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Reduction of indeterminacy of gray-scale image in bipolar
neutrosophic domain
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Abstract: Neutrosophy is a branch of philosophy introduced by Florentin Smarandache.
Neutrosophic set (NS) is the derivative of neutrosophy; it is a powerful tool to handle uncertainty.
Here we applied neutrosophic set to gray scale image domain for image analysis. Several authors
contributed in neutrosophic image analysis and image processing. We propose a novel approach
on representation of grayscale images in bipolar neutrosophic domain (BNS). The reduction of
noise in images is one of the challenging task in every field. While we transform a grayscale image
into bipolar neutrosophic domain, the indeterminacy degree of both positive and negative
memberships are reduced significantly. Indeed, we extract some useful information from
indeterminacy domain; it leads to perform image analysis and processing in noisy images in a
better manner. We discuss the representation of medical images in bipolar neutrosophic domain
with examples.

Keywords: Bipolar neutrosophic set, Image analysis, Neutrosophy, Digital image processing.

1. Introduction

Neutrosophy is one of the useful tool to handle uncertainty in real world problems. It is the
extension of fuzzy theory. Neutrosophy is a branch of philosophy which was introduced by
Florentin Smarandache [1-3]. Neutrosophy deals with origin, nature and scope of neutralities, as
well as their interactions with different ideational spectra. Neutrosophy is the basis of neutrosophic
sets (derivative of neutrosophy).

Neutrosophic ~ set  contains three  parameters as  true-membership  degree,
indeterminacy-membership degree and falsity-membership degree. These three membership
degrees are independent and has range, a non-standard interval ]‘0,1*[ . But for real life problems,

non-standard interval is not applicable. Wang et al. [5] introduced single valued neutrosophic sets
which is a neutrosophic set defined in the range [0, 1]. Later, Pinaki Majumdar et al. and Ali
Aydogdu [6, 4] proposed some similarity and entropy measurements of single valued neutrosophic
sets. In 2015, Deli et al. [7] introduced the concepts of bipolar neutrosophic sets (BNS) as an extension
of neutrosophic sets. In 2016, Ulucay et al. [8] proposed some measures of similarities of bipolar
neutrosophic sets.

Nowadays reduction of noise in images is difficult task in every field. Cheng and Guo [10]
introduced the representation of image in neutrosophic domain and proposed image thresholding
technique using neutrosophic domain. Guo and Cheng [11] proposed some concepts about image
denoising through neutrosophic domain. Yanhui Guo and H.D. Cheng [9] introduced a new
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neutrosophic approach on image segmentation. A. A. Salama et al. [12, 14] proposed some image
processing techniques using neutrosophic sets. G. Xu et al.[18] proposed image segmentation using
TOPSIS method. Mohammed Abdel Basset et al. proposed some concepts of TOPSIS method for
decision making problems in medical field [15, 19, 20, 22]. In 2017, Mumtaz Ali et al. introduced the
concepts of bipolar neutrosophic soft sets which is a combined version of bipolar neutrosophic set
and neutrosophic soft set. Arulpandy et al. [17] proposed some similarity and entropy
measurements of bipolar neutrosophic soft sets. Several authors contributed to decision making and
performance analysis using neutrosophic field [21, 23, 24].

In this paper, we proposed a novel approach on representation of any gray scale image in
bipolar neutrosophic domain. In section 4, we applied our approach to MRI (Magnetic Resonance
Image) medical images and discuss their nature with histogram representation. We analyze
transformed images with some of the popular metrics Peak Signal-to-Noise Ratio (PSNR) and Mean
Squared Error (MSE). In this transformation, the indeterminacy of both positive and negative
membership degree is reduced significantly. This is the main advantage of this bipolar neutrosophic
domain. Indeed, we extract useful information from original image through BNS domain; it is not
available in neutrosophic domain.

2. Preliminaries

Definition 1. [1, 2, 3] Let X be the universe of discourse contains x . A Neutrosophic set
NS(A) is defined by NS(A) = {{x, Tu(x). Ly (). £3 (x)»: = € X3 Where Ta(x). La(x). F; (x)
represents truth-membership degree, indeterminacy-membership degree and falsity-membership
degree respectively. Here Ta(2). Li(x). Fa (x): X —=]70.17[ along with the following condition
TO = T (x)+ L (x)+ Fy(x)=< 3%,
Example. Let # = {¥1.%2.%3} be the universal set. Here, *i-*2.-%s represents capacity,
trustworthiness and price of a machine, respectively. Then Ta(=3.Zi(=).Fa (=) gives the degree of
‘good service’, degree of indeterminacy, degree of "poor service’ respectively. The neutrosophic set is
defined
by N5(A) = {{x,,0.3,0.4,0.5),{x,, 0.5,0.2,0.3), {x,,0.7,0.2,0.2)} where
TO = Ty (x)F Li(x)+ B (x) = 3%
Definition 2. [4,5,6] Single valued neutrosophic set(SVNS) is the immediate result of neutrosophic
set if it is defined over standard unit interval [0,1] instead of the non-standard unit interval
170.1"[ . A  single valued neutrosophic set SVNS (A) is defined by
SUNS(A) = ({0, T (x). Ly (%), By (x)):x € X} yhere Ta(x), La(x). Fa(x): X — [0.1]  guch
that® = Ta(x) + L (x) + Fa(x) = 3,

Definition 3. [7, 8] Let X be the universal set which contains arbitrary points x. A bipolar

neutrosophic set (BNS) BNS(A) is defined by
BNS(A) = {{x, T (). 15 (), By (). Ty (), 15 (). Fy (x)):x € X3
Where
Ta L. FL: E — [0.1] (Positive membership-degrees)
Ta.Li.Fy:E = [—L0] (Negative membership-degrees)
Such that
O=TS () + LI () +E(x)=3 —3=T,(x)+ L (x)+F (x)<0

Example. Let ¥ = {*1.%2.%3} be the universal set. A bipolar neutrosophic set (BNS) is defined by
A = {{x,,0.3,04,05,—0.2, —0.4, —0.1},{x,,0.5,0.2,0.3, —0.2, —0.7, —0.5},
{x4,0.7,0.2,0.2, —0.5, —0.4, —0.5)}
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Where 0 = T4 () + L () + Fy (x) = 3 gpd—3 = T4 () + L (x) + Fy () = 0 Also

T3 (29, L3 (). Fi7 () = [0.1] and T (50 L (50, By () — [—1,0],
3. Grayscale image in bipolar neutrosophic domain

Neutrosophy has wide range of applications in science and engineering. In particular, it is very
useful in fields such as Data analytics, financial market, Social network analysis, Quantum theory,
robotics in terms of decision making problems. In this section, we discuss about the applications of
neutrosophic sets in image analysis. In 2008, H.D Cheng and Yanhui guo[10] introduced the
representation of grayscale image in neutrosophic domain. After that, so many papers have been
published about neutrosophic image such as image denoising, image thresholding, image
segmentation etc.

3. 1. Image in neutrosophic domain

Let X be a universe of discourse, W be the set contained in X, which is composed by bright pixels. A

neutrosophic image Pys is characterized by three subset T, I and F. A pixel P in an image is
described as P(T, I, F) and belongs to W in the following way: it is t% true, i % indeterminate and f %
false in the bright pixel set, where t varies in T, i varies in I and f varies in F. Each component has a
value in [0, 1].

Pixel P@i,j) in the image domain is transformed into neutrosophic domain
Prs(,7) = T(L7)I(5 7). F (L) where T(LJ7).I(L7). F(L.7)  represents probabilities

7

belonging to white set, indeterminate set and non-white set, respectively, which are defined as:

Ty = LD = Imin

Gmax — min

S, j)y— &
= SED Zomin pe gy = 1T () =

Max min Hmax = Fmin

Fimax — G(17)

7

Where &(%.7) represents mean intensity of pixel in some neighborhoods in W. Here,

ity 2 JEwe 2

H(iri]=wiiw Z Z g (m,n)

m=i—w /2 n=j—w 2
&L = lg(Li) — (@il
O e = maxd(i, ) G i = mMiIn0 (L, 1).

Example 1. We consider the original Lena image and represent it in neutrosophic domain as follows:

Figure 1. Original Lena image.
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(b) (c)
Figure 2. Neutrosophic domain images of Original Lena image.
(a) T domain (b) I domain (c) F domain

Above images represents truth-membership domain, indeterminacy domain and
false-membership domain of original Lena image respectively. We mainly focus on
truth-membership domain for image analysis along with indeterminacy domain. Truth-membership
domain is correlated with indeterminacy domain.

3. 2. Image in bipolar neutrosophic domain

Now we introduce grayscale image representation in bipolar neutrosophic domain. Main
advantage of this representation is, when we transform image into bipolar neutrosophic domain, the
indeterminacy degree get reduced. Indeed, we extract some useful information from indeterminacy
degree in bipolar neutrosophic domain which is not available in neutrosophic domain. We used
MATLAB 2010 version for this transformation. The following steps are involved in this representation:

Load the original image. Convert this into grayscale if it is RGB color image.
Represent image in pixel domain.
Find the median pixel value of entire image.

Ll e

Consider pixels above the median value as foreground image and below the median value as
background image.
5. Set the window size (size of neighborhood) to find local mean value. In our case, we take
3x3-neighborhood.
6. Transform image into bipolar neutrosophic domain by taking positive memberships for
foreground pixels and negative memberships for background pixels.
We use the following membership values to transform any grayscale image to bipolar
neutrosophic domain. Since the elements are pixels of an image, we use only unsigned integer to
represent the membership functions. A pixel in bipolar neutrosophic domain is represented by

Peaps (e i)y = T (& i, I5 (i FE (i) T (E i I (L F (L i)
Here

5 (i, 7) — G &1, 7) — 6
T (&.7) :gg—( j]_gm_‘” I*(5,j) = —5[ }3'_ _min
gma::: _E?(I’-'_-i']

Hmax — gmz’n

Fraj)=1—T%(Gj) =
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T_'I:i j} _ ﬁ'[I‘J'I} B ﬁm:’ﬂ I_'I:i j} — S{I.,j} - Smin
§ma.x - ﬁmfn ama.x - amfn
- ﬁmﬂx B g(f’!j:}
F(ij)=1—T*%(i,j) = —7—7—7—7T—
{ } { } Hmax = Ymin

Where &(.70 represents mean intensity of foreground pixel in some neighborhood W and
& (L) represents the mean intensity of background pixel in some neighborhood in ¥~.

Here

w2 JrwS2
1
9N = 2. Q. almm
m=i—w 2 n=j w2
itwiz JEwtiz
1

9OD = Q. D, 9mm

m=i—w f2n=j—w 2
(L) = lg(Li) — gDl
8L = lg(@i) — (LD
G e = maxd (i, j) 8 i = mind (i, j).
Example 2. Consider the original Lena image in the previous example. The following image shows the
image in bipolar neutrosophic domain.

(b) (©)

(e)
Figure 3. Bipolar neutrosophic representation of lena image (fig 1.)
(a) T+ domain, (b) I+ domain, (c) F+ domain, (d) T- domain, (e) I- domain, (f) F- domain

Note that in the above images, I- domain and I+ domain images looks identical and black in color.
It means both images contained only black pixels (pixels which has value zero). So from this we
eliminate the indeterminacy of both positive and negative membership domains. The following
histogram images shows that the gray level distribution of each images in BNS domain.
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(b)

©

Figure 4. Histogram of transformed images (Fig 3.)
(a) Histogram of T+, (b) Histogram of I+, (c) Histogram of F+, (d) Histogram of T-, (e) Histogram of I-, (f)

Histogram of F- .

3. 3. Entropy of image in bipolar neutrosophic domain

(©

(®

Bipolar neutrosophic image entropy is defined as sum of entropies of all subsets
T A%, FP. T, 07, F~ which is used to evaluate the distribution of pixels in bipolar neutrosophic

domain. ENgns = Enig+ + Eny+ + Entpr + Eftp— + Evy— + Evp—

Here

Enge = = ) pre (Dlnps (D)
Enge = — D pre (Dinp (D)

Engs = — ) pee (DInpe (D)
Eng- = — > pr- (D)inpr- (D)

En- == o (Olnp-()

Eng- = — ) pe (D)npe- (D).

4. Bipolar neutrosophic representation of medical image

Nowadays image denoising is the challenging task in every field. Especially, in medical field, it is
very useful for X-ray images, MRI images, CT images, Ultra sound images etc. In this section, we
take MRI scan brain image and transform it to BNS domain and analyze various parameters.
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Consider the following brain MRI image.

Figure 5. MRI Brain image

The following image shows the brain image in bipolar neutrosophic domain.

(d) () ()

Figure 6. Bipolar neutrosophic representation of MRI brain images as
(a) T+ domain, (b) I+ domain, (c) F+ domain, (d) T- domain, (e) I- domain, (f) F- domain

From the above images, we can clearly see that the variations between each images. Every image has
some useful information. We may neglect indeterminate images I+ and I-, since it has only black
pixels. Peak Signal-to-noise Ratio (PSNR) values mostly used to find the noise level in the
transformed image and we can check similarity level between original image and transformed
image. PSNR value is calculated using the following formula:

Arulpandy and Trinita Pricilla, Reduction of indeterminacy of gray-scale image in bipolar neutrosophic domain



Neutrosophic Sets and Systems, Vol. 28, 2019

PSNR = —10log

M » N x 255°2

TSRS AG) —A'GD]

Here, the local mean average determines the variations in the transformed image. Local mean

average of an image is depend on the window size (neighborhood size) which is used in the local

mean average. Here, we analyze the PSNR value of the original image and images in the
transformed domain for different neighborhood sizes.

Window Size | T+ domain | I+ domain | F+ domain | T- domain | I- domain | F- domain
1x1 71.393 59.544 50.173 54.816 59.544 51.039
2%2 68.115 59.545 51.579 54.868 59.545 51.121
3x3 69.987 59.545 51.275 54.924 59.545 51.160
4x4 66.502 59.545 51.758 54.950 59.545 51.199
5x5 66.755 59.545 51.632 54.990 59.545 51.228
6x6 65.509 59.545 51.877 55.018 59.545 51.261
7x7 66.151 59.545 51.744 55.055 59.545 51.287
8x8 65.323 59.545 51.916 55.077 59.545 51.320
9x9 65.752 59.545 51.819 55.107 59.545 51.346

10x10 65.128 59.545 51.955 55.127 59.545 51.377

Table 1. PSNR values of brain image in BNS domain associated with different neighborhood windows.

Following plots shows the variations in PSNR values when we increase the size of the window in
local mean average.

(a)

(b)

(©
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(d) (e) ()

Figure 7. Comparison of PSNR values and neighborhood window size in (a) T+ domain, (b) I+ domain, (c) F+
domain, (d) T- domain, (e) I- domain, (f) F- domain

Mean Square Error (MSE) is another parameter to check the quality of transformed image. MSE is
calculated using the following formula:

TEFEIZYTAG) — AT D]E
M XN )

MSE =

Following table shows that the mean square error between original image and transformed images

with different window size.

WiSI;::w T+ domain | I+ domain | F+ domain | T- domain | I- domain | F- domain
1x1 0.00472 0.07221 0.62480 0.21449 0.07221 0.51189
2x2 0.01003 0.07220 0.45200 0.21194 0.07220 0.50223
3x3 0.00652 0.07220 0.48482 0.20922 0.07220 0.49778
4x4 0.01455 0.07220 0.43370 0.20797 0.07219 0.49336
5x5 0.01373 0.07220 0.44652 0.20609 0.07220 0.49000
6x6 0.01829 0.07220 0.42206 0.20475 0.07220 0.48633
7x7 0.01577 0.07220 0.43519 0.20300 0.07220 0.48337
8x8 0.01909 0.07220 0.41824 0.20198 0.07219 0.47981
9x9 0.01729 0.07220 0.42767 0.20059 0.07220 0.47688

10x10 0.01996 0.07219 0.41447 0.19968 0.07219 0.47353
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Table 2. MSE values of brain image in BNS domain associated with different neighborhood windows.

Following plots shows the variations in MSE when we increase the window size.

Figure 8. Comparison of PSNR values and neighborhood window size in (a) T+ domain, (b) I+ domain, (c) F+

domain, (d) T- domain, (e) I- domain, (f) F- domain.

The following table shows the entropies of each images in bipolar neutrosophic domain. It
represents the uncertainty level of a gray-scale image. Particularly, higher entropy value means, it
gives more detailed information about the image; likewise, lower entropy value means, it gives less
information. Roughly speaking, higher entropy represents distribution level high intensity pixels

and lower entropy represents distribution level of low intensity pixels.

T+ domain | I+ domain F+ domain T- domain I- domain F- domain
Entropy | 5e7 0.0258 45872 3.9005 0.0361 3.9005
Value
Table 3. Entropy values of brain image in BNS domain
T domain I domain F domain
Entropy Value 6.0492 3.9579 6.0492

Table 4. Entropy values of brain image in NS domain

From the above Table 3 and Table 4. we can clearly see that the variations of entropy values between
neutrosophic domain and bipolar neutrosophic domain. Entropy values of indeterminacy domain in
bipolar neutrosophic domain is significantly reduced when compared to neutrosophic domain. So
we conclude that our bipolar neutrosophic domain of gray scale image performed well.
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5. Conclusions

A new technique to represent gray scale image in bipolar neutrosophic domain is proposed. While
the image is transformed into bipolar neutrosophic domain, the indeterminacy degree of both
positive and negative membership domain is reduced significantly. So this transformation gives
more useful information compared to neutrosophic domain. Further, we discussed about the gray
level distribution of images in bipolar neutrosophic domain through histogram. Selection of
neighborhood window is important in this transformation. Large window gives best transformation,
but we lose essential information of original image. We compared most popular metrics PSNR and
MSE for our transformed images associated with different neighborhood sizes. PSNR and MSE both
are useful parameters to determine the quality of gray-scale images by analyzing distribution of gray
levels. Our future work will include image analysis and image processing through bipolar
neutrosophic domain.

Conflicts of Interest: The authors declare no conflict of interest.
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Abstract: Neutrosophic set was introduced by Smarandache in 1998. Due to some real time situation,
decision makers deal with uncertainty and inconsistency to identify the best result. Neutrosophic
concept helps to investigate the vague or indeterminacy values. Graph structures used to reduce the
complications in solving the system of equations for finding the decision of some real-life problems.
In this research study, we introduced the single-valued neutrosophic coloring concept. We introduce
various notions, single valued neutrosophic vertex coloring, single valued neutrosophic edge
coloring, and single valued neutrosophic total coloring and support those definitions with some
examples.

Keywords: single-valued neutrosophic graphs; single-valued neutrosophic vertex coloring;

single-valued neutrosophic edge coloring; single-valued neutrosophic total coloring.

1. Introduction

Graph theory plays a vital role in real time problems Graph represents the connection among the
points by lines and is the useful tool to solve the network problems. It is applicable in many fields such
as computer science, physical science, electrical communication engineering, economics and
Operation Research etc. In 1852, Francis Guthrie’s four-color conjecture gave the sparkle for the new
branch, graph coloring in graph theory. Graph coloring is assigning the color to the vertices or edges
or both vertices and edges of the graph based on some conditions. After three decades got the solution
to Guthrie’s conjecture. Graph coloring technique used in many areas like telecommunication,
scheduling, computer networks etc. Sometime in real-life have to deal with imprecise data and
uncertain relation between points, in that case fuzzy technique where came. In 1965, Fuzzy set theory
was introduced by Zadeh [39] and further work on fuzzy graph theory developed by A. Rosenfeld
[33] in 1975. The fuzzy chromatic number was introduced by Munoz et al. [36] in 2004 and extended
by C.Eslahchi and B.N.Onagh [23] in 2006. In 2009, S.Lavanya and R.Sattanathan [30] introduced the
concept fuzzy total coloring. In 2014, Anjaly Kishore, M.S.Sunitha [7] discussed the strong chromatic

number of fuzzy graphs in their research paper.
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Intuitionistic fuzzy sets are dealing membership and non-membership data. Kassimir
T.Atanassov [13] introduced the concept of intuitionistic fuzzy sets in 1986 and intuitionistic fuzzy
graph in 1999. Ismail and Rifayathali [28] discussed the coloring of intuitionaistic fuzzy graphs using
(a, P) cuts in 2015, Rifayathali et al. [32] discussed intuitionistic fuzzy coloring and strong
intuitionistic fuzzy coloring in 2017 and 2018.

Vague set concept introduced by Gau and Buehrer [26] in 1993 and in 2014, Akram et al. [11]
discussed vague graphs and further work extended by Borzooei et al. [14, 15], Vertex and Edge
coloring of Vague graphs were introduced by Arindam Dey et al [12] in 2018.

In all real-time cases, the membership and non-membership values are not enough to find the
result. Sometimes the vague or indeterminacy qualities need to be considered for the decision
making, in that case intuitionistic fuzzy logic insufficient to give the solution. This situation reasoned
for to move the new concept, F.Smarandache came with a solution”Neutrosophic logic”.
Neutrosophic logic play a vital role in several of the real valued problems like law, medicine,
industry, finance, engineering, IT, etc.

Neutrosophic set was introduced by F.Smarandache [35] in 1998, Neutrosophic set a
generalisation of the intuitionistic fuzzy set. It consists truth value, indeterminacy value and false
values.Wang et al. [38] worked on Single valued neutrosophic sets in 2010. Strong Neutrosophic
graph and its properties were introduced and discussed by Dhavaseelan et al. [25] in 2015 and Single
valued neutrosophic concept introduced in 2016 by Akram and Shahzadi [8, 9, 10]. Broumi et al. [16,
17, 18, 19, 20, 21, 22] extended their works in Single valued neutrosophic graphs, Isolated single
valued graphs, Uniform single valued graphs, Interval valued neutrosophic graphs (IVNG) and
Bipolar neutrosophic graphs. Dhavaseelan et al. [24] in 2018, discussed Single valued co-neutrosophic
graphs in their paper. Sinha et al. [34] extended the single valued work for signed digraphs in 2018
and Vasile [37] proposed five penta-valued refined neutrosophic indexes representation in his work.
In 2019, jan et al. in their paper [29] have reviewed the following definitions: Interval-Valued Fuzzy
Graphs (IVFG), Interval-Valued Intuitionistic Fuzzy Graphs (IVIFG), Complement of IVFG, SVNG,
IVNG and the complement of SVNG and IVNG. They have modified those definitions, supported
with some examples. Neutrosophic graphs happen to play a vital role in the building of neutrosophic
models. Also, these graphs can be used in networking, Computer technology, Communication,
Genetics, Economics, Sociology, Linguistics, etc., when the concept of indeterminacy is present.

Abdel-Basset et al. used Neutrosophic concept in their papers [1, 2, 3, 4, 5, 6, 31] to find the
decisions for some real-life operation research and IoT-based enterprises in 2019. The above papers
given the idea to interlink the graph coloring concept in SVNG when deal with vague or
indeterminacy qualities.

In this research paper, we introduced the concept of single valued neutrosophic vertex coloring,
single valued neutrosophic edge coloring and single valued neutrosophic total coloring of single
valued neutrosophic graph and also Strong and Complete Single valued neutrosophic graph coloring

are discussed with examples.

Definition 1.1. [35]
Let X be a space of points(objects). A neutrosophic set A in X is characterized by truth-
membership function ¢,(x) , an indeterminacy-membership function i,(x) and a falsity-

membership function f,(x). The functions t4(x), i,(x), and f;(x), are real standard or non-standard

A. Rohini, M. Venkatachalam, Said Broumi, Florentin Smarandache, Single Valued Neutrosophic Coloring



Neutrosophic Sets and Systems, Vol. 28, 2019 15

subsets of ]07,1*[. Thatis, t4(x):X = ]07,17[, i,(x):X - ]07,1*[ and f,(x):X - ]07,1*[ and 0~ <
ta(x) + ia(x) + fa(x) <37,
Definition 1.2. [9]

A single-valued neutrosophic graphs (SVNG) G = (X, Y) is a pair where X: N — [0,1] is a single-
valued neutrosophic set on N and Y: N x N — [0,1] is a single-valued neutrosophic relation on N

such that

ty(xy) < min{ty(x), tx(¥)},
iy (xy) < min{iy(x), ix(y)},

fr(xy) < max{fy(x), fx(»)},

forall x,y € N. Xand Y are called the single-valued neutrosophic vertex set of G and the single-valued
neutrosophic edge set of G, respectively. A single-valued neutrosophic relation Y is said to be
symmetric if ty(xy) =ty(yX), iy(xy) = iy(yx) and fy(xy) = fy(yx), for all x,y € N. Single-valued
neutrosophic be abbreviated here as SVN.

Definition 1.3. [10]

The complement of a SVNG G = (X, Y) is a SVNG G = (X,¥), where
1.X=X
2. ty(x) = ty(x), ix(x) = ix(x), fx(x) = fx(x) forall x € X

min{tyx (x), ty(¥)} if ty(xy) =0

3. tx(xy) = {min{tX(X).tx(y)} —ty(xy) if ty(xy) >0

min{iy(x), ix(¥)} if iy(xy) =0

b (xy) = {min{ix(x). ix(}—iy(xy) if iy(xy) >0

max{fy(x), fx} if fr(xy) =0

fxGy) = {max{fx(x),fx(y)} ~frG) i frGey) >0

for all x,y € X.

2. Single-Valued Neutrosophic Vertex Coloring (SVNVC)

In this section, we have developed SVNVC and this coloring has verified through some examples of
SVNG, CSVNG and SSVNG. Also discussed some theorems.
Definition 2.1.

A family T = {y1,v2, ..., ¥x} of SVN fuzzy set is called a k-SVNVC of a SVNG G = (X, Y) if
1.vy(x) =X, vx €X

3. For every incident vertices of edge xy of G, min{y;(m(x)) y:(mi()}=0,
min{y; (i, (1), (2 0))} = 0 and max{y;(n; (), v: (. (M)} =1, A < i < k).

This k-SVNVC of G is denoted by x,(G), is called the SVN chromatic number of the SVNG G.

Example 2.2.
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Consider the SVNG G = (X,E) with SVN vertex set X = {x;, x,, x3,%4, x5} and SVN edge set E =

{X;X;lij = 12,14,15,23,24,25,34,35,45} the membership functions defined as,

(03,0.2,0.6) fori =12
. (0.7,01,0.2) fori = 3
(s G0, 6 G, 0) =4 (020.1,0.7) ,]:or i=4

(0.5,0.1,0.7) fori =5

(0.3,0.2,0.6) for ij = 12
, (0.2,0.1,0.7) for ij = 14,24,34,45
(o). 2 (i), ma(xi)) = (0.3,0.1,0.6) for ij = 15,23,25
(0.5,0.1,0.7) for ij = 35

Let T' = {y1,¥2,¥3 v4} be a family of SVN fuzzy sets defined on X as follows:

_((03,0.2,0.6) fori = 1,3

va(x) = { (0,0,1) for others
_((0.7,01,0.2) for i =2

v2(xi) = { (0,0,1) for others

_ ((0.5,0.1,0.7) fori =4
vs() = { (0,0,1) for others

_((0.2,0.1,0.7) fori =5
valx) = { (0,0,1) for others

Hence the family I = {y;,¥,,¥3,v4} fulfilled the conditions of SVNVC of the graph G. Any families

below four points could not satisfy our definition. Hence the SVN chromatic number y,(G) of the

above example is 4.

Definition 2.3.

A SVNG G = (X, Y) is called complete single-valued neutrosophic graph (CSVNG) if the following

conditions are satisfied:
ty(xy) = min{tx (x), tx(»)},
iy (xy) = min{ix(x), iy ()},
fr(xy) = max{fx(x), fx(»)},
for all x,y € X.

Definition 2.4.

A SVNG G = (X, Y) is called strong single-valued neutrosophic graph (SSVNG) if the following

conditions are satisfied:
ty(xy) = min{tx(x), tx(}’)},

iy (xy) = min{iy(x), ix(y)},
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fr(xy) = max{fx(x), fx(»)},
forall(x,y) €Y.

Example 2.5.

Consider the SSVNG G = (X,Y) with SVN vertex set X = {xy,x;, x3,%,, x5} and SVN edge set Y =
{xix;|ij = 12,15,23,34,45} the membership functions defined as,

((0.1,0.2,0.9) fori =1

(0.6,0.7,0.4) fori =2

(my (x), i (x),ny (x)) = < (0.3,0.3,0.7) fori =3
(0.7,0.8,0.2) fori =4

(0.5,0.5,0.6) fori=5

(0.1,0.2,0.9) for ij = 12,15
(mz(xixj), i (x;x;), nz(xixj)) ={(0.3,0.3,0.7) for ij = 23,34
(0.5,0.5,0.6) for ij = 45

Let T = {y1,v2,¥3} be afamily of SVN fuzzy sets defined on X as follows:

(0.1,0.2,09) fori=1
y,(x;) =1(0.3,0.3,0.7) fori =3
(0,0,1) for others

(0.6,0.7,0.4) fori=2
¥, (x;) =4(0.7,0.8,0.2) fori =4
(0,0,1) for others

(0.5,0.5,0.6) fori =5

va(x) = { (0,0,1) for others

Hence the family I' = {y;,¥,,v3} fulfilled the conditions of Strong SVNVC of the graph G. Any
families below three points could not satisfy our definition. Hence the SSVN chromatic number

X»(G) of the above example is 3.
Example 2.6.

Consider the CSVNG G = (X,Y) with SVN vertex set X = {x;, x,,x3,%4, %5} and SVN edge set Y =
{xix;|ij = 12,13,14,23,24,34} the membership functions defined as,

(0.7,0.7,0.1) fori=1
(0.6,0.7,0.3) fori =2
(0.3,0.3,0.7) fori =3
(0.1,0.1,0.8) fori = 4

(ml(xl-), i1 (x;), n1(xi)) =

(0.6,0.7,0.3) for ij = 12
(mz(xl-x}-), iz(xl-xj),nz(xl-xj)) =< (0.3,0.3,0.7) for ij = 13,23
(0.1,0.1,0.8) for ij = 14,24,34

Let T = {y1,¥2,¥3 Y4} be a family of SVN fuzzy sets defined on X as follows:
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(x) = {(0.7,0.7,0.1) fori=1
Xi (0,0,1) for others

v2(x) (0,0,1) for others

(0.3,0.3,0.7) fori =3

(0,0,1) for others

{(0.6,0.7,0.3) fori=2
G ={

(0.1,0.1,0.8) fori =4

valx) = { (0,0,1) for others

Hence the family I' = {y4,¥2,¥3, ¥4} fulfilled the conditions of complete SVNVC of the graph G. Any
families below four points could not satisfy our definition. Hence the SVN chromatic number y,(G)

of the above example is 4.

Theorem 2.7.
For any graph CSVNG with n vertices, x,(G) = n.
Proof:

By the definition of CSVNG, all the vertices are adjacent to each other. Each color class contains
exactly one vertex with the value (ty(x), tx(x),tx(x))> 0, thus remaining vertices are with the value

(tx(x), tx(x),tx(x)) = 0. Hence y,(G) =n.

Theorem 2.8.

For any SSVNG G, then x,,(G) = x,(G).
Proof. It is obvious.

3. Single-Valued Neutrosophic Edge Coloring (SVNEC)
In this section, we introduced and discussed SVNEC with an example and theorems.

Definition 3.1.

A family T = {y3, V2, ..., ¥x} of SVN fuzzy set is called a k-SVNEC of a SVNG G = (X)Y) if

1. vyi(xy) =Y, Vxy eY

2. 7iAY; =0

3. For every strong edge xy of G, min{y;(m,(xy))} = 0, min{y;(i,(xy))} =

0 and max{yi(nz(xy))} =1,(1<i<k).
This k-SVNEC of G is denoted by x,(G), is called the SVN chromatic number of the SVNG G.
Example 3.2.
Consider the SVNG G = (X,Y) with SVN vertex set X = {x4, x5, x3,x,} and SVN edge set Y =
{xix;|ij = 12,13,14,23,24,34} the membership functions defined as,
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(0.3,0.1,0.6) fori =1

. 0.2,0.1,0.4) for i = 2
(ma (o), 1 Gedyma () = Eo.s,o.z,o.zg ]{Z:i =3

(0.4,0.1,0.4) fori=4

(0.2,0.1,0.4) for ij = 12,23,24
(ma (i), 12 (i), mp (7)) =4 (0.3,0.1,0.6) for ij = 13,14
(0.4,0.1,0.4) for ij = 24

Let T' = {y1,v2,¥3} be a family of SVN fuzzy sets defined on Y as follows:

( ) _ {(0.2,0.1,0.4) fori=12,34
rilXiX) = (0,0,1) for others

(1) = ((0.3,0.1,0.6)) for i = 14,23
vl (0,0,1) for others

_((0.4,0.1,0.4) for i = 13,24
vs(xix;) = { (0,0,1) for others
Hence the family T = {y3,¥,,¥3} fulfills the conditions of SVNEC of SVNG. Any families below three
members could not satisfy our definition. Hence, the SVN chromatic number x.(G) of the above

example is 3.

4. Single-Valued Neutrosophic Total Coloring (SVNTC)
In this section, we defined SVNTC supported by an example.

Definition 4.1.

A family T' = {y1,v2, ..., ¥x} of SVN fuzzy sets on the SVN vertex set X is called a k-SVNTC of

SVNG G=(X,Y) if

1. vyi(x) =X, Vx€X and Vy;(xy) =Y, Vxy eY

2. 7iAY; =0

3. For every incident vertices of edge xy of G, min{y;(m,(x)),y:(m,(»)} = 0,

min{yi(i1 (x)),yi(il (y))} =0 and max{yi (n1 (x)),yi (n1 (y))} =1,(1<i<k). Forevery strong

edge xy of G, min{yi(mz (xy))} =0, min{yi(iz (xy))} = 0and max{yi(nZ (xy))} =1,1<i<k).
This k-SVNTC of G is denoted by, (G), is called the SVN chromatic number of the SVNG G.
Example 4.2.
Consider the SVNG G = (X,Y) with SVN vertex set X = {x;, x, x3, %4, x5} and SVN edge set ¥ =
{x;ix;|ij = 12,13,14,15,23,24,25,34,35,45} the membership functions defined as,

(€0.3,0.1,0.7) fori=1

(0.5,0.3,0.5) fori = 2

(ml(xi), i, (x;), nl(xi)) =1{(0.4,0.2,0.6) fori =3
(0.8,0.6,0.2) fori =4

(0.7,0.5,0.3) fori=5

(0.3,0.1,0.7) for ij = 12,13,14,15
, (0.8,0.6,0.2) for ij = 45
(mZ(xixf)' CED "Z(xixf)) 1 (0.4,02,0.6) for ij = 23,24,25
(0.5,0.3,0.5) for ij = 34,35

Let T' = {¥1,¥2,¥3 Y4 ¥s} be afamily of SVN fuzzy sets defined on Y as follows:
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() = {(0.3,0.1,0.7) fori=1

Y =10 0,0,1) for others
_((0.5,0.3,0.5) fori=2

ra(x) = { (0,0,1) for others

(0.4,0.2,0.6) fori =3

va(x) = { (0,0,1) for others

- {(0.8,0.6,0.2) fori=4
~ L (0,0,1) for others

_((0.7,0.5,0.3) fori=5
vs(x) = { (0,0,1) for others

(0.3,0.1,0.7) fori =12

y1(xix;) =4(0.5,0.3,0.5) for i = 35
(0,0,1) for others

(0.3,0.1,0.7) for i = 13

¥2(xix;) =4(0.4,0.2,0.6) for i = 24
(0,0,1) for others

(0.3,0.1,0.7) fori = 14

y3(xixj) =+¢(0.4,0.2,0.6) fori =25
(0,0,1) for others

(0.8,0.6,0.2) for i = 45

Ya(xix;) = {(0.4,0.2,0.6) fori =23
(0,0,1) for others

(0.3,0.1,0.7) fori = 15
ys(xixj) =<(0.5,0.3,0.5) fori = 34
(0,0,1) for others

Hence the family T' = {y1,¥,,¥3, V4 ¥s} fulfills the conditions of SVNTC of SVNG. Any families below
five members could not satisfy our definition. Hence the SVN chromatic number y,(G) of the above

example is 5.

5. Conclusions

Single Valued Neutrosophic Coloring concept introduced in this paper. Single valued neutrosophic
vertex coloring, single valued neutrosophic edge coloring and single valued neutrosophic total
coloring are defined. All thus definitions are developed and supported by some of the examples. In

future, it will be extended to examine the theory of SVNC with the irregular colorings of graphs.
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Abstract: The selection of suitable machine tools for a manufacturing company is one of the
significant points to achieving high competitiveness in the market. Besides, an appropriate choice
of machine tools is very significant as it helps to realize full production quickly. Today's market
offers many more choices for machine tool alternatives. There are also many factors one should
consider as part of the appropriate machine tool selection process, including productivity,
flexibility, compatibility, safety, cost, etc. Consequently, evaluation procedures involve several
objectives, and it is often necessary to compromise among possibly conflicting tangible and
intangible factors. For these reasons, multiple criteria decision making (MCDM) is a useful approach
to solve this kind of problem. Most of the MCDM models are mathematical and ignore qualitative
and often subjective considerations. The use of neutrosophic set theory allows incorporating
qualitative and partially known information into the decision model. This paper describes a
neutrosophic Multi-Objective Optimization on the basis of Ratio Analysis (MOORA) based
methodology for evaluation and selection of vertical CNC machining centers for a manufacturing
company in Tenth of Ramadan, Egypt.

Keywords: Machine Tool; Neutrosophic MOORA; MCDM

1. Introduction

Selecting an appropriate machine tool is one of the most complicated and time-consuming
problems for manufacturing companies due to many feasible alternatives and conflicting objectives.
The determination and evaluation of positive and negative characteristics of one alternative relative
to others is a difficult task. The selection process of suitable machine tools has to begin with a critical
evaluation of the procedures on the shop floor by considering an array of quantitative, qualitative,
and economic concerns. Hence the decision-maker (engineer or manager) needs a lot of criteria to be
found and a large amount of data to be analyzed for a proper and sufficient evaluation. Consequently
using proper machine tools in a manufacturing facility can improve the production process, provide
effective utilization of resources, increase productivity, and enhance system flexibility, repeatability,
and reliability. Many potential criteria, such as flexibility, compatibility, safety, maintainability, cost,
etc. must be considered in the selection procedure of a machine tool. Therefore machine tool selection
can be viewed as a multiple criteria decision making (MCDM) problem in the presence of many
quantitative and qualitative criteria. The MCDM methods deal with the process of making decisions
in the presence of multiple criteria or objectives. A decision-maker (DM) is required to choose among
quantifiable or non-quantifiable and various criteria. The DM’s evaluations on qualitative criteria are
always subjective and thus imprecise. The objectives are usually conflicting, and therefore, the
solution is highly dependent on the preferences of the DM. Besides, it is complicated to develop a
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selection criterion that can precisely describe the choice of one alternative over another. The
evaluation data of machine tool alternatives suitability for various subjective criteria and the weights
of the criteria are usually expressed in linguistic terms. This makes neutrosophic logic a more natural
approach to this kind of problems.

Many researchers have attempted to use fuzzy MCDM methods for selection problems. The
purpose of this paper is to present a hybrid method between MOORA and Neutrosophic in the framework of
neutrosophic for the selection of machine tool with a focus on multi-criteria and multi-group environment.
These days, Companies, organizations, factories seek to provide a fast and a good service to meet the
requirements of peoples or customers. The selecting of the best supplier increasing the efficiency of any
organization whether company, factory according to [1]. Hence, for selecting the best supplier selection there
are much of methodologies we presented some of them such as fuzzy sets (FS), Analytic network process
(ANP), Analytic hierarchy process(AHP), (TOPSIS) technique for order of preference by similarity to ideal
solution, (DSS) Decision support system, (MOORA)multi-objective optimization by ratio analysis.

1.1 Supplier selection

A Supplier choice is viewed as one of the most significant parts of creation and indecency the
board for some, association’s administration. The primary objective of provider choice is to recognize
providers with the most outstanding ability for gathering an association needs reliably and with the
base expense. They are utilizing a lot of standard criteria and measures for abroad examination of
providers. Be that as it may, the degree of detail used for inspecting potential providers may differ
contingent upon an association's needs.

The fundamental reason and target objective of determination are to recognize high-potential
providers. To pick providers, the present association judge of every provider as per the capacity of
gathering the association reliably and financially savvy its needs utilizing choice criteria and proper
measure. Criteria and standards are created to be material to every one of the providers being
considered and to mirror the company's needs and its supply and innovation technique. We show
supplier evaluation and selection process in Fig.1 and in Fig.2.

2. Determine
criteria for
supplier
sourcing

7. Contract/
Agreement
signing with
the selected
supplier

3. Identify
sources of
potential
suppliers

1. Acknowledge
the need for

supplier sourcing

6. Evaluate and
select the
supplier

5. Determine

methodology

to assess and
evaluate
suppliers

Figure 1. Supplier evaluation and selection process.
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Recognize the need
for supplier

selection \

requirements
/ Supplier
Evaluation and

Selection

Determine method
of supplier selection
and evaluation

Limit supplier in Identify Potential
selection Pool supply sources

Figure 2. Supplier evaluation and selection process.

Multi-Criteria

Decision
Making
|

Continous criteria
value

Discrete Criteria

value

Multi Attribute Multi-Objective
Decision making Decision Making
(MADM) Methods (MODM) Methods

-MOORA - Goal
Programmming
-TOPSIS

- Comprimize
- AHP Programming

Figure 3. MOORA method belongs to MADM
1.2 MOORA

Multi-Objective Optimization based on Ratio Analysis (MOORA), otherwise called multi-criteria
or multi-property advancement. MOORA the technique looks to rank or chooses the best elective
from accessible choice was presented by Brauers and Zavadskas in 2006. The MOORA technique has
a considerable scope of utilizations to settle on choices in the clashing and troublesome region of
production network condition.

MOORA can be connected in the task determination, process structure choice, area choice, item
choice and so on the way toward characterizing the choice objectives, gathering essential data and
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choosing the best ideal option is known as necessary leadership process. The fundamental thought
of the MOORA technique is to ascertain the general execution of every opportunity as the contrast
between the wholes of its standardized exhibitions, which has a place with expense and advantage
criteria. This strategy connected in different fields effectively, for example, venture the executives.
Fig.3 shows to which category belongs the method of MOORA.

1.3 Neutrosophic

There are numerous vulnerabilities in everyday life. The rationale of old-style science regularly lacks
to clarify these vulnerabilities. Since itisn't always conceivable to call a circumstance or occasion right
or wrong, for instance, we can't generally call the climate cold or hot. It very well may be heated for
a few, frozen for a few and cool for other people.

Comparable circumstances in which we stay ambivalent may show up in the expert capability
appraisal. It is frequently hard to decide if work is done or an item delivered is consistently definite
great or unmistakable awful. Such a circumstance lessens the unwavering quality of assessing
proficient proficiencies. To adapt to these vulnerabilities, Smarandache characterized the idea of the
neutrosophic rationale and neutrosophic set [2] in 1998. In the concept of the neutrosophic
explanation and neutrosophic bunches, there is a T level of participation, and I level of indeterminacy
and F level of non-enrollment. These degrees are characterized autonomously of one another. It has
aneutrosophic esteem (T, I, F) structure. A condition is dealt with as indicated by the two its precision
and its error and its vulnerability. In this way, neutrosophic rationale and neutrosophic set assistance
us to clarify numerous vulnerabilities in our lives. Furthermore, various scientists have made
examinations on this hypothesis [3 - 7].

We present some of the methodologies that are used in the multi-criteria decision making and
presenting the illustration between supplier selection, MOORA, and Neutrosophic. Hence the goal
of this paper to present the hybrid of the MOORA method with neutrosophic as a methodology for
MCDM.

This is ordered as follows: Section 2 gives an insight into some basic definitions on neutrosophic
sets and MOORA. Section 3 explains the proposed methodology of neutrosophic MOORA model. In
Section 4 a numerical example is presented in order to explain the proposed methodology. Finally,
the conclusions

2. Preliminaries

In this Section, the fundamental definitions including neutrosophic set, single-esteemed
neutrosophic sets, trapezoidal neutrosophic numbers and tasks on trapezoidal neutrosophic numbers
are characterized.

Definition 2.1 Let X be a space of points and x€X. A neutrosophic set A in X is definite by a truth-
membership function T} (x), an indeterminacy-membership function I, (x) and a falsity-membership
function F, (x), T4 (x), I (x) and F, (x) are real standard or real nonstandard subsets of -0, 1+[. That
is Ty (x):X—]-0, 1+ [,I, (x):X—]-0, 1+[ and F, (x):X—]-0, 1+[. There is no restriction on the sum of T} (x),
I, (x) and F, (x), so O— < sup (x) + sup x + sup x <3+.

Definition 2.2: Let X be a universe of discourse. A single valued neutrosophic set A over X is an object
taking the form A= {(x, T (x), I4 (x), F4 (x), ):x€X}, where T, (x):X— [0,1], I, (x):X— [0,1] and
Fy (x):X—[0,1] with 0< T, (x) + I, (x) + F4 (x) <3 for all x€X. The intervals T, (x), I, (x) and F, (x)
represent the truth-membership degree, the indeterminacy-membership degree and the falsity
membership degree of x to 4, respectively. For convenience, a SVN number is represented by A= (a,
b, c), where a, b, c€ [0, 1] and a+b+c<3.

Definition 2.3: Suppose that a5 , 65 , fz €[0,1]and a; , a, , a3 , a, € Rwhere a; < a, < a;z <

a, .Then a single valued trapezoidal neutrosophic number, d=((a; , a, , as , a,); @z , 65z , Ba)is
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a special neutrosophic set on the real line set R whose truth-membership, indeterminacy-membership

and falsity—membership functions are defined as:

x—aq
471
az—ax
aa
a X
aa ()
as—az

0

(az—x+65(x—a1))

(az—aq)

Ig (x) =

(az (az—x+Ba(x—a1))

(az—aq)
Fz (x)=

(as—az)

1

o]
\
I
L (@4-az)
|
\

(x—asz +0a(a4- X))

(x—as +Ba(a4 x))

(e £x< ay)
(a, £x < aj)

(a3 <x < ay)

)

otherwise
(a; £x< ay)
(a; £x < ag)

(a3 <x < ay)

2)

otherwise ,
(e, £x < ay)
(a, £x < ay)

(a3 £x < ay)

(©)

otherwise )

Where a; , 6; and ff; and represent the maximum truth-membership degree, minimum

indeterminacy-membership degree and minimum falsity-membership degree respectively. A single

valued trapezoidal neutrosophic number a=((a; , a, , az , a,); az , 85 , Bz) may express an ill-

defined quantity of the range, which is approximately equal to the interval [a, , a3] .
Definition 2.4: Let d=((a, , a, , as , a,); az , 05 , Bz) and b=((b; , b, , by , by); a5 , 05 , B5) be

two single valued trapezoidal neutrosophic numbers and Y# 0 be any real number. Then,

1. Addition of two trapezoidal neutrosophic numbers

a+b =((ay + by, a; + by, az +b3, a, +by); ag A ap, 05 v 05, BaV Bs)

2. Subtraction of two trapezoidal neutrosophic numbers

a-b =((ay - by, a;

- b3, az - by, a4 - by); ag A aj, 85 v 05, Ba v Bp)

3. Inverse of trapezoidal neutrosophic number

~— 1 1
! =((a_4 7 T

as

i 7 ai ); g , 9& 7 ,36.) where (aN# O)
1

az

4. Multiplication of trapezoidal neutrosophic number by constant value

Yd = {((Yal ’YaZ ’Ya3 IYa‘l'); Ag, 9(5 Iﬁd) if (Y > O)
<(Ya4» lY‘a3 'YaZ ,Yal); Ag, gﬁ Jﬁﬁ) if (Y < 0)

5. Division of two trapezoidal neutrosophic numbers

)’

’

(53
e
k((ﬁ’il

Zﬁ,%);aaw,;,edve,;,ﬁavﬁ,;) if (a, >0, b, >0)
2 1

Z—z,i—i);aaAal;,Qavel;,ﬁavﬁg) if (a, <0, by >0)
b )i @A, 00V 05, Fa v Bs)  if (4, <0, by <0)

6. Multiplication of trapezoidal neutrosophic numbers

((a1by ,azb, ,a3bs ,asb,); agaap, 05V 05 BavPs) if (ay >0, by >0)
db = {{(a1by,aybs,a3b, ,a3by); agaap, 0505 Bav B if (ay <0, by >0)
<(a4_b4_ ,a3b3 ,azbz ,albl); adAaﬁ, 9& VGﬁ,Bd Vﬁﬁ) lf (a4 < 0, b4_ < 0)

3. Methodology
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The functionality of linguistic variables, words have more extent to describe the semantic and
sentimental expressions compared with numbers. This research chooses trapezoidal neutrosophic
numbers, which includes nine parameters to model linguistic variables. The trapezoidal neutrosophic
scales used in this proposed research exhibited in Table 1.

Table 1. Semantic expressions for the significance weights of criteria

Trapezoidal neutrosophic numbers (T, I, I,
F; az 05 Ba)

(0.1,0.2,0.3,04;0.5,0.1,0.3)

Linguistic expressions

Just Equal (JE)
(0.2,0.3,0.3,0.4;0.8,0.2,0.3)
Equal importance (EI) (0.3,04,04,0.5;1.0,0.1, 0.1)
Weak importance of one over another (WIO) (0.4,0.5,0.5,0.6;0.7,0.3, 0.2)
Essential or strong importance (VRS) (0.5,0.6,0.6,0.7;0.9,0.2, 0.1)

(0.6,0.7,0.7,0.8; 0.8, 0.3, 0.5)
Very Strong Importance (AS) (0.7,0.8,0.8,0.9; 0.8,0.3, 0.5)
(0.9,1.0,1.0,1.0; 0.1, 0.2, 0.2)

In this section, the steps of the suggested neutrosophic MOORA framework are presented with
detail. The suggested framework consists of such steps as follows:
Step 1. Constructing model and problem structuring.

a. Constitute a group of decision-makers.

b. Formulate the problem based on the opinions of decision-makers

Step 2. Making the pairwise comparisons matrix and determining the weight based on opinions of
(DMs).
a. Identify the criteria and sub criteria C = {C;, C;, C3...Cyy}.

Making matrix among criteria n x m based on opinions of decision-makers.

Cy C, Cn
Cy (Liy Mg, My, Uap) (Ligy Mgy, Mgy, Uee) (Liny My, Minw Uin)
W= Cz (l21, Ma1, Ma1y, Uzs) (l22, Ma21, Moz, Uzz) (L2 Many, Manu, Uzn)
C3
Cn
(lnl' Mp11, Mptw unl) (lnzr My, Mpou, unz) (lnn: Maunt» Mpnu unn)
4)

c. Decision-makers make pairwise comparisons matrix between criteria compared to each
criterion.

d. According to, the opinion of decision-makers should be among from 0 to 1 not negative.
Then, we transform neutrosophic matrix to pairwise comparisons deterministic matrix by

adding (o, 6, B) and using the following equation to calculate the accuracy and score.

i S@y) =1z [ +bi+ ¢+ di]lx 2+ az - 05 -B ) 5)

. A@y)= sl +b + ¢+ di]x @+ az - 05+B5 ) (6)

e. We obtain the deterministic matrix by using S (a;;).
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f.  From the deterministic matrix we obtain the weighting matrix by dividing each entry on the
sum of the column.
Step 3. Determine the decision-making matrix (DMM). The method begin with define the available

alternatives and criteria.

C, C, Cn
Ay (Liy, Myq, M1y, Ugg) (i1, Myqr, Mgy, Ugg) (L Mt s My Usn)
R = A2 (I21, Ma11, Ma1y, Uz1) (L22, Ma21, Moy, Uzz) (Izn, Mani, Mapu, Uan)
Az
An 1o l l
( n1 Mn1, Mu1w unl) ( n2» Mn21, My, unz) ( nn Mant ) Mapnuw, unn)

)
Where A; represents the available alternatives wherei=1... n and the C; represents criteria
a. Decision makers (DMs) make pairwise comparisons matrix between criteria compared to
each criterion. Using the Egs. (5, 6) to calculate the accuracy and score.
b. We obtain the deterministic matrix by using S (&;;).
Step 4. Calculate the normalized decision-making matrix from previous matrix (DMM).
a. Thereby, normalization is carried out, where the Euclidean norm is obtained according to
Eq. (8) to the criterionkE;.

i |Ey;| = VETE? (8)
The normalization of each entry is undertaken according to Eq. (9)

Eij

Step 5. Compute the aggregated weighted neutrosophic decision matrix (AWNDM) as the

following:

i. X = X x W (10)
Step 6. Compute the contribution of each alternative Ny; the contribution of each alternative

i Ny; = Zig=1 Ny; - Tg+1 Nx; 1)
Step 7. Rank the alternatives.

4. Practical example
4.1 Case study

A real-world case issue is chosen to represent the utilization of the proposed methodology. The
picked organization is a medium-sized assembling endeavor, which utilizes around 75 individuals
and situated in the Tenth of Ramadan, Egypt. It makes a wide assortment of extra parts for the car
business. In particular, the organization concentrated on sizeable measured gathering and
assembling organizations working for the car business. Its creation fan is full including motor
mountings, encasings, front suspension arms, fan sharp edges, indoor regulator lodgings, numerous
sorts of riggings, entryway rollers, entryway handles, and so forth. The organization likewise delivers
molds which are utilized to fabricate the elastic, metal, and aluminum parts. While different kinds of
CNC and manual machine devices are utilized for normal generation, once in a while manual
machine apparatuses are for the most part utilized as reinforcements. The organization is a metal
machining activity venture demonstrating qualities of both occupation shop and clump creation.
Thus client request sizes go in a wide edge. Truly, the organization has gotten an abnormal state of
benefits, which began to decay as a result of a decrease in the interest level because of an innovative
change and economic situations.
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For instance, once in a while an essential client's requests require the expansion of the new CNC
machining focuses. In addition, in some cases existing client requests require improved machining
abilities including the buy of the specific CNC machining focuses. Therefore, the organization the
board chose to pull in new clients by offering new aptitudes which incorporate growing machining
limit and ability, lessening creation costs, expanding item quality, and shortening conveyance time.
This is a basic inspiration for the first venture. First, a project team, including three engineers and
two managers working for the company, was constructed. Then a detailed interview was conducted
to determine the most suitable type of equipment for the company’s competitiveness. At this point,
new vertical CNC machining centers for the company’ immediate needs were decided to purchase.
The company considered four different alternative models of the three different manufacturers,
which are denoted as Al, A2, A3, and A4, respectively. Furthermore, a detailed questionnaire related
to the data regarding the qualitative and quantitative criteria for the machine tool selection model
was prepared. Then a lot of face-to-face interviews were held to develop reliable information on the
selected criteria and alternatives. After a set of interviews, four criteria were determined to perform
the analysis. The four criteria are cost, operative flexibility, installation easiness, maintainability, and
serviceability, which are denoted as C1, C2, C3, and C4, respectively. Cost is the purchasing cost of
the machine tool. Operative flexibility means the possibility of using the machine tool as desired. It
must be utilized when needed. Installation easiness means having the positive effects of the
convenience of installation. Simple installation is practical and fast, along with installation time
savings without requiring any particular technical ability.

Maintainability imparts to a machine tool an inherent ability to be maintained with reduced
person-hours and skill levels, and fewer tools and support equipment. It is also the probability that
a machine can be kept in an operational condition. Serviceability is defined as the ease with which all
maintenance activities can be performed on a system. It is also defined as the ease with which all
services, including implementation services, post-implementation professional services, and
managed services can be performed.

4.2 Results

The aim of using Neutrosophic MOORA is to determine the importance weight of the criteria,
then used to the ranking of the alternatives.

Step 1. Constitute a group of decision-makers.

Step 2. We determine the importance of each criteria based on opinion of all decision-makers as in Table 2,

using the Eq.4.
Table 2. The comparison matrix between criteria for calculating weights
weights Cy C, C; C, W
C1 (0.5,0.5,0.5,0.5) (0.2,0.3,0.3,04;08,0.2,0.3) (0.5,06,0.6,0.7,09,0.2,0.1) (0.9, 1.0,1.0,1.0;0.1, 0.2, 0.2) 0.17
C, (0.2,0.3,0.3,0.4; 0.8, 0.2, 0.3) (0.5,0.5,0.5,0.5) (0.7,0.8,0.8,0.9;0.8,0.3,0.5) (0.2,0.3,0.3,0.4;0.8,02,0.3) 023
C; (0.7,0.8,0.8,0.9;0.8,0.3,0.5)  (0.4,0.5,0.5,0.6; 0.7, 0.3, 0.2) (0.5,0.5,0.5,0.5) (09,1.0,1.0,1.0;0.1,02,02) 033
C4 0.9,1.0,1.0,1.0;0.1,0.2,0.2) (0.5,0.6,0.6,0.7;0.9,0.2,0.1) (0.2,0.3,0.3,0.4;0.8,0.2,0.3) (0.5,0.5,0.5,0.5) 0.27

We show the weights of criteria in Fig.4.
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installation
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Figure 4. Weights of criteria.

Operative
flexibility

Step 3. Construct the matrix that representing the ratings given by every DM between the criteria and

alternatives, by using the Eq.7.

Every decision maker makes the evaluation matrix via comparing the four alternatives relative
to each criteria by using the trapezoidal neutrosophic numbers scale in Table 1 as shown in Table 3.

Table 3. The comparison matrix between criteria for calculating weights

Gy

)

Cs

C4

Ay (0.4,0.5,0.5,0.6;0.7,03,0.2) (0.2,0.3,0.3,04;0.8,0.2,0.3)
A, (0.2,0.3,0.3,04;08,0.2,03) (0.50.6,06,0.7;09,0.2,0.1)
A; (0.7,0.8,0.8,0.9;08,0.3,0.5) (0.9, 1.0,1.0,1.0;0.1,0.2,0.2)

Ay (0.2,0.3,0.3,04;08,02,03) (0.50.6,0.6,0.7,0.9,0.2,0.1)

(0.5,0.6,0.6,0.7;0.9,0.2,0.1)
0.9,1.0,1.0,1.0;0.1,0.2,0.2)
0.9,1.0,1.0,1.0;0.1,0.2,0.2)

0.2,0.3,0.3,0.4;0.8,0.2,0.3)

(0.5,0.6,0.6,0.7;0.9,0.2,0.1)
0.9,1.0,1.0,1.0;0.1,0.2,0.2)
0.9,1.0,1.0,1.0;0.1,0.2,0.2)

0.2,0.3,0.3,0.4;0.8,0.2,0.3)

From previous Table 3 we can determine the weight of each criteria by using Eq.5 or Eq.6 in the

similarity case.

Step 4. Calculate the normalized decision-making matrix from Table 3, by using Eq. (8, 9).then

calculating the weights using Eq.9.

a. Sum of squares and their square roots in Table 4.

Table 4. Sum of squares and their square roots

Cy C; C; Cy
A, 0.11 0.20 0.32 0.27
A; 0.11 0.23 0.26 0.20
As 0.10 0.16 0.08 0.18
A, 0.25 0.19 0.11 0.07
SS 0.17 0.14 0.20 0.14
SR 0.35 0.39 0.44 0.38

b. Objectives divided by their square roots in Table 5.
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Table 5. Objectives divided by their square roots

(of} C, C; Cs
A, 028 0.55 0.65 0.47
A; 0.32 0.38 0.50 0.55
A; 025 0.44 0.12 0.16
A, 064 0.21 0.25 0.17

Step 5. Compute the contribution of each alternative by using Eq.11 as presented in Table 6
Table 6. Ranking of the alternatives.

C, C, C; Cy Y, Rank
A, 043 0.19 0.47 0.46 0.65 2
A, 045 0.56 0.24 0.33 0.85 1
A; 023 0.43 0.35 0.32 0.60 3
A, 065 0.32 0.33 0.28 0.45 4

Step 6. Rank the alternatives.

The higher the closeness means the better the rank, so the relative closeness to the ideal solution of
the alternatives can be substituted as follows: A2 > A1 > A3 > A4 as shown in Fig.5. A2 is defined as
the best alternative for this company. The obtained result is discussed in the company just as to

investigate the meaningfulness of the selected alternative.

Alternative 1 Alternative 2 Alternative 3 Alternative 4

Figure 5. Ranking of the alternatives.

5. Conclusions

In this paper, a methodology based on neutrosophic and MOORA for selecting the most suitable
machine tools is suggested. Also, the ranking scores are the outcomes of the methodology, and by
using ranking scores, DM can obtain not only a ranking of the alternatives but also the degree of
superiority among the alternatives. For dealing uncertainty and improving lack of precision in
evaluating criteria and machine tool alternatives, neutrosophic methods are used. Our approach
applies trapezoidal numbers into traditional MOORA method. By applying for neutrosophic
numbers, DM enables to get better results in the overall importance of criteria and real alternatives.
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As a result of the study, we find that the proposed method is practical for ranking machine tool
alternatives concerning multiple conflicting criteria.
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Abstract: In this paper, initially a matrix representation of Plithogenic Hypersoft Set (PHSS) is
introduced and then with the help of this matrix some local operators for Plithogenic Fuzzy
Hypersoft set (PFHSS) are developed. These local operators are used to generalize PFHSS to
Plithogenic Fuzzy Whole Hypersoft set (PFWHSS). The generalized PFWHSS set is hybridization of
Fuzzy Hypersoft set (which represent multiattributes and their subattributes as a combined whole
membership i.e. case of having an exterior view of the event) and the Plithogenic Fuzzy Hypersoft
set (in which multi attributes and their subattributes are represented with individual memberships
case of having interior view). Thus, the speciality of PFWHSS is its presentation of an exterior and
interior view of a situation simultaneously. Later, the PFWHSS is employed in development of
multi attributes decision making scheme named as Frequency Matrix Multi Attributes Decision
making scheme (FMMADMS). This innovative technique is not only simpler than any of the former
MADM techniques, but also has a unique capability of dealing mathematically a variety of human
mind psychologies at every level that are working in different environments (fuzzy, intuitionistic,
neutrosophic, plithogenic). Besides, FMMADMS also provides the percentage authenticity of the
final ranking which in itself is a new idea providing a transparent and unbiased ranking. Moreover,
the new introduced idea of frequency matrix handles the ranking ties in the best possible way and
has an ability to provide the authenticity comparative analysis of previously developed schemes.
Lastly, application of this FMMADMS is described as a numerical example for a case of ranking and

selecting the best alternative.

