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DEDICATION

This book is dedicated to the memory of Thavathiru
Kundrakudi Adigalar (11 July 1925 - 15 April 1995), a
spiritual leader who worked tirelessly for social



development and communal harmony. His powerful
writings and speeches provided a massive impetus to the
promotion of Tamil literature and culture. Moving
beyond the realm of religion, he was also actively
involved in bringing change at the grassroots level.
During his lifetime and after, he was celebrated for his
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continued intervention. His initiatives for rural
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then Prime Minister of India. Although he headed a
famed religious center, Kundrakudi Adigalar maintained
a scientific outlook towards the world and paid special
attention to the educational uplift of poor people across
caste, community or religion. The services rendered by
him to society are endless, and the dedication of this
book is a small gesture to pay homage to that great man.



PREFACE

This book introduces the concept of neutrosophic bilinear
algebras and their generalizations to n-linear algebras, n>2.

This book has five chapters. The reader should be well-versed
with the notions of linear algebras as well as the concepts of
bilinear algebras and n- linear algebras. Further the reader is
expected to know about neutrosophic algebraic structures as we
have not given any detailed literature about it.

The first chapter is introductory in nature and gives a few
essential definitions and references for the reader to make use of
the literature in case the reader is not thorough with the basics.
The second chapter deals with different types of neutrosophic
bilinear algebras and bivector spaces and proves several results
analogous to linear bialgebra.

In chapter three the authors introduce the notion of n-linear
algebras and prove several theorems related to them. Many of
the classical theorems for neutrosophic algebras are proved with
appropriate modifications. Chapter four indicates the probable
applications of these algebraic structures. The final chapter
suggests about 80 innovative problems for the reader to solve.



The interesting feature of this book is that it has over 225
illustrative examples, this is mainly provided to make the reader
understand these new concepts. This book contains over 60
theorems and has introduced over 100 new concepts.

The authors deeply acknowledge Dr. Kandasamy for the proof
reading and Meena and Kama for the formatting and designing
of the book.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

INTRODUCTION TO BASIC CONCEPTS

This chapter has two sections. In section one basic notions
about bilinear algebras and n-linear algebras are recalled. In
section two an introduction to indeterminacy and algebraic
neutrosophic structures essential for this book are given.

1.1 Introduction to Bilinear Algebras and their
Generalizations

In this section we just recall some necessary definitions about
bilinear algebras.

DEFINITION 1.1.1: Let (G, +, *) be a bigroup where G = G; U
G,; bigroup G is said to be commutative if both (G,, +) and (G,,
*) are commutative.

DEFINITION 1.1.2: Let V = V; UV, where V; and V, are two
proper subsets of V and V; and V, are vector spaces over the
same field F that is V is a bigroup, then we say V' is a bivector
space over the field F.

If one of V;or V, is of infinite dimension then so is V. If V;
and V; are of finite dimension so is V; to be more precise if V; is



of dimension n and V, is of dimension m then we define
dimension of the bivector space V =V; UV, to be of dimension
m + n. Thus there exists only m + n elements which are linearly
independent and has the capacity to generate V=1V, U V..

The important fact is that same dimensional bivector spaces are
in general not isomorphic.

Example 1.1.1: Let V=V, U V, where V, and V, are vector
spaces of dimension 4 and 5 respectively defined over rationals
where V; = {(a;) | aj € Q}, collection of all 2 x 2 matrices with
entries from Q. V, = {Polynomials of degree less than or equal
to 4 with coefficients from Q}. Clearly V is a finite dimensional
bivector space over Q of dimension 9. In order to avoid
confusion we can follow the following convention whenever
essential. If ve V=V, U V,thenve Viorv e V,if v e V,
then v has a representation of the form (x;, x,, X3, X4, 0, 0, 0, O,
0) where (x, X;, X3, X4) € V1 if v e V,thenv=(0, 0,0, 0, y1, y2,
Y3, Y4, ¥s) where (y1, Y2, ¥3, ya.ys) € Va.

DEFINITION 1.1.3: Let V = V; UV, be a bigroup. If V; and V,
are linear algebras over the same field F then we say V is a
linear bialgebra over the field F.

If both V; and V, are of infinite dimensional linear algebras
over F then we say V is an infinite dimensional linear bialgebra
over F. Even if one of V; or V; is infinite dimension then we say
V is an infinite dimensional linear bialgebra. If both V; and V,
are finite dimensional linear algebra over F then we say V =V,
U V5 is a finite bidimensional linear bialgebra.

Examples 1.1.2: Let V=V; U V, where V, = {set of all n x n
matrices with entries from Q} and V, be the polynomial ring
Q[x]. V=V, U V; is a linear bialgebra over Q and the linear
bialgebra is an infinite dimensional linear bialgebra.

Example 1.1.3: Let V=V, U V, where V; = Q x Q x Q abelian
group under ‘+’, V, = {set of all 3 x 3 matrices with entries
from Q} then V =V, U V, is a bigroup. Clearly V is a linear
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bialgebra over Q. Further dimension of V is 12; V is a 12
dimensional linear bialgebra over Q.
The standard basis is {(0 1 0), (100), (00 1)} v

1 0 0)(O 1 O0)(O O 1)(0O O O0)Y(O O O
0 0 0,0 0 O0,JjO O Of,Jj1 0 O[O0 1 Of,
0 0 0)l0O O O0)lO O 0)JtO 0 0)tO0 O O

0 0 0)(O O O0Y(O O O}(O O O

00 1,000,000 0[]0 0O

0 0 0){1 00){O0 1 0)(0 01

DEFINITION 1.1.4: Let V =V; UV, be a bigroup. Suppose V is
a linear bialgebra over F. A non empty proper subset W of V' is
said to be a linear subbialgebra of V over F if
i. W=W;uW,isasubbigroup of V=1V; UV,
ii. Wjis alinear subalgebra over F.
iii. W;is a linear subalgebra over F.

For more refer [48, 51-2]. For n-linear algebra of type I and II,
refer[54-5].

1.2 Introduction to Neutrosophic Algebraic Structures

In this section we just recall some basic neutrosophic algebraic
structures essential to make this book a self contained one. For
more refer [36-43, 53].

In this section we assume fields to be of any desired
characteristic and vector spaces are taken over any field. We
denote the indeterminacy by ‘I’, as i will make a confusion, as it
denotes the imaginary value, viz. i* = —1 that is V=1 =1i. The
indeterminacy I is such that . I=1%=1.

Here we recall the notion of neutrosophic groups.
Neutrosophic groups in general do not have group structure.

11



DEFINITION 1.2.1: Let (G, *) be any group, the neutrosophic
group is generated by I and G under * denoted by N(G) = {(G
ul) *

Example 1.2.1: Let Z; = {0, 1, 2, ..., 6} be a group under
addition modulo 7. N(G) = {{(Z; U I), “+’ modulo 7} is a
neutrosophic group which is in fact a group. For N(G) = {a + bl
/ a, b € Z;} is a group under ‘+’ modulo 7. Thus this
neutrosophic group is also a group.

Example 1.2.2: Consider the set G = Zs \ {0}, G is a group
under multiplication modulo 5. N(G) = {{(G v I), under the
binary operation, multiplication modulo 5}. N(G) is called the
neutrosophic group generated by G U 1. Clearly N(G) is not a
group, for I’ = I and I is not the identity but only an
indeterminate, but N(G) is defined as the neutrosophic group.

Thus based on this we have the following theorem:

THEOREM 1.2.1: Let (G, *) be a group, N(G) = {(G U 1), *} be
the neutrosophic group.

1. N(G) in general is not a group.

2. N(G) always contains a group.

Proof: To prove N(G) in general is not a group it is sufficient
we give an example; consider (Zs\ {0} U ) =G = {1, 2,4, 3, ],
21,41, 3 1}; Gis not a group under multiplication modulo 5. In
fact {1, 2, 3, 4} is a group under multiplication modulo 5.N(G)
the neutrosophic group will always contain a group because we
generate the neutrosophic group N(G) using the group G and 1.

So G < N(G); hence N(G) will always contain a group.
#*

Now we proceed onto define the notion of neutrosophic
subgroup of a neutrosophic group.

DEFINITION 1.2.2: Let N(G) = (G w 1) be a neutrosophic group
generated by G and I. A proper subset P(G) is said to be a
neutrosophic subgroup if P(G) is a neutrosophic group i.e. P(G)
must contain a (sub) group of G.

12



Example 1.2.3: Let N(Z,) = (Z, U 1) be a neutrosophic group
under addition. N(Z,) = {0, 1, I, 1 + I}. Now we see {0, I} is a
group under + in fact a neutrosophic group {0, 1 + I} is a group
under ‘+’ but we call {0, I} or {0, 1 + I} only as pseudo
neutrosophic groups for they do not have a proper subset which
is a group. So {0, I} and {0, 1 + I} will be only called as pseudo
neutrosophic groups (subgroups).

We can thus define a pseudo neutrosophic group as a
neutrosophic group, which does not contain a proper subset
which is a group. Pseudo neutrosophic subgroups can be found
as a substructure of neutrosophic groups. Thus a pseudo
neutrosophic group though has a group structure is not a
neutrosophic group and a neutrosophic group cannot be a
pseudo neutrosophic group. Both the concepts are different.

Now we see a neutrosophic group can have substructures
which are pseudo neutrosophic groups which is evident from
the following example.

Example 1.2.4: Let N(Zy) = (Z4 U 1) be a neutrosophic group
under addition modulo 4. (Z, W 1) ={0,1,2,3, 1,1+ 1, 2L, 31, 1
+2L1+31,2+1,2+2,2+ 3,3+ 1,3+2I 3+3I}. o({Zy v
1)) =4

Thus neutrosophic group has both neutrosophic subgroups
and pseudo neutrosophic subgroups. For T = {0, 2, 2 + 21, 21} is
a neutrosophic subgroup as {0 2} is a subgroup of Z, under
addition modulo 4. P = {0, 2I} is a pseudo neutrosophic group
under ‘+’ modulo 4.

DEFINITION 1.2.3: Let K be the field of reals. We call the field
generated by K U I to be the neutrosophic field for it involves
the indeterminacy factor in it. We define [° =1, 1+ 1= 2li.e., I
+..+ 1 =nl and if k € K then kI = ki, 0 = 0. We denote the
neutrosophic field by K(I) which is generated by K U I that is
Kd) =K vl) (K vl)denotes the field generated by K and 1.

Example 1.2.5: Let R be the field of reals. The neutrosophic
field of reals is generated by R and I denoted by (R U I) i.e. R(I)
clearly Rc (R U ).

13



Example 1.2.6: Let Q be the field of rationals. The neutrosophic
field of rationals is generated by Q and I denoted by Q(I).

DEFINITION 1.2.4: Let K(I) be a neutrosophic field we say K(I)
is a prime neutrosophic field if K(I) has no proper subfield,
which is a neutrosophic field.

Example 1.2.7: Q(1) is a prime neutrosophic field where as R(I)
is not a prime neutrosophic field for Q(I) < R(I).

DEFINITION 1.2.5: Let K(I) be a neutrosophic field, P < K(I) is
a neutrosophic subfield of P if P itself is a neutrosophic field.
K(I) will also be called as the extension neutrosophic field of
the neutrosophic field P.

We can also define neutrosophic fields of prime characteristic p
(p is a prime).

DEFINITION 1.2.6: Let Z, = {0,1, 2, ..., p — 1} be the prime field
of characteristic p. (Z, U 1) is defined to be the neutrosophic
field of characteristic p. Infact (Z, 1) is generated by Z, and 1
and (Z, 1) is a prime neutrosophic field of characteristic p.

Example 1.2.8: 7, = {0, 1, 2, 3, ..., 6} be the prime field of
characteristic 7. (Z; U )= {0, 1,2, ...,6, L 2L, ..., 61, 1 + I, 1 +
21, ..., 6+ 6l } is the prime field of characteristic 7.

DEFINITION 1.2.7: Let G(1) by an additive abelian neutrosophic
group and K any field. If G(I) is a vector space over K then we
call G(I) a neutrosophic vector space over K.

Elements of these neutrosophic fields will also be known as
neutrosophic numbers. For more about neutrosophy please refer
[36-43].We see Z,1 = {al | a € Z,} is a neutrosophic field called
pure neutrosophic field. Likewise QI, RI and Z,I are
neutrosophic fields where p is a prime. Thus Z;I = {0, I, 21, 31,
41} is a pure neutrosophic field. For more about neutrosophic
vector spaces please refer [53].

14



Chapter Two

NEUTROSOPHIC LINEAR BIALGEBRA

In this chapter we introduce the notion of neutrosophic linear
bialgebras and describe a few properties about them. Strong
neutrosophic linear bialgebra are also introduced. This chapter
has four sections. In section one, we introduce the new notion of
neutrosophic bivector space. Strong neutrosophic bivector
spaces are introduced in section two. Section three introduces
the notion of neutrosophic bivector space of type IIl. Section
four studies the biinner product in strong neutrosophic bivector
space.

2.1 Neutrosophic Bivector Spaces

In this section we introduce the notion of neutrosophic bivector
spaces and study their properties.

15



DEFINITION 2.1.1: Let V = V; v V, where each V; is a
neutrosophic vector space over the same field F and V; # V), V;
Z Viand V; g Vi 1 <14, j <2, then we define V to be a
neutrosophic bivector space over the real field F.

Note: We assume here F is just a real field that is F is Q or Z, or
R or C. (n a prime n < o).

We will illustrate this by some simple examples.

Example 2.1.1: Let V;=(QuUI1)=NQ)={a+bl|a,b e Q}
be a neutrosophic vector space over Q. Take

s

a neutrosophic vector space over Q. V = V; U V, is a
neutrosophic bivector space over Q.

a,b,c,de N(Q)},

Example 2.1.2: Let V=V, U V, = {N(Q)[x]} U {(a,b,c) | a, b,
¢ € N(Q)}. V is a neutrosophic bivector space over Q.

Now we will define a quasi neutrosophic bivector space.

DEFINITION 2.1.2: Let V = V; UV, be such that V; is a vector
space over the real field F and V, is a neutrosophic vector
space over F. We define V =V, UV, to be a quasi- neutrosophic
bivector space over F.

We will give some examples of quasi neutrosophic bivector
spaces.

Example 2.1.3: Let V = V|, U V, where V| = {Z;[x] | all
polynomials in the variable x with coefficients from Z;} is a
vector space over Z; and Vo = {(Z; I x Z7; I x Z; I x Z7 1) = {(a,
b,c,d)|a, b,c,d e Z;1}} is a neutrosophic vector space over

16



Z;. Then V = V| U V, is a quasi neutrosophic bivector space
over Z.

Example 2.1.4: Let V=V, U V,where V| = {Q x Q x Q x Q x
R} ={(a,b,c,d,e)|a,b,c,d € Qand e € R} is a vector space
overQand V,= {QI x Q x QI x Q x QI} = {(a, b, ¢, d, €) | a, c,
e € Ql and b, d € Q} is a neutrosophic vector space over Q.
Thus V = V; U V, is a quasi neutrosophic bivector space over

Q.

Now we define substructures of these structures.

DEFINITION 2.1.3: Let V = V; UV, be a neutrosophic bivector
space over the field F. Let W = W, O W, cV; UV, be such that
W is a neutrosophic bivector space over F, then we define W to
be a neutrosophic bivector subspace of V over F.

We will illustrate this by some examples.

Example 2.1.5: Let V=V, UV,

b
= (740 % Zs] x Zol x Z5T} U {a d]
C

a,b,c,de N(Z3)}

be a neutrosophic bivector space over the field Z;. Let W = W,
|\ W2

= {(a,b,0,0)|a,be ZI} U {[a bj
c d

a,b,c,de Z3I}

c V1 U V,; W is a neutrosophic bivector subspace of V over the
field Z3.

Example 2.1.6: Let V=V, UV,
NQ@EuU[* e e

= X
c d f h

17
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be a neutrosophic bivector space over the field Q. Let W = W,

UWz
B a b e g
_QI[X]U{O 0 0 Oj

c V, U V,, W is a neutrosophic bivector subspace of V over the
field Q.

a,b,e,g eQI}

DEFINITION 2.1.4: Let V =V, UV, be a neutrosophic bivector
space over the field F. Let W =W, U W, cV; UV, be such that
W is only a quasi neutrosophic bivector space over F, that is
one of Wy or W, is only a neutrosophic vector space over F and
other is just a vector space over the field F; then we call W to be

a pseudo quasi neutrosophic bivector subspace of V over the
field F.

