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Abstract:  

n-refined neutrosophic structures are considered as generalizations of classical structures, 

and neutrosophic structures. 

The main goal of this paper, is to study several structures generated by using 3-refined 

neutrosophic numbers, where we find the mathematical formulas of 3-refined 

neutrosophic real functions. Also, the inner products over 3-refined neutrosophic vector 

spaces and orthogonal properties. In addition, we present the foundations of 3-refined 

neutrosophic number theory, especially division, congruencies, and some related 

equations.  

Keywords: 3-refined neutrosophic real function, 3-refined neutrosophic inner product, 

3-refined neutrosophic vector space, 3-refined neutrosophic number theory 

Introduction and basic concepts 

The concept of neutrosophic structures plays an important role in the theory of algebraic 

structures and analysis. Many concepts and structures were defined previously, such as 

neutrosophic vector spaces, neutrosophic matrices, and algebraic rings [1-3, 5-7, 14-16]. 

Laterally, refined neutrosophic structures were defined to generalize the neutrosophic 

structures, where refined neutrosophic rings, modules, and other structures were 

presented [4, 8-11, 24-28]. 
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The concept of n-refined neutrosophic structure is considered as a generalization of refined 

structure [12, 29]. For each value of the integer n, we get a generalized structure. 

This work will study some of 3-refined neutrosophic structures, where we present the 

formulas of 3-refined neutrosophic real functions, 3-refined neutrosophic inner products 

defined over 3-refined neutrosophic vector spaces, and 3-refined number theoretical 

concepts. 

First, we recall some basic concepts. 

Definition: 

Let (R,+,×) be a ring, 𝑅(𝐼) = {𝑎 + 𝑏𝐼 ;  𝑎, 𝑏 ∈ 𝑅} is called the neutrosophic ring where I is a 

neutrosophic element with condition 𝐼2 = 𝐼. 

Definition: 

Let (R,+,×) be a ring, (R(𝐼1, 𝐼2) , + ,×) is called a refined neutrosophic ring generated by R 

, 𝐼1, 𝐼2. 

Definition: 

Let (R,+,×) be a ring and 𝐼𝑘; 1 ≤ 𝑘 ≤ 𝑛 be n indeterminacies. We define 𝑅𝑛(I)={𝑎0 + 𝑎1𝐼 +

⋯+ 𝑎𝑛𝐼𝑛 ;  𝑎𝑖 ∈ 𝑅} to be n-refined neutrosophic ring.  

Addition and multiplication on 𝑅𝑛(I) are defined as: 

∑ 𝑥𝑖𝐼𝑖 + ∑ 𝑦𝑖𝐼𝑖 = ∑ (𝑥𝑖 + 𝑦𝑖)𝐼𝑖 ,
𝑛
𝑖=0 ∑ 𝑥𝑖𝐼𝑖 × ∑ 𝑦𝑖𝐼𝑖 = ∑ (𝑥𝑖 × 𝑦𝑗)𝐼𝑖𝐼𝑗

𝑛
𝑖,𝑗=0

𝑛
𝑖=0

𝑛
𝑖=0

𝑛
𝑖=0

𝑛
𝑖=0 . 

Where × is the multiplication defined on the ring R. 

For n=3, we get the 3-refined neutrosophic ring. 

Main Discussion 

Definition.  

Let 𝑅3(𝐼) be the 3-refined neutrosophic ring of reals, 𝑓: 𝑅3(𝐼) → 𝑅3(𝐼); 𝑓 = 𝑓(𝑋); 𝑋 ∈ 𝑅3(𝐼). 

𝑓 is called 3-refined neutrosophic real function with one variable. 

Theorem. 

𝑅3(𝐼) ≅ 𝑅
4. 

Proof. 

We define 𝑔: 𝑅3(𝐼) → 𝑅4; 𝑔(𝑎 + 𝑏𝐼1 + 𝑐𝐼2 + 𝑑𝐼3) = (𝑎, 𝑎 + 𝑏 + 𝑐 + 𝑑, 𝑎 + 𝑐 + 𝑑, 𝑎 + 𝑑). 
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It is clear that 𝑔 is well defined function. 

𝑘𝑒𝑟(𝑔) = {0}, thus 𝑔 is injective. 

𝐼𝑚(𝑔) = 𝑅4, thus 𝑔 is surjective, so that 𝑔 is one-to-one. 

Now, let 𝐴 = 𝑎0 + 𝑎1𝐼1 + 𝑎2𝐼2 + 𝑎3𝐼3, 𝐵 = 𝑏0 + 𝑏1𝐼1 + 𝑏2𝐼2 + 𝑏3𝐼3, 

𝐴 + 𝐵 = (𝑎0 + 𝑏0) + (𝑎1 + 𝑏1)𝐼1 + (𝑎2 + 𝑏2)𝐼2 + (𝑎3 + 𝑏3)𝐼3 

𝑔(𝐴 + 𝐵) = 𝑔(𝐴) + 𝑔(𝐵). 

𝐴. 𝐵 = 𝑎0𝑏0 + [(𝑎0 + 𝑎1 + 𝑎2 + 𝑎3)(𝑏0 + 𝑏1 + 𝑏2 + 𝑏3) − (𝑎0 + 𝑎2 + 𝑎3)(𝑏0 + 𝑏2 + 𝑏3)]𝐼1

+ [(𝑎0 + 𝑎2 + 𝑎3)(𝑏0 + 𝑏2 + 𝑏3) − (𝑎0 + 𝑎3)(𝑏0 + 𝑏3)]𝐼2

+ [(𝑎0 + 𝑎3)(𝑏0 + 𝑏3) − 𝑎0𝑏0]𝐼3 

𝑔(𝐴. 𝐵) = 𝑔(𝐴). 𝑔(𝐵), hence 𝑔 is a ring isomorphism. 

Remark. 

Let 𝑓: 𝑅3(𝐼) → 𝑅3(𝐼) be a 3-refined neutrosophic real function with one variable, then 𝑓 

can be represented by four classical real functions by taking the direct isomorphic image 

𝑔(𝑓(𝑋)). 

Example. 

Take 𝑓(𝑋) = (1 + 𝐼1)𝑋
2 + (2 − 𝐼2 − 𝐼3)𝑋 + 1 + 2𝐼1 + 𝐼2 + 𝐼3 , 𝑓  can be represented as 

follows: 

𝑔(𝑓(𝑋)) = 𝑔(1 + 𝐼1)(𝑔(𝑋))
2
+ 𝑔(2 − 𝐼2 − 𝐼3)𝑔(𝑋) + 𝑔(1 + 2𝐼1 + 𝐼2 + 𝐼3) 

𝑔(𝑓(𝑋)) = (1,2,1,1)(𝑥0
2, (𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)

2, (𝑥0 + 𝑥2 + 𝑥3)
2, (𝑥0 + 𝑥3)

2)

+ (2,0,0,1)(𝑥0, 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3, 𝑥0 + 𝑥2 + 𝑥3, 𝑥0 + 𝑥3) + (1,5,3,2) 

𝑔(𝑓(𝑋)) = (𝑥0
2 + 2𝑥0 + 1,2(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)

2 + 5, (𝑥0 + 𝑥2 + 𝑥3)
2 + 3, (𝑥0 + 𝑥3)

2

+ (𝑥0 + 𝑥3) + 2) 

The four classical functions that represent (𝑓) are: 

𝑓1: 𝑅 → 𝑅; 𝑓1(𝑥0) = 𝑥0
2 + 2𝑥0 + 1 

𝑓2: 𝑅 → 𝑅; 𝑓2(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) = 2(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)
2 + 5 

𝑓3: 𝑅 → 𝑅; 𝑓3(𝑥0 + 𝑥2 + 𝑥3) = (𝑥0 + 𝑥2 + 𝑥3)
2 + 3 

𝑓4: 𝑅 → 𝑅; 𝑓4(𝑥0 + 𝑥3) = (𝑥0 + 𝑥3)
2 + (𝑥0 + 𝑥3) + 2 

Theorem. 

Let 𝑔: 𝑅3(𝐼) → 𝑅4 be the isomorphism defined above, then: 

𝑔−1: 𝑅4 → 𝑅3(𝐼); 𝑔
−1(𝑎, 𝑏, 𝑐, 𝑑) = 𝑎 + (𝑏 − 𝑐)𝐼1 + (𝑐 − 𝑑)𝐼2 + (𝑑 − 𝑎)𝐼3. 

