
Neutrosophic Sets and Systems, Vol. 59, 2023

University of New Mexico

Solution of System of Symbolic 2-Plithogenic Linear Equations

using Cramer’s Rule

P. Prabakaran1, Florentin Smarandache2

1Department of Mathematics, Bannari Amman Institute of Technology, Sathyamangalam-638401, Tamil

Nadu, India; E-mail: prabakaranpvkr@gmail.com
2University of New Mexico, 705 Gurley Ave., Gallup, NM 87301, USA; E-mail: fsmarandache@gmail.com
∗Correspondence: prabakaranpvkr@gmail.com

Abstract. In this article, the concept of system of symbolic 2-plithogenic linear equations and its solutions

are introduced and studied. The Cramer’s rule was applied to solve the system of symbolic 2-plithogenic linear

equations. Also, provided enough examples for each case to enhance understanding.

Keywords: Symbolic 2-plithogenic linear equations; Cramer’s rule; solution of the symbolic 2-plithogenic linear

equations.

—————————————————————————————————————————-

1. Introduction

The concept of refined neutrosophic structure was studied by many authors in [1–5]. Sym-

bolic plithogenic algebraic structures are introduced by Smarandache, that are very similar

to refined neutrosophic structures with some differences in the definition of the multiplication

operation [10].

In [7], the algebraic properties of symbolic 2-plithogenic rings generated from the fusion of

symbolic plithogenic sets with algebraic rings, and some of the elementary properties and sub-

structures of symbolic 2-plithogenic rings such as AH-ideals, AH-homomorphisms, and AHS-

isomorphisms are studied. In [11], some more algebraic properties of symbolic 2-plithogenic

rings are studied. Further, Taffach [8,9] studied the concepts of symbolic 2-plithogenic vector

spaces and modules.
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In [14], the concept of symbolic 2-plithogenic matrices with symbolic 2-plithogenic entries,

determinants, eigen values and vectors, exponents, and diagonalization are studied. Hamiyet

Merkepci et.al [13], studied the the symbolic 2-plithogenic number theory and integers. Ah-

mad Khaldi et.al [12], studied the different types of algebraic symbolic 2-plithogenic equations

and its solutions.

In [6], Yaser Ahmad Alhasan studied the types of the nuetrosophic linear equations and

Cramer’s rule to solve the system of nuetrosophic linear equations. Motivated by this work,

in this article the symbolic 2-plithogenic linear equations and its solutions are introduced and

studied. Also, enough examples are given for all the cases to enhance understanding.

2. Preliminaries

Definition 2.1. [7] Let R be a ring, the symbolic 2-plithogenic ring is defined as follows:

2− SPR =
{
a0 + a1P1 + a2P2; ai ∈ R,P 2

j = Pj , P1 × P2 = Pmax(1,2) = P2

}
Smarandache has defined algebraic operations on 2− SPR as follows:

Addition:

[a0 + a1P1 + a2P2] + [b0 + b1P1 + b2P2] = (a0 + b0) + (a1 + b1)P1 + (a2 + b2)P2

Multiplication:

[a0 +a1P1 +a2P2].[b0 + b1P1 + b2P2] = a0b0 +a0b1P1 +a0b2P2 +a1b0P
2
1 +a1b2P1P2 +a2b0P2 +

a2b1P1P2 + a2b2P
2
2 + a1b1P1P1 = (a0b0) + (a0b1 + a1b0 + a1b1)P1 + (a0b2 + a1b2 + a2b0 + a2b1 +

a2b2)P2.

It is clear that 2−SPR is a ring. If R is a field, then 2−SPR is called a symbolic 2-plithogenic

field. Also, if R is commutative, then 2− SPR is commutative, and if R has a unity (1), than

2− SPR has the same unity (1).

Theorem 2.2. [7] Let 2 − SPR be a 2-plithogenic symbolic ring, with unity (1). Let X =

x0 + x1P1 + x2P2 be an arbitrary element, then:

(1) X is invertible if and only if x0, x0 + x1, x0 + x1 + x2 are invertible.

