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Abstract: 

This paper is dedicated to study the real inner product defined over symbolic 

2-plithogenic vector spaces, where we discuss the concept of inner (scalar) products

over the symbolic 2-plithogenic vector spaces by using the corresponding 

Euclidean scalar products to get theorems that describe the conditions of 

orthogonality in this class of spaces. Also, we give many examples to explain the 

ortho-normed symbolic 2-plithogenic spaces. 
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Introduction 

Symbolic 2-plithogenic vector spaces and modules were defined in [1-5] as a new 

generalization of classical vector spaces, and with a similar algebraic structure of 

refined neutrosophic vector spaces . 

Many algebraic properties of these spaces such as basis, and semi homomorphic 

images were studied on a wide range. 
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Also, we can see symbolic 3-plithogenic vector spaces/modules defined over 

3-plithogenic rings. Symbolic plithogenic algebraic structures are generally very 

rich in their concepts and meta-properties, see [5-8 ,23-28]. 

In this work, we will study the concept of real inner product over symbolic 

2-plithogenic vector spaces, where we use these inner products to study the 

orthogonality between symbolic 2-plithogenic vectors and ortho-normed basis. 

This work is motivated by the previous published works in [9-22] that study 

neutrosophic vector spaces, matrices and their refined neutrosophic extensions. 

For basic definitions about symbolic 2-plithogenic vector spaces, check [1]. 

Main Discussion 

Definition:  

Let 𝑉 be a vector space over the field 𝑅. 

Let 2 − 𝑆𝑃𝑅 = {𝑙0 + 𝑙1𝑃1 + 𝑙2𝑃2; 𝑙𝑖 ∈ 𝑅} be the corresponding symbolic 2-plithogenic 

field, 2 − 𝑆𝑃𝑉 = {𝑞0 + 𝑞1𝑃1 + 𝑞2𝑃2; 𝑞𝑖 ∈ 𝑉}  the corresponding symbolic 

2-plithogenic vector space, then: 

𝜑: 2 − 𝑆𝑃𝑉 × 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑅 is called a symbolic 2-plithogenic real inner product 

if and only if: 

1). 𝜑(𝑤, 𝑛) = 𝜑(𝑛, 𝑤) for all 𝑛,𝑤 ∈ 2 − 𝑆𝑃𝑉. 

2). 𝜑(𝑤,𝑤) ≥ 0  for all 𝑤 ∈ 2 − 𝑆𝑃𝑉  (with respect to the corresponding partial 

order relation defined on 2 − 𝑆𝑃𝑅). 

3). 𝜑(𝑢 + 𝑣,𝑤) = 𝜑(𝑢,𝑤) + 𝜑(𝑣,𝑤). 

4). 𝜑(𝑎. 𝑤, 𝑣) = 𝑎𝜑(𝑤, 𝑣); 𝑤, 𝑣 ∈ 2 − 𝑆𝑃𝑉 , 𝑎 ∈ 2 − 𝑆𝑃𝑅. 

Theorem. 

If there exists a classical inner product 𝑓: 𝑉 × 𝑉 → 𝑅 such that: 

For 𝑤 = 𝑤0 + 𝑤1𝑃1 + 𝑤2𝑃2, 𝑛 = 𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 ∈ 2 − 𝑆𝑃𝑉, we define: 

𝜑(𝑤, 𝑛) = 𝑓(𝑤0, 𝑛0) + 𝑃1[𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1) − 𝑓(𝑤0, 𝑛0)] + 𝑃2[𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 +

𝑛1 + 𝑛2) − 𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)]. 
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Then,  𝜑: 2 − 𝑆𝑃𝑉 × 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑅  is a symbolic 2-plithogenic real inner 

product.  

Proof. 

Assume that 𝑓: 𝑉 × 𝑉 → 𝑅 is a real inner product defined on 𝑉. 

We put 𝜑: 2 − 𝑆𝑃𝑉 × 2 − 𝑆𝑃𝑉 → 2− 𝑆𝑃𝑅, where: 

𝜑(𝑤, 𝑛) = 𝑓(𝑤0, 𝑛0) + 𝑃1[𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1) − 𝑓(𝑤0, 𝑛0)] + 𝑃2[𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 +

𝑛1 + 𝑛2) − 𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)]. 

We must prove that 𝜑 is a symbolic 2-plithogenic real inner product on 2 − 𝑆𝑃𝑉. 

𝜑(𝑤, 𝑛) = 𝑓(𝑤0, 𝑛0) + 𝑃1[𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1) − 𝑓(𝑤0, 𝑛0)] + 𝑃2[𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 +

𝑛1 + 𝑛2) − 𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)] = 𝑓(𝑛0, 𝑤0) + 𝑃1[𝑓(𝑛0 + 𝑛1, 𝑤0 + 𝑤1) − 𝑓(𝑛0, 𝑤0)] +

𝑃2[𝑓(𝑛0 + 𝑛1 + 𝑛2, 𝑤0 +𝑤1 + 𝑤2) − 𝑓(𝑛0 + 𝑛1, 𝑤0 + 𝑤1)] = 𝜑(𝑛, 𝑤). 

𝜑(𝑤,𝑤) = 𝑓(𝑤0, 𝑤0) + 𝑃1[𝑓(𝑤0 + 𝑤1, 𝑤0 +𝑤1) − 𝑓(𝑤0, 𝑤0)] + 𝑃2[𝑓(𝑤0 + 𝑤1 +

𝑤2, 𝑤0 + 𝑤1 + 𝑤2) − 𝑓(𝑤0 + 𝑤1, 𝑤0 + 𝑤1)] = ‖𝑤0‖
2 + 𝑃1[‖𝑤0 + 𝑤1‖

2 − ‖𝑤0‖
2] +

𝑃2[‖𝑤0 + 𝑤1 + 𝑤2‖
2 − ‖𝑤0 + 𝑤1‖

2]. 

And that is because: 

{

‖𝑤0‖
2 ≥ 0

‖𝑤0‖
2 + [‖𝑤0 + 𝑤1‖

2 − ‖𝑤0‖
2] = ‖𝑤0 + 𝑤1‖

2 ≥ 0

‖𝑤0‖
2 + [‖𝑤0 + 𝑤1‖

2 − ‖𝑤0‖
2] + [‖𝑤0 + 𝑤1 + 𝑤2‖

2 − ‖𝑤0 + 𝑤1‖
2] = ‖𝑤0 + 𝑤1 + 𝑤2‖

2 ≥ 0

 

Now, we let 𝑢 = 𝑢0 + 𝑢1𝑃1 + 𝑢2𝑃2 ∈ 2 − 𝑆𝑃𝑉, we have: 

𝜑(𝑢 + 𝑤, 𝑛) = 𝑓(𝑢0 + 𝑤0, 𝑛0) + 𝑃1[𝑓(𝑢0 + 𝑢1 + 𝑤0 + 𝑤1, 𝑛0 + 𝑛1) − 𝑓(𝑢0 + 𝑤0, 𝑛0)]

+ 𝑃2[𝑓(𝑢0 + 𝑢1 + 𝑢2 +𝑤0 + 𝑤1 + 𝑤2, 𝑛0 + 𝑛1 + 𝑛2)

− 𝑓(𝑢0 + 𝑢1 + 𝑤0 + 𝑤1, 𝑛0 + 𝑛1)] = 𝜑(𝑢, 𝑛) + 𝜑(𝑤, 𝑛) 

Let 𝑎 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 ∈ 2 − 𝑆𝑃𝑅, then: 

𝜑(𝑎.𝑤, 𝑛) = 𝑓(𝑎0𝑤0, 𝑛0) + 𝑃1[𝑓((𝑎0 + 𝑎1 + 𝑎2)(𝑢0 + 𝑢1 + 𝑤0 +𝑤1), 𝑛0 + 𝑛1) −

𝑓(𝑎0𝑤0, 𝑛0)] + 𝑃2[𝑓((𝑎0 + 𝑎1)(𝑢0 + 𝑢1 + 𝑢2 + 𝑤0 + 𝑤1 + 𝑤2), 𝑛0 + 𝑛1 + 𝑛2) −

𝑓((𝑎0 + 𝑎1 + 𝑎2)(𝑢0 + 𝑢1 + 𝑤0 + 𝑤1), 𝑛0 + 𝑛1)] = (𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2)𝜑(𝑤, 𝑛) =

𝑎. 𝜑(𝑤, 𝑛). 