Example 2.1.7: Let V=V, U Vywhere V| = (Zs1 x Zs 1 x Z5 1)
a neutrosophic vector space over Zs and V, = N(Zs)[x] a
neutrosophic bivector space over Zs. V = V; U V; is a
neutrosophic bivector space over the field Zs.

Take W =W, U W, = {ZsI x {0} x {0}} U {Zs] [x]} < V|
U V,; W is a pseudo quasi neutrosophic bivector subspace of V
over Zs.

Example 2.1.8: Let V=V, UV,

(S

c
f ||a,b,c,d,e,f,g,h,ieRl}; U
i

a, a, a, a, a
b, b, b, b, b,

Il
e o
= o o

a,b,eN(Q);1<i< 5}
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be a neutrosophic bivector space over the field Q.
Take W = W, u W,

Il
S o ®

b ¢
d e|la,b,c,de,feQl}; U
0 f

a, a, a, a, a,
0 0 0 0 O

< V; U V3; Wis a pseudo quasi neutrosophic bivector subspace
of V over the field Q.

aieQ;ISiSS}

DEFINITION 2.1.5: Let V = V; U V; be a neutrosophic bivector
space over the field F. Suppose W =W, UW,cV; U V;is such
that W is just a bivector space over the field F then we define W
to be a pseudo bivector subspace of V over the field F.

We will give some examples of this notion.

Example 2.1.9: Let V=V, U V,=

a b

c d
U ({N(Z11) x N(Z11) x N(Z;1) x N(Z1;)) be a neutrosophic
bivector space over the field Z,;. Let W =W, U W,=

a b
c d
U {(a,b,c,d)|a,b,c,d € Z;} €V, UV, be a bivector space

over Z;;. Thus W is a pseudo bivector subspace of V over the
field le.

a,b,c,de N(Z“)}

a,b,c,deZ“}

19



Example 2.1.10: Let V=V, U V, =

al a’2 a}
a, a, a
U {N(Q) x N(Q) x N(Q) x N(Q)} be a neutrosophic bivector

spaces over the field Q.
TakeW:W1 uW,=

a, a, a,

a, a, a,
U (QxQx {0} x {0})} < V; U V,; W is a pseudo bivector
subspace of V over the field Q.

a, e N(Q);1<i< 6}

aieQ;ISiS6}

DEFINITION 2.1.6: Let V =V, U V; be a neutrosophic bivector
space over the field F. Let W =W, U W, cV; UV, be such that
W is a neutrosophic bivector space over the subfield K < F.

Then we call W to be a neutrosophic special bivector subspace
of V over the subfield K of F.

We will give some examples.

Example 2.1.11: Let V=V, U V,={RI[x]} U

a b

c d
be a neutrosophic bivector space over the field R. Take W = W,
VW, ={QI[x]} v

)

a,b,c,deRI}

a,b,deRI}

20



c V1 U V, ; W is a neutrosophic special bivector subspace of V
over the subfield Q of R.

Example 2.1.12: Let V=V, U V,=(RI x RI x RI) U

a, a, a, a,

a5 ag a; a4
be a neutrosophic bivector space over the field Q (JE ). Take W
=W, U W,={(QIxQIxQD} v

a, a, a, a,

0 0 0 O
c V; U V,, W is a neutrosophic special bivector subspace of V
over the subfield Q = Q (\/5 ).

a, eRI;lSiS8}

aieRI;ISiS4}

DEFINITION 2.1.7: Let V = V; UV, be a neutrosophic bivector
space over the field F. If V has no neutrosophic special bivector
subspace then we call V to be a neutrosophic special simple
bivector space over F.

Example 2.1.13: Let V=V, U V, = {QI x QI} U {QI[x]} be a
neutrosophic bivector space over the field F = Q. V is a
neutrosophic special simple bivector space over Q as Q has no
proper subfield.

Example 2.1.14: LetV = ViU Vo =75 x Zy3] x Zxs] % 2231} 0

a b
c d
be a neutrosophic bivector space over the field Z,;. V is a

neutrosophic special simple bivector space over Z,; as Zy; is a
prime field.

a,b,c,de ZBI}

21



In view of these examples we have the following interesting
theorem.

THEOREM 2.1.1: Let V = V; UV, be a neutrosophic bivector
space over the field F. If F is a prime field of characteristic zero
or a prime p then V is a neutrosophic special simple bivector
space over F.

Proof: Given F is a prime field of characteristic zero or a prime
p, so F has no subfields. Thus forno W=W, U W, cV, UV,
can be neutrosophic special bivector subspace of V=V, U V,
as F has no subfield. Hence the claim.

Now we proceed onto define the notion of neutrosophic bilinear
algebra.

DEFINITION 2.1.8: Let V = V; UV, where both V; and V, are
neutrosophic linear algebras over the field F, then we define V
to be a neutrosophic bilinear algebra over F.

We will illustrate this by some simple examples.

Example 2.1.15: LetV=V, 0V, =

a b

c d
U (QI x QI x QI x QI x QI)} be a neutrosophic bilinear algebra
over Q.

a,b,c,de QI}

Example 2.1.16: LetV=V, U V,=

(8N

V is a neutrosophic bilinear algebra over the field Z,o.

a,b,ce 2291} U {Zl [x]},

22



Now as in case of neutrosophic bivector spaces we can define
the following substructures.

DEFINITION 2.1.9: Let V = V; UV, be a neutrosophic bilinear
algebra over the field F. If W = W, oW, cV;, UV, is a
neutrosophic bilinear algebra over the field F then we call W to
be a neutrosophic bilinear subalgebra of V over the field F.

We give an example.

Example 2.1.17: Let V=V, UV, =

a,b,c,d,e,f €QlI

[
S A o
- o O

W {QI x QI x QI x QI} be a neutrosophic bilinear algebra over
the field Q.
Choose

=
I
S O W

00
b 0]la,b,ceQIl
0 ¢

U {QI x {0} x {0} x QI} =W, UW,cV,UV,;; Wisa
neutrosophic bilinear subalgebra of V over Q.

DEFINITION 2.1.10: Let V = V; U V; be a neutrosophic bilinear
algebra over the field F. Let W = W; oW, c V; UV, be a
neutrosophic bilinear algebra over a subfield K < F;, then we
define W to be a neutrosophic special bilinear subalgebra of V
over the subfield K of F. If V has no special neutrosophic
bilinear subalgebra’s then we call V to be a special
neutrosophic simple bilinear algebra or neutrosophic special
simple bilinear algebra.
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We will illustrate this by some simple examples.

Example 2.1.18: LetV=V, UV, =

a b

c d
w {RI[x] be a neutrosophic bilinear algebra over the field R.
TakeW=W1 uW,=

a b

c d
v {QI[x]} < Vi U V, ; W is a neutrosophic special bilinear
algebra over the subfield Q of the field R.

a,b,c,deRI}

a,b,c,deQI}

Example 2.1.19: LetV=V, UV,

a1 a2 a}
=4la, a; a4 |la, eQLl<1<9
a, a; a,

w {RI [x]} be a neutrosophic bilinear algebra over Q. Clearly V
is a neutrosophic special simple bilinear algebra.

Example 2.1.20: Let V =V, U V, = {Z;] [x]} U {Z;] x Z;I x
Z,1} be a neutrosophic bilinear algebra over the field Z,. V is a
neutrosophic simple bilinear algebra.

In view of these examples we have the following theorem,
the proof of which is left as an exercise for the reader.

THEOREM 2.1.2: Let V = V; UV, be a neutrosophic bilinear
algebra over the field F, where F is a prime field (i.e., F has no
subfields other than itself). V is a neutrosophic special simple
bilinear algebra.
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DEFINITION 2.1.11: Let V = V; U V; be a neutrosophic bilinear
algebra over a field F. Suppose W =W, W, cV; UV, and if
W is only a bilinear algebra over the field F, then we call W to
be a pseudo bilinear subalgebra of V over the field F.

Example 2.1.21: LetV=V, UV, =

a b

c d
w {Q x QI x QI x Q} be a neutrosophic bilinear algebra over
Q, where W=W,; U W, =

a b

c d
U {Q x {0} x {0} x {0}} < V| U V,; W is a pseudo bilinear
subalgebra of V over the field F.

a,b,c,de N(Q)}

a,b,c,deQ}

Example 2.1.22: LetV=V, UV, =

a
d a,b,c,d,e,f,g,h,k e N(R)
g

s o o
~ O

U {(a, b,c,d)|a b,c,d e N(Q)} be a neutrosophic bilinear
algebra over the field Q. Take W =W, U W, =

oS O .

b ¢
d el|la,b,c,d,e,feR
0 f
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U {(a,b,0,d)|a,b,d € Q} <V, U V,; W is a pseudo bilinear
subalgebra of V over Q.

DEFINITION 2.1.12: Let V = V; UV, be a neutrosophic bilinear
algebra over the field F. Let W = W; oW, cV;, U V; be a
proper bisubset of V which is just a neutrosophic bivector space
over the field F. We define W to be a pseudo neutrosophic
bivector subspace of V over F.

We will illustrate this by some simple examples.

Example 2.1.23: LetV=V, UV, =

a,€QLi=0,1,2,...,n Soo} U

[t

be a neutrosophic bilinear algebra over the field Q. Let W = W,

UW2:
. 0 a
a,€QL1=0,1,2,....,5, U
b 0

c V; U V,, W is a pseudo neutrosophic bivector subspace of V
over Q.

i=0

a,b,c,deQI}

{iaixi a,b eQI}

i=0

Example 2.1.24: Let V=V, U V, =

c
f ||a,b,c,d,e,f,g,h,ieZ, I

1

Qe a e
- o o
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U {Zn:aixi

i=0

a,eZ, Li =0,1,2,...,n;n£oo}

be a neutrosophic bilinear algebra over the field Z,;. Let W =
W, U W, =

S a e

b ¢ ]
0 0|la,bc,deZ, I} U {Zlaoxi
0 0

i=1

a,eZ Ll Si£6}

c V1 U V,, W is only a pseudo neutrosophic bivector subspace
of V as we see

a’+bd ab ac

a b c)fa b ¢
d 0 Of|d 0 0= ad bd cd| ¢ W,
00 0/A0 0 O 0 0 0

Similarly if we take a = 2x® + 3x + 1 and b = 2Ix® + 3Ix + I
GBx* +2x2 + 1) = 6Ix'* + 4Ix® + 21x° + 91x° + 6Ix° + 3Ix + 3Ix* +
2Ix* + I ¢ W, but a, b € W,. Thus W is only a neutrosophic
bivector subspace of V and not a neutrosophic bilinear
subalgebra of V over Z;.

We have the following interesting theorem, the proof of which
is left as an exercise for the reader.

THEOREM 2.1.3: Let V = V; U V; be a neutrosophic bilinear
algebra over the field F. V is clearly a neutrosophic bivector
space over the field F. If V is a neutrosophic bivector space over
the field F then in general V is not a neutrosophic bilinear
algebra over the field F.

DEFINITION 2.1.13: Let V = V; U V, where V; is only a
neutrosophic linear algebra over the field F and V, is just a
linear algebra over F then we define V.=V, UV, to be a quasi
neutrosophic bilinear algebra over the field F.
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We illustrate this by some examples.

Example 2.1.25: Let V=V, UV, =

[t

be a quasi neutrosophic bilinear algebra over the field Q.
Example 2.1.26: Let V=V, UV, =

2 c

V is a quasi neutrosophic bilinear algebra over the field Q.

a,b,c,deR} U{(abcdef)|a,b,c,d e, feQl}

a,b,c,de QI} U {Zaixi
i=0

DEFINITION 2.1.14: Let V =V; UV, where V, is a neutrosophic
vector space over the field F and V, is a neutrosophic linear
algebra over the field F. V = V; UV, is defined to be a pseudo
neutrosophic quasi bilinear algebra over F.

We will illustrate this by some simple examples.

Example 2.1.27: Let V=V, UV, =
a b e
c d f
{[a b]
U
c d

V is a pseudo neutrosophic quasi bilinear algebra over the field

Q.

a,b,c.d,e,f eQI}

a,b,c,de N(Q)} .
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Example 2.1.28: Let V=V, UV, =

8 .
{Zaix‘ a, eQI;OSiSS} U
i=0

a
d a,b,c,d,e,f,g,h,ieRIl;;
g

5 o o
- O

V is a pseudo neutrosophic quasi bilinear algebra over the field
Q.

We can have for any neutrosophic bilinear algebra V a
substructure which is a pseudo neutrosophic quasi bilinear
subalgebra of V.

DEFINITION 2.1.15: Let V = V; UV, be a neutrosophic bilinear
algebra over a field F. Suppose W = W; W, < V; UV, such
that W, is a neutrosophic vector space over F and W, is a
neutrosophic linear algebra over F then we define W to be a
pseudo neutrosophic quasi bilinear subalgebra of V over the

field F.

We will illustrate this by some simple examples.

Example 2.1.29: Let V=V, UV, =

a b

c d
U {(a,b,c,d, e, )| a, b, c d e f e QI} beaneutrosophic
bilinear algebra over the field Q. Take W =W, U W, =

o

a,b,c,deQI}

a,beQI} U{(a0c0e0)|ac,eeQl}
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c V; U V, W is a pseudo neutrosophic quasi bilinear
subalgebra of V over the field Q.

Example 2.1.30: Let V=V, UV, =

a, eZ”I;OSiSnSoo} )
i=0

c
f ||a,b,c,d,e,f,g,h,ieZ,I

e a o
5 o o

1

be a neutrosophic bilinear algebra over the field Z,;. Choose W
= W1 U Wz =

aieZ”I;OsiSnSw} v

{iaixﬁ

i=0

a 0 0
b 0 0]la,b,c,ecZ,I

c e O

c Vi U V,; W is only a pseudo neutrosophic quasi bilinear
subalgebra of V over the field Z;5.

We see
a 00
b 0 0|eW,
c e 0
But
a 0 0)(a 0 O
b 0 0[|b 0 0| eW,
c e 0){c e O
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Now we proceed onto define linear bitransformation of a
neutrosophic bivector space and neutrosophic bilinear algebra
over the field F.

DEFINITION 2.1.16: Let V = V; UV, be a neutrosophic bivector
space over a field F and W = W; U W, be another neutrosophic
bivector space over the same field F.

DeﬁneT=T1 UTZ.' V= V] UVgﬂ‘W: W] UWgaS
follows T;: V; — W, i = 1, 2 is just a neutrosophic linear
transformation from V; to W;. This T = T; U T; is a neutrosophic
linear bitransformation of V into W. If W = V then we call the
neutrosophic linear bitransformation as neutrosophic linear
bioperator. We denote it by BNp(V,W) = {set of all neutrosophic
linear bitransformations of V.=V, UV, to W = W, v W,};
BNF(V,VV) = BNF(VI, W]) U BNpg (VQ, Wz) BNF(V,V) = {set Of
all neutrosophic linear bioperators of V to V and BNg(V,;, V;) v
BNF(VQ, Vz) = BNF (V, V)

Interested reader can study the algebraic structures of
BNg(V,W) and BNg(V,V). However we give an example of
each.

Example 2.1.31: Let V=V, UV, =

(i e

and W=W; UW,={QI x QI x QI} u

a,b,c,d,e,f eQI}

i=0

a, eQI;lSiSS}

be neutrosophic bivector spaces over the field Q. Define T = T,
UTQ:V:V1 UVQ—)W:W1UW2WhCI'eT1 ZVl —)Wl and
T, : Vo, — W, as follows:
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n[* ®l=@s
lCO_(aa’C)

a b c ) 3
T, ={a+bx+cx +dx
d e f

+ex4+fx5|a,b, c,d, e, feQl}.

and

Clearly T = T, U T, is a neutrosophic linear bitransformation of
VitoW.

Example 2.1.32: Let V=V, UV, =

a b
c d
U {Z;1 x Z;1 x Z;1 x Z;1} be a neutrosophic bivector space over

the field Z;. T=T,uT,:V=V,UV,>V=V, UVz, where
Tll V] e d Vl

a,b,c,de Z7I}

and
T,:V, >V,

o(ea)-()

T,(a,b,c,d)=(a,b+c,d, a+d).

1s as follows.

and

It is easily verified. T is a neutrosophic linear bioperator on V.

2.2 Strong Neutrosophic Bivector Spaces

In this section we for the first time introduce the notion of
strong neutrosophic bivector spaces and study them.
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DEFINITION 2.2.1: Let V =V, U V, where V; and V, are
neutrosophic additive abelian groups. Suppose V=1V, UV, is a
neutrosophic bivector space over a neutrosophic field F then we
call V to be a strong neutrosophic bivector space.

We will give some examples.