(2) X−1 = x−1
0 + [(x0 + x1)

−1 − x−1
0 ]P1 + [(x0 + x1 + x2)

−1 − (x0 + x1)
−1]P2

Definition 2.3. [14] A symbolic 2-plithogenic square real matrix is a matrix with symbolic

2-plithogenic real entries.

Theorem 2.4. [14] Let S = S0 +S1P1 +S2P2 be a symbolic 2-plithogenic square real matrix,

then

(1) S is invertible if and only if S0, S0 + S1, S0 + S1 + S2 are invertible.

(2) If S is invertible then

S−1 = S−1
0 + [(S0 + S1)

−1 − S−1
0 ]P1 + [(S0 + S1 + S2)

−1 − (S0 + S1)
−1]
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3. The Symbolic 2-Plithogenic Linear Equations

We begin this section with the following definition.

Definition 3.1. The symbolic 2-plithogenic linear equation of n variables x1, x2, x3, ..., xn, is

each equation that takes the form:

(a01 + a11P1 + a21P2)x1 + (a02 + a12P1 + a22P2)x2 + (a03 + a13P1 + a2P23)x3 + · · ·+ (a0n +

a1nP1 + a2nP2)xn = b0 + b1P1 + b2P2

where a0i, a1i, a2i, i = 1, 2, ..., n are real coefficients. We call (a01 + a11P1 + a21P2), (a02 +

a12P1 + a22P2), (a03 + a13P1 + a23P2) symbolic 2-plithogenic coefficients of the borders of the

equation, and b0 + b1P1 + b2P2 constant symbolic 2-plithogenic border of the equation.

Remark 3.2.

(1) We call each equation of the form:

(a0 + a1P1 + a2P2)x+ (b0 + b1P1 + b2P2)y = c0 + c1P1 + c2P2

the two-variable symbolic 2-plithogenic linear equation, where, a0, a1, a2, b0, b1, b2, and

c0, c1, c2 are real coefficients.

(2) We call each equation of the form:

(a0 + a1P1 + a2P2)x+ (b2 + b1P1 + b2P2)y + (c0 + c1P1 + c2P2)z = d0 + d1P1 + d2P2

the three-variable symbolic 2-plithogenic linear equation, where, a0, a1, a2, b0, b1, b2,

c0, c1, c2, and d0, d1, d2 are real coefficients.

Example 3.3.

(1) (1 + P2)x+ (3− P1)y + (1 + P1 − P2)z = 5

(2) P2x+ P1y + (P1 − P2)z = 2P1 + 2P2

(3) (1 + P1 − P2)x+ (4 + P1 − P2)y = 11 + 4P2

Definition 3.4. Solution of the symbolic 2-plithogenic linear equation,

(a01 + a11P1 + a21P2)x1 + (a02 + a12P1 + a22P2)x2 + (a03 + a13P1 + a2P23)x3 + · · ·+ (a0n +

a1nP1 + a2nP2)xn = b0 + b1P1 + b2P2

is finding the values of the variables x1, x2, x3, ..., xn that satisfies the equation, where

a0i, a1i, a2i, i = 1, 2, ..., n are real coefficients.

Example 3.5. Consider the following the two-variable symbolic 2-plithogenic linear equation:

(1 + P1 − P2)x+ (4 + P1 − P2)y = 4 +
11

2
P1 −

15

2
P2

The solution of this equation is

x = 2 + P1 + 2P2, y =
1

2
− P2.
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Definition 3.6. For the two variable symbolic 2-plithogenic linear equation

(a0 + a1P1 + a2P2)x+ (b0 + b1P1 + b2P2)y = c0 + c1P1 + c2P2

the infinite number of solutions defined by

y = −a0 + a1P1 + a2P2

b0 + b1P1 + b2P2
x+

c0 + c1P1 + c2P2

b0 + b1P1 + b2P2

where, a0, a1, a2, b0, b1, b2, c0, c1, c2 are real coefficients, b0 6= 0, b0 + b1 6= 0 and b0 + b1 + b2 6= 0

by given a value for one of the two variables, we obtain a value for the other variable.

Example 3.7. Consider the two variable symbolic 2-plithogenic linear equation

(1 + P1 − P2)x+ (4 + P1 − P2)y = 1 + P1 − 2P2.