So that, 𝜑 is a symbolic 2-plithogenic inner product. 

Remark: 
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Suppose that 𝜑: 2 − 𝑆𝑃𝑉 × 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑅  is a symbolic 2-plithogenic inner 

product. 

Put 𝑓: 𝑉 × 𝑉 → 𝑅 , with 𝑓(𝑤0, 𝑛0) = 𝜑(𝑤0 + 0. 𝑃1 + 0. 𝑃2, 𝑛0 + 0. 𝑃1 + 0. 𝑃2) , where 

𝑤0, 𝑛0 ∈ 𝑉. 

𝑓 is a classical real inner product, that is because: 

𝑓(𝑤0, 𝑛0) = 𝜑(𝑤0, 𝑛0) = 𝜑(𝑛0, 𝑤0) = 𝑓(𝑛0, 𝑤0) 

𝑓(𝑤0, 𝑤0) = 𝜑(𝑤0, 𝑤0) = ‖𝑤0‖
2 ≥ 0 

𝑓(𝑢0 + 𝑤0, 𝑛0) = 𝜑(𝑢0 + 𝑤0, 𝑛0) = 𝜑(𝑢0, 𝑛0) + 𝜑(𝑤0, 𝑛0) = 𝑓(𝑢0, 𝑛0) + 𝑓(𝑤0, 𝑛0) 

𝑓(𝑎0𝑤0, 𝑛0) = 𝜑(𝑎0𝑤0, 𝑛0) = 𝑎0𝜑(𝑤0, 𝑛0) = 𝑎0𝑓(𝑤0, 𝑛0);𝑤0 ∈ 𝑉, 𝑎0 ∈ 𝑅 

Example. 

Consider the Euclidean real inner product defined on 𝑉 = 𝑅2 with: 

𝑓(𝑋1, 𝑋2) = 𝑓[(𝑥1́, 𝑥1
′′), (𝑥2́, 𝑥2

′′)] = 𝑥1́𝑥2́ + 𝑥1
′′𝑥2

′′. 

The corresponding symbolic 2-plithogenic inner product defined on 2 − 𝑆𝑃𝑉 is: 

𝜑: 2 − 𝑆𝑃𝑉 × 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑅; 

𝜑[(𝑥0, 𝑦0) + (𝑥1, 𝑦1)𝑃1 + (𝑥2, 𝑦2)𝑃2, (𝑧0, 𝑡0) + (𝑧1, 𝑡1)𝑃1 + (𝑧2, 𝑡2)𝑃2]

= 𝑓((𝑥0, 𝑦0), (𝑧0, 𝑡0))

+ 𝑃1[𝑓((𝑥0 + 𝑥1, 𝑦0 + 𝑦1), (𝑧0 + 𝑧1, 𝑡0 + 𝑡1)) − 𝑓((𝑥0, 𝑦0), (𝑧0, 𝑡0))]

+ 𝑃2[𝑓((𝑥0 + 𝑥1 + 𝑥2, 𝑦0 + 𝑦1 + 𝑦2), (𝑧0 + 𝑧1 + 𝑧2, 𝑡0 + 𝑡1 + 𝑡2))

− 𝑓((𝑥0 + 𝑥1, 𝑦0 + 𝑦1), (𝑧0 + 𝑧1, 𝑡0 + 𝑡1))]

= 𝑥0𝑧0 + 𝑦0𝑡0

+ 𝑃1[(𝑥0 + 𝑥1)(𝑧0 + 𝑧1) + (𝑦0 + 𝑦1)(𝑡0 + 𝑡1) − 𝑥0𝑧0 − 𝑦0𝑡0]

+ 𝑃2[(𝑥0 + 𝑥1 + 𝑥2)(𝑧0 + 𝑧1 + 𝑧2) + (𝑦0 + 𝑦1 + 𝑦2)(𝑡0 + 𝑡1 + 𝑡2)

− (𝑥0 + 𝑥1)(𝑧0 + 𝑧1) − (𝑦0 + 𝑦1)(𝑡0 + 𝑡1)] 

For example: 

Consider 𝑋 = (1,1) + (1,2)𝑃1 + (0,1)𝑃2, 𝑌 = (1,0) + (−1,0)𝑃1 + (1,1)𝑃2, we have: 

{

(𝑥0, 𝑦0) = (1,1), (𝑧0, 𝑡0) = (1,0)

(𝑥0 + 𝑥1, 𝑦0 + 𝑦1) = (2,3), (𝑧0 + 𝑧1, 𝑡0 + 𝑡1) = (0,0)

(𝑥0 + 𝑥1 + 𝑥2, 𝑦0 + 𝑦1 + 𝑦2) = (2,4), (𝑧0 + 𝑧1 + 𝑧2, 𝑡0 + 𝑡1 + 𝑡2) = (1,1)
 

And: 
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{

𝑓((𝑥0, 𝑦0), (𝑧0, 𝑡0)) = 1

𝑓((𝑥0 + 𝑥1, 𝑦0 + 𝑦1), (𝑧0 + 𝑧1, 𝑡0 + 𝑡1)) = 0

𝑓((𝑥0 + 𝑥1 + 𝑥2, 𝑦0 + 𝑦1 + 𝑦2), (𝑧0 + 𝑧1 + 𝑧2, 𝑡0 + 𝑡1 + 𝑡2)) = 6

 

This implies that: 

𝜑(𝑋, 𝑌) = 1 + 𝑃1[0 − 1] + 𝑃2[6 − 0] = 1 − 𝑃1 + 6𝑃2 

Remark. 

The norm of 𝑤 = 𝑤0 + 𝑤1𝑃1 + 𝑤2𝑃2 is defined with respect to 𝜑 as follows: 

‖𝑤‖ = √𝜑(𝑤,𝑤) = ‖𝑤0‖ + 𝑃1[‖𝑤0 + 𝑤1‖ − ‖𝑤0‖] + 𝑃2[‖𝑤0 + 𝑤1 + 𝑤2‖ −

‖𝑤0 +𝑤1‖]. 

In the previous example, we can see: 

‖𝑋‖ = ‖(1,1)‖ + 𝑃1[‖(2,3)‖ − ‖(1,1)‖] + 𝑃2[‖(2,4)‖ − ‖(2,3)‖] = √2 + 𝑃1[√13 −

√2] + 𝑃2[√20 − √13]. 

