:

.

Volume 40, 2021

Neutrosophic dets and Systems

nnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn

i oS

b <Ruth @b f‘

----

! ' !
Floren 3 ﬂil! Broumi
' s-in-Chie i
4

iy
ISSN 2331-6055 (Print) h . i
ISSN 2331-608X (Online) . ;
I



Neutrosophic Science

International Association (NSIA)
ISSN 2331-6055 (print) ISSN 2331-608X (online)

Neutrosophic
Sets
and
Systems

An International Journal in Information Science and Engineering

University of New Mexico



ISSN 2331-6055 (print) ISSN 2331-608X (online)

University of New Mexico

Neutrosophic Sets and Systems

An International Journal in Information Science and Engineering

Copyright Notice

Copyright @ Neutrosophics Sets and Systems

All rights reserved. The authors of the articles do hereby grant Neutrosophic Sets and Systems non-exclusive,
worldwide, royalty-free license to publish and distribute the articles in accordance with the Budapest Open Initi-
ative: this means that electronic copying, distribution and printing of both full-size version of the journal and the
individual papers published therein for non-commercial, academic or individual use can be made by any user
without permission or charge. The authors of the articles published in Neutrosophic Sets and Systems retain their
rights to use this journal as a whole or any part of it in any other publications and in any way they see fit. Any
part of Neutrosophic Sets and Systems howsoever used in other publications must include an appropriate citation
of this journal.

Information for Authors and Subscribers

“Neutrosophic Sets and Systems ” has been created for publications on advanced studies in neutrosophy, neutrosophic
set, neutrosophic logic, neutrosophic probability, neutrosophic statistics that started in 1995 and their applications in any field,
such as the neutrosophic structures developed in algebra, geometry, topology, etc.

The submitted papers should be professional, in good English, containing a brief review of a problem and obtained results.

Neutrosophy is a new branch of philosophy that studies the origin, nature, and scope of neutralities, as well as their inter-
actions with different ideational spectra.

This theory considers every notion or idea <A> together with its opposite or negation <antiA> and with their spectrum of
neutralities <neutA> in between them (i.e. notions or ideas supporting neither <A> nor <antiA>). The <neutA> and <antiA>
ideas together are referred to as <nonA>.

Neutrosophy is a generalization of Hegel's dialectics (the last one is based on <A> and <antiA> only).

According to this theory every idea <A> tends to be neutralized and balanced by <antiA> and <nonA> ideas - as a state of
equilibrium.

In a classical way <A>, <neutA>, <antiA> are disjoint two by two. But, since in many cases the borders between notions are
vague, imprecise, Sorites, it is possible that <A>, <neutA>, <antiA> (and <nonA> of course) have common parts two by two,
or even all three of them as well.

Neutrosophic Set and Neutrosophic Logic are generalizations of the fuzzy set and respectively fuzzy logic (especially of
intuitionistic fuzzy set and respectively intuitionistic fuzzy logic). In neutrosophic logic a proposition has a degree of truth
(7, a degree of indeterminacy (/), and a degree of falsity (F), where T, I, F are standard or non-standard subsets of /-0, 77/

Neutrosophic Probability is a generalization of the classical probability and imprecise probability.
Neutrosophic Statistics is a generalization of the classical statistics.
What distinguishes the neutrosophics from other fields is the <neutA>, which means neither <A> nor <antiA>.
<neutA>, which of course depends on <A>, can be indeterminacy, neutrality, tie game, unknown, contradiction, igno-
rance, imprecision, etc.
All submissions should be designed in MS Word format using our template file:
http://fs.unm.edu/NSS/NSS-paper-template.doc.
A variety of scientific books in many languages can be downloaded freely from the Digital Library of Science:
http://fs.unm.edu/ScienceLibrary.htm.
To submit a paper, mail the file to the Editor-in-Chief. To order printed issues, contact the Editor-in-Chief. This journal
is non-commercial, academic edition. It is printed from private donations.
Information about the neutrosophics you get from the UNM website:
http://fs.unm.edu/neutrosophy.htm. The
home page of the journal is accessed on
http://fs.unm.edu/NSS.

Copyright © Neutrosophic Sets and Systems, 2021



ISSN 2331-6055 (print) ISSN 2331-608X (online)

University of New Mexico

Neutrosophic Sets and Systems

An International Journal in Information Science and Engineering

** NSS has been accepted by SCOPUS. Starting with Vol. 19, 2018, the NSS articles are
indexed in Scopus.

NSS ABSTRACTED/INDEXED IN

SCOPUS,

Google Scholar,

Google Plus,

Google Books,

EBSCO,

Cengage Thompson Gale (USA),

Cengage Learning (USA),

ProQuest (USA),

Amazon Kindle (USA),

University Grants Commission (UGC) - India,
DOA]J (Sweden),

International Society for Research Activity (ISRA),
Scientific Index Services (SIS),

Academic Research Index (ResearchBib),

Index Copernicus (European Union),

CNKI (Tongfang Knowledge Network Technology Co.,
Beijing, China),

Baidu Scholar (China),

Redalyc - Universidad Autonoma del Estado de Mexico (IberoAmerica),
Publons,

Scimago, etc.

Google Dictionaries have translated the neologisms "neutrosophy" (1) and"neutrosophic"
(2), coined in 1995 for the first time, into about 100 languages.

FOLDOC Dictionary of Computing (1, 2), Webster

Dictionary (1, 2), Wordnik (1),Dictionary.com, The Free

Dictionary (1), Wiktionary (2), YourDictionary (1, 2),OneLook Dictionary (1, 2), Dictionary /
Thesaurus (1), Online Medical Dictionary (1,2), Encyclopedia (1, 2), Chinese Fanyi Baidu
Dictionary (2), Chinese Youdao Dictionary (2) etc. have included these scientific neologisms.

Recently, NSS was also approved by Clarivate Analytics for Emerging Sources Citation
Index (ESCI) available on the Web of Science platform, starting with Vol. 15, 2017.

Copyright © Neutrosophic Sets and Systems, 2021



Clarivate Analytics

1500 Spring Garden St. 4t Floor
Philadelphia PA 19130

Tel (215)386-0100 (800)336-4474
Fax (215)823-6635

March 20, 2019

Prof. Florentin Smarandache
Univ New Mexico, Gallup Campus

Dear Prof. Florentin Smarandache,

I am pleased to inform you that Neutrosophic Sets and Systems has been selected for coverage in Clarivate Analytics products and
services. Beginning with V. 15 2017, this publication will be indexed and abstracted in:

¢ Emerging Sources Citation Index

If possible, please mention in the first few pages of the journal that it is covered in these Clarivate Analytics services.

Would you be interested in electronic delivery of your content? If so, we have attached our Journal Information Sheet for your
review and completion.

In the future Neutrosophic Sets and Systems may be evaluated and included in additional Clarivate Analytics products to meet the
needs of the scientific and scholarly research community.

Thank you very much.

Sincerely,

Marian Hollingsworth
Director, Publisher Relations

(larivate Analytics




ISSN 2331-6055 (print)

NSS Editorial Board

ISSN 2331-608X (online)

GV
N1

University of New Mexico
-

Editors-in-Chief

Prof. Dr. Florentin Smarandache, Postdoc, Department of Mathematics, University of New Mexico, Gallup,

NM 87301, USA, Email: smarand@unm.edu.

Dr. Mohamed Abdel-Basset, Faculty of Computers and Informatics, Zagazig University, Egypt,

Email: mohamed.abdelbasset@fci.zu.edu.eg.

Dr. Said Broumi, Laboratory of Information Processing, Faculty of Science Ben M’Sik, University of Hassan

11, Casablanca, Morocco, Email: s.broumi@flbenmsik.ma.

Associate Editors
Prof. Dr. Xiaohong Zhang, Department of Mathematics, Shaanxi University of Science &Technology, Xian

710021, China, Email: zhangxh@shmtu.edu.cn.

Prof. Dr. W. B. Vasantha Kandasamy, School of Computer Science and Engineering, VIT, Vellore 632014,

India, Email: vasantha.wb@yvit.ac.in.

Assoc. Prof. Dr. Huda E. Khalid, Head of Scientific Affairs and Cultural Relations Department, Nineveh
Province, Telafer University, Iraq, Email: dr.huda-ismael@uotelafer.edu.iq.

Yanhui Guo, University of Illinois at Springfield, One
University Plaza, Springfield, IL. 62703, United States,
Email: yguo56@uis.edu.

Giorgio Nordo, MIFT - Department of Mathematical
and Computer Science, Physical Sciences and Earth
Sciences,  Messina  University,  Italy, = Email:
glorgio.nordo@unime.it.

Le Hoang Son, VNU Univ. of Science, Vietnam
National Univ. Hanoi, Vietnam, Email:
sonlh@vnu.edu.vn.

A. A. Salama, Faculty of Science, Port Said University,
Egypt, Email: ahmed_salama_2000@sci.psu.edu.cg.
Young Bae Jun, Gyeongsang National University, South
Korea, Email: skywine@gmail.com.
Yo-Ping Huang, Department of Computer Science and
Information, Engineering National Taipei University,
New Taipei City, Taiwan, Email: yphuang@ntut.edu.tw.
Vakkas Ulucay, Kilis 7 Aralik University, Turkey, Email:
vulucay27@gmail.com.

Peide Liu, Shandong University of Finance and
Economics, China, Email: peideliu@gmail.com.
Jun Ye, Department of Electrical and Information
Engineering, Shaoxing University, 508 Huancheng West
Road, Shaoxing 312000, China; Email:
yejun@usx.edu.cn.

Memet Sahin, Department of Mathematics, Gaziantep
University, Gaziantep 27310, Turkey, Email:
mesahin@gantep.edu.tr.

Muhammad Aslam & Mohammed Alshumrani, King
Abdulaziz Univ., Jeddah, Saudi Arabia, Emails
magmuhammad@kau.edu.sa,
maalshmrani@kau.edu.sa.

Mutaz Mohammad, Department of Mathematics, Zayed

University, Abu Dhabi 144534, United Arab Emirates.
Email: Mutaz.Mohammad(@zu.ac.ae. Abdullahi
Mohamud Sharif, Department of Computer Science,
University of Somalia, Makka Al-mukarrama Road,
Mogadishu, Somalia,

Email: abdullahi.shariif@uniso.edu.so.

NoohBany Muhammad, American University of
Kuwait, Kuwait,

Email: noohmuhammad12@gmail.com.

Soheyb Milles, Laboratory of Pure and Applied
Mathematics, University of Msila, Algeria, Email:
soheyb.milles@univ-msila.dz.

Pattathal Vijayakumar Arun, College of Science and
Technology, Phuentsholing, Bhutan, Email:
arunpv2601@gmail.com.

Endalkachew Teshome Ayele, Department of
Mathematics, Arbaminch University, Arbaminch,
Ethiopia, Email: endalkachewteshome83@yahoo.com.
Xindong Peng, School of Information Science and
Engineering, Shaoguan University, Shaoguan 512005,
China, Email: 952518336@qq.com.
Xiao-Zhi Gao, School of Computing, University of
Eastern Finland, FI-70211 Kuopio, Finland, xiao-
zhi.gao@uef fi.

Madad Khan, Comsats Institute of Information
Technology, Abbottabad, Pakistan, Email:
madadmath@yahoo.com.

Dmitri Rabounski and ILarissa Borissova, independent
researchers, Emails:  rabounski@ptep-online.com,
Ibotissova@yahoo.com.

Selcuk Topal, Mathematics Department, Bitlis Eren
University,  Turkey, Email: s.topal@beu.edu.tr.
G. Srinivasa Rao, Department of Statistics, The

Copyright © Neutrosophic Sets and Systems, 2021


mailto:smarand@unm.edu
mailto:mohamed.abdelbasset@fci.zu.edu.eg
mailto:s.broumi@flbenmsik.ma
mailto:zhangxh@shmtu.edu.cn
mailto:vasantha.wb@vit.ac.in
mailto:dr.huda-ismael@uotelafer.edu.iq
mailto:yguo56@uis.edu
mailto:sonlh@vnu.edu.vn
mailto:ahmed_salama_2000@sci.psu.edu.eg
mailto:skywine@gmail.com
mailto:yphuang@ntut.edu.tw
mailto:vulucay27@gmail.com
mailto:peide.liu@gmail.com
mailto:mesahin@gantep.edu.tr
mailto:magmuhammad@kau.edu.sa
mailto:maalshmrani@kau.edu.sa
mailto:Mutaz.Mohammad@zu.ac.ae
mailto:abdullahi.shariif@uniso.edu.so
mailto:noohmuhammad12@gmail.com
mailto:soheyb.milles@univ-msila.dz
mailto:arunpv2601@gmail.com
mailto:endalkachewteshome83@yahoo.com
mailto:952518336@qq.com
mailto:xiao-zhi.gao@uef.fi
mailto:xiao-zhi.gao@uef.fi
mailto:madadmath@yahoo.com
mailto:rabounski@ptep-online.com
mailto:lborissova@yahoo.com
mailto:s.topal@beu.edu.tr

ISSN 2331-6055 (print)

_ NSS Editorial Board

ISSN 2331-608X (online)

)

S

University of Dodoma, Dodoma, PO. Box: 259,
Tanzania, Email: gaddesrao@gmail.com.
Ibrahim El-henawy, Faculty of Computers and
Informatics, Zagazig University, FEgypt, Email:
henawy2000@yahoo.com.

A. A. A. Agboola, Federal University of Agriculture,
Abeokuta, Nigeria, Email: agboolaaaa@funaab.edu.ng.
Abduallah  Gamal, TFaculty of Computers and
Informatics, Zagazig University, FEgypt, Email:
abduallahgamal@zu.edu.cg.

Luu Quoc Dat, Univ. of Economics and Business,
Vietnam National Univ.,, Hanoi, Vietnam, Email:
datlq@vnu.edu.vn.

Maikel Leyva-Vazquez, Universidad de Guayaquil,
Ecuador, Email: mleyvaz@gmail.com.
Tula Carola Sanchez Garcia, Facultad de Educacion de
la Universidad Nacional Mayor de San Marcos, Lima,
Peru, Email: tula.sanchezl @unmsm.edu.pe.
Tatiana Andrea Castillo Jaimes, Universidad de Chile,
Departamento de Industria, Doctorado en Sistemas de
Ingenierfa, Santiago de Chile, Chile, FEmail:
tatiana.a.castillo@gmail.com.

Muhammad Akram, University of the Punjab, New
Campus, Lahore, Pakistan, Email:
m.akram@pucit.edu.pk.

Irfan Deli, Muallim Rifat Faculty of Education, Kilis 7
Aralik University, Turkey, Email: irfandeli@kilis.edu.tr.
Ridvan Sahin, Department of Mathematics, Faculty of
Science, Ataturk University, Erzurum 25240, Turkey,
Email: mat.ridone@gmail.com.
Ibrahim M. Hezam, Department of computer, Faculty
of Education, Ibb University, Ibb City, Yemen, Email:
ibrahizam.math@gmail.com.

Aiyared Iampan, Department of Mathematics, School of
Science, University of Phayao, Phayao 56000, Thailand,
Email: alyared.ia@up.ac.th.
Ameirys Betancourt-Vazquez, 1 Instituto Superior
Politécnico de Tecnologias e Ciéncias (ISPTEC),
Luanda, Angola, Email: ameirysbv@gmail.com.
Karina Pérez-Teruel, Universidad Abierta para Adultos
(UAPA), Santiago de los Caballeros, Republica
Dominicana, Email: karinapt@gmail.com.
Neilys Gonzalez Benitez, Centro Meteorolégico Pinar
del  Rio, Cuba, Email: neilys71@nauta.cu.
Jesus Estupinan Ricardo, Centro de Estudios para la
Calidad Educativa y la Investigation Cinetifica, Toluca,
Mexico, Email: jestupinan2728@gmail.com.
Victor Christianto, Malang Institute of Agriculture
(IPM), Malang, Indonesia, Email:
victorchristianto@gmail.com.

Wadei Al-Omeri, Department of Mathematics, Al-Balqa
Applied University, Salt 19117, Jordan, Email:
wadeialomeri@bau.edu.jo.

Ganeshsree Selvachandran, UCSI University, Jalan
Menara Gading, Kuala Lumpur, Malaysia, Email:

University of New Mexico
-

Ganeshsree@ucsiuniversity.edu.my.

Ilanthenral Kandasamy, School of Computer Science
and Engineering (SCOPE), Vellore Institute of
Technology (VIT), Vellore 632014, Tamil Nadu, India,
Email: ilanthenral. k@vit.ac.in
Kul Hur, Wonkwang University, Iksan, Jeollabukdo,
South  Korea, Email: kulhur@wonkwang.ac.kt.
Kemale Veliyeva & Sadi Bayramov, Department of
Algebra and Geometry, Baku State University, 23 Z.
Khalilov Str., AZ1148, Baku, Azerbaijan, Email:
kemale2607@mail.ru, Email:  baysadi@gmail.com.
Irma Makharadze & Tariel Khvedelidze, Ivane
Javakhishvili Tbilisi State University, Faculty of Exact
and Natural Sciences, Thilisi, Georgia.
Inayatur Rehman, College of Arts and Applied Sciences,
Dhofar University Salalah, Oman, Email:
irehman@du.edu.om.

Riad K. Al-Hamido, Math Department, College of
Science, Al-Baath University, Homs, Syria, Email: riad-
hamido1983@hotmail.com.

Faruk Karaaslan, Cankir1 Karatekin University, Cankir1,
Turkey, Email: fkaraaslan@karatekin.edu.tr.
Morrisson Kaunda Mutuku, School of Business,
Kenyatta University, Kenya
Surapati Pramanik, Department of Mathematics,
Nandalal Ghosh B T College, India, Email:
drspramanik@isns.org.in.

Suriana Alias, Universiti Teknologi MARA (UiTM)
Kelantan, Campus Machang, 18500 Machang, Kelantan,
Malaysia, Email:  suria588@kelantan.uitm.edu.my.
Arsham Borumand Saeid, Dept. of Pure Mathematics,
Faculty of Mathematics and Computer, Shahid Bahonar
University of Kerman, Kerman, Iran, Email:
arsham@uk.ac.ir.

Ahmed Abdel-Monem, Department of Decision
support,  Zagazig  University, Egypt, = Email:
aabdelmounem@zu.edu.eg.

V.V. Starovoytov, The State Scientific Institution «The
United Institute of Informatics Problems of the
National Academy of Sciences of Belarus», Minsk,
Belarus, Email: ValeryS@newman.bas-net.by.
E.E. Eldarova, LN. Gumilyov Eurasian National
University, Nur-Sultan, Republic of Kazakhstan, Email:
Doctorphd_eldarova@mail.ru.

Mohammad Hamidi, Department of Mathematics,
Payame Noor University (PNU), Tehran, Iran. Email:
m.hamidi@pnu.ac.ir.

Lemnaouar Zedam, Department of Mathematics,
Faculty of Mathematics and Informatics, University
Mohamed  Boudiaf, = M’sila,  Algeria, Email:
l.zedam@gmail.com.

M. Al Tahan, Department of Mathematics, Lebanese
International University, Bekaa, Lebanon, Email:
madeline.tahan@liu.edu.lb.

Rafif Alhabib, AL-Baath University, College of Science,

Copyright © Neutrosophic Sets and Systems, 2021


mailto:gaddesrao@gmail.com
mailto:henawy2000@yahoo.com
mailto:agboolaaaa@funaab.edu.ng
mailto:abduallahgamal@zu.edu.eg
mailto:datlq@vnu.edu.vn
mailto:mleyvaz@gmail.com
mailto:tula.sanchez1@unmsm.edu.pe
mailto:tatiana.a.castillo@gmail.com
mailto:m.akram@pucit.edu.pk
mailto:irfandeli@kilis.edu.tr
mailto:mat.ridone@gmail.com
mailto:ibrahizam.math@gmail.com
mailto:aiyared.ia@up.ac.th
mailto:ameirysbv@gmail.com
mailto:karinapt@gmail.com
mailto:neilys71@nauta.cu
mailto:jestupinan2728@gmail.com
mailto:victorchristianto@gmail.com
mailto:Ganeshsree@ucsiuniversity.edu.my
mailto:ilanthenral.k@vit.ac.in
mailto:kulhur@wonkwang.ac.kr
mailto:kemale2607@mail.ru
mailto:baysadi@gmail.com
mailto:irehman@du.edu.om
mailto:riad-hamido1983@hotmail.com
mailto:riad-hamido1983@hotmail.com
mailto:fkaraaslan@karatekin.edu.tr
mailto:drspramanik@isns.org.in
mailto:suria588@kelantan.uitm.edu.my
mailto:aabdelmounem@zu.edu.eg
mailto:ValeryS@newman.bas-net.by
mailto:Doctorphd_eldarova@mail.ru
mailto:m.hamidi@pnu.ac.ir
mailto:l.zedam@gmail.com
mailto:madeline.tahan@liu.edu.lb

INSS

ISSN 2331-6055 (print)

Editorial Board

NV

N\ b

Mathematical Statistics Department, Homs, Syria,
Email: ralhabib@albaath-univ.edu.sy.
R. A. Borzooei, Department of Mathematics, Shahid
Beheshti University, Tehran, Iran,
borzooei@hatef.ac.ir.

Sudan Jha, Pokhara University, Kathmandu, Nepal,
Email: jhasudan@hotmail.com.
Mujahid Abbas, Department of Mathematics and
Applied Mathematics, University of Pretoria Hatfield
002, Pretoria, South Africa, Email:
mujahid.abbas@up.ac.za.

Zeliko Stevi¢, Faculty of Transport and Traffic
Engineering Doboj, University of FEast Sarajevo,
Lukavica, East Sarajevo, Bosnia and Herzegovina,
Email: zeljkostevic88@yahoo.com.
Michael Gr. Voskoglou, Mathematical Sciences School
of Technological Applications, Graduate Technological

Educational Institute of Western Greece, Patras,
Greece, Email: voskoglou@teiwest.gt.
Angelo de Oliveira, Ciencia da Computacao,

Universidade Federal de Rondonia, Porto Velho -
Rondonia, Brazil, Email: angelo@unit.br.
Valeri Kroumov, Okayama University of Science,
Okayama, Japan, Email: val@ee.ous.ac.jp.
Rafael Rojas, Universidad Industrial de Santander,
Bucaramanga, Colombia, Email:
rafael2188797@correo.uis.edu.co.

Walid Abdelfattah, Faculty of Law, Economics and
Management, Jendouba, Tunisia, Email:
abdelfattah.walid@yahoo.com.

Akbar Rezaei, Department of Mathematics, Payame
Noor University, P.O.Box 19395-3697, Tehran, Iran,
Email: rezaei@pnu.ac.ir.
Galina Ilieva, Paisii Hilendarski, University of Plovdiv,
4000 Plovdiv, Bulgaria, Email: galili@uni-plovdiv.bg.
Pawel Plawiak, Institute of Teleinformatics, Cracow
University of Technology, Warszawska 24 st., F-5, 31-

155 Krakow, Poland, Email: plawiak@pk.edu.pl.
E. K. Zavadskas, Vilnius Gediminas Technical
University, Vilnius, Lithuania, Email:

edmundas.zavadskas@vgtu.lt.

Darjan Karabasevic, University Business Academy,
Novi Sad, Serbia, Email:
datjan.karabasevic@mef.edu.ts.

Dragisa Stanujkic, Technical Faculty in Bor, University
of Belgrade, Bor, Serbia, Email:
dstanujkic@tfbor.bg.ac.ts.

Luige Vladareanu, Romanian Academy, Bucharest,
Romania, Email: luigiv@arexim.ro.
Hashem Bordbar, Center for Information Technologies
and Applied Mathematics, University of Nova Gorica,
Slovenia, Email: Hashem.Bordbat(@ung.si.
Quang-Thinh Bui, Faculty of Electrical Engineering and
Computer Science, VSB-Technical University of
Ostrava, Ostrava-Poruba, Czech Republic, Email:

University of New Mexico

_..:.

qthinhbui@gmail.com.

Mihaela Colhon & Stefan Vladutescu, University of
Craiova,
colhon.mihaela@ucv.ro,

Craiova, Computer Science Department,
Romania, Emails:
vladutescu.stefan@ucv.ro.

Philippe Schweizer, Independent Researcher, Av. de
Email:

Lonay 11, 1110 Morges, Switzerland,
flippe2@gmail.com.

Madjid Tavanab, Business

of Paderborn,
Email:

Economics
Paderborn,

University
Germany,

Denmark, Email:

Armadas, 1649-026  Lisbon, Portugal,
fernando.alberto.ferreira@iscte-iul.pt.

Julio J. Valdés, National Research Council Canada, M-
50, 1200 Montreal Road, Ottawa, Ontario K1A 0RO,
julio.valdes@nrc-cnrc.gce.ca.
Tieta Putri, College of Engineering Department of
Computer Science and Software Engineering, University
Zeeland.
Mumtaz Ali, Deakin University, Victoria 3125, Australia,
mumtaz.ali@deakin.edu.au.
Phillip Smith, School of Earth and Environmental
Sciences, University of Queensland, Brisbane, Australia,

Canada, Email:

of Canterbury, Christchurch, New

Email:

phillip.smith@ugq.edu.au.

Sergey Gorbachev, National Research Tomsk State
Email:

University, 634050  Tomsk, Russia,

gsv(@mail.tsu.ru.

Willem K. M. Brauers, Faculty of Applied Economics,
University of Antwerp, Antwerp, Belgium, Email:

willem.brauers@uantwerpen.be.

M. Ganster, Graz University of Technology, Graz,

Austtia, Email: ganster@weyl.math.tu-graz.ac.at.
Umberto  Rivieccio, Department of Philosophy,
University of Genoa, Italy, Email:

umbetto.tivieccio@unige.it.

F. Gallego Lupianez, Universidad Complutense, Madrid,
fg lupianez@mat.ucm.es.
Francisco Chiclana, School of Computer Science and
Informatics, De Montfort University, The Gateway,
Kingdom, Email:

Spain, Email:

Leicester, LE1 9BH, United
chiclana@dmu.ac.uk.

Jean Dezert, ONERA, Chemin de la Huniere, 91120

Palaiseau, France, Email: jean.dezert@onera.fr.

Copyright © Neutrosophic Sets and Systems, 2021

ISSN 2331-608X (online)

Information  Systems
Department, Faculty of Business Administration and
D-33098
tavana@lasalle.edu.
Saeid Jafari, College of Vestsjaclland South, Slagelse,
jafaripersia@gmail.com.
Fernando A. F. Ferreira, ISCTE Business School, BRU-
IUL, University Institute of Lisbon, Avenida das Forgas
Email:


mailto:ralhabib@albaath-univ.edu.sy
mailto:borzooei@hatef.ac.ir
mailto:jhasudan@hotmail.com
mailto:mujahid.abbas@up.ac.za
mailto:zeljkostevic88@yahoo.com
mailto:voskoglou@teiwest.gr
mailto:angelo@unir.br
mailto:val@ee.ous.ac.jp
mailto:rafael2188797@correo.uis.edu.co
mailto:abdelfattah.walid@yahoo.com
mailto:rezaei@pnu.ac.ir
mailto:galili@uni-plovdiv.bg
mailto:plawiak@pk.edu.pl
mailto:edmundas.zavadskas@vgtu.lt
mailto:darjan.karabasevic@mef.edu.rs
mailto:dstanujkic@tfbor.bg.ac.rs
mailto:luigiv@arexim.ro
mailto:Hashem.Bordbar@ung.si
mailto:qthinhbui@gmail.com
mailto:colhon.mihaela@ucv.ro
mailto:vladutescu.stefan@ucv.ro
mailto:flippe2@gmail.com
mailto:tavana@lasalle.edu
mailto:jafaripersia@gmail.com
mailto:fernando.alberto.ferreira@iscte-iul.pt
mailto:julio.valdes@nrc-cnrc.gc.ca
mailto:mumtaz.ali@deakin.edu.au
mailto:phillip.smith@uq.edu.au
mailto:gsv@mail.tsu.ru
mailto:willem.brauers@uantwerpen.be
mailto:ganster@weyl.math.tu-graz.ac.at
mailto:umberto.rivieccio@unige.it
mailto:fg_lupianez@mat.ucm.es
mailto:chiclana@dmu.ac.uk
mailto:jean.dezert@onera.fr

NSS ISSN 2331-608X (online)

ISSN 2331-6055 (print)
"' University of New Mexico
! -
Contents

Mohammad Abobala, Ahmed Hatip, Necati Olgun,4Said Broumi, Ahmad A.Salama and Huda E.Khaled,
The Algebraic Creativity in The Neutrosophic Square MatriCes.........cccevcvecurenciruneerneecrneecrnecrnecrneneaenn. 1

Rana Muhammad Zulqgarnain, Xiao Long Xin, Bagh Ali, Said Broumi, Sohaib Abdal and Muhammad Irfan
Ahamad, Decision-Making Approach Based on Correlation Coefficient with its Properties Under
Interval-Valued Neutrosophic hypersoft set environment...................cooovi 12

Muhammad Umer Farooq, Muhammad Saqglain and Zaka-ur-Rehman, The Selection of LASER as
Surgical Instrument in Medical using Neutrosophic Soft Set with Generalized Fuzzy TOPSIS,
WSM and WPM along with MATLAB Coding ... 29

Abdullah Kargin, Azize Dayan and Necmiye Merve Sahin, Generalized Hamming Similarity Measure
Based on Neutrosophic Quadruple Numbers and Its Applications to Law Sciences................ 45

Sunay P. Pai and Rajesh S. Prabhu Gaonkar, The safety assessment in dynamic conditions using
interval NEUtroSOPhIC SETS ..........oiiiiiiii i 68

Sevilay Sahin, Abdullah Kargin and Murat Yicel, Hausdorff Measures on Generalized Set Valued

Neutrosophic Quadruple Numbers and Decision Making Applications for Adequacy of Online
Education. ... 86

Murugadas P and Kavitha M, Solvability of System of Neutrosophic Soft Linear Equations........ 117

Rana Muhammad Zulgarnain, Xiao Long Xin, Muhammad Saqlain, Muhammad Saeed, Florentin
Smarandache and Muhammad Irfan Ahamad, Some Fundamental Operations on Interval Valued

Neutrosophic Hypersoft Set with Their Properties.................cooooiiiiiiiiiii 134
Faisal Al-Sharqi, Ashraf Al-Quran, Abd Ghafur Ahmad and Said Broumi, Interval-Valued Complex
Neutrosophic Soft Set and its Applications in Decision-Making.......................oo 149
Mouhammad Bakro, Reema Al-Kamha and Qosai Kanafani, Neutrosophication Functions and their
Implementation by MATLAB Program...............oiiiiiiiiiiii i 169
D. Ajay, J. Joseline Charisma, Neutrosophic Hypersoft Topological Spaces...............c.ceeeeeee. 179
Rashed Refaat and Salaheldin Ismail Salaheldin, New Neutrosophic Scale System Framework...... 195

Xiao Long Xin, Hashem Bordbar, Florentin Smarandache,Rajab Ali Borzooei, Young Bae Jun, Implicative
falling neutrosophic ideals of BCK-algebras.......... ... 214

Tahsin Oner, Tugce Katican and Akbar Rezaei, Neutrosophic N —structures on strong Sheffer stroke
non-associative MV-algebras.................ooiiiiii 235

Rana Muhammad Zulqarnain, Xiao Long Xin, Muhammad Saqlain, Florentin Smarandache and
Muhammad Irfan Ahamad, An integrated model of Neutrosophic TOPSIS with application in Multi-
Criteria Decision-Making Problem ................. 253

Copyright © Neutrosophic Sets and Systems, 2021



a NSS Neutrosophic Sets and Systems, Vol. 40, 2021

University of New Mexico

gV
N1 =

The Algebraic Creativity in The Neutrosophic Square Matrices

IMohammad Abobala,’2Ahmed Hatip
3Necati Olgun,*Said Broumi

5Ahmad A.Salama,’Huda E.Khaled

1.Faculty of Science, Tishreen University, Lattakia, Syria, e-mail: mohammadabobala777gmail.com
2.Department of Mathematics,Gaziantep University, Turkey, E-mail:kollnaar5@gmail.com
3.Necati Olgun, Department of Mathematics,Gaziantep University, Turkey E-mail: olgun@gantep.edu.tr
4.Said Broumi, Laboratory of Information Processing, Faculty of Science Ben M’Sik, University Hassan II, Casablanca,
Motrocco , E-mail: broumisaid78@gmail.com
5.Ahmad A.Salama, Department of Mathematics and Computer Science, Faculty of Sciences, Port Said University, 23
December Street, Port Said 42522, Egypt. Email:drsalama44@gmail.com
6.Huda E.Khaled, University of Telafer, Administrator of the President Office, Telafer, Iraq. E-mail: hodaesmail@yahoo.com

Abstract: The objective of this paper is to study algebraic properties of neutrosophic matrices, where
a necessary and sufficient condition for the invertibility of a square neutrosophic matrix is presented
by defining the neutrosophic determinant. On the other hand, this work introduces the concept of
neutrosophic Eigen values and vectors with an easy algorithm to compute them. Also, this article
finds a necessary and sufficient condition for the diagonalization of a neutrosophic matrix.

Keywords: Neutrosophic matrix, neutrosophic Eigen value, neutrosophic determinant,

neutrosophic inverse, diagonalization of neutrosophic matrices
1. Introduction

Neutrosophy is a general form of logic founded by Smarandache to deal with indeterminacy in all
fields of knowledge science. We find many applications in, decision making [2,3,23], optimization
theory [1], topology [7], medical studies [26,27], energy studies [25], and number theory [16],
Recently, there is an increasing interesting in algebraic applications of neutrosophy such as
neutrosophic modules [11,17], spaces [4,18], rings [14,16], and their generalizations [5,6,19].

After the emergence of the neutrosophic logic at 1995 there were a lot of applications to handle the

indeterminacy notion. It is common for anyone to say that an unknown data is indeterminate than
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saying it is not exist as well in mathematics. Because when that the unknown data is not exist to a
common mind it means that this data is absent does not exist. However, indeterminacy is suitable,
for we can say to any layman, "We cannot determine what you ask for", but we cannot say, "your
inquiry is not exist". Therefore, when we are in a moderate position as we cannot perceive @ for un
known data, so we felt it is appropriate under these circumstances to introduce the notion of
indeterminacy I where [? = [. Using this indeterminacy, we construct some notion regarding
neutrosophic matrices, which can be used in neutrosophic models. Researchers have already defined
the concept of neutrosophic matrices and have used them in Neutrosophic Cognitive Maps model
and in the Neutrosophic Relational Equations models, which are analogous to Fuzzy Cognitive Map
and Fuzzy Relational Equations models respectively.

In [21], Kandasamy et al, proposed for the first time the notion of bi-matrices. Also, a minimal study
of their properties can be found in [8,12,13].

In this essay and for the first time sheds the light on the notion of determinant of a neutrosophic
matrix, and we find the form of its inverse and illustrate them with examples. Also, we introduce
easy algorithms to find Eigen values and vectors for neutrosophic matrices, with a direct application
into the problem of diagonalization.

Neutrosophic matrices are useful in the study of indeterminacy and they have many important
properties in algebra, from this point of view we introduce this work.

All matrices through this paper are defined over a neutrosophic field F(I).

2. Preliminaries

Definition 2.1 [24]: Let X be a non-empty fixed set. A neutrosophic set A is an object having the
form {x, (pa(x), 64(x),ya(x)):x € X} , where pa(x), 6a(x) and ya(x)represent the degree of
membership, the degree of indeterminacy, and the degree of non-membership respectively of each
element x € X totheset 4 .

Definition 2.2 [10]: Let K be a field, the neutrosophic file generated by (K U I) which is denoted by
K() =(Kul).

Definition 2.3 [9]: Classical neutrosophic number has the form a+ bl where a,b are real or
complex numbers and I is the indeterminacy such that 0+1 = 0 and I* = I which results that

I" =1 for all positive integers n.

Mohammad Abobala, Ahmed Hatip, Necati Olgun,4Said Broumi, Ahmad A.Salama and Huda E.Khaled, The Algebraic
Creativity in The Neutrosophic Square Matrices



Neutrosophic Sets and Systems, Vol. 40, 2021 3

Definition 2.4 (Neutrosophic matrix) [16]. Let M, = {(a;;): a;; € K(I)}, where K (I)is a
neutrosophic field. We call to be the neutrosophic matrix.
3. Main discussion
Definition 3.1:
Let M = A+ Bl a neutrosophic nsquare matrix, where A and B are two n squares matrices, then
M is called aninvertible neutrosophic n square matrix, if and only if there exists an n square
matrix § = §; + S,1 , where S; and S, are two n square matrices such that
SM =M-S = Uyyupn, where U, 5, denotes then X n identity matrix.
Definition 3.2:
Let M = A + BI be a neutrosophic n square matrix. The determinant of M is defined as
detM = detA + I[det(A + B) — detA].
Theorem 3.3:
Let M = A+ Bl a neutrosophic square n X n matrix, where A , B are two squares n X n matrices,
then M is invertible if and only ifA and A + B are invertible matrices and
M =A4A"1+I[(A+B)*-4"1].
Proof:
If A and A + B are invertible matrices, then (4 + B)™!, A™! are existed, and
M7 = A" 1+ I[(A+ B)™' — A™] exists too. Now to prove M™1is the inverse of M,
MMt=A+BD-(A*+I1[A+B)1-41)
=AAT '+ I[A(A+B) ' —AA '+ B-A" '+ B(A+B)"' —BA™]

= Unxn + 1[(A + B)(A + B)™" = Unxnl

= Unxn + IUnxn = Unxn] = Unxn = M7'M.
conversely, we suppose that M is invertible, thus there is a matrix S = S; + S,I, with the property
M-S=S-M=U,, .
MS = (A + BI)(S; + S,1) = AS; +I[(A+ B)(S; + S3) — AS;] = Upsn + 0,xn=SM. Hence, we get:
(a)S1A = AS; = Uy, thus A is invertible and A™* = S,.
(b)(A + B)(Sy + S,) — AS; = (S, + S,)(A + B) — S, A = Oy, thus,

(S +S)(A+B) = (A+ B)(S; +S,) = AS, = Upy,, . This implies that (A + B) is invertible.
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Theorem 3.4:

M is invertible matrix if and only if detM = 0.

Proof:

From Theorem 3.3 we find that M is invertible matrix if and only if A + B, A are two invertible
matrices, hence det[A + B] # 0,detA # 0 which means

detM = detA + I[det(A + B) — detA] # 0.

Example 3.5:

Consider the following neutrosophic matrix

~ 1 14 1 -1 001
M=Aa+BI=( 5D .WhereA—(O 2) ,B_(1 1).
(a)detA=2,A+B=(1 g),det(A+B)=3,detM=2+I[3—2]=2+I¢O,henceMisinvertible.
> 1 0
(b) We have A™1 = 1] A+B) 7t =(_1 1), thusM =AY +I[(A+B)*-47"]
0 J 3 3
1 1 1 1
(a0 R\
0 ! EESEY bl TR
2 3 6 3 2 6

Theorem 3.6:

Let M = A + BI be a neutrosophic n square matrix, were A and B are twon square matrices, then
36.1)M" =A"+I[(A+B)" —A"].

3.6.2)M is nilpotent if and only if A, A + B are nilpotent.

3.6.3)M isi dempotent if and only if A, A + B are idempotent.

Proof:

(3.6.1) By using mathematical induction, it easy to see P(r = 1) is true.
SupposeP (k), then we must prove P(k + 1) is true like the following
Mk = M¥-M = (A* + I[(A + B)k — A*]) - (A + IB)

= AT+ I[(A* B+ (A+B)-A+(A+B)*-B—A*-A— A*-B)]

= A1 + I[(A+ B)*- (A + B) — A¥*1]

— Ak+1 +I[(A +B)k+1 —Ak+1].
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(2) Mis nilpotent if and only if 3r € N*; M" = 0, this is equivalent to

A"+ I[(A+ B)" — A"] =0, thus

A" = (A + B)" = 0. Which is equivalent to

A,A+ B are nilpotent.

(3) The proof is similar to (2).

Theorem 3.7:

Let M = A+ Bl and N = C + DI be two neutrosophic n square matrices, then
(3.7.1) det(M - N) = detM - detN.

(3.7.2) det(M~*) = (detM)™™.

(3.7.3) detM =1 if and only if detA = det(4A + B) = 1.

Proof:

(@ M N=A-C+I[B-C+B-D+A-D]

=A-C+I[(A+B)(C+D)—A-C].

det(M - N) = det(A - C) + I[det((A + B)(C + D)) — det(4- C)],

= detA-detC + I[det(4 + B) - det(C + D) — det(A - C)],

=detA-detC + I[det(4 + B) - det(C + D) — det A - det C],

= (detA + I[det(4 + B) — det A]) - (detC + I[det(C + D) — det(C]),

= detM - detN.

(b) We have

det(MM™1) = det(U,y,,) = 1, thus detM.det(M™1) = 1,50 that det(M~1) = (detM)™1.
(c) detM =1 is equivalent to detA + I[det(4 + B) — det A] = 1, thus it is equivalent to
detA = det(A+ B) = 1.

Remark: The result in the section (c) can be generalized easily to the following fact:
detM = detA if and only if detA = det(A + B).

Definition 3.8:

Let M = A+ BI be a neutrosophic n square matrix, where A and B are two n squarematrices. M
is satisfying the orthogonality property if and only if M - MT = Uy, .

Theorem 3.9:

Mohammad Abobala, Ahmed Hatip, Necati Olgun,4Said Broumi, Ahmad A.Salama and Huda E.Khaled, The Algebraic
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Let M = A+ Bl aneutrosophicn square matrix, then

(a) M is orthogonal if and only if A, B are two orthogonal matrices .

(b) If M is orthogonal, then detM € {1,—-1,—1 + 21,1 — 2[}.

Proof:

(a) M is orthogonal neutrosophic matrix if and only if MT = M™%, this is equivalent to

AT+ BTl = A" +1[(A+B)™* — A7, thus

A1 =A",(A+B)"'—A' =BT .Thisisequivalent to

A'=ATand (A+B)* =BT+ A7 = BT + AT = (A + B)". Thus the proof is complete.

(b) If M is orthogonal, we get that det(M - M) = det(U,x,) = 1. This implies

detM - detM” =1,

(det M)? = 1, hence

detM € {1,—-1,—-1+ 21,1 - 2I}.

Definition 3.10:

Let M = A + BI be a square neutrosophic matrix, we say that M is diagonalizable if and only if there
is an invertible neutrosophic matrix § = C + DI such that ST*MS = D. Where D is a diagonal
neutrosophic matrix( i.e.dj=0Vi#jandd;+0 Vi =j).

Theorem 3.11:

Let M = A+ BI be any square neutrosophic matrix. Then M is diagonalizable if and only if 4,4 +
B are diagonalizable.

Proof:

Consider a diagonalizable neutrosophic matrix M, then there exists an invertible matrix S such that
S7MS = K(k;;)(3.11,1).

Now, to compute the entries elements k;; , solve (3.1.11) as follows:

j 7
[ +1I[(C+ D)t —Cc|(A+BN(C+DD =[Ct+I[(C+D)*—C][AC + I[(A+ B)(C + D) —

AC]] = CTYAC +I[(C + D)™ (A+B)(C + D) —C*ACl =D, + (D, ~ D)) =K . Where K is a
diagonal matrix, thus D;,D, are diagonal, and 4,4 + B are diagonalizable. Conversely, assume

that A,A + B are diagonalizable, then there are C,D, where C7'AC =D;,D"*(A+ B)D =D, . Put

S=C+ (-0l

Mohammad Abobala, Ahmed Hatip, Necati Olgun,4Said Broumi, Ahmad A.Salama and Huda E.Khaled, The Algebraic
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Now we compute S™MS = [C™1+I[D™* = C™]](A + B)(C + (D — O)I)

=[ct+1[D~t = CM][AC + I[(A + B)(D) — AC]| = C"*AC + I[D7*(A + B)D — C7*AC]

=Dy + (D, — D;)I = K. Thus,M is diagonalizable, that is because D;, D, are diagonal matrices.
Remark 3.12:

If C is the diagonalization matrix of A4, and D is the diagonalization matrix of A + B, then

S = C + (D — O)lis the diagonalization matrix of M = A + BI.

Example 3.13:

Consider the neutrosophic matrix defined in Example 3.5, we have:

1

(a) A is a diagonalizable matrix. Its diagonalization matrix is C = (O

_11) , the corresponding

1 0

0 2), we can see that C™*AC = D,. Also, the diagonalization matrix of

diagonal matrix is D; = (

1 0
A+Bis D = (_ 1 1), the corresponding diagonal matrix is D, = (
2

1 0 .
0 3). It is easy to check that

D '(A+B)D =D,
(b) Since A,A + B are diagonalizable, then M is diagonalizable. The neutrosophic diagonalization

1 1-1
matrix of Mis S=C+ (D - C)I = (_ % I —1+2 1). The corresponding diagonal matrix is

L:D1+I[D2—D1]:((1) 23[).

1 1-1
(c) Itis easy to see that S™* = C~ '+ I[D"' - C7'] = <§1 1+ 21)-

oo =y 370 (0 ST8) 220
Definition 3.14:

Let M = A+ BI be a nsquare neutrosophic matrix over the neutrosophic field F(I), we say that
Z = X +YI is a neutrosophic Eigen vector if and only if MZ = (a + bI)Z. The neutrosophic number
a + bl is called the Eigen value of the eigen vector Z.

Theorem 3.15:

Let M = A+ BI be a n square neutrosophic matrix, then a + bl is an eigen value of M if and only
if a is an eigen value of 4, and a + b is an eigen value of A + B. As well as, the eigen vector of Mis
Z = X +7YI if and only if X is the corresponding eigen vector of 4, and X + Y is the corresponding

eigen vector of A + B.
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Proof:

We suppose that Z = X + Y1 is an eigen vector of M with the corresponding eigen value a + b,
hence MZ = (a + bl)Z, this implies

A+BDX+YD)=(@+bD)X+YD),thusAX +I[(A+B)(X+Y)—AX]|=aX+I[(a+ D)X +Y) —
aX]. We get:

AX =aX,(A+B)X +Y)=(a+b)(X+Y), so that X is an eigen vector of A, X +Y is an eigen
vector of A + B. The corresponding eigen value of X is a, and the corresponding eigen value of
X+Yisa+bh.

For the converse, we assume that X is an eigen vector of A with a as the corresponding eigen
value, and X +Y is an eigen vector of A + B with a + b as the corresponding eigen value, so that
weget AX =aX,(A+B)(X+Y)=(a+b)(X +Y).

Let us compute

MZ=A+BDX +YD) =AX+I[(A+B)(X +Y) — AX]
=aX+I[(a+b)(X+Y)—aX]=(a+b)(X+YI)=(a+bl)Z. Thus Z =X +YI is an eigen vector
of M with a + bl as a neutrosophic eigen value.

Theorem 3.16:

The eigen values of a neutrosophic matrix M = A+ Bl can be computed by solving the
neutrosophic equation det(M — (a + bl) U, x,) = 0.

Proof:

We have det(M — (a + bI)U, ) = det([A — aUpxn] + I[B — bUpxr])

= det([A — aUpxy,] + I[det((A + B) — (a + b)Uy,xp) — det[A — aUy,x,]]. Thus, the equation

det(M — (a + bl) Upyxy,) = 0 is equivalent to

det([4 — aUyxyn] = 0 (3,16,1),and [det((A + B) — (a + b)Upxpn) — det[A — alU, ] =0 (3.16.2).

From equation (3,16,1), we get a as eigen value of 4, and from (3.16.2) we get

[det((A + B) — (a + b)Upxpn) = det[A — aU,x,] = 0, thusa + b is an eigen value of A + B.

Example 3.17:

Consider M the neutrosophic matrix defined in Example 3.5, we have
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(a) The eigen values of the matrix A are {1,2}, and {1,3} for the matrix A + B. This implies that the
eigen values of the neutrosophic matrix M are

A+@-DL1+A-DL2+@B-2),2+ (1 -2} ={1+2,12+1,2—1I}

(b) If we solved the equation det(M — (a + bI)U,x,)=0 has been solved, the same values will be
gotten.

(c) The eigen vectors of A are {(1,0), (1, —1)},the eigen vectors of A+ B are {(1,—1/2),(0,1)}. Thus,

the neutrosophic eigen vectors of M are

{@o) + 110, = WL (10) +1{(1,-2) = WO, (1, -1) +1[(0,1) = (1, -], (1, -1) +

1

1(1-3) - @ -D]} = {@W0) + I(=1,1), (1L0) +1(0,~1/2), (1, =1) + 1(~=1,2), (1, =1) + 1(0,1/2)} =
(A-1,D,1,-1/2D),A=1,-1+2),(1,-1+1/2 D)} .

To determine the neutrosophic eigen vectors using Theorem 3.15. let X be an eigen vector of
A,and Y be an eigen vector of A 4+ B, hence X + [(Y) — X]I = X 4+ (Y — X)I is an Eigen vector of M =
A+ BI.

Conclusion

In this article, we have determined necessary and sufficient conditions for the invertibility and
diagonalization of neutrosophic matrices. Also, we have found an easy algorithm to compute the
inverse of a neutrosophic matrix and its Eigen values and vectors.

As a future research direction, we aim to find the representation of neutrosophic matrices by linear
transformations in neutrosophic vector spaces.
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Abstract: The correlation coefficient between two variables plays an essential part in statistics. In
addition, the preciseness in the assessment of correlation relies on information from the set of
discourse. The data collected for various statistical studies is full of ambiguities. In this article, we
investigated some fundamental concepts that strengthen the current research structure, such as soft
sets, hypersoft sets, neutrosophic hypersoft set (NHSS), and interval-valued neutrosophic hypersoft
set (IVNHSS). The IVNHSS is an extension of the interval-valued neutrosophic soft set. The main
objective of this paper is to develop the concept of correlation and weighted correlation coefficients
for IVNHSS. We also, discuss the desirable properties of correlation and weighted correlation
coefficients under the IVNHSS environment in the following research. Also, develop a decision-
making technique based on the proposed correlation coefficient. Through the developed
methodology, a technique for solving decision-making concerns is planned. Moreover, an
application of the projected methods is presented for the selection of a medical superintendent in a
public hospital.

Keywords: Hypersoft set, NHSS, IVNHSS, correlation coefficient, weighted correlation coefficient

1. Introduction

Correlation plays a vital role in statistics and engineering; through correlation analysis, the joint
relationship of two variables can be used to evaluate the interdependence of two variables. Although
probabilistic methods have been applied to various practical engineering problems, there are still
some obstacles to probabilistic strategies. For example, the probability of the process depends on the
large amount of data collected, which is random. However, large complex systems have many fuzzy
uncertainties, so it is difficult to obtain accurate probability events. Therefore, due to limited
quantitative information, results based on probability theory do not always provide useful
information for experts. In addition, in practical applications, sometimes there is not enough data to
correctly process standard statistical data. Due to the aforementioned obstacles, results based on
probability theory are not always available to experts. Therefore, probabilistic methods are usually
insufficient to resolve such inherent uncertainties in the data. Many researchers in the world have
proposed and suggested different methods to solve problems that contain uncertainty. First, Zadeh
developed the concept of a fuzzy set (FS) [1] to solve those problems that contain uncertainty and
ambiguity. It can be seen that in some cases, FS cannot solve this situation. To overcome such
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situations, Turksen [2] proposed the idea of interval-valued fuzzy sets (IVFS). In some cases, we must
carefully consider membership as a non-member value in the proper representation of objects that
cannot be processed by FS or IVFS under conditions of uncertainty. To overcome these difficulties,
Atanasov proposed the idea of intuitionistic fuzzy sets (IFSs) [3]. The theory proposed by Atanassov
only deals with insufficient data due to membership and non-membership values, but IFS cannot
deal with incompatible and imprecise information.

Molodtsov [4] proposed a general mathematical tool to deal with uncertain, ambiguous, and
undefined substances, called soft sets (SS). Maji et al. [5] Expanded the work of SS and developed
some operations with properties. In [6], they also use SS theory to make decisions. Ali etc. [7]
Modified the Maji method of SS and developed some new operations with its properties. By using
different operators, they proved De Morgan's laws [8] under the SS environment. Cagman and
Enginoglu [9] proposed the concept of soft matrices with operations and discussed their properties.
They also introduced a decision-making method to solve problems that contain uncertainty. In [10],
they modified the operation proposed by Molodtsov's SS. Maji et al. [11] proposed the concept of
fuzzy soft set (FSS) by combining FS and SS. They also proposed an Intuitionistic Fuzzy Soft Set (IFSS)
with basic operations and attributes [12]. Atanassov and Gargov [13] extended the theory of IFS and
established a new concept called Interval Valued Intuitionistic Fuzzy Set (IVIFS). Zulqarnain et al.
[14] utilized the intuitionistic fuzzy soft matrices for disease diagnosis. Yang et al. [15] proposed the
concept of interval-valued fuzzy soft sets with operations (IVESS) and proved some important results
by combining IVFS and SS, and they also used the developed concepts for decision-making. Jiang et
al. [16] proposed the concept of interval-valued intuitionistic fuzzy soft sets (IVIFSS) by extending
IVIFS. They also proposed the necessity and possibility operations for IVIFSS with their properties.
Zulqgarnain and Saeed [17] developed some operations for interval-valued fuzzy soft matrix (IVFSM)
and proposed a decision-making technique to solve the decision making problem. They also applied
the IVESM for decision making [18], a comparison among fuzzy soft matrices and IVFSM in [19]. Ma
and Rani [20] constructed an algorithm based on IVIFSS and used the developed algorithm for
decision-making. Zulqarnain et al. [21] developed the aggregation operators for IVIESS. They also
extended the TOPSIS technique under IVIFSS and utilized the presented approach to solving multi-
attribute decision making problem. Zulqarnain et al. [22] utilized fuzzy TOPSIS to solve the multi-
criteria decision-making (MCDM) problem.

Maji [23] offered the idea of a neutrosophic soft set (NSS) with necessary operations and
properties. The idea of the possibility NSS was developed by Karaaslan [24] and introduced a
possibility of neutrosophic soft decision-making method to solve those problems which contain
uncertainty based on And-product. Broumi [25] developed the generalized NSS with some
operations and properties and used the proposed concept for decision making. To solve MCDM
problems with single-valued Neutrosophic numbers (SVNNs) presented by Deli and Subas in [26],
they constructed the concept of cut sets of SVNNs. Based on the correlation of IFS, the term CC of
SVNSs [27] was introduced. In [28] the idea of simplified NSs introduced with some operational laws
and aggregation operators such as weighted arithmetic and weighted geometric average operators.
They constructed an MCDM method on the base of proposed aggregation operators. Zulqarnain et
al. [29] presented the generalized version of neutrosophic TOPSIS and utilized the considered
technique to solve the MCDM problem. Hung and Wu [30] proposed the centroid method to calculate
the CC of IFSs and extended the proposed method to IVIFS. Bustince and Burillo [31] introduced the
correlation and CC of IVIFS and proved the decomposition theorems on the correlation of IVIFS.
Hong [32] and Mitchell [33] also established the CC for IFSs and IVIFSs respectively. Garg and Arora
introduced the correlation measures on IFSS and constructed the TOPSIS technique on developed
correlation measures [34]. Huang and Guo [35] gave an improved CC on IFS with their properties,
they also established the coefficient of IVIFS. Singh et al. [36] developed the one- and two- parametric
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generalization of CC on IFS and used the proposed technique in multi-attribute group decision-
making problems. Zulqarnain et al. [37] proposed the aggregation operators for Pythagorean fuzzy
soft sets and developed a decision-making approach to solving multi-criteria decision making
problems. Sometimes experts considered the sub-attributes of the given attributes in the decision-
making process. In such situations, all the above-discussed theories cannot provide any information
to experts about sub-attributes of the given attributes

To overcome the above-mentioned limitations Smarandche [38] extended the concept of soft sets
to hypersoft sets (HSS) by replacing function F of one parameter to multi-parameter (sub-attributes)
function defined on the cartesian product of n different attributes. The established HSS is more
flexible than soft sets and more suitable for decision-making environments. He also presented the
further extension of HSS, such as crisp HSS, fuzzy HSS, intuitionistic fuzzy HSS, neutrosophic HSS,
and plithogenic HSS. Nowadays, the HSS theory and its extensions rapidly progress, many
researchers developed different operators and properties based on HSS and its extensions [39-42].
Abdel-Basset et al. [43] plithogenic set theory was used to eliminate uncertainty and to evaluate the
financial performance of the manufacturing industry. They then used the VIKOR and TOPSIS
methods to determine the weight of the financial ratio using the AHP method to achieve this goal.
Abdel-Basset et al. [44] presented an effective combination of plithogenic aggregate operations and
quality feature deployment procedures. The advantage of this combination is to improve accuracy,
as a result, summarizes the decision-makers. Zulqarnain et al. [45] extended the TOPSIS technique to
an intuitionistic fuzzy hypersoft set and developed some aggregation operators under-considered
environment. They also established a decision-making approach based on developed TOPSIS to solve
the MADM problem.

Basset et al. [46] proposed the type 2 neutrosophic numbers with some operational laws. They
also developed the aggregation operators for type 2 neutrosophic numbers and developed the
decision-making technique based on developed operators to solve the MADM problem. Basset et al.
[47] established the AHP and VIKOR methods for neutrosophic numbers and utilized them for
supplier selection. Basset et al. [48] presented the robust ranking technique under a neutrosophic
environment for the green supplier chain management. Basset et al. [49] presented a neutrosophic
multi-criteria decision-making technique to aid the patient and physician to know if a patient is
suffering from heart failure Smarandache’s NHSS is unable to solve those problems where the
truthness, indeterminacy, and falsity object of any sub-attribute is given in interval form. We know
that generally, the values vary, for example, medical experts generate the report of any patient we
can observe that the HP level of blood varies from 0-17.5, these values can not be handled by NHSS.
To handle the above-discussed environment we need to develop IVNHSS. The developed IVNHSS
competently deals with uncertain problems comparative to NHSS and other existing studies. The
main objective of this research is to introduce CC and WCC for IVNHSS.

The following research is organized as follows: In Section 2, we review some basic definitions
used in the following sequels, such as SS, NSS, NHSS, and IVNHSS, etc. Section 3, established the
notions of CC and WCC under IVNHSS and discussed their desirable properties. An algorithm and
decision-making method developed in section 4 is based on the proposed CC. We also used the
established approach to solve decision making problems in an uncertain environment. Finally, the
conclusion is made in section 5.

2. Preliminaries

In this section, we recollect some basic definitions which are helpful to build the structure of the
following manuscript such as soft set, hypersoft set, and neutrosophic hypersoft set.
Definition 2.1 [4]
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Let U be the universal set and £ be the set of attributes concerning U. Let P(U) be the power set
of U and A CS &. A pair (F, A)is called a soft set over U and its mapping is given as
F:A— P(U)
It is also defined as:
(FA) ={F(e) eP(U):e€ & F(e) = Qif e & A}
Definition 2.2 [38]
Let U be a universe of discourse and P(U) be a power setof U and k ={k;, k;, ks,..., k,},(n=>1) be

a set of attributes and set K; a set of corresponding sub-attributes of k; respectively with K; n K;
¢ for n > 1 for each i, j € {1,23 ... n} and i # j. Assume K; x K, x Kyx ... x K, = A =
{aiy X ap X - X ay;} be a collection of multi-attributes, where1l < h < a,1 < k < B,and1 <[ <
y,and a, B,and y € N.Then the pair (F, K; x K, x K3x...x K, = A)is said to be HSS over U and
its mapping is defined as

T: KI XKZ XK3><...><Kn=x—>fp(U).

It is also defined as

(F, &)= {ad,F(d): d €A, Fz(a) € P(U)}

Definition 2.3 [38]

Let U be a universe of discourse and P(U) be a power setof U and k ={kq, k;, kj,..., k,},(n=1) be
a set of attributes and set K; a set of corresponding sub-attributes of k; respectively with K; n K; =
@ for n 21 for each i, j € {1,23 ... n} and i # j. Assume K; x K, x Kzx ... x K, = A =
{ain X azx X - X ay;} be a collection of sub-attributes, where 1 < h < a,1 <k < fB,and1 <1 <
v, and @, B, and y € N and NS be a collection of all neutrosophic subsets over U. Then the pair
(F, Ky x K, x Kzx...x K, = A)issaid to be NHSS over U and its mapping is defined as

F: Ky x K, x K3x...x K, = A > NSU

It is also defined as

(TI A) = {(leA(d))d EA, TA(d) € NSU}/ Where TA(d) = {(6: O.T(ﬁ)((s)'TT(&)(6)'YT(d)(6)): 6 € u}/
where 07(4)(6), Tr#)(6), and yr4)(8) represent the truth, indeterminacy, and falsity grades of the
attributes such as o7 (8), T74)(8), V@) (8) € [0,1],and 0 < 051 (8) + Tr@)(6) + Vr@(6) < 3.
Example 2.4

Consider the universe of discourse U = {§;,6,} and & = {#; = Teaching methdology,¥, =
Subjects,£3 = Classes} be a collection of attributes with following their corresponding attribute
values are given as teaching methodology = L, = {a;; = project base,a,, = class discussion},
Subjects = L, = {a,; = Mathematics,a,, = Computer Science,a,; = Statistics}, and Classes= L; =
{as, = Masters,a;, = Doctorol}. Let A = L; x L, x Ls be a set of attributes

A =Ly x Ly x Ly = {ay1,a12} X {az1, 052,023} X {a3q,a3,}

_ {(an: az1,A31), (A11, Az1, A32), (A11, A2, A31), (A11, Az, A32), (A1, Az3, A31), (Aq1, Az3, a32),}

(12, G21,a31), (Q12, Az1, A32), (A12, Az2, 31), (A2, A2, A32), (A2, Aa3, A31), (A12, Az3, A32),

A= {dl' le dSI d4' dSl dﬁl d7' 68' 691 dlo' 611' 612}

Then the NHSS over U is given as follows

(FA) =

( (@y1,(61,(.6,.3,.8)),(82,(.9,.3,.5))), (d2,(81,(.5,.2,.7)),(62,(.7,.1,.5))), (@3, (81, (. 5,.2,.8)), (82, (.4,.3,.4))),
(m,, (61,(.2,.5,.6)), (82, (.5,.1,. 6))), (65, (61,(.8,.4,.3)),(6,,(.2,.3,. 5))) , (aﬁ, (61,(.9,.6,.4)),(5,,(.7,.6,. 8))) ,

| (@7, (61,(.6..5,.3)),(82,(.4..2,.8))), (g, (61,(.8,.2,.5)),(82,(.6,.8,.4))), (4o, (61, (.7,.4,.9)), (62, (.7..3,.5))),

N (@10, (81,(.8,.4,.6)),(82,(.7,.2,.9))), (411, (61, (.8,.4,.5)),(62,(-4,.2,.5))), (45, (81,(.7,.5,.8)),(82,(.7,.5,.9))) )

Definition 2.5 [42]
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Let U be a universe of discourse and P(U) be a power setof U and k ={k;, k;, ks,..., k,},(n=>1) be
a set of attributes and set K; a set of corresponding sub-attributes of k; respectively with K; n K;

@ for n 21 for each i, j € {1,23 ... n} and i # j. Assume K; x K, x Kzx ... x K, = A =
{ain X az X - X ay} be a collection of sub-attributes, where 1 < h < a,1 <k < fB,and1 <[ <
Y,and a, B,and y € N and IVNSY be a collection of all interval-valued neutrosophic subsets over
U. Then the pair (F, K; x K, x Kzx ... x K, = A) is said to be IVNHSS over U and its mapping is
defined as

F: K, x Ky x Kz3x...x K, = A > IVNSY,

It is also defined as

( F , A ) = A(ArFxz@): ay €A Fx(Ay) € NSY} ,  where  Fi(d) =

{(5, JT(ak)((S),ry(ak)(d),y?(dk)(&) 16 € 'U}, where GT(HR)((S)/ TT(dk)(6)' and ]/g:(ék)((S) represent the

interval truth, indeterminacy, and falsity grades of the attributes such as oy, )(6)
£ o £ U £ o
(000 ) 08ap O], Ty ® = [0 @ Hap O], vr@@® = [V @) e @],
£ o t g
where 0(5,(6), 0535,y (8) , Treay) (8), T,y (8) yﬁ(dk)(é‘),yf(‘dk)(d) c [0,1], and 0 <

50 (8) + ) (O ¥z (8) < 3.

Simply an interval-valued neutrosophic hypersoft number (IVNHSN) can be expressed as F =
({050 (8) 0500 (8)]. [0 (8), Tha ()] [V (8), ¥5ay ()]}, where 0 < 07(,(8) +
a0 (O)+ r4:,(® <3

3. Correlation Coefficient for Interval-Valued Neutrosophic Hypersoft Set

In this section, the concept of correlation coefficient and weighted correlation coefficient on
NHSS has been proposed with some basic properties.
Definition 3.1

Let (FA) = {(51', [Uﬁ(ak)(&)»agak)(‘sz)]'[Tﬁ(ak)(&)»ffa(‘ak)(&)]:[Vﬁ(ak)(&)')’g{{ak)(&)]) | 6. € U} and
GA) = {(51" [Gg(ak) (61'),09%0 (51')]'[75((1,()(51');%,({&,() (6i)]r[]/§(ak) (61'):'}/9({&]()(61')]) | 6; € ’U} be two
IVNHSSs defined over a universe of discourse U. Then, the informational interval neutrosophic
energies of (F,A) and (G,A) can be described as follows:

Svnnss(FA) = Xy Ba (050 @0)” + (685, 80)” + (e 00)” + (18 (60) + (ke (80)” +

(Ftan@))°) M
Sivnnss(G) = X7ty Xy (0 @) + (0% 30)” + (tban 60) + (14 @) + (Ve @) +
(r&ap@)°). @)
Definition 3.2

Let (FA) = {(51" [Uﬁ(ak)(&),ffffak)(&)],[Tﬁ(ak)(&)ﬂ%k)(&)],[Vﬁ(ak)(&)mf&k)(&)]) | 5, € U} and
GA) = {(51" [O'g(ak) (51-),090(‘@) (5i)]' [Tg(ak)(&)ﬂga(‘ak)(‘si)] ) [yg(ak)(si)ﬂyga(ak)(6i)]) | 6; € ‘U} be two
IVNHSSs defined over a universe of discourse U. Then, the correlation measure between (F,4)
and (G,/A) can be described as follows:

Crwnuss(F ';&)' (Q'A)) =

Rana Muhammad Zulgarnain, Xiao Long Xin, Bagh Ali, Said Broumi, Sohaib Abdal, Muhammad Irfan Ahamad, Decision-
Making Approach Based on Correlation Coefficient with its Properties Under Interval-Valued Neutrosophic hypersoft set
environment



Neutrosophic Sets and Systems, Vol. 41, 2021 17

0% 58D * Oy (8 + 055 (8D x 0G5 (8D + Thay (8D * Toa ) (8 + T840 (8 * 18y 1 (8) +>

m n
k=1 Zi:l ( yz s
Ve 60 * Ve (60 + v & (60 * ¥, (8)
3)

Proposition 3.3
Let (FA) = {(&-, [O'ﬁ(ak) (6}), O'gak) (50] , [Ti(ﬁk) (&-); Ty.{{ak) (51')] ) [Vi(ak) (61'): Vg:a(lak) (51)]) | 6, € U} and
G.K) = {(51', [O'g(ak) (), O'gzélk) (5i)] , [Tg(ak)((si): TgZ{ak) (5i)] , [Vg(ak) (6, ng{ak)(Si)]) | 8; € 'U} be two
IVNHSSs and Cjyypuss((F.A), (G/A)) be a correlation between them, then the following properties
hold.

1. CIVNHSS((T';&)' (Q,'ﬂ'(i)) = gIVNHSS(Tv;&)

2. Cynuss((F ';&)' (gj«)) = gIVNHss(g"A)
Proof: The proof is trivial.

Definition 3.4

Let (F) = {(80 020 (80, 0% (5D, [rhean (60 7y (6D [ (60,7 Z,, (8]) 5 € U} and
G = {(81 |08 5 (8, 085 (0D [t (6, 1y (8D [Vsy 80,7y (8D]) | 6: € U} be two
IVNHSSs, then correlation coefficient between them given as &;yyyss((F.A), (G,A)) and expressed

as follows:

CrvnHss(FA),(GR)
5 FR), (G,R)) = 4
wnss(FA), (6.4)) VSnass(F A \[SiynHss(G.K) @)

8IVNHSS((T"K)' (g'%)) =
sm_sm <a§(ﬁk)“i)*”§(ﬁk)(“f>+ ":‘;J(‘ak)(“f)*"f(‘ak)(“i”’ﬁ(ak)(‘Si)*fﬁ(a,a“i)*’:‘ry(‘ak)(‘*i)*fga(‘ﬁk)(&ﬁ)
k=1 4i=1

° Nyl N/ Yy A ;
YT(HR)(SL) Yg(ﬁk)(51)+ }'?(ﬁk)(al)*}’g(ﬁk)(sl)

)

2

j2?=12?=1<(aﬁ(ﬁk)(6i>>2+<a§’(‘ﬁk)(s,->>z+<r;’(ﬁk)(sl-))z+(r£(‘ﬁk)(s.->)2+<y£(ﬁk)<s.-))

2
1 .
+(YT(6k)(61)> )
£ 2 173 ’ £ ’ 173 : £ 14 :
\/Z£n=12?=1<<ag(ﬁk)(5i)) +(ag(ﬁk)(8i)) +<Tg(ﬁk)(5i)) +(T§(ﬁk)(8i)) +(yg(ﬁk)(5i)> +< Yg(ﬁk)(si)> )
Proposition 3.5
Let (FA) = {(51" [Uﬁ(ak)(‘si):afa(lak)(‘si)]'[Ti(ak)(‘si)'fgak)(‘si)]'[Vi(ak)(‘si)'yfa(lék)(‘si)]) o€ u} and
GA) = {(51" [05@ (61-),%0(‘@ (5i)],[ré’(ak)(c?i),rgo(‘ak)(&)],[Vé(ak)(&),yg"{;k)(&)]) | 6; € U} be two
IVNHSSs, then CC satisfies the following properties
1. 0< SIVNHS:?.((T,K.)", GA) <1
2. Gwwnnss((FA), (GA)) = Synuss((G.M), (F.A))
. . £ £
3. If (FA) = (G, thatis V i, k, 07;y(8) = 042y (6), 0,3:7(8) = 0.,(6),
£ £ 1 g
T (8D = 7o) (6, Tz (8) = 7y (8D and vl y (6D = ¥y (8D, 7.5y () =
Y (8, then Suyss((FA), (G,)) =1.
Proof 1. &ynuss((F,A), (G/A)) = 0is trivial, here we only need to prove that &8 yuss((F,A), (G,A))
<1
From equation 3, we have

51VNHSS((7:';&)’ (Q’M)) =
’ p) ¢ P
O a0 (6 * 0a (0 + 0F) (60 % 0G5y (60 F thay (6 * Tiay (60 + 15 (60 * 1l (60 +
¢ ’
VEao 6D * Vo 60 + v 60 * v (6)

2

Y1 Lim1

y y o o ¢ y o o
m (Uf(a,a (81) * O, (81) + Oz, (61) * O,y (81) F Tz (61) * TG (81) + T (61) * TG, (81) +>
k=1 ¢ ¢ ) 1)

Ve 81 * Vg (01) + V5, (61) * ¥4, (81)
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+
y y 7 7 ¢ ¢ 7 17
ym (Umm (82) * OG5, (62) + Oz, (62) * O g5,y (82) + Tra,) (62) * 765 (62) + T5(a,y (82) * 765,y (82) +>
k=1 ¢ ¢ ) 1)
Ve (82) * V(a0 (82) + V(e (82) * ¥z, (82)
+
+
m ¢ 7 7 y ¢ 7 17
Z (U ) (On) * O,y (8n) + Oy (1) * 06y (8n) + Tray (8n) * 75 (8n) + Ti(a,) (6n) * TG, (8) +>
¢ y 7] 7]
Y:F'(ak) (671) * YQ(ak) (6n) + yT(ﬁk) (sn) * YQ({Z,() (671)

k=1
Siywnss(FA), (GM)

(aﬁ@) (81) * 0L (81 + 0551 (81) * 0G5 1(81) + thay (81) * Ty (81) + 7, (61) * 185 1 (6) +> N
Vo @) + v, (60 + vy (60 * v Zy (61)
(ai(&z) (81) * 0Ly (8 + 0551(81) % 05 (81 + thiay (81) * 1o,y (61) + w61 * 155, (81) +)
Ve (60 * vy (60 + v (60 * v 2y (61
+
N
(aﬁ(m (81) * O (8 + 085 1(8) % 05 (81 + this 1(81) * Ths  (61) + i ,(61) ¥ 185 (81 +)

¢ p u 17}
V() (1) * Vo, (81) + Vie,» (81) * ¥, (81)
+

y y 7 7 y ¢ 7 7
( (UT@) (82) * O5a,) (62) + O, (82) * Oy (62) + Tray (82) * TG, (82) + T, (62) * Ty (62) +> +
¢ ¢ 7 7
Vran (82) * V(e (82) + V(e (82) * Vs, (82)

(aﬁ(ﬁz) (82) * 0Ly (82) + 055 1(8,) * 0G5 1(85) + Ty (85) * Ty (82) + 785, (62) % 18y 1 (62) +>

£ e 14, 14,
Vy:({lz) (62) * Vg({lz) (62) + }’g:(az)((sz) * Vg(az) (52)
+

+
<0£(am) (82) * ey (82) + 055, 5(62) * 0 1 (6) + Thia, 5 (62) * tha,y (62) + 78y (6) * 7 &y 1 (62) +>

Ve 82) vl 162 + v (62 *vZy ((8,)
+

+
Yy ¢ 7 7 y ¢ u 7
O (On) * O,y (8n) + O (8n) * Oty (8n) + Tgay (00 * Tga) (6n) + T,y (8n) * 7605 (80) + N
Vo B) * vy (6 + v5e (6 * vFs (6
y y u 173 ¢ ¢ u 7
(" Fap) (Bn) * Oy (00) + Oy (8n) * 06,y (8n) + Tray (8n) * T6a (80) + T(a,) (8n) * TGz, (6 +)
¢ ¢ u u
V;p(az) (6n) * Vg(az) (871) + Vy:(az) (8n) * Vg(az)(‘sn)
+
+
(" £ (0) * O (6) + 05 (8. % 0% 3(8,) + e (8. * iy (8,) + 75,5 (8) * 7 &5 5 (6 +)
Vf—(ﬁm) (5n) * Vg(ﬁm) (5n) + Yggfam) (671) * YQZ(}ﬁm) (611)
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ym <0£(ﬁk)(51) * Ol (81) + 055 (81) * ng{ak)(‘sl)) + (Uﬁ(m(‘sz) * Ol (62) + 0545 (82) * "g%k)(‘sz))
k=1

¢ ¢ 7 7
+oe (G @) (On) * O, (8n) + Ox(a)(8,) * Oz (5n))

£ '] 14, o £ 'l 1, 1,
ym (Tf(ak)@l) * 750 (01) + Tx(a,) (81) * T6a,) (51)) + (Tr(ao@z) * 70 (02) + Tr(a) (82) * 1605, (52)>
k=1
+ot <T£(ak> (82 * T (8) + T (8) * ng{ak)(‘sn))
£ £ 14 1, £ £ 14 14,
i (Vg:(ak) (61) * V6@ (61 + Yr@ (61) * Y6 (51)) + (yT(iik) (8,) * V6@ (6,) + Y@ (8,) * Y6@ (62)>

= ot (Vi 00« vy 60 + 7% 6 * v 8 (6)
By using Cauchy-Schwarz inequality
Sivnnss(FAR), (G,K))? <

(((O’g(ak)(51))z ( T(a)(61 )) < T(a)(52)) ( g:(ak)(62) 2)+ +<( T(ak)(6n) +( ;(ak)(5n) >>

Z{ + TT(ak)(ﬁl)) TT(ak)(61) + T (ak)(52) (TT(ak)(Sz) 2>+ . +<(T£-(ak)(5n)) + T}-(ak)((sn) >>

-~

Gg(a )(51 + O'g(a )(51)

(o
+ ( y}v(a )(51) Vg.—(a )(51) ) + ( Vﬁ(a )(52) (Vg:(a )(62)>2) -+

>+ et ((a (ak)(an) (Ug(ak)@n ) ))
DR (CHESAER) Voo ((ao0a) + (£600))) |
() e
F <

)+ ((haotoa)"+ (
)+< Ran@) +(1800) )4+ (@) + (1) ))
51VNHss(( A), (GR))?