This implies that,

y = −
(

1 + P1 − P2

4 + P1 − P2

)
x+

(
1 + P1 − 2P2

4 + P1 − P2

)
Then the set of solution is:

S =

{
x, y ∈ 2− SPR : y = −

(
1 + P1 − P2

4 + P1 − P2

)
x+

(
1 + P1 − 2P2

4 + P1 − P2

)}
i.e., S =

{
x, y ∈ 2− SPR : y =

(
−1

4
− 3

20
P1 +

3

20
P2

)
x+

(
1

4
− 3

20
P1 −

2

5
P2

)}
By given any value for the variable x, we obtain a value of the variable y.

Definition 3.8. For the n-variable symbolic 2-plithogenic linear equation

(a01 + a11P1 + a21P2)x1 + (a02 + a12P1 + a22P2)x2 + (a03 + a13P1 + a2P23)x3 + · · ·+ (a0n +

a1nP1 + a2nP2)xn = b0 + b1P1 + b2P2

where a0i, a1i, a2i, i = 1, 2, ..., n are real coefficients, the infinite number of solutions are the

unknown values x1, x2, ...., xn that satisfies the equation.

Definition 3.9. A non-homogeneous system of n-variable symbolic 2-plithogenic linear equa-

tions is given by the form:

(a101 + a111P1 + a121P2)x1 + (a102 + a112P1 + a122P2)x2 + (a103 + a113P1 + a123P2)x3 + · · ·+ (a10n +

a11nP1 + a12nP2)xn = b10 + b11P1 + b12P2

(a201 + a211P1 + a221P2)x1 + (a202 + a212P1 + a222P2)x2 + (a203 + a213P1 + a223P2)x3 + · · ·+ (a20n +

a21nP1 + a22nP2)xn = b20 + b21P1 + b22P2

· · ·
(am01 + am11P1 + am21P2)x1 + (am02 + am12P1 + am22P2)x2 + (am03 + am13P1 + am23P2)x3 + · · ·+ (am0n +

am1nP1 + am2nP2)xn = bm0 + bm1 P1 + bm2 P2

where, aj0i, a
j
1i, a

j
2i, b

j
0, b

j
1, b

j
2 are real coefficients, i = 1, 2, ..., n, j = 1, 2, ...,m.

Definition 3.10. The solution of non-homogeneous system of n-variable symbolic 2-

plithogenic linear equations:
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(a101 + a111P1 + a121P2)x1 + (a102 + a112P1 + a122P2)x2 + (a103 + a113P1 + a123P2)x3 + · · ·+ (a10n +

a11nP1 + a12nP2)xn = b10 + b11P1 + b12P2

(a201 + a211P1 + a221P2)x1 + (a202 + a212P1 + a222P2)x2 + (a203 + a213P1 + a223P2)x3 + · · ·+ (a20n +

a21nP1 + a22nP2)xn = b20 + b21P1 + b22P2

· · ·
(am01 + am11P1 + am21P2)x1 + (am02 + am12P1 + am22P2)x2 + (am03 + am13P1 + am23P2)x3 + · · ·+ (am0n +

am1nP1 + am2nP2)xn = bm0 + bm1 P1 + bm2 P2

where, aj0i, a
j
1i, a

j
2i, b

j
0, b

j
1, b

j
2 are real coefficients, i = 1, 2, ..., n, j = 1, 2, ...,m, is the values of

the variables x1, x2, x3, ..., xn that satisfies the system of equations.

Remark 3.11. We distinguish three cases to solve the system given in Definition 3.10:

(1) The system is consistent, it has unique solution.

(2) The system is consistent, it has infinite number of solutions.

(3) The system is inconsistent, it has no solution.