Theorem. 

Let 𝜑 be a symbolic 2-plithogenic inner product on 2 − 𝑆𝑃𝑉, then: 

1). ‖𝑤‖ ≥ 0;𝑤 ∈ 2 − 𝑆𝑃𝑉 

2). ‖𝑎.𝑤‖ = |𝑎|. ‖𝑤‖; 𝑎 ∈ 2 − 𝑆𝑃𝑅 

3). ‖𝑤 + 𝑛‖ ≤ ‖𝑤‖ + ‖𝑛‖; 𝑛 ∈ 2 − 𝑆𝑃𝑉 

4). |𝜑(𝑤, 𝑛)| ≤ ‖𝑤‖. ‖𝑛‖ 

5). 𝑤 ⊥ 𝑛 if and only if 𝑤0 ⊥ 𝑛0, 𝑤0 + 𝑤1 ⊥ 𝑛0 + 𝑛1, 𝑤0 + 𝑤1 + 𝑤2 ⊥ 𝑛0 + 𝑛1 + 𝑛2 

6). If 𝑤 ⊥ 𝑛, then ‖𝑤 + 𝑛‖2 = ‖𝑤‖2 + ‖𝑛‖2 

Proof. 

1). It holds directly from the definition of norm, and from the partial order relation 

defined on 2 − 𝑆𝑃𝑅. 

2). Let 𝑎 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 ∈ 2 − 𝑆𝑃𝑅 , 𝑤 = 𝑤0 +𝑤1𝑃1 + 𝑤2𝑃2 ∈ 2 − 𝑆𝑃𝑉, we have: 

‖𝑎.𝑤‖2 = 𝜑(𝑎.𝑤, 𝑎. 𝑤) = 𝑎2𝜑(𝑤, 𝑤), thus ‖𝑎.𝑤‖ = |𝑎|. ‖𝑤‖. 

3). ‖𝑤 + 𝑛‖ = ‖𝑤0 + 𝑛0‖ + 𝑃1[‖𝑤0 + 𝑤1 + 𝑛0 + 𝑛1‖ − ‖𝑤0 + 𝑛0‖] + 𝑃2[‖𝑤0 + 𝑤1 +

𝑤2 + 𝑛0 + 𝑛1 + 𝑛2‖ − ‖𝑤0 + 𝑤1 + 𝑛0 + 𝑛1‖], we have: 

{

‖𝑤0 + 𝑛0‖ ≤ ‖𝑤0‖ + ‖𝑛0‖

‖𝑤0 + 𝑤1 + 𝑛0 + 𝑛1‖ ≤ ‖𝑤0 + 𝑤1‖ + ‖𝑛0 + 𝑛1‖

‖𝑤0 + 𝑤1 + 𝑤2 + 𝑛0 + 𝑛1 + 𝑛2‖ ≤ ‖𝑤0 + 𝑤1 + 𝑤2‖ + ‖𝑛0 + 𝑛1 + 𝑛2‖
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So that: 

‖𝑤 + 𝑛‖ ≤ ‖𝑤0‖ + ‖𝑛0‖ + 𝑃1[‖𝑤0 + 𝑤1‖ + ‖𝑛0 + 𝑛1‖ − ‖𝑤0‖ − ‖𝑛0‖] + 𝑃2[‖𝑤0 +

𝑤1 +𝑤2‖ + ‖𝑛0 + 𝑛1 + 𝑛2‖ − ‖𝑤0 + 𝑤1‖ − ‖𝑛0 + 𝑛1‖] ≤ ‖𝑤‖ + ‖𝑛‖. 

4). We have: 

|𝜑(𝑤, 𝑛)| = |𝜑(𝑤0, 𝑛0)| + 𝑃1[|𝜑(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)| − |𝜑(𝑤0, 𝑛0)|] + 𝑃2[|𝜑(𝑤0 + 𝑤1 +

𝑤2, 𝑛0 + 𝑛1 + 𝑛2)| − |𝜑(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)|]. 

According to Cauchy-Shwartz inequality, we can write: 

{

|𝑓(𝑤0, 𝑛0)| ≤ ‖𝑤0‖ + ‖𝑛0‖

|𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)| ≤ ‖𝑤0 + 𝑤1‖ + ‖𝑛0 + 𝑛1‖

|𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 + 𝑛1 + 𝑛2)| ≤ ‖𝑤0 + 𝑤1 + 𝑤2‖ + ‖𝑛0 + 𝑛1 + 𝑛2‖
 

So that,  

|𝜑(𝑤, 𝑛)| ≤ ‖𝑤0‖. ‖𝑛0‖ + 𝑃1[‖𝑤0 + 𝑤1‖. ‖𝑛0 + 𝑛1‖ − ‖𝑤0‖. ‖𝑛0‖]

+ 𝑃2[‖𝑤0 + 𝑤1 + 𝑤2‖. ‖𝑛0 + 𝑛1 + 𝑛2‖ − ‖𝑤0 + 𝑤1‖. ‖𝑛0 + 𝑛1‖]

= ‖𝑤‖. ‖𝑛‖ 

5). 𝑤 ⊥ 𝑛 if and only if 𝜑(𝑤, 𝑛) = 0, which is equivalent to: 

{

𝑓(𝑤0, 𝑛0) = 0 ⟹ 𝑤0 ⊥ 𝑛0
𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1) ⟹ 𝑤0 + 𝑤1 ⊥ 𝑛0 + 𝑛1

𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 + 𝑛1 + 𝑛2) ⟹ 𝑤0 + 𝑤1 + 𝑤2 ⊥ 𝑛0 + 𝑛1 + 𝑛2

 

6). Assume that 𝑤 ⊥ 𝑛 , then ‖𝑤 + 𝑛‖2 = 𝜑(𝑤 + 𝑛,𝑤 + 𝑛) = 𝜑(𝑤,𝑤) + 𝜑(𝑛, 𝑛) +

2𝜑(𝑤, 𝑛) = ‖𝑤‖2 + ‖𝑛‖2. 

Example. 

Consider the Euclidean real inner symbolic 2-plithogenic product defined 

previously on 2 − 𝑆𝑃𝑅, we have: 

𝑤 = (1,0) + (0,1)𝑃1, 𝑢 = 𝑤 = (2,2) + (1,3)𝑃1 − (1,1)𝑃2, 𝑠 = (0,1) + (1,−2)𝑃1, we can 

see: 

𝜑(𝑤, 𝑠) = 0, ‖𝑤‖ = 1 + (√2 − 1)𝑃1, ‖𝑠‖ = 1 + (√2 − 1)𝑃1, 𝑤 + 𝑠 = (1,1) + (1,−1)𝑃1 

‖𝑤 + 𝑠‖2 = 2 + 2𝑃1 = ‖𝑤‖2 + ‖𝑠‖2 

𝜑(𝑤, 𝑢) = 2 + (8 − 2)𝑃1 + (6 − 8)𝑃2 = 2 + 6𝑃1 − 2𝑃2 

|𝜑(𝑤, 𝑢)| = |2| + [|8| − |2|]𝑃1 + [|6| − |8|]𝑃2 = 2 + 6𝑃1 − 2𝑃2 

‖𝑢‖ = √8 + (√34 − √8)𝑃1 + (√20 − √34)𝑃2 



Neutrosophic Sets and Systems, Vol. 59, 2023 109 

 

 

Ahmed Hatip, Mohammad Alsheikh, Iyad Alhamadeh, On The Orthogonality in Real Symbolic 2-Plithogenic and 

3-Plithogenic Vector Spaces 

‖𝑤‖. ‖𝑢‖ = 2√8 + (2√34 − 2√8 + 4√8 + 2√34 − 2√8)𝑃1

+ (2√20 − 2√34 + 2√20 − 2√34)𝑃2

= 2√8 + 4√34𝑃1 + (4√20 − 4√34)𝑃2 

We have 2 ≤ 2√8, 2 + 6 = 8 ≤ 2√8 + 4√34, 2 + 6 − 2 = 8 ≤ 2√8 + 4√34 + 4√20 −

4√34 = 2√8 + 4√20 

Hence |𝜑(𝑤, 𝑢)| ≤ ‖𝑤‖. ‖𝑢‖. 

