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Abstract:

Symbolic 2-plithogenic sets as a generalization of classical concept of sets were
applicable to algebraic structures. The symbolic 2-plithogenic rings and fields are

good generalizations of classical corresponding systems.

In this paper, we study the symbolic 2-plithogenic real functions with one variable
by using a special algebraic function called AH-isometry. In addition, we discuss
the symbolic 2-plithogenic simple differential equations and conic sections by
using this isometry. Also, many examples will be presented to explain the novelty

of this work.

Keywords: symbolic 2-plithogenic set, symbolic 2-plithogenic real function,

symbolic 2-plithogenic circle, symbolic 2-plithogenic ellipse.
Introduction and basic definitions

Symbolic n-plithogenic algebraic structures are considered as new generalizations
of classical algebraic structures [1-3], such as symbolic 2-plithogenic integers,

modules, and vector spaces [4-8].
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Symbolic 2-plithogenic structures have a similar structure to the refined
neutrosophic structures and many non classical algebraic structures defined by

many authors in [9-17,20-23, 24-30].

In the literature, many mathematical approaches were carried out on neutrosophic
and refined neutrosophic structures, were a special function called AH-isometry
was used to study the analytical properties and conic sections [11-12, 18-19], and
that occurs by taking the direct image of neutrosophic elements to the classical

Cartesian product of the real field with itself.

In this work, we follow the previous efforts, and we define for the first time a
special AH-isometry on the symbolic 2-plithogenic field of reals, and we use this
isometry to obtain many formulas and properties about the symbolic 2-plithogenic
analytical concepts such as differentiability, continuity, and integrability. Also,

symbolic 2-plithogenic conic sections will find a place in our study.

Definition.
The symbolic 2-plithogenic ring of real numbers is defined as follows:

2—SPg ={to+t;P, + t,Py;t; ER, Py X Py = P, X P, = P,,P,* = P,” = P,}
The addition operation on 2 — SP; is defined as follows:
(to + t1Py + t2Py) + (£ + 4Py + 65P) = (o + to) + (¢4 + 6Py + (£ + £5)P,
The multiplication on 2 — SPy is defined as follows:
(to + 6Py + 6,P,) (o + &4 Py + 5 P,)

= toty + (toty + tity + t1t) Py + (Lot + tyty + toty + tyty + tat1) Py

Remark.

IfT=t0+t1P1+t2P2EZ—SPR,then:

T‘1=1=i+[ L1 P1+[ LI ]Pz, with to# 0,tg +t; £ 0,60+ t; +
Tty @ lto+t; to totti+t,  totty

t, # 0.

Main Results

Definition.
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Let 2 —SPr = {a+ bP; + cP,;a,b,c € R} be the 2-plithogenic field of real numbers,
a function f=f(X):2—-SPs—>2—SP; is called one variable symbolic
2-plithogenic real function, with

X =x9+x,P; +x,P, €2 — SPp.
Definition.
Let 2 — SP, be the symbolic 2-plithogenic field of reals, we define its AH-isometry
as follows:
[:2 —SPgr - R X R X R such that:
I(x+yP;+2zP,) = (x,x+y,x +y+2z).
It is easy to see that I is a ring isomorphism with the inverse:
I"1:R X R X R > 2 — SP; such that:
Iy, 2) =x+ (=P + (- y)P,
Definition.
Let f:2—SPr > 2—SP; be a symbolic 2-plithogenic real function with one
variable, we define the canonical formula as follows:

I"1oI(f):2 — SPy > 2 — SPg
Example.
Considerf (X) = X2 + 2 — P, + P,, its canonical formula is:
I(FC0) =GO +1(2 = Py + Py) = (x0, %0 + X1, %0 + %1 + 22)% + (2,1,2)
= (%02 4+ 2,(xg + x)?+ 1, (xg + x1 +x2)% + 2)

I7HeI(f00) =
X2 + 2+ Py[(xg + x1)% — x0% — 1] 4+ Po[(xg + x1 + x2)? — (%0 + x1)* + 1]
For example:
fA+P)=Q+P)*+2—-P+P,=14+P +2P,+2—-P, +P,=3+2P, +P,.
If we put values xo = 1,x; = 1,x, = 0,

in the canonical formula, then we get:
IProl(f(X) = (D2 + 24P [(2)2 = (1)? = 1] + P,[(2)2 — (2)* + 1] =3+ 2P, + P;.
The canonical formulas of famous functions:

1. The exponent function:
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eX;X = Xy +X1P1 +x2P2,1_1°I(eX) =

["1(e%o, eXo+¥1 gXotX1+x2) =
exo + Pl [ex0+x1 _ exo] + PZ [ex0+x1+x2 _ ex0+x1]

2. The logarithmic function:
In(X); X = xo + x, Py + x,P,,

[71 o I(In(X)) = I" (In(xg) , In(xp + x1) , In(xg + %1 + X)) =

In(xy) + Pi[In(xy + x1) — In(xg)] + P[In(xg + x1 + x3) — In(xo + x4)].