Example 2.2.1: Let V=V, U V, = {Zs] [X]} U {Zs] x ZsI x
Zsl} be a strong neutrosophic bivector space over the
neutrosophic field Zsl.

Example 2.2.2: LetV=V, UV, =
a b

c d

a bcdef

g h i j k 1

be a strong neutrosophic bivector space over the neutrosophic
field QI.

a,b,c,de RI} )

a,b,c,d,e,f,g,h,i,j,k,le QI}

DEFINITION 2.2.2: Let V = V; UV, be a strong neutrosophic
bivector space over the neutrosophic field K. If W =W, UW, <
Vi UV and if Wis a strong neutrosophic bivector space over
the neutrosophic field K, then we call W to be a strong

neutrosophic bivector subspace of V over the neutrosophic field
F.

We will illustrate this by some simple examples.

Example 2.2.3: Let V=V, UV, =

(al a2 33}
a, as ag

aieQI;lsiS6}
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Uil tla, eQII<i<8

a; 4

be a strong neutrosophic bivector space over the neutrosophic
field QI. Take W =W; U W,

Ifa, 0 a4
0 a, O

a,,a,,a, eQI} )/

a1 aZ
0 0
a,,a,,a5,a, €Ql
as a4
0 0

< V; U V,; W is a strong neutrosophic bivector subspace of V
over the field QI.

Example 2.2.4: Let V=V, U V, = {QI x QI x QI} v {QI [x]}
be a strong neutrosophic bivector space over the neutrosophic
field QL. Take W =W,; U W, = {(QI x {0} x QI} U

{ZS: ax'
i=0

a, eQI;OSiS8}

c Vi U V,, W is a strong neutrosophic bivector subspace of V
over QI.
Let us define the notion of strong neutrosophic bilinear algebra.

DEFINITION 2.2.3: Let V = V; UV, be a neutrosophic bilinear
algebra over the neutrosophic field K, we define V to be strong

neutrosophic bilinear algebra over K.

We will illustrate this by examples.
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Example 2.2.5: Let V=V, U V,={Ql [x]} U

a b

0 d
be the strong neutrosophic bilinear algebra over the
neutrosophic field QI.

a,b,de QI}

Example 2.2.6: Let V=V, U V, = {QI x QI x QI x QI x QI} L

a b

c d
be a strong neutrosophic bilinear algebra over the neutrosophic
field QI.

a,b,c,de N(Q)}

Example 2.2.7: Let V=V, UV, ={Z I xZ I x ZI} U

c
f||a,b,c,d,e.f,g,h,ie N(Z)))
i

e a o
5 o o

be a strong neutrosophic bilinear algebra over the neutrosophic
field Zl 11.

DEFINITION 2.2.4: Let V =V, UV, be a strong neutrosophic
bilinear algebra over the neutrosophic field K. If W =W, o W,
<V, UV, be a strong neutrosophic bilinear algebra over K
then we define W to be a strong neutrosophic bilinear
subalgebra of 'V over the neutrosophic field K.

Example 2.2.8: Let V=V, UV, =

[

a,b,c,deQI}
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U {(a, b,c,d, e f)| a b, c,d e fe QI} be a strong
neutrosophic bilinear algebra over the neutrosophic field K =
QI TakeW=W1 U W,=

a 0

0 d
U {(@ 0,0,d,0,f)|a d feQl} cV, UV, Wis a strong
neutrosophic bilinear subalgebra of V over K = QL.

a,deQI}

Example 2.2.9: Let V=V, U V, = {Z/1 [x]} U

o)

be a strong neutrosophic bilinear algebra over the neutrosophic

field Z51.
ae Z7I}

Take W=W, U W, =
. a a
a, eZ7I;1:O,1,2,...,oo} u{[ j
a a
c V1 U V,; W is a strong neutrosophic bilinear subalgebra of V
over the neutrosophic field Z;1.

a,b,c,de Z7I}

i=0

DEFINITION 2.2.5: Let V = V; UV, be a strong neutrosophic
bilinear algebra over the neutrosophic field K. Let W = W, v
W, oV, wVywhere W is just a neutrosophic vector space over
the neutrosophic field K and W, is a neutrosophic linear
subalgebra over the neutrosophic field K. W = W, v W, is
defined to be a pseudo strong neutrosophic linear subalgebra of
V over K.

We will illustrate this situation by some examples.
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Example 2.2.10: Let V=V, UV, =

al a2 a3
a, a, a,|la,eZ;1<1<9
a, ag a,

v {Z;1 [x]} be a neutrosophic bilinear algebra over the
neutrosophic field Z;1.
TakeW:W1UW2:

a,b,ceZI; U

o O W
o o O
S o O

OSiSn;i=0,1,2,...,oo}

n
”
2 ax”

i=0

c Vi U V,; W is a pseudo strong neutrosophic bilinear
subalgebra of V over the field Z;1.

Example 2.2.11: LetV=V, UV, =

a b

c d
U {Zxnl x Zyl x Zysl x Zy31} be a strong neutrosophic bilinear
algebra over the neutrosophic field Z,;1. Take W =W, U W, =

0 d

a 0
U{000b)|a be Zul} <V, UV, Wis a pseudo strong
neutrosophic bilinear subalgebra of V over Z;l.

a,b,c,de ZBI}

a,de ZBI}
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Example 2.2.12: Let V=V, U V,={QI [x]} U

c
f ||a,b,c,d,e,f,g,h,ieQl

a
d
g i

= o o

be a strong neutrosophic bilinear algebra over the neutrosophic
field QI. Take W =W; U W, =

a 0 0
aieQI}u 0 b 0]l|a,b,deQI
0 0 d

n
2ax
i=0

c Vi U V, W is a pseudo strong neutrosophic bilinear
subalgebra of V over the field QI.

DEFINITION 2.2.6: Let V = V; UV, be a strong neutrosophic
bilinear algebra over the neutrosophic field K. Let W = W; v
W, cV; UV, be a strong neutrosophic bivector space over the
neutrosophic field K. W is defined as the strong pseudo
neutrosophic bivector subspace of V over the field K.

We illustrate this by some examples.

Example 2.2.13: LetV=V, UV, =

a b c
d e f||ab,cdef,ghicZ,I U
g h i

* .
ax
i=0

a,eZ;li= 1,2,...,00}
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be a strong neutrosophic bilinear algebra over the neutrosophic
field 2231. Take W = Wl o W2 =

S A e
S o o

c
f |la,b,c,d,e,feZ, ;I U
0

a e Z23I;0Siﬁ9}

i=0

c Vi, U V, W is a strong pseudo neutrosophic bivector
subspace of V over the field Z,;1.

Example 2.2.14: Let V=V, UV, =

a, a, a,; a,

a; a, a, a
5 6 7 8 :
a,eZ,;1<1<16
a'9 a10 all a'12

a13 a14 a15 alé

a,eZ ;i= 1,2,...,00}

v {iaixi

i=0

be a strong neutrosophic bilinear algebra over the neutrosophic
field Z“I. Take W = W1 ) Wz =

a, a
>0 T A eZ LI<i<8F U
0 0 0
0 0 0 O
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i=0

a,eZ ;i= 1,2,...,6}

c Vi U V,, W is pseudo strong neutrosophic bivector subspace
of V over Z;,1.

DEFINITION 2.2.7: Let V = V; UV, be a strong neutrosophic
bilinear algebra over the neutrosophic field K. Take W = W, v
W,cV, uVyand F c K (F a field and is not a neutrosophic
subfield of K). If W is a neutrosophic bilinear algebra over the
field F then we define W to be a pseudo strong neutrosophic
bilinear subalgebra of V over the subfield F of the neutrosophic
field K.

We will illustrate this by some examples.

Example 2.2.15: Let V=V, U V,=

a b

c d
be a strong neutrosophic bilinear subalgebra of V over the
neutrosophic field QI. Take W =W, U W, =

a a

a a
c Vi, U V, W is a pseudo strong neutrosophic bilinear
subalgebra of V over the subfield Q of N(Q).

a, e N(Q);OSiSoo}

i=0

a,b,c,de N(Q)} U {iaixi

ae QI} U {Zw:aixi

a, eQLi= 0,1,...,00}

DEFINITION 2.2.8: Let V =V, UV, be a strong neutrosophic
bilinear algebra over the neutrosophic field K. Let W = W, v
W, <V be a bivector space over the real field F c K. We call W

=W, uW, cV; UV, as a pseudo bivector subspace of V over
the real subfield F of K.
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We will illustrate this by some simple examples.

Example 2.2.16: Let V=V, U V,=

a b

c d
be a neutrosophic bilinear algebra over the neutrosophic field
N(Q). Take W =W, U W, =

2

c V1 U V,, W is a pseudo bivector space over the field Q.

a,b,c,de N(Q)} U {iaixi

a, e N(Q);1=0, ...,OO}

8
a,b EQ} U {Zaixi
i=0

a, eQ;i=0,1,2,...,8}

Example 2.2.17: Let V=V, UV, =

oS O e
S o O

0
0 |la,b,ceZ,l
c

U {(N(Zz) x N(Zy) x N(Zp) x N(Zyp))} be a strong
neutrosophic bilinear algebra over the neutrosophic field N(Zy).
Take W=W, U W, =

a,b,ceZ,; 1 U {(Zy x Zyo x {0} x {0})}

S O e
S o O
o o O

c V; U V,; Wis a pseudo bivector subspace of V over the field
Zo.

DEFINITION 2.2.9: Let V =V, UV, be a strong neutrosophic
bilinear algebra over the neutrosophic field K. Let W = W; v
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W, cV, UV, be a bilinear algebra over a real subfield F of K.
We define W to be a pseudo bilinear subalgebra of V over the
field F.

We will illustrate this by some simple examples.

Example 2.2.18: Let V=V, U V,=
a b
c d

0 .
2ax
i=0

a,b,c,de N(Q)} U

a'i EN(Q),IZO, 17”-’ OO}

be a strong neutrosophic bilinear algebra over the neutrosophic
field N(Q). Take W =W, U W, =

[

c V1 U V,; Wis a pseudo bilinear subalgebra of V over Q.

a,b,c,de Q} U {Zaixi
i=0

a,eQ;i=0,1..., oo}

Example 2.2.19: Let V=V, U V,=

= N

aab,cadae,fagahai € N(Zl7)

S O O e
S O a o
S @ o o

—

U {(N(Z17) x N(Z17) x N(Z17) x N(Z17) x N(Z17))} be a strong
neutrosophic bilinear algebra over the neutrosophic field N(Z;7).
TakeW=W1 UWZZ
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a,b,c,deZ,

S O O e
oS o o O
S o o O
oo o O

U {Z17 x {0} x Z17 x {0} x Z17} < V; U V,;, W is a pseudo
bilinear subalgebra of V over the field Z,; < N(Z;7).

DEFINITION 2.2.10: Let V = V; UV, be a strong neutrosophic
bivector space over the neutrosophic field K. Let W = W; U W,
be a strong neutrosophic bivector space over the same
neutrosophic field K. Let T: V > Wie., T=T, VT,: V; UV,
— W; v W, be a bimap such that T; : V; = W; is a strong
neutrosophic linear transformation from V; to W;; i = 1,2. We
define T = T, v T, to be a strong neutrosophic linear
bitransformation from V to W. If W = V then we call T to be a
strong neutrosophic linear bioperator on V.

SNHomy (V, W) denotes the set of all strong neutrosophic
linear bitransformations from V to W.

SNHomyg (V, V) denotes the set of all strong neutrosophic
linear bioperator from Vto V.

Interested reader is requested to give examples.

Also the study of substructure preserving strong
neutrosophic linear bitransformations (bioperators) is an
interesting field of research.

Now we proceed onto define bilinearly independent bivectors
and other related properties.

DEFINITION 2.2.11: Let V = V; U V, be a strong neutrosophic
bivector space over the neutrosophic field K. A proper bisubset
S=8 uS,cV, UV,is said to be a bibasis of V if S is a
bilinearly independent biset and each S; < V; generates V;; that
is S; is a basis of V; true for i = 1, 2.
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DEFINITION 2.2.12: Let V = V; U V; be a strong neutrosophic
bivector space over the neutrosophic field K. Let X = X; UX, C
Vi UV, be a biset of V, we say X is a linearly biindependent
bisubset of V over K if each of the subsets X; contained in V; is a
linearly independent subset of V; over the K; i = 1, 2.

The reader is expected to prove the following:

THEOREM 2.2.1: Let V = V; U V; be a strong neutrosophic
bivector space over the neutrosophic field K. Let B = B; U B, be
a bibasis of V over K then B is a linearly biindependent subset
of Vover K. If X = X; UX;be a bisubset of V which is bilinearly
independent bisubset of V then X in general need not be a
bibasis of V over K.

We will explain this by some examples.

Example 2.2.20: Let V=V, U V,= {(QI x QI x QI)} L

i=0

OSiSnSoo;aieQI}

be a strong neutrosophic bivector space over the neutrosophic
field QL. Let B=B; U B,= {(1, 0, 0), (0, 1, 0), (0, 0, D)} v {I, Ix,
Ix% .., XY L, Ix*} < V; U V, be a bibasis of V over the
neutrosophic field QI. Take X = X; U X, = {1, 0, 2I), (0, 3L, 1)}
v {l, Ix, Ix2, Ix%, Ix7} c V; U V,; Xis a linearly independent
bisubset of V but is not a bibasis of V over QI.

Example 2.2.21: Let V=V, U V,=

a b a, a, a,
a,b,c,deZ, I U
c d a, a; ag

be a strong neutrosophic bivector space over the neutrosophic
field Z;51. Let B=B, U B, =

a,eZ,;1<i< 6}
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{6 36 0 o6 2t
oo aaeey,
Coag e )

c ViU V,, Bis abibasis of V over Z31. Take X =
I IY(0 O
, U
0 0/\I I
31 0 IY(O0O I 41)(0 I O
0 0 0/(I T 021 0 41

=X, U X, VUV, Xis only a linearly independent biset of
V but is not a bibasis of V over Z ;1.

DEFINITION 2.2.13: Let V = V; U V; be a strong neutrosophic
bivector space over the neutrosophic field K. Let X = X; VX, <
Vi UV, if X is not a bilinearly independent bisubset of V then
we say X is a bilinearly dependent bisubset of V.

Example 2.2.22: Let V=V, U V,={QI x QI x QI x QI} U

i=0

aieQI;OSiSS}

be a strong neutrosophic bivector space over the neutrosophic
field QL. Let X =X; U X, ={(I, 1,0, 0), (0,1, 1, 0), (0, 0, I, I), (I,
L LI, G3L2LIL 0} Uil Ix% 1+ 31X, 5Ix* + 31x%, Ix* + 3Ix +
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51x% + 3IX4} c Vy U V,. It is easily verified X is a linearly
dependent bisubset of V over QI.

Example 2.2.23: Let V=V, U V,=

a b

c d
be a strong neutrosophic bilinear algebra over the neutrosophic
field 1. B=BiuUB,=

) , , vl Ix, Ix, ..., Ix", ...}
0 0)\0 0o)\I 0)l0 I

is a bibasis of B.

I I) (I O\(I IV(I IV(0 I

0 1)lo o){1 1/{1 1)(0 0
u{l+ K+ I+ I I L Ix, T+ Ixz} is a linearly dependent
bisubset of V over Z,1. The number of bielements in the bibasis
B =B, U B, is the bidimension of V=V, U V,, denoted by | B |
= (IB1l, [Bal).

If | B|=(|B1], |B2|) = (n, m) and if n < co and m < oo then we

say V is a finite bidimensional strong neutrosophic bilinear
algebra (bivector space) over the neutrosophic field K. Even if

one of m or n is o or both m and n is infinite then we say the
bidimension of V is infinite.

0<i<oo;a, eZZI}

i=0

a,b,c,d e Zzl} U {Zaixi

Example 2.2.24: LetV=V, 0V, =

a b

c d
be a strong neutrosophic bivector space over the neutrosophic
ﬁeldQI B=B,UB,=

a,b,c,deQI} w {QI x QI x QI}
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I 0Y(0O I)(O0O 0)(O O
0 0){o 0){1 0)l0 I
w {(100),(0,1,0)(0,0,)} =V, U Vy; Bis abibasis of V over

QI and the bidimension of V is finite (4, 3).

Example 2.2.25: Let V=V, 0V, =

i=0

a, € ZZI} U {(ZZI X Zzl)}

be a strong neutrosophic bivector space over Z,I. B=B; U B, =
(I, Ix, Ix%, ..., IX", ... o} U {(1, 0), (0, 1)} < V| U V, is a bibasis
of V over Z,I. The bidimension of V is (o0, 2).