Keywords: Plithogenic Hypersoft set, Exterior view, Plithogenic Whole Hypersoft set, Interior view,
Frequency Matrix, Multi Attribute Decision making Scheme, Percentage authenticity.
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1. Introduction

The theory of uncertainty in mathematics was initially introduced by Zadeh [26] in 1965
named as fuzzy set theory (FST). A fuzzy set is a set where each element of the universe of
discourse * has some degree of belongingness in unit closed interval [e.1] in given set 4, where -4
is subset of universal set * with respect to some attribute say # with imposing condition that the
sum of membership and non membership is one unlike crisp set where element from the universe
either belong to given set 4 or does not belong to 4. In Fuzzy set theory, elements of set are
expressed with one quantity i.e. degree of membership. To represent this degree of membership a
notation .G e [0.11wvx e ¥ was used and to represent the degree of nonmembership a notation
uy () e [0.1]wx e ¥ was used. The members of fuzzy set are represented by using one quantity i.e.
the degree of membership GrzeaGd2 |

Due to the condition #alx) +wuslx} =1wx e ¥ imposed by Zadeh the degree of non

membership = &) to 4 will be T — p.a (=), where ) € [0.1]wx e ¥

Further generalization of fuzzy set was made by Atanassov [1] in 1986 which are known as
Intuitionistic fuzzy set (IFS). In IFS the natural concept of hesitation in human mind was used in
assigning a degree of membership in unit closed interval such that sum of degree of membership,
degree of non membership and degree of hesitation should be one. The degree of hesitation or
indeterminacy was represented by the notation--now the improved condition is
palx) + u,(x) + ,(x) = 1wx € Xx. The members of IFS are represented by using two quantities
waCand o, G x: u, (), o, (o3} Later, IFS were further generalized by Smarandache [15]. He
considered membership .., .3, nonmembership ., .y and indeterminacy ., ¢y as independent
quantities or functions in the unit cube, representing three axis of the unit cube in non standard unit
interval Jo~.1+[. Smarandache represented the elements of Neutrosophic set (NS) by using three
independent quantities and introduced "Neutrosophy"[16-17] as a new branch of philosophy which
studies the origin nature,by considering neutrality and opposite and their interactions with
different ideational spectra. Mathematically, a NS is represented by fu:yu,(a). ). o, G333 With
condition o = u, ) + v, ) + 0.0 = 3. The new defined approach of dealing with human mind
consciousness in form of Neutrosophic Set is utilized in MCDM and MADM techniques ([2-7],[9],
[12], [18],[25]).

Furthermore, Smarandache[13] has generalized the Soft set to Hypersoft set by
transforming the function = of one attribute into a multi attribute function where «,. a...... a, for
n =1 be n distinct attributes, whose corresponding attributes values are respectively the set
Ay A, a4, with ANA =g for ;~,; and . ;cf1.2.....3 and assigning a combine
membership ., . . . 3. non membership «, . ) and Indeterminacy o, .. . . @
wx e ¥ with condition and introduced a hybrids of Crisp/ Fuzzy/ Intuitonistic Fuzzy and
Neutrosophic Hypersoft set and then generalized Hypersoft set to Plithogenic Hypersoft set (PHSS)

by assigning a separate degree of membership, nonmembership and indeterminacy
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w4, () uy ()1, () respectively to each attribute value 4;. Thus a Plithogenic Set, as the

generalization of Crisp, Fuzzy, Intuitionistic Fuzzy, Picture Fuzzy and Neutrosophic Set was
introduced by F.Smarandache in 2017 [14].

In this paper, we have firstly presented to our reader an entirely new concept of looking at
a Plithogenic Hypersoft set in a form of a matrix. This matrix representation is further utilized in the
emergence of some new local operators such as disjunction, conjunction and averaging operators
for Plithogenic Fuzzy Hyper soft sets (PFHSS). In the second stage, we have utilized these local
operators to the define a new idea of a Plithogenic Fuzzy Whole Hypersoft Set (PFWHSS). This new
PWHSS not only present a deep insight into a Plithogenic decision making environment but also a
broader outlook of a situation which clearly is more generalized and precise approach of modelling
human mind capabilities. Moreover, the new PWHSS are employed in development of a multi
attribute decision making scheme named as Frequency Matrix Multi Attributes Decision Making
Scheme (FMMADMS).

In most MADM techniques, ranking is achieved by generating a comparison of alternatives
with ideal and non ideal solution ([8], [19], [20]) etc. Mostly, comparison are made on the basis of
distance, inclusion, and similarity measurements etc. These scheme when studied analytically are
actually representing fuzzy behavior of human mind. The ideal solution represents membership
and the non ideal solution represents nonmembership behavior of fuzzy environment. Besides, the
selection of any input information taken from any background (fuzzy, intuitionistic fuzzy,
neutrosophic or any other) the use of ideal and non ideal solution in modelling of different MADM
schemes actually drives the entire scheme to a fuzzy environment. So the ranking is based on
optimist and pessimist human behavior. In this new FMMADMS, the ranking includes the three
behavior of human mind, optimist behavior (represented mathematically by using Max operator
employed in construction of local operators which are involved in ranking procedure), pessimist
behavior (represented mathematically by using Min operator used in designing local disjunction
also used in ranking process) and the neutral behavior (represented mathematically by using
averaging operator). The final decision is made by combining the three human mind behaviors in a
matrix called Frequency Matrix which gives the ultimate ranking of alternatives. The major
advantage of the new scheme is its capacity of indulging many human mind behaviors by
introducing variety of operators between Min, Max and averaging operators. Thus, generalizing the
scheme from neutrosophic to plithogenic modelling environment [14]. Also, in our scheme at its
final stage a ratios authenticity of the ranking operators is provided to guarantee the rightfulness of

the final decision.

With a brief introduction of our work in Section 1, we have organized the rest of the paper
in following sections: Section 2, is a collection of all the necessary preliminaries required for

understanding of this work while in Section 3, we have presented the new concept of representing a
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Plithogenic Fuzzy Hyper Soft Set in form of a matrix. Moreover, have introduced some new local
operators on this set and constructed a whole membership using these local operators. This whole
membership over a PFHSS set gives a birds eye view of the entire situation thus driving to new idea
of Plithogenic Fuzzy Whole Hyper Soft Set. Furthermore, the newly defined PFWHSS is used in
constructing a new MADM technique called Frequency Matrix Multi Attributes Decision making
scheme (FMMADMS). In Section 4, a numerical example is presented to elaborate the new scheme
while in Section 5 we give the final Conclusion of this work along with some open problems related
to this field.

2. Preliminaries

In this section, we will present some basic definitions of soft set, fuzzy soft set, hypersoft
set, crisp hypersoft set, fuzzy hypersoft set, plithogenic hypersoft set, plithogenic crisp hypersoft set

and plithogenic fuzzy hypersoft set which are useful in development of our literature.

Definition 2.1 [21] ( Soft Set)

Let U be the initial universe of discourse, and E is a set of parameters or attributes with respect to U.

Let p¢wry denote the power set of i, and .4 = £ is a set of attributes. Then pair (#. 44, where F..a

P(I7) is called Soft Set over I7. In other words, a soft set (F, A} over IJ is parameterized family of

subset of 7, For ¢ € a4, Fe3 may be considered as set of - elements or . approximate elements
(F.4)={(F(e) e P(U):e € E,F(e) = pife & A}

Definition 2.2 [24] (Soft subset)

For two soft set (F, A’ and (.E) over a universe II, we say that (F, 47} is a soft subset of (&, B} if

(1) A= B, and
(i) we e.4.F(e) = 6o

The set of all soft set over i will be denoted by s¢ur;.
Definition 2.3 [26] (Fuzzy set)

Let v be the universe . A fuzzy set x over v is a set defined by a membership function
i, TEpresenting a mapping .., - — [o.1]

The vale of . _ .., for the fuzzy set .. is called the membership value of the grade of membership of
= = z.The membership value represent the degree of belonging to fuzzy set . Then a fuzzy set » on
I7 can be represented as follows.

¥ ={{uy(x)fx)ix € U u(xy = [0,1]%

Definition 2.4 [9] (Fuzzy soft set)
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Let U be the initial universe of discourse, F{lI'} be all fuzzy set over II. E be the set of all parameters

or attributes with respect to v and 4 = & is a set of attributes. A fuzzy soft set r, on the universe ¢ is
defined by the set of ordered pairs as follows, 1, = {x, 1, (x)x € E. 3y (x) € F(U)}
where ;. . — Fruysuchthat . vy = aif x =

¥a () = ooy o () € Uy, 0 () = [0.113

Definition 2.5 [13] (Hypersoft set)

Let ¢ be the initial universe of discourse ry the power set of v and 4, a a, for » = 1 be 5

distinct attributes, whose corresponding attributes values are respectively the set 4,, 4...... A, with
Ay N A = qpfor i=jand ;e f1.2..... 0k
Then the pair (F, 4, x 4. =...x A,y where, £, = 4. =...x 4, — P,

is called a Hypersoft set over 17

Definition 2.6 [13] (Crisp Universe of Discourse)
A Universe of Discourse w, is called Crisp if v« e v, x = 10086 t0 . Or membership of . r¢x

with respect to .4 in ar is 1 denoted as 1.

Definition 2.7 [13] (Fuzzy Universe of Discourse)
A Universe of Discourse 1. is called Fuzzy if wx < . =« partially belongs to 7. or membership of .
T(x) = [0.1] where T¢x) may be subset, an interval, a hesitant set, a single value set, etc. denoted as

= (T

Definition 2.8 [13] (Plithogenic Universe of Discourse )

A Universe of Discourse 1, over a set y of attributes values, where v = v, v...... v} n =1, 18
called Plithogenic if wx e 7, x belongs to i, in the degree a2,y with respect to the attribute value
v, forall ; e £1.2.....#3. Since the degree of membership may be Crisp, Fuzzy, Intuitionistic Fuzzy,
or Neutrosophic, the Plithogenic Universe of discourse may can be Crisp, fuzzy, Intuitionistic

fuzzy, or Neutrosophic.

Definition 2.9 [13] (Crisp Hypersoft set)

Let U; be the initial universe of discourse P (L.} the power set of .

a, for » =1 be , distinct attributes, whose corresponding attributes values are

respectively the set 4,,4...... A, With 4, n4; = ¢ for i =; and &5 e {1.2.....n}. Then the pair

(Fp. Ay = Az =...x A,) where B 4, w4, x...x A, — P(U,). is called Crisp Hypersoft set over w,.

Definition 2.10 [13] (Fuzzy Hypersoft set)

Let Uz be the initial universe of discourse P(l/;} the power set of Uz.

By Baeeess a, for » = 1 be » distinct attributes whose corresponding attributes values are respectively

for .~; and . ,<cq.2.....2. Then the pair

the set ., ... a, with Ay MA; = @
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CE. Ay = As <. A,y WheTe Fo:d, x A, =...x 4, — P(U.). is called Fuzzy Hypersoft set over Ug.
Definition 2.11 [13] (Plithogenic Hypersoft set)

Now instead of assigning combined membership ., . () wx = Uy U.sin,. i, f0r Hyper

P A

Soft set if each attribute .. is assigned an individual membership , (., non membership ., .

and Indeterminacy , .y ;= 1.2.....n in Crisp/Fuzzy/Intuitionistic Fuzzy and Neutrosophic

Hypersoft set then these generalized Crisp/Fuzzy/Intuitionistic Fuzzy and neutrosophic Hypersoft
set are called Plithogenic Crisp/ Fuzzy/Intuitionistic Fuzzy and Neutrosophic Hypersoft set.

3. Plithogenic Fuzzy Hyper Soft set, their representation in a Matrix form and generalization to
Plithogenic Fuzzy Whole Hypersoft set

In this section, we define initially Crisp Whole Hypersoft set, Fuzzy Whole Hypersoft set,
Intuitionistic Fuzzy Whole Hypersoft set, Neutrosophic Whole Hypersoft set.

Definition 3.1 (Plithogenic Crisp/ Fuzzy/ Intuitionistic Fuzzy and neutrosophic Whole Hypersoft

set)

Let Upi (X) be the plithogenic universe of discourse and F..a% « 4% =...x 4% — P(U,) where
k= 1.2.3.....m represent Numeric values of attributes A for each ; x: and asxrepresent sub

attributes of the given attributes, can attain different numeric values. Now if in Plithogenic

Crisp/Fuzzy/Intuitionistic Fuzzy/Neutrosophic Hypersoft set all attributes .» have both an
individual membership , ¢, non membership . ¢.and indeterminacy , .y where

7 = 1.2.....~ and a whole combined membership B vt serany ) denoted by ¢, non membership
YA vennwneay, ) denoted by @(x) and Indeterminacy o, ., . .., (x) denoted by wix) then these
generalized Plithogenic Crisp/Fuzzy/Intuitionistic Fuzzy /Neutrosophic Hypersoft set are called
Plithogenic Crisp/ Fuzzy/Intuitionistic Fuzzy / Neutrosophic Whole Hypersoft set.

The Plithogenic Whole Hypersoft set is hybridization of Plithogenic Hypersoft set and Hypersoft
set. If we are representing our set only with fuzzy memberships say u AJ.(.r] for individual attributes

and Fuzzy whole memberships , ., say 5., for combined attributes then the set under

ppAz

consideration are Plithogenic Fuzzy Whole Hypersoft set. Initially the literature is developed only for

Plithogenic Fuzzy Hypersoft set and Plithogenic Fuzzy Whole Hypersoft set.

3.1 Plithogenic Fuzzy Whole Hypersoft set and Frequency Matrix Multi Attributes Decision Making Scheme
(FMMADMS)
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For convenience in dealing with plithogenic hypersoft set the data or informations i.e. memberships
will be represented in the form of matrix denoted by ¢z for some combination of numeric values of
attributes where . represent the given combination of attributes, ; represent rows of matrix with
respect to objects ., ; represents columns of matrix with respect to numeric values of attributes 4,.
These matrices will be helpful in construction of local Disjunction, Conjunction and Averaging
operators. Furthermore, local constructed operators are used for the development of whole
memberships denoted by n and then these memberships are used to generalize the Plithogenic
Hypersoft Set to Plithogenic Whole Hypersoft Set and in development of a multi attributes decision
making scheme named as Frequency Matrix Multi Attributes Decision Making Scheme
(FMMADMS). The speciality of these local operators is that they deal within the matrix constructed
by using informations or one can say within one combination of attributes which gives interior view
of the event. In this section, we shall be dealing with PFHSS only. Later the idea can be generalized
to other environments (intuitionistic, neutrosophic, plithogenic) etc. Let us now formally introduce
the steps of FMMADMS. In this scheme, the first four steps are related to the matrix construction of
PFHSS and their local operators while in the next three steps PFWHSS are developed using these
operators and are utilized in defining the local ranking. Moreover, a final ranking is obtained using
a frequency matrix. Also, a percentage authenticity is calculated to guarantee the transparency of

the process.
Step 1. Decision of universe: Consider universe of discourse U,; = {x;} i = 1.2.3..... M and then

T = {x,} = 17,, Where ; could be chosen between ; to as. Here . represent the objects under

consideration.

Step 2. Defining attributes and mapping: Let A}, A%, A%,.... A% be the attributes. Choose some

attributes represented by . . ;— 1,23 ....n and then assign , some numeric values can be
Fl

F
presented by 4 x where . and ; can take values 1,2,3,..., v. The data of the numerical values is based
on the decision maker’s opinion by wusing the linguistic scales [[10],[11],[23]]. Define

FiA¥ s A% = AF .= 4% — P(17,;). where £ 1S @ Mappings from combination of attributes to some
subset of power set of Uy;.
Step 3. Matrix representation: Write the data or information (Memberships) in the form of a matrix.

Let €% j=1.23.....N and ; = 1.2.3..... a: be the matrix and let ., represent the given combination

of attributes AF for some ; and .
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Xy .'I"l..-l| {.1']_:] .'I"I..-l:{'rj_:l v s .'I"I..-I.,-..-{xl.:]
X2 .“..-h{-r!] .“,4.{-"::' T .""I..-I.,\-{’r:]

5= | | Lo (3.1)
Saelpy God i Go) -« iy G

Step 4. Construction of Local operators and Global whole memberships: Now by using individual
memberships u;(x;J), for x; € T and varying j from 1 to N one can develop a combined whole

membership, say nrix,) to », in + with respect to given combination of attributes by using different
operators on rows of matrices of representation .z for Construction of local operators. These
operators can be represented by taking different integer values of . ie. ., _ ; represent local
disjunction operator , , — > represent local conjunction operator and , _ 3 represent local averaging
operator. The following local operators are constructed. Here, we define some local operators for
Plithogenic Fuzzy Hypersoft Set. It is observed that the same operators are applicable for
Plithogenic Crisp Hypersoft set but as the results are trivial so we will consider here only the case of

Plithogenic Fuzzy Hypersoft set

Local Disjunction Operator for Plithogenic Fuzzy Hypersoft Set :

Vige UF) =W {CE} = ﬂ'fnxj-{r’_'.',-f} = Max; {_uj-{,r,-]jl (32)
(Choose maximum membership from,__ row )
Here ..,__. are representations for local disjunctions operators for , oG ) is the membership for
jenattribute with respect to ;. object.
Local Conjunction Operators for Plithogenic Fuzzy Hypersoft Set :

Pioe FY =n (€8) = Min; (€8) = Min; (p;(x0) (3-3)
(Choose minimum membership fromi,; row amongst j columns) and the result will be a column
matrix representation three entities. Here ,,,__are representations for local conjunctions operators for
1 u.(x, 1S the membership for ;_attribute with respect to ;. object.
Local Averaging Operator for Plithogenic Fuzzy Hypersoft Set :

rFY= r(cs)=%¥, % (3.4)
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Here T represent averaging operator for mapping F for & combination of attributes applied on the

given matrix of representation (] by taking average of memberships for i;; row.

Local Compliment for Plithogenic Fuzzy Hypersoft Set :

Max; {'J_ - .u_i-(_r,-:l)
Croc(F) = E{CI'_I?:} = ﬂffn.i- {-L - -“.i'{’r"]j (35)

o [L_.EJ'Iin:I
=1 n

Here ;. represent the local compliment for F mapping fore combination of attributes applied over

matrix of representation ¢z by taking compliment of memberships for ;,, row and then choosing
either maximum or minimum or taking average of them. By applying Local disjunction, Local
conjunction and Local averaging operators (3.2, 3.3, 3.4) to (3.1) one can develop a combined whole
membership, denoted by ot (.

Note: Here we have not used the compliment operator to develop the whole membership. But the

choice is open for reader to work with this operator or any other operator of their choice.
Here af ¢« is representation for whole combined membership for i,; object withe respect to &
combination of attributes in subset of P(Up1)

0L (x) = U; (€5) = Max; (p;(x.)) (3.6)

nz(x,) represent the combined (whole) membership for ;__ object obtained by using disjunction

operator (. _ ,) developed in (3.2).

0z (x) = N; (€5) = Ming (=) (3.7)
0z (x;) represent the combined (whole) membership for i.; object obtained by using conjunction
operator (¢ = z) developed in (3.3).

gz (38)

0z ) = r(cg) = Ey, 22

03 (x;) represent the combined (whole) membership for i.; object obtained by using averaging

operator I' (: — 3) developed in (3.4).
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We shall use N5 (x; ), 0Z (x;) and 02 (x;) for three different whole memberships of Plithogenic Fuzzy

Whole hypersoft set.

Step 5. Matrix representation of Plithogenic Fuzzy Whole Hypersoft set and initial ranking;:
Write the data or information (local individual membership and global whole memberships) in the
form of an other matrix denoted by ¢#%; ; =1.2.3.....~ and : = 1,2,3..... M and « represents the
given combination of attributes and , _ , . s represent the local operators used to get the whole

combined memberships where e is the matrix representation for Plithogenic Fuzzy whole

Hypersoft set.
AX AR AE nt
xy .U‘.lll::xj_:] .U‘.[:{XL:] v a a .UAN{IL:] ﬂé{xl]
ok .“.4.,':’1':] .“A,I:x:] e ."-".-l,\-{x:] ﬂgr{x:]
C,-_?r:' . IR .
Tl G wa,Cepdd - o o pay o) 0L ()

Where in AJ.;-‘, k takes values with respect to given some & combination and in {1} and in C*while i

represent rows of matrix and , represent its columns and . ., Plithogenic Fuzzy Whole Hypersoft
Matrix (PFWHSM). For » — 1.2,z we shall get three PEWHSM’s.
In particular, for a fixed , and for some ., combination of attributes Ay =123 ... WE will get an

initial ranking for alternatives r — ¢,.; under consideration in -er from the last column of ,ac

which is the column of whole membership value 2, . The first position is assigned to an alternative

having highest whole membership q: ¢...y [which is the highest numeric value in last column] and
the second position to one having second largest membership and so on. If a tie occurs for the

position of alternatives in this initial ranking, it will be removed in final ranking. In this step, by
varying t = 1,2,3 we shall obtain the three types of initial ranking of our alternatives based on three

operators see (3.6,3.7 and 3.8). All of these ranking will be utilized in next stage to get the final
ranking of alternatives.

It is worth mentioning here the fact that these initial rankings presents three human mind behaviors
for three different choices of operators. To be more specific for . — ; the use of Max operator will
provide the choice of optimist behavior of human mind. Similarly for . _ . which represent the use

of Min operator one can represent the pessimist behavior of human mind. Furthermore, the choice
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of t =3 i.e., the use of averaging operator will represent the neutral behavior of human mind.

Finally in the next step by using the frequency matrix we will combine the three human mind

behaviors to provide the final results of the ranking procedure.
Step 6. Construction of frequency matrix £, for final ranking:

Finally, we have constructed the frequency matrix of positions g = from initial ranking where
g = 1.2....0 is used to represent rows (alternatives) of frequency matrix P and » = 1.2,....8 i

used to represent columns (positions attained by these alternatives) of frequency matrix g .

P. B2 - - - P
e Az - o o - fim
ey B2 o o o fom

A
wlfiy fez - - o flm

The final frequency matrix F,, of alternatives and positions is a square matrix of order M = M i.e.

number of ordering positions will be equal to the number of alternatives, The selection of first

position to any alternative will be made by looking into the first column corresponding to the
position 1 i.e. p;. The alternative having the largest frequency value in this column will be assigned

first position. Once first position is decided, the entire row corresponding to this alternative and the
first column will be excluded from the process of selection. Next, we shall look into the second
column to select the candidate having the largest frequency value to be assigned the second
position of ordering. Once done he shall be excluded from the process by excluding his row and the
second column from the process. This procedure of selection will continue until all the positions are

assigned to the rightful alternative.

In final frequency matrix if two alternatives have the same frequency of position 1 which is a very
rare case, then we check their frequency of position 2, the one having higher frequency value in
position 2 will be assigned the first position. After this selection the particular alternative and the
position 1 will be excluded from selection procedure. Then other competitor will be assigned the

second position. In this way all the ties can be fairly handled in this process.

Step 7. Percentage measure of authenticity of ranking: Finally the percentage measure of

authenticity can be obtained by using the ratios formula:
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max | fgp
Percentage authenticity of 5 position for g,;alternative = —.}—1 % 100, where ;. is the obtained

Lglgp

frequency of the ,, position for ,__ alternative and x_ ¢ is the total frequency of ,_ position.

4. Numerical Example

Step 1. Decision of universe: let ; _ (. . .. .., .3 set of five members of Engineering
department and T = {x.,x,.x.} = U7 set of three members who have applied for the post of Assistant

professor.
Step 2. Defining Attributes and mapping:
Let the attributes be 4 Foj o= 1.2.3.4 and , may have any value from 1 to 3
¥ = Subject skill area with numeric values, 1 = 1.2.3
Al = Mathematics, A7 = Physics, A} = Computer science

4% = Qualification with numeric values, x = 1.2

a: — Higher qualification like Ph.D. or equivalent, .= _ lower qualification like MS or

equivalent A% = Teaching experience with numeric values, k = 1.2

At = Three years or less, .43 = More than three years
A¥ = Age, with numeric values k = 1,2,3

AL = Age is less than thirty years, 42 = Age is between thirty to forty years 43 =Age
is greater than forty years

We need to select faculty members.
Let the Function F be given by,
F: A% » AE x A x A% — P for ;. — 1,1.1.2 respectively.

We are interested in ranking of these three candidates for the Engineering department with the
following criteria.

1. Subject skill area: Mathematics: ;. — 4

2. Qualification: Higher qualification like Ph.D or Equivalent , — 3

3. Teaching experience: Three years orless  — 1

4. Age: Age required is between thirty to forty years . —

FAL AL, AL AZ) — [x..x,. .} let Wename s: s: a1 4z combination as ..

With respect to T ={x,.x3.%5} have memberships in PFHSS. Consider the memberships of x..x4, x5

as u;(x;yfor; = 2.3.5and ; = 1 to 4 in r with respect to » combination of attributes.
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Fla) = F(AL A% 45,430 = {x.(0.3.0.6.0.4.0.5), x3(0.4,0.5.0.3,0.1), x . (0.5.0.3.0.3,0.71}
Step 3. Matrix representation: Let (} represented in 3.1 is the matrix of representation for the

combination of attributes . in PFHSS. Here rows are representing ., ... ., and columns are

representing AR AR AR A
Ab oAb o4 A2

§=%2104 05 03 0.1
xslle 0.3 03 07

Step 4. Construction of Local operators and Global whole memberships for PFHSS: By using

x:[U.E 0.6 04 U.S]

individual memberships u% (x;), for x; € T © U now with respect to & combination of attributes by
fixing i = 2.3 and 3 and varying j from 1 to 4 in 3.6, 3.7 and 3.8 one can assign a combined (whole)
membership, N5 (x;) to x; € U in T with respect to @ combination of attributes by using operators
developed in 3.6, 3.7 and 3.8 on rows of matrix of representation €}, Using (3.1)

0L0x) =U (uF (x)) = Max; {pF(x))

020G =n (u5x)) = Min; (05 G ))

[ =ia )
I__ﬂj 2 )

02 () =r(pSx)) =5V,

e

This membership is used in Generalization of PFHSS to Plithogenic Fuzzy Whole Hyper Soft set.

0Ll{x.)=u (Iui.‘-'(.r:]) = Max; (.u_‘i‘-'(x:]) =0.6 fori= 2 and varying j from 1 to 4
WHEAEY, {.u‘?-":.rg] = Mn_r.-(.u"?-' (x;}) =05 fori=3and varying j from 1 to 4

Ni(x)=u {.uf{.rs] = Max;| uf(xs)) = 0.7 fori=5and varying j from 1 to 4

3 and varying j from 1 to 4

)
)

( (4%(x,)) = 0.3 fori=2and varying j from 1 to 4
02(x5) =n (p%(xy)) = Mim; (4% (x5)) = 01 fori

( (1 x0))

u5(x5)] =103 fori=>5and varying j from 1 to 4
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I:_u3'r:':I
0i(x,)=T (.u_‘?{x:]) =Kl 14 = 0.45 for i = 2, N = 4and varying j from 1 to 4

4

i W
[ (xg) |

)

N3(xy) =T {.uf{xg]) =X =0.325 fori = 2,N = 4 and varying j from 1 to 4

/ 3
Eix]
|uflasd ]

03 (xs) =T (45 () = T,

Step 5 Matrix representation of Plithogenic Fuzzy Whole Hypersoft set and initial ranking;:

=045 fori= 2, N =4 and varying j from 1 to 4

Ao a4

+

ol
x:[0.3 0.6 0.4 05 0.6
Ci=x3z104 05 03 01 05
xsl0.6 0.3 0.3 07 07

For choosing the best one will select the largest value from last column i.e. x; = 0.7 The initial

ranking for £ = 1, is Position 1: for x zPosition 2: for x, and Position 3: for x.

2003 0.6 04 05 03
Ci-=%*z|04 05 03 01 01
xsl0e 0.3 03 07 03

For choosing the best one will select the largest value from last column i.e. x, = x5 = 0.3, The initial

ranking for t = 2, is Position 1: could be assigned to both the candidates x; and x,. This tie will be

removed in final step of ranking.

Ao o4 g

+

o

2003 0.6 04 05 045
C,ﬁ.’-g =%z104 05 0.3 01 0325
xslDe 0.3 03 0.7 0475

For choosing the best one will select the largest value from last column i.e. x5 = 0.7 The initial
ranking for t = 3, is Position 1: for xz.Position 2: for x, and Position 3: for x3.

Step 6. Construction of frequency matrix F,, for final ranking: Next we construct a frequency

matrix to get the final ranking using the data of step 5.
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Py P Pa

X3[1 2 0
Fpp=%3l0 0 3]
x:13 0 0

This frequency matrix shows the frequency of getting first position for x.is 1, for x4is 0 and for x; is
3, the frequency of getting second position for x,is 2, for x4is 0 and for x; is 3.and the frequency of
getting third position for x.is 3, for x4is 0 and for x; is 0. We can see here the initial ranking for
£=11is xg & x, = xy for t =2 is xg = x, = x5 and ranking for t = 3 is x; &= x, I= x; and the final

ranking from the frequency matrix F, is same i.e., x5 x, & x; which shows use of frequency

matrix increases the authenticity of the ranking and selection of right candidate for the post.

Step 7. Percentage measure of authenticity of ranking;:

max ( fzpl -
Percentage authenticity of first position for xz = _'1?;_1 = T‘r% x 100 = 75%
Lglgp LgIq1

L gz

Percentage authenticity of second position for x, = T;‘ “— % 100 = 100%

Percentage authenticity of third position for x; = ?‘F :; * 100 = 100%
Lglgz

5. Conclusion

A novice idea of matrix representation of Plithogenic Fuzzy Hypersoft Set (PFHSS) is introduced
along with construction of their local operators such as conjunction, disjunction and averaging
operators. These local operators are utilized in defining a new concept of Plithogenic Fuzzy Whole
Hyper Fuzzy Soft Set (PFWHSS). The PFWHSS deals fuzziness of the data or information as a
combined vision (external view) in case of combined membership of a combination of attributes and
individually (internal view) as a in case of considering individual memberships. Furthermore, an
innovative yet simple MADM technique called Frequency Matrix Multi Attributes Decision Making
Scheme (FMMADMS) is developed. In this technique, at first stage, we have employed three
different PFWHSS to get three initial rankings of alternatives representing decisions made by three
different human mind behaviors of being optimist (the case in which whole membership is
obtained by using conjunction (Max) operator), pessimist (the case in which whole membership is
obtained using disjunction (Min) operator) and the neutral behavior (the case in which whole
membership is obtained using averaging operator). In the next stage, we have introduced a new

concept of frequency matrix that combines all the three possibilities of human mind behavior to
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provide with a final ranking decision of alternatives. In many decision making schemes, there are
possibilities of ties between ranking alternatives. The use frequency matrix in FMMADMS provides
a unique way of handling these ties. It results into a final ranking free of ties. Lastly, the scheme
works with a percentage measure to guarantee the authenticity and accuracy of the final ranking.
This itself, is entirely a new idea to get to get an authenticity of different ranking schemes which

shows that the final decision is transparent and unbiased.

Moreover, this technique is more generalized since it use PFWHSS which deals with not only
attributes but also sub attributes at the same time. One of the beauty of this scheme is its simplicity
as the user need not to handle with complicated long calculations based operators. Also this new
technique have a flexible approach of using wide range of operators that can absorb changes
according to the requirement of the provided environment. To be more specific, the selection of
three operators represent a neutrosophic behavior which clearly is a special case of plithogenic
attitude as mentioned in [14]. Now introducing more operators among these three neutrosophic
elemental behaviors (membership, nonmembership, neutrality) we can generalize the model of this

scheme in plithogenic environment which may handle more of human mind complexities.

Some of the open problems that could be addressed: This work have vast extensions by
developments of some new literature on operators, their properties and applications in different
environments like Crisp, Fuzzy, Intuitionistic Fuzzy and Neutrosophic etc. and development of
multi attributes decision making techniques in different environments. Moreover, the matrix
representation of plithogenic whole hypersoft set opens new dimensions towards development of

many operators and MADM techniques.
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Abstract. The objective of the study is to find out the relationship between the disease and the symp-
toms seen with the patient and diagnose the disease that impacted the patient using rough neutrosoph-
ic set. Neoteric method [PI-distance] is devised in rough neutrosophic set. Utilization of medical diag-
nosis is commenced with using prescribed procedures to identify a person suffering from the disease
for a considerable period. The result showed that the proposed method is free from shortcomings that
affect the existing methods and found to be more accurate in diagnosing the diseases.

Keywords: Neutrosophic set, rough neutrosophic set, Pi-distance, medical diagnosis.

1. Introduction

Mathematical principles play a vital role in solving the real life problems in engineering, medical
sciences, social sciences, economics and so on. These problems are having no definite data and they
are mostly imprecise in character. We are therefore employing probability theory, fuzzy set theory,
rough set theory etc., in Mathematics to find solutions to these problems. In the same way, fuzzy logic
techniques have been integrated with conventional clinical decision in healthcare industry. As clini-
cians find it hard to have a fool proof diagnosis, they are initiating certain steps without any guidance
from the experts. Neutrosophic set which is a generalized set possesses all attributes necessary to en-
code medical knowledge base and capture medical inputs.

The law of average has been applied in Medical diagnosis combining the information of which
most of them are quantifiable derived through various sources and the inconsistent data derived
through intuitive thought and the whole process offers low intra and inter personal consistency. So
contradictions, inconsistency, indeterminacy and fuzziness should be accepted as unavoidable as they
are integrated in the behavior of biological systems as well as in their characterization. To model an
expert doctor it is imperative that it should not disallow uncertainty as it would be then inapt to
capture fuzzy or incomplete knowledge that might lead to the danger of fallacies due to misplaced
precision.

As medical diagnosis contains lots of uncertainties and increased volume of information available
to physicians from new medical technologies, the process of classifying different sets of symptoms
under a single name of disease becomes difficult. The main advantage of rough set theory is that it
does not need any preliminary or additional information about data(like the probability in statistics,
the value of possibility in fuzzy set theory efc.,).5o, rough neutrosophic sets play a vital role in
medical diagnosis.

In 1965, Fuzzy set theory was firstly given by Zadeh[1] which is applied in many real applications
to handle uncertainty. Sometimes membership function itself is uncertain and hard to be defined by a
crisp value. So the concept of interval valued fuzzy sets was proposed to capture the uncertainty of
grade of membership. In 1986, Atanassov[3] introduced the intuitionistic fuzzy sets which consider
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both truth-membership and falsity-membership. Edward Samuel and Narmadhagnanam[4] proposed
the tangent inverse distance and sine similarity measure of intuitionistic fuzzy sets and apply them in
medical diagnosis.

Later on, intuitionistic fuzzy sets were extended to the interval valued intuitionistic fuzzy sets.
Intuitionistic fuzzy sets and interval valued intuitionistic fuzzy sets can only handle incomplete
information not the indeterminate information and inconsistent information which exists commonly
in belief systems. So, Neutrosophic set (generalization of fuzzy sets, intuitionistic fuzzy sets and so on)
defined by FlorentinSmarandache[5] has capability to deal with uncertainty, imprecise, incomplete
and inconsistent information which exists in real world from philosophical point of view.

In 1982, Pawlak|[2] introduced the concept of rough set (RS), as a formal tool for modeling and
processing incomplete information in information systems. There are two basic elements in rough set
theory, crisp set and equivalence relation, which constitute the mathematical basis of rough sets. The
basic idea of rough set is based upon the approximation of sets by a pair of sets known as the lower
approximation and the upper approximation of a set. Here, the lower and upper approximation
operators are based on equivalence relation. Nanda and Majumdar [6] examined fuzzy rough sets.
Broumi ef al [7] introduced rough neutrosophic sets.

SurapatiPramanik and KalyanMondal [8,9] introduced cosine and cotangent similarity measures
of rough neutrosophic sets. Pramanik et al [10] introduced correlation coefficient of rough
neutrosophic sets. Edward Samuel and Narmadhagnanam [11] proposed order function among
roughneutrosophic sets. Pramanik et al [12] introduced several trigonometric Hamming similarity
measures under interval rough neutrosophic environment. Pramanik et al [13] introduced Multi
attribute decision making strategy on projection and bidirectional projection measures of interval
rough neutrosophic sets. Mondal et al [14] examined TOPSIS in rough neutrosophic environment.

Mondal et al [15] proposed variational coefficient similarity measure under rough neutrosophic
environment. Mondal et al [16] proposed several trigonometric Hamming similarity measures of
rough neutrosophic sets. Mondal and Pramanik [17] proposed grey relational analysis among rough
neutrosophic sets. Pramanik and Mondal [18] proposed some similarity measures among rough
neutrosophic sets. Mondal et al [19] proposed aggregation operators among rough neutrosophic sets.
Pramanik et al [20] introduced Multi criteria decision making based on projection and bidirectional
projection measures of rough neutrosophic sets. Neutrosophic set is applied to different areas
including decision making by many researchers[21-27]. Mohana and Mohanasundari [28] proposed
similarity measures of single valued neutrosophic rough sets. Tuhin Bera and Nirmal
KumarMahapatra[29] applied generalised single valued neutrosophic number in neutrosophic linear
programming. Ulucay et al [30] proposed a new approach for multi-attribute decision-making
problems in bipolar neutrosophic sets.Broumi et al [31] proposed single valued (2N+1) sided
polygonal neutrosophic numbers and single valued (2N) sided polygonal neutrosophic numbers. Li
et al [32] proposed slope stability assessment method using the arctangent and tangent similarity
measure of neutrosophic numbers.

Rest of the article is structured as follows. In Section 2, we briefly present the basic
definitions.Section 3 deals with proposed definition (PI distance) and some of its properties. Sections 4,
5 and 6 deal with methodology,algorithm and case study related to medical diagnosis
respectively.Conclusion is given in Section 7.

2. Preliminaries
2.1 Definition [33]

Let X be a Universe of discourse, with a generic element in X denoted by x,the neutrosophic
set(NS) Ais an object having the form 4= {<x: 7. 1,(x). F(x),xe X }where the functions define

T,[,F: X —)]’0,1*[ respectively the degree of membership (or Truth), the degree of indeterminacy
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and the degree of non-membership(or Falsehood) of the element xcx to the set 4 with the condi-
o 0< 7,(x)+ [,(x)+ F.(x) <37

2.2 Definition [7]

Let U be a non-null set and R be an equivalence relation onv . Let P be neutrosophic set in
U with the membership function7r, indeterminacy function /rand non-membership function fp.
The lower and the upper approximations of P in the approximation (U,R) denoted by n(p)& N(P)are
respectively defined as follows:

N(P)= <<x 7)) In(p) () Fu)(x))/ v e[ %] x € U>

N(P)= <<x Tx(p) ) I3(p) (%) Fe) (x)) /v €[] o x €U >
where
Tnpy(X)= e /\ 75(»)

Inp) (x)= be V Ip(y)
Fnpy(x)= V FP()’)
TN(P)(X) =, TP(y)

1N<P>(x)=ye[§] 1o(v)

FN(P)(X): [/\] FP(y)

So, 0< Tﬁ(P)(x)+[M )( )+FN ( )<3 and 0<Ty(p )( )+ ]ﬁ(p)(x)+ FN(P)(x)S 3, where v and A mean
“max” and “min” operators respectively, T P( y), 1 P( y) and F p( y) are the membership, indeterminacy

and non-membership of with respect to P. It is easy to see that N (P)&N(P) are two neutrosophic
sets in U, thus the NS mappings N,N: N(U )= NU ) are respectively, referred to as the lower and upper
rough neutrosophic set approximation operators, and the pair (N (P), N(P)) is called the rough
neutrosophic set in (U ,R).

3 Proposed definitions

3.1. Pi-distance

Let A=((T,(x).L,(x).F,(x)) (f‘i(xi)j,;(xi),i(xi))>and B =((T (). L5 () F () (fs(xf)JB(x,-)fB(xf))>
be two rough neutrosophic sets, then the Pi-distance is defined as

oz HZA(xi)7ZB(xiX+‘£A(xi)7£B(xi]+‘EA(xi)7EB(xi]+‘TA(xi)7TB(xl]Jr‘;A (x:)-15(x; MFA (x:)- FB(’GX]:
L e N e w3 o 3 PO BV S BV N S F2 ) 3 € W P By F E 3]

3.1.1. Boundedness
Let 4 - <@A(x,.), 1) F o) Fae)Tace). F A(x,.))> (i =1,2,...,n)be a collection of rough neutrosophic sets and

A= <{mlin[L(X,)]sm,in[ﬁ(x,)]}[mfixEA(X, hmax (7.0 [max[#, () max[F )]]> &

A

<{mlnL (x, )] m1n TA(x )]} [maxL I,(x )] max I (x, )ﬂ[maxL F,(x )] max[F (x, )]]>
A= <|:mlaxE4 (x‘)],m‘ax[fﬂ (x,)]:|, [rqinQA(x,)], miin[}A(x‘)]l[miinEA (x,)],min[F,,1 (x )]]>

then 4 < pIo (4 Ayrr d,) < 4
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3.1.2. Proposition 1

@) PIRNS(A’B) 20

(i) PIgvs(4,B)=0if and onlyif 4= B

(iii) Prys(4.B)= PIrys(B.4)

(iv) If 4 = B = C then PIpys(4,C)> Prrys(4,B) & PIrys(4,C)> Prrys(B,C)
Proof

(i) We know that, the truth-membership function, indeterminacy —membership function and falsity—
membership function in rough neutrosophic sets are within [o,1]] Hence py, (4, 8)>0

(ii) If 4 = B thenrt (x)=7,(x).,(x)=1,x)F,(x)=F,(x)7,0x)=7,0)7,0:)=7,()&F,(x)=F,(x ) for
i=12,,n&x eX. Therefore, py, . (4,B)= 0.1f 11D s (4,B)=0, this implies

T,(x)-T,(x)|=0: | ,(x)-1,(x)|=0

F ()= F ()] =0 [T (x)-T,(x)
jA(xi)_jB(xi)‘ =0; ‘FA(xf)_FB(xi)‘ =0

Since its denominator is not equal to zero. Then,

T =Ty (i) L) = Ly (), E 4 () = Ey (). T () =T () La() = L) & F s (x;) = Fn(x;) for
i=12,--,n &x, e X.Hence 4=B.

=0

(iii) We know that,
1T, (e) =T e ) = [T, (6) =T e ), 12,6 )= 2 ) =2, ()= £, ) JE, (e) = E, (e ) =|F, ()= £, (x)
\TA x] [7,()=T. (), 7, ()= Fg(x,l:\lg(x,-)—z,‘(x,l;\FA(x,-)—FB(xJ=\Fg(xi)—ﬁ,4(xi]

Hence p]RNS(A B)= PIxys(B. A)

(iv) We know that,
ZA( )<T( )<T (x) fA(xi)STB(xi)STC(xi)

!A( ) ( ) I (xz) ( ) B(xi)Z;C(xi)
F,(x)2Fylx)2 F (x) A06)2 Fpl) 2 F o)

[-AcBcC]

S‘IA(xi)_ZC(xl S‘TA()Q')_TC(X:
150 )= Le () <[y ()= Lo (i 15(X) 1c0a) <[14()-Tc(x
‘FB(xi) Fc(x <‘F _Ec(xi F( ) F( <‘FA FC(xi

Here, the PI- distance is an increasing function
" PLavs(4,C)> Plans(4,B)& PLays(4,C)> Prays(8,C)

4. Methodology
In this section, we present an application of rough neutrosophic set in medical diagnosis. In a
given pathology, Suppose S is a set of symptoms, D is a set of diseases and P is a set of patients and
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let O be a rough neutrosophic relation from the set of patients to the symptoms.i.e, O(P —S) and R
be a rough neutrosophic relation from the set of symptoms to the diseases i.e., R(S — D)and then the
methodology involves three main jobs:

1. Determination of symptomes.

2. Formulation of medical knowledge based on rough neutrosophic sets.

3. Determination of diagnosis on the basis of new computation technique of rough neutrosophic sets.

5. Algorithm

Step 1: The symptoms of the patients are given to obtain the patient symptom relation Q and are
noted in Table 1.

Step 2 : The medical knowledge relating the symptoms with the set of diseases under consideration
are given to obtain the symptom-disease relation R and are noted in Table 2.

Step 3: The Computation T (relation between patients and diseases) is found using (3.1) between
Table 1 & Table 2 and are noted in Table 3

Step 4: Finally, we select the minimum value from Table 3 of each row for possibility of the patient
affected with the respective disease and then we conclude that the patient P« is suffering from
the disease D-.

6. Case study [8]

In this section, an example adapted from Surapati Pramanik and Kalyan Mondal (Cosine Similar-
ity Measure of Rough Neutrosophic Sets and its application in medical diagnosis) is used. Let there be
three patients P={R,P,, A} and the set of symptoms S={Temperature, Headache, Stomach pain,Cough,

Chest pain}.The Rough Neutrosophic Relation O(P — S)is given as in Table 1. Let the set of diseas-

es D = {Viral fever, Malaria, Stomach problem, Chest problem}.The Rough Neutrosophic Relation
R(S — D) is given as in Table 2.

Table 1: Patient-symptom relation (using step 1)

0 Temperature Headache Stomach pain Cough Chest pain
(0.6,0.4,0.3), (0.4,0.4,0.4), (0.5,0.3,0.2), (0.6,0.2,0.4), (0.4,0.4,0.4),
h <(O.8,0.2,0.1) > <(0.6,0.2,0.2) > <(0.7,0. 1,0.2)> <(O.8,0.0,0.2) > <(0.6,0.2,0.2) >
(0.5,0.3,0.4), (0.5,0.5,0.3), (0.5,0.3,0.4), (0.5,0.3,0.3), (0.5,0.3,0.3),
P2 <(0.7,0.3,0.2)> <(0.7,0.3,0.3)> <(0.7,o. 1,0.4)> <(0.9,o. 1,0.3) > <(0.7,o. 1,0.3) >
(0.6,0.4,0.4), (0.5,0.2,0.3), (0.4,0.3,0.4), (0.6,0.1,0.4), (0.5,0.3,0.3),
P <(0.8,0.2,0.2)> <(0.7,0.0,0.1)> <(0.8,0.1,0.2) > <(O.8,0.1,0.2)> <(0.7,0.1,0.1) >

Table 2: Symptom-Disease relation (Using step 2)

R Viral fever Malaria Stomach problem Chestproblem
(0.6,0.5,0.4), (0.1,0.4,0.4), (0.3,0.4,0.4), (0.2,0.4,0.6)

Temperature <(080302> (050202)> <(050202)> <04o404>
(0.5,0.3,0.4), (0.2,0.3,0.4), (0.2,0.3,0.3), (0.1,0.5,0.5),

Headache <(070302)> (O60302> <(040101)> <050.3o3)>
_ (0.2,0.3,0.4), (0.1,0.4,0.4), (0.4,0.3,0.4), 0.1,0.4,0.6),

Stomach pain <(o 4,0.3,0. 2)> (0.3,02,0.2) <(O.6,0.1,0 2) > < 0.3,02.,0. 4)>
(0.4,0.3,0.3), (0.3,0.3,0.3), (0.1,0.6,0.6), (0.5,0.3,0.4),

Cough <(0.6 0.1,0.1 > (0.5,0.1,0. 3)> <(o.3,0.4,0.4)> < 0.7,0.1,0. 2)>

_ (0.2,0.4,0.4) (0.1,0.3,0.3), (0.1,0.4,0.4), 0.4,0.4,0.4),

Chest pain <(o.4,o.2,o.2)> (0.3,0.1,0. 1)> <(o.3,0.2,0.2)> <(0.6,0.2,0 2 >
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Table 3: Pi-distance

T Viral fever Malaria Stomach problem Chest problem
Py 0.4115 0.9147 1.2435 1.0821
P> 0.4963 0.7953 1.3853 0.7419
P 0.5233 0.8466 1.3912 1.3189

7. Conclusion

This study discovers the relationship between the symptoms found with the patients and the set
of diseases. This study will help the researcher to find out the diseases accurately that impacted the
patients. This method is apt for handling the medical diagnosis problems and its efficiency and
rationality have been proved without any doubt. The method employed is free from the limitations
that are commonly found in other studies. Without such limitations, a new theory on image
processing, cluster analysis etc., has been developed. In the same way it will grow and extend itself to
other types of neutrosophic sets.
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Abstract: Veracity in big data analytics is recognized as a complex issue in data preparation process,
involving imperfection, imprecision and inconsistency. Single-valued Neutrosophic numbers
(SVNs), have prodded a strong capacity to model such complex information. Many Data mining
and big data techniques have been proposed to deal with these kind of dirty data in preprocessing
stage. However, only few studies treat the imprecise and inconsistent information inherent in the
modeling stage. However, this paper summarizes all works done about mapping machine learning
algorithms from crisp number space to Neutrosophic environment. We discuss also contributions
and hybridization of machine learning algorithms with Single-valued Neutrosophic numbers
(SVNs) in modeling imperfect information, and then their impacts on resolving reel world prob-
lems. In addition, we identify new trends for future research, then we introduce, for the first time,
a taxonomy of Neutrosophic learning algorithms, clarifying what algorithms are already processed
or not, which makes it easier for domain researchers.

Keywords: Neutrosophic; Machine Learning; Single-valued Neutrosophic numbers; Neutrosophic
simple linear regression; Neutrosophic-k-NN; Neutrosophic-SVM; Neutrosophic C-means; Neutro-
sophic Hierarchical Clustering.

1. Introduction

Although Machine learning algorithms have caught extensive attention in last decade, seen their
abilities to solve a wide problems remained obscure for years. Most of these techniques work under
the some hypotheses that data should be pure, perfect and complete information. As a result, for-
mally if the learning problems are formulated under a set of indeterminate or inconsistent infor-
mation, the machine learning system becomes unable to work and the data must treated in prepara-
tion phase, which is make data science process very long, and impracticable.

However, real learning problems are often involves imperfect information such as uncertainty,
inconsistency, inaccuracy and incompleteness. If we can modeling the learning problem as it in real
form, exploiting the information’s imperfections, we can reduce the data science process which is in
many times come back from modeling that is the last step to preparation step that is the first step in
the process of data science.

Single-valued neutrosophic set (SVNs) aims to provide a framework to model imperfect infor-
mation. In contrast to classical machine learning methods, single-valued neutrosophic learning algo-
rithm manipulate information with imperfections to deal with learning problems modeling complex
information. To improve the performance of existing learning algorithms and handle the imperfect
information in real-world, many machine learning techniques has recently been mapped into Neu-
trosophic Sets (NSs) environment.
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Hence, the main notions and concepts of Neutrosophic are defined, also some achievements and
its extensions on the NSs are undertaken. Thus, to manipulate indeterminacy, uncertainty, or incon-
sistency in information, that often characterizes real situations, Smarandache [1 - 3], introduced Neu-
trosophic set (NS), which consists of three elements, truth-membership, an indeterminacy member-
ship, and a falsity-membership degrees independently.

Every element of the NS's features has not only a certain degree of truth(T), but also a falsity
degree (F) and indeterminacy degree(I). This concept is generated from many others such as crisp
set, intuitionistic fuzzy set, fuzzy set, interval-valued fuzzy set, interval-valued intuitionistic fuzzy
set, etc.

Nonetheless, the NS as a philosophical concept is hard to apply in real applications. In order to
overcome this situation, Smarandache and al. [4] concretize this concept introducing single-valued
neutrosophic set (SVNS). SVNS can be applied quite well in real scientific and engineering fields to
handle the uncertainty, imprecise, incomplete, and inconsistent information. Broumi and
Smarandache [5, 6] studied basic properties of similarity and distances applied in Neutrosophic en-
vironment using single valued neutrosophic set (SVN).

Hybridization between Neutrosophic and machine learning algorithms, have also been studied,
several papers [7- 11] on Neutrosophic Machine Learning (NML) have been published in the last few
years.

However, there is no survey papers summarize those new learning techniques and approaches,
removing the barrier for researchers currently working in the area of Neutrosophic Machine Learn-
ing. This has the twofold advantage of making such techniques more readily reachable by researchers
and, conversely, avoid wasting time for to have idea which Machine learning approaches to be
mapped to Neutrosophic.

The rest of this paper is organized as follows. We discuss the origins of the connection between
Neutrosophic and machine learning in Section 2. Next, in Section 3, we summarize a wide variety of
hybrid Neutrosophic Machine Learning techniques. Research trends and outstanding issues are dis-
cussed in Section 4.1. Then, in section 4.2, we introduce, for the first time, a taxonomy of Neutrosophic
learning algorithms, clarifying what algorithms are already processed or not, which makes it easier
for domain researchers.

2. Origins of connection between Neutrosophic and Machine learning

We cannot understand this connection without understanding how the Neutrosophic commu-
nity works. In recent years there has been an augmenting passion from this community of neutro-
sophic in working, in different directions, the use of Neutrosophic to treat imperfections information
in many methods and domaines. This has led to the development of a new mathematic domaine
called Neutrosophic, then the connections with many others areas, such as machine learning and
artificial intelligence. In the early 1999s, the pioneer of the field Florentin Smarandache generalized
the intuitionistic fuzzy set (IFS), paraconsistent set, and intuitionistic set to the neutrosophic set (NS),
and he underlined the distinctions between NS and IFS by reel examples. With his biggest passion
and faith, Florentin Smarandache, in a quiet small town in south U.S. called Gallup, start defend his
theory of Neutrality and why the three elements truth-membership (T), indeterminacy (/), and false-
hood-nonmembership (F) are over 1, reproducing the history of science by story as many concepts
and theory that considered primitives, and then changed by new ones.

In addition to several papers of the Neutrosophic science international association (NSIA) mem-
bers, gathered in Encyclopedia Neutrosophic Researchers [12], much advances has been done. Today
there are several fields of Neutrosophic to tackle a variety of problems, including Neutrosophic Com-
puting and Machine Learning. These efforts are valued by launching a science international journal
of Neutrosophic Computing and Machine Learning [13], which issued its 7th volume in 2019. In
which, all published papers have wrote by NSIA’s researchers.
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The international journal of Neutrosophic Computing and Machine Learning with its all vol-
umes can be seen as broad overview of the field of machine learning in Neutrosophic provided by
NSIA’s researchers.

The main contributions of this paper: (1) summarizes research achievements on Neutrosophic
Computing and Machine Learning from the point of view of non NSIA’s researchers. In a different
way, try to collect the different articles on Neutrosophic machine learning papers published on sev-
eral journals around the world other than those published in Neutrosophic Computing and Machine
Learning journal, among it, each volume is can be considered a state of art. In order to present to
researchers, the global state of art of advances research on Neutrosophic Machine Learning ap-
proaches. (2) Try to taxonomy, cluster and identify differences Neutrosophic Machines learning ap-
proaches.

3. Literature review

There are several Machine learning in Neutrosophic algorithms and approaches surveyed in this
article. Then, a natural questions arise: how we can categorize all hybrid methods?

Our view of the general relationship between the fields of machine learning and Neutrosophic
is the re-searchers try to map the basic operations from crisp number to Neutrosophic environment,
however they rewrite machine learning algorithm instead of using simple mathematical formulas,
and they use Neutrosophic formulas. But the main question should the researchers in this hybrid
field (Machine learning and Neutrosophic) respond is, does this hybridization make sense to tackle
the real world issues or just a theoretical formulation?

Before trying to respond this question, we synthesis all hybrid methods according to commonly
used categories, summary all surveyed papers in a table 1. There are four categories of machine learn-
ing algorithms, supervised learning with two subcategories classification and prediction, semi-su-
pervised learning, unsupervised learning and reinforcement learning.

3.1. Neutrosophic supervised learning
3.1.1. Neutrosophic Classification

Neutrosophic-k-NN Classifier [14]: K-Nearest Neighbor (K-NN) method isn’t a learning method,
but based on saving the training examples (all training examples), at prediction time, it find the k
training examples (x4, ¥1), -, (xx, V) that are closest to the test example x, and then affect to the
most frequent class among those y;’s. This initial version of K-NN suffers from slowness because to
classify x, one need to loop over all training examples. Actually, some tricks to speed are intro-
duced such as classes represented by medoid (Representative point), or centroid (central value), etc.
The Neutrosophic K-NN method we present here is the mapping of method based on Centroid, in
which we consider ¢; the center of cluster or class j, a constant m, regularization parameter §, and
(Tij, I;j, Fij), where T;; denote truth, I;; indeterminacy and N;; falsity membership values of point i
for class j.

2
(Xi—Cj)_(m)
Tij =

Y 1)

2 2
Zf:l(xi—cj) (m_1)+(xi_cimax) G116

2
5_(771—1)
Fyj = )

2 2 2 7
2fesGrimep)” T+ (i Cimax) -1 +6™m=D)
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2

m-—1

I. = (xi_cimax)_(
ij =

®)

2 2 2 7
26, @i—e))” M+ (i —cimax) "D+~ @D

At the time of prediction, the membership value of unknown point x,, to class j is defined by as
follow:

k
Y = Yi=1 di(Tij+Fij—1;j)
W =TT @

Withd; = —
(y—x) T
Then unknown point x,, get the label of class maximizing max{xu pj=12-,C }
The authors didn’t show the usefulness of the proposed method but they proposed an interesting

idea to apply it on imbalanced data-set problems.

Neutrosophic SVM (N-SVM) [15] : Let’s assume that (x;, y;) a set of training data, in which eve
with I = L2 N

lGxj=cl

ti=1—
¢ maxy,epll(xj—Col ()
ry X; belonging to class y; with a triple t;, f;, and i; as its Neutrosophic components.
P=1— l(xj=Cadll 6
t maxxkeP”(xj_Call)", ( )
llGej=cll
=1 -
fi maxy,epl(xj-co) @

Where P and N represent the positive and negative samples subsets respectively, y; = +1 for all
x; € Pand y; = —1 for x; € N.

t=1— I Gej=cll )
maxxkeN”(xj—C_)” (8)
. lxj=cadl|
Li maxxkeN"(xj_Call)”’ (9)
_ llGej=c)l
e [ (10)
. 1 1 —_ 1
with €, = - Yt %, C = — Yis1 Xk, and Coy = S(C+C)
We define g; as weighting function:
gi=ti+i,—fi, (11)
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The optimal hyper-plane problem in the reformulated SVM is the solution to:

. 1
minimize g; = - - w2?=1 9; ¢ (12)

Subject to

yiwj+b)>1-¢ i=12-,n (13)

N-SVM (Neutrosophic-Support Vector Machine) improves performance over standard SVM
and reduces the effects of outliers in learning samples.

3.1.2. Neutrosophic Regression

Neutrosophic simple linear Regression: Salama and al. [16] studied and introduced Neutrosophic
simple linear regression model with its possible utility to predict value of a dependent variable y
according to predictor variable x. Below a pseudo code of Neutrosophic Linear Regression algo-

rithm.

Algorithm 1 Neutrosophic Simple Linear Regression

Require: Training data (x;,y;),1,j = 1,2,++,N

A model define the relationship between input x and y, y = ax + b, where (a and b) represent esti-
mated Neutrosophic (intercept and slope) coefficients, y estimated Neutrosophic output

Define degree of membership, non-membership, and indeterminacy :

((:uA (Xl), A4 (Xl), Va (xl))l (:uB (xl)l Ap (xl)' Vp (xl))' L,j=12--,N
Define cost function J (a, b) = Y.(ax; + b — y;)?
Repeat

Calculate the gradients of |

Update the weights a

Repeat until the cost /(a, b) stops reducing, or some other predefined termination criteria is
met

3.2. Neutrosophic unsupervised learning
3.2.1. Neutrosophic Clustering

Neutrosophic C-means: In this method, authors [10] have given a meaning to the three basic Neu-

trosophic components T;; as membership values belonging to the determinate clusters [; as bound-

ary regions, and N; noisy data set.

_ Cpi+Cai
Cimax = plz ql/ (14)

We define p; and gq; are the cluster numbers with the biggest and second biggest value of T re-
spectively, and m is a constant.

pi = A-argmaxj_q..c(Ti)), (15)
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q; = argmaxjp.12...c(Tij), (16)

Membership Neutrosophic values are defined by follow formulas:

2
T. = zI7271773(961'—Cj)_(m_1) 17
ij — 2 2 PN
Y 26, (=) " T+ (i —Ciamax) "D+ D (17)
2
—(=)
_ wyw38 m-1
Fy =2 -Gy -G 45~ G (18)
i (i=cj) MVH(Xi~Cimax) M1 +6 m-1
2
_ @1 W2 (Xj—Cimax) M1
lj=— -G -G 5~ Gy (19)
Zj:l(xi_cj) M-1'+(X;=Cimayx) M-1+6 ‘m-1
withi=1,2--,N
o = I @i T )™
7T SN @™ (20)
l 2, - - 2
Inem (T, F,1,c) = _Zl(wlTij)m(xi —¢)+ Zl(wzFi)m(xi = Cimax)” +
1= i=
N (21)

6% 3 (@3I)™,

i=1
The separation between classes is performed by iteration optimizing objective function, that is
based on updating the Neutrosophic membership values (T;;,F;, I;), the centers ¢; , and Cjyq, accord-
Tékﬂ)

ing to the equations defined above. The loop stop when || - Tig.k) < e with € is condition check

and k is step.