ZZ< o)) ("ﬁdk)(&))z)+((T£(dk>(5i))z+(Tﬂ?(dk)(‘si))z)+((Vﬂ€<dk>(5i)) + (YFan D) 2)
2 2 ((ohao60)" + (o @0)) (i 00)" (<8 @0)) + (iao@0) + (ran00)'))

Swnnss(FA), (GA)? < Synuss(FA) X Srynnss(GA).
Therefore, &yyuss((FA), (GA))? < Syvuss(FA) X Guvmss(GA). Hence, by using definition 3.4, we
have

Sinnss(FA), (G/M)) < 1.S0,0 < Sywuss((FA), (GA)) < 1.
Proof 2. The proof is obvious.

Proof 3. From equation 5, we have
DHIP O a1 80 f(ay) 80+ 0, )(50*%@ 60+ oy RO w BCRR CRICRR A RICAE
14i=1
Yg:(ﬁk)(lsz) Yg( )G+ Yf(ak)(lsz) Yg( )60

2 2 2 2
\/ka=12?=1(<0£(ak)(5i)> +<0'£€ﬁk)(5i)> +<T£(ﬁk)(6i)> +<T]:(Ek)(6i)> +<Y£(ak)(5i)> +< Vf%k)(ai)> >

2 2 2 2 2 2
jzktlzz‘:l((o;’(ﬁk)(&)) #(084,900) +(tk(0000) +(e8sy®0) +(1e00) +(rSa @) )
As we know that

070 (6) = 05y (8D, 055y (8) = GGy (8D, Thz) (8) = 7y (8D, T3y (8) = 185 (8), and
Vﬁ(ak) (61') = Vg(gk)(‘si)f Vg,—y(‘gk) (51‘) = Vgak) (‘51‘)- We get

2

+((0fan6) + (0 )
+ )

TG (52) Tg (a0 (62)

6IVNHSS((:F'A-)' (Q'A)) =
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5IVNHSS((Tv;A‘.)'(g'%)) =
2 2
kalei 1( UT(ak)(sl) T}‘(ﬁk)(‘gi)> +<Vg:'(ﬁk)(5i)) )

jz}?:lz?=1<(af(ak)(sa)ﬂ(mak)(sg) (v o1 ))2) jzg;l z’;ﬂ((% iy 5i>)2+(rf(ﬁk)<si))2+ (yT(dk)(5i)>z>
Swnnss(FA), (GA)) =1

Thus, prove the required result.
Definition 3.6

Let (FA) = {( b [O-T(ak)(s) 0 5 (5 )] [T (10 (8, 70, (61 )] [V?(ak)(5 )'yf(ak)(‘s)]) 0. € u} and

G.8) = {(51', [Gg(ak) (6i)10-g(ak) (5i)] , [Tg(ak)(5i);fg(ak)(5i)] , [Vg(ak)(ai)ﬂyg(ak)(Si)]) | 8; € 'U} be two
IVNHSSs. Then, their correlation coefficient is given as 8;yyyss((F,A), (G/A)) and defined as
follows:

1 SN CrvnHss((FA),(GA))
Swnnss((FA), (GA)) = max{Synuss(FR).Svnuss(GA)} ©)
Stynuss (FA), (G, A\))
PP <a$(m(5) T4 00+ 055 (6)*0 k>(5)+fr(ak)(5)*fg(uk>(5 Y 4G k>(6)+>
140=1
75 5DV @O+ 1 @07 5 @) @)
- ; 2 \
%Z;{llz?:l((o_ﬁ(ak)(‘;i)) +(Jy(ak)(5i)) +(T¢(Ek)(5i)> +(Tf(5k)(5i)) +<Vf(5k)(5i)) yf(ﬂk)(a) }
max

kz}:;l2?21((%@)(ai>)2+(ag%k)(51-))2+(r§(ak)(61-))2+(rg~’{ak)(«sl->)2+(y§(ak)(6,ﬂ)) yg(ak)(a) )
Proposition 3.7
Let (FA) = {( i [O'f(ak)(5) 050 (5 )] [Tr(ak)(5i)»fgak)(5i)]'[Vi(ak)(@)')’y%k)(&)]) | 6 € u} and
G.A) = {(51" [O'g(ak) (5i)ro'g(ak) (51')]'[Tg(ak)(5i)'fgak) (51)] , [Vﬁw (51):Vgak)(51)]) | 6; € 'U} be two
IVNHSSs. Then, CC satisfies the following properties
L0 < Sywuss(FA), (GA) < 1
2. Synuss((FA), (GA)) = Sywnss(FA), (G.A))
3. If (FA) = (GA), thatis ¥ i, k, 07:5(8) = 0oz (5) 0%, = (ak)(a)
0 (8) = oy (8D, ey (6) = 1y (8, and vE 1 (6) = vie (8, v, () =
Y& (8- Then, 8lyuss(FR), (GR)) =
Proof 1. &8/, yuss((FA), (G/A)) = 0is trivial, here we only need to prove that 8}, yuss((F,A), (G,A))
<L

From equation 3, we have

511VNHSS((:F';&)' (Q’A\)) =
O (6 * Oy (8D + 0y (80 * 0G5 (60 F This (6 * Thiay 00 + 7 (60 * 78 +>

m n

k=1 2i=1
£ £ [, [4)

Y7 (0 * Yg(a) (60 + Vr(a,y (8i) * Yg(dk)(5i)

£ £ £ £
. (Ur(rm (81) * O (81) + 055y (81) % 0G5 (81) + thiy (81) * thay (1) + 78 (81) * 18 (61) +>

k=1 ¢ ¢ ) 1)
Ve (01 * Ve (01 + Yz (61) * ¥, (61)
+

ym (Uﬁ(ak) (82) * Tl (62) + 05y (62 * 055 (82) + thiay (82) + 1) (62) + 185, (62) * 5 (82) +>
k=1 ¢ ¢ 7 7
V;p(ak) (62) * Vg(ak) (62) + Vy:(ak) (82) * Vg(;lk) (82)
+
+
m g y y ¢
Z (U £ @) * T8y () + 0 (8 * 085 (8.) + thay (6) * Thay (62) + T,y (6) * 7y (6 +)

¢ ¢ 2 2
=] Vrao (On) * Vg Gn) + ¥y (8n) * V5, (62)
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511VNHSS((T'K)' (Q,A\))

(aﬁ@) (81) * 0L (81 + 0551 (81) * 0G5 1(81) + thay (81) * Ty (81) + 7, (81) * 185 1 (6) +> N
Vo @) + v, (60 + vy (60 * v Zy (61)
(aﬁ(az) (81) * 0Ly (8 + 0551(81) % 05 (81 + thiay (81) * o) (61) + v,y (61) * 155, (81) +>
Ve (60 * vy (60 + v (60 * v Zy (61
+
N
(aﬁ@n) (81 * 045,y (60 + 05 5 (60 * O Zy (1) F th 5 (81) * T,y (6 + 5 5 (81) * 7 5 (61) +>

Vﬁ(am) (51) * Vg(am) (51) + Vg?am) (61) * Vga(am) (61)
+

¢ ¢ 17 17 ¢ ¢ o 17
( (UT@) (82) * O5a,) (62) + O () (82) * Oy (62) + Ty (82) * TG, (82) + T,y (62) * Ty (62) +> N
¢ ¢ 17 17}

Vg:((ll) (62) * Vg(al) (52) + Vg:(al) (52) * Vg(al) (52)

(aﬁ@ (82) * T (82) + 0.5, (82) % 0G5 (82) Ty (82) * Ty (62) + 7y (82) % 7l (82) )

£ e 14, 14,
Vg:((lz) (62) * Vg((lz) (62) + Y}‘(ﬁz)(52) * Vg(az) (52)
+

+
<0£(am) (82) * ey (82) + 05,5 (62) * 0% 1 (6) + Thia, 1 (62) * Tha,y (62) + 7,y (6) * 78y ) (62) +>

Ve 82) v 162 + v, (62 *vZy ((8,)
+

N
(oﬁ@) (8) * Oy (8,) + 0551 (8,) * 0G5 1(8,) + ha (8) * tha) (62) + 185, (8) * 15 1 (8,) +) N
Vo 8) * vy (62 + v5e (6 * vFs (6
(Gi(éz)(‘sn) * 0-5(&2) (6,) + O-gﬁz) (6,) x 0 ga(laz)(‘sn) + Ta{(az) (8,) * r§<az)(6n) + Tg:U(taz)(f?n) * Tgaz)((sn) +)
Vo @) * vy 62 + v, (6. * v Fe 1 (8,)
+
+
(Gi(ém) (8,) * ag(am) (6,) + Ugam) (6,) * 0 ga(lam) (6,) + Ta{(am) (8,) * r§<am)(6n) + r,%m) (8,) * Tga(am) (6,) +)
Ve (60 * Vi 62 + v G s(8.) ¥ v Gy 1(6,)

(Ui(ak)(‘sl) * 05 (810) + 0F5)(80) * 0y, (51)> + (0 Fa0 (82) * O (62) + 055, (8:) * 08 (52))

Ykt
- ¢ ¢ 7 7
+oe (‘7 @) (On) * O, (0n) + Ox(z)(60) * Oz (&J)
ym <T£<ék>(51) * T (80) + 75y (61) * 78(e, (51)> + <T£(ak) (82) * T (62) + 5, (82) * 18y, (52)>
k=1

ot (Tﬁ(ak) (8,) * rg(ak) (6,) + rf{ak) (5,) * Tgak)(5n)>
s £ 14, b4} p p u u
i (ygr(ak) (81) * V(a0 (81 + Vi y (61) * ¥tz (81)) + (Vf(a,() (62) * Ve (62) + ¥ 55, (82) * v 52))

= ot (Vi 00« vy 00 + 7% )6 * v 8 (6)
By using Cauchy-Schwarz inequality
611VNHSS((:F'A)1 (Q’A\))Z <
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((( o) + ;{ak)wl))z) <( Lan@) +(o T(ak)<az))2)+ 4 ((0hay0) + (0060 ))
> (o) (2000 )+ )

(s e )
(((ag’(ak)(al)) (06 ) (

% Z 17T (((Tg(m(‘?l)) Tg(a y(61)

2)+ 4 (yﬁ(ak)(an))2+ (vZ, 6 ))

2
T (ak)(52) (rf(ak)(sz) >+ -+ ((Tﬁ(ak)((S )) + (TT(ak)((S ) >> >

>+ et ((ffg(ak)(‘S ) (”g(ak)(5 )) >>

Yo ()|

+<<(V9<ak>(5l)> * y9(“k>(51) ) (
<

1) )+ (y;’(ﬁk)(an)) +(r8,60) ))
Shynpss (FR), GR)Y

<(( a0@) + (98, ©00) )+ ((thap @)+ (tHap@) )+ ((Fheap(@)) + (rFap@D) )

(ot 00)" + (otaa®)") + (e @) + (i 00)) + (rhaa @) + (ren@0)’))

SIVNHSS((:F A), (G,R)* < Synuss(FA) X Srynnss(GR).
Therefore, &3y nuss((FA), (G.A)? < Srnuss(FA) X Gryvuss(GA). Hence, by using definition 3.4, we
have

611VNHSS((T';&)'(Q'M)) S 1’ SO/ 0 < 611VNHSS((T'K‘)' (Q,A\)) S
Proof 2. The proof is obvious.
Proof 3. From equation 5, we have

£ ' 2 1% £ £ U U
DI (“r(ak)“i)*%(ak)“i””r(ak)“i)*"g(ak)(‘sl)“f( SIS )*T( SIS )+Tr(ak)“i)*fg(au“f)*)
=14&i=1 1'a 1,0
Y}‘(ﬁk)((si)*yg( )(5 )+ y]:‘(a )(5 )*Vg( )(5)

2 2 2 2
\/ka=127i1=1(<0_£(ﬁk)(5i)> +<0_gﬁk)(5i)) +(T£(Ek)(6i)) +(TT(E )(51)) +<V?(Ek)(6i)> +< Vf?ak)(lsi)> >

2 2 2 2 2
jﬁkmnﬁ?ﬂ((”f(ak)@i)) +("éy(ak)(5i)> +<T§(akJ(5i)) ( “ola )(5l)> ( (ak>(5i)> +(V£ﬁk)“i)) )
As we know that

? U ' 'l 1) 1,
Tp(ay (8) = g<ak)(5) <ak) (8 = 40y (6, Tr(ap (80 = 7403 (8, Tz (6) = 745, (8)), and
Vﬁ(ak) (51') = Vg(ak) (51‘)/ Vf(ak) (5i) = Vg%k) (5i)- We get
S}VNHSS((T';A‘.)'(Q'%)) = , ,
2k’"=12?=1(<%<ak)<50> +(Tf(ak)<5i)> +<Vf(ak><5i)) )

jﬂc":l Z{Ll((ﬂf(ﬁk)(5i))2+(T}—(ﬁk)(5z))2+<ygs(ak)(5i))2> JZL’Ll Z-in=1((a'y:'(ﬁk)(5i))2 +(T}'(Ek)(si))2+<yj:'(ﬁk)(5i))2>

611VNHSS((?’;&)I (glm)) =1
Thus, prove the required result.

Definition 3.8
Let (FA) = {( ) [O-T(ak)(s) Gf(ak)(5 )] [Tr(ak)(f?i)»f%k)(fsi)]'[Vﬁ(ak)(f?z)')’ffak)(&)]) | 5, € ‘U} and

GA) = {(51', [O'g(ak) (51'), Ug(ak) (&')] , [Tg(ak)(5i): Tgy(‘ak)((si)] , [Vg(ak)(si)r Vgak)(5i)]) | 6 € 'U} be two
IVNHSSs. Then, their weighted correlation coefficient is given as 8y yyuss((F.A), (GA)) and
defined as follows:

Cwivnuss(FA),(GR))
5 F ), (GR) = 8
wivnass (( ), (GA) VSwivnassGA)* Swivnuss(GA) ®)

0L (@) + (08,6

2

Tg(a >(52) Tg(a (62) +

)
)

( :
( .t

)
;

+ < V6@ (52)

X

511VNHSS((:F';&)' (Q’A\)) =

2
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Swivnnss (FA), (GAR)) =
¢ ¢ o [ ¢ ¢ o U
S T (i) (80)*Tgag0) O+ O () (0 * O () (00 F 1) (80710 (B)+ Ty (80) ¥ ) (000 +
=1
VE 0 60V 00+ vy 00xr Zs 8

i=111
\/271;11 Qk<2?=1 Yi((a-ﬁ(ﬁk) (51'))24'(0'%&]() (5i))2+(‘[£(5k) (51'))24'(1'?[{5,() (5,‘))2+(}'£(Hk) (5i))2+( Y?U(‘ak) (51'))2))

jzk’"zlnk<z?=1w((vﬁ(ak)(si))2+(a%k)(si))2+(r§(ak)(si))2+(rg%k)(si))2+(y§(ak)(ai>)2+(yg%k)(m)z»
Definition 3.9
Let (FA) = {(51" [Ui(ak)(&)’o';{ak)(fsi)]:[Tﬁ(ak)(&)'fgak)(&)]:[Vﬁ(ak)(f?i),]/gak)(&)]) | 5, € U} and
GAR) = {(51', [Ug(ak)(&)’o'ngak)(&)]:[Tg(ak)(5i)»fgak)(5i)]:[Vg(ak)(fsi),ygz{ak)(fgi)]) | 6; € 'U} be two
IVNHSSs. Then, their weighted correlation coefficient is given as 83y nuss((F,A), (G,A)) and defined
as follows:

1 SN Cwivnass(FA)(GR))
Swivnnss(FA), (GA)) max{Swivnuss(FR).SwivNuss(G,A)} (10)

61}/IVNHSS((T"K)' (Q'A\)) =
(Uﬁ(ak) (51')*05 ) G+ Uf({ak) (5i)*0-5%k) (6i)+7£(5k) (5i)*T§(5k)(5i)+ Tfy(ak) (5i)*T§%k) (5i)+>>
£ £ 1 1%
V¥ (51')*}’9(3]() )+ YE(a) (5i)*}’g(5k) (69

©)

Z;cn:1 ﬂk<2?=1 Yi

2 2 2 2 2 2 (11)
{( Sheq ﬂk(z‘{l=1Yi<(a£(ak)(6i)) +(UfU(5k)(5i)) +(T£(Ek)(6i)) +(Tgﬁk)(6i)> +(7£(5k)(6i)) +< V;U(Ek)(fsi)) >>, 1
max 2 2 2 2 2 2
'kz:;g;la)k<27§;1w(zglw((af@k)(si)) (02 00) +(tEa ©9) +{(:Zs @) +(rap (@) +<y§%k)(5i)> )))J
. 101 1 101 1
If we consider Q = {;, — e ;} and y = {;, ~ s ;}, then S8y vvuss((F,A), (GA)) and

61}/IVNHSS((T"K)' (Q'A\)) are reduced to 6IVNH.S‘S((T'K‘)» (Q,A\)) and 611VNHSS((:FJ“A‘)' (Q'A\)) reSpectively-
Proposition 3.10

Let (T';&) = {(51" [Uﬁ(ak)(‘si):o'gak) (51')]'[Tﬁ(ak)(6i)'Tgak)(6i)]'I:‘y-ﬁ(ak) (51')')’15{6;() (61)]) | 6; € 'U} and
GA) = {(51', [Ug(ak) (60,9, (5z)]'[T§(ak)(5i)»Tg%ak) (5i)]r[l’§(ak) (51)11’9({&,()(51')]) | 6; € u} be two
IVNHSSs, then WCC between satisfies the following properties
L. 0= 5WIVNHS..9"((T1:AI.).: GA) <1
2. Swwnuss((FA), (GM)) = Swivwnss((GM), (F.A))
3. If (FA) = (G, thatis V i, k, 07;y(8) = 042y (6), 0,3:7(8) = 0.,(6),
£ £ o - . g =
To(a) (0 = T3y (8, sy (8) = 70y (8, and vy (8) = ey (8, 55, (8) =
¥ Gy (8, then Syywmss((FA), (G)) =1.
Proof 1. Similar to proposition 3.5.

4. Application of Correlation Coefficient for Decision Making Under IVNHSS Environment

In this section, we proposed the algorithm based on CC under IVNHSS and utilize the proposed
approach for decision making in real-life problems.
4.1 Algorithm for Correlation Coefficient under IVNHSS

Step 1. Pick out the set containing sub-attributes of parameters.
Step 2. Construct the IVNHSS according to experts in form of IVNHSNSs.
Step 3. Find the informational interval neutrosophic energies for IVNHSS.

Step 4. Calculate the correlation between IVNHSSs by using the following formula
Crnuss(FA), (GA)) =
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¢ ¢ 7 7 ¢ ¢ 2 7
k=1 2= (Jy(dk)(‘si) * 0 (a) (00 + 0,0 (80 * 05(5,) (81) + Tra,) (60 * Tga,y (60 + Ty, (61 * Tg(a,) (6 +

Vi (8D * Vi (00 + ¥(a, (6D * ¥i(ay (6
Step 5. Calculate the CC between IVNHSSs by using the following formula

CrvnHss(FA),(GA)
0 F,A), (G,A)) =
wnss(FA), (6,4)) VSivnussF R« Synuss(GR)

Step 6. Choose the alternative with a maximum value of CC.

Step 7. Analyze the ranking of the alternatives.

A flowchart of the above-presented algorithm can be seen in figure 1.

Expert's rating in terms . Cheose
DM §, of [VNHSN for k(2 Findthe CC | | Alternative
wrt sub-attributes with maximum
. 4 value of
( I ) Carrelation
Expert's rating in terms coefficient
DM &, of IVNHSNE for &%/
Iﬂput WLt sub-attributes Measure the cormelation
Alternatives, attributes J— P . s “ﬁn?;ﬁ:;m
(Sub-attributes) Experfs ating in ferms requirement
DM &, of IVNHSNs for X!
wrt sub-attributes
Compute the ,
Expert's rating in terms - it Analyze the
DM &, ofI‘-."I\'[—ISI\s for R(4 @iﬁ”"’“ﬂ iterval Alternatives
b-attributes il © energiss :
wWItsn for each altemnatrve ranking

b, 4 Y, &

Figure 1: Flowchart for correlation coefficient under IVNHSS

4.1 Problem Formulation and Application of IVNHSS For Decision Making

Ministry of health advertises for the one vacant position of medical superintendent (MS) in
hospital. Several medical experts apply for the post of MS, but referable probabilistic along with
experience simply four experts are considered for further evaluation such as X = {X', &% X3, X*} be a
set of alternatives. The secretary of the health department hires a committee of four decision-makers
(DM) U = {8, 8,,63,8,} for the selection of MS. The team of DM decides the criteria (attributes) for
the selection of MS position such as & = {#; = Experiance, ¥, = Dealing skills,£; = Qualification}
be a collection of attributes and their corresponding sub-attribute are given as Experience = ¢; =
{a;; = more than 20,a,, = less than 20} , Dealing skills = ¢, = f{a,; = public dealing,a,, =
Staff dealing} , and Qualification = ¥#; = {as; = Doctoral degree in medical education, az, =
Masters degree in medical education}. Let & = £, x £, x £; be a set of sub-attributes
L =4y x £y x ¥5 = {ay1,a12} X {az1,a2:} X {azy, as,}
_ {(an’ 21, a31), (A11, @21, A33), (@11, A2z, A31), (@11, A2z, A32),

(@12, A21, A31), (A12, @21, A32), (A12, A2z, A31), (A12, A2z, A32)
of all multi sub-attributes. Each DM will evaluate the ratings of each alternative in the form of

IVNHSNs under the considered multi sub-attributes. The developed method to find the best
alternative is as follows.

, v v % x % % x o«
}, &' = {dy, d,, ds, dg, ds, de, d,, dg} be a set

4.1.1. Application of IVNHSS For Decision Making
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Assume X = {X!, X2 K3, R*} be a set of alternatives who are shortlisted for interview and £ =
{¢1 = Experiance,{, = Dealing skills,£; = Qualification} be a set of parameters for the selection of
€, = {a;; = more than 20,a,, = less than 20}, Dealing skills = £, = {a,; =
43 = {as, =

Doctoral degree in medical education,a;, = Masters degree in medical education}. Let &' = £; x

MS. Experience =

public dealing, a,, = Staff dealing} , and Qualification =

€, x {3 be a set of sub-attributes. The health ministry defines a criterion for the selection of MS for

all alternatives in terms of IVNHSNSs given in Table 1.

Table 1. Decision Matrix of Concerning Department

» a, a, a; a, as Qg a, ag
& (3.5)[2.4L02.6D) (.23L057L01,3)  (15.6)[1.3,[4.6) ([2.4L[3.5.03.6) ([23L[24][45) (4.6)[13L024) (6.7.123)[3.4) ([4.5][5.8][1.2])
& ([5.6,[13L[4.6])  (5.7,[1.2.[4.6)  (124][3.4,[2.5) (6.8,[1.2.[3,5) ([4.6],[45)[3.5) (3.5)[45.[13) (1.2.158][2.4]) (5.7][1,2][5.6])
8 ([241[5.6][4.6)  ([2.4[3.4.[25) (4.6.023L[14]) (2.5[23L0L6) (34L[25)05.7) (3.5[4.5L013) (2.4.07.8L[12) (1.2][7.8][.2.3])
A ([.2,.31,[.5,.7],[.1,.3D ([.3,.4],[.2,.5],[.5,.7D ([.2,.4],[.3,.5],[.3,.6]D ([.5,.71,[.1,.2],[4,.6]D ([4,.6],[.1,.3],[.2,.4]D ([.1,.2],[.5,.8],[.2, 4] ([.2,.4],[.3,4],[.2,.5D ([.5,.6],[.1,.3],[4,.6])
Table 2. Decision Matrix for Alternative X
XD [ i, d, d, i i i, A
5, ([2.4],[45,[3.4) ([3,.41[4.5.[2.5) ([3.6.[23L[12) ([(24[4.6)[12) (13L06.7.023) (4.5.025.02.3) (6.7)01,.21[2.3) (4.6].[2.3][45])
5, ([3.4L[25L[5.7)  (47L[12[L.2)  ((4.5L02.5L012)  ((5.7L012)[2.4]) ([6.8[1L.2L[L5D)  ([2.4L17.8L[12)  ([24)[3.5.[3,.6]) ([.3.4][4.5][2 4])
8 ([5.6,[23L[4.5) ([5.7L[1.21[24]) (7.8.[L.2L[24]) ((L3L[1L5)[2.5) (14L[24L052)  (2.5.0241[3.5) (13.5)[2.4L04.6) ([5.7.[1.2],[5, 6])
A ([.3,.5],[.3,.4],[.6,.7D ([.2,.4],[.3,.4],[.2,.5]D ([.2,.4],[.7,.8],[.1,.2]D) ([4,.7],[.1,.2],[.1,.2]) ([.5,.6],[.2,.3],[4,.5]D ([.2,.4],[.3,.5],[.3,.6]D ([4,.6],[.2,.3],[4,.5]D ([.1,.3],[.1,.5),[.2,.5]D
Table 3. Decision Matrix for Alternative X®
x® 4, 4, 4, 4, 4 4, 4 4,
& ([2,4)[4.6),[4.5D  (2.3L[4.61[35) (12[68,12.5) (4.5,[25.[L2D (2.3,[4.6.[35) (L.2.0.6.8.[25) (78.[1.2[2.3) (.1.3,[.6.7],[.2.5]
8 (451[25L0L2D (5.7L0L.21[24D)  (1,30[16.7L12.6D)  (1,.4][2.5][4.6D) (1.4,[24)[12D (L.21[2.5,[4.6) (L.4],[.2.5][4.6]) ([.1.4],[.2.5][4.6])
o3 ([.3, A4],[.2,.6], [.4,.6]) ([.2,.4],[.3,.4],[.2,.5) ([.4,.5], [.2,.5], [.1,.2]) ([.1, 2],[.2,.5],[4, 6]) ([3,‘5], [.3,.5], [A6,A7]) ([.3, .5],[.3,.5], .6, 7]) ([Al,AZ], [.2,.5], [A4,A6]) ([5,7], [.1,.2], [AZ,A4])
A ([.2,.4],[4,.5],[.6,.8]) ([.3,.5],[.3,.5], [.6,.7]) ([.1,.2],[.2,.5],[4,.6]) ([.1,4],[.2,4],[.1,.2]) ([4,.5],[.2,.5],[.1,.2]) ([.1,.2],[.2,.5],[4,.6]) ([4,.5],[.2,.5], [.1,.2]) ([.1,.2],[.2,.5],[4,.6])
Table 4. Decision Matrix for Alternative X®
X® 4, 4, 4, 4, 4 4, 4, 4y
5, 6,.71,1.1,2L13,.5D  (6,8,[L.21.[2.3)  (6.7L13,.5L[1L.2) (7.8L1L2L12.5)  (6.7L[12L[L2D  (5.8LLL.2L[2.4D)  (1.3106.7L125D  (7.8][11.2].[.2.3])
8 (5.7103.4L123D  (5.7L12.5L02.3D)  (5.6L[3.4L0L2D)  (7.81[3.5L[L3D  (L.2L.[2.51[4.6)  (1,41[2.5L04.6]) (4.60,[23L0L2]D  (4.6],[2.3][1.2D)
83 ([.2,.4],[.3,.4],[.2,.5) ([.4,.7], [.2,.3], [.3,.7]) ([.4, 6],[.2,.3],[.1, 2]) ([.3,.5], [.3,.5],[.6,.7]) ([.6,.8], [.1,.2],[.1, 2]) ([.7, 8], [.1,.2],[.2, 4]) ([12] [.2,.5], [46]) ([6 8],[.1,.2], [13])
5, ([6,8.[34L[L2D)  (57L[L2L[45D  ([(L2][25L[4.6D)  ([5.6L[3,4L012D) ([.2,4L03,4L025D  (1,.3)06.7L02.5D  (78L[12L[25])  ([4.6],[2.3][1.2]D
Table 5. Decision Matrix for Alternative X®
X® 4 4, 4, 4, 4 4, 4, 4y
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1

8,

S

3

84

(13,51, [2.41,[1,.2])
(4,5, 5,.7),[2,4])
([.2,.4],[.3,.4],[.2,.5])

([1,:2], 2, 51.[4, 6])

([3,.61,[.1,.2],[4,.7D
([4,7),13,5],[2,4))
(4,61, [2.3,[3,5])

(5,71, 2, 41.[1, 3])

([4,.7),[.3,.41,[.2,.3])
(5,8, [.3,4],[.2,.3])
([:3,.51,[.3,.5], [.1,.2])

([:3,.5),[.2,.5],[.1,.3])

([7,.8],[.2,.41,[.3,.5])
([-2,41,[.2,.3], [4,.5])
([.3,.5],[4..6],1.6,.7])

([4,.6],[.2,.5],[.3, 4]

([.5,.7),[.3,.41,[.2,.4])
([:3,.5],[.2..3],[3,.5])
(.5,.7),[1,.2], [4,.5])

([5,.8),[.3,4],[.2,.3])

([4,.6],[.2,.5],[3,.4D
([-2,41,[2,3),[:3,6])
([4..6],[3,.5,[1,.2])

([4,.6],[.2,3],[.1,.2]])

(12,31.15,7),[2, 4])
([5,8],3,.6,[2,3))
([6,7),11,21,[3,5))

(4.71.13,.5].[.2, 4])

(15,71, 1.2, 41,[.3,.51)
([4,-6],[:2,:3], [1,-21D)
([-2,.5],1.2,.3],[4,.6])

([.2,.4],[.3,.4],[.2,.5D

By using Tables 1-5, compute the correlation coefficient between &, yuss(, RV,
Sivnmss (8, 83, 81ynuss (2, R™) by using equation 5 given as follows:

Swnuss(, R,

Svwnss (2, XD) = 99701, 8pyyyss (0, RPD) = 99822, §yypss($2, X)) = .99986, and 6,y ypss (2, X)) =
.99759. This shows that &,y yuss (8, 8®) > §yvuss (@, 8®) > 8ynmss (82, 8D) > 8 nmss (0, RD). 1t can
be seen from this ranking alternative X®) is the most suitable alternative. Therefore &) isthe best alternative
for the vacant position of associate professor, the ranking of other alternatives given as X® > 8®) > x®) >
X Graphical results of alternatives ratings can be seen in figure 2.

0.9985

0.9975

0.9965

0.9995

0.999

0.998

0.997

0.996

0.9955

Correlation Coefficient

RA(1)

RA(2)
xA(qﬁ |

RA(2)

NA(3

RA(3)

Rn(4)

Figure 2: Alternatives rating based on correlation coefficient under IVNHSS

5. Conclusion

The interval-valued neutrosophic hypersoft set is a novel concept that is an extension of the
interval-valued neutrosophic soft set. In this manuscript, we studied some basic concepts which were
necessary to build the structure of the article. We introduced the correlation and weighted correlation
coefficients under the IVNHSS environment. Some basic properties based on developed CC under
IVNHSS were also introduced. A decision-making approach has been developed based on the
established correlation coefficient and presented an algorithm under IVNHSS. Finally, a numerical
illustration has been described to solve the decision-making problem by using the proposed
technique. In the future, the correlation coefficient, the TOPSIS method based on correlation
coefficient under IVNHSS can be presented. Future research will concentration on presenting
numerous other operators under the IVNHSS environment to solve decision-making issues. Many
other structures such as topological, algebraic, ordered structures, etc. can be developed and
discussed under-considered environment.
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Abstract: Lasers are medical devises and widely used in surgery to treat; diseased blood vessels,
reduce blood loss, infection reduction, and many other purposes. Whereas, Lasers has many types
based on the construction materials. Thus, the right selection of laser for surgery is very important
to accomplish complex medical tasks. With the development of MCDM techniques and neutrosophic
soft set, this problem can be solved with more accuracy and precision. The aim of this paper is to
select the right type of laser for specific surgeries. To, select the right choice, six different laser types
and seven criteria are taken. To find the best alternative, generalized TOPSIS, WSM, and WPM along
with MATLAB coding techniques are used. Results are the same and showing the right selection of
the same alternative which is already being used in the field of surgery. This shows that in the future,

these techniques can be applied in the selection of medical equipment too.

Keywords: Accuracy Function, Fuzzy Soft Set, Neutrosophic Soft Set, MCDM, MATLAB, WSM, WPM, TOPSIS

1. Introduction

All anesthetists need to have fundamental information on laser material science and how laser
radiation can associate with the careful condition, including the patient, sedative mechanical
assembly and careful group. Lasers are finding expanding application in both medication and
medical procedure and their utilization offers ascend to a few perils. The majority of these risks
emerge as an immediate consequence of the idea of laser radiation. The role of laser as a safe, non-
corrosive, non-toxic surgical tool in hospitals is very important. The approach of current century is
to advance the medical technology and equipment as a result, the procedures become less invasive,
and low cost for treatment. Due to this importance laser is in the spotlight.

The most commonly used type of laser (CO: laser) was designed by C. Kumar [1, 2], it has
crossed many stages to become important tool in surgical instrument [2, 3]. The instrument designer,
Uzi Sharon, was the person who joined the light emission noticeable (red) helium-neon laser with the
undetectable light emission CO: laser. The gadget from the mid-1970s was outfitted with the

necessities of clinical medical procedure [4]. Isaac Kaplan is famous for “father of laser medical
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procedure” who created various laser-careful procedures that assisted with characterizing new
fundamental conditions in plastic and reconstructive medical procedure [5].

In current century, laser treatments have a bigger number; major surgeries, skin care, ENT
procedures, gall bladder removal procedure and many more [6, 7]. Additionally, lasers made a
difference to build up another interventional method also to traditional medical procedure, the
supposed in situ coagulation which can be performed cursorily, interstitially or intravascularly [8, 9,
10]. In this issue of Photonics and Lasers in Medicine, Philipp et al. [11] present information of 450
patients determined to have pyogenic granuloma who were dealt with utilizing the Nd: YAG laser
(1064 nm) in impression strategy or on the other hand by direct coagulation. The outcomes mirror
the significant skills of this division in applying the in-situ coagulation, guaranteeing not just

supported helpful achievement yet in addition an incredible corrective result.

With the development of fuzzy sets [12] decision making becomes easier but later on this
theory was extended by [13] named as Intuitionistic fuzzy number theory. To deal with more
precision, accuracy and indeterminacy this idea was extended by [14] called as neutrosophy theory.
To, discuss the applications of these theory number of developments were made but the most
important one is the theory of soft set [15]. Later on, fuzzy, intuitionist and neutrosophy theories were
extended to fuzzy softset [16], intuitionistic soft set [17] and neutrosophic soft set [18]. In different
fields the applications of these theories are presented by many researchers [19-26], but with the
development of TOPSIS, WSM and WPM techniques [27-32] it becomes more powerful tool to solve
the MCDM problems [33-38]. Many other novel works under neutrosophic environment are done
along with real life applications [43-46]. In object selection, neutrosophic sets are widely used for

accuracy [47-49].

Now the question arises why we are using these techniques in this case study? To get the
answer of this question, firstly you need to know the attribute and alternatives; since laser are of
many types having different properties which makes it a perfect problem to apply the above-
mentioned MCDM techniques. The neutrosophic theory is used for more accuracy thus the

techniques to solve MCDM problems under neutrosophic environment can be applied.

1.1 Contribution / Motivation

LASER is widely used in all over the fields of sciences, especially in the field of medicine LASERS
play revolutionary role. There are many kinds used in medical field for various surgeons, in surgery
LASERS are used to cut deeply and cauterize. Producing precise and accurate surgical cut. Ablate
tissues and cells from the surface. Internal surgery of patients without visible wound. To evaporate
the damaged cells, there are countless uses of LASER in medical field.

In this research five construction-based types of LASERS are being discussed and we are
finding which type is more efficient and accurate in the surgical field using mathematical tools along
with the use of MATLAB.

1.2 The paper presentation
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The layout of this research is presented in Figure:1. Section 1, consists of introduction of the topic,
literature review and the motivation along with contribution. Section 2, preliminaries are presented
in this section. In third section, algorithms of TOPSIS, WSM and WPM are listed along with
flowcharts. In section 5, the case study of LASER selection is done using TOPSIS algorithm and in
section 6, the case study is solved with the help of WSM and WPM using MATLAB code. Finally,

result discussion is done and the present research is concluded with future directions.

Introduction
and Literature
Review

Preliminaries

Figure 1: The layout of the paper

2.Preliminaries

Definition 2.1: Linguistic Set [39]
Let A={ay, a4, a,, ...., a,} be finite and fully ordered set of discrete terms where n € N.

Example: Let us consider a set A={ aj, a,, ..., as} every element representing a specific linguistic
term value, which are as; “None”, “low effective”, “moderate effective”, “effective”, “high effective”
Definition 2.2: Fuzzy Set [12]

In fuzzy set, an element "9" is assigned a degree of membership from [0,1]. Mathematically,
represented as 5 € [0,1].
Definition 2.3: Neutrosophic Set [14]
Let T be an initial universal set and E be a set of parameters. Let's consider, Ac E. Let P(7)
represents the set of all neutrosophic sets over 7, where F is a mapping given by

F: A—>P(7)
Definition 2.4: MCDM [42]
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Multi-criteria decision makings are very complex. To find out the best option MCDM techniques are
used like, TOPSIS, VIKOR, AHP, ELECTREE, WSM, WPM, etc.

Definition 2.5: Accuracy Function [41]

The process /mathematical form of conversion of neutrosophic numbers N into crisp numbers is said

to be accuracy function.

sy = TR TF@L

Definition 2.6: TOPSIS [33]

TOPSIS is an acronym that stands for 'Technique of Order Preference Similarity to the Ideal Solution'
and is a pretty straight forward MCDA method. As the name implies, the method is based on finding
anideal and an anti-ideal solution and comparing the distance of each one of the alternatives to those.
Definition 2.7: LASER [1]

Laser stands for light amplification by stimulated emission of radiation, A laser is a physical device
that radiate light through a process of optical amplification via stimulated emission of

electromagnetic radiation.

3. Algorithms

In this section three algorithm are presented to solve MCDM problem under neutrosophic
environment.

3.1 Generalized Fuzzy TOPSIS Algorithm

The TOPSIS technique [33] is mainly used for the ranking of alternatives in MCDM and MAGDM
problems. In this method crisp/fuzzy/intuitionistic numbers were used to select the best alternative.
Thus, technique of TOPSIS was extended for the Neutrosophic environment and said to be
Generalized Fuzzy TOPSIS. The stepwise algorithm of generalized fuzzy TOPSIS is presented in
Figure: 2.

Step: 1 Consideration of problem.

Step: 2 The formulation and assumptions of the problem.

Step: 3 Construction of linguistic decision matrix.

Step: 4 Assigning of neutrosophic numbers (NN’s) to each linguistic value.
Step: 5 Conversion of neutrosophic numbers into crisp using accuracy function.
Step: 6 Now apply TOPSIS algorithm. (Presented below)

TOPSIS Algorithm  {Step 1: Construct the Normalized Decision Matrix to transform the
various attribute dimensions into non-dimensional attributes, which allows comparison across the
attributes.

Ty
m 2

i=1%ij

Step 2: Construct the Weighted Normalized Decision Matrix.
Assume we have a set of weights for each criteria wj for j =1, 2, 3...n. Multiply each column of the
normalized decision matrix 7;; by its associated weight. An element of the new matrix is:

Vi' = W] rij
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Step 3: Determine Ideal and Negative-Ideal Solutions, A*={ Vi, ...,,,}, where
Vit = {max (V;;) ifj € J; min (V;;) ifj < J*}

J* Associated with the criteria having a positive impact.
A™ ={ Vi, .., V}, where Vi~ ={min (V};) ifj € J; max (V};) ifj e J7}

]~ Associated with the criteria having a negative impact.

Step 4: Calculate the Separation Measure:

o Ideal Separation

St= (Bt -y i=123.m

o Negative Ideal Separation

S7= \/z;l:l(vi,- —V? i=123,..m

Step 5: Calculate the Relative Closeness to the Ideal Solution

* Si

(= 0<CGi<L i=123.m.

Ci* = 1, lf Ai = A+
Cl'* = 0, lf Ai =A"
Step 6: Rank the preference order a set of alternatives can now be preference ranked according to

the descending order of C; } End of TOPSIS algorithm.

Step: 7 Rank the alternatives.

Problem Assumptions / Assigning

Consideration el Som linguistic Values

Conversion of
NN's using AF

Figure 2: Flowchart for generalized fuzzy TOPSIS
3.2 Weighted Sum Model (WSM) Algorithm [27]
The WSM is commonly used for single dimensional problems. In this method the weighted sum
performance rating of each alternative is calculated using the algorithm. The stepwise procedure is
shown in Figure 3;

Step 1: Construction of decision matrix M from the given problem.
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Step 2: Construction of normalized decision matrix R = [Tkj]mxnk =123,....mandj=123,...

Step 3: Construction of weighted normalized decision matrix = [w;m f]mxn and Yi_yw; =1

WSM

Step 4: Calculation of S ;k =1,2,3,....,m score of each alternative.

n

SysM = wire; ik =123,...,mand j=123,...,n
j=1
Step 5: Selection of best alternative i.e. max (SY*" ;k = 1,2,3,...,m)
eConstruction eConstruction of Step eSelection of
of Decision eConstruction Weighted eCalculation of best
Matrix of Normalized Normalized Score of each Alternative
.. Decision Matrix .
Decision Alternative

Matrix
N

Figure 3: Flowchart for WSM algorithm

3.3 Weighted Product Model (WPM) Algorithm [29]

Step 5

The WPM is mainly used to find best alternative in MCDM problems. In this method the alternatives

are simplified by multiplying a number of ratios of each criterion. This method is some time known

as dimensionless analysis. The stepwise procedure is shown in Figure 4;

Step 1: Construction of decision matrix M from the given problem.

Step 2: Construction of normalized decision matrix R = [Tkj]mxnk =123,....mandj=123,..

Step 3: Construction of weighted normalized decision matrix N = [1};"/] 4, and X7 w; =1

Step 4: Calculation of SFP™ ;k =1,2,3,....,m score of each alternative.
n
SWsM = Hrkjwf;k =123,...mandj=1273,...,n
j=1
Step 5: Selection of best alternative i.e. max (Sf*™ ;k = 1,2,3,....,m)

.on
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*Construction * Construction of *Selection of
of Decision eConstruction Nvgfrf:ﬁzejd eCalculation of best
Matrix of Normalized Decision Matrix Score of each Alternative
Decision Alternative
Matrix

Figure 4: Flowchart for WPM algorithm
4: Case Study

In this section a case study of LASER selection for the surgery in medical is considered and the

selection is made by applying all the above-mentioned algorithms.

4.1 Problem Formulation

LASERS are widely used in all over the fields of sciences, especially in the field of medicine and
surgery. In surgery, LASERS are used to cut deeply and cauterize. Producing precise and accurate
surgical cut. Ablate tissues and cells from the surface. Internal surgery of patients without visible

wound. To evaporate the damaged cells, there are countless uses of LASER in medical field.

4.2 Parameters
Selection is a complex issue, to resolve this problem criteria and alternative plays an important role.

Following criteria and alternatives are considered in this problem formulation.

Criteria’s of Each Laser

C1 Cz C3 C4 CS C6 C7
Construction Delivery . Pumping .
Type Wavelength Frequency System Medium Method Interaction
Lasers as Alternatives
Ly Ly Ls Ly Ls Le
Argon KTP Helium Neon YAG YSGG Diode
4.3 Assumptions

Consider K = {k;,K,, K3, K.} decision makers who will assign linguistic values from Table .1
according to his own interest, knowledge and experience, to the above-mentioned criteria and

alternatives and shown in Table.2.

Sr # No Linguistic variable Code Neutrosophic Number
1 None N (0.0,0.1,0.5)
2 Low Effective LE (0.2,0.4,0.8)
3 Moderate Effective ME (0.4,0.2,0.5)
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Effective E (0.6,0.2,0.3)
High Effective HE (1.0,0.0,0.1)

Table 1: Linguistic variables, codes and neutrosophic numbers
4.4 Application of Proposed Generalized Fuzzy TOPSIS Algorithm
Step 1: Presented in section 4.1

Step 2: Presented in section 4.2 and 4.3.

Step 3: Assigning linguistic variables to each alternatives and criteria’s / attributes.

Strategies Ky K, K3 Ky
%]
& Ly N ME E ME
H
= L, LE E HE E
"§ L, ME HE N HE
Yol
3 L, E ME N N
o
o Lg HE N LE LE
[}
S Lg N LE ME ME
Ly LE ME E E
=
"én L, ME E HE HE
%; Ly E HE N ME
2 L, HE ME LE E
]
%) Ls N E ME HE
Le LE HE E ME
L, ME N HE E
g L, E LE ME HE
[P}
g, Ly HE ME E N
7]
= L, ME E HE LE
[}
J Le E HE LE ME
L, HE ME E N
£ Ly N E HE LE
° L, LE HE N E
wn
B Ly ME E E HE
2 L, E HE N LE
%]
= L HE N LE E
N
< Le N ME LE ME
=
E Ly LE E E E
o
g L, ME HE LE HE
[}
3 L, E ME HE N
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L, HE E LE HE
Lsg ME HE E N
Lg HE N LE E
Ly LE E E E
2 L, ME HE LE HE
<
k]
= L, E ME HE N
o0
5
o
g L, HE E LE HE
g
X Ls ME HE E N
Lg HE N LE E
Ly LE E E E
L, ME HE LE HE
=
2
3] Ls E ME HE N
R L, HE E LE HE
I
%)
Ls ME HE E N
Le HE N LE E
Table 2: Each decision maker, will assign linguistic values to each attribute, from Table .1
Step 4: Substitution of neutrosophic numbers (NNs) to each linguistic variable.
C1 Cz C3 C4 Cs C6 C7
L1 (0.0,01,05) (1.0,00,01) (0.60203) (0.60203) (04,0205 (0.0,0.1,05) (0.6 0.20.3)
Ly
(0.2,04,08 (04,0205 (00,0105 (10,00,01) (06 0203) (0.2,0408  (0.0,0.1,05)
Ls
(04,0205 (00,0105 (02,0408 (1.0,00,01) (0.6,0203) (04,0205  (L0,00,0.1)
L, (0.6,02,03) (1.0,00,01) (04,0205 (02,0408 (10,00,01) (0.6,0203) (0.0,0.1,05)
Ls
(1.0,00,01) (0.2,04,08) (0.6,0203) (0.4,0205) (0.0,0105) (1.0,0.0,01) (0.4,0.2,05)
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Le

(0.4,0.2,0.5)

(0.0,0.1,0.5)

(1.0,0.0,0.1)

(0.6,0.2,0.3)

(0.0,0.1,0.5)

(0.4,0.2,0.5)

(0.6,0.2,0.3)

Table: 3 Assign neutrosophic number to each linguistic value from table 1.

Step 5: Conversion of fuzzy neutrosophic numbers NNs of step 4, into fuzzy numbers by using

accuracy function.

A(F) = {x = [Tx+1;+Fx]

C1 Cz C3 C4 C5 C6 C7
L1 0.200 0.366 0.366 0.366 0.366 0.200 0.366
L, 0.400 0.366 0.200 0.366 0.366 0.466 0.200
Ls 0.366 0.200 0.466 0.366 0.366 0.366 0.3666
L, 0.366 0.366 0.366 0.466 0.366 0.366 0.200
Ls 0.366 0.466 0.366 0.366 0.200 0.366 0.366
Le 0.366 0.200 0.366 0.366 0.200 0.366 0.366

Table: 4 After applied accuracy function the obtain result converted into fuzzy value
Step 6: Now we apply algorithm of TOPSIS to obtain relative closeness.

G C2 G Cs Cs Ce G
Ly 0.2 0.1 0.1 0.1 0 0.266 0.0006
L, 0 0.1 0.266 0.1 0 0 0.1666
Ls 0.034 0.266 0 0.1 0 0.1 0
Ly 0.034 0.1 0.1 0 0 0.1 0.1666
Ls 0.034 0 0.1 0.1 0.166 0.1 0.0006
Le 0.034 0.266 0.1 0.1 0.166 0.1 0.0006

Table: 5 Normalized decision matrices
Step 6.1: Calculation of weighted normalized matrix
weights 0.1 0.3 0.1 0.1 0.1 0.1 0.2
C1 Cz C3 C4. C5 C6 C7

Muhammad Umer Farooq, Muhammad Saqlain, and Zaka-ur-Rehman, The selection of LASER as Surgical Instrument in Medical using
Neutrosophic Soft Set with Generalized Fuzzy TOPSIS, WSM and WPM along with MATLAB Coding



Neutrosophic Sets and Systems, Vol. 40, 2021

39

L
! 0.2 0.1 0.1 0.1 0 0.266 0.0006
L
2 0 0.1 0.266 0.1 0 0 0.1666
L
3 0.034 0.266 0 0.1 0 0.1 0
L
4 0.034 0.1 0.1 0 0 0.1 0.1666
L
5 0.034 0 0.1 0.1 0.166 0.1 0.0006
L
6 0.034 0.266 0.1 0.1 0.166 0.1 0.0006
Table: 5 Weighted normalized decision matrices
Step 6.2: Calculation of the ideal best and ideal worst value,
v
) =Indicates the ideal (best)
I = Indicates the ideal (worst)
G C G Cs Cs Ce G
Ly
0.094677 | 0.072439 | 0.030048 | 0.044721 | O 0.079928 | 0.000509
L
2 0 0.072439 | 0.079928 | 0.044721 | O 0 0.14142
L
3 0.016095 | 0.192688 | O 0.044721 | O 0.030048 | O
L
4 0.016095 | 0.072439 | 0.030048 | O 0 0.030048 | 0.14142
L
5 0.016095 | O 0.030048 | 0.044721 | 0.070711 | 0.030048 | 0.000509
L
6 0.016095 | 0.192688 | 0.030048 | 0.044721 | 0.070711 | 0.030048 | 0.000509
V+
j
0.211244 0.41414 0.3328 0.223607 0.234759 0.3328 0.23561
vj
0.094677 0.192688 0.079928 0.044721 0.070711 0.079928 0.14142

Table: 6 Ideal worst and Ideal best values

Step 7: Calculation of rank.

0.130184

0.153048

0.112088

0.130821

=+—
Sij +Sﬁ

0.116773

0.198464

0.501

0.433

0.639
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0.158502 0.080059 0.336 5
0.213991 0.056231 0.208 6
0.093076 0.200726 0.683 1

Table: 7 Calculation of rank by relative closeness
5. Case Study using WSM and WPM MATLAB Code [ 43]
To run the WSM and WPM MATLAB code for the case study, the variable used in coding are defined

by;

X: this is defined as decision matrix and presented in Table: 4.
W: this is defined as weight of each attribute and presented in Table: 5.
Woeriteria: < (0,1,1,0,0,0,0) >

i=1,234/5,6 andj = 1,2,3,4,5,6,7

MATLAB COMMAND
Xval=length(X(:;,1));
for i=1:Xval
for j= 1:length(W)
if Writeria(1,j)==0
Y (i, j=min (X)X
else
Y(i,j)=X(,j)/max(X(:));
end
end
end
for i=1:Xval
PWSM(,1)=sum(Y(i,:).*W);
PWPM(i, 1)=prod(Y(i,:)."W);
End
Results
Preference score of WSM = < (0.65641, 0.70442, 0.809, 0.72181, 0.66273, 0.83398) >
Preference score of WPM = < (0.63378, 0.66305, 0.77807, 0.69813, 0.62619, 0.80708) >

6. Result Discussion

To check the validity or applicability of algorithms in neutrosophic soft set and MCDM environment
the case study of Laser selection is considered in which six lasers are considered based on the
construction material. Firstly, using the generalized neutrosophic TOPSIS technique the ranking of
alternatives is calculated. Secondly, WSM and WPM techniques are applied using MATLAB code to
calculate the rank. In these calculations, the ranking of each laser with respect to each criterion is
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calculated which are shown in Table 8 and Figure 5. Result shows that the above-mentioned
techniques can be used to rank medical equipment too.

Alternatives Rank Calculation using TOPSIS, WSM and WPM
Techniques

IR TR

mTOPSIS| 0613 0.583 0.739 0.661 0.538 0.813
mWPM | 063378 | 0.66305 77807 | 0069813 | 062619 | 0.80708
0.65641 | 0.70442 0.8099 0.72181 | 0.66273 0.83398

Figure 5: Ranking comparison of alternatives

Graphical and tabular comparison is presented in Table 8 and in Figure 5, which shows that under
TOPSIS, WSM and WPM technique L6 is best alternative whereas, L5 is the worst selection

respectively.
Alternative TOPSIS WPM WSM
L1 0.613 0.63378 0.65641
L2 0.583 0.66305 0.70442
L3 0.739 0.77807 0.8099
L4 0.661 0.69813 0.72181
LS5 0.538 0.62619 0.66273
L6 0.813 0.80708 0.83398

Table: 8 Alternatives rank comparison using WSM, WPM and TOPSIS
5. Conclusions

Lasers are medical devices that used a precisely focused beam of lights to treat or remove tissues or
blood vessels etc. Based on construction material, lasers are divided into five main categories which
also have different parameters and attributes. Thus, considering it as a case study, MCDM techniques
are applied in the neutrosophic soft set environment. The results calculated using WSM, WPM and
TOPSIS are the same. The lasers which are being used in medical filed for the surgery already have
the same ranks. This shows that this technique is very helpful to rank the medical equipment in the
future with more accuracy and precision.

This work can’t be compared; as no one has applied these techniques to rank laser in medical
surgery. In our forthcoming work, we will provide more application of these techniques in medical
filed like nebulizer, infusion pumps and suction devices etc. In future, this study can be used in

some more medical equipment selection.
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Abstract: Neutrosophic quadruple numbers are the newest field studied in neutrosophy. Neutrosophic
guadruple numbers, using the certain extent known data of an object or an idea, help us uncover their known
part and moreover they allow us to evaluate the unknown part by the trueness, indeterminacy and falsity values.
In this study, we generalized Hamming similarity measures for the generalized set-valued neutrosophic
guadruple sets and numbers. We showed that generalized Hamming measure satisfies the similarity measure
condition. Also, we generalized an algorithm for the generalized set-valued neutrosophic quadruple sets and
numbers, we gave a multi-criteria decision making application for using the this generalized algorithm. In this
application, we examined which of the laws established in different situations were more efficient. Furthermore,
we obtained different result compared to previous algorithm and previous similarity measure based on single-
valued neutrosophic numbers. Therefore, we have shown that generalized set-valued neutrosophic quadruplet
sets and numbers, a new field of neutrosophic theory, are more useful for decision-making problems in law
science and more precise results are obtained. The application in this study can be developed and used in

decision-making applications for law science and other sciences.

Keywords: Neutrosophic quadruple sets, generalized set valued neutrosophic quadruple sets and numbers,

Hamming similarity measure, decision-making applications, law applications

1 Introduction

Smarandache proposed the neutrosophic logic and the neutrosophic set [3] in 1998. Neutrosophic logic
and neutrosophic sets have a degree of membership T, a degree of indeterminacy | and a degree of non-
membership F. These degrees are defined independently. Thus, neutrosophic theory is generalized of

fuzzy theory [4] and intuitionistic fuzzy theory [5]. Also, many researchers have studied neutrosophic
A. Kargin, A. Dayan and N. M. Sahin. Generalized Hamming Similarity Measure Based on Neutrosophic Quadruple Numbers
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theory [6 - 19]. Recently, Smarandache extended the neutrosophic set to refined (n-valued) neutrosophic
set, and to refined neutrosophic logic, and to refined neutrosophic probability, i.e. the truth value T is
refined\split into types of sub-truths such as Ty, T,, ..., similarly indeterminacy I is refined\split into
types of sub-indeterminacies 1;, I, ..., and the falsehood F is refined\split into sub-falsehoods F,, F,,
... [20]; Peng et al. obtained multi-parametric similarity measure for neutrosophic set [21]; Ye et al.
introduced similarity measures of single-valued neutrosophic sets [22]; Ulucay et al. studied MCDM-
problems with neutrosophic multi-sets [23]; Kandasamy et al. studied refined neutrosophic sets [24];
Hashmi et al. obtained m-Polar neutrosophic topology [25]; Aslan et al. studied Neutrosophic Modeling

of Talcott Parsons’s Action [2].

Decision-making applications and similarity measures are very important in neutrosophic theory. Thus,
many researchers studied based on decision-making applications in neutrosophic theory. Recently, Tian
et al. obtained a multi-criteria decision-making method based on neutrosophic theory [28]; Saglain et al.
studied single and multi-valued neutrosophic hypersoft set [29]; Roy et al. introduced similarity
Measures of Quadripartitioned single-valued bipolar neutrosophic sets [30]; Ulugay et al. obtained
decision-making method based on neutrosophic soft expert graphs [31]; Sahin et al. studied interval
valued neutrosophic sets and applications [32]; Nabeeh et al. obtained an integrated neutrosophic-
TOPSIS approach and its application to personnel selection [41]; Nabeeh et al. studied neutrosophic
multi-criteria decision-making approach for loT-Based enterprises [42]; Abdel-Basset et al. obtained

utilizing neutrosophic theory to solve transition difficulties of loT-Based enterprises [43].

In 2015, Smarandache discussed neutrosophic quadruple sets and neutrosophic quadruple numbers [1].
A neutrosophic quadruple set is a generalized form of a neutrosophic set. A neutrosophic quadruple set
is denoted by {(x, yT, zl, tF): X, y, z, t € R or C}. Here, x is referred to as the known part, (yT, zl, tF) as
the unknown part and T, | and F are the usual tools of the neutrosophic logic. So, neutrosophic quadruple
sets are generalized of neutrosophic sets. Furthermore, researchers have studied neutrosophic quadruple
sets and numbers [33 - 36]. Recently, Rezaei et al. studied neutrosophic quadruple a-ideals [38];
Mohseni et al. obtained commutative neutrosophic quadruple ideals [39]; Kandasamy et al. introduced
neutrosophic quadruple algebraic codes [40]. Also, Sahin et al. introduced generalized set-valued
neutrosophic quadruple sets and numbers [37]. A generalized set-valued neutrosophic quadruple set

denoted by

Gs, = {(Ks;, L, Ts;, Mg, Is,, Ng, Fs ): K, Ls,, Mg, Ng, € P(X);1=1,2,3,...,n}.
Where T, I; and F; have their usual neutrosophic logic; X is a nonempty set, P(X) is power set of X, K,

is called the known part and (L, Ts,, M, I, N, F5,) is called the unknown part. Thanks to this definition,
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neutrosophic quadruple sets have become available in the field of decision-making application. Most
importantly, this definition, which has a more general structure than neutrosophic sets, will find more
application areas and will give more objective results to many problems with the help of the known part,
unknown part and K, L, M, N sets.

As in many branches of science, many uncertainties are encountered in terms of application and
decision-making in law science. In order to cope with these uncertainties, mostly known classical
methods are inadequate or cause wrong decisions to be made. In addition, many criteria should be
considered in determining the laws in law science. In addition, it is clear that unknown situations will
arise in the implementation of laws prepared for known situations. For all these reasons, in this study,
we have prepared an application in order to determine which of the different legal applications with
multiple criteria will yield most effective results. For this application, we generalized Hamming
similarity measures for the generalized set-valued neutrosophic quadruple sets (GsvNQs) and numbers
(GsvNQn) since GsvNQs and GsvNQn are more useful then neutrosophic sets. Also, we generalized an
algorithm [2] (based on single valued neutrosophic number (SvNn) and set (SVNSs)) for the GsvNQs and
GsvNQn. Also, we gave a multi-criteria decision-making application using this generalized algorithm.
In this application, we examined which of the laws established in different situations were more efficient.
Furthermore, we obtained different result compared to previous algorithm and previous similarity
measure based on SvNn thanks to structure of GsvNQs and GsvNQn.

In this paper, in Section 2, we examined neutrosophic sets [3, 8], Hamming similarity measure [22],
GsvNQs and properties [33]. In section 3, we defined firstly generalized Hamming similarity measure
based on GsvNQn. In Section 4, we firstly generalized an algorithm [2] for GsvNQn. In Section 5, we
give a multi-criteria decision making application using the generalized algorithm in Section 4. In Section
6, we compared the results of the generalized algorithm in Section 5 with the results of algorithm (based
on single valued neutrosophic set and Hamming similarity measure [22]) [2]. In Section 6, we give

conclusions.
2 Preliminaries

Definition 1: [3] Let E be the universal set. For Vx € E, 0™ < T,(x) + I,(x) + F,(x) < 3", by the help
of the functions T,:E »]1°0,1%*[,I;:E —» ]°0,1*[and F,: E -] 0, 1* [ a neutrosophic set A on E
is defined by

A = {(x, Ty (x), 1y (x), Fa(x)): x € E} .

A. Kargin, A. Dayan and N. M. Sahin. Generalized Hamming Similarity Measure Based on Neutrosophic Quadruple Numbers
and Its Applications to Law Sciences



Neutrosophic Sets and Systems, Vol. 40, 2021 48

Here, T,(x),1,(x) and F,(x) are the degrees of trueness, indeterminacy and falsity of x € E

respectively.

Definition 2: [8] Let E be the universal set. For Vx € E, 0 < T4(x) + I,(x) + F4(x) < 3, using the
functions T,: E — [0,1], I,: E — [0,1] and F4: E — [0,1], a SYNs A on E is defined by

A= {(x,T4(x),[,(x),F4(x)):x € E}.

Here, T4(x),I4(x) and F4(x) are the degrees of trueness, indeterminacy and falsity of x € E

respectively.

Definition 3: [22] Let
Ay =<Ty, (x), I, (x), Fp,(x) >and Ay =<Ty,(x), L, (x), Fy,(x) >

be two SvNns, S: 4; X A, — [0,1] be a function. The Hamming similarity measure between A; and 4,
denoted by S(A4,, A,) such that

S(A1,Ap) = §[|TA1(X) — Ty, (}’)l + |IA1(X) — Iy, (}’)| + |FA1 (x) — Fy, (}’)l]

Theorem 1: [22] Let A; and A, be two SvNns, S: A; X A, — [0,1] be a Hamming similarity measure.

S(A4, Ay) satisfies below properties.

i. 0<S(4,4,) <1,
ii. S(4,,4,)=1ifandonlyif A; = A,,
iii.  S(44,45) = S(45,4,),
iv. IfA; S A, C Az € E, then S(4;, 43) < S(41,4,) and S(41,43) < S(A,,A3).

Definition 4: [1] Neutrosophic quadruple number is a number of the form
(k, IT, ml, nF)

Here, T, | and F are used as the ordinary neutrosophic logical tools and k, I, m, n € R or C. For a
neutrosophic quadruple number (k, IT, ml, nF), k is named the known part and (IT, ml, nF) is named the
unknown part where k represents any asset such as a number, an idea, an object, etc. Also,

NQ ={(k, IT, ml, nF): k, I, m,n € R or C}
is defined by neutrosophic quadruple set.
Definition 5: [33] Let X be a set and P(X) be power set of X. A GsvNQs is a set of the form

Gs, = {(As,, Bs,Ts,, Cs,Is;» Ds,Fs,): A,y Bs,y Cs,y Ds, €P(X);i=1,2,3, ..., n}

Where, T;, I; and F; have their usual neutrosophic logic means and GsvNQn defined by
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GNi: (ASL'Y BSl'TSiY CSiISi’ DSLES)

As in neutrosophic quadruple number, for a GsvNQn (A, B, Ts,, Cs, s, D, Fs,), representing any entity
which may be a number, an idea, an object, etc.; A, is called the known part and (Bs, T, Cs,Is;, Ds,Fs;)
is called the unknown part.

Definition 6: [33] Let
GN]_: (AS]_’ leTS]_’ CS]_IS]_’ Dle\'S'l) and GN2: (ASZ’ BSZTS]_’ CSZISZ’ DSzESz)

be two GsvNQns. A =A,, Ag, =As,, A5, =As,, As,=As, and Ty, =T
we say Gy, isaequalto Gy, and denote it by Gy, = Gy, .

Definition 7: [33] Let
Gn,= (As,, Bs, Ts,, Cs,Is,, Ds, Fs,) and Gy, = (As,, Bs, T, Cs, I, Ds, F5,)

Iy, = I, F;, = F;, ifand only if

2!

be two GsvNQns. A; CAs,, As CAs,, As CAs,, As CAg, and Ty < Ty, I, <I,,, F;, < F;,, ifand only
if we say Gy, is asubset of Gy, and denote it by Gy, < Gy, .

3 Generalized Hamming Similarity Measure for Generalized Set-Valued
Neutrosophic Quadruple Numbers

Now, we define generalized Hamming similarity measure for GsvNQn. Also, we assume that T, I, F €

[0, 1], as in SVNn, in this paper.

Definition 8: Let X be a non — empty set,
Gn,= (As,, Bs, Ts,, Cs, Is,, D, Fs,) and Gy, = (As,, Bs, Ty, Cs, I, Ds, Fs,)
be two GsvNQns, Sy : Gy, X GN]. — [0, 1] be a function. Then,
4 s(K1nKz) | s(LinLp) | s(MqnMp) | s(NinN3p) ]

1 [Ty =T |+ |11 =1 | +|Fy = F,| + " Imax{s(K1UK>2),1} ' max{s(L1UL3),1}  max{s(M1UM>),1} ' max{s(N1UN3)1}
2 3 4

SH(Gva GNZ) =1-

is called generalized Hamming similarity measure for GsvNQns.
Where, s(A) is the number of element of A € X.
Theorem 2: Let X be a non — empty set;
Gn,= (As,, Bs, Ts,, Cs, Is,, D, Fs)), Gy, = (As,, B, T, Cs, Is,, Ds, F,) and Gy, = (As,, Bs,Ts,, Csyls,, Dy, Fs,)

be three GsvNQns, Sy : Gy, X GN]. — [0, 1] be generalized Hamming similarity measure in Definition
8. Then, Sy satisfies the below conditions.

i) Sy (Gn,, Gn,) €10, 1]

i) Sy (Gn,, Gn,) =1 S Gy, =Gy,
ii) Sy (GNl! GNZ) =Su (Gwl, GNZ)
iv) If Gy, c Gy, < Gy,, then

Su (Gn,, Gn,) < Sy (Gn,, Gy,) and Sy (G, Gy,) < Sy (G, Gy,)-
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Proof:
i) Let Gy, = Gy, . Then,

SH(GNla GNl) =

4_[ s(K1nK;) . s(LinLy)  ,  s(MynMq) . S(NynNq) ]
1-— 1T =Ta|+ I — 11 |+|Fy —Fy| + max{s(K1UK1),1} max{s(L1UL1),1} max{s(M1UM1),1} max{s(N;UN1),1}
2 3 4
1[0+0+0 4—[(1+1+1+1
=1 - [y ] (1)
2 3 4

Thus, max{Sy(Gy,, Gn,)} = 1.