4. Solving System of Symbolic 2-Plithogenic Linear Equations using Cramer’s Rule

Consider the non-homogeneous system of n symbolic 2-plithogenic linear equations with

n-variables:

(a101 + a111P1 + a121P2)x1 + (a102 + a112P1 + a122P2)x2 + (a103 + a113P1 + a123P2)x3 + · · ·+ (a10n +

a11nP1 + a12nP2)xn = b10 + b11P1 + b12P2

(a201 + a211P1 + a221P2)x1 + (a202 + a212P1 + a222P2)x2 + (a203 + a213P1 + a223P2)x3 + · · ·+ (a20n +

a21nP1 + a22nP2)xn = b20 + b21P1 + b22P2

· · ·
· · ·

(an01 + an11P1 + an21P2)x1 + (an02 + an12P1 + an22P2)x2 + (an03 + an13P1 + an23P2)x3 + · · ·+ (an0n +

an1nP1 + an2nP2)xn = bn0 + bn1P1 + bn2P2

Let AX = B be the matrix form of this system and let, ∆ = det(A) = a0 + a1P1 + a2P2. We

distinguish the following cases:

(1) If a0 6= 0, a0 + a1 6= 0 and a0 + a1 + a2 6= 0 then the system is consistent and the

system has unique solution given by the formula:

xi =
∆xi

∆
, i = 1, 2, 3, ..., n

where ∆xi is the determinant of the matrix A where the ith column is replaced by the

column matrix B.

(2) If a0 = 0, or a0 + a1 = 0 or a0 + a1 + a2 = 0. Then the system is inconsistent or

it have infinite number of solutions.
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Remark 4.1. Consider a system of 2 linear symbolic 2-plithogenic equations with 2 unknowns

x and y with

∆ = det(A) = a0 + a1P1 + a2P2

∆x = det(Ax) = ax0 + ax1P1 + ax2P2

∆y = det(Ay) = ay0 + ay1P1 + ay2P2

We distinguish the following cases:

(1) If a0 6= 0, a0 + a1 6= 0 and a0 + a1 + a2 6= 0 then the system is consistent and the

system has unique solution given by the formula:

x =
∆x

∆
, y =

∆y

∆

(2) If the determinants satisfies any one of the following conditions, then the system is

inconsistent and it has no solutions.

(i). a0 = 0 and ax0 , a
y
0 are not all zero.

(ii). a0 + a1 = 0 and ax0 + ax1 , a
y
0 + ay1 are not all zero.

(iii). a0 + a1 + a3 = 0 and ax0 + ax1 + ax2 , a
y
0 + ay1 + ay2 are not all zero.

(3) In all other cases the system is consistent with infinite number of solutions.

Example 4.2. Consider the system of equations:

(2 + P1 + 3P2)x+ (1− P1 − P2)y = 5 + P1 + 11P2

(3 + 4P2)x+ (1 + P1)y = 7 + 3P1 + 13P2.

The coefficient matrix is, A =

(
2 + P1 + 3P2 1− P1 − P2

3 + 4P2 1 + P1

)
.

∆ = det(A) =

∣∣∣∣∣2 + P1 + 3P2 1− P1 − P2

3 + 4P2 1 + P1

∣∣∣∣∣ = −1 + 7P1 + 13P2

Here, a0 6= 0, a0 + a1 6= 0 and a0 + a1 + a2 6= 0, the system is consistent and its has unique

solution.

∆x = det(Ax) =

∣∣∣∣∣ 5 + P1 + 11P2 1− P1 − P2

7 + 3P1 + 13P2 1 + P1

∣∣∣∣∣ = −2 + 14P1 + 45P2

∆y = det(Ay) =

∣∣∣∣∣2 + P1 + 3P2 5 + P1 + 11P2

3 + 4P2 7 + 3P1 + 13P2

∣∣∣∣∣ = −1 + 13P1 + 7P2

So the solution of the given system is,

x =
∆x

∆
=
−2 + 14P1 + 45P2

−1 + 7P1 + 13P2
= 2 + P2,

y =
∆y

∆
=
−1 + 13P1 + 7P2

−1 + 7P1 + 13P2
= 1 + P1 − P2

P. Prabakaran and Florentin Smarandache, Solution of System of Symbolic 2-Plithogenic
Linear Equations using Cramer’s Rule



Neutrosophic Sets and Systems, Vol. 59, 2023 312

Example 4.3. Consider the system of equations:

(1 + P1 + P2)x+ (3− P1 + 2P2)y = 5 + 3P1 + 5P2

P1x+ (P1 + P2)y = 4P1 + P2.