For nonlinear clustering problem an extended Method have been proposed called Kernel NCMA
in which we use a function kernel K, K (x;, z;) instead of (x; — z;), such as K (x;, Cimqx) in place of x; —
Cimax- The NCMA can be summarized as follow :

Algorithm 2 KNCM algorithm

Assign each data into the class with the largest TM
Choose kernel function and its parameters

Initialize T® , F©®, [©®) ¢ m, §, €, W4, Wy, W3 parameters

While | 7YY — 759 1< € do
Calculate the centers vectors ¢®) at k ste
Compute the Cjynqy using the clusters centers with the largest and second largest value of
Update le(k) to TU(k + 1), Fl](k) to Tl](k + 1) ,and Il](k) to IU(k + 1)

End while

A. Elhassouny, S. Idbrahim, F. Smarandache, Machine learning in Neutrosophic Environment: A Survey



Neutrosophic Sets and Systems, Vol. 28, 2019 64

NCM and KNCM as mentioned by authors may handle veracity in data such as outliers and
noise using their new objective function. And then possibility to deal with raw data in modeling
phase instead while data cleaning phase.

3.2.2. Neutrosophic Hierarchical Clustering

Agglomerative Hierarchical Clustering Algorithm [17]: First, every SVNSs Ay with (k = 1,---,n) con-
sidered as single cluster. In a loop, until we get a single cluster of size n, the SVNSs A}, the SVNS
are then compared to each other and are merged into a single group based on the closest pair of
groups (with the smallest distance), based on a weighted distance (Hamming distance or Euclidean
distance). At each stage, only two clusters can be merged and they cannot be separated once
merged. The center of each cluster is recalculated using the arithmetic mean of the SVNS offered to
the cluster. The distance between the centers of each group is considered as the distance between

two groups.

Algorithm 3 Agglomerative Hierarchical Clustering algorithm

Let us consider a collection of 1 SVNSs A (k = 1,-+-,n)
Assign each of the n SVNSs Ay (k = 1, -+, n) to a single cluster
While All Ay, clustered into a single cluster of size 1 do

SVNSs A, (k = 1, -+, n) are then compared among themselves and are merged them into a
single

Cluster according to the closest (with smaller distance) pair of clusters, based on a weighted
distance

(Hamming distance or Euclidean distance)
End while

Table 1. List of major contributions on machine learning algorithms in Neutrosophic environment.

Authors Title Reference Publisher

Review of recommender systems algorithms utilized in
social networks based e-Learning systems neutro- [18]
sophic system

Salama, A. A., Eisa, M., ELhafeez,

Neutrosophic Sets and Sys-
S. A, Lotfy, M. M. (2015)

tems 8 : 32-40

Ansari, A. Q., Biswas, R., Applied Soft Computing,

Neutrosophic classifier: An extension of fuzzy classifer [19]

Aggarwal, S. (2013)

13(1), 563-573

Zhang, M., Zhang, L., Cheng, H. D.

A neutrosophic approach to image segmentation based

Signal Processing, 90(5),

(2010) on watershed method (20] 1510-1517
. . . . . . International Journal of Ma-
Zhang, X., Bo, C., Smarandache, New inclusion relation of neutrosophic sets with appli- [21] chine Learning and
F., Dai, J. (2018) cations and related lattice structure Cybernetics g 1753-1763
Mondal, K. A. L. Y. A. N_.,_Pramamk, Role of neutrosophic logic in data mining. New Trends Pons Editions, Brussels, 15-
S.UR. APAT.I,GiB.C. . N - [22]
in Neutrosophic Theory and Application 23.
(2016)
’ } Computer Vision and Image
Sengur, A., Guo, Y. (2011) Color texture image segmentation l_)ased on neutro- 23] Understanding, 115(8), 1134-
sophic set and wavelet transformation 1144
Akbulut, Y., engr, A, Guo, Y., A novel neutrosophic weighted extreme learning ma-
Smarandache, F. (2017) chine for imbalanced data set (24] Symmetry, 9(8), 142
In Third International Confer-
Kraipeerapun, P., Fung, C. C,, Ensemble neural networks using interval neutrosophic [25] ence on Natural
Wong, K. W. (2007 August) sets and bagging Computation (ICNC 2007)
(Vol. 1, pp. 386-390). IEEE
] ) An ensemble design of intrusion detection system for
Kavitha, B., Karthikeyan, S., handling uncertainty using Neutrosophic Logic Classi- [26] Knowledge-Based Systems,

Maybell, P. $(2012)

fier

28, 88-96
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Single-valued neutrosophic minimum spanning tree

Journal of intelligent Sys-

Ye, J. (2014). and its clustering method (27 tems, 23(3), 311-324
Neutrosophic recommender system for medical diagno- Icnozn(f);.;nlcltiflinlr;ts;rzliuonal
Thanh, N. D., Ali, M. (2017, July) |SrI|S based on algebraic similarity measure and cluster- [28] Systems (FUZZ-IEEE) (pp.
9 1-6). IEEE
Akbulut, Y., engr, A., Guo, Y., . . . Applied Soft Computing, 52,
Polat, K. (2017) KNCM: Kernel neutrosophic c-means clustering [10] 714-724
Kraipeerapun, P., Fung, C. C., Multiclass classification using neural networks and in- 29 \éVor_Id SC.'em'TC z:ind d
Wong, K. W. (2006) terval neutrosophic sets (29] ngineering Academy an
o Society (WSEAS)
Ali, M., Khan, M., Tung, N. T. Segmentation of dental X-ray images in medical imag- 130] Expert Systems with Appli-
(2018) ing using neutrosophic orthogonal matrices cations, 91, 434-441
Long, H. V., Ali, M., Khan, M., Tu, A novel approach for fuzzy clustering based on neutro- [31] Computers and Industrial
D. N. (2019) sophic association matrix Engineering, 127, 687-697
) . . In 2008 2nd IEEE Interna-
Kraipeerapun, P., Fung, C. C. Comparing performanqe of interval neutrosophlc sets tional Conference on Digital
and neural networks with support vector machines for [32]
(2008, February) binary classification problems Ecosystems and Technolo-
y p gies (pp. 34-37). IEEE
" A novel clustering algorithm in a neutrosophic recom- Cognitive Computation, 9(4),
Thanh, N. D., Ali, M. (2017) mender system for medical diagnosis [33] 526-544
In 2015 37th Annual Interna-
. tional Conference of the
Gal;)er, T 'sm?”’ G., Anter, A, Thermogram breast cancer prediction approach based |EEE Engineering in Medi-
Soliman, M., Ali, M., Semary, N., . N [34] " . .
Snasel, V. (2015, August) on Neutrosophic sets and fuzzy c-means algorithm cine and Biology Society
’ ! (EMBC) (pp. 4254-4257).
|IEEE
Single-valued neutrosophic clustering algorithms based Journal of Classification,
Ye, J. (2017) on similarity measures [35] 34(1), 148-162
Tuan, T. M., Chuan, P. M., Ali, M., Fuzzy and neutrosophic modeling for link prediction in . :
Ngan, T. T., Mittal, M. (2018) social networks [36] Evolving Systems, 1-6
Discrimination of outer membrane proteins using refor- In 11th Joint International
Ju, W., Cheng, H. D. (2008, De- mulated support vector machine based on neutrosophic [37] Conference on Information
cember) . .
set Sciences. Atlantis Press
Shan, J., Cheng, H. D., Wang, Y. A novel segmentation method for breast ultrasound im- [38] Medical physics, 39(9),
(2012) ages based on neutrosophic Imeans clustering 5669-5682
In 2016 12th International
Basha, S. H., Abdalla, A. S., Has- GNRCS: hybrid classification system based on neutro- [39] Computer Engineering
sanien, A. E. (2016, December) sophic logic and genetic algorithm Conference (ICENCO) (pp.
53-58). IEEE
] Uncertainty assessment using neural networks and in- .
Kraipeerapun, P., Fung, C. C., terval neutrosophic sets for multiclass classification [40] WSEAS Transactions on
Wong, K. W. (2007) Computers, 6(3)
problems
Dhingra, G., Kumar, V., Joshi, H. D. A novel computer vision based neutrosophic approach g
(2019) for leaf disease identification and classification (41] Measurement, 135, 782-794
Rashno, E., Akbari, A., Nasersharif, A Convolutional Neural Network model based on Neu- [42] arXiv preprint

B. (2019)

trosophy for Noisy Speech Recognition

arXiv:1901.10629

4. Discussions

4.1. Research trends and open issues

Hybridization between Neutrosophic and machine learning algorithms, have also been studied.
In supervision learning, Akbulut and al. [14] introduced intuitive supervised learning method called
Neutrosophic-k-NN Classifier K-Nearest Neighbor (K-NN). Due to its results as a powerful machine
learning methods, several tries to map SVM in Neutrosophic, Ju and al. [15] proposed Neutrosophic-
support vector machines (N-SVM). In [32], authors Compared performance of interval neutrosophic
sets and neural networks with support vector machines for binary classification problems. Ju and al
[37] reformulated SVM, based on neutrosophic set, to discriminate outer membrane proteins using
reformulated support vector machine based on neutrosophic set. In recent years, Artificial neural
networks (ANN) has recognized huge advances, which explain many attempts of hybridization be-
tween ANN and Neutrosophic, Kraipeerapun and al. [40] demonstrated how to assess uncertainty
using neural networks and interval neutrosophic sets for multi-class classification problems, then its
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application on multi-class classification problems [29], afterward, for more robustness ensemble neu-
ral networks using interval neutrosophic sets and bagging [25].

Likewise, in unsupervised learning, Alsmadi and al. [7] introduced a hybrid Fuzzy C-Means
and Neutrosophic for jaw lesions segmentation. Inspired from fuzzy c-means and the neutrosophic
set framework, Guo and al. [9] proposed a new clustering algorithm, neutrosophic c-means (NCM),
for uncertain data cluster-ing. Akbulu and al. [10] developed KNCM: Kernel Neutrosophic c-Means
Clustering, neutrosophic c-means (NCM), in order to alleviate the limitations of the popular fuzzy c-
means (FCM) clustering algorithm by introducing a new objective function which contains two types
of rejection. To deal with indeterminacy, Qureshi and al. [11] improved the Method for Image Seg-
mentation Using K-Means Clustering with Neutrosophic Logic. Ye and al. [35] proposed Single-val-
ued neutrosophic clustering algorithms based on similarity measures. Akhtar and al. [8] applied K-
mean algorithm in Neutrosophics environment for Image Segmentation, Gaber and al. [34] to predict
thermogram breast cancer, and Shan and al. [38] use neutrosophic l-means clustering to breast ultra-
sound images based.

Conversely, in reinforcement learning, we haven’t find any resources about mixture between
the both approaches, because this type of algorithms of reinforcement is under development, to be
subject of hybridization.

4.2. Taxonomy of Neutrosophic Machine learning

The trends also involve the question of where machine learning areas to apply Neutrosophic,
whether to it is more appropriate to employ instead of crisp number the SVN numbers. Hence, we
have classified different Neutrosophic machine learning algorithms. Below a summarizing of all
Neutrosophic Learning Methods and algorithms, according to standard taxonomy of machine learn-

ing.
e  Supervised (inductive) learning (training data includes desired outputs)

0 Prediction : (Regression) to predict continuous values
*  Neutrosophic simple linear regression
0  Classification (discrete labels) : predict categorical values
= Neutrosophic-k-NN [14]
*  Neutrosophic-Support Vector Machines (N-SVM)[15], [32],[37]
*  Neutrosophy-Artificial neural networks (N-ANN)[40], [29]

*  Neutrosophy-Ensemble neural networks, Bagging [25]
e  Unsupervised learning (training data does not include desired outputs)

0  Clustering
= Neutrosophic C-Means (NCM) [7], [9], [11], [35], [8], [38], [34]
*  Kernel Neutrosophic c-Means(KNCM) [10]
o0  Neutrosophic Hierarchical Clustering
*  Neutrosophic Agglomerative Hierarchical Clustering [17]
*  Neutrosophic Divisive Hierarchical Clustering
o Finding association (in features)

0  Dimension reduction
¢  Neutrosophic semi-supervised learning : Neutrosophic Semi-supervised learning (training data
includes a few desired outputs
e  Neutrosophic Reinforcement learning : Learning from sequential data

Q-Learning
0  State-Action-Reward-State-Action (SARSA)
0  Deep Q Network (DQN)
0  Deep Deterministic Policy Gradient (DDPG)
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5. Conclusions

In this paper, we have explored how Neutrosophic contributes to enhance machine learning

algorithms generally and how to modeling and exploit information’s imperfection such as uncer-
tainty as a source of information, not a kind of noises. We tried to cover hybrid approaches. However,

it is still several machine learning algorithms to map to Neutrosophic environment, demonstrate the
utility of Neutrosophic with machine learning to tackle real world challenges.
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Abstract: A bipolar model is a significant model wherein positive data revels the liked object, while
negative data speaks the disliked object. The principle reason for analysing the vague graphs is to
demonstrate the stability of few properties in a graph, characterized or to be characterized in using
vagueness. In this present research article, the new concept of neutrosophic bipolar vague sets are
initiated. Further, its application to neutrosophic bipolar vague graphs are introduced. Moreover,
some remarkable properties of strong neutrosophic bipolar vague graphs, complete neutrosophic
bipolar vague graphs and complement neutrosophic bipolar vague graphs are explored and the
proposed ideas are outlined with an appropriate example

Keywords: Neutrosophic bipolar vague set, Neutrosophic bipolar vague graphs, Complete
neutrosophic bipolar vague graph, Strong neutrosophic bipolar vague graph.

1. Introduction

Fuzzy set theory richly contains progressive frameworks comprising of data with various degrees of
accuracy. Vague sets are first investigated by Gau and Buehrer [30] which is an extension of fuzzy
set theory. Various issues in real-life problems have fluctuations, one has to handle these
vulnerabilities, vague set is introduced. Vague sets are regarded as a special case of context
dependent fuzzy sets and it is applicable in real-time systems consisting of information with
multiple levels of precision. So as to deal with the uncertain and conflicting data, the neutrosophic
set is presented by the creator Smarandache and studied widely about it [13, 21, 28, 31, 41, 42, 4, 5, 43,
44, 22, 23, 45]. Neutrosophic sets are the more generalized sets, one can manage with uncertain
informations in a more successful way with a progressive manner when appeared differently in
relation to fuzzy sets. It have the greater adaptability, accuracy and similarity to the framework
when contrasted with past existing fuzzy models. The neutrosophic set has three completely
independent parts, which are truth-membership degree, indeterminacy-membership degree and
falsity-membership degree with the sum of these values lies between 0 and 3; therefore, it is
applied to many different areas, such as algebra [32, 33] and decision-making problems (see [46] and

references therein).
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Bipolar fuzzy sets are extension of fuzzy sets whose membership degree ranges from [—1,1].
Themembership degree (0,1] represents that an object satisfies a certain property whereas the
membership degree [—1,0) represents that the element satisfies the implicit counter-property. The
positive information indicates that the consideration to be possible and negative information
indicates that the consideration is granted to be impossible. Notable that bipolar fuzzy sets and
vague sets appear to be comparative, but they are completely different sets. Even though both sets
handle with incomplete data, they will not adapt the indeterminate or inconsistent information
which appears in many domains like decision support systems. Many researchers pay attention to
the development of neutrosophic and bipolar neutrosophic graphs [39, 40]. For example, in [17], the
authors studied neutrosophic soft topological K-algebras. In [48], complex neutrosophic graphs are
developed. Bipolar single valued neutrosophic graphs are established in [25]. Bipolar neutrosophic
sets and its application to incidence graphs are discussed in [15]. In [16], bipolar neutrosophic graphs
are established.

Recently, a variety of decision making problems are based on two-sided bipolar judgements
on a positive side and a negative side. Nowadays bipolar fuzzy sets are playing a substantial role in
chemistry, economics, computer science, engineering, medicine and decision making problems (for
more details see [27, 28, 31, 34, 38, 46] and references therein). Akram [ 8] introduced bipolar fuzzy
graphs and discuss its various properties and several new concepts on bipolar neutrosophic graphs
and bipolar neutrosophic hypergraphs have been studied in [7] and references therein. In [4], he
established the certain notions including strong neutrosophic soft graphs and complete
neutrosophic soft graphs. The author Shawkat Alkhazaleh introduces the concept of neutrosophic
vague set theory [6]. The authors [3] introduces the concept of neutrosophic vague soft expert set
which is a combination of neutrosophic vague set and soft expert set to improve the reasonability of
decision making in reality. It is remarkable that the Definition 2.6 in [37] has a flaw and it not defined
in a proper manner. We focussed on to redefine that definition in a proper way and explained with
an example and also we applied to neutrosophic bipolar vague graphs. Motivation of the mentioned
works as earlier [10], we mainly contribute the definition of neutrosophic bipolar vague set is
redefined. In addition, it is applied to neutrosophic bipolar vague graphs and strong neutrosophic
bipolar vague graphs. The developed results will find an application in NBVGs and also in decision
making. The objectives in this work as follows:

* Newly defined the neutrosophic bipolar vague set

¢ Introduce the operations like union and intersection with example in section 2.

® In section 3, neutrosophic bipolar vague graphs are developed with an example.
Further, the concepts of neutrosophic bipolar vague subgraph, adjacency, path, connectedness and
degree of neutrosophic bipolar vague graph are evolved.

e Further we presented some remarkable properties of strong neutrosophic bipolar
vague graphs in section 5, followed by a remark by comparing other types of bipolar graphs. The

obtained results will improve the existing result [37].
2. Preliminaries

Definition 2.1 [18] A vague set A on a non empty set X is a pair (T, Fy), where Ty: X — [0,1] and Fp: X —

[0,1]are true membership and false membership functions, respectively, such that
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0 <Ty(x)+F4(y) <1 forany x € X.
Let X and Y be two non-empty sets. A vague relation R of X to Y isavagueset R on X XY that
is R = (Tg, Fr), where Tg: X XY — [0,1], Fg: X X Y = [0,1] which satisfies the condition:
0 < Tr(x,y) + Fr(x,y) <1 forany x € X.
Let G = (V,E) be a graph. A pair G = (J,K) is called a vague graph on G* or a vague graph where
J = (T},F)) is a vague set on V and K = (T, Fy) is a vague set on E €V XV such that for each
xy €EE,
Tx(xy) < () ATy(¥)) and Fy(xy) = (T;(x) V E;(¥))-
Definition 2.2 [4] A Neutrosophic set A is contained in another neutrosophic set B, (i.e) A S B if Vx €
X, Ty(x) < Tp(x),14(x) = Ig(x)and Fu(x) = Fp(x).
Definition 2.3 [27, 30] Let X be a space of points (objects), with a generic elements in X denoted by x. A
single valued neutrosophic set (SVNS) A in X is characterized by truth-membership function T4(x),
indeterminacy-membership function I,(x) and falsity-membership-function F,(x).
For each point x in X, T,(x),Fu(x),I4(x) € [0,1],A = {{x, To(x), F4(x), [,(x))} and 0 < T,(x) +
I (x) + F4(x) < 3.
Definition 2.4 [9] A neutrosophic graph is defined as a pair G* = (V, E) where
(i) V ={vy,v,,..,v,} such that T, =V - [0,1], ; =V - [0,1] and F, =V - [0,1] denote
the degree of truth-membership function, indeterminacy function and falsity-membership function,
respectively and
0<STy(x)+ Li(x)+F,(x) <3
(i) ESV XV where T, =E - [0,1], I, =E - [0,1] and F, = E - [0,1] are such that

T (uv) < {T: (W) AT ()},

L(wv) < {,(W) AL (v)},

Fo(wv) < (F,(W) V Fy (0},

and 0 < T,(uv) + I, (uv) + F,(uv) < 3,Vuv € E.
Definition 2.5 [46] A bipolar neutrosophic set A in X is defined as an object of the form
A={<x,TP(x),I°(x), FF (x), TN (x), I (x), FN (x) >:x € X}, where T?,I?,FP:X - [0,1] and

TN, IN,FN:X - [-1,0] The Positive membership degree T?(x),I”(x),FF(x) denotes the truth
membership, indeterminate membership and false membership of an element x € X corresponding
to a bipolar neutrosophic set 4 and the negative membership degree TV (x), " (x), F¥(x) denotes
the truth membership, indeterminate membership and false membership of an element x € X to
some implicit counter-property corresponding to a bipolar neutrosophic set A.
Definition 2.6 [46] Let X be a  non-empty set. Then we call A=
{(x, TP (x), 1P (x), FP (x), TV (x), IV (x), FN (x)), x € X}a bipolar single valued neutrosophic relation on
X such that Tf(x,y)€[0,1],1f(x,y) € [0,1],Ff(x,y) €[0,1] and TJ(x,y) € [-1,0],1)(x,y) €
[~1,0], EY (x,y) € [1,0].
Definition 2.7 [46] Let A = (T#, 1§, F§, T, 14, Fi) and B = (TE, 15, FE, TE, 1§, F5) be bipolar single
valued neutrosophic set on X. If B = (TE,I§,F§, T, 1§, Fg) is a bipolar single valued neutrosophic relation
on A= (T, I8, FA, T{ I8, F&) then

T (xy) < (T4 () ATZ ), T3 (xy) = (T4 () V T2 ()
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Ig (xy) = (I () VIZ ), 15 (xy) < (13 () AL ()
Fg (xy) = (Ff () V F{ (), Fg'(xy) < (FY () AFY ()

A bipolar single valued neutrosophic relation B on X is called symmetric if TZ(xy) =
TE rx), Ig (xy) =I5 (yx), Fg (xy) = Ff(yx) ~ and  T§ (xy) = T§ (vx), 1§ (xy) = I§ (yx), FE (xy) =
F¥(yx) forall xy € X.

Definition 2.8 [6] A neutrosophic vague set Ayy (NVS in short) on the universe of discourse X written as
Any = {(x, Ty, (0), Ly, (%), Eayypy (X)), x € X} whose  truth-membership, indeterminacy membership
and falsity-membership function is defined as Tapy () =
[T=C), T, [~ (), T ()], [F~(x), F*(x)], where T*(x) =1—F (x),F*(x) =1—T"(x), and 0 <
T"(x)+I"(x)+F (x) <2
Definition 2.9 [20] The complement of NVS Ay is denoted by Af,y, and it is defined by
Tfy(0) = [1—T*(0),1 — T~(®)],
Iy () = [1=I*(0),1 — ()],
By () = [1— F*(0),1 - F~(x)],
Definition 2.10 [6] Let Ayy and Byy be two NVSs of the universe U. If for all u; € U, TANV(ui) =
Tony WU Ly (W) = Iy, (W), Eayyy (W) = Fpyy, (w;) then the NVS Ay, are included by Byy, denoted
by Ayy € Byy where 1 <i <n.
Definition 2.11 [6] The union of two NVSs Ayy and Byy is a NVSs, Cyy, written as Cyy = Ayy U Byy,
whose truth membership function, indeterminacy-membership function and false-membership function are
related to those of Any and Byy by
Tewy () = [(Tay, ) V Ty, (), (T, () V Ty, ()]
Teyy () = [(Tay, () N5y, (), Ty, () A5y, ()]
Fepy (0) = [(Fay, () A Fgy, (), (B, (060) A By, ()]
Definition 2.12 [6] The intersection of two NVSs Ayy and Byy is a NVSs Cyy, written as Cyy = Ayy N
Byy, whose truth membership function, indeterminacy-membership function and false-membership function
are related to those of Ayy and Byy by
Tewy () = [(Tay, (00 A Ty, (), (T, () A T3y, ()]
Ty () = [ay, (O V Iy, (), (T, (O V Iy, ()]
Fepy () = [(Fay, () V Fiy, (), (B, () V By, ()]
Definition 2.13 [39] Let G* = (V,E) be a graph. A pair G = (J,K) is called a neutrosophic vague graph
(NVG) on G* or a neutrosophic graph where | = (T),1;,F)) is a neutrosophic vague set on V and K =
(Tx, Ix, Fx) is a neutrosophic vague set E €V X V where
(DV = {vy,vy,...,v,} such that T;:V - [0,1],I;:V - [0,1], F;: V — [0,1] which satisfies the
condition F; = [1—T;]
T;:V - [0,1], I:V - [0,1], F}": V — [0,1] which satisfies the condition F;* = [1 —T;]
denotes the degree of truth membership function, indeterminacy membership and falsity
membership of the element v; € V, and
0Ty (w)+ 1y (vy) + Fy (v)) < 2.
0<T/ (vy) + Iy (v;) + Ff (v)) < 2.
(2) E €V xV where
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To:V XV - [0,1],Iz:V XV = [0,1], Fg: V X V - [0,1]
TEV XV > [0,1],IF:V XV > [0,1], Ff:V x V - [0,1]
denotes the degree of truth membership function, indeterminacy membership and falsity
membership of the element v;, v; € E respectively and such that
0<Tx(W) +Ix(v) +Fx(v;) < 2.
0<TgW)+If(w)+FFw) <2

such that
T (xy) < {Ty () AT ()}
I (xy) < {I; () A7 ()3
Fie (xy) < {Fy () VFF 1}
similarly

T (xy) < {T; () AT ()}
Ig (xy) < {If () AIF (1)}
F¢ (xy) < {F(x) vV FF ()}
Example 2.14 Consider a neutrosophic vague graph G = (J, K) such that | = {a, b, c} and K = {ab, bc, ca}
defined by
a = T[0.5,0.6],1[0.4,0.3], F[0.4,0.5], b = T[0.4,0.6],1[0.7,0.3], F[0.4,0.6],
¢ =T[0.4,0.4],1[0.5,0.3], F[0.6,0.6]
a” = (0.5,0.4,0.4),b~ = (0.4,0.7,0.4),c” = (0.4,0.5,0.6)
a* = (0.6,0.3,0.5),b* = (0.6,0.3,0.6),c* = (0.4,0.3,0.6)

(0.5.04,04)”
(0.6.0.3,0.5)*

(0.4.0.7.0.4)”

0.4.0.5,0.6)" 0.4,04.05)"
¢ ) ( ) (0.6.0.3.0.6)%

(0.4.03.0.6)" (0.4,03.05)*

Figure 1neutrosophic vague graph

3. Neutrosophic Bipolar Vague Set

In this section, the definition of NBVS, complement of NBVS, operations like union,
intersection are elaborated with an example.
Definition 3.1 In a universe of discourse X, the neutrosophic bipolar vague set (NBVS), denoted as Aypys

represented as,

ANBV = {(x’ Tzf]vgv(x)’ if]vgv(x)' F‘zf]vgv(x)’ Tzf]’vgv(x)' illlvNB‘/('x)’ F‘/{VNB‘/('X')>"X' E X}
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whose truth-membership, indeterminacy membership and falssity-membership function is

expanded as

Tf ey () = [T, (TP ()], IRy, () = [P (), U ()], by () = [(FT)P (), (FH)P ()],
where (TT)P(x) =1 - (F)P(x), FH)P(x) =1 - (T7)?(x), and provided that,
0<(THP)+UDP )+ (FHP(x) < 2.

Also

Tasy () = [T (), (THN ()], Iy, () = [ADN (), UL, Fdyy, () = [(FON (), FHN ()],

where (T*)N(x) = -1 — (F)N(), FHN(x) = -1 - (TH¥(x),
and provided that,
0= (THV)+ UV + (FHVN(x) = -2

Example 3.2 Let U = {x, x5, x3} be a set of universe we define the NBV set Aypy as follows
Ay = i
NBV = {[0.3,0.6]”, [0.5,0.5]7,[0.4,0.7]7,[—0.3,—0.5]", [-0.4, —0.4]¥, [-0.5, —0.7]"’

X2
[0.4,0.6]7,[0.4,0.6]7,[0.4,0.6]7,[—0.4, —0.4]N, [-0.5, —0.5]%, [-0.6, —0.6]"’

X3
[0.3,0.7]%,[0.6,0.4]%,[0.3,0.7]7,[—0.4, —0.6]¥,[—0.5, —0.6]",[—0.4, —0.6]1"}

Definition 3.3 IN NBVS, the complement of Afpy be expanded as,
(Thupy ()7 ={@A =T ()", (1 = T~ ()"} (Thyp NV = {(=1 = T* )", (-1 =T~ ()"}
Uipy G = {@ =17 ()", (1 = 17D}, Uy GV = {(=1 = 1T DY, (-1 = 17N}
(Fipy 07 = {(1 = F* ()", (1 = F~ ()™}, (B, NN = {(=1 = F* )Y, (=1 = F~ ()"}
Example 3.4 Considering above example we have

X1
A =
NBY {[0.7,0.4]1’, [0.5,0.5]7,[0.6,0.3]7,[—0.7,—0.5]¥, [-0.6,—0.6]¥, [—0.5, —0.3]"’

X2
[0.6,0.4]7,10.6,0.4]7,]0.6,0.4]%,[-0.6, —0.6]", [-0.5, —0.5]%, [—0.4, —0.4]"’

X3
[0.7,0.3]%,[0.4,0.6]%,[0.7,0.3]7,[—0.6, —0.4]¥,[—0.5, —0.4]",[—-0.6, —0.4]N}

Definition 3.5 Two NBVSs Aygy and Bygy of the universe U are said to be equal, if for all u; € U,
Tang)” W) = Toyp, )" W), Uaygy)? @) = sy ) (i), Faypy ) () = (P, )" (i)
and
Tang)" W) = Ty ) W, Gaypy )V W) = Ty )™ (1)) Py )N (W) = (P )V (o).
Definition 3.6 In the Universe U, two NBVSs, Aypy, Bypy be given as,
(Tangy)” W) < o) W)y (Taypy)? (W) 2 gy )” (i), (Fap,)” (W) = (P, )’ (W)
and
Tanp ) @) = Ty )" ), Tap )V W) < gy )Y W), (Fagpy )" () < (P N ()
then the NBVS (Aypy)” are included by (Bygy)”, denoted by (Aypy)” S (Bysy)” where 1 <i<n
and (Aygy)" are included by (Bygy)", denoted by (Aygy)" S (Bygy)" where 1 <i<n.
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Definition 3.7 The union of two NVSs Aypy and Bygy is a NBVSs, Cypy, written as Cygy = Aypy U
Bypy, whose truth membership function, indeterminacy-membership function and false-membership function
are related to those of Aygy and Bygy by
Perm)” @) = [Ty )" @)V T ) GO, (T ) )V (T ) ()]
Uean)” ) = (i) @) A Uz ) G, (U ) G A Uy ) )]
Pean)” ) = [(Figay) ) A By ) ), (Bl )" () A (Fify ) )], and
Pean)" @) = (T @) A T )N ), (T ) () A (T ) ()]
Uera)" ) = (i) @)V Uz )V @) (U )V U )V ()]
Fera)" 0 = [(Figgy)' @) V Figgy ) ), (g )V GOV (Fiy )V ()
Definition 3.8 The intersection of two NVSs Aygy and Bygy is a NBVSs Cypy, written as Cygy = Aypy N
Bypy, whose truth membership function, indeterminacy-membership function and false-membership function
are related to those of Aygy and Bygy by
(Tenpy)” ) = [Ty, )" ) A (T )7 ), (Tl )F () A (T, )7 ()]
Uenp )T () = [(Uaygy )" OV Uz ) OO, (U p, )T () V Uy, )7 ()]
Feng)? () = [(Faygy )" OV Fyy ) ), (Filyp, )T () V (Fiyp, )7 (x))], and
Teng)™ () = [((Tayp )" GOV (T )Y ), (T )Y () V (T, )Y ()]
e )" ) = [Ty )" G A Uy )" 00D, (Ui )V () A U )V (O]
Feng)" () = [(Faypy )V (06 A Fip )V (00D, ((Fily ) () A (Fiy )V ()]
Definition 3.9 Let U be a set of universe and let Aygy and Bypy be NBVSs, then the union Aygy N Bygy is

defined as follows:
Aypy = il
NBY {[0.3,0.6]1’, [0.6,0.6]7,[0.4,0.7], [—0.4, —0.7]", [-0.6, —0.6]", [—0.3, —0.6]"’

X2
[0.4,0.6]7,10.6,0.4]7,]0.4,0.6]7,[-0.5, —0.5]", [-0.7, —0.3]%,[-0.5, = 0.5]"’

X3
[0.7,0.8]7,[0.6,0.6]7,[0.2,0.3]7,[-0.5,—0.4]¥,[-0.5,—0.5]¥,[-0.6, —0.5]¥

}

X1
Bygy = ,
NBV {[0.2,0.8]1", [0.5,0.4]7,[0.2,0.8]7,[-0.5,—0.7]¥, [-0.7,—0.7]N, [-0.3,—0.5]¥

X2
[0.3,0.8]7,]0.6,0.5]7,]0.2,0.7]%,[-0.5, —0.6]", [-0.4, —0.3]¥,[-0.4, —0.5]"’

X3
[0.2,0.5]%,[0.5,0.2]%,[0.5,0.8]7,[—0.5, —0.5]¥,[—0.4, —0.3]",[-0.5, —0.5]N}

Anpy N Bygy = Hypy
= 02,0677 0606, (04081, [=0.4,—0.7]", [=07, —0.7]", [=0.3, —0.6]"

X2
[0.3,0.6]7,[0.6,0.5]7,[0.4,0.7]7, [-0.5, —0.5]V, [-0.7, —0.3]%, [-0.5, —0.5]"’
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X3
[0.2,0.5]%,[0.6,0.6]7,[0.5,0.8]7,[-0.5,—0.4]¥,[-0.5,—0.5]¥,[-0.6, —0.5]¥

}

4 Neutrosophic Bipolar Vague graphs
In this section, neutrosophic bipolar vague graphs are defined. The concepts of
neutrosophic bipolar vague subgraph, adjacency, path, connectedness and degree of neutrosophic
bipolar vague graph are discussed.
Definition 4.1 In a crisp graph G* = (V,E). A pair G = (J,K) is called a neutrosophic bipolar vague graph
(NBVG) on G* or a neutrosophic bipolar vague graph where ] is a neutrosophic bipolar vague set and K is a
neutrosophic bipolar vague relation in G* such that J* = ((T)", ()P, (FHP),JN = (THN, DN, (EDV) isa
neutrosophic bipolar vague set on V and K¥ = (T)F, T )T, (F)P), KN = (TN, (LN, (FY)) is a
neutrosophic Bipolar vague set E SV X V where
(1) V ={v,,v,,...,v,} such that
(T7)P:V = [0,1], (I;7)P:V = [0,1], (F7)P:V - [0,1]
which satisfies the condition (F;)" = [1 — (T}")"]
(THP:V = [0,1], IV = [0,1], (FH)P:V = [0,1]
which satisfies the condition (F/*)” = [1 — (T;)"], and
(THN:V = [-1,0], )NV - [-1,0], (F)N:V - [-1,0]
which satisfies the condition (F)" = [-1 — (T}")"]
TNV - [-1,0], HN:V - [-1,0], (F)V:V - [-1,0] which satisfies the condition
(F)¥ = [-1—=(T/)"] denotes the degree of truth membership function, indeterminacy
membership and falsity membership of the element v; € V, and
0= (TN W)+ D )+ FDF(w) <2
0= (T W)+ U )+ FEH(v) <2
0= TN+ UNDYw) + FD¥(w) = -2
0< (T (w) + N W) + FHY(w) = -2
(2) E €V XV where
(THP:V XV > [0,1], )PV XV - [0,1], (FF)P:V xV - [0,1]
(THP:V xV - [0,1], UH)P:V XV - [0,1], (FF)P:V x V - [0,1]and
(TON:V XV > [-1,0], U)N:V XV - [-1,0], (F)N:V x V - [—1,0]
(THN:V XV - [-1,0], TNV X V > [=1,0], (FHV:V XV - [-1,0]
denotes the degree of truth membership function, indeterminacy membership and falsity
membership of the element v;, v; € E respectively and such that
0 < (T (i vp) + U™ (vi,v) + (F)” (w3, v) < 2
0 < (TH Wy v) + )" (W v) + (FE) (v, v) < 2
02 (T)" (i, vp) + U (i v) + (FOY (v, vp) 2 =2
0= (THY (Wi, v) + UDY i vp) + FON (v vy) 2 -2,
such that
(TO" () < {TD ) A (1) ()}
TP Gey) < {UD ) AUDP )}
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and

(FOP Cey) < {ED ) v (F) ()}
(TP Cey) < {7 () AT ()}
IO’ Cey) < {UNHT ) AUHT ()}

(FOP Cey) < {FEHT ) v (FH O}

TV (xy) = {THV ) v (TN ()}
U Gxy) Z {UDV ) v UM )}
FO" (xy) 2 {FD" ) A FEDHY O
(O (xy) =2 {THY ) v (THY ()}
IO Cey) = IOV ) v IHY )}
FEOY (xy) = {(FHOY ) A FEH O}

Example 4.2 Consider a neutrosophic bipolar vague graph G = (J,K) such that | = {a,b,c} and K =
{ab, bc, ca} defined by

[(04.05 06) (04,03, 06)* [(04.05,05) (04,02, 02)"
[(-0.4.-03.-0.6)" (-04.-05-06)*]"  [(-02.-02.-05)" (-02.-02.-05)*]¥

(@) = T[0.5,0.6],1[0.4,0.3], F[0.4,0.5],

(b)? = T[0.4,0.6],1[0.7,0.3], F[0.4,0.6],

(é)P = T[0.4,0.4],1[0.5,0.3], F[0.6,0.6]

(@)P = (0.5,0.4,0.4), (b™)P = (0.4,0.7,0.4), (c*)? = (0.4,0.5,0.6)

(a")P = (0.6,0.3,0.5), (b*)F = (0.6,0.3,0.6), (c*)* = (0.4,0.3,0.6)

(@ = T[-0.6,—0.5],1[-0.3,—0.4], F[-0.5, —0.4],

(b)Y = T[-0.6,—0.4], I[—0.7, —0.3], F[—0.6, —0.4],

(&N = T[—0.4,—0.4], I[-0.3,—0.5], F[—0.6, —0.6]

(@ )N = (=0.6,—0.3,—0.5), (b")" = (=0.6,—0.7,—0.6), (¢c") = (—0.4,—0.3,—0.6)
(@")N = (=0.5,—0.4,—0.4), (b*)P = (—0.4,—0.3,—0.4), () = (—0.4,—0.5,—0.6)

[(0.5. 0.4, 0.4)~ (0.6, 0.3, 0.5)*]7
[(-0.6.-0.3.-0.5) (-0.5.-0.4,-0.4)*]"

[(0.4, 0.7. 0.4)~ (0.6, 0.3, 0.6)*]7
[(-0.6,-0.7,-0.6)~ (-0.4,-0.3,-0.4)*]¥
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Figure 2 NEUTROSOPHIC BIPOLAR VAGUE GRAPH
Definition 4.3 A neutrosophic bipolar vague graph H = (J'(x), K'(x)) is said to be a neutrosophic bipolar
vague subgraph of the NVG G = (J,K) if J'(x) € J(x) and K'(xy) € K'(xy), in other words, if
(TH" () < (TH" ()
INFE) < U )
(F)P () < ()P (x) vx €V
(TP Gxy) < (Ti)” (xy)
TP () < TP (xy)
(F)"(xy) < (Fg)" (xy), Vxy € E.

Also,
(THN () = (TN (x)
DY) = IV ()
(FON () = (FYN (%), vx €V
and

T () = (T (xy)
TN (ey) = T (xy)
(F)"V (xy) = (F)N (xy),Vxy € E.
Definition 4.4 The two vertices are said to be adjacent in a neutrosophic bipolar vague graph G = (J,K) if
(T (xy) = {(T7)7 () A ()" ()}
I Gey) = (U ) AU 0}
FO"Cey) = {(FD" )V (FDHT ()}
(T (xy) = {(T;)7 () A (TP (1)}
T Cey) = (N7 ) A UIHT ()}
(FOF (ey) = ((FH ) v (FH (0},
(TN Cey) = {THV ) v (THY )}
U Cey) = {UDV ) v TN 00}
FOY ) = {FEDHN ) A EDHY O3,
(TN (ey) = {THY ) v (THY )}
ION Cey) = {IHV ) v IHY )}
FON () = {FEDN ) A EHY O,
Here, x is the neighbour of y and vice versa, also (xy) isincident at x and y.
Definition 4.5 In a neutrosophic bipolar vague graph G = (J,K), a path p is meant to be a sequence of
different points X, xy, ..., X, such an extent that
(T (xi1,%1) > 0, (Ie)" (xi-1,%1) > 0, (F )" (xi-1,%1) > 0,
(TP (=1, 1) > 0, (1) (xi-1, %1) > 0, (F)P (xi-1, %) > 0,
and
(TN (xim1,%1) <0, (L)Y (xi-1,%1) < 0, (FR)N (-1, %) <0,
(TN (xim1,%1) <0, (N (xi—1,%1) < 0, (F)N (xi-1,%1) <0,
for every i lies between 0 and 1. n <1 is known as the path length.. A single vertex x; can

represent as a path.
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Definition 4.6 A neutrosophic bipolar vague graph G = (J,K), if every pair of vertices has at least one
neutrosophic bipolar vague path between them is known as connected, otherwise it is disconnected.
Definition 4.7 A vertex x; € V of neutrosophic bipolar vague graph G = (J,K) is said to be isolatedvertex if
there is no effective edge incident at x;.
Definition 4.8 A vertex in a neutrosophic bipolar vague graph G = (J,K) having exactly one neighbours is
called a pendent vertex. Otherwise, it is called non-pendent vertex. An edge in a neutrosophic bipolar vague
graph incident with a pendent vertex is called a pendent edge other words it is called non-pendent edge. A
vertex in a neutrosophic bipolar vague graph adjacent to the pendent vertex is called an support of the pendent
edge.
Definition 4.9 A neutrosophic bipolar vague graph G = (J,K) that has neither self loops nor parallel edge is
called simple neutrosophic bipolar vague graph.
Definition 4.10 Let G = (J, K) be a neutrosophic bipolar vague graph. Then the degree of a vertex x € G isa
sum of degree truth membership, sum of indeterminacy membership and sum of falsity membership of all those
edges which are incident on vertex x denoted by
(@)’ = (7P ), (d )’ (L [(di)” G, (@) (I [(dr )P (), (d )" (D)
@)Y = ([(dr)N ), () L [[@7)" @), (@)Y 01, [@7 )Y (), (di )V 1)
where (d;])P(x) = Yy T (xy), (d;f])P(x) = Yrzy (TE)F(xy) denotes the positive degree of
truth membership vertex, (d,‘])P (%) = Xpwy U (), (d,Jr])P (%) = Xyzy ()P (xy) denotes the
positive degree of indeterminacy membership vertex, (dr)”(x) = Xxzy (Fx)’(xy), (dF)"(x) =
Yxzy (FE)P(xy) denotes the positive degree of falsity membership vertex for all x,y € J.

Similarly, (dr ])N (%) = Trsy TV (xy), (dF ])N (%) = Xrsy (TE)V(xy) denotes the negative
degree of truth membership vertex, (di)"(x) = Zysy ()" (x¥) , (@D (X) = Ty TV (x¥)
denotes the negative degree of indeterminacy membership vertex, (d;])N x) =
Twy (FR)Y (x), (dEDY (%) = Ty (FE)V(xy) denotes the negative degree of falsity membership
vertex for all x,y € ]J.

Definition 4.11 A neutrosophic bipolar vague graph G = (J,K) is called constant if degree of each vertex is
A= (A, Ay Az) thatis d(x) = (Ay, Ay, As) forall x €V.

5 Strong Neutrosophic Bipolar Vague Graphs
In this section, we presented some remarkable properties of strong neutrosophic bipolar
vague graphs and a remark is provided by comparing other types of bipolar graphs. Finally
conclusion is given.
Definition 5.1 A neutrosophic bipolar vague graph G = (J,K) of G* = (V,E) is called strong neutrosophic
bipolar vague graph if
(T (xy) = (T ) A (T ()}
IO y) = {UD" ) AU )}
(F)" () = {(FD7 () v (FDP 00},
(T (xy) = (T} () A (T (00}
IO Cy) = {UH ) A UH ()}
(FO" ) = {(FH" ) v FED O},
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(TN (xy) = {TH¥ @) v TV )}
TN (xy) = (DY @) v TV )}
(FON (xy) = {(FDHY () A FDHN )},
(TN (xy) = {(THY ) v (THY )}
IO ) = {THV @) v IHY )}
(FON (xy) = {(FHY () A FEHN )L V(xy) € K)
Definition 5.2 The complement of neutrosophic bipolar vague graph G = (J,K) on G* is a neutrosophic
bipolar vague graph G¢ where
* JP@ =™
o (I7)P(x) = ()P, (7)) = U ), (FTHP(x) = ()P (x) forall x € V.
o ()P (x) = (THP ), ()P () = GHP ), (FF)P (x) = (F)P(x) forall x € V.
o TR ={TDPOATOI- T &y, U)HP@y) = {UDP ) AU )} -
(IO (xy)
(FeOP Gey) = {FDP @) v (FDP )} — (Fr)” (xy) forall (xy) € E
o (TP ={TO'@ATH I - TH ), UED ) = {IHP@ AUTHP O} -
P (xy)
(FEOP(xy) = {(FHP @)V (FHP )} — (FHP (xy) forall (xy) € E
¢ U@ = O
o (I = TOHV@), U7V @) = DN ), FFHN () = (F)V(x) forall x € V.
o (I = THV@), FHV () = GHY ), FFOION(x) = (FHY(x) forall x € V.
o (T (xy) = (T @) vV IO} — (TN (xy)
IO Cey) = (DM@ v DY)} - TN (xy)
FeON Gey) = {FEDHN ) A FDVN (30} — (F)N (xy) forall (xy) € E
o (TEOxy) = {THYE) V T3} — THY (xy)
L @) = {IOY @) v UHY )} — THY (xy)
FEON@y) = {FHY ) A EDN )} — FHV (xy) forall (xy) € E
Remark 5.3 If G = (J,K) is a neutrosophic bipolar vague graph on G* then from above definition, it follows
that G is given by the neutrosophic bipolar vague graph G = (J¢°,K*) on G* where
* (U)P(x) = J@)P
o ((T7HP ) = TP @), (A7) = UD)P ), (FFH)P(x) = ()P (x) for all x €

o (TP (x) = (THP ), (UF)DP () = TP (), (FFH)P (x) = (FH)F (x) for all x €

* (T ) = (T ) AT O} = (TR ()
(UG = (U ) AU )} = U)P (xy)
((Fe )P Gey) = {(FDP (@) v (FDP )} = (Fo)P (xy) forall (xy) € E
© (D) = (T AT} = (T ()
(U Gy = (D) A UHP )} = U (xy)
((FEDDP ) = {(FHP () v (FHP )} = (F$)P (xy) forall (xy) € E
¢ (U ="
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© (@) = DY@ AN = DN, (FFHINE) = ()Y ) for all
x€eV.
© (@@ = [@HYE, ([AFIWE) = DN (FFIDV ) = FEOV () for all
x€eV.
* (T ) = (T @ v TNV} = (T ()
(CRRNGIEN U NN U OIEI(NEY
(Fc YD) = {EDN ) A FEDN )} = F)N (xy) forall (xy) €E
* (@) = (@@ Vv THYD)} — THY ()
(O @y) = {TH" @ v IHY O} = GOV ()
(FEOD () = {EDN ) A EDN 00} = (F)" (xy) forall (xy) € E.
for any neutrosophic bipolar vague graph G,G°¢ is strong neutrosophic bipolar vague graph and
G < G-
Definition 5.4 Suppose G is the complement of neutrosophic bipolar vague graph G. In a strong
neutrosophic bipolar vague graph G, G = G€ then it is called self-complementary.
Proposition 5.5 Let G = (J,K) be a strong neutrosophic bipolar vague graph if
(T (xy) = (T ) A (T ()}
" ey) = {UD" ) AU )}
(FO" ) = {(FDH7 () v FDP )},
(T (xy) = (T () A (T ()}
IO y) = {UH ) AU )}
(FO" () = {(FH7 () v (D)},
(TN Cey) = {THY ) v TV ()}
TN Cey) = {UD" @) v T}
FONGxy) = {ED" ) A FED O}
(TN Cxy) = (T v (1) ()}
IO Cey) = (TN @) v IHY )}
(FON (xy) = {FEOY ) A EDY )} V(xy) € K)
Then G is self complementary.

Proof. Let G = (J,K) be a strong neutrosophic bipolar vague graph such that

N 1 ~

(T)" Gey) = S [T AT )]
. 1 . .

()" (xy) = 5 [AD" ) A U )]

(F)? (ey) = Z[EDP ) v (B D)),
and

(TN () = S [TV () v (THN 3]

TV () =S 1IN ) v INN )]

N| = N
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o 1 A
(F)™ (xy) = 5 [EDY ) A ED ()]

for all xy € ] then G ~ G, implies G is self complementary. Hence proved
Proposition 5.6 Assume that, G is a self complementary neutrosophic bipolar vague graph then

" 1 " "
D @) =5 ) (T @ AT )

xX#y XY

R 1 R R
> A" =5 ) (A @A) o)
X*y X#y

" 1 " "
D E ) =5 ) {E @V B 0)
xX£y ) 1x¢y ) )
> @) =5 ) 1A @V A6
X+y ) lx;ty ) )
> @) =5 ) 1 @V IO
X#EY ) 1x¢y ) )
D EN ) =5 ) {E @ AE )
L% xX*y

Proof. Suppose that G be an self complementary neutrosophic bipolar vague graph, by its
definition, we have isomorphism f:]; — J, satisfy
TDFF @) = @) () = ()P ()
IDPFE) = P FE) = I )
FDPUE) = EDP(F ) = (FYF )
and
T @) fO) = (TP F O, f ) = (T, ) (xy)
TP UL ) = T (F ), F ) = (i)D" (xy)
FEDPF ), fF) = (Fie) )P (F (0, f ) = (Fie)" (xy)
we have (T)"(f (), f()) = (T () A (TP 1) = (T, )" (F C). f D).
ie,(Tie, )P (xy) = (T () A (T 1)) = (T, ) (f (), fF ().
(Tie, )" () = (T () A (TDF (1)) — (T,)” (xy), hence
Tuzy (Tic)P () + By (Tie)P () = Eiezy (1,07 ) A (T))7 ).
Similarly, Xezey (T,)” (69) + Exay (i)" () = sy (1,07 ) A ()7 (0))
D EQT )+ ) i)' @) = Y (B 0V () )

X#FY X#FY X#FY

2> @) @) = ) (@)@ AT )

X#y Xy

2> A" @) = ) (@)@ A D) O

XFY XFy

2> E)" @) = Y (B @V (B 0)

XFY XFY

Similarly one can prove for the negative condition, from the equation of the proposition (5.5) holds.
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Proposition 5.7 Suppose G, and G, is neutrosophic bipolar vague graph which is strong, G, ~
G, (isomorphism)

Proof. Assume that G; and G, are isomorphic there exist a bijective map f:]; = J,

satisfying,

(TP = TP F ),

@D = @NP ),

(F1DP () = (F,)P(f (x)), for allx € J;

TN @) = @)V (),

TN = TN ),

EOV ) = FENN(F (), forallx € J;
and

Tk, )" (xy) = (T, )P (F GO, £ (1))
(i)? (ey) = (i, )" (F (), fF )
(Fx,)" () = (Fic )P (f (), f () Vxy € Ky
TV (xy) = T )N F O, F )
Tk )V (ey) = UV F ), fF ()
e )N (ey) = FEe )N (F (), f()Vxy € K
by definition (5.2) we have
(TP (xy) = ((T),)" ) A (T)))" () — (Ti,)" (xy)
= (T fF AT ) = (T, )" FOf (7))
= (TR FOf )
UgDTCey) = ([P ) A )" () — Uk, (xy)
(L fFE) AT fFO)) — Uk, )"FCOf )
IR FOf )
(Fe)f (o) = (FP ) v (D () — (Fie, )P (xy)
= (B fFV FENfFO)) — F, )" (FOf )
= (F&)"(FOOf )
Hence G{ = G5 forall (xy) € K;

Definition 5.8 A neutrosophic bipolar vague graph G = (J,K) is complete if
(T (xy) = (T ) A (T ()}
TO"ey) = {UD" ) AU ()}
(F)" (ey) = {(FD () v (FDF 00},
(T (xy) = (T} () A (T ()}
IO @y) = {UIH ) A UH ()}
(FO" (ey) = {(FH ) v FEDF 0},
(TN Cey) = {THY ) v TV )}
TN Cey) = (D" @) v T}
FONCey) = {ED ) A FEDV O}
(TN Cey) = {THY ) v TV}
IO Cxy) = {H" @ v IHY )}
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FON ) = {EFED @ A EFEDYODLY((xy) €])
Remark 5.9 The complement of NBVGs are NBVGs provided the graph is strong. According to [9],
the complement of Single-Valued Neutrosophic Graph (SVNG) is not a SVNG. By the same idea, we
implement the definition for NBVGs to obtain the proposed concepts. For other type of bipolar
graphs, the complement of Bipolar Fuzzy Graph (BFG) is BFG [6]. The complement of Bipolar Fuzzy
Soft Graph (BFSG) and Bipolar Neutrosophic Graph (BNG) are BFSG and BNG, [14, 16] respectively,
provided if the graph is strong. The complement of complete bipolar SVNG is bipolar SVFG [25].

Conclusion

This present work characterised the new concept of neutrosophic bipolar vague sets and its
application to NBVGs are introduced. Moreover, some remarkable properties of strong NBVGs,
complete NBVGs and complement NBVGs have been investigated and the proposed concepts are
illustrated with the examples. The obtained results are extended to interval neutrosophic bipolar
vague sets. Further we can extend to investigate the domination number, regular and isomorphic
properties of the proposed graph.
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Abstract: The notions of (special) neutrosophic N-UP-subalgebras, (special) neutrosophic /-near
UP-filters, (special) neutrosophic N-UP-filters, (special) neutrosophic N-UP-ideals, and (special)
neutrosophic JM-strongly UP-ideals of UP-algebras are introduced, and several properties are
investigated. Conditions for neutrosophic JA“structures to be (special) neutrosophic
MN-UP-subalgebras, (special) neutrosophic A-near UP-filters, (special) neutrosophic N-UP-filters,
(special) neutrosophic AM-UP-ideals, and (special) neutrosophic A-strongly UP-ideals of
UP-algebras are provided. Relations between (special) neutrosophic A-UP-subalgebras (resp.,
(special) neutrosophic JN-near UP-filters, (special) neutrosophic A-UP-filters, (special) neutrosophic
MN-UP-ideals, (special) neutrosophic V-strongly UP-ideals) and their level subsets are considered.

Keywords: UP-algebra; (special) neutrosophic A-UP-subalgebra; (special) neutrosophic A-near
UP-filter; (special) neutrosophic A-UP-filter; (special) neutrosophic A-UP-ideal; (special)
neutrosophic A-strongly UP-ideal

1. Introduction

Among many algebraic structures, algebras of logic form important class of algebras. Examples
of these are BCK-algebras [14], BCl-algebras [15], BCH-algebras [11], KU-algebras [28], SU-algebras
[21] and others. They are strongly connected with logic. For example, BCI-algebras were introduced
by Iséki [15] in 1966 have connections with BCI-logic being the BCl-system in combinatory logic
which has application in the language of functional programming. BCK and BCl-algebras are two
classes of logical algebras. They were introduced by Imai and Iséki [14, 15] in 1966 and have been
extensively investigated by many researchers. It is known that the class of BCK-algebras is a proper
subclass of the class of BCI-algebras.

The branch of the logical algebra, UP-algebras was introduced by Iampan [12] in 2017, and it is
known that the class of KU-algebras [28] is a proper subclass of the class of UP-algebras. It have been
examined by several researchers, for example, Somjanta et al. [32] introduced the notion of fuzzy
sets in UP-algebras, the notion of intuitionistic fuzzy sets in UP-algebras was introduced by Kesorn
et al. [22], Kaijae et al. [20] introduced the notions of anti-fuzzy UP-ideals and anti-fuzzy
UP-subalgebras of UP-algebras, the notion of Q -fuzzy sets in UP-algebras was introduced by

Tanamoon et al. [37], etc.

Neutrosophy provides a foundation for a whole family of new mathematical theories with the
generalization of both classical and fuzzy counterparts. In a neutrosophic set, an element has three
associated defining functions such as truth membership function (T), indeterminate membership
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function (I) and false membership function (F) defined on a universe of discourse X . These three
functions are independent completely. The concept of neutrosophic logics was first introduced by
Smarandache [31] in 1999. Jun et al. [16] introduced a new function, called a negative-valued
function, and constructed A-structures in 2009. Khan et al. [23] discussed neutrosophic V. structures

and their applications in semigroups in 2017. Jun et al. [17, 33] considered neutrosophic A-structures
applied to BCK/BCl-algebras and neutrosophic commutative N-ideals in BCK-algebras in 2017. Jun
et al. [19] studied neutrosophic positive implicative N-ideals in BCK-algebras in 2018. Abdel-Baset
and his colleagues applied the notion of neutrosophic set theory in the new fields (see [1,2, 3, 4, 5, 6,
27]). Jun and his colleagues applied the notion of neutrosophic set theory in BCK/BCI-algebras (see
[8, 18, 24, 26, 35, 36]).

The remaining part of the paper is structured as follows: Section 2 gives some definitions and
properties of UP-algebras. Section 3 introduces the notions of neutrosophic N-UP-subalgebras,
neutrosophic JA-near UP-filters, neutrosophic MN-UP-filters, neutrosophic A-UP-ideals, and
neutrosophic A-strongly UP-ideals of UP-algebras, and a level subset of a neutrosophic JA-structure
is proved in Section 4. Section 5 introduces the notions of special neutrosophic A-UP-subalgebras,
special neutrosophic JM-near UP-filters, special neutrosophic N-UP-filters, special neutrosophic
MN-UP-ideals, and special neutrosophic N-strongly UP-ideals of UP-algebras, and a level subset of a
neutrosophic J-structure of special type is proved in Section 6. This paper has been finalized with
that result.

2. Basic results on UP-algebras
Before we begin our study, we will give the definition of a UP-algebra.

Definition 2.1 [12] An algebra X =(X,-,0) of type (2,0) is called a UP-algebra where X is a
nonempty set, * is a binary operation on X, and 0 is a fixed element of X (i.e., a nullary
operation) if it satisfies the following axioms:

(UP-1) (Vx,y,z€ X)(y-2)-((x-»)(x-2))=0),

(UP-2) (VxeX)(0-x=x),

(UP-3) (Vxe X)(x-0=0), and

(UP-4) (Vx,yeX)(x-y=0,y-x=0=>x=y).
From [12], we know that the notion of UP-algebras is a generalization of KU-algebras (see [28]).

Example 2.2 [30] Let X be a universal set and let Qe P (X) where P(X) means the power set of
X . Let Py(X)={4eP(X)|Qc 4} . Define a binary operation - on P,(X) by putting
A-B=BnN(4A°UQ) forall 4,BeP,(X) where A° means the complement of a subset 4 . Then
(Po(X),, Q) is a UP-algebra and we shall call it the generalized power UP-algebra of type 1 with
respectto Q. Let P Y(X)={4eP(X)| A< Q}. Define a binary operation * on P 2(X) by putting
A*B=BuU(A°NQ) forall 4,BeP?(X). Then (P?(X),*Q) isa UP-algebra and we shall call it
the generalized power UP-algebra of type 2 with respect to Q. In particular, (P(X),-,d) is a
UP-algebra and we shall call it the power UP-algebra of type 1, and (P (X),* X) is a UP-algebra
and we shall call it the power UP-algebra of type 2.

Example 2.3 [9] Let N be the set of all natural numbers with two binary operations o and e
defined by

y ifx<y,

0 otherwise 0 otherwise

if x> =0,
] and (Vx,yeN)(xoy—{y Hrmyory j

(Vx,yeN)[xoy—{
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Then (N,0,0) and (N,e,0) are UP-algebras.

Example 2.4 [25] Let X ={0,1,2,3,4,5} be a set with a binary operation - defined by the following
Cayley table:

wn kW N = O

S O O O o o o
S O = = O = =
N O DO NN
S W O W W W W
N © B~ = N B B
S L L L

Then (X,-,0) is a UP-algebra.
For more examples of UP-algebras, see [7, 13, 29, 30].

The following proposition is very important for the study of UP-algebras.
Proposition 2.5 [12, 13] In a UP-algebra X =(X,,0), the following properties hold:
1. (VxeX)(x-x=0),

2. (Vo,y,zeX)(x-y=0,y.z=0=>x-z=0),

3. (Vo,y,zeX)(x-y=0=>(z-x)-(z-y)=0),

4. (Yo, y,zeX)(x-y=0=>(y-z)-(x-2)=0),

5 (Vx,yeX)(x-(y-x)=0),

6. (Vx,yeX)((y-x)-x=0<x=y-x),

7. (Vx,yeX)(x-(y-»)=0),

8. (Vax,y,ze X)(x-(v-2)-(x-(@-»)-(a-2)=0),
9. (Va,x,y,ze X)(((a-x)-(a-y))-2)-((x-y)-2)=0),
10, (Wxp,z € N)((x-9)-2)-(v-2)=0),

11.  (Yx,y,zeX)(x-y=0=>x-(z-y)=0),

12, (Vx,p,ze X)((x-y)-2)-(x-(y-2))=0), and

13, (Va,xyzeX)(x-)-2)-(r-(a-2)=0).