Example 2.2.26: Let V=V, U V,=

a, eQLi= 1,2,...,00} U

X .
2ax
i=0

a b

c d
be a strong neutrosophic bilinear algebra over the neutrosophic
field QL. B=B; U B, = {I, Ix, Ix’, ..., Ix", ...} U {an infinite

basis for V,} is a bibasis of V over QI. Thus the bidimension of
V is infinite and |B| = (0, ®).

a,b,c,de RI}

Example 2.2.27: Let V=V, UV, =

o)

a,b,c,de QI} v {RI x RI}
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be a strong neutrosophic bivector space over the neutrosophic
field QI. Take B=B; U B, =

I 0)(0 IY(O0 O0Y(O O

0 0)lo o)1 0)l0 I
U {An infinite set}, B is a bibasis of V over QI The
bidimension of V is (4, ©); thus the bidimension of V is infinite.
It is interesting to note that if V and W are strong neutrosophic
bivector spaces over the neutrosophic field K. Suppose
bidimension of V is (n;, np) then we say the bidimension of V

and W are the same if and only if W is just of bidimension (n;,
ny) or (1, ny).

DEFINITION 2.2.14: Let V=V, U Vyand W = W; U W, be two
strong neutrosophic bivector spaces over the neutrosophic field
K Let T = T, v T, be a bilinear transformation (linear
bitransformation) from Vto W defined by T; : V; > W, i = 1, 2,
j=1, 2 suchthatT,:V, > W,and T, : V, > Wyor T, : V;, >
Wyand T, : Vy — W,. The bikernel of T denoted by kerT = kerT,;
U kerT, where ker T; ={V € V; | T(V) = 0; i =1, 2}. Thus biker
T={V, V) eV, uV,/T(V, V) =T,(V) UT(V') =0 L0).

It is easily verified ker T is a proper neutrosophic bisubgroup of
V. Further ker T is a strong neutrosophic bisubspace of V.

Example 2.2.28: Let V=V, UV, =

aieQI,lsiS6} U

a1 a'2
a, a, _
a, eQl1<i<8
aS a'6
a; A
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be a strong neutrosophic bivector space over QL. W =W, U W,

a4, 8
aieQI;OSiS7}u 0 a, a,|la,eQL0<i<6
0 0 a

7 .

1

2 ax
i=0

be a strong neutrosophic bivector space over QI. Define a bimap
T=T1wT2:V1UV2—>W1uW2byT1:V1—>W2andT2:
V, — W, such that

a a a a'1 a'2 a’3
1 2 3
Tl[ J= 0 a, a,
a, a; a
4 5 6
0 0 a
and
al aZ
a, a 7 .
3 4
T, =Zaix1
as 8.6 i=0
a, a

where a; — g, A — ay, a3 —> Az, a4 —> az, A5 —> A4, A —> A5, A7 —>
ag and ag — ay.
T =T, U T, is a linear bimap.

biker T =

[ -]

[ -]

[ -]
C

S O o O

S O O O

Interested reader can construct more examples in which
biker T is a proper non zero neutrosophic bisubspace of V. We
will prove results when we define strong neutrosophic n-vector
spaces n > 2, for n = 2 gives the strong neutrosophic bivector
space. Further neutrosophic bivector spaces (bilinear algebras)
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and the strong neutrosophic bivector spaces (bilinear algebras)
which we have defined in sections 2.1 and 2.2 are type I
neutrosophic bivector spaces and strong neutrosophic bivector
spaces respectively. In the following section we define type II
neutrosophic bivector spaces (bilinear algebras).

2.3 Neutrosophic Bivector Spaces of Type Il

In this section we proceed onto define neutrosophic bivector
spaces of type II and neutrosophic linear bialgebras (or bilinear
algebras) of type II. We discuss several interesting properties
about them. We also give the difference between type I and type
II neutrosophic bivector spaces.

DEFINITION 2.3.1: Let V =V; UV, where V; is a neutrosophic
vector space over the real field F, and V, is a neutrosophic
vector space over the real field F; such that F; #F,, F; ¢ F5, F)
zF; and VizVo, ViazV, and V,zV,.

We call V to be a neutrosophic bivector space over the
bifield F = F; UF, of type I1.

We will illustrate this by some simple examples.

Example 2.3.1: Let V=V, U V, where

e

be a neutrosophic vector space over the field Z, and

a,b,c,de Z7I}

al a’2
Vo=14la; a, |la, eN(Q),l<i<6
aS a6

is a neutrosophic vector space over the field Q. V=V, U V,isa
neutrosophic bivector space over the bifield F = Z; U Q of type
IL
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Example 2.3.2: Let V =V, U V, where V| = {QI [x]} a
neutrosophic vector space over the field Q and V, =

a b
0 d a,b,c,d,e,feZ,
0 0

- o O

be a neutrosophic vector space over the field Z;;. V=V, U V,
is a neutrosophic bivector space over the bifield F = Q U Z;; of
type II.

Example 2.3.3: Let V= V] o V2 where Vl = {ZBI X Zl3I X 2131
x Zy51} 1s a neutrosophic vector space over the field Z,; and

a, a, a, a
Vj: 1 2 3 4
a5 aé a7 a8
be a neutrosophic vector space over the field Z,;. V=V, U V,

is a neutrosophic bivector space over the bifield F = Z3 U Z,; of
type II.

a, 6223,1£i£8}

DEFINITION 2.3.2: Let V = V; UV, be a neutrosophic bivector
space over the bifield F = F; UF, of type Il. Let W = W; U W,
Vi, UV, if Wis a neutrosophic bivector space over the bifield
F =F, UF, of type Il, then we call W to be a neutrosophic
bivector subspace of V over the bifield F = F; UF, of type 11.

We will illustrate this by examples.

Example 2.3.4: Let V=V, UV, =

[

a,b,c,de Z7I} U
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a, EZ“I,ISiSS}

a, a, a, a,

aS a6 a’7 ag
be a neutrosophic bivector space of V over the bifield F = Z; U
71, of type II. Take W =W, U W, =

o)
(e

c V| U V,; W is a neutrosophic bivector subspace of V over the
bifield Z; U Z,; of type 11

a,be ZJ} U

a, ez, Li=1,24, 5,6,3}

Example 2.3.5: Let V=V, UV, =

a b

c d
U {Z3l x Z31 x Zi51 x Zy31 x Z1531} be a neutrosophic bivector
space over the bifield F = Q U Z;; of type II. Take W = W, U

)

c V1 U V,; W is a neutrosophic bivector subspace of V over the
bifield F = Q ) Zl3.

Now we define a substructures on these neutrosophic
bivector spaces over the bifield. It is pertinent to mention here
that the term type II will be suppressed as one can easily
understand by the very definition it is distinct from type 1.

a,b,c,de QI}

aeQI} U{(aaaaa)|aeZ;l}
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DEFINITION 2.3.3: Let V = V; UV, be a neutrosophic bivector
space over the real bifield F = F; UF, Let W=W, UW, cV,
UV,and K = K; UK, c F; UF, = F. If Wis a neutrosophic
bivector space over the bifield K = K; UK, then we call W to be

a special subneutrosophic bivector subspace of V over the
bisubfield K of F.

We will give an example of this definition.

Example 2.3.6: Let V=V, U V,= {Q(\/E, \/§)I>< Q(\/E,\/g)l} v

a b

c d
be a neutrosophic bivector space over the bifield F = Q(ﬁ A3 )
UQ(5,4/7) =F. Take W = {Q(2)IxQ(2)I} U

a a

a a
=W, U W, c VUV, W is a special subneutrosophic bivector
subspace of V over the subfield Q(\/E)UQ(\/g)Z Kiuk,; ¢

Q(W2,\3)UQ(W5.7) =F.

Now we define the neutrosophic bivector space V to be
bisimple if V has no proper special subneutrosophic bivector
subspace over a bisubfield.

a,b,c,deQ(\/g,\ﬁ)}

ae Q(ﬁ)}

We will illustrate this by some examples.

Example 2.3.7: Let V=V, UV, =

. {Rl}u{a bj
c d
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be a neutrosophic bivector space over the real bifield F =
Qu Z,;. We see the real bifield is bisimple; i.e., it has no
subbifields or bisubfields. So V is a bisimple neutrosophic
bivector space over F.

Example 2.3.8: Let V=V, U V, = {Z,] x Z,)] x Z,1 x Z,1} U

a b
c d
be a neutrosophic bivector space over the real bifield F =
7, U Z5. V is a bisimple neutrosophic bivector space over F. We
see both Z, and Z; are prime fields of characteristic two and

three respectively.
In view of this we have the following theorem.

a,b,c,deZJ}

THEOREM 2.3.1: Let V = V; UV, be a neutrosophic bivector
space over a bifield F = F; UF,. If both F; and F, are prime
fields then V is a bisimple neutrosophic bivector space over the
real bifield F = F; UF,.

The proof of the above theorem is left as an exercise to the
reader. A natural question arise; if one of the fields F, and F,
alone is a prime field can we have some special type of
substructures. In view of this we have the following definition.

DEFINITION 2.3.4: Let V = V; UV, be a neutrosophic bivector
space over the real bifield F = F; UF, where one of F; or F, is
a prime field. Let W = W; U W, be such that W is 4 neutrosophic vector
subspace of v1 0ver K; < Fy ( is a prime field ) and W, is a
neutrosophic vector subspace of V, over F,; then we call W =
W, UW, to be a quasi special neutrosophic bivector subspace
of V over the quasi bisubfield K; U F,.

(If F = F; U F, is a bifield, K; < F, is a proper subfield of F,

then K; U F, is called the quasi bisubfield of the bifield F = F,
U F,). We will illustrate this by some examples.
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Example 2.3.9: LetV=V, UV, =

a b

c d
w {RI x RI x RI} be a neutrosophic bivector space over the
bifield F = Z;; U Q(~/2,4/3,4/5,/7,4/11). Take W = W, U W,

_|fa b
c d
{RI x {0} x RI} € V; U V,, W is a quasi special neutrosophic

bivector subspace of V over the quasi bisubfield Z;; U Q(\/E )
of the bifield F.

a,b,c,de Z”I}

a,b,c,de Z”I} U

Example 2.3.10: Let V=V, U V, = {Z;1 [x]} U {RI x RI x RI}
be a neutrosophic bivector space over the real bifield Z; U R.
Let W=W, U W, =

{Zgjaixi 0<i<9;a e Z;I} U {QI x QI x QI}

i=0

c V1 U V,; W is a quasi special neutrosophic bivector subspace
of V over the real quasi bifield Z, v Q € Z; U R.

Now we proceed on to define the notion of bibasis of the
neutrosophic bivector space of type 1.

DEFINITION 2.3.5: Let V = V; U V; be a neutrosophic bivector
space of type Il over the bifield F = F; UF, Let B=B; UB,
V; UV, be a bisubset of V such that B; is a linearly independent
bisubset of V;; and generates V; for i = 1, 2, then we call B to be
bibasis of V over the bifield F; U F, = F.

We will illustrate this by some simple examples.
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Example 2.3.11: Let V=V, UV, =

[al aZ a}j
a, a5 ag

aieZ7I;0£iS6} )

a,eZJ 1<1<8

be a neutrosophic bivector space of type II over the bifield F =
Z7 o Zs.
Take B = B1 ) Bz

S
I

I 0)(0 I)(0 0)(0 0
9 00,00,10’01,
0 0/l0o 0|0 O[O0 O
0 0)lo 0)lo o)lo o
0 0)(0 0)(0 0)(0 O
0 0[|0 0|0 O[O O
I 0[]0 1[0 0[]0 0
0 0)lo o)1 0)lo I

< V; U V,, Bis a bibasis of V over the bifield.
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Example 2.3.12: Let V=V, UV, =

)

be a neutrosophic bivector space over the bifield F = F, U F, =
QUZ37. TakeB=B1 uB,=

aeZ,l

—

aeQI} U

O o o ®
(SR

—
—

c V1 U V,, Bis a bibasis of V over the bifield F = Q U Z3.

DEFINITION 2.3.6: Let V = V; UV, be a neutrosophic bivector
space over the bifield F = F; UF, Let P=P, VP, cV, UV,
be a proper bisubset of V such that each P; is a linearly
independent subset of V; over Fi; i = 1, 2; then we define P = P,
U P, to be a bilinearly independent bisubset of V over the
bifield F = F; U F, or P is defined to be the linearly
biindependent bisubset of V over the bifield F = F; UF,.

It is interesting and important to note that every bibasis is a
linearly biindependent bisubset, but a linearly biindependent
bisubset need not in general to be a bibasis of V over the bifield
F.

We will illustrate this situation by an example.

Example 2.3.13: Let V=V, UV, =
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(o
[

be a neutrosophic bivector space of type II over the bifield F =
QuZ;, TakeB=B,UB,=

I 0)(0 IY(O 0Y(O O 0
0 0)lo o){r o)lo 1)
I T 0y(0O O I\(I I I
5 5 c Vl U Vz.
0 0 0)\I 0 0)l0 I I
Clearly B is a linearly biindependent bisubset of V but is not a

bibasis of V. Thus in general every linearly biindependent
bisubset of V need not be a bibasis of V.

a,b,c,de RI} )

a,,b, eZ7I;1SiS3}

DEFINITION 2.3.7: Let V = V; UV, be a neutrosophic bivector
space over the bifield F = F; U F,, and W = W, U W, be
another neutrosophic bivector space over the same bifield F =
F; UF; that is V; and W; are vector spaces over the field F;, i =
1,2 Let T =T, UT,;be a bimap from V to W; where T;: V; -
Wi is a linear transformation from V;to W, i = 1, 2. We define T
=T, vl V=V,uV, > W=W, UW,to be a neutrosophic
linear bitransformation of V to W of type II.

We will illustrate this by a simple example.

Example 2.3.14: Let V=V, U V,=

[

a,b,c,de Z7I} U
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a, a, a, a,

aS a6 a7 ag
be a neutrosophic bivector space of type Il over the bifield F =
F1 U F2 = Z7 Y Zl3. Let W= W1 v Wz = {Z7I X Z7I X Z7I X Z7I}

a, eZ;L;1 SiSS}

a, a,
a, a,

U dlas ag |la, eZ,1<i<10
a; a4
a9  ayg

be a neutrosophic bivector space of type Il over the bifield F =
FirOoF,=7Z,0UZ;.

Define T=T, UT,:V=V,UV,—> W=W, UW, where
Ti: Vi > W, and T,: V, > W, is defined by

a b
Tl( ] =(a, b, c, d)
c d

and

al a2
a, a, a, a %

1 2 3 4
Tz[ Jz as a,

a, a, a, ag
a, ag
0 0

It is easily verified T is a linear bitransformation of V to W.

Note: If we take in the definition 2.3.7; W = V then we call T to
be a linear bioperator on V of type II. We will denote by

N Hom(V,W), the collection of all neutrosophic linear
F UE,

bitransformations of V to W. N Hom(V,V) denotes the

F UF,

collection of all neutrosophic linear bioperators of V to V.
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Example 2.3.15: Let V=V, UV, =
a b
c d

(31 a, a, a, a, J
ag a; ag Ay Ay

be a neutrosophic bivector space over the bifield F = Q U Zs.

Define T=T, U T, V=V, UV, —> V=V, UV, where T;:
Vi — V;and T,: V, — V, such that,

ne o)l

Tzala2a3a4aszaaaaa
a; a, ag a, a b bbb b

where a, b € Zol.

a,b,c,de QI} )

a,eZ,;1<i< 10};

It is easily verified T is a neutrosophic bilinear operator on
V of type II.

DEFINITION 2.3.8: Let V=V, UV,and W= W; U W, be two
neutrosopic bivector spaces over the bifield F = F; UF,.

LetT=T, 0TV, UVy,=V>W, UW,=W be a linear
bitransformation of V to W. The bikernel of T denoted by ker T
= ker T; Uker T, where ker T; = {V' €V, \Z(vi)zﬁ},' i=12
Thus ker T = {(V',V}) € V, UV, /TW', V)} = {T\(v') UT,(°) =
00}

It is easily verified that ker T is a proper neutrosophic
bisubgroup of V. Futher ker T is a neutrosophic bisubspace of
V.

The reader is expected to give some examples.
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THEOREM 2.3.2: Let V =V, UV, and W = W, v W, be two
neutrosophic bivector spaces over the bifield F = F; U F; of
type Il and suppose V is finite bidimensional. Let T = T; U T, be
a neutrosophic bilinear transformation (linear
bitransformation) of Vinto W. (T V; > Wy i =1, 2).