Now, let Ky N K, =@, Ly NLy =@, My N My =@, Ny NN, =0, |T; —T,|=1,|I; — ;| =1and |F; — F,|
=1. Then,

|T1—Ta|+|I1— 12|+|F1 Pl + " Imax{s(K1UK2),1} max{s(L1UL7),1) ' max{s(M1UM32),1} ' max{s(N1UN3),1}
4

SH(GNl’ GNZ) =

[ s(K1nK2) . s(LynLy) X s(M1nM3) . s(N1nN3y) ]

1 1+1+1 0+0+0+0]
=315 |
Thus, min{SH(GNl, Gy,)} = 0. Hence, we obtain
SH (GN1’ GNz) € [O’ 1]
i) Let Gy, = Gy,. From (1), we obtain S, (Gy;,, GN].) = 1. We assume that

4_[ s(K1nKp) s(LinLp) . sMinMp) | s(NinN3) ]
_ 1T -T2 |+|1 2| +|F1—F| max{s(K1UK3),1} ' max{s(L1UL3),1} ' max{s(M1UM3),1} max{s(N1UN2)1}
Su(Gy., Gy) =1 — +

H\YN;» N] 3 4

=1
Where, it must be

" Imax{s(K;UK2),1} ' max{s(L1UL2),1} ' max{s(M1UM),1} ' max{s(N;UN3) 1}

[ s(K1nK3) N s(L1NLy) " s(M1nM3) " s(N1NN3) ]
1 [lTl—Tz|+|11—12|+IF1—Fz| ] 0
2 +

3 4
Thus,
|Ty = To| + Iy = I| + |F; — F,| =0
and
[ s(K1NK3) s(L1NLy) s(M{NM;) s(N{NN;) ] =4
max{s(K;UK;),1} = max{s(L,UL,),1} = max{s(M;UM;),1} = max{s(N;UN,),1}
(2)

From (2), we obtain that
Ty — Tl = Iy — L] =|F; — F,| =0
and

s(K1NK3) _ s(LyNLy) _ s(M1NMy) _ S(N1NNy)
max{s(K;UK;),1} - max{s(L{UL;),1} - max{s(M;UM,),1} - max{s(N;UN;),1} -

Thus, we have that
Tl = Tz, 11 = 12, Fl = Fz, K1 = Kz, L1 = Lz, M1 = Mz, N1 = Nz.
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Therefore, from Definition 6; we obtain

GN1 = GNz
i)
a—| s(K1nK3) , s(L1nLp) ) s(M1nM3) , s(N1nN3) ]
_ 1 (| Ty=Ta |+ =1 | +|F = F,| Imax{s(K1UK>),1}  max{s(L1UL),1}  max{s(M1UM>),1} max{s(NqUN3)1}
Su(Gn, ) =1 -2 - + 4
4 s(KanK1) ) s(LaNLq) , s(ManM1) ) s(NaNN1) ]
=1-— 1 [|T2—T1|+|12—11|+|F2—F1| + max{s(K;UK1),1} max{s(LpUL1),1} max{s(MpUM),1} max{s(N3UN),1} ]
2 3 4

=Sy(Gn,, Gy,)-
iv) Let Gy, © Gy, C Gy, . From Definition 7, we obtain that
T, <T,<Ts,
I <I, <Ts,
F, <F, <Ts,
K, c K, c K3,
L, cL,clLs,
M; c M, c Mg,
N; € N, € N3. (3)
From (3), we have that

S(Kanz) S(Llan) S(Mlan) S(NlnNz)
max{s(K;UK;),1} =~ max{s(L{UL;),1} = max{s(M;UM;),1} = max{s(N;UN;),1}

S(Kan3) S(L10L3) S(MlnMg) S(N10N3)
max{s(K,UK3),1} = max{s(L;UL3),1} = max{s(M;UM;),1} = max{s(N;UN3),1}’
4)

Also, from (4), we have that

Ty — Tl + [y — | + |Fy — Fp| < |Ty = Ts| + |I; — I3| + |F; — F3].
®)

Thus, from (4) and (5), we obtain that

+
2

s(K1nK2) , s(L1NnLy) , s(M1nM3) X s(N1NN3) 1
]<
3 4

1 [|T1—T2|+|11—12|+|F1—F2| 4_[max{s(K1uKz).1} "max{s(L1UL)1}  max{s(M1UM2),1} ' max{s(N1UN3),1}]

: s (6)

s(K1NK3) ) s(L1nL3) . s(M1nM3) . S(NinN3) ]
3 4 ]

1 [|T1—T3 |[+11—I3|+|F1—F3]| 4- [max{s(K1UK3),1}Tmax{5(L1UL3),1}Tmax{s(M1UM3),1}Tmax(s(N1UN3),1}J

Hence, from (6), we have that

4_[ s(K1nK3) ) s(L1NnL3) , s(M1nM3) , s(N1nN3)
1 1 |Ty—T3|+|11—I3|+|F1 —F3| + max{s(K1UK3),1} max{s(L1UL3),1} max{s(M{UM3),1} max{s(N{UN3),1} <
2 3 4
4_[ s(K1nK2) ) s(L1nLy) , s(M1nM3) , s(N1nN3) ]
1— 1 [|T1—T2|+|11—12|+|F1—F2| + max{s(K1UK3),1}  max{s(L1UL),1} max{s(M{UM;),1} max{s(N{UN3),1} ]
2 3 4 '

Therefore, we obtain S, (Gy,, Gy,) < Su(Gy,, Gy,)-

A. Kargin, A. Dayan and N. M. Sahin. Generalized Hamming Similarity Measure Based on Neutrosophic Quadruple Numbers

and Its Applications to Law Sciences



Neutrosophic Sets and Systems, Vol. 40, 2021 52

Also, Sy (Gy,, Gy,) < Sy (Gy,, Gy,) can be proved similar to Sy(Gy,, Gy,) < Su(Gy,, Gy,)-
Example 1: Let X = {k, I, m, n, p, r} be a set, Gy, = ({k, I, m}, {k, 1}(0.7), {m, 1}(0.4), {n, p, r}(0.1)),
Gn,= ({k, I, m, n, 1}, {k, I, m, n}(0.8), {n, r}(0.2), {p}(0.2)) be two GsvNQns and Sy(Gy,, Gy,) be

generalized Hamming similarity measure for GsvNQns. Then,

4_[ s(K1nK3) ) s(L1NnLp) ) s(M1nM3) ) s(N1NN3)
_ 1| ITL—Tol+ 11— |+|F1—F| max{s(K1UK>2),1) ' max{s(L1UL),1} ' max{s(M1UM),1} ' max{s(N1UN7),1}
Su(Gy,, Gy)=1—= +
H\YN; N> 2 3 4
PHN S S SR N N
=1-— 1 [|0-7—0-8|+|0-4—0-2|+|0-1—0-2| + max{5,1}  max{4,1}  max{4,1}  max{3,1}
3 4

=0.6125.
Where,
T:=07,1;,=04,F, =01 K, ={k, I, m}, L, ={k, I}, M; ={l, m}, N, ={n, p, r};
T,=08,1,=02,F, =02, K, ={k, I, m,n, r}, L, ={k, I, m, n}, M, ={n, r}, N, = {p}.
4 Algorithm for Multi-Criteria Decision-Making Application

In this section, we rearranged the algorithm in Aslan et al. [2] for GsvNQns. Also, in this new algorithm,
we used generalized Hamming similarity measure in section 3. So, we use the GsvNQns and generalized
Hamming similarity measure instead of SvNns and similarity measure in algorithm [2]. Also, we assume

that X is a nonempty set.
Step 1: The criteria are determined by considering the application. Let the set of criteria of laws be
K ={ky ky, ., k).
Step 2: The weight values of the criteria for the application. Let the set of weight values be
W = {wy, wy, ..., W, }.
Where,
the weight value of criterion k; is wy,
the weight value of criterion k, is w,,

the weight value of criterion k5 is ws,
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the weight value of criterion k,,, is w,,,,
Also, w; € [0, 1] and X2, w; = 1.
Step 3: The ideal object is determined as GsvNQs according to criterias in Step 1 such that

I= {k1?(A11’ By Ty, Cp 1y, D11F11), kZ:(Alz’ B, Ty, Cp,1i,, D12F12)5 ey km:(Azm, BImTIma CImIIma
DImFIm)' Ali’ Bli’ Cli’ DIi S P(X), 1= 1, 2, 3, ey m}

Step 4: The n objects are determined as GsvNQs according to criterias in Step 1 such that

0,4 :{kﬁ(Aoll, BollTolla Colllollv DollFoll)v kzi(Aolz, BolzTolz, Colzlolz, Doleolz)a oo

km:(Aolm, BolmTolm, Colmlolm, DolmFolm), Aoli, Boli, Coli, Doli € P(X), 1= 1, 2, 3, ceey m}

0, ={k15(A021, Boleozla 602110211 Doleozl)v kZ:(AOZZ’ BOZZTOZv 60221022: D022F022)a e

km:(AOZm’ BOZmTOZm’ COZmIOZm’ DOZmFOZm)’ AOZi’ BOZi’ COZi’ DOZi € P(X), i= 1, 2, 3, ceey m}

On :{kl:(AOnl! Boanonli Conllonlf Doanon1)1 kzi(Aonz, Bon2 Tonz, Conzlonz, Don2 Fonz), cees

km:(AOnm’ BoanOnm, Conmlonm, DoanOnm), Aon_, Bon., Con., Don‘ S P(X), | = 1, 2, 3, ey m}

Step 5: The objects given in Step 4 are stated in the form of table (Table 1).
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Table 1. Table of objects

k, k, K
0, (Aolly Bo,, To,, C0111011| DollFoll) (Aolzq Bo,,To,,» 60121012: Doleolz) (Aolm: Bo,, To,,+ Co,, loy,: DolmFolm)
0, (Aozly Bo,, To,, C0211021| Doleozl) (Aozzq Bo,,To,, (:02210221 DozzFozz) (Aozm: Bo,, To,,: Cozmlozvaoszozm)
0, (Aonlv Boanon1: Con110n1: Doanonl) (Aon21 BonzTonzv Conzlonzv Donzponz) (Aonmv Bo,, Ton,, Conmlonvaoanonm)

Step 6: In this step, the similarity value of the criteria of the ideal object and the criteria of other objects

are calculated by using Table 1 with S in Section 3. So, SH(Ik]., 0;, ) is calculated fori=1, 2, ..., n; j
J

=1, 2, ..., m. After all calculations, Table 2 is obtained.

2

Table 2. Similarity of the criterias of object to the criteria of ideal object

ky k, Ko
0, Su(l,: O1,,) Sl 01y, Su(lp: Os,,)
0, Sully» 0z, Sl 02,.) Sulliy: 02,
On SH(Iklr Onkl) SH(Ikzv Onkz) SH(Ikmv Onkm)

Step 7: The weight value of each criterion given in Step 2 is multiplied by the similarity values in Table
2. Hence, the weighted similarity of the criterias of object to the criteria of ideal object in Table 3 is

obtained.
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Table 3. Weighted Similarity of the criterias of object to the criteria of ideal object

wiky wyk, Wik
0, wy. Syl 01k1) Wy Sy, Olkz) Wi Sy (I, 01km)
0, wy. Sy (I, Ozkl) Wo. Sy (i, Ozkz) Wiy Sy (L, Ozkm)
On Wl'SH(Iklv Onkl) WZ'SH(Ikzv Onkz) Wm'SH(Ikmv Onkm)

Step 8: In this last step, the weighted similarity values for each objects given in Table 7 are added and
the similarity ratio of each law over the ideal law is obtained. So,

Syt (I, 0¢) = XLy we. Sy Ik, Onkt) is calculated for k =1, 2, ..., m. After all calculations, Table 4 is
obtained.

Table 4. The similarity value of the object’ to the ideal object

Similarity Value

0, Sy (1, 07)
0, Sy (1, 0,)
0, Sun (1, 0,)
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6.
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1. Determine
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table of
similarities to
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value of Criteria table similairties to
criteria of object ideal object

3. 4. 3.

i Show the
Show the ideal :
object as objects as Obtain the
J GsvNQs Similarity value

GsvNQs table of objects

to ideal object

Graph 1: Diagram of the algorithm.

5 Multi-Criteria Decision-Making Application

We assume that four different state laws should be created to make use of night watchmen in places
where police are inactive at night in four different states. We used the algorithm in Section 4 to find out

which law in which state is more effective after a period of time.
Step 1: Let K = {kq, k,, k3} be set of criterias such that
k, = life safety

k, = property safety
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ks = cost

Step 2: Let W = {0.6, 0.3, 0.1} be set of the weight values such that

0.6 for the criterion k4
0.3 for the criterion k,

0.1 for the criterion k4

Step 3: Let the ideal law of state be | such that

kq: ({pl, s Par @1y ooy Qar Tay oo s Tas 1y ooy Ea} D1, oo Das Qs ooer Qao Ty woe s Tas E1, e, £43(1), 0(0), Q)(O)),
ky: ({pl, s Par Qs ooy Qar Tay wees Tar b1y ooy Ea 3, {D1) ooy Par Qs oo Qao Tay voe s Tas te, oen, 84 3(1), @(0), Q)(O)),

ks: ({pl, s Par @1y ooy Qar Ty oo s Tas 1y ooy Ea b, {01 oo Par Qs oo Qao Tay woe s Ta try e, 84 3(1), @(0), Q)(O))

Where, {p1, -, Pa» 1) -+ » Qas 1y - Ta tq, -, t4} 1S KNOWN part and

(D1, s P2 Qis oo r Qar 1y e Tao ty, s £43(1), ©(0), @(0) is unknown part for each criteria.

Where, T =1, | =0and F = 0. This means that this law gave exactly the desired result. Therefore, this

law is the ideal law.

Also,

ps1-

p2-

p3:

[

q;-

qz-

qs3:

q4.

Pedestrian police with night watchmen who drive a vehicle from 7.00 p.m to 10.00 p.m
Pedestrian night watchmen with police who drive a vehicle from 1.00 a.m to 4.00 a.m
Pedestrian police with pedestrian night watchmen from 7.00 p.m to 10.00 p.m

Police who drive a vehicle with night watchmen who drive a vehicle from 7.00 p.m to 10.00 p.m
Police who drive a vehicle with night watchmen who drive a vehicle from 7.00 p.m to 10.00 p.m
Pedestrian police with pedestrian night watchmen from 1.00 a.m to 4.00 a.m

Pedestrian night watchmen with police who drive a vehicle from 7.00 p.m to 10.00 p.m

Pedestrian police with night watchmen who drive a vehicle from 7.00 p.m to 10.00 p.m
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r;: Pedestrian police with pedestrian night watchmen from 7.00 p.m to 10.00 p.m

r,: Police who drive a vehicle with night watchmen who drive a vehicle from 1.00 a.m to 4.00 a.m
3. Pedestrian police with night watchmen who drive a vehicle from 7.00 p.m to 10.00 p.m

r,: Pedestrian night watchmen with police who drive a vehicle from 7.00 p.m to 10.00 p.m

t1: Pedestrian night watchmen with police who drive a vehicle from 7.00 p.m to 10.00 p.m

t,: Pedestrian police with night watchmen who drive a vehicle from 1.00 a.m to 4.00 a.m

t3: Police who drive a vehicle with night watchmen who drive a vehicle from 7.00 p.m to 10.00 p.m
t,: Pedestrian police with pedestrian night watchmen from7.00 p.m to 10.00 p.m

Step 4: Let L = {L,, Ly, L3, L.} be set of law of states such that

ki: ({p1, D2, P34}, (P, 23(08), {p43(0.2), {p33(0.1)),
Li=4 k;: ({P1'P2vp3'p4}'{Ps}(0-8): {p:}(0.3), {:p2:p4}(0-1));
k3: ({p11p21p31p4}'{pl'p2'p3'}(0-9): Q(O): {p4}(03))

key: ({‘h"h"h"h},{‘h:QZ:CIs}(O-g): {q43(0.4), (D(O));
L=< ky: ({91, 42, 93, 94} . {01, 42, 453(0.5), 9(0), {q43(0.4)),
ks: ({91,492, 93,94} . {43, 443(0.4), {g;3(0.1), {q}(0.7))

kq: ({T1’7"2’7'3'7"4}'{7”1}(0-9): {r,,13}(0.2), {7’4}(0-3)),
L3: k2: ({TI'TZ'T3'T4—}'{T1'r2'r31r4-}(0-9)1 @(0), @(0)),
kst ({1, 12, 73,13, {11, 13(0.6), {33(0.4), {153(0.3))

ky: ({t1, 2 t5, 643, {£43(0.9), {1, £,3(0.1), {t5}(0.1)),
Ly={ ky: ({tl' ta ts, ta}, {t2, t43(0.7), {t3}(0.5), {t1}(0-2)),
k3: ({tlﬂ tZ' t3' t4} ) {tlﬂ t2’ t4}(04), {t3}(05), (Z)(O))

Step 5: We obtain Table 5 according to Step 4
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Table 5. Table of laws

ky k, ks
Ly ({pl.pz.pa.m}.{pl.pz}(O-S).) ({pl,pz,ps,m} {ps3(0.8),{p,3(0.3), ({pl,pz,ps,m},{pl,pz,ps,}(O-‘)),@(O),)
{ 143(0.2), {p;3(0.1) { 2, 043(0.1) {p43(0.3)
L ({%v%r%r‘h}v{‘hr ‘I2vQ3}(0-8)') (ﬂhn‘h"hr‘h}'{‘thZr%}(O-S)r(a(( ({ql. qz,qs.th},{q3,q4}(0-4),{ql}(O-l).)
2 {4,3(0.4),8(0) {4.3(04) {q,3(0.7)

({rll 2,73, r4} ’ {rl}(og)v {rZ' T3}(02 ({Tlr 12,73, T4} ’ {Tlr 213, T4}(0.9), Q(( ({rl' 2,73, 7"4} 4 {rl' T4}(0.6), {TZ}(04’)I)
{r3(0.3) 8(0) {r:3(0.3)

L, ({tlﬂ t 3, te}, { £23(0.9), {t;, ,3(0.1 ({tp tyts ta}, {t2, £43(0.7), {t;3(0.5 ({tlr ty ts e}, {1, £y, t43(04), {t3}(0.5),)
{t;3(0.1) {t:3(0.2) ?(0)

Step 6: We obtain similarity of the criterias of law to the criteria of ideal law in Table 6.

Table 6. Similarity of the criterias of law to the criteria of ideal law

ky k, ks

L1 0.322917 0.306250 0.339583
LZ 0.400000 0.350000 0.266667
L3 0.400000 0.483333 0.316667
L4 0.450000 0.333333 0.316667

Step 7: We obtain weighted similarity of the criterias of law to the criterias of ideal law in Table 7.

A. Kargin, A. Dayan and N. M. Sahin. Generalized Hamming Similarity Measure Based on Neutrosophic Quadruple Numbers
and Its Applications to Law Sciences



Neutrosophic Sets and Systems, Vol. 40, 2021

60

Table 7. Weighted similarity of the criterias of law to the criterias of ideal law

(0.6).k, (0.3).k, 0.1). ks
Ll 0.19375 0.091875 0.033958
LZ 0.24000 0.10500 0.026667
L3 0.24000 0.144999 0.031667
L4 0.27000 0.099990 0.031667

Step 8: We obtain similarity value of the object’ to the ideal object in Table 8.

Table 8. The similarity value of the law’ to the ideal law

Similarity value

L, Sy (I, L,) = 0.319583
L, Sy (I, Ly) = 0.371667
L, Syz (1, Ly) = 0.41666
L, Sy (I, Ly) = 0.31958

From Table 8, the laws that work best are L3, L,, L; and Ly, respectively.

6 Comparison Method

In this section, we compared the results of the generalized algorithm based on the generalized Hamming

similarity measure and GsvNQn with the results of the algorithm [2] based on the Hamming similarity

measure and SvNn.

If only the T, I, F components of the GsvNQns are in Section 5, we obtain in Table 9.
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Table 9. Table of laws based on only (T, I, F)

ky k, ks
(0.8,0.2, 01) (0.8,0.3,0.1) (0.9, 0.0,0.3)
Ly
L, (0.8,0.4,0.0) (0.5,0.0, 0.4) (0.4,0.1,0.7)
L (0.9,0.2,0.3) (0.9, 0.0, 0.0) (0.6,0.4,0.3)
3
L, (0.9,0.1, 01) (0.7,05,0.2) (0.4,0.5,0.0)

If we used the Hamming similarity measure [22] with algorithm [2] according to Table 9, we

obtain Table 10 for choosing the best laws.
Table 10. The similarity value of the law’ to the ideal law according to Hamming similarity measure [22] and SvNn

Similarity value

L, Sy (I, Ly) = 0.826656
L, Sy (I, Ly) = 0.74333
L Sy (I, L) = 0.833333
L, Sy (I, Ly) = 0.80333

From Table 10, the laws that work best are L5, L, L, and L,, respectively. Thus, we obtain different

result from Section 5.
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7 Discussion and Conclusions

In this study, we firstly generalized Hamming similarity measures for the GsvNQn. We showed that
generalized Hamming measure satisfies the similarity measure condition. Also, we firstly generalized
an algorithm (based on SvNn) for the GsvNQn and we gave a multi-criteria decision-making application
using this generalized algorithm. In this application, we examined which of the laws established in

different states were more efficient.

From Table 8, if we use generalized Hamming similarity measure and GsvNQn we obtain the laws that

work best are
Lz, Ly, Ly and L,
respectively.

From Table 10, if we use Hamming similarity measure and SvNn, we obtain the laws that work best

are
L3, Ly, Lyand L,

respectively. Thus, we obtain different results according to Hamming similarity measure and SvNn in
this paper. In addition, the result we obtained in Table 8 is more valid because the generalized set-valued
neutrosophic quadruple numbers contain components (T, I, F) of neutrosophic sets and have more
extensive components (known part, unknown part) than neutrosophic sets. As can be seen in this study,
it is clear that generalized set-valued neutrosophic structures will give more objective results than both

the applications using classical structures and the applications using neutrosophic structures.

Also, using this study or revising this application researchers can also work on other law applications
and other science applications for decision-making problems. Furthermore, there are a lot of similarity
measure for neutrosophic sets. Researchers can generalize the other similarity measures of neutrosophic
set according to GsvNQn. Also, in this paper, we use single-valued neutrosophic component T, I, F €
[0, 1] (as in SVNN). Researchers can study generalized set-valued neutrosophic quadruple set according
to bipolar neutrosophic component or interval valued neutrosophic component and researchers can use

these structures for decision-making applications.
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Abbreviations

SvNn: Single valued neutrosophic number

SvNs: Single valued neutrosophic set

GsvNQn: Generalized set valued neutrosophic quadruple number

GsvNQs: Generalized set valued neutrosophic quadruple set
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Abstract: In this paper, the notions of three operators, Basic Belief Assignment Operator, Dynamic
Basic Belief Assignment Operator, and Dynamic Weight Vector Operator in interval neutrosophic
set are defined and presented. The procedure based on Dynamic Basic Belief Assignment and
Dynamic Weight Vector using Dezert-Smarandache Theory is developed to solve the dynamic
decision-making problems in a neutrosophic environment where criteria values take the form of
interval neutrosophic numbers collected at various periods. Practical applications for validating
the proposed method and assessing system safety are given taking an example from the marine
industry. The results indicate that the proposed methodology provides a feasible solution for
monitoring and enhancing the safety of systems working in complex and dynamically changing
environment. The model can be applied to solve multicriteria decision-making problems in
diversified areas that require dynamic data.
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1. Introduction

Multi-Criteria Decision Making (MCDM) involves either selecting the best alternative or
prioritizing them after evaluating for the laid down criteria. MCDM takes the required data from
records. In case the data are unreliable or scarce, experts’ judgments are used for analysis. Such data
contain a lot of uncertainty and hence conventional crisp techniques do not work. To overcome the
limitation of crisp sets, Zadeh [1, 2] proposed the concept of a fuzzy set. The fuzzy sets were further
extended to Interval Valued Fuzzy Set (IVES) [3], Intuitionistic Fuzzy Set (IFS) [4], and Interval
Valued Intuitionistic Fuzzy Set (IVIFS) [5]. The fuzzy sets are extensively used in solving MCDM
problems [6-18]. But, none of the above fuzzy sets could explain the indeterminacy component
associated with the membership of an element. The fuzzy sets cannot handle the possibility of the
statement being true is 0.6, the statement being false is 0.4 and the statement not being sure is 0.3.
Smarandache [19] developed the concept of neutrosophic sets where indeterminacy is explicitly
characterized that overcome the prime limitation of fuzzy set. Neutrosophic set is defined as, a set
Ain a universal set X is characterized independently by a truth membership functionTA(X),

indeterminacy membership function | A(X), and falsity membership function FA(X ), wherein
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X are real or nonstandard subsets of ]_0,1+ [ In neutrosophic notation, the above example can be
characterized as A= {<0.6,0.3,0.4>}. To use neutrosophic sets in practical applications, Wang [20,

21] proposed the concept of a Single Valued Neutrosophic set (SVNS) and an Interval Neutrosophic
set (INS). Neutrosophic sets have wide applications in decision-making problems [22-26]. Triangular
neutrosophic numbers [27, 28], pentagonal fuzzy neutrosophic numbers [29-32], cylindrical
neutrosophic numbers [33] are other forms of neutrosophic numbers used in solving MCDM
problems. N-valued neutrosophic sets [34], bipolar neutrosophic sets [35], and neutrosophic refined
sets [36] are also very popular among researchers. Neutrosophic sets are further generalized into
plithogenic sets [37] which are currently used to solve real-life problems [38, 39].

Most of the MCDM problems are solved by taking static data that must be available in advance
for assessment. But, most of the time we need to make decisions in dynamic conditions where
scenarios change very often. Several techniques and methods have been proposed in the past to
solve such dynamic decision-making problems [40-46]. Decision making in dynamic conditions
requires a fusion of information gathered at different periods, different operating conditions, and
even by different teams of experts [47]. Amongst the most popular theories of information fusion is
the Dempster-Shafer theory of evidential reasoning [48]. But, this theory suffers from a major
limitation under highly conflicting conditions and gives counter-intuitive results [49-51].
Dezert-Smarandache [52] proposed a new DSm rule of combination (DSmT). The classic DSm rule is
simple and corresponds to the Free DSm model. Like D-S theory, the classic DSm rule exhibits the
commutative and associative properties. It does not use the renormalization process and hence does
not suffer from the problems faced by the D-S rule.

Neutrosophic PROMETHEE techniques [53], IoT based fog computing model [54], and
neutrosophic analytical hierarchy process [55, 56] are effectively used to solve MCDM problems
with fuzzy information. Neutrosophic sets in combination with rough sets are used to segregate and
apply only the precise/complete data to enhance the quality of service in smart cities [57]. In this
paper, a model is proposed to assess the safety of engineering systems in dynamic conditions.
Decision-making in safety (risk) assessment is based on data collected from experts’ ambiguous
judgment. We have to rely on experts’ judgments because the past data are either incomplete,
imprecise, or not reliable. The neutrosophic sets are preferred in this study because they can very
easily handle the hesitancy part of the experts’ judgment. The third component of indeterminacy in
the neutrosophic set eliminates the major limitation of a fuzzy set that cannot handle the hesitancy.
The model used the INS because of its greater flexibility and precision over single valued
neutrosophic sets. The fusion of information in dynamic conditions is done using DSmT of
information fusion.

Three operators, Basic Belief Assignment Operator (BBAO), Dynamic Basic Belief Assignment
Operator (DBBAO), and Dynamic weight Vector Operator (DWVO) are proposed in this study to get
the basic belief assignments from Interval Neutrosophic Number (INN) and to combine the
information in a dynamic environment. We have also suggested the utility of the proposed model to
solve real-life problems.

1.1. The motivation for the study

Most of the multi-criteria decision-making problems are solved in static conditions where the
data are available beforehand. But, in reality, there are situations when we need to use data collected
in different periods. This requires the model to be robust which can be used dynamically and
iteratively to ascertain the benefits of the actions taken. Moreover, we need to avoid uncertainty due
to incomplete, imprecise, and missing data. Neutrosophic set has the potential to eliminate such
uncertainty. In this paper, a model is proposed using neutrosophic numbers wherein the data
collected in dynamic conditions can be suitably incorporated.
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1.2. The novelty of the work

Neutrosophic sets are used to develop a model to assess the risk/safety of the system
dynamically in a complex uncertain environment using an evidential reasoning approach. The
primary purpose is to develop,

1. Basic Belief Assignment Operator (BBAO)

2. Dynamic Basic Belief Assignment Operator (DBBAO)

3. Dynamic Weight Vector Operator (DWVO)

4. A model using Dezert Smarandache’s theory to solve the dynamic decision-making problems

2. Preliminaries

2.1. Neutrosophic Set

Smarandache [19] proposed and developed the concept of a neutrosophic set as an
improvement of a fuzzy set. The neutrosophic sets become popular over fuzzy sets due to their
indeterminacy component which handles the hesitancy efficiently and in a better way than even the
highest level fuzzy set i.e. IVIFS. The neutrosophic set contains three independent components
namely, the truth membership T, the Indeterminacy membership |, and the Falsity membership
F . SVNS and INS help us represent the real world with uncertain, imprecise, incomplete, and
inconsistent information.

2.2. Set Definition

Definition 2.1 [19]: Let U represent a universe of discourse. A neutrosophic set is:

A={x:T,(X) 1, (X), Fa(X ) xeU)}

Where T,(X),1,(X)F,(X)xe[01]and

0" < sup(T, (X )+ sup(1,,(X ))+sup(F,(X)) < 3°

Definition 2.2 [47]: A Dynamic Single-Valued Neutrosophic Set (DSVNS) is:
A={xeU;x(T,(t)1,(t)F 1))} cora XEA:

T

X! IX’

F, :[0,00)—>[01]
T,

where “x* X’ R are continuous functions whose arguments is time (t) .
A Dynamic Interval Valued Neutrosophic Set (DIVNS) is:

[T T OiE O O)F ) FC 1)) where  t>0

T <T@ < 170 F ()< B (t)and

X

[r: O O @)1 O}F 0.5 @) <[oa]

In DIVNS, all intervals are changing w.r.t. time (t) .
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2.3. Set theoretic operations of DIVNS

Let us consider two DIVN numbers:

a(t) = {TAW AR FLG) (TEC) 106 FAG)S
bit) = {T2 (0 12(0) F2 () (T2 61 (0 FE )

where t= {tl,tz yoony G }is a time sequence at each time f,,1<1 <Kk

Definition 2.3 [47]: Addition of Dynamic Interval Valued Neutrosophic Numbers (DIVNN):

(TA)+T20)-TAT20) 2 0)x 12 () FAG) < B (L)
<TXA(tk)+TxB(tk)_TXA(tk)XTxB(tk)’I:\ ()% 17 (6 B () FxB(tk)>

Multiplication of DIVNN

(TR0 1000)+ 12 () - 1A 12 (0) FA)+ FE () - FAG)x F2 ().

a(t)®b(t)=

M

a(t)® b(t) ) <TXA(tk )XTXB (tk )’ | XA(tk)+ I f(tk )_ If(tk )X I xB(tk )’ FXA(tk )"‘ Fe (tk)_ FXA(tk )X F? (tk )>
Scalar Multiplication of DIVNN 2)
1- 1_TXA 1'? a1FxA ) D
axa(t)= < ( (tl))a ©) () > .

Power of the DIVNN

- <TXA(tl)“,1—(—IA L) 1-0-F )”> .

(T2 -0 1260 -0~ F6) )

2.4. Dezert-Smarandache Theory
Dezert-Smarandache [52] developed the theory of information fusion (DSmT) for dealing with
imprecise, uncertain, and conflicting sources of information. It overcame three limitations of D-S

theory i.e. accepting Shafer’s model for the fusion problem under consideration which requires all
hypotheses to be mutually exclusive and exhaustive, the third middle excluded principle, and the
acceptance of Dempster’s rule of combination as the framework for the combination of independent

sources of information. DSmT starts with a free DSm model and is denoted as M f(@), and
considers @ only as a frame of exhaustive elements, &;,1 =1,..., N which can potentially overlap.

The free DSm model is commutative and associative.

Definition 2.4 [52]: Let © = {191,..., 6’n} be a finite set of N exhaustive elements. The hyper-power

set D is defined as the set of all composite subsets built from elements of ® with U and M
operators such that

. $,0,.,0, eD°
2. 1f ABeD®, then ANBeD®and AUBeD®

3. No other elements belong to D®, except those obtained by rules 1 and 2.
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When there is no constraint on the elements of the frame, the classic model is called free DSm model,

M f(@) of two independent sources of evidence over the same frame ® with belief functions

associated with generalized basic belief assignments ml() and M, () and is given by

vC #¢e D m, f,(C)=m(C)=m(A)@m,(B)=" > m(A)m,(B) (5)
(AArBfB?jc

This rule is extended for K >2 independent sources as,

vC #¢eD®m, f,(C)

nC)=me.enjc)= X [Inx)  ©

and m, ) (¢) =0

3. Basic Belief Assignment (BBA), Dynamic Basic Belief Assignment (DBBA) and Dynamic
Weight Vector (DWV)

3.1. Basic Belief Assignment (BBA)

Consider an interval neutrosophic set. To use the neutrosophic number in the DSmT evidential
reasoning approach, we need to convert the neutrosophic number into its corresponding BBA. BBA

or mass function assigns evidence to a preposition. BBAO is proposed to transform the interval

neutrosophic number into their corresponding BBA’s i.e. m(T ), m(F) and m(l ) .

mean(-)
sum_of _the_mean(")

m())= BBA(-)= (7)

where mean () finds the mean of the neutrosophic component interval given by

mean(-)=w ®)

and sum_of the mean(-) gives the summation of the means of all the three components of

INS.

3.2. Dynamic Basic Belief Assignment (DBBA)

Consider AZ{Ai,AZ,...,A,}, CZ{Cl,CZ,...,Cn}, and D={D1,D2,...,Dh} be the sets of

alternatives, criteria and decision makers [47]. For a decision maker Dq q=1.., h, the evaluation
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characteristic of an alternative Aa; a=1,...,V on a criterion Cp; p= 1,...,N in time sequence

t, = {tl,tz yens tk} is represented by

X (6= T 0, T 0 Dl ¢, 103 06 R (% D P X, ) ©)

DBBA for the above neutrosophic number is obtained by DBBAO and DSmT of information fusion.
Since DSmT is closed on \Wand M, so also truthness and falsity components are exclusive, both

the belief componentsof T UF and T NF are assignedto T UF .

Dynamic basic belief mass,

m,, (C)=DBBAO(C)= 3 f[ 3 {ﬁm,q(xtl)} (10)

X1, Xp,... % €D® 1= | %;,%;,...X,€D®

X; N Xy N..NX =C X N Xy N..NXq=C,

q

for a=1.,vand p=1..,n

3.3. Dynamic Weight Vector (DWV)

Decision-makers assess various alternatives w.r.t. assigned criteria. These criteria, in turn, are also
evaluated to decide their importance by a group of decision-makers in different periods. These are
generally expressed in linguistic terms. These are to be converted into neutrosophic numbers and
aggregated to get the dynamic weight vector for information fusion. This is done by horizontal

integration of neutrosophic numbers for all the decision-makers in all periods using DWVO.

Consider C = {Cl, C,n Cn} and D= {Dl, D,,..., Dh} be the sets of criteria and decision makers
[47]. For a decision maker Dq q= 1..., h, the evaluation characteristic of a criterion C pi p=1..n

in time sequence t, = {tl,t2 yoeey tk} is represented by

)= 06, DT (¢ I O D15 ¢ M O D R, a1

The averaged aggregation is,

X, =Ty 00Ty 0O () 1 OO Ry (). By ()] (12)

(13)
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o0 [T el | ) {filreear | <14>

and

h

F 0| T[Tl || w

gq=1 i=

The dynamic weight vector is a column vector W = (Wd )nxl and obtained by DWVO using the

averaged aggregation,

)= mean(T, (X )+ mean(i , (X ))+mean(F, (X)) 6

W, = DWVO(X : _
Z[sum_of _the_mean(X p)]
p=1

4. Dynamic information fusion
Two methods are given below, one to dynamically evaluate and rank the alternatives and the second

one to assess the safety of systems dynamically in a complex and uncertain environment.

4.1 Method to evaluate and rank the alternatives
Consider A=1{A, A, A}, C=1{C,,C,...C,}, D=1{D;,D,,..,D;} and t=1it,t,,....t,} be

the sets of alternatives, criteria, decision-makers and periods. The proposed steps are:

Step 1: Let 'h’'decision-makers evaluate 'V'alternatives w.r.t. 'N'criteriain 'K'periods as per the

suitability ratings given in Table 1. Represent the evaluated characteristics in a matrix (X apq (tt| ))ka

given by,

X apg (t, ) = {[Talr_nq (Xt. )1 TaLrJJq (Xt. )]! [I éli_pq (Xt. )1 I eLaJpq (Xt. )]7 [Falqu (Xt. )’ FaL;q (Xt. )]} 17)

a=1..,v; p=1...,n; q=1..h; I=1..k

Table 1. Suitability ratings as linguistic variables

Linguistic terms INS
Very_Poor (Ve_Po) ([0.1,0.2], [0.6, 0.7], [0.7, 0.8])
Poor (Po) (0.2, 0.3], [0.5, 0.6], [0.6, 0.7])
Medium (Me) ([0.3,0.5], [0.4, 0.6], [0.4, 0.5])
Good (Go) ([0.5, 0.6], [0.4, 0.5], [0.3, 0.4])
Very_Good (Ve_Go) ([0.6, 0.7], [0.2, 0.3], [0.2, 0.3])

Step 2: Applying DSmT on the evaluated characteristic matrix and using DBBAO, get the dynamic

mass of an alternative 'a'for a criterion ' P' using Eq. (10).
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Step 3: Let 'h’'decision-makers evaluate 'N'criteriain 'K'periods as per their weights given in
Table 2.

Table 2. Importance weights as linguistic variables

Linguistic terms INS
Unimportant (U_IPA) ([0.1, 0.2], [0.4, 0.5], [0.6, 0.7])
Ordinary_Important (O_IPA) ([0.2, 0.4, [0.5, 0.6], [0.4, 0.5])
Important (IPA) ([0.4, 0.6], [0.4, 0.5], [0.3, 0.4])

(
(

Very_Important (V_IPA) [0.6, 0.8], [0.3, 0.4], [0.2, 0.3])
Absolutely_Important (A_IPA) [0.7,0.9], [0.2, 0.3], [0.1, 0.2])

Step 4: Find the averaged aggregation of all the 'N’criteria as given by 'h'decision-makers in 'K’

periods using Eq. (12).

Step 5: Calculate the dynamic weight vector using Eq. (16).

Step 6: Obtain the weighted dynamic basic belief assignments (me) for all the alternatives from

the dynamic basic belief assignments (mD) and the dynamic weight vector (V_VD) of the criteria.

Mo, (X)=W,xmg (X)  for a=1..,vand p=L1..n (18)

ap

Step 7: Synthesize the information using weighted dynamic basic belief assignments w.r.t. criteria
and applying the classic DSmT of information fusion to get the dynamic belief masses for all the

alternatives which are further normalized to get the final belief masses.

m,, (C)= > {ﬁmwda(x)} for a=1...,v (19)
Xy X3, XpeD®

p=1
XX, . X,=C

Step 8: To rank the alternatives and choose the best one, compare it with the ideal alternative using
the similarity measure. The similarity measure proposed by Jiang [58] using the correlation

coefficient of belief functions is used.

The flowchart of all the steps to evaluate and rank the alternatives is shown in Fig. 1.

Step 1 | Evaluate alternatives w.r.t. criteria |
Step 2 | Get the dynamigl/mass of alternatives |
Step 3 | Evaluate criteri\le: in different periods |
Step 4 | Find averaged agi/regation of all criteria |
Step 5 | Calculate dyn\l/mic weight vector |
Step 6 | Obtain weighted dynamic basic belief assignments |
Step 7 | Apply c?ll/assic DSmT |
Step 8 | Rank the alternatives using similarity measure |

Fig.1. The flowchart to evaluate and rank the alternatives
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Definition 4.1. [58]: Consider a discernment frame @ of N elements. If we denote the mass of two

pieces of evidence by M, and M,, then the correlation coefficient is defined as,

c(m,, m,)
m,,m,),c(m,,m, )

Fgpa(My, M, ) = e (20)

where the correlation coefficient Igp, € [0,1] and c(ml, mz) is the degree of correlation denoted

2" 2 A
c(m,,m,)= ;;ml(/\ m, (A, )% (21)

andi, j =1,...,2"; A, Aj are the focal elements of mass and || is the cardinality of a subset.

The higher value of the correlation coefficient indicates that the belief masses are close to each other.

The ideal and the best interval neutrosophic number is, a = {< (1,1), (0,0), (0,0)>}.
The correlation coefficient I; calculated between « “and any other INN is an unscaled distance.

Higher the value of I, indicates the two numbers are closer to each other. I} =1 indicates a s

the same as the number. I; can be normalized as,

r

2

i=1

p=

(22)

where, [, (i = 1,2,3,4) represents the degree of matching between « " and the given neutrosophic

number.

4.2 Method for assessing system safety
Consider F = {Fl, F,... FV}, D= {Dl, D,,... Dh} and t= {l’i,tz,...,tk} be the sets of failure

modes of a system, decision-makers and periods. The proposed steps for assessing system safety are,

Step 1: Let 'h'decision-makers identify 'V'failure modes of a system.

Step 2: The decision-maker’s views are collected on all the 'V'failure modes in 'K'periods as per

the suitability ratings in linguistic terms from Table 1. The evaluated characteristic by 'Q'

decision-maker on failure mode 'a'in a period 'l'is represented in a matrix form as,

(X ag (tl ))ka = {[Ta: (Xn )' Talé (th )]- [I an (Xn )’ IeLqu (Xn )]’ [Fa: (Xt. )’ Fal; (Xn )B (23)
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a=1..,v; q=1..,h; I=1..k

Step 3: Horizontal integration is done using DBBAO and by applying DSmT on the evaluated

characteristic matrix to get the dynamic mass of all the failure modes.

Step 4: Vertical integration of the dynamic masses of all the failure modes is done using DSmT to get

the final dynamic mass of the system.

Step 5: The obtained dynamic mass of the system from step 4 above, is mapped back to the safety
expressions of 'Poor', 'Averagé, 'Good’ or using Egs. (20) - (22). The mapping of dynamic
mass with safety expressions gives a distributed assessment in combination of more than one safety
expressions. Safety expressions in linguistic terms are shown in Table 3. The neutrosophic safety
expressions are converted to their BBA’s using BBAO to use the similarity measure.

The flowchart of all the steps for assessing system safety is shown in Fig. 2.

Step 1 | Identify various failure modes |

!

Step 2 | Collect decision makers views on failure modes |

Step 3 | Carry out horizontal integration applying DSmT |

Step 4 | Carry out vertical integration applying DSmT |

Step 5 | Obtain the safety level of the system |

Fig.2. The flowchart for assessing system safety

Table 3. Safety expressions

Linguistic terms INS

Poor (P) (0.1, 0.2], [0.2, 0.3], [0.8, 0.9])
Average (A) ([0.4,0.5,[0.4, 0.5], [0.6, 0.7])
Good (G) ([0.6,0.7], [0.4, 0.5], [0.4, 0.5])
Excellent (E) ([0.8,0.9], [0.2,0.3], [0.1, 0.2])

5. Applications

Two numerical examples are discussed in this section, the first one to validate and demonstrate the
proposed method. The second example shows the application of the proposed method to estimate
the safety level of the systems on-board the ship.

Example 1: This example is taken from Thong et.al. [47] to evaluate lecturers’ performance in the

case study of ULIS-VNU. Consider five lecturers i.e. A, A,,..., Ay and three decision-makers i.e.

D,, D,, D;. Five lecturers are evaluated with respect to 6 criteria: total publications (Cl), teaching
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student evaluations (Cz), personality characteristics (C3), professional society (04), teaching

experience (C5), fluency of foreign language (Cs )

Suitability ratings as given by three decision-makers for lecturers versus defined criteria in three

different periods are given in Table 4. Their dynamic basic belief assignments are shown at the right

end in Table 4.
Table 4. Suitability ratings for lecturers
Decision makers Dynamic Basic Belief masses
Criteria Lecturers t t2 t (T, F, TUF)
D1 D2 Ds D1 D2 Ds D1 D2 Ds
A1 Me Go Go Go Go Go Go Ve_Go Go (0.537456, 0.167772, 0.294773)
A2 Go Go Ve_Go Ve_Go Go Ve_Go Ve_Go Go Ve_Go (0.677230, 0.089733, 0.233037)
G As Me Ve_Go (0.551952, 0.157914, 0.290134)
Go Go Go Go Go Go Go
As Go Me Go Go Go Go Go Go Go (0.506046, 0.189117, 0.304836)
As Me Go Me Go Go Me Go Go Go (0.445630, 0.231638, 0.322731)
A Go Go Go Ve_Go Go Go Go Go Go (0.545188, 0.161556, 0.293256)
A2 Ve_Go Go Ve_Go Me Go Go Ve_Go Go Go (0.587106, 0.137222, 0.275673)
G As Ve_Go Go Go Go Me Go Go Me Go (0.495164, 0.194219, 0.310617)
As Go Go Go Go Ve_Go Go Go Go Ve_Go (0.592985, 0.134266, 0.272749)
As Ve_Go Go Go Go Ve_Go Go Go Go Me (0.516687, 0.172812, 0.310501)
A Ve_Go Ve_Go Go Go Ve_Go Go Go Me Go (0.547366, 0.152625, 0.300009)
A2 Go Ve_Go Go Ve_Go Go Ve_Go Go Go Ve_Go (0.639759, 0.107299, 0.252942)
G As Go Ve_Go Ve_Go Go Go Go Go Ve_Go Go (0.605431, 0.125957, 0.268611)
As Go Go Go Ve_Go Go Go Ve_Go Go Go (0.577997, 0.142833, 0.279170)
As Ve_Go Go Go Go Ve_Go Go Go Go Go (0.564545, 0.147920, 0.287535)
A Me Go Me Go Go Me Me Go Me (0.374181, 0.293782, 0.332038)
Az Go Me Go Go Me Go Go Me Go (0.456588, 0.224954, 0.318457)
G As Go Go Go Go Go Me Go Go Ve_Go (0.542148, 0.163564, 0.294288)
As Me Po Me Go Me Me Go Go Me (0.335600, 0.325733, 0.338667)
As Me Me Po Me Me Me Me Go Me (0.279417, 0.384679, 0.335904)
Ar Me Go Me Me Go Go Go Me Go (0.427180, 0.248386, 0.324434)
A Go Ve_Go Go Ve_Go Go Go Go Ve_Go Go (0.597962, 0.130556, 0.271483)
GCs As Go Go Me Go Go Go Go Ve_Go Go (0.527769, 0.173730, 0.298501)
A Ve_Go Go Go Ve_Go Go Go Ve_Go Go Go (0.597962, 0.130556, 0.271483)
As Go Go Go Go Go Go Go Ve_Go Go (0.557417, 0.155493, 0.287090)
A1 Ve_Go Go Go Ve_Go Go Ve_Go Ve_Go Go Ve_Go (0.668533, 0.094153, 0.2237315)
A Go Go Go Go Ve_Go Go Go Go Ve_Go (0.592985, 0.134266, 0.272749)
Cs As Ve_Go Go Ve_Go Ve_Go Go Ve_Go Ve_Go Go Ve_Go (0.693488, 0.081472, 0.225040)
A Go Ve_Go Go Go Ve_Go Go Go Go Go (0.564545, 0.147920, 0.287535)
As Go Go Go Ve_Go Go Go Go Ve_Go Go (0.577997, 0.142833, 0.279170)
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The evaluation of criteria by decision-makers as per their importance is shown in Table 5. The right

end column of Table 5 shows the dynamic weight vector.

Table 5. Evaluation of criteria by decision makers

Decision makers

Criteria t t2 ts Dynamic Weight vector

D1 D2 Ds D1 D2 Ds D1 D2 Ds

C IPA IPA IPA IPA V_IPA IPA V_IPA IPA V_IPA 0.166934

C V_IPA V_IPA IPA V_IPA V_IPA V_IPA A_IPA V_IPA V_IPA 0.166570

G IPA V_IPA 0.167202

IPA V_IPA IPA IPA V_IPA V_IPA IPA

Cs IPA V_IPA 0.165894
IPA IPA O_IPA IPA IPA IPA IPA

GCs IPA IPA 0.166197
IPA V_IPA IPA V_IPA IPA IPA IPA

Ce V_IPA V_IPA 0.167202
IPA IPA IPA IPA V_IPA V_IPA IPA

The final normalized weighted dynamic belief masses of lecturers are given in Table 6. Table 7 gives
the normalized correlation coefficients of all the alternatives w.r.t. the best and ideal neutrosophic

number.

Table 6. Final normalized weighted dynamic belief masses

Lecturers Normalized Weighted Dynamic Belief masses

Al (0.697808, 0.078287, 0.223905)
A (0.760933, 0.050429, 0.188578)
As (0.796668, 0.042129, 0.161202)
As (0.701103, 0.077390, 0.221507)
As (0.662146, 0.097506, 0.240348)

Table 7. Normalized correlation coefficients

Lecturers Normalised correlation coefficients

ri(e, A1) 0.198675
r2(ct’, Az) 0.202459
r3(ac’, As) 0.204062
ra(o’, As) 0.198903
r5(cC’, As) 0.195901

Referring to Table 7, the order of best performed lecturer to the least performed lecturer is
A, > A, > A, > A > A The ranking order given by [47] is A, > A, > A, > A > A, Except for

the first two alternatives, the ranking order for the rest of other alternatives is in line with [47].
Example 2(a): An example from Ship is taken to illustrate how dynamically we can monitor the

safety level of systems in a complex and uncertain environment using a neutrosophic set. Failure
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modes of Steering Gear on board ship are monitored periodically after maintenance and the safety
level of the system is assessed. Steering Gear failure is common in the maritime industry and
resulted in very serious accidents in the past causing major damage to the ship and its crew. This
demands periodic maintenance to ensure and maintain the smooth functioning of the ship’s steering
gear. Two experts from the marine field (two Chief Engineers on the ship with sea sailing experience
of over 20 years) were asked to analyze the steering gear system and identify the common failure
modes of the system. Equal weights are assigned to the two experts. Experts identified five critical
failure modes (Fig. 3) and their safety level using linguistic terms from Table 1 in two different

periods. The evaluated characteristic matrix by experts in linguistic terms is given in Table 8.

Table 8. Evaluated characteristic matrix for failure modes

Experts
Failure

Modes

D1 D2 D1 D2
F1 Me Me Go Go
> Go Go Go Go

System Steering Gear |

Oil Leakage (F1) |

Unsatisfactory Steering (F2) |

—|
—]
> High Oil Temperature (F3) |
—
S

Failure Modes

Malfunctioning of limit switches (F4) |

Rudder Angle Transmitter and Tiller Link failure (F5) |

Fig.3. Steering Gear system with failure modes
Dynamic masses of all the failure modes are obtained by horizontal integration using DSmT and
DBBAO. These are given in Table 9.

Table 9. Dynamic belief masses for the failure modes

Dynamic Belief masses

Failure Modes

m(T) m(F) m(T, F)
F1 0.379971  0.281706  0.338324
F2 0.473601  0.212394  0.314005
Fs 0.38612  0.283486  0.330394
Fs 0.194758  0.481636  0.323606
Fs 0.341035  0.323677  0.335288

Vertical integrating all the masses of failure mode using DSmT, we get the system’s dynamic belief

masses as,
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m(T)=0.325928 m(F)=0.340302, and m(T,F)=0.33377

The safety score of the system is mapped back to the safety expressions using similarity measures.

The safety level of the system obtained is,

Booor =0.23539, Byroce = 0.266823 , oy = 0.265923 Sy e = 0.231864

From the above results, it is seen that the steering gear system is assessed as 'Average€ with a
belief of 26.68 %, as 'Good' with a belief of 26.59 %, as 'P0oOr' with a belief of 23.54 % and as
' Excellent with a belief of 23.19%.

The result in graphical form is shown in Fig. 4.

0.28
0.26 L\
02s \\
0.22
0.2
& ) > &
T £
\ad <G

Fig. 4. System safety level

Example 2(b): The system safety level of the same example above is assessed in one more period

after the regular maintenance. The two experts’ views at time t; are given in Table 10.

Table 10. Evaluated characteristic matrix for failure modes at time t5

Experts

Failure
Modes

t3
D1 D2
F1 Ve_Go Go
F2 Ve_Go Ve_Go

F3 Go Ve_Go
F4 Go Go
F5 Go Ve_Go

System safety level after including the third period t; is,

Booor =0.190742, Byprage =0.255002, Poeg =0.277084, Py =0.277172

The results show that after inclusion of the third period, the steering gear system is assessed as
"Excellent with a belief of 27.72 %, as 'G00Od' with a belief of 27.71 %, as ' Average€ with a

belief of 25.50 % and as 'POOI" with a belief of 19.07%. With periodic maintenance of the system,

the safety level can be improved. Fig. 5. shows the result in graphical form.
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Fig. 5. System safety level (including the third period)

6. Conclusion

This paper proposed three operators Basic Belief Assignment Operator, Dynamic Basic Belief
Assignment Operator (DBBAO), and Dynamic Weight Vector Operator (DWVO) to get Basic Belief
Assignment (BBA), Dynamic Basic Belief Assignment (DBBA), and Dynamic Weight Vector (DWV)
from the Interval Neutrosophic Number (INN). Methods are proposed with these operators in
combination with Dezert-Smarandache Theory (DSmT) of information fusion to take decisions
dynamically in the complex uncertain neutrosophic environments using INS. The feasibility and
application of proposed methods are shown by examples from the marine industry. The method
proposed can be used to monitor the systems’ performance dynamically.

The main benefits of the proposed model are handling of fuzzy/vague data, converting the fuzzy
data in their basic belief masses, combining the evidence using theory of information fusion and
monitoring of the system periodically with different sets of data in dynamic conditions. Researchers
can use this model to solve multi-criteria decision-making problems in various diversified research
areas which requires data to be collected dynamically like autonomous ships, medical diagnostic
support systems, weather forecasting, improving safety in transportation, etc. As future research,
this model can be developed further using a plithogenic set which is an extension of a neutrosophic

set.
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Abstract: In this paper, we develop a new method of decision-making algorithm with Hausdorff distance and
Hausdorff similarity measures based on generalized set-valued neutrosophic quadruple numbers. To establish
the algorithm, we define Hausdorff distance measure and Hausdorff similarity measure on generalized set-
valued neutrosophic quadruple. Next, we give a new method of decision-making application for impact of
online learning on the learner. Also, we obtain different result from some previous applications (based on
neutrosophic sets) for decision making algorithm. Thanks to our decision-making algorithm and similarity

measure, researchers can obtain new applications for other decision making problems.

Keywords: Generalized set — valued neutrosophic quadruple sets, Hausdorff measures, decision making

applications, adequacy of online education application

1 Introduction

The rapid population growth experienced in the world at the end of the twentieth century and
the inadequacy of classical learning-teaching (education-training) activities and methods in this respect
led to new searches in the field of education. As a result of these searches, online education programs
have been developed. Online education program is the name given to the study carried out with the
curriculum prepared by educational institutions in a certain order to help students practice education
alone. In the most general sense, we can define online education as the education practices that are

structured on environments where teachers and students are separated from each other in terms of time
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and space. In this study, we will define a new similarity measure for generalized set-valued
neutrosophic quadruple numbers to assess the competence of online education and remove
uncertainties and provide a more objective assessment, and show the requirements for the similarity
measure. Some of the environmental factors that affect the competence of online education are
infrastructure, course material, and course hours. The difference of the similarity measure we will define
from other similarity measures is that we add set operations on it. These set operations caused the result
of the similarity measure to be seen more clearly. Similarities between human beings, a medicine or a
new law to be exemplified can be examples of the assets we are talking about. In this report, some
criteria will be selected to evaluate the adequacy of online education and the weight values of these
criteria will be determined. A community of experts will then be created and an ideal (I) student
template will be prepared for the assessment of online education, using generalized set-valued
neutrosophic quadruples and numbers. Then, experts will be able to evaluate other students' criteria as
generalized set - valued neutrosophic quadruple sets and numbers with the help of this ideal student.
The evaluation result of each student will be handled separately and evaluation results of each will be

obtained. Thus, an objective assessment will be made.

Smarandache defined neutrosophic logic and neutrosophic sets [1] in 1998. In terms of
neutrosophic logic and neutrosophic sets, there is a membership degree (T), an indeterminacy degree
(I) and a non-membership degree (F). These degrees are defined independently. A neutrosophic value
is in the form (T, I, F). In other words, in explaining an event or finding a solution to a problem, a
condition is handled according to its accuracy, inaccuracy and uncertainty. Therefore, neutrosophic
logic and the neutrosophic sets help us find solutions to many uncertainties around us and in explaining
complexity. Also, the distance measures and similarity measures are useful for decision making
applications in neutrosophic theory. Therefore, many researchers studied neutrosophic theory [2-25]
and decision making for neutrosophic theory [25-31]. Recently, Ulugay et al. [6] introduced neutrosophic
multi-groups and applications; Ulugay [7] introduced a new similarity function of trapezoidal fuzzy
multiple numbers based on multiple criteria decision making; Sahin et al. [8] obtained some weighted
arithmetic operators and geometric operators with SVNSs and their application to multi-criteria

decision making problems; Sahin et al. [9] studied some new operations of (a, 3, y) interval cut set of
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interval valued neutrosophic sets; Sahin et al. [10] obtained refined neutrosophic hierarchical clustering
methods; Sahin et al. [11] studied extension principle based on neutrosophic multi-fuzzy sets and
algebraic operations; Sahin et al. [12] introduced neutrosophic triplet partial g-metric space; $Sahin et al.
[13] introduced neutrosophic triplet normed ring space; Sahin et al. [14] studied neutrosophic quadruple
theory; Broumi et al. [15] obtained Hausdroff distance and similarity measure for neutrosophic set and
numbers; Sahin et al. [16] studied combined classic-neutrosophic sets and double neutrosophic sets;
Sahin et al.[17] obtained decision-making applications in professional proficiencies in neutrosophic
theory; Ulugay et al. [18] introduced decision-making method based on neutrosophic soft expert graphs;
Ulucay et al. [19] studied an outranking approach for MCDM-problems with neutrosophic multi-sets;
Hassan et al. [32] studied Q-neutrosophic soft expert set and its application in decision making; Bakbak
et al. [33] obtained a theoretic approach to decision making problems in architecture with neutrosophic
soft set; Sahin et al. [34] introduced neutrosophic triplet metric topology; Aslan et al. [35] introduced
neutrosophic modeling of Talcott Parsons’s action; Sahin et al. [36] studied an outperforming approach
for multi-criteria decision-making problems with interval-valued bipolar neutrosophic sets; Abdel-
Basset et al. studied a new hybrid multi-criteria decision- making approach for location selection of
sustainable offshore wind energy stations [37]; Abdel-Basset et al. introduced neutrosophic theory
based security approach for fog and mobile-edge computing [38]; Abdel-Basset et al. studied a model
for the effective COVID-19 identification in uncertainty environment using primary symptoms and CT
scans [39]; Abdel-Basset et al. introduced evaluation of sustainable hydrogen production options using

an advanced hybrid MCDM approach [40].

Smarandache [20] discussed the neutrosophic quadruple set and the neutrosophic quadruple
number. Neutrosophic quadruple sets are a generalized form of neutrosophic set. A neutrosophic
quadruple set is represented by {(k, 1T, ml, nF): k, 1, m, n € R or C}. Here k is named as the known part,
(IT, ml, nF) is named as the unknown part and T, I, F have the usual neutrosophic logic tools. Also,
Sahin et al. [21] introduced generalized set-valued neutrosophic quadruple sets. Unlike neutrosophic
quadruple set and number, in a generalized set-valued neutrosophic set and numbers; k, 1, m and n are
sets and T, I and F are not fixed. Thus, generalized set-valued neutrosophic set and numbers are more

useful for decision making applications.
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The organization of this paper is as follows: In section 2, some basis conception of the
neutrosophic sets [1, 4], Hausdorff measures [15], the concept of neutrosophic quadruple sets [20, 21],
Euclid measures [23] and Dice measures [22]. By adding set operations to the known Hausdorff
distance measurement, we will obtain a larger set point Hausdorff distance measurement based on
generalized set-valued neutrosophic quadruple numbers so that we can more clearly deal with the
problems we encounter in section 3. In section 4, we will write an algorithm that we can use on sets of
neutrosophic quadruple. Later, we will show the operability of Hausdorff’'s distance measurement,
which we developed, by writing a numerical example with a neutrosophic quadruple structure. The
example we gave in section 4 was calculated with other distance measurements in Seciton 5. and then,
as a result of this calculation, we will comparison that the distance measurement we developed gives

different results. Section 6 presents final conclusions and further research.

2 Preliminaries
Definition 2.1: [1] Let E be the universal set. For Vx € E, 07 < T, (x) + I,(x) + F4(x) < 3%, by the help of
the functions Ty:E - 1-0,1* [, I;:E - ]1-0, 1" [and F,: E =]-0, 1* [ a neutrosophic set A on E is defined
by

A= {00, Ty(0), [y (x), Fa(x)): x € E}.

Here, T,(x), I4(x) and F,(x) are the degrees of trueness, indeterminacy and falsity of x € E respectively.

Where,-0=0-cand 1" =1+¢.

Definition 2.2: [4] Let E be the universal set. For Vx € E,0 < Ty(x) + I,(x) + F4(x) < 3, using the
functions T,: E = [0,1], I,: E = [0,1] and F,: E — [0,1], a single-valued neutrosophic set 4 on E is defined

by
A={{x,Ty(x),L,(x), Fa(x)):x EE}.

Here, T,(x), I;(x) and F4(x) are the degrees of trueness, indeterminacy and falsity of x € E, respectively.
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Definition 2.3: [15] Let A; = <T,, (x), I, (x), F4, (x)> and A, = <T,,(x), I4,(x), F4,(x)> be two single —
valued neutrosophic numbers. The Hausdorff distance measure between A; and 4,, which is shown as

dy (A4, A,) is defined as

dp = (41,4;) = max{|TA1 x) — TA2 (x)|, |[A1 x) — IA2 (x)|, |FA1 (x) — FA2 (x)l} .

Also, the Hausdorff similarity measure between A; and A,, which is shown as Sy (4;, 4;) is defined as

Sp = (A1, 4;) =1 —max{|Ty, (x) — T, ()|, |Ln, (%) — Lo, 0|, |Fa, () = Fa, (O |}-

Theorem 2.4: [15] Let X;, X, and X3 be three single — valued neutrosophic sets, d;, be Hausdorff

distance measure. Then the following properties hold.
i 0=<dy(X,X;) <1
ii. X, = X, if and only if d; (X;,X,) = 0
i, dy(X,X,) = dy(X,, Xq)
iv. IfX, & X, CX;, then dy (X, X;) < dy(Xy,X3) and dy (X, X3) < dy(X3, X3).

Theorem 2.5: [15]: Let A;,A, and A3 be three single — valued neutrosophic sets, S, be Hausdorff

similarity measure. Then the following properties hold.

i. 0<5,(44,4,) <1
ii. Sh(A,4,) =1 © A =4,
iii. Sn(Ay, A7) = Sp(4;,A)
iv. If A, €A, € A; € E, then S;,(4;,43) < S,(41,4;) and S, (41, 43) < S,(4,,43).

Definition 2.6: [20] NQN is a number of the form (k, 1T, ml, nF). Here, T, I and F are used as the ordinary
neutrosophic logical tools and k, 1, m, n € R or €. NQ = {(k, IT, mIL, nF): k, I, m, n € R or C} is defined by

neutrosophic quadruple set.

For a neutrosophic quadruple number (k, 1T, ml, nF), k is named the known part and (IT, ml, nF) is

named the unknown part where k represents any asset such as a number, an idea, an object, etc.
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Definition 2.7: [21] Let X be a set and P(X) be power set of X. A generalized set — valued neutrosophic
quadruple set is a set of the form Gy, = {(4y,, B, Ty, Cs,Is;, Ds, Fs)): A, B,y Cs, D, € P(X);i=1,2,3, ...,

n}.

Where T}, I; and F; have their usual neutrosophic logic means and generalized set — valued neutrosophic

quadruple number defined by

GN,: = (Asi’BsiTsi’Csi[si: DSiF:S‘i)‘

As in neutrosophic quadruple number, for a generalized set — valued neutrosophic quadruple number
(As; By, Ty, Cs 15, D, Fy,) representing any entity which may be a number, an idea, an object, etc.; Ay, is
called the known part and (By Ty, Cs I, D, Fs,) is called the unknown part.

Definition 2.8: [20] Let Gy, = (4, BT, Cs,15;, Ds,Fs;) and GNj= (Asj,stTsj, Sjlsj,Dstsj)be two

generalized set — valued neutrosophic quadruple numbers. 4, < ASJ., Ag, © Asj, Ag © Asj, Ag, © Asj and
T, < Tsj,Isl. < IS]., K, < st, then we say Gy, is a subset of Gy, and denote it by Gy, G-

Definition 2.9: [23] Let A; = <T, (x), I4,(x), F4,(x)> and A, = <T,,(x), I, (x), Fa,(x)> be two single —
valued neutrosophic numbers. The Euclid similarity measure between A, and A,, which is shown as

dg (A4, A,) is defined as

2

Aoy 1) = 1= 250, (1,00 = T (0) 4 (10,00 — 10, + (B = Fiy()

Definition 2.10: [22] Let A; = <T,, (x), I4,(x), F4, (x)> and A, = <Ty,(x), I,,(x), Fa,(x)> be two single -
valued neutrosophic numbers. The Dice similarity measure between A; and A4,, which is shown as

dg(Aq, A,) is defined as

2[(T Ay (0T, () +1 4, (O.Lay () +F 4y ().F g, ()]

((ray ) +(1a,0) +(Fay @) )+((14,0) +(1,0) +(Fa,0))

Sp1(41,4;) =1-
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3 Hausdorff Measures Based on Generalized Set-Valued Neutrosophic Quadruple Numbers and

Sets
In this paper, we take T, I, F € [0, 1] like single valued neutrosophic numbers in Definition 2.2.

Definition 3.1: Gy, = (4s,, Bo,Ts,, Cs,Is,, D, Fs,) and Gy, = (4, B, Ts,,
set — valued neutrosophic quadruple number. We define a function dyyy: Gy, X Gy, — [0,1] such that

dQHN (GNlﬂ GNZ) = dQHN ((Aslv leTslv Csllsli Dlesl): (Asz! BSZTSZ’ Cszlsz! DSZFSZ))
[

1
2 max{|TS1 - TSz |’ |IS1 - ISz|’ |FS1 - FSz|}

Cs,Is,, Ds, FSZ) be two generalized

max{s(As, \ 4s,),s(4s, \ 4s,)} =~ max{s(Bs, \ Bs,),s(Bs, \ Bs,)}

\1
1 | max{s(As,),s(As,), 1} max{s(B;,),s(Bs,), 1} |‘
J

4 N max{s(Cs, \ Cs,),s(Cs, \ Cs,)} max{s(Ds, \ Ds,),s(Ds, \ Ds,)}
\ max{S(C51)' S(CSZ)' 1} max{S(D51)' S(Dsz)' 1}

Then, dgyyy is called a Hausdorff distance measure on generalized set-valued neutrosophic quadruple
numbers.

Where, s(A) is number of element of set A.

Also, we generalized Hausdorff distance measure for generalized set-valued neutrosophic quadruple
numbers in Definition 3.1.

Theorem  3.2: Let Gy, = (As, BT, Cs 15, Ds,Fs,),  Gn, = (As,,Bs,Ts,, Cs,Ls,, Ds,F;,)  and
GN3 = (AS3'BS3TS3'
Then, dgyyy satisfies the below conditions.

i) doun(Gn,,Gn,) € [0,1]

ii) doun (G, Gn,) = 0 © Gy, = Gy,

iii) doun (Gn,, Gn,) = doun (Gn,, Gn,)

iv)If Gy, © Gy, © Gy, , then

doun(Gn,» Gn,) < doun (Gy,,Gy,) and douy (Gy,, Gyy) < doun (G, Gy,) -
Proof:

i)

Let Gy, = Gy,. From Definition 2.8,

Cs,Is,, Ds, Fy,) be two generalized set — valued neutrosophic quadruple numbers.
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A, = Ag,, Bs, =B, Cs, =C,,, Dy, =D, T, =Ts,, I, = I, and F;, = F;, .Thus, we have

1
s Gy o) = 3 max(T, = Tl = b, = )

1 max{s(As1 \ Asl),s(AS1 \Asl)} max{s(BS1 \ le),s(le \ le)}
* Z( max(s(As),s(As ) 1] | max{s(Bs,),s(Bs,),1)
max{s(Cs1 \ Csl),s(Cs1 \ Csl)} max{s(DS1 \ Dsl),s(Ds1 \ Dsl)}
T max(s(C,),s(G )] max(s(D,,),s(Dy, ), 1) )]
= 1[0 +l< 0 + 0 + 0 + 0 =0
2" 4\s(4y) s(By,) s(c,) s(ps,)

Let Gy, # Gy,. We have Ay, # A, B, # By, Cs, # Cs,, Dy, # Dy, Ty, # T, Iy, # I, Fy # F,.

In this case, doyy(Gn,, Gn,) > 0.

Let Gy, # @ and Gy, = 9. So,

Gy, = (As,, B, Ty, , C, L5, Dy, Fy)), Gy, = @ = (8,07, Dls,, OF;,). Since we are looking for the highest

value of the result, we take Ty, = I, = F, =1and T,, = I, = F, = 0.

1
doun(Gy,, Gy,) =5 [maxﬂTSl - 0|' |151 - 0|' |F51 - 0|}

2
+ 1 <max{S(AS1 \ @), S((D \ AS1)} + max{s(le \ Q)' S(@ \ BS1)}
4 max{s(4s,), 0,1} max{s(Bs,),0,1}
max{s(CS1 \ Q)),S(Q) \ Csl)} max{s(Ds1 \ (D),s((Z) \ Dsl)})]
+ +
max{s(CSl), 0, 1} max{s(Dsl), 0, 1}
1 1
:E[”Z(”””D]:l

As the highest value of dyyy (Gy,, Gy,) is 1 and the lowest value is 0, dgyn (Gy,, Gy,) € [0,1].
ii) dopn (Gn,, Gn,) = 0 & Gy, = Gy

2

. _ 1 1 (max{s(As,\A4s,),s(As,\4s, )}
(=):1f donn (G Gr,) = 2 [max{|T51 — T, |’ |151 — I, |’ |P:91 - K, |} + Z( max{Sl(Asf)'S(Aszz);l} —
max{s(Bs, \Bs,),s(Bs,\Bs,)} | max{s(Cs;\Cs,),s(Cs,\Cs;)} max{s(Dsl\DSZ)'S(DSZ\DS1)})]

max{s(Bs, ),s(Bs,)1} max{s(Cs,)s(Cs,).1} max{s(Ds, ),s(Ds,).1}

=0,
then

max{|T51 - TSzl’ |IS1 - ISzl’ |FS1 - FSzl} = 0 and

1 (max{S(Asl\Asz)rS(Asz\Asl)} max{s(Bs;\Bs,),5(Bs,\Bs;)} | max{s(Cs;\Cs,),5(Cs,\Cs;)} max{s(Dsl\Dsz)'S(Dsz\Dsl)}) =0

4 max{s(As, ).s(4s,).1} max{s(Bs, ),s(Bs,).1} max{s(Cs,),s(Cs,)1} max{s(Ds, ).s(Ds,).1}
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If |T,, = Ts,| = 0, then T, =T,,;if |I;, —I;,| = 0, then I, =I;if |, —F,| = 0, then F;, = F,, and if

max{s(As; \As,)s(As,\As;)} _ max{s(Bs, \Bs,),5(Bs, \Bs, )} _
max{s(ASl),s(ASZ),l} ’ max{s(le),s(BSZ),l}

max{s(CS1 \Cs,),5(Cs, \Csl)} =0
max{s(Cs,).5(Cs,).1} ’

0,

max{s(Ds; \Ds,),5(Ds,\Ds,)} -0
max{s(Ds, ),s(Ds,).1} ’

then
A51 = Aszr 51 Bszr 51— C52/ D51 = D52 .
Then, from Definition 2.8, we obtain that Gy, = Gy,.

(=):

Let Gy, = Gy,. From i, we havedyyy (Gy,, Gy,) = 0.

iif)

1
dQHN(GNl' GNz) = E[maxHTﬁ - T52|' |151 - 152|‘ |FS1 - F52|}

l(max{s(Aﬁ \ ASZ)' S(ASZ \ A51)} + max{S(BS1 \ BSz)’ S(BSZ \ BS1)}

4 max{s(ASl), s(ASZ), 1} max{s(le), s(BSZ), 1}

N max{s(Cs, \ Cs,),s(Cs, \ Cs,)} N max{s(Ds, \ Ds,),s(Ds, \ Dsl)}>]
) max{s(C,),s(Cs,), 1} max{s(Ds,),s(Ds,), 1}

- 3 |meslln, = T~ b1, - £
l(max{s(As2 \ 4,),s(4s, \ 45,)} max{s(B;, \ Bs,),s(Bs, \ Bs,)}
4 max{s(ASz), s(ASl), 1} max{s(BsZ), s(le), 1}
max{s(Cs, \ Cs,),s(Cs, \ Cs,)} = max{s(Ds, \ Ds,),s(Ds, \ Ds,)}

max{s(Cs,),s(Cs,), 1} max{s(Ds,),s(Ds,), 1}

iv) Let Gy, < Gy, C Gy,. From Definition 2.8, we obtain 4, ¢ A,, © A, B;, © B;, © B, (5, © C;, € Cy,,

Dy, © Dy, € Dg,. Also, we have

$(As,) < s(4s,) < s(As,), s(Bs,) < 5(Bs,) < 5(Bs;), s(Cs)) <5(C) <5(Csy), s(Ds,) < 5(Ds,) < 5(Ds,),

and

)] = doun(Gw,, Gn,)-
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max{s(As;\As,),s(As,\As,)} | max{s(Bs;\Bs,),s(Bs,\Bs;)} , max{s(Cs;\Cs,),5(Cs,\Cs,)} , max{s(Ds;\Ds,),5(Ds,\Ds; )}

max{s(As,).s(4s,).1} max{s(Bs, ),s(Bs,),1} max{s(Cs,),s(Cs,).1} max{s(Ds, ).s(Ds,).1} -
max{s(Asl\A53),S(AS3\A51)} max{s(BSl\BS3),s(Bs3\le)} max{s(Csl\C53),5(653\651)} max{s(DSl\Ds3),s(D53\Dsl)}
maxls(dsy)5(As;)1) max(s(Bey)5(85;)1) maxls(Cs,) (G521 maxls(Dsy)5(055).1)

since

s(As, \ 4s,) = s(4s,\ Ag,) = s(4;, \4s,) = 0
s(Bs, \ Bs,) = s(Bs,\ Bs,) = s(Bs,\ Bs,) = @
s(C \ Cs,) = 5(€;,\ C5,) = s(Cs, \C,) = 0
s(Ds, \ Ds,) = s(Ds,\ Dy,) = s(Ds, \ Ds,) = ©

S(As, \ As)) < s(As; \ As,), S(Bs, \ B,) < 5(Bs, \ Bs,), 5(Cs, \ C5,) < 5(Cs; \ Cs,), s(Ds, \ Ds,) < s(Ds, \
Dsl)/

$(Asy \ As,) < 5(As3 \ As,), S(Bsy \ Bs,) < 5(Bsy \ By), 5(Csy \ C,) < 5(Cs; \ Cs,), $(Dsy \ Ds,) < (D \
Dg,) .

Also, from Definition 2.8, we obtain

|TS1 _T52| = |TS1 — Tl s, _152| = |IS1 — s, | |Fs, _F52| = |FS1 — Fyl,
|T52 _T53| = |TS1 _TS3 4 152 _153| = |151 _153 4 FSz _F53| s |F51 _F53|'

Thus, we have dQHN(GN1' GNZ) < dQHN(GNl, GN3).
Where, dQHN(GNZ, GN3) < dQHN(GN1' GN3) can be shown similar to dQHN(GNl, GNZ) < dQHN(GNl, GN3).

Definition 3.3: Let Gy, = (4, By Ts,,Cs ls,, D5 Fs) and Gy, = (As,, Bs,Ts,, Cs, Is,, Dg, Fs,) be  two
generalized set — valued neutrosophic quadruple numbers. We define a function dyp: Gy, X Gy, —
[0,1] such that

Sonn: (GNlﬂ GNZ) = Soun ((AS1' B, Ts,, Cs, I, Dleql): (Asz; B,,Ts,, Cs,Is,, DstSz))
1
=1- E[max{|Ts1 - T52|’ |151 - 132|’ |F51 - F52|}

1 (max{s(Asl \ 4s,),s(4s, \ 4s,)} max{s(Bs, \ Bs,),s(Bs, \ Bs,)}

4 max{s(4s,), s(4s,), 1} max{s(B,),s(Bs,), 1}
max{s((fs1 \ CSZ),S((IS2 \ CSI)} max{s(Ds1 \ DSZ),S(DS2 \ Dsl)}
T mads(6)5(6) ) max(s(D,,).5(0,,). 1] >]
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Then, Sypy is called a Hausdorff similarity measure on generalized set - valued neutrosophic quadruple
numbers.

Where, s(A) is number of element of set A.

Also, we generalized Hausdorff similarity measure for generalized set - valued neutrosophic quadruple
numbers in Definition 3.3.