On a UP-algebra X =(X,-,0), we define a binary relation < on X [12] as follows:
Vx,yeX)(x<y<=x-y=0).
Definition 2.6 [10, 12, 32] A nonempty subset S of a UP-algebra (X,-,0) is called
1. a UP-subalgebraof X if (Vx,yeS)(x-yeS).
2. anear UP-filter of X if
(a) theconstant 0 of X isin §,and
b) (Vx,yeX)(yeS=x-yel).
3. aUP-filterof X if
(@) theconstant 0 of X isin §,and
b) (Vx,yeX)(x-yeS,xeS=>yel).
4. a UP-ideal of X if
(@) the constant 0 of X isin S, and
(b) (Vx,y,ze X)(x-(y-z)eS,yeS=>x-z€S).
5. astrongly UP-ideal of X if
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(a) theconstant 0 of X isin §,and
b) (Vx,y,zeX)(z-y)-(z:x)eS,yeS=>xef).

Guntasow et al. [10] proved that the notion of UP-subalgebras is a generalization of near
UP-filters, near UP-filters is a generalization of UP-filters, UP-filters is a generalization of UP-ideals,
and UP-ideals is a generalization of strongly UP-ideals. Moreover, they also proved that a

UP-algebra X is the only one strongly UP-ideal of itself.

Theorem 2.7 Let N'be a nonempty family of near UP-filters of a UP-algebra X =(X,-,0). Then NN and

N are near UP-filters of X .

Proof. Clearly, 0N for all NeV'. Then 0enV. Let xeX and yend. Then yeN for all
N e N.Since N isanear UP-filter of X, wehave x-ye N forall Ne.Nandso x-yenJV. Hence,
NN'is a near UP-filter of X . Since nNc LN, we have 0euUN. Let xe X and yeuN.Then yeN
for some N e.V.Since N is a near UP-filter of X, we have x-ye N c .V, Hence, UN'is a near
UP-filter of X .

3. Neutrosophic J/-structures

We denote the family of all functions from a nonempty set X to the closed interval [-1,0] of
the real line by F (X,[-1,0]). An element of F (X,[-1,0]) is called a negative-valued function from
X to [-1,0] (briefly, Mfunction on X ). An ordered pair (X,f) of X and an A-function f on
X is called an M-structure.

A neutrosophic N-structure over a nonempty universe of discourse X [23]is defined to be the
structure

Xy =106 Ty (%), 1y (), Fy (%)) | x € X}
where T,,/, and F, are M-functions on X which are called the negative truth membership

function, the negative indeterminacy membership function and the negative falsity membership function on
X, respectively.
For the sake of simplicity, we will use the notation X, or X, =(X,T,,I,F,) instead of the

neutrosophic A-structure [16].
Definition 3.1 Let X, be a neutrosophic JM-structure over a nonempty set X . The neutrosophic
Nstructure Xy = (X, fN,;N,I_’N) defined by

Tw(x) =-1-T,(x)

(VxeX)| In(x) =-1-1,(x) (3.1)
Fy(x) =-1-F,(x)

is called the complement of X, in X.

Remark 3.2 For all neutrosophic N-structure X, over a nonempty set X , we have X, = X,

Lemma 3.3 [33] Let f be an N-function on a nonempty set X . Then the following statements hold:
L (Vx,y e X)(=1-max{f(x), f(y)} = min{~1-f(x),~1- f(3)}), and
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2. (Vx,y e X)(=1-min{f(x), /(y)} = max{-1- 1 (x),~1=7(»)}) -

The following lemmas are easily proved

Lemma 3.4 Let f bean N-function on a nonempty set X . Then the following statements hold:

L (Yx,p,ze X)(f(x)2min{f(y), f(2)} & f(x) <max{f(»), [(2)}),
2. (Va2 e X)(f(x) <min{f (), [(2)} & f(x) > max{f (), f(2)}),
3. (Va2 e X)(f(x) 2 max{f(»),f(2)} & f(x) <min{f(y), f(2)}), and

4. (Vx,p,z € X)(f(x) <max{f(»), f(2)} < f(x) 2 min{f (), f(2)}) .

In what follows, let X denote a UP-algebra (X,-,0) unless otherwise specified.

Now, we introduce the notions of neutrosophic N-UP-subalgebras, neutrosophic JM-near
UP-filters, neutrosophic A-UP-filters, neutrosophic N-UP-ideals, and neutrosophic A-strongly
UP-ideals of UP-algebras, provide the necessary examples, investigate their properties, and prove

their generalizations.

Definition 3.5 A neutrosophic J-structure X, over X is called a neutrosophic N-UP-subalgebra

of X if it satisfies the following conditions:

(Vx, y € X)(T,, (x- y) <maxiT) (x), T, (»)}), (3.2)
(Vx, y € XYy (x- y) 2 min{ly, (x), 1, (»)}), (3.3)
(Vx, y € X)(Fy (x-y) < max{F) (x), Fy, (»)})- (3.4)

Example 3.6 Let X ={0,1,2,3,4} be a set with a binary operation - defined by the following

Cayley table:
01 2 3 4
0012 3 4
1 0 02 3 4
2 0 00 3 4
300 20 4
4 0 00 0O

Then (X,-,0) is a UP-algebra. We define a neutrosophic J-structure X, over X as follows:
T,(0)=-0.8, 1,(0)=-0.3, F,(0)=-0.8,
T,(1)=-0.6, 1,(1)=-0.7, F,(1)=-0.8,
T,(2)=-04, I,(2)=-0.8, F,(2)=-0.7,
7,(3)=-0.1, 1,(3)=-0.5, F,(3)=-0.5,
T,(4)=-02, 1,(4)=-0.9, F,(4)=-0.3.
Hence, X, isa neutrosophic /N-UP-subalgebra of X .
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Definition 3.7 A neutrosophic JM-structure X, over X is called a neutrosophic N-near UP-filter of

X if it satisfies the following conditions:

(Vx € X)(T,, (0) < Ty, (x)), (35)
(Vx e X)(I1,(0)= I, (x)), (3.6)
(Vx € X)(F, (0) < F (x)), (37)
(Vx,y € X)(T, (x- ) S T, (), (3.8)
(Vx,y € X)(I (x-) 2 I, (), (3.9)
(Vx,y € X)(Fy (x-2) < Fy (). (3.10)
Example 3.8 Let X ={0,1,2,3,4} be a set with a binary operation - defined by the following
Cayley table:
01 2 3 4
001 23 4
1 00 2 3 2
201 0 31
30120 4
4 0 0 0 3 0

Then (X,-0) isa UP-algebra. We define a neutrosophic A-structure X, over X as follows:
7,(0)=-0.8, I,(0)=-0.3, F,(0)=-0.8,
7,(1)=-0.6, I,(1)=-0.7, F,(1)=-0.6,
7,(2)=-0.8, I,(2)=-0.8, F,(2)=-0.7,
7,(3)=-0.1, I,(3)=-0.5, F,(3)=-0.5,
T,(4)=-03, I,(4)=-0.8, F,(4)=-03.

Hence, X, isaneutrosophic J-near UP-filter of X .

Definition 3.9 A neutrosophic JM-structure X, over X is called a neutrosophic N-UP-filter of X
if it satisfies the following conditions: (3.5), (3.6), (3.7), and

(Vx, y € X)(Ty (y) < maxiTy (x- ), T (x)}), (3.11)
(Vx, y € X)(y (y) 2 min{/ (x- ), 1, (x)}), (3.12)
(Vx, y € X)(Fy (y) < max{Fy (x- ), Fy (x)}). (3.13)

Example 3.10 Let X =1{0,1,2,3,4} be a set with a binary operation - defined by the following

Cayley table:
01 2 3 4
0012 3 4
1 00 2 00
201 0 0 4
301 20 4
4 01 2 30

Then (X,-,0) is a UP-algebra. We define a neutrosophic /A-structure X, over X as follows:
T,(0)=-0.9, 1,(0)=-0.2, F,(0)=-0.8,
T,(1)=-0.5, 1,(1)=-0.8, F,(1)=-0.6,
T7,(2)=-0.2, 1,(2)=-0.6, F\(2)=-0.3,
T,(3)=-0.6, 1,(3)=-0.3, F,(3)=-0.7,
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7,(4)=-0.7, I,(H=-0.3, F,(4)=-0.8.
Hence, X, isaneutrosophic N-UP-filter of X .
Definition 3.11 A neutrosophic /N -structure X, over X is called a neutrosophic N-UP-ideal of
X if it satisfies the following conditions: (3.5), (3.6), (3.7), and

(Vx, 3,2 € X)(Ty (x-2) < max{Ty, (x- (v 2), Ty ()}, (3.14)
(Vx,y.2 € X)L, (x-2) 2 min{Z, (x- (v ). [, O}, (3.15)
(Vx,y,z € X)(Fy (x-z) Smax{F, (x-(y-2)),F,(»)}). (3.16)
Example 3.12 Let X ={0,1,2,3,4} be a set with a binary operation - defined by the following
Cayley table:
01 2 3 4
001 2 3 4
1 00 2 3 4
201 0 3 4
30020 4
401230

Then (X,-0) isa UP-algebra. We define a neutrosophic J-structure X, over X as follows:
7,(0)=-0.8, I,(0)=-0.3, F,(0)=-0.8,
7,(1)=-0.5, I,(1)=-0.6, F,(1)=-0.8,
7,(2)=-04, I,(2)=-08, F,(2)=-0.7,
7,(3)=-0.1, I,(3)=-0.7, F,(3)=-0.5,
I,(4)=-02, I,(4)=-0.8, F,(4)=-03.

Hence, X, isaneutrosophic /-UP-ideal of X .

N
Definition 3.13 A neutrosophic M-structure X, over X is called a neutrosophic N-strongly

UP-ideal of X if it satisfies the following conditions: (3.5), (3.6), (3.7), and

(Vx, y,z € X)(Ty (x) < max{T,,((z- »)-(z- ), Ty (M)}), (8.17)
(Vx, y,z € XYy (x) 2 min{Z ((z- ) - (z- X)), Ly (D)}), (3.18)
(Vx, y,z € X)(Fy (x) < max{F, ((z-y)-(z- ), Fy ()})- (3.19)

Example 3.14 Let X ={0,1,2,3,4} be a set with a binary operation - defined by the following

Cayley table:
01 2 3 4
001 2 3 4
1 00 0 3 2
201 0 3 1
301 20 4
4 0 00 3 0

Then (X,-,0) is a UP-algebra. We define a neutrosophic J-structure X, over X as follows:

T,(x) =-1
(VxeX) I,(x) =-03|
F,(x) =-0.7

Hence, X, isneutrosophic J-strongly UP-ideal of X .
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Definition 3.15 A neutrosophic JM-structure X, over X is said to be constant if X, is a

constant function from X to [-1,0] . Thatis, 7,,/,, and F, are constant functions from X to

[-1,0].

Theorem 3.16 Every neutrosophic AN-UP-subalgebra of X satisfies the conditions (3.5), (3.6), and
(3.7).
Proof. Assume that X, is a neutrosophic A-UP-subalgebra of X . Then for all xeX , by
Proposition 2.5 (1), (3.2), (3.3), and (3.4), we have

T, (0) = Ty, (x-x) < max{T,, (x). T, (x)} = Ty (),

1,(0) = I, (x-x) 2 min{Z, ()., ()} = I, (),

F,(0) = Fy (x-x) < max{F, (x), F, (1)} = F, (2).
Hence, X, satisfies the conditions (3.5), (3.6), and (3.7).

Theorem 3.17 A neutrosophic J-structure X, over X 1is constant if and only if it is a
neutrosophic M-strongly UP-ideal of X .
Proof. Assume that X, is constant. Then for all xeX , T,(x)=17,(0),1,(x)=1,(0) , and
F,(x)=F,(0) andso T,(0)<T,(x),,(0)>1,(x), and F,(0)<F,(x).Next, forall x,y,zeX,
T,,(x) = T,,(0) = max {7}, (0), 7}, (0)} = max{T, (=" »)(z-2)). T, (%)}
1,(x) = 1,,(0) = min{Z, (0), 1, (0)} = min{Z, (z-»)-(z- )., (M)},
F, () = F, (0) = max{F, (0), F5, (0)} = max{F, ((z-y)-(z-)), Fy, ()}.

Hence, X, isaneutrosophic N-strongly UP-ideal of X .

Conversely, assume that X, is a neutrosophic M-strongly UP-ideal of X . For any xe X , by
Proposition 2.5 (1), (UP-2), (UP-3), (3.17), (3.18), and (3.19), we have
Ty (x) < max {7}, ((x-0)- (x-x)), 7, (0)} = max{7} (0-(x-x)), 7, (0)} =max{T}(x-x),7,(0)}
=maxi7, (0), 7, (0); =7},(0),
1y (x) 2 min{/, ((x-0)-(x-x)), £, (0)} =min{/y (0-(x-x)), 1, (0)} =min{Zy (x-x),1y(0);
=mini/, (0),7,(0); =1,(0),
Fy(x) <max{F},((x-0)-(x-x)),F,(0)} =max{F,(0-(x-x)),F,(0)} =max{F, (x-x),F,(0)}
= maxi£), (0), £, (0); = £, (0).
Thus 7, (x)=1,(0),{,(x)=1,(0),and F,(x)=F,(0) forall xeX .Hence, X, isconstant.

Theorem 3.18 Every neutrosophic /N-strongly UP-ideal of X is a neutrosophic N-UP-ideal.
Proof. Assume that X, is a neutrosophic AN-strong UP-ideal of X . Then X, satisfies the
conditions (3.5), (3.6), and (3.7). By Theorem 3.17, we have X, is constant. Then for all xe X,
T, (x)=T,(0),1,(x)=1,(0), and F,(x)=F,(0). By Proposition 2.5 (5), (UP-3), (3.5), (3.6), (3.7),
(3.17), (3.18), and (3.19), we have
Ty (x-z) =max{T, ((z-y)-(z- (x-2))), T, (0} = maxiT ((z-1)-0), T\ (y)} = max{Z, (0), 7, (»)} =T, (»)
<maxiTy (x-(y-2)), Ty, (M)},
Iy (x-z)=min{/, ((z-)-(z-(x-2)), 1y (»)} =min{ly ((z-)-0), 1 (»)} =min{ly(0), 7, (»)}; =1(»)
zmin{/y (x-(y-2)), 1, ()5,
By (x-z) = maxiFy, ((z-y) - (z-(x-2))), £y (0)} = max{F), ((z-)-0), Fy (»); = max{F), (0), £, (»); = £, (»)
<max Fy, (x-(y-2)), Fy ().
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Hence, X, isaneutrosophic /-UP-ideal of X .

The following example show that the converse of Theorem 3.18 is not true.

Example 3.19 Let X ={0,1,2,3} be a set with a binary operation - defined by the following

Cayley table:
01 2 3
001 2 3
1 00 2 3
2 01 0 3
301 20

Then (X,-,0) is a UP-algebra. We define a neutrosophic J-structure X, over X as follows:
T,(0)=-0.6, 1,(0)=-0.1, F, (0)=-0.7,
T,(1)=—-04, I,(1)=-0.5, F,(1)=-0.5,
7,2)=-03, 1,(2)=-04, F,(2)=-04,
7,(3)=-02, 1,(3)=-04, F,(3)=-03.
Hence, X, isaneutrosophic N-UP-ideal of X .Since X, isnot constant, it follows from Theorem

3.17 that it is not a neutrosophic JM-strongly UP-ideal of X .

Theorem 3.20 Every neutrosophic N-UP-ideal of X is a neutrosophic N-UP-filter.
Proof. Assume that X, is a neutrosophic N-UP-ideal of X . Then X, satisfies the conditions
(3.5), (3.6), and (3.7). Next, let x,y € X . By (UP-2), (3.14), (3.15), and (3.16), we have
T,(») = T,(0- ) <max{T, 0-(x-»).T ()} =maxiT, (x-).T, ()},
[,(3)=1,(0-) =min{l, (0-(x- ), 1, (x)} =min{l, (x- ), 1, ()},
Fy(3) = Fy(0-3) <max{Fy (0-(x- ), Fy(x)} = max{Fy (x-»), Fy ()}
Hence, X, isaneutrosophic N-UP-filter of X .

The following example show that the converse of Theorem 3.20 is not true.

Example 3.21 Let X ={0,1,2,3} be a set with a binary operation - defined by the following
Cayley table:

S O o O O
e = e
S O NN
S DN W W

0
1
2
3

Then (X,-,0) is a UP-algebra. We define a neutrosophic A-structure X, over X as follows:

7, (0)=-0.7, 1,(0)=-0.1, F,,(0)=-0.9,

T, (1)=-0.6, 1,(1)=-0.5, F,(1)=-0.8,

T,(2)=-03, I,(2)=-04, F,(2)=-0.5,

T,(3)=-03, I,(3)=-04, F,(3)=-0.5.
Hence, X, is a neutrosophic MN-UP-filler of X . Since F,(2-3)=-0.3>-0.8
=max{F} (2-(1-3)),F, (1)}, wehave X, isnota neutrosophic N-UP-ideal of X .

Theorem 3.22 Every neutrosophic N-UP-filter of X is a neutrosophic A-near UP-filter.
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Proof. Assume that X, isaneutrosophic N-UP-filter. Then X, satisfies the conditions (3.5), (3.6),
and (3.7). Next, let x,y € X . By Proposition 2.5 (5), (3.5), (3.6), (3.7), (3.11), (3.12), and (3.13), we have
Ty (x-y) <max{Ty (y-(x-¥), T, (y)} = max{T, (0), 7, (»)} =T, (»),

Iy (x-y) 2min{Zy (y-(x-y)), Ly (»)} =min{ly, (0), 1, (»)} =1, (),

Fy (x-y) < max{Fy (y-(x-y)), Fy ()} =max{Fy(0),F,(»)} = Fy(»).

Hence, X, isaneutrosophic N-near UP-filter of X .

The following example show that the converse of Theorem 3.22 is not true.

Example 3.23 Let X ={0,1,2,3} be a set with a binary operation - defined by the following

Cayley table:
01 2 3
001 2 3
1 00 1 3
20 0 0 3
30110

Then (X,-,0) is a UP-algebra. We define a neutrosophic J-structure X, over X as follows:
7,(0)=-0.9, 1,(0)=-0.3, F,(0)=-0.8,
7,(H)=-0.5, I,(1)=-0.7, F,(1)=-0.7,
7,2)=-02, 1,(2)=-0.8, F,(2)=-0.6,
7,(3)=-0.1, 1,(3)=-0.5, F,(3)=-0.3.
Hence, X, isa neutrosophic N -near UP-filter of X .Since 7,(2)=-0.8<-0.7 =min{/, (1-2),7,(1)}

,wehave X, isnotaneutrosophic JN-UP-filter of X .

Theorem 3.24 Every neutrosophic N-near UP-filter of X is a neutrosophic J-UP-subalgebra.
Proof. Assume that X, is a neutrosophic /A-near UP-filter of X . Then for all x,y X, by (3.8),
(3.9), and (3.10), we have

Ty (x-y) < Ty (v) < maxiZy, (x), T, (05,

Iy (x-y) 2 1y (y) 2 min{Zy (x), 1, (0)}

Ey (x-p) < By (v) < maxiFy (x), Fy (3)5 -
Hence, X, isaneutrosophic N/-UP-subalgebraof X .

The following example show that the converse of Theorem 3.24 is not true.

Example 3.25 Let X ={0,1,2,3} be a set with a binary operation - defined by the following

Cayley table:
01 2 3
00 1 2 3
1 0 01 2
20 0 0 2
30000

Then (X,-,0) is a UP-algebra. We define a neutrosophic J-structure X, over X as follows:
T,(0)=-0.8, 1,(0)=-0.3, F,(0)=-0.8,
T,(1)=-0.6, 1,(1)=-0.6, F,(1)=-0.8,
T,(2)=-04, I,(2)=-0.5, F,(2)=-0.7,
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7,(3)=-0.1, 1,(3)=-0.7, F,(3)=-0.5.
Hence, X, isaneutrosophic JN-UP-subalgebra of X .Since I,(1-2)=-0.6<-0.5=1,(2), we have

X, 1isnot aneutrosophic N near UP-filter of X .

N

By Theorems 3.18, 3.20, 3.22, and 3.24 and Examples 3.19, 3.21, 3.23, and 3.25, we have that the
notion of neutrosophic N-UP-subalgebras is a generalization of neutrosophic A-near UP-filters,
neutrosophic M-near UP-filters is a generalization of neutrosophic AN-UP-filters, neutrosophic
MN-UP-filters is a generalization of neutrosophic A-UP-ideals, and neutrosophic A-UP-ideals is a
generalization of neutrosophic M-strongly UP-ideals. Moreover, by Theorem 3.17, we obtain that

neutrosophic JN-strongly UP-ideals and constant neutrosophic J-structures coincide.

Theorem 3.26 If X, isaneutrosophic N-UP-subalgebra of X satisfying the following condition:

Ty(x) =Ty ()
(Ve,yeX)| x-y20=>< I (x)21,(») |, (3.20)
Fy(x) < Fy(»)

then X, isaneutrosophic V-near UP-filter of X .
Proof. Assume that X, is a neutrosophic N-UP-subalgebra of X satisfying the condition (3.20).
By Theorem 3.16, we have X, satisfies the conditions (3.5), (3.6), and (3.7). Next, let x,ye X .
Case 1: x-y=0.Then, by (3.5), (3.6), and (3.7), we have
To(rp) = T @) STy (1), Ly(x3) = 1,(0) 2 [, (). Fy(x-y) = F(0) < Fy (9).
Case 2: x-y#0.Then, by (3.2), (3.3), (3.4), and (3.20), we have
T, (- y) < max{T, (x), Ty (1)} = Ty ), I, (x-3) 2 min{l,, ()., ()} = L, (»),
Fy (x-y) < max{F, (x), Fy, ()} = F, (7).
Hence, X, isaneutrosophic /-near UP-filter of X .

Theorem 3.27 If X, isaneutrosophic MN-near UP-filter of X satisfying the following condition:
T,=1I,=F, (3.21)

N N>

then X, isaneutrosophic JN-UP-filter of X .

N

Proof. Assume that X, is a neutrosophic JN-near UP-filter of X satisfying the condition (3.21).
Then X, satisfies the conditions (3.5), (3.6), and (3.7). Next, let x,y € X . Then, by (3.8), (3.9), and
(3.21), we have
max{7}, (x- ), T (x)} = max{ly (x-y), Ty (x)} = maxily, (»), Ty (x); = maxiZy, (»), Ty ()} =Ty (),
min{7y (x- ), 1y ()} = min{7), (x - ), I (x); <miniZy, (»), 1y (x); = min{Zy (), 1y (0} <1, (),
max {£, (x- ), Fy, (x)} = max{ly (x-y), Fy (x)} 2max{l,(y), £y (x)} =maxiFy (), £ ()} 2 F ).
Hence, X, isaneutrosophic N-UP-filter of X .

Theorem 3.28 If X, isaneutrosophic N-UP-filter of X satisfying the following condition:
Ty(y-(x-2)) =Ty(x(y-2))
(Vx,y,ze X)) Iy(y-(x-2)) =1,(x-(y-2) |, (3.22)
Fy(y-(x-2)) =F(x-(y-2)
then X, isaneutrosophic N-UP-ideal of X .
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Proof. Assume that X, is a neutrosophic N-UP-filter of X satisfying the condition (3.22). Then
X, satisfies the conditions (3.5), (3.6), and (3.7). Next, let x,y,z<€ X . Then, by (3.11), (3.12), (3.13),
and (3.22), we have
Ty (x-z) <maxiTy (v~ (x-2)), Ty ()} = max{T}, (x-(y-2)), T, ("} T
Iy (x-z)2min{ly, (y-(x-2)), 1y (1)} =min{ly, (x-(y-2), Ly ()}, 1y
Fy(x-2) <max{Fy (y-(x-2)), Fy (1)} = maxiFy (x-(y-2), Fy ()} -Fy
Hence, X, isa neutrosophic /-UP-ideal of X .

Theorem 3.29 If X, isaneutrosophic V-structure over X satisfying the following condition:

Ty (2) < max{Ty (x), T, (»)}
(Vx,y,z € X) z<x-y=1 I(z2)2min{l, (x),1,(»)} |, (3.23)
Fy(2) <maxiFy (x), £y (v)}

then X, isaneutrosophic /-UP-subalgebraof X .
Proof. Assume that X, is a neutrosophic J-structure over X satisfying the condition (3.23). Let
x,y € X . By Proposition 2.5 (1), we have (x-y)-(x-y)=0, thatis, x-y<x-y.]It follows from (3.23)
that

Ty (- ) <maxiZy (0, T, (0}, 1y (x- ) 2minil,, (x), 1, (0)}, £y (x-y) <max{Fy (x), £, ()}
Hence, X, isaneutrosophic /-UP-subalgebra of X .

Theorem 3.30 If X, isaneutrosophic . V-structure over X satisfying the following condition:

Ty(2)<T,(»)
(Vx,y,zeX) z2x-y=>1,(2)21,() | (3.24)
Fy(z) < Fy(y)

then X, isaneutrosophic M-near UP-filter of X .

Proof. Assume that X, is a neutrosophic JM-structure over X satisfying the condition (3.24). Let
xeX . By (UP-2) and Proposition 2.5 (1), we have 0-(x-x)=0, that is, 0<x-x. It follows from
(3.24) that T, (0)<T,(x),,(0)=1,(x), and F,(0)<F,(x).Next, let x,y € X .By Proposition 2.5 (1),
we have (x-y)-(x-y)=0 , that is, x-y<x-y . It follows from (3.24) that
T,(x-»)<T,(»),Iy(x-y)21,(y), and F,(x-y)<F,(y) . Hence, X, is a neutrosophic JN-near
UP-filter of X .

Theorem 3.31 If X, isaneutrosophic NV-structure over X satisfying the following condition:

T, (y) £ max{T, (z),T,(x)}
(Vx,y,z € X) z<x-y=1 Iy(y)2min{l, (2),{,(x)} |, (3.25)
Fy (y) < max{Fy (2), Fy (x)}

then X, isaneutrosophic N-UP-filter of X .
Proof. Assume that X, is a neutrosophic JM-structure over X satisfying the condition (3.25). Let
xe€ X .By (UP-3), we have x-(x-0)=0, thatis, x<x-0.]It follows from (3.25) that
T,y (0) <max{T}, (x), Ty (x)} = Ty (x), Iy (0) = min{/y (x), 1y (x)} = I (x),
£y (0) < max{F (x), Fy (x)} = Fy (x).
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Next, let x,y € X . By Proposition 2.5 (1), we have (x-y)-(x-y)=0, thatis, x-y<x-y. It follows
from (3.25) that

Ty (y) < max{T}, (x- y), Ty (x)}, Ly (y) 2min{ly (x-y), 1 (X)), Fy(y) < max{Fy (x-y), Fy(x)}.
Hence, X, isaneutrosophic N-UP-filter of X .

Theorem 3.32 If X, isaneutrosophic . V-structure over X satisfying the following condition:

Ty (x-z) <max{T (a),Ty(»)}
(‘v’a,x,y,z € X) as<x-(y-z)=19 I,(x-z)2min{l, (a),I,(»)} |, (3.26)
Fy (x-z) <max{Fy(a),Fy(»)}

then X, isaneutrosophic /-UP-ideal of X .

Proof. Assume that X, is a neutrosophic J-structure over X satisfying the condition (3.26). Let
xe€ X .By (UP-3), wehave x-(0-(x-0)=0, thatis, x<0-(x-0).It follows from (3.26) and (UP-2) that
T,,(0) = T,,(0-0) < max{T,, (x), Ty, (x)} = T, (x), 1,(0)=1,,(0-0) = min{l,, (x), 1, (x)} = I, (x),

F,(0) = F (0-0) < max {F, (x), Fy, (x)} = F, (x).

Next, let x,y,zeX . By Proposition 2.5 (1), we have (x-(y-2))-(x-(y-2))=0 , that is,

x-(y-z)<x-(y-z). It follows from (3.26) that
T (v 2) S max{Ty (- (v- 20 Ty (0} 1 (- 2) 2 mindZ, (- (- 2). 2, ()
Fy(x-2) < max{F, (x-(v-2)), F (1)}
Hence, X, isaneutrosophic /-UP-ideal of X .

For any fixed numbers o ,a",,8",y",y" €[-1,0] suchthat a” <a",f <",y <y" anda

nonempty subset G of X, a neutrosophic JMN-structure X ,\G,[Z;:Zt:;;]:()( ’TNG [Z;],Iﬁ[ﬁf],F A? [;; D

over X where T [Z; 1.1y [ﬁt] ,and Fy [7; ] are Mfunctions on X which are given as follows:

o a ifxeg,
TS[QJ@)—{ .

a”  otherwise,

B ifxegd,

- otherwise,

- - ifx e,
R 1) = {7 .

y"  otherwise.

15110 = {

Lemma 3.33 If the constant 0 of X is in a nonempty subset G of X, then a neutrosophic

Mstructure X [Z;’ﬁ 7] over X satisfies the conditions (3.5), (3.6), and (3.7).

Bt

Proof.If 0@, then T,/[*.1(0)= a’,fﬁ[ﬁf 100)= 8", Fy[",100)= 7. Thus

+
7

T N0 = T
(vxe X)| 1510 = B = 1500 1) |

FIU10) =y < BT 100

Hence, X 5[2;?1 .1 satisfies the conditions (3.5), (3.6), and (3.7).
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Lemma 3.34 If a neutrosophic JMN-structure X G[ o /r +] over X satisfies the condition (3.5) (resp.,
(3.6), (3.7)), then the constant 0 of X isinanonempty subset G of X.

Proof. Assume that the neutrosophic J-structure X G[a ﬁ 7.1 over X satisfies the condition (3.5).

Then 77 [Z;](O)STNG [Z;](x) for all xeX . Since G is nonempty, there exists g€G . Thus
L=, s0 TV WO STV 1(g) = <TV[7,1(0), thatis, 7V[7.1(0)=a . Hence, 0<G .

Theorem 3.35 A neutrosophic A-structure X G[ +] over X is a neutrosophic
P ﬂ p P

MN-UP-subalgebra of X if and only if a nonempty subset G of X isa UP-subalgebraof X .

Proof. Assume that X AG,[Z;ﬁ i; .1 is a neutrosophic MN-UP-subalgebra of X . Let x,y€G . Then
TNG[Z; x)=a =T¢ [z; 1(») . Thus, by (3.2), we have
TI\?[Z: I(x-y)< max{T,f[ZI 1), T/\?[Z; I»i=a < T/\?[ZI 1Ge-y)

and so TNG[Z; lI(x-y)=a .Thus x-yeG.Hence, G isaUP-subalgebraof X.

Conversely, assume that G is a UP-subalgebraof X .Let x,yeX .
Case1: x,yeG.Then

TN = =T9710), P10 =87 = 110, FT10 =y = F 10,
Thus

max {T/[7, 160, 77 [%, 1)} = &, min{Zy [ﬁ 120,13 ](y)} B maX{FG[ 16x), FG[ Ini=7.
Since G is a UP-subalgebra of X, we have x-y€G and so Ty[% 1(x-»)=a . I{[7 Jx-0) =,
and FY[’,J(x-») =7 . Hence,
LM =a <@ =madT{[% 1@, 0 019 = A7 2 B = mintZ{17 10,2507 1)),

FU0e») =y <y =maxt B 100, FCL 100}
Case2: x£G or y £G.Then
@ =a o Y100 =, K1) = B or 51100 = A, FOU 1) =" or R0 =7
Thus
max (T [, 10, T 1%, 100} = &, mingI 171G, 1502 1003 = B, maxt BV 100, FY T 100} =7

Therefore,
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T M) S @ = max{T{T 10V I 1 )@ y) 2 A7 = mintZ{0 100, 1510 1))
FYU ) <77 = max (VL7100 AV 1003

Hence, X [Z o "+1 is a neutrosophic -UP-subalgebra of X

-
“7 7] over X is a neutrosophic MN:near

Theorem 3.36 A neutrosophic M-structure Xﬁ[a+ o

UP-filter of X if and only if a nonempty subset G of X isanear UP-filter of X .

Proof. Assume that Xﬁ[Z;’ﬁ i .1 s neutrosophic N:near UP-filter of X . Since X [

N4
By 7t ]

ﬂ
satisfies the condition (3.5), it follows from Lemma 3.34 that 0eG . Next, let xeX and yeG.

Then TG[ 1(») =a . Thus, by (3.8), we have TG[ 1(x- y)<TG[ 1 =a <TG[ 1(x-»)

and so TNG[Z; 1(x-y)=a .Thus x-yeG. Hence, G isanear UP-filter of X .
Conversely, assume that G is a near UP-filter of X . Since 0 G, it follows from Lemma 3.33

that X G[a ﬁ 7 "1 satisfies the conditions (3.5), (3.6), and (3.7). Next, let x,y € X .
Case 1: y€G. Then T[ A =a IG[ 1) =487, and F[ L10)=7". Since G is a near

UP-filter of X, wehave x-y€G and so T[ Jxn=a IG[ﬂ 1(x-y)=p", and F[ Ay =7,
Thus

LAy =a <o =T 00, N1 10y = f7 2 f7 = L1 10).
RV ey =y <y = YL,
Case2: y£G.Then Ty["1(»)=a 1[ =4, and F{[. 1) =7". Thus
LYy <a =T U 1) 2 = L1100, R e n) <77 = FU ).

Hence, X [a ﬁ 7 +] is a neutrosophic JN-near UP-filter of X .

Theorem 3.37 A neutrosophic M:-structure X 5[’:;?1 ,’; .

] over X is a neutrosophic N-UP-filter of
X if and only if a nonempty subset G of X isa UP-filter of X .
Proof. Assume that X S[:Zﬁt: .]isa neutrosophic N-UP-filter of X . Since X f,[‘;:?i: .1 satisfies

the condition (3.5), it follows from Lemma 3.34 that 0 G . Next, let x,y€X besuchthat x-yeG

and xeG . Then TNG[ZI -y =a =T¢ [Z; 1(x) . Thus, by (3.11), we have
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T 1) < max{T [ e ), T 0} = @ < T 1)

and so TG[ 10)=a .Thus y€G.Hence, G isa UP-filter of X .

Conversely, assume that G is a UP-filter of X . Since 0e G, it follows from Lemma 3.33 that
Xy [a ﬂ 7 ] satisfies the conditions (3.5), (3.6), and (3.7). Next, let x,y€ X .

Casel: x-yeG and xeG.Then

T =a =TV, [0 1) = B = 5010, FU ) =7 = BV 1.
Since G is a UP-filter of X , we have yeG and so Iy[%.1(0)=a 1°[ =4,
F{ 1) =7 . Thus
LI = Sa = max{Ty[4 160000 108 0 10) = 472 f7 = min{I510 100 pL IS 103,

FU ) =7 <y =max{F{ 1 10e 0, U100}
Case2: x-y£G or x £G .Then

LI N0y =a or T 1) =y 191 10cey) = B or {1 1) = 6

FIP e y) =" or FT 1) =7
Thus
max {1, 100 ), TS0 100} = e, mindZG07 16e IS0 100} = A7, max R 1w ), BT 1603 =7
Therefore,

T A0 S @ = max{TY 1 ». I 108 150100 2 B = mindI{1 1 ). 150 1003,
FYU) <y =max{FIT 10 ) BT 1))

Hence, X [a A : L] is a neutrosophic N-UP-filter of X .

Theorem 3.38 A neutrosophic JM-structure Xf\f[z;’ﬁ, i; ;] over X is a neutrosophic N-UP-ideal of
X if and only if a nonempty subset G of X isa UP-ideal of X .

Proof. Assume that X}

[a+ £ p 7 +] is a neutrosophic JN-UP-ideal of X . Since X " ﬁi ; . ] satisfies
the condition (3.5), it follows from Lemma 3.34 that 0 G . Next, let x,y,z€ X be such that

x-(y-z)eG and y<€G.Then Tg[zz](x-(y-z))=a’=TNG[Z:](y) . Thus, by (3.17), we have
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TV, 1 2) S max{TP 1 (- 2) IV 1%, 1)} = @ ST 1(x2)

and so TG[ l(x-z)=a .Thus x-zeG.Hence, G isaUP-ideal of X .

Conversely, assume that G is a UP-ideal of X . Since 0e G, it follows from Lemma 3.33 that
Xy [Z;’ﬂ ti .1 satisfies the conditions (3.5), (3.6), and (3.7). Next, let x,y,z€ X .

Casel: x-(y-z)eG and y€G.Then
L (-2 =a =T[5 10), IG[ ](X'(y'Z)):W:I(’[ 100, FG[ Ix-(y-2)=7r —FG[ 1)

Thus
max{Ty[7, 10 (v- ) TV 100 = @, mindZ{T7 Y- (-2 5101003 = B

max{FY 10 (r-2). BV 1003 =7
Since G is a UP-ideal of X, we have x-zeG and so Ty[* (x-2)=a . I{[" (x-2)= 5", and
FY[)(x-2)=y". Thus
T2 =a <o =max{T{7 10 (r-2). VT2 101,
IS0 Y 2) = B2 f7 = mindI{T 100 (v 2255 1003,
FYU e 2) =y <77 = max{FD 10 (- 2) BV 1003
Case2: x-(y-z)£G or y £ G.Then
L) = o or V[ 10) =, 30 (v 2) = B or N1 100 = 6
FU ez =7 or YT 1) =7

Thus
maX{TG[ J(x-(y-2)), TG[ I} =a" mln{l(’[ﬁ 1(x-(y-2)), Ic[ﬂ 1»=4,

maX{FG[ 1(x-(y-2)), FG[’ I =7r"

Therefore,

LY ) S ot = max (TP 16 (-2 TEL 1003
IS0 10ee2) 2 7 = min{I00 1 (-2 51 1003,

FY G 2) < " = max{FYT 10e (v-2)), 7T, 100

P. Rangsuk, P. Huana, A. lampan, Neutrosophic N-structures over UP-algebras



Neutrosophic Sets and Systems, Vol. 28, 2019 104

Hence, XJ[“” 7] isa neutrosophic N-UP-ideal of X .

a+,ﬂi,}/+
Theorem 3.39 A neutrosophic M-structure Xﬁ[j}ﬁ_’: .1 over X is a neutrosophic JMstrongly

UP-ideal of X if and only if a nonempty subset G of X isa strongly UP-ideal of X .

a,

Proof. Assume that X L. ﬁ ti .1 is a neutrosophic J:strongly UP-ideal of X . By Theorem 3.17, we

have X Z(J [Z;:ﬁ,j ;] is constant, that is, 7, 1\? [Z;] is constant. Since G is nonempty, we have

yin [Z; I(x)=a forall xeX .Thus G=X.Hence, G isastrongly UP-ideal of X .
Conversely, assume that G is a strongly UP-ideal of X . Then G=.X, so
T ) —a

(Vxe X) Iﬁ[ﬁﬁ](x) =p"|.
FNG[;](X) =y
Thus T [Z;],IAG,[?], and Fy [i .] are constant, that is, X§ [Z;ﬁti .1 is constant. By Theorem 3.17,

a gty

G
we have X, [a+’ s

] is a neutrosophic JN-strongly UP-ideal of X .

4. Level subsets of a neutrosophic N-structure

In this section, we discuss the relationships among neutrosophic A-UP-subalgebras (resp.,
neutrosophic JA-near UP-filters, neutrosophic N-UP-filters, neutrosophic /-UP-ideals, neutrosophic

MN-strongly UP-ideals) of UP-algebras and their level subsets.

Definition 4.1 [34]Let f be an J-function on a nonempty set X . For any ¢e[-1,0], the sets
U(fin=ixeX|f(x)zt), L(f;0={xeX | f(x)<t}, E(f;0)={xeX]|[f(x)=1}
are called an upper t -level subset, a lower ! -level subset, and an equal ! -level subset of f ,

respectively.

Theorem 4.2 A neutrosophic M-structure X, over X is a neutrosophic JN-UP-subalgebra of X
if and only if for all «, 3,y €[-1,0], the sets L(T,;a),U({,;/), and L(F,;y) are UP-subalgebras of
X if L(Ty;),U(l,;B),and L(F,;y) are nonempty.
Proof. Assume that X, is a neutrosophic JN-UP-subalgebra of X .Let «,f,y €[-1,0] be such that
L(T;a),U(;p),and L(F,;y) are nonempty.

Let x,ye L(T,;a). Then T, (x)<a and T,(y)<a,so a isanupper bound of {7, (x),T,(»)}
.By (3.2), we have T, (x-y)<max{7T,(x),T,(»)}<a.Thus x-yeL(T,;a).

Let x,yeU({,;f).Then I,(x)=f and I,(y)=f,so [ isalowerbound of {I,(x),7,(y)}.
By (3.3), we have [,(x:y)2min{/, (x),I,(»)}=f.Thus x-yeU{,;pf).

Let x,yeL(Fy;7). Then F,(x)<y and Fy(y)<y,so y isanupperbound of {F, (x),F,(»)}
. By (3.4), we have F, (x-y)<max{F, (x),F,(¥)}<y.Thus x-yeL(F,;y).

Hence, L(T,;a),U(ly;f),and L(F,;y) are UP-subalgebrasof X .
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Conversely, assume that for all «,f,y €[-1,0], the sets L(Ty;a),U(I,;f), and L(F);y) are
UP-subalgebras of X if L(T,;a),U(I,;p),and L(F,;y) arenonempty.

Let x,ye X . Then T, (x),7,(y)€[-1,0]. Choose «=max{T,(x),7,(»)}. Thus 7T,(x)<a and
T,(W)<a,so x,yel(T,;a)+< . By assumption, we have L(T,;c) is a UP-subalgebra of X and
so x-yeL(T,;a). Thus T, (x-y)<a=max{T,(x),T,(»)} .

Let x,yeX . Then I,(x),I,(y)e[-1,0]. Choose f=min{/,(x),,(»)}. Thus I,(x)>f and
I,(»)=p,s0 x,yeU(,;p)#D .By assumption, we have U(I,;p) is a UP-subalgebra of X and
s0 x-yeU(L,:f). Thus I,(x-y)2 f=min{l, (x),[,(»)} .

Let x,ye X . Then F,(x),F,(y)<[-1,0]. Choose y=max{F,(x),F,(»)}. Thus F,(x)<y and
F,(»)<y,s0 x,yelL(F,;y)#J . By assumption, we have L(F,;y) is a UP-subalgebra of X and
so x-ye€L(F,;y).Thus F,(x-y)<y=max{F,(x),F,(»)}.

Therefore, X, isaneutrosophic N-UP-subalgebra of X .

Theorem 4.3 A neutrosophic M-structure X, over X isaneutrosophic MN-near UP-filter of X if
and only if for all a, B,y €[-1,0], the sets L(7,;),U(I,;/), and L(F,;y) are near UP-filters of X
if L(Ty;a),U(,;p),and L(F,;y) arenonempty.

Proof. Assume that X, is a neutrosophic /N-near UP-filter of X . Let a,f,y €[-1,0] be such that
L(T;a),U(; p),and L(F,;y) are nonempty.

Let xe L(T,;) . Then T, (x)<«a.By(3.5), wehave 7,(0)<T,(x)<a .Thus 0eL(7,;a). Next,
let xeX and yel(T,;a). Then T, (y)<a . By (3.8), we have T,(x-y)<T,(y)<a . Thus
x-yel(T,;a).

Let xeU(,;p). Then I,(x)=p . By (3.6), we have [,(0)>7,(x)>f . Thus 0€U(,;p).
Next, let xeX and yeU(l,;B). Then I,(y)=p. By (3.9), we have I,(x-y)>1,(y)>/f . Thus
x-yeU(y:p).

Let xe L(F,;y).Then F,(x)<y.By(3.7), wehave F,(0)<F,(x)<y.Thus 0eL(F,;y).Next,
let xeX and yeL(F,;y). Then F,(y)<y . By (3.10), we have F,(x-y)<F,(»)<y . Thus
x-yeL(Fy;y) -

Hence, L(T,;),U(l,;f),and L(F,;y) are near UP-filters of X .

Conversely, assume that for all «,f,y €[-1,0], the sets L(T;),U(I,;p), and L(F,;y) are
near UP-filters of X if L(T,;),U(I,;p),and L(F,;y) are nonempty.

Let xe X . Then T, (x)<€[-1,0]. Choose a=T,(x). Thus 7T,(x)<a, so xeL(T;a)#. By
assumption, we have L(7,;) is a near UP-filter of X and so 0eL(7,;2) . Thus
T,(0)<a=T,(x). Next, let x,yeX . Then T,(y)e[-1,0]. Choose a=T,(y). Thus T,(y)<a, so
veL(T;a)# . By assumption, we have L(7);«) isanear UP-filterof X andso x-ye L(Ty;) .
Thus T,(x-y)<a=T,(») .

Let xe X . Then I,(x)<€[-1,0]. Choose f=1I,(x). Thus I,(x)=f,so xeU({,;pB)#. By
assumption, we have U(/,;f) is a near UP-filter of X and so 0€U(l,;f) . Thus
1,02 p5=1,(x). Next, let x,yeX . Then I,(y)e[-1,0]. Choose S=1,(y). Thus I,(y)=/, so
yeU(l,; )= . By assumption, we have U(l,;f) is a near UP-filter of X and so
x-yeU(y;p).-Thus I (x-y)=p=1,(y).

Let xe X . Then F,(x)<€[-1,0]. Choose y=F,(x). Thus Fy(x)<y, so xeL(F;y)#<. By
assumption, we have L(F,;y) is a near UP-filter of X and so 0eL(F,;y) . Thus

P. Rangsuk, P. Huana, A. lampan, Neutrosophic N-structures over UP-algebras



Neutrosophic Sets and Systems, Vol. 28, 2019 106

F,(0)<y=F,(x).Next, let x,yeX .Then F,(y)e[-1,0].Choose y=F,(y).Thus F,(»)<y, so
y€L(Fy;y)# . By assumption, we have L(F);y) isanear UP-filterof X andso x-yeL(Fy;y).
Thus Fy(x-y)<y=Fy ().

Therefore, X, is aneutrosophic M-near UP-filter of X .

Theorem 4.4 A neutrosophic A-structure X, over X is a neutrosophic JN-UP-filter of X if and
only if for all «,pB,y€[-1,0], the sets L(T,;x),U(,;B), and L(F,;y) are UP-filters of X if
L(T;a),U(y;p),and L(F,;y) are nonempty.
Proof. Assume that X, is a neutrosophic N-UP-filter of X . Let «,f,y €[-1,0] be such that
L(Ty;a),U(;B),and L(F,;y) are nonempty.

Let xe L(Ty;a) .Then T,(x)<«a.By (3.5), wehave T, (0)<7,(x)<a .Thus 0eL(Ty;x). Next,
let x,yeX be such that x-ye L(T,;) and xeL(T,;) . Then T,(x-y)<a and T,(x)<a, so
o is an upper bound of {7, (x-y),7,(x)} . By (3.11), we have 7, (y) <max{7,(x-y),T,(x)} <«a.Thus
yel(T;a).

Let xeU(,;pf). Then I, (x)=/f . By (3.5), we have [,,(0)>7,(x)=>f . Thus 0€U(I,;p).
Next, let x,y€X be such that x-yeU(,;f) and xeU({,;B) . Then [,(x-y)=pf and
Iy,(x)2p , so B is a lower bound of {/,(x-»).[,(x)} . By (3.12), we have
I,(») 2 min{l, (x-y).1,(x)}= f Thus yeU(,: /).

Let xe L(F,;y).Then F,(x)<y.By(3.5), wehave F,(0)<F,(x)<y.Thus 0eL(F,;y).Next,
let x,yeX be such that x-yeL(F,;y) and xeL(F,;y) . Next, let x,yelL(F,;y) and
xeL(F,;y). Then F,(x-y)<y and F,(x)<y, so y is an upper bound of {F,(x-y),F,(x)}. By
(3.13), we have F, (y) <max{F, (x-y),F,(x)}<y.Thus yeL(F,;y).

Hence, L(T,;a),U(,;f),and L(F,;y) are UP-filtersof X .

Conversely, assume that for all «,f,y €[-1,0], the sets L(Ty;a),U(I,;f), and L(F);y) are
UP-filters of X if L(Zy;a),U(I,;p), and L(Fy;y) are nonempty.

Let xe X . Then T, (x)€[-1,0]. Choose a=T,(x). Thus T,(x)<a, so xeL(T,;a)*< . By
assumption, we have L(T,;a) is a UP-filter of X and so 0eL(7,;). Thus 7,(0)<a=T,(x).
Next, let x,yeX . Then T7,(x-y),7,(x)e[-1,0] . Choose «a=max{T,(x-y),T,(x)} . Thus
Iy(x-y)<a and Ty(x)<a, so x-y,xel(T,;a)# . By assumption, we have L(7,;a) is a
UP-filter of X andso ye L(T,;@).Thus T, (y)<a=max{T,(x-y),T,(x)} .

Let xe X . Then I, (x)e[-1,0]. Choose f=1,(x). Thus I,(x)=f,so xeU({,;8) = . By
assumption, we have U(l,;f) is a UP-filter of X and so 0eU(l,;f). Thus 1,(0)=S=1,(x).
Next, let x,yeX . Then [I,(x-y),I,(x)e[-1,0] . Choose pS=min{/,(x-y),,(x)} . Thus
I,(x-y)2p and I,(x)=2f, so x-y,xeU(,;p)#< . By assumption, we have U(I,;f) is a
UP-filter of X andso yeU(l,;f).Thus I,(y)2pB=min{l, (x-y),1,(x)}.

Let xe X . Then F,(x)<€[-1,0]. Choose y=F,(x). Thus F,(x)<y, so xeL(Fy;y)#< . By
assumption, we have L(F,;y) is a UP-filter of X and so 0eL(F,;y). Thus F,(0)<y=F,(x).
Next, let x,yeX . Then F,(x-y),F,(x)e[-1,0] . Choose y=max{F,(x-y),F,(x)} . Thus
Fy(x-y)<y and Fy(x)<y, so x-y,xeL(F,;y)#< . By assumption, we have L(F,;y) is a
UP-filter of X and so ye L(F,;y).Thus F,(y)<y=max{F,(x-y),F,(x)}.

Therefore, X, isaneutrosophic N-UP-filter of X .

P. Rangsuk, P. Huana, A. lampan, Neutrosophic N-structures over UP-algebras



Neutrosophic Sets and Systems, Vol. 28, 2019 107

Theorem 4.5 A neutrosophic A-structure X, over X is aneutrosophic A~-UP-ideal of X if and
only if for all «,fB,y€[-1,0], the sets L(Ty;a),U(,;f), and L(F,;y) are UP-ideals of X if
L(T,;a),U(;p),and L(F,;y) are nonempty.
Proof. Assume that X, is a neutrosophic A-UP-ideal of X . Let «,f,y €[-1,0] be such that
L(T,;a),U(l;p),and L(F,;y) are nonempty.

Let xeL(T,;a) . Then T, (x)<«a.By (3.5), wehave 7,(0)<T,(x)<a .Thus 0eL(7,;a). Next,
let x,y,z€X be such that x-(y-z)el(T,;a) and yelL(T,;a) . Then T, (x-(y-z))<a and
Iy(»W<a , so a is an upper bound of {7, (x-(y-2),7,(»)} . By (3.14), we have
T, (x-z) <max{T,(x-(y-2)),T,(V)}<a.Thus x-zeL({,;q).

Let xeU(/;a).Then I,(x)=p .By (3.5), wehave /,(0)>1,(x)=/f .Thus 0eU(/,;p). Next,
let x,y,zeX be such that x-(y-z)eU({,;f) and yeU({,;B) . Then I,(x-(y-z))=f and
I,o)=p , so LB is a lower bound of {I,(x-(y-2)).Iy(y)} . By (3.15), we have
I,(x-z)yzmin{/, (x-(¥-2)),[,(»)} =B .Thus x-z€U{,; /).

Let xeL(Fy;y).Then F,(x)<y.By (3.5), wehave F,(0)<F,(x)<y.Thus 0eL(F,;y). Next,
let x,y,zeX be such that x-(y-z)eL(Fy;y) and yeL(Fy;y) . Then Fy(x-(y-z))<y and
F,(»2)<y , so } is an upper bound of {Fy(x-(y-2).Fy(»)} . By (3.16), we have
Fy(x-z) <max{F,(x-(y-2)),Fy(»)} <y .Thus x-zeL(F,;y) .

Hence, L(7,;x),U(l,;p),and L(F,;y) are UP-idealsof X .

Conversely, assume that for all «,f,y e[-1,0], the sets L(7,;x),U({,;f), and L(F,;y) are
UP-ideals of X if L(Ty;o),U(Iy;pB),and L(F,;y) are nonempty.

Let xe X . Then T,(x)e[-1,0]. Choose a=Ty(x). Thus T,(x)<a, so xeL(T;a)#J. By
assumption, we have L(7,;a) is a UP-ideal of X and so 0eL(7,;a). Thus 7,(0)<a=T,(x) .
Next, let x,y,zeX . Then 7, (x-(y-z)),Ty(¥) €[-1,0]. Choose «a=max{T,(x-(y-z)),Ty(¥)} . Thus
T,(x-(y-z)<a and T,(y)<a,so x-(y-z),y € L(Ty;a)# <. By assumption, we have L(T,;a) isa
UP-ideal of X andso x-zeL(T,;) . Thus T, (x-z)<a=max{T,(x-(y-2)),T,(»)}.

Let xe X . Then 7,(x)e[-1,0]. Choose B=1,(x). Thus I,(x)>f, so xeU(,;p)#D. By
assumption, we have U(/,;f) is a UP-ideal of X and so 0€U(,;f). Thus I,(0)=B=1,(x).
Next, let x,y,z€X . Then I,(x-(y-2)),{,(»)<[-1,0]. Choose S=min{/, (x-(y-2)),1,(»)} . Thus
I,(x-(y-2))=p and I,(y)2pB,s0 x-(y-2),yeU(,;B) =D . By assumption, we have U(I;f) isa
UP-ideal of X andso x-zeU(ly;f).Thus I,(x-2)=f=min{l, (x-(y-2),1,(»)} .

Let xe X . Then F, (x)<€[-1,0]. Choose y=Fy(x). Thus F,(x)<y, so xeL(F,;y)#I. By
assumption, we have L(Fy;y) is a UP-ideal of X and so 0eL(Fy;y). Thus F,(0)<y=F,(x) .
Next, let x,y,zeX . Then F,(x-(¥-2)),F,(»)e[-1,0]. Choose y=max{F, (x-(y-z)),F,(»)} . Thus
Fy(x-(y-2)<y and Fy(»)<y,so x-(y-2),y€L(F,;y)#3. By assumption, we have L(F,;y) isa
UP-ideal of X andso x-ze L(Fy;y) .Thus F,(x-z)<y=max{F, (x-(y-2)),F,()}.

Therefore, X, isaneutrosophic N-UP-ideal of X .

Theorem 4.6 A neutrosophic A-structure X, over X is a neutrosophic J-strongly UP-ideal of
X if and only if the sets E(7,;T,(0)), E({,;1,(0)), and E(F};F,(0)) are strongly UP-ideals of X .
Proof. Assume that X, isaneutrosophic JM-strongly UP-ideal of X . By Theorem 3.17, we have X,

is constant, thatis, 7./, ,and F, are constant. Thus
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Iy(x) =T,©0
(VxeX)| Iy(x) =1,(0) |
Fy(x) =Fy(0)
Hence, E(T\;T,(0))=X,E(I,;1y(0))=X, and E(Fy;F,(0)=X and so E(T;T,(0),E(y;1,(0),
and E(Fy;F,(0)) arestrongly UP-ideals of X .
Conversely, assume that E(7},;7,(0)), E(/,;;1,(0)), and E(F};F,(0)) are strongly UP-ideals of
X .Then E(T,;T,(0))=X,E(,;1,(0)=X, E(Fy;F,(0))=X and so
Ty(x) =T,(0)
(VxeX) I,(x) =1,(0) |
Fy(x) =F,(0)
Thus 7,.l,, and F, are constant, that is X, is constant. By Theorem 3.17, we have X, is a

neutrosophic M-strongly UP-ideal of X .

5. Neutrosophic JM-structures of special type

In this section, we introduce the notions of special neutrosophic A-UP-subalgebras, special
neutrosophic A-near UP-filters, special neutrosophic N-UP-filters, special neutrosophic A-UP-ideals,
and special neutrosophic JN-strongly UP-ideals of UP-algebras, provide the necessary examples,

investigate their properties, and prove their generalizations.

Definition 51 A neutrosophic A-structure X, over X is called a special neutrosophic

N-UP-subalgebra of X if it satisfies the following conditions:

(Vx,y € X)(T, (x-y) 2 min{T}, (x), T, (»)})s (6.1)
(Vx,y € X)U y (x- y) <maxily (x), 1y (M)}), (5.2)
(Vx,y € X)(Fy (x-y) 2 min{F (x), £y (0)}). (5.3)

Example 5.2 Let X ={0,1,2,3,4} be a set with a binary operation - defined by the following

Cayley table:
01 2 3 4
0012 3 4
1 00 2 30
201 000
301200
4 01230

Then (X,-,0) isa UP-algebra. We define a neutrosophic N-structure X, over X as follows:
T,(0)=-02, 1,(0)=-0.9, F,(0)=-0.2,
T,(1)=—04, 1,(1)=-0.8, F,(1)=-04,
T,(2)=-08, 1,(2)=-0.7, F,(2)=-0.6,
7,(3)=-03, 1,(3)=-0.5, F,(3)=-0.7,
T,(4)=-0.8, I,(4)=-03, F,(4)=-0.8.

Hence, X, isa special neutrosophic N-UP-subalgebra of X .
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Definition 5.3 A neutrosophic A-structure X, over X is called a special neutrosophic N-near

UP-filter of X if it satisfies the following conditions:

(Vx € X)(T,(0) 2 T, (x)), (5:4)
(Vx e X)(1,(0) <1, (x)), (5.5)
(Vx € X)(F, (0) = Fy (x)), (5.6)
(Vx,y € X)(Ty(x-y) 2T, (»)), (5.7)
(Vx,y e X)Ly (x-») <1, (»)), (5.8)
(Vx,y € X)(Fy (x- ) 2 Fy (»)). (5.9)

Example 5.4 Let X ={0,1,2,3,4} be a set with a binary operation - defined by the following
Cayley table:

AW NN = O
S O O O O O
NSRS I S I el
N DO O NN
W O W W W Ww
S O O O b~ B~

Then (X,-,0) isa UP-algebra. We define a neutrosophic A-structure X, over X as follows:
T,(0)=-02, 1,(0)=-0.8, F,(0)=-0.3,
T,(1)=-0.5, 1,(1)=-0.5, F,(1)=-0.7,
T,(2)=-04, 1,(2)=-0.7, F,(2)=-04,
T,(3)=-03, 1,(3)=-0.4, F,(3)=-0.6,
T,(4)=-0.8, I,(4)=-02, F,(4)=-0.8.

Hence, X, is a special neutrosophic /N-near UP-filter of X .

Definition 5.5 A neutrosophic A-structure X, over X is called a special neutrosophic N-UP-filter

of X if it satisfies the following conditions: (5.4), (5.5), (5.6), and

(Vx,y € X)(T, (¥) 2 min{T}, (x- ), Ty, (X)}), (5.10)
(Vx,y € X)(Uy (y) <maxily (x-y), 1y (X)}), (5.11)
(Vx,y € X)(Fy (¥) 2 min{F), (x- ), Fy, (X)})- (5.12)
Example 5.6 Let X ={0,1,2,3,4} be a set with a binary operation - defined by the following
Cayley table:
01 2 3 4
001 2 3 4
1 002 30
201030
301 200
4012 30

Then (X,-,0) isa UP-algebra. We define a neutrosophic -structure X, over X as follows:
T,(0)=—02, 1,(0)=-0.8, F,(0)=-0.2,
T,(1)=-038, 1,(1)=-0.5, F,(1)=-0.8,
T,(2)=-0.6, 1,(2)=-0.4, F,(2)=-0.5,
T,(3)=-0.7, 1,(3)=-0.6, F,(3)=-0.7,
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T, (4)=-0.5, I,(4)=-0.7, F,(4)=-04.
Hence, X, is a special neutrosophic N-UP-filter of X .
Definition 5.7 A neutrosophic JM-structure X, over X is called a special neutrosophic N-UP-ideal

of X if it satisfies the following conditions: (5.4), (5.5), (5.6), and

(Vx, v,z € X)(T), (x-z) 2 min{T}, (x- (¥ 2)), Ty (1)})s (5.13)
(Vx, 3,2 € X)) (x-z) <maxily (x-(y-2), Ly (1)), (5.14)
(Vx, 3,z € X)(F) (x-2) 2 min{F), (x-(y - 2)), £y (1)) (5.15)
Example 5.8 Let X ={0,1,2,3,4} be a set with a binary operation - defined by the following
Cayley table:
01 2 3 4
001 2 3 4
1 00 2 0 4
200000
303 20 4
4 03 200

Then (X,-,0) isa UP-algebra. We define a neutrosophic A-structure X, over X as follows:
7,(0)=-0.3, 1,(0)=—-0.8, F,(0)=-0.2,
7,(1)=-0.6, 1, (1)=-0.6, F,(1)=-0.3,
7,(2)=-08, 1,(2)=-04, F,(2)=-0.8,
7,(3)=-0.6, 1,(3)=-0.6, F,(3)=-0.3,
T,(4)=-0.7, I,(4)=—-0.5, F,(4)=—-0.7.
Hence, X, is a special neutrosophic N-UP-ideal of X .