Symbolic 2-plithogenic orthogonal basis. 

Let 𝑁 = {𝑉1, … , 𝑉𝑛} be a basis of symbolic 2-plithogenic vector space 2 − 𝑆𝑃𝑉, where 

𝑛 is the number of elements in the basis of 𝑉. 

We say that 𝑁 is the orthogonal if and only if: 

𝜑(𝑉𝑖, 𝑉𝑗) = 0; 𝑖 ≠ 𝑗, 1 ≤ 𝑖, 𝑗 ≤ 3𝑛 

It is called ortho-normed if and only if: 

{
𝜑(𝑉𝑖, 𝑉𝑗) = 0

𝜑(𝑉𝑖, 𝑉𝑖) = 1
; 𝑖 ≠ 𝑗, 1 ≤ 𝑖, 𝑗 ≤ 3𝑛 

We will answer the following question: 

How can we build a symbolic 2-plithogenic ortho-normed basis of 2 − 𝑆𝑃𝑉? 

Theorem. 

Let ∆= {𝑞1, 𝑞2, . . , 𝑞𝑛}  be an ortho-normed basis of 𝑉  with respect to the inner 

product 𝑓: 𝑉 × 𝑉 → 𝑅. 

The set ∆𝑃= {𝑚𝑖 + (𝑛𝑗 −𝑚𝑖)𝑃1 + (𝑠𝑘 − 𝑛𝑗)𝑃2; 𝑚𝑖 , 𝑛𝑗 , 𝑠𝑘 ∈ ∆,1 ≤ 𝑖, 𝑗, 𝑘 ≤ 𝑛}  is an 

ortho-normed basis of 2 − 𝑆𝑃𝑉. 

Proof. 

According to [4], the set ∆𝑃 is a basis of 2 − 𝑆𝑃𝑉. 

Let 

𝑀1 = 𝑚𝑖 + (𝑛𝑗 −𝑚𝑖)𝑃1 + (𝑠𝑘 − 𝑛𝑗)𝑃2 ∈ ∆,𝑀2 = �́�𝑖 + (�́�𝑗 − �́�𝑖)𝑃1 + (�́�𝑘 − �́�𝑗)𝑃2 ∈ ∆, 

we have: 

𝜑(𝑀1, 𝑀2) = 𝑓(𝑚𝑖, �́�𝑖) + 𝑃1[𝑓(𝑛𝑗 , �́�𝑗) − 𝑓(𝑚𝑖, �́�𝑖)] + 𝑃2[𝑓(𝑠𝑘, �́�𝑘) − 𝑓(𝑛𝑗 , �́�𝑗)] = 0 , 

thus 𝑀1 ⊥ 𝑀2. 

On the other hand, 
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‖𝑀1‖ = ‖𝑚𝑖‖ + 𝑃1[‖𝑛𝑗‖ − ‖𝑚𝑖‖] + 𝑃2[‖𝑠𝑘‖ − ‖𝑛𝑗‖] = 1 + (1 − 1)𝑃1 + (1 − 1)𝑃2 = 1 , 

so that ∆𝑃 is ortho-normed basis. 

Example. 

Let 𝑉 = 𝑅3 be the Euclidean with three dimensions. 

Consider 2 − 𝑆𝑃𝑉 = {(𝑥0, 𝑦0, 𝑧0) + (𝑥1, 𝑦1, 𝑧1)𝑃1 + (𝑥2, 𝑦2, 𝑧2)𝑃2; 𝑥𝑖 , 𝑦𝑖, 𝑧𝑖 ∈ 𝑅}  be the 

corresponding symbolic 2-plithogenic vector space. 

It is known that ∆= {𝑞1 = (1,0,0), 𝑞2 = (0,1,0), 𝑞3 = (0,0,1)} is an ortho-normed of 

𝑉 = 𝑅3. 

The corresponding ortho-normed basis of 2 − 𝑆𝑃𝑉 is: 

𝑀1 = 𝑞1 = (1,0,0) 

𝑀2 = 𝑞1 + (𝑞1 − 𝑞1)𝑃1 + (𝑞2 − 𝑞1)𝑃2 = (1,0,0) + (−1,1,0)𝑃2 

𝑀3 = 𝑞1 + (𝑞2 − 𝑞1)𝑃1 + (𝑞1 − 𝑞2)𝑃2 = (1,0,0) + (−1,1,0)𝑃1 + (1,1,0)𝑃2 

𝑀4 = 𝑞1 + (𝑞2 − 𝑞1)𝑃1 + (𝑞2 − 𝑞2)𝑃2 = (1,0,0) + (−1,1,0)𝑃1 

𝑀5 = 𝑞1 + (𝑞3 − 𝑞1)𝑃1 + (𝑞3 − 𝑞3)𝑃2 = (−1,0,0) + (−1,0,1)𝑃1 

𝑀6 = 𝑞1 + (𝑞3 − 𝑞1)𝑃1 + (𝑞1 − 𝑞3)𝑃2 = (1,0,0) + (−1,0,1)𝑃1 + (1,0, −1)𝑃2 

𝑀7 = 𝑞1 + (𝑞3 − 𝑞1)𝑃1 + (𝑞2 − 𝑞3)𝑃2 = (1,0,0) + (−1,0,1)𝑃1 + (0,1, −1)𝑃2 

𝑀8 = 𝑞1 + (𝑞1 − 𝑞1)𝑃1 + (𝑞3 − 𝑞1)𝑃2 = (1,0,0) + (−1,0,1)𝑃2 

𝑀9 = 𝑞1 + (𝑞2 − 𝑞1)𝑃1 + (𝑞3 − 𝑞2)𝑃2 = (1,0,0) + (−1,1,0)𝑃1 + (0,−1,1)𝑃2 

𝑀10 = 𝑞2 = (0,1,0) 