The coefficient matrix is, A =

(
1 + P1 + P2 3− P1 + 2P2

P1 P1 + P2

)
.

∆ = det(A) =

∣∣∣∣∣1 + P1 + P2 3− P1 + 2P2

P1 P1 + P2

∣∣∣∣∣ = 0 + 0P1 + 2P2

∆ = det(Ax) =

∣∣∣∣∣5 + 3P1 + 5P2 3− P1 + 2P2

4P1 + P2 P1 + P2

∣∣∣∣∣ = 0 + 0P1 + 6P2

∆ = det(Ay) =

∣∣∣∣∣1 + P1 + P2 5 + 3P1 + 5P2

P1 4P1 + P2

∣∣∣∣∣ = 0 + 0P1 + 2P2

Hence, by condition (3) of Remark 4.1 the system is consistent with infinite number of solutions

and the solutions are given by:

For all x = a0 + a1P1 + a2P2 ∈ 2− SPR with a0 + a1 + a2 = 3,

y = −
(

1 + P1 + P2

3− P1 + 2P2

)
x+

(
5 + 3P1 + 5P2

3− P1 + 2P2

)

That is, for all x = a0 + a1P1 + a2P2 ∈ 2− SPR with a0 + a1 + a2 = 3,

y =

(
−1

3
− 2

3
P1 +

1

4
P2

)
x+

(
5

3
+

7

3
P1 −

3

4
P2

)
Example 4.4. Consider the system of equations:

(2 + P1 + 3P2)x+ (1 + P1 + P2)y = 5 + P1 + 11P2

(4 + 2P1 + 6P2)x+ (2 + 2P1 + 2P2)y = 10 + 2P1 + 22P2

The coefficient matrix is, A =

(
2 + P1 + 3P2 1 + P1 + P2

4 + 2P1 + 6P2 2 + 2P1 + 2P2

)
.

∆ = det(A) =

∣∣∣∣∣ 2 + P1 + 3P2 1 + P1 + P2

4 + 2P1 + 6P2 2 + 2P1 + 2P2

∣∣∣∣∣ = 0 + 0P1 + 0P2

Also,

∆x = det(Ax) =

∣∣∣∣∣ 5 + P1 + 11P2 1 + P1 + P2

10 + 2P1 + 22P2 2 + 2P1 + 2P2

∣∣∣∣∣ = 0 + 0P1 + 0P2

∆y = det(Ay) =

∣∣∣∣∣ 2 + P1 + 3P2 5 + P1 + 11P2

4 + 2P1 + 6P2 10 + 2P1 + 22P2

∣∣∣∣∣ = 0 + 0P1 + 0P2
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Hence, by condition (3) of Remark 4.1 the system is consistent with infinite number of solutions

and the solutions are given by:

S =

{
x, y ∈ 2− SPR : y = −

(
2 + P1 + 3P2

1 + P1 + P2

)
x+

(
5 + P1 + 11P2

1 + P1 + P2

)}
i.e, S =

{
x, y ∈ 2− SPR : y =

(
−2 +

1

2
P1 −

1

2
P2

)
x+

(
5− 2P1 +

8

3
P2

)}
Example 4.5. Consider the system of equations:

(1 + P1 + P2)x+ (1− P1 + P2)y = 1 + P1

(2 + 2P1 + 2P2)x+ (2− 2P1 + 2P2)y = 3 + P2

The coefficient matrix is, A =

(
1 + P1 + P2 1− P1 + P2

2 + 2P1 + 2P2 2− 2P1 + 2P2

)
.

∆ = det(A) =

∣∣∣∣∣ 1 + P1 + P2 1− P1 + P2

2 + 2P1 + 2P2 2− 2P1 + 2P2

∣∣∣∣∣ = 0 + 0P1 + 0P2

Also,

∆x = det(Ax) =

∣∣∣∣∣1 + P1 1− P1 + P2

3 + P2 2− 2P1 + 2P2

∣∣∣∣∣ = −1 + P1

∆y = det(Ay) =

∣∣∣∣∣ 1 + P1 + P2 1 + P1

2 + 2P1 + 2P2 3 + P2

∣∣∣∣∣ = 1− 3P1 − 2P2

Here, a0 = 0 and ax0 6= 0, hence the system is inconsistent.