Definition 5.9 A neutrosophic M-structure X, over X is called a special neutrosophic N-strongly

UP-ideal of X if it satisfies the following conditions: (5.4), (5.5), (5.6), and

x,y,z € X)(T, (x) 2min{T,,((z- ¥) - (z-x)), T, (¥)}), (5.16)
(Vx, v,z € X)(y (%) < maxily ((z-y)(z- X)), 1, (V)}), (6.17)
(Vx,y,z € X)(F), (x) 2 min{Fy ((z- y) - (z-x)), Fy (V)})- (5.18)
Example 5.10 Let X ={0,1,2,3,4} be a set with a binary operation - defined by the following
Cayley table:
01 2 3 4
001 2 3 4
1 00 2 30
201 00 4
301 2 0 4
4 0 4 2 30

Then (X,-,0) isa UP-algebra. We define a neutrosophic N-structure X, over X as follows:

T,(x) =-05
(VxeX) I,(x) =-1
Fy(x) =-03

Hence, X, is aspecial neutrosophic A-strongly UP-ideal X .
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Theorem 5.11 Every special neutrosophic N-UP-subalgebra of X satisfies the conditions (5.4),
(5.5), and (5.6).
Proof. Assume that X, is a special neutrosophic N-UP-subalgebra of X . Then for all xe X, by
Proposition 2.5 (1), (5.1), (5.2), and (5.3), we have
T, (0) = T,y (x-x) 2 mini7), (x), Ty (%)} = Ty (x), 1, (0) = £, (x-x) <maxil, (x), [y (x)} = I (%),
Fy(0) = £ (x- x) 2 min{F (x), £y, (x)} = £y ().
Hence, X, satisfies the conditions (5.4), (5.5), and (5.6).

By Lemma 3.4 (1) and (4), we have the following five theorems.
Theorem 5.12 A neutrosophic J-structure X, over X isaneutrosophic /-UP-subalgebra of X
if and only if Xy isa special neutrosophic JN-UP-subalgebra of X .
Theorem 5.13 A neutrosophic JM-structure X, over X is a neutrosophic J/-near UP-filter of X
if and only if Xy isa special neutrosophic JV-near UP-filter of X .
Theorem 5.14 A neutrosophic JM-structure X, over X is a neutrosophic N-UP-filter of X if
and only if Xy is a special neutrosophic N<UP-filter of X .
Theorem 5.15 A neutrosophic AM-structure X, over X is a neutrosophic A-UP-ideal of X if

and only if Xy is a special neutrosophic N-UP-ideal of X .
Theorem 5.16 A neutrosophic A-structure X, over X is a neutrosophic J-strongly UP-ideal of

X ifand onlyif Xy isa special neutrosophic \:strongly UP-ideal of X .

Theorem 5.17 A neutrosophic A-structure X, over X is constant if and only if it is a special
neutrosophic A-strongly UP-ideal of X .

Proof. It is straightforward by Remark 3.2 and Theorems 3.17 and 5.16.

By Remark Remark 3.2 and Theorems 5.12, 5.13, 5.14, 5.15, and 5.16, we have that the notion of
special neutrosophic N-UP-subalgebras is a generalization of special neutrosophic A-near UP-filters,
special neutrosophic JM-near UP-filters is a generalization of special neutrosophic AN-UP-filters,
special neutrosophic N-UP-filters is a generalization of special neutrosophic N-UP-ideals, and
special neutrosophic N-UP-ideals is a generalization of special neutrosophic V-strongly UP-ideals.
Moreover, by Theorem 5.17, we obtain that special neutrosophic A-strongly UP-ideals and constant

neutrosophic JM-structures coincide.

Theorem 5.18 If X, is a special neutrosophic N-UP-subalgebra of X satisfying the following
condition:
Ty(0) 2Ty (»)
(Vx,yeX) xy20=><1,(x)<1,(») |, (5.19)
Fy(x)2 Fy ()
then X, isa special neutrosophic V-near UP-filter of X .
Proof. Assume that X, is a special neutrosophic N-UP-subalgebra of X satisfying the condition
(5.19). By Theorem 5.11, we have X, satisfies the conditions (5.4), (5.5), and (5.6). Next, let x,ye€ X .
Case 1: x-y=0.Then, by (5.4), (5.5), and (5.6), we have
Ty(x- ) =T, () 2T,(»), Iy(x-»)=1,(0) <1, (y), Fy(x-y)=F,(0) = F, ().
Case 2: x-y#0.Then, by (5.1), (5.2), (5.3), and (5.19), we have
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Ty (x-y) 2 mini7), (x), Ty ()} = Ty (), 1y (x-y) <maxily (x), 1y (0); = Iy (»),
Fy (x-y) 2 min{Fy (x), Fy ()} = Fy ().

Hence, X, is a special neutrosophic /N-near UP-filter of X .

Theorem 5.19 If X, is a special neutrosophic JN-near UP-filter of X satisfying the condition
(3.21), then X, is a special neutrosophic N-UP-filter of X .
Proof. Assume that X, is a special neutrosophic M-near UP-filter of X satisfying the condition
(3.21). Then X, satisfies the conditions (5.4), (5.5), and (5.6). Next, let x,y,z€ X . By (5.7), (5.8), and
(3.21), we have

min{7, (x- ), T, (x)} = min{Z, (x- ), Ty (x)} <miniZy (»), T, (x)} = min{7, (»), T\ (1)} <T,,(»),

max i/ (x- ), Ly ()} = max{Z) (x- ), 1y (x)} =maxiZy (»), 1y ()} =max{ly(y), 1y (x)} 21y(»),

min{Fy (x-y), Fy ()} = min{Z,, (x- y), £y ()} <min{Zy, (y), Fy (x); =min{Fy (v), Fy ()} < F(»).
Hence, X, is a special neutrosophic N-UP-filter of X .

Theorem 520 If X, is a special neutrosophic N-UP-filter of X satisfying the condition (3.22),
then X, is a special neutrosophic A-UP-ideal of X .
Proof. Assume that X, is a special neutrosophic N-UP-filter of X satisfying the condition (3.22).
Then X, satisfies the conditions (5.4), (5.5), and (5.6). Next, let x,y,ze X . By (5.10), (5.11), (5.12),
and (3.22), we have

Ty (x-z) 2mini7, (- (x-2)), Ty (v); = min{Z, (x- (v~ 2)), Ty (V)

Iy (x-2) <max{ly (y-(x-2)), 1y (»); =maxily (x-(y-2)), 1y (1)},

Fy(x-z)2min{F, (y-(x-2), Fy (1)} =min{Fy (x-(y-2)), Fy (1)}
Hence, X, is a special neutrosophic /-UP-ideal of X .

Theorem 5.21 If X, isaneutrosophic JA-structure over X satisfying the following condition:

Ty (2) 2 min{T), (x), 7 ()}
(Vx,y,zeX)| z<x-y =1 I(z2) <max{l,(x),],(»)} |, (5.20)

£y (2) 2 min{F, (x), Fy (y)}

then X, is a special neutrosophic N-UP-subalgebra of X .

Proof. Assume that X, is a neutrosophic /-structure over X satisfying the condition (5.20). Let

x,y € X . By Proposition 2.5 (1), we have (x-y)-(x-y)=0, thatis, x-y<x-y. It follows from (5.20)

that

Ty (x-y) 2 min{Z, (x), Ty ()}, 1y (x-y) <maxily (x), 1y (1)}, Fy(x-y) 2 min{Fy (x), Fy (1)}
Hence, X, is a special neutrosophic N-UP-subalgebra of X .

Theorem 5.22 If X, isaneutrosophic JM-structure over X satisfying the following condition:

Ty (2)2Ty(y)
(Vx,y,zeX)| z<x-y=11,(2)<I1,(») |, (5.21)
Fy(2) 2 Fy(y)

then X, isaspecial neutrosophic N near UP-filter of X .
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Proof. Assume that X, is a neutrosophic J-structure over X satisfying the condition (5.21). Let
xeX . By (UP-2) and Proposition 2.5 (1), we have 0-(x-x)=0, that is, 0<x-x. It follows from
(5.21) that 7,,(0) =7, (x),1,(0)<1,(x), and F,(0)>F, (x).Next, let x,y X . By Proposition 2.5 (1),
we have (x-y)-(x-y)=0 , that is, x-y<x-y . It follows from (5.21) that
I,(x-»2T,(»),Iy(x-»)<I,(y), and F,(x-y)=F,(y) . Hence, X, is a special neutrosophic
HN-near UP-filter of X .

Theorem 5.23 If X, isaneutrosophic A structure over X satisfying the following condition:

Ty (y) 2 min{T}, (2), Ty (x)}
(Vx,y,zeX) z<x-y=<1,(y)<max{l,(z),I,(x)} |, (5.22)
Fy (y) 2 min{Fy (2), Fy (x)}

then X, isaspecial neutrosophic N-UP-filter of X .
Proof. Assume that X, is a neutrosophic J-structure over X satisfying the condition (5.22). Let
xe X .By (UP-3), we have x-(x-0)=0, thatis, x<x-0.]It follows from (5.22) that
T,,(0) = min{T}, (x), T, (x)} = Ty (x), 1,,(0) < max{l,, (x), 1, (x)} = I, (x), F,(0) = min{F, (x), F, ()} = F, (x).
Next, let x,y € X . By Proposition 2.5 (1), we have (x-y)-(x-y)=0, thatis, x-y<x-y. It
follows from (5.22) that
Ty ()2 min{T), (x-y), Ty (%)}, 1y (v) <maxily (x-p), 1y (x)}, Fy(y) 2 min{F), (x-p), £y ()5
Hence, X, is a special neutrosophic N-UP-filter of X .

Theorem 5.24 If X, isaneutrosophic A-structure over X satisfying the following condition:

Ty (x-2) 2 min{T}, (), T,y (¥)}
(Va,x,y,ze X)| a<x-(y-z) =1 Iy(x-z) <max{l(a),],(»)} |, (5.23)
Fy (x-z) 2 min{F), (a), Fy, (¥)}

then X, isa special neutrosophic N-UP-ideal of X .

Proof. Assume that X, isaneutrosophic N -structure over X satisfying the condition (5.23). Let
xe€ X .By (UP-3), we have x-(0-(x-0)=0, thatis, x<0-(x-0).It follows from (5.23) and (UP-2) that
T,(0) = T3, (0-0) > min{Ty, (x), Ty, (x)} = T (x). 1,/(0) = 1,,(0-0) < max{Z (x). 1, ()} = I,,(x),

F,(0) = F,0-0) 2 min{F, (x), F, (x)} = F (x).

Next, let x,y,zeX . By Proposition 2.5 (1), we have (x-(y-2))-(x-(y-2))=0 , that is,

x-(y-z)<x-(y-z). It follows from (5.23) that
T (x-2) = min{Ty, (- (- 2D Ty (0} 1 (x-2) < max il (- (- 2.1, ()},
F, (x-2) 2 min{F, (x-(v-2)). F, ()}
Hence, X, is a special neutrosophic N-UP-ideal of X .

For any fixed numbers o ,a",8 8",y ,r" €[-1,0] such that o <a',f <p',y <y’
and a nonempty subset G of X o, a neutrosophic MNstructure

XL = (XTI LI RITD over X where T 107,[7], and “F[] are

Mfunctions on X which are given as follows:
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+ T ifxeG, - g ifxeqG, . + y© ifxeG
‘T =14 ! O ) = ORI (x) = ’
vl 1) {a‘ otherwise, N[/"+]( ) B+ otherwise, N[7_ 1) ¥y~ otherwise.
Lemma5.25 Let o ,a",5 ,8",7 ,7" €[-1,0]. Then the following statements hold:
G ﬁ}/_: 71a71ﬁ71y
Lo XA )= X [ and
G at . p - yGer-t-at 1-pm -1t
2' XN [a_,ﬁ+,}/_ ] XN [7lfa_,flfﬂ+,flf;/_ ] N
Proof. 1. Let XJ[*, 2 7] be a neutrosophic -structure over X . Then
a ot
XG[“ ” 7 1=, LI [ﬂ ]FG[ ]) . Since
- a ifxegG, + " ifxeG, - T ifxeg,
o Iw =% O =17 > R0 =1 -
« a”  otherwise, = 7 f~  otherwise, r y"  otherwise
we have
- —-l-a ifxeG o - -1-4" ifxeG gt
TS, 1(x) = > =0T T 1), ISP (%) = » =0 LT (%),
) {_1_a+ e L1, ) {_1_ b othemice . LI
- -1-y ifxeG ey
F°I” (%)= > =CF T (%)
) {—1—;/* e =R
1-a~ G —1-y~ B s T s vy
Hence, (X.°T,["™ 15 1,07 19 B[ )= X, [
2. Let “Xx,[“ Zgﬁ] be a neutrosophic  A:structure over X . Then
a poy

XA = (XL T O L OF[7)  Since

o otherwise, B otherwise, 14 otherwise ’

GTN[Z+](X)_{a+ ifxeq, GIN[;](x)—{ﬂ ifxeG, GFN[f](x)—{f e

we have

T, 1) =

—-1-a" ifxegG,
—1—-a~ otherwise

=T I, GIN[Z](x)—{_l_ﬂ_ IYEO ey,

-1-p" otherwise 14"

GFN[ii]()o—{_l_f 1O g

—1-y otherwise el

Hence, (X, TG[_] ai] I [‘] A ]FG[—I al D= XG[— Z* P 1.

+ - }/
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Lemma 5.26 If the constant 0 of X is in a nonempty subset G of X, then a neutrosophic

MNstructure X N[Zt’?;i "] over X satisfies the conditions (54), (5.5), and (5.6).
Proof. If 0<G, then T, [ 10)=a" " L,[7,10) =4 ,and °F,[.J0)=y" . Thus

“TLC10) =" 20 T [ 1(x)
(VxeX)| LI N0) = < 1,051 |

CRLIN0) =7 2 F L)

Hence, ‘X N[Zt’ﬁ +’i "] satisfies the conditions (5.4), (5.5), and (5.6).
Lemma 5.27 If a neutrosophic A-structure ‘X [’Z h - 7 _] over X satisfies the condition (5.4)

(resp., (5.5), (5.6)), then the constant 0 of X isinanonempty subset G of X

Proof. Assume that a neutrosophic JM-structure ‘X N[Zt’ﬁ +’: t] over X satisfies the condition (5.4).
Then °T, N[Zi](O) >°T N[:i J(x) for all xeX . Since G is nonempty, there exists g€G . Thus
TR =a, 50 “T,[C10) 2 T,[7 W(g)=a, thatis, “T,[* (0)=a". Hence, 0€G.

Theorem 5.28 A neutrosophic A:structure X [a s o 7 ,] over X is a special neutrosophic
MN-UP-subalgebra of X if and only if a nonempty subset G of X isa UP-subalgebraof X .

Proof. Assume that X [’Z s o ; lisa special neutrosophic N-UP-subalgebra of X . Let x,y€G.
Then 7, J(x)=a" =% T,[* }(»). Thus
T 1) = min{ T, [ 10, T L 100} = @ 2 T [ 1(x-y)

and so GTN[Zi J(x-y)=a".Thus x-yeG.Hence, G isaUP-subalgebraof X.

Conversely, assume that G is a UP-subalgebraof X .Let x,yeX .
Case1: x,yeG . Then

TN =a" = LI L@ = = L), CEL@ =7 = FIII0).
Thus

min{” 7, [*_ BEON I )t =a’, max{® 1[ ), 1[ 1)} = B, min{® Fyl (0. Eyl 0N =r"

P. Rangsuk, P. Huana, A. lampan, Neutrosophic N-structures over UP-algebras



Neutrosophic Sets and Systems, Vol. 28, 2019 116

Since G is a UP-subalgebra of X, we have x-y€G and so GTN[Zt x-»=a"° IN[/;; 1x-y)=4",
and °F [ ](x y)=7". Hence,

‘TN =a’ za =min{° T, [ 1. T 100

LG = A< B = max{TL 10, L0 1003

SRy =y 2y =min® BT FI0)
Case2: x2G or y £ G.Then
TN =a or LI =a, L1 = or L0 =
R0 =y o SR =7
Thus

min{® 7, [ ), LI 10} =a, max{® 1[ G L2 1)y = A7, min{® Eyl 10, El 0N =r

Therefore,
TN 2z e =min{"T [ 1), LI 100,
LI ) < B =max{® 1 (7 100 L1203,
TR 16y 2y = ming B0, R0
Hence, °X[*_”.""] is a special neutrosophic .\=UP-subalgebra of X .

Theorem 5.29 A neutrosophic Mstructure X [’Z s - 7 _] over X isa special neutrosophic /MN-near
UP-filter of X if and only if a nonempty subset G of X isanear UP-filter of X .

, S s
Proof. Assume that X N[Z,’? +’: _] is a special neutrosophic N-near UP-filter of X . Since

‘X, [Zi‘z ;i "] satisfies the condition (5.4), it follows from Lemma 5.27 that 0 G . Next, let xe X
and y€G.Then GTN[Zt 1(») =a" . Thus, by (5.7), we have

TNy 2 T A0 = @ 20 T 1x- )

and so GTN[Zt 1(x-y)=a’.Thus x-yeG.Hence, G isanear UP-filter of X .
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Conversely, assume that G is a near UP-filter of X . Since 0€G, it follows from Lemma 5.26

that °X N[Ztﬁ;: "] satisfies the conditions (5.4), (5.5), and (5.6). Next, let x,y€ X .

Case 1: y€G. Then GTN[Zt](J’) =a",’ 1N[Z;](y)=ﬂ’, and GFN[;]()’) =y".Since G is a near
UP-filter of X , we have x-yeG and so ‘T [ ](x V=a" 1 [ x-y)=p and
F)x»)= 7" Thus

GT[ Ix-y)=a" za" GT[ 1), G[[ Ic-y)=p<p =° IN[Z;](J’),
SR =y 2y =0 BT
Case2: y £G.Then “Ty[7 1) =a . L[} 1) =, and “F,l 1) =7 . Thus
GTN[Zi](X'y)Za GT[ o, °1 [ Ix-y)<pr= ](y) GF[ -y 2y =¢ FN[?(J’)

Hence, X N[Z,’ﬂ;’i _] is a special neutrosophic A-near UP-filter of X .

Theorem 5.30 A neutrosophic A:structure X [a ’ o 7 ,] over X is a special neutrosophic
MN-UP-filter of X if and only if a nonempty subset G of X isa UP-filterof X .

+

Proof. Assume that °X N[:t’ﬁ ;; _1 is a special neutrosophic J-UP-filter of X . Since ‘X [“ 2 . : ']
satisfies the condition (5.4), it follows from Lemma 5.27 that 0 G. Next, let x,y € X be such that

x-y€G and xeG.Then “T,[* 1(x-y)=a" =% T,[* ](x) . Thus, by (5.10), we have
G at . G at G at _ + G at
T 1) = min{ T, [ 1000, T [ 1)) =@ 20 T,[% 1)

and so GTN[ZJ: 1y)=a" . Thus y€G.Hence, G isa UP-filter of X .

Conversely, assume that G is a UP-filter of X . Since 0eG, it follows from Lemma 5.26 that

Xy [Zt‘z ;i "] satisfies the conditions (54), (5.5), and (5.6). Next, let x,ye X .

Casel: x-yeG and xeG.Then

TNy =at = LI, L0 = 5= LW, SR v = = B,
Since G is a UP-filter of X, we have y€G and so GTN[Zf](y):a*,GIN[ﬁl](y):ﬂ’, and

A1) =7 Thus
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LTI =a" za =min{ T, [ 10e-»). T [ 10,
LW =B < B =max{®L[7 10c- ). L[, 1)),

SR =7 2y =min® £ 0.0 B LI21003.
Case2: x-y£G or x £G .Then

TN =a or T =a, L0 1) = o L) = B

[ )=y or© [ =7
Thus

min{GTN[Z 1602 T 10} =, max{® 1[ e p)° 1[ Ay =47,

min{GFN[: 1 »),¢ Fyl7 =y
Therefore,

‘TN 2 @ =min{OT,[ 1(x- ). T,[C 10},
I 100 < BT =max {17 10 ), 0L 1004,

SR 2y =min{® B[ 10 ). Fl @)

-+

Hence, ‘X N[Zt’ﬁ +’: _] is a special neutrosophic N-UP-filter of X .

Theorem 531 A neutrosophic M:structure °X [’Z s - 7 _] over X is a special neutrosophic
MN-UP-ideal of X if and only if a nonempty subset G of X isa UP-ideal of X .

Proof. Assume that °X [a s o ,] is a special neutrosophic A-UP-ideal of X . Since °X [a ﬁ 7 1
satisfies the condition (5.4), it follows from Lemma 5.27, that 0eG. Next, let x,y,z€ X be such

that x-(y-z)eG and y€G.Then GTN[Zt 1x-(y-2)=a" =° TN[Zi 1(») . Thus, by (5.13), we have
TN 2) 2 minO T [ 10 (- 2D L 100} = @ 20 T [ 1(x-2)

and so GTN[Zt J(x-z2)=a". Thus x-zeG.Hence, G isa UP-ideal of X .
Conversely, assume that G is a UP-ideal of X . Since 0€G, it follows from Lemma 5.26 that
‘X N[Zt’zz’i "1 satisfies the conditions (5.4), (5.5), and (5.6). Next, let x,y,ze€ X .

Case1l: x-(y-z)eG and yeG.Then
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TN =a = LI, T ()= A =0 L),

SR () =+ = B I0).

Thus

min{" 7, [ 1(x- (v- 20 TL0 1003 =@y max{® 1[0 10e (2D 11100 = B
min{® £, [ 10e-(v-2). B 7003 =7
Since G is a UP-ideal of X, we have x-z€G and so T,[*)(x-2)=a"°I,[7.)(x-2)= #", and
F[71(x-2)=7". Thus
NI Nxez) =a zat =min{C T [ 1 (-2 T 10}
LU= B < =max O ) (v-2) L2 10}
RN =y 2y = min® B[ )@ (0-2).0 B0
Case2: x-(y-z)2G or y £G.Then
TN =a o TN = e, LI (v 2) = or S 1) = B

CRU (2 =y or SR =7
Thus
min{*7,[7 10 (v-2).° TLC 100} = @, max{® L[ 10c- (-2 L1010y = 57
min{® £, [ (- (v-2).° B[00 =7
Therefore,
T2 2 =min{C T[] 10 (- 2).0 T 100,
LU <= max{C L[ 1 (v-2).0 1,1 1003,
RG22y =min F [ ) (r- 2 F 1003

B

Hence, ‘X N[Z-’ﬁ;: _] is a special neutrosophic N-UP-ideal of X .

Theorem 5.32 A neutrosophic JM-structure ‘X [’Z s o ; _] over X is a special neutrosophic

MN-strongly UP-ideal of X if and only if a nonempty subset G of X isastrongly UP-ideal of X .
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Proof. Assume that ‘X N[Cﬁ’ﬂ 1isa special neutrosophic JN-strongly UP-ideal of X . By Theorem

o By
517, we have °T, N[“t] is constant, that is, °T, N[at] is constant. Since G is nonempty, we have

°T, [Zi J(x)=a" forall xe X .Thus G=X.Hence, G isastrongly UP-ideal of X .
Conversely, assume that G is a strongly UP-ideal of X .Then G=X, so
T, 1) =a
(vxeX) LX) =8|

CRII® =7

-+

+ - r ot .
Thus T, N[Z,],G 1 N[;] , and GFN[: "] are constant, that is, X N[a,’z ;; _] is constant. By Theorem

-+

5.17, we have X N[Zt’ﬁ;i _] is a special neutrosophic JN-strongly UP-ideal of X .

6. Level subset of a neutrosophic J-structure of special type

In the last section of this paper, we discuss the relationships among special neutrosophic
MN-UP-subalgebras (resp., special neutrosophic ./ near UP-filters, special neutrosophic N-UP-filters,
special neutrosophic A-UP-ideals, special neutrosophic JA-strongly UP-ideals) of UP-algebras and

their level subsets.

Theorem 6.1 A neutrosophic JM-structure X, over X is a special neutrosophic N-UP-subalgebra
of X if and only if for all «,f,y<[-1,0], the sets U(Ty;a),L(I,;f), and U(Fy;y) are
UP-subalgebras of X if U(7,;a),L(I,;f),and U(F,;y) are nonempty.
Proof. Assume that X, is a special neutrosophic N-UP-subalgebra of X . Let «,f,y €[-1,0] be
such that U(Ty;a),L(I,; ), and U(F,;y) are nonempty.

Let x,yeU(,;a) . Then T, (x)2a and T,(y)=a,so «a isalower bound of {7, (x),7,(»)} .
By (5.1), we have T, (x-y)2min{T, (x),7,(»)} 2« .Thus x-yeU(,;a).

Let x,yeL({,;p).Then [,(x)<p and I,(y)<f,s0 B isanupper bound of {/,(x),,(»)}
.By (6.2), we have I, (x-y)<max{l,(x),/,(»)}<pS.Thus x-yeL(l,;p).

Let x,yeU(F,;y).Then F,(x)>y and F,(y)2y,so y isalower bound of {F, (x),F,(»)}.
By (5.3), we have F, (x-y)2min{F, (x),F,(y)}>y.Thus x-yeU(F,;y) .

Hence, U(T;a),L(I,;pB),and U(F,;y) are UP-subalgebrasof X .

Conversely, assume that for all «,f,y €[-1,0], the set U(T,;a),L(I;f), and U(F,;y) are
UP-subalgebras if U(7y;a),L(Iy;0), and U(F,;y) are nonempty.

Let x,yeX . Then T,(x),7,(y)e[-1,0] Choose «=min{T,(x),7,(»)}. Thus T,(x)>a and
Iy(»)za,so x,yeU(T;a)# <. By assumption, we have U(7);ca) is a UP-subalgebra of X and
so x,yeU(T,;a).Thus T,(x-y)=a=min{T, (x),T,(»)}.
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Let x,yeX . Then [,(x),/,(y)e[-1,0] Choose f=max{/,(x),/,(»)}. Thus I,(x)<pf and
I,(»)<B,s0 x,yeL(l;p)#. By assumption, we have L(/,;f) is a UP-subalgebra of X and
so x,yeL(;p). Thus I,(x-y)<f=max{l,(x),1,(»)}.

Let x,yeX . Then F, (x),F,(y)e[-1,0]. Choose y=min{F, (x),F,(y)}. Thus F,(x)>y and
Fy(»)2y,s0 x,yeU(F,;y)#J. By assumption, we have U(F,;y) is a UP-subalgebra of X and
so x,yeU(Fy;y).Thus F,(x-y)<y=min{F,(x),F,()}.

Therefore, X, is a special neutrosophic N-UP-subalgebra of X .

Theorem 6.2 A neutrosophic JM-structure X, over X is a special neutrosophic A-near UP-filter
of X if and only if for all «,f,y€[-1,0], the sets U(Ty;a),L(I,;f), and U(F,;y) are near
UP-filters of X if U(Ty;a),L(Iy; ), and U(Fy;y) are nonempty.

Proof. Assume that X, is a special neutrosophic MN-near UP-filter of X . Let «,f,y €[-1,0] be
such that U(7,;a),L(I,; ), and U(Fy;y) are nonempty.

Let xeU(Ty;a). Then T,(x)=a . By (5.4), we have T,(0)2T,(x)2«a . Thus 0€U(7,;) .
Next, let yeU(,;a) . Then T,(y)2a . By (5.7), we have T,(x-y)2T,(y)=2a . Thus
x-yeU(I;a).

Let xeL(,;p) . Then I, (x)<p . By (5.5), we have [,(0)<I,(x)<f . Thus 0eL(l,;p) .
Next, let yeL(,;pf).Then I,(y)<p.By(5.8), wehave [, (x-y)<I,(y)<f .Thus x-yelL(,;p)

Let xeU(F,;y). Then F,(x)>y . By (5.6), we have F,(0)=F,(x)=y. Thus 0€U(Fy;y).
Next, yeU(F,;7).Then F,(y)>y.By (5.9), wehave F,(x-y)=F,(y)2y.Thus x-yeU(F,;7).

Hence, U(T,;a), L(,;p),and U(F,;y) are near UP-filters of X .

Conversely, assume that for all «,f,y €[-1,0], the set U(T,;a),L(,;p), and U(F,;y) are
near UP-filters if U(7y;ax),L(I,;p), and U(F,;y) are nonempty.

Let xe X . Then 7,(0)<[-1,0]. Choose a =T, (x). Thus T,(x)2a, so xeL(T;ax)#< . By
assumption, we have U(Ty;a) is a near UP-filter of X and so 0€U(7,;a) . Thus
7,(00>2a=T,(x). Next, let yeX . Then T,(y)e[-1,0]. Choose a=T,(y). Thus T,(y)=«a, so
veU([T;a)#< . By assumption, we have U(7,;a) is a near UP-filter of X , and so
x-yeUT;a).Thus T, (x-y)z2a=T,(y) .

Let xeX . Then /,(0)e[-1,0]. Choose B=1,(x). Thus I,(x)<f,so xeL(l,;5)=J. By
assumption, we have L(/,;f8) is a near UP-filter of X and so 0eL(/,;f) . Thus
I,(0)<p=1,(x). Next, let yeX . Then I,(y)e[-1,0]. Choose B=1,(y). Thus I,(y)</S, so
vel(ly;p)+#<. By assumption, we have L(I,;f) isanear UP-filterof X ,andso x-yeL(l,;/f).
Thus 7,(x-y)<p=1,().

Let xe X . Then F,(0)e[-1,0]. Choose y =F,(x). Thus F,(x)>y, so xeU(F,;y)#< . By
assumption, we have U(F,;y) is a near UP-filter of X and so 0eU(F,;y) . Thus
F,(0)>y=F,(x). Next, let yeX . Then F,(y)e[-1,0]. Choose y=F,(y). Thus F,(y)=y, so
yeU(F,;y)=< . By assumption, we have U(F,;y) is a near UP-filter of X , and so
x-yeU(Fy;y). Thus Fy(x-y)2y=F(»).

Therefore, X, is a special neutrosophic A-near UP-filter of X .
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Theorem 6.3 A neutrosophic N-structure X, over X isa special neutrosophic /~UP-filter of X
if and only if for all «, S,y €[-1,0], the sets U(T,;@),L(Iy; /), and U(F,;y) are UP-filters of X if
UT,;a),L(;p),and U(F,;y) are nonempty.

Proof. Assume that X, is a special neutrosophic N-UP-filter of X . Let a,f,y €[-1,0] be such
that U(T,;a),L(I,; ), and U(F,;y) are nonempty.

Let xeU(Ty;a). Then T,(x)=2a . By (5.4), we have 7,(0)=2T,(x)2a . Thus 0eU(Ty;) .
Next, let x-yeU(T,;a) and xeU(Ty;a). Then T,(x-y)2a and T,(x)<a, so a is a lower
bound of {7}, (x-y),7,(x)} . By (5.10), we have T, (y)=min{7, (x-y),T,(x)}2a .Thus yeU(T,;a).

Let xeL(,;p) . Then I,(x)<p . By (5.5), we have [,(0)<I,(x)<f . Thus 0e€L({,;p) .
Next, let x-yeL(l,;p) and xeL({,;p) . Then I,(x-y)<p and I,(x)<fB, so f is an upper
bound of {7, (x-y),I,(x)}.By (5.11), we have 7,(y)<max{l,(x-y),I,(x)}<p.Thus yeL(l,;p).

Let xeU(F,;y). Then F,(x)=y . By (5.6), we have F,(0)=F,(x)=y. Thus 0eU(Fy;y).
Next, let x-yeU(Fy;y) and xeU(F,;y). Then F,(x-y)=>y and F,(x)=y, so y is a lower
bound of {F} (x-y),F,(x)}.By (5.12), we have F,(y)2min{F,(x-y),Fy(x)}=y.Thus yeU(Fy;7).

Hence, U(T;a),L(I,;f),and U(F,;y) are UP-filtersof X .

Conversely, assume that for all «,f,y €[-1,0], the set U(T;),L(I,;f), and U(F,;y) are
UP-filters if U(7y;@),L(I,;p), and U(Fy;y) are nonempty.

Let xe X . Then 7, (x)e[-1,0]. Choose a=T,(x). Thus T,(x)2a, so xeU(T,;a)# . By
assumption, we have U(7,;a) is a UP-filter of X and so 0€U(7,;a). Thus 7,(0)=2a=T,(x).
Next, let x,ye X . Then T, (x-y),T,(x)e[-1,0]. Choose «=min{T,(x-y),T,(x)}.Thus T,(x-y)>«
and Ty(x)>2a,so0 x-y,xeU(T,;a)# . By assumption, we have U(7, ;) is a UP-filterof X and
so yeU(T,;a).Thus T, (y)=a=min{T,(x-»),T,(x)}.

Let xe X . Then 7,(x)e[-1,0]. Choose f=1,(x). Thus I,(x)<p,s0 xeL(l,;p)=. By
assumption, we have L(/,;f) is a UP-filter of X and so 0€L(/,;f) . Thus [,(0)<f=1,(x).
Next, let x,yeX . Then [I,(x-y),l,(x)e[-1,0] . Choose p=max{l,(x-y),l,(x)} . Thus
I,(x-y)<p and I,(x)<p, so x-y,xeL(,;p)#< . By assumption, we have L(/,;f) is a
UP-filter of X andso yeL(l,;f).Thus I,(y)<pf=max{l,(x-y),1,(x)}.

Let xe X . Then F,(x)<€[-1,0]. Choose y=F,(x). Thus F,(x)<y, so xeU(Fy;y)#<J . By
assumption, we have U(F);y) is a UP-filter of X and so 0€U(F,;y). Thus F,(0)=y=F,(x).
Next, let x,yeX . Then F,(x-y),F,(x)e[-1,0] . Choose y=min{F, (x-y),F,(x)} . Thus
Fy(x-y)zy and F,(x)2y, so x-y,xeU(F,;y)=< . By assumption, we have U(F,;y) is a
UP-filter of X andso yeU(Fy;y).Thus F,(y)=y=min{F, (x-y),F,(x)}.

Therefore, X

N

is a special neutrosophic N-UP-filter of X .

Theorem 6.4 A neutrosophic JM-structure X, over X is a special neutrosophic N-UP-ideals of
X if and only if for all «,f,y €[-1,0], the sets U(7;a),L(;f), and U(F,;y) are UP-ideals of
X if UTy;a),L;P), and U(F,;y) are nonempty.
Proof. Assume that X, is a special neutrosophic N-UP-ideal of X . Let «,f,y €[-1,0] be such
that U(Ty;a),L(I,;B), and U(F,;y) are nonempty.

Let xeU(Ty;a). Then T, (x)=a . By (5.4), we have T,(0)=2T,(x)2«a . Thus 0€U(7};) .
Next, let x-(y-z2)eU(Ty;) and yeU(Ty;@). Then T, (x-(y-z))2a and T,(y)2a, so a is a
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lower bound of {7, (x-(y-2)),T,(»)} . By (5.13), we have T, (x-z)2min{7, (x-(y-z)),T,(»)} 2 . Thus
x-zeU(T;a).

Let xeL(,;p) . Then I, (x)<f . By (56.5), we have [,(0)<I,(x)<f . Thus 0eL(l,;p) .
Next, let x-(y-z)eL(,;p) and yeL(l,;p). Then I[,(x-(y-z))<p and [,(y)<f, so f is an
upper bound of {/,(x-(y-2)),{,(»)} . By (5.14), we have [I,(x-z)<max{l/,(x-(y-2)),I,(¥)}<p.
Thus x-zeL(,;p).

Let xeU(F,;y). Then F,(x)>y . By (5.6), we have F,(0)=F,(x)=y. Thus 0€U(Fy;y).
Next, let x-(y-z)eU(F,;y) and yeU(F,;y). Then F,(x-(y-z))=2y and F,(y)=y, so y is a
lower bound of {F (x-(y-z)),Fy(»)} . By (5.15), we have F, (x-z)2min{F,(x-(y-2)),Fy(»)}=7.
Thus x-zeU(Fy;y).

Hence, U(T;a),L(I,;p),and U(F,;y) are UP-ideals of X .

Conversely, assume that for all «,f,y €[-1,0], the set U(T,;a),L(;f), and U(F,;y) are
UP-ideals if U(T,;;a),L(y;p),and U(F;y) are nonempty.

Let xe X . Then T,(x)e[-1,0]. Choose a=T,(x). Thus T,(x)2a, so xeU(Ty;a)#< . By
assumption, we have U(7,;a) is a UP-ideal of X and so 0€U(7};«). Thus 7, (0)=a=T,(x).
Next, let x,y,z€e X . Then T, (x-(y-2)),T,(»)€[-1,0]. Choose o =min{T, (x-(y-2)),T,(»)} . Thus
Ty(x-(y-z))2a and Ty(y)2a,s0 x-(y-z),yeU(,;a)#D . By assumption, we have U(7,;«) is
a UP-idealof X andso x-zeU(T,;a).Thus T, (x-z)=a=min{l,(x-(y-2)),T,(»)} .

Let xe X . Then [/,(x)e[-1,0]. Choose B=1,(x). Thus I,(x)<f,so xeL(l,;5)=J. By
assumption, we have L({,;f) is a UP-ideal of X and so 0€L(/,;f) . Thus [, (0)<f=1,(x).
Next, let x,y,z€X . Then I,(x-(y-2)),I,(»)€[-1,0]. Choose f=max{l,(x-(y-2)),l,(»)}. Thus
I,(x-(y-z2)<p and I,(y)<p,s0 x-(y-z),yeLl(,;p)=. By assumption, we have L(I,;f) is
aUP-idealof X andso x-zeL(l,;p).Thus I,(x-z)<f=max{l,(x-(y-2),I,(»)}.

Let xe X . Then F,(x)e[-1,0]. Choose y=F,(x). Thus Fy(x)=y, so xeU(F,;y)#< . By
assumption, we have U(F,;y) is a UP-ideal of X and so 0€U(F,;y). Thus F,(0)=y=F,(x).
Next, let x,y,ze X . Then F,(x-(y-2)),F,(¥)€[-1,0]. Choose y=min{F, (x-(y-2)),F,(»)}. Thus
Fo(x-(y-z))2y and F,(y)=y,s0 x-(y-z),y eU(Fy;y) = . By assumption, we have U(F};y) is
a UP-idealof X andso x-zeU(F,;y).Thus F,(x-z)2y=min{F,(x-(y-2)),F,(V)} .

Therefore, X, is a special neutrosophic /-UP-ideal of X .

Definition 6.5 Let X, be aneutrosophic N-structure over X .For «,p,y e[-1,0], the sets

ULU, (a.f.y)={xe X|T, 2 a1y < B.Fy 27},
LULXN(a,ﬂ,y):{xeX|TN <a,l,>pB,F, <y},

EXN(a’ﬂ’}/):{XEX|TN:aﬁlN:ﬁ7FN:7}

are called a ULU -(a, B3,7) -level subset, an LUL - (e, 3, y) -level subset, and an E -(a, 3, y) -level subset

of X, , respectively. Then we see that

ULUy (@, B,7) = U(Ty;a) N L(Ly; B)NU(Fy; ),

LUL, (e, f,7) = L(T;a) "UWy; BYNL(Ey;7),s
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EXN (o, B,7)= E(TN;a)ﬁE(IN;ﬁ)ﬁE(FN;7)-
Corollary 6.6 A neutrosophic JM-structure X, over X is a neutrosophic N-UP-subalgebra of X

if and only if for all «,f,ye[-1,0], LULX]v (a,B,y) is a UP-subalgebra of X where
LULXN (a,B,y) is nonempty.

Proof. It is straightforward by Theorem 4.2.

Corollary 6.7 A neutrosophic JM-structure X, over X is a neutrosophic /N-near UP-filter of X
if and only if for all «, S,y €[-1,0], LUL, (a,fB,7) is anear UP-filter of X where LUL, (a,8,7)

is nonempty.

Proof. It is straightforward by Theorem 4.3.
Corollary 6.8 A neutrosophic JM-structure X, over X isaneutrosophic /~UP-filter of X if and
only if for all e, f,y<[-1,0], LULXN (a,B,y) is a UP-filter of X where LULXN (a,B,y) is

nonempty.

Proof. It is straightforward by Theorem 4.4.

Corollary 6.9 A neutrosophic J-structure X, over X isaneutrosophic N-UP-ideal of X if and

only if for all «,p,y<[-1,0], LULXN(a,ﬂ,y) is a UP-ideal of X where LULXN(a,,b’,)/) is

nonempty.

Proof. It is straightforward by Theorem 4.5.
Corollary 6.10 A neutrosophic A-structure X, over X isa neutrosophic J-strongly UP-ideal of
X ifand onlyif E(7,,7,(0))=X,E(,,I,(0)=X,and E(F,,F,(0)=X .

Proof. It is straightforward by Theorem 4.6.

Corollary 6.11 A neutrosophic A-structure X, over X is a special neutrosophic

MN-UP-subalgebra of X if and only if for all «,f,y €[-1,0], ULU x, (@, B.7) is a UP-subalgebra of

X where ULUXV (a,pB,7) isnonempty.

Proof. It is straightforward by Theorem 6.1.

Corollary 6.12 A neutrosophic JM-structure X, over X isa special neutrosophic JV-near UP-filter

of X if and only if for all «,f,y€[-1,0], ULUXN (a,p,7) is a near UP-filter of X where

ULU Xy (a,B,y) is nonempty.
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Proof. It is straightforward by Theorem 6.2.

Corollary 6.13 A neutrosophic JM-structure X, over X is a special neutrosophic N-UP-filter of

X if and only if for all «,f,y €[-1,0], ULUXN (a,B,y) is a UP-filter of X where ULUXN (e, B,7)

is nonempty.

Proof. It is straightforward by Theorem 6.3.

Corollary 6.14 A neutrosophic J-structure X, over X is a special neutrosophic A-UP-ideal of

X if and only if for all «,f,y [-1,0], ULUXN (a,pB,7) is a UP-ideal of X where ULUXN (a,,7)

is nonempty.

Proof. It is straightforward by Theorem 6.4.

7. Conclusions

In this paper, we have introduced the notions of (special) neutrosophic N -UP-subalgebras,
(special) neutrosophic N -near UP-filters, (special) neutrosophic N -UP-filters, (special)
neutrosophic N -UP-ideals, and (special) neutrosophic N -strongly UP-ideals of UP-algebras and
investigated some of their important properties. Then we have that the notion of (special)
neutrosophic N -UP-subalgebras is a generalization of (special) neutrosophic N -near UP-filters,
(special) neutrosophic N -near UP-filters is a generalization of (special) neutrosophic N
-UP-filters, (special) neutrosophic N -UP-filters is a generalization of (special) neutrosophic N
-UP-ideals, and (special) neutrosophic N -UP-ideals is a generalization of (special) neutrosophic
N -strongly UP-ideals. Moreover, we obtain that (special) neutrosophic N -strongly UP-ideals and
constant neutrosophic N -structures coincide.

In our future study, we will apply these notion/results to other type of neutrosophic N
-structures in UP-algebras. Also, we will study the soft set theory/cubic set theory of such

neutrosophic N -structures.
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Abstract. As a generalization of fuzzy sets and intuitionistic fuzzy sets, neutrosophic sets have been de-
veloped by F. Smarandache to represent imprecise, incomplete and inconsistent information existing in
the real world. A neutrosophic set is characterized by a truth-membership function, an indeterminacy-
membership function, and a falsity-membership function. An interval neutrosophic set is an instance of
a neutrosophic set, which can be used in real scientific and engineering applications. In this paper we
have defined some new operators on interval valued neutrosophic sets and studied their properties. In
addition, we give numerical examples to illustrate the defined operations.
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1 Introduction

In 1999, a Russian scientist Molodstov [1] initiated the concept of soft set theory as a fundamental
mathematical tool for modelling uncertainty, vague concepts and not clearly defined objects.
Although various traditional tools, including but not limited to rough set theory [2], fuzzy set theory
[3], intuitionistic fuzzy set theory [4] etc. have been used by many researchers to extract useful
information hidden in the uncertain data, but there are inherent complications connected with each of
these theories. Additionally, all these approachess lack in parameterizations of the tools and hence
they couldn’t be applied effectively in real life problems, especially in areas like environmental,
economic and social problems. Soft set theory is standing uniquely in the sense that it is free from the
above mentioned impediments and obliges approximate illustration of an object from the beginning,
which makes this theory a natural mathematical formalism for approximate reasoning.

The notion of intuitionistic fuzzy set (IFS) was initiated by Atanassov as a significant
generalization of fuzzy set. Intuitionistic fuzzy sets are very useful in situations when description of a
problem by a linguistic variable, given in terms of a membership function only, seems too complicated.
Recently intuitionistic fuzzy sets have been applied to many fields such as logic programming,
medical diagnosis, decision making problems etc. The intuitionistic fuzzy sets can only handle the
incomplete information considering both the truth membership (or simply membership) and falsity
membership (or non-membership) values. But it doesn’t handle the indeterminate and inconsistent
information which exists in belief system. In 1995, F. Smarandache [05, 06] introduced the concept of
neutrosphic set which is a mathematical tool for handling problems involving imprecise,
indeterminacy and inconsistent data. This concept has been successfully applied to many fields such
as databases [7, 8], medical diagnosis problem [9], decision making problem [10], topology [11],
control theory [12] etc.
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Presently works on the neutrosophic set theory is progressing rapidly. Bhowmik and Pal [13, 14]
defined intuitionistic neutrosophic set. Later on Salam and Alblowi [15] introduced another concept
called Generalized neutrosophic set. Wang et al. [16] proposed another extension of neutrosophic set
which is single valued neutrosophic. Also Wang et al. [17] introduced the notion of interval valued
neutrosophic set which is an instance of neutrosophic set. It is characterized by an interval
membership degree, interval indeterminacy degree and interval non-membership degree. Ye [18, 19]
defined similarity measures between interval neutrosophic sets and their multicriteria decision-
making method. Majumdar and Samanta [20] proposed some types of similarity and entropy of
neutrosophic sets. Broumi and Smarandache [21, 22, 23] proposed several similarity measures of
neutrosophic sets. S. Broumi and F. Smarandache defined four new operations on interval-valued
intuitionistic hesitant fuzzy sets and studied their important properties. F.G. Lupianez [24] defined the
notion of neutrosophic topology on the non-standard interval. Majumder [25] discussed the distance
and similarity between two neutrosophic sets . He also introduced the notion of entropy to measure
the amount of uncertainty expressed by a neutrosophic set. H. Zhang et al. [26] defined operations for
interval neutrosophic sets and a comparison approach was put forward based on the related research
of interval valued intuitionistic fuzzy sets. He also developed two interval neutrosophic number
aggregation operators and using these, a multi-criteria decision making problem was explored.
H.Wang et al. [27] presented various properties of interval neutrosophic sets based on set theoretic
operators. In 2017, Bera and Mahapatra [28] initiated the concept of neutrosophic soft matrix and they
successfully applied it to solve decision making problems. Song et al. [29] applied neutrosophic sets
to ideals in BCK/BCI algebras. Shahzadi et al [30] applied single valued neutrosophic sets in medical
diagnosis. Recently, Thao and Smaran [31] proposed the concept of divergence measure on
neutrosophic sets with an application to medical problem. Some recent applications of neutrosophic
sets can be found in [32-39].

This paper is an attempt to define some new operators on interval valued neutrosophic sets and
to study their properties. In addition to that, we have given numerical examples to illustrate the
defined operations. The organization of this paper is as follow: In section 2, we briefly present some
basic definitions which will be used in the rest of the paper. In section 3, we define some new

operations on interval valued neutrosophic sets and discuss their properties. In section 5, conclusion is
given. Lastly all the related references are given.

2 Preliminaries
2.1 Definition [3]:
Let U be a non empty set. Then a fuzzy set T on U is a set having the form
T ={(x, u,(x)):xe U}
where the function p :U—[0, 1] is called the membership function and ut(x) represents the

degree of membership of each element x € U.

2.2 Definition [4]:
Let U be a non empty set. Then an intuitionistic fuzzy set (IFS for short) T is an object having the form

T= {(X, [V (X), Y. (X)>Z X € U} where  the functions p_:U—[0, 1] and y:U —[0, 1] are called

membership function and non-membership function respectively. L (X) and Y. (X) represent the degree of

membership and the degree of non-membership respectively of each element xe U and
0<p, (x)+y,(x)<1 foreach x e U.

We denote the class of all intuitionistic fuzzy sets on U by IFSU.
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2.3 Definition [5, 6]:

Let U be a non empty set. Then a neutrosophic set (NS for short) I'isan object having the form
= {<x, i (X), Yr ()(),5F (X) >: X € U} where the functions p.,y., 6.:U—]0,1"[ and
0<p, (X) + v (X) + 0 (X) < 3". From philosophical point of view, the neutrosophic set takes the

value from real standard or non-standard subsets of ] 0, 1'[. But in real life applications in scientific
and engineering problems it is difficult to use neutrosophic sets with value from real standard or non-

standard subsets of ] 0, 1"[. Hence we consider the neutrophic set which takes the value from the
subset of [0, 1] ie; O<p, (X)+ Yr (X) +0r (X) <3 where H,yrand O are called truth

membership function, indeterminacy membership function and falsity function respectively.
We denote the class of all neutrosophic sets on U by NSU.

2.4 Definition [17]:

Let U be a non empty set. Then an interval valued neutrosophic set (IVNS for short) I'is an
object having the form

F:{<x, [inﬂ,tr(x),supl,tr } [mfyr ,supyp (x )},[inf&r(x),sup5r(x)]>: Xe U}

where the functions p,y.., 8.:U — Int([0,1]) and O <suppu, (X)+Sup Yr (X) +sup o (X) <3.

We denote the class of all interval valued neutrosophic sets on U by IVNSU.

2.5 Definition [17]:

Let I, Q be two interval neutrosophic sets on U. Then

(a) T is called a subset of Q, denoted by I < €2 if

infju, (x) <infp,, (x), SUp [, (x) <supp,, (x),inﬁ(F (x) >infy, (x),sup Yr (x) >supy, (x),
inf &, (x) <inf g, (x),supé‘F (x) <supo, (x) VxeU.
(b) The intersection of I" and Q is denoted by I' M €2 and is defined by

r Q= {{[min (infi (x),infig (), min (supy (x),suppy (x))]
[ max (infy, (x).inf 7, (x)), max (supy, (x).sup g (x)) ],
[ max (inf &, (x)inf &, (x)),max (sup ;. (x).5upq (x)) ]): x € U},
(c) The union of " and Q is denoted by I \W €2 and is defined by
ruQ-= {<[max(infpr (x).infitg (x)), max (supp, (x ). suppg (x))].
[ min (infy, (x),inf v, (x)), min (supy (x),supy, (x)) .
[min (inf &, (x).inf &, (x)),min (sup ;. (x),s5upy (x)) ]):x € UJ.
(d) The complement of I is denoted by I'° and is defined by
1 ={(x, [infs; (x),sups; (x)], [1-supy; (x),1=inf v, (x) ] [inf g (x),5up g (x)] ): x € U}
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3. New Operators on Interval Valued Neutrosophic Sets

In this section we have proposed two new operators defined on interval valued neutrosophic sets.
We also present their basic properties.

3.1 Definition:

The operator [:7VNS” — IVNS" is defined by
U= {(x, [infpF (x),supp, (x)] , [infyF (x),supy, (x)] ,[inf§r (x),1-sup . (x)] > D X€E U} ,
for T e IVNS".

3.2 Example:
Let us consider an interval valued neutrosophic set I on U given by

={(a, [0.2,0.4], [0.6,03],[0.3,0.5] ) (b, [0.6,0.8], [0.5,0.6] [ 0.1,0.4] )}
Then we have [T = {(a, [0.2,0.4], [0.6,0.3],[0.3,0.5] ), (b, [0.6,0.8], [0.5,0.6],[0.1,0.6] )}.
3.3 Definition:
The operator ¢ :IVNS" — IVNS" is defined by
OT ={(x, [infit, (x),1-sups; (x)], [infy, (x),supy, (x)].[inf 8, (x),sups, (x)]): xe U},

for ' e IVNS".
3.4 Example:

Let us consider an interval valued neutrosophic set I"on U given by

={(a, [0.2,0.4], [0.6,0.3],[0.3,0.5] ), (b, [0.3,0.8], [0.5,0.6],[0.1,0.4] ..

Then we have 0T ={(a, [0.2,0.5], [0.6,0.3],[0.3,0.5] ). (b, [0.3,0.6], [0.5,0.6].[0.1,0.4] )}.
3.5 Theorem:
For I' € IVNS v , we have the followings
(@) (O0T¢) =0T
(b) (0T°) =T
(c) I 'cT' oI
(d) 0(0T) =00
(e) 0(0T") =0T
(f) 0(0T) =0T
(g) O(Or) =T
Proof:
(@) I'= {(x, [infur (x),sup T (x)], [infyF (x),sup Ve (x)],[inf o, (x),sup o, (x)] >: X € U}
=TI = {(x, [infé'r (x),sup o, (x)], [l—supyr (x),l—infyr (x)],[inf 7 (X),sup y7a (X)] >: X € U}
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00" ={(x, [infs, (x).,sup s, (x)], [L-supy, (x),1-inf y, (x)].[inf g (x),1-sup 3, (x)]): x € U}.
Hence (0 )

= {(x,[inf pe (%), 1=sup s, (x)], [inf v, (x),supy, (x)].[inf5; (x),sup 3, (x)] ): x U} =0r.

(b)) I'= {(x, [infur (x),sup W (x)], [infyF (x),sup Y (x)],[inf 0, (x),sup 0, (x)] >: X € U}

=I"= {(x, [inf5F (x),supd. (x)], [l—supyr (x),1—infy, (x)],[inf - (x),sup g1 (x)] >: X € U}

- o0 ={(x, [infs, (x),1-sup g (x)]. [1-supy, (x),1—infy, (x)].[inf z (x).sup . (x)]): x € U}.
Hence (0T )

:{<x,[im“yr(x),sup,ur (x)], [im“yr(x),supyl_(x)],[infé‘r (x),l—supyr (x)] >: er} =T

(c) Proof is straight forward.

(d) F={< X, [mfpr(x) supur ], [mfyr x) sup vy, X)] ,[mfé‘ ( supé'r(x)] >: X€E U}

=UIN= {< [mfur (x) sup pr ], [mfyF sup Yr x)],[mfé l sup 4, (x)] >: X € U}

:>U(UF) = {(x, [mfur (x) SUp U, x)] [mfyr ),sup Yr (x)],[lnf o, (X),l—sup e (x)] >: X € U}
=1T.

(e) Proof is similar to (d).

HTI'= {(x, [infur (X),suppr (X)] , [infy (X) sup vy, (x)] [inf5 (x) supd;. ( X)] > D X€E U}

=0I'= {(x, [infur (x),l —sup o, (x)] [mfyF (x) sup yr ] [1nf5 ) sup &, (x)] >: X € U}

:>U(<>F) = {(x, [infpr (x),l—supé'r (x)], [mfyr (x),supyr (x)],[lnf o, (x),sup o, (x)] >: X € U}
=0r.

(g) Proof is similar to (f).

3.6 Theorem:

For [, Q € IVNS", we have the followings
(@) O(ruQ)=1r Ul

(b) I(CNQ) <IC OO
(c) O(TWQ) =0T UOQ
(d) O(T'NQ)=0r NOQ

Proof:
We have,

Fz{(x, [infpr(x),supuF X ] [mfyF ,supyp(x ] [1nf5 X ),sup &, (X)] >: er} and

Q={<x, [infpQ (x),supp,, (x ], [infyQ X),supy, (x ] [1nf5 X),sup &, (x)] >: er} .
(@ I'uQ
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= {([max(infi, (x),infig (x)), max (suppr (x),supsy (x))],
[ min (infy, (x),inf v, (x)), min (supy, (x),supyq (x)) |,
[ min (inf & (x),inf &, (x)), min (sup 5. (x),sup &, (x)) J): x U},
Hence (T UQ)
, max (sup - (x ), suppg (x)) ],
;min (supy; (x),supq (x)) |,

) 1—sup (max(sup i (x),suppg (x)))D X € U}

1 1
2
=]
[y
=]
H?
~
—_
bl
< el .
=
{O%
—_
bl
\_/\/\/\_/\/\_/

0T = {(x, [infur (x),supp, (X):I, [infyr (x),supy, (x)],[inf S (x),1-sup s (X):I >: Xe U}

and

DQ={<X, [inf;,tQ X),sup L, (x ] [mfyQ X),supy, (x } [mf& x),1—sup 4, (x)] >: XEU}

ﬁence OroudQ
= {<[max(infur (x),inf, (x)), max (sup i (x),suppg (x))],
[min(infyr (x),inf y,, (x)),min(sup v (x),supy, (X))}

[min(inf 8¢ (x),inf &, (x)), min (1-sup p  (x),1-supp, (X))]> 1x e U}.
Consequently, | (F U Q) = rullQ.

(b) Proof is similar to (a).

© TuQ
= {{[max (infu (). infity (x)), max (suppy (x),5upq () ]

[ min (infy, (x),inf v, (x)),min (supy, (x),supy4 (x)) ],

[min(inf & (x),inf &, (x)),min (sup &, (x),sup &, (x)) ]): x e U}.
Hence ¢(I'u Q)

= {{[max it ()it (). 1 s min (s0p () sup 5, () ]

(
[ n(lnfyr (x),infy, (x ) mm(supyr( ), supyg(x))],
[ in (inf & (x),inf 5, (x)), min (sup ;. (x),sup 5, (x))]> X € U}

)
)
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= {<[max(infuF (X),infuQ (x)), max (1 —sup iy (X),l—suqu (X))J,
[min (inf\(r (x),infy,, (x)),min (sup Ve (x),supy, (X)):',
[min (inf &, (x),inf &, (x)), min(sup J;. (x),sup J, (x))D X € U}.
Again
<>F={<x, [infuF ) 1- sup5 ] [mfyr supyr ] [1nf5 ) sup o, (x)] >: X EU}

and

0Q = {<x, [infuQ ) 1- supé' ] [mfyQ ),supr (x)],[inf 0o (x),sup 0, (X):' >: X € U}
Hence UT"UQ
= {<[max (infuF (x),infp,, (X)), max(l —sup &, (x),1-supd, (x))],
[rnin(infyr (x),infy, (X)),min(sup Y (x),supy, (X))],
[min(inf S; (x),inf &, (x)), min (sup & (x),supd, (x))]> (X € U}.
Consequently, D(FUQ) =ullQ.
(d) Proof is similar to (c).

3.7 Definition:
The operator © :IVNS Y — IFSY is defined by

of'= {<X, infu- (X), infy,. (x),inf Oy (x) >: X € U}, I e IVNSY.

3.8 Example:

Let us consider an interval valued neutrosophic set I"on U given by

={(a, [0.2,0.4], [0.6,0.3],[0.3,0.5] ). (b, [0.6,0.8], [0.5,0.6],[0.1,0.4] )}.
Then we have o’ ={(a, 0.2, 0.6,0.3),(b, 0.6, 0.5,0.1)}.

3.9 Theorem:

For I € IVNS", we have
(a) o(IT) =o'
(b) o(OT) =eI'

Proof:
We have,

F={<x, [infur(x),supuF ] [mfyr ,supyr(x )],[infé}(x),supé} (x)]> X eU}.
Then

(a) UI'= {<X, [infur X),suppr (x ] [mfyr X),supyp (x ] [mfé' x),1—sup 4 (X):I >: Xe U}
and so O(DF) = {(x, infp, (X), infy,. (X),inf or (X) >: Xe U} =o["

(b) Proof is similar to (a).
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3.10 Theorem:

For I',QQ € IVNS v , we have the followings
(@) o(FUQ)=cTUcQ
(b) o(FNQ)=c MO

Proof:
We have,

Fz{(x, [infur(x),supur(x)], [infyr (x),supy, (x ] [mf& (x),sup &, (x)] >: X eU} and

Qz{(x, [infpQ (x),supug(x)], [infyQ X),supy, (x ] [1nf5 X),sup &, (X)] >: er} .
(@ TuQ

= {<x, [max (infi, (x),influg (x)), max (suppp (x),supp, (X))]’
[min(infyr (x),inf yq (x)),min (supy, (x),supy, (x ]
[min(inf 8¢ (x),inf &, (x)), min (sup ;. (x ), sup &, (x))

]>:er}.

o(TUQ)

= {(x, max(infy (x),infirg (x)), min (infy, (x), inf v (x)), min (inf & (), inf &, (x))): x € U}.

Again we have, o["UoQ)
= {<x, infy (x), infy (x),inf 5. (x) ): x e U}u{<x, infyt,, (x), infy, (x),inf 5, (x) ): x € U}
= {(x, max(infy (x),infirg (x)), min (infy, (x), inf v (x)), min (inf & (x),inf &, (x))): x € U}.

Consequently © (F U Q) =o[TUo().

(b) Proof is similar to (a).

