

𝑧1 + 𝑧2 = [(𝑎𝑜 + 𝑐𝑜) + (𝑎1 + 𝑐1)𝐼1 + (𝑎2 + 𝑐2)𝐼2 + ⋯ + (𝑎𝑛 + 𝑐𝑛)𝐼𝑛]

+ 𝑖[(𝑏𝑜 + 𝑑𝑜) + (𝑏1 + 𝑑1)𝐼1 + (𝑏2 + 𝑑2)𝐼2 + ⋯ + (𝑏𝑛 + 𝑑𝑛)𝐼𝑛] 

Then. 

𝑧1 + 𝑧2̅̅ ̅̅ ̅̅ ̅̅ ̅ = [(𝑎𝑜 + 𝑐𝑜) + (𝑎1 + 𝑐1)𝐼1 + (𝑎2 + 𝑐2)𝐼2 + ⋯ + (𝑎𝑛 + 𝑐𝑛)𝐼𝑛]

− 𝑖[(𝑏𝑜 + 𝑑𝑜) + (𝑏1 + 𝑑1)𝐼1 + (𝑏2 + 𝑑2)𝐼2 + ⋯ + (𝑏𝑛 + 𝑑𝑛)𝐼𝑛] 

𝑧1 + 𝑧2̅̅ ̅̅ ̅̅ ̅̅ ̅ = [(𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏) − 𝑖(𝒃𝒐 + 𝒃𝟏𝑰𝟏 + 𝒃𝟐𝑰𝟐 + ⋯ + 𝒃𝒏𝑰𝒏)]

+ [(𝒄𝒐 + 𝒄𝟏𝑰𝟏 + 𝒄𝟐𝑰𝟐 + ⋯ + 𝒄𝒏𝑰𝒏) − 𝑖(𝒅𝒐 + 𝒅𝟏𝑰𝟏 + 𝒅𝟐𝑰𝟐 + ⋯ + 𝒅𝒏𝑰𝒏)] = 𝑧1̅ + 𝑧2̅ 

Definition 3.4. The multiplication of two n-refined neutrosophicreal numbers: 

Let 𝑤1 = 𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏, 𝑤2 = 𝒃𝒐 + 𝒃𝟏𝑰𝟏 + 𝒃𝟐𝑰𝟐 + ⋯ + 𝒃𝒏𝑰𝒏  are two n-refined 

neutrosophic real number, and we put: 

𝑁0 = 𝑎0,  𝑁𝑗 = 𝑎0 + 𝑎𝑗 + 𝑎𝑗+1 + ⋯ + 𝑎𝑛 ; 1 ≤ 𝑗 ≤ 𝑛 

𝑀0 = 𝑏0,  𝑀𝑗 = 𝑏0 + 𝑏1𝐼1 + 𝑏2𝐼2 + ⋯ + 𝑏𝑛𝐼𝑛 ; 1 ≤ 𝑗 ≤ 𝑛 

Then a product 𝑤1 . 𝑤2  is defined by form: 

𝑤1. 𝑤2 = 𝑁0𝑀0 + ∑[𝑁𝑖𝑀𝑖 − 𝑁𝑖+1𝑀𝑖+1]

𝑛

𝑖=1

𝐼𝑖 + [𝑁𝑛𝑀𝑛 − 𝑁0𝑀0]𝐼𝑛 

Definition 3.5.The multiplication of two n-refined neutrosophic complex numbers: 

Let𝒛𝟏 = (𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏) + 𝒊(𝒃𝒐 + 𝒃𝟏𝑰𝟏 + 𝒃𝟐𝑰𝟐 + ⋯ + 𝒃𝒏𝑰𝒏), 

𝒛𝟐 = (𝒄𝒐 + 𝒄𝟏𝑰𝟏 + 𝒄𝟐𝑰𝟐 + ⋯ + 𝒄𝒏𝑰𝒏) + 𝒊(𝒅𝒐 + 𝒅𝟏𝑰𝟏 + 𝒅𝟐𝑰𝟐 + ⋯ + 𝒅𝒏𝑰𝒏). 