Remark 4.6. Consider a system of 3 linear symbolic 2-plithogenic equations with 3 unknowns

x, y and z with

∆ = det(A) = a0 + a1P1 + a2P2

∆x = det(Ax) = ax0 + ax1P1 + ax2P2

∆y = det(Ay) = ay0 + ay1P1 + ay2P2

∆z = det(Az) = az0 + az1P1 + az2P2

We distinguish the following cases:

(1) If a0 6= 0, a0 + a1 6= 0 and a0 + a1 + a2 6= 0 then the system is consistent and the

system has unique solution given by the formula:

x =
∆x

∆
, y =

∆y

∆
& z =

∆z

∆

(2) If the determinants satisfies any one of the following conditions, then the system is

inconsistent and it has no solutions.

(i). a0 = 0 and ax0 , a
y
0, a

z
0 are not all zero.

(ii). a0 + a1 = 0 and ax0 + ax1 , a
y
0 + ay1, a

z
0 + az1 are not all zero.

(iii). a0 + a1 + a3 = 0 and ax0 + ax1 + ax2 , a
y
0 + ay1 + ay2, a

z
0 + az1 + az2 are not all zero.
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(3) If ∆ = 0+0P1+0P2, ∆x = 0+0P1+0P2, ∆y = 0+0P1+0P2 and ∆z = 0+0P1+0P2

then by solving two equations of the system we will obtain the equation 0 = α. If α = 0,

then the system is consistent with infinite number of solutions and if α 6= 0, then the

system is inconsistent.

Example 4.7. Consider the system of equations:

(1 + P1)x+ (1− P1)y + (1 + P1 − P2)z = 1 + 5P1 − P2

(1 + P2)x+ (−1 + P1 + P2)y + (2 + P1)z = 1 + 4P1 + 3P2

(1− P1 + P2)x+ (−1 + P2)y + (1 + P1)z = 1 + P1 + 2P2.

The coefficient matrix is, A =

 1 + P1 1− P1 1 + P1 − P2

1 + P2 −1 + P1 + P2 2 + P1

1− P1 + P2 −1 + P2 1 + P1

.

∆ = det(A) =

∣∣∣∣∣∣∣
1 + P1 1− P1 1 + P1 − P2

1 + P2 −1 + P1 + P2 2 + P1

1− P1 + P2 −1 + P2 1 + P1

∣∣∣∣∣∣∣ = 2 + 2P1 − P2

∆x = det(Ax) =

∣∣∣∣∣∣∣
1 + 5P1 − P2 1− P1 1 + P1 − P2

1 + 4P1 + 3P2 −1 + P1 + P2 2 + P1

1 + P1 + 2P2 −1 + P2 1 + P1

∣∣∣∣∣∣∣ = 2 + 6P1 − 2P2

∆y = det(Ay) =

∣∣∣∣∣∣∣
1 + P1 1 + 5P1 − P2 1 + P1 − P2

1 + P2 1 + 4P1 + 3P2 2 + P1

1− P1 + P2 1 + P1 + 2P2 1 + P1

∣∣∣∣∣∣∣ = 3P2

∆z = det(Az) =

∣∣∣∣∣∣∣
1 + P1 1− P1 1 + 5P1 − P2

1 + P2 −1 + P1 + P2 1 + 4P1 + 3P2

1− P1 + P2 −1 + P2 1 + P1 + 2P2

∣∣∣∣∣∣∣ = 4P1 − P2

Here, a0 6= 0, a0 + a1 6= 0, & a0 + a1 + a2 6= 0. Hence, the system is consistent with unique

solution given by:

x =
∆x

∆
=

2 + 6P1 − 2P2

2 + 2P1 − P2
= 1 + P1,

y =
∆y

∆
=

3P2

2 + 2P1 − P2
= P2,

z =
∆z

∆
=

4P1 − P2

2 + 2P1 − P2
= P1.
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Example 4.8. Consider the system of equations:

(1 + P2)x+ (3− P1)y + (1 + P1 − P2)z = 5

P2x+ P1y + (P1 + P2)z = 2P1 + 2P2

(2 + P1 − P2)x+ (4 + 3P1 − P2)y + (5 + 2P2)z = 11 + 4P1.