4. Conclusions

Neutrosophic set is a part of neutrosophy which studies the origin, nature, and scope of neutralities,
as well as their interactions with different ideational spectra. In this paper we have defined the set-
theoretic operators on interval valued neutrosophic sets and studied some properties. We hope that
this paper will promote the future study on interval valued neutrosophic sets to carry out a general
framework for their application in practical life. Moreover, with the motivations of ideas presented in
the paper, one can think of similar operations on interval valued neutrosophic sets of type-2, hesitant
interval valued neutrosophic sets, interval valued neutrosophic soft sets and interval valued hesitant

neutrosophic soft sets.
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Abstract: Bipolar neutrosophic matrices (BNM) are obtained by bipolar neutrosophic sets. Each
bipolar neutrosophic number represents an element of the matrix. The matrices are representable
multi-dimensional arrays (3D arrays). The arrays have nested list data type. Some operations,
especially the composition is a challenging algorithm in terms of coding because there are so many
nested lists to manipulate. This paper presents a Python tool for bipolar neutrosophic matrices. The
advantage of this work, is that the proposed Python tool can be used also for fuzzy matrices, bipolar
fuzzy matrices, intuitionistic fuzzy matrices, bipolar intuitionistic fuzzy matrices and single valued

neutrosophic matrices.
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1. Introduction

Smarandache [1] gave the concept of neutrosophic set (NS) by considering the triplets
independent components whose values belong to real standard or nonstandard unit interval] - 0, 1*[.
Later on, Smarandache [1] gave single valued neutrosophic set (SVNS) to apply into the various
engineering applications. The various properties of SVNS is being studied by Wang et al. [2]. Further,
Zhang et al. [3] presented a concept of interval-valued NS (IVNS) where the different membership
degrees are represented by interval. In [4] Deli et al. introduced the concept of bipolar neutrosophic
sets and their applications based on multicriteria decision making problems. The same author [5]
proposed the bipolar neutrosophic refined sets and their applications in medical diagnosis for more
details about the applications and its sets, we refer to [6]. Since the existence of NS, various scholars
have presented the approaches related to SVNS and bipolar neutrosophic sets into the different fields.
For instance, Mumtaz et al. [7] developed the concept of bipolar neutrosophic soft sets that combines
soft sets and bipolar neutrosophic sets. In [8, 9] Broumi et al. introduced the notion of bipolar single
valued neutrosophic graph theory and its shortest path problem. Dey et al. [10] considered TOPSIS
method for solving the decision making problem under bipolar neutrosophic environment. Akram
et al. [11] described bipolar neutrosophic TOPSIS method and bipolar neutrosophic ELECTRE-I
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method. Akram and Sarwar [12] studied the novel multiple criteria decision making methods based
on bipolar neutrosophic sets and bipolar neutrosophic graphs. Akram and Sitara [13] introduced the
concept of bipolar single-valued neutrosophic graph structures and discussed certain notions of
bipolar single-valued neutrosophic graph structures with examples. Singh [14] introduced bipolar
neutrosophic graph representation of concept lattice and it’'s processing using granular computing.
Mullai and Broumi [15] presented shortest path problem by minimal spanning tree algorithm using
bipolar neutrosophic numbers. Ulugay et al. [16] defined similarity measures of bipolar neutrosophic
sets and their application to multiple criteria decision making. Based on literal neutrosophic numbers,
Mamouni et al. [17] defined the addition and multiplication of two neutrosophic fuzzy matrices. in
the light of Fuzzy Neutrosophic soft sets, Arockiarani [18] present a new technique for handling
decision making problems and proposed some new notions on matrix representation. Karaaslan and
Hayat [19] introduced some novel operations on neutrosophic matrices. Uma et al. [20] introduced
two types of fuzzy neutrosophic soft Matrices. The same authors in [21] decomposed fuzzy
neutrosophic soft matrix by means of its section of fuzzy neutrosophic soft matrix of Type-I. Hassan
et al. [22] defined some special types of bipolar single valued neutrosophic graphs. Akram and
Siddique [23] discussed certain types of edge irregular bipolar neutrosophic graphs. Pramanik [24]
developed cross entropy measures of bipolar neutrosophic sets and interval bipolar neutrosophic
sets. Wang et al. [25] defined Frank operations of bipolar neutrosophic numbers (BNNs) and
proposed Frank bipolar neutrosophic Choquet Bonferroni mean operators by combining Choquet
integral operators and Bonferroni mean operators based on Frank operations of BNNs. In the same
study, Akram and Nasir [26] introduced the concept of p-competition bipolar neutrosophic graphs.
then they defined generalization of bipolar neutrosophic competition graphs called m-step bipolar
neutrosophic competition graphs. AKRAM and SHUM [27] defined Bipolar Neutrosophic Planar
Graphs. Hashim et al. [28] provide an application of neutrosophic bipolar fuzzy sets in daily life’s
problem related with HOPE foundation that is planning to build a children hospital. Akram, and
Lugman [29] generalized the concept of bipolar neutrosophic sets to hypergraphs. Das et al. [30]
proposes an algorithmic approach for group decision making (GDM) problems using neutrosophic
soft matrix (NSM) and relative weights of experts.
Broumi et al. [31-34] applied the concept of IVNS on graph theory and studied some interesting
results. Broumi et al. [35] developed a Matlab toolbox for computing operational matrices under the
SVNS environments. Pramanik et al [36] developed a hybrid structure termed “rough bipolar
neutrosophic set”. In [37] Pramanik et al. presented Bipolar neutrosophic projection based models for
solving multi-attribute decision making problems. Broumi et al [38] developed the concept of
bipolar complex neutrosophic sets and its application in decision making problem. Akram, et al.[39]
applied the concept of bipolar neutrosophic sets to incidence graphs and studied some properties.
For more details on the application of neutrosophic set theory, we refer the readers to [46-52].
Among all the above, matrices play a vital job in the expansion region of science and engineering.
However, the classical matrix theory neglects the role of uncertainties during the analysis. Therefore,
the decision process may contain a lot of uncertainties. Thus, the role of the fuzzy matrices and their
extension including triangular fuzzy matrices, type-2 triangular fuzzy matrices, interval valued fuzzy
matrices, intuitionistic fuzzy matrices, interval valued intuitionistic fuzzy matrices are studied deeply

by several scholars. In [40] Zahariev, developed a Matlab software package to the fuzzy algebras. In
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[41], authors solved intuitionistic fuzzy relational rational calculus problems using a fuzzy toolbox.
Later on, in [42] Karunambigai and Kalaivani proposed some computing procedures in Matlab for
intuitionistic fuzzy operational matrices with suitable examples. Uma et al. [43] studied determinant
theory for fuzzy neutrosophic soft square matrices. Also, in [44] Uma et al. introduced the
determinant and adjoint of a square Fuzzy Neutrosophic Soft Matrices (FNSMs) a defined the circular

FNSM and study some relations on square FNSM such as reflexivity, transitivity and circularity.

Recently few researchers [45] developed a Python programs for computing operations on
neutrosophic numbers, but all these programs cannot deal with neutrosophic matrices, to do best of
our knowledge, there is no work conducted on developing python codes to compute the operations
on single valued neutrosophic matrices and bipolar neutrosophic matrices. Thus, there is a need to
develop the work in that direction. For it, the presented paper discusses various operations of bipolar
neutrosophic sets and their corresponding Python code for different metrics. To achieve it, rest of the
manuscript is summarized as. In section 2, some concepts related to SVNS, BNS are presented.
Section 3 deals with the generations of Python programs for bipolar neutrosophic matrices with a

numerical example and lastly, conclusion is summarized in section 4.

2.BACKGROUND AND BIPOLAR NEUTROSOPHIC SETS

In this section, some basic concepts on SVNS, BNS are briefly presented over the universal set ¢ [1,
2,4].
Definition 2.1 [1] A set A is said to be A neutrosophic set “A’ consists of three components namely

truth, indeterminate and falsity denoted by Ty, I4(x) and F4(x) such that

Tp(x),14(x), Fy(x) €] ~0,1*[ and -0 < sup Ty(x)+sup I;(x) +sup Fp (x) < 3+ (1)
Definition 2.2 [2] A SVNS ‘A’ on X is given as
A={<x:Ta(x),Ia(x), Fao(x) > x €&} 2)

where the functions T(x), 1a(x), Fa(x) € [0. 1] are named “degree of truth, indeterminacy and
falsity membership of x in A”, such that

0 =Ta Q)+ ()+F4 (9= 3 ®)
Definition 2.3[4]. A bipolar neutrosophic set A in ¢ is defined as an object of the form

A={<x, (TF (), 15 (x),FF (x), TN (x), 1Y (x),FEN(x))>: x e &€ }, where Tf (x),I{(x),FF(x):¢§ — [1, 0] and
TN (x),18 (x),FN (x): € = [-1,0]. The positive membership degree Tf (x),If (x),Ff (x)enotes the truth
membership, indeterminate membership and false membership of an element < ¢ corresponding to
a bipolar neutrosophic set whereas the negative membership degree T) (x),LY (x),Fy (x)denotes the
truth membership, indeterminate membership and false membership of an element xc ¢ to some
implicit counter-property corresponding to a bipolar neutrosophic set A. For convenience a bipolar

neutrosophic number is represented by
A= <(TAP/I£/FIITAN/1A_IFA_> (4)

Definition 2.4 [4]. In order to make a comparison between two BNN. The score function is applied
to compare the grades of BNS. This function shows that greater is the value, the greater is the bipolar

neutrosophic sets and by wusing this concept paths can be ranked. Suppose
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A =<T P,IP,FP,T N,IN,FN > be a bipolar neutrosophic number. Then, the score function s(;l ),

accuracy function a(A ) and certainty function ¢(4) of a BNN are defined as follows:

(i) s(,ZI):(éjx[TP+l—IP+1—FP+1+TN—IN—FN} )
() a(4)=TF -FF+1" -FV (6)
(it) c(4)=1F-F" )

Comparison of bipolar neutrosophic numbers

Let A4 =<TP, P FF.T".I',F'> and 4, =<T¢,12,F’,T;,14,F; > be two bipolar neutrosophic
numbers then
i If s(gl]) - s(glz) , then ;11 is greater than ;12 , that is, ;Il is superior to 1:12 , denoted by 1:11 - 1212 .
ii.  If s(;ll) = S(z&z), and a(;ll) >~ Cl(;lz) then ;11 is greater than ;12 , that is, ;11 is superior to ;12 ,
denoted by 1:11 - ;12.
iii.  If S(;ll) = s(;lz), a(gll) = a(glz), and c(gll) - c(;lz) then ;11 is greater than 22 , that is, ;11
is superior to ;12 , denoted by ;11 - ;12.
iv. If s(4)=s(4), a(4)=a(4),and c(4)=c(4,) then 4 isequaltod, thatis, A is

indifferent to ;12 , denoted by 1:1] = 1:12.

Definition 2.5 [4]: A bipolar neutrosophic matrix (BNM) of order mx n is defined as

— P P P N N N
Apnv=[< aij, af, afy, ali al), al), al) >]

P

. Where
18 the positive membership value of element a;; in A.

i
1. is the negative membership value of element a;; in A.
fip is the positive indeterminate-membership value of element a;; in A.
N
P.

ur

1. is the negative non-membership value of element a;; in A.

1, is the negative indeterminate-membership value of element a;; in A.

a
a
a
a
a;;,. is the positive non- membership value of element a;; in A.
a

p P P _N _N _N

For simplicity, we write A as Agym= [< Qijrr Aijp Ao Qs Ay Qi ]mx -
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3.COMPUTING THE BIPOLAR NEUTROSOPHIC MATRIX OPERATIONS USING PYTHON LANGUAGE

To generate the Python program for inputting the single valued neutrosophic matrices. The

procedure is described as follows:
3.1 Checking the matrix is BNM or not

To generate the Python program for deciding for a given the matrix is bipolar neutrosophic matrix

or, simple call of the function BNMChecking () is defined as follow:

# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for
BNM Checking
#Al.shape and A2.shape returns (3, 3, 6) the dimension of A. (row, column, numbers of element
(Bipolar Neutrosophic Number, 6 elements) )
# A.shape[0] = 3 rows
# A.shape[l] = 3 columns
# A.shape[2] = Each bipolar neutrosophic number has 6 tuple as usual
#One can use any matrices having arbitrary dimension
import numpy as np
#A1is a BNM
Al=np.array([ [[0.000, 0.001, 0.002, -0.003, -0.004, -0.005], [0.010, 0.011, 0.012, -0.013, -0.014, -
0.015], [0.020, 0.021, 0.022, -0.023, -0.024, -0.025] ],
[[0.100,0.101,0.102,-0.103,-0.104, -0.105], [0.110,0.111,0.112,-0.113,-0.114,-0.115], [0.120,0.121,0.122,-
0.123,-0.124,-0.125] ],
[[0.200,0.201,0.202,-0.203,-0.204,-0.205], [0.210, 0.211,0.212,-0.213,-0.214,-0.215], [0.220,0.221,0.222,-
0.223,-0.224,-0.225] 1))
#A2 is not BNM
A2=np.array([ [[0.000, 0.001, 0.002, -0.003, -0.004, -0.005], [0.010, 0.011, 0.012, -0.013, -0.014, -
0.015], [0.020, 0.021, 0.022, -0.023, -0.024, -0.025] ],
[[0.100,0.101,0.102,-0.103,-0.104, -0.105], [0.110,0.111,0.112,-0.113,-0.114,-0.115],
[0.120,0.121,0.122,-0.123,-0.124,-0.125] ],
[[0.200,0.201,0.202,-0.203, 0.204,-0.205], [0.210, 0.211,0.212,-0.213,-0.214,-0.215],
[0.220,0.221,0.222,-0.223,-0.224,-0.225]  ]])
def BNMChecking (A):
dimA=A.shape
control=0
counter =0
for i in range (0,dimA[0]):
if counter == 1:
break
for j in range (0,dimA[0]):
if counter == 1:
break
for dinrange (0, dimAJ[2]):

if counter ==0:
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if (d==0 or d==1 or d==2):
if not(0<= A[][jl[d] <=1):
counter=1
print (A[i][j], ' is not a bipolar neutrosophic number, so the matrix
is not a BNM')
control=1
break
if (d==3 or d==4 or d==5):
if not (-1 <= A[i][j][d] <=0):
counter=1
print (A[i][j], ' is not a bipolar neutrosophic number, so the matrix
is not a BNM)
control=1
break
else:
print (A[i][j], ' is not a bipolar neutrosophic number, so the matrix is not a
BNM)
break
if control==
print ('The matrix is a BNM')

Example 1. In this example we evaluate the checking the matrix C is BNM or not of order 4X4:

C=
<.5,7.2-7-3-6> <.4,45-7-8-4> <.7.7.5-8-7-6> <.1,5,7-5-.2,-8>
<.9,.7.5-7-7-1> <.7,6.8-7-5-1> <94,6-1-7-5> <J5,2.7-5-1-9>
<.94.2-6-3-7> <.2.2.2-4-7-4> <9.5,.5-6—-5-2> <.7,573,—-4-2,-2>
<9.7.2-8-6-1> <3,5.2-5-5-2> <545-1-7-2> <.2,48-5-5-6>
The bipolar neutrosophic matrix C can be inputted in Python environment like this:
Shell - | AsT - |

33>
>»>> C= np.array([ [ [8.5,0.7,0.2,-0.7,-0.3,-0.6], [0.4,0.4,08.5,-8.7,-0.8,-0.4], [0.7,0.7,0.5,-0.8,-0.7,-0.6], [0.1,0.5,0.7,-0.5,-0.2
»-0.8]1,
[[e.9,e.7,8.5,-0.7,-0.7,-0.1], [@.7,0.6,0.8,-0.7,-0.5,-0.1], [0.9,0.4,0.6,-0.1,-08.7,-8.5], [0.5,0.2,0.7,-0.
5,-8.1,-0.9]1,
[[@.9,0.4,0.2,-0.6,-0.3,-0.7], [0.2,0.2,0.2,-0.4,-0.7,-6.4], [0.9,0.5,0.5,-0.6,-0.5,-0.2], [0.7,0.5,0.3,-0
.4,-0.2,-0.2]1, L
[[e.9,8.7,8.2,-0.8,-08.6,-0.1], [0.3,0.5,0.2,-0.5,-0.5,-6.2], [0.5,0.4,0.5,-8.1,-0.7,-8.2], [0.2,0.4,0.8,-0
.5,-0.5,-0.6]] 1)

»»> BNMChecking (C)

The matrix is a BNM

3.2. Determining complement of bipolar neutrosophic matrix

For a given BNM A= [< T/, 15, FE, Y, I, FlY >] , the complement of A is defined as follow:

A= [< (3 -TH -1, (-1 - FfL, (3 - T), {- 1}—13’.{ 1} -
= [< FL. - 15, 75, F (-3 - 1}, T} ] I C)

(8)

]mx n

To generate the Python program for finding complement of bipolar neutrosophic matrix, simple call

of the function BNMCompelementOf£() is defined as follow:
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# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for
8)
import numpy as np
A=np.array([ [[0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7]],
[ [0.1,0.12,0,-0.27,-0.44,-0.92], [0.5,0.33,0.58,-0.33,-0.24,-0.22]],
[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32] ]
)
#A.shape gives (3, 2, 6) the dimension of A. (row, column, numbers of element (Bipolar
Neutrosophic Number, 6 elements) )
# A.shape[0] = 3 rows
# A.shape[l] = 2 columns
# A.shape[2] = each bipolar neutrosophic number with 6 tuple as usual
def BNMCompelementOf( A ):

global Ac
dimA=A shape # Dimension of the matrix
Ac=[] # Empty matrix with dimension of A to create complement of A
for i in range (0,dimA[0]): # for rows, here 3
H=[]

forjin range (0,dimA[1]): # for columns, here 2
H.extend([ [ 1-A[i][jI[0], 1-A[i][jI[1], 1-A[i][jI[2], -1-C-AL][13]), -1-CA[IGI4]), -1-(-
ALIGIBD 1D
Ac.append(H)
print (A=, A)

print ( '*>(->(->(->(->(->(->(->(->(->(->(->(->(->(->(->(->(->(->(—>(—>(—>(—>(—>(—>(—>(->(->(->(->(->(->(->(->(->(->(->(->(-********************>(->(->(->(->(->(->(->(->(->(-')

print('Ac=", np.array(Ac))

The function BNMCompelementOf (A) the below returns the complement matrix of a given bipolar

neutrosophic matrix A for (9).

# BNM is representable by 3D Numpy Array ====> row, column and bipolar neutrosophic
numbers having 6 tuples for (9)
import numpy as np
A=np.array([ [[0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7] ],
[ [0.1,0.12,0,-0.27,-0.44,-0.92], [0.5,0.33,0.58,-0.33,-0.24,-0.22] ],
[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32]  ]])
#A.shape gives (3, 2, 6) the dimension of A. (row, column, numbers of element (Bipolar
Neutrosophic Number, 6 elements) )
# A.shape[0] = 3 rows
# A.shape[l] =2 columns
# A.shape[2] = Each bipolar neutrosophic number with 6 tuple as usual
def BNMCompelementOf( A ):
global Ac
dimA=A shape # Dimension of the matrix
Ac=[]
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for i in range (0,dimA[0]): # for rows, here 3
H=[]
forjin range (0,dimA[1]): # for columns, here 2
H.extend([[ A[i][j][2], 1-A[]{j1[1], AGIGIO], AGIGI5), -1-(-ALIGI4]), ARIGIBT T
Ac.append(H)
print (A=, A)
print ( )]

prll’lt ( V342 4 43 e e 3 3 4 43 3 43 3 4 3 3 e 3 e 3 3 3 3 3 4 3 e 3 e e 3 3 e e e e e 3 o S A A S 24 ‘)

print('Ac=", np.array(Ac))

The bipolar neutrosophic matrix A is a simple example, one can create his/her BNM and try it into
the function BNMCompelementOf ( ):

3.3. Determining the score, accuracy and certainty matrices of bipolar neutrosophic matrix
To generate the python program for obtaining the score matrix, accuracy of bipolar neutrosophic
matrix, simple call of the functions ScoreMatrix( ), AccuracyMatrix( ) and CertaintyMatrix( ) are

defined as follow:

# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for (5,
6 and 7)

import numpy as np

A=np.array([ [ [0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7] 1
[ [0.1,0.12,0,-0.27,-0.44,-0.92], [0.5,0.33,0.58,-0.33,-0.24,-0.22] 1
[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32] 1))
def ScoreMatrix( A ):
score=[]
dimA=A shape # Dimension of the matrix
for i in range (0,dimA[0]): # for rows, here 3
H=[]
for j in range (0,dimA[1]): # for columns, here 2

H.extend([ [ (A[][jI[0] + 1 - Ai][j][1] + 1 - A[i]{j][2] + 1 + A[][j][3] - A[i][jI[4] -
A[GI51)/611)
score.append(H)
print('Score Matrix= ", np.array(score))
def AccuracyMatrix (A ):

accuracy=[]

dimA=A shape # Dimension of the matrix
for i in range (0,dimA[0]): # for rows, here 3
H=[]
forj in range (0,dimA[1]): # for columns, here 2
H.extend([ [ A[i][j][0] - A[iI[][2] + ALIGI3] - AGIGIGS] 11D
accuracy.append(H)

print('Accuracy Matrix= "', np.array(accuracy))
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def CertaintyMatrix ( A ):
certainty =[]

dimA=A.shape # Dimension of the matrix
for i in range (0,dimA[0]): # for rows, here 3
H=[]
forj in range (0,dimA[1]): # for columns, here 2
H.extend([ [ A[i][jI[0] - A[il[I[5] 11)
certainty.append(H)

print('Certainty Matrix=", np.array(certainty))

3.4. Computing union of two bipolar neutrosophic matrices

The union of two bipolar neutrosophic matrices A and B is defined as follow:

AUB=C(C= [< ClFJ'T’ClF]'I' ClF]'F’ Cl‘A}lT‘ cl%‘ C{yF >]m>< n (10)
where

ch, = ag-T % bg-T, i, = ang A bgT

ch, = ag-l A bg-l, cj, = agl[ % bgl-[

ch, = ag-F A bg-p, clj, = aglF % bg]-F

To generate the python program for finding the union of two bipolar neutrosophic matrices,

simple call of the following function Union( A, B) is defined as follow:

# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for
(10)

import numpy as np

A=np.array([ [ [0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7] ],

[ [0.1,0.12,0,-0.27,-0.44,-0.92], [0.5,0.33,0.58,-0.33,-0.24,-0.22] ],
[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32]] ])
B=np.array([ | [0.32,0.4,0.1,-0.25,-0.54,-0.4], [0.13,0.2,0.11,-0.55,-0.35,-0.72] 1,

[[0.17,0.19,0.66,-0.87,-0.64,-0.92], [0.25,0.36,0.88,-0.33,-0.54,-0.22] ],
[ [0.15,0.28,0.67,-0.39,-0.27,-0.55],[0.24,0.73,0.28,-0.26,-0.53,-0.52] ]
D
#A.shape gives (3, 2, 6) the dimension of A. (row, column, numbers of element (Bipolar
Neutrosophic Number, 6 elements) )
# A.shape[0] = 3 rows
# A.shape[l] =2 columns
# A.shape[2] = each bipolar neutrosophic number with 6 tuple as usual
union=[]
def Union( A, B ):
if A.shape == B.shape:
dimA=A.shape
for i in range (0,dimA[0]): # for rows, here 3
H=[]

forjin range (0,dimA[1]): # for columns, here 2
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H.extend([[ max(A[i][jI[0]B[I[jI[0]) , min(A[i][jI[1], BLI[I[1]), min(A[i][jl[2],
B[i][j1{2]), max(A[i][j1[3] B[il[j][3]), min(A[i][jI[4], B[il[j][4]), min(A[i][][5], BI[1(5]) 11)
union.append(H)

print(‘union=", np.array(union)

Example 2. In this example we Evaluate the union of the two bipolar neutrosophic matrices C and
D of order 4X4:

C=
<.5,.7,.2-7-3-6> <.4,45-7-8-4> <.7,.75-8-7-6> <.1,5.7,-5-.2,-8>
<9,.7.5-7-7-1> <.7,.6,8-7-5-1> <9.4.6,-1-7-5> <.5,2,.7-5-.1-9>
<94,.2-6-3-7> <.22.2-4-7-4> <9.5.5-6-5-2> <.7,5.3-4-2-2>
<9.7.2-8-6-1> <J3,5.2-5-5-2> <5,45-1-7-2> <.2,48-5-.5-6>

The bipolar neutrosophic matrix C can be inputted in Python code like this:

C=np.array([ [ [0.5,0.7,0.2,-0.7,-0.3,-0.6], [0.4,0.4,0.5,-0.7,-0.8,-0.4], [0.7,0.7,0.5,-0.8,-0.7,-0.6], [0.1,0.5,0.7,-0.5,-0.2,-
0.8]1,[[0.9,0.7,0.5,-0.7,-0.7,-0.1], [0.7,0.6,0.8,-0.7,-0.5,-0.1], [0.9,0.4,0.6,-0.1,-0.7,-0.5], [0.5,0.2,0.7,-0.5,-0.1,-0.9]],
[[0.9,0.4,0.2,-0.6,-0.3,-0.7], [0.2,0.2,0.2,-0.4,-0.7,-0.4], [0.9,0.5,0.5,-0.6,-0.5,-0.2], [0.7,0.5,0.3,-0.4,-0.2,-0.2]],
[[0.9,0.7,0.2,-0.8,-0.6,-0.1], [0.3,0.5,0.2,-0.5,-0.5,-0.2], [0.5,0.4,0.5,-0.1,-0.7,-0.2], [0.2,0.4,0.8,-0.5,-0.5,-0.6]] 1)

D=
<3.4,3-5-4-2> <.1,2,.7,-5-2-3> <3,2.6-4-8-7> <.2,.13-2—-4-4>
<.2,2,.7,-3,-3,-5> <.3,.5.6,-6-.7-4> <.,5.4-3-6-8> <.3.44-3-5-3>
<.5,3.1,-4-2,-4> <.543-3-8-2> <.5,8.6-2-2,-4> <.4,.6.5-1-.6-5>
<.6,.17-7—-—4-8> <.4,64-4-2,-5> <49.3-5-5-3> <.454-3-7-4>

The bipolar neutrosophic matrix D can be inputted in Python code like this:

D= np.array([[[0.3,0.4, 0.3,-0.5,-0.4,-0.2], [0.1,0.2,0.7,-0.5,-0.2,-0.3], [0.3,0.2,0.6,-0.4,-0.8,-0.7], [0.2,0.1,0.3,-0.2,-0.4,-
0.4]], [[0.2,0.2,0.7,-0.3,-0.3,-0.5], [0.3,0.5,0.6,-0.6,-0.7,-0.4], [0.6,0.5,0.4,-0.3,-0.6,-0.8], [0.3,0.4,0.4,-0.3,-0.5,-0.3]],
[[0.5,0.3,0.1,-0.4,-0.2,-0.4], [0.5,0.4,0.3,-0.3,-0.8,-0.2], [0.5,0.8,0.6,-0.2,-0.2,-0.4], [0.4,0.6,0.5,-0.1,-0.6,-0.5]],
[[0.6,0.1,0.7,-0.7,-0.4,-0.8], [0.4,0.6,0.4,-0.4,-0.2,-0.5], [0.4,0.9,0.3,-0.5,-0.5,-0.3], [0.4,0.5,0.4,-0.3,-0.7,-0.4]]])

So, the union matrix of two bipolar neutrosophic matrices is portrayed as follow

Cgns VU Dpys

<.5,4.2-7-3-2> <.4,.2,5-7-2-3> <.7,2.5-8-7-6> <.2,13-5-2,-4>
_1<9.2.5-7-3-1> <.7,5.6,-7,—-5-1> <9.44-3,-.6-5> <.5.2,4- 5,— 1,-3>
“1<9,.3,.1,-6,-2-4> <.5,.2.2,-4-7-2> <.95.5-6-.2-2> <.7.5.3-4-2-2>
<9.1.2-8-4-1> <.45.2-5-2-2> <.5,43-5-5-2> <.44.4, —5 —-.5-4>

The result of union matrix of two bipolar neutrosophic matrices C and D can be obtained by the call
of the command Union (C, D):

>>> Union(C, D)

Union =

[[[05 04 02-07-03-02] [04 02 05-0.7-02-03][07 02 05-08-07-0.6] [02 0.1 03-0.5-0.2-04]]

[[09 02 05-07-03-01] [0.7 05 0.6-07-05-01] [09 04 04-03-06-05] [05 02 0.4-0.5-0.1-03]]
[[09 03 01-06-02-04] [05 02 02-04-07-02] [09 05 05-06-02-02] [07 05 0.3-0.4-0.2-02]]
[09 01 02-08-04-01] [04 05 02-05-02-02] [05 04 03-05-05-02] [04 04 04-05-0.5-04]]]

3.5. Computing intersection of two bipolar neutrosophic matrices
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The union of two bipolar neutrosophic matrices A and B is defined as follow:
ANB=D= [< diP}T'diP}l' dffF’ d%r' d?]{l' d?}p >]
Where
= aly A8,y = aly v,
djj, = ajj, v bjj, djj, = ajj, Abj,
= aly V8L, dl, = aly aB,

To generate the python program for finding the intersection of two bipolar neutrosophic matrices,

(11)

mXn

simple call of the function Intersection ( A, B ) is defined as follow:

# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for
(11)

import numpy as np

A=np.array([ [ [0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7] ]
[ [0.1,0.12,0,-0.27,-0.44,-0.92], [0.5,0.33,0.58,-0.33,-0.24,-0.22] ]
[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32] ]
D
B=np.array([ | [0.32,0.4,0.1,-0.25,-0.54,-0.4], [0.13,0.2,0.11,-0.55,-0.35,-0.72] ]
[ [0.17,0.19,0.66,-0.87,-0.64,-0.92], [0.25,0.36,0.88,-0.33,-0.54,-0.22] ],
[ [0.15,0.28,0.67,-0.39,-0.27,-0.55],[0.24,0.73,0.28,-0.26,-0.53,-0.52]  1])

#A.shape gives (3, 2, 6) the dimension of A. (row, column, numbers of element (Bipolar
Neutrosophic Number, 6 elements) )
# A.shape[0] = 3 rows
# A.shape[l] = 2 columns
# A.shape[2] = each bipolar neutrosophic number with 6 tuple as usual
intersection=[]
def Intersection( A, B):
if A.shape == B.shape:
dimA=A.shape
for i in range (0,dimA[0]): # for rows, here 3
H=[]
for j in range (0,dimA[1]): # for columns, here 2
H.extend([[ min(A[i][j][0]BIi][j[0]) , max(ALIGI[L], BHIGIL), max(A[[jl2],
B[i]{jl[2]), min(A[i][j][3],B[i][j1[3]), max(A[i][jl[4], B[i][jl[4]), max(A[i]{j][5], BRIGID 11)
intersection.append(H)

print('Intersection=", np.array(intersection))

Example 3. In this example we evaluate the intersection of the two bipolar neutrosophic matrices C
and D of order 4X4:

C=
<.5,.7.2-7-3-6> <.4,45-7-8-4> <.7,.75-8-7-6> <.1,5,.7,-5-.2,-8>
<9.7.5-7-7-1> <.7,6,8-7,-5-1> <9.4,.6,-1-.7-5> <.5,2,.7,-5-.1,-9>
<9.4,2-6-3-7> <.22.2-4-7-4> <9.5,5-6-5-2> <.7,5.3-4-2-2>
<9.7.2-8-6-1> <.3,5.2-5-5-2> <.5,45-1-7-2> <.2,48-5-.5-6>

y Xy Dy

The bipolar neutrosophic matrix C can be inputted in Python code like this:
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C=np.array([ [ [0.5,0.7,0.2,-0.7,-0.3,-0.6], [0.4,0.4,0.5,-0.7,-0.8,-0.4], [0.7,0.7,0.5,-0.8,-0.7,-0.6], [0.1,0.5,0.7,-0.5,-0.2,-
0.8]], [[0.9,0.7,0.5,-0.7,-0.7,-0.1], [0.7,0.6,0.8,-0.7,-0.5,-0.1], [0.9,0.4,0.6,-0.1,-0.7,-0.5], [0.5,0.2,0.7,-0.5,-0.1,-0.9]],
[[0.9,0.4,0.2,-0.6,-0.3,-0.7], [0.2,0.2,0.2,-0.4,-0.7,-0.4], [0.9,0.5,0.5,-0.6,-0.5,-0.2], [0.7,0.5,0.3,-0.4,-0.2,-0.2]],
[[0.9,0.7,0.2,-0.8,-0.6,-0.1], [0.3,0.5,0.2,-0.5,-0.5,-0.2], [0.5,0.4,0.5,-0.1,-0.7,-0.2], [0.2,0.4,0.8,-0.5,-0.5,-0.6] ])

D=

<.3.43-5-4-2> <.1,2,.7,-5-2-3> <3,.2.6-4-8-7> <.2,.1.3-2—-4-4>
<.2.2.7,-3-3-5> <3,.5.6,-6-7-4> <.6,5.4-3-6-8> <.3,44-3-5-3>
<.5,3.1-4-2-4> <.543-3-8-2> <.5,8.6-2—-2,-4> <.4,.6.5-1-.6-5>
<.6,.1,7-7—-4-8> <.4,64-4-2,-5> <49.3-5-5-3> <.454-3-7-4>

The bipolar neutrosophic matrix D can be inputted in Python code like this:

D= np.array([[[0.3, 0.4, 0.3,-0.5,-0.4,-0.2], [0.1,0.2,0.7,-0.5,0.2,-0.3], [0.3,0.2,0.6,-0.4,-0.8,-0.7], [0.2,0.1,0.3,-0.2,-0.4,-
0.4]], [[0.2,0.2,0.7,-0.3,-0.3,-0.5], [0.3,0.5,0.6,-0.6,-0.7,-0.4], [0.6,0.5,0.4,-0.3,-0.6,-0.8], [0.3,0.4,0.4,-0.3,-0.5,-0.3]],

[[0.5,0.3,0.1,-0.4,-0.2,-0.4], [0.5,0.4,0.3,-0.3,-0.8,-0.2], [0.5,0.8,0.6,-0.2,-0.2,-0.4], [0.4,0.6,0.5,-0.1,-0.6,-0.5]],
[[0.6,0.1,0.7,-0.7,-0.4,-0.8], [0.4,0.6,0.4,-0.4,-0.2,-0.5], [0.4,0.9,0.3,-0.5,-0.5,-0.3], [0.4,0.5,0.4,-0.3,-0.7,-0.4]]])
So, the intersection matrix of two bipolar neutrosophic matrices is portrayed as follow

Cgns N Dpys

<.J3,.7.3-5-4-6> <.1,4.7-5-8-4> <.3,.7.6-4-8-7> <.1,5.7,-2,—4-8>
_1<.2.7.7,-3-7-5> <.3,.6.8-6-7-4> <.6,5.6-1-7-8> <.34.7-3-5-9>
“1<.5.4,.2- 4-,— 3,-7> <.2,43-3-.7-4> <.5,8.,-2,—-5-4> <.4.6.5-1-.6-5>

<.6,.7.7-7-6-8> <.3,64-4-5-5> <49.5-1-.7-3> <.2,5.8,-3,-.7,-6>
The result of intersection matrix of two bipolar neutrosophic matrices C and D can be obtained by

the call of the command Intersection (C, D):

>>> Intersection (C, D)

Intersection =

[[[03 07 03-05-04-06] [01 04 07-05-0.8-04] [03 0.7 0.6-04-08-0.7] [0.1 05 0.7-0.2-0.4-0.8]]
[02 07 07-03-07-05] [03 0.6 08-0.6-07-04] [0.6 05 0.6-0.1-07-0.8] [03 04 0.7-0.3-0.5-0.9]]
[[05 04 02-04-03-07] [02 04 03-03-08-04] [05 0.8 0.6-02-05-04] [04 0.6 0.5-0.1-0.6-0.5]]
[06 07 07-07-0.6-08] [03 0.6 04-04-05-05] [04 09 05-0.1-07-03] [02 05 0.8-0.3-0.7-0.6]]]

3.6. Computing addition operation of two bipolar neutrosophic matrices.

The addition of two bipolar neutrosophic matrices A and B is defined as follow:

A @ B=S§= [< SUT’ UI’SlP}F'SiA]I'T’ SiI\](I'SiA](F >]m>< n (12)
Where

Sijr = ai}'T + b’ST af]’r bST’ SiI}]'T = _(a?}T blIyT)

SS'I = l]I bSI’ SiI}l'I = _(_ain - blA}II - lJI blA}II)

SiP}F = f]F blI;F’ S?]{F = _(_ai}F blIyF - a{zF b{;’F)

To generate the python program for obtaining the addition of two bipolar neutrosophic matrices,
simple call of the function Addition (A, B) is defined as follow:

# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for
(12)
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import numpy as np
A=np.array([ [[0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7] ],

[[0.1,0.12,0,-0.27,-0.44,-0.92], [0.5,0.33,0.58,-0.33,-0.24,-0.22]],

[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32] 1])
B=np.array([ [[0.32,0.4,0.1,-0.25,-0.54,-0.4], [0.13,0.2,0.11,-0.55,-0.35,-0.72] ],

[[0.17,0.19,0.66,-0.87,-0.64,-0.92], [0.25,0.36,0.88,-0.33,-0.54,-0.22] ],

[[0.15,0.28,0.67,-0.39,-0.27,-0.55],[0.24,0.73,0.28,-0.26,-0.53,-0.52]  ]])
#A.shape gives (3, 2, 6) the dimension of A. (row, column, numbers of element (Bipolar
Neutrosophic Number, 6 elements) )
# A.shape[0] = 3 rows
# A.shape[l] = 2 columns
# A.shape[2] = each bipolar neutrosophic number with 6 tuples as usual
addition=[]
def Addition( A, B ):

if A.shape == B.shape:
dimA=A.shape
for i in range (0,dimA[0]): # for rows, here 3
H=]
forjin range (0,dimA[1]): # for columns, here 2
H.extend([[A[i][I[O1+B[i]G][0I-AGIGIOI"BIGI0], - AGIGIT* BLIGILL,
A[GI21* BIIGI2T -(-ALRIGIBI*BAIGIBI), -(-ALIG4]-Blil[114] -AGIGI41*BLA[j14]), -(-ALIGI5]-
B[i]G151-ARIGIBTBLAIGISD 1)
addition.append(H)

print('Addition=", np.array(addition))

Example 4. In this example we evaluate the addition of the two bipolar neutrosophic matrices C
and D of order 4X4:

C=
<.5.7,2-7-3-6> <.4,45-7-8-4> <.7,.75-8-7-6> <.1,5.7,-5-.2-8>
<9.7,.5-7-7-1> <.7,68-7-5-1> <94.6,-1-7-5> <J5,2,.7-5-.1-9>
<9.4,.2-6-3-7> <.22.2-4-7-4> <9.5,5-6—-5-2> <.7,5.3-4-2,-2>
<9.7,.2-8-6-1> <J3,5.2-5-5-2> <545-1-7-2> <.2,48-5-5-6>

The bipolar neutrosophic matrix C can be inputted in Python code like this:

C=np.array([ [ [0.5,0.7,0.2,-0.7,-0.3,-0.6], [0.4,0.4,0.5,-0.7,-0.8,-0.4], [0.7,0.7,0.5,-0.8,-0.7,-0.6], [0.1,0.5,0.7,-0.5,-0.2,-
0.8]1,10.9,0.7,0.5,-0.7,-0.7,-0.1], [0.7,0.6,0.8,-0.7,-0.5,-0.1], [0.9,0.4,0.6,-0.1,-0.7,-0.5], [0.5,0.2,0.7,-0.5,-0.1,-0.9]],

[[0.9,0.4,0.2,-0.6,-0.3,-0.7], [0.2,0.2,0.2,-0.4,-0.7,-0.4], [0.9,0.5,0.5,-0.6,-0.5,-0.2], [0.7,0.5,0.3,-0.4,-0.2,-0.2]],

[[0.9,0.7,0.2,-0.8,-0.6,-0.1], [0.3,0.5,0.2,-0.5,-0.5,-0.2], [0.5,0.4,0.5,-0.1,-0.7,-0.2], [0.2,0.4,0.8,-0.5,-0.5,-0.6]]])

D=
<J3,43-5-4-2> <.1,2,.7-5-2-3> <.3,.2.6—-4-8-7> <.2.1.3-2,-4-4>
<.2.2.7-3-3-5> <3,5.6,-6-7-4> <.,5.4-3,-.6-8> <.3,44-3-5-3>
<.5,3.1-4-2-4> <.5,43-3-8-2> <J58.6-2—-2,-4> <.4.6.5-1-.6-5>
<.6.1.7-7,—4-8> <.4,.64-4—-2-5> <493-5-5-3> <454-3-7-4>
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The bipolar neutrosophic matrix D can be inputted in Python code like this:

D= np.array([[[0.3,0.4,0.3,-0.5,-0.4,-0.2], [0.1,0.2,0.7,-0.5,-0.2,-0.3], [0.3,0.2,0.6,-0.4,-0.8,-0.7], [0.2,0.1,0.3,-0.2,-0.4,-
0.4]], [[0.2,0.2,0.7,-0.3,-0.3,-0.5], [0.3,0.5,0.6,-0.6,-0.7,-0.4], [0.6,0.5,0.4,-0.3,-0.6,-0.8], [0.3,0.4,0.4,-0.3,-0.5,-0.3]],

[[0.5,0.3,0.1,-0.4,-0.2,-0.4], [0.5,0.4,0.3,-0.3,-0.8,-0.2], [0.5,0.8,0.6,-0.2,-0.2,-0.4], [0.4,0.6,0.5,-0.1,-0.6,-0.5]],
[[0.6,0.1,0.7,-0.7,-0.4,-0.8], [0.4,0.6,0.4,-0.4,-0.2,-0.5], [0.4,0.9,0.3,-0.5,-0.5,-0.3], [0.4,0.5,0.4,-0.3,-0.7,-0.4]]])

So, the addition matrix of two bipolar neutrosophic matrices is portrayed as follow

Cpns @ Dpys =

<.65,.28,.06,—.35,—.58,—-.68 > <
<.92,.14,.35,-.21,—-.79,-55 > <.
<.65,.12,.02,—.24,— 44,-82 > <
<.96,.07,.14,—-.56,— .76, —.82 >

6,
9,.30,.48,—.42,— .85,—.46 > < .96,.20,.24,—-.03,—.88,-.90 > < .65,.08,.28,—.15,—.55,—-.93 >
0,.08,.06,—.12,—.94,—-.52 > < .95,.40,.30,—-.12,—.60,-.52 > <.82,.30,.15,—.04,—.68,—.60 >

.08,.35,—.35,—.84,-.58 > <.79,.14,.30,—-.32,—.94,-.88 > <.28,.05,.21,-.10,—.52,—.88 >>
8,.30,.08,-.20,—-.60,—.60 > < .70,.36,.15,—.05,—.85,—.44 > <.52,.20,.32,—.15,—.85,-.76 >

4
7
.6
<.5
The result of addition matrix of two bipolar neutrosophic matrices C and D can be obtained by the

call of the command addition (C, D):
>>> Addition(C, D)

Addition=

[[[0.65 0.28 0.06 0.35-0.58-0.68][0.46 0.08 035 0.35-0.84-0.58][0.79 0.14 0.3 0.32-0.94-0.88] [
028 0.05 021 0.1 -0.52-0.88]]

[[092 0.14 035 021-0.79-055] [0.79 0.3 048 042-0.85-046] [0.96 0.2 024 0.03-0.88-
09] [0.65 008 028 0.15-0.55-0.93]]

[[095 012 0.02 024-044-082] [0.6 008 006 0.12-094-052] [095 04 03 0.12-06 -
052] [0.82 03 0.5 0.04-0.68-0.61]]

[[096 0.07 0.14 056-0.76-0.82] [058 03 0.08 02 -06 -06] [0.7 036 015 0.05-0.85-
044] [052 02 032 0.15-0.85-0.76]]]

3.7. Computing product of two bipolar neutrosophic matrices

The product of two bipolar neutrosophic matrices A and B is defined as follow:

A®B =R = [< rl}'r’ UI’rlE}TF’riI}YT’riI;!I’TiIJYp >]m>< n (13)
Where

Ti?’r lF_’lT bl}_)lT’ TiIJ\'IT = _(_ai]T blA}lT - ai\JIT blI}IT)

Ti?I = al]l + blF;I - al]l blf;l’ riI}!I = _(al]I blA}II)

Ti?F UF + blF;F - al]F blF;F’ rl]p - _(ai\le blA}IF)

To generate the python program for finding the product operation of two bipolar neutrosophic

matrices, simple call of the function Product (A, B) is defined as follow:

# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for
(13)

import numpy as np

A=np.array([ [ [0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7] ]

[ [0.1,0.12,0,-0.27,-0.44,-0.92], [0.5,0.33,0.58,-0.33,-0.24,-0.22] ]

[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32]  1])
B=np.array([ | [0.32,0.4,0.1,-0.25,-0.54,-0.4], [0.13,0.2,0.11,-0.55,-0.35,-0.72] ]
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[ [0.17,0.19,0.66,-0.87,-0.64,-0.92], [0.25,0.36,0.88,-0.33,-0.54,-0.22] 1
[ [0.15,0.28,0.67,-0.39,-0.27,-0.55],[0.24,0.73,0.28,-0.26,-0.53,-0.52]  ]])
#A.shape gives (3, 2, 6) the dimension of A. (row, column, numbers of element (Bipolar
Neutrosophic Number, 6 elements) )
# A.shape[0] = 3 rows
# A.shape[l] =2 columns
# A.shape[2] = each bipolar neutrosophic number with 6 tuple as usual
product=[]
def Product( A, B):
if A.shape == B.shape:
dimA=A.shape
for i in range (0,dimA[0]): # for rows, here 3
H=]
forjin range (0,dimA[1]): # for columns, here 2
H.extend([[ Ali] [J'][O]*B[i][j][O]) ARG BAIGIL- (AGIGILBAIGIL),
AL+ B2 (AGIGIRIBLIGIR), -AGIGIB1-BLIGIB-AGIGIBIBLIGIBD, -(ALGIA4]*
BIAIjI[41), «(ALIGI51* BLIGI5) 11)
product.append(H)

print(' Product ="', np.array(product))

Example 5. In this example we evaluate the product of the two bipolar neutrosophic matrices C and
D of order 4X4:

C=
<.5,7,.2,-7—-3,-6> <.4,45-7-8-4> <.7.7.5-8-7-6> <.1,5.7,-5-.2,-8>
<J9.7.5-7-7-1> <.7,.6,8-7—-5-1> <9.4,.6,-1-.7-5> <.5,2.7-5-.1,-9>
<9.4,2-6-3-7> <.22.2-4-7-4> <95,5-6-5-2> <.7,5.3-4-2-2>
<9.7.2-8-6-1> <.J35.2-5-5-2> <.5,45-1-7-2> <.2,48-5-.5-6>

D) T, I,

The bipolar neutrosophic matrix C can be inputted in Python code like this:

C=np.array([ [ [0.5,0.7,0.2,-0.7,-0.3,-0.6], [0.4,0.4,0.5,-0.7,-0.8,-0.4], [0.7,0.7,0.5,-0.8,-0.7,-0.6], [0.1,0.5,0.7,-0.5,-0.2,-
0.81], [[0.9,0.7,0.5,-0.7,-0.7,-0.1], [0.7,0.6,0.8,-0.7,-0.5,-0.1], [0.9,0.4,0.6,-0.1,-0.7,-0.5], [0.5,0.2,0.7,-0.5,-0.1,-0.9]],
[[0.9,0.4,0.2,-0.6,-0.3,-0.7], [0.2,0.2,0.2,-0.4,-0.7,-0.4], [0.9,0.5,0.5,-0.6,-0.5,-0.2], [0.7,0.5,0.3,-0.4,-0.2,-0.2]],
[[0.9,0.7,0.2,-0.8,-0.6,-0.1], [0.3,0.5,0.2,-0.5,-0.5,-0.2], [0.5,0.4,0.5,-0.1,-0.7,-0.2], [0.2,0.4,0.8,-0.5,-0.5,-0.6]] 1)

<.3,43-5-4-2> <.1,2.7,-5-.2-3> <3,.2.6,-4-8-7> <.2.1.3-2-4-4>
D=<< 2,.2,7,-3,—-.3,-5> <.3,5.6,—-6-7-4> <.6,5.4-3-.6-8> <.3.4.4-3— 5,—3>>
<.5.3.1,-4-2-4> <.543-3-8-2> <.5.8.6-2-2-4> <4.6.5-1-.6-5>
<.6.1,.7-7—-4-8> <.4,6,4-4—-2-5> <409.3-5-5-3> <45.4-3-7-4>

The bipolar neutrosophic matrix D can be inputted in Python code like this:

D= np.array([[[0.3,0.4,0.3,-0.5,-0.4,-0.2], [0.1,0.2,0.7,-0.5,-0.2,-0.3], [0.3,0.2,0.6,-0.4,-0.8,-0.7], [0.2,0.1,0.3,-0.2,-0.4,-
0.4]], [[0.2,0.2,0.7,-0.3,-0.3,-0.5], [0.3,0.5,0.6,-0.6,-0.7,-0.4], [0.6,0.5,0.4,-0.3,-0.6,-0.8], [0.3,0.4,0.4,-0.3,-0.5,-0.3]],

[[0.5,0.3,0.1,-0.4,-0.2,-0.4], [0.5,0.4,0.3,-0.3,-0.8,-0.2], [0.5,0.8,0.6,-0.2,-0.2,-0.4], [0.4,0.6,0.5,-0.1,-0.6,-0.5]],

[[0.6,0.1,0.7,-0.7,-0.4,-0.8], [0.4,0.6,0.4,-0.4,-0.2,-0.5], [0.4,0.9,0.3,-0.5,-0.5,-0.3], [0.4,0.5,0.4,-0.3,-0.7,-0.4]]])
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So, the product matrix of two bipolar neutrosophic matrices is portrayed as follow

CansODpys=

<.15,.82,.44,—-.85,—.12,-12 > <.04,.52,.85,-.85,—-1.16,—-.12 > <.21,.76,.80,—.88,—.56,—42 > <.02,.55,.79,—.60,—.008,—.32 >
<.18,.76,.85,-.79,—-.21,-.05 > <.21,.80,.92,—-.88,—.35,—-.04 > <.54,.70,.76,—.37,— .42,-0.40 > <.15,.52,.82,-.65,—.05,—.27 >
< 45,.58,.28,-.76,— .06,—.28 > <.10,.52,.44,-.58,—.56,—.08 > < .45,.90,.80,—.68,—.10,—.08 > < .28,.80,.65,—.46,—.12,—.10 >
<.54,.73,.76,—-.94,— .24,—-.08 > < .12,.80,.52,-.70,—.10,-.10 > < .20,.94,.65,—.55,—.35,—.06 > <.08,.70,.88,—.65,— .35,—.24 >

The result of product matrix of two bipolar neutrosophic matrices C and D can be obtained by the
call of the command Product (C, D):
>>> Product(C, D)
Product=
[[[0.15 0.82 044-0.85-0.12-0.12] [0.04 052 0.85-0.85-0.16-0.12] [0.21 0.76 0.8 -0.88-
0.56-0.42][0.02 0.55 0.79-0.6 -0.08-0.32]]

[[0.18 0.76 0.85-0.79-0.21-0.05] [0.21 0.8 0.92-0.88-0.35-0.04] [0.54 0.7 0.76-0.37-
042-04] [0.15 0.52 0.82-0.65-0.05-0.27]]

[[045 058 0.28-0.76-0.06-0.28] [0.1 052 0.44-0.58-0.56-0.08] [0.45 09 0.8 -0.68-
0.1 -0.08] [028 0.8 0.65-0.46-0.12-0.11]]

[[054 0.73 0.76-0.94-0.24-0.08][0.12 0.8 052-0.7 -01 -01][0.2 094 0.65-0.55-0.35-
0.06][0.08 0.7 0.88-0.65-0.35-0.24]]]

3.8. Computing transpose of bipolar neutrosophic matrix
To generate the python program for finding the transpose of bipolar neutrosophic matrix, simple

call of the function Transpose (A) is defined as follow:

# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for
transpose
import numpy as np
A=np.array([[ [0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7] ],
[[0.1,0.12,0,-0.27,-0.44,-0.92],[0.5,0.33,0.58,-0.33,-0.24,-0.22]],
[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32]] 1)

#A.shape gives (3, 2, 6) the dimension of A. (row, column, numbers of element (Bipolar
Neutrosophic Number, 6 elements) )
# A.shape[0] = 3 rows
# A.shape[1] =2 columns
# A.shape[2] = each bipolar neutrosophic number with 6 tuple as usual
def Transpose( A ):

DimA= A. shape

print (' the matrix ', DimA[0],' x |, DimA[1], ' dimension’)

trA = A.transpose()

DimtrA=trA. shape

print ('\n')

print (' its transpose ', DimtrA[1],' x ', DimtrA[2], ' dimension')

print ('\n")

print(' Transpose =", trA)
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Example 6. In this example we evaluate the transpose of the bipolar neutrosophic matrix C of order
4X4:

C=
<.5.7,.2-7-3-6> <.4,45-7-8-4> <.7,.75-8-7-6> <.1,5.7,-5-.2,-8>
<9,.7.5-7-7-1> <.7,6,8-7-5-1> <9.4.6,-1-7-5> <.5,2,.7,-5-.1-9>
<94,.2-6-3-7> <.2.2.2-4-7-4> <9.5.5-6-5-2> <.7,5.3-4-2-2>
<9.7,.2-8-6-1> <J3,5.2-5-5-2> <.5,45-1-7-2> <.2,48-5-.5-6>

The bipolar neutrosophic matrix C can be inputted in Python code like this:

C=np.array([ [ [0.5,0.7,0.2,-0.7,-0.3,-0.6], [0.4,0.4,0.5,-0.7,-0.8,-0.4], [0.7,0.7,0.5,-0.8,-0.7,-0.6], [0.1,0.5,0.7,-0.5,-0.2,
0.8]], [[0.9,0.7,0.5,-0.7,-0.7,-0.1], [0.7,0.6,0.8,-0.7,-0.5,-0.1], [0.9,0.4,0.6,-0.1,-0.7,-0.5], [0.5,0.2,0.7,-0.5,-0.1,-0.9]],

[[0.9,0.4,0.2,-0.6,-0.3,-0.7], [0.2,0.2,0.2,-0.4,-0.7,-0.4], [0.9,0.5,0.5,-0.6,-0.5,-0.2], [0.7,0.5,0.3,-0.4,-0.2,-0.2]],
[[0.9,0.7,0.2,-0.8,-0.6,-0.1], [0.3,0.5,0.2,-0.5,-0.5,-0.2], [0.5,0.4,0.5,-0.1,-0.7,-0.2], [0.2,0.4,0.8,-0.5,-0.5,-0.6]] ])

So, the transpose matrix of bipolar neutrosophic matrices is portrayed as follow

<0.50, 0.70, 0.20,-0.70, -0.30, -0.60>  <0.90, 0.70, 0.50,-0.70, -0.70, -0.10> <0.30, 0.40, 0.20,-0.60, -0.30, -0.70> <0.90, 0.70, 0.20,-0.80, -0.60, -0.10>
<0.40, 0.40, 0.50,-0.70, -0.80, -0.40> <0.70, 0.60, 0.80,-0.70, -0.50, -0.10> <0.20, 0.20, 0.20,-0.40, -0.70, -0.40> <0.30, 0.50, 0.20,-0.50, -0.50, -0.20>
<0.70, 0.70, 0.50,-0.80, -0.70, -0.60> <0.90, 0.40, 0.60,-0.10, -0.70, -0.50> <0.90, 0.50, 0.50,-0.60, -0.50, -0.20> <0.50, 0.40, 0.50,-0.10, -0.70, -0.20>

<0.10, 0.50, 0.70,-0.50, -0.20, -0.80> <0.50, 0.20, 0.70,-0.50, -0.10, -0.90> <0.70, 0.50, 0.30,-0.40, -0.20, -0.20> <0.20, 0.40, 0.80,-0.50, -0.50, -0.60>

>>> Transpose(C)
The matrix 4 x4 dimension

Its transpose 4 x 4 dimension

Transpose =

[[[0o5 09 09 09][04 07 02 03] [07 09 09 05][01 05 0.7 0.2]]
[[0.7 07 04 07][04 0.6 02 05][07 04 05 04][05 02 05 04]]
[[02 05 02 02][05 08 02 02][05 06 05 05][07 0.7 03 0.8]]
[[-0.7-0.7-0.6-0.8] [-0.7-0.7-0.4-0.5] [-0.8-0.1-0.6-0.1] [-0.5-0.5-0.4-0.5]]
[[-0.3-0.7 -0.3 -0.6] [-0.8-0.5-0.7 -0.5] [-0.7-0.7-0.5-0.7] [-0.2-0.1-0.2-0.5]]
[[-0.6-0.1-0.7-0.1] [-04-0.1-04-0.2] [-0.6-05-0.2-0.2] [-0.8-0.9-0.2-0.6]]]

3.9 Computing composition of two bipolar neutrosophic matrices
To generate the python program for finding the composition of two bipolar neutrosophic

matrices, simple call of the function Composition () is defined as follow:

# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for
Composition

#A.shape and B.shape returns (3, 3, 6) the dimension of A. (row, column, numbers of element
(Bipolar Neutrosophic Number, 6 elements) )

# A.shape[0] = 3 rows

# A.shape[l] = 3 columns

# A.shape[2] = Each bipolar neutrosophic number has 6 tuple as usual

#One can use matrices with any dimensions but dimensions of two matrices must be the same and

nxn
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import math
import numpy as np
A=np.array([[[0.3, 0.6, 1, -0.2, -0.54, -0.4], [0.1, 0.2, 0.8, -0.5, -0.34, -0.7], [0.020,0.021,0.022,-0.023,-
0.024,-0.025] 1,
[ [0.17,0.19,0.66,-0.87,-0.64,-0.92], [0.25,0.36,0.88,-0.33,-0.54,-0.22], [0.120,0.121,0.122,-0.123,-0.124,-
0.125] 1],
[ [0.15,0.28,0.67,-0.39,-0.27,-0.55],[0.24,0.73,0.28,-0.26,-0.53,-0.52], [0.220,0.221,0.222,-0.223,-0.224, -
0225] 1 1)
B=np.array([ [0.11,0.22,0.6,-0.29,-0.24,-0.52], [0.32,0.4,0.1,-0.25,-0.54,-0.4], [0.13,0.2,0.11,-0.55,-0.35,-
0.72] ],
[ [0.100,0.101,0.102,-0.103,-0.104,-0.105], [1,0.111,0.112,-0.113,-0.114,-0.115], [0.720,0.821,0.152, -
0.143,-0.194,-0.1] ],
[ [0,0.73,0.202,-0.203,-0.204,-0.205], [0.22,0.63,0.88,-0.28,-0.54,-0.32], [0.3,0,0.47,-0.223,-0.254,-0.295]
1)
def Composition( A, B ):
global composition
composition=[]
dimA = A.shape
H |
if A.shape == B.shape and dimA[0] == dimA[1]:
for i in range (0,dimA[0]):
for j in range (0,dimA[0]):
counter0=0
for d in range (0, dimA[0]):
if counter0 ==0:
maxtt = [A[i][d][0],B[d][j][0] ]
maxT = min(maxtt)
minii = [A[{][d][1]B[d]}I[1] ]
minl = max(minii)
minff = [ A[i][d][2],B[d][l[2]]
minF = max( minff)
minntt= [ A[i][d][3],B[d][j][3] ]
minNT = max (minntt)
maxnii = [ A[i][d][4]B[d][I4] ]
maxNI= min( maxnii )
maxnff=[  A[i][d][5],B[d][j]l[5] ]
maxNF = min (maxnff)

counter0 =1

else:
maxT1 =[ AL]C]I[OLBIA][jI0] 1]
maxT11 = min(maxT1)
maxT112 = maxT11, maxT ]
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maxT = max(maxT112)
minIl = [A[I[d][1]BAIGI] ]
minl11 = max(minl1)
minl112 =[ minlI11, minl ]
minl =min( minl112)
minF1 = [A[d]2]BA]fGI2] ]
minF11 = max(minF1)
minF112 =[ minF11, minF]
minF =min(minF112)
minNT1 = [ AL]d]3]BId]I[I3] ]
minNT11 = max(minNT1l )
minNT112 = [ minNT11, minNT ]
minNT = min( minNT112 )
maxNI1 = [ ATil[d][4]BId][j][4] ]
maxNI11 =min( maxNIl )
maxNI112 =[] maxNI11, maxNI ]
maxNI = max(max[NI112)
maxNF1 = [A[i][d][5]B[d][j][5] ]
maxNF11 = min (maxNF1)
maxNF112= [ maxNF11, maxNF ]
maxNF = max ( maxNF112 )
H.append( [maxT, minl, minF, minNT, maxNI, maxNF] )
composition.extend(H)
global nested
nested=[ |
for k in range( int(math.sqrt(len(composition))) ):
nested.append(composition[k:k+int(math.sqrt(len(composition))) | )
print('Composition=", np.array(nested))

Example 7. In this example we evaluate the composition of the two bipolar neutrosophic matrices C
and D of order 4X4:

C=
<.5,.7.2-7-3-6> <.4,45-7-8-4> <.7,.7.5-8-7-6> <.1,5,.7-5-.2,-8>
<9.7.5-7-7-1> <.7,.6,8-7,-5-1> <9.4,6-1-7-5> <.5,2,.7,-5-.1,-9>
<9.4,2-6-3-7> <.22.2-4-7-4> <95,5-6-5-2> <.7,5.3-4-2-2>
<9.7.2-8-6-1> <.35.2-5-5-2> <.5,45-1-7-2> <.2,48-5-.5-6>

The bipolar neutrosophic matrix C can be inputted in Python code like this:

C=np.array([ [ [0.5,0.7,0.2,-0.7,-0.3,-0.6], [0.4,0.4,0.5,-0.7,-0.8,-0.4], [0.7,0.7,0.5,-0.8,-0.7,-0.6], [0.1,0.5,0.7,-0.5,-0.2,-
0.8]], [[0.9,0.7,0.5,-0.7,-0.7,-0.1], [0.7,0.6,0.8,-0.7,-0.5,-0.1], [0.9,0.4,0.6,-0.1,-0.7,-0.5], [0.5,0.2,0.7,-0.5,-0.1,-0.9]],
[[0.9,0.4,0.2,-0.6,-0.3,-0.7], [0.2,0.2,0.2,-0.4,-0.7,-0.4], [0.9,0.5,0.5,-0.6,-0.5,-0.2], [0.7,0.5,0.3,-0.4,-0.2,-0.2]],
[[0.9,0.7,0.2,-0.8,-0.6,-0.1], [0.3,0.5,0.2,-0.5,-0.5,-0.2], [0.5,0.4,0.5,-0.1,-0.7,-0.2], [0.2,0.4,0.8,-0.5,-0.5,-0.61] 1)

D=
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<.3,.43-5-4-2> <.1,2,7,-5-2,-3> <3,.2,6-4-8-7> <.2,1.3-2,—-4-4>
<.2.2.7,-3-3-5> <3,.5.6,-6-.7-4> <.6,5.4-3-6-8> <.3,44-3-5-3>
<.5,3.1-4-2-4> <.543-3-8-2> <.5,8.6-2-2,-4> <.4,.6.5-1-.6-5>
<.6,.1,7-7—-—4-8> <.4,64-4-2,-5> <49.3-5-5-3> <.454-3-7-4>

17y

The bipolar neutrosophic matrix D can be inputted in Python code like this:

D= np.array([[[0.3,0.4,0.3,-0.5,-0.4,-0.2], [0.1,0.2,0.7,-0.5,-0.2,-0.3], [0.3,0.2,0.6,-0.4,-0.8,-0.7], [0.2,0.1,0.3,-0.2,-0.4,-
0.4]], [[0.2,0.2,0.7,-0.3,-0.3,-0.5], [0.3,0.5,0.6,-0.6,-0.7,-0.4], [0.6,0.5,0.4,-0.3,-0.6,-0.8], [0.3,0.4,0.4,-0.3,-0.5,-0.3]],
[[0.5,0.3,0.1,-0.4,-0.2,-0.4], [0.5,0.4,0.3,-0.3,-0.8,-0.2], [0.5,0.8,0.6,-0.2,-0.2,-0.4], [0.4,0.6,0.5,-0.1,-0.6,-0.5]],
[[0.6,0.1,0.7,-0.7,-0.4,-0.8], [0.4,0.6,0.4,-0.4,-0.2,-0.5], [0.4,0.9,0.3,-0.5,-0.5,-0.3], [0.4,0.5,0.4,-0.3,-0.7,-0.4]]])

So, the composition matrix of two bipolar neutrosophic matrices is portrayed as follow

Cens©ODpys=
<.,5,43-5-4-5> <.J5,5.5-6—-.2,-4> <.5,5.5-5-5-6> <.4,43-3,—-—4-4>
<.,5,5.,5-6-.2-4> <.,5,55-5-5-6> <.4,43-3,—-4-4> <.J5,.2,5-5-4-2>
<55,5-5-5-6> <.4,4.4-3,—4-4> <J5,2,.5-5—-4-2> <.5,4.6,—-6—.2,—-3>
<.443-3-4-1> <J5,.2,5-5-4-2> <.5,46—-6-.2,-3> <.6.6,.6—-5—-.5-5>

The result of composition t matrix of two bipolar neutrosophic matrices C and D can be obtained by the call of

the command Composition (C, D):

>>> Composition(C, D)

Composition=

[[[05 04 03-05-04-05][05 05 0.5-0.6-02-04][05 05 05-0.5-05-0.6][04 04 0.3-0.3-0.4-04]]
[[05 05 05-06-02-04][05 05 05-05-05-0.6][0.4 0.4 0.3-03-04-04][05 02 0.5-0.5-0.4-0.2]]
[[05 05 0.5-05-05-0.6][04 04 03-03-04-04][05 02 0.5-05-04-02][05 04 0.6-0.6-0.2-0.3]]

[[04 04 03-0.3-04-04][05 02 05-05-04-02][05 04 0.6-0.6-02-03][0.6 0.6 0.6-0.5-0.5-0.5]]]

4. Conclusion

In this paper, we have presented a useful Python tool for the calculations of matrices obtained
by bipolar neutrosophic sets. The matrices have nested list data type, in other words, multi-
dimensional arrays in the Python Programming Language. The importance of this work, is that the
proposed Python tool can be used also for fuzzy matrices, bipolar fuzzy matrices, intuitionistic fuzzy
matrices, bipolar intuitionistic fuzzy matrices and single valued neutrosophic matrices. This work
will be extending with the implementation of Bipolar Complex Neutrosophic Matrices in the future.
We have used Python Numpy module in order to provide convenience for possible users. We hope
that the tool might be useful in data science, physics, scientific computing, decision making,

engineering studies and other fields.
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1. Introduction

Neutrosophic set theory concepts first initiated by F.Smarandache[11] which is Based on K.
Atanassov’s intuitionistic[6]fuzzy sets & L.A.Zadeh’s [20]fuzzy sets. Also it defined by three parameters
truth(T), indeterminacy (I),and falsity(F)-membership function. Smarandache’s neutrosophic concept
have wide range of real time applications for the fields of [1,2,3,4&5] Information Systems, Computer
Science, Artificial Intelligence, Applied Mathematics, decision making. Mechanics, Electrical &
Electronic, Medicine and Management Science etc,.