The proof is easy. 

Remark. 
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To find the formula of a 3-refined neutrosophic real function 𝑓: 𝑅3(𝐼) → 𝑅3(𝐼), we went 

compute: 

𝑔−1 (𝑔(𝑓(𝑋))). 

Example. 

For the function 𝑓(𝑋) = (1 + 𝐼1)𝑋
2 + (2 − 𝐼2 − 𝐼3)𝑋 + 1 + 2𝐼1 + 𝐼2 + 𝐼3, we compute: 

𝑔−1 (𝑔(𝑓(𝑋))) = (𝑥0
2 + 2𝑥0 + 1) + [2(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)

2 + 5 − (𝑥0 + 𝑥2 + 𝑥3)
2 − 3]𝐼1

+ [(𝑥0 + 𝑥2 + 𝑥3)
2 + 3 − (𝑥0 + 𝑥3)

2 − (𝑥0 + 𝑥3) − 2]𝐼2

+ [(𝑥0 + 𝑥3)
2 + (𝑥0 + 𝑥3) + 2 − 𝑥0

2 − 2𝑥0 − 1]𝐼3 

= 𝑥0
2 + 2𝑥0 + 1 + [2(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)

2 − (𝑥0 + 𝑥2 + 𝑥3)
2 + 2]𝐼1

+ [(𝑥0 + 𝑥2 + 𝑥3)
2 − (𝑥0 + 𝑥3)

2 − (𝑥0 + 𝑥3) + 1]𝐼2

+ [(𝑥0 + 𝑥3)
2 + (𝑥0 + 𝑥3) − 𝑥0

2 − 2𝑥0 + 1]𝐼3 

Definition. 

Let 𝑓: 𝑅3(𝐼) → 𝑅3(𝐼)  be a 3-refined neutrosophic real function, and 𝑔(𝑓(𝑋)) =

(𝑓1, 𝑓2, 𝑓3, 𝑓4), with 𝑓𝑖: 𝑅 → 𝑅; 1 ≤ 𝑖 ≤ 4, we say: 

a). 𝑓 is differentiable if and only if 𝑓𝑖 are differentiable. 

b). 𝑓 is integrable if and only if 𝑓𝑖 are integrable. 

We mean by differentiable/integrable on all 𝑅 not only for sub-domains ]𝑎, 𝑏[ ⊆ 𝑅. 

Example on famous functions. 

1. 𝑓: 𝑅3(𝐼) → 𝑅3(𝐼), 𝑓(𝑋) = 𝑠𝑖𝑛(𝑋).  

It's formula is 𝑓(𝑋) = 𝑔−1 (𝑔(𝑓(𝑋))) = 𝑠𝑖𝑛(𝑥0) + [𝑠𝑖𝑛(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − 𝑠𝑖𝑛(𝑥0 + 𝑥2 +

𝑥3)]𝐼1 + [𝑠𝑖𝑛(𝑥0 + 𝑥2 + 𝑥3) − 𝑠𝑖𝑛(𝑥0 + 𝑥3)]𝐼2 + [𝑠𝑖𝑛(𝑥0 + 𝑥3) − 𝑠𝑖𝑛(𝑥0)]𝐼3. 

2.  𝑓(𝑋) = 𝑐𝑜𝑠(𝑋) = 𝑔−1 (𝑔(𝑓(𝑋))) = 𝑐𝑜𝑠(𝑥0) + [𝑐𝑜𝑠(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) −

𝑐𝑜𝑠(𝑥0 + 𝑥2 + 𝑥3)]𝐼1 + [𝑐𝑜𝑠(𝑥0 + 𝑥2 + 𝑥3) − 𝑐𝑜𝑠(𝑥0 + 𝑥3)]𝐼2 + [𝑐𝑜𝑠(𝑥0 + 𝑥3) −

𝑐𝑜𝑠(𝑥0)]𝐼3.  

3. 𝑓(𝑋) = 𝑡𝑎𝑛(𝑋) = 𝑡𝑎𝑛(𝑥0) + [𝑡𝑎𝑛(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − 𝑡𝑎𝑛(𝑥0 + 𝑥2 + 𝑥3)]𝐼1 +

[𝑡𝑎𝑛(𝑥0 + 𝑥2 + 𝑥3) − 𝑡𝑎𝑛(𝑥0 + 𝑥3)]𝐼2 + [𝑡𝑎𝑛(𝑥0 + 𝑥3) − 𝑡𝑎𝑛(𝑥0)]𝐼3 

4. 𝑓(𝑋) = 𝑐𝑜𝑡(𝑋) = 𝑐𝑜𝑡(𝑥0) + [𝑐𝑜𝑡(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − 𝑐𝑜𝑡(𝑥0 + 𝑥2 + 𝑥3)]𝐼1 +

[𝑐𝑜𝑡(𝑥0 + 𝑥2 + 𝑥3) − 𝑐𝑜𝑡(𝑥0 + 𝑥3)]𝐼2 + [𝑐𝑜𝑡(𝑥0 + 𝑥3) − 𝑐𝑜𝑡(𝑥0)]𝐼3 

5. 𝑓(𝑋) = 𝑒𝑋 = 𝑒𝑥0 + [𝑒𝑥0+𝑥1+𝑥2+𝑥3 − 𝑒𝑥0+𝑥2+𝑥3]𝐼1 + [𝑒
𝑥0+𝑥2+𝑥3 − 𝑒𝑥0+𝑥3]𝐼2 +

[𝑒𝑥0+𝑥3 − 𝑒𝑥0]𝐼3 
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6. 𝑓(𝑋) = 𝑙𝑛(𝑋) = 𝑙𝑛(𝑥0) + [𝑙𝑛(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − 𝑙𝑛(𝑥0 + 𝑥2 + 𝑥3)]𝐼1 + [𝑙𝑛(𝑥0 +

𝑥2 + 𝑥3) − 𝑙𝑛(𝑥0 + 𝑥3)]𝐼2 + [𝑙𝑛(𝑥0 + 𝑥3) − 𝑙𝑛(𝑥0)]𝐼3, with 𝑋 > 0. 

7. 𝑓(𝑋) = 𝑋𝑛 = 𝑥0
𝑛 + [(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)

𝑛 − (𝑥0 + 𝑥2 + 𝑥3)
𝑛]𝐼1 + [(𝑥0 + 𝑥2 + 𝑥3)

𝑛 −

(𝑥0 + 𝑥3)
𝑛]𝐼2 + [(𝑥0 + 𝑥3)

𝑛 − 𝑥0
𝑛]𝐼3; 𝑛 ∈ 𝑁. 

Definition. 

Let 𝑉 be vector space over 𝑅, the 3-refined neutrosophic vector space is defined as follows: 

𝑉3(𝐼) = 𝑉 + 𝑉𝐼1 + 𝑉𝐼2 + 𝑉𝐼3 = {𝑥 + 𝑦𝐼1 + 𝑧𝐼2 + 𝑡𝐼3 ; 𝑥, 𝑦, 𝑧, 𝑡 ∈ 𝑅} 

Remark. 

Addition on 𝑉3(𝐼) is defined: 

(𝑥0 + 𝑦0𝐼1 + 𝑧0𝐼2 + 𝑡0𝐼3) + (𝑥1 + 𝑦1𝐼1 + 𝑧1𝐼2 + 𝑡1𝐼3)

= (𝑥0 + 𝑥1) + (𝑦0 + 𝑦1)𝐼1 + (𝑧0 + 𝑧1)𝐼2 + (𝑡0 + 𝑡1)𝐼3 

Where 𝑥𝑖, 𝑦𝑖 , 𝑧𝑖 , 𝑡𝑖 ∈ 𝑉 ; 0 ≤ 𝑖 ≤ 1. 

Multiplication on 𝑉3(𝐼) is defined: 

(𝑎 + 𝑏𝐼1 + 𝑐𝐼2 + 𝑑𝐼3). (𝑥 + 𝑦𝐼1 + 𝑧𝐼2 + 𝑡𝐼3)

= (𝑎. 𝑥) + (𝑎𝑦 + 𝑏𝑥 + 𝑏𝑦 + 𝑏𝑧 + 𝑏𝑡 + 𝑐𝑦 + 𝑑𝑦)𝐼1 + (𝑎𝑧 + 𝑐𝑥 + 𝑐𝑧 + 𝑐𝑡 + 𝑑𝑧)𝐼2

+ (𝑎𝑡 + 𝑑𝑥 + 𝑑𝑡)𝐼3 

Where 𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝑅 , 𝑥, 𝑦, 𝑧, 𝑡 ∈ 𝑉 

Remark. 