The coefficient matrix is, A =

 1 + P2 3− P1 1 + P1 − P2

P2 P1 P1 + P2

2 + P1 − P2 4 + 3P1 − P2 5 + 2P2

.

∆ = det(A) =

∣∣∣∣∣∣∣
1 + P2 3− P1 1 + P1 − P2

P2 P1 P1 + P2

2 + P1 − P2 4 + 3P1 − P2 5 + 2P2

∣∣∣∣∣∣∣ = 0− 2P1 − 10P2

∆x = det(Ax) =

∣∣∣∣∣∣∣
5 3− P1 1 + P1 − P2

2P1 + 2P2 P1 P1 + P2

11 + 4P1 4 + 3P1 − P2 5 + 2P2

∣∣∣∣∣∣∣ = 0− 2P1 − 10P2

∆y = det(Ay) =

∣∣∣∣∣∣∣
1 + P2 5 1 + P1 − P2

P2 2P1 + 2P2 P1 + P2

2 + P1 − P2 11 + 4P1 5 + 2P2

∣∣∣∣∣∣∣ = 0− 2P1 − 10P2

∆z = det(Az) =

∣∣∣∣∣∣∣
1 + P2 3− P1 5

P2 P1 2P1 + 2P2

2 + P1 − P2 4 + 3P1 − P + 2 11 + 4P1

∣∣∣∣∣∣∣ = 0− 2P1 − 10P2

Here, a0 = 0, ax0 = 0, ay0 = 0 & az0 = 0. Hence, the system is consistent with infinite number

of solutions and the solutions are given by:

S =

{
x, y, z ∈ 2− SPR : x =

(
−11

2
+

3

2
P1 + 5P2

)
z +

(
13

2
− 3

2
P1 − 5P2

)
,

y =

(
3

2
− 1

2
P1 −

5

2
P2

)
z +

(
−1

2
+

1

2
P1 +

5

2
P2

)
, z

}
Example 4.9. Consider the system of equations:

(1 + P1)x+ (1− P2)y + (1 + P1 − P2)z = 2 + P1

(2 + 2P1)x+ (2− 2P2)y + (2 + 2P1 − 2P2)z = 4 + 2P1

(3 + 3P1)x+ (3− 3P2)y + (3 + 3P1 − 3P2)z = 6 + 3P1

Here, ∆ = 0 + 0P1 + 0P2, ∆x = 0 + 0P1 + 0P2, ∆y = 0 + 0P1 + 0P2, ∆z = 0 + 0P1 + 0P2. By

solving first two equations of the given system we will get 0 = 0. Hence the system consistent

with infinite number of solutions. In this case the system is reduced to a single equation. To

solve we can assign arbitrary values to any two variables and can determine the value of the

third variable.
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Example 4.10. Consider the system of equations:

(1 + P1)x+ (1− P2)y + (1 + P1 − P2)z = 2 + P1

(2 + 2P1)x+ (2− 2P2)y + (2 + 2P1 − 2P2)z = 1− P2

(3 + 3P1)x+ (3− 3P2)y + (3 + 3P1 − 3P2)z = 3 + P2

Here, ∆ = 0 + 0P1 + 0P2, ∆x = 0 + 0P1 + 0P2, ∆y = 0 + 0P1 + 0P2, ∆z = 0 + 0P1 + 0P2.

By solving first two equations of the given system we will get 0 = 3 + 2P1 + P2. Hence the

system inconsistent and it has no solution.

Other than the above mentioned cases there are some special cases in which the system of

linear symbolic 2-plithogenic equations is inconsistent.