A.A.Salama[16] introduced Neutrosophic topological spaces by using Smarandache’s Neutrosophic
sets. I.Arokiarani.[7] et.al., introduced Neutrosophic a-closed sets.P. Ishwarya, [13]et.al., introduced
and studied Neutrosophic semi-open sets in Neutrosophic topological spaces. Neutrosophic continuity
functions introduced by A.A.Salama[l5]. Neutrosophic ags-closed set[8] introduced by V.Banu
priya&S.Chandrasekar. Aim of this present paper is, we introduce and investigate new kind of
Neutrosophic continuity is called Neutrosophic ags Continuity maps in Neutrosophic topological
spaces and also we discussed about properties and characterization Neutrosophic ags Irresolute Maps

2. Preliminaries
In this section, we introduce the basic definition for Neutrosophic sets and its operations.
Definition 2.1 [11]
Let E be a non-empty fixed set. A Neutrosophic set A writing the format is
A ={<e, (e), oa(e) ,yr(e) >:e€E}
Where na(e), oa(e) and ya(e) which represents Neutrosophic topological spaces the degree of member-
ship function, indeterminacy and non-membership function respectively of each element e € E to the
set A.
Remark 2.2 [11]
A Neutrosophic set A={<e, na(e), oa(e), yr(e) >: e€E} can be identified to an ordered triple <n, oA, yA>in
]-0,1+[ on E.

Remark 2.3[11]
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Neutrosophic set A={<e, na(e),or(e),ya(e) >:e€E}our convenient we can write A=<e, Nz, Oa, YA>.
Example 2.4 [11]
we must introduce the Neutrosophic set Ox and 1n in E as follows:
On may be defined as:
(01) On={<e, 0, 0, 1>: e€E}
(02) On={<e, 0, 1, 1>: e€E}
(03) On ={<e, 0, 1, 0 >:e€E}
(04) On={<e, 0, 0, 0>: e€E}
1n may be defined as:
(11) In=1{<e, 1, 0, 0>: e€E}
(12) In={<e, 1,0, 1 >: e€E}
(1s) In={<e, 1, 1, 0 >: e€E}
(1s) In={<e, 1,1, 1 >: e€E}
Definition 2.5 [11]
Let A=<n, oA, ya>be a Neutrosophic set on E, then AC defined as A={<e, ya(e) ,1- oa(e), na(e) >: e EE}
Definition 2.6 [11]
Let E be a non-empty set, and Neutrosophic sets A and p in the form
A ={<e, na(e), oA(e), YA(e)>:e€E} and
p ={<e, nu(e), ou(e), yu(e)>: e€E}.
Then we consider definition for subsets (ASp).
A€ defined as: A ©na(e) < nu(e), oa(e) < ou(e) and ya(e) = yu(e) for all e€E
Proposition 2.7 [11]
For any Neutrosophic set A, then the following condition are holds:
(1) ONEA, ONE On
(ii) A€1N, INE In
Definition 2.8 [11]
Let E be a non-empty set, and A=<e, nu(e),oa(e), ya(e)>, u =<e, nu(e), ou(e), yu(e)> be two
Neutrosophic sets. Then
(i) Anu defined as :ANp =<e, Na(e)Anu(e), oa(e)Aou(e),ya(e)Vyu(e)>
(ii) Aup defined as :AUp =<e, na(e)Vu(e), oa(e)Vou(e), ya(e)Ayu(e)>
Proposition 2.9 [11]
For all A and u are two Neutrosophic sets then the following condition are true:
(i) (Anp)e=AUpC
(ii) (Aup)=Acnpc.
Definition 2.10 [16]
A Neutrosophic topology is a non-empty set E is a family ™ of Neutrosophic subsets in E satisfying
the following axioms:
(i) On, InETN,
(ii) GinGz€1~ for any Gi, Ge€y,
(iii) UGi€T~ for any family {Gi| i€J}SN.
the pair (E, tv) is called a Neutrosophic topological space.
The element Neutrosophic topological spaces of t~ are called Neutrosophic open sets.
A Neutrosophic set A is closed if and only if A€ is Neutrosophic open.
Example 2.11[16]
Let E={e} and
A= {<e, .6, .6, .5>:e€E}
Ao={<e, .5,.7, .9>.e€E}
As={<e, .6, .7, .5>:e€E}
As={<e, .5, .6, .9>:e€E}
Then the family ™~={0n, 1n,A1, Az, As, Aalis called a Neutrosophic topological space on E.
Definition 2.12[16]
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Let (E, ™) be Neutrosophic topological spaces and A={<e, n)a(e), oa(e), Ya(e)>:e€E} be a Neutrosophic set
in E. Then the Neutrosophic closure and Neutrosophic interior of A are defined by
Neu-cl(A)=n{D:D is a Neutrosophic closed set in E and ASD}
Neu-int(A)=U{C:C is a Neutrosophic open set in E and CSA}.
Definition 2.13
Let (E, ™v) be a Neutrosophic topological space. Then A is called
(i) Neutrosophic regular Closed set [7] (Neu-RCS in short) if A=Neu-Cl(Neu-Int(A)),
(ii) Neutrosophic a-Closed set[7] (Neu-aCS in short) if Neu-Cl(Neu-Int(Neu-CI(A)))EA,
(iii) Neutrosophic semi Closed set [13] (Neu-SCS in short) if Neu-Int(Neu-Cl(A))EA ,
(iv) Neutrosophic pre Closed set [18] (Neu-PCS in short) if Neu-Cl(Neu-Int(A))EA,
Definition 2.14
Let (E, ™) be a Neutrosophic topological space. Then A is called
(i). Neutrosophic regular open set [7](Neu-ROS in short) if A=Neu-Int(Neu-CI(A)),
(ii). Neutrosophic a-open set [7](Neu-aOS in short) if ASNeu-Int(Neu-Cl(Neu-Int(A))),
(iif). Neutrosophic semi open set [13](Neu-SOS in short) if ASNeu-Cl(Neu-Int(A)),
(iv).Neutrosophic pre open set [18] (Neu-POS in short) if ASNeu-Int(Neu-CI(A)),
Definition 2.15
Let (E, ™v) be a Neutrosophic topological space. Then A is called
(i).Neutrosophic generalized closed set[9](Neu-GCS in short) if Neu-cl(A)SU whenever ACU and U is
a Neu-
OSinE,
(ii).Neutrosophic generalized semi closed set[17] (Neu-GSCS in short) if Neu-scl(A)SU Whenever ACU
and U
is a Neu-OSin E,
(iif).Neutrosophic a generalized closed set [14](Neu-aGCS in short) if Neu-acl(A)SU whenever ASU
and Uisa
Neu-OSinE,
(iv).Neutrosophic generalized alpha closed set [10] (Neu-GaCS in short) if Neu-acl(A)SU whenever
AcUand U
isa Neu-aOSinE.
The complements of the above mentioned Neutrosophic closed sets are called their respective
Neutrosophic open sets.
Definition 2.16 [8]
Let (E, ™) be a Neutrosophic topological space.Then A is called Neutrosophic a generalized Semi closed
set (Neu-aGSCS in short) if Neu-acl(A)SU whenever ACU and U is a Neu-SOS in E
The complements of Neutrosophic aGS closed sets is called Neutrosophic aGS open sets.
3. Neutrosophic ags-Continuity maps
In this section we Introduce Neutrosophic a-generalized semi continuity maps and study some of its
properties.
Definition 3.1.
A maps f:(E1, ™v)—( Ez, on) is called a Neutrosophic a-generalized semi continuity(Neu-aGS continuity
in short) f(p) is a Neu-aGSCS in (E1, ) for every Neu-CS p of (Ez, on)
Example 3.2.
Let Ei={ai,a2}, Eo={b1,b2}, U=<e1,(.7,.5,.8),(.5,.5,.4)> andV=<e,(1,.5,.9),(.2,.5,.3)>.Then ™={0n,U,In} and
on={0N,V,1n} are Neutrosophic Topologies on Eiand E: respectively.
Define a maps f:(E1, ©™v)—( E2, on)by f(a1)=b1 and f(az)=b2. Then f is a Neu-aGS continuity maps.
Theorem 3.3.
Every Neu-continuity maps is a Neu-aGS continuity maps.
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Proof.

Let f:(E1, ©™~)—( Ez, on) be a Neu-continuity maps. Let A be a Neu-CS in Ez. Since f is a Neu-continuity
maps, f(A) is a Neu-CS in Ei. Since every Neu-CS is a Neu-aGSCS,f1(A) is a Neu-aGSCS in Ei. Hence f
is a Neu-aGS continuity maps.

Example 3.4.

Neu-aGS continuity maps is not Neu-continuity maps

Let Ei={a1, a2}, E>={b1, b2},U=<ey, (.5,.5,.3), (.7,.5, .8)> and V=<e2,(.4,.5,.3), (.8,.5, .9)>. Then t={0n,U,1n} and
on={0N,V, 1IN} are Neutrosophic sets on Ei1 and E: respectively. Define a maps f:(E1, t)—( E2, on) by
f(a1)=b1 and f(az)=b2 . Since the Neutrosophic set A=<y ,(.3,.5, .4),(.9,.5, .8)>is Neu-CS in Ez, f(A) is a Neu-
aGSCS but not Neu-CS in Ei. Therefore f is a Neu-aGS continuity maps but not a Neu-continuity maps.
Theorem 3.5.

Every Neu-a continuity maps is a Neu-aGS continuity maps.

Proof.

Let f:(E1, ™)—( E2, on)be a Neu- a continuity maps. Let A be a Neu-CS in Ez2. Then by hypothesis

f1(A) is a Neu-aCS in E1. Since every Neu-aCS is a Neu-aGSCS,f1(A)is a Neu-aGSCS in Ei. Hence f is a
Neu-aGS continuity maps.

Example 3.6.

Neu-aGS continuity maps is not Neu-a continuity maps

Let E1={ay, a2}, E2={b1,b2},U=<ey,(.5,.5, .6), (.7,.5,.6)> and V=<e2,(.3,.5,.9), (.5,.5, .7)>. Then t~={0n,U,1n} and
on={0N, V, 1n} are Neutrosophic Topologies on E:1 and Ez respectively. Define a maps f:(E1, t~)—( Ez2, ox)
by f(a1)=b: and f(az)=b2. Since the Neutrosophic set A=<e2, (.9,.5, .3), (.7,.5, .5)>is Neu-CSin Ez, f1(A) is a
Neu-aGSCS continuity maps.

Remark 3.7.

Neu-G continuity maps and Neu-aGS continuity maps are independent of each other.

Example 3.8.

Neu-aGS continuity maps is not Neu-G continuity maps.

Let Ei={a1, a2}, E>={b1, b2}, U=< e1,(.5,.5, .6), (.8,.5,.4)> and V=< e2 (.7,.5,.4), (.9,.5, .3)>. Then t~={0n,U,In}
and on={0x,V,1n} are Neutrosophic Topologies on E1 and E: respectively. Define a maps f:(E1, ©™)—( Ez,
oN) by f(a1)=b1 and f(az)=b2 .Then f is Neu-aGS continuity maps but not Neu-G continuity maps.

Since A=< e1,(.4,.5, .7), (.3,.5, .9)> is Neu-CS in E», f1(A\)=<ez, (4,.5, .7), (.7,.5, .3)> is not Neu-GCS in Ei.
Example 3.9.

Neu-G continuity maps is not Neu-aGS continuity maps.

Let Ei={as, a2}, E2={b1,b2}, U=<e1,(.6,.5,.4), (.8,.5,.2)> and V=<e>,(.3,.5,.7), (.1,.5, .9)>. Then t™~={0n,U,In} and
on={0N,V,1n} are Neutrosophic Topologies on E1 and E: respectively. Define a maps f:( Ei1, ©~) —( Ez,
oN) by f(a1)=b1 and f(az)=b2 . Then f is Neu-G continuity maps but not a Neu-aGS continuity maps.
Since A=<e2,(.7,.5, .3), (.9,.5, .1)>is Neu-CS in Ez, f1(A)=<ey, (.7,.5, .3), (.9,.5,.1)> is not Neu-aGSCS in Eu.
Theorem 3.10.

Every Neu-aGS continuity maps is a Neu-GS continuity maps.

Proof.

Let £ f:(E1, t™)—( Ez, on) be a Neu-aGS continuity maps. Let A be a Neu-CS in E2.Then by hypothesis
f1(A) Neu-aGSCS in Ei. Since every Neu-aGSCS is a Neu-GSCS, f1(A) is a Neu-GSCS in Ei. Hence f is a
Neu-GS continuity maps.

Example 3.11.

Neu-GS continuity maps is not Neu-aGS continuity maps.

Let Ei={a1, a2}, E2={b1, b2}, U=< e1,(.8,.5,.4), (.9,.5,.2)> and V=< e2,(.3,.5,.9), (0.1,.5, .9)>. Then t={0n,U,In}
and on={0n,V,1n} are Neutrosophic Topologies on Ei1 and E2 respectively. Define a maps f:(E1, t™~)—( Ez,
on)by f(a1)=b1 and f(az)=b2.Since the Neutrosophic set A=<e2(.9,.5,.3),(.9, .5,.1)>is Neu-CS in Ez, f(A) is
Neu-GSCS in Ei1 but not Neu-aGSCS in Ei. Therefore f is a Neu-GS continuity maps but not a Neu-aGS
continuity maps.

Remark 3.12.

Neu-P continuity maps and Neu-aGS continuity maps are independent of each other.
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Example 3.13.

Neu-P continuity maps is not Neu-aGS continuity maps Let Ei={ai, a2}, Ex={bi, b2},U= < ey,
(.3,.5,.7),(.4,.5,.6)> and V=<e2,(.8,.5,.3), (.9,.5, .2)>. Then t~={0n,U,1n} and ox={0n, V, 1~ } are Neutrosophic
Topologies on E1 and Ez respectively. Define a maps f:(E1, t™)—( E2, on)by f(a1)=b1 and f(a2)=b2.Since the
Neutrosophic set A=< e,(.3,.5, .8), (.2,.5, .9)> is Neu-CS in Ez, f(A) is Neu-PCS in E1 but not Neu-aGSCS
in E1. Therefore f is a Neu-P continuity maps but not Neu-aGS continuity maps.

Example 3.14.

Neu-aGS continuity maps is not Neu-P continuity maps

Let Ei={ai, a2}, E2={b1, b2}, U=< e1,(4,.5,.8),(.5,.5,.7)> and V=< e1,(.5,.5,.7), (.6,.5, .6)> and W=< e2,(.8,.5,.4),
(.5,.5,.7)>. Then t~={0n,U,V,1n} and on={0n,W,In} are Neutrosophic Topologies on E1 and E: respectively.
Define a maps f:(E1, ©™~)—( E2, on)by f(a1) = b1 and f(az2)=b2. Since the Neutrosophic set A=<y ,(4,.5, .8),
(.7,.5, .5)> is Neu-aGSCS but not Neu-PCS in E, f1(A)is Neu-aGSCS in Ei but not Neu-PCS in Ei.
Therefore f is a Neu-aGS continuity maps but not Neu-P continuity maps.

Theorem 3.15.

Every Neu-aGS continuity maps is a Neu-aG continuity maps.

Proof.

Let f:(E1, ™)—( E2, ox)be a Neu-aGS continuity maps. Let A be a Neu-CS in Ez. Since f is Neu-aGS
continuity maps, f'(A) is a Neu-aGSCS in E1. Since every Neu-aGSCS is a Neu- aGCS, f1(A) is a Neu-
aGCS in E1. Hence f is a Neu- aG continuity maps.

Example 3.16.

Neu- aG continuity maps is not Neu-aGS continuity maps

Let E1={a1, a2}, E2={bs, b2}, U=<ey,(.1,.5,.7),(.3,.5, .6)> and V=<e,(.7,.5,.4), (.6,.5, .5)>.Then t™={0n,U,1In} and
on={0n,V,1n} are Neutrosophic Topologies on Ei and E: respectively. Define a maps f:(E1, ™~)—( Ez,
on)by f(a1)=b1 and f(az)=b2.Since the Neutrosophic set A=<e2,(.4,.5,.7),(.5,.5, .6)> is Neu-CS in Ez, f1(A) is
Neu-aGCS in E1 but not Neu-aGSCS in E1. Therefore f is a Neu-aG continuity maps but not a Neu-aGS
continuity maps.

Theorem 3.17.

Every Neu-aGS continuity maps is a Neu-Ga continuity maps.

Proof.

Let f:(E1, ©™n)—( E2, ox)be a Neu-aGS continuity maps. Let A be a Neu-CS in Ez. Since f is Neu-aGS
continuity maps, f'(A)is a Neu-aGSCS in Ei. Since every Neu-aGSCS is a Neu-GacCs, f1(A) is a Neu-
GaCS in E1. Hence f is a Neu-Ga continuity maps.

Example 3.18.

Neu-Ga continuity maps is not Neu-aGS continuity maps Let Ei={ai, a2}, E2={b, b2}, U=<ey, (.5,.5,.7),
(.3,.5, 9> and V=< ez ,(.6,.5,.6), (.5,.5,.7)>Then w={0n,U,In } and on={0n,V,In} are Neutrosophic
Topologies on E1 and E: respectively. Define a maps f:(E1, ©™~)—( Ez, on)by f(a1)=b1 and f(az)=b2. Since the
Neutrosophic set A=<y, (.6,.5,.6), (.7,.5, .5)> is Neu-CS in Es, f1(A)is Neu-Ga CS in E1 but not Neu-aGSCS
in E1. Therefore f is a Neu-Ga continuity maps but not a Neu-aGS continuity maps.

Remark 3.19.

We obtain the following diagram from the results we discussed above.

Theorem 3.20.
A maps f:(E1,N)—( E2,0n)is Neu-aGS continuity if and only if the inverse image of each Neutrosophic
set in E2 is a Neu-aGSOS in E1.
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Proof.

first part Let A be a Neutrosophic set in Ez. This implies A€ is Neu-CS in Ez. Since f is Neu-aGS continuity,
f1(AC) is Neu-aGSCS in Ei. Since f1(A)=(f1(A))S, £1(A) is a Neu-aGSOS in Eu.

Converse part Let A be a Neu-CS in Ez. Then A€ is a Neutrosophic set in Ez. By hypothesis £1(A€) is
Neu-aGSOS in Ei. Since f1(AC)=(f1(A))C, (f1(A))C is a Neu-aGSOS in Ei. Therefore f1(A) is a Neu-aGSCS
in E1. Hence f is Neu-aGS continuity.

Theorem 3.21.

Let f:(E1, ©™~)—( E2, on)be a maps and f1(A) be a Neu-RCS in Eifor every Neu-CS A in Ez. Then f is a Neu-
aGS continuity maps.

Proof.

Let A be a Neu-CS in Ez and f'(A) be a Neu-RCS in Ez. Since every Neu-RCS is a Neu-aGSCS, f1(A) is a
Neu-aGSCS in Ei. Hence f is a Neu-aGS continuity maps.

Definition 3.22.

A Neutrosophic Topology (E, ™) is said to be an

(i)Neu-agaU12(in short Neu- agaU12) space ,if every Neu-aGSCS in E is a Neu-CSin E,

(ii)Neu-agbU12(in short Neu- «gpU12) space ,if every Neu-aGSCS in E is a Neu-GCS in E,
(iii)Neu-agcU12(in short Neu- «gcU112) space, if every Neu-aGSCS in E is a Neu-GSCS in E.

Theorem 3.23.

Let f:(E1, ©™~)—( Ez, on)be a Neu-aGS continuity maps, then f is a Neu-continuity maps if E1 is a Neu-
agaU1/2 SpPace.

Proof.

Let A be a Neu-CS in Ez. Then f(A)is a Neu-aGSCS in Ei, by hypothesis.Since E1 is a Neu-agaU1/2,f1(A) is
a Neu-CS in E1. Hence f is a Neu-continuity maps.

Theorem 3.24.

Let f:(E1, ©™~)—( E2, on)be a Neu-aGS continuity maps, then f is a Neu-G continuity maps if Eiisa Neu-
agoU172 sSpace.

Proof.

Let A be a Neu-CS in Ez. Then f1(A) is a Neu-aGSCS in E1, by hypothesis. Since E1 is a Neu- agpU12,£1(A)
is a Neu-GCS in Ei. Hence f is a Neu-G continuity maps.

Theorem 3.25.

Let f:(E1, ©™n)—( Ez, ox)be a Neu-aGS continuity maps, then f is a Neu-GS continuity maps if Eiis a
Neu-agcU12 space.

Proof.

Let A be a Neu-CS in Ez. Then f1(A) is a Neu-aGSCS in Ei, by hypothesis. Since Ei1 is a Neu- agcU112,£1(A)
is a Neu-GSCS in Ei. Hence f is a Neu-GS continuity maps.

Theorem 3.26.

Let f:(E1, t™~)—( E2, ox)be a Neu-aGS continuity maps and g:( E2, on)—( Es, ox) be an Neutrosophic
continuity, then gof :( E1, ™)—( E3, on) is a Neu-aGS continuity.

Proof.

Let A be a Neu-CS in Es. Then g'(A)is a Neu-CS in Ez, by hypothesis. Since f is a Neu-aGS continuity
maps, £1(g?(A)) is a Neu-aGSCS in E1. Hence gef is a Neu-aGS continuity maps.

Theorem 3.27.

Let f:(E1, t™)—( E2, on)be a maps from Neutrosophic Topology in E1in to a Neutrosophic Topology E-.
Then the following conditions set are equivalent if E1 is a Neu-ag.U 12 space.

(i) f is a Neu-aGS continuity maps.

(ii) if i is a Neutrosophic set in Ez then f(p) is a Neu-aGSOS in Eu.

(iif) £1(Neu-int(p))ENeu-int(Neu-Cl(Neu-int(f'(u)))) for every Neutrosophic set p in Ea.

Proof.

(i)— (ii): is obviously true.
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(ii)— (iii): Let p be any Neutrosophic set in Ez. Then Neu-int(u) is a Neutrosophic set in E2. Then f
1(Neu-int(p)) is a Neu-aGSOS in Ei. Since E1 is a Neu-agaU12 space, f(Neu-int(u))is a Neutrosophic set
in E1.Therefore f(Neu-int(p))=Neu-int(f'(Neu-int(ut))) ENeu-int(Neu-Cl(Neu-int(f1(L)))).
(iii)—(i) Let 1 be a Neu-CS in Ez. Then its complement p€ is a Neutrosophic set in E2. By Hypothesis -
I(Neu-int(p€))ENeu-int(Neu-Cl(Neu-int(f'(Neu-int(u©))))).This implies that f1(uc)ENeu-int(Neu-
Cl(Neu-int(f'(Neu-int(u©))))).Hence £1(uC) is a Neu-aOS in E1. Since every Neu-aOS is a Neu-aGSOS, -
1(uS)is a Neu-aGSOS in E1. Therefore f1(u) is a Neu-aGSCS in E1. Hence f is a Neu-aGS continuity maps.
Theorem 3.28.
Let f:(E1, ™n)—( E2, on)be a maps. Then the following conditions set are equivalent if E1 is a Neu- agaU1/2
space.
(i) f is a Neu-aGS continuity maps.
(ii) £1(A) is a Neu-aGSCS in Ei for every Neu-CS A in Ea.
(iii) Neu-Cl(Neu-int(Neu-CI(f1(A))))Sf'(Neu-Cl(A)) for every Neutrosophic set A in Ea.
Proof.
(i)— (ii): is obviously true.
(ii)— (iii): Let A be a Neutrosophic set in E2.Then Neu-CI(A) is a Neu-CS in Ez. By hypothesis,f'(Neu-
Cl(A))is a Neu-aGSCS in Ei. Since E1 is a Neu-agaU12 space, f1(Neu- CI(A)) is a Neu-CS in Ei. Therefore
Neu-Cl(f1(Neu-Cl(A)))=f1(Neu-Cl(A)).NowNeu-Cl(Neu-int(Neu-CI(f'(A)))) ENeu-Cl(Neu-int(Neu-CI(f
I(Neu-Cl(A))))) Sf1(Neu-Cl(A)).
(iif)—(i): Let A be a Neu-CS in E2. By hypothesis Neu-Cl(Neu-int(Neu-Cl(f1(A))))Ef(Neu-CI(A))=f
1(A).This implies f(A) is a Neu-aCS in E1 and hence it is a Neu-aGSCS in Ei. Therefore f is a Neu-aGS
continuity maps.
Definition 3.29.
Let (E, ™) be a Neutrospohic topology.The Neutrospohic alpha generalized semi closure (Neu-
aGSCl(A)in short) for any Neutrosophic set A is Defined as follows. Neu-aGSCl(A)=n{ K|Kis a Neu-
aGSCS in Eiand A €KJ. If A is Neu-aGSCS, then Neu-aGSCI(A)=A.
Theorem 3.30.
Let f:(E1, ™~)—( E2, on)be a Neu-aGS continuity maps. Then the following conditions set are hold.
(i) {(Neu-aGSCI(A))ENeu-Cl(f(A)), for every Neutrosophic set A in E.
(i) Neu-aGSCI(f1(u)) £ (Neu-Cl(u)), for every Neutrosophic set pin Eo.
Proof.
(i) Since Neu-Cl(f(A))is a Neu-CS in Ez and f is a Neu-aGS continuity maps, {'(Neu-Cl(f(A)))is Neu-
aGSCS in
Ei. That is Neu-aGSCI(A)Ef'(Neu-CI(f(A))). Therefore f(Neu-aGSCI(A)) ENeu-Cl(f(A)),for every
Neutrosophic set A in Ei.
(ii) Replacing A by f'(u) in (i) we get f(Neu-aGSCI(f'(un)))ENeu-CI(f(f1(un)))ENeu-Cl(un).Hence Neu-
aGSCl(
f1(n))f(Neu-Cl(n)), for every Neutrosophic set pin Ez.
4. Neutrosophic a-Generalized Semi Irresolute Maps
In this section we Introduce Neutrosophic a-generalized semi irresolute maps and study some of its
characterizations.
Definition 4.1.
A maps f:(Ei;, w)—( Ez, on)is called a Neutrosophic alpha-generalized semi irresolute (Neu-aGS
irresolute) maps if f1(A) is a Neu-aGSCSin (E1, ™) for every Neu-aGSCS A of (Ez, on)
Theorem 4.2.
Let f:(E1, ™n)—( Ez, on)be a Neu-aGS irresolute, then f is a Neu-aGS continuity maps.
Proof.
Let f be a Neu-aGS irresolute maps. Let A be any Neu-CS in Ez. Since every Neu-CS is a Neu-aGSCS, A
is a Neu-aGSCS in Ez. By hypothesis f1(A) is a Neu-aGSCS in Ez2. Hence £ is a Neu-aGS continuity maps.
Example 4.3.
Neu-aGS continuity maps is not Neu-aGS irresolute maps.
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Let Ei={a1, a2}, E2={b1, b2}, U=<e1,(4,.5, .7), (.5,.5,.6)> and V=< ez ,(.8,.5,.3), (4,.6, .7)>. Then t={0On,U,1n}
and on = {0n,V,1n} are Neutrosophic Topologies on E1 and E2 respectively. Define a maps f:(E1, ©™)—( Ez,
on)by f(a1)=b1 and f(az)=b2. Then f is a Neu-aGS continuity. We have p=<e,(.2,.5, .9), (.6,.5, .5)>is a Neu-
aGSCS in E2 but () is not a Neu-aGSCS in Ei. Therefore f is not a Neu-aGS irresolute maps.
Theorem 4.4.

Let f:(E1, ©™n)—( E2, on)be a Neu-aGS irresolute, then f is a Neutrosophic irresolute maps if Ei1 is a Neu-
agalU122 space.

Proof.

Let A be a Neu-CS in Ez. Then A is a Neu-aGSCS in Ex. Therefore f1(A) is a Neu-aGSCS in Ei, by
hypothesis. Since E1 is a Neu-agaU12 space, £1(A) is a Neu-CS in E1. Hence f is a Neutrosophic irresolute
maps.

Theorem 4.5.

Let f:(E1, ©™~)—( Ez, on)and g:( E2, on)—( Es, on) be Neu-aGS irresolute maps, then gef:( E1, t~)—( Es, on)is
a Neu-aGS irresolute maps.

Proof.

Let A be a Neu-aGSCS in Es. Then g'(A) is a Neu-aGSCS in Ez. Since f is a Neu-aGS irresolute maps. -
1((g'(A))) is a Neu-aGSCS in E1. Hence gef is a Neu-aGS irresolute maps.

Theorem 4.6.

Let f:(E1, ©™n)—( Ez, on)be a Neu-aGS irresolute and g:( E2, on) —( Es, on) be Neu-aGS continuity maps,
then gof:(E1, ©n)—( Es, on) is a Neu-aGS continuity maps.

Proof.

Let A be a Neu-CS in Es. Then g'(A) is a Neu-aGSCS in Ea. Since f is a Neu-aGS irresolute,

£1((g1(A)) is a Neu-aGSCS in E1. Hence gef is a Neu-aGS continuity maps.

Theorem 4.7.

Let f:(E1, ™)—( E2, on)be a Neu-aGS irresolute, then f is a Neu-G irresolute maps if Ei1 is a Neu-agpU1/2
space.

Proof.

Let A be a Neu-aGSCS in Ez. By hypothesis, f1(A) is a Neu-aGSCS in Ei. Since E1 is a Neu- agoU12 space,
f1(A) is a Neu-GCS in E1. Hence f is a Neu-G irresolute maps.

Theorem 4.8.

Let f:(E1, ©™n)—( E2, on)be a maps from a Neutrosophic Topology Ei Into a Neutrosophic Topology E2

. Then the following conditions set are equivalent if E1 and E2 are Neu- agaU12 spaces.

(i) fis a Neu-aGS irresolute maps.

(ii) £1(u) is a Neu-aGSOS in E1 for each Neu-aGSOS p in E.

(iif) Neu-Cl(f'(p))Sf1(Neu-Cl(p)) for each Neutrosophic set p of Ea.

Proof.

(i) —(ii) : Let p be any Neu-aGSOS in Ez. Then p€is a Neu-aGSCS in Ez.Since f is Neu-aGS irresolute, f
1(uC) is a Neu-aGSCS in E1. But f1(uC)=(f'(u))C.Therefore () is a Neu-aGSOS in Eu.

(ii)—(iii) : Let p be any Neutrosophic set in Ezand pENeu-CI(p). Then f1(p) Sf(Neu-Cl(p)). Since Neu-
Cl(u) is a Neu-CS in E2, Neu-Cl(u) is a Neu-aGSCS in Ez. Therefore (Neu-Cl(p))c is a Neu-aGSOS in E.
By hypothesis, f1((Neu-Cl(u))€) is a Neu-aGSOS in E1. Since £1((Neu-Cl(p))€)=(f'(Neu-CI(u)))f1(Neu-
Cl(u)) is a Neu-aGSCS in Ei. Since E1 is Neu- agaU12 space,f(Neu-Cl(ut)) is a Neu-CS in Ei. Hence Neu-
Cl(f'(n))ENeu-Cl(f(Neu-Cl(w)))=f"(Neu-Cl(n)). That is Neu-CI(f'(p)) Sf1(Neu-Cl(u)).

(iif)—() : Let p be any Neu-aGSCS in Ez. Since Ez is Neu-agaU12 space, p is a Neu-CS in E2 and Neu-
Cl(u)=p.Hence £1(u)=f1(Neu-Cl(p)2Neu-Cl(f'(p)). But clearly f'(u)ENeu-Cl(f!(u)). Therefore Neu-Cl(f
1(w)=f'(pn). This implies £'(u) is a Neu-CS and hence it is a Neu-aGSCS in Ei. Thus f is a Neu-aGS
irresolute maps.

Conclusion

In this research paper using Neu-aGSCS(Neutrosophic ags-closed sets ) we are defined Neu-aGS
continuity maps and analyzed its properties.after that we were compared already existing
Neutrosophic continuity maps to Neu-aGSCS continuity maps. Furthermore we were extended to this
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maps to Neu-aGS irresolute maps , Finally This concepts can be extended to future Research for some

mathematical applications.
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Abstract: The intention of this paper is to introduce the concept of GSR-closed sets in terms of
neutrosophic topological spaces. Some of the properties of NGSR-closed sets are obtained. In
addition, we inspect NGSR-continuity and NGSR-contra continuity in neutrosophic topological
spaces.
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1. Introduction

In 1965, fuzzy concept was proposed by Zadeh [43] and he studied membership function.
Chang [14] developed the theory of fuzzy topology in 1967. The notions of inclusion, union,
intersection, complement, relation, convexity, and so forth, are expanded to such sets and several
properties of these notions are established by various authors.

Atanassov [10, 11, 12] generalized the idea of fuzzy set to intuitionistic fuzzy set by adding
the degree of non-membership. The intuitionistic fuzzy topology was advanced by Coker [16] using
the notion of intuitionistic fuzzy sets. Intuitionistic fuzzy point was given by Coker et.al [15]. These
approaches gave a wide field for exploration in the area of intuitionistic fuzzy topology and its
application. Burillo et al.[13]studied the intuitionistic fuzzy relation and their properties. Thakur et.al
[44] introduced generalized closed set in intuitionistic fuzzy topology. Various researchers [8, 24, 26,
33, 37, 38] extended the results of generalization of various Intuitionistic fuzzy closed sets in many
directions.

The concepts of neutrosophy was introduced by Florentin Smarandache [18, 19, 20] in which
he developed the degree of indeterminacy. In comparing with more uncertain ideology, the
neutrosophic set can accord with indeterminacy situation. Salama et.al [34,35,36] transformed the
idea of neutrosophic crisp set into neutrosophic topological spaces and introduced generalized
neutrosophic set and generalized neutrosophic topological Spaces. Ishwarya et.al [22] studied
Neutrosophic semi open sets in Neutrosophic topological spaces. Abdel-Basset et.al [ 1,2,3,4,5,6] gave
a novel neutrosophic approach. Many researchers [28, 30, 31, 41, 42] added and studied semi open
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sets, a open sets, pre-open sets, semi alpha open sets etc., and developed several interesting
properties and applications in Neutrosophic Topology. Several authors [7, 25, 27, 32, 39, 44] have
contributed in topological spaces.

Mohana K et.al [29] introduced gsr -closed sets in soft topology in 2017. In this article we tend
to provide the idea of NGSR-closed sets and NGSR-open sets. Also, we presented NGSR continuous

and NGSR-contra continuous mappings.

2 Preliminaries

Definition 2.1. [20] Let X be a non-empty fixed set. A neutrosophic set (NS) A is an object having the
form A = {(x,pa(x),04(X),va(x)):x € X} where p,(x),04(x) andv,(x)represent the degree of
membership, degree of indeterminacy and the degree of nonmembership respectively of each
element x € X to the set A.

A Neutrosophic set A = {(x,1a(x),04(X),va(x)):x € X} can be identified as an ordered triple
(a(x), 04(x),va(x))in ]70,1*[on X.

Definition 2.2. [20] Let A =(u, (%), 04(%),va(x)) be a NS on X, then the complement C(A) may be
defined as

1.CAA) ={(x 1 —pa(x), 1 —vaX)):x € X}

2.C(A) = {(x,va(x), 04(x), pa(x)): x € X}

3.C(A) = {(x,va(x),1 = 05 (%), pa(x)): x € X}

Note that for any two neutrosophic sets A and B,

4. C(A UB) = C(A) NnC(B)

5.C(A NB) = C(A) U C(B).

Definition 2.3. [20] For any two neutrosophic sets A = {(x, pa(x),04(X),va(x)):x €X} and B =
{(x, ug(x), op(x), vg(x)): x € X} we may have

1.A €B e (%) < ug(x),04(x) < og(x) and vy (x) = vg(x)V x € X

2.A CBe pua(x) S pug(x),04(x) = og(x) and vp(x) = vg(x)V x € X

3.ANB = (x,ua(x) App(x),04(x) A 0p(x) and va(x) V vg(x))

4. ANB= (x,pa(x) App(x),04(x) V op(x) and vo(x) V vg(x))

5,AUB = (x,pa(x) Vup(x),04(x) V 0g(x) and va(x) A vg(x))

6.AUB = (x,pa(x) V pg(x),04(x) Aog(x) and va(x) A vg(x))

Definition 2.4. [34] A neutrosophic topology (NT) on a non-empty set X is a family T of neutrosophic
subsets in X satisfies the following axioms:

(NT,)) Oy, Iy ET

(NT,) Gy N G, € tforany G;,G, €T
(NT,)) UG etV{G:ieJ}cT

Definition 2.5. [34] Let A be an NS in NTS X. Then

Nint(A)=U {G: Gisan NOSinXand G € A} is called a neutrosophic interior of A

Ncl(A)=n{K: Kisan NCSin X and A € K} is called a neutrosophic closure of A

Definition 2.6. [18] A NS A of a NTS X is said to be

(1) a neutrosophic pre-open set (NPOS) if A © NInt(NCI(A)) and a neutrosophic pre-closed(NPCS) if
NCI(NInt(A)) < A.
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(2) a neutrosophic semi-open set (NSOS) if A € NCI(NInt(A)) and a neutrosophic semi-closed set

(NSCS) if NInt(NCI(A)) € A.

(3) a neutrosophic a-open set (NaOS) if A & NInt(NCI(NInt(A))) and a neutrosophic a-closed set

(NaCS) if NCI(NInt(NCI(A))) < A.

(4) a neutrosophic regular open set (NROS) if A = Nint(Ncl(A)) and a neutrosophic regular closed

set (NRCS) if Ncl(Nint(A)) = A.

Definition 2.7. [22] Consider a NS A in a NTS (X, T).Then the neutrosophic semi interior and the

neutrosophic

semi closure are defined as

Nsint(A) = U{G: Gis a N Semi open setin X and G € A}

Nscl(A) =N {K: Kis a N Semi closed setinXand A € K}

Definition 2.8. [38] A subset A of a neutrosophic topological space (X, T) is called a neutrosophic a

generalized closed (Nag-closed) set if Nacl(A) € U whenever A € U and U is neutrosophic a-open

in (X, T).

3. NGSR closed sets

Definition 3.1. A NS A in a NTS X is stated to be a neutrosophic gsr closed set (NGSR-Closed set) if

Nscl (A) € U for every A € U and U is a NROS (Neutrosophic Regular Open set) in X.

The complement C(A) of a NGSR-closed set A is a NGSR-open set in X.

Example 3.2. Let X = {a,b} and t = {04, G, 15} be NT in which G, (x, (0.4,0.1),(0.3,0.2), (0.5,0.5)) and

G, =(x,(0.4,0,4),(0.4,0.3),(0.5,0.4)). Here A = (x,(0.4,0.4),(0.3,0.2),(0.4,0.5)) is an NGSR-closed

set.

Theorem 3.3. Each NCS is a NGSR-closed set in X.

Proof. Let A © U wherein U is a NROS in X. Let A be an NCS in X.

We got Nscl(A) € Ncl(A) € U. Consequently A is a NGSR-closed set in X.

Example 3.4. Let X = {a,b} and T = {04, G, 1y} be an NT having G, = (x,(0.4,0.1), (0.3,0.2), (0.5, 0.5))

and G, = (x, (0.4,0.4), (0.4; 0.3),(0.5,0.4)) .Here A = (x,(0.4,0.4), (0.3,0.2), (0.4,0.5)) is an NGSR-

closed set, however not NCS.

Theorem 3.5. Each Na — closed set is a NGSR-closed set in X.

Proof. Let A € U inwhich U is a NROS in X. Let A be an Na — closed set in X.

Now Nscl(A) € N € cl(A) € U. Consequently A is a NGSR-closed set in X.

Example 3.6. Let X ={a, b} and t = {04, G, 1y} be an NT in which

G, = (x (0.6,0.2),(0.1,0.5), (0.5,0.4)) and G, = (x, (0.5,03), (0.3,0.2), (0.6,0.4) )

Here A =(x,(0.6,0.3), (0.1,0.6), (0.5,0.4) ) is an NGSR-closed set, but not Na-closed set as
Ncl(Nint(Ncl(A))) = C(A) € A.

Theorem 3.7. Each Nsemi-closed set is a NGSR-closed set in X.

Proof. Suppose A is an Nsemi-closed set and A & U wherein U is a NROS in X. Now (4) = A U

Nint(Ncl(A)) €A UA = A . Therefore A is a NGSR-closed set in X.

Example 3.8. Let X = {a, b} and t = {04, G, 1y} be an NT in which

G, = (x,(0.4,0.5),(0.3,0.2),(0.5,0.5)) and G, = (x, (0.4,0.4), (0.4,0.3), (0.5, 0.4))

Then A = (x,(0.4,0.4), (0.3,0.2), (0.4,0.5)) is an NGSR-closed set, however not Nsemi-closed set as

Nint(Ncl(4)) =G, € A.
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Theorem 3.9. Each NaG — closed set is a NGSR-closed set in X.

Proof. Let A € U where U is a NROS in X. Let A be an NaG — closed set in X. Now Nscl(4) <
Nacl(A) € U . Therefore A is a NGSR-closed set in X.

Example 3.10. Let X = {a, b} and T = {04, G, 1y} be an NT where

G, = (x,(0.6,0.2),(0.1,0.5), (0.5,0.4) )and G, = (x, (0.5,0.3),(0.3,0.2), (0.6,0.4) )

Then A = (x,(0.6,0.3),(0.1,0.6), (0.5,0.4)) is an NGSR-closed set but not NaG-closed set.

Remark 3.11. The counter examples shows that NGSR-closed set is independent of NPCS.

Example 3.12. Let X = {a,b} and t = {04, G, 1y} be an NT where

G, = (x,(0.6,0.2), (01, 0.5), (0.5,0.4)) and G, = (x, (0.5,03.),(0.3,0.2), (0.6,0.4) )

Here A = (x, (0.6,0.3), (0.1,0.6), (0.5,0.4)) be an NGSR-closed set, but not NPCS as Ncl(Nint(A)) = C(B)
ZA.

Example 3.13. Let X ={a, b} and t = {04, G, 15} be an NT where

G; = (x,(0:5; 0:4),(0:3; 0:2),(0:5; 0:6)),G, = (x,(0:8; 0:7),(0:4; 0:3),(0:2; 0:3)) and
G; = (x,(0:2; 0:1),(0:3; 0:2),(0:8; 0:9))

Then A = (x,(0.5,0.3),(0.3,0.2), (0.5,0.7) ) is an NPCS, but not NGSR-closed set.

Theorem 3.14. Consider a NTS (X, t). Then for each A € NGSR-closed set and for each B € NS in X,
A € B € Nscl(A) implies B € NGSR-closed in (X, t) .

Proof. Assume that B € Uand U is a NROS in (X, t ) which shows that A € B,A € U. Via
speculation, B € Nscl(A). Consequently Nscl(B) € Nscl(Nscl(A)) = Nscl(A) € U, given that A isan
NGSR-closed set in (X, T). As a result B € NGSR-closed in (X, t).

Theorem 3.15. Consider a NROS A and a NGSR-closed set in (X, T ), then A is a NSemi-closed set in
X, T).

Proof. Due to the fact A € A and A is a NROS in (X, t ),Via speculation, Nscl(A) € A.

However A € Nscl(A). Therefore Nscl(A) = A. Consequently A is a Nsemi-closed set in (X, T).

Theorem 3.16. Let (X, t) be a NTS. Then for each A € NGSR-open X and for every B € N5(X), Nsint
(A) EBEA implies B € NGSR-open set in X.

Proof. Let A be any NGSR-open set of X and B be any NS of X. By means of speculation Nsint € B
€A. Then C(A) is a NGSR-closed in X and C(A) € C(B) ENscl(C(A)). By using Theorem 3.5, C(B) is a
NGSRclosed in (X, t ). Thus B is a NGSR-Open in (X, t ). Hence B € NGSR-open in X.

Theorem 3.17. A NS A is a NGSR-open in (X, t) if and only if F _ Nsint(A) everytime F is a NRCS in
(X, t)and F € A.

Proof. Necessity: Assume that A is a NGSR-open in (X, t) and F is a NRCS in (X, T ) such that F € A.
Then C(F) is a NROS and C(A) € C(F). Via speculation C(A) is a NGSR-closed set in (X, t), we've
Nscl(C(A)) € C(F). Therefore F € Nsint(A).
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Sufficiency: Let U be a NROS in (X, 1) such that C(A) € U. By hypothesis, C(U) & Nsint(A).
Consequently Nscl(C(A)) € U and C(A) is an NGSR-closed set in (X, T ). Thus A is a NGSR-open set
in (X, T).

Theorem 3.18. A is Nsemi-closed if it is both Nsemi-open and NGSR-closed.
Proof. Considering A is each Nsemi-open and NGSR-closed set in X, then Nscl(A) & A. We
additionally have A €Nscl(A). Accordingly, Nscl(A) = A. Therefore, A is an Nsemi-closed set in X.

4 On NGSR-Continuity and NGSR-Contra Continuity
Definition 4.1. Let f be a mapping from a neutrosophic topological space (X, T ) to a neutrosophic
topological space (Y, g). Then f is referred to as a neutrosophic gsr-continuous(NGSR-continuous)

mapping if f~*(B) is a NGSR-open set in X, for each neutrosophic-open set BinY .

Theorem 4.2. Consider a mapping f : (X,t) — (Y,0).Then (1) and (2) are equal.
(1) f is NGSR-continuous
(2) The inverse image of each N-closed set B in Y is NGSR-closed set in X.

Proof. This can be proved with the aid of using the complement and Definition 4.1.

Theorem 4.3. Consider an NGSR-continuous mapping f : (X,7) — (Y,0) then the subsequent
assertions hold:

(1) for all neutrosophic sets A in X, f(NGSRNcl(A)) € Ncl(f(4))

(2) for all neutrosophic sets BinY, NGSRNcl (f "*(B)) < f~(Ncl(B)).

Proof. (1) Let Ncl(f(A)) be a neutrosophic closed set in Y and f be NGSR-continuous, then it follows
that f~! (Ncl(f(A))) is NGSR-closed in X. In view that A < f~ (Ncl(f(A))), NGSRcl(A) <
=Y (Ncl(f(A))). Hence, f(NGSRNcl(A)) S Ncl(f(4)).

(2) We get f(NGSRcl(f~* (B))) € Nclf(f~* (B))) € Ncl(B).

Hence, NGSRcl(f~* (B)) € f~' (Ncl(B)) by way of changing A with B in (1).

Definition 4.4. Let f be a mapping from a neutrosophic topological space (X, t) to a neutrosophic
topological space (Y, o). Then f is known as neutrosophic gsr-contra continuous(NGSR-contra

continuous) mapping if f~* (B) is a NGSR-closed set in X for each neutrosophic-open setBin'Y .

Theorem 4.5. Consider a mapping f: (X,7) — (Y,0).Then the subsequent assertions are
equivalent:

(1) fis a NGSR-contra continuous mapping

(2) 71 (B) is an NGSR-closed set in X, for each NOSB in Y.

Proof. (1) = (2) Assume that f is NGSR-contra continuous mapping and B is NOS in Y. Then Bcis
an NCS in Y. It follows that, f ~1(B¢) is an NGSR-open set in X. For this reason, f~* (B) is an NGSR-
closed set in X.

(2) = (1) The converse is similar.

Theorem 4.6. Consider a bijective mapping f : (X,7) — (Y, 0).from an
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NTS(X, t )into an NTS(Y, 0).If Ncl(f(4)) € f(NGSRint(A)), for each NS B in X, then the mapping f
is NGSR-contra continuous.

Proof. Consider a NCS B in Y. Then Ncl(B) =B and f is onto, by way of assumption,
f(NGSRint(f~* (B))) < Ncl(f(f~* (B))) = Ncl(B) = B. Consequently,
fY (fF(NGSRint(f~* (B)))) < f~* (B). Additionally due to the fact that f is an into mapping, we have
NGSRint(f~* (B)) = f~' (f(NGSRint(f~* (B)))) S f~! (B).Consequently,  NGSRint(f * (B)) =
f~1 (B), so fol(B) is an NGSR-open set in X. Hence, f is a NGSR-contra continuous mapping.

5. Conclusion and Future work

Neutrosophic topological space concept is used to deal with vagueness. This paper
introduced NGSR closed set and some of its properties were discussed and derived some
contradicting examples. This idea can be developed and extended in the real life applications such as

in medical field and so on.
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Abstract: The term topology was introduced by Johann Beredict Listing in the 19t century. Closed
sets are fundamental objects in a topological space. In this paper, we use neutrosophic vague sets and
topological spaces and we construct and develop a new concept namely “neutrosophic vague
topological spaces”. By using the fundamental definition and necessary example we have defined the
neutrosophic vague topological spaces and have also discussed some of its properties. Also we have
defined the neutrosophic vague continuity and neutrosophic vague compact space in neutrosophic

vague topological spaces and their properties are deliberated.

Keywords: Neutrosophic vague set, neutrosophic vague topology, neutrosophic vague topological
spaces, neutrosophic vague continuity.

1. Introduction:

Zadeh [19] in 1965 introduced and defined the fuzzy set which deals with the degree of
membership/truth. Topology has become a powerful instrument of mathematical research. Topology
is the modern version of geometry. It is commonly defined as the study of shapes and topological
spaces. The topology is an area of mathematics, which is concerned with the properties of space that
are preserved under continuous deformation including stretching and bending, but not tearing and
gluing which include properties such as connectedness, continuity and boundary. The term topology
was introduced by Johann Beredict Listing in the 19t century. Closed sets are fundamental objects in
a topological space. In 1970, Levine [11] initiated the study of generalized closed sets.

The theory of fuzzy topology was introduced by Chang [8] in 1967; several researches were
conducted on the generalizations of the notions of fuzzy sets and fuzzy topology. Atanassov [7]
in1986 introduced the degree of non-membership/falsehood (F) and defined the intuitionistic fuzzy
set as a generalization of fuzzy sets. Coker [9] in 1997 introduced the intuitionistic fuzzy topological
spaces. As an extension of fuzzy set theory in 1993, the theory of vague sets was first proposed by
Gau and Buehre[10]. Then, Smarandache [15] introduced the degree of indeterminacy/neutrality (I)
as independent component in 1998 and defined the neutrosophic set. Various methods were

proposed by Smarandache.et.al [13, 16, 17, 18] and Abdel-Basset.et.al [1, 2, 3] for neutrosophic sets.
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Salama and Alblowi [12] in 2012 used this neutrosophic set and introduced neutrosophic topological
spaces. Shawkat Alkhazaleh [14] in 2015 introduced the concept of neutrosophic vague set as a
combination of neutrosophic set and vague set. Neutrosophic vague theory is an effective tool to
process incomplete, indeterminate and inconsistent information. Al-Quran and Hassan [4, 5, 6] in
2017 introduced and gave more application on neutrosophic vague soft.

In this paper we define the notion of neutrosophic vague topological spaces and their
properties are obtained. The purpose of this paper is to extend the classical topological spaces to
neutrosophic vague topological spaces. Also we have defined the neutrosophic vague continuity and
neutrosophic vague compact spaces which give the added advantage in neutrosophic vague

topological spaces.
2. Preliminaries
Definition 2.1:[14] A neutrosophic vague set ANV (NVS in short) on the universe of discourse X

written as Ayy = {<x;f“ Ay (x);i Ay (x);ﬁ ) (x)>;x eX } , whose truth membership,

indeterminacy membership and false membership functions is defined as:
fA'VV (x) = [T_ ’ T+ ]’ jAW’ (X) = []_ ’]+ ]’ FA‘AW (X) = [F_ ’F+ ]

Where,

1) T"=1-F"

2) F"=1-T" and

3) 0T +I +F <2".
Definition 2.2:[14] Let ANV and B vy be two NVSs of the universe U . If
Vu, eU, YA”ANV (ui)S YA“BNV (u[); ]AANV (u,.)Z ]ABNV (“,) ; ﬁ’ANV (u[)z ]:ﬂBNV (u[ ), then the NVS Ay, is
included by BNV , denoted by ANV - BNV » where 1<i<n.
Definition 2.3:[14] The complement of NVS ANV is denoted by A ,\iV and is defined by

7o ()=[i-171-1 | I (¥)=[i-1,1-1 £ (x)=[i-Fr1-F]
Definition 2.4:[14] Let ANV be NVS of the universe U where Vui eU, T . (x) = [1, 1];
iA,w (x) = [0, 0]; ﬁAw (x) = [0,0]. Then Ayy is called unit NVS (1) in short), where 1<i < n.

Definition 2.5:[14] Let Ay, be NVS of the universe U where Vi, €U, T . (x) = [0, 0];

IAAM, (x) = [1, 1]; ﬁANV (x) = [1, 1]. Then Ay is called zero NVS (0 in short), where 1< < n.
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Definition 2.6:[14] The union of two NVSs ANV and B yy is NVS CNV , written as
CNV = ANV UBNV , whose truth-membership, indeterminacy-membership and false-membership
functions are related to those of ANV and B yv given by,

T, (x)=[max(T,

NV,

Ty, ),max(TAfWX ,Tgm )]

Ie,, (o) =lmin(ly, 15, ),min(Z, 05 0]

ﬁ‘cw (x) = [min(FAfWX oy, N ),min(F/IWX JF B*A . )]-
Definition 2.7:[14] The intersection of two NVSs ANV and B vy is NVS CNV , written as
CNV = ANV mBNV , whose truth-membership, indeterminacy-membership and false-membership
functions are related to those of ANV and B yv given by,

Te,, (0)=[min(Ty .75 ),min(T; T, )]

I Cor (x) = [max(/ iy 15, )>-max(/ ;vi, v ;Nn )]

I:ﬁcw (x) = [max(F/;WY JF B, ),max(FA*W\ JF BT\ Ve )]-
Definition 2.8:[14] Let ANV and B vy be two NVSs of the universe U . If Vui el,

fANV (ui)z fB,w (ul.); IAANV (“i): iB,w (ul. ); ﬁAw (”i): ﬁB,W (u,. ), then the NVS ANV and BNV , are
called equal, where 1<i<n.

Definition 2.9: Let {AA . el } be an arbitrary family of NVSs. Then

LN

ud, = {<x;[max(TA"‘ ), max(T; )j,(mirll(l; ), mir/l(lj )),(migl(FA"i ), mirll(FA+ D>;x € X}
Ny ieJ inv ieJ inv ie. inv /e iNv ie. invv /e inv
S N YO PR VOIS PSR O

Corollary 2.10: Let ANV, By, and CNV be NVSs. Then

a) Ay, € By and €y, € Dy =4, VCy, € By, UDy, and 4, NCy,, € By, N Dy,

Mary Margaret, Trinita Pricilla and Shawkat Alkhazaleh, Neutrosophic Vague Topological Spaces



Neutrosophic Sets and Systems, Vol. 28, 2019 182

b) Ay € By, and 4, cCy, =4, € By, NCy,
o 4y cCy and By, cCy, =4, UB,, cCy,

d A4y, €By, ad By, cCy, =4,,cCy,

e) (ANV UBNV): Ayy N By

f) (ANV mBNV): Ay, Y By,

g) ANV - BNV = BNV - ANV

h)y \dyy )= Ay,
i) Lwr =0 N
) Oy = Ly,
Corollary 2.11: Let Ay, By, Cy, and 4; (i eJ ) be NVSs. Then
a) A4, < By, foreachieJ=>u4, cB,,

Ly

b) By, c4, foreachieJ=B,, cn4,

o vd, =nd4, andnd, =04

Eny
3. Neutrosophic Vague Topological Space:
Definition 3.1: A neutrosophic vague topology (NVT) on X yy is a family ¢z, of neutrosophic
vague sets (NVS) in X yy satisfying the following axioms:
® ONV’INV € Ty
* G NG, et,, forany G,,G, ez,
.« UG, ETNV,V{Gi :ieJ}ngV

In this case the pair (x,, ,z,, ) is called neutrosophic vague topological space (NVTS) and any

NV >

NVSin ¢, isknown asneutrosophic vague open set (NVOS) in X NV -
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The complement A;/V of NVOS in NVTS (x ) is called neutrosophic vague closed set

NV Ny

(NVCS)in X yp.