A product 𝑧1 . 𝑧2 is defined by form: 

𝑧1. 𝑧2 = [(𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏)

+ 𝒊(𝒃𝒐 + 𝒃𝟏𝑰𝟏 + 𝒃𝟐𝑰𝟐 + ⋯ + 𝒃𝒏𝑰𝒏)][(𝒄𝒐 + 𝒄𝟏𝑰𝟏 + 𝒄𝟐𝑰𝟐 + ⋯ + 𝒄𝒏𝑰𝒏)

+ 𝒊(𝒅𝒐 + 𝒅𝟏𝑰𝟏 + 𝒅𝟐𝑰𝟐 + ⋯ + 𝒅𝒏𝑰𝒏)] 

𝑧1 . 𝑧2 = (𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏)(𝒄𝒐 + 𝒄𝟏𝑰𝟏 + 𝒄𝟐𝑰𝟐 + ⋯ + 𝒄𝒏𝑰𝒏)

− (𝒃𝒐 + 𝒃𝟏𝑰𝟏 + 𝒃𝟐𝑰𝟐 + ⋯ + 𝒃𝒏𝑰𝒏)(𝒅𝒐 + 𝒅𝟏𝑰𝟏 + 𝒅𝟐𝑰𝟐 + ⋯ + 𝒅𝒏𝑰𝒏)

+ 𝑖[(𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏)(𝒅𝒐 + 𝒅𝟏𝑰𝟏 + 𝒅𝟐𝑰𝟐 + ⋯ + 𝒅𝒏𝑰𝒏)

+ (𝒄𝒐 + 𝒄𝟏𝑰𝟏 + 𝒄𝟐𝑰𝟐 + ⋯ + 𝒄𝒏𝑰𝒏)(𝒃𝒐 + 𝒃𝟏𝑰𝟏 + 𝒃𝟐𝑰𝟐 + ⋯ + 𝒃𝒏𝑰𝒏)] 
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By using Definition 3.4, we get the product 𝑧1. 𝑧2. 

Remark3.1. 

(1). 𝑧1 . 𝑧2̅̅ ̅̅ ̅̅ ̅̅ = 𝑧1̅̅ ̅. 𝑧2̅̅ ̅ 

(1). 𝑧. �̅� = |𝑧|2. 

Definition 3.6.Let 𝑤 = 𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏  be a n-refinedneutrosophicreal number, then the 

invertible of 𝑤 defined as follows: 

𝑤−1 =
1

𝑤
=

1

𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏

= (𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏)−1 

1

𝑤
= (𝑎0)−1 + ∑ [𝑀𝑖 − 𝑀𝑖+1]−1𝑛

𝑖=1 𝐼𝑖 + [(𝑀𝑛)−1 − (𝑀0)−1]𝐼𝑛, where: 

𝑀0 = 𝑎0,  𝑀𝑗 = 𝒂𝒐 + 𝑎1𝐼1 + 𝑎2𝐼2 + ⋯ + 𝑎𝑛𝐼𝑛 ; 1 ≤ 𝑗 ≤ 𝑛 

Definition 3.7. The invertible a n-refined neutrosophic complex number. 

Let 𝑧 = (𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏) + 𝑖(𝒃𝒐 + 𝒃𝟏𝑰𝟏 + 𝒃𝟐𝑰𝟐 + ⋯ + 𝒃𝒏𝑰𝒏) , then the invertible of 𝑧 

defined as follows: 

𝑧−1 =
1

𝑧
=

1

(𝒂𝒐 + 𝒂𝟏𝑰𝟏 + 𝒂𝟐𝑰𝟐 + ⋯ + 𝒂𝒏𝑰𝒏) + 𝑖(𝒃𝒐 + 𝒃𝟏𝑰𝟏 + 𝒃𝟐𝑰𝟐 + ⋯ + 𝒃𝒏𝑰𝒏)
=

�̅�

𝑧. �̅�
=

�̅�

|𝑧|2
 

Example3.1.Let 𝑧 = (1 + 𝐼1 − 𝐼2 + 2𝐼3) + 𝑖(2 + 2𝐼1 − 𝐼2 − 𝐼3), �̅� = (1 + 𝐼1 − 𝐼2 + 2𝐼3) − 𝑖(2 + 2𝐼1 − 𝐼2 −

𝐼3). 

then. 