(𝑉3(𝐼),+, . ) Is a module over 𝑅3(𝐼). 

Definition. 

Let 𝑓: 𝑉3(𝐼) × 𝑉3(𝐼) → 𝑅3(𝐼) be a well defined mapping, we call 𝑓 a 3-refined neutrosophic 

real inner product if and only if the following conditions hold: 

1). 𝑓(𝑋, 𝑋) ≥ 0 ; ∀𝑋 ∈ 𝑉3(𝐼). 

2). 𝑓(𝑋, 𝑋) = 0 ⇔ 𝑋 = 0. 

3). 𝑓(𝑋, 𝑌) = 𝑓(𝑌, 𝑋) ;  ∀𝑋, 𝑌 ∈ 𝑉3(𝐼). 

4). 𝑓(𝛼𝑋 + 𝛽𝑌, 𝑍) = 𝛼𝑓(𝑋, 𝑍) + 𝛽𝑓(𝑋, 𝑍) ;  ∀𝑋, 𝑌, 𝑍 ∈ 𝑉3(𝐼) , 𝛼, 𝛽 ∈ 𝑅3(𝐼). 

Theorem. 

Let 𝑔: 𝑉 × 𝑉 → 𝑅be an inner production on 𝑉 , then for 𝑋 = 𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3, 𝑌 =

𝑦0 + 𝑦1𝐼1 + 𝑦2𝐼2 + 𝑦3𝐼3 ∈ 𝑉3(𝐼), the mapping 𝑓: 𝑉3(𝐼) × 𝑉3(𝐼) → 𝑅3(𝐼)such that: 
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𝑓(𝑋, 𝑌) = 𝑔(𝑥0, 𝑦0)

+ (𝑔(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3, 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3) − 𝑔(𝑥0 + 𝑥2 + 𝑥3, 𝑦0 + 𝑦2 + 𝑦3))𝐼1

+ (𝑔(𝑥0 + 𝑥2 + 𝑥3, 𝑦0 + 𝑦2 + 𝑦3) − 𝑔(𝑥0 + 𝑥3, 𝑦0 + 𝑦3))𝐼2

+ (𝑔(𝑥0 + 𝑥3, 𝑦0 + 𝑦3) − 𝑔(𝑥0, 𝑦0))𝐼3 

Is a 3-refined neutrosophic inner product. 

Proof. 

𝑓(𝑋, 𝑋) = 𝑔(𝑥0, 𝑥0)

+ (𝑔(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3, 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − 𝑔(𝑥0 + 𝑥2 + 𝑥3, 𝑥0 + 𝑥2 + 𝑥3))𝐼1

+ (𝑔(𝑥0 + 𝑥2 + 𝑥3, 𝑥0 + 𝑥2 + 𝑥3) − 𝑔(𝑥0 + 𝑥3, 𝑥0 + 𝑥3))𝐼2

+ (𝑔(𝑥0 + 𝑥3, 𝑥0 + 𝑥3) − 𝑔(𝑥0, 𝑥0))𝐼3 

= ‖𝑥0‖
2 + (‖𝑥0 + 𝑥1 + 𝑥2 + 𝑥3‖

2 − ‖𝑥0 + 𝑥2 + 𝑥3‖
2)𝐼1 + (‖𝑥0 + 𝑥2 + 𝑥3‖

2 − ‖𝑥0 + 𝑥3‖
2)𝐼2

+ (‖𝑥0 + 𝑥3‖
2 − ‖𝑥0‖

2)𝐼3 ≥ 0 

According to the concept of partial ordering on 𝑅3(𝐼). 

𝑓(𝑋, 𝑋) = 0 ⇔ ‖𝑥0‖
2 = ‖𝑥0 + 𝑥1 + 𝑥2 + 𝑥3‖

2 = ‖𝑥0 + 𝑥2 + 𝑥3‖
2 = ‖𝑥0 + 𝑥3‖

2 = 0 

Thus 𝑥0 = 𝑥1 = 𝑥2 = 𝑥3 = 0and 𝑋 = 0. 

It is clear that 𝑓(𝑋, 𝑌) = 𝑓(𝑌, 𝑋). 

Now, let 𝐴 = 𝑎0 + 𝑎1𝐼1 + 𝑎2𝐼2 + 𝑎3𝐼3, 𝐵 = 𝑏0 + 𝑏1𝐼1 + 𝑏2𝐼2 + 𝑏3𝐼3 ∈ 𝑅3(𝐼)  and 𝑍 = 𝑧0 +

𝑧1𝐼1 + 𝑧2𝐼2 + 𝑧3𝐼3 ∈ 𝑉3(𝐼), we have: 

𝐴𝑋 + 𝐵𝑌 = (𝑎0𝑥0 + 𝑏0𝑦0) + ((𝑎0 + 𝑎1 + 𝑎2 + 𝑎3)(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − (𝑎0 + 𝑎2 + 𝑎3)(𝑥0 +

𝑥2 + 𝑥3) + (𝑏0 + 𝑏1 + 𝑏2 + 𝑏3)(𝑦0 + 𝑦1 + 𝑦2 + 𝑦3) − (𝑏0 + 𝑏2 + 𝑏3)(𝑦0 + 𝑦2 + 𝑦3))𝐼1 +

((𝑎0 + 𝑎2 + 𝑎3)(𝑥0 + 𝑥2 + 𝑥3) − (𝑎0 + 𝑎3)(𝑥0 + 𝑥3) + (𝑏0 + 𝑏2 + 𝑏3)(𝑦0 + 𝑦2 + 𝑦3) −

(𝑏0 + 𝑏3)(𝑦0 + 𝑦3))𝐼2 + ((𝑎0 + 𝑎3)(𝑥0 + 𝑥3) − 𝑎0𝑥0 + (𝑏0 + 𝑏3)(𝑦0 + 𝑦3) − 𝑏0𝑦0)𝐼3  
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𝑓(𝐴𝑋 + 𝐵𝑌, 𝑍) = 𝑔(𝑎0𝑥0 + 𝑏0𝑦0, 𝑧0)

+ (𝑔((𝑎0 + 𝑎1 + 𝑎2 + 𝑎3)(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)

+ (𝑏0 + 𝑏1 + 𝑏2 + 𝑏3)(𝑦0 + 𝑦1 + 𝑦2 + 𝑦3), 𝑧0 + 𝑧1 + 𝑧2 + 𝑧3)

− 𝑔((𝑎0 + 𝑎2 + 𝑎3)(𝑥0 + 𝑥2 + 𝑥3) + (𝑏0 + 𝑏2 + 𝑏3)(𝑦0 + 𝑦2 + 𝑦3), 𝑧0 + 𝑧2

+ 𝑧3)) 𝐼1

+ (𝑔((𝑎0 + 𝑎2 + 𝑎3)(𝑥0 + 𝑥2 + 𝑥3) + (𝑏0 + 𝑏2 + 𝑏3)(𝑦0 + 𝑦2 + 𝑦3), 𝑧0 + 𝑧2

+ 𝑧3) − 𝑔((𝑎0 + 𝑎3)(𝑥0 + 𝑥3) + (𝑏0 + 𝑏3)(𝑦0 + 𝑦3), 𝑧0 + 𝑧3)) 𝐼2

+ (𝑔((𝑎0 + 𝑎3)(𝑥0 + 𝑥3) + (𝑏0 + 𝑏3)(𝑦0 + 𝑦3), 𝑧0 + 𝑧3)

− 𝑔(𝑎0𝑥0 + 𝑏0𝑦0, 𝑧0)) 𝐼3 

= (𝑎0 + 𝑎1𝐼1 + 𝑎2𝐼2 + 𝑎3𝐼3)𝑓(𝑋, 𝑍) + (𝑏0 + 𝑏1𝐼1 + 𝑏2𝐼2 + 𝑏3𝐼3)𝑓(𝑋, 𝑍) 

Theorem. 