𝑀11 = 𝑞2 + (𝑞1 − 𝑞2)𝑃1 + (𝑞1 − 𝑞1)𝑃2 = (0,1,0) + (1,−1,0)𝑃1 

𝑀12 = 𝑞2 + (𝑞1 − 𝑞2)𝑃1 + (𝑞2 − 𝑞1)𝑃2 = (0,1,0) + (1,−1,0)𝑃1 + (−1,1,0)𝑃2 

𝑀13 = 𝑞2 + (𝑞1 − 𝑞2)𝑃1 + (𝑞3 − 𝑞1)𝑃2 = (0,1,0) + (1,−1,0)𝑃1 + (−1,0,1)𝑃2 

𝑀14 = 𝑞2 + (𝑞2 − 𝑞2)𝑃1 + (𝑞1 − 𝑞2)𝑃2 = (0,1,0)𝑃1 + (1,−1,0)𝑃2 

𝑀15 = 𝑞2 + (𝑞2 − 𝑞2)𝑃1 + (𝑞1 − 𝑞2)𝑃2 = (0,1,0) + (0,−1,1)𝑃2 

𝑀16 = 𝑞2 + (𝑞3 − 𝑞2)𝑃1 + (𝑞1 − 𝑞3)𝑃2 = (0,1,0) + (0,−1,1)𝑃1 + (1,0, −1)𝑃2 

𝑀17 = 𝑞2 + (𝑞3 − 𝑞2)𝑃1 + (𝑞2 − 𝑞3)𝑃2 = (0,1,0) + (0,−1,1)𝑃1 + (0,1, −1)𝑃2 

𝑀18 = 𝑞2 + (𝑞3 − 𝑞2)𝑃1 + (𝑞3 − 𝑞3)𝑃2 = (0,1,0) + (0,−1,1)𝑃1 

𝑀19 = 𝑞3 = (0,0,1) 

𝑀20 = 𝑞3 + (𝑞1 − 𝑞3)𝑃1 + (𝑞1 − 𝑞1)𝑃2 = (0,0,1) + (1,0, −1)𝑃1 

𝑀21 = 𝑞3 + (𝑞1 − 𝑞3)𝑃1 + (𝑞2 − 𝑞1)𝑃2 = (0,0,1) + (1,0, −1)𝑃1 + (−1,1,0)𝑃2 

𝑀22 = 𝑞3 + (𝑞1 − 𝑞3)𝑃1 + (𝑞3 − 𝑞1)𝑃2 = (0,0,1) + (1,0, −1)𝑃1 + (−1,0,1)𝑃2 
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𝑀23 = 𝑞3 + (𝑞2 − 𝑞3)𝑃1 + (𝑞1 − 𝑞2)𝑃2 = (0,0,1) + (0,1, −1)𝑃1 + (1,−1,0)𝑃2 

𝑀24 = 𝑞3 + (𝑞2 − 𝑞3)𝑃1 + (𝑞2 − 𝑞2)𝑃2 = (0,0,1) + (0,1,−1)𝑃1 

𝑀25 = 𝑞3 + (𝑞2 − 𝑞3)𝑃1 + (𝑞3 − 𝑞2)𝑃2 = (0,0,1) + (0,1,−1)𝑃1 + (0,−1,1)𝑃2 

𝑀26 = 𝑞3 + (𝑞3 − 𝑞3)𝑃1 + (𝑞1 − 𝑞3)𝑃2 = (0,0,1) + (1,0, −1)𝑃2 

𝑀27 = 𝑞3 + (𝑞3 − 𝑞3)𝑃1 + (𝑞2 − 𝑞3)𝑃2 = (0,0,1) + (0,1,−1)𝑃2 

Example. 

Consider the ortho-normed basis of 𝑉 = 𝑅2, ∆= {𝑞1 = (1,0), 𝑞2 = (0,1)}. 

We find the corresponding ortho-normed symbolic 2-plithogenic basis of 2 − 𝑆𝑃𝑉. 

𝑀1 = 𝑞1 + (𝑞1 − 𝑞1)𝑃1 + (𝑞1 − 𝑞1)𝑃2 = (1,0) 

𝑀2 = 𝑞1 + (𝑞1 − 𝑞1)𝑃1 + (𝑞2 − 𝑞1)𝑃2 = (1,0) + (−1,1)𝑃2 

𝑀3 = 𝑞1 + (𝑞2 − 𝑞1)𝑃1 + (𝑞2 − 𝑞2)𝑃2 = (1,0) + (−1,1)𝑃1 

𝑀4 = 𝑞1 + (𝑞2 − 𝑞1)𝑃1 + (𝑞1 − 𝑞2)𝑃2 = (1,0) + (−1,1)𝑃1 + (1,−1)𝑃2 

𝑀5 = 𝑞2 + (𝑞2 − 𝑞2)𝑃1 + (𝑞2 − 𝑞2)𝑃2 = (0,1) 

𝑀6 = 𝑞2 + (𝑞2 − 𝑞2)𝑃1 + (𝑞1 − 𝑞2)𝑃2 = (0,1) + (1, −1)𝑃2 

𝑀7 = 𝑞2 + (𝑞1 − 𝑞2)𝑃1 + (𝑞1 − 𝑞1)𝑃2 = (0,1) + (1,−1)𝑃1 

𝑀8 = 𝑞2 + (𝑞1 − 𝑞2)𝑃1 + (𝑞2 − 𝑞1)𝑃2 = (0,1) + (1,−1)𝑃1 + (−1,1)𝑃2 

Remark. 

Let 𝑆 = {𝑉1, … , 𝑉3𝑛}  be the ortho-normed basis of 2 − 𝑆𝑃𝑉 , let 𝑋 = 𝑋0 + 𝑋1𝑃1 +

𝑋2𝑃2 ∈ 2 − 𝑆𝑃𝑉, then: 

𝑋 = 𝐴1𝑉1 + 𝐴2𝑉2 +⋯+ 𝐴3𝑛𝑉3𝑛, we can write: 

𝜑(𝑋, 𝑉1) = 𝐴1𝜑(𝑉1, 𝑉1) + 𝐴2𝜑(𝑉2, 𝑉2) + ⋯+ 𝐴3𝑛𝜑(𝑉3𝑛, 𝑉3𝑛) = 𝐴𝑖‖𝑉𝑖‖
2, thus: 

𝐴1 =
𝜑(𝑋,𝑉1)

‖𝑉1‖2
= 𝜑(𝑋, 𝑉1), 𝐴2 = 𝜑(𝑋, 𝑉2),… . 

And so on: 

So that, we get the following result: 

𝑋 = 𝜑(𝑋, 𝑉1)𝑉1 + 𝜑(𝑋, 𝑉2)𝑉2 +⋯+ 𝜑(𝑋, 𝑉3𝑛)𝑉3𝑛 = ∑ 𝜑(𝑋, 𝑉𝑖)𝑉𝑖
3𝑛
𝑖=1 . 

Symbolic 3-plithogenic inner product 

Definition:  

Let 𝑉 be a vector space over the field 𝑅. 
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Let 3 − 𝑆𝑃𝑅 = {𝑙0 + 𝑙1𝑃1 + 𝑙2𝑃2 + 𝑙3𝑃3; 𝑙𝑖 ∈ 𝑅}  be the corresponding symbolic 

3-plithogenic field, 3 − 𝑆𝑃𝑉 = {𝑞0 + 𝑞1𝑃1 + 𝑞2𝑃2 + 𝑞3𝑃3; 𝑞𝑖 ∈ 𝑉}  the corresponding 

symbolic 3-plithogenic vector space, then: 

𝜑: 3 − 𝑆𝑃𝑉 × 3 − 𝑆𝑃𝑉 → 3 − 𝑆𝑃𝑅 is called a symbolic 3-plithogenic real inner product 

if and only if: 

1). 𝜑(𝑤, 𝑛) = 𝜑(𝑛, 𝑤) for all 𝑛,𝑤 ∈ 3 − 𝑆𝑃𝑉. 