Then
birank T + binullity T = (n;, ny) dimV

= bidimension V;

that is (birank T =) rank T; U rank T, + (binullity T =) nullity
T; nullity Ty = (bidimension V =) dimV; U dim V, = (ny, ny).
(Heredim V;=n; i=1, 2).

The proof is left as an exercise to the reader. Further the
following theorem is also left as an exercise to the reader.

THEOREM 2.3.3: Let V=V, UV,and W =W, U W, be two
neutrosophic bivector spaces over the bifield F = F; UF,. Let T
=T, T, and § = S; U S, be neutrosophic bilinear
transformations from V into W. The bifunction

(T+3S)

(T] uT, + S, USQ)
= (Ti+S) UNT>+ Sy

is defined by

(T+S)((Z) = (T]+S]) U(T2+Sg)(0£1 X))

(T) +S8) ap V(T + S)a;

= (T oy +Si00) U(Trop + Sra)

is a neutrosophic linear bitransformation from V =1V, UV, to
W] UWZ. (a= oo € V] UVQ) IfC: C] UC2 is a biscalar
from the bifield then the bifunction

(CT)a = (C] UCZ)(T1 UTQ)(&] U(Zg)
C1T1 a; UCZTQ (0%

is a bilinear transformation (linear bitransformation ) from V
into W. Thus the set of all linear bitransfomations defined by
biaddition and scalar bimultiplication is a neutrosophic
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bivector space (vector bispace) over the same bifield F = F; U
F,.

Let NL(V, W) = NL'(V, W) o NL*(V, W) be a
neutrosophic bivector space over the bifield F = F; UF,.

Further if V.=V, U V, is a neutrosophic bivector space
over the bifield F = F; U F, of finite bidimension (n;, ny) and W
= W; U W, is a neutrosophic bivector space of finite dimension
(my, my) over the same bifield F = F; U F,. Then NL(V, W) is of
finite bidimension and has (mn;, myny) bidimension over the
same bifield F = F; UF,.

Further we have another interesting property about these
neutrosophic bivector spaces.

Let V=V, UV, W=W,UW,and Z = Z; U Z, be three
neutrosophic bivector spaces over the same bifield F = F; U F,.
Let T be a neutrosophic bilinear transformation from V into W
and S be a neutrosophic linear bitransformation from W into Z.
Then the bicomposed bifunction S o T = ST defined by ST(a) =
S(T(w)) is a neutrosophic bilinear transformation from V into Z.
The reader is expected to prove the above claim.

Now we proceed on to define the notion of neutrosophic
bilinear algebra or neutrosophic linear bialgebra of type II over
the bifield F = Fl |\ Fz.

DEFINITION 2.3.9: Let V = V; UV, be a neutrosophic bivector
space of type Il over the bifield F = F; U F,. If each V; is a
neutrosophic linear algebra over F;, i = 1, 2, then we call V to
be a neutrosophic bilinear algebra over the bifield F = F; U F,

of type 1l.

We will illustrate this by some simple examples.

Example 2.3.16: Let
{[a bJ
V =
c d
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U {(a,b,c,d,e)|a, b,c,d, e € Z;I} be a neutrosophic bivector
space over the bifield F = Q U Z,. V is clearly a neutrosophic
bilinear algebra over F.

Example 2.3.17: Let V=V, UV,

a, a, a,
=3la, a; ag|la,eZ, ;1<1<9
a, a; a

{Z51[x]; all polynomials in the variable x with coefficients from
Zy51}; V is a neutrosophic bilinear algebra over the bifield F =
211U Zgs.

Example 2.3.18: Let V=V, U V,=

a, a, b
a

a, a,||a,eZ,1<i<6 u{( d] a,b,c,deQI};
c

a; ag

V is only a neutrosophic bivector space over the bifield Z;; U
Q. Clearly V is not a neutrosophic bilinear algebra over the
bifield of type II as V, is not a neutrosophic linear algebra over
the field Zl7.

Thus we have the following interesting result, the proof of
which is left as an exercise for the reader.

THEOREM 2.3.4: Let V = V; U V; be a neutrosophic bilinear
algebra over a bifield F = F; U F, of type II. Clearly V is a
neutrosophic bivector space over the bifield F. However a
neutrosophic bivector space of type Il need not in general be a
neutrosophic bilinear algebra of type I1.
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Now we proceed on to define the new notion of neutrosophic
linear bisubalgebra or neutrosophic bilinear sub algebra of type
11

DEFINITION 2.3.10: Let V = V; UV, be a neutrosophic bilinear
algebra over a bifield F = F; U F, of type Il. Take W = W; v
Wy, cV, v Vy Wis a neutrosophic sub bilinear algebra or
neutrosophic bilinear subalgebra of V if W is itself a
neutrosophic linear bialgebra of type Il over the bifield FF = F
UFQ.

We will illustrate this situation by some examples.

Example 2.3.19: LetV=V, 0V, =

a b
c d
U {(a; a; a3 a4 as ag) | 8; € Z,I; 1 <1 < 6} be a neutrosophic

bilinear algebra of type Il over the bifield F = Q U Z,.
Take W=W, U W, =

a a

a a
c Vi U V,, W is a neutrosophic bilinear subalgebra of V over
the bifield F = Q U Z, of type 1I.

a,b,c,de QI}

aeQI} U {(aaaaaa)|aeZl}

Example 2.3.20: Let V=V, U V,=

al a2 a3
a, a; ag|la,eZ;1<1<9
a, ag a,
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v {QI[x]; all polynomials in the variable x with coefficients
from QI} be a neutrosophic bilinear algebra of type II over the
bifield F =Z; U Q.

TakeW=W1 UW2:

al a2 a3
0 a, a,|la,eZ,;1<i<6
0 0 a

v {All polynomials of even degree with coefficients from the
field QI} < V; U V,; W is a neutrosophic bilinear subalgebra of
V of type II over the bifield Z; U Q.

DEFINITION 2.3.11: Let V = V; U V; be a neutrosophic bilinear
algebra over a bifield F = F; UF, of type Il. Let W =W, U W,
< Vi UV, suppose W is only a neutrosophic bivector space of
type Il over the bifield F = F; U F, and is not a neutrosophic
bilinear subalgebra of V of type Il over the bifield F then we say
W is a pseudo neutrosophic bivector subspace of V over the
bifield F = F; UF, of type I1.

We will illustrate this by some examples.

Example 2.3.21: Let

{1

U {Z;I[x]; all polynomials in the variable x with coefficients
from Z,1} be a neutrosophic bilinear algebra over the bifield F =
F, UF2=QUZ7.TakeW=W1 v W, =

o

a,b,c,de QI}

20
a,be QI} ) {zaixi

i=0

a, € Z7I;lsi£20}
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c V; U V,. Clearly W is only a bivector space over the bifield F
= Q U Z;. For product of two elements is not defined in both W,
and W,. Thus W is a pseudo neutrosophic bivector subspace of
V over the bifield F=Q U Z;.

Example 2.3.22: Let V=V, UV, =

c
f||a,b,c.d,e.f,ghieZ 1
i

e a o
5 o o

U {(a, b, c) | a, b, c € Zyl} be a neutrosophic bilinear algebra
over the bifield F = Z,; U Z,9. Take W =W, U W, =

o o e

0 b
¢ O|la,b,c,deZ, l;U {(aaa)|aec Zyl}
00

c Vi U V,; W is a pseudo neutrosophic bivector subspace of V
as W, is only a neutrosophic vector space over Z;; which is not
a neutrosophic linear algebra over Z;;, but W, is neutrosophic
linear algebra over Zy. Thus W is only a pseudo neutrosophic
bivector subspace of V.

Let V=V, U V, be a bivector space over the bifield F = F, U
F,. A linear bitransformation f = f; U f;, from V =V, U V, into
the bifield F = F; U F, of biscalars is called as a linear
bifunctional or bilinear functional.

However when the bivector space which are neutrosophic
bivector spaces are defined over a real bifield F = F; U F, we
see the notion of linear bifunctional is not possible. Hence to
have the concept of linear bifunctional we need the bivector
spaces to be defined over neutrosophic bifields.

However we can define neutrosophic hyper bispace of a
neutrosophic bivector space.
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DEFINITION 2.3.12: Let V = V; U V; be a finite dimensional
neutrosophic bivector space of type Il over the bifield F = F; U
F; of dimension (nj, ny). Let W =W, oW, cV;, UV, be a
neutrosophic bivector subspace of V of dimension ((n; — 1), (n,
— 1)) over the bifield F = F; U F,. Then we call W to be a
neutrosophic hyper bispace of V.

We will illustrate this situation by some examples.

Example 2.3.23: Let V=V, UV, =

a b

c d
U {(abc)|a,b, c e ZyI} be aneutrosophic bivector space of
finite bidimension over the bifield F = Q U Z;;. Take W =W, U

2

U {(a,b,0)|a,b e Z;I} <V, U V,; W is a neutrosophic hyper
bisubspace of V over the bifield F = Q U Z;5.

a,b,c,de QI}

a,b,de QI}

Example 2.3.24: Let V=V, U V,=

al a2
a, € ZZI} U<la, a,||a ezl

a5 4aq

12 .
{Zaix1

i=0

be a neutrosophic bivector space over the bifield F = Z, U Z;.
Take W =

1 )
ax

i=0

a, Zzl} U
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a, 0 |la, eZ;i=12,3,5,6

c V; U V,; W is neutrosophic hyper bispace of V over the
bifield Z, U Z;. Clearly the bidimension of V is (13, 6) where
the bidimension of W is (12, 5).

The notion of biannihilator of a biset S of a neutrosophic
bivector space over a real bifield cannot be defined as the notion
of linear functional is undefined for these bispaces.

We can define neutrosophic bipolynomial ring over the
bifield F. Let F[x] = Fi[x] U Fy[x] be such that Fj[x] is a
polynomial ring over F; then we cannot call F[x] = F[x] U F,[X]
to be a neutrosophic bipolynomial biring over F; U F, as F; and
F, are not neutrosophic fields they are only real fields.

Now we can define yet another new substructure.

DEFINITION 2.3.13: Let V = V; UV, be a neutrosophic bivector
space over the bifield F = F; UF, Let W=W, oW, cV, UV,
be such that W is just a bivector space over the real bifield F =
F; UF, ie., Wis not a neutrosophic bivector space over the
bifield F; then we call W to be a pseudo bivector subspace of V
over the bifield F.

We will illustrate this by the following examples.

Example 2.3.25: Let V=V, UV, =

[

U {(a,b,c,d,e, f)]a,b,c,d, e, f e NZ)} be aneutrosophic
bivector space over the bifield F = Q U Z,. Take W =W, U W,

a,b,c,de N(Q)}
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a b b.e.deQ
= a,b,c,de
c d
U {(a,b,c,d, e, f)|a,b,c,d e feZ} VUV, Clearly W

is only a bivector space over the bifield F. Thus W is a pseudo
bivector subspace of V over the bifield F = Q U Z,.

Example 2.3.26: Let V=V, U V, = {Z; I[x]; all polynomials
in the variable x with coefficients from Z;71} U

al aZ a3
a, a; ag
be a neutrosophic bivector space over the bifield F = Z; U Z;.
We see there does not exist a W = W, U W, < V; U V, such
that W is a bivector space over the bifield F =Z;; U Z;3.
Thus we see from this example that all neutrosophic

bivector spaces need not in general contain pseudo bivector
subspaces.

a; eN(Z,, )}

In view of this we have the following result which proves the
existence of a class of neutrosophic bivector spaces which do
not contain pseudo bivector subspaces.

THEOREM 2.3.5: Let V = V; UV, be a neutrosophic bivector
space over the real bifield F = F; U F5. Even if one of V; (or V)
has its entries from the neutrosophic field FI (or FI) then we
see V has no pseudo bivector subspaces.

Proof: We see in V =V, U V, the entries are in one of V; or V,
or in both V; and V,, the entries are taken from F,I (F,I) or from
F.I and F,I. Since F; ¢ F;I; 1 = 1, 2 we see V; can never be a
vector space over F; but only a neutrosophic vector space over
F;, 1= 1, 2. Hence the claim.
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We say a neutrosophic bivector space V =V, U V, is a pseudo
simple neutrosophic bivector space if V has no proper pseudo
bivector subspace.

Example 2.3.27: Let V=V, UV, =

)

be a neutrosophic bivector space over the bifield F =Z; U Q. V
is a pseudo simple neutrosophic bivector space.

a
a,b,c,deZJ}u >la, eQL1<i<4

ay

Example 2.3.28: Let V=V, U V, = {Z;1[x]; all polynomials in
the variable x with coefficients from the field Z;I} U {(a;, ay,
as, a4, as, A, a7) | 8 € N(Q); 1 <1 < 7} be a neutrosophic
bivector space over the bifield F = Z;; U Q. V is a pseudo
simple neutrosophic bivector space over the bifield F.

Now we proceed onto define the notion of quasi pseudo
bivector subspace of a neutrosophic bivector space.

DEFINITION 2.3.14: Let V = V; UV, be a neutrosophic bivector
space over the bifield F = F; UF,. Let W=W, UW,cV, UV,
where only one of W; or W5 is a vector space over F; or F, and
the other is a neutrosophic vector space over F; or F; then we
call W to be a quasi pseudo bivector subspace of V over the
blfieldF = F] UFZ.

We will illustrate this situation by some examples.

Example 2.3.29: Let V=V, UV, ={(a,b,c,d)|a, b,c,d e
Z]3I} \V
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a4, a, 4

as; a, ||a, e N(Z);1<i<9

be a neutrosophic bivector space over the bifield F = Z; U Zs.
Take W=W, U W,={(a,a,a,a)|a e Z;l} U

a, a, a,|la, €Z;1<1<9

c V; U V,; Wi is a neutrosophic vector subspace of V; over Zi3
and W, is just vector space of V, over Zs. We see W, is not a
neutrosophic vector subspace of V, over Zs. Thus W = W; U
W, is a quasi pseudo bivector subspace of V over the bifield F =
723U Zs.

Example 2.3.30: Let V=V, U V, = {N(Z,9)[x]; all polynomials
in the variable x with coefficients from the field N(Zq)} U

ey

be a neutrosophic bivector space over the bifield F = Z9 U Zyg3.
Take W = W, U W, = {Z9[x]; the set of all polynomials in the
variable x with coefficients from Z9} U

a a a
{( J ae Z43I}
a a a

c V1 U V,; W is a quasi pseudo bivector subspace of V over the
bifield F = Zlg U Z43.

a,b,c,d,e,f e Z43I}
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Now it may so happen we can have for some neutrosophic
bivector subspace both pseudo bivector subspace as well as
quasi pseudo bivector subspaces.

We will illustrate this situation by an example.

Example 2.3.31: Let V=V, UV, =

a b
c d
U {N(Z4;)[x]; all polynomials in the variable x with coefficients

from the neutrosophic field N(Z47)}be a neutrosophic bivector
space over the bifield F = Q U Z4;. Take W = W; U W, =

[0 2ol

U [Z4]x]; all polynomials in the variable x with coefficients
from the field Zs;} < Vi U V,; clearly W is a pseudo bivector
subspace of V over the bifield F = Q U Zg;.

Let8281U82:
a a
{( JaeQI}
a a

U {Z41[x]; all polynomials in the variable x with coefficients
from Z4;1} < V, U V,. S is a quasi pseudo bivector subspace of
V. Thus V can have both types of bivector subspaces.

a,b,c,de N(Q)}

Finally we define subneutrosophic bivector subspace.

DEFINITION 2.3.15: Let V = V; UV, be a neutrosophic bivector
space over the bifield F = F; UF, Let W=W, oW, cV, UV,
be a neutrosophic bivector space over the bisubfield K = K; v
K, cF; UFy K; cFy; K;is a proper subfield of Fi; i = 1, 2. We
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then call W to be a subneutrosophic bivector subspace of V over
the subbifield K of the bifield F. If V =V, v V, has no
subneutrosophic bivector subspace then we call V to be a sub
bisimple neutrosophic bivector space.

We will illustrate this situation by some examples.

Example 2.3.32: Let V=V, U V,=

a b
c d
be a neutrosophic bivector space over the bifield,

F=Q(v2,V3.,N7,V11,417) U Q(V19,/23,4/43,J41,47).

Take W=W, U W, =

a a

a a
W = W; U W, is a neutrosophic bivector space over the
subbifield

K = Q(W2,V11,417) U Q(+/19,4/41)

= K1UK2gF1UF2.

a,b,c,d eRI} v {(a,b,c,d,e)|a,b,c,d, e e RI}

aeRI}u{(a,a,a,a,a)|aeRI}ngqu,

Thus W is a subneutrosophic bivector subspace of V over the
subbifield K = K; U K.