Example 3.2: Let XNV = {e, f, g} and

A ={x ¢ / g }
M ’([0.1,0.5];[0.6,0.8];[0.5,0.9]) " ([0.2,0.3];[0.4,0.5];[0.7,0.8]) " ([0.2,0.6];[0.7,0.9];[0.4,0.8]) |

B,, =1x ¢ S g
M ’([0.2,0.4];[0.3,0.7];[0.6,0.8]) " ([0.5,0.8];[0.2,0.6];[0.2,0.5]) " ([0.1,0.3];[0.1,0.7];[0.7,0.9]) |

C,, =3x ¢ S g
v "([0.2,0.5];[0.3,0.7];[0.5,0.8]) " {[0.5,0.8];[0.2,0.5];[0.2,0.5]) " ([0.2,0.6]; [0.1,0.7]; [0.4,0.8]) |

e f g
Dy, = :
v {x’ ([0.1,0.4];[0.6,0.8];[0.6,0.9]) " ([0.2,0.3];[0.4,0.6];[0.7,0.8])" <[0.1,0.3];[0.7,0.9];[0.7,0.9]>}
Then the family Ty, = {ONV oAy s Byys Cyy s Dy s Ly }Of NVSsin Xy, isNVTon Xy,

Definition 3.3: Let (.x° ) be NVISand 4,, = {<x, [fA ,fA ,ﬁA ]>} be NVS in XNV. Then the

NV’TNV

neutrosophic vague interior and neutrosophic vague closure are defined by
e ANVint(4,,)=U{G,, /G,, is a NVOSin X, and G, < A4, },
* NVel(Ay,)={K,, /K,, isa NVCSin X ,, and 4,, < K,,

Note that for any NVS ANV in (XNV STy ), we have NVC[(AZC\,V): (NV int(ANV))c and
NV int(Af\,V ) =(NVel(4,,)) .
It can be also shown that NVCI(ANV) isNVCSand NV int(ANV) is NVOS in XNV-
a) ANV is NVCS in XNV ifand only if NVei(A,, )= Ay, -
b) ANV is NVOS in XNV ifand only if NV int(A4,, )= A4,, -
Example 3.4: Let XNV = {e, f} andlet Tyy = {ONV’Glan’lNV} be NVT on X , where

e S

G = {x’ (02.041:[0.7.0.9]:[0.6.0.8]) " ([0.3.0.5]:[0.6.0.8]; [0.5,0.7])} and
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G :{x € f }
*17([04,0.9];[0.1,0.3];[0.1,0.4]) " [0.5,0.7];[0.2,0.6];0.3,0.5])

If 4 ={x, € , / } then
M ([0.3,0.5];[0.4,0.7];[0.5,0.7]) " ([0.4,0.6];[0.5,0.8];[0.4,0.6])

. € f
NV int(4y)= G, = {x’ ([0.2,0.4]:[0.7,09]:[0.6,0.8])" <[0-3,0-5];[0-630-8];[0-5’0-7]>}and

c € /
NVel(dyy )= G = {x’ [0.8,0.6]:[0.1.0.3}:J02.0.4) " [0.5,0.71:[0.2,04]; [0.3,0.5]>} |

Proposition 3.5: Let Ay, be any NVSin X ;. Then
i) NV int(l N ANV) =1y - (N Vel (ANV )) and
ii) NVl (1 wr — Ay ) =1y - (NV int(ANV ))
Proof: (i) By definition NVel(A,, )= ~{K,, /K,, isaNVCSin X ,, and 4,, < K,, }.

1, —(NVel(4,,))=1,, —N{K,, /K,, isa NVCS in X, and 4,, cK,, }
=uil,, -K,,/K,, isa NVCSin X ,, and 4,, c K, |
=U{Gy, /Gy, is an NVOS in X, and G, c1,, — 4y, |
= NVint(l,, — 4,,)

(ii) The proof is similar to (i).
Proposition 3.6: Let(x,, ,z,, ) be a NVTS and ANV’B v be NVSs in X vy - Then the following
properties hold:

a) NVint(A4,, )< 4,

a’) A, = NVcl(Ay, )

b) 4, < B,, = NVint(4,, )< NVint(B,, ),

b)) A, < B,, = NVcl(A,, )< NVl (B,, )

o) NVint(NVint(A4,, ))= NV int(A,, ),

c) NVel(NVel( Ay, )= NVel(A,, )

d)  A~vint(4,, N B,, )= NVint(4,, ) NVint(B,, ),

d") Nvel(A,, O B, )= NVcl(Ay, ) NVel(B,, )
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e) NVint(lNV>:1NV/

¢) Nvel(0,,)=0,,
Proof: (a), (b) and (e) are obvious, (c) follows from (a)

d) From N~V int(4,, N B,, )< NVint(4,,) and NV int(4,, " B,, )< NV int(B,, ) we
obtain NV int(4,, — B,, )< NV int(4,, )~ NV int(B,, )

On the other hand, from the facts ~NVint(4,,)c 4,, and NVint(B,,)< By,
= NVint(A4,, )" NVint(B,, )< 4., N B,, and NVint(A4,, )~ NV int(B,, )< z,, We see

that N7 int(4,, )~ NV int(B,, )< NV int(4,, " B,, ), for which we obtain the required

result.
(a’)—(e") They can be easily deduced from (a)—(e).

NV’Z-NV) is said to be

Definition 3.7: ANVS 4, = {<x, [fA,iA,ﬁA]>} in NVTS (x
i) Neutrosophic Vague semi closed set (NVSCS) if NV int(NVel(Ay, ) = Ay, »

i)  Neutrosophic Vague semi open set (NVSOS) if 4,, < NVel(NV int(A4,, )),

iti) Neutrosophic Vague pre- closed set (NVPCS) if NVel(NV int(Ay, ) = Ay, »

iv)  Neutrosophic Vague pre-open set (NVPOS)if 4, < NV int(NVel(A,, )),

v)  Neutrosophic Vague o -closed set (NV o CS)if NVel(NV int(NVel(Ay, ) < Ay, »

vi) Neutrosophic Vague o -open set (NV o OS)if 4., < NV int(NVel(NV int(A,, ))),

vii) Neutrosophic Vague semi pre- closed set (NVSPCS) if NV int(NVel (NV int(A,,, ) < Ay, »

viii) Neutrosophic Vague semi pre-open set (NVSPOS)if 4,, = NVel(NV int(NVel(A,, ))),

ix)  Neutrosophic Vague regular open set (NVROS) if 4,, = NV int(NVel(A,, )),

x)  Neutrosophic Vague regular closed set (NVRCS)if 4,, = NVel(NV int(4,, )).

4. Neutrosophic Vague continuity:
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Definition 4.1: We define the image and preimage of NVSs. Let X'y, and Yy, be two nonempty
setsand f : Xy, = Yy, bea function, then the following statements hold:
a) If By, = {<x;f3 (x): 15 (x); 7y (x))s x X} isaNVSin Yy, then the preimage of By
under f, denoted by f (BNV), is the NVSin Xy, defined by
(B )= (2 " (F, Jo)or (2, Jo)s s (B o)) i e X
b) If 4,, = {<x;fA (): 7, (6): B, (x))ix e X, | isaNVSin Xy, then the image of Ay

under f, denoted by f (ANV ), is the NVSin Y, nyy defined by

F )= (55 Lo EJ0): S )0 £ (B i e ¥

where,

xef

)= { sup. T() if £ (v) % ¢

0, otherwise

otherwise

(i )= {X;;lf Lkl i)z

xef

£lf))= { inf £ (x), if £ (v) % ¢

otherwise
foreach Y €Yy,
Corollary 4.2: Let Ay, 4, (i€ J) be NVSsin Xy, ByysB; (j€K) be NVssin Yy and
f: X =Yy, afunction. Then
0 4, ch, = )erln,) B cB =B, )erB,)
b) Ay </ (f(Ay)) @ £ isinjective, then Ay, = f7'(f(4y, )
F7 (B )< Buy a5 £ issurectve, then /(17 (Byy))= By,
d>f(B J=uri(s,,)
J=nr(s,,)

(mB
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) f (U 4 ) uf (Ai w ) %
o a2l Jar 5 smee ven f0d, -t )
h) fﬁ1 (INV): Ly,

i) f_l (ONV)

ONV’
j) f(lNV): Ly, if f is surjective,

k) f(ONV): Oy,

) f (ANV) cf (ANV ), if f issurjective,

m) fﬁl(B_NV): fﬁl(BNV)'

Definition 4.3: Let (x,,,z,,) and (Y s NV) be two NVTSs and let
f : (X N Ty ) - (Y a4 NV) be a function. Then f is said to be neutrosophic vague continuous
mapping iff the preimage of each neutrosophic vague closed set is in Y, yv  is neutrosophic vague
closed setin X NV -

Definition 4.4: Let (x,,,z,,) and (Y s NV) be two NVTSs and let
f . (X v Tar ) - (Y Nl NV) be a function. Then f 1is said to be neutrosophic vague open
mapping iff the image of each neutrosophic vague open set is in X yy  is neutrosophic vague open
setin Y, NV -

5. Neutrosophic Vague Compact Space:

Definition 5.1: Let (X s T NV) be NVTS.
i) If a family {<x, T,.1,.F, > iedJ } of NVOSs in X satisfies the condition

i

U {<x,TA/ A, F, > lie J}: 1,, , then it is called neutrosophic vague open cover of X. A

finite subfamily of neutrosophic vague open cover {<x, T,.1,,F, > ied } of X, which
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is also a neutrosophic vague cover of X, is called a neutrosophic vague finite subcover of

{<x,TA[ 4 Fy)iie J|.
ii) A family {<x, Ty 1y, Fy > ieldJ } of NVCSs in X satisfies the finite intersection

property iff every finite subfamily {< x, Ty 1, ,Fy > i=12,...., n} of the family satisfies

i

the condition ﬁ{<X,TBi ’[Bi 7FBI. >}¢ ONv-

i=1
Definition 5.2: A NVTS (X Ny T NV) is called neutrosophic vague compact iff every neutrosophic

vague open cover of X has a neutrosophic vague finite subcover.

Corollary 5.3: A NVTS (X NV’TNV) is neutrosophic vague compact iff every family

{<x, Ty 1y, Fp, > lie J} of NVCSs in X having the FIP has a nonempty intersection.

Corollary 5.4: Let (XNV,TNV) , (YNV,UNV) be NVTSs and f : (XNV’TNV)_) (YNV’GNV) a

neutrosophic vague continuous surjection. If (X Ny T NV) is neutrosophic vague compact, then so

is ( NV GNV)-

Definition 5.5: Let (X yy»7 NV) be NVTSand Ay aNVSin X.

i) If a family {<x,TAi A, F, > i e J} of NVOSs in X satisfies the condition

Ay, < U {<x, r,.,1,.F, > e J}, then it is called neutrosophic vague open cover of
ANV. A finite subfamily of neutrosophic vague open cover {<x, r,.1,.F, > lie J} of
A nv » which is also a neutrosophic vague cover of A nv ., is called a neutrosophic vague
finite subcover of {<x,TAi Ay ,FAI> ‘ie J}.

ii) ANVSinaNVTS (X N2 NV) is called neutrosophic vague compact iff every

neutrosophic vague cover 4 nv of has a neutrosophic vague finite subcover.
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Corollary 5.6: Let (XNVaTNV) , (YNV,GNV) be NVTSs and f : (XNV7TNV) - (YNV,GNV) a
neutrosophic vague continuous function. If A yy is neutrosophic vague compact in (X N NV)/

then so if f(ANV) in (YNV’GNV)'

Conclusion: Thus we have given the definition for neutrosophic vague topological spaces and
suitable examples are also given. Along with those definition neutrosophic vague continuity and
neutrosophic vague compact spaces where also discussed. Further, we can compare with all the
neutrosophic vague sets and neutrosophic vague continuous functions in neutrosophic vague

topological spaces.
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Abstract: Many problems in life are filled with ambiguity, uncertainty, impreciseness ...etc.,
therefore we need to interpret these phenomena. In this paper, we will focus on studying
neutrosophic Weibull distribution and its family, through explaining itsspecial cases,and the
functions' relationship with ~ neutrosophic Weibull such as Neutrosophic Inverse Weibull,
Neutrosophic Rayleigh, Neutrosophic three parameter Weibull, Neutrosophic Beta Weibull,
Neutrosophic five Weibull, Neutrosophic six Weibull distributions (various parameters).This study
will enable us to deal with indeterminate or inaccurate problems in a flexible manner. These
problems will follow  this family of distributions. In addition, these distributions are applied  in
various domains, such as reliability, electrical engineering, Quality Control ..... etc. Some properties
and examples for these distributions are discussed.

Keywords: Weibull distribution, Neutrosophic logic, Neutrosophic number, Neutrosophic Weibull,
Neutrosophic inverse Weibull, Neutrosophic Rayleigh, Neutrosophic Weibull with (three, four,
five, six) parameters.

1. Introduction

The real world is overstuffed with vague, unclear, fuzzy (problems, situations, ideas). The classical
probability ignores extreme, aberrant, unclear values, and therefore a new adequate tool had to
emerge. Neutrosophiclogic was introduced by Smarandache in 1995, as a generalization for the fuzzy
logic and intuitionistic fuzzy logic [5, 6]. Smarandache [3, 7, 8] and Salamaa.et.al [3, 4] were
presented the fundamental concepts of neutrosophic set. Smarandache extended the fuzzy set to the
neutrosophic set [1, 3], introducing the neutrosophic components T, I, F which represent the
membership, indeterminacy, and non-membership values respectively, where]-0, 1+[ is the non-
standard unit interval. Smarandache presented the neutrosophic statistics, which the data can be
enigmatic, vague, imprecise, incomplete, even unknown.

The extension of classical distributions according to the neutrosophic logic means that the parameters
of classical distribution take undetermined values[1,2,3,10], which allows dealing with all the
situations that one may encounter while working with statistical data and especially when working
with vague and inaccurate statistical data, such as the sample size may not be exactly known. The
sample size could be between 50 and 70; the statistician is not sure about 20 sample persons if they
belong or not to the population of interest; or because the 20 sample persons only partially belong to

the population of interest, while partially they don’t belong. This mean, in classical statistics all data

Kawther Fawzi Hamza Alhasan, Florentin Smarandache. Neutrosophic of Weibull and Neutrosophic Family Weibull
Distribution



Neutrosophic Sets and Systems, Vol. 28, 2019 192

are determined, while in neutrosophic statistic the data or a part of it are indeterminate in some
degree. The neutrosophic researchers presented studies in objects different in neutrosophic statistic,
such as Salama, Rafief [29], Abdel-Basset and others, see [20-28]. For more than a decade, Weibull
distribution has been applied extensively in many areas and particularly used in the analysis of
lifetime data for reliability engineering or biology (Rinne, 2008). However, the Weibull distribution
has a weakness for modeling phenomenon with non-monotone failure rate. In this paper, we will
define and study the Neutrosophic Weibull distribution, Neutrosophic family Weibull distribution
for varies cases as Neutrosophic Weibull, Neutrosophic beta Weibull, Neutrosophic inverse Weibull,
Neutrosophic Rayleigh, Neutrosophic with (three, four, five, six) parameters, and discuss some

properties of these distributions, illustrated through examples and graphs.

2. Terminologies

In this section, we present some basic axioms of neutrosophic logic, and in particular, the work of
Smarandache in [3, 7, 8] and Salama et al. [3, 4]. Smarandache introduced the neutrosophic
components T, I, F which represent the membership, indeterminacy, and non-membership values
respectively, where ] 0-,1+[ is nonstandard unit interval.

2.1 Some definitions
Definition 1 [1, 2, 3] "Neutrosophy is a new branch of philosophy which studies the origin, nature,
and scope of neutralities, as well as their".
Definition 2 [1, 2, 3] Let T, LF be real standard or nonstandard subsets of ] 0-,1+[, with
Sup_T=t_sup, inf_T=t_inf
Sup_I=i_sup, inf_I=i_inf
Sup_F=f_sup, inf_F=f_inf
n-sup=t_sup+i_sup+f_sup
n-inf=t_inf+i_inf+f_inf,
T, I, F are called neutrosophic components.
Definition 3 [4, 5] Let X be a non-empty fixed set. A neutrosophic set ( NS for short) A is an object
having the form {x, (us(x), 8,(x),va(x)):x € X} , where u,(x), d4(x) and y,(x) which represent
the degree of member ship function, the degree of indeterminacy , and the degree of non-member
ship , respectively of each element x € X to the set A .
Definition 4 [4,5] The NSS On and 1nin X as follows:
0y may be defined as:
0, ={x 0,0,1:x € X}
0, ={x 0,1,1:x € X}
0; ={x 0,1,0:x € X}
0, ={x 0,0,0:x € X}
1y may be defined as:
1, = {x 1,0,0:x € X}
1, ={x 1,0,1:x € X}
1; ={x 1,0,0:x € X}
1,={x 1,1, 1:x € X}
2.2 Neutrosophic probability
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Neutrosophic probability is a generalization of the classical probability in which the chance that event
A={X, A4, A3} occurs is P(Al ) true, P(A2 ) indeterminate , P(A3 ) false on a space X, then
NP(A) = {X,P(A;), P(A2), P(43)}

Definition 5 [3,4]

Let A and B be a neutrosophic events on a space X, then NP(4) = {X,P(4,),P(4,),P(43)}

And NP(B) = {X,P(B;),P(B;),P(B3)} their neutrosophic probabilities.

Definition 6 [3,4]

Let A and B be a neutrosophic events on a space X, andNP(A4) = { X, P(4,), P(4;), P(43)}, and
NP(B) ={X,P(By),P(B;),P(B3)} are neutrosophic probabilities. Then we define

NP(ANB) ={X,P(4, N B,),P(4, N B,), P(A5 N B3)}

NP(AUB) = {X,P(4, UB,),P(4, UB,), P(43 U B3)}

NP(A®) = {X,P(A;°),P(A;%) , P(A5)}

3 Weibull Distribution

Weibull distribution is one of most important distributions because it is widely used in reliability
analysis, industrial and electrical engineering, in distribution of life time, in extreme value theory, ...
etc.; this distribution has various cases dependent on number of parameters such as two or three or
five parameters a is the scale parameter, [ is the shape parameter and vy is the location parameter.
Also, it can be used to model a state where the failure function increases, decreases or remains
constant with time.

4 Neutrosophic Weibull Distribution

A neutrosophic Weibull distribution (Neut-Weibull) of a continuous variable X is a classical Weibull
distribution of x, but such that its mean o or  or y are unclear or imprecise.
For example, a or 3 or ¥ can be an interval (open or closed or half open or half close) or can be set(s)

with two or more elements. Then, the probability density function (p.d.f.) is:

inX) = ﬁB—NNX Bn-1g=(X/an)PN ,X >0, Where Sy: is the shape parameter of distribution Net-Weibull,
In

ay: is the scale parameter of distribution Net- Weibull, such that N is a neutrosophic number.
4.1 Properties of Neutrosophic Weibull Distribution

e  The distribution function (c.d.f.) is:

Fy(X) = 1 — e~&/an)fy,

1
Ev(X) = ayT" (25,

00 = @y [ (222)] - [ (2)])

BN
e The hazard function is:
hy = ﬂNXﬁN_IX(BN_l/aN)BN‘

e The moment rth about mean is:
r T
ay'T (By + ﬁ_)
N

e  So, the reliability or survival function is:
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Fy(X) = e~ X/an)fN,

Now, we put fy=1 in the formula (1), and we get the neutrosophic exponential distribution [13].
4.2 Example of Neutrosophic Weibull distribution
Let the product be an electric generator produced with high capacity of trademark that has a Weibull
distribution with parameter a=1, p=[1.5,2]. Compute the probability of electric generator fails before
the expiration of a five years warranty.

Solution :
In this example, we note that the shape parameter is indeterminate.

The electric generator can work through to one year:

fN(X) =

[1.5,2] X[l's'z]_le —(X/aN)[l'S'Z]
“1[\}'5'2]

If wetakef =15 ,and a=1
fu(X =1) = 05518
the probability of electric generator fails before the expiration of a five years warranty:
P(X <5)=1-¢"6/D*° =0.999986
Ifwetake =2 ,and a=1
fu(X =1) = 0.7357
P(X <5)=1- e 6/D° =0.999999
Thus, the probability that the electric machine fails has the range between [0.5518, 0.7357].
Now, suppose f =2 and = [1,2],i.e the scale parameter a is indeterminate.
Wetake a =1and B =2

fuX=1) = ez—l =0.7357
Wetake a =2 and f =2

fu(X =1) = —7 = 03894

In this case, the probability that the electric machine fails has the range between [0.7357, 0.3894].
Also, we can take more values of X, showed in Figure (1).

Now, we can compute

Fy(X)=1-1/e =0.6321, ifa=1

Fy(X) =1—e'/12880 = 02212, if a=2.
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Figure 1: Neutrosophic Weibull distribution.

4.3 Comparison between Neutrosophic Weibull distribution and Weibull distribution

1-

In classical Weibull, we noted that if the f = 3.6 or more, the probability distribution
function (p.d.f) takes value error because it is greater than one, and this contradicts with law
of probability,consedered Extreme values, while in neutrosophic Weibull this is applicable.
See Figure (2).

In classical Weibull distribution, when X is increasing, the p.d.f. is decreasing, while in
Neutrosophic Weibull distribution the p.d.f is unpredictable because of the aberrant values.
Many values that are larger than one are neglected in Weibull distribution, meanwhile in
Neutrosophic Weibull these values are considered.

When a = = 1, the p.d.f. will equal zero when X=701,while in neutrosophic Weibull X can
be of other values such as X={701,100} or [701,100] in this case p.d.f can be of different values.

4
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: N
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0 I
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05 a=1,8=1 a=0.5 ,R=1 =——#REF! o=1,8=5 a=2,R=6
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Figure 2: p.d.f of neutrosophic Weibull more than one.
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5 The Family of Neutrosophic Weibull

In this section, we study the various types of Net-Weibull, such as neutrosophic Rayleigh
distribution, neutrosophic inverse Weibull distribution, neutrosophic Beta-Weibull distribution and

(three, four, five, six)-parameters Weibull distributions.
5.1 Neutrosophy Rayleigh Distribution

A Rayleigh distribution is often observed when the total size of a vector is linked to its
directional components. Considering this distribution is important in the error analysis of various
systems or individuals. It is also considered as a model for testing life failure/expiration. Rayleigh
distribution is used in the study of the event of sea wave rise in the oceans and the study of wind
speed, as well as in the information of the strength of signals and radiation at peak time of

communications. The distribution is widely applied:

e In communications theory, to model multiple paths of dense scattered signals getting to a
receiver;

e In the physics, to model wind speed, wave heights and sound/light radiation;

¢ Inengineering, to measure the lifetime of an object, since the lifetime depends on the object’s age
(resistors, transformers, and capacitors in aircraft radar sets);

¢ Inmedical imaging examination, to study noise variance in magnetic resonance imaging.

Now, we define the probability density function of neutrosophic Rayleigh distribution as follows:

X _ 2
Ry(X) = W@ X2 /26y , X >0, 8y is the scale parameter.

this parameter 6y can take the values of an interval or a set:
cumulative distributionis Fy(X) =1 — e X" / 288"

the mean of Neutrosophic Rayleigh distribution is

B =0y [%

the variance: var(x) =2-m/2 &y°.

5.2 Neutrosophic Weibull with 3 Parameters

We can obtain the neutrosophic Weibull with 3-parameters by relaying on Weibull with 2-
parameters and adding the third parameter, namely the location parameter (y), this is in classical
probability . Now, we define the neutrosophic Weibull with three parameters (an indeterminacy
may exist in one parameter or in all parameters). Neutrosophic Weibull with 3-parameters is defined
as follows:
X-ywmANT (k- B
(0 = [ﬁN];NB—N]e (X=yw)/an)PN Yy < X
N

e The distribution function is:

Fy(X)=1- e~ (G-yn)/amfy Yu

e The hazard function is:

hAvX) =By (X —yn)PN@A Jay)Pv YN
e The survival function is

IA

X

IA
o)

Fy(X) = e~ (@-yn)/an)Pn

e The variance
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e =aty[r ()] - [r ()]

ﬂN+1)

e The expected value Ey(X) =yy + ayT (

5.3 Four-Parameter Neutrosophic-Beta-Weibull
The Beta-Weibull was first proposed by Famoye et al. (2005) [11,12, 15]. We now define the new
density function of neutrosophic-Beta-Weibull distribution (NBW) in neutrosophic logic with

indeterminacy points for random variable or parameters as follows:

_ Tlentyw) an (X\NTh (/BN Jen—1,—yn(X/BN)IN
FO0 = St ) 1€ I e

X>0, yv,Bnay >0

where these parameters yy, Sy, ay can be set(s) or interval (closed or open or half):

Tlentyn) an ( XNNTErn e/ pn)eN 1Ny (/)N
Because 11m fx)= 11 m N B (BN) [1 e N ] e YNA/PN

an-1
_ TGt o Y [ - o
T (cn)T(vw) By \Bu

S G

Then the probability of density function is equal to

Py <1
= lim ¥ T (en+yYn) (i)aN_l an T (cn+yn) N En }

OBy Temrom \By) ) Bw o Zz iz N 1

where By, cy, vy, @y, are Neutrosophy numbers.

e  When cy = yy = 1, then the (NBW) is reduced to neutrosophic Weibull distribution.
e When By=ay=1cy=27vyy =08V2 the NBW is reduced to neutrosophy Rayleigh.

e In(1958) Kies defined the survival function to Weibull with four parameters in classical
distribution.

Here we define Neutrosophic survival function in Neutrosophic distribution as follows:

X—anN

N
Fe(X) =e () ) Yn>0ky>0,0<ay<X<py< .

5.4 Neutrosophic Weibull Distribution with 5 Parameters

Phani in (1987) [14] suggested model with survival function has five parameters. We define the

neutrosophic Weibull with 5-parameters:

— — — b
FN(X)=6%, )/N'bl’b2>01 O<aN<X<ﬁN<OO.

5.5 Neutrosophic Weibull Distribution with 6 Parameters

T, W, and Uraiwan in (2014) [15] proposed a mixed distribution is Beta exponential Weibull Poisson

distribution. We define the neutrosophic Beta exponential Weibull Poisson distribution as follows:

Let x be the neutrosophic random variable with parameters yy, ky, ay, Sy, b1, by;
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biy-1
a - N
Puanyn Ky N XBN=13,(1 )@ ~1rN(1-)N [eVN(l‘u)aN _1]‘”' 1 [ NN

f(x) = B(by,by)(e YN —1) (e YN -1) (eYN -1)

where u = e~ kPN

5.6 Neutrosophic Inverse Weibull Distribution

Keller et al. (1985) used the inverse Weibull distribution for reliability analysis of commercial vehicle

engines. Here, we define Neutrosophic inverse Weibull distribution as follows:

BN t—BN—le—(aN/t)BN

fu(®) = Byaby t=An-1e=(@n/OFN 1 5 0 So the Hazard function is hy(t) = 222

1—3—(aN/t)ﬁN

6 Applications

Many applications of Weibull families distributions are suitable for modeling and analysis of
floods, rainfall, sea, electronic, manufacturing products, navigation and transportation control. The
theories and tools of reliability engineering are applied into widespread fields, such as electronic and
manufacturing products, aerospace equipment, earthquake and volcano forecasting, communication,
navigation and transportation control, medical processor to the survival analysis of human being or
biological species, and so on [14]. So the neutrosophic has the multi-applied in Decision-making,

introduced by Abdel-Basset and others.
7 Conclusions

The study of neutrosophic probability distributions gives us a more comprehensive space in the
applied field, as it takes into account more than the value of the distribution parameters and not only
one value as in the classical distributions, and thus we will be able to solve and explain many of the
issues that have been hindering us or we tended to ignore in classical logic. In this paper, we defined
th new neutrosophic clasical distribution, the neutrosophic Weibull distribution and neutrosophic
family Weibull (neutrosophic inverse Weibull, Neutrosophic Rayleigh distribution, Neutrosophic
Weibull distribution with (3, 4, 5, 6)-parameters, and give clear examples. Because the weibull
distribution has many applications in different fields.such as control system, relability and others.
Wealso study some properties of these distributions (mean, variance, failure function and reliability
function). In the future, we will apply these distributions to many problems and we will examine

other distributions in neutrosophic logic.
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Abstract: In this research article we actually deals with the conception of pentagonal Neutrosophic
number from a different frame of reference. Recently, neutrosophic set theory and its extensive
properties have given different dimensions for researchers. This paper focuses on pentagonal
neutrosophic numbers and its distinct properties. At the same time, we defined the disjunctive cases of
this number whenever the truthiness, falsity and hesitation portion are dependent and independent to
each other. Some basic properties of pentagonal neutrosophic numbers with its logical score and
accuracy function is introduced in this paper with its application in real life operation research problem
which is more reliable than the other methods.

Keywords: Neutrosophic set, neutrosophic number, Pentagonal Neutrosophic number; Score and Ac-
curacy function.

1. Introduction

Recently, handling the uncertainty and vagueness is considered as one of the prominent research topic
around the world. In this regard, mathematical algebra of Fuzzy set theory [1] has provided a well-
established tool to deal with the same. Vagueness theory plays a key role to solve problems related with
engineering and statistical computation. It is widely used in social science, networking, decision making
problem or any kind of real life problem. Motivating from fuzzy sets the Atanassov [2] proposed the
legerdemain idea of an intuitionistic fuzzy set in the field of Mathematics in which he considers the
concept of membership function as well as non-membership function in case of intuitionistic fuzzy set.
Afterwards, the invention of Liu F, Yuan XH in 2007 [3], ignited the concept of triangular intuitionistic
fuzzy set, which in reality is the congenial mixture of triangular fuzzy set and intuitionistic fuzzy set.
Later, Ye [4] introduced the elementary idea of trapezoidal intuitionistic fuzzy set where both truth
function and falsity function are both trapezoidal number in nature instead of triangular. The uncer-
tainty theory plays an influential role to create some interesting model in various fields of science and
technological problem.

Smarandache in 1995 (published in 1998) [5] manifested the idea of neutrosophic set where there are
three different components namely i) truthiness, ii) indeterminacies, iii) falseness. All the aspect of neu-
trosophic set is very much pertinent with our real-life system. Neutrosophic concept is a very effective
& an exuberant idea in real life. Further, R. Helen [7] introduced the pentagonal fuzzy number and A.
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Vigin [8] applied it in neural network. T.Pathinathan [9] gives the concept of reverse order triangular,
trapezoidal, pentagonal fuzzy number. Later, Wang et al. [10] invented the perception of single typed
neutrosophic set which so much useful to solve any complex problem. Later, Ye [11] presented the con-
cept of trapezoidal neutrosophic fuzzy number and its application. A.Chakraborty [12] developed the
conception of triangular neutrosophic number and its different form when the membership functions
are dependent or independent. Recently, A.Chakraborty [13] also developed the perception of pentag-
onal fuzzy number and its different representation in research domain. Christi [14] applied the concep-
tion of pentagonal intuitionistic number for solving a transportation problem. Later, Chen [15, 16]
solved MCDM problem with the help of FN-IOWA operator and using trapezoidal fuzzy number
analyse fuzzy risk ranking problem respectively. Recently, S. Broumi [17-19] developed some important
articles related with neutrosophic number in different branch of mathematics in various real life prob-
lems. Moreover, Prem [20-25] invented some useful results in neutrosophic arena, mainly associated
with computer science engineering problem and networking field. Chakraborty A. [26, 27] applied the
idea of vagueness in mathematical model for diabetes and inventory problem respectively. Recently,
Abdel-Basset [28-34] introduced some interesting articles co-related with neutrosophic domain in
disjunctive fields like MCDM problem; IoT based problem, Supply chain management problem, cloud
computing problem etc. K . Mondal [35,36] apply the concept of neutrosophic number in teacher
recruitment MCDM problem in education sector. Later, different types of developments in decision
making problems, medical diagnoses problem and others in neutrosophic environment [37-49] are al-
ready published in this impreciseness arena. Recently, the conception of plithogenic set is being
developed by Smarandache and it has a great impact in unceairty field in various domain of research.

1.1 Motivation

The perception of vagueness plays a crucial role in construction of mathematical modeling, engi-
neering problem and medical diagnoses problem etc. Now there will be an important issue that if some-
one considers pentagonal neutrosophic number then what will be the linear form and what is the geo-
metrical figure? How should we categorize the type-1, 2, 3 pentagonal neutrosophic numbers when the
membership functions are related to each other? From this aspect we actually try to develop this re-
search article. Later we invented some more interesting results on score and accuracy function and other
application.

1.2 Contribution

In this paper, researchers mainly deal with the conception of pentagonal neutrosophic number in
different aspect. We introduced the linear form of single typed pentagonal neutrosophic fuzzy number
for distinctive categories. Basically, there are three categories of number will comes out when the three
membership functions are dependent or independent among each other, namely Category-1, 2, 3 pen-
tagonal neutrosophic numbers. All the disjunctive categories and their membership functions are ad-
dressed here simultaneously.
Researchers from all around the globe are very much interested to know that how a neutrosophic num-
ber is converted into a crisp number. Day by day, as research goes on they developed lots of techniques
to solve the problem. We developed score and accuracy function and built up the conception of conver-
sion of pentagonal neutrosophic fuzzy number in to a crisp number. In this current era, researchers are
very much interested in doing transportation problem in neutrosophic domain. In this phenomenon,
we consider a transportation problem in pentagonal neutrosophic domain where we utilize the idea of
our developed score and accuracy function for solving the problem.

1.3 Novelties

There are a large number of works already published in this neutrosophic fuzzy set arena. Re-
searchers already developed several formulations and application in various fields. However there will
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be many interesting results are still unknown. Our work is to try to develop the idea in the unknown
points.

¢ Introduced the distinctive form of pentagonal neutrosophic fuzzy number and its definition
for different cases.

e  The graphical representation of pentagonal neutrosophic fuzzy number.

¢ Development of score and accuracy function.

e Application in transportation problem.

1.4 Verbal Phrase on Neutrosophic Arena

In case of daily life, an interesting question often arises: How can we connect the conception of vague-
ness and neutrosophic theory in real life domain and what are the verbal phrases in case of it?
Example: Let us consider a problem of vote casting. Suppose in an election we need to select some
number of candidates among a finite number of candidates. People have different kind of emotions,
feelings, demand, ethics, dream etc. So according to their viewpoint it can be any kind of fuzzy number
like interval number, triangular fuzzy, intuitionistic, neutrosophic fuzzy number. Let us check the ver-
bal phrases in each different case for the given problem.

Table 1.3.1: Verbal Phrases

Distinct parameter Verbal Phrase Information
Voter will select according to their first prior-
Interval Number [Low, High] ity within a certain range like [2¢, 3rd] candi-
date.
. Voter will select according to their first prior-
Triangular Fuzzy . . . . . . . . .
[Low, Median, High] ity containing an intermediate candidate like
Number
[1st,2nd,3rd]
Vot ill select didate directl d
Intuitionistic [Standard,Median,High; o'ers Wit sefect some candidate directy an
. reject others immediately according to their
(Triangular) Very Low,Poor,Low] -
view.
[VeryLow,Low,Me-
dian,High,
Very High; . . .
ey e Some Voters will select directly some candi-
. VeryLow,Low,Me- . P
Neutrosophic dian Hich dates, some of them are in hesitation in cast-
(Pentagonal) Ver ,High" ing vote and some of them directly reject vot-
VeryLox}/Iv,Logw:Me— ing according to their own viewpoints.
dian,High,
Very High]

It can be observed that,in 15t coloum of the above table which contains distinct parameters like interval
number, triangular fuzzy number, triangular intuitionistic fuzzy number and neutrosophic number,
obviously neutrosophic concept gives us a more reliable and logical result since it will contain truth,false
as well as the hesitation information absent in the other parameters. Also it is a key question why we
take pentagonal neutrosophic instead of triangular or trapezoidal? Now, if we observe the verbal phrase
section we can observe that, in case of triangular it will contain only three phrase like low,median,high
and trapezoidal contains four like low, semi median, quasi median,high. Suppose some voters choose
truth part very strongly and reject the other two sections because these are very low or someone chooses
truth part in an average way since he/she thought that rest of the portions are very low. That means we
need to develop the verbal phrase such that it will contain much more distict categories. Pentagonal
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shapes give us atleast five disjunctive verbal categories like very low, low, median, high, very high
which is much more logical, strong and it also contains more sensitive cases than the rest sections.

1.5 Need of Pentagonal Neutrosophic Fuzzy Number

The pentagonal neutrosophic fuzzy number stretches us superfluous opportunity to characterize flawed
knowledge which leads to construct logical models in several realistic problems in a new way. Pentag-
onal neutrosophic represents the data and information in a complete way and the truth, hesitation and
falsity can be characterized in more accurate and normal technique. The info is reserved throughout the
operation and the full material can be utilized by the decision maker for further investigation. It can be
finding its applications in different optimization complications, decision making problems and eco-
nomic difficulties etc. which need fifteen components. In case of transportation problem, if the numbers
of variable are five for each of the three components then it is problematic to signify by using Triangular
or Trapezoidal neutrosophic Fuzzy numbers. Therefore, pentagonal neutrosophic fuzzy number can
invention its dynamic applications in resolving the problem.

1.6 Structure of the paper

The article is developed as follows:

e Introduction )

¢ Distinctive forms of pentagonal Fuzzy Number ]
4l ® Arithmatic Operations ]
50 ® Development of Score and Accuracy Function ]
7|_® Conclusion )
¥ L_* Reference J

2. Mathematical Preliminaries

Definition 2.1: Fuzzy Set: [1] A setB, defined asB = {(X, ug(x)): x€eX pugX) € [0,1]} and generally de-
noted by the pair(x, pg(x)), x belongs to the crisp set X and pg(X) belongs to the interval[0, 1], then set
B is called a fuzzy set.

Definition 2.2: Intuitionistic Fuzzy Set (IFS): An Intuitionistic fuzzy set[2] § in the universal discourse
X which is denoted generically by x is said to be a Intuitionistic set if § = {(x; [t(x), p(x)]) i x € X},
where 7(x): X - [0,1] is named as the truth membership function which indicate the degree of assur-
ance, (x):X - [0,1] is named the indeterminacy membership function which shows the degree of
vagueness.

7(x), p(x) parades the following the relation 0 < 7(x) + ¢(x) < 1.

2.3 Definition: Neutrosophic Set: Smarandache[5] A set NeA in the universal discourse X, symbolically
denoted by x, it is called a neutrosophic set if NeA = {{x; [ayza (x), Bvza (), Ywea(¥)]) i x € X}, where
axea(x): X - [0,1] is said to be the truth membership function, which represents the degree of assur-
ance, fyz7(x):X = [0,1] is said to be the indeterminacy membership, which denotes the degree of
vagueness, and ywzz(x): X — [0,1] is said to be the falsity membership, which indicates the degree of
skepticism on the decision taken by the decision maker.
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e (%), Brea (%) &y wea (x) exhibits the following relation: —0 < aggz (%) + Byea(X) + Yraa(x) < 3 +.

2.4 Definition: Single-Valued Neutrosophic Set: A Neutrosophic set NeA in the definition 2.1 is said
to be a single-Valued Neutrosophic Set (SNeA) if x is a single-valued independent variable. SNeA =

(x5 [aswea (%), Bswea (X), Yswea (X)]) | x € X}, where agea (%), Bsyea (x)&Yswea(x) denoted the concept of
accuracy, indeterminacy and falsity memberships function respectively.

If there exist three points ag, by&cy, for whichagyza(ag) = 1, Bswea(by) = 1 &ysgzalcy) = 1, then the
SNeA is called neut-normal.

SnSis called neut-convex, which implies that SnS is a subset of a real line by satisfying the following
conditions:

i aggea(day + (1 — 8)az) = minfasyeza(ar), asyza(az))

. Bewealdas + (1 — 8)az) < max(Bsyza(ar), Bswza(az))

iii.  yeyea(6ay + (1 —8)a,) < max(ysyea(ar), vswea(az))
Wherea, &a, € Rand § € [0,1]

2.5 Definition: Single-Valued Pentagonal Neutrosophic Number: A Single-Valued Pentagonal Neu-
trosophic Number () is defined as §=
([(m*,n', 0%, p*, q"); ], [(M?,n?, 02,02, q%); pl, [(Mm3,n3, 03,3, ¢3); a]), where 7, p, o € [0,1]. The accuracy
membership function(zs): R — [0, 7], the indeterminacy membership function (i5): R = [p, 1] and the
falsity membership function (e5): R = [0, 1] are given as:

(tn()m' <x <n' L ()m? < x <n?
() n! <x <ot lsp () n? < x < 0?

1s(x) = u x = o? 1(x) = { 9 x = 02
s T ol <x <pl’ S lemy (x) 02 < x < p?
T (O)p' < x < q" LIS?l(X)pZ <x<q?

0 otherwise 1 otherwise

en()md <x <nd
() n® <x <ol

E‘(x) = l v X = 03
s g2 (x) 0° <x <p°

kfsﬁ(x)lﬁ <x<q’
1 otherwise

3. Linear Generalized Pentagonal Neutrosophic number:
In this section, we introduce the linear and generalized neutrosophic number.

3.1 Pentagonal Single Typed Neutrosophic Number of Specification 1: When the quantity of the
truth, hesitation and falsity are independent to each other.

A Pentagonal Single typed Neutrosophic Number (PTGNEU) of specification 1 is described asAp;gyey =
(P1, P2, P3, Par Ps; 91, G2, 435 Gar G5 71, T2, 73, T4, Ts; T), Whose truth membership; hesitation membership and
falsity membership are specified as follows:
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Tx—pl ifpp<x<p
P2 — D1 e
1-(1-0)—P2ip, <x<p
P3 — D2 S
1 ifx=p
Tiipegnen ) = Zx;
AptgNeu 1—(1—‘[) P4 xlfp:«xSXSm
P4 — D3
Ps —Xx |
T Ifpo, <x<p
ps— s I P ’
\ 0 Otherwise
q; — X
T ifg; <x<q
92— q1 ! 2
q3; — X |
1-(1-1) ifq, <x<qs
q3 — q2
0 ifXZQ3
Iz u(x):{ _ .
Aptgne 1_(1_T)x 43 ifqgs <x<gq,
qs — 43
X —dqs
T ifqa<x<q
Gs—qs ’
1 Otherwise
TT‘Z—Tllle_x Ty
1 (1 )7‘3—X' <x<
Tr3_rzlfr2_x_r3
0 ifX=T3
Fapegnen®) = xX—13 i
gNe 1-(1-1) 3 ifs<x<mn
Ty —T3
xX—1 .
Trs—r4 ifry <x <

1 Otherwise

Where =0 < Tz, e, () + Lipy ey ) + Fipygye, () <3+, x € Aptgnen

The parametric form of the above type number is

TPtheulL (), TPtheuZL W), TPtheulR W), TPtheuZR w;
(APtheu)u 9,0 = IPtheulL ), IPtheuZL ), IPtheulR ), IPtheuZR );
Fpegneuir (p), Fptgneuir (), Fpegneutr (p), Fprgneutr ()

where, Tpigneur, () = p1 + % (p2 —p1) foru € 0,7], Tprgneuz (W) = P2 + E(m — p)foru € [7,1]
Tpegneuzr(1) = D4 — %‘(m —p3)foru € [1,1], Tpegnewrr() = ps — % (ps — pa)forp € [0, 7]
Ipegnent(9) = @z = 2 (42 — q)ford € [1,1],  Ipeguewzr(9) = @3 — 1= (45 — qx)ford € [0,7]
Ipegnenze(@) = @3 + 1= (@, = 4)ford € [0,7],  Ipegneurn(®) = q4 + 2 (g5 — q4)ford € [,1]

1_
Fpegneurrn (@) =12 _%(7’2 —r)forp € [1,1], Fprgneuar (@) =15 — Tf (r; — rp)fore € [0, 7]

1_
Fpigneuzr(®) =15 + 1__(:(7”4 —ry)forp € [0,7], Fprgneurr(®) =74 + % (rs — n)fore € [z, 1]

Here, 0 < <1,0<9<1,0<p<land-0<u+9+¢ <3+
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A

v

Figure 3.1: Graphical figure of Linear Pentagonal Neutrosophic Number.

Note 3.1 - Description of above figure: In this above figure we shall try to address the graphical repre-
sentation of linear pentagonal neutrosophic number. The pentagonal shaped black marked line actually
indicate the truthiness membership function, pentagonal shaped red marked line denotes the falseness
membership function and pentagonal shaped blue marked line pointed the indeterminacy membership
function of this corresponding number. Here, 7 is a variable which follows the relation 0 <t < 1.If 7 =

0 or 1 then the pentagonal number will be converted into triangular neutrosophic number.

3.2 Pentagonal Single Typed Neutrosophic Number of Specification 2: If the sections of Hesitation
and Falsity functions are dependent to each other

A Pentagonal Single Typed Neutrosophic Number (PTGNEU) of specification 2 is described as
Aptgnew = (P1, D2, D3, Par Ps; A1 920 935 94s s Opegnen Opegnen) Whose truth membership; hesitation mem-
bership and falsity membership are specified as follows:

X =D,
T [ <x<
Pra—— s D2
1-(1-—P2ifp, <x <p,
P3 — P2
1 ifx=p;
T =
APtheu(x) -1 Ps—Xifp, <x<p,
Ps — D3
Ps —X |
T [ <x<
— fps Ds

0 Otherwise
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—x+0 X —
q2 Ptheu( q1) if ¢, < x <

q2 — 1
43 — X + Oprgnen(* — q2) .
L ifq, <x <qs
q3 — 4>
I; (x) = 9Ptheuifx =43
PegNeu X —q3 + Opegnen(qa — X)if qs < x < q,
qs — Q3
X = qs+ Oprgnen(qs — %) .
L ifqy < x < s
qs — qa
1 Otherwise
and
(G2 — X + Oprgnen(X — q1) .
== if ¢ <x<q
92 — q1
Gz — X + Oprgnen (X — q2) |
g ifq, <x<gq;
q3 — 42

Fj (x) = OptgnenlfX = ds
PtgNeu X —q3+ 8Ptheu(CI4 —X)ifqs Sx < qq

qs — q3
X = Qs+ Oprgnen(qs — Xx) .
l <x<
P faa qs
1 Otherwise

where,0 < T vew O) + Lipy ey () F Fipygye, () <2+, x € Aptgnen

The parametric form of the above type number is
TPtheulL (W), TPtheuZL W), TPtheulR (W), TPtheuZR (w;
(Aptheu)H 9,0 = IPtheulL (19): IPtheuZL (19): IPtheulR (19): IPtheuZR (19):
Fprgneutr (), FPtheulL(¢): FPtheulL(Qo): Fprgneutr ()

1_
Tpegneurr (W) = Py +%(P2 — py)forp € [0,7], Tprgneuzr (W) = P2 + 1__5 (p3 — pz)foru € [z, 1]

1_
Tpegneuzr () = D4 — 1__’; (ps — p3)foru € [7, 1], Tprgneuir () = s — % (ps — p4)forp € [0, 7]

CI3—9PtheuCIz—19(Q3—CIz)fon9 € [0, 7]

_ 92=0ptgNeud1—9(q2—41) _
Ipegneur, (9) = 18 ford € [, 1].Iptgneuzs (9) = 19
PtgNeu PtgNeu
_ 43— 0ptgNeudat+9(q4—a3) _ 94=0ptgNeuds+9(qs—qa)
Iptgneuzr (W) = 18 ford € [0,7], Iptgneuzr () = 19 ford € [z, 1]
PtgNeu PtgNeu
F _ Qz—dptgweuq1—<p(qz—q1)f 11.F _ Q3_5PtheuQZ_<P(Q3_QZ)f 0
PtheulL((p) = s org € [7,1], PtheuZL(Qo) = s org € [0, 7]
1 PtgNeu 1 PtgNeu
F _ 43— 8ptgNeudsat9(ds—4qs) . 0 F _ Q4_6PtheuQS+‘P(QS_Q4)f 1
PtheuZR((p) = s forp € [0, 7], PtheuZL((P) = s org € [7,1]
1 PtgNeu 1 PtgNeu

Here, 0 < u <1, 0prgnen <Y <1, 6prgnen <@ <land—-0<I+@p <1+4+and -0<p+d+9p<2+

4. Arithmetic Operations:

Avishek Chakraborty, Said Broumi and Prem Kumar Singh, Some properties of Pentagonal Neutrosophic Numbers and It’s

Applications in Transportation Problem Environment



Neutrosophic Sets and Systems, Vol. 28, 2019 208

Suppose we consider two pentagonal neutrosophic fuzzy number as Apgyey =
(P1, D2, D3 Das Ps; ha» Vg, 0) and EPtheu = (491,92, 93, 94, 955 Up, U5, 0p) then,

i) APtheu + EPtheu = [p1 + 41,02 + 42, D3 + 3, P4 + 4, D5 + qs; max{ug, gy}, min{d,, 9,3, min{h,, 6,,}]
ii) APtheu - EPtheu = [P1 — 45, P2 — 94, P3 — 43, P4 — G2, Ps — q1; Max{ug, gy}, min{d,, 9,3, min{h,, 6,,}]
iil) KkApegnew = [kp1, kD2, kp3, kD4, kps; tar Da, 0] if ke > 0, = [kps, kpa, kps, kpz, kpy; ta, 90, 60l if k <0

.\ -1
1V)APtheu = (1/Ds, 1/P4, 1/03, 1/02, 1/D1; tha» Ve, 04)

5. Proposed Score and Accuracy Function:

Score function and accuracy function of a pentagonal neutrosophic number is fully depend on the value
of truth membership indicator degree, falsity membership indicator degree and hesitation membership
indicator degree. The need of score and accuracy function is to compare or convert a pentagonal neu-
trosophic fuzzy number into a crisp number. In this section we will proposed a score function as follows.

For any Pentagonal Single typed Neutrosophic Number (PTGNEU)

Aptgnen = (P1) P2, D3, Dar P55 41, 92, 93, ar G55 11, T2, 13, Tas Ts)

- i B P1+P2+P3+Patp
We consider the beneficiary degree of truth indicator part as = =————
Tr1+12+13 +T4+T5
e

. . . . . . +q2+q3+qas+
And the hesitation degree of indeterminacy indicator as = w

Non- beneficiary degree of falsity indicator part as =

P1+P2+P3+P4+Ps _ qitdz+q3+qsatqs T1+T2+T3+T4+T5)
4

Thus, we defined the score function as SCp¢gney = % (2 + - - -

P1+P2+P3+Pe+Ps

Where, SCpignen € [0,1] and the Accuracy function is defined as ACPtheu=( -

T1+124+13+474+75
5 4

Where, ACpignen € [—1,1], Now we conclude that
If Apegnen =< (1,1,1,1,1;0,0,0,0,0;0,0,0,0,0) > then, SCpegnen = 1 and ACprgyey = 1
If Apegnen =< (0,0,0,0,0;1,1,1,1,1;1,1,1,1,1) > then, SCpygney = Oand ACs,,,, = —1
5.1 Relationship between any two pentagonal neutrosophic fuzzy numbers:
Let us consider any two pentagonal neutrosophic fuzzy number defined as follows
Aptgneur = (TPtheul'IPtheull FPtheul) and Aptgneuz = (TPtheuZ' Iptgneuzs FPtheuZ) if,

1) SCapegneus = SCapigneus - then Apigneur > Apegneuz

2) SCaprgnens < SCapigneuz » then Apegnent < Aptgneuz

3) SCAP:WM1 = SCAPtheu2 ,then

i)ACAptheul > ACAptheuz s then Aprgnent > Aptgneuz

ii) ACAptheul < ACAptheuz ,then Aptgnent < Aptgneuz

1) ACap,gnenws = ACapigneus » theN Aptgneur ~Aptgneuz

6. Application in Neutrosophic Transportation Environment:
6.1 Mathematical Formulation of Model-I
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In this section we consider a transportation problem in pentagonal neutrosophic environment where
there are “p” sources and “q” destinations in which the decision makers need to choose a logical allot-
ment such that it can start from “m”th source and it will went to “n”th section in such a way where the
cost become the minimum once in presence of uncertainty, hesitation in transportation matrix. We also

consider the available resources and required values are real number in nature.

Assumptions;
‘m’ is the source part for all m=1,2,3...... p
‘n’ is destination part for all n=1,2,3....... q

Xmnis amount of portion product which can be transferred from m-th source to n-th destination.

Npnis the unit cost portion in neutrosophic nature which can be transferred from m-th source to n-th
destination.

U, is the total availability of the product at the source m.

Vy,is the total requirement of the product at the source n.

Here, supply constraints Y1 _; X = Uy, for all m.

Demand constraints Y5 _ X, = 9, for all n.

Also, ¥ _ 9, =XF _oum Xmn =0

So, the mathematical formulation is, Min Z = ¥} _ 3P _ x,.. . Nppp, Subject to the constrain, Y1 _ ) xp, =
Uy 2P 0 Xmn = On, Where, xp,, =0 for all m,n.
Proposed Algorithm to find out the optimal solution of Model-I:

Step-1: Conversion of each pentagonal neutrosophic numbers into crisp using our proposed score func-
tions and creates the transportation matrix into crisp system.

Step-2: Calculate the non-negative difference for each row and column between the smallest and next
smallest elements row and column wise respectively.

Step-3: Take the highest difference and placed the availability or demand into the minimum allocated
cell of the matrix. In case of tie in highest difference take any one arbitrarily.

Step-4: The process is going on unless and until the final optimal matrix is created. Lastly, check the
number of allocated cells in the final matrix; it should be equal to row+column-1.

Step-5: Now, calculate the minimum total cost using the allocated cells.
Illustrative Example:

A company has three factories A, B, C which supplies some materials at D, E and F on monthly basis
with pentagonal neutrosophic unit transportation cost whose capacities are 12,14,4 units respectively
and the transportation matrix is defined as below and the requirements are 9, 10, 11 respectively. The
problem is to find out the optimal solution and the minimum transportation cost.

A B C Available
<(10,15,20,25,30; <(1,1,1,1,1; <(10,20,30,40,50;
D 0,3,5,7,10; 0,0,0,0,0; 1,4,7,8,10; 12
0,1,2,3,4)> 0,0,0,0,0)> 0,1,1.5,2,2.5,3)>
<(2,3,4,7,9; <(5,10,15,20,25; <(0,0.5,1,1.5,2.5;
E 0,0.5,1,1.5,2; 1,2,34,5; 0,05,1,1.5,2; 14
0,0,0,0,0)> 1,1.5,2,2.5,3)> 0,0,0,0,0)>
<(5,9,11,12,13; <(10,15,20,25,30; <(15,20,25,30,50;
F 0,1,2,2.54.5; 0,2,4,6,8; 0,3,7,10,15; 4
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0,0.5,1,1.5,2)>

0,0,0,0,0>

1,2,4,5,8)>

Required

9

10

11

Step-1

Table-1: We convert this pentagonal neutrosophic transportation problem in to a crisp model using the

concept of score and accuracy function.

A B C Upy
D 5 1 12
E 2 4 0 14
F 3 6 7 4
Un 9 10 11
Step-2
Table-2:
A B C U, (Penalty)
D 5 1 8 12(4)
E 2 4 0 14(2)
[3 3 6 7 4(3)
v, 9 10 11
(Pen- (1) (3) (7)
alty)
Step-3

Table-3: After processing the same operations finite number of times finally we get the final optimal

solution matrix as, here number of allocation = row + column —1 =15

A B C u;
D 2 5 10 1 8 12
E 3 2 4 1 0 14
F 4 3 6 7 4
; 9 10 11

Thus, the total cost of this transportation problem is Min Z = ¥3_, %3 _ Xun - N

=2%(10,15,20,25,30;0,3,5,7,10;0,1,2,3,4)+3%(1,2,3,6,8;0,0.5,1,1.5,2;-3,-2,1,0,1)+
4%(1,3,5,7,9;-5,-4,0,1,3;-5,-3,0,1,2)+10*(1,1,1,1,1;0,0,0,0,0;0,0,0,0,0)+11*(1,0,1,2,3;

0,05,1,15,2;0,0,0,0,0)
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=< (26,58,90,128,163; —20,—-3,24,39,60; —20,—-16,1,10,19) >

=25.4 Units.

6.2 Mathematical Formulation of Model-II

Mathematical formulationis, Min Z = Y1 _ 3P _ % . Npoo,

Subject to the constrain, Y1 _, Xmm = Um

p
Z Xmn = 19n

m=0

Also, ¥1_. 9, =3P _ iy, Where, X5, = 0 for all m, n.
Here Ny, Uy, Uy, are all pentagonal neutrosophic numbers.

In formulation of Model-II with the help of pentagonal neutrosophic number cost, demand and supply
formulated in the following table 1,First, we calculate the score value of individual neutrosophic cost to
get crisp cost and consider the rest terms that is demand and supply as it is in neutrosophic nature.
Now, for the allocation we first consider the score values of availability and demand and take the min-
imum value for the allocation. Then, we use the arithmetic operations in pentagonal neutrosophic do-
main to run the iteration process. Following the same above algorithm finally we get the optimal solu-
tion table where number of allocation=row-+column-1 and finally we need to compute the final cost.

Table-1:
A B C Available
<(10,15,20,25,30; <(1,1,1,1,1; <(10,20,30,40,50; <(20,30,40,50,60;
D 0,3,5,7,10; 0,0,0,0,0; 1,4,7,8,10; 3,5,6,10,12;
0,1,2,3,4)> 0,0,0,0,0)> 0,1,1.5,2,2.5,3)> 5,10,15,20,25)>
<(2,3,4,7,9; <(5,10,15,20,25; <(0,0.5,1,1.5,2.5; <(15,20,25,30,35;
E 0,0.5,1,1.5,2; 1,2,34,5; 0,0.5,1,15,2; 5,10,15,20,30;
0,0,0,0,0)> 1,1.5,2,2.5,3)> 0,0,0,0,0)> 2,4,6,8,10)>
<(5,9,11,12,13; <(10,15,20,25,30; <(15,20,25,30,50; <(10,20,30,40,50;
F 0,1,2,2.54.5; 0,2,4,6,8; 0,3,7,10,15; 4,6,8,10,12;
0,0.5,1,1.5,2)> 0,0,0,0,0)> 1,2,4,5,8)> 1,4,7,10,13)>
Required <(30,40,50,60,70; <(10,20,30,40,50; <(5,10,15,20,25;
4,8,11,17,26; 4,6,8,10,12; 4,7,10,13,16;
4,8,12,16,20)> 3,6,9,12,15)> 1,4,7,10,13)>
Step-1
Table-2:
A B C Up
<(20,30,40,50,60;
D 5 1 8 3,5,6,10,12;
5,10,15,20,25)>
<(15,20,25,30,35;
E 2 4 0 5,10,15,20,30;
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2,4,6,8,10)>
<(10,20,30,40,50;
F 3 6 7 4,6,8,10,12;
1,4,7,10,13)>
Vp <(30,40,50,60,70; <(10,20,30,40,50; <(5,10,15,20,25;
4,8,11,17,26; 4,6,8,10,12; 4,7,10,13,16;
4,8,12,16,20)> 3,6,9,12,15)> 1,4,7,10,13)>

After the iteration process according to the proposed algorithm finally we get the allocations in the
allocated cell as,
a;; =< (-=30,-10,10,30,40; —9,—-5,—-2,4,8; —10,—-2,6,14,22) >
a,; =< (-10,0,10,20,30; —11,-3,5,13,26; —11,-6,—-1,4,9) >
a;, =< (10,20,30,40,50; 4,6,8,10,12; 3,6,9,12,15) >
ays =< (5,10,15,20,25; 4,7,10,13,16; 1,4,7,10,13) >
az; =< (—40,-10,30,70,110; —30, —9,8,25,46; —27,-10,7,24,41) >
Thus, the optimal solution of this model-II system is, Min Z = ¥3_ 33 _o Xmn - Ny
=< (-30,-10,10,30,40; —9,-5,-2,4,8; —10, —2,6,14,22) >x< (10,15,20,25,30; 0,3,5,7,10; 0,1,2,3,4) > +
<(-10,0,10,20,30; -11,-3,5,13,26;-11,-6,-1,4,9)>%<(2,3,4,7,9;0,0.5,1,1.5,2;0,0,0,0,0)> +
< (10,20,30,40,50; 4,6,8,10,12; 3,6,9,12,15) >x<(1,1,1,1,1;0,0,0,0,0;0,0,0,0,0)> +
< (5,10,15,20,25;4,7,10,13,16; 1,4,7,10,13) >x<(0,0.5,1,1.5,2.5;0,0.5,1,1.5,2;0,0,0,0,0)> +
<(-40,-10,30,70,110;-30,-9,8,25,46; -27,-10,7,24,41)>x<(5,9,11,12,13,0,1,2,2.5,4.5;0,0.5,1,1.5,2)>
= < (-510,-215,615,1800,3012.5; 0,—-22,21,129.5,371; 0,—7,19,78,170) >
=263.53 units.

6.3 Discussion: In section 6.1, in model -I we observe that if we take pentagonal neutrosophic fuzzy
number as a member of feasible solution then we get the Min Z = 25.4 units, whereas, if we take crisp
number in this computation procedure then we get from table 3, Min Z= (2x5) + (3x2) + (4x 3) +
(10 x 1) = (11 x 0) = 38 units. Thus we can observe that pentagonal neutrosophic number give us bet-
ter results. So, we follow the same technique in section 6.2 where we consider both availability and the
demand as a pentagonal neutrosophic number.

The conception of pentagonal neutrosophic number is totally a new idea and till now, in this domain
anyone doesn’t considered the transportation problem so fur. Thus in future study, we can compare our
work with the other established methods. Also, we can do comparative analysis in pentagonal neutro-
sophic arena whenever researchers from different section could develop some interesting and useful
algorithm in this transportation domain.

7. Conclusion

In this current era, the conception of neutrosophic number plays a paramount role in different fields of
research domain.There is a proliferating popularity for the conundrum concept of neutrosophic number
presenting before the world a vibrant spice of logic and innovation to reach the zenith of excellence. The
world is driven into a paradigm of brilliance as well as expertise with the formation of the corresponding
number which assists the researcher dealing with uncertainty and also with the transportation problem.
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Neutrosophic set conception is a generalization of intuitionistic fuzzy set which actually contains truth-
iness, falseness and indeterminacy concept. In this article, we developed a new concept of pentagonal
neutrosophic fuzzy number, introduced its graphical representation and its properties. We also in-
vented logical score and accuracy function which has a strong impact in conversion and ranking in this
domain of research. Transportation problem is a very important application in operation research do-
main and we build up two different models in this article within neutrosophic environment. We also
employed the arithmetic operations to find the solution which gives us better result than the general
conception. Thus, it can be concluded that the approach for taking the pentagonal neutrosophic single-
valued number is very helpful for the researchers who are involved in dealing the mathematical
modelling with impreciseness in various fields of sciences and engineering. It reveals very realistic
results in both mathematical points of view. There is still a massive amount of work in this field; hence
much spectacular study can be explored with pentagonal neutrosophic parameters. Further, we can
compare our research work with other established methods in pentagonal neutrosophic domain related
with transportation problem.

In future, this article can be extended into multi criteria decision making problem. Also, researchers can
apply this conception in various fields like engineering problem, pattern recognition problem, mathe-
matical modeling etc.
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