2). 𝜑(𝑤,𝑤) ≥ 0  for all 𝑤 ∈ 3 − 𝑆𝑃𝑉  (with respect to the corresponding partial 

order relation defined on 3 − 𝑆𝑃𝑅). 

3). 𝜑(𝑢 + 𝑣,𝑤) = 𝜑(𝑢,𝑤) + 𝜑(𝑣,𝑤). 

4). 𝜑(𝑎. 𝑤, 𝑣) = 𝑎𝜑(𝑤, 𝑣); 𝑤, 𝑣 ∈ 2 − 𝑆𝑃𝑉 , 𝑎 ∈ 3 − 𝑆𝑃𝑅. 

Theorem. 

If there exists a classical inner product 𝑓: 𝑉 × 𝑉 → 𝑅 such that: 

For 𝑤 = 𝑤0 + 𝑤1𝑃1 + 𝑤2𝑃2 + 𝑤3𝑃3, 𝑛 = 𝑛0 + 𝑛1𝑃1 + 𝑛2𝑃2 + 𝑛3𝑃3 ∈ 3 − 𝑆𝑃𝑉 , we 

define: 

𝜑(𝑤, 𝑛) = 𝑓(𝑤0, 𝑛0) + 𝑃1[𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1) − 𝑓(𝑤0, 𝑛0)] + 𝑃2[𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 +

𝑛1 + 𝑛2) − 𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)] + 𝑃3[𝑓(𝑤0 + 𝑤1 + 𝑤2 + 𝑤3, 𝑛0 + 𝑛1 + 𝑛2 + 𝑛3) −

𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 + 𝑛1 + 𝑛2)]. 

Then,  𝜑: 3 − 𝑆𝑃𝑉 × 3 − 𝑆𝑃𝑉 → 3 − 𝑆𝑃𝑅  is a symbolic 3-plithogenic real inner 

product.  

Proof. 

Assume that 𝑓: 𝑉 × 𝑉 → 𝑅 is a real inner product defined on 𝑉. 

We put 𝜑: 3 − 𝑆𝑃𝑉 × 3 − 𝑆𝑃𝑉 → 3− 𝑆𝑃𝑅, where: 

𝜑(𝑤, 𝑛) = 𝑓(𝑤0, 𝑛0) + 𝑃1[𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1) − 𝑓(𝑤0, 𝑛0)] + 𝑃2[𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 +

𝑛1 + 𝑛2) − 𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)] + 𝑃3[𝑓(𝑤0 + 𝑤1 + 𝑤2 + 𝑤3, 𝑛0 + 𝑛1 + 𝑛2 + 𝑛3) −

𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 + 𝑛1 + 𝑛2)]. 

We must prove that 𝜑 is a symbolic 2-plithogenic real inner product on 3 − 𝑆𝑃𝑉. 

𝜑(𝑤, 𝑛) = 𝑓(𝑤0, 𝑛0) + 𝑃1[𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1) − 𝑓(𝑤0, 𝑛0)] + 𝑃2[𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 +

𝑛1 + 𝑛2) − 𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)] + 𝑃3[𝑓(𝑤0 + 𝑤1 + 𝑤2 + 𝑤3, 𝑛0 + 𝑛1 + 𝑛2 + 𝑛3) −

𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 + 𝑛1 + 𝑛2)] = 𝑓(𝑛0, 𝑤0) + 𝑃1[𝑓(𝑛0 + 𝑛1, 𝑤0 + 𝑤1) − 𝑓(𝑛0, 𝑤0)] +
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𝑃2[𝑓(𝑛0 + 𝑛1 + 𝑛2, 𝑤0 +𝑤1 + 𝑤2) − 𝑓(𝑛0 + 𝑛1, 𝑤0 + 𝑤1)] + 𝑃3[𝑓(𝑛0 + 𝑛1 + 𝑛2 +

𝑛3, 𝑤0 + 𝑤1 + 𝑤2 + 𝑤3) − 𝑓(𝑛0 + 𝑛1 + 𝑛2, 𝑤0 + 𝑤1 + 𝑤2)] = 𝜑(𝑛,𝑤). 

𝜑(𝑤,𝑤) = 𝑓(𝑤0, 𝑤0) + 𝑃1[𝑓(𝑤0 + 𝑤1, 𝑤0 +𝑤1) − 𝑓(𝑤0, 𝑤0)] + 𝑃2[𝑓(𝑤0 + 𝑤1 +

𝑤2, 𝑤0 + 𝑤1 + 𝑤2) − 𝑓(𝑤0 + 𝑤1, 𝑤0 + 𝑤1)] + 𝑃3[𝑓(𝑤0 + 𝑤1 + 𝑤2 + 𝑤3, 𝑤0 + 𝑤1 +

𝑤2 +𝑤3) − 𝑓(𝑤0 +𝑤1 + 𝑤2, 𝑤0 + 𝑤1 + 𝑤2)] = ‖𝑤0‖
2 + 𝑃1[‖𝑤0 +𝑤1‖

2 − ‖𝑤0‖
2] +

𝑃2[‖𝑤0 + 𝑤1 + 𝑤2‖
2 − ‖𝑤0 + 𝑤1‖

2] + 𝑃3[‖𝑤0 + 𝑤1 + 𝑤2 + 𝑤3‖
2 − ‖𝑤0 + 𝑤1 + 𝑤2‖

2]. 

And that is because: 

{
 
 

 
 ‖𝑤0‖

2 ≥ 0

‖𝑤0‖
2 + [‖𝑤0 + 𝑤1‖

2 − ‖𝑤0‖
2] = ‖𝑤0 + 𝑤1‖

2 ≥ 0

‖𝑤0‖
2 + [‖𝑤0 + 𝑤1‖

2 − ‖𝑤0‖
2] + [‖𝑤0 + 𝑤1 + 𝑤2‖

2 − ‖𝑤0 + 𝑤1‖
2] = ‖𝑤0 + 𝑤1 + 𝑤2‖

2 ≥ 0

‖𝑤0 + 𝑤1 + 𝑤2 +𝑤3‖
2 ≥ 0

 

 

Now, we let 𝑢 = 𝑢0 + 𝑢1𝑃1 + 𝑢2𝑃2 + 𝑢3𝑃3 ∈ 3 − 𝑆𝑃𝑉, we have: 

𝜑(𝑢 + 𝑤, 𝑛) = 𝜑(𝑢, 𝑛) + 𝜑(𝑤, 𝑛) 

Let 𝑎 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 + 𝑎3𝑃3 ∈ 3 − 𝑆𝑃𝑅, then: 

𝜑(𝑎.𝑤, 𝑛) = 𝑎. 𝜑(𝑤, 𝑛). 

So that, 𝜑 is a symbolic 3-plithogenic inner product. 

Remark. 

The norm of 𝑤 = 𝑤0 + 𝑤1𝑃1 + 𝑤2𝑃2 + 𝑤3𝑃3 is defined with respect to 𝜑 as follows: 

‖𝑤‖ = √𝜑(𝑤,𝑤) = ‖𝑤0‖ + 𝑃1[‖𝑤0 + 𝑤1‖ − ‖𝑤0‖] + 𝑃2[‖𝑤0 + 𝑤1 + 𝑤2‖ −

‖𝑤0 +𝑤1‖]+𝑃3[‖𝑤0 + 𝑤1 + 𝑤2 + 𝑤3‖ − ‖𝑤0 + 𝑤1 + 𝑤2‖]. 