Example 2.3.33: Let V=V, UV, =

(al a, a, a, asj
aG a’7 a8 a9 alO

a, eRI} U
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} T <x2+x+1>
5 A

be a neutrosophic bivector space over the bifield R u

%.TakeW:\AhUWz:
X" +x+1

a a a a a
a a a a a

< V1 U V,; W is a subneutrosophic bivector subspace of V over
Z,[x]

<X2+X+1>‘

a a
aieQI}u a a|la, ezl
a a

the subbifield K=K, UK, =QuU Z,cRuU

Now we proceed onto define the notion of strong neutrosophic
bivector space and discuss a few important properties about
them.

DEFINITION 2.3.16: Let V = V; UV, be a neutrosophic bivector
space over the neutrosophic bifield F = F; U F,, then we call V
to be a strong neutrosophic bivector space of type 1.

We will illustrate this by some examples.

Examples 2.3.34: Let V=V, UV, =

a b
c d
v {(a, b,c,d, e, f,g)|a b,c,d e f,ge Z; 1} be a strong

neutrosophic bivector space over the neutrosophic bifield F = F,
U F,= QI U Z41.

a,b,c,de QI}
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Example 2.3.35: Let V=V, UV, =

[al a, a, a4j
a; a, a, ag

a, eN(Q);1£i£8} U

al aZ a‘3
a, a, a4 |la, eN(Z,)l<1<9
a7 aS a9

be a strong neutrosophic bivector space over the neutrosophic
bifield F = QI ) ZHI.

We see strong neutrosophic bivector spaces are defined over
neutrosophic bifields but neutrosophic bivector spaces are
defined over real bifields. We see only incase of strong
neutrosophic bispaces we can define neutrosophic bifunctionals
but incase of neutrosophic bivector spaces we cannot define
neutrosophic bifunctionals.

Now we will proceed onto define substructures in strong
neutrosophic bivector spaces.

DEFINITION 2.3.17: Let V = V; U V, be strong a neutrosophic
bivector space over the neutrosophic bifield F = F; UF, Let W
=W, oUW, cV; UV, if Wis a strong neutrosophic bivector
space over the neutrosophic bifield F = F; U F,, then we call W
to be a strong neutrosophic bivector subspace of V over the
neutrosophic bifield F = F; UF,.

We will illustrate this by the following examples.

Example 2.3.36: Let V=V, U V,=

ey

a,b,c,d,e,f eN(Z7)} U
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a, eN(Z,,);1<1<5

be a strong neutrosophic bivector space over the neutrosophic
bifield Z7I U Z“I. Take W = W1 U W2 =

acZ,1

oo
m
N
~
[
%/_/
C
I I I Y

< V; U V,; W is a strong neutrosophic bivector subspace of V
over the neutrosophic bifield Z; [ U Z ;1.

Example 2.3.37: Let V=V, UV, =

a, a, a, a,
0 a; a, a,
0 0 a; a,
0 0 0 a

a, 0 a, 0 a, 0 a,
0 a, 0 a, 0 a, O
be a strong neutrosophic bivector space over the neutrosophic

b1ﬁeldF=F1 UFZZZBIUZN 1.
Let W=W,UW,=

a,€Z,,;1<i<10;, U

a, € ZI7I;ISiS7}

76



a a a a
0 a a a
OoaaanBIu
0 0 0 a

a 0 a 0 a 0 a 71
ae
0000O0TO 0O 7

c V; U V,; W is a strong neutrosophic bivector subspace of V
over the neutrosophic bifield F = F; U F..

DEFINITION 2.3.18: Let V = V; UV, be a strong neutrosophic
bivector space over the neutrosophic bifield F = F; UF,. Let W
=W, W, cV, vV, is defined to be a pseudo strong
neutrosophic bivector subspace of V if W is a neutrosophic
bivector space over the real bifield K = K; UK, c F; UF,.

We will illustrate this by some examples.

Example 2.3.38: Let V=V, 0V, =

a b
c d
{(a1, a2, a3, a4, as, a6, a7) | a; € N(Zy1); 1 <1< 7} be a strong

neutrosophic bivector space over the neutrosophic bifield F =
N(Z]l) v N(Zn) = Fl o Fz. Choose W = W1 Y W2 =

a b
c ¢
{(ar0az0as0ay)|a;,asas,a;e NZj))<cViuVa Wisa

pseudo strong neutrosophic bivector subspace of V over the real
bifield ZywuZy;cFLUF,.

a,b,c,deN(Z“)} U

a,b,ce Z“I} U
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Example 2.3.39: Let V=V, U V, = {N(Zy)[x]; all polynomials
in the variable x with coefficients from N(Z9)} U {(xi, X2, X3,
X4, X5) | X; € N(Zp3); 1 <1 <5} be strong neutrosophic space
over the neutrosophic bifield F = N(Z9) U Zxl.

Take W = W; U W, = {Z;ol[x]; all polynomials in the
variable x with coefficients from Z;yI[} U {(aaaab)|a b e
Zxl} € Vi U V,; W is a pseudo strong neutrosophic bivector
subspace of V over the real bifield K = K; U Ky, =Zj9 U Zy; <
F1 U F2 = N(Zlg) U Zz3I.

Recall a bifield F = F;, U F, is said to be a quasi
neutrosophic bifield if one of F, or F; is a neutrosophic field and
the other is just a real field. F = QI U Z;7 is a quasi neutrosophic
bifield. F = Q u Z I is a quasi neutrosophic bifield. F = N(Z,)
U Zs is a quasi neutrosophic bifield.

DEFINITION 2.3.19: Let V = V; U V; be a neutrosophic bivector
space over the bifield F = F; U F, If F = F; UF, is only a
quasi neutrosophic bifield then we call V to be a quasi strong
neutrosophic bivector space over the quasi neutrosophic bifield.

We will illustrate this situation by some simple examples.

Example 2.3.40: Let V=V, UV, =

(W

a,b,c,de QI} U

a,b,c,d,e,feZ,1

oS O o .
S a o O
o o O O
-h O O O

be a quasi strong neutrosophic bivector space over the quasi
neutrosophic bifield F = Q U Z;;1.
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Example 2.3.41: LetV=V, 0V, =

a, a, a, ||la,eN(Z,);l<i<I2,u

a9 a10 a1 1 a12

7

{Z11[x]; all polynomials in the variable x with coefficients from
the field Z,,I} be a quasi strong neutrosophic bivector space
over the quasi neutrosophic bifield F = Z,; U Z ;1.

DEFINITION 2.3.20: Let V = V; UV, be a neutrosophic bivector
space over the bifield F = F; UF, Let W=W, oW, cV, UV,
be a strong neutrosophic bivector space over the neutrosophic
subbifield K = K;, UK, c F; U F5, then we call W to be a
strong neutrosophic bivector subspace of V over the
neutrosophic bisubfield K = K; VUK, cF; UF,.

We will illustrate this situation by some examples.

Example 2.3.42: Let V=V, UV, =

a, a, a, a, a

agz, 0 0 0 a,|la eNWQ)l<i<ls,u

al} O a14 O alS
a, a,
0 a,
a, 0
0 a,|la, eN(Z,);l<i<9
a, 0
0 a,
ag;  a,
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be a strong neutrosophic bivector space over the neutrosophic
bifield F =F, U F, = N(Q) U N(Z,;). Take W =W, U W, =

a a
a a a a a 0 a
0 a 0 a o0 a 0
a 0 0 0 allaeNQ),u 0 allaeZ,l
0 a a a 0 a 0
a 0 a 0 a 0 a

a a

c V1 U Vy; W is a strong subneutrosophic bivector subspace of
V over the neutrosophic bisubfield K = K; U K, =Ql u Z I ¢
N(Q) W N(Z).

Example 2.3.43: Let V=V, UV, =

a, ||a, e N(Z,,);1<1<15F U

a a a a

3
ag, a, a, a, a, a; a,|laeNZ);l<i<2]

4 5 6 7

alS a16 a17 alS a19 aZO a21

be a strong neutrosophic bivector space over the neutrosophic
bifield F = F1 Y Fz = N(Z47) U N(Z3)
TakeW=W1 UW2:
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a a a
a a a a a a a a a a

a a aflaeZyl; uq/0 0 0 0 0 0 O|laeZl
a a a a 0a 0a 00

a a a

c V1 U V,; W is a strong subneutrosophic bivector subspace of
V over the neutrosophic bisubfield K = K; U K, = Z41 U Z31
N(Z47) W N(Z3) =F, U F,.

Now we state a result which will prove the existence of strong
subneutrosophic bivector subspaces.

THEOREM 2.3.6: Let V = V; U V, be a strong neutrosophic
bivector space over a neutrosophic field F = F; U F, where
both F; and F; are of the form F; = N(K,) where K; is a real
field; i = 1, 2 then V has a strong subneutrosophic bivector
subspace provided V has neutrosophic bivector subspaces.

The proof of this theorem is left as an exercise for the reader.
DEFINITION 2.3.21: Let V = V; UV, be a strong neutrosophic
bivector space over the neutrosophic bifield F = F; U F,. If' V
has no strong sub neutrosophic bivector subspaces then we call
V to be a bisimple strong neutrosophic bivector space.

We will illustrate this by some simple examples.

Example 2.3.44: Let V=V, UV, =

[Xl X, X3 X, X x6j
X7 X8 X9 XIO X11 X12

x, € Z,L;1 SiSlZ} )
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a,beZl

®» oo 0o & o o

oM o 0 o &0 o o
® o M o O & O ®

be a strong space over a neutrosophic bivector space over the
neutrosophic bifield F = F; U F, = Z;51 U ZsI. We see there
exists no strong neutrosophic bivector subspace for V. This is
true as F = F; U F, = Z;31 U ZsI has no neutrosophic subbifield.
Hence the claim that V is a bisimple strong subneutronsophic
bivector space.

Example 2.3.45: Let V=V, U V, = {N(Z9)[x]; all polynomial
in the variable x with coefficients from N(Z;9)} L

a, eN(Z,,);1<i<6

be a strong neutrosophic bivector space over the neutrosophic
bifield Zol U Zy;1. Take any W = W, U W, € V| U V,; we see
as F has no subbifield which is neutrosophic, V has no strong
subneutrosophic bivector spaces; so V is a bisimple strong
subneutrosophic bivector space.

Now we give a theorem which guarantees the existence of
bisimple strong subneutrosophic bivector spaces.
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THEOREM 2.3.7: Let V = V; UV, be a strong neutrosophic
bivector space over the neutrosophic bifield F = F; U F,, where
F; and F; are of the form KI where K is the prime real field of
characteristic zero or a prime p. Then V is a bisimple strong
subneutrosophic bivector space over the neutrosophic bifield F
= F] L/Fg.

Proof: Given V = V; U V,; is a strong neutrosophic bivector
space over the neutrosophic bifield F = F; U F, and F; = K1
where K; is a prime field, i = 1, 2. So F; has no proper
neutrosophic subfield for i = 1, 2. Hence V cannot have a strong
subneutrosophic bivector space over any subfield of the bifield
F. Hence V = V| U V, is a bisimple strong subneutrosophic
bivector space over F.

Thus we have proved the existence of bisimple strong
subneutrosophic bivector spaces.

Now we proceed on to define the concept of linearly
independent bisubset and the basis for the strong neutrosophic
bivector spaces.

DEFINITION 2.3.22: Let V = V; UV, be a strong neutrosophic
bivector space defined over the neutrosophic bifield F = F; v
F,. A bisubset S = S; S, cV; UV, is said to be a linearly
biindependent or bilinearly independent over F if each S; is a
linearly independent subset of Viover Fi; i =1, 2. If S =S8, US,
be a linearly biindependent bisubset of V and if each S;
generates V; over F; for i = 1, 2 then we say S is a bibasis of V =
Vi ouV,over F=F; UF,.

We will illustrate this situation by some examples.

Example 2.3.46: Let V=V, UV, =

a a
a allaeN(Z,) v{(aaa)|ae N(Zy)}
a a
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be a strong neutrosophic bivector space over the neutrosophic
bifield F =N(Z;;) UN(Z;7). Take S=S, U S, =

11
L 1lu{1)cV,uV..
11

S is a bibasis of V we say the bidimension of V is the (number
of elements in S;) U (number of elements in S;) where S =S; U
S, is a bibasis of V over the neutrosophic bifield F = F; U F,
and it is denoted by (|Si|, |Sa]) or [Si| U |S;. We see the
bidimension of V=V, U V, in example 2.3.46 is (1, 1).

Example 2.3.47: Let V=V, U V, = {Z;][x]; all polynomials in
the variable x with coefficients from the neutrosophic field
Zi71b U {(N(Q) x N(Q) x N(Q))} be a strong neutrosophic
bivector space over the neutrosophic bifield F = Z;;1 U N(Q).

Take S=S, U S, = {I, Ix, Ix%, ..., Ix", ...} U {(100), (010),
(001)} € V; U V,; Sis a bibasis of V over the bifield F = Z,1 U
N(Q) and bidimension of V over F is (o0, 3).

We say the bidimension is bifinite if both [S;| and |S,| are
finite; even if one of [S;| or |S,| is not finite we say the
bidimension of V is biinfinite over F. We see the bidimension of
V given in example 2.3.47 is biinfinite.

Next we will prove that in general every linearly
biindependent bisubset of a strong neutrosophic bisubset of a
strong neutrosophic bivector space need not form a bibasis of V
:Vl quoverF=F1 UFZ.

We will illustrate this by some examples.

Examples 2.3.48: Let V=V, UV, =

aI a2
a, a, )
a, e Z,;1<1<8; U
aS a’6
a, ag
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{(a;, ap, a3, a4, as) | @ € N(Zyy); 1 <1 £ 5} be a strong
neutrosophic bivector space over the bifield F = F; U F, = Zl
) N(le) Take S = Sl U Sz =

I 1 0 0 0 0 0 0
0 0 I 0 0 I 00
2 9 b U
0 0] |0 I 00 I o
0 0/ {0 O I 0 0 I

{1,0,0,0,0),(0,I,1,0,0),(0,0,1,0,)} c ViUV Sisa
linearly biindependent bisubset of V over the bifield F = Z;ol U
N(Zy;). Clearly S is not a bibasis of V=V, U V, over F = Z 4l
U N(Zn).

Example 2.3.49: Let V=V, UV, =

(al a, a, a4J
a; a; a, ay

a, eQI;lSiSS} )

a,b,ce Z,1

(¢} (@) o o o o
o o o & o o

be a strong neutrosophic bivector space over the bifield F = F,
UFZZQIUZ7I. TakeS=81 USZZ

I T 0 0) (0 0 31 I 0 0 0 0
00 00/00 0 0)\=31T 0 0)
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00 0 O 000 O
, U
00 710 0 0 0 2I

1 17 [0 0] [0 O]
0 0| |0 I] |0 O
0 o |0 I|] ]I 0
0 0|0 o[’ O
0 o |I 1]]0 0
1 1] |0 0] [T O]

c Vi U Vy; S is a linearly biindependent bisubset of V =V, U
Vy,overF=F, UF,= QI U Z41.

Now we will proceed on to define the notion of strong
neutrosophic bilinear algebra or strong neutrosophic linear
bialgebra.

DEFINITION 2.3.23: Let V = V; UV, be a strong neutrosophic
bivector space over the neutrosophic bifield F = F; U Fy. If
each V; is a neutrosophic linear algebra over the field F;, i = 1,
2 then we call V =V; UV, to be a strong neutrosophic bilinear
algebra over the neutrosophic bifield F = F; U F,.

We will illustrate this by some simple examples.

Example 2.3.50: Let V=V, UV, =

a b

c d
{(a,b,c,d,e, f, g hi)|ab,c,de,f g h ieZ,l} bea strong
neutrosophic bilinear algebra over the bifield F = QI U Z,1.

a,b,c,de QI} U
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Example 2.3.51: Let V=V, U V, = {Z;;][x]; all polynomials in
the variable x with coefficients from Z;51} U

[0 2eerat

be a strong neutrosophic bilinear algebra over the neutrosophic
bifield F = Fl o F2 = Zl3I o 2231.

We see in general all strong neutrosophic bivector spaces
are not strong neutrosophic bilinear algebras. But all strong
neutrosophic bilinear algebras are strong neutrosophic bivector
spaces.

We will illustrate the former one by an example as the latter
claim simply follows from the very definition of strong
neutrosophic bilinear algebra.