Let 𝑓: 𝑉3(𝐼) × 𝑉3(𝐼) → 𝑅3(𝐼) be a 3-refined neutrosophic real inner product, then 𝑔: 𝑉 ×

𝑉 → 𝑅 such that: 

𝑔(𝑥, 𝑦) = 𝑓(𝑥 + 0𝐼1 + 0𝐼2 + 0𝐼3, 𝑦 + 0𝐼1 + 0𝐼2 + 0𝐼3) is a classical inner product on 𝑉. 

The proof is clear. 

Definition. 

Let 𝑋 = 𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3 ∈ 𝑉3(𝐼)  and 𝑓: 𝑉3(𝐼) × 𝑉3(𝐼) → 𝑅3(𝐼)  be a 3-refined 

neutrosophic real inner product, then: 

1. If 𝑌 = 𝑦0 + 𝑦1𝐼1 + 𝑦2𝐼2 + 𝑦3𝐼3 ∈ 𝑉3(𝐼), then 𝑋 ⊥ 𝑌 if and only if 𝑓(𝑋, 𝑌) = 0. 

2. ‖𝑋‖2 = 𝑓(𝑋, 𝑋).  

Theorem. 

Let 𝑓 be a 3-refined neutrosophic real inner product on 𝑉3(𝐼) and 𝑋 = 𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 +

𝑥3𝐼3, 𝑌 = 𝑦0 + 𝑦1𝐼1 + 𝑦2𝐼2 + 𝑦3𝐼3 ∈ 𝑉3(𝐼), then: 

1). 𝑋 ⊥ 𝑌 if and only if {
𝑥0 ⊥ 𝑦0, 𝑥0 + 𝑥3 ⊥ 𝑦0 + 𝑦3
𝑥0 + 𝑥2 + 𝑥3 ⊥ 𝑦0 + 𝑦2 + 𝑦3

𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 ⊥ 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3

 

2). ‖𝑋‖ = ‖𝑥0‖ + (‖𝑥0 + 𝑥1 + 𝑥2 + 𝑥3‖ − ‖𝑥0 + 𝑥2 + 𝑥3‖)𝐼1 + (‖𝑥0 + 𝑥2 + 𝑥3‖ −

‖𝑥0 + 𝑥3‖)𝐼2 + (‖𝑥0 + 𝑥3‖ − ‖𝑥0‖)𝐼3 

Proof. 

1). 𝑋 ⊥ 𝑌 ⇔ 𝑓(𝑋, 𝑌) = 0 ⇔ 𝑔(𝑥0, 𝑦0) = 𝑔(𝑥0 + 𝑥3, 𝑦0 + 𝑦3) = 𝑔(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3, 𝑦0 + 𝑦1 +

𝑦2 + 𝑦3) = 𝑔(𝑥0 + 𝑥2 + 𝑥3, 𝑦0 + 𝑦2 + 𝑦3) = 0, hence the proof holds. 
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2). We put 𝑇 = ‖𝑥0‖ + (‖𝑥0 + 𝑥1 + 𝑥2 + 𝑥3‖ − ‖𝑥0 + 𝑥2 + 𝑥3‖)𝐼1 + (‖𝑥0 + 𝑥2 + 𝑥3‖ −

‖𝑥0 + 𝑥3‖)𝐼2 + (‖𝑥0 + 𝑥3‖ − ‖𝑥0‖)𝐼3 

We compute 𝑇2 = ‖𝑥0‖
2 + (‖𝑥0 + 𝑥1 + 𝑥2 + 𝑥3‖

2 − ‖𝑥0 + 𝑥2 + 𝑥3‖
2)𝐼1 + (‖𝑥0 + 𝑥2 +

𝑥3‖
2 − ‖𝑥0 + 𝑥3‖

2)𝐼2 + (‖𝑥0 + 𝑥3‖
2 − ‖𝑥0‖

2)𝐼3 = 𝑓(𝑋, 𝑋) = ‖𝑋‖
2, thus 𝑇 = ‖𝑋‖. 

Example. 

Let 𝑋 = 3 + 2𝐼1 − 𝐼2 − 𝐼3, 𝑥0 = 3, 𝑥1 = 2, 𝑥2 = −1, 𝑥3 = −1, then: 

‖𝑋‖ = |3| + (|3| − |1|)𝐼1 + (|1| − |2|)𝐼2 + (|2| − |3|)𝐼3 = 3 + 2𝐼1 − 𝐼2 − 𝐼3 

Example. 

Let 𝑉 = 𝑅2, 𝑉3(𝐼) = 𝑅3
2(𝐼), take 𝑋 = (1,1) + (2,1)𝐼1 + (3,−1)𝐼2 + (−1,4)𝐼3. 

𝑥0 = (1,1), ‖𝑥0‖ = √2 , 𝑥0 + 𝑥3 = (0,5), ‖𝑥0 + 𝑥3‖ = 5 , 𝑥0 + 𝑥2 + 𝑥3 = (3,4), ‖𝑥0 + 𝑥2 +

𝑥3‖ = 5, +𝑥1 + 𝑥2𝑥0 + 𝑥3 = (5,5), ‖𝑥0 + 𝑥1 + 𝑥2 + 𝑥3‖ = 5√2 

‖𝑋‖ = √2 + (5√2 − 5)𝐼1 + (5 − 5)𝐼2 + (5 − √2)𝐼3 = √2 + (5√2 − 5)𝐼1 + (5 − √2)𝐼3 

Remark. 

∀𝑋, 𝑌 ∈ 𝑉3(𝐼), then: ‖𝑋‖ ≥ 0, ‖𝑋 + 𝑌‖ ≤ ‖𝑋‖ + ‖𝑌‖. 

Theorem. 

Let 𝑋, 𝑌 ∈ 𝑉3(𝐼), then |𝑓(𝑋, 𝑌)| ≤ ‖𝑋‖. ‖𝑌‖. 

Proof. 

𝑓(𝑋, 𝑌) = 𝑔(𝑥0, 𝑦0)

+ (𝑔(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3, 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3) − 𝑔(𝑥0 + 𝑥2 + 𝑥3, 𝑦0 + 𝑦2 + 𝑦3))𝐼1

+ (𝑔(𝑥0 + 𝑥2 + 𝑥3, 𝑦0 + 𝑦2 + 𝑦3) − 𝑔(𝑥0 + 𝑥3, 𝑦0 + 𝑦3))𝐼2

+ (𝑔(𝑥0 + 𝑥3, 𝑦0 + 𝑦3) − 𝑔(𝑥0, 𝑦0))𝐼3 

According to Cauchy-Shwartz inequality on the space 𝑉, we have: 

|𝑔(𝑥0, 𝑦0)| ≤ ‖𝑥0‖. ‖𝑦0‖, |𝑔(𝑥0 + 𝑥2 + 𝑥3, 𝑦0 + 𝑦2 + 𝑦3)| ≤ ‖𝑥0 + 𝑥2 + 𝑥3‖. ‖𝑦0 + 𝑦2 + 𝑦3‖ 

|𝑔(𝑥0 + 𝑥3, 𝑦0 + 𝑦3)| ≤ ‖𝑥0 + 𝑥3‖. ‖𝑦0 + 𝑦3‖ 

|𝑔(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3, 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3)| ≤ ‖𝑥0 + 𝑥1 + 𝑥2 + 𝑥3‖. ‖𝑦0 + 𝑦1 + 𝑦2 + 𝑦3‖ 

Thus, |𝑓(𝑋, 𝑌)| ≤ ‖𝑋‖. ‖𝑌‖, according to the definition of partial order relation. 

Example. 

Take 𝑉3(𝐼) = 𝑅3
2(𝐼), 𝑋 = (1,1) + (1,0)𝐼1 + (0,1)𝐼2, 𝑌 = (2,0) + (0,3)𝐼1 + (1,0)𝐼2 + (0,1)𝐼3 

𝑥0 = (1,1), 𝑦0 = (2,0), 𝑔(𝑥0, 𝑦0) = 2, ‖𝑥0‖ = √2, ‖𝑦0‖ = 2 , 𝑥0 + 𝑥3 = (1,1), ‖𝑥0 + 𝑥3‖ =

√2, 𝑦0 + 𝑦3 = (2,1), ‖𝑦0 + 𝑦3‖ = √5, 𝑔(𝑥0 + 𝑥3, 𝑦0 + 𝑦3) = 3 , 𝑥0 + 𝑥2 + 𝑥3 = (1,2), ‖𝑥0 +

𝑥2 + 𝑥3‖ = √3, 𝑦0 + 𝑦2 + 𝑦3 = (3,1), ‖𝑦0 + 𝑦2 + 𝑦3‖ = √10, , 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 =
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(2,2), ‖𝑥0 + 𝑥1 + 𝑥2 + 𝑥3‖ = 2√2, 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3 = (3,4), ‖𝑦0 + 𝑦1 + 𝑦2 + 𝑦3‖ = 5 , 

𝑔(𝑥0 + 𝑥2 + 𝑥3, 𝑦0 + 𝑦2 + 𝑦3) = 5, 𝑔(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3, 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3) = 14. 