Theorem. 

Let 𝜑 be a symbolic 3-plithogenic inner product on 3 − 𝑆𝑃𝑉, then: 

1). ‖𝑤‖ ≥ 0;𝑤 ∈ 3 − 𝑆𝑃𝑉 

2). ‖𝑎.𝑤‖ = |𝑎|. ‖𝑤‖; 𝑎 ∈ 3 − 𝑆𝑃𝑅 

3). ‖𝑤 + 𝑛‖ ≤ ‖𝑤‖ + ‖𝑛‖; 𝑛 ∈ 3 − 𝑆𝑃𝑉 

4). |𝜑(𝑤, 𝑛)| ≤ ‖𝑤‖. ‖𝑛‖ 

5). 𝑤 ⊥ 𝑛  if and only if 𝑤0 ⊥ 𝑛0, 𝑤0 + 𝑤1 ⊥ 𝑛0 + 𝑛1, 𝑤0 + 𝑤1 + 𝑤2 ⊥ 𝑛0 + 𝑛1 +

𝑛2, 𝑤0 + 𝑤1 + 𝑤2 + 𝑤3 ⊥ 𝑛0 + 𝑛1 + 𝑛2 + 𝑛3 

6). If 𝑤 ⊥ 𝑛, then ‖𝑤 + 𝑛‖2 = ‖𝑤‖2 + ‖𝑛‖2 
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Proof. 

1). It holds directly from the definition of norm, and from the partial order relation 

defined on 3 − 𝑆𝑃𝑅. 

2). Let 𝑎 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 + 𝑎3𝑃3 ∈ 3 − 𝑆𝑃𝑅 , 𝑤 = 𝑤0 + 𝑤1𝑃1 + 𝑤2𝑃2 + 𝑤3𝑃3 ∈ 3 −

𝑆𝑃𝑉, we have: 

‖𝑎.𝑤‖2 = 𝜑(𝑎.𝑤, 𝑎. 𝑤) = 𝑎2𝜑(𝑤, 𝑤), thus ‖𝑎.𝑤‖ = |𝑎|. ‖𝑤‖. 

3). ‖𝑤 + 𝑛‖ = ‖𝑤0 + 𝑛0‖ + 𝑃1[‖𝑤0 + 𝑤1 + 𝑛0 + 𝑛1‖ − ‖𝑤0 + 𝑛0‖] + 𝑃2[‖𝑤0 + 𝑤1 +

𝑤2 + 𝑛0 + 𝑛1 + 𝑛2‖ − ‖𝑤0 + 𝑤1 + 𝑛0 + 𝑛1‖] + 𝑃3[‖𝑤0 + 𝑤1 +𝑤2 + 𝑤3 + 𝑛0 + 𝑛1 +

𝑛2 + 𝑛3‖ − ‖𝑤0 + 𝑤1 + 𝑤2 + 𝑛0 + 𝑛1 + 𝑛2‖], we have: 

{
 

 
‖𝑤0 + 𝑛0‖ ≤ ‖𝑤0‖ + ‖𝑛0‖

‖𝑤0 + 𝑤1 + 𝑛0 + 𝑛1‖ ≤ ‖𝑤0 + 𝑤1‖ + ‖𝑛0 + 𝑛1‖

‖𝑤0 + 𝑤1 + 𝑤2 + 𝑛0 + 𝑛1 + 𝑛2‖ ≤ ‖𝑤0 + 𝑤1 + 𝑤2‖ + ‖𝑛0 + 𝑛1 + 𝑛2‖

‖𝑤0 + 𝑤1 + 𝑤2 + 𝑤3 + 𝑛0 + 𝑛1 + 𝑛2 + 𝑛3‖ ≤ ‖𝑤0 + 𝑤1 + 𝑤2 + 𝑤3‖ + ‖𝑛0 + 𝑛1 + 𝑛2 + 𝑛3‖

 

So that: 

‖𝑤 + 𝑛‖ ≤ ‖𝑤‖ + ‖𝑛‖. 

4). We have: 

|𝜑(𝑤, 𝑛)| = |𝜑(𝑤0, 𝑛0)| + 𝑃1[|𝜑(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)| − |𝜑(𝑤0, 𝑛0)|] + 𝑃2[|𝜑(𝑤0 + 𝑤1 +

𝑤2, 𝑛0 + 𝑛1 + 𝑛2)| − |𝜑(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)|] + 𝑃3[|𝜑(𝑤0 + 𝑤1 + 𝑤2 + 𝑤3, 𝑛0 + 𝑛1 +

𝑛2 + 𝑛3)| − |𝜑(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 + 𝑛1 + 𝑛2)|]. 

According to Cauchy-Shwartz inequality, we can write: 

{
 

 
|𝑓(𝑤0, 𝑛0)| ≤ ‖𝑤0‖ + ‖𝑛0‖

|𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1)| ≤ ‖𝑤0 + 𝑤1‖ + ‖𝑛0 + 𝑛1‖

|𝑓(𝑤0 + 𝑤1 +𝑤2, 𝑛0 + 𝑛1 + 𝑛2)| ≤ ‖𝑤0 + 𝑤1 + 𝑤2‖ + ‖𝑛0 + 𝑛1 + 𝑛2‖

|𝑓(𝑤0 + 𝑤1 + 𝑤2 + 𝑤3, 𝑛0 + 𝑛1 + 𝑛2 + 𝑛3)| ≤ ‖𝑤0 + 𝑤1 + 𝑤2 + 𝑤3‖ + ‖𝑛0 + 𝑛1 + 𝑛2 + 𝑛3‖

 

So that,  

|𝜑(𝑤, 𝑛)| ≤ ‖𝑤‖. ‖𝑛‖ 

5). 𝑤 ⊥ 𝑛 if and only if 𝜑(𝑤, 𝑛) = 0, which is equivalent to: 

{
 

 
𝑓(𝑤0, 𝑛0) = 0 ⟹ 𝑤0 ⊥ 𝑛0

𝑓(𝑤0 + 𝑤1, 𝑛0 + 𝑛1) ⟹ 𝑤0 + 𝑤1 ⊥ 𝑛0 + 𝑛1
𝑓(𝑤0 + 𝑤1 + 𝑤2, 𝑛0 + 𝑛1 + 𝑛2) ⟹ 𝑤0 + 𝑤1 + 𝑤2 ⊥ 𝑛0 + 𝑛1 + 𝑛2

𝑓(𝑤0 + 𝑤1 + 𝑤2 + 𝑤3, 𝑛0 + 𝑛1 + 𝑛2 + 𝑛3) ⟹ 𝑤0 + 𝑤1 + 𝑤2 + 𝑤3 ⊥ 𝑛0 + 𝑛1 + 𝑛2 + 𝑛3

 

6). Assume that 𝑤 ⊥ 𝑛 , then ‖𝑤 + 𝑛‖2 = 𝜑(𝑤 + 𝑛,𝑤 + 𝑛) = 𝜑(𝑤,𝑤) + 𝜑(𝑛, 𝑛) +

2𝜑(𝑤, 𝑛) = ‖𝑤‖2 + ‖𝑛‖2. 
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Conclusion 

In This paper we have studied the real inner product defined over symbolic 

2-plithogenic vector spaces, where we discussed the concept of inner (scalar) 

products over the symbolic 2-plithogenic vector spaces by using the corresponding 

Euclidean scalar products to get theorems that describe the conditions of 

orthogonality in this class of spaces. Also, we illustrated many examples to explain 

the ortho-normed symbolic 2-plithogenic spaces. 