Remark 4.11. If all coefficients of a the system of n linear symbolic 2-plithogenic equations

with n variables are non invertible the the system is inconsistent. For example,

(1− P1 + P2)x+ (2 + 2P1 − 4P2)y + (1− P1)z = 3 + P1

(1− P2)x+ P1y + p2z = 3P2

(2− P − 1− P2)x+ P2y + (1− P1)z = 2 + P1 + P2

5. System of Homogeneous Symbolic 2-Plithogenic Linear Equations

Definition 5.1. Consider the homogeneous system of n-variable symbolic 2-plithogenic linear

equations:

(a101 + a111P1 + a121P2)x1 + (a102 + a112P1 + a122P2)x2 + (a103 + a113P1 + a123P2)x3 + ...+ (a10n +

a11nP1 + a12nP2)xn = 0 + 0P1 + 0P2

(a201 + a211P1 + a221P2)x1 + (a202 + a212P1 + a222P2)x2 + (a203 + a213P1 + a223P2)x3 + ...+ (a20n +

a21nP1 + a22nP2)xn = 0 + 0P1 + 0P2

...

(an01 + an11P1 + an21P2)x1 + (an02 + an12P1 + an22P2)x2 + (an03 + an13P1 + an23P2)x3 + ...+ (an0n +

an1nP1 + an2nP2)xn = 0 + 0P1 + 0P2

Remark 5.2. Let AX = B be the coefficient matrix of this system and let ∆ = det(A) =

a0 + a1P1 + a2P2. We distinguish the following cases:

(1) If a0 6= 0 and a0 + a1 6= 0 and a0 + a1 + a2 6= 0 then the system is consistent

and the system has unique solution xi = 0, i = 1, 2, ..., n.

(2) If a0 = 0 or a0 + a1 = 0 or a0 + a1 + a2 = 0, then the system is consistent with

infinite number of solutions.

Example 5.3. Consider the system of equations:

(2 + P1 + 3P2)x+ (1− P1 − P2)y = 0

(3 + 4P2)x+ (1 + P1)y = 0.
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The coefficient matrix is, A =

(
2 + P1 + 3P2 1− P1 − P2

3 + 4P2 1 + P1

)
.

∆ = det(A) =

∣∣∣∣∣2 + P1 + 3P2 1− P1 − P2

3 + 4P2 1 + P1

∣∣∣∣∣ = −1 + 7P1 + 13P2

Here, a0 6= 0, a0 + a1 6= 0 and a0 + a1 + a2 6= 0, the system is consistent with unique solution.

∆x = det(Ax) =

∣∣∣∣∣0 1− P1 − P2

0 1 + P1

∣∣∣∣∣ = 0

∆y = det(Ay) =

∣∣∣∣∣2 + P1 + 3P2 0

3 + 4P2 0

∣∣∣∣∣ = 0

So the solution of the given system is,

x =
∆x

∆
=

0

−1 + 7P1 + 13P2
= 0,

y =
∆y

∆
=

0

−1 + 7P1 + 13P2
= 0

Example 5.4. Consider the system of equations:

(1 + P2)x+ (3− P1)y + (2 + P2)z = 0

P2x+ P1y + (P1 − 1
2P2)z = 0

(2 + P1 − P2)x+ (4 + 3P1 − P2)y + (3 + 4P1 + 2P2)z = 0.

The coefficient matrix is, A =

 1 + P2 3− P1 2 + P2

P2 P1 P1 − 1
2P2

2 + P1 − P2 4 + 3P1 − P2 3 + 4P1 + 2P2

.

∆ = det(A) =

∣∣∣∣∣∣∣
1 + P2 3− P1 2 + P2

P2 P1 P1 − 1
2P2

2 + P1 − P2 4 + 3P1 − P2 3 + 4P1 + 2P2

∣∣∣∣∣∣∣ = 0 + 0P1 + 8P2

Here, a0 = 0, the system is consistent with infinite number of solutions and the solutions are

given by:

S =

{
x, y, z ∈ 2− SPR : x =

(
−1

2
+

1

2
P1

)
z, y =

(
−1

2
− 1

2
P1 −

1

2
P2

)
z, z

}
6. Conclusion

In this article, the solutions of symbolic 2-plithogenic linear equations are studied using

Cramer’s rule. The conditions are given for a system of symbolic 2-plithogenic linear equa-

tions to be consistent with unique solution, consistent with infinite solutions, and inconsitent.

Further, many examples are given for the case of system of two symbolic 2-plithogenic linear

equations with two variables and for the case of system of three symbolic 2-plithogenic linear
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equations with three variables.
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