𝑓(𝑋, 𝑌) = 2 + (14 − 5)𝐼1 + (5 − 3)𝐼2 + (3 − 2)𝐼3 = 2 + 9𝐼1 + 2𝐼2 + 𝐼3 

|𝑓(𝑋, 𝑌)| = 2 + 9𝐼1 + 2𝐼2 + 𝐼3 

‖𝑋‖ = √2 + (2√2 − √5)𝐼1 + (√5 − √2)𝐼2 + (√2 − √2)𝐼3

= √2 + (2√2 − √5)𝐼1 + (√5 − √2)𝐼2 

‖𝑋‖ = 2 + (5 − √10)𝐼1 + (√10 − √5)𝐼2 + (√5 − √2)𝐼3 

‖𝑋‖. ‖𝑌‖ = 2√2 + (10√2 − 5√2)𝐼1 + (5√2 − √10)𝐼2 + (√10 − 2√2)𝐼3

= 2√2 + 5√2𝐼1 + (5√2 − √10)𝐼2 + (√10 − 2√2)𝐼3 

On the other hand, we have: 

2 ≤ 2√2, 2 + 1 = 3 ≤ √10, 5 ≤ 5√2, 14 ≤ 10√2, hence |𝑓(𝑋, 𝑌)| ≤ ‖𝑋‖. ‖𝑌‖ 

 

The Foundations 3-Refined Number Theory  

Definition. 

Let 𝑍3(𝐼) = {𝑎 + 𝑏𝐼1 + 𝑐𝐼2 + 𝑑𝐼3; 𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝑍}  be a set. It is called the ring of 3-refined 

neutrosophic integers if 𝐼𝑖. 𝐼𝑗 = 𝐼𝑚𝑖𝑛(𝑖,𝑗), 𝐼𝑖
2 = 𝐼𝑖; 1 ≤ 𝑖 ≤ 3. 

It is a special case of the n-refined neutrosophic ring with 𝑛 = 3. 

Definition. 

Let 𝑋 = 𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3, 𝑌 = 𝑦0 + 𝑦1𝐼1 + 𝑦2𝐼2 + 𝑦3𝐼3, 𝑍 = 𝑧0 + 𝑧1𝐼1 + 𝑧2𝐼2 + 𝑧3𝐼3 ∈

𝑍3(𝐼), we define: 

1). 𝑋 ∖ 𝑌 if there exists 𝑇 = 𝑡0 + 𝑡1𝐼1 + 𝑡2𝐼2 + 𝑡3𝐼3 ∈ 𝑍3(𝐼) such that 𝑇. 𝑋 = 𝑌. 

2). 𝑋 ≡ 𝑌(𝑚𝑜𝑑 𝑍) if and only if 𝑍 ∖ 𝑋 − 𝑌. 

3). 𝑋 ≥ 𝑌 if and only if {

𝑥0 ≥ 𝑦0
𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 ≥ 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3

𝑥0 + 𝑥2 + 𝑥3 ≥ 𝑦0 + 𝑦2 + 𝑦3
𝑥0 + 𝑥3 ≥ 𝑦0 + 𝑦3

 

Theorem. 

Let 𝑋, 𝑌, 𝑍 be the previous 3-refined neutrosophic integers, then: 

1. 𝑋 ∖ 𝑌 if and only if 𝑥0 ∖ 𝑦0, 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 ∖ 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3, 𝑥0 + 𝑥2 + 𝑥3 ∖ 𝑦0 +

𝑦2 + 𝑦3, 𝑥0 + 𝑥3 ∖ 𝑦0 + 𝑦3. 

2. If 𝑋 ∖ 𝑌, then 𝑋 ≤ 𝑌. 
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3. 𝑋 ≡ 𝑌(𝑚𝑜𝑑 𝑍) if and only if 

{

𝑥0 ≡ 𝑦0(𝑚𝑜𝑑 𝑧0) 
𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 ≡ 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3(𝑚𝑜𝑑 𝑧0 + 𝑧1 + 𝑧2 + 𝑧3)

𝑥0 + 𝑥2 + 𝑥3 ≡ 𝑦0 + 𝑦2 + 𝑦3(𝑚𝑜𝑑 𝑧0 + 𝑧2 + 𝑧3)
𝑥0 + 𝑥3 ≡ 𝑦0 + 𝑦3(𝑚𝑜𝑑 𝑧0 + 𝑧3)

 

Proof. 

1. Assume that 𝑋 ∖ 𝑌, this is true if and only if there exists 𝑇 = 𝑡0 + 𝑡1𝐼1 + 𝑡2𝐼2 + 𝑡3𝐼3 ∈

𝑍3(𝐼) such that 𝑌 = 𝑋.T. 

We have: 

𝑋. 𝑇 = (𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3)(𝑡0 + 𝑡1𝐼1 + 𝑡2𝐼2 + 𝑡3𝐼3)

= 𝑥0𝑡0 + (𝑥0𝑡1 + 𝑥1𝑡0 + 𝑥1𝑡1 + 𝑥1𝑡2 + 𝑥1𝑡3 + 𝑥2𝑡1 + 𝑥3𝑡1)𝐼1

+ (𝑥0𝑡2 + 𝑥2𝑡0 + 𝑥2𝑡2 + 𝑥3𝑡2)𝐼2 + (𝑥0𝑡3 + 𝑥3𝑡0 + 𝑥3𝑡3)𝐼3

= 𝑦0 + 𝑦1𝐼1 + 𝑦2𝐼2 + 𝑦3𝐼3 

Thus: 

{
 

 
𝑦0 = 𝑥0𝑡0… (1)

𝑦1 = 𝑥0𝑡1 + 𝑥1𝑡0 + 𝑥1𝑡1 + 𝑥1𝑡2 + 𝑥1𝑡3 + 𝑥2𝑡1 + 𝑥3𝑡1… (2)

𝑦2 = 𝑥0𝑡2 + 𝑥2𝑡0 + 𝑥2𝑡2 + 𝑥3𝑡2… (3)

𝑦3 = 𝑥0𝑡3 + 𝑥3𝑡0 + 𝑥3𝑡3… (4)

 

We add (1) to (4), (1) to (2) to (4), (1) to (2) to (3) to (4). 

{

𝑦0 = 𝑥0𝑡0
𝑦0 + 𝑦3 = (𝑥0 + 𝑥3)(𝑡0 + 𝑡3)

𝑦0 + 𝑦2 + 𝑦3 = (𝑥0 + 𝑥2 + 𝑥3)(𝑡0 + 𝑡2 + 𝑡3)

𝑦0 + 𝑦1 + 𝑦2 + 𝑦3 = (𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)(𝑡0 + 𝑡1 + 𝑡2 + 𝑡3)

 

Thus, the proof of (1) is complete. 

2. If 𝑋 ∖ 𝑌,then 𝑥0 ∖ 𝑦0, so 𝑥0 ≤ 𝑦0. 

Also:  

{

𝑥0 + 𝑥3 ∖ 𝑦0 + 𝑦3, so 𝑥0 + 𝑥3 ≤ 𝑦0 + 𝑦3
𝑥0 + 𝑥2 + 𝑥3 ∖ 𝑦0 + 𝑦2 + 𝑦3, so 𝑥0 + 𝑥2 + 𝑥3 ≤ 𝑦0 + 𝑦2 + 𝑦3

𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 ∖ 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3, so 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 ≤ 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3

 

Thus 𝑋 ≤ 𝑌. 