References 

[1] Taffach, N., " An Introduction to Symbolic 2-Plithogenic Vector Spaces 

Generated from The Fusion of Symbolic Plithogenic Sets and Vector Spaces", 

Neutrosophic Sets and Systems, Vol 54, 2023. 

[2] Ali, R., and Hasan, Z., "An Introduction To The Symbolic 3-Plithogenic Vector 

Spaces", Galoitica Journal Of Mathematical Structures and Applications, vol. 6, 

2023. 

[3] Ali, R., and Hasan, Z., "An Introduction To The Symbolic 3-Plithogenic Vector 

Spaces", Galoitica Journal Of Mathematical Structures and Applications, vol. 6, 

2023. 

[4] M. B. Zeina, N. Altounji, M. Abobala, and Y. Karmouta, “Introduction to 

Symbolic 2-Plithogenic Probability Theory,” Galoitica: Journal of Mathematical 

Structures and Applications, vol. 7, no. 1, 2023. 

[5] Taffach, N., and Ben Othman, K., " An Introduction to Symbolic 2-Plithogenic 

Modules Over Symbolic 2-Plithogenic Rings", Neutrosophic Sets and Systems, Vol 

54, 2023. 

[6] Smarandache, F., " Introduction to the Symbolic Plithogenic Algebraic 

Structures (revisited)", Neutrosophic Sets and Systems, vol. 53, 2023. 

[7] Rawashdeh, A., "An Introduction To The Symbolic 3-plithogenic Number 

Theory", Neoma Journal Of Mathematics and Computer Science, 2023. 



Neutrosophic Sets and Systems, Vol. 59, 2023 116 

 

 

Ahmed Hatip, Mohammad Alsheikh, Iyad Alhamadeh, On The Orthogonality in Real Symbolic 2-Plithogenic and 

3-Plithogenic Vector Spaces 

[8] Alfahal, A.; Alhasan, Y.; Abdulfatah, R.; Mehmood, A.; Kadhim, M. On Symbolic 

2-Plithogenic Real Matrices and Their Algebraic Properties. Int. J. Neutrosophic Sci. 

2023, 21.  

[9] Abobala, M., Hatip, A., and Bal, M., " A Review On Recent Advantages In 

Algebraic Theory Of Neutrosophic Matrices", International Journal of Neutrosophic 

Science, Vol.17, 2021. 

[10] Abobala, M. On Refined Neutrosophic Matrices and Their Applications in 

Refined Neutrosophic Algebraic Equations. J. Math. 2021, 2021, 5531093. 

[11] Merkepci, M., and Abobala, M., " On Some Novel Results About Split-Complex 

Numbers, The Diagonalization Problem And Applications To Public Key 

Asymmetric Cryptography", Journal of Mathematics, Hindawi, 2023. 

[12] Abobala, M., On Refined Neutrosophic Matrices and Their Applications In 

Refined Neutrosophic Algebraic Equations, Journal Of Mathematics, Hindawi, 2021  

[13] Merkepci, H., and Abobala, M., " On The Symbolic 2-Plithogenic Rings", 

International Journal of Neutrosophic Science, 2023. 

[14] Olgun, N., Hatip, A., Bal, M., and Abobala, M., " A Novel Approach To 

Necessary and Sufficient Conditions For The Diagonalization of Refined 

Neutrosophic Matrices", International Journal of neutrosophic Science, Vol. 16, pp. 

72-79, 2021. 

[15] Sankari, H., and Abobala, M., "Neutrosophic Linear Diophantine Equations 

With two Variables", Neutrosophic Sets and Systems, Vol. 38, pp. 22-30, 2020. 

[16] Ibrahim, M., and Abobala, M., "An Introduction To Refined Neutrosophic 

Number Theory", Neutrosophic Sets and Systems, Vol. 45, 2021. 

[17] Abobala, M., "On Some Algebraic Properties of n-Refined Neutrosophic 

Elements and n-Refined Neutrosophic Linear Equations", Mathematical Problems 

in Engineering, Hindawi, 2021. 



Neutrosophic Sets and Systems, Vol. 59, 2023 117 

 

 

Ahmed Hatip, Mohammad Alsheikh, Iyad Alhamadeh, On The Orthogonality in Real Symbolic 2-Plithogenic and 

3-Plithogenic Vector Spaces 

[18] Abobala, M., "On The Characterization of Maximal and Minimal Ideals In 

Several Neutrosophic Rings", Neutrosophic sets and systems, Vol. 45, 2021. 

[19] Abobala, M., "A Study Of Nil Ideals and Kothe's Conjecture In Neutrosophic 

Rings", International Journal of Mathematics and Mathematical Sciences, 

hindawi, 2021 

[20] Abobala, M., "Neutrosophic Real Inner Product Spaces", Neutrosophic Sets and 

Systems, Vol. 43, 2021. 

[21] Agboola, A.A.A., Akinola, A.D., and Oyebola, O.Y., " Neutrosophic Rings I" , 

International J.Mathcombin, Vol 4,pp 1-14. 2011 

[22] Smarandache, F., and Ali, M., "Neutrosophic Triplet Group", Neural. Compute. 

Appl. 2019. 

[23] Ben Othman, K., Von Shtawzen, O., Khaldi, A., and Ali, R., "On The Concept Of 

Symbolic 7-Plithogenic Real Matrices", Pure Mathematics For Theoretical Computer 

Science, Vol.1, 2023. 

[24] Ben Othman, K., Von Shtawzen, O., Khaldi, A., and Ali, R., "On The Symbolic 

8-Plithogenic Matrices", Pure Mathematics For Theoretical Computer Science, 

Vol.1, 2023. 

[25] Nader Mahmoud Taffach , Ahmed Hatip.," A Brief Review on The Symbolic 

2-Plithogenic Number Theory and Algebraic Equations ", Galoitica Journal Of 

Mathematical Structures and Applications, Vol.5, 2023. 

[26] Nader Mahmoud Taffach , Ahmed Hatip., "A Review on Symbolic 

2-Plithogenic Algebraic Structures " Galoitica Journal Of Mathematical Structures 

and Applications, Vol.5, 2023. 

[27] Merkepci, H., "On Novel Results about the Algebraic Properties of Symbolic 

3-Plithogenic and 4-Plithogenic Real Square Matrices", Symmetry, MDPI, 2023. 

https://americaspg.com/articleinfo/33/show/1691
https://americaspg.com/articleinfo/33/show/1691
https://americaspg.com/articleinfo/33/show/1689
https://americaspg.com/articleinfo/33/show/1689


Neutrosophic Sets and Systems, Vol. 59, 2023 118 

 

 

Ahmed Hatip, Mohammad Alsheikh, Iyad Alhamadeh, On The Orthogonality in Real Symbolic 2-Plithogenic and 

3-Plithogenic Vector Spaces 

[28] Hatip, A., " On The Algebraic Properties of Symbolic n-Plithogenic Matrices For 

n=5, n=6", Galoitica Journal of Mathematical Structures and Applications, 2023. 

 

Received 10/6/2023, Accepted 29/9/2023 

 

 

 

 

 