3. Famous trigonometric functions:
sin(X) = sin(xy) + Py [sin(x, + x;) — sin(xy)] + P,[sin(xq + x; + x,) — sin(xy + x;)]
cos(X) = cos(xy) + P;[cos(xg + x1) — cos(xp)]

+ P,[cos(xqy + x; + x5) — cos(xg + x7)]
tan(X) = tan(x,) + P;[taan(x, + x;) — tan(x,)]
+ P,[tan(xq + x; + x,) — tan(xy + x1)]
And so no.
Definition.
A symbolic 2-plithogenic real number T = t, + t;P; + t,P, is called positive if and
only if
to=>0,ty+t; >0ty +t; +t, > 0.

For example 3 + 2P; — P, > 0, that is because, 3 >0, 5> 0,4 > 0.
Definition.
Let f:2—SP; > 2—SP; be a symbolic 2-plithogenic real function with one
variable X = xy + x;P; + x,P,, then:

a. f is differentiable if and only if I(f(X)) is differentiable.

b. f is continuous if and only if I(f(X)) is continuous.

c. f isintegrable if and only if | (f (X)) is integrable.
Example.
Find the derivation of f(X) = X* 4+ X + P, in two different ways.
Solution.
The regular way is f(X) =2X +1.

The canonical way is:
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"o I(f(X)) =
I7 (%02, (g + x1)?, (X0 + X1 + x2)%) + I (%, x0 + X1, X0 + X, + x,) + 172(0,1,1)
= x0% + x¢ + P [(xg + x1)% — x0% + (%0 + x1) — x0 + 1]
+ Py[(xo + %1 +x5)% — (%9 + x1)% + (%0 + x1 + x3) — (% + x1) + 0] =
= x0% + x¢ + P [(xg + x1)% — %% + x;1 + 1]
+ Po[ (g + x1 + x2)% — (%0 + x1)% + x4]

First, we have: (x,% + xX0)' ., = 2%0 + 1.

[(xo +x1)% —x0% +x; + 1+ x5% + x,]

Xo+XxX1 -

[(xo + x1)% + (xg + x1) + 1] =2(xg+x) +1

Xo+Xx1

[(xo + 21 +x)% — (xg + )2+ x5, + (xg + %)% — %% +x; + 1]

Xot+X1+Xo

=[(x0+x1+x2)2+(x0+x1+x2)+1]’ =2(x0+x1+x2)+1

Xot+x1+Xx2
Thus, f(X) = 2xo+ 1+ P[2(xg + %) + 1 —2x5 — 1] + P[2(xp + x; + x,) + 1 —
2(xg +x1) — 1] = (2x9 + 1) + 2x;,P; + 2x,P, = 2X + 1

Example.

Find the value of | 01 e*dX in two different ways.

Solution;

+P1+P; 1+P;+P
eXdX — [eX] 1 2 1+P1+P2

0 — e — eO — 1+P1+P2 — 1'

The regular way: | 01 e

The canonical formula way:
1—1 ° I(f(X)) = eXo 4 pl[exo+x1 _ exo] + pz[exo+x1+x2 _ ex0+x1]

We have:
1

2 3
]e""dx0 =e— 1,] e d(xy + x,) = €% — l,f eXot¥itXad(xo +x; +x,) =e3—1
0 0 0

14Py+P
Thus, [~ ' 7

. eXdX=e—1+Pje?—1—e+1]+Pfed—1—-e?+1]=e—1+

Pi[e? —e] + P,[e3 — e?] = eltP1tP2 — 1

Applications to differential equations.

Example.

Solve the equation Y =C;Y =y, + y,P, + y,P, is a function, and C = cq + c;P; +
c,P, is a constant.