3. 𝑋 ≡ 𝑌(𝑚𝑜𝑑 𝑍) if and only if 𝑍 ∖ 𝑋 − 𝑌, thus: 

{
 

 
𝑧0 ∖ 𝑥0 − 𝑦0

𝑧0 + 𝑧3 ∖ (𝑥0 + 𝑥3) − (𝑦0 + 𝑦3)

𝑧0 + 𝑧2 + 𝑧3 ∖ (𝑥0 + 𝑥2 + 𝑥3) − (𝑦0 + 𝑦2 + 𝑦3)

𝑧0 + 𝑧1 + 𝑧2 + 𝑧3 ∖ (𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − (𝑦0 + 𝑦1 + 𝑦2 + 𝑦3)

 

Thus 𝑥0 ≡ 𝑦0(𝑚𝑜𝑑 𝑧0), 𝑥0 + 𝑥3 ≡ 𝑦0 + 𝑦3(𝑚𝑜𝑑 𝑧0 + 𝑧3), 𝑥0 + 𝑥2 + 𝑥3 ≡ 𝑦0 + 𝑦2 +

𝑦3(𝑚𝑜𝑑 𝑧0 + 𝑧2 + 𝑧3), 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 ≡ 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3(𝑚𝑜𝑑 𝑧0 + 𝑧1 + 𝑧2 + 𝑧3). 
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Example. 

Take 𝑋 = 3 + 2𝐼1 + 𝐼2 − 𝐼3, 𝑌 = 3 + 4𝐼1 + 2𝐼2 + 𝐼3, we have 𝑋 ∖ 𝑌 that is because: 

3 ∖ 3, 3 − 1 = 2 ∖ 3 + 1 = 4, 3 + 1 − 1 = 3 ∖ 3 + 2 + 1 = 6, 3 + 2 + 1 − 1 ∖ 3 + 4 + 2 + 1 =

10. 

Example. 

Take 𝑋 = 7 + 3𝐼1 + 𝐼2 + 5𝐼3, 𝑌 = 4 + 𝐼1 + 𝐼2 + 𝐼3, 𝑍 = 3 + 2𝐼1 + 𝐼3 , we have 7 ≡ 4(𝑚𝑜𝑑 3) , 

7 + 5 = 12 ≡ 4 + 1(𝑚𝑜𝑑 3 + 4) ,  7 + 1 + 5 = 13 ≡ 4 + 1 + 1(𝑚𝑜𝑑 3 + 0 + 4) ,  7 + 3 + 1 +

5 = 16 ≡ 4 + 1 + 1 + 1 (𝑚𝑜𝑑9) thus, 𝑋 ≡ 𝑌(𝑚𝑜𝑑 𝑍). 

Theorem. 

The relation (≤) is a partial order relation. 

Proof. 

𝑋 ≤ 𝑌 clearly. 

If 𝑋 ≤ 𝑌  and 𝑌 ≤ 𝑍 , then 𝑥0 ≤ 𝑦0 ≤ 𝑧0 ,  𝑥0 + 𝑥3 ≤ 𝑦0 + 𝑦3 ≤ 𝑧0 + 𝑧3 ,  𝑥0 + 𝑥2 + 𝑥3 ≤ 𝑦0 +

𝑦2 + 𝑦3 ≤ 𝑧0 + 𝑧2 + 𝑧3, 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 ≤ 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3 ≤ 𝑧0 + 𝑧1 + 𝑧2 + 𝑧3. 

Thus 𝑋 ≤ 𝑍. 

If 𝑋 ≤ 𝑌  and 𝑌 ≤ 𝑋 , then 𝑥0 = 𝑦0 , 𝑥0 + 𝑥3 = 𝑦0 + 𝑦3 ,  𝑥0 + 𝑥2 + 𝑥3 = 𝑦0 + 𝑦2 + 𝑦3 ,  𝑥0 +

𝑥1 + 𝑥2 + 𝑥3 = 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3, thus 𝑋 = 𝑌. 

Theorem. 

Let 𝑋 = 𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3, 𝑌 = 𝑦0 + 𝑦1𝐼1 + 𝑦2𝐼2 + 𝑦3𝐼3, 𝑍 = 𝑧0 + 𝑧1𝐼1 + 𝑧2𝐼2 + 𝑧3𝐼3, 𝑇 =

𝑡0 + 𝑡1𝐼1 + 𝑡2𝐼2 + 𝑡3𝐼3, 𝑆 = 𝑠0 + 𝑠1𝐼1 + 𝑠2𝐼2 + 𝑠3𝐼3 ∈ 𝑍3(𝐼), then: 

1). If 𝑋 ≡ 𝑌(𝑚𝑜𝑑 𝑍) ,  𝑇 ≡ 𝑆(𝑚𝑜𝑑 𝑍) ,then 𝑋 + 𝑇 ≡ 𝑌 + 𝑆(𝑚𝑜𝑑 𝑍)  and 𝑋 − 𝑇 ≡ 𝑌 −

𝑆(𝑚𝑜𝑑 𝑍), 𝑋. 𝑇 ≡ 𝑌. 𝑆(𝑚𝑜𝑑 𝑍). 

2). 𝑋𝑛 = 𝑥0
𝑛 + [(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)

𝑛 − (𝑥0 + 𝑥2 + 𝑥3)
𝑛]𝐼1 + [(𝑥0 + 𝑥2 + 𝑥3)

𝑛 − (𝑥0 +

𝑥3)
𝑛]𝐼2 + [(𝑥0 + 𝑥3)

𝑛 − 𝑥0
𝑛]𝐼3 ; 𝑛 ∈ 𝑁. 

3). 𝑋𝑛 ≡ 𝑌𝑛(𝑚𝑜𝑑 𝑍𝑛) ; 𝑛 ∈ 𝑁. 

Proof. 

1). 𝑋 + 𝑇 = (𝑥0 + 𝑡0) + (𝑥1 + 𝑡1)𝐼1 + (𝑥2 + 𝑡2)𝐼2 + (𝑥3 + 𝑡3)𝐼3. 

𝑌 + 𝑆 = (𝑦0 + 𝑠0) + (𝑦1 + 𝑠1)𝐼1 + (𝑦2 + 𝑠2)𝐼2 + (𝑦3 + 𝑠3)𝐼3. 

Since 𝑧0 ∖ 𝑥0 − 𝑦0 ,  𝑧0 ∖ 𝑡0 − 𝑠0 , then 𝑧0 ∖ (𝑥0 + 𝑡0) − (𝑦0 + 𝑠0)  and 𝑥0 + 𝑡0 ≡ 𝑦0 +

𝑠0( 𝑚𝑜𝑑 𝑧0). 
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𝑧0 + 𝑧3 ∖ (𝑥0 + 𝑥3) − (𝑦0 + 𝑦3), 𝑧0 ∖ (𝑡0 + 𝑡3) − (𝑠0 + 𝑠3), then: 

𝑧0 + 𝑧3 ∖ (𝑥0 + 𝑥3 + 𝑡0 + 𝑡3) − (𝑦0 + 𝑦3 + 𝑠0 + 𝑠3), thus: 

(𝑥0 + 𝑥3) + (𝑡0 + 𝑡3) ≡ (𝑦0 + 𝑦3) + (𝑠0 + 𝑠3)( 𝑚𝑜𝑑 𝑧0 + 𝑧3) 

By a similar discussion, we get: 

𝑧0 + 𝑧2 + 𝑧3 ∖ (𝑥0 + 𝑥2 + 𝑥3 + 𝑡0 + 𝑡2 + 𝑡3) − (𝑦0 + 𝑦2 + 𝑦3 + 𝑠0 + 𝑠2 + 𝑠3) 

𝑧0 + 𝑧1 + 𝑧2 + 𝑧3 ∖ (𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 + 𝑡0 + 𝑡1 + 𝑡2 + 𝑡3)

− (𝑦0 + 𝑦1 + 𝑦2 + 𝑦3 + 𝑠0 + 𝑠1 + 𝑠2 + 𝑠3) 

So that 𝑋 + 𝑇 ≡ 𝑌 + 𝑆(𝑚𝑜𝑑 𝑍). 

It is easy check that 𝑋 − 𝑇 ≡ 𝑌 − 𝑆(𝑚𝑜𝑑 𝑍), 𝑋. 𝑇 ≡ 𝑌. 𝑆(𝑚𝑜𝑑 𝑍). 

2). For 𝑛 = 1 it is true clearly. 

Assume that it is true for 𝑛 = 𝑘, we must prove it for 𝑛 = 𝑘 + 1. 