Example 2.3.52: Let V=V, UV, =

a,b,c,d,eeZ,l v

o oo o e

{al a, a, a, aSJ
dg a4, g dy 4y

be a strong neutrosophic bivector space over the neutrosophic
bifield F = Z;31 U Z;71. We see V = V; U V, is not a strong

neutrosophic bilinear algebra over the bifield F = F, U F, = Z31

U Z;1 as we see multiplication of elements within V; are not
defined fori=1, 2.

a, € ZJ;ISiSlO}

Now we define yet a new concept called quasi strong
neutrosophic bilinear algebra.
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DEFINITION 2.3.24: Let V = V; U V, where V; is a strong
neutrosophic vector space over the neutrosophic field F; (V; is
only a vector space and V, is a strong neutrosophic linear
algebra) over the neutrosophic field F, then we call V =V; v
V, to be a quasi strong neutrosophic bilinear algebra over the
neutrosophic bifield F = F; UF,.

We will illustrate this by the following examples.

Example 2.3.53: Let V=V, UV, =

a, a, a, ||a, €Z,1<i<12y U

a9 alO all a12

{QI[x]; all polynomials in the variable x with coefficients from
QI} be a quasi strong neutrosophic bilinear algebra over the
neutrosophic bifield F = Z,I U QL.

Example 2.3.54: Let V=V, UV, =
(al a, a, a, a5 ag a7J
a8 a9 alO all a12 al3 al4
a b
c d

be a quasi strong neutrosophic bilinear algebra over the
neutrosophic bifield F = Zs1 U Z,1.

a, eZSI;ISiSM} )

a,b,c,de ZZI}

DEFINITION 2.3.25: Let V = V; UV, be a strong neutrosophic
bivector space over the neutrosophic bifield F = F; U F.
Suppose W = W; oW, cV; UV, is such that W is a strong
neutrosophic bilinear algebra over the neutrosophic field F =
F; U F; then we call W to be a pseudo strong neutrosophic
bilinear subalgebra of V over F = F; UF,.
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Example 2.3.55: Let V=V, UV, =

)

a, 0 a,

X,y e ZJ} U

0 a, O ||a,a,,a,,a,,a;€Zl

a, a;, 0

be a strong neutrosophic bivector space over the bifield F = F,
U F,=7Z;1UZsl. Take W=W, U W, =

)

to be a strong neutrosophic bilinear algebra over the
neutrosophic bifield F = Z;1 U Zsl, both W, and W, is closed
under matrix multiplication. Thus W =W, U W, c VU V,isa
pseudo strong neutrosophic bilinear subalgebra of V over the
neutrosophic bifield F.

a, 0 a,
0 0 O0||a,a,eZl
0 0 O

erﬂ} )

Example 2.3.56: Let V=V, UV, =

Y

a,b,c,de ZWI} U

a,b,c,deZ, 1

o o e
o o e
(o

be a strong neutrosophic bivector space over the neutrosophic
bifield F=F, U F, =Zl U Zsy1. Take W =W, U W, =
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a 0 0
deZlQI}u 0 0 0|ladez,I
0 0 d

(

c V; U V,. W is a pseudo strong neutrosophic bilinear sub
algebra of V over the bifield F = Zol U Z41.

DEFINITION 2.3.26: Let V = V; UV, be a strong neutrosophic
bilinear algebra over the neutrosophic bifield F = F; U F,. Let
W=Ww, uW,cV, UV, if Wis a strong neutrosophic bivector
space over F then we call W to be pseudo strong neutrosophic
bivector subspace of V over F provided W is not a strong
neutrosophic bilinear subalgebra of V over F.

We will illustrate this situation by some Examples.

Example 2.3.57: Let V=V, UV, =

a,b,c,d,e,f,g,h,ieN(Q); L

Qe o e
5 o o
- O

be a strong neutrosophic bilinear algebra over the neutrosophic
bifield F=F, U F, =N (Q) U Z;I.
TakeW=W1 UWZZ

beeqrt w2
a,b,ce
b 0

0 0
0 b a,be Z7I}
c 0

o O e
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c Vi U Vy; W is a pseudo strong neutrosophic bivector
subspace of V over F.

Example 2.3.58: Let V=V, UV, =
{Zaixi |a, € Z,I; x is a variable or indeterminate} U
i=0
a b
c d

be a strong neutrosophic bilinear algebra over the neutrosophic
bifield F = Z,I U Z51. Take W =W, U W, =

) 0 b
a,e€Z,1;0<1<9, U
c 0

c Vi, U V,; W is a pseudo strong neutrosophic bivector
subspace of V over the bifield F.

a,b,c,deZal}

i=0

b,ce Z3I}

DEFINITION 2.3.27: Let V =V, UV, be a strong neutrosophic
bilinear algebra over the neutrosophic bifield F = F; U F,. Let
W=Ww, oW, cV, UV, where one of W; or W, is alone a
strong neutrosophic linear subalgebra and the other is just a
strong neutrosophic vector subspace; then we call W to be a
quasi strong neutrosophic bilinear subalgebra of V over the
neutrosophic bifield F = F; UF,.

We will illustrate this situation by some examples.

Example 2.3.59: Let V=V, UV, =

Y

a,b,c,deZﬂ} U {Zaixi |a, eZZI;OSiSoo}

i=0
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be a strong neutrosophic bilinear algebra over the neutrosophic
bifield F = Fl Y F2 = Z7I Y ZzI Take W = W1 v Wz =

a a

a a
< V| U V,; W is a quasi strong neutrosophic bilinear subalgebra
of Vover F =71 U Z,1.

8 .
ae Z7I} U {Zaix‘

i=0

a, eZZI;OSiSS}

Example 2.3.60: Let V=V, UV, =

c
f ||la,b,c,d,e,f,g,h,ieZ,1; U

a
d
g 1

5 o o

{N(Q)[x]; all polynomials in the variable x with coefficients
from N(Q)} be a strong neutrosophic bilinear algebra over the
bifield F = Z; v QI Take W = W, uW,=

0 0 a
0 b Olab,ceZl; U
c 0 O

{QI[x]; all polynomials in the variable x with coefficients from
QI} € V; U V,; W is a quasi strong neutrosophic bilinear
subalgebra of V over F.

Now we proceed onto define the notion of strong neutrosophic
bilinear subalgebra.

DEFINITION 2.3.28: Let V = V; UV, be a strong neutrosophic
bilinear algebra over the neutrosophic bifield F = F; U F,. Let
W=Ww, uW,cV, UV, be a proper bisubset of V; if Wis a
strong neutrosophic bilinear algebra over the bifield F = F; v
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Fy; then we call W = W; U W, to be a strong neutrosophic
bilinear subalgebra of 'V over the bifield F = F; UF,.

We will illustrate this situation by some examples.

Example 2.3.61: LetV=V,uUV,=

a b
c d
{N(Z))[x]; all polynomials in the variable x with coefficients

from N (Z,,)} be a strong neutrosophic bilinear algebra over the
neutrosophic bifield F = Zy41 U Z;1. Take W =W; U W, =

a b
c d
{Z11[x]; all polynomials in the variable x with coefficients from
the neutrosophic field Z; I} < V; U V,; W is a strong

neutrosophic bilinear subalgebra of V over the bifield F = Z41
v Z] II.

a,b,c,de N(Z41)} U

a,b,c,de Z4II} U

Example 2.3.62: LetV=V, UV, =
a b ¢
d e f|la,b,cdef,ghiecZ, v
g h i

{abcdef)|a b,c d, e e Zsl} be a strong neutrosophic
bilinear algebra over the neutrosophic bifield F = Z,l U Zs;31.
Let W= W1 U W2 =
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a b ¢
0 d ella,bcdefeZ, ;v
0 0 f

{@0b0d0)]a b de Zsl} <V, UV, Wis a strong
neutrosophic bilinear subalgebra of V over the neutrosophic
bifield F = Zrol U Zs31.

DEFINITION 2.3.29: Let V = V; UV, be a strong neutrosophic
bilinear algebra over the neutrosophic bifield F = F; U F,. Let
W =W uW, cV, UV, be such that W is a strong
neutrosophic bilinear algebra over the proper neutrosophic
bisubfield K = K; UK, c F; UF,; K; is a proper neutrosophic
subfield of F;, i = 1, 2. We call W = W, U W, to be a strong
subneutrosophic bilinear subalgebra of V over the neutrosophic
SubbzﬁeldK = K] L/Kg _CF] UFZ.

We will illustrate this by some examples.

Example 2.3.63: Let V=V, UV, =

a b ¢
d e f|la,b,c,d,ef,gh,ie N(Q); U
g h

i

{N(Z47)[x]; all polynomials in the wvariable the x with
coefficients from the neutrosophic field N(Z4;)} be a strong
neutrosophic bilinear algebra over the neutrosophic bifield F =
N(Q) ) N(Z47) Take W = W, uUW,=

a a a
a a allaeQl; v

a a a
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{Z4]1[x]; all polynomials in the variable x with coefficients from
the neutrosophic field Zy7l} < Vi U Vy; W is a strong
subneutrosophic bilinear subalgebra of V over the neutrosophic
subbifield K = K, UK, = QI uZylc N(Q) ) N(Z47)

Example 2.3.64: Let V=V, UV, =

a b c¢c d
0 e b el bedef.ahijeNZ,)h U
0 0 h 1
000 j
a 00
b 0 (|a,b,c,d,e,f eN(Z,,)
d e f

be a strong neutrosophic bilinear algebra over the neutrosophic
bifield F=F, UF,=N (le) UN (Z17)
Take W=W, U W, =

a a a a
0 a a a
aeZ, I, v
0 0 a a
0 0 0 a
a 0 0
b ¢ 0]|a,b,c,defeZ.l
d e f

c V) U V,; W is a strong subneutrosophic bilinear subalgebra
of V over the neutrosophic subbifield K =K; U K, =71 Z;1
c N(Z]l) U N(Z]7)
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A neutrosophic bifield F = F;, U F, is said to be
neutrosophic biprime if both F;, and F, have no proper
neutrosophic subbifields contained in them. F = ZjI U Z,l is
neutrosophic biprime. F = QI U Z;] is neutrosophic biprime.

We see if F; is a neutrosophic prime field then it is of the
form QI or Z,I; p a prime.

Now we will define bisimple strong subneutrosophic linear
bialgebra.

DEFINITION 2.3.30: Let V = V; UV, be a strong neutrosophic
bilinear algebra over the neutrosophic bifield F = F; UF,. If V
has no proper strong subneutrosophic bilinear subalgebra then
we define V to be a bisimple strong subneutrosophic linear
bialgebra.

We will illustrate this by some simple examples.

Example 2.3.65: Let V=V, 0V, =

a b
c d
{(x1, X2, X3, X4, X5, Xg) | X; € Z7I, 1 £ 1 < 6} be a strong
neutrosophic linear bialgebra over the neutrosophic bifield F =

F, U F, =QIl U Z,1. Since F has no neutrosophic subbifield V is
a bisimple strong subneutrosophic linear bialgebra over F.

a,b,c,de N(Q)} U

Example 2.3.66: Let V=V, U V,=

a b c
d e f|lab,cdef,ghiecZ, v
g h i

{N(Z1))[x]; all polynomials in the variable x with coefficients

from N(Z;,)} be a strong neutrosophic linear bialgebra over the
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neutrosophic bifield F = F; U F, = Z;1 U Zy1. Clearly V is a
bisimple strong subneutrosophic bilinear algebra over F.

In view of this we have the following theorem.

THEOREM 2.3.8: Let V = V; U V; be a strong neutrosophic
bilinear algebra over the bifield F = F; UF, if each F; is of the
form Kl where K; is a prime field i = 1, 2 then V is a bisimple
strong subneutrosophic bilinear algebra over F.

Proof: Follows from the fact that F = F; U F,, the neutrosophic
bifield has no proper neutrosophic subbifield.

Now as in case of strong neutrosophic bivector spaces we
can define the bibasis of a strong neutrosophic bilinear algebra
and linearly biindependent bisubset. This task is left as an
exercise for the interested reader.

We define linear bitransformation of a strong neutrosophic
bilinear algebra into a strong neutrosophic bilinear algebra
which we choose to call as strong neutrosophic linear
bitransformation or when the context of reference is clear we
just call it as strong bilinear transformation or in short just
bilinear transformation or linear bitransformation.

DEFINITION 2.3.31: Let V=V, U V,and W= W; U W, be two
strong neutrosophic bilinear algebras over the same
neutrosophic bifield F = F; UF, A bimap T=T, vT,: V=1V,
UV, > W =W, W, is defined to be a strong neutrosophic
bilinear transformation or strong bilinear transformation or
Jjust bilinear transformation if each T; : V: — W; is a linear
transformation of V; to W; over F; for i = 1, 2.

We will first illustrate this by some examples.

Example 2.3.67: Let V=V, UV, =

[

a,b,c,de an} U
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c
f ||a,b,c.d,e.f,gh,ieZ 1

a
d
g 1

s o o

be a strong neutrosophic bilinear algebra over the neutrosophic
bifield F = F1 o F2 = 2171 o ZHI. Take W = W1 Y W2 = {(a, b,
c,d)|a,b,c,de Z71} U {(a), a, a3, a4, as, a4, a7, g, 29) | 4; €
Z11; 1 <1 <9} to be a strong neutrosophic bilinear algebra over
the same neutrosophic bifield F = Z;1 U Z,1. The bimap T =T,
UTzi V:V1 UVZ_)W] UW2=thereT1: Vl —)Wl and
T,: Vo, &> W, defined by

a b
Tl( J =(a, b, c, d)
c d
and

c
f|=(,b,c,d,e £ g h6i

1

—3
S8}
e A ®
= o o

is a strong neutrosophic bilinear transformation of V to W.

Example 2.3.68: Let V=V, U V, = {N(Q)[x], all polynomials
in the variable x with coefficients from N(Q)} v

a b c
d e f|la,b,cdef,ghiecZl
g h

i

be a strong neutrosophic bilinear algebra over the neutrosophic
bifield F=QIl U Z,I. Let W=W, U W, =

{iaixﬁ la, EN(Q);OSiSoo} U

i=0
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{(a, ap, a3, a4, as, Ag) | 8 € ZpI; 1 <1 < 6} be a strong

neutrosophic bilinear space over the same neutrosophic bifield F

= QI U Z,1. Define the bimap
T:T1UT2:V:V1UV2—)W:W1UW2

where Ty: Vi — W, and T;: V, > W, are defined by

T, (Zaixij = (ZaiXZiJ that is x — x°
i=0 i=0

and
a b c
T,g d e|—>(ab,c,def)
h i f

T =T, U T, is a strong neutrosophic bilinear transformation of
Vinto W.

If in the definition of a bilinear transformation we put W =
Vie, W=W,UW,=V,uU Vyie, V;=W;;1=1, 2. That is
the range bispace W is the same as the domain bispace then we
call the strong neutrosophic bilinear transformation as the strong
neutrosophic bilinear operator or strong neutrosophic linear
bioperator on V.

We will illustrate this by some examples.

Example 2.3.69: Let V=V, UV, =

a b

c d
be a strong neutrosophic bilinear algebra over the neutrosophic
bifield F = Z;1 U QI. Define T = T, U T, a bimap from V =V,

U Vyinto V=V, UV, where T;: V; - V,and Ty: V, = V, is
given by

i=0

a,b,c,deZSI} ) {Zaixi |a, eN(Q);OSiSoo}
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a6

i.e., x > x°. T is a strong neutrosophic linear bioperator on V.

and

Example 2.3.70: Let V=V, UV, =

a, a, a
0 a, a|la, eN@Q);l<i<6; U
0 0 a

{(ai, a3, a3, a4, a5) | 8; € Z;1; 1 £1< 5} be a strong neutrosophic
bilinear algebra over the bifield F = QI U Z ;1. Define T=T; U
T,:V=V,uV, > V=V,uV,and T, : V> V,and T, : V,
— V, given by

a4 a2, 8, 4 a5 a4
T,/0 a, a,|=]|0 a, a,
0 0 a 0 0 a

and
T, (a1, a2, a3, a4, as) = (as, a3, as, @z, 1)

T =T, U T, is a strong neutrosophic bilinear operator on V.

It is interesting to study the collection of all strong neutrosophic
linear transformation of strong neutrosophic bilinear algebra V
=V, U V; into a strong neutrosophic bilinear algebra W = W,
U W, defined over the bifield F = F, U F,.

We will denote this collection by

SNH,_; . (V,W) = SNH, (V,,W,) U SNH, (V,,W,)
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{Collection of all bilinear transformation of V; U V, into
W, u Wz}

{Collection of all linear transformation of V; into W;} U
{Collection of all linear transformation of V, into W,}.