We have y, = fo,y1 = f1,¥2 = f2:R = R.
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Y = (YO)'XO + P [(B’O + 3’1)'x0+x1 - (}’o)'xo] +

P, [(}’0 +y t 3’2)'x0+x1+x2 — (o + J’1)’xo+x1] =co+ 1Py + P,
so that:

o) xo — €0 Yo = CoXo + Mg
(7o + Y1)’x0+x1 = = Yo+ y1=ci(xg +x) +my
Go+ Y1+ Y2 g snian, =€z Yot Yi Y2 =0 +x +x) +my

This implies that:
Y = (coxo + mg) + Pyley (g + x1) + my — (coxo + mp)] +
Plc,(xg + x; + x5) + my — c;(xy + x;) —m4]; x; are real variables, m; are real
constants.
Example.
Solve the differential equation Y = CY, where C = ¢y + ¢, Py + ¢;P5, Y =y + v, P +
V2P;.
Solution.
Y =CY equivalents:

(YO)'xO = Co)Yo
(yo + yl),x0+x1 = (co + 1) o + ¥1)
Vo +y1 + 3’2)’x0+x1+x2 =(co+cr+c)o+y1+y2)

So that:

Yo = koe*o
Yo+ Y1 = kle(C°+Cl)(x°+x1)
yo + y]_ + yz — kze(C0+C1+C2)(xO+X1+xZ)

Thus: Y = koecoxo + P1 [kle(co+c1)(xo+x1) _ koecoxo] + P2 [kze(c0+c1+c2)(xo+x1+x2) _
kle(C°+Cl)(x°+x1)].

Example.

Solve the differential equation Y" = C, where C = ¢y + ¢1P; + ;P Y = yo + y,P; +
Y2Ps.

Solution.

Y" = C equivalents:
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(Yxo)” = Co
Vo + YD xg4x, = C1

(yO + yl + yZ)x0+x1+le = CZ

So that:

f Yo =C2—0x02+m0x0+n0;m0,n0 ER
Yoty = C2_1(x0 +x1)? +my (xo + x1) + ny;my,ny ER

Yot Y1tV = Cz_z(x() +x1 +22)% + my(xg + %1 + %) +np5my,mp €R
And

Y = (CZ—"xOZ + moxo + no) +

C1 Co

P [7 (X0 +x1)% +my(xg +x1) + 1y — 7x02 — MyXy — no] +
P, [%2 (0 + 21 + x5)% + my(x + %1 + %) + 1y — 02_1 (%0 + %)% —my(xo + x1) — nl].
Applications to geometric shapes:
Definition.
1). We define the symbolic 2-plithogenic circle as follows:
X—-4)?%*+ Y —-B)?>=R%,A=ay+a,P, +a,P,,B=Dby+ b P, +b,P,,R =15+
1Py + 1P, Y = yo + y1P1 + 2P, x = xg + x1P; + x, P, with a;, b;, 73, x;,y; € R

2). We define the symbolic 2-plithogenic sphere as follows:
X—-A4)¥*+ Y -B)¥*+(Z—-C)?*=R*X,AB,C,RY,Ze2—-SP
3). We define the symbolic 2-plithogenic ellipse as follows:

—A)2 —_p)2
CA OB = 1;X,A,B,T,S,Y € 2~ SP and T,$ invertible.

4). We define the symbolic 2-plithogenic hyperbola as follows:

(x-4)?% (v-B)?
T2 S2

=1;X,A,B,T,S,Y €2—-SP, and T,S invertible.

Example.

1) X—1—Py+P)*+ (Y —3+2P, —P,)*> = (1+ P,)? is a 2-plithogenic circle.

2). X—10+P)*+ (Y +P)?+ (Z—P,+P)*=(1+P, +13P,)*? is a

2-plithogenic sphere.

) (X—Py)? (Y+P1—P;)?
" (14P;+Py)2  (2—P;+5P,)2

= 1 is a 2-plithogenic ellipse.
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2) (X—2Pp)* _ (Y+1+4Pp)° _ is a 2-plithogenic hyperbola.