𝑧−1 =
�̅�

|𝑧|2
=

(1 + 𝐼1 − 𝐼2 + 2𝐼3) − 𝑖(2 + 2𝐼1 − 𝐼2 − 𝐼3)

(1 + 𝐼1 − 𝐼2 + 2𝐼3)2 + (2 + 2𝐼1 − 𝐼2 − 𝐼3)2
=

(1 + 𝐼1 − 𝐼2 + 2𝐼3) − 𝑖(2 + 2𝐼1 − 𝐼2 − 𝐼3)

5 + 9𝐼1 + 2𝐼2 + 7𝐼3

 

𝑧−1 = [(1 + 𝐼1 − 𝐼2 + 2𝐼3) − 𝑖(2 + 2𝐼1 − 𝐼2 − 𝐼3)](5 + 9𝐼1 + 2𝐼2 + 7𝐼3)−1 

𝑧−1 = (1 + 𝐼1 − 𝐼2 + 2𝐼3)(5 + 9𝐼1 + 2𝐼2 + 7𝐼3)−1 − 𝑖(2 + 2𝐼1 − 𝐼2 − 𝐼3)(5 + 9𝐼1 + 2𝐼2 + 7𝐼3)−1 

𝑧−1 = (1 + 𝐼1 − 𝐼2 + 2𝐼3) (
1

5
+

1

5
𝐼1 +

1

6
𝐼2 +

1

7
𝐼3) − 𝑖(2 + 2𝐼1 − 𝐼2 − 𝐼3) (

1

5
+

1

5
𝐼1 +

1

6
𝐼2 +

1

7
𝐼3) 

By using the Definition 3.4 we get: 

(1 + 𝐼1 − 𝐼2 + 2𝐼3) (
1

5
+

1

5
𝐼1 +

1

6
𝐼2 +

1

7
𝐼3) =

1

5
+

55

42
𝐼1 −

44

210
𝐼2 +

29

35
𝐼3 

(2 + 2𝐼1 − 𝐼2 − 𝐼3) (
1

5
+

1

5
𝐼1 +

1

6
𝐼2 +

1

7
𝐼3) =

2

5
+

298

5
𝐼1 −

12

35
𝐼2 −

2

35
𝐼3 

Hence, 

𝑧−1 = (
1

5
+

55

42
𝐼1 −

44

210
𝐼2 +

29

35
𝐼3) − 𝑖 (

2

5
+

298

5
𝐼1 −

12

35
𝐼2 −

2

35
𝐼3). 

The condition of invertibility can be found in [41]. 
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5. Conclusions 

In this paper, we have defined for the first time the concept of n-refined neutrosophic complex 

numbers. Also, we have discussed some of their elementary properties such as the conjugate, the 

multiplication, absolute values and other related topics. 

As a future research direction, we aim to study the natural generalization of those numbers by n-

cyclic refined neutrosophic complex numbers. 

Funding: “This research received no external funding” 

Conflicts of Interest: Authors declare that there is no conflict of interest.  

References 

[1] Abobala, M., "AH-Subspaces in Neutrosophic Vector Spaces", International Journal of Neutrosophic 

Science, Vol. 6 , pp. 80-86. 2020. 

[2] Abobala, M.,. "A Study of AH-Substructures in n-Refined Neutrosophic Vector Spaces", International 

Journal of Neutrosophic Science", Vol. 9, pp.74-85. 2020. 

[3] Sankari, H., and Abobala, M., "Neutrosophic Linear Diophantine Equations With two Variables", 

Neutrosophic Sets and Systems, Vol. 38, pp. 22-30, 2020. 

[4] Sankari, H., and Abobala, M." n-Refined Neutrosophic Modules", Neutrosophic Sets and Systems, Vol. 36, 

pp. 1-11. 2020. 