𝑋𝑘+1 = 𝑋. 𝑋𝑘 = [𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3][𝑥0
𝑛 + [(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)

𝑛 − (𝑥0 + 𝑥2 + 𝑥3)
𝑛]𝐼1

+ [(𝑥0 + 𝑥2 + 𝑥3)
𝑛 − (𝑥0 + 𝑥3)

𝑛]𝐼2 + [(𝑥0 + 𝑥3)
𝑛 − 𝑥0

𝑛]𝐼3] 

= 𝑥0
𝑛+1 + [𝑥0(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)

𝑛 − 𝑥0(𝑥0 + 𝑥2 + 𝑥3)
𝑛 + 𝑥1(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)

𝑛

− 𝑥1(𝑥0 + 𝑥2 + 𝑥3)
𝑛 + 𝑥1𝑥0

𝑛 + 𝑥1(𝑥0 + 𝑥2 + 𝑥3)
𝑛 − 𝑥1(𝑥0 + 𝑥3)

𝑛

+ 𝑥1(𝑥0 + 𝑥3)
𝑛 − 𝑥1𝑥0

𝑛 + 𝑥2(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)
𝑛 − 𝑥2(𝑥0 + 𝑥2 + 𝑥3)

𝑛

+ 𝑥3(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)
𝑛 − 𝑥3(𝑥0 + 𝑥2 + 𝑥3)

𝑛]𝐼1

+ [𝑥0(𝑥0 + 𝑥2 + 𝑥3)
𝑛 − 𝑥0(𝑥0 + 𝑥3)

𝑛 + 𝑥2𝑥0
𝑛 + 𝑥2(𝑥0 + 𝑥2 + 𝑥3)

𝑛

− 𝑥2(𝑥0 + 𝑥3)
𝑛 + 𝑥2(𝑥0 + 𝑥3)

𝑛 − 𝑥2𝑥0
𝑛 + 𝑥3(𝑥0 + 𝑥2 + 𝑥3)

𝑛 − 𝑥3(𝑥0 + 𝑥3)
𝑛]𝐼2

+ [𝑥0(𝑥0 + 𝑥3)
𝑛 − 𝑥0

𝑛+1 + 𝑥3𝑥0
𝑛 + 𝑥3(𝑥0 + 𝑥3)

𝑛 − 𝑥3𝑥0
𝑛]𝐼3 

= 𝑥0
𝑛+1 + [(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)

𝑛+1 − (𝑥0 + 𝑥2 + 𝑥3)
𝑛+1]𝐼1

+ [(𝑥0 + 𝑥2 + 𝑥3)
𝑛+1 − (𝑥0 + 𝑥3)

𝑛+1]𝐼2 + [(𝑥0 + 𝑥3)
𝑛+1 − 𝑥0

𝑛+1]𝐼3 

This implies that is true by induction. 

3). It holds directly from (1) and (2). 

Example. 

Take 𝑋 = 1 + 2𝐼1 − 𝐼2 + 𝐼3, 𝑛 = 2, then: 

𝑋2 = 1 + [(3)2 − 1]𝐼1 + [1 − (2)
2]𝐼2 + [(2)

2 − 1]𝐼3 = 1 + 8𝐼1 − 3𝐼2 + 3𝐼3 

Theorem.  

Let 𝑋, 𝑌 ∈ 𝑍3(𝐼) , then 𝑔𝑐𝑑(𝑋, 𝑌) = 𝑔𝑐𝑑(𝑥0, 𝑦0) + [𝑔𝑐𝑑(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3, 𝑦0 + 𝑦1 + 𝑦2 +

𝑦3) − 𝑔𝑐𝑑(𝑥0 + 𝑥2 + 𝑥3, 𝑦0 + 𝑦2 + 𝑦3)]𝐼1 + [𝑔𝑐𝑑(𝑥0 + 𝑥2 + 𝑥3, 𝑦0 + 𝑦2 + 𝑦3) − 𝑔𝑐𝑑(𝑥0 +

𝑥3, 𝑦0 + 𝑦3)]𝐼2 + [𝑔𝑐𝑑(𝑥0 + 𝑥3, 𝑦0 + 𝑦3) − 𝑔𝑐𝑑(𝑥0, 𝑦0)]𝐼3 

Example. 

Take 𝑋 = 4 + 3𝐼1 + 5𝐼2 − 𝐼3, 𝑌 = 7 + 𝐼1 + 𝐼2 + 3𝐼3. 
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𝑔𝑐𝑑(4,7) = 1, 𝑔𝑐𝑑(11,13) = 1, 𝑔𝑐𝑑(8,11) = 1, 𝑔𝑐𝑑(3,10) = 1, thus 𝑔𝑐𝑑(𝑋, 𝑌) = 1. 

Remark. 

𝑋, 𝑌 are called coprime (relatively prime) if and only if 𝑔𝑐𝑑(𝑋, 𝑌) = 1, which is equivalent 

to: 

𝑔𝑐𝑑(𝑥0, 𝑦0) = 𝑔𝑐𝑑(𝑥0 + 𝑥3, 𝑦0 + 𝑦3) = 𝑔𝑐𝑑(𝑥0 + 𝑥2 + 𝑥3, 𝑦0 + 𝑦2 + 𝑦3) = 𝑔𝑐𝑑(𝑥0 + 𝑥1 + 𝑥2 +

𝑥3, 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3) = 1. 

Definition. 

Let 𝑋 = 𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3 ∈ 𝑍3(𝐼), with 𝑋 > 0, we define: 

𝜑𝑠(𝑋) = 𝜑(𝑥0) + [𝜑(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − 𝜑(𝑥0 + 𝑥2 + 𝑥3)]𝐼1

+ [𝜑(𝑥0 + 𝑥2 + 𝑥3) − 𝜑(𝑥0 + 𝑥3)]𝐼2 + [𝜑(𝑥0 + 𝑥3) − 𝜑(𝑥0)]𝐼3 

where 𝜑 is the ordinary Euler's function, 𝜑𝑠 is called the special 3-refined neutrosophic 

Euler's function. 

Example. 

Take 𝑋 = 3 + 𝐼1 + 𝐼2 + 𝐼3 > 0 ; 𝑥0 = 3, 𝑥1 = 1, 𝑥2 = 𝑥3 = 1. 

𝜑(𝑥0) = 2, 𝜑(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) = 2, 𝜑(𝑥0 + 𝑥2 + 𝑥3) = 4, 𝜑(𝑥0 + 𝑥3) = 2. 

Thus  

𝜑𝑠(𝑋) = 2 + [2 − 4]𝐼1 + [4 − 2]𝐼2 + [2 − 2]𝐼3 = 2 − 2𝐼1 + 2𝐼2 + 0𝐼3. 

It is clear that 𝜑𝑠(𝑋) > 0; ∀𝑋 > 0. 

Theorem. 

Let 𝐴 = 𝑎0 + 𝑎1𝐼1 + 𝑎2𝐼2 + 𝑎3𝐼3, 𝑀 = 𝑚0 +𝑚1𝐼1 +𝑚2𝐼2 +𝑚3𝐼3 ∈ 𝑍3(𝐼), such that: 

𝐴 > 0,𝑀 > 0 and 𝑔𝑐𝑑(𝐴,𝑀) = 1, then: 

1). 𝐴𝜑𝑠(𝑀) ≡ 1 (𝑚𝑜𝑑 𝑀). 

2). 𝐴−1 (𝑚𝑜𝑑 𝑀) ≡ 𝑎0
−1 (𝑚𝑜𝑑𝑚0) + [(𝑎0 + 𝑎1 + 𝑎2 + 𝑎3)

−1(𝑚𝑜𝑑 𝑚0 +𝑚1 +𝑚2 +𝑚3) −

(𝑎0 + 𝑎2 + 𝑎3)
−1(𝑚𝑜𝑑 𝑚0 +𝑚2 +𝑚3)]𝐼1 + [(𝑎0 + 𝑎2 + 𝑎3)

−1(𝑚𝑜𝑑 𝑚0 +𝑚2 +𝑚3) −

(𝑎0 + 𝑎3)
−1(𝑚𝑜𝑑 𝑚0 +𝑚3)]𝐼2 + [(𝑎0 + 𝑎3)

−1(𝑚𝑜𝑑 𝑚0 +𝑚3) − 𝑎0
−1 (𝑚𝑜𝑑𝑚0)]𝐼3. 