* (1+P;+3P;)2  (13-2P;+P;)2

Theorem.
1. Any symbolic 2-plithogenic circle is equivalent to three classical circles.
2. Any symbolic 2-plithogenic sphare is equivalent to three classical spheres.
3. Any symbolic 2-plithogenic ellipse is equivalent to three classical ellipses.
4. Any symbolic 2-plithogenic hyperbola is equivalent to three classical
hyperbolas.
Proof.
1. Consider the symbolic 2-plithogenic circle:
(X — A)? + (Y — B)? = R?, then by using the isomprphism defined before, we get:
I[X — A% = [1(X) — (D]
= (%0 — ag, (xo + x1) — (ag + ay), (xo + x; + x3) — (ag + a4 + az))2
= ((xo — ay)?, ((xo +x;) — (ap + a1))2' ((xo + x; + x3)
—(ap+a; + az))z)
II(Y = B)?] = [1(Y) — I(B)]*
= (()’0 — by)?, ((3’0 +y1) — (by + b1))2, (()’0 +y1+y2)
— (bo + by +by))°)
I(R?) = I(R)]* = (r?, (ro + )%, (g + 11+ 15)%)
Thus, it is equivalent to:
(%0 — ag)? + (¥o — bp)* = 1p”
(Gro+32) = (@ +a1))” + (0 +32) = (bo + b)) = (1o +7)°
((xo +x; +x) —(ap+a; + az))z + (()’0 +y1+y2) —(bg+ by + bz))z = (rp + 1 +12)?
2. Consider the sphere (X —A)2+ (Y —B)*>+ (Z—-C)*>=R?, we use the
isomorphism I, to get:
10X = )21 = (o — ag)? (o + 1) = (a0 + @), (o + 21 +x2)
—(ap+a; + az))z)

I[(Y — B)z] = ((3’0 - bo)z, ((J’o +y1) — (by + b1))2, ((}’0 +y1 +¥2)

= (bo + by + b))
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1z = 0% = (20 — ), (0 + 22) = (co + 1)), (20 + 71 + 22)

—(co+c1 + cz))z)
I(R?®) = [I(R)]* = (1?3, (1 + 11)?, (rp + 11 + 13)?), hence we get:
(xo = ag)? + (¥o — bo)* + (29 — ¢p)* = 1¢°
((xo +x;) — (ap + al))z + ((J’O +y1) — (by + bl))z + ((Zo +2z1) —(co + C1))2 = (
(Cro+x1 4+ x3) — (ag +a; + az))z + (o +y1+y2) — (b + by + bz))2 +((zo+z1+2)—(co+¢

(x-4)% | (v-B)?

— T~ = 1, we use the isomorphism [ to get:

3. Consider the ellipse

(x - 4y
1[ —

te? (to + t1)? ’ (to + t; + t,)?
(Y — B)?
1 —52

_ ((YO — by)? ((J’o +y1) — (b + b1))2 ((3’0 +y1+y2) —(bo + by + bz))2>

_ ((xo —ay)? ((xo +x) — (ap + a1))2 ((xo +x;+x) —(ap+a; + az))z)

So? ’ (so +51)2 ' (So + 51 + 52)?

1(1) = (1,1,1), thus:

( (%o _Zao)z + (Yo — bo)? _q
to So?
) ((xo +x1) — (ap + a1))2 n ((J’o +y1) — (by + b1))2 —1
(to +t1)? (so +51)2 B
((xo +x; +x) —(ap+a; + az))z + (()’0 +y1+y2) — (bo+ by + bz))z _ 1
L (to+ t; + t,)? (5o + 51 + 5,)2 a

X—A)? _ (Y-B)?

4. Consider the hyperbola ( = 1, by a similar discussion, we get

T2 S2

( (xo —ag)®  (¥o — by)?
_ =1
to? %

2 2

) ((xo +x1) — (ap + a1)) _ ((J’o +y1) — (by + b1)) —1
(to + t1)? (so +51)2
2 2
((xo +x; +x) —(ap+a; + az)) B (()’0 +y1+y2) — (bo+ by + bz)) —1

\ (to + t; + t,)? (sg + 51 +55)?
Example.

Consider the symbolic 2-plithogenic circle:

(X —14P)*+ (Y —3+ 2P, +2P,)* = (1 + 4P, + 4P,)?, it is equivalent to:
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(o =1+ (o —3)*=1
(Cxo + xl))2 + (o +y1) — 1)2 = 25

(Gro+x1+52))” + (G0 +31 +32)” =81
The first circle has (1,3) as entre and radius 1.
The second circle has (0,1) as entre and radius 5.
The third circle has (0,—1) as entre and radius 9.
Example:
Consider the symbolic 2-plithogenic sphere:
(X —14P,+3P)?+ (Y —P)* + (Z—4+P,)? = (3— P, + P,)?, itis equivalent to:

(ro = 2)* + (yo)* + (2o —H* =9
((xo +x;) — 1)2 + ((J’O + 3’1))2 + ((Zo +2z) — 1)2 =4