Theorem 3.4: Let Gy, = (As,, B, Ts,, Cs, Is,, Dg, F. ), Gy, = (As,, Bs, Ts,, Cs, Is,, Ds, Fs) and
Gy, = (As,, Bs,Ts,, C I, D Fy,) be three generalized set — valued neutrosophic quadruple numbers.
Then, Sy satisfies the below conditions.

i) Soun(Gn,, Gy,) € [0,1]

ii) Soun (G, Gy,) = 1 © Gy, = Gy
iii) SQHN (GNl’ GNZ) = SQHN (Gsz GNl)
iv) If Gy, © Gy, < Gy,, then

Soun (Gny, Gn,) < Soun (G, Gy,) and Souy (Gle GN3) < Soun (GNZ:GN3)-

Proof:

2

i) From Theorem 3.2,

when dQHN (GNl' GNl) = 0, Soun (GNI' GNl) =1- dQHN (GNl» GNl)
When dQHN (GNl' GNl) = 1, SQHN (GNl' GNl) =1- dQHN (GNl’ GNl) =1-1= 0

1-0=1

Then, Souy (Gy,, Gy,) € [0,1].
ii)
From Theorem 3.2,
(=):1If Soun (Gn,,Gn,) = 1, then Souy (Gy,, Gy,) = 1 —doun (Gy,,Gy,)
dQHN (Gva GNZ) = 1—-Soun (GNl» GNZ)
doun (Gy,,Gy,) = 1-1=0.
From Theorem 3.2,
(&):If Gy, = Gy, , then doyy (Gy,,Gy,) = 0.
Since Soun (Gy,, Gn,) = 1 —dgun (Gy,, Gy,) = 1 —0 =1, one can write Spuy (Gy,,Gy,) = 1.

iii) From Theorem 3.2,

Since Souy (Gn,, Gn,) = 1 —doun (Gn,,Gy,) and douy (Gn,, Gn,) = doun (Gn,, Gy,),
SQHN (Gva GNZ) =1- dQHN (GNliGNZ) =1- dQHN (GNZ:GNl) = SQHN (GNZ' GNl)-
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iv) Let Gy, © Gy, C Gy,.
From Theorem 3.2,if A, < Ay, © Ag,B;, © B, € Bg,,C;, © C;, © C,,, Ds; © Ds, C© Dy, , then
dQHN (GNl' GNZ) < dQHN (GNl’ GN3) and dQHN (GNZ’ GN3) < dQHN (GNli GN3) .

doun (Gn,, Gn,) < doun (Gny, Gy,)

_dQHN (GleGNZ) = _dQHN (GN1’GN3)
1 —doun (Gy,, Gn,) 2 1 = doun (Gny, Gy,)

Soun (Gny, Gn,) = Soun (G,, Gy)-

Also, Soun (Gn,, Gn,) < Soun (Gy,, Gy,) can be shown similar to Souy (Gy,, Gy,) = Soun (Gn,, Gs)-

Example 3.5: Let X = ({x,, x3, X5, X6}, {x1, X6, x5} (1), ©(0), #(0)) and

Xy = ({xy, x3, x5, %7, %o}, {2, X4, X5, X6, X73(0,4), {x7, X3, %,3(0,1), {x4, x5 }(0,2)) be two generalized set-

valued neutrosophic quadruple numbers.

We calculate dgpyy (X, X;), namely the distance between X and X;.

1
dQHN(XvXI) = E[max{IT =T, 1= L|,|F=F}

1 (max{s(A\ A;),s(4; \ A)} max{s(B\ B,),s(B;\ B)} max{s(C\ C;),s(C;\ O)}
Z( max{s(A),s(4,),1} + max{s(B),s(B,), 1} + max{s(C),s(C,), 1}
max{s(D \ D,),s(D, \ D)}

max{s(D),s(D,), 1} )]

1
dQHN(Xﬂxl) = E [max{ll - Ol4|l |0 - 0!1|' |0 - 0!2|}
1 max{s({x,, x3, x5, X6} \ {21, X3, x5, %7, %0}), ({2, X3, x5, %7, %} \ {22, X3, x5, X6 })}
4 max{s({xz,X3,xS,x6}),S({xl,xg,x4}), 1}
max{s({xli Xe, x8} \ {xz, X4, X5, Xy x7})! s({le X4, X5, X6, x7} \ {xli Xe, x8})}
_I_
max{s({xll Xg, xs}); S({XZJ X4, X5, Xg, x7})l 1}

n max{s(® \ {xz, x3,%,}), s({x2, x3,x,} \ 0)} n max{s(® \ {x4, xs}), s({x4, x5} \ Q))})]
max{s ({})' S({XZJ X3, x7})' 1} max{s({}, S({x4! xs})' 1}

max{2,3} max{2,4} max{0,3} max{0,2} )]
max{4,3,1} max{3,51} max{0,3,1} max{0,2,1}

doun (X, X)) = %[max{0.6,0.1,0.2} +§(

—106 13 2,32 = 0.74375
—z[- +z<z+§+§+z>]— A

AS dQHN(X'Xl) = 0.74375, SQHN (X,Xl) = 1_dQHN(X'X1) = 1_0.74’375 = 0.25625.
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4 Decision Making Applications for Adequacy of Online Education

Now, we give an algorithm based on the generalized set-valued neutrosophic quadruple numbers and
Hausdroff measures on the generalized set-valued neutrosophic quadruple numbers for multi-criteria

decision making method applications.

Algorithm 4.1:
Step 1: The criteria are determined. The criteria set get K.

K= {kl' kz, ...,kn} (Tl € N)

The weight values of the criteria determined to W = {w;,w,,...,w,} (m € N) and Y-, w; =1, w; EN.

Where,
w; is the weight of criterion kg,
w, is the weight of criterion k,,

ws is the weight of criterion ks,

wy, is the weight of criterion k,.

Step 2: Let I be the ideal status. For the generalized set — valued neutrosophic quadruple numbers, we

define I such that
I={ky: (P(X), PX)Ty, OL, OF,), ky: (P(Y), P(NTy, Oly, BF,), ..., kn: (P(Z), P(D)T,, 0L, OF,)}.

Where,
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Step 3: The adequacy of the efficiency of the criteria should be assessed by samples references according

to each criterion and each status should be identified as a generalized set valued neutrosophic

quadruple numbers.
Let the sets of the samples references be
Al = {kl: (Xll' X12T11, X13111,X14F11), kz: (Yll’ Y12T12, Y13112, Y14F12), ey kn: (le, ZlZTl‘n' Zl311n' Z14F1n)}

Az = {k]_: (lelX22T21’X23121'X24F21)' kz: (Yzl, YZZTZZ' Y23122’ Y24F22), ey kn: (Zzl'Z2ZT2‘n'ZZSIzn'ZZ4F2n)}

Ay = {kyt Xy Xo, Ty Xna Iy X Fn ) ot (Y Yo, Ty Y Iy Yoo By )s voor bt (Zys Z, Ty Zng In s Zony B )}
and each samples reference is evaluated according to each criterion. Here;
X, €P(X), Y, €P(Y), ..., Z; €P(Z) (i=1,2,3,..n)(j=12,...,n)

Step 4: The sample reference criteria are given as generalized set valued neutrosophic quadruple

numbers in Step 4. Now show them in Table 1.

Table 1. Example reference criterion table

k1 k2 le
Ay (X11’X12T11’X13111'X14F11) (Y11' Y, Y0, Y14F12) (211'leTln’Zl311n’Zl4F1n)
Ar | Koy Xa,Toy Kooy Ko Fy) | (Yoy Yo Toy Yaulzp Voo Fay) | oo | (2200 22, T Zasla 22, Fay)
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An (an'anTnl'Xn3In1’Xn4Fn1) (Yn1'YnzTnz’Yn3Inz’Yn4Fnz) (an'anTnn‘Zn31nn'Z"4an)

Step 5: Let's calculate the similarity values of the sample references with the I ideal criterion. While

doing this, calculate Spyy (ij,Al-k.) in Table 2.
j

Table 2. The I ideal criterion and the similarity values of the sample references

kq ka kn
Ay SQHN(1k1:A1k1) SQHN(IkziAlkz) SQHN(IkntAlkn)
A, SQHN([kerZkl) SQHN(IkztAZkZ) SQHN(Ikn:Azkn)
An SQHN ([klr Ankl) SQHN (Ikz' Ankz) e SQHN (Ikn: Ankn)

Step 6: In this last step in the similarity found, it is multiplied by the weight value of a criterion. For

this, use the k-th weight value for each of the similarity values in the k-th column (k=1, 2, ..., n). Thus,
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get the weighted similarity table in Table 3. The sum of 4; in Table 3 will be given as SQHNi similarity

value. (i=1,2,...n) (n € N)

Table 3. Weighted similarity table

wiky wyk; Wnky - .
Z wik; = Soun'
i=1
Ay | wiSonn (T Ary ) Wz Soun (Iky» A1y,) Wn. Soun (Ii,» A1, ) SQHNl
A, Wl'SQHN(Ikl'AZ;CI) WZ'SQHN(IkzﬂAZ;CZ) Wn-SQHN(Ikn'Aan) SQHNZ
Ay Wl'SQHN(IklﬁAnkI) WZ'SQHN(IkernkZ) Wn-SQHN(Ikn»Ankn) SQHNn

Example 4.2: The similarity measure is an important mathematical tool to deal with the problems we
encounter in daily life. One of the bad consequences of the epidemic that affects the whole world is that
we have to stop education. Therefore, education and training institutions have temporarily started
online education practices so that students do not stay away from education. Of course, it has been seen
that future online education does not have the same effect on students. Some of the factors that
negatively affect students in this process are the environment, internet infrastructure, and the materials
used in the course. In this section, the new similarity measure is applied to an online education problem.
The generalized set-valued neutrosophic quadruple number is just a tool to deal with such cases, and

for each evaluations for an alternative under the criterias can be considered as a generalized set-valued
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neutrosophic quadruple number. Now, In the example below, 4 criteria and weight values of these
criteria are determined in the first step. In step 2, the ideal set I to be referenced is written. In step 3, how
to determine the efficiency of online courses, 10 student sets will be determined and these sets will be
written as generalized set-valued neutrosophic quadruple number. The similarity values of these
student sets with ideal set I are calculated and the results are multiplied by the weight values of the
criteria. The similarity values of each criterion are added and the student with the best result is

determined by finding the similarity values of each student separately.

Step 1: Let the set of criteria to be considered in evaluating the students' efficiency in online education

be K.
K = {ky,ky k3, ky}.
k; : Communication. The criterion weight values w;= 0.4
k, : Lesson plan. The criterion weight values w, = 0.2
ks : Attendance. The criterion weight values w; = 0.1
k, : Source of Knowledge. The criterion weight values w, = 0.3

Step 2: For the I ideal student, in the generalized set valued neutrosophic quadruple set
I'={ky: ({1, x3, %3, x4, x5}, {x1, X3, X3, X4, x5}(1), (0), B(0)),

ko: (D1 ¥20 ¥3, var ¥53. 01 ¥20 ¥3, 24, ¥53(1), 9(0), 9(0)),

ks: ({21, 22 73 700 25}, {20 72, 23, 24, 253(1), ©(0), B(0)),

ky: ({8, to) €5, t, ts), {ts, ta ta, Ly, £53(1), B(0), B(0))},

Step 3: Each student whose adequacy of the efficiency of the online lessons will be evaluated according
to each criterion and each student is determined as a generalized set valued neutrosophic quadruple

number.

Let the set of the students be A = {A4;, 4,, A3, Ay, As, A, A7, Ag, Ao, Aqp}.
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Ay = {kq: ({1, X2, X4, X5}, {X2, %4 3(0.4), {x1, X2, x4 }(0.2), {x1, %,}(0.3)), k2: ({¥1, Y2, ¥3, ¥},

{y1, Y2, ¥33(0.5),{y2, ¥3, ¥5}(0.2), {¥1, ¥53(0.4)), k3: ({22, 23, 24, 25}, {22, Z4, 25 3(0.3), {2,}(0.2),

{22, 23,253(0.4)), ky: ({t1, b2, t3, ta, ts}, {£13(0.2), {t4, £53(0.3), {t,3(0.2))}

Ay = {kq ({xz, %3}, {x33(0.5), {x2, x3}(0.3), {x3}(0.1)), k2: ({¥1, Y3, Yar Y5}, {¥1, Yar ¥53(0.7), {y33(0.1),
13(0.1)), k3: ({25}, {25}(0.6), {z53(0.3), 8(0.1)), k4: ({t1, t2, t3}, {t1, £2}3(0.5), {t2, £3}(0.2),

{1, £33(0.2))}

Az = {ky: ({1, X3, X3, X4}, {X1, X2, X33(0.6), {21, %3, X3, X, 3(0.2), {x1, X3, %4 3(0.3)), oz ({V1, Y2, V3, Va},
Y1, 52,3, ¥43(0.09), {y1, ¥2, ¥33(0.05), {y1, 2, ¥3, ¥4}(0.01)), ke: ({25}, {25}(0.4), ©(0.1), 8(0.3)),
ky: ({ty, ty, ts, ts}, {t, ty, t3,£430.7),8(0.7), (0.7))}

Ay = {kq: ({x1, %2, X3, %4}, 0(0.5), 8(0.1), 8(0.1)), kz: ({(¥1, 2, Yar Y5} {¥1, ¥4, ¥53(0.4), 8(0.6),
{¥1,¥23(0.8)), ks: ({1, 25, 23, 24}, {21, 2,3(0.8), 8(0.7), {25}(0.3)), ky: ({t1, t, ts, ta, ts),
{t1,43(0.6), {tq, t3, t4, ts}(0.1), {t1, £, }(0.2))}

As = {kq: ({1, X2, X3}, {x2, %33(0.9), {1, %2, %3}3(0.02), {x1, x3}(0.1)), k: ({y2, ¥3}, {¥2, ¥33(0.7),
{¥33(0.6), {2, ¥33(0.4)), k3: ({23, 24, 25}, {23}(0.1), {z5}(0.1), {23, 25 }(0.2)), ka: ({t1, £, t5}, ©(0.8),
{t1,£53(0.9), {t5}(0.9))}

As = {kq: ({x1, %3}, {x5}3(0.04), {x3,x,3(0,06), ©(0.003)), k7: ({y2,¥3, ¥ ¥s},
$(0.07), ©(0.02), {y,}(0.01)), k3: ({22}, {Z2, 23, 2, 3(0.4),

(22,23, 74, 25}(0.02), 9(0.02)), k42 (@, {t, t5}(0.004), {t5, ,}(0.02),
{ts3(0.5))}

A7 = {kl: ({xl,x3,x4,x5}, {XS}(Og)' {XS}(08)I @(008)), k2: ({}’1;}’2.}73.}74;}’5},
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V1, Y2, Y3, ¥4, ¥53(0.1),©(0.1), 9(0.1)), k3: (9, {z4, 25 }(0.6), 8(0.3), {z,}(0.9)),
ky: (9,0(0.9),8 (0.9),8(0.1))}

Ag = {ky: ({1, X3, X3, X4, X5}, {21, X2, X3, X, X5 }(0.3), {21, X2, X3, %, X5 }(0.5), {2, %2, X3, X4, X5 3(0.2)),
Kyt ({74}, 8(0.8), {y4}(0.3), 3(0.1)), k3: ({25}, 9(0.2), ©(0.02), $(0.1)),
ka: ({ty, ts},0(0.9), 0(0.1), {t53(0.1))}

Ag = {ky:(9,9(0.2),8(0.2),8(0.1)), ky: ({(¥1,¥3, ¥a}, {¥3,¥43(0.6), {¥43(0.03), {2y, 23, ¥, }(0.09)),
ks: ({22, 23, 24, 25}, {223(0.1), {22, 23, 24, 25 }(0.7), {23, 24, 25}(0.7)),
ka: ({t1, tz, ts, ta, ts} {623(0.6), {£53(0.9), {t23(0.9))}

Ao ={ky: (@, 8(0.01), 9(0.02), @(0.02)), ka: ({y1, Y2, Y3, Yar Ysb {1, ¥2s V3, Yar ¥s}(04),
0(0.1), {y3}3(0.1)), k3: (@, ©(0.01), #(0.01), B(0.01)), k,: (@, ©(0.05), (0.05), #(0.1))}

Step 4: We show the criteria of the students which were given as neutrosophic quadruple sets in Table

4.

Table 4. Student criteria table

ky ks ks ks
A | (enxoxgxsh | (VoY ysysh | (22232025 | ({ttats, ty, &)
{x2,%43(04), | {y1,¥2,¥33(0.5), | {22,24,253(0.3), {t1}(0.2),
{x1,%2,%43(0.2), | {y2,¥3,¥53(0.2), {2,3(0.2), {ts, ts}(0.3),
{x1,%,}(0.3)) {y1,53(0.4)) {22,23,25}3(0.4)) {t4}(0.2))
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AZ ({xZI X3}, ({ylr V3, Yar yS}/ ({ZS}/ ({tll Lo, t3}r
{x3}(0.5), {v1, Y4, ¥51(0.7), {z5}(0.6), {tq, t2}(0.5),
{y3}(0.1),
{x,, %3}(0.3), {z5}(0.3), {t,, t3}(0.2),
{y1}(0.1))
{x3}(0.1)) $(0.1)) {t1, £3}(0.2))
Az | ({xq, X2, %3, X4}, | (V1) V2o V3, Ya), ({zs}, ({t1, ta, ts, o),
{x1, X2, x3}(0.6), v, Y2, v {z51(0.4), {t1, t, t3, £410.7),
¥4}(0.09),
{x1/ X2, X3, Q(Ol)/ ®(07)/
%41(0.2), {y1, ¥2, ¥31(0.05),
©(0.3)) ?(0.7))

{x1, x3, x4}(0.3)) V1, Y2, V3
¥4}(0.01))

A4 ({x1/ X2, X3, x4}r ({ylr Y2, Yas yS}/ ({le 22, 23, Z4}/ ({tlr t2/ t3/ t4—r tS}r

9(0.5), {y1, ¥4, ¥51(0.4), {21, 2,}(0.8), {t1, t4}(0.6),
?(0.1), 0(0.6), 0(0.7), {t,, t5, ty,

t51(0.1),
3(0.1)) 8(0.8)) {25}(0.3))

{t1, £4}(0.2))

A5 ({xl/ xZ/ X3}, ({yZ/ y3}/ ({Z3/ Z4-/ ZS}/ ({tll t2/ tS}/
{x2, %3}(0.9), {2, ¥3}(0.7), {23}(0.1), 9(0.8),
{x1, %2, {3}(0.6), {z5}(0.1), {t1, t5}(0.9),
x3}(0.02),
{2, ¥31(0.4)) {23, 25}(0.2)) {t5}(0.9))

{x1, %3}(0.1))
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A6 ({xll .X'3}, ({yZ/ YV3r Yas ys}r ({Zz}/ 9,
{x5}(0.04), $(0.07), {2y, 23, 2,}(0.4), | {t1, ts}(0.004),
(x5, %,}(0.06), $(0.02), {2y, 23, Za, {t3, £41(0.02),
0.02),
$(0.003)) 17,(0.01)) #1002 {t}(0.5))
?(0.02))
A7 ({xll X3, X4, xS}/ ({)’1, Y2, Y3, Ya, (®/ (¢/
Vsl
{x51(0.9), {24, 25}(0.6), ?(0.9),
{ylr Y2, V3, Yas
{x5}(0.8), ?(0.3), (0.9),
¥51(0.1), 6(0.1),
?(0.08)) {2,}(0.9)) ?(0.1))
?(0.1))
A8 ({x1!x2/ ({y4-}/ ({23}/ ({t1/ tS}/
X3, x4—' xS }/
?(0.8), ?(0.2), ©(0.9),
{xll xZ/
{v,}(0.3), ©(0.02), ?(0.1),
X3, X4, X5}1(0.3),
$(0.01)) ®(0.1)) {ts}(0.1))
{21, x5,
X3, x4,x5}(0.5),
{21, x5,
X3, X4, X5}(0.2))
A9 (Q)/ ({yl/ Y3, )/4}, ({ZZ/ 23, Zyy ZS}/ ({tlr ty, t3, ty, ts},
9(0.2), {v3, ¥4}(0.6), {z2}(0.1), {ts}(0.6),
9 (0.2), {41(0.03), {24, 23, 24, {t3}(0.9),
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9(0.1)) {v1, ¥3, ¥4}(0.09)) z5}(0.7), {t23(0.9))
{23, 24, 25}(0.7))
A1o (@, 9(0.01), (v1, Y2, Y3, Yasr (@, @,
ysh
?(0.02), ©(0.01), ?(0.05),

{}’1, Y2, V3, Yas
$(0.02)) $(0.01), $(0.05),
¥51(0.4), ©(0.1),

©(0.01)) 9(0.1))
r33(0.1))

Step 5: We calculate the individual evaluation values of the students given in Table 4 with respect to
the criteria values of the I ideal student given in Step 3, one by one, using the measure of similarity.

Thus, we obtain Table 5.

Table 5. Similarity table

kq ka ks ks

Ay 0.4750 0.3500 0.5250 0.4625

A, 0.6750 0.6175 0.7000 0.5125

Az 0.7250 0.9125 0.4750 0.5000

A,y 0,7750 0.4375 0.4875 0.7125

As 0.8250 0.5375 0.3875 0.3750

Ag 0.1270 0.1600 0.400 0.127

Az 0.9500 0.8000 0.9750 0.5500
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Ag 0.6000 0.6325 0.3125 0.7375

Ay 0.3000 0.6500 0.4500 0.4000

Aso 0.3050 0.5875 0.2550 0.2750

Step 6: We multiply the weights of all criteria in Step 2 with each of the similarity values in Table 6. The

sum of the similarity values of each criterion is given as the similarity value of our student set.

Table 6. Weighted similarity table

04*ky | 02xk, | 0,1%ky | 03xk,

4
_ i
wik; = SQHN
=1

A; | 0.19000 | 0.07000 | 0.05250 | 0.13875 SQHNl(I,Al) = 0.45125

Az | 0.27000 | 0.12350 | 0.00700 | 0.15375 SQHNZ(I,AZ) = 0.555425

A; | 029000 | 0.18250 | 0.04750 | 0.15000 | Syun’(,As) = 0.67000

A, | 031000 | 0.08750 | 0.04875 | 0.21375 | Soun*(1As) = 0.66000

As | 033000 | 0.10750 | 0.03875 | 0.11250 | Soun°(l,As) = 0.58875

As | 0.05080 | 0.03200 | 0.04000 | 0.03810 Sorn®(LAg) = 0.1609

A; | 038000 | 0.16000 | 0.09750 | 0.16500 | Suy’(LA;) = 0.80250

0.62025

Ag | 0.24000 | 0.12650 | 0.03125 | 0.22125 | Soun®(L Ag)

Ay | 012000 | 0.13000 | 0.04500 | 0.12000 | Soun’(l,Ag) = 0.41500

Ao | 012200 | 0.11750 | 0.02550 | 0.08250 | Spun'°(lAse) = 0.34750
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Similarity values of each student were calculated. According to the results, the most efficient student in
online education is A, student with similarity value of 0.80250.

5 Numerical Comparison Analysis

In this section, we will compare the results of Euclid similarity measure [23], Dice similarity measure
[22] and Hausdorff similarity measure [15] using the only values (T, I, F) for which we calculate the
similarity value with the Hausdorff measures based on generalized set-valued neutrosophic quadruple

numbers.

i) The result of calculating the similarity value of the students calculated in 4.2 with Hausdorff similarity

measure [15] in Table 7.

Table 7. Result according to Hausdorff similarity measure [15]

A 0,650
A, 0.450
A, 0.628
A, 0,550
As 0,520
A 0,228
A, 0,860
Ag 0,450
Ao 0,760
Ao 0,283
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A7>A9>A1>A3>A4>A5>A2=A8>A10>A6

ii) The result of calculating the similarity value of the students calculated in 4.2 with Euclid similarity

measure [23] in Table 8.

Table 8. Result according to Euclid similarity measure [23]

A 0,7463
4, 0.8244
As 0.7407
A, 0,7827
As 0,7689
A 0,5308
4, 0,6981
Ag 0,8129
Ao 0,6836
Ao 0,6980

Ay >Ag> Ay > Ag > Ay > A3 > Ay > Ay > Ag > Ag

iii) The result of calculating the similarity value of the students calculated in 4.2 with Dice similarity

measure [22] in Table 9.

Table 9. Result according to Dice similarity measure [22]
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A 0,5349
4, 0.7892
As 0.5911
A, 0,7162
As 0,7008
A 0,1303
A, 0,5301
Ag 0,6908
Ao 0,4528
Ao 0,1748

Ay > A, > Ag > Ag > Ay > A, > Ay > Ag > Ay > Ag

From i, i, iii; we obtain Graphic 1.

Graphic 1: Comparison of similarity measures
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6 Conclusions

In this study, a new decision making application based on generalized set — valued neutrosophic
quadruple numbers has been developed to calculate the efficiency of students participating in online
education, which is applied to students who have to take a break from their education. We define some
measures for generalized set-valued neutrosophic quadruple sets. We proved that this similarity
measures satisfies the similarity conditions. Using this similarity measure, we developed an algorithm
to evaluate the adequacy of online education applied to ensure that students' education is not
interrupted by the epidemic, and we gave an example through this algorithm. In the developed
algorithm and in the example given, we determined the highest efficiency student among the students
taking courses with online education by using the generalized set-valued neutrosophic quadruple
numbers. Also, we obtain different result from some previous applications (based on neutrosophic sets)

for decision making algorithm. In future, we will discuss the following integration of the related topics;
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1) This measure and algorithm we have obtained can be used not only for online education, but also to

evaluate the competence of any newly designed application, the competence of the people who will

enter the profession and its effect on a law.

2) For proposed method the effect of a drug on a particular disease.

3) For proposed method more than one expert opinion can be obtained and different weight values can

be created for each expert.

4) In addition, criteria and criterion weights can be selected as desired in proposed method.
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Abstract. This article exposes a system of Neutrosophic Soft Linear Equations (NSLE) of the form A® z = b
and is said to be solvable if A ® z(A;b) = b holds, otherwise unsolvable. We derive conditions under which the
above system is solvable and further using Chebychev Approximation we find a prinicipal solution if the given

systen is not solvable.

Keywords: Neutrosophic Soft Set (NSS), Neutrosophic Soft Matrix(NSM), Neutrosophic Soft Eigenvec-
tor(NSEv), System of Neutrosophic Soft Linear Equation(NSLE), Chebychev distance.

1. Introduction

In human judgment, the importance of relations is almost self-evident. But the problem is
mainly to pass from a vague and customary concept to a precisely formulated one. The theory
of fuzzy sets is a step in such a direction and we believe that a straightforward study of fuzzy
relations deserves to be developed for a better interpretation and explanation of real-world
problems. The system of fuzzy relation equations is an important topic in fuzzy set theory.
Sanchez [29] first introduced fuzzy relation equations with sup-inf composition in complete
Brouwerian lattices. Since then, many authors investigated the methods for solving fuzzy
relation equations with different composite operators over various special Brouwerian lattices.
Among them, for finite fuzzy relation equations with sup-inf composition, Higashi et,al. [10]
showed that the solution set can be determined by minimal solutions and the greatest solution
in the linear lattice [0,1]. The solvability and unique solvability of linear systems in the max-
min algebra which is one of the most important fuzzy algebra, and the related question of

the strong regularity of max-min matrices was considered in [G,6]. Cechlarova [7] studied the
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unique solvability of linear systems of equation over the max-min fuzzy algebra on the unit
real interval. In 2010 Sriram and Murugadas discussed the relation between row space, column
space and regularity of Intuitionistic Fuzzy Matrix(IFM) etc.(see [25,26,81-85]). Pradhan and
Pal [27] introduced the concepts that the Intuitionistic Fuzzy Relation Equation of the form
A ® x = b is consistent when the coefficient IFM A is regular.

But all these theories have their inherent difficulties as pointed out by Molodtsove [24].

The reason for these difficulties is, possibly, the inadequacy of the parameterization tools of
the theories. The fuzzy soft set representation of the intuitionistic fuzzy soft set has been
studied by Maji et.al, [23]. Likewise, Rajarajeswari et.al [28], proposed new definitions for
intuitionistic fuzzy soft matrices and its sort.
The notion of Neutrosophic Set (NS) was introduced by Smarandache [80]. Deli [R] defined
Neutrosophic parameterized Neutrosophic soft sets (npn-soft sets) which is the combination of
NS and a soft set. Deli and Broumi [9] redefined the notion of NS in a new way and put forward
the concept of NSM and different types of matrices in neutrosophic soft theory. They have
introduced some new operations and properties on these matrices. For recent development of
NS in decision making theory see the work done by Abdel Basset et.al, [1-3] and N . Nabeeh
et.al, [I8-20]. The minimal solution of NSM was done by Kavitha et.al, [I2] based on the notion
of NSM given by Sumathi and Arokiarani [d]. As the time goes some works on NSM were done
by Kavitha et.al, [I3-15,17]. The Monotone interval fuzzy neutrosophic soft eigenproblem and
Monotone fuzzy neutrosophic soft eigenspace structures in max-min algebra were investigated
by Murugadas et.al, [21,22]. Also, two kinds of fuzzy neutrosophic soft matrices are presented
by Uma et.al, [36].

In this paper, we will concentrate on the solvability of the system of NSLEs be solvable of
the form A ® z(A;b) = b. We derived the maximum solution for a system of NSLEs and we
define that particular solution x(A;b) as principal solution. In the concluding section-5, we
have tried to give an algorithm for coefficient NSM A of an unsolvable system, A ® x = b to

get, a principal solution.

2. Preliminaries

In this section, some elementary aspects that are necessary for this paper are introduced.

Definition 2.1. [30] A neutrosophic set A on the universe of discourse X is defined as
A ={(z, Ta(z), 1a(x), Fa(z)),z € X}, where T,I,F : X — ]70,17[ and
0L TA(x) + IA(Z') + FA(x) < 3+, (1)]

From philosophical point of view the NS set takes the value from real standard or non-
standard subsets of |70, 17[. But in real life application especially in Scientific and Engineer-

ing problems it is difficult to use NS with value from real standard or non-standard subset
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of | 70,17 [. Hence we consider the NS which takes the value from the subset of [0, 1]. Therefore

we can rewrite equation (1) as 0 < Ta(z) + La(z) + Fa(x) < 3. In short an element @ in the

TIF>

NS A, can be written as @ = (a”,a’,a’), where a” denotes degree of truth, a’ denotes degree

of indeterminacy, a!” denotes degree of falsity such that 0 < a” + a! + o < 3.

Definition 2.2. [4] A NS A on the universe of discourse X is defined as A
{z,(Ta(x),1a(x), Fa(z)),x € X}, where T, I, F : X — [0,1] and 0 < Tq(x)+Ia(x)+ Fa(z) <
3.

Definition 2.3. [24] Let U be the initial universe set and E be a set of parameter. Consider
a non-empty set A, A C E. Let P(U) denotes the set of all NSs of U. The collection (F, A) is
termed to be the NSS over U, where F' is a mapping given by F': A — P(U). Here after we
simply consider A as NSS over U instead of (F, A).

Definition 2.4. [d] Let U = {c1, ¢, ..., ¢} be the universal set and E be the set of parame-
ters given by E = {ej,ea,...,en}. Let A C E. A pair (F, A) be a NSS over U. Then the subset
of U x E is defined by Ra = {(u,e); e € A, u € Fa(e)}

which is called a relation form of (F4, E). The membership function, indeterminacy member-
ship function and non membership function are written by

Tr, :UxE — [0,1], Ir, : U x E — [0,1] and Fr, : U x E — [0,1] where T ,(u,e) €
[0,1], Ir,(u,e) € [0,1] and Fgr,(u,e) € [0, 1] are the membership value, indeterminacy value
and non membership value respectively of v € U for each e € E.

If (T35, Lij, Fij)l = [Tij(ui, e5), Lij(ui,e;) , Fij(us, e;)] we define a matrix

(Th1, In1, Fr1) - (T, Lin, Fin)

(To1, Io1, Fo1) -+ (Ton, Ion, Fop)
[<TU 7Iija Fz>]m><n = . . " .n "

<Tm1, Imla Fm1> <Tmna Imn> an)_

Which is called an m x n FNSM of the NSS (F4, E) over U.

Definition 2.5. [36] Let A = ((a;fg-, aifj, af})), B = <(b;§-, bin, bf;>) € Ny, NSM of
order m x n) and /\f(n)—denotes a square NSM of order n. The component wise addition and
component wise multiplication is defined as

A®B= (sup{aiTj, biTj}, sup{afj, bilj}, inf{a
A® B = (inf{al; b;fj , z'nf{ailj, bilj}, sup{a

19

F F
i bii})
F F

i bi;})
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Definition 2.6. Let A € N, ), B € N, the composition of A and B is defined as

AOB:<Z(CL£€/\ bgj)’z zk/\ bk] H Zk\/b )

k=1 k=1 k=1

equivalently we can write the same as

:<\/(a5€m;{j), \/ (af N BE)), /\(agfvb,fj))

k=1 k=1 k=1
The product Ao B is defined if and only if the number of columns of A is same as the number
of rows of B. Then A and B are said to be conformable for multiplication. We shall use AB

instead of 4 o B.

Where Y~ (a}, A bfj) means max-min operation and
n
kli[l(af}; v bfj) means min-max operation.
Definition 2.7. [I6] Let V,, will denote the set of all n-tuples ((vf,v!, vf), ... (I vl vEY)
over [0,1]3

An element of V,, is called a Neutrosophic Soft vector (NSV) of dimension n.

Definition 2.8. [I6] If A € N,y and X € N, ) satisfies the relation AXA = A then X is
called a generalized inverse(g-inverse) of A which is denoted by A~. The g-inverse of an NSM

is not necessarily unique. We denote the set of all g-inverses of A by A{1}.

Definition 2.9. [16] Let A = € /\/mn Then the element (a Zj,a{j, af;> is called
the (i, j) entry of A. Let A;.(A,;) denote the i** row (column) of A. The row space R(A) of A
is the subspace of V,, generated by rows {A;.} of A. The column space C(A) of A is the space

of V;,, generated by the columns {A,;} of A.

<1]7 57 z])

Definition 2.10. [I6] For NSM A, X € Ny, are said to be a Moore-Penrose of A, if
AXA=A XAX = X, (AX)! = AX and (XA)! = X A.

3. Results

Definition 3.1. (Linear combination of NSVs )

Let S = {(af,al,al),(a],a},af), ..., (a} al,al)} be a set of NSV of dimension n. The

p o Up
linear combination of elements of the set S is a finite sum Z(ciT,ciI eV (aT af, al’) where
i=1
(al,al,af)y € S and (cI,cl,cf') €[0,1]3. The set of all linear combinations of the elements of

S is calld the span of S, denoted by (S).

Here we illustrate the above concept.

Example 3.2. Let S = {(aT,al,al), (al al,al), (al al al)} be a subset of V3, where

(aT al al’y = ((0.8,0.7,0.2), (0.6,0.5,0.4), (0.4,0.3,0.6)),
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(a¥ al al’) = ((0.5,0.4,0.6), (0.5,0.4,0.6), (0.4,0.3,0.6)),
and (af,al,al’) = ({0.7,0.6,0.3), (0.7,0.6,0.3), (0.9,0.8,0.1)). Then
(S) = {(cT, el e ((0.8,0.7,0.2), (0.6,0.5,0.2), (0.4,0.3,0.6))

+(cd, ck, k) ((0.5,0.4,0.6), (0.5,0.4,0.6), (0.4,0.3,0.6)

+(ck', ek, k) ((0.7,0.6,0.3), (0.7,0.6,0.3), (0.9,0.8,0.1) }.

Definition 3.3 (Dependenece of NSVs). A set S of NSVs is independent if and only if each
element of S can be expressed as a linear combination of other elements of S, that is, no
element s € S is a linear combination of S \ {s}. If a vector a can be expressed by some
other vectors, then the vector « is called dependent otherwise it is called independent. These

terminologies are similar to classical vectors.

An independent and dependent set of vectors are illustrated below.

Example 3.4. Let S = {(aT,al,al), (al al,al), (al al al)} be a subset of V3, where

({0.8,0.7,0.2), (0.6,0.5,0.4), (0.4,0.3,0.6)),
({0.5,0.4,0.6), (0.5,0.4,0.6), (0.4,0.3,0.6)), and
({0.7,0.6,0.3), (0.7,0.6,0.3), (0.9,0.8,0.1)).

(af, af,af)

<ag? aé? %) >

<a3Tva?I)va3>

Here the set S is an independent set.
It not then (a7, af, af) = (a7, a7, aF)(a], a}, af) + (87, 7, BF) (¥, a}, af)

for (T, ol o), (BT, BT, BF) € N. So

(aT al,al’y = (T, al,af)((0.5,0.4,0.6), (0.5,0.4,0.6), (0.4,0.3,0.6))
+(BT, g, 311((0.7,0.6,0.3), (0.7,0.6,0.3), (0.9,0.8,0.1)

= ({max{min(0.5, a™), min(0.7, 37)}, max{min(0.4, o’ ), min(0.6, 37)},
min{max(0.6, o), max(0.3, 57)}),
((max{min(0.5, ™), min(0.7, 7))}, max{min(0.4, a’), min(0.6, 37)},
min{max(0.6, o), max(0.3, 37)}),

((max{min(0.4, o), min(0.9, 7)}, max{min(0.3, a’), min(0.8, 37)},
min{max(0.6, af"), max(0.1, 87)}).

It is not possible to find any (a”,al,af), (3T, B!, ) € N such that the corresponding
coefficients on both sides will be equal. That is,
(fal,ab) # (a7, al,aF) (o], b, af) + (57, B, B )(aT, ab, ab). Similarly,
(a3, a3,a5) # (o, ol a") o] af, af ) + (67, 8", B7)(a], a}, af) and

(af,al,af’y # (T ol o) (ad ak, af’) + (BT, BT, BF ) (aT, al,al’). So the set S is independent.
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Let S = {(af,al,al), (al,ad,ak’)} be a subset of V3,
where (af,al, af’) = ((0.7,0.6,0.3), (0.5,0.4,0.5), (0.6,0.5,0.4)) and
(l,al,af) = ({0.8,0.7,0.2), (0.5,0.4,0.5), (0.6,0.5,0.4)).
Here (al,al,af’) = (T, c!, ) ((al, al,al’)) for (cT, ! eF') = (0.7,0.6,0.3). So S is a dependent

set.

Definition 3.5 (Basis). Let W be an Neutrosophic Soft Subspace of V,, and S be a subset
of W such that the elements of S are independent. If every element of W can be expressed
uniquely as a linear combination of the elements of S, then S is called a basis of neutrosophic

soft subspace W.

Definition 3.6 (Standard basis). A basis B of an Neutrosophic Soft Vector Space (NSVS)
W is a standard basis if and only if whenever

7 V) = (. ahaf) (F. W0 for (00, (F 0.0 € N
‘]7

and (al;,al;,af) € [1,0] then (al, al, af)(b] b1, 0F) = (6T bf bF).

Z]7 R Z] 90 1) i 10780 7% RS R

Example 3.7. Let S = {(al,al,al), (al,al,al), (al al,al)} be a subset of V5 given by

a; = ((0.5,0.4,0.5), (0.5,0.4,0.5), (0.5,0.4,0.5)) and
= ((0.5,0.4,0.5),(0.6,0.5,0.4),(0.8,0.7,0.2)) and
a3z = ((0.4,0.3,0.6), (0.4,0.3,0.6), (0.8,0.7,0.2)).
Then S is independent set, since
(T ad,af) # (T el o) (a5, b, ) + (F, b, o) (o o, ),
(a3, a3,a8) # (cf, 3%, )l af, af) + (] ¢}, ef ) (af af, af ) and
(f,ab, by # (el cb, o) (ol al,ab)) + (L, ch, ) (aF , a, af).
So {{af,al,al), (ad,ad,al’), (ak ad,al)} is a basis for (S).
Now this is a standard basis .  For, (af,al,al’y = (eI}, cl;,cf)((aT,al,al)) +
(cly, cla, cf2) ((ad s a3, af)) + (cs, cls, efs) ({af , af, af)) holds if (cf}, ]y, ef1) = (0.8,0.7,0.2),
(chy,ely, ely) = (0.5,0.4,0.5) and (cl3, cls, cfy) = (0.6,0.5,0.4).
Also (af,af,af) = ({1, cfy, ef1)({af . af, af)) for (cfy, efy, efy) = (0.8,0.7,0.2).

Similarly for (a1, ai,al’) and (al,al, al).

4. Solvability

In this section, we are going to study the system of NSLEs of the form,

Az =05 (1)
that is
<mjaxmin( 5, ]T) mjaxmln( {j,xf),mjinmax(af; T Yy = (oF b bE) (2)
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where the NSM A € N,xp) and the NSV b € N, are given and the NSV = € N, is

unknown.

The solution set of the system defined in (1) for a given NSM A and an NSV b will be
denoted by S(A4,b) = {zx € N,|A ® x = b}.
Now our aim is to find whether the system (1) is solvable, that is, whether the solution set

S(A,b) is non-empty.

Lemma 4.1. Let us consider the system of NSLE A ® x = b.
If max({(al;,al;,af})) < (bF,bl,bf) for some k, then S(A,b) = ¢, that is the sysem is not
J

10 g g 727307

solvable.

Proof: If mfx((@?j,afj,af;)) < <b?,b§,bf> for some j, then

mjin(@ij ain7a5>) < <@¢ij a’z‘[jva5> < mjf.iX(Wg;'a@{jv af;>> < (<bf7 bjl'7 b§7>>

Hence, (maxmin(aiTj,:ciT),maxmin(afj,x{),minmax(af},xf)} < ((b]T,bJI,bf)) for some j, and
J j J

by equation (2) no values (!, 2!, 2F') exists that satisfy the equation (1). Therefor S(A,b) = ¢.

2R g}

Remark 4.2. Let us consider the condition of the Lemma EZ1 be

max((a;f';-, a{j, af;-)) > ((bjT, bjl, bf)) for some j. Then according to the proof of the Lemma B,
J

mjjn((ag;,a{j,af;), (x, 2l 2F)) > (aiTj,a;-’j,afD > max((a;fg-,a{j,af;» > ((bf,bjf-,bfﬁ implies the

NS TR 1 . T I F . .
only possibility is, (a;;, a;;, a;;) are same for all 7. Then two case may arises,

Case-1: If (bjT, bf , bf ) are equal for all j. Then the system reduce to one equation. So that
the system is solvable.

Case-2: If <b;-F, b][ , bf ) are different for some j. Then the equation of the system will be such
that, all have the same left side with some different right side. Hence the system is not solvable.

Example 4.3. Let us consider the system of NSLEs A ® x = b where,

(0.7 0.6 0.3) (0.3 0.2 0.7)
A= 1(0.60.50.4) (0.6 0.50.4)| and
(0.8 0.7 0.2) (0.4 0.3 0.6)
(0.4 0.3 0.6)
b= | (1,1,0)
(0.5 0.4 0.5)
Here for j = 2,

max{(0.3 0.2 0.7), (0.6 0.5 0.4), (0.4 0.3 0.6)} = (0.6 0.5 0.4) < (1,1,0). Hence by Lemma BT,
the system of NSLEs A ® x = b is not solvable.

The following theorem deduce the fact its solvability of a system of NSLEs of the form (1)
depends upon the characteristics of the coefficient NSM A.
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Theorem 4.4. The system of NSLEs of the form (1) has a solution if the non-zero rows of
the coefficient NSM A forms a standard basis for the row space of itself.

Proof: As the non-zero rows of the NSM A forms a standard basis for the row space of A, then
the NSM A be regular. That is there exists a g-inverse A~ of A such that AQ A~ ® A = A.
Now, ARz =bgives AQA"@®AR@x =b.

That implies, A ® A~ ® b = b. Which shows, (A~ ® b) is a solution of the given sytem.
Therefore the system of NSLE is solvable.

Example 4.5. Let us consider the system of NSLEs A ® x = b. with

A (0.7 0.6 0.3) (0.6 0.5 0.4) (0.5 0.4 0.5)
a (0.5 0.4 0.5) (0.6 0.5 0.4) (0.8 0.7 0.2)

X = [<:L’{, x%? :L‘f), <x2T, 1‘5, x§>’ <$g> £U§, :EZ}’:”T and

,_ [ (0:60504)
~ 1(0.5,0.4,0.5) |

Here the non-zero rows of the NSM S are linearly independent and form s standard basis .
So

A is regular and one of its g— inverse is

(0.8 0.7 0.2) (0.5 0.4 0.5)

A= = | (0.5 0.4 0.5) (0.5 0.4 05)

(0.5 0.4 0.5) (0.8 0.7 0.2)
(0.6 0.5 0.4)
z=A"b= (0504 0.3)
(0.5 0.4 0.5)

This is one of the solution of the above system of NSLEs.
The assertion of the g—inverse of a NSM A is not unique. So the solution of a system of

NSLEs may have many solution. Among these solutions the maximum solution is defined as

follows.

Definition 4.6. Any arbitrary element Z of S(A, b) is called a maximum solution of the system

A®@xz=>if for all z € S(A,b),x > T implies z = 7.

The following theorem demonstrate how to find the maximum solution of the system of

NSLEs.
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Theorem 4.7. If for a system of NSLEs A ® x = b has a solution denoted by Z(A,b) and is
defined by

' T ol of T 11 1.F\ v
T = <i’T .CEI j}F _ <17 170> Zf <6Lij,aij,aij> S <b] ,b]’b] > \V/'L
mln{<b?,b§?bf>} Zf <a5’a{7’a5> > <b}7r’b3r7bf>7

is the maximum solution.
Proof: As the system of NSLEs A ® x = b has a solution, so it is consistent, then T is a

solution of the system. If Z is not a solution, then A ® x # b and therefore

m?xmin(ag;,a:?),mjaxmin(afj,:cjl)nljjnmax(af;,xf) # ((b%,bjl»o,b%» for at least one jo. The

above definition of Z,

since <§:;F,EZI,£ZF) < <b]T,b]I-,bf> for each j, so

(zF zf zF) < (bjTO,bJI»O,b%>. By our assumption, mjax((ag;,afj,afb < <b§;,b§0,b§g)) for some jg
and by Lemma BT it follows that S(A,b) = ¢, which is a contradiction. Hence Z is a solution
of the system A ® x = b.

Now let us prove that Z is a maximum solution. If possible let us assume that y = (y7, y!, y*')
be a solution of the system such that y > z, that is

T ,1 ,F 1 =1 ZF ;
(Yio> Yigs Yin) > (Tiy» Tjy» Tip ) for at least one ig.

Therefore by definition of z, we have <y;";,yfo,y£ ) > min((b, b, b)) when (al . al . af ) >

307307 107 “i0j’ “i0j
(b?, bJI», bf) for some j. Again, since S(A,b) # 0, by Lemma BT,
m?x(<a;fgo,afj0,af;0> > (b};,bjlo,bﬁ;)) for each jo.

Hence, <b§;,b§0,b§;) # (mzaxmin(ag;o,yiT),mzaxmin(a{jO,y{),miinmax(ago,yf), which contra-

dicts our assumption y € S(A4,Db).
Therefore, T is the maximum solution of the system of NSLEs A ® x = b.

Example 4.8. Given
B [(0.7 0.6 0.3) (0.6 0.5 0.4) (0.5 0.4 0.5)

(0.5 0.4 0.5) (0.6 0.5 0.4) (0.8 0.7 0.2)

,_ (050405
©1(0.6,0.5,0.4) |

From the definition of maximum solution,
z1 = (0.50.4 0.5),z2 = (0.6 0.5 0.4),
x3 = (0.5 0.4 0.5). So z = [(0.5 0.4 0.5), (0.6 0.5 0.4), (0.5 0.4 0.5)]7. Thus, S(A,b) # ¢ and
A®z = b hold. Hence x = [{0.5 0.4 0.5), (0.6 0.5 0.4), (0.5 0.4 0.5)]" = 7 is the maximum

solution.

Now we consider the definition P10 of Moore-Penrose Inverse.
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Theorem 4.9. Let us consider a system of NSLEs (1). The system must have a solution, that
is, must be consistent if the coefficient NSM A is a symmetric and idempotent of order n.
Proof: Since A is symmetric and idempotent square NSM, that is A itself is a Moore-Penrose
inverse. That is, A = AT. So in the case the solution will be

x=ATh= Ab.

Example 4.10. Consider the system of NSLEs A ® x = b where,
(0.8 0.7 0.2) (0.6 0.5 0.4)
A= and
(0.6 0.5 0.4) (0.7 0.6 0.3)

(0.8 0.7 0.2)
(0.6,0.5,0.4)
Here, AT = A and A% = A, that is, the NSM A is symmetric and idempotent. So the Moore-

Penrose inverse AT of A is itself A. Then the solution will be
x=A%Th= Ab=[(0.8 0.7 0.2), (0.6, 0.5, 0.4>]t.

5. Chebychev Approximation

In this section, we describe an algorithm by which we approach the right hand side of the
system of NSLEs A ® x = b by successively changing the original NSM A € N, x» to a NSM
D € N,,xn such that D ® x = b is solvable.

Let us consider the solution or tolerable solution z'(A;b) of the system of NSLEs

(1,1,0) if (al,al,al) < (b7, b, 0F) Vi

150 Pig0 g AR R

min{(b7, b, bV} if (al, al al)) > (b b1, bF) (3)

R R 170 g0 g IR ]

Az =>basz (A;b) =

Now if we define that the system (1) is solvable if and only if (3) is its solution,
that is A ® z'(A,b) = b holds, but in general A ® 2’ (A;b) < b holds always. So our aim is, by
changing the NSM A and retain the right hand side of the system same to make the system

solvable.

First we have to define some importent Definitions.

Definition 5.1. The Chebychev distance of two NSMs A, B € N(;;,xp) is denoted by p(A, B)
and is defined by

p(A, B) = (max|af; — by, max |af; — bjj|, min]af; — bfj).

The Chebychev distance of a NSM A € Ny, xpy and the set S’ € N,y is defined by p(A, S) =

inf p(A, B).
El;ésp(,)
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Definition 5.2. We say that a NSM B € /\/'(mxn) is closer to a NSV v € Mm) than a NSM
A € Nimsn) if

(a}},aé,a& < <b5,bfj,b5) < (vl vl of) or <a5,a{j,a5) > (bg;,bé,bf;) > (vl vl o) for all
indices ¢ € M and j € N and we denote by A — B + v.

Lemma 5.3. Let us consider two NSMs A,C € N(y,xp,) and the NSV b € N,y such that
A — C < b. Then ' (C;b) > 2’ (A;b).

Proof: From the definition of the solution of the system of NSLEs of the form A ® x = b we

have,

/ (1,1,0) if (cF el ek < (bF, bf, bF) Vi

iL'(C,b): 10 Vg0 Cigl — \Yi 0 Yo Vg
min{(b], b7, b))} if (cjj,cijcii) > (bF, b, b))
and
, 1,1,0) if {al,al, af?) < (bT, b, bF) Vi
IL’(A,b): < >f<7,j i 7,j>—<z 7 z>
mln{<b1Tabzlvbf>} Zf <a’£7a"{jvaf;> > <sz7b1{7b'LF>

Now, as A — C <« b, we have

{3 <cg;-,cfj,cfj> > (b7, b1, b1} C {4; <ag;-,ai[j,a5) > (b7, b bF)} for each j € N. So x/(C’; b) >
z (A;D).

Lemma 5.4. Let A and C be two NSMs of order (m x n) and b € N, be a NSV with
A— C <+ b If A® x = b is solvable then C'® x = b is solvable.
Proof: From our assumption, solvability of A ® x = b means that A ® x/(A, b) = b. Then i**

equation of which gives,

]il(ag,a{j, af;-> ® w;-(A; b) =b;. (4)
Le us suppose that in (4) the equality has been achieved in term k.
Thus, (a},al,al) ® 2’ (A;b) = b; which is only possible if
(ak,aly,al) > (bF b1 bF) as well as x, (X;b) > b;.

17

Since, A — C < b, we get (ak,al,ab) > (ck ch ch) > (bF,bl,bF') and Lemma 53
gives, z, (C;b) > as;f(A; b) > b;. This implies, (c,cl, ch)® x;ﬁ(C; b) > b;. Again for any NSM
C,C @ (C;b) < by

Hence the only possibility is, C' ® 2 (C;b) = b, that is, C ® b = b is solvable.

Lemma 5.5. Let us consider the system of NSLE A ® z = b and ' (A4;b) be its tolerable
solution. If there exists a NSM D such that, D ® = = b is solvable with p(A4, D) = 4, then
there exists NSM C such that A — C + b and p(A,C) < § with C ® x = b is solvable.
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Proof: The NSM C' can be chosen in three different way.

Case-1: If (b7 bF,bF) < (ol al,al"y < (dF,d!,dF) or

(AR A ) 7 7 T 7 (2
T 11 1F T I . F T 31 JF
(bj,b;,b;) > (a; ,a;,a;) > (d; ,d;,d; ), we set

Cij = <C’£7 CZ‘Ija CZ> = <max{b?,a5 - (dzj; - ag;)}a maX{biIa afj - (di’j - az‘lj)},

min{bZF, af;» + (af; — df;)})

=(max{b! (QCLZ;- - dz;‘)}v max{b;, (2afj - dgj)}’

min{b}, (2af§- — dg)}), or

Cij = <cl?;7 cz.fj, cf;) - <min{b;fr,al7;- + (ag; — d;-l;-)},min{bf,afj + (aifj - dfj)},

max{b’,afj — (dfj — aj;)})
= (min{b]’, (2af; — df})}, min{b], (2af; — df;)},
max{b{’, (2af; — dj;)}),
respectively.
Case-2: If (af o], af) < (df ,df, df") < (b] 0], [} ox
(al al,al’y > (dF ! dF) > (o] . b!,bF),

7 9 0 Y 1771
then take c;; = d;;

Case-3: If (al,al,al") < (bF,b!,bF) < (dT,d!,dl") or

177 17 177

(@l al,al’y > 7 6], 0F) > (dF ,d!,dl"),

(2 1771 177

then take c;; = b;;

Now from the construction of C' by the above three cases, it is obviouse that p(A;C) < §
and A — C < b. More over, D — C < b, hence by Lemma b4, C' ® x = b is solvable.

Definition 5.6. For a given NSM A € N(;,xp) and the NSV b € N,y we denote the NSM
D € Nimxn) by (A, A — b) such that for each i € {1,2,3,...,m} and j € {1,2,3,...,n},

min{ag; + AT, b?},min{afj + AT b{},max{ag — AP BEY if ai; < b

(i, dl. ab) =
max{a;fg- — AT,b;F},maX{a{j — Al,b{},min{af; + AF,bZF} if aij > b;

150 “igo iy
It is obvious that, A — (A, A — b) < b for any non-negative A = (AT AT AF). More over as
A increase, we finally arrive at a NSM D such that d;; = b; for all i € M, j € N, which satisfy
the condition, D ® x/(D; b) = b. So computation of the NSM D is an iterative process, which
can be described by the following flowchart.
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Algorithm MATRIX

begin k = 0; A, = (0,0,0); A(Ay) = A;

compute 2 (A;b);

If A® x'(A;b) # b then

repeat Apy1 = (AL, 1, ALy, Af)
= (A} + min{|A(0r)i; — b7 |; A6} )i; # bl Y},
Aé + min{|A(dx)ij — b l; A(‘Slé)ij # bz‘l}’
AL+ min{|A(6k)i; — bF|; A6 )ij # bFY),

k=Fk+1;

A(Ag) = (A;0, — b)

until A(0y) ® ' (A(81,);b) = b;

output: A(dx); Ag

end MATRIX.
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k=0 Ax=(0, 0, 0)
A(Ap)=A

No

Apgr = (A{H, A£+1> AEH)

A(AR=(A;A, = b)

until
) A (AR
z (A(Ap)b)=h

A(Ap) = A

The following example illustrate the concept of the above flowchart.

Let us consider the system of NSLEs A ® x = b where,

(0.30.20.7) (0.6 0.5 0.4) (0.7 0.6 0.3) (0.4 0.5 0.6) (0.2 0.1 0.8)
(0.6 0.5 0.4) (0.2 0.1 08) (0.9 0.8 0.1) (0.1 0.1 0.9) (0.6 0.5 0.4)
Example 5.7. A =
(0.3 0.2 0.7) (0.8 0.7 0.2) (0.5 0.4 0.5) (0.4 0.3 0.6) (0.2 0.1 0.8)
( ) ( ) ) ) )

0.5 0.4 0.5) (0.7 0.6 0.3) (0.3 0.2 0.7) (0.7 0.6 0.3) (0.3 0.20.7
and

(0.4 0.3 0.6)
(0.9 0.8 0.1)
{ )

0.30.20.7
(0.5 0.4 0.5)
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The corresponding tolerable solution will be
z (A;b) = [(0.5 0.4 0.5), (0.3 0.2 0.7), (0.3 0.2 0.7), (0.3 0.2 0.7), (0.5 0.4 0.5)]* but

A® ' (A;b) < b so the system is unsolvable.
In the first iteration,

A1(0.1,0.1,0.9), A(Ay) =

(0.4 0.3 0.6) (0.5 0.4 0.5) (0.6 0.5 0.4) (0.4 0.5 0.6) (0.3 0.2 0.7)
(0.7.0.6 0.3) (0.3 0.2 07) (0.9 0.8 0.1) (0.2 0.1 0.8) (0.7 0.6 0.3)
(0.3 0.2 0.7) (0.7 0.6 0.3) (0.4 0.3 0.6) (0.3 0.2 0.7) (0.3 0.2 0.7)
(0.5 0.4 0.5) (0.6 0.5 0.4) (0.4 0.3 0.6) (0.6 0.5 0.4) (0.6 0.5 0.4)

and

7

2’ (A(A1);b) = [(110),(0.30.20.7),(0.3 0.2 0.7), (0.5 0.4 0.5), (0.5 0.4 0.5)]".

Here , A® x (A(A1);b) < b.

In the second iteration,

Ay =(0.20.208), A(Ay) =

(0.4 0.3 0.6) (0.4 0.3 0.6) (0.4 0.3 0.6) (0.4 0.5 0.6) (0.4 0.3 0.6)
(0.9.0.8 0.1) (0.5 0.4 05) (0.9 0.8 0.1) (0.4 0.3 0.6) (0.9 0.8 0.1)
(0.3 0.2 0.7) (0.5 0.4 0.5) (0.3 0.2 0.7) (0.3 0.2 0.7) (0.3 0.2 0.7
( ) ) ) (

( ) )
0.5 0.4 0.5) (0.5 0.4 0.5) (0.5 0.4 0.5) (0.5 0.4 0.5) (0.5 0.4 0.5)
and

2 (A(A3);b) = [(110),(0.30.20.7),(110),(110),(110).

In this case, A ® 2 (A(A3);b) = b. So D = A(Ay) is the Chebychev best approximation of the
coefficient NSM A of the given system and z’ (A(As2);b) is the principal solution.

6. Conclusion

In this piece of work, we try to find the conditions under which a system of NSLE is solvable. We
have provided necessary examples to describe the theory. Further using the Chebychev approximation
discussed the principal solution when the given system (1) has no solution. As a future work we are

trying to apply this theory in all operation research problems.
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Abstract: Multi-criteria decision-making (MCDM) focuses on coordination, choice and planning
issues, including multi-criteria. the neutrosophic soft set cannot handle environments involving
multiple attributes. In order to overcome these obstacles, the neutrosophic hypersoft set (NHSS) and
Interval Value neutrosophic hypersoft set (IVNHSS) are defined. In this paper, we extend the
concept of IVNHSS with basic properties. We also developed some basic operations on IVNHSS
such as union, intersection, addition, difference, Truth-favorite, and False-favorite, etc. with their
desirable properties. Finally, the necessity and possibility operations on IVNHSS with properties
are presented in the following research.

Keywords: Soft set; Neutrosophic Set; Interval-valued neutrosophic set; Hypersoft set; Interval-
valued neutrosophic hypersoft set.

1. Introduction

Anxiety performs a dynamic part in lots of areas of life such as modeling, medicine, and
engineering. However, people have raised a general question, that is, how can we verbalize anxiety in
mathematical modeling. Several investigators all over the world have recommended and advised
different methodologies to minimize uncertainty. First of all, Zadeh planned the idea of fuzzy sets [1]
to resolve these complications which contain anxiety as well as ambiguity. It is seen that sometimes;
fuzzy sets can't deal with scenarios. To overcome such scenarios, Turksen [2] suggested the concept
of interval-valued fuzzy sets (IVFS). In some cases, we need to debate the suitable representation of
the object under the circumstances of anxiety and uncertainty, and regard its unbiased
membership value and non-membership value of the suitable representation of the object, that cannot
be processed by these fuzzy sets or IVES. To overcome such concerns, Atanassov projected the theory
of IFS in [3]. The theory proposed by Atanassov only considers membership and non-membership
values to deal with insufficient data, but the IFS theory cannot deal with incompatible and imprecise
information. To deal with this incompatible and imprecise data, Smarandache proposed the idea of
NS [4]. Molodtsov [5] proposed a general mathematical tool to deal with uncertain, ambiguous, and
undefined substances, called soft sets (SS). Maji et al. [6] extended the work of SS and defined some
operations and their attributes. In [7], they also use SS theory to make decisions. Ali et al. [§] Modified
the Maji method of SS and developed some new operations with its properties. In [9], they proved
De Morgan's SS theory and law by using different operators. Cagman and Enginoglu [10] proposed
the concept of soft matrices with operations and discussed their properties. They also introduced a
decision-making method to solve problems that contain uncertainty. In [11], they modified the
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actions proposed by Molodtsov's SS. In [12], the author proposed some new operations for soft
matrices, such as soft difference product, soft restricted difference product, soft extended difference
product, and weak extended difference product.

Maji [13] put forward the idea of NSS with necessary operations and characteristics. The idea of
Possibility NSS was proposed by Karaaslan [14] and introduced a neutrosophic soft decision method
to solve those uncertain problems based on And-product. Broumi [15] developed a generalized NSS
with certain operations and properties and used the proposed concept for decision-making. To solve
the MCDM problem with single-valued neutrosophic numbers proposed by Deli and Subas in [16],
they constructed the concept of the cut set of single-valued neutrosophic numbers. Based on the
correlation of IFS, the term correlation coefficient of SVNS is introduced [17]. In [18], the idea of
simplifying NS introduced some algorithms and aggregation operators, such as weighted arithmetic
operators and weighted geometric average operators. They constructed the MCDM method based on
the proposed aggregation operator. Zulqarnain et al. [19] extended the fuzzy TOPSIS technique to
the Neutrosophic TOPSIS technique and used the developed approach to solve the MCDM problem.
Abdel-basset et al [20] presented the integration of TOPSIS methodology decision-making test as well
as evaluation laboratory (DEMATEL) solution (TOPSIS) CIIC environment delivers a new method to
pick out the proper project. Abdel-basset Mohamed [21] developed an MCDM model to discover
along with display screen cancer addressing obscure, anxiety, the incompleteness of reported signs
as well as handicapping apparently within cancer or replaceable ailments in the signs and symptoms.
Abdel-Basset et al. [22] raised the issue of assessment of the smart emergency response techniques is
interpreted as MCDM problem. they suggested a framework by combining three common MCDM
strategies which are AHP, TOPSIS, and VIKOR.

All the above-mentioned studies cannot deal with the problems in which attributes of the
alternates have their corresponding sub-attributes. To handle such compilations Smarandache [23]
generalized the SS to HSS by converting the function to a multi-attribute function to deal with
uncertainty. Saqglain et al. [24] developed the generalization of TOPSIS for the NHSS, by using
accuracy function they transformed the fuzzy neutrosophic numbers to crisp form. Zulqarnain et al.
[25] extended the notion of NHSSs and presented the generalized operations for NHSSs, they also
developed the necessity and possibility operations and discussed their desirable features. In [26], the
author’s proposed the fuzzy Plithogenic hypersoft set in matrix form with some basic operations and
properties. Saqlain et al. [27] proposed the aggregate operators on NHSS. In [28], the author extended
the NHSS approach and introduced IVNHSS, m-polar, and m-polar IVNHSS. Zulgarnain et al. [29]
presented the intuitionistic fuzzy hypersoft set, they developed the TOPSIS technique by developing
a correlation coefficient to solve multi-attribute decision making problems. Many other novel
researchers are done under neutrosophic environment and their applications in everyday life [30-34].

The following research is organized as follows: Some basic definitions recalled in section 2,
which are used in the following research such as SS, NS, NSS, HSS, NHSS, and IVNHSS. We present
different operators on IVNHSS such as union, intersection, addition, difference, extended union,
extended intersection, truth-favorite, and false-favorite operations in section 3 with properties and
prove the De Morgan laws by using union and intersection operators. We also proposed the necessity
and possibility operators, OR, and operations with some properties in section 4.

2. Preliminaries

In this section, we recollect some basic definitions such as SS, NSS, NHSS, and IVNHSS which use in
the following sequel.

Definition 2.1 [5]

The soft set is a pair (F, A) over U if and only if F: A — P (U) is a mapping. That is the parameterized
family of subsets of U known as a SS.

Definition 2.2 [4]
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Let U be a universe and A be an NS on U is defined as A = {< u,u,(w), v, (w), w,(w) >:u € U},
where u, v, w: U - 107, 1*[and 07 < u,(w) + v,(u) + w,(uw) < 3*.

Definition 2.3 [13]

Let U and E are universal set and set of attributes respectively. Let P(U) be the set of Neutrosophic
values of U and A € E. A pair (F, A) is called an NSS over U and its mapping is given as

F:A— (U)

Definition 2.4 [35]

Let U be a universal set, then interval valued neutrosophic set can be expressed by the set 4 =
{<uu,(w),v,(w),w,(u) >:u € U}, where u,, v,, and wr, are truth, indeterminacy and falsity
membership functions for A respectively, u,, v,, and w, S [0, 1] for each u € U. Where

wa(u) = [uf (W), uf (W)

vaw) = [v] (W), v] W]

w,w) = [wh W), wj W]

For each point u €U, 0 < u,(u) + v4(uw) + w,y(uw) < 3 and IVN(U) represents the family of all

interval valued neutrosophic sets.
Definition 2.5 [23]

Let U be a universal set and P(U) be a power set of U and for n > 1, there are n distinct attributes
such as ki, k;, k3, ..., k, and Ky, K,, K3, ..., K,, are sets for corresponding values attributes
respectively with following conditions such as K; n K; =@ (i # j) and i, j € {1,2,3 ... n}. Then the pair
(F, Ky x K; x K3x ... x K,)is said to be HSS over U where F is a mapping from K; x K, x Kzx ... x
K, to P(U).

Definition 2.6 [23]

Let U be a universal set and P(U) be a power set of U and for n > 1, there are n distinct attributes
such as ki, k;, k3, ..., k, and K, K,, K3, ..., K,, are sets for corresponding values attributes
respectively with following conditions such as K; n K; =@ (i # j) and i, j € {1,2,3 ... n}. Then the pair
(F, A) is said to be NHSS over U if there exists arelation K; x K, x Kzx...x K, =A. Fisamapping
from K; x K, x Kgx ... x K, to P(U) and F(K; x K, x Kzx ... x K;) = {<u,u,(w), v,(w), w,w) >
:u € U} where w, v, w are membership values for truthness, indeterminacy and falsity
respectively such that «, v, w: U - 107, 1*[and 07 < w,(u) + vp(u) + wiy(u) < 3*.
Definition 2.7 [28]

Let U be a universal set and P(U ) be a power set of U and for n > 1, there are n distinct attributes
such as ki, k,, k3, ..., k, and Ky, K,, K3, ..., K,, are sets for corresponding values attributes
respectively with following conditions such as K; n K; =@ (i #j) and i, j € {1,2,3 ... n}. Then the pair
(F, A)is said to be IVNHSS over U if there exists a relation K; x K, x K;x ... x K, = A. Where

F: K; x K, x Kzx...x K, = (U)and

F(Ky x Ky x Kyx ... x Kp) = {<u,[uf W), ug W], [vi W, vi W], [wi W), wi W]>:uel},
where «}, v}, and w} are lower and «§, v}, and wj are upper membership values for
truthiness, indeterminacy, and falsity respectively for A and [uf (W), «§ (W], [vi (W), v{ (W],
[wk ), w! (w)] € [0,1]and 0 < supu,(u) + supv,(u) + sup wy(u) < 3 foreach u € U.
Example 1 Assume U = {u;, u,} be a universe of discourse and E = {x,, x,, x3, x,} be a set of

attributes. Consider F, be an IVNHSS over U can be expressed as follows
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Fy ={(x1, {{uq,[.6,.8],[.5,009],[.1, 4]), (uy, [. 4,.7],[. 3,.9], [ .2, .6])}),
(x5, {(uy,[.4,.7],[.3,.9], [.3,.5]), (uy, [0,.3],[. 6,.8], [.3,.7])}),
(%3, {(uy,[.2,.9],[.1,.5), [.7,.8]), (uy, [. 4,91, [. 1, .6], [.5,.7])}),
(x4, {(uq,[.6,.9],[.6,.9],[1,1]), (uy, [. 5,.9], [ 6,.8], [.1, .8]) D}

Tablur representation of IVNHSS F,; over U given as follows

Table 1: Tablur representation of IVNHSS F,

U u uq

x4 ([.6,.8],[.5,.9],[.1,.4]) ([-4,.71,[.3,.9],[.2,.6])
X ([.4,.7],[.3,.9],[.3,.5]) ([0,.3],[.6,.8],].3,.7])
X3 ([.2,.9],[.1,.5],[.7,.8]) ([.4,.9],[.1,.6],[.5,.7])
Xy ([.6,.9],[.6,.9],[1,1]) ([.5,9],[.6,.8],[.1,.8])

3. Operations on Interval Valued Neutrosophic Hypersoft Set with Properties

In this section, we extend the concept of IVNHSS and introduce some fundamental operations on

IVNHSS with their properties.