[5] Alhamido, R., and Abobala, M., "AH-Substructures in Neutrosophic Modules", International Journal of 

Neutrosophic Science, Vol. 7, pp. 79-86 . 2020. 

[6]Smarandache, F., " A Unifying Field in Logics: Neutrosophic Logic, Neutrosophy, Neutrosophic Set, 

Neutrosophic Probability", American Research Press. Rehoboth, 2003. 

[7]Suresh, R., and S. Palaniammal,. "Neutrosophic Weakly Generalized open and Closed Sets", Neutrosophic 

Sets and Systems, Vol. 33, pp. 67-77,. 2020. 

[8]Olgun, N., and  Hatip, A.,  "The Effect Of The Neutrosophic Logic On The Decision Making, in Quadruple 

Neutrosophic Theory And Applications", Belgium, EU, Pons Editions Brussels,pp. 238-253. 2020. 

[9]Hatip, A., Alhamido, R., and Abobala, M., "A Contribution to Neutrosophic Groups", International Journal 

of Neutrosophic Science", Vol. 0, pp. 67-76 . 2019. 

[10] Abobala, M., " n-Refined Neutrosophic Groups I", International Journal of Neutrosophic Science, Vol. 0, 

pp. 27-34. 2020. 

[11]Abobala, M., "Classical Homomorphisms Between n-refined Neutrosophic Rings", International Journal of 

Neutrosophic Science", Vol. 7, pp. 74-78. 2020. 

[12]Smarandache, F., and Abobala, M., n-Refined neutrosophic Rings, International Journal of Neutrosophic 

Science, Vol. 5 , pp. 83-90, 2020. 

[13]Abobala, M., On Some Special Substructures of Neutrosophic Rings and Their Properties, International 

Journal of Neutrosophic Science", Vol. 4 , pp. 72-81, 2020. 

[14] Abobala, M., "On Some Special Substructures of Refined Neutrosophic Rings", International Journal of 

Neutrosophic Science, Vol. 5, pp. 59-66. 2020. 

[15]Sankari, H., and Abobala, M.," AH-Homomorphisms In neutrosophic Rings and Refined Neutrosophic 

Rings", Neutrosophic Sets and Systems, Vol. 38, pp. 101-112, 2020. 



Neutrosophic Knowledge, Vol. 3, 2021     20  

 

 
Malath. F. Aswad., A Study of n-Refined Neutrosophic Complex Numbers and Their Properties 

[16]Smarandache, F., and Kandasamy, V.W.B., " Finite Neutrosophic Complex Numbers",·Source: arXiv. 

2011. 

[17] Agboola, A.A.A,. Akwu, A.D,. and Oyebo, Y.T., " Neutrosophic Groups and Subgroups", International .J 

.Math. Combin, Vol. 3, pp. 1-9. 2012. 

[18]Smarandache, F., " n-Valued Refined Neutrosophic Logic and Its Applications in Physics", Progress in 

Physics, 143-146, Vol. 4, 2013. 

[19]Adeleke, E.O., Agboola, A.A.A.,and Smarandache, F.,  "Refined Neutrosophic Rings I", International 

Journal of Neutrosophic Science, Vol. 2(2), pp. 77-81. 2020. 

[20]Hatip, A., and Abobala, M., "AH-Substructures In Strong Refined Neutrosophic Modules", International 

Journal of Neutrosophic Science, Vol. 9, pp. 110-116 . 2020. 

[21]Smarandache F., and Abobala, M.,  "n-Refined Neutrosophic Vector Spaces", International Journal of 

Neutrosophic Science, Vol. 7, pp. 47-54. 2020. 

[22]Sankari, H., and Abobala, M., "Solving Three Conjectures About Neutrosophic Quadruple Vector Spaces", 

Neutrosophic Sets and Systems, Vol. 38, pp. 70-77. 2020. 

[23]Adeleke, E.O., Agboola, A.A.A., and Smarandache, F., "Refined Neutrosophic Rings II", International 

Journal of Neutrosophic Science, Vol. 2(2), pp. 89-94. 2020. 