(o+x+x)+4) + (Go+y+y2) — 1) + ((2o + 21 +2,) —3)" =9
The first sphere has (2,0,4) as entre and radius 3.
The second sphere has (1,0,4) as entre and radius 2.
The third sphere has (—4,1,3) as entre and radius 3.
Example:

Consider the symbolic 2-plithogenic ellipse:

(X—1+P;+3P;)? (Y—1-P,)?
(3+P;+P,)2 (4+2P;+3P,)?
( (%) (o —D? _
32 T
2 2

((xo +xp) — 4) ((3’0 +y1) — 1)

42 + 62
2 2

((x0+x1+x2)—3) +(()’0+3’1 +3’2)—2) _
\ 52 92 -

Example:

= 1, it is equivalent to:

1

=1

1

Consider the symbolic 2-plithogenic hyperbola:

(x-1)? (Y-P)? . ... . .
G12P)?  LePiaP? 1, it is equivalent to:
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r (o= 1?0 _,
52 IR
] (Gotx)- )" (Go+yw) -1
72 B 22 =1
(ot +x)=1)° (Go+yi+y)-1) .
L 72 B 32 B

Example.

Let us the parametric representation of the symbolic 2-plithogenic ellipse:

(X_l_Pl_Pz)z (Y_2_3P1)2_

=1
(2 + Py)? (1+2P; — Py)?
The previous ellipse is equivalent to:
( (xo —1)* (¥o—2)°
=t = 1..(1D)
2 2
((xo +x1)—2)"  ((yo+y1)—5)
9 32 + 32 =1..(02)
2 2
((xo +x; + %) — 3) ((3’0 +y1+y,) — 5) _
L 32 + 2 =1..03)

Equation (1) implies XOT_l = cosb, , % = sinf, , hence xy = 2cosfy+1,y, =

sinf, + 2.

(XO+X1)—2
3

(Yo+y1)—5

Equation (2) implies = cosb,, = sinf,, hence x; = 3cosf0; + 2 —

Xo = 3c0s6; — 2cosfy + 1,y, = 2sinb; + 5 — yy, = 2sinf; — sinf, + 3

(xo+x1+x2)-3 (Yo+y1+y2)-5

> = sinf, , hence x, =

Equation (3) implies = cos0, ,
3cos6, — (xy + x1) + 3 = 3cos6, — 3cosO; +1,y, = 2sinf, — (yo +y,) +5 =
2sinf, — 2sinb,

This means that:

X = (2cosBy + 1) + P,[3cosB; — 2cos0, + 1] + P,[3cos6, — 3cosbO; + 1]

Y = (sinfy + 2) + P;[2sinf, — sinf, + 3] + P,[2sinf, — 2sinb,]|.

Example.

Consider the symbolic 2-plithogenic ellipse:

(X—2—4P1+3P2)2+ Y +1+P,)*
(1+ 5P, + 7P,)? (3—P,—P,)2

it is equivalent to:
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( —2)? +1)?
(=27 Qo+ D _
1 32
[(xo +x1) — 6] [(yo+y)+1]°
) 62 + 22 =1
[(xo + %1 + x3) — 3] N [(vo + y1 +y2) +2]° —1
132 1 B
\
Example.

Consider the symbolic 2-plithogenic circle:
(X—2-4P; +3P)*+ (Y +1+P)* =1
It is equivalent to:

(ko —2)+ (o +1)?* =
[(xo +x1) =612+ [(o +y) + 112 =1
(G0 + %1 +22) =31 + [0 +y1 +32) + 22 = 1

Example.

Consider the symbolic 2-plithogenic hyperbola:

(X—-2-4P, +3P)* (Y +1+4P)° _ 1
(14 5P, + 7P,)>2 (3—P,—P,)2

it is equivalent to:

r (o=27_ o+ D?_
1 32
[(xo +x1) — 61> [(yo +y) +1]> "
< 62 - 22 -
[(xo + %1 + x3) — 3] _ [((yo + y1 +¥2) + 2]? _q

132 1
\
Conclusion

In this paper, we defined for the first time a special AH-isometry on the symbolic
2-plithogenic fields of reals, and we used this isometry to obtain many formulas
and properties about the symbolic 2-plithogenic analytical concepts such as
differentiability, continuity, and integrability. Also, symbolic 2-plithogenic conic
sections were handled by using the mentioned isometry. In addition, many related

examples were presented to clarify the novelty of our work.
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