Definition 3.1

Let F, and Gz € IVNHSS over U, then F, S Gy if

infu,(w) < infug(u), supu,(uw) < supug(u)

info,(w) = infogu), supvy(u) = supvg(u)

infw,(w) = infwg(u), supw,(u) = supwg(u)

Example 2 Assume U = {u;, u,} be a universe of discourse and E = {x,, x,, x3, x,} be a set of

attributes. Consider G be an IVNHSS over U can be expressed as follows and F, given in example
1

Gy ={(xy, {(uy, [.6,.91,[.3,.7], [.1,.3]), (s, [. 6,91, [. 3,.51, [.1, 4])D),
(x5, {{uy,[.6,.8],[. 2,.5], [.2,.3]), (uy, [. 3,.5], [. 4,.71, [.1, 4])}),
(265, {(uy, [.4,.9], [. 1,.3], [.4,.6]), (uy, [. 6,11, [. 1, .41, [.3, 4])D),
(24, {(uy, [. 7,90, [. 4,.6], [.6,11), (u, [. 5,71, [ 4,.7], [.1, 41D}
Thus
F, € Gjp.
Definition 3.2
Let F, € IVNHSS over U, then
i Empty IVNHSS can be represented as Fy, and defined as follows Fz = {<u,[0,0], [1,1],
[1,1] >:u € UL
ii.  Universal IVNHSS can be represented as Fj, and defined as follows Fz = {<u,[0,0], [1,1],
[1,1] >:u € U}
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iii. ~ The complement of IVNHSS can be defined as follows F{ = {<u,[w} (u),w} (w)],

[1—vi W, 1-vg @] [uj W, uy W] >:uelh

Example 3 Assume U = {u,;, u,} be a universe of discourse and E = {x;, x,, %3, x,} be a set of

attributes. The tabular representation of Fy and Fj; given as follows in table 2 and table 3

respectively.
Table 2:Tablur representation of IVNHSS Fy
U uq uy
xZ ([Ov O]v [1v 1]![1! 1]) ([01 0]' [1 1]![1! 1])
x3 ([Ov O]v [1v 1]![1! 1]) ([01 0]' [1, 1]![1! 1])
Table 3:Tablur representation of IVNHSS Fy
U uq u,
xl ([1v 1]:[0! 0]! [01 0]) ([11 1]! [O, 0]![0! O])
xZ ([1v 1]:[0! 0]! [01 0]) ([11 1]! [O, 0]![0! O])
x3 ([1' 1]' [0' 0]' [0' 0]) ([1' 1]! [0! 0]' [O' 0])
x4- ([11 1]: [0! 0]! [O' O]) ([1' 1]' [0, 0]! [0! 0])
Proposition 3.3
If F, € IVNHSS, then
1. (Fi)F° = Fa
2. (Fp)° = Fg
3. (Fp) = Fp
Proof 1 Let Fy, = {<u,[uf @)« W] [v} @), v{ @) [w}@),wf Ww)]>:ueU} be an

IVNHSS. Then by using definition 3.3(iii), we have

Fi = {<ulwi @), wi W] [1-vf @, 1-vi W] [uf W, us W)] >:ueU}

Thus

ED° = {<wluh @, uf @), [1-(1-vf @) 1- A - @] bwf @, wf @] >:ueu)
(FD)*
(F&)° = Fa

{<uluj W, ug W], [vi W, vi W], [wi W, wi W] >:ueU}

Proof 2

As we know that F5 = {<,[0,0], [1,1], [1,1] >:u € U}
By using definition 3.3(iii), we get

(F5)° = {<w[1,1], [0,0], [0,0] >:u € U} = Fj.
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Similarly, we can prove 3.
Definition 3.4
Let F, and Gz € IVNHSS over U, then

@™

[min{infv,(w), infvyW)}, min{supv, W), supvz)},

(< u, [max{infu,(u), infug()}, max{supu,(u), supug)}l,
F, U Gg=
[min{infw, ), infwg@)}, min{supw, ), supwgw)}] >/ u € U)

Example 4 Assume U = {u,, u,} be a universe of discourse and E = {x;, x,, %3, x,} be a set of
attributes. Consider F, and Gz are IVNHSS over U can be given as follows
Fy ={(xq, {{uy,[.6,.8],[.5,.9],[.1,.4]), (uy, [. 4,.7], [. 3,91, [.2, .6])]),
(265, {(uy, [.4,.71,1.3,.91,[.3,.5]), (us, [. 2,.81, [. 6,.81, [.3,.7])}),
(x5, {(uy,[.2,.9],[.1,.5], [4,.7]), (uy, [. 4,.9],[. 1, .6], [.5,.7])}),
(x4, {{uqy,[.6,.9],[.6,.9],[1, 1]), (uy, [. 5,91, [. 6,.8], [.1,.8]) D}
Gg ={(xq, {{uy, [.5,.7],[.5,.7], [4, .6]), {us, [. 3,.9],[. 3,.6], [4,.7])}),
(x5, {(uq,[.3,.8],[. 4,.5], [4,.9]), (uy, [. 4,.71,[. 5, .9], [ 4, .6])}),
(23, {(uy, [.3,.5],[. 2,.6], [.3,.8]), (uy, [. 3,11, [. 2,.71, [.3,.8])}),
(x4, {{uq, [ 4,.6),[.7,.8], [4, 1]), (uy, [. 4,.8],[. 3,.6],[.2,.6]) D}
Then
Fy U Gp={(xy, {(ug, [.6,.8], [.5,.7], [.1, 4]}, (uy, [. 4,91, [. 3,.6], [.2,.6])}),
(x5, {(uq,[.4,.8],[.3,.5], [.3,.5]), (uy, [. 4,.8],[. 5,.8],[.3,.6])}),
(x5, {(uqg, [.3,.9],[.1,.5), [.3,.7]), (uy, [. 4,11, [. 1, .61, [.3,.7])}),
(x4, {{uy,[.6,.9],[.6,.8], [4 1]), (uy, [. 5,91, [. 3,.6], [.1,.6]) D}
Proposition 3.5
Let F4, Gi, He € IVNHSS over U. Then
1. F4UF;="F;
2. Fi U Fs="Fg
3. F5 U Fp=Fy
4. FrU Gy =Gz VU Fx
5. (FxUGpU He=Fz U (Gs U He)
Proof By using definition 3.4 we can prove easily.
Definition 3.6
Let F, and Gz € IVNHSS over U, then

[max{infv,(w), infvpw)}, max{supv,(w), supvs)}l,
max{infw, ), infwg@)}, max{supw, ), supwgw)}] >/ u € U)

< u, [min{infu,(w), infug(w)}, min{supu,(u), supugw)},
Fy, N Gg = { } 2)
[

Example 5 Reconsider example 4

Fy ={(x1, {{uy,[. 6,.8],[.5,.9], [.1, 4]), (uy, [. 4,.7], [. 3,.9], [.2,.6])}),
(x5, {(uy, [ 4,.71,[.3,.9], [.3,.5]), {uy, [. 2,.8], [. 6,.8], [.3,.7])D),
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(x5, {(uy, [.2,.9], [ 1,.5), [4,.7]), {uy, [. 4,.9), [. 1, .61, [.5,.7])D),
(x4, {{uy,[.6,.9],[.6,.9],[1, 1]), (uy, [. 5,91, [. 6,.8], [.1,.8]) D}
Gs = {(xy, {uy, [.5,.7),[.5,.7], [4, .6]), (us, [. 3,.91, [. 3,.6], [-4,.7])}),
(x5, {(uy, [. 3,.8], [. 4,.5], [4,.9]), (uy, [. 4,.7], [. 5, .9], [4, .6])D),
(%3, {{uy, [. 3,.5],[. 2,.6], [.3,.8]), (up, [. 3,11, [. 2,.71, [.3,-8])D),
(g {(uy, [.4,.61,1.7,.8], [4, 1]), (uy, [. 4,.81,[. 3,.6], [.2,.6])])}
Then
Fy 0 Gp={(xy, {{uy, [.5,.7), [.5,.9], [4,.6]), (us, [. 3,.71, [. 3,.91, [-4,.7])D),
(x5, {{uy, [.3,.7],[. 4,.9], [4, 9]), (uy, [. 2,.71,[. 6, .91, [ 4, .7])}),
(3, {{uy, [. 2,.5], [. 2,.6], [4,.8]), {uy, [. 3,.9], [. 2,.7], [.5, -8])D),
(x4, {(uqg, [ 4,.6],[.7,.9],[1, 1]), (uy, [. 4,.8],[. 6,.8],[.2,.8]) D}
Proposition 3.7
Let F4, Gi, He € IVNHSS over U. Then
1. F4NFy=7F;
2. Fin Fs=Fx
3. FinFi=Fp
4. Fin Gy =G5 N F;
5 (FangGp)nHe=Fz0 Gy n He)
Proof By using definition 3.6 we can prove easily.
Proposition 3.8
Let F, and Gz € IVNHSS over U, then
1. (F4UGR)°= F° n Gg°
2. (F4NnGp)= F,° v Gp©
Proof 1 As we know that
F, = {< u,uy,(w), vy(uw),w,(u) >:u €U} and Gy = {< u,ug(w), vgu), wy(u) > :u € U}. Where
wu, (W) = [infus(w), supuy,W]or [uf (w),ug W] uh W) = infus(w) and wf (w) = supu, (W)

va(w) =[infr,(W), supva]or [vi W), vy W], vy W) = infr,(w) and vy (W) = supv,(u)

wy) = [infw,(w), supw,(w)] or [wi W, wi W], wi W = infw,(w) and wy (W)
supuwy (u)
ug(W) =[infupW), supug)]or [ug (W), uz W), uh (W) = infug(w) and uj (W) = supug(u)

vp) =[infr(Ww), suprs]or [vg W), v5 W], v5 W = infrs(w) and vy (W) = supv)

wp() = infwpw), supwp@) ] or [wg W, wy W], wg @) = infwp(w) and wy (W)
supw(u)

Then by using Equation 1

[min{infv,(w), infvgW)}, min{supv,(u), supry)}l,

(< u, [max{infu,(w), infug()}, max{supu,(w), supug()}l,
Fy U Gg=
{ [min{infw,(w), infwgw)}, min{supw, ), supwzw)}] >/ue€ [U)}
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By using definition 3.3(iii), we get
(< [min{infw, (W), infwg)}, min{supw,w), supwyw)}],
(F4U Gp)°= 1§ [1—min{supv,(u), suprg(w)}, 1 — min{infv, (), infvyW}l,
[max{infu,(u), infug)}, max{supu,(u), supug(w)}] >/ u € U)
Now
EC = {<u, [infw, ), supw,w)], [1 — supv,(w), 1 — info, (W], [infu, (W), supu,(w)] > :u € U}
Gz¢ = (<, [infwy W), supwyW)], [1 — supvy W), 1 — infog W], [infug ), supug(w)] > :u € U}

(< u, [min{infw, (), infwg@)}, min{supw, ), supwsyw)}],
F€ 0 Gg¢ = {[max{1 — supv,(v), 1 — supvy(w)}, max{l — infv,(u), 1 —infogw)}l,
[max{infu,(w), infugu)}, max{supu,(u), supug()}] >/ u € U)

(< u, [min{infw, (), infwg@)}, min{supw,w), supwsyWw)}],
F,° n Gp° =1 [1—min{supv,(u), suprg()}, 1 — minfinfv,w), infoyw)}],
[max{infu,(w), infug(w)}, max{supu,(w), supugw)}] >/ u € V)

Hence
(F4 U Gp)°= F,¢ n Gg°©
Proof 2
Similar to assertion 1.
Proposition 3.9
Let F4, Gs, He € IVNHSS over U. Then

1. Fru(Gen He)=(Fz VU Gg) N (Fx U Hy)

2. Fpn (GgU He)=(Fa N Gp) U (Fan He)

3. Fy U (Fxn Gy = Fy

4. Fyzn (Fy U Gy)= Fx
Proof 1 From Equation 2, we have

(< u, [min{infug (), infucW)}, min{supug(w), supuc(w)}],
GgN He = [max{infvg (), infrc(w)}, max{supvy(w), supvcw)}],
[max{infwyg ), infw.w)}, max{supwy(), supw (W)} >/ u € V)

Fz U (Gs N He)=

(< u, [max{infu,(w), min{infug (), infuc(w)}}, max{supw, (u), min{supug (), supuc(u)}},
[min{infv, (W), max{infvg(w), infvc(w)}}, min{supv, ), max{supvg ), supv.(u)}}l,
[min{infw, (W), max{infwg), infwWw)}}, min{supw,(u), max{supwyu), supw(w)}}] >/u € U)

(<, [max{infu,(w), infugw)}, max{supu,(u), supuz(w)}],
Fru Gs = { [min{infv, (W), infrp)}, min{supv, (W), supvyW)}], }
[min{infw,(w), infwgWw)}, min{supw,(w), supwg)}] >/ u € U)
(< u, [max{infu,(u), infuc@W)}, max{supu,(u), supucw)},
FirUHeg = { [min{infv,(w), infvc(W)}, min{supv,(w), supv:(w)}l, }
[min{infw,(u), infw.w)}, min{supw, ), supw (w)}] >/ u € U)

FzuGp) n (FzuHe)=

Rana Muhammad Zulgarnain et al. Some Fundamental Operations on Interval Valued Neutrosophic Hypersoft Set with
Their Properties



Neutrosophic Sets and Systems, Vol. 40, 2021 142

(< w, [min{max{infu,(w), infugw)}, max{infu,(w), infu.(Ww)}, min{max{supu,(w), supugw)}, max{supu,u), supu,(w)},
[max{min{infv,(w), infvyw)}, min{infv,(w), infv,(w)}, max{min{supv, ), supvyw)}, min{supv,(w), supv:(W)}l,
[max{min{infw,(w), infwyW)}, min{infw,w), infw,w)}, max{min {supw,(u), supwyw)}, supw,w), supw,(w)}] >/ u e U)

FauGs N (Fx U He)=

(< w, [max{infau, (W), min{infug (w), infuc(u)}}, max{supu, (W), min{supuyw), supuc W3},
[min{inf v, (W), max{infvgw), infv.(w)}}, min{supv,(u), max{supvy ), supvc(w)}},
[min{infw,(w), max{infwy (), infw:(w)}}, min{supw, ), max{supwy ), supw(w)}}] >/ u € U)
Hence
Fru(Gsn He)=(Fz U Gg) n (Fx U He).
Similarly, we can prove other results.
Definition 3.10
Let F,, Gz € IVNHSS, then their extended union is

[infu,(u), supuy (w)] ifue A—B

u (Fy U Gg) =< [infug(w), supug(u)] ifue B-—A
[max{infu,(u), infugw)}, max{supu,(u), supugu)}] ifu e AnB
[infva(w), supvy (W] ifue A-— B

v (Fy U Gp) = A [infop (), supvg(w)] ifueB-—A
[min{infv,(w), infvg)}, min{supv, ), supvyw)}] ifu € An B
[infw, (W), supw, (W] ifue A-— B

w (F4 U Gg) = { [infwp W), supw(u)] ifu€eB—A
[min{infw,(w), infwg@w)}, min{supw,(u), supwg(u)}] ifu € An B

Definition 3.11

Let F,, Gy € IVNHSS, then their extended intersection is

[infu, (W), supu, (W] ifue A— B

u (F4 N Gg) = 1 [infug(w), supug(u)] ifueB-—A
[min{infu, (), infug)}, min{supu,(u), supugu)}] ifu € AnB
[inf v, (W), supvy(w)] ifue A— B

v (Fy N Gp) = A [infop(u), supvp(w)] ifueB-—A
[max{infv,(w), infvgw)}, max{supv, ), supvry(w)}] ifu € An B
[infuw,(w), supw, (u)] ifu€e A— B

w (Fy N Gg) = { [infwsp(w), supw (u)] ifueB—A
[max{infw,w), infwg@)}, max{supw, (), supwygw)}] ifu € An B

Definition 3.12
Let F, and Gy € IVNHSS over U, then their difference defined as follows

®3)

[max{infv,(w), 1— supvg(w)}, max{supv,(u), 1— infvgzw)}],
max{infw, ), infwg)}, max{supw, ), supwyzw)}] >/ u € l)

(< u, [min{infu, (), infug)}, min{supu,(u), supugu)},
FA \ GB ) { }
[

Example 6 Reconsider example 4
Fy \ Gp ={(xy, {{uy, [.5,.7), . 5,.9], [4,.6]), (uy, [. 3,.7], [. 4, 9], [-4,.7])}),
(22, {(uy, [.3,.7],[.5,.9], [.4,.9]), (uy, [. 2,.7], . 6, .8], [.4,.7])}),
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(x5, {(uq, [. 2,.5], [. 4,.8],[4,.8]), (uy, [. 3,.9],[. 3,.8],[.5,.8])}),
(x4, {(uq,[. 4,.6],[.6,.9],[1, 1]), (u,, [. 4,.8],[. 6,.8],[.2,.8]) D}
Definition 3.13
Let F, and Gz € IVNHSS over U, then their addition defined as follows

{ (< u, [min{infu,(w) + infug(), 1}, min{supu,(w) + supug(u), 1}], }
4)
[

F, + Gg = [min{infv, () + infvg ), 1}, min{supv, (u) + supvg(u), 1}],

min{infw,(w) + infwg), 1}, min{supw,(u) + supwy(w),1}] >/ u € U)
Example 7 Reconsider example 4
F, + Gg = {(%y, {{uy, [1.0,1.0],[1.0,1.0], [0.5, 1.0]), (u,, [0.7, 1.0], [0.6, 1.0], [0.6, 1.0])}),
(x5, {{uy,[0.7,1.0], 0.7, 1.0], [0.7,1.0]), (w5, [0.6, 1.0], [1.0, 1.0], [0.7, 1.0])}),
(265, {{uy, [0.5,1.0], [0.3,1.0], [0.7, 1.0]), (w5, [0.7, 1.0], [0.3, 1.0], [0.8, 1.0])}),
(264, {{uy, [1.0,1.0], [1.0, 1.0], [1.0, 1.0]), {u, [0.9, 1.0], [0.9, 1.0], [0.3, 1.0])D}.
Definition 3.14

Let F, € IVNHSS over U, then its scalar multiplication is represented as F,.d, where d € [0, 1] and

defined as follows

{ (< u, [min{infu,(w). d, 1}, min{supu, (u).d, 1}], }
[

~

F,.d = [min{infv,(w). d, 1}, min{supv,(w).d, 1}],

min{infw, ). d, 1}, min{supw,(w).d,1}] >/ u € U)

©)

Definition 3.15
Let F, € IVNHSS over U, then its scalar division is represented as F,/d, where d € [0, 1] and
defined as follows

(< u, [min{infu,(u)/da, 1}, min{supu,(w)/da, 1}],
Fjla = { }

[min{infv,(w)/d, 1}, min{supv,(u)/d, 1}], (6)

[min{infw,()/da, 1}, min{supw,(w)/d,1}] >/ u € U)
Definition 3.16
Let F, € IVNHSS over U, then Truth-Favorite operator on F, is denoted by AF, and defined as
follows

< {(< u, [min{infu,(w) + infv, (), 13}, min{supu, (u) + supwv,(u), 111,10, 0],}

AF4 [infawr, (u), supuwrs )] >/ u € U) @

Example 8 Reconsider example 1
AF, ={(x1, {(us, [1,11,[0,0], [.1, 41}, (u5, [. 7,11, [0, 01, [.2, .6])]),
(%2, {(uy,[.7,1],10,0],[.3,.5]), (uz, [.6,1],[0, 0], [.3,.7])}),
(%3, {(uy,[.3,1],10,0],[.7,.8]), (uy, [.5,1],[0, 0], [.5,.7])}),
(x4, {(ug, [1,11,[0, 0], [1, 1], w2, [1, 1], [0, 0L, [.1, .8])D}
Proposition 3.17
Let F4, Gz € IVNHSS over U, then
1. AAF; = AF;
2. A(Fz U Gp) S AF; UAG;
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3. A(F; N G) € AF; N AGs

4. K(Fi + Gy)= BF; +1G3
Proof of the above proposition is easily obtained by using definitions 3.4, 3.6, 3.13, and 3.16.
Definition 3.18
Let F, € IVNHSS over U, then False-Favorite operator on F, is denoted by VF, and defined as
follows

ﬁF - { (< u, [inf/u’A (u), Supiy (u)]' [01 0]1 } (8)
A [min{infw,(w) + infov,(w), 1}, min{supw,(w) + supv,(w),1}] >/ u € U))

Example 9 Reconsider example 1
VEy ={(1, {uy, [ 6,.8],[0,0], [.6,11), (us, [. 4,.7], [0, 0], [.5, 1])}),
(%2, {{us, [.4,.7],[0, 0], [.6, 11}, u5, [0,.3], [0, 0], [.9, 1])}),
(%03, {(uy, [.2,.9],[0,0], [.8, 1), (u, [. 4,.9], [0, 0], [.6, 1])}),
(x4, {(uy, . 6,.91,0, 0], [1, 1]), Cuz, [. 5,.91, [0, 0], [.7, AN}
Proposition 3.19
Let F4 and Gz € IVNHSS over U, then
1. VVF;=VF;
2. V(FzU Gp) € VFz UVGy
3. V(Fz N Gy) € VF; N VGy
4. V(Fz+Gs)=VFs +VG;s
Proof of the above proposition is easily obtained by using definitions 3.4, 3.6, 3.13, and 3.18.
4. Necessity and Possibility Operations on IVNHSS
In this section, some further operations on IVNHSS are developed such as OR-Operation, And-
Operation, necessity, and possibility operations with some properties.
Definition 4.1
Let F, and Gz € IVNHSS over U, then OR-Operator is represented by F, v Gz and defined as

follows

u (Faxp) = [max{infu,(u), infug )}, max{supu, (W), supup (W)},
v (Fyx) = [minfinfv, (w), infre (W)}, min{supv, (W), supvp (W)},
w (Faxp) = [min{infw, W), infwy )}, min{supw, (w), supwyW}l.
Definition 4.2
Let F, and G € IVNHSS over U, then And-Operator is represented by F, A Gp and defined as

follows

u (Fyxp) = [min{infu, (W), infup W)}, min{supu, (W), supuy(W)}],
v (Faxp) = [max{infuo,(w), infop (W}, max{supv, W), supvp W)},
w (Fyxp) = [max{infw, W), infwy W)}, max{supw, (w), supwyW}.
Proposition 4.3
Let F4, Gs, He € IVNHSSs, then
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FavGs =G5V Fx

FanGs =Gsn Fx

Fiv(Gsv He)=FsvGp) v He

Fan(@Gsn He)=Fxnge) n He

(FavGp)e = F(A) n G4(B)

(FanGp) = FA) v G°B)

Proof We can prove easily by using definitions 4.1 and 4.2.
Definition 4.4

S

Let F, € IVNHSS over U, then necessity operator IVNHSS represented as © F, and defined as
follows
@ F, = {<u [infu,(u), supuy (W], [infv,(w), supvr, (W], [1 — supuy(w), 1 — infu,(w)] > :u € U}
Example 10 Reconsider example 1
DF, = {(xy, {(uy,[.6,.8],[.5,0.9],[.2, .4]), (uz, [. 4,.71,1.3,.91, [.3,.6])}),

(x5, {(uy, [ 4,.71,[. 3,.9], [.3,.6]), {u,, [0,.3],[. 6,.8], [.7, 1])}),

(x5, {(uy, [.2,.9],[. 1,.5], [.1,.8]), (uy, [. 4,91, [. 1, .6], [.1,.6])}),

(24, {{uy,[.6,.9],[.6,.9], [.1,.4]), (uy, [. 5,.9], [. 6,.8], [.1,.5])]1}
Definition 4.5
Let F, € IVNHSS over U, then possibility operator on IVNHSS represented as @ F, and defined
as follows
® Fy = (< w,[1 - supwy(w), 1 — infuwry W], [infoa @), supvs W], [infura(w), supws @] >/ u € UY)

Example 11 Reconsider example 1

R Fy ={(xq,{(uq,[.6,.9],[.5,0.9],[.1, .4]), (uy, [. 4,81, [. 3,.9], [.2, .6])]),
(x5, {{uy, [.5,.7],[.3,.9], [.3,.5]), (uy, [.3,.71, [. 6, .81, [.3,.7])}),
(x5, {(uy, [.2,.3],[.1,.5), [.7,.8]), (uy, [.3,.5], [. 1, .61, [.5,.7])}),
(x4, {{uy,[0,0],[.6,.9],[1,1]), (uy, [. 2,.9],[. 6,.8], [.1, .8]) D}
Proposition 4.6
Let F4 and Gz € IVNHSS over U, then
L ®@FsVGs) =B FrU D Gs
2. @ FxNnGp) =@ Fxn D Gi
Proof 1. As we know that
Fi= {(< wlinfu,(w), supu,W)], [infor,(w), supva(W)], [infw,@w), supw,w)]>/u € U})} and
Gs= {(<w [infup), supug (W), [infopWw), supvyW)], [infws@w), supwp@)] >/ u € U})}
Then by using definition 3.5, we get

(< u, [max{infu,(u), infug)}, max{supu,(u), supug()}l,
FaUGs= { [min{infv,(w), infrp@)}, min{supv,(w), supvy(w)}], }
[min{infw, (), infwg@)}, min{supw, ), supwyw)}] >/ u € V)

By using the necessity operator, we get
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(< u, [max{infu,(u), infug()}, max{supu, (), supug)}l,
@ (Fav G = [min{infv,(w), infvg(w)}, min{supv,(w), supveW)}l,
[1 — max{supu,(u), supug(w)}, 1 —max{infu,(w), infug(w)}] >/ u € U)

@© (FzuGp =

(< u, [max{infu,(u), infug()}, max{supu,(u), supug)}l,

[min{infv, (W), infrp@W)}, min{supv,(w), supvpw)}],
[min{1 — supu,(u), 1 — supug)}, min{l —infu,(w), 1 —infug(w)}] >/ u € U)

® Fi= {(<ulinfus(u), supuy,(W)], [infv,(), supvry)], [1—supu,(w),1—infu,(w)] >/ue
U})} and
D Gz = {(<ulinfug), supugw)), [infry), supvy)], [1— supug(u),1—infug(u)]>/u€
Uh}
Again, by using definition 3.5 we get
O FzU DG =

(< u, [max{infu,(w), infug()}, max{supu,(w), supug)}l,

[min{infv, (), infvpW)}, min{supv,(w), supvy)}l,
[min{l — supuy(u), 1 — supug)}, min{l — infu,(w), 1 —infugw)}] >/ u € U)

Hence
@ FsUGp) =@ FsU @ Gs
Similarly, we can prove assertion 2.
Proposition 4.7
Let F; and Gz € IVNHSS, then we have the following
L ®FirGp) =OFs » BGs
2. ®FavGp) =@Fs v Y5
3. ®@FanGp) = Q@Fxn QGs
4 Q@FsvGs) =QFzv ®Gs

Proof By using definitions 4.1, 4.2, 4.4, and 4.5 the proof of the above proposition can be obtained
easily.

5. Conclusion

In this paper, we study NHSS and IVNHSS with some basic definitions and examples. We extend
the work on IVNHSS and proposed some fundamental operations on IVNHSS such as union,
intersection, extended union, extended intersection, addition, and difference, etc. are developed with
their properties and proved the De Morgan laws by using union, intersection, OR-operation, and
And-Operation. We also developed the addition, difference, scalar multiplication, Truth-Favorite,
and False-Favorite operators on IVNHSS. Finally, the concept of necessity and possibility operations
on IVNHSS with properties are presented. For future trends, we can develop the interval-valued
neutrosophic hypersoft matrices by using proposed operations and use them for decision making.
Furthermore, several other operators such as weighted average, weighted geometric, interaction
weighted average, interaction weighted geometric, etc. can be developed with their decision-making
approaches to solve MCDM problems.
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Abstract: In this paper, the notion of the interval valued complex neutrosophic soft set (IV-CNSS) is
defined as a combination of interval valued complex neutrosophic set and soft set. Then, we introduce
the IV-CNSS’s operations such as union, intersection and complement. To explore the study further, we
present some basic operational rules, and investigate their properties. A new algorithm is developed by
transforming the interval complex neutrosophic soft values from complex space to the real space using a
practical formula which gives a decision-making with a simple computational process without the need
to carry out directed operations by complex numbers. This algorithm is then applied to evaluate two
kinds of a certain product from a manufacturer and choose the most suitable one. IV-CNSS provides an
interval-based membership structure to handle the uncertain data. This feature allows decision makers
to record their hesitancy in assigning membership values which in turn best catch the obscurity and the
complexity of such data.

Keywords: soft set; neutrosophic set; interval complex neutrosophic set; interval neutrosophic set;
complex neutrosophic soft set.

1. Introduction

In 1999, the model of neu-trosophic set(NS) presented by Smarandache [1] as a popularization of
fuzzy set [3], intuitionistic fuzzy set [6], interval-valued fuzzy sets[8]and interval-valued intuitionistic
fuzzy sets [13] . it's also an important method and powerful tool to deal with incomplete, indeterminate,
and inconsistent information in some real-life problem. The notion of neu-trosophic soft set(NSS) was
grounded by Maji [11], as a popularization of a soft set [2], fuzzy soft set [4], and intuitionist fuzzy soft
set [6]. In some real life applications, such as decision-making processes, he also used this concept[11].
This concept(NSS) deals with indeterminate data, while when the relationships are indefinite, the fuzzy
soft set and the intuitionistic fuzzy soft set fail to work..Since the neu-trosophic set is difficult to use
explicitly in real-life implementations, Maji,first of all proposed the idea of single-valued neu-trosophic
soft set and supplied its theoretical practices and properties. Additionally, in numerous real-life
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problems, the degrees of membership, non membership, and ind-eterminacy of a proven statement may
be suitably given by interval forms, instead of real numbers. Deli [14], deals with this case, proposed
connotation of the interval neutrosophic soft set , which is described by the degrees of membership ,
falsehood membership and indeterminacy, that are values of which are intervals rather than true
numbers. Mukherjee [17], The numerous similarity measures of interval valued neutrosophic soft sets
were presented and their application in problems with pattern recognition. Abdel-Basset et al [19-26],
suggested a solution to supply change problems, professional selection problems, time-cost tradeoffs,
and leveling problems in construction using a neutrosophic environment. Recent studies have focused
on designing systems using complex fuzzy sets[30] in (NSS) and (INSS)[15,29,35,36,37,39,42].To design
and model real-life applications in a better way, the 'complex’ feature is used to manage uncertainty and
periodicity data at the same time. By adding to the concept of a complex fuzzy set, complex-valued non-
membership grade [30], the definition of complex intuitionist fuzzy soft set was introduced by Kumar[31].
A complex neutrosophic soft set was proposed by Broumi et all [29], which is an extension type of a
complex fuzzy soft set and a complex intuitionistic soft .The complex neutrosophic soft set will deal with
the redundant existence of insecurity, incompleteness, indeterminacy, inconsistency in periodic data. The
advantage of complex neutrosophic soft sets over the neutrosophic soft sets is the fact that, in addition
to the membership degree provided by the neutrosophic soft sets and represented in the complex
neutrosophic soft sets by amplitude, The phase, which is an attribute degree characterizing the
amplitude, is also given by the complex neutrosophic soft sets. Yet it is not easy to find a crisp (exact)
neutrosophic soft membership degree in many real-life applications (as in the single-value neutrosophic
soft set), because we deal with unclear and ambiguous details. So we must establish a new notion to solve
this, which uses a neutrosophic soft membership degree interval. In this article, we first describe complex
interval neutrosophical soft sets (IV-CNSSs) as a generalization the concept of the soft set, complex fuzzy
soft set, interval valued complex fuzzy soft set [32,33,34], complex intuitionistic fuzzy soft set, interval
complex valued intuitionistic fuzzy soft sets. We then add such definitions and operations of interval
complex neutrosophic soft sets. Several properties of IV-CNSSs have been established that are related to
activities. The goal of this paper is also to explore decision-making on the basis of interval-value complex
neutrosophical soft sets. We develop an adaptable approach to decision-making based on interval-
complex valued neutrosophic soft sets and include examples to demonstrate the established approach.

the novelty of this work can be viewed:
e In this work, we have combined all of the following concepts Interval, Complex setting,
Neutrosophic set, and Soft set .Thus we got a new model is interval valued complex neutrosophic

soft set (IV-CNSS).

e We have used this hybrid model to solve one of the famous real-life problems, which is the
decision-making problem.

The rest of this article is organized as follows. Section 2 recalls some basic concepts of neutrosophic set,
soft set, complex fuzzy soft set, neutrosophic soft set, complex neutrosophic set, and their operations.
Section 3 presents the formulation of the interval-valued complex neutrosophic set and some examples.
Section 4 presenting Set-Theoretic Operations of Interval Valued Complex Neutrosophic Soft Set(IV-
CNSs). Section 5 presenting Operational rules of operation Interval Valued Complex Neutrosophic Soft
Sets (IV-CNSs). Section6 we introduce an application of our concept to a decision-making problem.
Section 7 delineates conclusions and suggests further studies.
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2. Preliminaries

Now, we present the basic meanings of the neutrosophic set in this section[1,5], soft set theory [2], and
complex fuzzy soft set [31,34], signal valued complex neutrosophic soft set [12] that is helpful for
subsequent discussions.

Let X be a space of points (objects) denoted as x with generic elements in X.

Definition 2.1. [5] A neutrosophical set A is an entity that has the structure A4 = {( x, Ty (x), [4(x), Fa(x) ):x €
X} where the functions T,I,F:[-0,71], denote the membership functions of truth, indeterminacy,

and falsehood, respectively, of the x€X element with regard to set. The condition must satisfy these
membership functions 0 < Ty (x) + I;(x) + F4(x) < 3*. The T,(x), [,(x)andF,(x) functions are actual
normal or non-standard subsets of the [-0,71] interval.

Definition 2.2. [2] Let U be a discourse universe and A be a parameter set. Let a power set of U be P(U). A
soft set over U is called an ordered pair (F,A), where F is a mapping given byF : A — P(U).

The parameterized family of subsets of the U set is a soft set. All F(e), e € E set from this family can be
interpreted as a set consisting of soft set e-elements (F, E) or as an e-approximate soft set member.

Definition 2.3. [34] Let U be an initial set and E be a set of parameters. Let P(U) denote the power set
of the complex fuzzy sets of U and let A c E. A pair (F,A) is called a complex fuzzy soft set over U,
where F is a mapping given by F : A— P(U) such that

F(ey) = {(hy, 1 (x). €179k |i is the number of parameter and k: is the number of sets}

Definition 2.4. [11] Let U be an initial universe,E be a set of parameters and let NP(U) denotes the set of
all neutrosophic sets. Then the pair(S, 4) is termed to be the neutrosophic soft set over U , where S is a
mapping given by S:4 —» NP(U).

Definition 2.5. [12] Let U be a universal set, E be a set of parameters under, A €E and for all x €U, ¥, is
a complex neutrosophic set over U. Then a single-value complex neutrosophic soft set S, over U is then
defined as a mapping S;: E — CN(U) , Where the complex neutrosophic sets in U are denoted by CN(U),
and ¥,(x) = @ If x no belong A Here ¥,(x) is referred to here as a complex neutrosophical approximate
function ofS, and the values of S, are referred to as the x-elements of the CNSS for all x € U. Here S,
then be represented in the following manner by a series of ordered pairs:

Sa={(x,¥(x) ):x EE,¥,(x) e CN(U)}
Where ¥, (x) = ({ x, pa(x). 4@ g,(x).e!?a® r,(x).eYa®)) ),

D4, qar Taare real-valued and lie in [0,1] and wy, @4, V4 € (0,27]. This is achieved in order to ensure that the
CNSS model description refers to the original form of the complex fuzzy set on which the CNSS model is
centered.

Definition 2.6. [12] Over the universe U, let S, and Sp be two complex neutrosophic sets,we define the
operations of complement, subset, union and intersection as follows.The complement of S,, denoted by

§¢4is a CNSS defined by S5¢ = {(x, ll’CA‘(x)) ix € U}, where ¥¢, (x) is the complex neutrosophic

complement of ¥, (x).

Itis said that S, is a CNS — subset of Sy and denoted by S; € S for all x € U, ¥4(x) € ¥y(x), that is
conditions are satisfied:
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pa(e) < pg(e), qa(e) < qgle),ma(e) < 15(e)

And wy(e) < wg(e), pa(e) < pg(e),yvale) <vyg(e)

iii) The union(intersection) of Sjand Sz, denoted as S, U (N)Sp is defined as: S; =S, U (N)S; =
{(x, ¥, (x) U (N)¥g (x)):x € U}

(x,lI’A (x)) if eecA—B
Sc(e) = (x,¥5 (x))if e€eB—A
(x, ¥y (x) U (MW (x))if e€ AU(N)B

where C = AU (N)B,x € U,and

pa(X)V (N)pg(x). e/ (@a@uMwp(x),
Py () U (NP5 (1) =4 g0 A (V)qp(x). el (0aU0e5),
() A (V)1 (x). e/ (@a@umep(),

where v and A respectively denote the maximum and minimal operators.

3. Interval Valued Complex Neutrosophic Soft Set

The interval complex neutrosophic soft set(IV-CNSS) model, which is a combination of the IV-
CNS and softset models, is presented in this section. As seen below, the formal description of
this model and some definitions related to this model are:

Defintion 3.1: Let U be an initial universe, E be a set of parameters under consideration, A ¢ E
and IV-CNS(U) denotes the set of IV-CNS-subset of U. Then a pair (S, 4) is called an interval-
valued complex neutrosophic soft set in short (IV-CNSS) over U , where S is a mapping given
by S: A — IVCNS(U) such that §,(x) = {( a, Ts,(x),I5,(x), F5,(x) ):x € U,a € A }. The IV-CNSSs
model is defined over a universe of discourse U by three membership function its truth
membership function Ts, ,an indeterminate membership function Is,, and
falsehood membership function Fs_ as follows:

Ts:A— ICNS(U),Ts, (x) = tg, (x).e/*“5a®

Is,: A = ICNS(U), I3, (x) = i5, (x).e/P¥5a®
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FS_'a:A Ed ICNS(U),Fga(x) = fs—,a(x). er¢§a(X)

In the above equations, the IV-CNS is a collection of complex neutrosophical interval sets,the
function of the interval truth membership is t5 (x), is (x) is the interval indeterminate
membership and f5 (x) is the interval falsehood membership function, while eJaWsq (%)

e/P¥5a®and e/ 500 are the corresponding interval-valued phase terms, respectively, with j =
V—1.The scaling factors a, f and y lie within the interval (0,2r]. This study implies that the
values a, 8,y = 2m. An interval-complex neutrosophic soft set can be written in set theoretical
form as:

jaws . JBYs (%) iy dbs
T5,(0=t5, (x).e]awsa(x) I5,00=i5,(x).e Sa F3, (x)=f§a(x).e]y¢5a(x)

X

(S, 4) ={a,(

y:x € U,a € A}

In the above set theoretic form, the amplitude interval-valued terms ts (x), is,(x) and f5, (x) canbe
further split as ts, (x) = [th5, (%), tVs, (0)], is, (x) = [its, (x),iYs,(x)] and fs (x) =
[ fr 5,00 f v 5, (x)],where ths (x),its, (%), f* 5, (%) represent the lower bound, while

tY 5,(0), iv 5,0, f u 5 (x) represent the upper bound in each interval, respectively. likewise, for the

phases: wg, (x) = [whs, (x), w¥5, ()], U5, (x) = [¢L§a(x),¢U§a(x)],d)§a(x) = [Q)Ls_a(x),c])us_a(x)] .

Example3.2 Let U be a set of developing countries in the area of West Asia (WA), considered to be a set
of criteria that characterize the economic indicators of a nation, and A = {e;, e,, e5,e,} € E,where these
sets are as defined below:

U = {u, =Iraq,u, = Kingdom of Saudi Arabia,u; = Jordan,u, = UAE}

E = {e; = inflation rate ,e, = population growth,e; = GDP growth rate, e, =
unemployment rate, es = export volume}.

The IV-CNSS S, (e;), Si(e,), Si(e3)andS, (e,)are defined as:

STA (e) =

[0.4,0.6]. e/2m105041, [0.1,0.7]. e/2710-103], [0.3,0.5]. ¢/2710809]  [0,2,0.4]. /27102041 [0,1,0.1]. £/27107.0), [0.5,0.9]. ¢/2710-2.05]
(¢ ) ( )
Uy Uz

{

[03’04] ejZTE[O.7,0.8]’ [06,07] ejZT[[O.6,0.7]' [02,06] £J27[0.6,0.8] [0]09] ej21'[[0.9,1], [02103] ej21'[[0.7,0.8], [03[05] eJ2m[04,0.5]
( ), (

Uz Uy

)}

§A(ez) =

[02’05] ej2n[0.4,0.7]’ [05,07] ejZT[[O.Z,O.S]' [06,08] £J27[0.6,0.9] [01103] ej21'[[0.1,0.3], [02,07] ejZTl[O.G,O.B], [04[07] eJ2m[0.1,05]
) (

Uy Uy

)

[06,08] ej2n[0.8,0.9]’ [04,06] ej27'[[0.4,0.7], [01'04] eJ2m0.7,08] [03,08] ej21'[[0.7,0.9], [0,01] ej211[0.7,0.7], [02,04] £J270.6,0.8]
( ) (
Uz Uy

)}

§A(es) =
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[0.3,0.7]. ei205.06] 0.1,0.7]. ei2™[0103] [0.3,0.5]. ei2™[0809]  [0.4,0.4]. e12™[06.07] [0.1,0.9]. eI™[0204] [0.3,0.8]. ei™0-5.06]
{C ), ( ),

Uy Uy

[0.37,0.64]. el™0470501,[0.36,0.57]. eI"(*6407], [0.28,0.66]. el™*16020]  [0.15,0.52]. ei™*%02], [0,0.5]. &I"(*607], [0.3,0.3]. eiTI0.£07]
( ) (

Uz Uy

)}

§A(e4) =

[05'1] ejn[0.6,0.71]' [011,073] ej‘r[[O.lZ,OA34], [06,07] ejT[[OA82,0.94] [035]041] e]"r[[O.SZ,OJl]' [02109] ejT[[O.l,OA]' [05,08] ejn[0.56,0.62]
( ), ( )

Uy U

{

[0.21,0.63]. e/™0-41055] [0 31,0.52]. el™[011.067] [0.17,0.49]./™[026040] [0 22 0.42].e/™0-2035] [0 3,0.65]. e™0-36.088] [0 .4,0.6]. /™0-740.91]
€ ), (

Uz Uy

)}

Then a selection of IV-CNSS of the form can be written by the interval valued complex neutrosophic soft
sets (S, A) such that (S, 4) = {S,(e1), Sa(ez), Sa(es), Sales)}.

Definition 3.3 : Let (S, A)and (S, B) be two IV-CNSSs over U. Then

(5,4) is said to be a subset of (§,B),denoted by (S5,4) c (S,B) iff ths (x) <ths, (x), it (x) <
its, (), fls (1) < fhs (x) and t7, (x) < tY, (1), 1%, (x) < t75,(x), ¢ () < fUs (x) for the amplitude
terms, and w"; (x) < w'5, (x), ¢L§a(x) < ¢L§b(x),c1>L§a(x) < (1>L§a(x) and s (x) < 0, (x),llJUS,a(x) <
lIJU§b (x), c]>U§a(x) < c]>”§b (x) for the phase terms for all x € U.

(5,A)is said to be equal of (§,B)denoted by (S5,4)= (S5,B) iff ths (x)=trs (x), its,(x) =
its, (x) ,nga(x) = ngb (x)and tYs (x) = tYs5, (x), i, (x) = t”gb(x),fuga(x) = fugb(x) for the amplitude
terms, and w'; (x) = w's, (x), llJLS—a(x) = lliLgb(x). cl)Ls_a(x) = Q)Ls_b(x) and wY; (x) = w”s—b(x),tlJUS_a(x) =

W, (), 97 (x) = Y (x)for the phase terms for all x € U.

Definition 3.4: (S, A) is said to be a null IV-CNSS, denoted by (S, A)4if for all x € U, a € A the amplitude
and phase terms of the membership function are given by t*s (x) =tV (x), i*s,(x) = iY5 (%), f* 5, (x) =

f”s-a (x) = 0 and w';, (x) = w¥;, (x), ljJLS_a (x) = L|J"§a(x), d)Ls_a(x) = d)Us_a(x) = Om,respectively

Definition 3.5: (S, 4) is said to be an absolute IV-CNSS, denoted by (S, A)sif for all x € U, the amplitude
and phase terms of the membership function are given by

ths,(x) = t¥5, (), its, (x) = iY5,(x) ,nga(x) = fuga(x) = land w's, (x) = w5, (1), 1IJL5—a(X) =

1 5,0, ot 5, (0 = ¢v 5,(¥) = 2m respectively

The IV-CNSS effectively decreases to a crisp collection of the universe U in each of the cases defined in
Definitions 3.4 and 3.5,
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. - [0,0.].e/7[0-01 [0.0].e/7[0.0] g 0].eJ7el0.0] 0,0,0
fe. (5,40 = {220 : TN} = {(229)

X X

and (S, 4); = {([1,1].eiZ",[L1].ef2”,[1,1].ef2”)} _ {(g)}

X X

4. Set Theoretic Operations of Interval Valued Complex Neutrosophic Soft Set

The basic set of theoretical operations on IV-CNSS, namely the complement, union intersection, are
described in this section.

Definition 4.1: Let (S, A)and (S, B) be two IV-CNSSs over U. The union of (S,4)and (S, B) is an IV-CNSS
(S_, C) where=AUB,a€A,b € Band x € U. to define the union we consider three cases :

Case 1:if c € A — B.then
Ts, (x) = [inftga(x), supts-a(x)].ej““’ga(")
I, () = [infis, (), supis, ()] /5

Fs,(x) = [inffs,(x), supfs, (x)]. e/*¥5a®

Case 2:if c € B — A.then
Ts, (x) = [infts—b (x), supts, (x)]. o) 2w, ()
Is, (%) = [infi, (x), supis, (x)]. e/“¥5p™
Fg,(x) = [inffs,(x), supfs, (x)]. e/“¢5p®
Case 3:if c € A N B.then
Ts, (%) = [infts, (x), supts,(x)]. e/““5c™
Isc(x) = [infis'c(x),supigc(x)].ej“%c(")
Fs,(x) = [inffs,(x), supfs,(x)]. e/
Where
infts,(x) = v (infts, (), inf ts, (), supts () = v (supts, (), supts, ()

infis (x) = A (infiS-A(x), infig, (x)),supis-c(x) =A (supigA(x),supigs(x));

inffs.(6) = n(inf fs,(0), inf fs, () ), supis, () = A (supfs, (), supfs, ()
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The union of the phase terms are the same as defined for the union of the amplitude terms . The symbols

V,A represent respectively max and min operators.

Example 4.2. Let U = {u,u,} be a universe of discourse, (S,A4)and (S,B) be two interval complex

neutrosophic soft sets such that A=f{e,, e,, e; }, B={e,, e3, e, } defined on U as follows:

.4 =

[0.26,0.39]. ei2m0530:86] [0,65,0.86]. 120420611 [0,53,0.9]. ef2m0205]
¢ )

[01,08] ejZT[[OAZZ,OAB]I [04’,08] e]'Z‘r[[O.SS,O.GZ], [037,04’6] e]'ZT[[OA57,0.83]
),
Uz

{es, ( 0

[04,06] ejZTr[OAS,OAG]I [01'07] e]'ZT[[OAl,OAS], [03'05] e]'27'[[0.8,0.9] [02'04] ejZn[OA3,OA6]' [01101] ejZT[[O.7,0.9]' [05'09] ejZH[O.Z,O.S]
)i ( )

= Uy Uz
[02'05] ej27'[[0.4,0.7]' [05'07] ejZn[0.2,0.3]’ [06,08] ern[0.6,0.9] [01’03] ej21'r[041,043]’ [02’07] e2j7[[0.6,0.8]' [04’07] ejZTL’[O.l,O.S]
e = X a )
1 2
$.B) =

[03'07] ejZ‘r[[O.7,0.8]' [04'09] ejZT[[O.3,0.5], [06,08] ejZT[[O.S,O.é] [04'04] ejZT[[O.6,0.7]' [01'09] ejZT[[O.Z,OA]' [03,08] e]‘21'[[0.5,0.6]
), ( )

{ez, ( 0

u;

[021,063] ejZn[0.41,0.55]' [031'052] ejZn[0.11,0.67]' [03,073] ejZT[[O.Z,O.SS]
( )

[03'07] ejZn[0.4,0.5]' [03'05] ejZﬂ[O.6,0.7]' [02,06] ej27'[[0.16,0.3]
),
Uz

e,
, €3, ”

[02,06] ejZTT[O.6,0.7]' [03,08] ej21'[[0.2,0.4]’ [05'07] ej21'[[0.4,0.5] [05,06] ej21'[[047,048]’ [02,08] ejZTt[O.S,O.S]' [04’09] ej21t[0.6,0.7]
) ( )}

s
u;

ey ( 0

Then the union between two IV-CNSS defined as:

EHUEB =0 =
[01,08] ejZTr[O.ZZ,OAS]I [04,08] ej27'r[0.55,0.62]' [037,046] ej27't[0.57,0.83] [026,039] ejZn[0.53,0.86]' [065,086] €j2”[0'43'0'61], [053'09] ejZn[O.Z,O.S]
) ( )2

e
few ( u, ’ Uy

[04’07] ej2TE[O.7,0.8]’ [01'07] ej2TL’[0.1,0.3]' [03'05] ejZTI[O.S,Oﬁ] [04’04] ej2TL’[0.6,0.7]’ [01'01] ej27{[0.2,0.4]' [04'091] ej27{[0.58,0.69]
(Cea - ). 8 0,
1 2

[03’07] ejZT[[O.4,0.7]’ [03'07] ej2TL’[0.6,0.7]' [02,06] ej21'r[0.16,0.3] [02 1,063] ejZTI[OA-l,O.SS]’ [02'052] ejZTL’[O.ll,O.67]' [03,08] ejZTL’[O.l,O.S]
), ( ),
Uz

e
( .

[02,06] ejZn[0.6,0.7]’ [03,08] ej21‘[[0.2,0.4]' [05,07] e]'2‘rl[().4,0.5] [05,06] ej21‘[[0.7,0.8], [02,08] e]'2‘r([0.3,0.5], [04[09] ej2‘rt[0.6,0.7]
), ( )}
Uz

ey ( 0

where C = AU B.

Definition 4.3. Let (S, 4)and (S, B) be two IV-CNSs over U. The intersection of (S, 4)and (S, B) is an IV-
CNSS (S,C) where C = AnB,a € A,b € Band x € U. to define the intersection we consider three cases:

Case 1: if c € A — B.then
Ts, (x) = [infts-a(x),suptga(x)].ej““’ga(")

I, () = [infis, (), supis, (¥)]. ¢/*¥5a®
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Fs,(x) = [inf fs,(x), supfs, (x)]. e/ *¢5a®
Case 2:if c € B — A.then
Ts, (x) = [infts, (x), supts, (x)]. e/*“5®
I, () = [infi, (x), supis, (x)]. e/*¥5®
Fs,() = [inf f5,(x), supfs, (x)]. e’ **5®
Case 3:if ¢ € A N B.then
Ts.(x) = [infts, (x), supts, (x)]. e/*“5c®
Is, (%) = [infis, (x), supis  (x)]. e/ *¥5c®)
Fs,(x) = [inffs,(0), supfs,(x)]. e/¥sc®
Where
infts,(x) = a(infts, (), infts, (), supts, (x) = a(supts, (x), supts, () ;
infis, (x) = v (infis, (@), infis, (x) ), supis () = v (supis, (x), supis, @)
inffs.(0) = v (inf f5, (), inf 5,00, supis,(x) = v (supfs, (), supfs, ()

The intersection of the phase terms are the same as defined for the intersection of the amplitude terms.
The symbols V,A represent respectively max and min operators.

Example 4.4. As in Example 4.2, let (S, A)and (S, B) be two two interval value complex neutrosophic soft
sets . Then, (S, C) is given by the intersection of two interval value complex neutrosophic soft sets:

S,An ($S,B)=(5,C) =

[01,08] ejZT[[O.ZZ,OAB]I [04,08] e]'2‘r([0.55,0.62]' [037,046] ejZT[[O.57,0.83] [026,039] e]'2‘r([0.53,0.86], [065,086] ej21'[[0.43,0.61], [053,09] ejZT[[O.Z,O.S]
few ( )i ( )

Uy U

)

[03,06] e]'Zn[O.S,O.G], [04’09] e]'27'[[0.3,0.5], [06,08] ej27'[[0.8,0.9] [02'04] ejZTI[O43,O46]' [01'09] ejZT[[O.7,0.9]' [05'09] ejZn[0.5,0.6]
), (

Uy Uz

e (

([02,05] ejZTE[O.4,0.7], [05,07] ej27'[[0.8,0.7], [02,08] ej27'[[0.6,0.9]) ([01,03] ejZn[0.1,0.3], [031,07] e/‘Zn[O.G,O.B], [04,073] ejZn[O.Z,O.SB]

Uy Uz

es,

),

[02,06] ejZn[0.6,0.7]’ [03,08] ej21‘[[0.2,0.4]' [05,07] e]'2‘rl[().4,0.5] [05,06] ej21‘[[0.7,0.8], [02,08] e]'2‘r([0.3,0.5], [04[09] ej2‘rt[0.6,0.7]
( )i (

Uy uy

€4,

)}
WhereC =ANB

Definition4.5.Let (S, A) be IV-CNSs over U. The complement of (S, 4), denoted by (S, 4) ¢ is as defined
below:
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7ngAC(JC) 1'271‘11§AC(X) e

< J'27T<1>§AC(X)
AC

j2
Ts C(x):tgAC (x).e

(§,4)¢=(S4) = {a(—2
U,a € A}.

,ISAC(X)=I:§AC(X).8 (x):ngc x).e

Yix €

X

Where ts e (x) = f5,(x) and Ws ¢ (x) =21 — wg, (x) . Similarly s (x) = (inf s, (x), supis,. (x))where
infiS-AC(x) =1 —supis,(x) and supis-AC(x) =1 —infis,(x),with phase term Ps ¢ (x) = 2m — Y5, (x) Also,
f5,c(x) = t5,(x),while the phase term 5, . (x) = 21 — 5, (x) .

Proposition 4.6. Let (S, A) is a IV-CNSs over U, then, ((S,4)%)¢ = (S, 4).

Proof.From Definition 4.5, we have

($,4)¢ = (5%4) ={al Ts (), Is, (%) ,Fs5 (x)):x € U,a € A}.

={a(ts, (0. /25 is . (%) /25 e ,ngC(x).ej2n¢§A°(x)): x €U,a €A}

={a,( f5,(x). el2mm-ws, () (infis . (x), supis, . (). /22—, () Jts, (x). e/2mn=s, . v € U, a € A}.

={a,( fs5,(x). e/ 95aM) (1 — supig, (x),1 — infis, (x)). e/ ET V50 £, (). /223, (Y. €

U,a € A}.
Thus
(S, 4) )¢

={a fs, (). 2" N (1 — supis (x),1 -

infis, ). 25 1c (D). ts (0. ejzn(zn_(2”_¢§Ac(x)))): x€U,a €A}

={a( f5,(x). /2P Cm=@m=0s, 00 (1 — (1 — infis, (0)),1 — (1 -

supis, (x)). eJ2m (2= (25, () ts e (). /M@= b5,y v e U, € A}

={a,( tgA(x).e"Z’m’?A(x) , igA(x).ejzml’gA(x) f5,(x). 7240y x € U,a € A}

=(§, A).

Example 4.7. Consider Example 1. The complement of (S, 4) is given by (S,4) ¢ =
{S:Ac(el), 5,5(e,), S, (e3), S_'Ac(e4)}, we just give the complement to

S, (ey)below for the sake of brevity

Sae) =

[0.3,0.5]. e/27105.061 [0.3,0.9]. £/27101021,[0.4,0.6]. /27108021 [0.5,0.9].e/2710306], [0.9,0.9]. /270701, [0.2,0.4]. e/2m10-2.05]
( ) C )
Uy Uz

{

[0.2,0.6]. e/2710.7.081 [0.3,0.4]. £/27106071, [0.3,0.4]. /27106081~ [0.3,0.5]. /2710911, [0.7,0.8]. /27107051, [0,0.9]. e/ 27[0-4.05]
( ) (
Uz Uy

)}

Proposition 4.8. Let (S, A), (S, B) and (S, C) be three interval complex neutrosophic soft sets over U. Then:
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i. (5,4 U B)=(SB)U (S A) (Commutative law)

ii. (5,4 n (S, B)=(SB)n (S A) (Commutative law)

ii. (S,AU(SBUGSC)=(S A4S B))U(S,C) (Associative law)

iv. SAN(SEBNE0)=(A4) NS B))N(S,C) (Associative law)

v. (SAUS BN (S 0))=(SAUS B)NSA)U S O0) (Distribution law)

vi.  ($,A NS B)U (S 0)= (AN S B) U (S A)n (S, C)) (Distribution law)
vii. — (§,A) U (S, A) NS B) = (S A)
viii. . (5,4)n (S, AU S B)) = (S A)

ix. (5,A) UGS B =(5A4)n(SB) (DeMorgan's law)

x. (5,0 n (S B)° = ((5A) U (S B))F (De Morgan's law)

Proof: All of these assertions can be directly proven.

Theorem 4.9. Let (S, A) and (S, B)be two interval complex neutrosophic soft set,Then The smallest one
containing both ($, A) and (S, B)is (§,4) U (S, B).

Proof: Directly

Theorem 4.10. Let (S, A) and (S, B)be two interval complex neutrosophic soft set,then the largest one
present in both(S, 4) and (S, B)is (S, 4) n (S, B).

Proof: Directly

Theorem 4.11. Let (S, 4) and (S, B). be two interval complex neutrosophic soft sets on U. Then, (S,4) <
(S, B)iff (S,B)¢ < (S, A)°

Proof: Directly

Theorem 4.12. Let P be the power set of all interval complex neutrosophic soft set. Then, (P,U,N) forms
a distributive lattice.

Proof: Directly
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5. Operational rules of operation Interval Valued Complex Neutrosophic Soft Sets

Let(S,4) = {a, ([T*s,, TYs,]|. [I*s,, 1Ys,). [F*s,. FUs,]), a € A}.and(S,B) =
{b, ([TLS-B,TUS-B], [ILgB,IUS-B], [FLgB,FUS-B]), b € B}. be two interval valued complex neutrosophic soft sets
over U which are defined by

[T5, TV5,] = [t%5,00, V5, o el a0 su@l, e v ] =

[it, G0 V5, (0] 1V 5a W 50 @l iy pu ] =

(15,60, £V, ()] e710"5402 54Dk ang

[T5 TV5,] = [t55, 00, tV5, (o). e/l 00 s @], i o] =

[it5, (), Vs, (x)). 161955005500}, [F 55 FUsg] =

[, 0015, @] M ss @2 550,

respectively. Then,some operational rules of IV-CNSSs as follows, are described:

(i) The product of (S, A) and (S, B). denoted as (S,4) X (S,B) is:
{(@b), Ts,, ,(x), I5,, (%), Fs,, 5(x)):(ab)€E A X B}, where

: L_ U_
T, (1) = [ths, (). the, (), tVs, (). tVs, ()] /1 5ax 5@ a5 ),

IS_AxB(x) = [iLgA(X) + iLgB(x) — iLgA(x). iLgB(x), iugA(x)+iU§B(x)

: L U
— i, (0.1, (). R O )

FS_AX)S(X) = [ngA(x) + ngs(x) _ngA(x)-ngB(x)'fugA(x)+fU§B(x)

B ng (x)'fug (x)] . eja[¢L§Ax B(x)J‘DUEAXB(x)].,
A B
The product of phase terms is defined below:
0 g ()= 05, (05, (1), 07 ()= 07, (D)0 ()

Pro @=t GOt (0,00 =Y (WY, @)

SAxB SAxB

‘DLs‘AXB (x)= ‘DLs‘A (x)‘DLs‘B (x), ‘pus‘AXB (x)= ¢U§A (x)¢U§B (x).
The addition of (S, 4) and (S, B), denoted as (S, A) + (S, B),is defined as :

Ts,, 50 = [ths, (0) + ths, (x) — ths, (0). ths, (), tVs, () +tVs, (%)

= 5, (0.5, 0] /1 50 50 50150}
. L_ U_
Is,, , ) = [its, (). its, (), 1Y, (). 1Y s, (%)]. ef"‘[w sar g0 sA+B<X>]-,

Fs,, ,(x) = [fLS-A @). b5, (0, fUs, (0. £ (x)] P 5as @250, @]

below is the addition of phase terms is defined :
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a)L§A+B(X)= wL§A(x)+wL§B(x)/ G)U§A+B(x)= a)U§A(x)+wU§B(x)

Wh, = Whe () +Eg (), 07, (=1, () + 4, ()

SA+B

¢L§A+B(x)= q)Ls‘A(x) + ‘I)Ls‘B(x)/ oY ()= q)Us‘A(x) + ¢U§B(x)-

54+B

(iii) The scalar multiplication of (S, 4) is an interval valued complex neutrosophic soft set denoted as
(S,C) =k(S,A) and defined as:

{(a, Ts, (), I5,(x), F5.(x)): a€ A}, where
TEC(X) = [1 -(1- tLgc(x))k, 1—(1- tugA(x))k]. ejzn[ngc(x) ’wufc(")]"
I G) = [(it, ()%, (s, (). /W sc® ¥ sc),

Fs (0 = [(F5, GV (F75, )] eP271®"5c) 5],
below is the scalar of phase terms defined :
whs ()= w5, (X).k, 0¥5.(x)= w5, (x).k,
Pro @)= br, 0.k WY (@)=Y, (0.k,
DL ()= D5, (x). k, Vs (x)=DY;, (). K,
6. Interval Valued Complex Neutrosophic Soft Set Approach to Problem-Making Decisions

In this here section, by considering the following case, we introduce an application of IV-CNSSs to a
decision-making problem.

Example 6.1. Assume that two kinds of a single commodity from a source must be compared by a
merchant company and pick the most appropriate one. Assume that the current phase an expert view in
two phases on these two categories of products: once before using the products and once again after
reviewing a trial of one of the two types of products. Assume that the universe of the two alternatives
consists of U = {uy,u,} (the two product types) and E = {e;,e,,e3} is the set of attributes, where e;
symbolize “easy to use”, e, symbolize “ functional ” and e; symbolize “durable”. The expert is now asked
to decide on the most suitable choice based on the goals and constraints of setting up the IV-CNSS.

4=

[04,06] ejZT[[O.S,O.G], [01’07] e]'27'[[0,8,0.9]’ [03’0,5] ej27'[[0.8,0.9] [02'04] ejZTI[O43,O46]' [01701] ejZT[[O.7,0.9]' [05'09] ejZn[O.Z,O.S]
(o[ . y . D)

( ( { [0.2,0.5]. e/2710407 [0,5,0.7]. e/27105061 [0.2,0.8]. /2710601 [0.1,0.3]. £/27101021,[0.31,0.7]. e/2710-6081 [0.4,0.61]. /27 [0-2.05¢]
ez (1 ( ) ( ) }) :
Uy Uz

[02’07] ejZn[0.7,0.8]’ [04'09] ejZT[[O.3,0.5]' [06,08] ejZTt[O.S,O.G] [015]052] ejZTl[O.l,O.S], [0,05] e]'21'r[0.6,0.8], [03,03] ejZn[0.6,0.7]
e ({( - X - )}) )
1
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The opinions of the experts in stage one reflect the amplitude of true membership, falsehood membership
and indeterminate membership (before the products are used) in the IV-CNSS(S, A) above, while the
terms of membership, non-membership and indeterminacy process reflect the opinions of the experts in
the second phase (in accordance with having tried a selection of both of the product's two types). Thus,
the amplitude term of the truth membership of the first phase and the phase term of the membership of
the second phase form a complex-valued function of the truth membership of the IV-CNSS(S, 4) .
Similarly, a complex-valued falsity membership function is generated by the non-membership amplitude
term in phase one and the falsehood membership phase term in the second phase. In addition, the
amplitude term of undecidedness in the first phase and the phase term of indeterminacy in the second
phase form the complex-valued indeterminate membership function. Our problem now is to choose the
most suitable product type for the merchant company. We use IV-CNSS (S, 4) along with the proposed
algorithm to disband this decision-making problem. Using a functional formula that allows fast
computational decision-making without the need to perform guided operations on complex numbers,
this algorithm converts interval complex neutrosophic soft values (I-CNSVs) to interval neutrosophic soft
values (INSVs). This algorithm. After that we convert interval neutrosophic soft values (INSVs) to single
neutrosophic soft values (SNSVs) by taking the arithmetic average of Ts,(x),/5,(x) and
Fs,(x) respectively. In this formula, we assign a weight to the amplitude terms (a weight to the expert's
opinion previous to using the product) by multiplying the weight vector to each amplitude term.
Similarly, by multiplying the weight vector for each phase term, we assign a weight to the phase terms (a
weight to the opinion of the expert after using the product). Then, to obtain the IV-CNSVs that together
reflect the views of the experts on both phases, We combine the values and phase terms of the weighted
amplitude terms. After conducting these simple arithmetic for all membership functions of the IVCNSS
(S, A), we then lead to the final decision using the single neutrosophic soft method.

Algorithm:
Step 1.Input the IV-CNSS (S, 4),

Step 2.Convert IV-CNSS (S,A),to IVNSS (S,A) By gaining the values of the weighted aggregation
of Ts, (x),I5,(x) and Fs,(x), Va € Aand Vx € U as the following Formulas:

Te, () = [withs, (0 + wy (52 ) @, () wits, () + w, () e, (o)

15,00 = [wnits, 0+ wa (52) B0, (0 s, () +wa (5-) U7, 0]

Fsa () = [waftg, (0 4 wa (52) vt (0, waf 7, (0 +w (52) o, )]
where ths, (), tYs, (x),i"s,(x),iY5,(x) and fLs-A(x),fugA(x)are the amplitude terms and
wLS—A(x),a)US—A(x),ljJLS_A(x),lpus_A(x) and @', (x),®Y;,(x) are the phase terms in the the Interval
Complex  Neutrosophic Soft Set (S,4), respectively. Ts,(x),Is,(x) and F5,(x) are
truth membership function ,anindeterminate membership function,and falsehood membership function
in IV-NSS (S, A), respectively and w;, w, the weights for the terms of the amplitude and phase terms,
respectively, where wy,w, € [0,1] and w; +w, = 1.

Step 3. Convert IVNSS (S5,A) to SVNSS by taking the arithmetic average of Ts,(x),Is,(x) and
Fs,(x) respectively.
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Step 4. Compute the comparison matrix of the SVNSS. Comparison matrix of SVNSS [40], is a matrix
whose rows are labelled by the object names u,, u,, ..., u, and the columns are labelled by the parameters
€1, €y, .., ey The entries ¢;; are calculated by ¢;; = aj; + (bij — ci]-) , Where 'a' is the integer calculated as
"how many times Tei(uj) exceeds or equal toT,, (), for u; # w,V u; € U, 'b' is the integer calculated as
"how many times Iei(uj) exceeds or equal tol,, (uy), for u; # w,Vu; € U, and 'c'is the integer calculated
as "how many times Fei(uj) exceeds or equal to I, (u;) ', for u; # w,,V u; € U.

Step 5.Calculate the scorec; of u;, Vi. The score of an object u; of c; its calculated as ¢; = ¥ ¢;;.
Step 6. The decision is to select ; if ¢, = maxycy¢;
Step 7. if we has more than one decision then any one of u;could be the preferable choice.

Now, to change the form of the IV-CNSS (S,A),to IV-NSS (S,A) we assume that the weight vectors are
w; = 0.6 and w, = 0.4. To illustrate this step, we calculate T, (u,), I, (w;) and F,, (u;), as shown below:

Te, (uy) = [Wlthel (W) +w, (%) ast‘el (wy) ,W1tus‘e1 (W) +w, <%> 0500”5‘6,1 (u1)]
=[0.6(0.4) + 0.4 (i) (21)(0.5),0.6(0.6) + 0.4 (ﬁ) (Zn)(o.e)]

=[0.44, 0.6]
Lo, ) = it Cu) 4wy (52) B0, () wais, ) +wy (52) B U7, ()]

=[o.6(o.1) + 0.4 (%) (21)(0.8),0.6(0.7) + 0.4 (ﬁ) (27'[)(0.9)]

=[0.38,0.78].

o) = [waft, un) by (5 )yt o) war G 4wy (=) v, )

= [0.6(0.3) + 0.4 (i) (2m)(0.8),0.6(0.5) + 0.4 (i) (27r)(0.9)]
=[0.5,0.66]
Then the TV-NSS
([rs., @, Y%, ], [1s,, ), 1%, @], [Frs,, @), Fs, (w)])
= ([0.44,0.6],[0.38,0.78], [0.5,0.66]).

we measure the other IV-NSSS in the same way. V e; € A and V u; € U. as shown.Table 1.
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Tablel.values of IV-NSS

U u, U,

e; ([0.44,0.6],[0.38,0.78],[0.5,0.66]) ([0.24,0.48],[0.34,0.42],[0.38,0.74])

([0.28,0.58], [0.5,0.66], [0.36,0.84])

e (10.10,0.30] ,[0.43,0.74] ,[0.32,0.59])

([0.4,0.74] ,[0.36,0.74] ,[0.68,0.72])
€3 (10.13,0.43] ,[0.24,0.62] ,[0.42,0.46])

Now we convert the IV-NSVS to SVNSV by taking the arithmetic average of Ts,(x),[5,(x) and
Fs,(x) respectively as shown Table2

Table2 . values of SVNSS

U u, u;
e
. (0.52,0.58,0.58) (0.36,0.38,0.56)
€z
(0.43,0.58,0.6) (0.2,0.50,0.46)
€3
(0.57,0.55,0.7) (0.28 ,0.43 ,0.44)

Table 3. comparison matrix of the SVNSS

U Uy U,
e, 3 0
e, 1 -1
€3 0 2

U Uy Uz
e, 3 0
e, 1 -1
€3 0 2
Score(c;) 4 1
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Decision:The best option is to select u;. Since ¢; = max,,eyc; = u;. The expert advice therefore
selects the form u; of this product as u; desirable alternative.

7. Conclusion

We established the concept of IV-CNSS by combining the two concepts of interval complex
neutrosophic sets with soft sets. The basic operations on IV-CNSS, namely complement, subset,
union, intersection operations, were defined. Subse-quently, the basic properties of these
operations such as De Morgan’s laws and other relevant laws pertain-ing to the concept of IV-
CNSS were proven. Finally, a new algorithm is introduced and applied to the IV-CNSS model
to solve a hypothetical decision-making problem, and its superiority and feasibility are further
verified by comparison with other existing methods. This new extension will provide a
significant addition to existing theories for handling indeterminacy, where time plays a vital
role in the decision process, and spurs more developments of further research and pertinent
applications. For further research, we intend to take into account unknown weight information
to develop some real applications of IV-CNSS in other areas, where the phase term may
represent other variables such as distance, speed, and temperature.
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Abstract: Neutrosophication is the process of converting crisp values into neutrosophic values,
which is considered the first and basic step for any processing system that depends on the
neutrosophic logical relationships and features, especially those that take into account
indeterminacy values that result from ambiguity, noise, or inaccuracy. In this paper, we have
presented a set of neutrosophication functions by modifying the functions used in fuzzy logic
(trapezoid, triangle, gauss, bell-shaped, s-shaped, z-shaped) in a way that preserves the essence of
the neutrosophic logic philosophy and the independence of truth, indeterminacy, and falsity values
for each element of the neutrosophic set. Neutrosophication functions have also been implemented
through the use of a suggested MATLAB code. It is possible through the proposed
neutrosophication functions to build neutrosophic processing systems, especially digital image
processing systems, by converting the crisp values of the pixels of the digital image to neutrosophic
values using the proposed functions. Then, by building on the neutrosophic logic operations and
the related researches, the new neutrosophic values are processed, after which they are returned to
their crisp values through de-neutrosophication.

Keywords: Neutrosophication; trapezoid; triangle; gauss; bell-shaped; s-shaped; z-shaped.

1. Introduction

The proof of any mathematical matter depends mainly on making logical and mathematical
steps on a set of data and hypotheses to reach the objective results. This importance prompts pure
and applied mathematicians permanently and continuously to develop and infer logical relationships
in accordance with the shape and features of the new and different groups of mathematical,
descriptive and arithmetic values. In this context, neutrosophic logic was founded in 1995 by the
American professor Florentin [1,2] to develop logical philosophy through the definition of the
neutrosophic sets and the resulting definitions, consequences, and neutrosophic logical relationships
[3-6].

What distinguishes the neutrosophic sets from other preceding sets, such as intuitionistic and n-
hyperspherical fuzzy sets [2], is that they add an independent value: the degree of indeterminacy.
Consequently, each element of the neutrosophic set is expressed by (T, I, F), where (T) degree of truth-
membership, (I) degree of indeterminacy-membership, (F) degree of falsehood-membership. These
three values are completely independent.
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Importance of the neutrosophication functions comes from the fact that any neutrosophic data
processing system [7-11] must start by converting the given values into neutrosophic values, using
the neutrosophication functions.

Few researchers have made proposals for some of the neutrosophication functions. Broumi,
Nagarajan, Bakali, and Talea (2019) [12] have introduced neutrosophic trapezoidal function and
implementation using MATLAB program. Faruk Karaaslan (2018) [13] has studied neutrosophic
gaussian function and its application about decision making. Chakraborty, Mondal, Ahmadian, Senu,
Alam, and Salahshour (2018) [14] also have a study on neutrosophication and de-neutrosophication
by neutrosophic triangular function, and their applications.

The previous researches have studied one function separately from the other functions and
assumed that the value of truth-membership degree, indeterminacy-membership degree, and
falsehood-membership degree was calculated according to one form of the neutrosophic functions.

This research is divided into 5 parts. Part 2 discusses preliminaries about the neutrosophic set.
Part 3 presents new neutrosophication functions. Part 4 proposes MATLAB code for these
neutrosophication functions. In part 5, we have concluded our research.

2. Neutrosophic Set [8]

Neutrosophic set was founded by Prof. Smarandache in 1995 and was published in 1998. It
was an extension of many existing sets, such as spherical, intuitionistic, inconsistent intuitionistic,
and g-rung orthopair fuzzy set. For any variable v in the neutrosophic set N, it is described by
(t,i, f), where:

t = Ty(v): Truth-membership function, for any v in the neutrosophic set N, where:

Ty(wv): N - 07, 1]

i = Iy(V): Indeterminacy-membership function, for any v in the neutrosophic set N, where:
Iyw): N - 07,1

f = Fy(v): Falsehood-membership function, for any v in the neutrosophic set N, where:
Fy(w): N - ]07,1%[

3. Neutrosophication Functions

The functions used to convert the crisp values into neutrosophic values are called
neutrosophication functions. For each function fun [15], we distinguish two types in neutrosophic
logic:
funy: function values starting from zero (down to up).
funy: function values starting from one (up to down).

The truth-membership, indeterminacy-membership and falsehood-membership functions take
their forms from the proposed functions independently of each other, and they do not necessarily
take the same form.

3.1. Neutrosophic trapezoidal function (ntpf)

The ntpf is defined by specifying 5 parameters (a, 8, v, §, w) where:
(a,B,7,6) are the vertices of the trapezoid.
(w) represents the height of the neutrosophic trapezoidal function.
Neutrosophic trapezoidal function is defined as:

0 x<a
w(x—a)
o a<x<p
ntpfo(x,a,B,v,8,w) = w B<x<y = max(min (%,w,%j))ﬂ)
w(-x)
e y<x<$6
0 §<x
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or
1 x<a
ETLILD Ry
—q— _ S—v—w(s—
ntpf;(x,a,B,v,8,w) = 1-w B<x<y = min | max M,I—W,M ,1
B-a §—vy
6_ygff_x) <x<6
1 §<x

Example 1. The diagrammatic representation of ntpf,(x,0.2,0.6,0.7,1,0.5) and ntpf;(x,0.3,0.5,0.8,0.9,0.8) is
shown in figure 1.

f— B - -

— nipi0 ||
08+ mplt

o 1

ort
08}
osf —
04 ‘
03t \ )
o2t

0t 4

0 . I A " " " v

¢ 0t 02 03 04 05 08 07 OB 03 1

Figure 1. ntpf, and ntpf; for example 1.

3.2. Neutrosophic triangular function (ntgf)

The ntgf is defined by specifying 4 parameters (a, 8, y, w) where:
(a, B,v) are the vertices of the triangle.
(w) represents the height of the neutrosophic triangular function.
Neutrosophic triangular function is given as:

0 x<a
w(lx —a) <x<p
_) B-a -7 B (wlx—a) wy —x)
ntgfo(x»arﬁr%w)— W(y—x) <5 = max(mm( 'B—a , y—‘B )’0)
y—8 -
0 X
or
1 x<a
B—a—-—wlk-—a)
ntgfi(x,a,B,y,w) = B wsr=d —min(max<ﬁ_a_w(x_a)V_B_W(y_x)) 1)
1 ’ ! ! ’ - - - - - ’ )
|y ﬁyfg 2 B<x<y p-a v—8
\ 1 y<x
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Example 2. The graphic representation of ntgf,(x,0.2,0.6,0.7,0.9) and ntgfi(x,0.3,0.6,1,0.5) is

shown in figure 2.

1

00 y
08
or
ok , ‘
05
04 '
03
03

0.

T TR T T . .,
0 o1 a2 03 04 05 06 o7 o8 03 1

Figure 2. ntgf, and ntgf; for example 2.

3.3. Neutrosophic (S and Z)-shaped function (nszf)

The nszf is defined by specifying 3 parameters (e, §, w) where:

(a, B) they control the start and end of the bend.

(w) represents the height of the neutrosophic (S and Z)-shaped function.
Neutrosophic (S and Z)-shaped function takes the form:

( 0 x<a
) X — a\>2 < <a+ﬁ
W(ﬁ—a) 1=r=7
nszfo(x, a, B, w) = x—B\? a+p
W_zw(ﬁ—a> 2 <x=<p
l w B <x
or
1 x<a
_ 2
1—2w(;_‘:) ansa;rﬁ
nszf, (x,a, B,w) = X —B\2 a+p
1—w+2w(m) > sx<p
{ 1-w B<x

Example 3. The diagrammatic representation of nszf,(x,0.3,0.7,0.8) and nszf;(x,0.3,0.7,0.8) is

shown in figure 3.

“‘— P .;?:’L
()} es2f1 3
o8
o7
e
05 A

0

0 81 02 @3 D4 D5 06 ST 0B 0% 1

Figure 3. nszf, and nszf; for example 3.
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3.4. Neutrosophic generalized bell-shaped function (ngblf’)

The ngblf is defined by specifying 4 parameters (a, 5,¥, w) where:
(a) represents the width of the shape.
(B) is the intensity of the bend on the sides, whenever the value of f increases the bend becomes

more intense.
(y) is the center of the shape.

(w) represents the height of the neutrosophic generalized bell-shaped function.

Neutrosophic generalized bell-shaped function is given by:

or

w
ngblfy(x,a,B,y,w) = T x—yF
1+

L

e

ngblfl(x! a!ﬁ!Yr W) =

Example 4. The graphic representation of ngbif;(x,0.2,3,0.6,1) and ngblf;(x,0.3,7,0.6,0.8) is shown

in figure 4.

ngbifo
0s

08 f \
I
or |

06 f \

04 f \
02
82

01

nghir ]

0 0% 92 03 04 05 06 O7 0B 0S5

Figure 4. ngblf, and ngblf; for example 4.

3.5. Neutrosophic gaussian function (ngsf)

The ngsf is defined by specifying 3 parameters (a, f, w) where:
(a) represents the standard deviation for shape.
(B) itis the center of the shape.
(w) represents the height of the Neutrosophic gaussian function.
Neutrosophic gaussian function is defined as:

or

—(x=B)*
ngsfo(x, a, B,w) = we 2a?