[24]Abobala, M., On Refined Neutrosophic Matrices and Their Applications In Refined Neutrosophic 

Algebraic Equations, Journal Of Mathematics, Hindawi, 2021 

[25]Abobala, M., A Study of Maximal and Minimal Ideals of n-Refined Neutrosophic Rings, Journal of Fuzzy 

Extension and Applications, Vol. 2, pp. 16-22, 2021. 

[26]Abobala, M., " Semi Homomorphisms and Algebraic Relations Between Strong Refined Neutrosophic 

Modules and Strong Neutrosophic Modules", Neutrosophic Sets and Systems, Vol. 39, 2021. 

[27]Giorgio, N, Mehmood, A., and Broumi, S.," Single Valued neutrosophic Filter", International Journal of 

Neutrosophic Science, Vol. 6, 2020. 

[28]Chellamani, P., and Ajay, D., "Pythagorean neutrosophic Fuzzy Graphs", International Journal of 

Neutrosophic Science, Vol. 11, 2021. 

[29]Milles, S, Barakat, M, and Latrech, A., " Completeness and Compactness In Standard Single Valued 

neutrosophic Metric Spaces", International Journal of Neutrosophic Science, Vol.12 , 2021. 

[30]Abobala, M., "On Some Neutrosophic Algebraic Equations", Journal of New Theory, Vol. 33, 2020. 

[31]Abobala, M., On The Representation of Neutrosophic Matrices by Neutrosophic Linear Transformations, 

Journal of Mathematics, Hindawi, 2021.  

[32] Abobala, M., "On Some Algebraic Properties of n-Refined Neutrosophic Elements and n-Refined 

Neutrosophic Linear Equations", Mathematical Problems in Engineering, Hindawi, 2021 

[33] Kandasamy V, Smarandache F., and Kandasamy I., Special Fuzzy Matrices for Social Scientists . Printed 

in the United States of America,2007, book, 99 pages. 

[34] Khaled, H., and Younus, A., and Mohammad, A., " The Rectangle Neutrosophic Fuzzy Matrices", Faculty 

of Education Journal Vol. 15, 2019. (Arabic version). 

[35]Abobala, M., Partial Foundation of Neutrosophic Number Theory, Neutrosophic Sets and Systems, Vol. 39 

, 2021. 

[36] F. Smarandache, Neutrosophic Theory and Applications, Le Quy Don Technical University, Faculty of 

Information technology, Hanoi, Vietnam, 17th May 2016. 



Neutrosophic Knowledge, Vol. 3, 2021     21  

 

 
Malath. F. Aswad., A Study of n-Refined Neutrosophic Complex Numbers and Their Properties 

[37]Ibrahim, M.A., Agboola, A.A.A, Badmus, B.S. and Akinleye, S.A., "On refined Neutrosophic Vector 

Spaces I", International Journal of Neutrosophic Science, Vol. 7, pp. 97-109. 2020. 

[38]Ibrahim, M.A., Agboola, A.A.A, Badmus, B.S., and Akinleye, S.A., "On refined Neutrosophic Vector 

Spaces II", International Journal of Neutrosophic Science, Vol. 9, pp. 22-36. 2020. 

[39]Abobala, M, "n-Cyclic Refined Neutrosophic Algebraic Systems Of Sub-Indeterminacies, An Application 

To Rings and Modules", International Journal of Neutrosophic Science, Vol. 12, pp. 81-95 . 2020. 

[40]Smarandache, F., "Neutrosophic Set a Generalization of the Intuitionistic Fuzzy Sets", Inter. J. Pure Appl. 

Math., pp. 287-297. 2005. 

[41] Abobala, M., "On Some Special Elements In Neutrosophic Rings and Refined Neutrosophic Rings", 

Journal of New Theory, vol. 33, 2020. 

[42]Abobala, M., Hatip, A., Olgun, N., Broumi, S., Salama, A,A., and Khaled, E, H., The algebraic creativity 

In The Neutrosophic Square Matrices, Neutrosophic Sets and Systems, Vol. 40, pp. 1-11, 2021. 