Proof. 

1). 𝐴𝜑𝑠(𝑀) = 𝑎0
𝜑(𝑚0)  + [(𝑎0 + 𝑎1 + 𝑎2 + 𝑎3)

𝜑(𝑚0+𝑚1+𝑚2+𝑚3) − (𝑎0 + 𝑎2 +

𝑎3)
𝜑(𝑚0+𝑚2+𝑚3)]𝐼1 + [(𝑎0 + 𝑎2 + 𝑎3)

𝜑(𝑚0+𝑚2+𝑚3) − (𝑎0 + 𝑎3)
𝜑(𝑚0+𝑚3)]𝐼2 + [(𝑎0 +

𝑎3)
𝜑(𝑚0+𝑚3) − 𝑎0

𝜑(𝑚0)]𝐼3 ≡ 1 (𝑚𝑜𝑑 𝑀). 

2). It holds directly by computing the product 𝐴𝐴−1. 

3-refined Diophantine equations: 
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Definition. 

Let 𝐴 = 𝑎0 + 𝑎1𝐼1 + 𝑎2𝐼2 + 𝑎3𝐼3, 𝐵 = 𝑏0 + 𝑏1𝐼1 + 𝑏2𝐼2 + 𝑏3𝐼3, 𝐶 = 𝑐0 + 𝑐1𝐼1 + 𝑐2𝐼2 + 𝑐3𝐼3, 𝑋 =

𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3, 𝑌 = 𝑦0 + 𝑦1𝐼1 + 𝑦2𝐼2 + 𝑦3𝐼3, where 𝑎𝑖 , 𝑏𝑖, 𝑐𝑖, 𝑥𝑖, 𝑦𝑖 ∈ 𝑍3(𝐼). 

We define the 3-refined neutrosophic linear Diophantine equation with two variables as 

follows: 

𝐴𝑋 + 𝐵𝑌 = 𝐶. 

Example. 

Consider the following 3-refined neutrosophic linear Diophantine equation: 

(3 + 2𝐼1 + 𝐼2 + 𝐼3)𝑋 + (2 + 4𝐼2)𝑌 = 3 + 9𝐼1 − 7𝐼3 

Theorem. 

Let 𝐴𝑋 + 𝐵𝑌 = 𝐶  be a 3-refined neutrosophic linear Diophantine equation, then it is 

equivalent to: 

{
 

 
𝑎0𝑥0 + 𝑏0𝑦0 = 𝑐0

(𝑎0 + 𝑎3)(𝑥0 + 𝑥3) + (𝑏0 + 𝑏3)(𝑦0 + 𝑦3) = 𝑐0 + 𝑐3
(𝑎0 + 𝑎2 + 𝑎3)(𝑥0 + 𝑥2 + 𝑥3) + (𝑏0 + 𝑏2 + 𝑏3)(𝑦0 + 𝑦2 + 𝑦3) = 𝑐0 + 𝑐2 + 𝑐3

(𝑎0 + 𝑎1 + 𝑎2 + 𝑎3)(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) + (𝑏0 + 𝑏1 + 𝑏2 + 𝑏3)(𝑦0 + 𝑦1 + 𝑦2 + 𝑦3) = 𝑐0 + 𝑐1 + 𝑐2 + 𝑐3

 

Proof. 

We compute 𝐴𝑋 = 𝑎0𝑥0 + [(𝑎0 + 𝑎1 + 𝑎2 + 𝑎3)(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − (𝑎0 + 𝑎2 + 𝑎3)(𝑥0 +

𝑥2 + 𝑥3)]𝐼1 + [(𝑎0 + 𝑎2 + 𝑎3)(𝑥0 + 𝑥2 + 𝑥3) − (𝑎0 + 𝑎3)(𝑥0 + 𝑥3)]𝐼2 + [(𝑎0 + 𝑎3)(𝑥0 + 𝑥3) −

𝑎0𝑥0]𝐼3 

On the other hand, we have: 

𝐵𝑌 = 𝑏0𝑦0 + [(𝑏0 + 𝑏1 + 𝑏2 + 𝑏3)(𝑦0 + 𝑦1 + 𝑦2 + 𝑦3) − (𝑏0 + 𝑏2 + 𝑏3)(𝑦0 + 𝑦2 + 𝑦3)]𝐼1

+ [(𝑏0 + 𝑏2 + 𝑏3)(𝑦0 + 𝑦2 + 𝑦3) − (𝑏0 + 𝑏3)(𝑦0 + 𝑦3)]𝐼2

+ [(𝑏0 + 𝑏3)(𝑦0 + 𝑦3) − 𝑏0𝑦0]𝐼3 

The equation 𝐴𝑋 + 𝐵𝑌 = 𝐶 equivalents: 

{
 

 
𝑎0𝑥0 + 𝑏0𝑦0 = 𝑐0

(𝑎0 + 𝑎3)(𝑥0 + 𝑥3) + (𝑏0 + 𝑏3)(𝑦0 + 𝑦3) = 𝑐0 + 𝑐3
(𝑎0 + 𝑎2 + 𝑎3)(𝑥0 + 𝑥2 + 𝑥3) + (𝑏0 + 𝑏2 + 𝑏3)(𝑦0 + 𝑦2 + 𝑦3) = 𝑐0 + 𝑐2 + 𝑐3

(𝑎0 + 𝑎1 + 𝑎2 + 𝑎3)(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) + (𝑏0 + 𝑏1 + 𝑏2 + 𝑏3)(𝑦0 + 𝑦1 + 𝑦2 + 𝑦3) = 𝑐0 + 𝑐1 + 𝑐2 + 𝑐3

 

Example. 

Find a solution of the equation: 

(3 + 2𝐼1 + 𝐼2 + 𝐼3)𝑋 + (2 + 4𝐼2)𝑌 = 3 + 9𝐼1 − 7𝐼3 

We have 𝑎0 = 3, 𝑎1 = 2, 𝑎2 = 1, 𝑎3 = 1, 𝑏0 = 2, 𝑏1 = 0, 𝑏2 = 4, 𝑏3 = 0, 𝑐0 = 3, 𝑐1 = 9, 𝑐2 =

0, 𝑐3 = −7 



15 

 

 

Hamiyet Merkepci, Katy D. Ahmad, On The 3-Refined Neutrosophic Analytical Structures and Number Theoretical 

Concepts 
 

The equivalent system is: 

{
 

 
3𝑥0 + 2𝑦0 = 3… (1)

4(𝑥0 + 𝑥3) + 2(𝑦0 + 𝑦3) = −4… (2)

5(𝑥0 + 𝑥2 + 𝑥3) + 7(𝑦0 + 𝑦2 + 𝑦3) = −4… (3)

7(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) + 6(𝑦0 + 𝑦1 + 𝑦2 + 𝑦3) = 5… (4)

 

The equation (1) has a solution 𝑥0 = 1, 𝑦0 = 0. 

The equation (2) has a solution 𝑥0 + 𝑥3 = −1, 𝑦0 + 𝑦3 = 0, thus 𝑥3 = −2, 𝑦3 = 0. 

The equation (3) has a solution 𝑥0 + 𝑥2 + 𝑥3 = 9, 𝑦0 + 𝑦2 + 𝑦3 = −7, thus 𝑥2 = 10, 𝑦2 =

−7. 

The equation (4)  has a solution 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 = 5, 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3 = 5 , thus 𝑥1 =

−4, 𝑦1 = 12. 

This means that 𝑋 = 1 − 4𝐼1 + 10𝐼2 − 2𝐼3, 𝑌 = 12𝐼1 − 7𝐼2. 

Future research directions and suggestions 

3-refined neutrosophic number as generalizations of classical real numbers and integers, 

may have a great impact on many areas of scientific knowledge. 

In the following, we suggest many possible applications of 3-refined neutrosophic real 

numbers. 

1-) How can we build a crypto-system from 3-refined neutrosophic integers which 

generalize RSA algorithm. [19] 

2-) How can we build a crypto-system from 3-refined neutrosophic integers which 

generalize El-Gamal algorithm. [20-21] 

3-) How can we solve 3-refined neutrosophic differential equations, and integral equations. 

4-) How can we define Hillbert and Banach 3-refined neutrosophic spaces, and do classical 

functional inequalities still true in this case. 
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