-(x-p)?
ngsfi(x,a,B,w) =1—we 2a2

!
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Example 5. The diagrammatic representation of ngsfy(x,0.1,0.6,0.9) and ngsf;(x,0.3,0.6,0.3) is

shown in figure 5.

o}
o1t / 4
0st !

ast
Na

03

0 = - " A A A -

nyef0

0.5 N\ n:_;;‘!{"

0 g1 02 03 04 95 06 07 @8 09

Figure 5. ngsf, and ngsf; for example 5.

3.6. Neutrosophic sigmoidal function (nsmf)

The nsmf is defined by specifying 3 parameters (e, §, w) where:
(a) controls the width of the transition area.
(B) defines the center of the transition area.
(w) represents the height of the Neutrosophic sigmoidal function.
Neutrosophic sigmoidal function takes the form:

w

nsmfo(x, a,ﬁ,w) = m
or

1+ e 90h) —y

1+ eGP

nsmf;(x,a, B, w) =

Example 6. The graphic representation of nsmf;(x,15,0.5,1) and nsmf;(x,15,0.5,0.4) is shown in figure 6.

[ 3]
2]
07

0e =

1 ek A A A " A A

0 0t 22 03 04 05 @& 07 08 0%

Figure 6. nsmf, and nsmf; for example 6.
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4. Proposed MATLAB code to neutrosophication functions

In this section, neutrosophication functions have proposed using MATLAB program, a graphic
representation has been given for the different membership values, and the MATLAB code has been
designed as follows:

function [y,z,t]=nfun(x,tt,ii, ff)

y= feval(tt{1},x,tt);

z=feval(ii{1},x,ii);

t=feval(ff{1},x,ff);

plot(x,y,x,z,x,t);

legend('Truth-membership function', Indeterminacy—membership function','Falsehood-membership function');

end

%6%0% 6% % 0% %o Yo% 160 %0 % 10 % %o 1o % %o Yo% 10 %0 % 10 % %o Yo% Yo

function [y]=ntpf(x,tt)

y = trapmf(x,[tt{3} tt{4]} tt{5} tt{6}])*tt{end};

if(tt{2}==1)

y=ly;

end

end
function [y]=ntgf(x,tt)

y = trimf(x,[tt{3} tt{4} tt{5}])*tt{end};
if(tt{2)==1)

y=ly;

end

end

function [y]=ngsf(x,tt)

y = gaussmf(x,[tt{3} tt{4}])*tt{end};
if(tt{2}==1)

y=ly;

end

end

function [y]=ngblf(x,tt)

y = gbellmf(x,[tt{3} tt{4} tt{5}])*tt{end};
if(tt{2}==1)

y=ly;

end

end

function [y]=nsmf(x,tt)

y = sigmf(x,[tt{3} tt{4}])*tt{end};
if(tt{2}==1)

y=ly;

end

end

%% % 6% % 0% % Yo% %o %0 % 1% %o Yo% %o Yo% 10 %0 %o 10 % %o Yo% Yo
function [y]=nszf(x,tt)

y = smf(x,[tt{3} tt{4}])*tt{end};
if(tt{2}==1)

y=ly;

end

end

%%% 6% % 0% %o Yo% %o %0 % 1% %o Yo% %o Yo% 10 %0 % 10 % %o Yo% Yo
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Example 7. The figure 7 represents the truth-membership function ntpf;,(x,0.3,0.4,0.8,0.9,1), indeterminacy—
membership function ntgf;(x,0.2,0.4,1,0.6), and falsehood-membership function ngsf;(x,0.1,0.6,0.7) by
writing the code in the MATLAB program below:

x=0:0.01:1;

% {'fun name', O=fun0 or 1~funl, fun parameters}

tt={'ntpf',0,0.3, 0.4,0.8,0.9,1};

ii={'ntgf",1,0.2, 0.4, 1,0.6};

ff={'ngsf’,1,0.1, 0.6, 0.7};

% [y,z,t]l=nfun (x, truth, indeterminacy, falsehood)

[y, z tl=nfun(x,tt,ii,ff);

‘ Truth-membership function
0% I e rmnsc y-mamberstug unction
Falgahood-mambearsh funclion

08 e -

(543 % \ i
08 \f \ |
(£33 { l / \
0¢ o A \ / |
03+ f ‘|
02 | |

01 | |

Figure 7. Represents neutrosophic functions in the example 7.

Example 8. The figure 8 represents the truth-membership function ngblfy(x,0.2,4,0.5,1), indeterminacy—
membership function nszf;(x,0.1,0.7,0.9), and falsehood-membership function ntgfi(x,0.1,0.5,0.9,1) by
writing the code in the MATLAB program below:

x=0:0.01:1;

tt={'ngblf',0,0.2, 4,0.5,1};

ii={'nszf',1,0.1, 0.7, 0.9};

ff={'ntgf',1,0.1, 0.5,0.9, 1};

[y, z,tl=nfun(x,tt,ii,ff);

1 T

/ Tath-membership function
0y |' Indelecminacy-membership unction
Falsehood-membsrshg Lncton

03 J 1

ozt . '
o6 ' N \ ./ ]
05 % ‘ 4'.‘ 4
0t |
03} | '. ‘ . '
02 / \ X \

01 "‘,v' ~ \

00 o1 Df2 03 04 05 06 07 0B 09 1

Figure 8. Represents neutrosophic functions in the example 8.
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Example 9. The figure 9 represents the truth-membership function ntpf,(x,15,21,26,35,1), indeterminacy—

membership function nsmfy(x, 1,35,0.6), and falsehood-membership function ngsf; (x, 5,24, 1) by writing the
code in the MATLAB program below:

x=10:40;

tt={'ntpf’,0,15, 21,26,35,1};
ii={'nsmf',0,1, 35,0.6};
ff={ngsf',1,5, 24, 1};

[y, z tl=nfun(x,tt,ii,ff);

1

[ | = Tnth-memdership function
0s | Indelarmnacy-membarship lunction

- F alsahood-mambership unchon

03

07t
06
s '
04 :
03
02

01

A

a A‘ A 3 -
10 15 20 25 10 35 40

Figure 9. Represents neutrosophic functions in the example 9.

5. Conclusions

By taking advantage of the most important functions used in the different fuzzy processing

systems, we introduced the neutrosophication functions in a way that preserves the properties and
independence of the values of truth, indeterminacy, and falsity. These functions have been
graphically represented using MATLAB by proposing a code for that.

Our current research is an important reference for writing papers related to neutrosophic

processing systems by relying on the proposed functions, and this is what we will work on in the

future in relation to digital image processing, in particular denoising digital images using
neutrosophic logic.
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Abstract: Hypersoft sets have gained more importance as a generalization of soft sets and have
been investigated for possible extensions in many fields of mathematics. The main objective of this
paper is to introduce Fuzzy Hypersoft Topology and study some of its properties such as
neighbourhood of fuzzy hypersoft set, interior hypersoft set and closure fuzzy hypersoft set. Fuzzy
hypersoft topology is then extended to Intuitionistic Hypersoft topology, Neutrosophic Hypersoft
topology and its basic properties are discussed.

Keywords: Fuzzy Hypersoft Set, Hypersoft Set, Fuzzy Hypersoft Topology, Intuitionistic Hypersoft
Topology, Neutrosophic Hypersoft Topology, Interior, Closure.

1. Introduction

Zadeh [1] in 1965 presented the idea of fuzzy set theory, which has a very important role in
solving problems by providing a suitable way for the expression of vague concepts by having
membership. Computer scientists and mathematicians have studied and developed fuzzy set
theory with widened applications in fuzzy logic, fuzzy topology, fuzzy control systems, etc. Also
theories such as fuzzy probability, soft and rough set theories are used to solve these problems. A
new approach for handling uncertainty, the idea of soft theory was presented by Molodtsov [2] in
1999. Now, there is a rapid growth of soft theory with applications in many fields. Several basic
notions of soft set theory were defined by Maji et al. [3] while his works were improved in [4-7]. A
combination of fuzzy sets and soft sets, named as fuzzy soft set theory, was presented by Maji et al.
[8].

The idea of soft sets was generalized into hypersoft sets by Smarandache [9] by transforming
the argument function F into a multi-argument function. He also introduced many results on
hypersoft sets. Saqlain et al. [10] utilized this notion and proposed a generalized TOPSIS method for
decision making. Neutrosophic sets [17], from their very introduction, have seen many such
extensions and have been very successful in applications [18-29, 48-50]. In 2019, Rana et al. [11]
introduced Plithogenic Fuzzy Hypersoft Set (PFHS) in matrix form and defined some operations on
PFHS. Single and multi-valued Neutrosophic Hypersoft set were proposed by Saqlain et al. [12],
who also defined tangent similarity measure for single-valued sets and an application of the same
in a decision making scenario. In an another effort, Saqlain et al. [13] also introduced aggregation
operators for neutrosophic hypersoft sets. A recent development in this area of research is the
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introduction of basic operations on hypersoft sets in which hypersoft points in different fuzzy
environments are also introduced [14].

Fuzzy topology, a collection of fuzzy sets fulfilling the axioms was defined by Chang [15] in
1968. Fuzzy set theory was applied into topology by Chang and many topological notions were
introduced in fuzzy setting such as convergence and compactness [30-32]. Then Intuitionistic fuzzy
topological spaces were introduced and were developed further into many new concepts as
separation axioms, categorical property, connectedness [33, 34, 37-39]. Neutrosophic topological
spaces were introduced by Salma et al. and further concepts as connectedness, semi closed sets and
generalized closed sets were developed [40-44]. Olgun developed the concept of Pythagorean
topological spaces and recently Pythagorean nano topological spaces were introduced and
advanced into concepts such as weak open sets [35, 36, 45-47]. The notion of fuzzy soft topological
structure was coined by Tanay et al. and was further enquired [16, 51, 52]. This notion was applied
to the advanced sets as intuitionistic and neutrosophic soft sets thus developed as Intuitionistic and
Neutrosophic soft topological spaces [53-59].

In this paper, we define the concept of ‘Fuzzy Hypersoft Topology” with the fuzzy hypersoft
sets and we define some basic notions. A logical extension of this topology would necessarily be
Intuitionistic and Neutrosophic Hypersoft topologies. Hence we propose Intuitionisitc and
Neutrosophic Hypersoft topology in this paper. Following this we describe the basic definitions
and concepts in second section and the third section contains the introduction of the base fuzzy
hypersoft topological spaces with few properties. Fourth and fifth sections contain the extension of
fuzzy hypersoft topological spaces which are intuitionistic and neutrosophic hypersoft topological
spaces along with basic properties.

2. Preliminaries

Definition 2.1

Let V be the universe, P(V) the power set of V and Ey, E,, E; ... E,, be the parameters which are
pairwise disjoint. Let A; be the non-empty subset of E; for each [ = 1,2, ...m. A hypersoft set is the
pair (0, A; X A, X ... X A,;;) where

0:A4; X A; X .. X A,y — P(V).

Simply, we write the symbols E for E; X E, X ... X E,, J for A; X A, X ...X A, and a for an

element of .

Definition 2.2

Let the fuzzy universe be V, U a subset of E. Then (0, J) is called
1. anull fuzzy hypersoft set if for each parameter a € J, 0(a) is 0.
2. an absolute fuzzy hypersoft set if for each parameter a € 3, 0(a) is V.

Definition 2.3 [14]

Let (6,3) and (9, B) be two fuzzy hypersoft (FH) sets over V. Then union of (8, J) and (9, B) is
&,6®)=(006,3)U®,B) with =G, X G, X..X G, where G, = A, UByfor k=1,2,..n and ¢ is
defined by

0(a) ifa €3—B
_ )% if a €8-3 h = (G, Gy, .G) EG
$(a) 0@ U@ if ac3UB where a = (G1,G,, ...G,) € 6.
0 else
Definition 2.4 [14]

Let (0,3) and (9,8) be two FH sets. The intersection 1is denoted by
(¢,®) =(00,3)NO,B) where = G; X G, X ...X G, where G, = A, N B, fork =1,2,..n.
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0(a) if a €E3—1B
é(a) = {9(a) if a €eB-3 where a = (G4, G,, ...G,) € 6.
0@N9(a) ifaelNB

Definition 2.5

Let (0,3) and (9, B) be two FH sets. (0,3) is called a FH subset of (9,8),if 3B & 0(a) S
9(a) for all @ € J. We denote this by (0,3) € (9, B) [14].

Definition 2.6

Let (0,3) and (9, B) be two FH sets. (0,3) & (9,B) are equal if and only if (6,F) S (9,B) and
(5,8) < (8,3) [14].
3. Fuzzy Hypersoft Topological Space

In this section, we define the concept of “Fuzzy Hypersoft Topology”. Let Ey, E,, E5 ... E,, be
the parameters of the universe V, the set of all fuzzy sets be F(V), the collection of all FH sets over
Vg (Where E = E; X E, X E5..X E,)be B(V,E).

Definition 3.1

Let (g, X) be an element of P(V, E) (where X = X; x X, x X3 ...x X, with each X; is a subset of
E; (i = 1,2 ..n), set of all fuzzy hypersoft (FH) subsets of (g, X) be P(o,¥) and 7, a subcollection of
P(o,%).

(i) ¢z, (0. ¥) €T
(i) (6,3), 0,B)eT=(0O,I)NMO,VB) e
(iii) {(0,3), | le L} et = Ui, (0,3), €T

If the above axioms are satisfied then 7 is fuzzy hypersoft topology (FHT) on (g, ¥). (¥,, 1)
is called a fuzzy hypersoft topological space (FHTS). Every member of t is called open fuzzy
hypersoft set (OFHS). A fuzzy hypersoft set if called closed fuzzy hypersoft set (CFHS) if its
complement is OFHS.

For example, {¢px, (0, ¥)} and P(p, X) are fuzzy hypersoft topology on (g, ¥) and are called
as indiscrete FHT and discrete FHT respectively.

Example 3.2

Let V = {xy,%,,%3,x,} and the attributes be E, ={ay,a,}, E, = {as,a,} and E; = {as, ag}.
Then the fuzzy hypersoft set be

((al. as, as), {;‘1 ;C‘;}),<(a1,a3,a6),{%}) ((al,a4, as), {(’)‘: (’)‘é}) ((a1,a4, as), {0_1 0_3})
((az.ag,as) {;‘23 = }) ,((az,a3,a6),{%}) ,((az,a4, aQ,{%}) ((az,a4, ag), {0_2})

Let us consider this fuzzy hypersoft as (g, X). Then the subfamily
T= {q)x ) (Q’ £)1

(v (25.2)). (@ (220 (a0 () (0o (2.2)))
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{((ap as, as), {% ,%' %}) ) <(a1, Ay, Ge), {% ) %}) ) ((ap as, ae), {%}) ) ((ali ay, as), {(% ) % }) ) ((az' as, as), {

‘ (CRBERRE N (CRDERAE N (CRNERAE )

of P(p,X¥) is a FHT on (g, X).

Definition 3.3

Let T be a FHT on (g,%) € B(V,E) and (9,8) be a FH set in P(p,X). A FH set (0,3) in
P(p,¥) is a neighbourhood of FH set of (9, B) if and only if there exists an OFHS (¢, €) such that
3,8) c (§,6) < (6,3).

Theorem 3.4

A FH set (0,3) in P(p, X) is an OFHS if and only if (8, J) is a neighbourhood of each FH set
(9, B) contained in (O, ).

Proof:

Consider an OFHS (0,3) and any FH set (9,8) confined in (0, J). Thus we have (9,8) c
(0,3) c (6,3). Implies that (8, ) is a neighbourhood of (9, B).

Let (6,%) be a neighbourhood of each FH set confined in it. Since (0,3) < (0,3), there
exists an OFHS (¢, €) such that (0,3) c (¢,€) c (6,3). Thus (0,3) = (£,€), (6,3) is OFHS.
Definition 3.5

Let (X,,7) is called a FHTS on (g, ¥) and (0, 3) be a FH set in P(g, ¥). The neighbourhood
system of (0, 3) relative to 7 is the collection of all neighbourhood of (8,3) and denoted by HNg ).
Theorem 3.6

If HN(g ) is the neighbourhood systems of FH set (0, 3). Then,
1. Finite intersection of member of HNg ) belongs to HNg ).
2. Each FH set which has a member of HN g <) belongs to HN(g ).

Proof

1. (9,8) and (¢, €) € HN(g5) then there exists (9',8'), (§', ') € T such that
(0,3) c (¥,8) c(9,B)and (6,3) c (§',€) c (§,6).
Since (9, B) N (¢',€) eTweget (0, AW c (¥, B)NE,C)cH,B)NEC)
Hence (9,8) N (¢, €) belongs to HN(g ).

2. Let (9,8) € HN(g5) and (¢, €) be a FH set having (9, B).
Since (9,8) € HN(g ) there exists an OFHS containing (9',8') such that (0,3) c (9',8') c (J,B) it
follows that (0,3) c (9',8") c (£, €). Thus (¢, €) belongs to HN(g ).

Definition 3.7

Let (¥,,7) is called a FHTS and (0, 3), (9,8) be FH set in P(g, X) such that (9,8) c (8, 3).
Then (9,B) is said to be an interior fuzzy hypersoft set (IFHS) of (0,3J) if and only if (0,3) is a
neighbourhood of (3, B).

The union of whole IFHS of (0, J) is named the interior of (0,J) and denoted as (0, J)°.
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Theorem 3.8
Let (X,, 1) is called a FHTS and (©, 3), a FH set in P(g, X). Then,

i) (6,3)° is open and (0, J)° is the biggest OFHS confined in (0, J).
ii) (0,%) is OFHS iff (0,3) = (0,3)°.

Proof

i) Since (0,3)° = U {(9,B)/(06,3) is a neighbourhood of (9,B)}, (0,3)° is itself an IFHS of
(0,3). Then there exists an OFHS (¢, €) such that (0,3)° c (§,€) c (0,3). (¢,€) is an IFHS of (0,3),
hence (¢,€) c (0,3)°. Thus (0, 3)° is the largest OFHS enclosed in (0, J).

ii) Let (0, J) be an OFHS. Since (0, J)° is the IFHS of (0, J), we have (0,3) = (0,3)°.

Conversely if (0,3) = (0,3)° then (0, ) is OFHS.

Definition 3.9

Let (%Q,Tl) and (X,,7,) be two FHTS. If each (©,3) € 7; is in 7, then 7, is called the FH
finer than 7, (or) 7, is FH coarser than 1,.

Definition 3.10

Let (¥,,7) be a FHTS and (0,3) € B(V, E). The fuzzy hypersoft closure (FHC) of (0,3) is
the intersection of all CFH sets that contains (0, J) which is denoted by (0, ).
Thus, (0,3) is the smallest CFHS which has (0, J) and (0, J) is CFHS.

Theorem 3.11

Let (¥,,7) be a FHTS and (0, 3), (9,B) € B(V, E).

Then,
(i) (6,3) € (6,3)
(i) 0,3 = ©,3) -
(iii) If (0,3) < (9,B), then (0,3) c (9, B).
(iv) (6,3) is a CFHS iff (0, 3) = (0, J).
V) (©6,3)U (5,8) = (6,3 U©®,3B)
Proof

From the definition of FHC, the proof of (i) to (iii) is attained.
(iv) Let (0,3) be CFHS. By (i) (0,3) € (0,3J). Since (0,3) is the minutest CFHS which has (0, J),
then (0,3) < (0,3). Thus (6, 3) = (6, 3).

Conversely let, (8,3) = (0,3). Since (0, ) is CFHS, then (0, J) is also CFHS.

(V) By (iv) (6,3), (9,8) € (6,3) U (9,8).S0 (6,3)U(®,B) € (6,3) U (9,B).
Conversely by (i), (6,3) U (3,8) € (6,3) U (9,8).

Since (0,5), (9,8B) are FH sets and (0,3) U (9,B) is the minutest CFHS which has (0,J) U (9, B),
then (6,3) U (9,8) € (6,3) U (9,8B)

Thus the equality is obtained.
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Theorem 3.12

Let (X,,7) be a FHTS and (0, J3), (9, B) € PB(V, E).

Then,
(i) (6,%)° € (0,3)
(if) ((8,%)°)° = (0,3)°
(iii) If (©,3) € (9, B), then (6, 3)° < (9, B)°.
(iv) (0, %) is OFHS iff (0,%) = (0,%)°.
W) (0, N ®.8)° = (0,3)° N (5,8)°.
Proof

(i) — (iii) are obvious from definition of interior

(iv) Let (0,3) be a OFHS, by (i) (0,3)° < (0, ). Since (0, I)° is the largest OFHS that is contained in
(©,3), then (0,3) < (0,3)°. Thus (8,3) = (8,3)°

Conversely, let (0,3) = (0, J)° since (0, 3)° is OFHS, (0, J) is also OFHS.
(v) (6,3) N (9,B) < (6,3, (9,B). Thus by (iii) ((6,3) N (9, %))o c (6,3°N®,B)°.

Conversely by (i), (0,3)° N (9,B)° € (0,3F) N (I,B). Since (0,3)°, (9,B)° are OFHS &
(0,3 N®,B)° is the largest OFHS that has (0,3)N (9,B), then (0,%)° N (9,B)°c
((G), 3) N (9, 23))0. Thus, the equality is achieved.
Definition 3.13

Let (X,,7) be a FHTS and B be a subcollection of . If each element of T can be written as the
arbitrary union of few elements of B, then B is called a fuzzy hypersoft basis (FHB) for the FHT .

Lemma 3.14

Let (X,,7) be a FHTS and B be FHB for 7. Then 7 is the collection of FH union of elements of
B.
Lemma 3.15

Let (¥,,7) and (¥,,7") be FHTS and B, B’ be FHB for 7 and 7’ respectively. If B’ ¢ B, thent
is FH finer than t'.

Lemma 3.16

Let {(9,8,)/i € 1} be a collection of FH sets corresponding to V, and (©,) be a FH over V.
Then

(1) Uier [(©,3) N (8, B)] =(0,3) N (Ujer (8,8B))
(ii) Nier [(0,3) U (95,8B,)] = (6,3) U (Nier (95,8By))

Proof

(i) Let (6,%) N (94, B;) = (§,€) where € = I N B;. Then U [(0,F) N (9, B;)] = (¢',C") where €' =
Uier (3N By). let Uge; (9, B;) = (§”,€") where € = Uy B;. Then (6,3) N U (85,8;) = (§,€")
where €' = (J N €"). Since I N (U;e; B) = Ui (TN B;), we have

¢ =Uieg BN B;) and € = I N (User Bi) =Uier (3N By).
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Thus (6,3) N (Ujer (8%, B,)) = Uier (6,3) N (95 B)).

(ii) Let N;g (9%, B;) = (1, D) where D = N;g B;. Thus (0,3) U (N (95B,)) = (', D) where D' =
(IUD). Now  consider 0,3 U®,8)=0"D"), where D"=(FUB;). Then
Nier ((6,3) U (94, 8B))) = (""", D"") where D" = Ny (D). Since, F U (Nier B) = Nier (FUB), we
get

D'=@FUD) =3I U N1 B) = Nier U B and D' = Ny (D) = Ny (I U B).

Thus, (6,3) U (Nier (9%B:)) = Nier ((6,3) U (94, B))).
Theorem 3.17

Let (*,,7) be a FHTS and (0,3) e P(o, %) then the collection
Ty = {(0,3) N KB,B)/D,B) € 1}is a FHT.

Proof

(i) Since ¢y, (0, ¥) € 7, (6,3) = (6,3) N (¢, %) and Py = (6,3) N by, then ¢y, (6,3) € 7(o,).-

(ii) Consider (04,31),(0; J3) € 1(5). Then there exists (9;,B;) € 1oy for each i = 1,2 such that
(0,3 = (6,3) N (9;,B)).
Thus, (01,31) N (02,32) =[(6,3) N (91, B)] N [(6,3) N (92, B,)]
=(©,3)N [(91,8B1) N (92, B,)]
Since [(9;,B1) N (92,B,) € 7, we have (04,F;) N (0;,3,) € Ty

(iii) Let {(9,8)/j € J} be a subcollection of 7(g 5). Then for each j € J, there is a FH set (£, €); of
such that (9,8); = (6,3) N (¢§,€);.
Thus, Uje; (9,8); = Ujgr ((6,3) N (£5,©)j) = (6,3) N (Uje (5, E))).

Since Uj¢; (§,€); € 7, then (9,B); € 10 5)-

Definition 3.18

Let (X,,7) be a FHTS and (8, 3) < P(g, X). Then, the FHT 7(g ) as in Theorem 3.17 is called Fuzzy
hypersoft subspace topology and (s, T(e 1)) is called a fuzzy hypersoft subspace of (¥X,, 7).

4. Intuitionistic Hypersoft Topological Spaces

In this section, we define the concept of “Intuitionistic Hypersoft Topology”. Let
Ei, E; E; ...E, be the parameters of the universe T, the set of all intuitionistic sets be F(T), the
collection of all intuitionistic hypersoft sets over Tg (where E = E; X E, X E3..x E,)be B(T,E).

Definition 4.1

Let (o, 9) be an element of B(T, E) (where $ = H; x Hx H; ...x H, with each Y; is a subset of
E; (i=1,2..n), set of all intuitionistic hypersoft (IH) subsets of (0,9) be P(0,9) and 7, a
subcollection of P(g, $).

(1) q)‘{) ) (Q' (D) €T
(i) (6,3),3,B)ET=(O,IHNO,B) €T
(iii) {(8,3) [ lLE L} ET= Ui, (0,3), ET
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If the above axioms are satisfied then 7 is an intuitionistic hypersoft topology (IHT) on
(0,9) and ($,, 7) is called an intuitionistic hypersoft topological space (IHTS). Every member of 7 is
called an open intuitionistic hypersoft set (OIHS). An intuitionistic hypersoft set is called a closed
intuitionistic hypersoft set (CIHS) if its complement is an OIHS.

Example 4.2

Let T = {y1,¥,, V3, Y4} and the attributes be E; = {b,, b,}, E; = {b3, b,} and E; = {bs, bs}. Then
the intuitionitic hypersoft set be

J<(b1’b3’b5) {(0403) (ozzz)}) <(b1'b3'b6) {WD <(b1’b4’b5) {(0404) (0522)}) ((bl’b4‘b6) {(0503) (0:21)}>l
| ((bz.bg. bo), {525, (Oggl)}) ((bz,bs.b(,) {m}) <(b2,b4,b5) {m}> ((bz.m.ba) {m}> )

Let us consider this intuitionistic hypersoft set as (g, $). Then the subfamily

T

= (95, @ 9. {(B1. b3 b). { 22 5z 1) (Ga b, {225 i D L (Gub b0, 52251
((bz’b3’b5) {(0305) (0503)}>} {<(b1’b3' bs), {(0304) (02%1) (ozéz)D ((bl’b“’bﬁ) {(0503) (oﬁn)})

(a5, b0 {5255} (B b b { 255 23 ) (B b b). {25 2 (B s ) {255}
(CHR SR (R WAR e

of P(p, ) isaIHT on (g, H).

Definition 4.3

Let 7 be an IHT on (g, %) € B(T,E) and (9,B) be an IH set in P(p,$H). An IH set (6,3T) in
P(0,9) is a neighbourhood of IH set of (3,8) if and only if there exists an OIHS (¢, €) such that
3,8) € (§,6) < (8,3).

Theorem 4.4

An IH set (0,3) in P(o, $) is an OIHS if and only if (0, ) is a neighbourhood of each IH set
(9, B) contained in (O, J).

Proof:

Consider an OIHS (0,3) and any IH set (9,8) confined in (0,). Thus we have (3,8) c
(6,3) < (06,3). This implies that (8, ¥) is a neighbourhood of (9, B).

Let (6, %) be a neighbourhood of each IH set confined in it. Since (0, J) < (0, 3J), there exists
an OIHS (¢, ) such that (0,3) c (¢,6) c (0,3). Thus (6,3) = (¢,6), (0,%) is OIHS.

Definition 4.5

Let ($,, 1) be called an IHTS on (g, $) and (8, 3) be an IH set in P (g, $). The neighbourhood

system of (0,3) relative to T is the collection of all neighbourhoods of (0,3J) and is denoted by
HNNg )

Theorem 4.6

If HNN g ) is the neighbourhood systems of IH set (0, J). Then,

D. Ajay, J. Joseline Charisma, Neutrosophic Hypersoft Topological Spaces



Neutrosophic Sets and Systems, Vol. 40, 2021 187

1. Finite intersection of member of HNN(g ) belongs to HNNg ).
2. Each IH set which has a member of HNNg ) belongs to HNN(g ).

Proof

1. (9,8) and (¢, €) € HNN(g 5 then there exists (9',8'), (§’, ') € 7 such that
(0,3) c (¥,8) c(9,8)and (6,3) c (§',€) c (§,6).
Since (9", B) N (¢',€) eTtweget (0, AW c (P, B)YNE,C)c(9,B)N(E,C)
Hence (9,8) N (¢, €©) belongs to HNN(g ).

2. Let (9,8B) € HNN(g 5 and (¢, €) be a IH set having (9, B).
Since (9,8) € HNN g ) there exists an OIHS containing (9',98') such that (0,3) c (¥',8') c (9,8) it
follows that (8,3) c (9',8") c (¢, €). Thus (¢, €) belongs to HNN(g ).
Definition 4.7

Let ($,,7) be an IHTS and (0, 3), (9,8) be an IH set in P(g,$) such that (9,B) c (6,3).
Then (9, B) is said to be an interior intuitionistic hypersoft set (IIHS) of (6, J) if and only if (0, ) is
a neighbourhood of (3, 8B).

The union of whole ITHS of (0, J) is named the interior of (0,) and is denoted as (0, J)°.

Theorem 4.8
Let ($,,7) be an IHTS and (0, 3), an IH set in P(g, $). Then,

i) (6,3)° is open and (0, J)° is the biggest OIHS confined in (0, J).
ii) (0,3) is OIHS iff (0,3) = (6, J)°.

Proof

i) Since (0,3)° = U {(9,B)/(0,3) is a neighbourhood of (9, B)}, (0,3)° is itself an IHS of
(0,53). Then there exists an OIHS (¢, €) such that (0,3)° c (¢,6) c (0,3). (¢,€) is an ITHS of (6,3),
hence (¢,€) c (0,3)°. Thus (0,3)° is the largest OIHS enclosed in (0, J).

ii) Let (0, J) be an OIHS. Since (0, J)° is the ITHS of (0, J), we have (0,3) = (0,3)°.

Conversely if (0,3) = (0,3)° then (0, J) is OIHS.

Definition 4.9

Let (559, rl) and (9,, 1) be two IHTS. If each (0, J) € 1, is in 7, then 7, is called the IH finer
than 7; (or) 7; is [H coarser than t,.

Definition 4.10

Let ($,,7) be a IHTS and (©,3) € B(T,E). The intuitionistic hypersoft closure (IHC) of
(8, 3) is the intersection of all CIH sets that contains (0, J) which is denoted by (0, J).
Thus, (0,3) is the smallest CIHS which has (0, J) and (0, J) is CIHS.

Theorem 4.11

Let ($,,7) be an IHTS and (0, J), (9, B) € B(T, E).
Then,
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(i) (©,3) < ©,3)
(i) (6,3) =(6,3) S
(iii) If (0, ) < (9,B), then (8,5) (9, B).
(iv) (©,) is a CIHS iff (8,5) = (0, ).
V) (©,3HUG,B)=(1,3)U®,3)

Proof

From the definition of IHC, the proof of (i) to (iii) is attained.
(iv) Let (0, 3) be CIHS. By (i) (0,3) < (0, 3). Since (0, J) is the minutest CIHS which has (0, J), then
(0,3) € (6,3). Thus (6,3) = (6,3).

Conversely let, (8,3) = (0,3). Since (0, ) is CIHS, then (0, J) is also a CIHS.

(v) By (iv) 0,%), 0,%) € (8,3) U (5,8).50 0,5 UE,B) c ©5 U O3,
Conversely by (i), (6,%) U (8,8) € (6,3) U (3, 9).

Since (6,3), (9,8B) are IH sets and (0,F) U (9, B) is the minutest CIHS which has (0,F) U (9,3),
then (8,3) U (9,8) < (6,3) U (5,B)

Thus the equality is obtained.

Theorem 4.12

Let ($,,7) be an IHTS and (6, 3), (9, B) € B(T, E).

Then,
i) (0,3)° < (6,3)
(ii) ((8,3)°)° = (6,3)°
(iii) If (©,) € (9, B), then (0, 3)° € (9, B)°.
(iv) (0,3) is OIHS iff (0,5) = (0, 3)°.
@ (@, N®B) = (©,3)°N (9B)°.
Proof

(i) — (iii) are obvious from the definition of interior

(iv) Let (0, 3) be a OIHS, by (i) (8,3)° < (0, 3). Since (0, I)° is the largest OTHS that is contained in
(©,3), then (0,3) < (0,3)°. Thus (8,3) = (8,3)°

Conversely, let (0,3) = (0, 3J)° since (0, J)° is OIHS, (0, J) is also OIHS.

(v) (6,3) N (9,B) < (8,3), (9,B). Thus by (iii) ((6,3) N (I, 23))0 € (6,3°N®,3B)°.

Conversely by (i) (0,3)°NH,B)°<(0,I)NH,B). Since (0,3)°, (H,B)° are OIHS &
(@, N®,B)° is the largest OIHS that has (6,3) N (9,B), then (6,%)°N H,B)°c
((8,3) N (9,8))". Thus, the equality is achieved.

5. Neutrosophic Hypersoft Topological Spaces

In this section, we define the concept of “Neutrosophic Hypersoft Topology”. Let
E, E; E5 ... E, be the parameters of the universe K, the set of all neutrosophic sets be F(K), the
collection of all neutrosophic hypersoft sets over Ki (where E = E; X E, X E;..X E;)be B(K,E) .
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Definition 5.1

Let (0,9) be an element of B(K,E) (where Y =Y; xY¥, xY; ...x Y, with each Y, is a subset of
E; (i=1,2..n), set of all neutrosophic hypersoft (NH) subsets of (9,9) be P(0,9) and 7, a
subcollection of P(p, D).

(i) dy,(@D)ET
(i) (0,3), 9,V eT= (6, N MO,V €7
(iii) {(0,F), | lEL} €T = Uy, (6,3), €1

If the above axioms are satisfied then t is neutrosophic hypersoft topology (NHT) on
(0,9). (9, 7) is called a neutrosophic hypersoft topological space (NHTS). Every member of 7 is
called open neutrosophic hypersoft set (ONHS). A neutrosophic hypersoft set if called closed fuzzy
hypersoft set (CNHS) if its complement is ONHS.

Example 5.2

Let K = {z,, 25,23, 2,} and the attributes be E; = {c;, ¢,}, E; = {c3,¢,} and E5 = {cs, ¢s}. Then
the neutrosophic hypersoft set be

Z2 Z4 Z1 Z1 Z2
((Cl’ €3, Cs), { (0.4,03,0.4) ’ (0.6,0.2,0.4) }) ’ ((Cl’ €3, Co)» { (0.7,0.1,0.4)}) ’ ((Cl' €4, Cs), { (0.4,0.4,0.6) ’ (0.3,0.2,0.8) }) ’
Z1 Z3 Z2 Z3
<(C1’ €4 C6), { (0.5,0.3,0.4) ’ (0.7,0.1,0.6) }) ’ ((cz, €3, Cs), { (0.3,0.5,0.6) ’ (0.5,0.1,0.4) }) ’

k ) ((CZ' C3, C6)' {(08,;731,06)}) ) <(C2' Cqy CS)' {m}) i <(C2' Cqy C6)' {W}) J

Let us consider this neutrosophic hypersoft as (g,9). Then the subfamily

T

— Z1 Z2 Z2 Z3 Z2
={$y.( ) {((cl’ €3, Cs), { (0.3,0.4,0.5) ’ (0.6,0.1,0.7) }) ’ ((CZ' €3, Cs), { (0.4,0.3,0.6) ’ (0.5,0.3,0.7) })} A ((Cl’ C3,Cs), { (o.4,o.1,o.7)})

Z2 Z3 Z1 Z2 Zs Z1 Z3
((CZ’ €3, Cs), { (0.3,0.3,0.6) ’ (0.5,0.1,0.7) })}’ <(C1’ €3 Cs), { (0.3,0.4,0.5) ’ (0.6,0.3,0.4)’ (0.6,0.2,0.4) }) ’ ((Cl’ €4, C6), { (0.5,0.3,0.4) ’ (0.7,0.1,0.6) })’

z z z2 z3 z3
<(61’ C3, CG)’ { (0.7,0.1,0.4)}) ’ (((,‘1, Ca» C5)’ { (0.4,0.4,0.6) * (0.3,0.2,0.8) })’<(C2' C3, Cs)’ { (0.4,0.5,0.6) * (0.5,0.3,0.4) })’

((CZ, C3,Cq), {m}), ((Cz, €4, C5), {(&9;%46,0-4)})’ <(C2' €4, Co), {W})}}
of P(0,9) isa NHT on (g,9).

Definition 5.3

Let T be a NHT on (g,9) € B(K,E) and (9,8) be a NH set in P(p,9). A FH set (0,3) in
P(0,9) is a neighbourhood of NH set of (9, B) if and only if there exists an ONHS (¢, €) such that
3,8) c (§,6) < (6,3).

Theorem 5.4

A NH set (0,3) in P(g,9) is an ONHS if and only if (8, ) is a neighbourhood of each NH
set (9, B) contained in (0, ).

Proof:

Consider an ONHS (0, J) and any NH set (9, 8) confined in (0, J). Thus we have (9,8) c
(0,3) c (8,3). Implies that (8, ) is a neighbourhood of (9, B).
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Let (6,%) be a neighbourhood of each NH set confined in it. Since (0,3) c (0,3), there
exists an ONHS (¢, €) such that (0,3) c (¢,€) c (6,3). Thus (0,3) = (¢,C), (0,3) is ONHS.

Definition 5.5

Let (9,,7) is called a NHTS on (g,9) and (0, J) be a NH set in P(g, ). The neighbourhood

system of (0,3) relative to 7 is the collection of all neighbourhood of (©,3) and denoted by
HNNg ).

Theorem 5.6

If HNN g ) is the neighbourhood systems of NH set (0, J). Then,
1. Finite intersection of member of HN N(g ) belongs to HNNg ).
2. Each NH set which has a member of HN Ng ) belongs to HNN g ).

Proof

1. (9,8) and (¢, €) € HNN(g ) then there exists (9',8'), (¢',€") € T such that
(0,3) € (¥,8")  (8,8B) and (8,3) < (£',€) c (§,6).
Since (3, B)N (¢, C)eTweget(0,A) c (P, B)INE,C)c(@D,B)N(EC)
Hence (9,8) N (¢, €) belongs to HNN(g ).

2. Let (9,8) € HNN <) and (£, €) be a NH set having (9, 8).
Since (9,8) € HNN(g ) there exists an ONHS containing (9',8') such that (0,3) c (9',8') c (I,B)
it follows that (0,3) c (¥',8") c (¢, €). Thus (£, €) belongs to HNN(g 5.
Definition 5.7

Let (9,,7) is called a NHTS and (0, 3), (9, B) be NH set in P(g,9) such that (9,8) c (0,3).
Then (9, B) is said to be an interior neutrosophic hypersoft set (INHS) of (8, J) if and only if (8, J)
is a neighbourhood of (9, B).

The union of whole INHS of (0, J) is named the interior of (0,J) and denoted as (0, J)°.

Theorem 5.8
Let (9,, 7) is called a NHTS and (0, J), a NH set in P(g,9). Then,

i) (6,3)° is open and (0, J)° is the biggest ONHS confined in (0, J).
ii) (0, ) is ONHS iff (0,) = (©,F)°.

Proof

i) Since (0,3)° = U {(9,8B)/(0,3) is a neighbourhood of (9,B)}, (0,3)° is itself an INHS of
(0,3). Then there exists an ONHS (¢,€) such that (0,3)° c (¢,6) c (0,5). (¢,€) is an INHS of
(6,3), hence (£,€) c (6,3)°. Thus (6, 3J)° is the largest ONHS enclosed in (0, J).

ii) Let (0, ) be an ONHS. Since (0, ¥)° is the INHS of (0, ), we have (0,3) = (0,3)°.

Conversely if (0,3) = (0,3)° then (0,3) is ONHS.

D. Ajay, J. Joseline Charisma, Neutrosophic Hypersoft Topological Spaces



Neutrosophic Sets and Systems, Vol. 40, 2021 191

Definition 5.9

Let (9,,71) and (9,,7,) be two NHTS. If each (0,3) € 7 is in 7, then 1, is called the NH
finer than 7; (or) 7; is NH coarser than ,.

Definition 5.10

Let (9,,7) be a NHTS and (0,3) € B(K, E). The neutrosophic hypersoft closure (NHC) of
(8, 3) is the intersection of all CNH sets that contains (0, J) which is denoted by (0, J).
Thus, (0,3) is the smallest CNHS which has (0, J) and (0, J) is CNHS.

Theorem 5.11

Let (9, 7) be a NHTS and (8, ), (9, B) € B(K, E).

Then,
(i) (0,3) € (6,3)
(i) ©,3) = ©,3) -
(iii) If (8,3) < (9, B), then (0,3) c (9, B).
(iv) (0,3) is a CNHS iff (0,3) = (0, 3).
v) (0,3 U ®,3B) = (6,3)U®,B)
Proof

From the definition of NHC, the proof of (i) to (iii) is attained.
(iv) Let (0,3) be CNHS. By (i) (0,3) € (0,3). Since (0, 3) is the minutest CNHS which has (0, J),
then (0,3) < (0,3). Thus (6, 3) = (6, 3).

Conversely let, (0,3) = (0, 3). Since (0, J) is CNHS, then (0, J) is also CNHS.

(V) By (iv) (6,3), (3,8) € (6,3) U (3,8).S0 (6,3)U(®,B) € (6,3) U (9,B).
Conversely by (i), (6,%) U (8,8) € (6,3) U (9, 9).

Since (0,3), (9,B) are NH sets and (0,J) U (9, B) is the minutest CNHS which has (0,J) U (9, B),
then (8,3) U (9,8) < (6,3) U (5,B)

Thus the equality is obtained.

Theorem 5.12

Let (9,,7) be a NHTS and (0, 3), (9,8) € B(K, E).
Then,

i) (0,)° < (6,3)

(i) ((8,3)°)° = (8,3)°

(iii) If (0, ) < (9,B), then (0, 3)° < (I, B)°.

(iv) (0, 3) is ONHS iff (0,3) = (0, 3)°.

™ (©NN®B) = (6,3°N®,B)°

Proof

(i) — (iii) are obvious from definition of interior

(iv) Let (0,3) be a ONHS, by (i) (6,3)° < (6, 3J). Since (0, J)° is the largest ONHS that is contained
in (0, J), then (6,J) € (6,3)°. Thus (6,3) = (6,3)°

Conversely, let (0,3) = (0, 3)° since (0, J)° is ONHS, (0, J) is also ONHS.
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(v) (6,3) N (9,B) € (,3), (9,B). Thus by (iii) ((6,3) N (9, 58))° c (6,3)° N ©,B)°.

Conversely by (i), (0,3)°NH,B)° < (0,I)NH,B). Since (0,3)°, (H,B)° are ONHS &
((®,3) N, 23))o is the largest ONHS that has (0,3) N (9, B), then (0,F)°N O, B)° <
(6,3 N, 23))0. Thus, the equality is achieved.

6. Conclusion

Herein we have defined fuzzy hypersoft topology and few basic properties have also been
presented. In addition fuzzy hypersoft topology is extended to intuitionistic hypersoft,
neutrosophic hypersoft topology along with some of its basic properties. In future, many properties
of topological spaces can be extended to fuzzy hypersoft, intuitionistic and neutrosophic hypersoft
topological spaces.
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Abstract: Scaling system can be considered as range-base measurement system, it’s a fatal tool used
in all human activities in daily-bases, also, all business domains and sectors heavily use scaling
systems in all business process specially in decisions-making as one of the main critical business
activities, despite the fact that, there is no scientific base for calculate an unified scale system ranges,
all provided scales or ranges are determined based on expert opinions’, an enhanced scale system
using single-valued neutrosophic set SVNS is offered that suggest a scientific methods for defining
ranges in scaling systems, in addition, a new crisp value functions “De-neutrosophication” for
converting both Simplified Neutrosophic Number SNN, and SVNS to them equivalent crisp values
using distance measure based on Euclidean space are proposed, Finally, the offered framework and
methods are implemented with numerical examples for best prove and validate of the framework
and proposed methods.

Keywords: Neutrosophic; De-neutrosophic; Single-valued Neutrosophic Set SVNS; Scale system,
Scoring System; Decisions-making

1. Introduction

Smarandache presented Neutrosophic Logic as a generalization of fuzzy logic considering
Neutrosophic Set NS is a generalization of the intuitionistic set, classical set, and fuzzy set, where
Neutrosophic uses every entity < X > and its opposite or negation < antiX > together with their
neutralities < neutX > in between them, therefore, the < neutX > & < antiX > together will
considered as < nonX >, in neutrosophic logic a proposition has a degrees of truth (T),
indeterminacy (1), falsity (F), where (T), (1), (F) are standard or non-standard subsets of -]0,1[* [1].

The Neutrosophic logic best fit in decision-making where its process mostly has a lot of
vagueness, indeterminacies which is the typical case in real life decision-making process, therefore,
using neutrosophic in decision-making activities provides decision-makers with a great flexibility to
deal with indeterminacy and uncertainty, in addition, neutrosophic logic and its subfields has a lot
of scientific implementations in numerous fields using the three neutrosophic logic’s membership
degrees (T) truth, (I) indeterminacy and(F) falsity degree to express any system inputs’ values in
detailed way specially when the system inputs’ values characterized with indeterminacy and
uncertainty.

Measurement systems is a method of defining a measurement unit for best unify the scales,
scaling systems is range-base measurement system, it’s a critical tool used to classify measured items
into ranges of values, each range has an equivalent qualitative values “Linguistic terms”, though,
there is no standard way for defining the ranges as ranges are determined based on expert opinions’
such as, National Institute of Standards and Technology NIST [2], when performing risk assessments

Rashed Refaat and Salaheldin Ismail Salaheldin, New Neutrosophic Scale System Framework.


mailto:rashed.rafaat@commerce.helwan.edu.eg
mailto:salahialy2030@gmail.com
mailto:rashed.rafaat@commerce.helwan.edu.eg

Neutrosophic Sets and Systems, Vol. 40, 2021 196

they uses five level scale, first level starting from 0% to 4% and name it “very low”, the second level
started from 5% to 20% and name it “low”, the third level 21% to 79% as “moderate”, forth from 80%
to 95% as “high”, and lastly from 96% to 100% as “very high”, while NIST uses different ranges in
“Common Vulnerability Scoring System” [3] which firstly uses 10-base scale instead of 100-base scale,
also uses different ranges, it was “very low” name it as “none” 0 %, “low” 1-39%, “moderate” 40-
69%, “high” 70-89%, and lastly “very high” name it as “Critical” 90-100%, which clearly presenting
same scale levels with different ranges, This research paper offers a scientific methods for defining
ranges in scaling systems.

Many efforts done for calculate de-neutrosophication for SVNS using Entropy, cross-entropy,
distance, similarity, score and accuracy functions which are very important in uncertainty
environment while ranking neutrosophic sets and numbers, since entropy is typically developed to
determining uncertain degree of information. Distance, similarity, score, accuracy and cross-entropy
are mostly applied to calculate the level of similarity among two elements. The importance of these
functions manifested of comparing or converting neutrosophic numbers and sets into a comparable
crisp value, these functions are completely calculated based on the value of truth, falsity, and
indeterminacy memberships [4].

Researchers made an attempt to present a neutrosophic 3D visualization for both SNN and
SVNS using Euclidean space, in addition, new crisp value functions “De-neutrosophication” for
converting both Simplified Neutrosophic Number SNN, and SVNS to them equivalent crisp values
using similarity measure based on Euclidean distance are proposed, also the researchers propose a
new Neutrosophic Scaling System algorithm, Finally, the proposed Neutrosophic Scaling System is
applied to risk assessment case study.

The remining sections in this paper organized as follows: section two, represent a literature
review about scaling system and some neutrosophic concepts used in the paper; Section three,
contains some neutrosophic basic definitions are outlined; a proposed neutrosophic scaling system
algorithm presented and two illustrative numerical examples are presented in section four; section
five contains a conclusion followed by references.

2. Literature review

An overview of neutrosophic logic, Simplified Neutrosophic Number SNN, Single-Valued
Neutrosophic Set SVNS, are discussed, in addition to evaluate some de-neutrosophication methods
such as distance and similarity, also, concept of scale system is discussed.

Smarandache extend Neutrosophic logic as a branch of philosophy [5] that reviews the basis and
scope of neutrality, neutrosophic was discussed by a lot of researchers and applied in a variety of
businesses assisting in solving many challenges as a powerful scale in the selection [6], Multi-criteria
decision making MCDM [7] [8] [9], achieving PERT in project management [10], exploring the
influence of Internet of Things (IoT) and how IOT influence supply chain [11], a lot of studies propose
an enhanced variety of aggregation operators [12]. Wen, et al, (2017) [13] offered a novel method to
calculate the similarity between SVNSs, plus Jun and Shigui (2017) [14] offer distances, similarity and
entropy methods for IVNS, Surapati and Kalyan (2015) [15] explain a rough cosine similarity
calculation among two rough NS., said and Florentin (2014) [16] offer a novel cosine similarity among
two IVNS based on Bhattacharya’s distance, Ye (2014) [17] suggest a few of aggregation operators, as
well as a simplified neutrosophic weighted arithmetic average operator and a simplified
neutrosophic weighted geometric average operator.

National Institute of Standards and Technology used five level Risk Assessment Scale in its
special publication 800-30 “Guide for Conducting Risk Assessments” as standard scale where the
percentages from 0% up to 4% refers to the linguistic scale of “Very Low” or lowest scale level, on
the other hand they used the percentages from 96% up to 100% to refer to linguistic scale of “Very
High” or highest scale level, all five levels of the qualitative risk scale values and its equivalent
percentage ranges as proposed by NIST, nevertheless, NIST didn’t explain the scientific base for
selecting this specific ranges for each Qualitative Values [2]
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3. Preliminaries

In this section, the basic definitions related to NS, SVNS, absolute and empty NS, Simplified
Neutrosophic Set SNS, SNN and them operations are outlined, in addition de-neutrosophication,
score functions, similarity functions, and distance functions are evaluated and enhanced.

Definition 3.1. Neutrosophic Set:

Florentin Smarandache 1998 proposed neutrosophic logic and neutrosophic sets and coined the
definition of “Neutrosophic Set” with three principles (membership, indeterminacy, and non-
membership) [18], [7] Let T,(x), T,(x), and F,(x) be real standard or non-standard Statically subsets
(sub) of ]-0, 1+[, Let X is a universe of discourse, and M a set included in X, and x is an element
from X is described with respect to the set A as x(T,(x), Ty(x), F4(x)) and belongs to A where x is
(t% true) in the set, (i% indeterminate) or undefined in the set, and (f% false), considering that
(t) changes in T (x):X —» 170, 1*[, (i) changes in I,(x):X = 170, 1*[, (f) changes in F,(x):X -
170, 1*[, without restriction in the sum of T,(x), I,(x) and F,;(x), and meets the condition of
summation: (70 < supT,(x) + supls(x) + supF,(x) < 31)

NS(A) = {{x, Ty(x), L(x), Fa()lx € X, Ty(x), [4(x), F4(x) €]70,17[} (D

Definition 3.2. Single-Valued Neutrosophic set (SVNS)

Wang et al. [19], presented “Single Valued Neutrosophic Set” (SVNS), as a subclass of the NS.
which defined in Definition 3.1 and Simplified Neutrosophic Set SNS which defined in Definition 3.4
below, in consequence of that, SVNS is an instance of NS that can implemented in our life applications
[20], [21], Let X be a universe of discourse, a SVNS A over X is an object with the form of A =
{06, Ta(x),14(x),Fg(x))|x € X}, for the intervals T,(x), I4(x) and F,(x) refer to truth,
indeterminacy, and falsity memberships degrees respectively of x to 4, also, T,(x) € [1,0], I,(x) €
[1,0] and F,4(x) € [1,0] and 0 < T,(x) + I,(x) + F4(x) < 3 for all x € X, for X is discrete, a SVNS A
will stated as shown in formula (2), while X is continuous, a SVNS A will stated as shown in formula

(3)-

SVNS (4) = z (TA(xi);IASCi)'FA(xi)) %, € X )
SVNS (4) = J(TA(x):IAfo)'FA(x)> IxeX )

X

Definition 3.3. Absolute and Empty Neutrosophic Set

Gayyar (2016) [22] defined two special cases for neutrosophic set which are the Null (Empty)
neutrosophic set (0y) and the absolute (universe) neutrosophic set (1y), where Empty
Neutrosophic Set has two forms (0y) =<x,0,0,1 > x € X and (0y) =<x,0,1,1 > x € X, also the
absolute neutrosophic set has two forms (1y) =<x,1,1,0 > x € X, and (1y) =<x,1,0,0 > x € X,
which is not accepted where < x,0,0,1 > isnotequal to < x,0,1,1 > and < x,0,1,1 > is not empty,
on the other hand the < x,1,1,0 > is not equal to <x,1,0,0 > and < x,1,1,0 > is not universal set,
Therefore, we propose that, “Empty Simplified Neutrosophic Number” can denoted by one form as
shown in formula (4), and , “Absolute Simplified Neutrosophic Number” can denoted by one form
as shown in formula (5) only.

Oy =< 001> x€X (4)

1y =<100> x€X (5)
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Definition 3.4. Simplified Neutrosophic Set (SNS):

Ye, (2014) [17], SNS is an special case of NS, where the functions T,(x), I,(x),and F(x)
represented as single points in the real standard [0,1] instead of subintervals / subsets in the real
standard [0,1], that is T,(x) € [1,0], IL(x) €[1,0], and F4(x) € [1,0] . Therefore, SNSA is
represented by formula (6), with no limitation on the sum of T (x),I,(x), and F,(x), satisfies the
condition of: 0 < supT,(x) + suply(x) + supF,(x) < 3.

SNS (A) = {{x, Ty(x), 14 (x), F4(x))|x € X, T4(x), [4(x), F4(x) €]0,1[} (6)

Definition 3.5. Simplified Neutrosophic Number (SNN)

Considering SNS is a subclass of NS, Ye, (2014) [17] offer Simplified Neutrosophic Number
(SNN) as a special case of SNS, in specific when X consist of one object of A, where A =
{{ To(x), I4(x), F4(x))|x € X} it named as SNN, for ease, SNN is presented as shown in formula (7),.

SNN (4) = (T, Iy, Fy) )

Definition 3.6. Cosine Similarity

Ye, (2014) [17], proposed a method to compare any SVNS with absolute SVNS built on the cosine
similarity measure as shown in formula (8), that can be extended to SNN x = (T, I, F) considering
the absolute SNN = (1,0,0) as defined in formula (5),

COS(x) Ix
X)) = ——— 8
T+ 1> +F’ ®)

However, in some cases the formula (8) didn’t represent the correct similarity for example: for
A =(0.1,0.1,01), B=1(0.9,09,0.9) and K = (k,k,k)|1 = k > 0] where the three memberships has
the same value then COS(A) = COS(B) = COS(K) = 0.577350269 using formula (8), also when
falsity membership and indeterminacy membership are equal to zero formula (8) returns the
similarity value of 1 regardless truth membership value, for A = (0.1,0,0), B = (0.9,0,0) and K =
(z,k, k)|z € [0,1], k = 0], then COS(A) = COS(B) = COS(K) = 1, which is not accepted.

Definition 3.7. Kanika’s similarity measure
Kanika, (2020) [23] propose a similarity measure S;(4,B) for SVNS, for A= (x,

TaCxi) 1o (xi), Fa(xp)), B = (x;, Tp(x;), I (x;), Fg(x;)) where T,(x;), In(x;), Fa(x), Tp(x;), Ip(x;),
Fg(x;) €[0,1], x; (i = 1,2,...,n) as shown in formula (9).

1 n
5(4,8)=1---X Z[lTA(xi) — Te (x| + Max{|1,(x;) — Ig(x) |, 1Fa(x;) — Fp(x)1 }] )

However, in some cases the formula (9) didn’t return correct similarity value, for example: when
using formula (9) to calculating the similarity between absolute SVNS 1y = (1,0,0) and both A =
(0.5,0,0.2), B = (0.4,0,0.1), S;(1y,4) = S;(1y, B) =0.65, also for A = (0.5,0.2,0.6), B = (0.2,0.2,0.3),
S1(1y,A) = S1(1y, B) = 0.45 which is not accepted.

Definition 3.8. Score Function

Nancy, et al (2016) [24] propose a score function S,(1y,A4) shown in formula (10), as an
enhancement for S3(1y,4) shown in formula (11) proposed by Sahin, (2014) [25], for A =
(i, Ta(x) , La(x), Fu(x;)) where T,(x;), Li(x;), Fa(x)) €[0,1], x; (i=1,2,..,n), in case T,(x;) +
F4(x;) = 1, Nancy, et al propose to use S3(1y,A4) shown in formula (11).
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14 (Ta(x) — 21, (x;) — F4(x)) (2 — Ta(x;) — F4(x))
2

S (I, 4) = (10)
1+ T, (x;) — 21, (x;) — Fa(xy)
2

On the other hand, Both formulas (10) and (11) have some limitation in some cases for example:
for A = (0.4,0.9,0.5) both formulas return a negative similarity = —0.545,—0.45 respectively, in
case of T,(x;) + Fy(x;) = 1, T4(x;) = 0, F4(x;) = 1 both formulas return a negative similarity also, in
addition, for A = (0.4,0.4,0.4), formulas return 0.02,0.1, also for A = (0.9,0.9,0.9) the formulas
return 0.32,—0.4 respectively, which are not accepted.

S3(1y,A) = (11)

Definition 3.9. Euclidean-base similarity

Majumdar and Samanta (2014) [26], offer SVNS similarity formula for A =(x;
Ta(x;) , Ia(x;), Fa(x;)), B = (x;, Tp(x;), I (x;), Fg(x;)) where T,(x;), Io(x;), Fa(x;), Tp(x;), Ig(x;),
Fg(x;) €[0,1], x; (i = 1,2, ...,n) as shown in formula (12).

S.(A,B) =1 —%(lTA(xi) = Tp (x| + Ly (x;) = I (x| + |Fa (i) — Fp(x)) (12)

Formula (12), has some drawbacks, such as for two SVNS 4 = (0.5,0.2,0.6), B = (0.2,0.2,0.3)
which are two different SVNS but S,(1y,4) = S,(1y,B) = 0.566666667, which is not accepted for
totally different SVNS, also for A = (0.1,0,0), then S,(1y,4) = 0.7 which is not sound logical
similarity value.

Ye, (2014) [27], extend the Euclidean distance measure by adding a weight for his method when
measuring distance and similarity between SVNSs, for A and B, two SVNSs giving SVNS (4) =
(i, Ta(x0), 1o (xi), Fa(x)), SVNS (B) = (x;, T (x;), I5 (%), F(x)) where T,(x;), [y (xi), Fa(xi), Tp(xy),
Ig(x;), Fp(x;) € [0,1], consider the weight w; (i = 1,2,...,n) of an object for x; (i = 1,2, ...,n), for
w; 200 = 1,2,..,n) and X!w; =1, single-valued neutrosophic weighted distance measure
between A,and B defined as shown in formula (13), which considered as a generic formula for
calculating the distance using both Hamming and Euclidean distance methods, where, p = 1 in case
of using Hamming distance and p = 2 in case of using Euclidean distance, also Ye, (2014) prove the
relation distance and similarity are complementary where similarity S;(4,B) =1—d,(A4,B) and
vice versa as shown in formula (14) [27].

d,(4,B) = ”\/Z? w; ([T, (xp) — Tp(x)]? + [IA(xis)) —Ig(x)]? + [Fa(x;) — Fg(x)]P) p>0 (13)
S1(4,B) =1—-4d,(A,B) =
1 ”\/Z? wi ([Ty () — T (x) 1P + [La(x;) — Ig (x)]P + [Fa(xy) — Fp(x;)]P) (14)
- 3 lp>0

considering that distance d,(4,B) for p > 0 satisfies four properties first: 0 < d,(4,B) < 1;
second: d, (4, B) = 0if and only if A = B; third: d,(4, B) = d,(B,A); and forth property is: IfA €
B € C, for C is an SVNS in X, then d,(4,C) = d,(4,B) and d,,(A,C) = d,,(B,C) [27], but formulas
(13) and (14) have some limitation in some cases such as for when applying formula (14) for SVNS
A(x) = {x,(0.40,0.65,0.60), (0.50,0.50,0.50), (0.40,0.65,0.60)} it return = -0.005816418 which is not
accepted, the proposed formula below overcome that shortage.

Definition 3.10. SNN and SVNS 3D visualization

Few effort paid in visualizing neutrosophic sets and numbers, Smarandache, el at (2019) and
others [28] use Figure 1 to demonstrate the graphical visualization for neutrosophic environment,
also this graph used as a part from Neutrosophic Sets and Systems journal’s cover page.
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Figure 1 — neutrosophic graphical visualization [28]

Also, Garai et al, 2020 [29], use graph presentation shown in Figure 2 to represent for example

SNVN 4 = (((1,3,5,8),0.9), ((1,2,6,8),0.3),((1,3,5,8),0.5)).
.

09}

05

0.3}

0 1 2 3 576

Figure 2 — Single-Valued neutrosophic number [29]

Meanwhile, Karaaslan & Hunu (2020) [30] present SVNN graphically as shown in Figure 3 which
represent each truth, indeterminacy, and falsity memberships separately.

Figure 3 — type 2 SVNS graphical representation [30]

The researchers offer a graphical representation for simplified neutrosophic number SNN and
single-valued neutrosophic set SVNS using 3-Dimentional Euclidean space as shown in Figure 4
below, where the empty SNN 0y = (0,0,1) located in the origin point and the absolute SNN 1, =
(1,0,0) located in the top T(x) axis, the SNN A4 = (0.5,0.3,0.6) “an example” which presented in the
graph with a “Red Point” using T(x) = 0.5, I(x) = 0.3, F(x) = 0.6.
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Figure 4 — SNN in 3-Dimentional Euclidean space

Extending the in 3-Dimentional visualization for SNN, Figure 5 below shows in 3-D
visualization for two discrete SVNSs A; = (x;, T4(x;), Li(x;), Fa(x;)) and B; = (x;, Tg(x;), Iz (x;),
Fp(x)) where Ty(x;), 14(x;), Fa(xp), Tg(x), Ig(x;), Fg(x;) € [0,1], and x; (i = 1,2,3,4) giving the
value of each element in both SVNSs as the following, for 4; elements A; = (0.8,0.3,0.8), 4, =
(0.2,0.2,0.2), A5 = (0.5,0.3,0.5), A, = (0.8,0.2,0.8) and for B; elements B, = (0.50.9,0.1), B, =
(0.7,0.7,0.4), By = (0.3,0.7,0.5), B, = (0.2,1,1).

™

i L

Figure 5 - Two SVNS in 3-Dimentional Euclidean space

Definition 3.11. SNN Euclidean distance

“Euclidean distance” or commanlly named as “Pythagorean distance” which is purely the
straight-line distance between two points in the Euclidean space as shown in Figure 4 above, fomula
(15) represent the Euclidean distance for SNN (4) which refare to the straight-line distance between
absolute SNN 1y = (1,0,0) and SNN (A), where ds(1,,4) = 0.931149915 as a pure distance
considring 0 < ds(1,,4) < V3.

ds(1,,A) = T,(0)% + I,(x) + F4(x)? (15)

Definition 3.12. Two SNN Euclidean distance

For generalization, it’s clear from Figure 6 that, the Euclidean distance d¢(4, B) between two
SNNs 4 and B can be calculated using formula (16) considering that 0 < dg(4, B) < /3, for seek of
normalizations formula (17) provided normalized Euclidean distance d,(4, B) between the SNN A
and SNN B considering that 0 < d,(4, B) < 1, considering that Ye, (2014) prove the relation distance
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and similarity are complementary, therefore the normalized similarity S,(4,B) for normalized
Euclidean distance S,(4,B) = (1 —d; (4, B)) % 100 as shown in formula (18).

ds (4, B) = VITy(x) = T ()2 + 14 Gx) — I G2 + 1Fa () = Fp () ” (16)
4 (AB) = j ITa(x) = Tp (e 2 + 11, (x) - I ()2 + |Fa(x) = Fp ()12 -
S,(4,B)=[1- J ITaCei) = Tp () + 11 ) - I Gl +1FaGe) = Fp Gl ) )

Figure 6 - Two SNN in 3-Dimentional Euclidean space

Definition 3.13. New SVNS distance and similarity measures

Figure 7 represents the Euclidean distance d(4,B), between SVNSs A and B where
d;(A;, B) | (i = 1,2,3,4) represents the distance between each two elements in SVNS 4; and SVNS
B;, dg(4, B), formula (19) represents the Euclidean distance between SVNS 4; and SVNS B; which
extended from formula (16), where 0 < dg(4, B) <3, for reaching normalizations, formula (21)
provided normalized Euclidean distance dq(4, B) between SVNS 4; and SVNS B; considring that
0 <do(4,B) <1, [27] where similarity equal 1- distance and vice versa so, Sg(4,B) = (1-—
dg(A,B)) X 100 and So(4,B) = (1 — dy(4,B)) x 100 as shown in formulas (20) and (22) respectively.

dg(A,B) = JXP(Ta0c) = Ts e 2 + 1o (x) — I ()2 + [Fa(x) — Fp(x)1?) (19)

Sg(A,B) =| 1- Z(ITA(xi) = Te(x)I? + [ (xp) — Ig(x)|? + [Fa(x) — Fp(x)|?) | x 100 (20)

do(4, B) = X7 \/lTA(xi) — T (x) |2 + 114 (x)) — I (x)1? + |F4 (x;) — F(x;) |? 1)
nv3
S9(4,B) = (1 - Z?\/ITA(xi) — Tp(x)|” + |IA(xi3/§_ Ig(x)1% + |Fy(x;) — Fp(x;)|? ) X 100 (22)
n
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Figure 7 - Euclidean distance between SVNS 4; and SVNS B,

4. Proposed Framework

in this research paper effort paid off to proposes a scaling system using Simplified Neutrosophic
Number or Single-Valued neutrosophic set as elaborated in the below algorithm.

Neutrosophic scaling system algorithm:

Step 1:

Step 2:

Step 3:

Step 4:

Step 5:

Create a sorted list of Qualitative terms “Linguistic terms”, which will be used as final
scaling system outputs, remarking that Linguistic terms shall be sorted either ascending or
descending according to the purpose of scaling system, N represent the number of
Linguistic terms as shown in formula (23).

N= Number of language terms (23)

Business expert enter the SNN A or SVNS A value for each linguistic term, considering

keeping Linguistic terms sorted “bad to good” or “good to bad”.

Using formula (24) to calculating the equivalent risk crisp value Q corresponding to each
giving SNN using formula (18) similarity S,(1,,A) or SVNS using formula (22) similarity
So(1,,A) multiplied by number of Linguistic terms N calculated in formula (23), domain
experts can override manually any of calculated equivalent crisp values Q, in this case a
modified flag must be added for each override/changed value, keeping in mind that
modifying any equivalent crisp values must not changing the order of Linguistic terms.

{Q = S,(1,,A) x N|A is SNN

Q = So(1,,A) X N|A is SVNS (24)

Build 2D Matrix with N rows and columns specified in Step 1:, then add Linguistic terms
in the top row and first column with its corresponding equivalent crisp value Q and

calculate the matrix cells values by multiple the row value times column value.

Convert all cell value to cell percentage using formula (25) by dividing each matrix cell
value by maximum cell value squared, where maximum cell value squared equal Max(Q)?

defined in Step 1: above.
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cell value

cell percntage = W

(25)

Step 6:  Generate Strict risk assessment scale:

1.

3.

To determine maximum percentage value for each Linguistic term, look for
intersected cells with same Linguistic term, considering these intersected cells as the
maximum percentage value for Linguistic terms.

To determine minimum percentages values for each Linguistic term, use maximum
percentage value for preceding Linguistic terms as minimum percentages values for
Linguistic terms.

Domain expert can change the range boundary as appropriate.

Step 7:  Generate Lenient risk assessment scale:

1.

3.

To determine minimum percentage value for each Linguistic term, look for
intersected cells with same Linguistic term, considering these intersected cells as the
minimum percentage value for Linguistic terms.

To determine maximum percentages values for each Linguistic term, use minimum
percentage value for following Linguistic term as maximum percentages values for
Linguistic terms and add 100% as a maximum for the highest Linguistic term.
Domain expert can change the range boundary as appropriate.

Neutrosophic risk assessment scale illustrative numerical example 1:

Step 1:  Create a sorted list of qualitative terms “Linguistic terms”, as shown in Table 1 N = 11.

Table 1 qualitative value “Linguistic terms”

Linguistic terms  abbreviation

Extremely bad EB
Very very bad VVB
Very bad VB
Bad B
Medium bad MB
Medium M
Medium good MG
Good G
Very good VG
Very very good VVG
Extremely good EG

Step 2:  Enter the equivalent SNN value provided by business expert for each linguistic term,

shown in Table 2

Table 2 Linguistic terms, Equivalent SNN

Linguistic terms  Linguistic terms  Equivalent SNN

bad to good good to bad values
Extremely bad Extremely good (1,0,0)
Very very bad Very very good (0.9,0.1,0.1)
Very bad Very good (0.8,0.15,0.20)
Bad Good (0.70,0.25,0.30)
Medium bad Medium good (0.60,0.35,0.40)
Medium Medium (0.50,0.50,0.50)
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Step 3:

Linguistic terms  Linguistic terms  Equivalent SNN
bad to good good to bad values
Medium good Medium bad (0.40,0.65,0.60)
Good Bad (0.30,0.75,0.70)
Very good Very bad (0.20,0.85,0.80)
Very very good Very very bad (0.10,0.90,0.90)
Extremely good  Extremely bad (0,1,1)

Calculate the equivalent crisp value Q corresponding to each giving SNN Using formula

(24) as shown in Table 3, noting that the Crisp Values of the linguistic term “Extremely

good” was modified from 0 to 0.10 according to expert opinion and modified flag inserted.

Table 3 Linguistic terms, SNN, and its equivalent crisp values Q

Linguistic value  Linguistic value  Equivalent SNN Calcu.lated MOd,l fied  Modified
bad to good good to bad values Crisp Crisp flag
Values Values
Extremely bad  Extremely good (1,0,0) 11 11.00
Very verybad  Very very good 0.9,0.1,0.1) 9.9 9.90
Very bad Very good (0.8,0.15,0.20) 8.966735 8.97
Bad Good (0.70,0.25,0.30) 7.872568 7.87
Medium bad Medium good (0.60,0.35,0.40) 6.77537 6.78
Medium Medium (0.50,0.50,0.50) 5.5 5.50
Medium good Medium bad (0.40,0.65,0.60) 4.211714 4.21
Good Bad (0.30,0.75,0.70) 3.112404 3.11
Very good Very bad (0.20,0.85,0.80) 2.012926 2.01
Very very good  Very very bad (0.10,0.90,0.90) 1.1 1.10
Extremely good  Extremely bad (0,1,1) 0 0.10 *
Step 4: Build Two-dimensional Symmetric Matrix with Q = 11 rows and columns then add

Linguistic terms in the top row and first column as shown in Table 4 below, then calculate
the matrix cells values by multiple the row value times column value, for example: cell(1,8)
which are (row, column) reflectis the intersection of row no 1: “EB as Extremely Bad” with
the value of (11.00) and column no 8: “B as Bad” with value of (7.87), so the cell(1,8) value
equal 7.87 X 11.0 = 86.60; Another example: the cell(5,3) which is the intersection of row
no:5 “MB” with the value of (6.78) and column no:3 “VG” with value of (2.01), so cell(5.3)

value equal 6.78 x 2.01 = 13.64, and so on for all matrix cells as shown in Table 4 below.

Table 4 Two-dimensional Symmetric Matrix value

<ZD' Col No. 1 2 3 4 5 6 7 8 9 10 11

2 Q 0.10 | 1.10 | 2.01 | 3.11 | 421 | 550 | 6.78 | 7.87 | 8.97 | 9.90 | 11.00
& term Prefixy EG | VVG | VG G MG M MB B VB | VVB | EB

1 ]11.00 | EB 1.10 | 12.10 | 22.14 | 34.24 | 46.33 | 60.50 | 74.53 | 86.60 | 98.63 |108.90(121.00
2 1990 | VVB | 0.99 | 10.89 | 19.93 | 30.81 | 41.70 | 54.45 | 67.08 | 77.94 | 88.77 | 98.01 |108.90
3 | 897 VB | 090 | 9.86 |18.05|27.91 |37.77 | 49.32 | 60.75 | 70.59 | 80.40 | 88.77 | 98.63
4 | 7.87 B 0.79 | 8.66 | 15.85|24.50 | 33.16 | 43.30 | 53.34 | 61.98 | 70.59 | 77.94 | 86.60
5| 678 | MB | 0.68 | 7.45 | 13.64 | 21.09 | 28.54 | 37.26 | 45.91 | 53.34 | 60.75 | 67.08 | 74.53
6 | 5.50 M 0.55 | 6.05 | 11.07 | 17.12 | 23.16 | 30.25 | 37.26 | 43.30 | 49.32 | 54.45 | 60.50
7 | 421 | MG | 042 | 4.63 | 848 | 13.11 | 17.74 | 23.16 | 28.54 | 33.16 | 37.77 | 41.70 | 46.33
8 | 3.11 G 031 | 342 | 6.27 | 9.69 | 13.11 | 17.12 | 21.09 | 24.50 | 27.91 | 30.81 | 34.24
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2 Col No. 1 2 3 4 5 6 7 8 9 10 11
2 Q 0.10 | 1.10 | 2.01 | 3.11 | 421 | 550 | 6.78 | 7.87 | 8.97 | 9.90 | 11.00
& term Prefixy EG | VVG | VG G MG M MB B VB | VVB | EB
9 | 201 VG | 020 | 221 | 405 | 6.27 | 8.48 | 11.07 | 13.64 | 15.85 | 18.05 | 19.93 | 22.14
10 | 1.10 | VVG | 0.11 | 1.21 | 221 | 3.42 | 463 | 6.05 | 745 | 8.66 | 9.86 | 10.89 | 12.10
11 | 0.10 EG 0.01 | 0.11 | 0.20 | 0.31 | 0.42 | 0.55 | 0.68 | 0.79 | 0.90 | 0.99 | 1.10

Step 5:  Convert the matrix cells” value to percentage as shown in Table 5 using formula (25) where

Q =11 and maximum cell value is 11% = 121, so for example cell(5,5)percntage =
28.54/121 = 23.58%another example the cell(2,7)percntage = 67.08/121 = 55.43%, and

so on for all matrix cells’.