[43] Aswad, F, M., " A Study of Neutrosophic Complex Number and Applications", Neutrosophic Knowledge, 

Vol. 1, 2020. 

[44] Aswad. F, M., " A Study of neutrosophic Bi Matrix", Neutrosophic Knowledge, Vol. 2, 2021. 

[45] Abobala, M., "Neutrosophic Real Inner Product Spaces", Neutrosophic Sets and Systems, vol. 43, 2021. 

[46] Aswad, M., " A Study of The Integration Of Neutrosophic Thick Function", International journal of 

neutrosophic Science, 2020.  

[47] Abobala, M., "A Study Of Nil Ideals and Kothe's Conjecture In Neutrosophic Rings", International Journal 

of Mathematics and Mathematical Sciences, hindawi, 2021. 

[48] Ali, R, "Neutrosophic Matrices and their Properties", Hal- Archives, 2021.  

[49] Abobala, M., and Hatip, A., "An Algebraic Approach to Neutrosophic Euclidean Geometry", Neutrosophic 

Sets and Systems, Vol. 43, 2021. 

[50] Aswad, M., " A Study Of neutrosophic Differential Equation By using A Neutrosophic Thick Function", 

neutrosophic knowledge, Vol. 1, 2020. 

[51] Abobala, M., " A Review On Recent Developments of Neutrosophic Matrix Theory and Open Problems", 

hal- Archives, 2021. 

[52] Abobala, M., "n- Refined Neutrosophic Groups II", International journal Of Neutrosophic Science, Vol. 0, 

2019.  

[53] Salama, A. A., Smarandache, F. Neutrosophic Crisp Set Theory, Educational. Education Publishing 1313 

Chesapeake, Avenue, Columbus, Ohio 43212, 2015, pp.184 

[54] Salama, A. A., Haitham, A., Ayman, M., Smarandache, F. Introduction to Develop Some Software Programs 

for Dealing with Neutrosophic Sets, Neutrosophic Sets and Systems, 2014, vol. 3, pp.51-52. 

[55] Salama, A. A., Eisa, M., ElGhawalby, H., & Fawzy, A. E. A New Approach in Content-Based Image Retrieval 

Neutrosophic Domain. In Fuzzy Multi-criteria, Decision-Making Using Neutrosophic Sets. Springer, 

Cham, 2019, pp. 361-369, 2019  

[56]  Alhabib, R., Salama, A. A., The Neutrosophic Time Series-Study Its Models (Linear-Logarithmic) and test 

the Coefficients Significance of Its linear model. Neutrosophic Sets and Systems, 2020, Vol.33, pp.105-115. 

[57] A. A. Salama, and H. A. Elagamy: Some Topics Related Neutrosophic Fuzzy Ideal Bitopological Spaces. 

Neutrosophic Knowledge, vol. 2/2021, pp. 23-28, 2021. 

[58]  Belal Amin, A. A. Salama, I. M. El-Henawy, Khaled Mahfouz, Mona G. Gafar, "Intelligent Neutrosophic 

Diagnostic System for Cardiotocography Data", Computational Intelligence and Neuroscience, vol. 2021, 

Article ID 6656770, 12 pages, 2021.  



Neutrosophic Knowledge, Vol. 3, 2021     22  

 

 
Malath. F. Aswad., A Study of n-Refined Neutrosophic Complex Numbers and Their Properties 

[58] Yasser I., Abd El-Khalek A.A., Twakol A., Abo-Elsoud ME., Salama A.A., Khalifa F., A Hybrid Automated 

Intelligent COVID-19 Classification System Based on Neutrosophic Logic and Machine Learning 

Techniques Using Chest X-Ray Images. In: Hassanien AE., Elghamrawy S.M., Zelinka I. (eds) Advances in 

Data Science and Intelligent Data Communication Technologies for COVID-19. Studies in Systems, 

Decision and Control, vol 378. Springer, 2021. 

[59] Kawther F. Alhasan, A.A. Salama, & Florentin Smarandache, Introduction to Neutrosophic Reliability 

Theory. International Journal of Neutrosophic Science, 15(1), 52–61, 2021. 

 