Table 5 Two-dimensional Symmetric Matrix percentage

E Col No. 1 2 3 4 5 6 7 8 9 | 10 | 11

- Q 010 | 1.10 | 2.01 | 3.11 | 421 | 550 | 6.78 | 7.87 | 897 | 9.90 | 11.00
& termPrefix] EG |VVG| VG | G |MG| M | MB | B | VB |VVB| EB

1 11.00 EB 0.91% [10.00% (18.30%28.29%38.29% |50.00% [61.59% |71.57%|81.52%{90.00% | 100%
2 9.90 VVB | 0.82% | 9.00% [16.47%25.47% |34.46% |45.00% |55.43% |64.41%|73.36%|81.00% [90.00%
3 8.97 VB 0.74% | 8.15% |14.92%23.06%[31.21% |40.76% |50.21%|58.34% | 66.45% | 73.36% |81.52%
4 7.87 B 0.65% | 7.16% |13.10%(20.25%(27.40% |35.78% |44.08%|51.22% | 58.34% | 64.41%|71.57%
5 6.78 MB | 0.56% | 6.16% [11.27%]17.43% |23.58% |30.80% |37.94% |44.08%|50.21%|55.43% |61.59%
6 5.50 M 0.45% | 5.00% | 9.15% |14.15%19.14%25.00% |30.80% |35.78% |40.76% | 45.00% |50.00%
7 421 MG |0.35% | 3.83% | 7.01% |10.83%|14.66%|19.14% |23.58% [27.40% |31.21%|34.46%|38.29%
8 3.11 G 0.26% | 2.83% | 5.18% | 8.01% [10.83%(14.15%(17.43%|20.25%23.06% [25.47% |28.29%
9 2.01 VG 0.17% | 1.83% | 3.35% | 5.18% | 7.01% | 9.15% [11.27%|13.10%|14.92% [16.47% |18.30%
10 1.10 | VVG |0.09% | 1.00% | 1.83% | 2.83% | 3.83% | 5.00% | 6.16% | 7.16% | 8.15% | 9.00% |10.00%
11 0.10 EG 0.01% | 0.09% | 0.17% | 0.26% | 0.35% | 0.45% | 0.56% | 0.65% | 0.74% | 0.82% | 0.91%

Step 6:  Generate Strict risk assessment scale:

1. To determine maximum percentage value for each Linguistic term, highlight
intersected cells with same Linguistic term as shown in Table 6, considering these

intersected cells values as the maximum percentage value for Linguistic terms.

Table 6 two-dimensional Symmetric maximum value for category

Ling Prefix] EG

VVG

VG

G

MG

M

MB

B

VB

VVB | EB

EB

100%

VVB

81.00%

VB

66.45%

B

51.22%

MB

37.94%

M

25.00%

MG

14.66%

G

8.01%

VG

3.35%

VVG

1.00%

EG |0.01%

2. To determine minimum percentages values for Linguistic terms, use maximum
percentage value for preceding Linguistic terms as minimum percentages values for
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Linguistic terms From the previous step minimum and maximum percentages
values for each qualitative value and qualitative values rang have been determined
as shown in Table 7, domain expert can change the range edge as appropriate.

Table 7 Strict Linguistic terms rang percentage

Linguistic Terms Linguistic Terms
Good to bad Bad to good

Extremely good  Extremely bad  81.00% 100.0% >81.0% & <=100%
Very very good  Very very bad  66.45% 81.00% >66.4% & <=81.0%

Min Max Strict Range

Very good Very bad 51.22% 66.45% >51.2% & <=66.4%
Good Bad 37.94% 51.22% >37.9% & <=51.2%
Medium good Medium bad 25.00% 37.94% >25.0% & <=37.9%
Medium Medium 14.66% 25.00% >14.7% & <=25.0%
Medium bad Medium good  8.01% 14.66% >8.0% & <=14.7%
Bad Good 3.35% 8.01%  >3.3% & <=8.0%
Very bad Very good 1.00%  3.35%  >1.0% & <=3.3%

Very very bad  Very very good  0.01%  1.00% >0.01% & <=1.0%
Extremely bad  Extremely good  0.00%  0.01% >0% & <=0.01%

Step 7:  Generate Lenient risk assessment scale:

1. To determine minimum percentage value foreach Linguistic term, highlight
intersected cells with same Linguistic term as shown in Table 6, considering these
intersected cells values as the minimum percentage value for Linguistic terms.

Ling. Prefix, EG VVG VG G MG M MB B VB VVB EB

EB 100%
VVB 81.00%
VB 66.45%
B 51.22%
MB 37.94%
M 25.00%
MG 14.66%
G 8.01%
VG 3.35%
VVG 1.00%
EG | 0.01%

2. To determine maximum percentages values for each Linguistic term, use minimum
percentage value for following Linguistic term as maximum percentages values for

Linguistic terms and add 100% as a maximum for the highest Linguistic term as
shown Table 8.

3. Domain expert can change the range boundary as appropriate

Table 8 Lenient qualitative Values rang percentage

Linguistic Terms Linguistic Terms . i
M M Lenient R
Good to bad Bad to good m ax SIERLE TS

Extremely good  Extremely bad  100%  100% >=100.0%
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Linguistic Terms

Linguistic Terms

Good to bad el i el Min Max Lenient Range
Very very good Very verybad  81.00% 100%  >=81.00% & <100.0%
Very good Very bad 66.45% 81.00% >=66.45% & <81.0%
Good Bad 51.22% 66.45% >=51.22% & <66.4%
Medium good Medium bad ~ 37.94% 51.22% >=37.94% & <51.2%
Medium Medium 25.00% 37.94% >=25.00% & <37.9%
Medium bad Medium good  14.66% 25.00% >=14.66% & <25.0%
Bad Good 8.01% 14.66%  >=8.01% & <14.7%
Very bad Very good 3.35%  8.01% >=3.35% & <8.0%
Very very bad Very very good  1.00%  3.35% >=1.00% & <3.3%
Extremely bad  Extremely good 0.01%  1.00% >=0% & <1.00%

Calculate risk assessment illustrative numerical example 2:

Step 1: This example aims to calculate risk assessment for a project has four 4 major risk areas named

personnel quality, production equipment, work environment, and safety management; these

areas contains 23 risk factors, Table 9 below contains list of risk categories and its risk factors.

Table 9 —Risks categories and factors

Risk Category Factors (x;) Risk Factors (subcategory)
X1 Education level
Xq Learner's time
X3 Age
People quality X4 duration of service
X5 Worker density
Xg Body status
Xy Business period
Xg Restrict dropping devices
X9 equipment design dependability
Production equipment X10 equipment proper rate
X11 Protecting equipment dependability
X12 equipment flexibility
X13 Heat
X14 Light
Environment X15 humidity
X1 Environmental security dependability
X17 running surface efficiency
X1g Security system
X19 Safety society
Safety management %20 ... feedback
X21 ... assessment
X5y ... cotching
X3 ... checks

Step 2: In this case will use the linguistic terms and its equivalent “strict ranges” and “lenient ranges”

previously calculated in Table 7 and Table 8 above, using sorted linguistics terms from “bad

to good” as consolidated in Table 10.
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Table 10 Linguistic terms, both Strict Range and Lenient Range

Linguistic Terms

Bl o o Strict Ranges Lenient Ranges
Extremely bad >81.0% & <=100% >=100.0%
Very very bad >66.4% & <=81.0% >=81.00% & <100.0%

Very bad >51.2% & <=66.4% >=66.45% & <81.0%

Bad >37.9% & <=51.2% >=51.22% & <66.4%

Medium bad >25.0% & <=37.9% >=37.94% & <51.2%
Medium >14.7% & <=25.0% >=25.00% & <37.9%
Medium good >8.0% & <=14.7% >=14.66% & <25.0%
Good >3.3% & <=8.0% >=8.01% & <14.7%
Very good >1.0% & <=3.3% >=3.35% & <8.0%
Very very good >0.01% & <=1.0% >=1.00% & <3.3%

Extremely good >0% & <=0.01% >=0% & <1.00%

Step 3:  Each risk factor x; was evaluated by three experts E,, each expert used even linguistics
terms or SVNS to define the value of risk factors as shown in Table 11.
Table 11 Risk factors evaluation
Xi El EZ E3 SVNS A(x;)
x;  (0.80.15020) (0.60,0.35,0.40) Risky Aln) =
{ x,,(0.8,0.15,0.20), (0.60,0.35,0.40), (0.70,0.25,0.30)}
%, (0.60,035040) (0.50,050,050) (0.70,0.25,030) 0=
{ x,, (0.60,0.35,0.40), (0.50,0.50,0.50), (0.70,0.25,0.30)}
Medi ! =
xs  (040,0.650.60) (0.50,0.50,050) o rmiow Alx)
rlsky { x3,(0.40,0.65,0.60), (0.50,0.50,0.50), (0.40,0.65,0.60)}
x,  (030,0.75,070) (0.20,0.85,0.80) (0.50,0.50,050) A=
{ x,,(0.30,0.75,0.70), (0.20,0.85,0.80), (0.50,0.50,0.50)}
Medi 1 =
x5 (030075070) v COMMIOW 6300750700 A0
rlsky {xs,(0.30,0.75,0.70), (0.40,0.65,0.60), (0.30,0.75,0.70)}
xe  (0.60,0.35040) (0.80.15020) (0.60,0.35040) ()=
{ x4, (0.60,0.35,0.40), (0.8,0.15,0.20), (0.60,0.35,0.40) }
x,  (050,050,050) (0.70,0.25030) (0.50,0.50,050) A7) =
{x,,(0.50,0.50,0.50), (0.70,0.25,0.30), (0.50,0.50,0.50)}
Medi I =
X (0.400.65060) (0.60,035040) comiow  Alx)
risky { xg,(0.40,0.65,0.60), (0.60,0.35,0.40), (0.40,0.65,0.60)}
%o (030,0.75070) Medium risky (0.30,0.75070) 409 =
{ xo, (0.30,0.75,0.70), (0.50,0.50,0.50), (0.30,0.75,0.70)}
x;o  (0.8,0.15,0.20) Risky (0.20,0.85,080) A0 =
{ 10, (0.8,0.15,0.20), (0.70,0.25,0.30), (0.20,0.85,0.80)}
%, (0.70,0.25030) (0.60,0.35040) (0.60,035040) A0 =
{ %15,(0.70,0.25,0.30), (0.60,0.35,0.40), (0.60,0.35,0.40)}
%, (0.60,035040) Mediumrisky (0.50,0.50,0.50) “¢12) =
{ 15, (0.60,0.35,0.40), (0.50,0.50,0.50), (0.50,0.50,0.50)}
x5 (050,050,050) (0.40,0.65,0.60) (0.40,0.65,0.60) A1) =
{ %14, (0.50,0.50,0.50), (0.40,0.65,0.60), (0.40,0.65,0.60)}
¥ (0.50,0.50,050) (0.70,025030) (0.30,0.75,0.70) 4004 =

{ x44,(0.50,0.50,0.50), (0.70,0.25,0.30), (0.30,0.75,0.70) }
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Xi E1 Ez E3 SVNS A(x;)
xs  (0.40,0.650.60) (0.60,0.35040) (0.50,050,0.50) 4015 =

{ x,5, (0.40,0.65,0.60), (0.60,0.35,0.40), (0.50,0.50,0.50)}
xs (0.30,0.75070) Mediumrisky (0.40,0.65,0.60) 016 =

{ %16, (0.30,0.75,0.70), (0.50,0.50,0.50), (0.40,0.65,0.60)}
1, (0.20,0.850.80) (0.40,0.650.60) (0.30,0.750.70) 4047 =

{ x,,,(0.20,0.85,0.80), (0.40,0.65,0.60), (0.30,0.75,0.70)}
vy (080.15020) (0.70,025030) (0.20,085080) (i) =

{ x,5 (0.8,0.15,0.20), (0.70,0.25,0.30), (0.20,0.85,0.80)}
x5 (0.70,0.25030) (0.60,0.35040) Mediumrisky 409 =

{ x40, (0.70,0.25,0.30), (0.60,0.35,0.40), (0.50,0.50,0.50)}
%y (0.60,0.350.40) Medium risky (0.40,0.650.60) 200 =

{ 50, (0.60,0.35,0.40), (0.50,0.50,0.50), (0.40,0.65,0.60)}
%y Mediumrisky (0.40,0.650.60) (0.30,0.75,0.70) ¢ =

{ 51, (0.50,0.50,0.50), (0.40,0.65,0.60), (0.30,0.75,0.70)}
%y, (020,0.850.80) (0.30,0.750.70) (0.40,0.65060) 22 =

{ x22, (0.20,0.85,0.80), (0.30,0.75,0.70), (0.40,0.65,0.60)}
xps  (0.10,0.90,090) (0.20,0.850.80) (0.30,0.75070) %) =

{43, (0.10,0.90,0.90), (0.20,0.85,0.80), (0.30,0.75,0.70)}

Step 4: Using formula (22) to calculate the crisp value for SVNS A(x;), results shown in Table 12,

then used both Table 7 and Table 8 above to compare calculated crisp value for each

SVNS A(x;) with risk ranges to select the equivalent risk level, result shown in Table 13

below.

Table 12 Risk factors and its crisp value

SVNS A(x;)

Crisp value

A(x;) = { x,,(0.8,0.15,0.20), (0.60,0.35,0.40), (0.70,0.25,0.30)}
A(x,) = { x,,(0.60,0.35,0.40), (0.50,0.50,0.50), (0.70,0.25,0.30)}
A(x3) = { x5, (0.40,0.65,0.60), (0.50,0.50,0.50), (0.40,0.65,0.60)}
A(xy) = { x4,(0.30,0.75,0.70), (0.20,0.85,0.80), (0.50,0.50,0.50)}
A(xs) = { x5, (0.30,0.75,0.70), (0.40,0.65,0.60), (0.30,0.75,0.70)}

A(xg) = { x4, (0.60,0.35,0.40), (0.8,0.15,0.20), (0.60,0.35,0.40) }
A(x;) = {x,,(0.50,0.50,0.50), (0.70,0.25,0.30), (0.50,0.50,0.50)}
A(xg) = { xg, (0.40,0.65,0.60), (0.60,0.35,0.40), (0.40,0.65,0.60)}
A(xs) = { x4, (0.30,0.75,0.70), (0.50,0.50,0.50), (0.30,0.75,0.70)}
A(x10) = { x40, (0.8,0.15,0.20), (0.70,0.25,0.30), (0.20,0.85,0.80)}

A(x1,) = { %15, (0.70,0.25,0.30), (0.60,0.35,0.40), (0.60,0.35,0.40)}
A(x15) = { %15, (0.60,0.35,0.40), (0.50,0.50,0.50), (0.50,0.50,0.50)}
A(xy3) = { %13, (0.50,0.50,0.50), (0.40,0.65,0.60), (0.40,0.65,0.60)}
A(x,) = { %14, (0.50,0.50,0.50), (0.70,0.25,0.30), (0.30,0.75,0.70)}
A(xy5) = { x5, (0.40,0.65,0.60), (0.60,0.35,0.40), (0.50,0.50,0.50)}
A(x16) = { %16, (0.30,0.75,0.70), (0.50,0.50,0.50), (0.40,0.65,0.60)}
A(x1,) = { %17, (0.20,0.85,0.80), (0.40,0.65,0.60), (0.30,0.75,0.70)}
A(xy) = { %18 (0.8,0.15,0.20), (0.70,0.25,0.30), (0.20,0.85,0.80)}
A(xy9) = { x40, (0.70,0.25,0.30), (0.60,0.35,0.40), (0.50,0.50,0.50)}
A(x20) = { %30, (0.60,0.35,0.40), (0.50,0.50,0.50), (0.40,0.65,0.60) }
A(xy1) = { %51, (0.50,0.50,0.50), (0.40,0.65,0.60), (0.30,0.75,0.70) }
A(xy,) = { %52, (0.20,0.85,0.80), (0.30,0.75,0.70), (0.40,0.65,0.60)}
A(x3) = {x,3,(0.10,0.90,0.90), (0.20,0.85,0.80), (0.30,0.75,0.70)}

71.56%
61.05%
42.19%
32.20%
31.63%
68.23%
57.19%
46.06%
35.53%
57.13%
64.92%
53.86%
42.19%
49.95%
49.96%
38.86%
28.29%
57.13%
61.05%
49.96%
38.86%
28.29%
18.86%
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Table 13 Risk factors and its equivalent risk level

SVNS A(x;) Crisp value

Strict risk level

Lenient risk level

A(xy) 71.56% Very very bad Very bad
A(xy) 61.05% Very bad Bad
A(x3) 42.19% Bad Medium bad
A(xy) 32.20% Medium bad Medium
A(xs) 31.63% Medium bad Medium
A(xg) 68.23% Very very bad Very bad
A(x) 57.19% Very bad Bad
A(xg) 46.06% Bad Medium bad
A(x9) 35.53% Medium bad Medium
A(x10) 57.13% Very bad Bad
A(xq1) 64.92% Very bad Bad
A(x13) 53.86% Very bad Bad
A(xy3) 42.19% Bad Medium bad
A(x14) 49.95% Bad Medium bad
A(xy5) 49.96% Bad Medium bad
A(x46) 38.86% Bad Medium bad
A(xq7) 28.29% Medium bad Medium
A(x1g) 57.13% Very bad Bad
A(x19) 61.05% Very bad Bad
A(xy0) 49.96% Bad Medium bad
A(xy1) 38.86% Bad Medium bad
A(xy) 28.29% Medium bad Medium
A(xy3) 18.86% Medium Medium good

Step 5:  After calculating the crisp values for each risk factor, risk assessment expert shall take the

appropriate decisions.

5. Conclusion and future works:

In this research paper a neutrosophic 3D visualization for both SNN and SVNS was presented,
in addition, some existing distance and similarity measure are validated and shortcoming are
exposed, new crisp value functions “De-neutrosophication” for converting both Simplified
Neutrosophic Number SNN, and Single-Valued Neutrosophic set SVNS to them equivalent crisp
values using similarity measure based on Euclidean distance are proposed to overcome the exposed
shortcoming, also a new Neutrosophic Scaling System algorithm is proposed, Finally, the proposed
Neutrosophic Scaling System is applied to risk assessment case study.
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Abstract: The notions of an implicative (€, €)-neutrosophic ideal and an implicative falling neutrosophic ideal are
introduced, and several properties are investigated. Characterizations of an implicative (€, €)-neutrosophic ideal
are considered, and relations between an implicative (€, €)-neutrosophic ideal and an (€, €)-neutrosophic ideal are
discussed. Conditions for an (&€, €)-neutrosophic ideal to be an implicative (€, €)-neutrosophic ideal are provided,
and relations between an implicative (€, €)-neutrosophic ideal, a falling neutrosophic ideal and an implicative falling
neutrosophic ideal are studied. Conditions for a falling neutrosophic ideal to be implicative are provided. Relations
between implicative falling neutrosophic ideal, commutative falling neutrosophic ideal and positive implicative falling
neutrosophic ideal are discussed.

Keywords: neutrosophic random set; neutrosophic falling shadow; (positive implicative) (€, €)-neutrosophic ideal;
(positive implicative) falling neutrosophic ideal; (commutative) (€, €)-neutrosophic ideal; (commutative) falling neu-
trosophic ideal; (implicative) (€, €)-neutrosophic ideal; (implicative) falling neutrosophic ideal.

1 Introduction

The fuzzy set was introduced by L.A. Zadeh in 1965, where each element had a degree of membership. As a
generalization of fuzzy set, the intuitionistic fuzzy set on a universe X was introduced by K. Atanassov in 1983,
where besides the degree of membership 4 (z) € [0, 1] of each element x € X to a set A there was considered
a degree of non-membership v4(x) € [0, 1], but such that p4(z) + va(z) < 1 for all z € X. Neutrosophic
set (NS) developed by Smarandache [19, 20, 21] is a more general platform which extends the concepts of
the classic set and fuzzy set, intuitionistic fuzzy set and interval valued intuitionistic fuzzy set. Neutrosophic
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set theory is applied to various part which is refered to the site http://fs.gallup.unm.edu/neutrosophy.htm. Jun
et al. studied neutrosophic subalgebras/ideals in BC'K / BC'I-algebras based on neutrosophic points (see [1],
[3], [7] [16] and [18]). It is a reasonable and convenient approach for the theoretical development and the
practical applications of neutrosophic sets and neutrosophic logics. Jun et al. [10] introduced the notion of
neutrosophic random set and neutrosophic falling shadow. Using these notions, they introduced the concept
of falling neutrosophic subalgebra and falling neutrosophic ideal in BC'K/BC'I-algebras, and investigated
related properties. They discussed relations between falling neutrosophic subalgebra and falling neutrosophic
ideal, and established a characterization of falling neutrosophic ideal (see [9], [1 1], and [13]).Jun et al. [12]
introduced the concepts of a commutative (€, €)-neutrosophic ideal and a commutative falling neutrosophic
ideal, and investigate several properties. Bordbar et al. [2] introduced the concepts of a positive implicative (€,
€)-neutrosophic ideal and a positive implicative falling neutrosophic ideal, and investigate several properties.

In this paper, we introduce the concepts of an implicative (€, €)-neutrosophic ideal and an implicative
falling neutrosophic ideal, and investigate several properties. We obtain characterizations of an implicative
(€, €)-neutrosophic ideal, and discuss relations between an implicative (€, €)-neutrosophic ideal and an
(€, €)-neutrosophic ideal. We provide conditions for an (€, €)-neutrosophic ideal to be an implicative
(€, €)-neutrosophic ideal, and consider relations between an implicative (€, €)-neutrosophic ideal, a falling
neutrosophic ideal and an implicative falling neutrosophic ideal. We give conditions for a falling neutrosophic
ideal to be implicative. We consider relations between implicative falling neutrosophic ideal, commutative
falling neutrosophic ideal and positive implicative falling neutrosophic ideal.

2 Preliminaries

A BCK/BCI-algebra is an important class of logical algebras introduced by K. Iséki (see [5] and [6]).
By a BC'I-algebra, we mean a set X with a special element 0 and a binary operation * that satisfies the
following conditions:

@ (Vz,y,2 € X) (((zxy) * (xx2)) * (2 xy) = 0),
D) (Va,y € X) ((x* (xxy)) xy = 0),
() (Vz € X) (z %z = 0),
AV) (Vz,y € X) (z*xy=0,yxz=0 = z=y).
If a BCI-algebra X satisfies the following identity:
(V) (Vz € X) 0%z =0),

then X is called a BC' K-algebra. Any BC'K/BC'I-algebra X satisfies the following conditions:

(Ve e X)(zx0=ux), (2.1)
Ve,y,z€ X)(x <y = rxz2<yx*xz z2xy<z%xx), (2.2)
(Vz,y,2 € X) (z*y)xz = (xx2) *y), (2.3)
(Va,y,z € X) ((wx2) % (y x2) Sz xy) (2.4)
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where © < y if and only if x x y = 0. A BC'K-algebra X is said to be positive implicative if the following
assertion is valid.

(Vo,y,z€ X)((xx2)x (yx2) = (x*xy) *2). (2.5)
A BC K-algebra X is said to be implicative if the following assertion is valid.
Ve,ye X)(z=xx*(y*x)). (2.6)

A nonempty subset S of a BCK/BC-algebra X is called a subalgebra of X if x xy € Sforall x,y € S. A
subset [ of a BCK/BC-algebra X is called an ideal of X if it satisfies:

0el, 2.7)
VeeX)Vyel)(xxyel = xel). (2.8)

A subset [ of a BC'K-algebra X is called a commutative ideal (see [15]) of X if it satisfies (2.7) and
Ve,ye X)(Vzel)((z*xy)xz€l = xzx(y*x(yxx)) €I). (2.9)

Observe that every commutative ideal is an ideal, but the converse is not true (see [ 15]).
A subset [ of a BC K -algebra X is called a positive implicative ideal (see [15]) of X if it satisfies (2.7) and

(Ve,y,ze€ X)((x*xy)xze€l,yxz€l = xxzel). (2.10)

Observe that every positive implicative ideal 1s an ideal, but the converse is not true (see [15]).
A subset [ of a BC'K-algebra X is called an implicative ideal (see [15]) of X if it satisfies (2.7) and

Vo,y,ze€ X)((z* (yxx))xz2€l,2€l = z€l). (2.11)

Observe that every implicative ideal is an ideal, but the converse is not true (see [15]).
We refer the reader to the books [4, 15] for further information regarding BC K/ BC'I-algebras.
For any family {a; | i € A} of real numbers, we define

\/{ai | i€ A} :=sup{a; | i € A}
and
Ndai|i€ A} =inf{a; | i € A}.

If A = {1,2}, we will also use a; Vas and a; Aay instead of \/{a; | ¢ € A} and A{a; | ¢ € A}, respectively.
Let X be a non-empty set. A neutrosophic set (NS) in X (see [20]) is a structure of the form:

A= {{x; Ar(z), Ar(x), Ap(x)) | z € X}

where Ar : X — [0,1] is a truth membership function, A; : X — [0, 1] is an indeterminate membership
function, and Ar : X — [0, 1] is a false membership function. For the sake of simplicity, we shall use the
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symbol A = (Ap, A;, Ap) for the neutrosophic set
AL = {{x; Ap(x), A (), Ap(z)) | © € X }.

Given a neutrosophic set A, = (A, Aj, Ap) inaset X, o, 8 € (0,1] and v € [0,1), we consider the
following sets:

Te(Av;a) :i={x € X | Ap(z) > o},
Ic(As;B) :={x e X | Aj(x) > 5}
Fe(Avy) ={z € X | Ap(z) <7}

We say Tc(A~; ), Ic(Av; B) and Fe(A; ) are neutrosophic €-subsets.
A neutrosophic set A. = (Ar, A, Ar) in a BCK/BCI-algebra X is called an (€, €)-neutrosophic
subalgebra of X (see [7]) if the following assertions are valid.

€ Te(Av;an), y € Te(Avsay) = w3y € Te(Av;an A ayy),
(anyEX) xEIE(AN;ﬁx)a y€[€<A~;6y) = m*y€I€<A~;ﬁx/\ﬁy)’ (212)
T € Fe(Aviva), ¥ € Fe(Avivy) = wxy € Fe(Aviva V)

for all v, oy, Bs, By € (0,1] and 7, v, € [0, 1).
A neutrosophic set A.. = (Ar, A;, Ar) in a BCK/BCI-algebra X is called an (€, €)-neutrosophic ideal
of X (see [18]) if the following assertions are valid.

r €T (Av;a,) = 0€ T (A ay)
Vee X) | ze€lc(As;B:) = 0€ I(A; 5y) (2.13)
T € FE(AN;’Yx) = 0 € FE(AN;’Vx)

and

rxy € Te(Av; o), y € Te(Aviay) = v € Te(Av;a, A oy)
(Ve,y € X) | wxy € lc(A;fe), yEIe(A~§By) = xEIG(A~§5m/\5y) (2.14)
Txy € Fe(Au;m), y € Fe(Av;yy) = @€ Fe(Av;7 V)

for all o, oy, Bs, By € (0,1] and ., vy, € [0, 1).

In what follows, let X and P(X) denote a BC'K/ BC'I-algebra and the power set of X, respectively, unless
otherwise specified.

Foreachz € X and D € P(X), let

z:={CePX)|zel (2.15)

and
D:={7|z € D} (2.16)
An ordered pair (P(X), B) is said to be a hyper-measurable structure on X if B is a o-field in P(X) and

XCB
Given a probability space (£2,.4, P) and a hyper-measurable structure (P(X),B) on X, a neutrosophic
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random set on X (see [10]) is defined to be a triple & := (&7, &7, &) in which &7, &; and & are mappings from
2 to P(X) which are A-B measurables, that is,

&HO) ={wr € Q| ér(wr)€Cre A
VCeB)| &HC)={wr€Q|&(wr)eCe A |. (2.17)
EMO) = {wr e Q| Ep(wr) eC e A

Given a neutrosophic random set £ := (&7, &7, {r) on X, consider functions:

f{T X — [0, 1], X > P(wT | TT € £T(wT))7
Ij][ X - [0,1], Xy — P(CL)[ ’ xrr € f](bd[)),
ﬁF X = [O, 1], Tp— 1 —P(wp | Tp € §F(wp))

Then H := (Hy, H;, Hy) is a neutrosophic set on X, and we call it a neutrosophic falling shadow (see [10])
of the neutrosophic random set £ := (&7,&;,&r), and € := (&7, &1, EF) is called a neutrosophic cloud (see [10])
OfI:I = (.EIT7 E[[, .EIF)

For example, consider a probability space (2,4, P) = ([0,1],.4,m) where A is a Borel field on [0, 1]
and m is the usual Lebesgue measure. Let H = (fIT, H;, H r) be a neutrosophic set in X. Then a triple
€ = (&7, &1, €r) in which

&r:[0,1] = P(X), a0 = Te(H; ),
&:00,1] = P(X), 8 Ie(H; B),
§F : [071] _>’P(X>a’7'_> F€<H77)

is a neutrosophic random set and ¢ := (&7, £, p) is a neutrosophic cloud of H := (Hyp, H;, Hy). We will call
& = (&7, &1, Er) defined above as the neutrosophic cut-cloud (see [10]) of H:= (ﬁT, Hy, ﬁp).

Let (€2, A, P) be a probability space and let £ := (&7, &;, £r) be a neutrosophic random set on X. If &7 (wr),
¢1(wy) and {p(wp) are subalgebras (resp., ideals) of X for all wr, wy, wr € €2, then the neutrosophic falling
shadow H := (fIT, H;, fIF) of & := (&r,&1,&r) is called a falling neutrosophic subalgebra (resp., falling
neutrosophic ideal) of X (see [10]).

3 Implicative (€, €)-neutrosophic ideals

Definition 3.1. A neutrosophic set A. = (Ar, A;, Ar) in a BCK-algebra X is called an implicative (€,
€)-neutrosophic ideal of X if it satisfies the condition (2.13) and

(xx(yxx))*xz € Te(Av;ay), 2 € Te(Av;ay) = v € Te(Av; o N ay)
(xx(y*xx))*z € lc(Ac;By), 2 € Ic(Av; By) = x € Ic(Av; B N By) (3.1)
(@ * (y*x) %2 € Fe(Av;m), 2 € Fe(Aviny) = 2 € Fe(Avia V)

forall z,y, 2z € X, ay, ay, By, By € (0,1] and ., v, € [0, 1).

Example 3.2. Consider a set X = {0, 1,2, 3,4} with the binary operation * which is given in Table 1. Then
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[IRE1

Table 1: Cayley table for the binary operation “x

=W N = O %
= w N = OO
B w—_ o ol
=W OO O
= O N = OfWw
S W N = O

(X;%,0)is a BC'K-algebra (see [15]). Let A = (Ar, A;, Ar) be a neutrosophic set in X defined by Table 2.

Table 2: Tabular representation of A, = (Ar, A7, Ar)

0 0.7 0.6 0.1
1 0.7 0.6 0.1
2 0.7 0.6 0.1
3 0.5 0.2 0.6
4 0.3 0.4 0.9

Routine calculations show that A, = (Ar, Ar, Ar) is an implicative (€, €)-neutrosophic ideal of X.

Theorem 3.3. Every implicative (€, €)-neutrosophic ideal of a BCK-algebra X is an (€, €)-neutrosophic
ideal of X.

Proof. 1t is clear by substituting x for y in (3.1) and using (2.1). [

Corollary 3.4. Every implicative (€, €)-neutrosophic ideal of a BCK-algebra X is an (€, €)-neutrosophic
subalgebra of X.

The converse of Theorem 3.3 is not true as seen in the following example.

Example 3.5. Consider a set X = {0, 1,2, 3,4} with the binary operation * which is given in Table 3.

Then (X;*,0) is a BC' K-algebra (see [15]). Let AL = (Ar, A7, Ar) be a neutrosophic set in X defined by
Table 4. It is routine to verify that A = (Ar, A;, Ar) is an (€, €)-neutrosophic ideal of X, but it is not an
implicative (€, €)-neutrosophic ideal of X since

(1% (3%1))%2=0€ Te(A;0.6) and 2 € T.(A-;0.65)
butl ¢ T-(A-;0.6 A0.65) = Tc(A~;0.6), and/or
(1 (3%1))%2=0€ Fe(A.;0.35) and 2 € F.(A.;0.45),

but 1 ¢ F(A_:0.45) = Fe(A;0.35V 0.45).
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4‘ 2

Table 3: Cayley table for the binary operation *“x

=W N = O %
=W N = OO
W wNn ool
=W O = O
— o O O O Ww
S OO O O

Table 4: Tabular representation of A, = (Ar, A7, Ar)

X AT(Z‘) A[(LL’) AF(JI)
0 0.7 0.8 0.3
1 0.5 0.6 0.5
2 0.7 0.4 0.4
3 0.5 0.2 0.9
4 0.5 0.2 0.9

Theorem 3.6. For a neutrosophic set A.. = (Ar, Ar, Ar) ina BCK-algebra X, the following are equivalent.

(1) The non-empty €-subsets Tc(A; «), Ic(A; B) and Fc(A~; ) are implicative ideals of X forall o, B €
(0,1] and v € [0, 1).

(2) A. = (Ar, Ay, Ar) satisfies the following assertions.

(Vo € X) ( Ap(0) > Ap(xz), Ar(0) > Af(z), Ap(0) < Ap(z) ) (3.2)
and
A r(x) 2 Ar((z * (y * 7)) * 2) A Ar(2)
(Ve,y,z€ X) | Ar(z) > Ar((zx (y*xx)) * 2) AN Ar(z) (3.3)
Ap(z) < Ap((xx (y*2)) % 2) V Ap(2)

Proof. Assume that the non-empty €-subsets T¢(A;a), Ic(A~; 3) and Fe(A~;~y) are implicative ideals of
X forall o, 8 € (0,1] and v € [0,1). If A7(0) < Ap(a) for some a € X, then a € Te(A~; Ar(a)) and 0 ¢
Tc(A~; Ar(a)). This is a contradiction, and so A7 (0) > Az(x) for all z € X. Similarly, A;(0) > A;(x) for
all z € X. Suppose that Ar(0) > Ap(a) forsome a € X. Thena € Fe(A; Ap(a)) and 0 ¢ Fe(A~; Ar(a)).
This is a contradiction, and thus Ar(0) < Ap(z) for all z € X. Therefore (3.2) is valid. Assume that there
exist a, b, c € X such that

Ar(a) < Ar((ax (bxa)) *c) N Ar(c).

Taking o :== Ar((a (b a)) * c) A Ar(c) implies that (a * (bx a)) xc € Te(Av; ) and ¢ € Te(A; «) but
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a ¢ Te(A~; a), which is a contradiction. Hence
Ar(z) > Ar((z* (y x ) x 2) A Ap(2)
for all x,y, z € X. By the similar way, we can verify that
Ar(z) > Arf((z* (y*x)) * 2) A A(2)
for all x,y, z € X. Now suppose there are =, y, 2 € X such that
Ap(x) > Ap((xx (y*xx)) * 2) V Ap(2) := 7.
Then (z % (yxx)) * 2 € Fe(Av;y) and z € Fc(Av;y) butz ¢ Fc(A~;7), a contradiction. Thus
Ap(z) < Ap((xx (y*2)) * 2) V Ap(2)

forall x,y,z € X.

Conversely, let A.. = (Ar, A;, Ar) be a neutrosophic set in X satisfying two conditions (3.2) and (3.3).
Assume that T (A-; ), Ic(A; 8) and Fe(A~;~) are nonempty for a, 8 € (0,1] and v € [0,1). Letz €
Te(Av;a),a € Ic(A;B) and u € Fe(Av;y) fora, 5 € (0,1] and v € [0,1). Then Ar(0) > Ap(z) > a,
Ar(0) > Ar(a) > B, and Ap(0) < Ap(u) < by (3.2). It follows that 0 € Tc(A; ), 0 € Ic(A-; 5) and
0 € Fe(Av;7). Leta,b,c € X be such that (a * (b*a)) *c € Te(Av;a) and ¢ € Te(A~; «) for a € (0, 1].
Then

Ar(a) > Ar((a* (bxa))*xc) N Ar(c) > «

by 3.3),andso a € Te(Av; o). If (x* (y*2)) %2 € [c(A;B) and z € Ic(A.;B) forall z,y,z € X and
B € (0,1], then A;((x % (y x z)) * z) > [ and A;(z) > (5. Hence the condition (3.3) implies that

A(x) = Ar((z + (y * @)+ 2) N Ar(z) 2 5,

thatis, z € Ic(A~; 3). Finally, suppose that (z*(y*z))xz € Fc(A;y)and z € Fe(Ao;y) forallz,y,z € X
and v € (0,1]. Then Ap((x * (y * z)) * 2) <y and Ap(z) <+, which imply from the condition (3.3) that

Ap(x) < Ap((xx (y*xx)) *2) V Ap(z) < 7.

Hence = € Fc(A~;7). Therefore the non-empty €-subsets T¢(A; ), Ic(A~; B) and Fc(A-;~y) are implica-
tive ideals of X forall a, 5 € (0,1] and v € [0, 1). O

Theorem 3.7. Let A.. = (Ar, A;, Ar) be a neutrosophic set in a BCK-algebra X. Then A.. = (Ar, A;, Ar)
is a implicative (€, €)-neutrosophic ideal of X if and only if the non-empty neutrosophic €-subsets T (A; a),
Ic(A; B) and Fc(A~; ) are implicative ideals of X for all o, 5 € (0,1] and v € [0,1).

Proof. Let A = (Ar, A;, Ar) be an implicative (€, €)-neutrosophic ideal of X and assume that T (A.; a),
Ic(A; 8) and Fc(A.;~) are nonempty for o, § € (0,1] and y € [0, 1). Then there exist x, y, z € X such that
r€Te(Av;a),y € Ic(A;5) and z € Fc(A~; 7). It follows from (2.13) that 0 € Te(A; ), 0 € Ic(A; 5)
and 0 € Fc(A;7). Letz,y,2,a,b,c,u,v,w € X be such that (x % (yxx)) * 2 € Te(Av; ), 2 € Te(A; ),
(ax(bxa))xc € Ic(Av;8), ¢ € Ic(A;B), (ux (v*u)) xw € Fe(Av;y) and w € Fe(Ao;7y). Then
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v € Te(AviaNa) = Te(Ava), a € Ie(A; BAB) = [e(Av;B), and u € Fe(Av;y V) = Fe(Avy)
by (3.1). Hence the non-empty neutrosophic €-subsets T (A-; «), Ic(A;5) and Fc(A-;~) are implicative
ideals of X forall a, 8 € (0,1] and y € [0, 1).

Conversely, let A. = (Ar, A;, Ar) be a neutrosophic set in X for which T (A-;«a), Ic(A;3) and
Fc(A.;~) are nonempty and are implicative ideals of X for all , 5 € (0, 1] and v € [0, 1). Obviously, (2.13)
is valid. Let z,y, 2z € X and a,, a,, € (0,1] be such that (z % (yxz)) * 2 € Te(Av; ) and z € Te(Ax; ay).
Then (x* (y*x))* 2z € Te(Av; ) and z € T (A; o) where oo = a; A . Since Te (A ; o) is an implicative
ideal of X, it follows that x € T (A ;) = Te(Av; o A o). Similarly, if (z % (y * 2)) * 2 € Ic(A; By)
and z € Ic(A.;By) forall z,y,z € X and 3,,3, € (0,1], then z € Ic(A; B, A By). Now, suppose that
(x*(yxz))*z € Fe(Av;v,)and z € Fe(Av;vy,) forall z,y, 2 € X and 7,7, € [0,1). Then (z*(y*z))*z €
Fe(Av;y)and z € Fe(Av;y) where v = v, V y,. Hence © € Fe(A;y) = Fe(Av; v, V) since Fe(A; )
is an implicative ideal of X. Therefore A = (A, A;, Ar) is an implicative (€, €)-neutrosophic ideal of
X. O]

Corollary 3.8. Let A.. = (Ar, A;, Ar) be a neutrosophic setina BCK-algebra X. Then A.. = (Ar, Ar, Ar)
is an implicative (€, €)-neutrosophic ideal of X if and only if it satisfies two conditions (3.2) and (3.3).

We provide conditions for an (€, €)-neutrosophic ideal to be an implicative (€, €)-neutrosophic ideal.

Theorem 3.9. If X is an implicative BC K -algebra, then every (€, €)-neutrosophic ideal is an implicative
(€, €)-neutrosophic ideal.

Proof. If X is an implicative BC' K -algebra, then x = z % (y xx) forall z,y € X. Let AL = (Ar, Ar, Ar) be
an (€, €)-neutrosophic ideal of X. Then

Ar(x) > Ar(zx 2) N Ar(2) > Ar((z = (y xx)) * 2) A Arp(z2),

Ap(z) > Ap(zx 2) NAr(2) > Ar((x * (y x x)) * 2) AN Ar(2),
and
Ap(z) < Ap(zx2) VAR(2) < Ap((xx (yxx)) * 2) V Ap(2)

for all z,y,z € X. Therefore A. = (Ap, A;, Ar) is an implicative (€, €)-neutrosophic ideal of X by
Corollary 3.8. [

Lemma 3.10 ([!7]). Every (€, €)-neutrosophic ideal A.. = (Ar, Ar, Ar) of a BCK/BCI-algebra X
satisfies the following assertion.

Ar(z) > Ar(y)
Vz,ye X) |z <y =< A(z) > Ar(y) (3.4)
Ar(z) < Ar(y)

Lemma 3.11 ([17]). Given a neutrosophic set A.. = (Ar, Ar, Ar) ina BCK/BCI-algebra X, the following
assertions are equivalent.

(1) AL = (Ar, Ay, Ap) is an (€, €)-neutrosophic ideal of X.
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(2) Ao = (Ap, A;, Ap) satisfies the following assertions.

(Vz € X) ( Ar(0) = Ar(2), A(0) = A(x), Ap(0) < Ap(z) ) 3-3)
and
Ap(z) > Ap(z*xy) N Ap(y)
(Ve,ye X) | Ar(z) > Ar(z*xy) AN Ar(y) (3.6)
Ap(z) < Ap(z *xy) V Ap(y)

Theorem 3.12. Suppose that A.. = (Ar, A;, Ar) is an (€, €)-neutrosophic ideal of X. Then the following
assertions are equivalent. Given a neutrosophic set A.. = (Ar, Ar, Ar) in a BCK-algebra X, the following
assertions are equivalent.

(1) Ao = (Ar, Ay, AR) is an implicative (€, €)-neutrosophic ideal of X.

(2) AL = (Ap, Ar, Ap) is an (€, €)-neutrosophic ideal of X satisfying the condition:

(Vo,y € X) | Ar(z) > Ay(w* (y * ) (3.7)
<

(3) AL = (Ap, Ar, Ap) is an (€, €)-neutrosophic ideal of X satisfying the condition:

Ap(z) = Aj(z * (y * x)) (3.8)
Ap(z) = eAp(x * (y x x)).

(Vz,y € X)

Proof. (1)=-(2). Let A = (Ar, A;, Ar) be an implicative (€, €)-neutrosophic ideal of X. Then A, = (Ar,
Ar, Ar) be an (€, €)-neutrosophic ideal of X by Theorem 3.3. Using (3.2) and (3.3) implies that

Ar(x) > Ar((z*x (yxx)) x0) AN Ar(0) = Ap(z * (y xx)) A Ar(0) = Ap(z x (y x x)),

Ar(z) > Ar((zx (yxx)) x 0) AN Ar(0) = Ap(z * (yxx)) AN Ar(0) = Ar(z % (y x x))
and
Ap(z) < Ap((x* (y*2)) *0)V Ap(0) = Ap(xx (yx2)) V Ap(0) = Ap(x * (y * ))

forall x,y € X.

(2) = (3). Observe that x * (yxx) < x forall z,y € X. Using Lemma 3.10, we have Ap(x) < Ap(x* (yx*
x)), Aj(x) < Ap(xx(y+z)) and Ap(x) > Ap(xx(y=+x)). It follows from (3.7) that Ar(z) = Ar(xx (yxx)),
Ar(z) = Ar(z x (y*x))and Ap(x) = Ap(z x (yxx)) forall z,y € X.

(3) = (1). Let A. = (Ap, A;, Ar) be an (€, €)-neutrosophic ideal of X satisfying the condition (3.8).
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Then

Ap(x) = Ap(zx (yxz)) > Ap((zx (y * x)) x 2) A Ap(2),
(xx(y*xxz)) > Ar((z*x (y*x)) *2) A Ar(2),
Ap(z) = Ap(xx (yx2)) < Ap((z*x (y*x)) % 2) V Ap(2)

=

O
I
.

for all z,y,2 € X by (3.8) and (3.6). Therefore A.. = (Ar, A;, Ar) is an implicative (€, €)-neutrosophic
ideal of X. Il

Lemma 3.13 ([14]). Let [ and A be ideals of a BCK-algebra X such that I C A. If I is an implicative ideal
of X, then so is A.

Theorem 3.14. Let A.. = (Ar, Ar, Ar) and B.. = (Br, By, Br) be (€, €)-neutrosophic ideals of X such
that A C B, that is, Ar(x) < Br(z), Ar(z) < Bi(z) and Ap(x) > Bp(x) forallz € X. If A. = (Ar,
Aj, Ar) is implicative, then so is B.. = (Br, By, Br).

Proof. Ttis sufficient to show that the non-empty neutrosophic €-subsets T¢(B.; «), Ic(B.; 3) and Fc(B-;7)
are implicative ideals of X forall o, 3 € (0,1]andy € [0,1). If x € Tc(A~; o), then By(x) > Ap(z) > aand
$0 Te(Av; ) € Te(Be; ). Similarly, Ic(A; B) C Ic(B; B). If x € Fe(A;7), then Br(z) < Ap(z) <~
and thus Fe(A~;7v) C Fe(Bo; 7). Since A = (Ar, Ar, Ar) is an implicative (€, €)-neutrosophic ideal of X,
it follows from Theorem 3.7 that T (A; ), Ic(A~; 5) and Fc(A~;~) are implicative ideals of X . Therefore
Te(Bo; ), Ic(B~; ) and Fe(B.;~) are implicative ideals of X forall o, 5 € (0,1] and v € [0, 1), and hence
B.. = (Br, By, Br) is an implicative (€, €)-neutrosophic ideal of X. O

4 Implicative falling neutrosophic ideals

Definition 4.1. Let (2, A, P) be a probability space and let £ := ({7, &, {r) be a neutrosophic random set on
a BCK-algebra X. If {r (wT): &r (zj)[) and {p (wp) are implicative ideals of X for all wr, wr, wp € €, then the
neutrosophic shadow H := (Hp, H;, Hp) of the neutrosophic random set & := ({7, &7, &r) on X, that is,

fIT(:BT) = P(wr | 27 € &r(wr)),

H[(ZL‘[) = P(wl | xrr € f]((x)[)), “4.1)

Hp(xp) =1— P(wr | zr € &p(wr))

is called an implicative falling neutrosophic ideal of X.

Example 4.2. Consider a set X = {0, 1,2, 3} with the binary operation x which is given in Table 5. Then
(X;*,0) is a BC'K-algebra (see [15]). Consider (2,4, P) = ([0,1],.A,m) and let £ := ({7,&7,&F) be a
neutrosophic random set on X which is given as follows:

{0} if t € [0,0.25),
, (0,1} ift € [0.25,0.55),
&[0 =PX), #9507 108)1 ift € 0.55,0.95),
X if t € [0.95,1],
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[IRE1

Table 5: Cayley table for the binary operation “x

R 0 1 2 3
0 0 0 0 0
1 1 0 1 1
2 2 2 0 2
3 3 3 3 0
{0} if t € [0,0.45),

_ (0,2} ift €[0.45,0.65),

S0 =P, 229 807991 ift € [0.65,0.95),
X if t € 0.95, 1],

and

{0} if t € (0.9,1],
{0,3}  ifte(0.7,0.9]
¢p:[0,1] = P(X), =< {0,1,2} ifte (05,07,
{0,1,3} if¢ € (0.3,0.5],
X if t € [0,0.3)].

Then §(t), §;(t) and {(t) are implicative ideals of X forall ¢ € [0, 1]. Hence the neutrosophic falling shadow
H = (Hyp,Hy, Hp) of & := (&1,&1,&r) is an implicative falling neutrosophic ideal of X, and it is given as
follows:

1 ifz =0,
_ 075 ifz=1,
Hr(x) =9 .05 ifz =2,
035 ifz =3,
1 if 2 =0,
. 005 ife=1,
Hi(@) =3 55 ifo =2,
035 ifz=3,
and
0 ifx =0,
N 03 ifz=1,
Hr(r) =19 05 ifz=2
03 ifz=3.

Given a probability space (Q, A, P), let H := (Hyp, H;, Hy) be a neutrosophic falling shadow of a neutro-
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sophic random set £ := (&7, &7, &p). Forx € X, let

Qs ér) ={wr € Q| z €&r(wr)},
Qs &) = {wr € Q| z € &(wn)},
Qz;ép) ={wr e Q| x € &p(wr)}.

Then Q(x; &), Qx5 &r), Qx; Er) € A (see [10]).

Proposition 4.3. Let H = (]:IT, H;, H F) be a neutrosophic falling shadow of the neutrosophic random set
&= (&r,&1,&r) ona BCK-algebra X. If H :== (Hr, Hy, Hp) is an implicative falling neutrosophic ideal of
X, then

Q(x* (y* ) x 2;60) N Q25 &) C Qx5 87)

(Vo,y,2 € X) | Q(z* (y*x))*2;&) N Q2 &) S Q&) ; 4.2)
Q((z x (y x ) * 2;6p) N Q2 EF) € Qw3 6R)
Q(z;8r) C Q(7 * (y * x)) * 2;67)

(Vo,y,2 € X) | Qx;&) CQ(z* (y*x)) *2&) |- (4.3)
Qz;6r) C Q(z * (y * x)) * 2;&F)

Proof. Let wr € Q((z % (y *x ) * ;&) N Qz;8r), wr € Q(z * (y x ) * ;&) N Q2; &) and wp €
Q(zx(yxx))*2;&p) NQz;€p) forall z,y, z € X. Then

(xx(y*xx))*2z € &r(wr)and z € {p(wr),

(xx(y*xx))*2z € &(wr)and z € {(wy),

(@ (yxx)) * 2 € {p(wr) and z € Ep(wr).
Since &7 (wr), £ (wr) and £x(wr) are implicative ideals of X, it follows from (2.11) that z € & (wr)NEr(wr)N
¢p(wr) and so thatwy € Q(z;&r), wr € Q(x; &) and wp € Q(x;Ep). Hence (4.2) is valid. Now letz,y, 2z € X
be such that wy € Q(x;&r), wr € Qz;¢7), and wp € Qx;&p). Then x € {r(wr) N Er(wr) N Ep(wr). Note
that

(xx(yxz))*2)xx=((xx(yxx))*x)*2
= ((z*xz)* (y*xx))xz2=(0x*(y*2x))xz2=0xz=0,

and thus
((ZL’ * (y * $)) * Z) xxr=0¢ f’T(wT) N 5[((4}[) N §F(wp)

Since &7 (wr), r(wr) and Ep(wr) are implicative ideals and hence ideals of X, it follows that (z * (y * z)) *

z € &r(wr) N & (wr) NEp(wr). Hence wr € Q((x  (y * x)) * 2;8r), wr € Q(x * (y * x)) * 2;;), and
wr € Q((x * (y * x)) * z;{p). Therefore (4.3) is valid. O

Given a probability space (€2, .4, P), let
F(X):={f| f:Q— X is amapping}. 4.4)
Define a binary operation ® on F(X) as follows:

(Vw € Q) ((f ® g)(w) = f(w) * g(w)) (4.5)
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forall f,g € F(X). Then (F(X);®,6) isa BCK/BCI-algebra (see [8]) where # is given as follows:
0:0— X, w—0.
For any subset A of X and g7, g1, gr € F(X), consider the followings:

A% = {wT € | gT(wT) S A},
A2 = {ur €9 grlwr) € A),
A% = {wr € Q| gr(wr) € A}

and

&r Q= P(F(X)), wr = {gr € F(X) | gr(wr) € A},
& : Q= P(F(X)), wr—{g; € F(X) | gr(wy) € A},
r: Q= P(F(X)), wrp {gr € F(X) | gr(wr) € A}.

Then A7, A7, A}, € A (see [10]).
Theorem 4.4. If K is an implicative ideal of a BC' K -algebra X, then

{r(wr) = {gr € F(X) | gr(wr) € K},
Er(wr) = {gr € F(X) | gr(wr) € K},
{rp(wr) = {gr € F(X) | gr(wr) € K}

are implicative ideals of F(X).

Proof. Assume that K is an implicative ideal of a BC' K -algebra X. Since f(wr) =0 € K, 0(w;) =0 € K
and f(wr) = 0 € K for all wy, wy, wr € (), we have

0 € &r(wr) NEr(wr) Nép(wr).
Let fr, gr, hr € F(X) be such that (fr ® (g7 ® fr)) ® hy € {r(wr) and hr € Ep(wr). Then
(fr(wr) * (gr(wr) * fr(wr))) * hr(wr) = ((fr ® (97 ® fr)) ® hr)(wr) € K

and hp(wr) € K. Since K is an implicative ideal of X, it follows from (2.11) that fr(wr) € K, that is,
fr € &r(wr). Hence &r(wr) is an implicative ideal of F(X). Similarly, we can verify that &;(wy) is an
implicative ideal of F(X). Now, let fr, gr, hr € F(X) be such that (fr ® (gr ® fr)) ® hr € {p(wr) and
hr € &:(wp). Then

(fr(wr) * (gr(wr) * fr(wr))) * hrp(wr) = ((fr ® (9r ® fr)) ® hp)(wr) € K

and hp(wr) € K. Hence fr(wrp) € K, ie., fr € {p(wp). Therefore {x(wp) is an implicative ideal of F(X).
This completes the proof. 0

Theorem 4.5. If we consider a probability space (2, A, P) = ([0,1], A, m), then every implicative (€, €)-
neutrosophic ideal of a BC K -algebra is an implicative falling neutrosophic ideal.
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Proof. Let H = (Hr, Hy, Iif r) be an implicative (€, €)-neutrosophic ideal of a BC'K-algebra X. Then
Te(H; ), Ic(H; B) and Fe(H ;) are implicative ideals of X for all v, 8 € (0,1] and v € [0, 1) by Theorem
3.7. Hence a triple £ := (&7, &7, {r) in which

&r 0,1 = P(X), aw To(H; ),

&+ [0.1] = P(X), B Ie(H; ),

F:[0,1] = P(X), v Fe(H;v)

is a neutrosophic cut-cloud of H = (ﬁT, Hy, ﬁp), and so H = (lf]T, Hy, ﬁp) is an implicative falling
neutrosophic ideal of X. O]

The converse of Theorem 4.5 is not true as seen in the following example.

Example 4.6. Consider a set X = {0, 1,2, 3,4} with the binary operation * which is given in Table 6.

.

Table 6: Cayley table for the binary operation “x

B~ W N~ O %
=~ W N = OO
=N NN OO
=~ = O = Ol N
_ O O O O Ww
S W N = O

Then (X *,0) is a BC' K -algebra (see [15]). Consider (€2, A, P) = ([0,1],.A,m) and let { := ({7, &7, Er) be
a neutrosophic random set on X which is given as follows:

(0,1} if t € [0,0.25),
. (0,2} if t € [0.25,0.55),
&[0 =PX), 229 £ it e [0.55.07),
0,1,2,3} ifte[0.7,1],
(0,2} if t € [0,0.28),
£:00,1] = P(X), x> ¢ {0,4} if t € 0.28,0.68),
{0,1,2,3} ift € [0.68, 1]
and
{0} if t € (0.75, 1],
(0,4} if t € (0.63,0.75),
0,1 = P(X), x4 {0,2,4)  ift € (0.44,0.63],
(0,1,4}  ift € (0.23,0.44],

{0,1,2,3} ift €[0,0.23].
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Then §7(t), §;(t) and {(t) are implicative ideals of X forall ¢ € [0, 1]. Hence the neutrosophic falling shadow
H = (Hyp,Hy, Hp) of & := (&1,&1,&r) is an implicative falling neutrosophic ideal of X, and it is given as
follows:

(1 ifz=0,

] 0.55 ifz=1,
Hr(z) =4 075 ifz=2,
0.3 ifz=3,

| 015 ifa =4,

(1 if 2 =0,

032 ifr=1,

Hi(z)={ 06 ifz=2,
0.32 ifx =3,

| 04 ifz =4,

and

0 ifx =0,

0.56 ifx=1,

Hp(z) =4 058 ifx=2,
0.77 ifx =3,

048 ifz = 4.

If o € [0,0.55), then T (Hr; ) = {0,1,2} is not an implicative ideal of X since
(3% (2%3)x1=(3%0)x1=3%x1=2¢€T(Hp;a)

and 1 € T-(Hr;a), but 3 ¢ Te(Hp; ). Therefore H := (Hyp, H;, Hp) is not an implicative (€, €)-
neutrosophic ideal of X by Theorem 3.7.

We provide relations between a falling neutrosophic ideal and an implicative falling neutrosophic ideal .

Theorem 4.7. Let (2, A, P) be a probability space and let H := (Hp, H;, H) be a neutrosophic falling
shadow of a neutrosophic random set & = (&7,&1,6r) on a BCK-algebra X. If H := (Hp, Hy, Hr) is an
implicative falling neutrosophic ideal of X, then it is a falling neutrosophic ideal of X.

Proof. Let H := (Hyp, H;, Hp) be an implicative falling neutrosophic ideal of a BC'K-algebra X. Then

Er(wr), §r(wr) and {p(wr) are implicative ideals of X, and so {r(wr), &(wr) and §r(w) are ideals of X for
all wr, wy, wr € Q. Therefore H := (Hr, H;, Hr) is a falling neutrosophic ideal of X. O

The following example shows that the converse of Theorem 4.7 is not true in general.

Example 4.8. Consider a set X = {0, 1,2, 3,4} with the binary operation * which is given in Table 7. Then
(X;%,0) is a BCK-algebra (see [15]). Consider (2,4, P) = ([0,1],.A,m) and let £ := (&7,&7,&r) be a
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4‘ 2

Table 7: Cayley table for the binary operation *“x

* 0 1 2 3 4
0 0 0 0 0 0
1 1 0 0 1 0
2 2 1 0 2 0
3 3 3 3 0 3
4 4 4 4 4 0
neutrosophic random set on X which is given as follows:
{0, 3} if t € ]0,0.37),

&r100,1] = P(X), ¢ {0,1,2,3} ift e [0.37,0.67),
{0,1,2}  ifte[0.67,1],

1,2} ift € [0,0.45),
1,2,4} ift e [0.45,1],

and
{0} if t € (0.74, 1),
‘ {0,3} if t € (0.66,0.74],
[0 =P 220 w0 oy i e (048, 0.66),

{0,1,2,3} ift €[0,0.48).

Then &7(t), &(t) and £p(t) are ideals of X for all ¢ € [0, 1]. Hence the neutrosophic falling shadow H :=
(Hp,Hy, Hp) of € := (&, &1, Ep) is a falling neutrosophic ideal of X. But it is not an implicative falling
neutrosophic ideal of X because if o € [0.67,1], 8 € [0,0.45) and v € (0.66,0.74], then &7(a) = {0, 1,2},
&1(B) =4{0,1,2} and &x(y) = {0, 3} are not implicative ideals of X respectively.

Since every ideal is implicative in an implicative BC K -algebra (see [ 5]), we have the following theorem.

Theorem 4.9. Let (2, A, P) be a probability space and let H := (HT, H;, Hp) be a neutrosophic falling
shadow of a neutrosophic random set § = (&7, &1, Er) on an implicative BC' K -algebra. IfH (HT, Hy, HF)
is a falling neutrosophic ideal of X, then it is an implicative falling neutrosophic ideal of X.

Corollary 4.10. Let (2, A, P) be a probability space. For any BCK-algebra X which satisfies one of the
following assertions

(Vz,y € X)(yx (y*x) = (2% (% y)) x (v xy)),
(Vz,y € X)((z* (zxy))* (y*xx) =y=* (y* 1)),
(Vo,y € X)((z* (xxy))* (x*xy) = (y*(y*z))* (y*7)),

let H := (Hy, H;, Hp) be a neutrosophic falling shadow of a neutrosophic random set & := (&7, &7, €p) on X.
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If H = (ﬁT, H I H F) is a falling neutrosophic ideal of X, then it is an implicative falling neutrosophic ideal
of X.

Definition 4.11 ([12]). Let (£2,.A, P) be a probability space and let £ := ({7, &7, ) be a neutrosophic random
set on a BC' K -algebra X. Then the neutrosophic falling shadow H = (lf]T, Hy, ﬁp) of £ :== (&r,&1,8R) is
called a commutative falling neutrosophic ideal of X if {r(wr), £/(wr) and p(wpr) are commutative ideals of
X for all wy, wy, wr € Q.

Definition 4.12 ([2]). Let (€2,.A, P) be a probability space and let £ := ({7, &, {r) be a neutrosophic random
set on a BC'K-algebra X. If &7 (wr), £7(wr) and {r(wr) are positive implicative ideals of X for all wy, wy,
wp € (), then the neutrosophic falling shadow H = (]:IT, H;, H r) of the neutrosophic random set & :=
(&r,&r,&r) on X, that is,

EIT(ZL‘T) = P(WT | T € fT(wT»?
Hi(wr) = Plor | a1 € &wr). (40
Hp(zp) =1— P(wp | zp € &p(wp))

is called a positive implicative falling neutrosophic ideal of X.

Since every implicative ideal is both a commutative ideal and a positive implicative ideal in BC K -algebras
(see [15]), the following theorem is straightforward.

Theorem 4.13. Every implicative falling neutrosophic ideal is both a commutative falling neutrosophic ideal
and a positive implicative falling neutrosophic ideal.

The following example shows that there exist a commutative falling neutrosophic ideal and a positive
implicative falling neutrosophic ideal which is not an implicative falling neutrosophic ideal.

Example 4.14. (1) Consider a BC' K-algebra X = {0,1,2, 3,4} which is given in Example 3.2. Consider
(Q,A,P) = ([0,1],A,m) and let £ := (&{7,&1,&r) be a neutrosophic random set on X which is given as
follows:

(0,3} ift€[0,0.25),
| (0,4} ift €[0.25,0.55),
s 01 =P w9 107109y it e [0.55,0.85).
{0,3,4} ift € [0.85,1],

} o ift €10,0.45),
if t € 0.45,0.75),

&r:[0,1] - P(X), x+— 3}
4} ift e [0.75,1],

A
oo o
—
I NG

and
{0} if ¢ € (0.9, 1],
{0,3} iftE(O?OQ]
¢rp:[0,1] > P(X), x+— {0,4} ift € (0.5,0.7],
{0,1,2,3} ift e (0.3,0.5],
X ift €[0,0.3].
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Then the neutrosophic falling shadow H = (FIT, H; H r) of & = (&r,&r,&p) is a commutative falling
neutrosophic ideal of X (see [12]). If t € [0.85, 1], then &7 (t) = {0 3,4} is not an implicative ideal of X.
Also, if t € (0.5,0.7], then £x(t) = {0,4} is not an implicative ideal of X. Therefore H := (Hy, H;, Hp) is
not an implicative falling neutrosophic ideal of X.

(2) Let X = {0, 1, 2,3} be a set with the binary operation * which is given in Table 8.

4‘ 2

Table 8: Cayley table for the binary operation “x

W N = O %
W N = OO
W N OO
W O = Ol
S OO OoOlWw

Then (X; *,0) is a BC' K -algebra (see [15]). Consider (€2, A, P) = ([0,1],.A,m) and let £ := (&7, &7, &) be
a neutrosophic random set on X which is given as follows:

{0} if t € [0,0.35),
, 0,2} ift € [0.35,0.55),
&[0 = PO 2= 9 607191 et € 0.55,0.95),
X if t € [0.95, 1],

{0,1}  ifte[0,0.2),

[
| {0,2}  ift€0.2,0.5),
& :[0,1] = P(X), v {0,1,2} ift€0.5,0.9),
X ift € [0.9,1],

and

{0} if t € (0.95,1],
{0,1}  ift € (0.6,0.95],

¢r:[0,1] = P(X), z— ¢ {0,2} ift € (0.4,0.6],
{0,1,2} ift e (0.1,0.4],
X if t € [0,0.1].

Then the neutrosophic falling shadow H = (ﬁIT, H;, H r)of & := (&7, &7, &F) is a positive implicative falling
neutrosophic ideal of X. If ¢ € [0.35,0.55), then &r(¢t) = {0,2} is not an implicative ideal of X. If ¢ €
[0.2,0.5), then £;7(t) = {0, 2} is not an implicative ideal of X. Also, if ¢ € (0.6,0.95], then {p(f) = {0, 1} is
not an implicative ideal of X. Therefore H = ([:[T, H; H r) is not an implicative falling neutrosophic ideal
of X.

The notions of a commutative falling neutrosophic ideal and a positive implicative falling neutrosophic
ideal are independent, that is, a commutative falling neutrosophic ideal need not be a positive implicative falling
neutrosophic ideal, and vice versa. In fact, the commutative falling neutrosophic ideal H := (HT, H;, H F)in
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Example 4.14(1) is not a positive implicative falling neutrosophic ideal. Also the positive implicative falling
neutrosophic ideal H := (Hp, Hy, Hr) in Example 4.14(2) is not a commutative implicative falling neutro-
sophic ideal.

Theorem 4.15. If the neutrosophic falling shadow H = (Hyp, H;, Hg) of € := (&7, &1, ER) s both a commu-
tative implicative falling neutrosophic ideal and a positive implicative falling neutrosophic ideal, then it is an
implicative falling neutrosophic ideal.

Proof. It is straightforward because if any ideal is both commutative and position implicative, then it is im-
plicative. 0
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Abstract. The aim of the study is to examine a neutrosophic N'—subalgebra, a neutrosophic V' —filter, level sets
of these neutrosophic N —structures and their properties on a strong Sheffer stroke non-associative MV-algebra.
We show that the level set of neutrosophic A'—subalgebras on this algebra is its strong Sheffer stroke non-
associative MV-subalgebra and vice versa. Then it is proved that the family of all neutrosophic N'—subalgebras
of a strong Sheffer stroke non-associative MV-algebra forms a complete distributive lattice. By defining a
neutrosophic N —filter of a strong Sheffer stroke non-associative MV-algebra, it is presented that every neutro-
sophic A/ —filter of a strong Sheffer stroke non-associative MV-algebra is its neutrosophic A '—subalgebra but

the inverse is generally not true, and some properties

Keywords: strong Sheffer stroke non-associative MV- algebra, filter, neutrosophic N —subalgebra, neutro-
sophic N —filter.

1. Introduction

The concept of fuzzy sets which has the truth (t) (membership) function was introduced by
L. Zadeh [29]. Since a positive meaning of information is explained by means of fuzzy theory,
researchers desire to deal with a negative meaning of information. Thus, Atanassov introduced
intuitionistic fuzzy sets [2] which are fuzzy sets with the falsehood (f) (nonmembership) func-
tion. Then, Smarandache introduced neutrosophic sets which are intuitionistic fuzzy sets with
the indeteminacy /neutrality (i) function [26}27]. Accordingly, neutrosophic sets are defined on
three components: (¢,i, f) : (truth, indeteminacy, falsehood) |32]. Specially, many scientists
applied neutrosophic sets to the algebraic structures such as BCK/BClI-algebras, BE-algebras
and semigroups [3,4,/11H16L24}28,30,31].

Tahsin Oner, Tugce Katican and Akbar Rezaei, Neutrosophic N —structures on strong Sheffer stroke non-

associative MV-algebras



Neutrosophic Sets and Systems, Vol. 40, 2021 @

Sheffer stroke, which is also called the NAND operator in computer science, was firstly
introduced by H. M. Sheffer [25]. Since any axioms and formulas in Boolean algebras can
be written only by using this operation [17], Sheffer stroke can be applied to many logical
algebras such as orthoimplication algebras [1], ortholattices [5], Hilbert algebras [18]- [19], BL-
algebras [23], UP-algebras [20] and BG-algebras [21]. Therefore, it is easier to control a logical
system consisting of Sheffer stroke itself. Moreover, C. C. Chang introduced MV-algebras
which are algebraic counterparts of Lukasiewicz many-valued logic [9,/10]. Then Chajda et
al. introduced and improved non-associative MV-algebras (briefly, NMV-algebras) which are
generalizations of MV-algebras |7,8]. Also, non-associative MV-algebras with Sheffer stroke [6]
and their filters [22] are presented.

Basic definitions and notions about strong Sheffer stroke non-associative MV-algebras,
N —functions and neutrosophic N —structures defined by the N/'—functions on a nonempty uni-
verse X are presented. Then the concepts of a neutrosophic N'—subalgebra and a (a, b, ¢)—level
set defined by N —functions are given on strong Sheffer stroke non-associative MV-algebras. It
is shown that the (a,b, ¢)—level set of a neutrosophic N —subalgebra defined by N —functions
on strong Sheffer stroke non-associative MV-algebras is its strong Sheffer stroke non-associative
MV-subalgebra and the inverse is true. In fact, we state that the family of all neutrosophic
N —subalgebras of this algebraic structure forms a complete distributive lattice. Some prop-
erties of neutrosophic A —subalgebras of strong Sheffer stroke non-associative MV-algebras
are analyzed. Also, it is investigated the images of the sequence under N —functions on a
strong Sheffer stroke non-associative MV-algebra. Besides, we examine that the case which
N —functions defining a neutrosophic N'—subalgebra of a strong Sheffer stroke non-associative
MV-algebra are constant. After defining a neutrosophic N —filter of a strong Sheffer stroke
non-associative MV-algebra by N —functions, some features of A/'—functions defining the neu-
trosophic N —filter are studied. We propound that (a, b, ¢c)—level set of a neutrosophic N —filter
of a strong Sheffer stroke non-associative MV-algebra is its filter and that the subsets defined
by N —functions on a strong Sheffer stroke non-associative MV-algebra must be its filters so
that a neutrosophic N —structure on this algebra is a neutrosophic N —filter. It is stated that
every neutrosophic N/ —filter of a strong Sheffer stroke non-associative MV-algebra is its neu-
trosophic A/ —subalgebra while the inverse is usually not valid. In addition, new subsets of a
strong Sheffer stroke non-associative MV-algebra are described by the N —functions and cer-
tain elements in the algebra. We show that these subsets are filters of a strong Sheffer stroke

non-associative MV-algebra for its neutrosophic N —filter but the inverse does not mostly hold.
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2. Preliminaries

In this section, we give basic definitions and notions about strong Sheffer stroke non-
associative MV-algebras (briefly, strong Sheffer stroke NMV-algebras) and neutrosophic

N —structures.

Definition 2.1. [5] Let A = (A,|) be a groupoid. The operation | is said to be a Sheffer
stroke operation if it satisfies the following conditions:

(51) zly = yla,

(52) (z[)|(x]y) = =,

(53) «|((yl2)[(y]2)) = ((z|y)[(z[y))]z,

(54) (x|((x]x)[(yly)) (] ((z]2)[(y]y))) =

Definition 2.2. [6] A strong Sheffer stroke NMV-algebra is an algebra (A, |,1) of type (2,0)
satisfying the identities for all z,y, z € A:

(nl
(n2) z|0 ~ 1,

(n3) (z|1)|1 = x,

(nd) ((Dy)ly = ((y[1)]z)]=,
(nd) (z[1)|((z]y)[1) = 1,

(n6) z|(((((zly)ly)l2)]z)]1) = 1,

where 0 denotes the algebraic constant 1|1.

Proposition 2.3. [22] Let (A,|,1) be a strong Sheffer stroke NMV-algebra. Then the binary
relation < defined by

x <y if and only if z|(y|1) = 1
is a partial order on A. Hence, (A, <) is a poset with the least element 0 and the greatest

element 1.

Lemma 2.4. [22] In a strong Sheffer stroke NMV-algebra (A,|,1), the following properties
hold for all x,y,z € A:

(i) z|(z[1) = 1,

(i) x <y < yll <z,
(#1) y < z|(y[1),

(iv) y|1 < zly,

(v) = < (z[y)ly,

(vi) = < (((zly)|y)]2)]z,
(

vii) ((2|y)ly)ly = [y,

Tahsin Oner, Tugce Katican and Akbar Rezaei, Neutrosophic N —structures on strong
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i) x[(y|1) < (yl(z[0))[((z](z[1))]1),
wiid) z|(y[1) < (2] (=[1)|((=](y[1))[1),

ziv) x <y and z < t imply y|t < z|z.

8

Definition 2.5. [22] A nonempty subset F' C A is called a filter of A if it satisfies the following
properties:

(S;—1)1€F,

(S¢—2) Forall z,y € A, z|(y|1) € F and x € F imply y € F.

Lemma 2.6. [22] A nonempty subset F' C A is a filter of A if and only if 1 € F and z <y
and x € F imply y € F.

Definition 2.7. [11] F(X,[—1,0]) denotes the collection of functions from a set X to [—1,0]
and a element of F(X,[—1,0]) is called a negative-valued function from X to [—1,0] (briefly,
N —function on X). An N —structure refers to an ordered pair (X, f) of a set X and an
N —function f on X.

Definition 2.8. [16] A neutrosophic A/—structure over a nonempty universe X is defined by

X T
A= (In.In,Fn) {(TN(Q?)JN(UC%FN(CC)) T e XD,

where T, Iy and Fy are N'—function on X, called the negative truth membership function,

the negative indeterminacy membership function and the negative falsity membership function,
respectively.

Every neutrosophic N —structure Xy over X satisfies the condition
(Vo € X)(—=3 <Tn(z)+ In(z)+ Fn(z) <0).
3. Neutrosophic N —structures

In this section, we give neutrosophic N/ —subalgebras and neutrosophic N/ —filters on strong
Sheffer stroke NMV-algebras. Unless indicated otherwise, A states a strong Sheffer stroke
NMV-algebra.

Definition 3.1. A neutrosophic N —subalgebra Ay on a strong Sheffer stroke NMV-algebra

A is a neutrosophic A/ —structure of A satisfying the conditions
min{Tn(z), Ty (y)} < Tn(z((y[1)),

max{Iy(z), In(y)} > In(z|(y|1))

Tahsin Oner, Tugce Katican and Akbar Rezaei, Neutrosophic N —structures on strong
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and
max{Fy(z), Fn(y)} > Fn(z|(y|1)),

for all z,y € A.

Example 3.2. Consider a strong Sheffer stroke NMV-algebra A in which the set A = {0, u,
v, 1} and the Sheffer operation | on A has the following Cayley table:

TABLE 1
[10 u v 1
0j1 1 1 1
u|l v 1 w
vl 1 u wu
111 v uw O

A neutrosophic N —structure

0 U v 1 )
(—0.79,—0.001,0)" (—0.68, —0.72, —0.4) " (—0.68, —0.72, —0.4)" (0, —0.88, —1)

An =A{
on A is a neutrosophic N/ —subalgebra of A.

Definition 3.3. Let Ay be a neutrosophic A/—structure on a strong Sheffer stroke NMV-
algebra A and a, b, c be any elements of [—1,0] such that —3 < a+ b+ ¢ < 0. For

TN ={r € A:Tn(x) > a},

I8 ={zecA:Iy(z)<b}
and
Fyi={zeA: Fy() <c},
the set
An(a,b,c) :={x € H:Tn(x) > a,In(x) <band Fn(z) < c}

is called the (a, b, c)—level set of Ay. Moreover,
An(a,b,c) = T& NI N F.

Definition 3.4. [22] A subset B of a strong Sheffer stroke NMV-algebra A is called a strong
Sheffer stroke NMV-subalgebra of A if 1 of A isin B and (B, |, 1) forms a strong Sheffer stroke
NMV-algebra. Clearly, A itself and {1} are strong Sheffer stroke NMV-subalgebras of A.

Lemma 3.5. Let B be a nonempty subset of a strong Sheffer stroke NMV-algebra A. Then
B is a strong Sheffer stroke NMV-subalgebra of A if and only if x|(y|1) € B, for all z,y € B.
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Proof. Let B be a nonempty subset of a strong Sheffer stroke NMV-algebra A such that
z|(y|1) € B, for all z,y € B. Then 1 ~ z|(z|1) € B from Lemma 2.4 (i). Since B C A, (B, |,1)
satisfies (nl1)-(n6), for all z,y, z € B. Thus, (B, |, 1) is a strong Sheffer stroke NMV-subalgebra
A.

Conversely, let B be a strong Sheffer stroke NMV-subalgebra of A. Since B states a strong
Sheffer stroke NMV-algebra, it must be closed under the Sheffer operation |, that is, z|y € B,
for all z,y € B. Hence, z|(y|1) € B, for all z,y € B.

Theorem 3.6. Let Ay be a neutrosophic N'—structure on a strong Sheffer stroke NMV-algebra
A and a,b,c be any elements in [—1,0] such that =3 < a+b+c¢ < 0. If Ay is a neutrosophic
N —subalgebra of A, then the nonempty level set Ax(a,b,c) of An is a subalgebra of A.

Proof. Let Ax be a neutrosophic N —subalgebra of A and x,y be any elements in Ay(a,b,c),
for a,b,c € [-1,0] with =3 < a4+ b+ ¢ < 0. Then Tn(z) > a,In(z) < b, Fy(z) < ¢,
Tn(y) > a,In(y) < band Fy(y) < c. Since

T (z|(y|1)) =2 min{Tx(x), Tn(y)} = a,

In(zl(y11))] < max{In (), In(y)} < b
and
Fy(z|(y[1)) < max{Fy(z), Fn(y)} < ¢,

for all 7,y € A, it follows that z|(y|1) € T%, z|(y|1) € I% and z|(y|1) € F§, which implies
that z|(y|1) € T& NI N FS = An(a,b,c). Thus, Ay(a,b,c) is a subalgebra of A by Lemma
3.5.

Theorem 3.7. Let Ay be a neutrosophic N —structure on a strong Sheffer stroke NMV-algebra
A and T, I8 and F§ be subalgebras of A, for all a,b,c € [-1,0] with -3 < a+b+c < 0.
Then Ay is a neutrosophic N —subalgebra of A.

Proof. Let T%, I8, and F§ be subalgebras of A, for all a,b,c € [~1,0] with =3 < a+b+c < 0.
Assume that x and y are any elements in A such that vy = T (z|(y|1)) < min{Tn(z), Tn(y)} =
vi. I ag = %(ul + 1) € [-1,0), then uy < ag < vi. So, z,y € T while z|(y|1) ¢ Ty, which
is a contradiction. Thus, min{Tx(z), Ty (y)} < Tn(z|(y|1)), for all z,y € A.

Suppose that z and y are any elements in A such that we = max{Iy(z),In(y)} <
In(z|(y|1)) = vo. If by = %(UQ + v2) € [-1,0), then up < by < wa, which implies that
x,y € Ijb\? but x|(y|1) ¢ I%). This is a contradiction. Thus, In(x|(y|1)) < max{In(z), In(y)},

for all x,y € A.
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Assume that x and y are any elements in A such that v3 = Fy(x|(y|1)) > max{Fn(z),
1
Fn(y)} = us. I ¢g = §(U3 + v3) € [—1,0), then ug < cg < w3. Thus, z,y € Fy but
z|(y|1) ¢ F5?, which is a contradiction. Thereby, max{Fy(z), Fx(y)} > Fn(z|(y[1)), for all
xz,y € A.

Therefore, Ay is a neutrosophic N/ —subalgebra of A.

Theorem 3.8. Let {Ay, : i € N} be a family of all neutrosophic N'—subalgebras of a strong
Sheffer stroke NMV-algebra A. Then {Ap, : i € N} forms a complete distributive lattice.

Proof. Let B be a nonempty subset of {Ay, : @ € N}. Since Ay, is a neutrosophic
N —subalgebra of A, for all Ay, € B, it satisfies

min{Ty(z),Tn(y)} < Tn(z|(y|1)),

In(z[(y[1)) < max{In(x), IN(y)}
and
Fy(z[(y1)) < max{Fy(x), Fn(y)},

for all x,y € A. Then (B satisfies these inequalities. Thus, (| B is a neutrosophic
N —subalgebra of A.

Let C be a family of all neutrosophic N'—subalgebras of A containing | J{Ap, : ¢ € N}. Then
() C is also a neutrosophic A/ —subalgebra of A.

If Nien AN, = Nien An; and ;o An, = (N C, then ({Ay, : i € N}, \/, A) forms a complete
lattice. Moreover, it is distibutive by the definitions of \/ and A. g

Lemma 3.9. If a neutrosophic N —structure An on a strong Sheffer stroke NMV-algebra A is
a neutrosophic N'—subalgebra of A, then Ty (x) < Tn(1), In(z) > In(1) and Fy(z) > Fn(1),
forallxz € A.

Proof. Let a neutrosophic N —structure Ay on a strong Sheffer stroke NMV-algebra A be a
neutrosophic A —subalgebra of A. By substituting [y := ] in the inequalities in Definition
3.1, it is obtained from Lemma 2.4 (i) that

Tn(x) = min{Ty (), T ()} < T (z|(x[1)) = Tn (1),

In(1) = In(al(2]1)) < max{Iy(x), In(2)} = In(2)
and
Fn(1) = Fy(w|(z]1)) < max{Fy(x), Fy(2)} = Fy(a),

forall x € H.
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The inverse of Lemma 3.9 does not hold in general.

Example 3.10. Consider the strong Sheffer stroke NMV-algebra A in Example 3.2. Then a

neutrosophic N —structure

Ay = { 0 U v 1
N Y(Z0.8,-0.7,-0.02)" (0.5, —0.4,-0.3)’ (0.2, —0.1,—0.11)" (0, —1, —0.6)

on A is not a neutrosophic N'—subalgebra of A since

}

max{Iy(u), In(0)} = max{—0.4,-0.7} = —=0.4 < —0.1 = In(v) = In(u|(0]1)).

Lemma 3.11. Let Ay be a neutrosophic N'—subalgebra of a strong Sheffer stroke NMV-algebra
A. If there exists a sequence {an} on A such that
lim,— 00 Tn(ay) =0, lim,—o0 In(an) = —1 and lim,,—o Fy(a,) = —1,
then
Tn(1) =0, In(1) = —1 and Fy(1) = —1.

Proof. Let Ay be a neutrosophic N —subalgebra of a strong Sheffer stroke NMV-algebra
A. Suppose that there exists a sequence {a,} on A such that lim, . Tn(a,) = 0 and
lim,— oo In(an) = —1 = lim,— o0 Fn(an). Since Tn(an) < Tn(1), In(an) > In(1) and

Fyn(an) > Fn(1), for every n € N from Lemma 3.9, it is obtained that

0= lim Ty(an) < lim Tn(1) =Tn(1) <0,

n—-ao0 n—o0
1 < In(1) nh_r}nOOIN(l) < nh_r>noo In(ay) 1
and
—1<Fy(1)= lim Fy(1) < lim Fy(a,) = —1.
Thus, Tn(1) =0 and In(1) = Fy(1) = —1.

Lemma 3.12. A neutrosophic N —subalgebra An of a strong Sheffer stroke NMV-algebra A
satisfies Tiv(x) < Tn(z|(y[1)), In(z) = In(2|(y|1)) and Fy(x) = Fn(|(y[1)), for all z,y € A

if and only if Ty, In and Fn are constant.

Proof. Let Ay be a neutrosophic A —subalgebra of a strong Sheffer stroke NMV-algebra A
satisfying Ti(z) < T (e](y/1)), In () = Iy(el(y]1)) and Fx(z) > Fy(zl(yl1)), for all 2,y €
A, Since Ty(1) < Ty (1](@]1)) = Tn (2[)[1) = Tw (@), In(1) = In(1f(zl1)) = In((@])]1) =
In(z) and Fn(1) > Fy(1|(z]1)) = Fn((z|1)|]1) = Fn(z) from (nl) and (n3), it follows from
Lemma 3.9 that Tn(z) = Tn (1), In(xz) = In(1) and Fy(z) = Fn(1), for all z € A.
Conversely, every neutrosophic N'—subalgebra Ay of a strong Sheffer stroke NMV-algebra A
satisfies T (z) < Tn(z|(y[1)), In(x) > IN(z|(y|1)) and Fn(x) > Fy(z|(y|1)), for all x,y € A

because T, In and Fly are constant.
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Definition 3.13. A neutrosophic A'—structure Ay on a strong Sheffer stroke NMV-algebra
A is called a neutrosophic N —filter of A if

min{Ty (z[(y[1)), T ()} < Tn(y) < T (1),

In(1) < In(y) < max{In(z|(y[1)), In(z)}
and
Fn(1) < Fn(y) < max{Fn(z|(y|1)), Fn(z)},

for all z,y € A.

Example 3.14. Consider the strong Sheffer stroke NMV-algebra A in Example 3.2. Then a
neutrosophic N —structure

0 U

An =
N {(—0.23, ~0.3,-0.01) (—0.02, —0.98, —0.11)’

v 1

(2023, 0.3, —0.01)" (<002, —0.95, —0.11)"
on A is a neutrosophic N —filter of A.

Lemma 3.15. Every a neutrosophic N —filter An of a strong Sheffer stroke NMV-algebra
A satisfies that x < y implies Tn(z) < Tn(y), In(x) > In(y) and Fy(x) > Fn(y), for all
x,y € A.

Proof. Let Ay be a neutrosophic N —filter of a strong Sheffer stroke NMV-algebra A and
x <y. Then z|(y|1) &~ 1 from Proposition 2.3. Thus,

Tn(z) = min{Tn (1), Tn(2)} = min{Ty (z|(y[1)), Tn ()} < Tn(y),

In(z) = max{In(1), In(z)} = max{In(z|(y[1)), In(z)} > IN(y)
and
Fn(z) = max{Fy(1), Fn(2)} = max{Fn(z|(y[1)), Fn(z)} > Fn(y),

for any z,y € A.

The inverse of Lemma 3.15 is generally not true.

Example 3.16. Consider the neutrosophic N'—filter of A in Example 3.14. Then v £ u when
—0.98 = In(u) < In(v) = —0.3.
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Lemma 3.17. Let Ay be a neutrosophic N —filter of a strong Sheffer stroke NMV-algebra A.

Then
Tn((2|(y[1)I(=11)) < T ((](2[1))[((yl(2]1))[1)),

In((z[(y[1))I(2[1)) = In((z](2[1))[((y](=[1))]1)), (1)

and

Fn((](y1))1(z[1)) = Fn ((z](2]1))[((y[(2[1))[1)),
for all x,y,z € A.

Proof. Let Ax be a neutrosophic N —filter of a strong Sheffer stroke NMV-algebra A. Since
(z|(y]1)](2]1) < y|(2]1) < (z](2]1))]((y|(2]1))]1) from Lemma 2.4 (iii) and (xi), it follows from
Lemma 3.15 that
Tn((=[(y[1))I(=[1))
In(([(y[1))I(2[1))

IN

([l (=[1))[1)),

Tn
In((2](2[1)((y](2]1))[1))

v

and

En((2|(y1)I(z11)) = En((z](z[1)|((y](z[1))[1)),

for all z,y,z € A.

The inverse of Lemma 3.17 does not usually hold.

Example 3.18. Consider the strong Sheffer stroke NMV-algebra A in Example 3.2. Then a

neutrosophic N —structure
0 U
Ay =
N {(—0.69, —0.12,0)’ (—0.58, —0.87, —0.22)’
v 1 )
(—0.58, —0.87, —0.22)" (—0.14, —0.93,0.96)
on A satisfies the condition (1) in Lemma 3.17 but it is not a neutrosophic N —filter of A since

min{7Tn(u|(0[1)), Tn(u)} = min{Tn(v), Tn(u)} = —0.58 > —0.69 = T (0).

Lemma 3.19. Let Ay be a neutrosophic N —structure on a strong Sheffer stroke NMV-algebra
A and a,b,c be any elements of [—1,0] with —3 < a+b+c¢ < 0. If Ay is a neutrosophic
N—filter of A, then the nonempty subset An(a,b,c) is a filter of A.

Proof. Let Ay be a neutrosophic N —filter of a strong Sheffer stroke NMV-algebra A and
An(a,b,c) # 0 for a,b,c € [-1,0] with =3 < a+b+ ¢ < 0. Since a < Ty(z) < Tn(1),b >
In(x) > In(1) and ¢ > Fy(x) > Fn(1), for all x € An(a,b,c), we have 1 € An(a,b,c).
Let z|(y|1),z € An(a,b,c). Then a < Tn(z), In(z) < b, Fn(z) < ¢, a < Tn(z|(y[1)),
In(z|(y|1)) < band Fy(x|(y|1)) < c. Since

a < min{Ty(z|(y[1)), Tn(2)} < Tn(y),
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In(y) < max{In(z|(y|1)), IN(z)} < b
and
Fn(y) < max{Fn(z|(y[1)), Fn(z)} <c,

for all z,y € A, it is obtained y € An(a,b,c). Hence, Ax(a,b,c) is a filter of A.

Theorem 3.20. Let Ay be a neutrosophic N —structure on a strong Sheffer stroke NMV-
algebra A and T, IS, FS be filters of A, for all a,b,c € [—1,0] with —3 < a+b+c < 0. Then
An is a neutrosophic N —filter of A.

Proof. Let Ay be a neutrosophic N —structure on a strong Sheffer stroke NMV-algebra A
and T, 1%, F§ be filters of A, for all a,b,c € [~1,0] with =3 < a+ b+ ¢ < 0. Assume
that Tx(1) < Tw(ro), In(w) < In(1) and Fy(0) < Fx(1). T ag = 3 (Tx(1) + T ().
b = 5(In(1) + Tn(y0)) and e = (Fx(1) + F(20)) in [-1,0), then T (1) < ap < T (o)
In(1) > by > In(yo) and Fn(1) > co > Fy(z0). Thus, 1 ¢ T, 1 ¢ I%0 and 1 ¢ F, which
contradict with (Sy —1). Hence, Tn(x) < Tn (1), In(xz) > In(1) and Fy(x) > Fn(1), for all

x € A. Suppose that x1, 22, x3,y1,y2 and y3 are any elements of A such that
v1 =Tn(y1) < min{Tn(z1|(y1]1)), Tn (1)} = wa,

ug = max{Iy(z2|(y2[1)), In(22)} < In(y2) = v2,
and

ug = max{F(3|(y3[1)), Fiv(x3)} < Fn(y3) = vs.
If d = %(ul + o), b = %(uz +vp) and ¢ = %(u;), + v3) in [~1,0), then v; < @ < wuy,
uy < b <wgand uz < ¢ < wv3. So, Y ¢ T]‘\l,/7 y2 ¢ I;’\l, and ys ¢ Fﬁ; when z1|(y1]|1), 21 € T]‘(,,,

za|(y2|1),z2 € I}’\l, and z3|(ys|1), z3 € Fﬁ; This is a contradiction. Thereby,
min{Tn (z|(y[1)), Tn(z)} < Tn(y),

In(y) < max{Iy(z|(y/1)), In(z)}
and
Fy(y) < max{Fn(z|(y|1)), Fn(2)},

for all z,y € A. Therefore, Ay is a neutrosophic N —filter of A.

Lemma 3.21. Let Ay be a neutrosophic N'—structure on a strong Sheffer stroke NMV-algebra
A. Then Ay is a neutrosophic N—filter of A if and only if z < y|(z|1) implies
min{Tn(y), Tn(2)} < Tn(z),

In(z) < max{In(y), In(2)}
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and
FN(:U) < maX{FN(y)7 FN(Z)}a
for all x,y,z € A.
Proof. Let Ax be a neutrosophic N/ —filter of A and z,y and z be any elements of A such that

z < y|(x|1). Since Tn(z) < Tn(y|(z|1)), IN(2) > In(y|(z|1)) and Fn(z) > Fn(y|(z|1)) from
Lemma 3.15, it follows that

min{Tn(y), Tn(2)} < min{Tn(y[(z[1)), Tn(y)} < Tn(z),

In(z) < max{In(y[(z[1)), In(y)} < max{In(y), In(2)}
and
Fy(z) < max{Fy(yl(z[1)), Fn(y)} < max{Fn(y), Fn(2)},

for all z,y,z € A.
Conversely, suppose that Ay is a neutrosophic N'—structure on A such that z < y|(x|1)

implies

min{7Tx(y),Tn(2)} < Tn (),

In(z) < max{In(y), In(2)}
and
FN(m) < maX{FN(?J)? FN(Z)}7

for all z,y,z € A. Since = <1 ~ z|0 = z|(1]1) from (n2), it is obtained that Tn(z) < Tn(1),
InN(1) < In(z) and Fn(1) < Fy(z), for all x € A. Since z < (z|(y|1))|(y|1) from Lemma 2.4

(v), we have

min{Tn (z|(y|1)), Tn ()} < Tn(y),

In(y) < max{Iy(z|(y[1)), In(x)}
and
Fn(y) < max{Fn(z|(y|1)), Fn(x)},

for all ,y € A. Hence, Ay is a neutrosophic N —filter of A.

Theorem 3.22. Every neutrosophic N —filter of a strong Sheffer stroke NMV-algebra A is a
neutrosophic N —subalgebra of A.
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Proof. Let Ay be a neutrosophic N —filter of A. Since

min{Ty(z), Tn(y)} < min{Tn(1), Tiv(y)}
= min{Tx (((y[1)DI(((yIV)|2)[1)), T (9) }
= min{Tn (y[((z[(y[1)) 1)), Tiv (y) }
< Tn(xl(y[1)),

and similarly,
In(z|(y[1)) < max{In(z),In(y)}
and
Fy(z[(y[1)) < max{Fn(z), Fx(y)},

from (nl), (n3) and (nb), it follows that Ay is a neutrosophic N —subalgebra of A.

The inverse of Theorem 3.22 does not usually hold.

Example 3.23. The neutrosophic N'—subalgebra Ay of A in Example 3.2. Then it is not a
neutrosophic N —filter of A since min{Tn(u|(0(1)), Tn(u)} = min{Tn(v),Tn(u)} = —0.68 >
—0.79 = Tv(0).

Definition 3.24. Let A be a strong Sheffer stroke NMV-algebra. Define
AY ={r € A: Ty(zy) < Tn(2)},

AV ={rec A: Iy(x) < In(z;)}
and
AY ={z € A: Fy(z) < Fy(zy)},

for all a;,z;, x5 € A. Obviously, z; € A}, z; € AN and x5 € Ai}l.

Example 3.25. Consider the strong Sheffer stroke NMV-algebra A in Example 3.2. Let
Tn(0) = —0.113, Ty (u) = —0.12, Ty (v) = —0.13, TN (1) = 0, In(0) = —0.21, In(u) = —0.22,
In(v) = —0.23,In(1) = —1,Fny(0) = —0.31,Fy(u) = —0.32, Fx(v) = —0.33,Fn(1) =
—0.34, 74 = u,x; = v and zy = 0. Then

AY ={z e A:Ty(u) <Tn(x)} ={0,u,1},

AV ={z e A:In(z) < Iy(v)} ={v,1}
and

AY ={x € A: Fx(z) < Fx(0)} = A.

Theorem 3.26. Let x4, x; and x5 be any elements of a strong Sheffer stroke NMV-algebra A.
If Ay is a neutrosophic N'—filter of A, then A%, A% and A}/ are filters of A.
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Proof. Let Ax be a neutrosophic N —filter of a strong Sheffer stroke NMV-algebra A. Since
Tn(xe) < Tn(1), In(1) < In(z;) and Fy(1) < Fy(zy), for any xy, z;, x5 € A, we have 1 € A%,
1€ A and 1 € AY. Let a1|(y1]1),21 € A%, 2|(ya|l), 22 € AY and x3|(ys|1),z5 € AY.
Then Ty (z¢) < T (21](y1[1)), T (1) < T (1), In(2|(y2]1)) < In(2:), In(22) < In(2i) and
Fn(x3|(y3]1)) < Fn(xf), Fn(x3) < Fn(xf). Since

Ty (w¢) < min{Tn(21](y1]1)), Tn(z1)} < T (1),

In(y2) < max{In(z2[(y2]1)), In(z2)} < In(z:)
and
Fn(y3) < max{Fy(x3|(y3]1)), Fn(z3)} < Fn(xy),

we get y1 € A%, yo € A% and y3 € AYY. Thus, A%, A% and A are filters of A.

Example 3.27. Consider the strong Sheffer stroke NMV-algebra A in Example 3.2. For a

neutrosophic N —filter
0 U
(—0.32,—-0.29, —-0.07)" (—0.32,—0.29, —0.07)’
v 1 )
(—0.1,—0.78,—0.17) " (=0.1,—0.78, —0.17)

Ay ={

of A, x4 = u, r; = v and xy = 1 € A, the subsets
AV ={z € A:Tn(u) <Tn(x)} = A,

Ay ={z e A:In(z) < In(v)} ={v,1}
and

AY ={z € A: Fy(z) < Fn(1)} = {v, 1}
of A are filterss of A.

Theorem 3.28. Let x4, x; and x5 be any elements of a strong Sheffer stroke NMV-algebra A

and Ay be a neutrosophic N —structure on A.

(a) If A%, A% and Ay are filters of A, then

Tn(x) < min{Tn(y|(2]1)),Tn(y)} = Tn(z) < Tn(2),

In(z) = max{In(y|(2[1)), In(y)} = In(2) = IN(2) (2)
and

Fy () =2 max{Fn(y|(2[1)), Fn(y)} = Fn(z) = Fn(2),

forall x,y,z € A.
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(b) If AN satisfies the condition (3.2) and
Tn(x) <Tn(1), IN(1) <In(z) and Fy(1) < Fx(z), for all z € A, (3)
then A3, AN and Af\f are filters of A, for all x; € Ty, z; € I&l and xy € F&l.

Proof. Let Ax be a neutrosophic N/ —structure on a strong Sheffer stroke NMV-algebra A.

(a) Let A%, AN and Af\f be filters of A, for any x4, z;,zy € A, and z,y, 2z be any elements of
A such that Ty () < min{Tn(y|(2]1)), Tn(y)}, In(x) > max{In(y|(z]1)), In(y)} and Fn(z) >
max{Fy(y|(z|1)), Fx(y)}. Since y|(z[1),y € A%, y|(z|1),y € A% and y|(z|1),y € A}, where
vy = x; = vy = x, it follows from (Sy — 2) that z € A}, z € A} and z € Af\f, where
vy = x; = x5 = x. Thus, Tn(z) < Tn(2), In(2) < In(z) and Fn(z) < Fy(z), for all
r,y,z € A.

(b) Let Ay be a neutrosophic N —structure on A satisfying the conditions (2) and (3),
for 2, € Ty', z; € I&l and zy € F&l. Then 1 € AY, 1 € A and 1 € Af\/f from the
condition (3). Let x1|(y1|1), 21 € X3, wa|(y2|l),22 € A% and z3|(ys|l), 3 € AY. Thus,
Ti(a) < Tn(alilD), Tnm) < Tnen), In(eal(ul) < In(es), In(e) = In(e;) and
Fy(z3|(ys|l)) < Fn(zg), Fn(xs) < Fy(zg). Since

Tn(z) < min{Tn(z1](y1]1)), Tn(21)},

max{/y (2|(y2(1)), In(2)} < In(x:)
and
max{Fn(23|(y3|1)), Fn(23)} < Fn(xy),
it follows from the condition (2) that T (x;) < Tn(y1), In(y2) < In(x;) and Fn(y3) < Fn(xy).
Hence, y; € A%, yo € A% and y3 € A . Therefore, A%, A% and A}/ are filters of A. g

Example 3.29. Consider the strong Sheffer stroke NMV-algebra A in Example 3.2. Let
Tn(0) =Tn(w) = —1,Tn(u) =Tn(1) =0,In(0) = In(v) = 0,In(u) = In(1) = =1, Fn(0) =
Fn(v) = —0.71, Fy(u) = Fn(1) = —0.5. Then the filters
AR = A, A = {u.1} and A = A
of A satisfy the condition (2) in Theorem 3.28, for z; = v,2; = u and zy =1 € A.
Moreover, let

0 U v 1
Ay =A{

(—0.99,0, —0.01)” (—0.99,0, —0.01)’ (—0.99,0, —0.01)’ (0, —1, —1)}
be a neutrosophic N —structure on A satisfying the conditions (2) and (3) in Theorem 3.28.
Then the subsets

AT = {z e A:Ty(1) < T(2)} = {1},
A?\} = {$ cA: IN(J‘) < IN(O)} =A
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and
AY ={z € A:Fy(z) < Fyn(u)} = A

of A are filters of A, where z; = 1,2; = 0 and 2y = u € A.

4. Conclusion

In this study, neutrosophic N —structures defined by N —functions on strong Sheffer stroke
NMV-algebras have been investigated. Basic definitions and notions about strong Sheffer
stroke NMV-algebras and neutrosophic N —structures defined by N —functions on a nonempty
universe X are presented and then a neutrosophic N'—subalgebra and a (a,b, c)— level set of
a neutrosophic N —structure are defined by the help of N'—functions on strong Sheffer stroke
NMV-algebras. It is shown that the (a,b,c)—level set of a neutrosophic N —subalgebra of
a strong Sheffer stroke NMV-algebra is its strong Sheffer stroke NMV-subalgebra and vice
versa. Also, it is proved that the family of all neutrosophic A —subalgebras of this alge-
braic structure forms a complete distributive lattice. It is illustrated that every neutrosophic
N —subalgebra of a strong Sheffer stroke NMV-algebra satisfies Ty (z) < Tn (1), In(1) < In(z)
and Fy(1) < Fy(z), for all elements x in this algebra but a neutrosophic A/ —structure on a
strong Sheffer stroke NMV-algebra satisfying this property is generally not its neutrosophic
N —subalgebra. Besides, it is interpreted the images of the sequence under N —functions on
a strong Sheffer stroke NMV-algebra. Moreover, it is stated the case which N —functions
determining a neutrosophic N —subalgebra of a strong Sheffer stroke NMV-algebra are con-
stant. Then a neutrosophic N —filter of a strong Sheffer stroke NMV-algebra is defined via
N —functions and shown that the functions Ty, Iy and Fy defining the neutrosophic N —filter
satisfies Ty (x) < Tn(y), In(x) > In(y) and Fy(xz) > Fn(y) when x < y, but the inverse does
not usually hold. It is demonstrated that (a,b,c)—level set of a neutrosophic N —filter of a
strong Sheffer stroke NMV-algebra is its filter. Indeed, it is given that the subsets defined by
N —functions on a strong Sheffer stroke NMV-algebra must be its filters so that a neutrosophic
N —structure on this algebra is a neutrosophic N —filter. It is proved that every neutrosophic
N —filter of a strong Sheffer stroke NMV-algebra is its neutrosophic A/ —subalgebra whereas
the inverse is not true in general. Additionally, new three subsets A%, A% and Agfvf of a strong
Sheffer stroke NMV-algebra are defined by N'—functions and any elements x;, z; and x ¢ of the
algebra. We show that these subsets are filters of a strong Sheffer stroke NMV-algebra for its
neutrosophic N —filter but the inverse holds under special conditions.

In our future works, we wish to introduce new Sheffer stroke algebraic structures and inves-
tigate their neutrosophic A/ —structures.
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Abstract: Multi-criteria decision making (MCDM) is the technique of selecting the best alternative
from multiple alternatives and multiple conditions. The technique for order preference by similarity
to an ideal solution (TOPSIS) is a crucial practical technique for ranking and selecting different
options by using a distance measure. In this article, we protract the fuzzy TOPSIS technique to
neutrosophic fuzzy TOPSIS and prove the accuracy of the method by explaining the MCDM
problem with single-valued neutrosophic information and use the method for supplier selection in
the production industry. We hope that this article will promote future scientific research on
numerous existing issues based on multi-criteria decision making.

Keywords: Neutrosophic set, Single valued Neutrosophic set, TOPSIS, MCDM

1. Introduction

We faced a lot of complications in different areas of life which contain vagueness such as
engineering, economics, modeling, and medical diagnoses, etc. However, a general question is raised
that in mathematical modeling how we can express and use the uncertainty. A lot of researchers in
the world proposed and recommended different approaches to solve those problems that contain
uncertainty. In decision-making problems, multiple attribute decision making (MADM) is the most
essential part which provides us to find the most appropriate and extraordinary alternative.
However, choosing the appropriate alternative is very difficult because of vague information in some
cases. To overcome such situations, Zadeh developed the notion of fuzzy sets (FSs) [1] to solve those
problems which contain uncertainty and vagueness. Fuzzy sets are like sets whose components have
membership (Mem) degrees. In the classical set theory, the Mem degree of the elements in the set is
checked in binary form according to the bivalent condition of whether the elements completely
belong to the set. In contrast, the fuzzy set theory allows modern ratings of the Mem of elements in
the set. This is represented by the Mem function, and the effective unit interval of the Mem function
is [0, 1]. The fuzzy set is the generalization of the classical set because the indicator function of the
classic set is a special case of the Mem function of the fuzzy set if the latter only takes the value 0 or
1. In the fuzzy set theory, the classical bivalent set is usually called the crisp set. Fuzzy set theory can
be used in a wide range of fields with incomplete or imprecise information.
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It is observed that in some cases circumstances cannot be handled by fuzzy sets, to overcome
such types of situations Turksen [2] gave the idea of interval-valued fuzzy sets (IVFSs). In some cases,
we must deliberate membership unbiassed as the non-membership values for the suitable
representation of an object in uncertain and indeterminate conditions that could not be handled by
FSs nor IVFSs. To overcome these difficulties Atanassov offered the concept of Intuitionistic fuzzy
sets (IFSs) [3]. The theory which was presented by Atanassov only deals the insufficient data
considering both the membership and non-membership values, but the intuitionistic fuzzy set theory
cannot handle the incompatible and imprecise information. To deal with such incompatible and
imprecise data Smarandache [4] extended the work of Atanassov IFSs and proposed a powerful tool
comparative to FSs and IFSs to deal with indeterminate, incomplete, and inconsistent information’s
faced in real-life problems. Since the direct use of Neutrosophic sets (NSs) for TOPSIS is somewhat
difficult. To apply the NSs, Wang et al. introduced a subclass of NSs known as single-valued
Neutrosophic sets (SVNSs) in [5]. In [6] the author proposed a geometric interpretation by using NSs.
Gulfam et al. [7] introduced a new distance formula for SVNSs and developed some new techniques
under the Neutrosophic environment. The concept of a single-valued Neutrosophic soft expert set is
proposed in [8] by combining the SVNSs and soft expert sets. To solve MCDM problems with single-
valued Neutrosophic numbers (SVNNs) presented by Deli and Subas in [9], they constructed the
concept of cut sets of SVNNs. On the base of the correlation of IFSs, the term correlation coefficient
of SVNSs [10] introduced and proposed a decision-making method by using a weighted correlation
coefficient or the weighted cosine similarity measure of SVNSs. In [11] the idea of simplified
Neutrosophic sets introduced with some operational laws and aggregation operators such as real-life
Neutrosophic weighted arithmetic average operator and weighted geometric average operator. They
constructed an MCDM method based on proposed aggregation operators and cosine similarity
measure for simplified neutrosophic sets. Sahin and Yigider [12] extended the TOPSIS method to
MCDM with a single-valued neutrosophic technique.

Hwang and Yoon [13] established TOPSIS to solve the general difficulties of DM. The TOPSIS
method can effectively maintain the minimum distance from the ideal solution, thereby helping to
select the finest choice. After the TOPSIS technique came out, some investigators utilized the TOPSIS
technique for DM and protracted the TOPSIS technique to several other hybrid structures of FS. The
most important determinant of current scientific research is to present an integrated model for
neutrosophic TOPSIS to solve the MCDM problem. Chen & Hwang [14] extended the idea of the
TOPSIS method and proposed a new TOPSIS model. The author uses the newly proposed decision-
making method to solve uncertain data [15]. Zulqarnain et al. [16] utilized the TOPSIS method for the
prediction of diabetic patients in medical diagnosis. They also utilized the TOPSIS extensions of
different hybrid structures of FS [17-19] and used them for decision making. Pramanik et al. [21]
established the TOPSIS to resolve the multi-attribute decision-making problem under a single-valued
neutrosophic soft set expert scenario. Zulgarnain et al. [21] presented the generalized neutrosophic
TOPSIS to solve the MCDM problem. Zulqarnain et al. [22] utilized fuzzy TOPSIS to solve the MCDM
problem. Maji [23] proposed the concept of neutrosophic soft sets (NSSs) with some properties and
operations. The authors studied NSSs and gave some new definitions on NSSs [24], they also gave
the idea of neutrosophic soft matrices with some operations and proposed a decision-making
method. Many researchers developed the decision-making models by using the NSSs reported in the
literature [25-27]. Elhassouny and Smarandache [28] extended the work on a simplified TOPSIS
method and by using single-valued Neutrosophic information they proposed Neutrosophic
simplified TOPSIS method. The concept of single-valued neutrosophic cross-entropy measure
introduced by Jun [29], he also constructed an MCDM method and claimed that this proposed
method is more appropriate than previous methods for decision making.

Saha and Broumi [31] studied the interval-valued neutrosophic sets (IVNSs) and developed
some new set-theoretic operations on IVNSs with their properties. The idea of an Interval-valued
generalized single valued neutrosophic trapezoidal number (IVGSVTrN) was presented by Deli [32]
with some operations and discussed their properties based on neutrosophic numbers. Hashim et al
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[33], studied the vague set and interval neutrosophic set and established a new theory known as
interval neutrosophic vague set (INVS), they also presented some operations for INVS with their
properties and derived the properties by using numerical examples. Abdel basset et al. [34] applied
TODIM and TOPSIS methods based on the best-worst method to increase the accuracy of evaluation
under uncertainty according to the NSs. They also used the Plithogenic set theory to resolve the
indeterminate information and evaluate the economic performance of manufacturing industries, they
used the AHP method to find the weight vector of the financial ratios to achieve this goal after that
they used the VIKOR and TOPSIS methods to utilize the companies ranking [35, 36]. Nabeeh et al.
[37] utilized the integrating neutrosophic analytical hierarchy process (AHP) with the TOPSIS for
personal selection. Nabeeh et al. [38] developed the AHP neutrosophic by merging the AHP and NS.
Abdel-Basset et al. [39] merged the AHP, MCDM approach, and NS to handle the indefinite and
irregularity in decision making. Abdel-Basset et al. [40] constructed the TOPSIS technique for type-2
neutrosophic numbers and utilized the presented approach for supplier selection. Abdel-Basset et al.
[41] utilized the neutrosophic TOPSIS for the selection of medical instruments and many. Saqlain et.
al. applied TOPSIS for the prediction of sports, and in MCDM problems [42-44].

The FS and IFS theories do not provide any information about the indeterminacy part of the
object. Because the above work is considered to examine the environment of linear inequality
between the degree of membership (MD) and the degree of non-membership (NMD) of the
considered attributes. However, all existing studies only deal with the scenario by using MD and
NMD of attributes. If any decision-maker considers the truthiness, falsity, and indeterminacy of any
attribute of the alternatives, then clearly, we can see that it cannot be handled by the above-mentioned
FS and IFS theories. To overcome the above limitations, Smarandache [4] proposed the NS to solve
uncertain objects by considering the truthiness, falsity, and indeterminacy. In the following article,
we explain some positive impacts of this research. The concentration of this study is to evaluate the
best supplier for the production industry. This research is a very suitable illustration of Neutrosophic
TOPSIS. A group of decision-makers chooses the best supplier for the production industry. The
Neutrosophic TOPSIS method increases alternative performances based on the best and worst
solutions. Classical TOPSIS uses clear techniques for language assessment, but due to the imprecision
and ambiguity of language assessment, we propose neutrosophic TOPSIS. In this paper, we discuss
the NSs and SVNSs with some operations. We presented the generalization of TOPSIS for the SVNSs
and use the proposed method for supplier selection.

In Section 2, some basic definitions have been added, which will help us to design the structure
of the current article. In section 3, we develop an integrated model to solve the MCDM problem under
single-valued neutrosophic information. We also established the graphical and mathematical
structure of the proposed TOPSIS approach. To ensure the validity of the developed methodology
we presented a numerical illustration for supplier selection in the production industry in section 4.

2. Preliminaries

In this section, we remind some basic definitions such as NSs and SVNSs with some operations that
will be used in the following sequel.

Neutrosophic Set (NS) [30]: Let X be a space of points and x be an arbitrary element of X. A
neutrosophic set A in X is defined by a Truth-membership function T,(x), an Indeterminacy-
membership function I5(x) and a falsity-membership function Fp(x). Ta(x), Ia(x) and Fa(x) are
real standard or non-standard subsets of 107, 17[ i.e,; Ta(%), [a(%), Fa(x): X — ]07, 1*[, and 0~ <
sup Ta(x) +sup [5(x) +sup Fp(x) < 37.

Single Valued Neutrosophic Sets [5]: Let E be a universe. An SVNS over E is an NS over E, but

truthiness, indeterminacy, and falsity membership functions are defined
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Ta(x): X — [0, 1], [,(x): X = [0, 1], FA(x): X = [0, 1], and 0 < Tp(x) + [5(X) + Fo(x) <3.
Multiplication of SVNS [11]: Let A = {a;, a,, a3} and B = {f;, B,, B3} are two SVN numbers, then
their multiplication is defined as follows A @ B=(a;6;, a; + B, — ayf,, az + Pz — azfz).

3. Neutrosophic TOPSIS [11]

3. 1. Algorithm for Neutrosophic TOPSIS using SVNNs

To explain the procedure of Neutrosophic TOPSIS using SVNNs the following steps

are followed. Let A ={A1, A2, As, ...., An} be a set of alternatives and C = {Ci1, Cz, C, ..., Cn} be a set of
evaluation criteria and DM be a set of “I” decision-makers as follows DM = {DM1, DMz, DM;,..., DM}.
In the form of linguistic variables, the importance of the evaluation criteria, DMs, and alternative
ratings are given in Table 1.

Step 1: Computation of weights of the DMs

Let the SVN number for rating the kt DM is denoted by

Dy =(T™, Ig™, FE™)

The weight of the kt DM can be found by the following formula
1—[% {(1—T,fm(x))2+ (zgm(x))2+(a?’"(x))2}]
Zk=1<1—[§{(1—T€m(x))2+ (IgM(x))z+(Flgm(x))2}]0.5)

Step 2: Computation of the Aggregated Neutrosophic Decision Matrix (ANDM)

0.5

Ay = ; where 2, > 0and Y-, 4, =1 1)

The ANDM is given as follows

Ay [T11 Tz Tin
Ay |T21 T2z 0 Tin

D =", : : . o | = [ijlmsn @)
Aplm1 Tmz2 = Tn

where 7;; can be defined as
Tij = (Tijl Iijl Fl]) = (TAi (x]'), IAi (Xj), FAi (x])), Where i = 1, 2, 3, e, My ] = 1, 2, 3, e, N

Therefore, ANDM written as follows

[ (TA1 (1), 1y, (x1),FA1 (x1)) (TA1 (xz)'IA1 (x2), Fy, (x2)) - (TA1 (xn)'IAl (xn), Ey, (xn)) ]
D= (TA2 (1), Iy, (x1),FA2 (x1)) (TAZ (xz)'IAz (x2), Fy, (x2)) - (TA2 (xn)'IAz (xn), Fy, (xn))
(Taye G Ta, G0, Fa, (60)) (T, (o), T, (22D, By (62)) (T, G, Ta, G, Fiy, Gi)

rating for the ith alternative w.r.t. the jt criterion by the kt DM
& _ p®) ) (k)
n;o =Ty, Ly, Ey)
For DM weights and alternative ratings 7;; can be calculated by using a single-valued neutrosophic
weighted averaging operator (SVNWAO)
k k k
ry = [1 = Thea (1 = T2, Ty (U™, Ty (FY0) ] 3)
Step 3: Computation of the weights for the criteria
Let an SVNN allocated to the criterion by X; the k" DM is denoted as
&) _ (p(R) () (k)
w = (05 E)

SVNWAO to compute the weights of the criteria is given as follows
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= [1 = Miea (0 = T s ()% e (5] 4)
The aggregated weight for the criterion X; is represented as
w; =(T;, I;, F) j=1223..,n
W = [wy, Wy, W, .., w, ] TTanSPOSE

Step 4: Computation of Aggregated Weighted Neutrosophic Decision Matrix (AWNDM)
The AWNDM is calculated as follows

! ! !
1 Tiz = Tin
! ! !
r_|T21 T2 " Tan| _ [,
R = : : : B [rij]mxn ®)
! ! !
Tmi Tm2 °° Tmn

where 77; (TALW (), Lapw (%), Fayw (x})) where i =1,2,3,....m; j =1,2,3,....,n

Therefore, R’ can be written as

[ (TAl.W (x1), IA1.W (x1), FAl.W (x1)) (TAl.W (xz)rIAl.W (xz)rFAl.W (x2)) - (TAlw (xn)IIAl.W (xn)vFAl.W (xn))
R (Tayw 1), Layw (1), Faywr (x1)) Tayw O2) Ly (2D, Fayw (2)) = (Tapw )y Loy (), Fayw (32))
LT e L G0, Far G2) (T Gl 62 Faar 20) = (g G Lo i), Eaar G

To find Tyw (%)), law (x;) and Fy y (x;) we used
R ® W= {05 Ty (0% Lnw (% Fyw (| x € X 6)
The components of the product given as
Taw ()= Ty, (X). Tj
T () = Loy () + 1 (0) = o, (Ox I ()
Fpw (X) = Fp, (x) + F (x) - Fy ()% F; (%)
Step 5: Computation of Single Valued Neutrosophic Positive Ideal Solution (SVN-PIS) and Single
Valued Neutrosophic Positive Ideal Solution (SVN-NIS)
Let J; be the benefit criteria and J, be the cost criteria. A* be an SVN-PIS and A’ be an SVN-NIS as
follows
A" = (Tyw (xj)/ Ly (xj)/ Fyry (xj)) and
A" =Ty (), Lyrw (%), Fary (7))
The components of SVN-PIS and SVN-NIS are following

Tpow () = <(maxTALW(xj) |] € ]1) ( iinTAi.W(xj) |j € jz))

Lw (47) = <0Tmmmh6h)( umthhD
Fﬂmm—<@Taww)hEA)W?&Wm)heh)
Ty () = <0Tmmmh6h)@?nmmh6h>
Low () = «m?%W%)heh)wThw@)heh>
Faw () = (( “Faw () | € 11) ( i "Faw() |i € 12)>
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Step 6: Computation of Separation Measures

For the separation measures d*and d’, Normalized Euclidean Distance is used as given as

0.5

di= (& T | (Taw () = Taew () + (haw () = ew () + (Fagw () = Faw () ]) @)
di= (i j=1 [(TAi.W(xj) —Tyw (xj))z + (IAi.W(xj) — Ly (xj))z + (FAi.W(xj) —Fyry (xj))z])0-5 (8)

Step 7: Computation of Relative Closeness Coefficient (RCC)
The RCC of an alternative Ai w.r.t. the SVN-PIS A* is computed as
RCCi= -2 where 0 < RCCi < 1 9)
d;+d;
Step 8: Ranking alternatives

After computation of RCCi for each alternative A;, the rank of the alternatives presented in
descending orders of RCCi.

The flow chart of the presented technique can be seen in Figure 1.

Step 1 * Computation of weights of decision maker

Step2 * Computation of the Aggregated Neutrosophic Decision Matrix

Step 3 e Compue the weights for the criteria

Step 4 *Developed the Aggregated Weighted Neutrosophic Decision Matrix

* Compute the SVN-PIS and SVN-NIS
Step 5

Step ¢ *Compute the Separation Measures

eFind Relative Closeness Coefficient
Step 7

o : q
Step 8 Ranking alternatives

Figure 1: Flow chart of the presented approach

4. Application of Neutrosophic TOPSIS in decision making

A production industry wants to hire a supplier, for the selection of supplier managing director of the
industry decides the criteria for supplier selection. The industry hires a team of decision-makers for
the selection of the best supplier. Consider A ={Ai:i=1, 2, 3, 4, 5} be a set of supplier and DM ={DMj,
DM:, DMs, DM} be a team of decision-makers (I = 4). The evaluation criteria (n = 5) for the selection

of supplier given as follows,
X, Delivery

Benifit Criteria . X1 Quality . ]

- = = {X:: P

< { Cost Criteria 7" Xs: Flexibility 72 Ks = Price
Xy Service
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Calculations of the problem using the proposed SVN-TOPSIS for the importance of criteria and
DMs SVN rating scale is given in the following Table

Table 1. Linguistic variables LV’s for rating the importance of criteria and decision-makers

LVs SVNNs

VI (.90, .10, .10)
I (.75, .25, .20)
M (.50, .50, .50)
Ul (.35, .75, .80)
VUI (.10, .90, .90)

Where VI, I, M, Ul, VUI stand for very important, important, medium, unimportant, very
unimportant respectively. The alternative ratings are given in the following table

Table 2. Alternative Ratings for Linguistic Variables

LVs SVNNs

EG (1.0, 0.0,0.0)
VVG (.90, .10, .10)
VG (.80, .15, .20)
G (.70, .25, .30)
MG (.60, .35, .40)
M (:50, .50, .50)
MB (40, .65, .60)
B (.30, .75, .70)
VB (.20, .85, .80)
VVB (.10, .90, .90)
EB (0.0,1.0,1.0)

Where EG, VVG, VG, G, MG, M, MB, B, VB, VVB, EB are representing extremely good, very very
good, very good, good, medium good, medium, medium bad, bad, very bad, very very bad,
extremely bad respectively.
Step 1: Determine the weights of the DMs
By using Equation 1, weights for the DMs are calculated as follows:

1—[% {(1—T,fm(x))2+ (I,’(im(x)>2+(F,gm(x)>2}]0-s

A = - ;)L,(ZOande(= A =1
s (2 {(1-1¢760)" (om0 a(remco) )] ) 1

0.5

1= )’s (1me0) s (rimco) ]

1~ Zk=1(1_[§{(1_T’gm(x))z+ (Igm(x))z+(F]gm(x))2}]0.5)

0.5

1-[% {(1—T1dm(x))2+ (I{im(x))2+(1’1dm(x))z}] .

A —_
! 1_[%{(1—T1dm(x))2+ (Ii‘m(x))z+(F1dm("))2}]0‘5+ 1‘[% {(1‘T2dm(’”)2+ (’gm(’d)z+(Fgm(X))2}]o.5+
1 2 2 2105 1 2 2 7
1_[5{(143‘””(;:)) + (18m0)’ + (R 00) }] +1—[§{(1—Tgm(x)) + (1gme0) +(Fim o) }]
1_[1 {(1-0.9)%+ (0.10)2+(0-10)2}]O'5
Al = :

” 05 1 05
1—[5{(1—0.9)2+(0.10)2+(0.10)2}] +1—[5{(1—0.75)2+(0.25)2+(o.20)2}] +

1 05 . 05
1—[5 {(1-0.50)2+ (0.50)2+(0.50)2}] +1—[§ {(1-0.35)2+ (0.75)2+(0.80)2}]
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Al =
0.9+0.76548+0.5+0.26402
M= =0.37045
Al =
Similarly, we get the weights for the other decision-makers as follows
Ay = =0.31508
2.2 =
Az = =(.20580
2.3 =
Ay = ———— =0.10867
A4 =0.10867
The weights for DMs are given in the following Table
Table 3. Weights of Decision Makers
Criteria Alternatives Decision Makers
DM DM: DM DM
X1 Ai VG (0.80,0.15,0.20) MG (0.60,0.35,0.40) VG (0.80,0.15,0.20) G (0.70,0.25,0.30)
R N O O B Y OO B R OOy
A G (0.70,0.25,0.30) VG (0.80,0.15,0.20) MG (0.60,0.35,0.40) MG (0.60,0.35,0.40)
n = L) ED) n =) 5 ED) n = B nY =@ LY ED)
As M (0.50,0.50,0.50) G (0.70,0.25,0.30) MG (0.60,0.35,0.40) M (0.50,0.50,0.50)
W _p® O O
WS DD a0 R D O D) -l i, D)
A G (0.70,0.25,0.30) MG (0.60,0.35,0.40) G (0.70,0.25,0.30) MG (0.60,0.35,0.40)
O R O R O R
As MG (0.60,0.35,0.40) G (0.70,0.25,0.30) VG (0.80,0.15,0.20) VG (0.80,0.15,0.20)
WD R D) a0 DR a0 R R -l K D)
Xz Ai G (0.70,0.25,0.30) G (0.70,0.25,0.30) MG (0.60,0.35,0.40) G (0.70,0.25,0.30)
ny =9 15, R D = 13 RS ne =3, 15, By nY =0, 15, ES)
Az VG (0.80,0.15,0.20) MG (0.60,0.35,0.40) M (0.50,0.50,0.50) MG (0.60,0.35,0.40)
n =0 1 B om0 1) BY) n =0 13 BY) oy =), 1), BY)
As M (0.50,0.50,0.50) VG (0.80,0.15,0.20) G (0.70,0.25,0.30) G (0.70,0.25,0.30)
=0 1 B nY =0 13 ED) ny =0 15 B nd =0, 13 ED)
A4 MG (0.60,0.35,0.40) M (0.50,0.50,0.50) VG (0.80,0.15,0.20) M (0.50,0.50,0.50)
O O O B B G Gy
As G (0.70,0.25,0.30) G (0.70,0.25,0.30) MG (0.60,0.35,0.40) VG (0.80,0.15,0.20)
WD DR DD D R A a0 R R -l i D
Xs A MG (0.60,0.35,0.40) MG (0.60,0.35,0.40) M (0.50,0.50,0.50) M (0.50,0.50,0.50)

Rana Muhammad Zulgarnain et al. An integrated model of Neutrosophic TOPSIS with application

Decision-Making Problem

in Multi-Criteria



Neutrosophic Sets and Systems, Vol. 40, 2020

261

W _r® O O

@ _qg® @ @
_(T13 4 113 4 F13 )

@) _ B ;B3 B3 @) _ @ ;@ (4)
3 137 f13's F13 N3 ns =5 Iy, F37) rs =3, Iis, F3)
A VG (0.80,0.15,0.20) G (0.70,0.25,0.30) VG (0.80,0.15,0.20) VG (0.80,0.15,0.20)
R e o (U ) ny =09, 1 B ny =09, 13, EY)
As M (0.50,0.50,0.50) G (0.70,0.25,0.30) MG (0.60,0.35,0.40) MG (0.60,0.35,0.40)
A _ (D) O o0 2 2) (2 2 3) _ B3 B 6 4 _ @ @) @
r33) =Ty, Iy, Ey) 7”3(3) =(T3<3), 13(3), F3(3)) r3(3) _(T3(3)/ 13(3)/ F33)) r3(3 _(T3(3 ’ 13(3 ’ F3(3 )
As G (0.70,0.25,0.30) MG (0.60,0.35,0.40) G (0.70,0.25,0.30) MG (0.60,0.35,0.40)
A _ (D) O o0 2) _ @) @ 2 4 _ @ @ @
r43) =Ty, Ly, Fg) T4(3) _(T4(3)/ 1153)r F4(3)) r4(33) =(T4(§)/ IS)/ F4(33)) r4(3 _(T4(3 ’ 1z§3 ’ El-(3 )
As MG (0.60,0.35,0.40) G (0.70,0.25,0.30) VG (0.80,0.15,0.20) G (0.70,0.25,0.30)
@ _ @ ;@ ® 2) _ 2 2 2 @3 _ B ;63 g3 4) _ 4) 4) 4)
T3’ =(Tsy' 153, Fey') T5(3) _(T5(3)/ Ié3)r Fs(s)) rsy = (Ts3 Is3, Fs3”) r5(3 _(Ts(3 ’ 1553 ’ Fs(3 )
X A G (0.70,0.25,0.30) M (0.50,0.50,0.50) MG (0.60,0.35,0.40) M (0.50,0.50,0.50)
1 1) 1 3 3) @ 3 4 ORNC: 4
r1(4) =(T1(4)r 11(4)/ F1(4)) rf:) =(T1<:), 11(i)r FS)) T1(4) =(T1(4)/ 11(4)/ F1(4)) r1(4) =(T1(4)/ 11(4)/ F1(4))
A2 VG (0.80,0.15,0.20) VG (0.80,0.15,0.20) M (0.50,0.50,0.50) G (0.70,0.25,0.30)
ny =%, Iy, EY) ny =37, 15y, ) ny =7, 15y, EY) ny =3 Iy, BY)
As MG (0.60,0.35,0.40) MG (0.60,0.35,0.40) MG (0.60,0.35,0.40) MG (0.60,0.35,0.40)
iy = (1), 1%y, ) e = (), 15y, EY) e =137, 15y, EY) ny =15, Iy, EY)
As M (0.50,0.50,0.50) MB (0.40,0.65,0.60) MG (0.60,0.35,0.40) VG (0.80,0.15,0.20)
WD D) A0 D DD D) AP -, i D)
As MG (0.60,0.35,0.40) G (0.70,0.25,0.30) VG (0.80,0.15,0.20) G (0.70,0.25,0.30)
g =13, Iy, FY) ey =T, 15, BY) sy =13, 1), FY) g = (T, 15, )
Xs A1 M (0.50,0.50,0.50) MG (0.60,0.35,0.40) VG (0.80,0.15,0.20) M (0.50,0.50,0.50)
1 1) 1 3 3) @ 3 4 OREC: 4
rl(s) =(T1(5)' 11(5)' 1:1(5)) rl(:) =(T1(:), 11(?, 1:1(:)) r1(5) =(T1(5)' 11(5)' F1(5)) r1(s) =(T1(s)' 11(5)' F1(s))
Ao VG (0.80,0.15,0.20) M (0.50,0.50,0.50) G (0.70,0.25,0.30) G (0.70,0.25,0.30)
@ _ @ ;0 D 3) _ 3 3 3 4) _ 4 4 4
s =(Tys' s’ Bys) rz(sz) =(T2(§), 12(?, FZ(SZ)) Tz(s) _(Tz(s)' Iz(s)' Fz(s)) rz(s) _(Tz(s)' 12(5)' Fz(s))
3 .70,0.25,0. .70,0.25,0. .50,0.50,0. .60,0.35,0.
A G (0.70,0.25,0.30) G (0.70,0.25,0.30) M (0.50,0.50,0.50) MG (0.60,0.35,0.40)
s = (s, I, FS) e = (T3, 153, FS) s = (T3, 153, FS) s = (T3, Ly, ES)
As M (0.50,0.50,0.50) M (0.50,0.50,0.50) MG (0.60,0.35,0.40) G (0.70,0.25,0.30)
1) _ () 1) ) 2) _ @) (@2 2 3) _ B3 @ 3 4 _ (@) ¢ 4
s = s’ Ly Fis) T4(5) _(th(s)/ Iis)r Et(s)) T4(5) _(T4(5)/ Iis)' EI-(S)) r4(5) _(T4(s)' Iis)' Et(s))
As G (0.70,0.25,0.30) VG (0.80,0.15,0.20) VG (0.80,0.15,0.20) VG (0.80,0.15,0.20)
@ _ @ ;0 [€D] @) _ @ ;2 @) @3 _ B ;B3 pB) @ _ 7@ @ (4)
s =(Tss's Iss, Fs5) 55 =(Tss s 155, Fsg') 155 =(Tss s Isss Fsg”) s’ =(Tsss Iss . Fis')
Table 4. Importance and Weights of Decision-Makers
DM: DM: DM; DMz
Linguistic  VI(0.90,0.10,0.10) 1(0.75,0.25,0.20) M (0.50,0.50,0.50) UT (0.35,0.75,0.80)
Variables (Tldm, Ildm, Fldm) (Tzdm, Igm, dem) (T3dm, Igm, Fgm) (T4dm, Ifm, F4dm)
Weights ADM1= 0.37045 /1DM2= 0.31508 /1DM3= 0.20580 M= 0.10867

Step 2: Computation of Aggregated Single Valued Neutrosophic Decision Matrix (ASVNDM)

To find the ASVNDM not only the weights of the DMs, but the alternative ratings are also required.

The alternative ratings, according to the DMs given in the following table.

Now by using Equation 3, alternative ratings rig.k) and the DM weights 1, we get
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= LD @ AP @ AP @ @ A
ry = (1= TThea (1 = T8, Ty (5 M, szl(ﬁ-ﬁ-”)*k)
wherei=1,2,3,4,5j=1,23,4,5and (l = 4).
Fori=j—1andl=
D @ L,rP 0 4P @ @ lzrl(ll)
m = (1 —[Thoa (1 = TV T, ()% TToa (7))
ry =(1- (1- TI(II))Al(l _ T1(12))/12(1 _ T1(13))/13(1 T(4));14 (1(1));11 (1(2))/12 (1(3))/13 (1(4))/14
(EO M (FEDY 2 (Y (R)™)

L = (1-((1 — 0.8)°37045(1 — (.6)0-31508(1 — (0.8)0-20580(1 _ (,7)0-10867),
((0.15)037045(0,35)0-31508(() 1 5020580 () 25)0.10867) ,
((0.20)°37045(0.40)0-31508 () 2()020580 () 30)0-10867))
r1; = (0.740, 0.207, 0.260)

Similarly, we can find other values

. =(0.711, 0.237, 0.289)
rs; = (0.593, 0.373, 0.407)

141 = (0.661, 0.288, 0.339)
1y = (0.706, 0.241, 0.294)
115 = (0.682, 0.268, 0.318)
12 =(0.676, 0.275, 0.324)
13, =(0.681, 0.275, 0.324)
12 =(0.619, 0.342, 0.381)
15, = (0.695, 0.253, 0.305)
r13 = (0.505, 0.392, 0.429)
ry5 = (0.773,0.176, 0.227)
133 = (0.603, 0.359, 0.397)
145 = (0.661, 0.288, 0.339)
153 = (0.693, 0.255, 0.307)
114 = (0.605, 0.359, 0.395)
154 = (0.748, 0.203, 0.252)
134 = (0.600, 0.350, 0.400)
Taa = (0.542, 0.443, 0.458)
154 = (0.693, 0.339, 0.307)
ris = (0.614, 0.349, 0.386)
1y5 =(0.697, 0.257, 0.303)
r35 = (0.656, 0.299, 0.344)
Tas = (0.548, 0.431, 0.452)
res = (0.768, 0.181, 0.232)
Table 5. Aggregated Single Valued Neutrosophic Decision Matrix D = [7j;]5x4

Xi X2 X3 Xa Xs

(0.740, 0.207, 0.260) 11, =(0.682, 0.268, 0.318) 113 =(0.505,0.392,0429) 1, =(0.605, 0.359, 0.395) ry5 =(0.614, 0.349, 0.386)

= (0.711, 0.237, 0.289) T3y =(0.676,0.275,0.324) 155 =(0.773,0.176,0.227) 715, = (0.748,0.203,0252)  rp5 = (0.697, 0.257, 0.303)
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As 1y =(0.593,0.373, 0.407) Ty = (0.681,0.275,0.324) 155 = (0.603,0.359,0.397) 73, = (0.600, 0.350, 0.400)  rs5 = (0.656, 0.299, 0.344)
As 1, =(0.661,0.288, 0.339) T, =(0.619,0.342,0.381) 7,5 = (0.661,0.288,0.339)  rys = (0.661,0.288,0.339)  r,s =(0.548, 0.431, 0.452)
As 15y = (0.706, 0.241, 0.294) Te, = (0.695,0.253,0.305) 155 = (0.693,0.255,0.307)  75,= (0.693, 0.339, 0.307) 1e5 = (0.768, 0.181, 0.232)
Step 3: Computation of the weights of the criteria
The individual weights given by each DM is given in Table 6.
; : : (F_ (p() () (k)
Table 6. Weights of alternatives determined by the DMs w; (7} , Ij , I*} )
Criteria DM DM DMs DM
X1 VI (0.90,0.10,0.10) VI (0.90,0.10,0.10) VI (0.90,0.10,0.10) 1(0.75,0.25,0.20)
O O O @ _ @ @ @
(DELIVERY) w? =W, 1P, F) w® =@, 1@, f®) w® =@, 1©, f®) w, =T, L7, )
X2 1(0.75,0.25,0.20) M (0.50,0.50,0.50) M (0.50,0.50,0.50) 1(0.75,0.25,0.20)
@ _ @ @ @
(QUALITY) wi® =, [0, FO) w® =@®, 1?9, E®) w® =(@® 1D, ®) w, =", L7, E)
X3 VI1(0.90,0.10,0.10) VI (0.90,0.10,0.10) 1(0.75,0.25,0.20) VI (0.90,0.10,0.10)
(FLEXIBILITY) W3(1) _ (T3(1), 13(1), F;U) Ws(Z) =(T3(2), 13(2)/ 1;3(2)) W§3) =(T3(3), 1§3>, 1;3(3)) W§4) =(T3(4), 1354), 1:3(4))
X4 1(0.75,0.25,0.20) 1(0.75,0.25,0.20) M (0.50,0.50,0.50) UI (0.35,0.75,0.80)
(SERVICE) Wil) =(T4(1), Iil)/ Ff)) Wf) =(T4(2), 1;2)/ ﬂ(z)) WF) =(T4(3), 123)/ Ff)) Wf” =(T4(4), 15”/ Ff‘))
Xs M (0.50,0.50,0.50) M (0.50,0.50,0.50) VI (0.90,0.10,0.10) VI (0.90,0.10,0.10)
(PRICE) w® = (@O, 1, fW) w® =@®, 1?9, E®) w® =1®, 19, F®) w® = (1®, 1P, f®)

By using the values from Table 6, the aggregated criteria weights are calculated as follows
wp =T I, B) = 4w @ Lw® @ 2w® @ & Aw

Wy = (1Themr (1 = T, TTimy ()%, Tema (F)4) where j=1,2, 3,4, 5 and (1=4).

Forj=landl=4
wy = /'llwl(l) © /12W1(2) © /13w1(3) &) /14W1(4)

wy = (TR (1 = T T, ()2 Ty (R) )
wi = (1- (1= TR A = 1)1 = TPy = 1)k, ()R AP) )=,

1 2 3 4
FY M (FP Y2 (R (F))

wy = (1 _ ((1 _ 0.9)0.37045(1 _ 0.9)0.31508(1 _ 0.9)0.20580(1 _ 0.75)0.10867),
((0.10)0.3704—5(0.10)0.31508(0.10)0.20580(0.25)0.10867)

((0.10)0.3704—5(0.10)0.31508(0.10)0.20580(0.20)0.10867))
111 = (0.740, 0.207, 0.260)
wy =(Ty, I, Fy)=(0.890, 0.110, 0.108)

Similarly, we can get other values
Therefore

(0.890,0.110,0.108)7"
[(0.641, 0.359,0.322)
Wik, x,x0x,) = | (0.879,0.121,0.115)
(0.680,0.325,0.281)
(0.699,0.301,0.301)

Step 4: Construction of Aggregated Weighted Single Valued Neutrosophic Decision Matrix
(AWSVNDM)
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After finding the weights of the criteria and the alternative ratings, the aggregated weighted single-

valued neutrosophic ratings are calculated by using Equation 4 as follows:

1 ! !
i =Ty,

ijr rFi’}')=(TAi(x)'7}/ IAi(x) + I] - IAi(x)'Ij/ FAi(x) + P} - FAl(x)P})

By using the above equation, we can get an aggregated weighted single-valued neutrosophic decision

matrix.

Table 7. Aggregated Weighted Single Valued Neutrosophic Decision Matrix R" = [r};]sxs

Xi X Xs X Xs
Ar 7y = (0.659,0.2940340) 7, = (0.437,0531,0538)  r{; = (0.444,0.466,0.495) T4 = (0.411,0.567,0.565) s = (0.429,0.545,0.571)
A: 75 = (0.633,0.321,0.366) 730 = (0.433,0.535,0.542) 735 = (0.679,0.2760316) 73, = (0.509,0.462,0.462) 735 = (0.487,0.481,0.513)
As 74y = (0.528,0.442,0471) Tip = (0437,05350542) 743 = (0.530,0.437,0466) 74, = (0.408,0561,0569)  rjs = (0.459,0.510,0.541)
Ai 1jy = (0.588,0.366,0.410) 74, = (0.397,0.578,0.580) 743 = (0.581,0.374,0.415) 71y = (0.037,0.624,0.610)  7i5 = (0.383,0.602,0.617)
As 1y = (0628032403700 74, = (0.4450.521,0529)  ri3 = (0.609,0.345,0.387)  riy = (0.471,0.554,0.502)  ris = (0.537,0.428,0.463)
Step 5: Computation of SVN-PIS and SVN-NIS
Since Delivery, Quality, Flexibility, and Services are benefit criteria that is why they are in the set
Ji= X1, X2, X3, X4}
whereas Price being the cost criteria, so it is in the set J,= {X,} SVN-PIS and SVN-NIS are calculated
as,
Table 8. SVN-PIS and SVN-NIS
SVN-PIS SVN-NIS
T =max {0.659,0.633,0.528,0.588,0.628} = 0.659 T; =min {0.659,0.633,0.528,0.588,0.628} = 0.528
IT =min {0.294,0.321,0.442,0.366,0.324} = 0.294 I7 =max {0.294,0.321,0.442,0.366,0.324} = 0.442
F{ =min {0.340,0.366,0.471,0.410,0.370} = 0.340 FI =max {0.340,0.366,0.471,0.410,0.370} = 0.471
T3 =max {0.437,0.433,0.437,0.397,0.445} = 0.445 T, =min {0.437,0.433,0.437,0.397,0.445} = 0.397
I3 =min {0.531,0.535,0.535,0.578,0.521} = 0.521 I; =max {0.531,0.535,0.535,0.578,0.521} = 0.578
F3 =min {0.538,0.542,0.542,0.580,0.529} = 0.529 F; =max {0.538,0.542,0.542,0.580,0.529} = 0.580

T3= max {0.444,0.679,0.530,0.581,0.609} = 0.679
I3 =min {0.466,0.276,0.437,0.374,0.345} = 0.276
F3 =min {0.495,0.316,0.466,0.415,0.387} = 0.316

T; =max {0.411,0.509,0.408,0.037,0.471} = 0.509
I; =min {0.567,0.462,0.561,0.624,0.554} = 0.462
F; =min {0.565,0.462,0.569,0.610,0.502} = 0.462

T¢ =min {0.429,0.487,0.459,0.383,0.537} = 0.383
I¥ =max {0.545,0.481,0.510,0.602,0.428} = 0.602

T; =min {0.444,0.679,0.530,0.581,0.609} = 0.444
I3 =max {0.466,0.276,0.437,0.374,0.345} = 0.466
F3 =max {0.495,0.316,0.466,0.415,0.387} = 0.495

T, =min {0.411,0.509,0.408,0.037,0.471} = 0.037
I; =max {0.567,0.462,0.561,0.624,0.554} = 0.624
F; =max {0.565,0.462,0.569,0.610,0.502} = 0.610

Ts =max {0.429,0.487,0.459,0.383,0.537} = 0.537
I =min {0.545,0.481,0.510,0.602,0.428} = 0.428

Fg

=max {0.571,0.513,0.541,0.617,0.463} = 0.617 F; =min {0.571,0.513,0.541,0.617,0.463} = 0.463
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((0.659,0.294, 0.340), ((0.528,0.442,0.471),\
(0.445,0.521, 0.529), (0.397,0.578, 0.580),
A* = {(0.679,0.276,0.316), A~={ (0.444,0.466, 0.495),
| (0.509,0.462, 0.462), | [ (0.037,0.624,0.610), |
\(0.383,0.602,0.617) ) \(0.537,0.428,0.463) )

Step 6: Computation of Separation Measures
Normalized Euclidean Distance Measure is used to find the negative and positive separation

measures d* and d~respectively by using Equation 7, 8. Now for the SVN-PIS, we use

di'= (i j=1 [(TAi-W(xf) — Tyrw (xj))z + ([Ai-W(xf) — lrw (xj))z + (FAi-W(xj) — Faw (xj))z])

Fori=landn=>5

di= (% X1 [(TAl.W(xj) —Tyw (xj))2 + (IAl-W(xi) —lrw (xf))

0.5

"t (B ()~ Faw 0))])
_ (TAl.W(Xl) —Tyw (X1))2 + ([Al.W(Xl) — Lyw (X1))2 + (FAl.W(Xl) — Fyy (X1))2 + N

(TAl.W(XZ) — Tyw (Xz )2 + (IAl.W(XZ) — Lw (Xz )2 + (FAl.W(XZ) — Fpry (Xz))z +
df: 1s (TAl.W(X3) — Tyw (X3 )2 + (IAl.W(XS) — Lw (X3 )2 + (FAl.W(XS) — Fpry (X3))2 +
(TAl.W(X4) — Tyrw (X4))2 + (IAl.W(Xz;) — Ly (X4))2 + (FAl.W(X4-) — Fprw (X4))2 +

| (TAl.W(XS) —Tyw (Xs))z + ([Al.W(XS) — Ly (Xs))z + (FAl.W(XS) — Fpew (Xs))z |

) )
) )

0.5

r (0659 — 0.659)% + (0.294 — 0.294)% + (0.340 — 0.340)2 +]
/ (0.437 — 0.445)2 + (0.531 — 0.521)2 + (0.538 — 0.529)2 + \
dif=| = | (0.444 — 0.679)% + (0.466 — 0.276)2 + (0.495 — 0.316)? + |
\ (0.411 — 0.509) + (0.567 — 0.462)2 + (0.565 — 0.462)2 +J)
[ (0.429 — 0.383)% + (0.545 — 0.602)% + (0.571 — 0.617)2

0.5
di= [}5 (0.000245 + 0.123366 + 0.031238 + 0.007481)]

df=0.1040

Similarly, we can find other separation measures.

Step 7: Computation of Relative Closeness Coefficient (RCC)
The RCC is calculated by using Equation 9.

!

RCCi= -2 :i=1,2,3,4,5
dj+d;

RCCy = dl _ 0.127532 - 0.551

di+d;  0.127532+0.104029

RCC2=0.896
RCCs =0.505
RCC4=0.363
RCC5=0.757

The separation measure and the value of relative closeness coefficient (RCC) expressed in the

following Figure 2.
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Figure 2. Separation measure and the RCC for each Alternative
Step 8: Ranking alternatives
From the above figure, we can see the RCC are ranked as follows
RCC2>RCGCs5>RCC1>RCC3>RCCs = A2> As>A1> As> As
By using the presented technique, we choose the best supplier for the production industry and

observe that Az is the best alternative.

5. Conclusion

In this paper, we studied the neutrosophic set and SVNSs with some basic operations and
developed the generalized neutrosophic TOPSIS by using single-valued neutrosophic numbers. By
using crisp data, it is more difficult to solve decision-making problems in uncertain environments.
Single valued neutrosophic sets can handle these limitations competently and provide the
appropriate choice to decision-makers. We also developed the integrated model for neutrosophic
TOPSIS. The closeness coefficient has been defined to compute the ranking of the alternatives by
using an established approach under-considered environment. Moreover, for the justification of the
proposed technique an illustrated example has been described for the selection of suppliers in the
production industry. Consequently, relying upon the obtained results it can be confidently concluded
that the proposed methodology indicates higher stability and usability for decision-makers in the DM
process. Future research will surely concentrate upon presenting the TOPSIS technique based on
correlation coefficient under-considered environment. The suggested approach can be applied to
quite a lot of issues in real life, including the medical profession, robotics, artificial intelligence,

pattern recognition, economics, etc.
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