Interested reader can study and analyse the algebraic structure
of SNH; . (V,W). On similar lines the set of all strong

neutrosophic bilinear operators (linear bioperators) of a strong
neutrosophic linear bialgebra over the neutrosophic bifield F =
F, U F, is denoted by

SNHF]qu (V,V) = SNHFI‘(\]U\ZI) USNHF2 (V,,V,)
= SNH;  (V,UV,,V,UV,)
= {Collection of all strong neutrosophic linear bioperators of
V:V1 quint0V=V1 UVz}
= {Collection of all strong neutrosophic linear operators of V;

into V;} U {Collection of all strong neutrosophic linear
operators on V; into V,}.

Interested reader is requested to study the algebraic structure of
SNH; ¢ (V,V).We will prove the following interesting

property about strong neutrosophic linear bitransformation.

THEOREM 2.3.9: Let V =V; UV, be a (n;, ny) bidimensional
finite strong neutrosophic bivector space over the neutrosophic

bifield F = F; UF,. Let {a,]...a,fl} u{af...afz} be a bibasis

of V.over F = F UF, Let W =W, U W, be a strong
neutrosophic bivector space over the same neutrosophic bifield
F=F UF,

Let {,Hf...ﬂ,fi} v {ﬂf...ﬂni} be any bivector in W. Then
there is precisely a bilinear transformation T =T; U T, from V
=V, UVyinto W= W, U W, such that T,~(aj.) = (ﬂ;)forj =
1,2 ...nandi=1 2.
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Proof: Given V=V, U V, and W = W, U W, are two strong
neutrosophic bivector spaces defined over the neutrosophic
b1ﬁeldF=F1 qu.LetT=T1 UTZ:V:VI UVz—)szl
) Wz.

Let {oc},(xlz,...,oc}ll} v {ol,al, ..., cxi} be a bibasis of V.

Given {B,,B;.....B, } U {Bl.B3.....B;, } is a bivector in W = W,
w W,. To prove there is a bilinear transformation T = T, U T,
with Ti(a;) = (B;) foreach j=1,2, ..., nand i =1, 2. For
every o = o' Ua?in V=V, UV, we have for every = Vi@
=1, 2) a unique xi,xiz,...,xi such that

o = Xj0y + Xyt + ... X, O,
This is true for every i; i = 1, 2. For this vector o' define
Ti (o) = x,B) + x5, +...+ %, By,

true for i = 1, 2. Thus T; is well defined for associating with
each vector o' in V; a vector T, in W; (i =1, 2). This rule for T
=T, u T, is a well defined rule foreach T; : V; > W;;1=1, 2.

From the definition it is clear that T; ocj. = Bj. for each j. To
see T is bilinear. Let

B'= yioy +y,0, +oty, 0
be in V and let C' be any scalar from F;. Now
Clol +B'= (C'x] +y} B +..+(C'x}, +vi, )BL, 5

i=1,2.

On the other hand

T(Clo' +B) = C' Y x{B, + D yB;
j=1 j=1
true for each i = 1, 2; i.e., true for every linear transformation T;
Ti(C'a' + B) =C; T; (o) + T; (B)

true for every i.

Thus

T (Ca+B)=T: (Cia +B1) + Ty (Cran + o).

If S=S; U S, is a bilinear transformation from V =V, U V,
into W =W, u W, with Sia; = [3; ;j=12,...,m,1i=1, 2 then
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for any bivector . = o' U o we have for every o in o (i = 1,
2);

“l
i_ i i
o= ZXJ%
j=1
We have

Sof = 82y,

so that S is exactly the rule T which we have defined. The prove
T,=p;ie,ifo =a' Ua’and p =p' uthhenTiajzﬁj; 1<
j<n;i=1,2.

The reader is requested to make the bimatrix analogue of
the linear bitransformation from a strong neutrosophic bivector
space V into a strong neutrosophic bivector space defined over
the same neutrosophic bifield F = F; U F,.

Now we proceed onto define the notion of binull space or null
bispace and birank of a bilinear transformation T.

DEFINITION 2.3.32: Let V=V, U V,and W = W; U W, be two
strong neutrosophic bivector spaces defined over the
neutrosophic bifield F = F; U F, of bidimensions (n;, ny) and
(m;, my) respectively. Let T=T, T, : V=V, UV, > W=W,
U W, be a bilinear transformation. The binull space or null
bispace of T =T, U T, is the set of all bivectors a = a; U ; in
Vsuchthat T, d = 0;i=1, 2.

If V is finite dimensional the birank of T is the dimension of
the birange of T = T; U T, and binullity of T is the dimension of
the null bispace of T.

We have the following interesting relation between the birank of
T and binullity of T.
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THEOREM 2.3.10: Let V =V; U V,and W = W; U W, be strong
neutrosophic bivector space defined over the neutrosophic
bifield F = F; U F, and suppose V is finite say (n; n)
dimensional T is a linear bitransformation from V into W. Then
birank T + binullity T = bidimension V = (n;, ny). Thus (rank T,
Urank Ty) + (nullity T; Unullity Ty) = (ny, ny).

The proofis left as an exercise to the reader.

Now as in case of usual neutrosophic bivector spaces we
have in case of strong neutrosophic bivector spaces the
following result to be true.

Suppose V=V, U V, and W = W, U W, be any two strong
neutrosophic bivector spaces over the bifield F =F; U F,.

Let T and S be strong neutrosophic linear bitransformations
from V into W. The bifunction

(T+S)=(TivT+8,US)=(T1 +8) U (T +5)
is defined by
(T+S)aa=Ta + Sa;
1.e.,
(T] uT,+S v Sz) (OL] ) Otz) = (T] + S]) ((11) ) (Tz + Sz) (0(2)
= (T]OL] + S](I]) U Tho, + S,0.

For any C € F; U F, = F the bifunction CT is defined by
(CTa = C(Ta) is a linear bitransformation from V into W.
Further it can be proved that the set of all linear
bitransformations from V = V;, U V, into W = W, U W,
together with addition and scalar multiplication defined above is
a strong neutrosophic bivector space over the same neutrosophic
bifield F = F, U F,. Further it can be proved that if V=V, U V,
be a finite bidimension (n;, n,) strong neutrosophic bivector
space over the bifield F = F, U F, and W = W; U W, be a finite
(m;, mp) bidimension strong neutrosophic bivector space over
the same neutrosophic bifield F = F; U F,, then the bispace
SNH; ; (V,W) = SNL, (V, W) is a finite bidimensional

bispace of bidimension (m;n;, myn,) over the same neutrosophic
bifield F = F; U F,. These results hold good when the strong
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neutrosophic bivector spaces are strong neutrosophic bilinear
algebras.

We now proceed onto define biinvertible bilinear
transformation.

DEFINITION 2.3.33: Let V=V, UV,and W = W; U W, be two

strong neutrosophic bivector spaces defined over the same

neutrosophic bifield F = F; U F, of type Il. A bilinear

transformation T = T; U T, from V into W is biinvertible if and

only if

i. T=T, uT,isonetoone that is each T; is one to one from
Viinto W; such that T;a; = T; B implies a; = f3; true for each
,i=12 .. n

ii. T is onto, that is birange of T is all of W = W; U W, i.e.,
each T; : V; — W, is onto and range T; is all of W; true for
everyi;i=1,2.

We will first illustrate this situation by some examples.

Example 2.3.71: Let V=V, UV, =

a b

c d
{(a, a, a3, a4, as) | a; € Z111; 1 <1< 5} be a strong neutrosophic
bilinear algebra defined over the neutrosophic bifield F = Z;1 U

Zl.DefineT=T,uT,: V=V, UV, > V=V,UV, where
T,: V>V, andT22V2—>V2.

a b b a
Tl =
c d d ¢
T, (a1, ay, a3, a4, as) = (as, a4, a3, A2, A1).

Clearly T = T, u T, is a strong neutrosophic linear
bioperator of V into V.

a,b,c,de Z7I} U

such that

and
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Take S= S, U S, and define from V=V, U V,to V=V, U

V2 by
a b b a
Sl =
(c dj (d CJ

S> (a1, a, as, a4, as) = (as, a4, a3, Az, A1).

and

S=S,uUS,=T=T, U T, such that S is a strong neutrosophic
linear bioperator of Vinto V.

Wesee T, - T, =T, S, =S, - T, is identity linear bioperator
on V. We have S; =T;.

For consider

a b [ (a b
T1-81 =SlT,
c d c d
b a a b
:Sl = .
d ¢ d c
a b a b
NI = 5
d c d c
SI-T1=T1-Sl=T1-T1=Sl-Sl

(as S;=T,)issuch that T, = Tf] .
Now consider T, : Vo, > Vo wesee T, =S,

Thus

hence

Ta - Sy [(a1, a2, a3, a4, as)] = Tz (as, as, a3, a, 1)
= (a1, a, a3, 4, as)
= identity bioperator on V,.

Thus T, = T, ' We see T =T, U T, has the inverse bioperator
T.,=T'uT".

Now we can also give an example of a linear bitransformation
of strong neutrosophic bivector spaces (or bilinear algebras).
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Example 2.3.72: Let V=V, UV, =
a b
c d
al a2 a3
a, a, a,

be a strong neutrosophic bivector space over the neutrosophic

bifield F = Z7I U Z“I.
TakeW=W1 UWZZ

oo

a,b,c,de Z7I} )

a, eZ, ;1 Si§6}

a,b,c,de ZJ} U

al aZ
a; a,||la,eZ,L1<1<6
aS a6

to be a strong neutrosophic bivector space over the same
neutrosophic bifield F = Z;1 U Z;,1. Define T=T, U T, : V =
ViuV, > W=W,UW,where T, : Vi, > W;and T, : V, >

W, such that
a b a 0 b
T1 =
c d 0 ¢ d

and
al a2
a, a, a
1 2 3
Tz( ]: a, a,
a, as a,
aS a6

T =T, U T, is a neutrosophic linear bitransformation of V =V,
o V2 into W = W1 ) Wz.
Define a bimap S=S; U S;:
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W:W1UW2—)V:V1UV2
where S; : Wy — V,and S, : W, — V; such that

a 0 b a b
Sl =
0 ¢ d c d

and
W& a, a, a
_ 1 2 3
S, |a; a,
a, a; ag
a. a

S =S, U S, is clearly a linear transformation from W = W; U
WztOV:\/l UVz.
Now we find T-Sand S - T.

T'S:T1'81UT2'SZ

a b a b
T]'S] :Sl'Tl
c d c d
a 0 b a b
:Sl = .
0 ¢ d c d

That is T;- S; is the identity transformation of V.
Now consider

a 0 b a 0 b
Sl'Tl :Tl Sl
0 c¢c d 0 c d
a b a 0 b
=T, = .
c d 0 ¢ d

Thus S; - T, is the identity transformation of W;.
Now consider

Now
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Thus T, - S, is the identity linear transformation on V,.

Consider
al a2 a1 a2
Sz 'T2 a; a, :Tz Sz a; a,
aS a6 aS af)
a, a, a R
_ 1 2 3 _
=T, ( ] =la; a,
a, a, a
a. a

Thus S, - T, is the identity linear transformation on W,. Thus T -
S=T, S, uUT,-S;is the identity bilinear transformation on V,
UVyand S - T =S, -T; U S, - T, is the identity linear
bitransformation on W =W, U W,.

In view of this example the reader is requested to prove the
following result.

Let V=V, U V,and W =W, U W, be two strong neutrosophic
bivector spaces defined over the neutrosophic bifield F = F;, L
F, of type II. Let T = T U T, be a strong linear bitransformation
from V=V, U V,into W= W, U W,. If T is biinvertible then
the biinverse bifunction T' = T;' U T,' is a bilinear
transformation from W into V.

Suppose T = T, U T; is a linear bitransformation from the
strong neutrosophic bivector spaces V=V; U V, into W = W,
U W, then T is binon singular if and only if T carries each
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bilinearly independent bisubset of V =V, U V, into a bilinearly
independent bisubset of W = W, U W,.

The following nice result is left as an exercise for the reader.

THEOREM 23 11: Let V=V, o V,and W =W, oW, be a
strong neutrosophic bivector spaces defined over the same
neutrosophic bifield F = F; UF,of type II. If T=T, U T,is a
bilinear transformation of V into W then the following are
equivalent.

i. T=T; uT,is biinvertible

ii. T=T,uT,is binon singular

iii. T=T; UT,is onto that is the birange of T = T; U T is

wW=w, oW,

We prove an important result.

THEOREM 2.3.12: Every (n;, ny) bidimensional strong
neutrosophic bivector space V =V, U V, defined over the
neutrosophic bifield F = F; U F; is biisomorphic to F" U F,".

Proof: Let V.=V, U V, be a (n;, ny) bidimensional strong
neutrosophic bivector space over the neutrosophic bifield F = F,

U F, of type II. Let B = {oc},oc'z,...,al } U {af,ag,...,aiz} be

a bibasis of V. We define a bifunction T=T, U T, from V =V,
U Vyinto E" UE" is follows.

Ifa= o Uaisin V=V, UV, let Ta=T(o;) U Ta(an)
be the (n;, n,) pair, (Xi,xlz, X! )u(xlz,xi, ...,Xzz) of the

n n

bicoordinate of oo = o; U o, relative to the biordered bibasis B;
i.e., the (n, ny) pair such that

_ 1.1 1 .1 1 1 2.2 2.2 2 2
0= X0 X0, FoF X O U X0 X005 FaL X o
Clearly T is a linear bitransformation; T is a one to one map
of V=V, U V,onto F" UE" or each T; is linear and one to

one and maps Vi to E";i=1, 2 for every i. Thus as in case of
vector space transformation by matrices give a representation of
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bitransformation by bimatrices where the bimatrices are
neutrosophic bimatrices.

Let V=V, U V, be a bivector space of (n, n,) bidimension
over F=F, U F,. Let W =W, U W be a bivector space over the
same bifield F = F, U F; of (m;, m;) dimension. Let

B= {a},alz, ...,oclnl} U {cxf,ocﬁ,...,ociz}
be a bibasis of V=V; U V, and
C={Bl. B, .8y, | {BT. B2, B0 |

be a bibasis for W. If T = T, U T, is any bilinear transformation
of type Il from V =V, U Yz mto W = W; U W, then T; is
determined by its action on o, i = 1, 2. Each of the (n;, n,) pair
vector; T; a} ;j=1,2,...,n.1=1, 2 is uniquely expressible as a
linear combination
Ti (X.; = ZA;{‘JB:{‘ :
k;-1
This is true for every i, 1 <j <n;i=1, 2; of B;i; the scalars
being the coordinates of AL},...,Aimlj T oc; in the basis

Bi,,...,Bi - of C. True foreachi;i=1, 2.

m|

Accordingly the bitransformation T = T; U T, is determined
by the (m;n;, myn,) scalars A}m" The m; x n; neutrosophic

matrix A’ defined by A}(‘ ; 1s called the component neutrosophic

matrix T; of T relative to the component basis {ocil,ociz,...,(x;,}

and {Bil,Biz,...,Bin‘} of B and C respectively. Since this is true

for every i; i = 1, 2; We have A = ALJ. uAi2j = A' U A’ the

neutrosophic bimatrix associated with T = T; U T,. Each Al
determines the linear transformation T for i = 1, 2. If o' =
X0 + X500, +...+ X .o is a neutrosophic vector in V; then

Tia' = (Tlixgagj = [iX;Tiagj
j=1 j=1
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(SxEaim |-(EE0

If X' is the coordinate neutrosophic matrix of o in the
component bibasis of B then the above computation shows that
A’ X' is the coordinate neutrosophic matrix of the vector T'ol’;
that is the component of the bibasis C because the scalar

[Z‘A;ijx;.]
=1

is the k™ row of the column neutrosophic matrix AiXi. This is
true for every i; i = 1, 2. Let us also observe that if A' is any m;
x n; neutrosophic matrix over the neutrosophic field F;, then

defines a linear transformation T; from V; into W, the
neutrosophic matrix of which is A’ relative to {ocl,ocz, ,a;_}

and {Bil,Biz, e Bin} ; this is true for every i and i = 1, 2. Hence

T =T, U T, is a linear bitransformation from V = V; U V, into
W =W, U W,, the neutrosophic bimatrix which is A = A; U A,

. . : 1 1 1 2 2 2
relative to the bibasis B = {al,az, s an]} U {(xl S0y s ocnz}

and C = (BB, ... By, | © {B}.B3. .. Bl |-

Now as in case of bivector spaces of type Il we can in case
of strong neutrosophic bivector spaces prove that we can
construct a biisomorphism between the strong neutrosophic
bispace NL)(V, W) and the neutrosophic bispace of all
neutrosophic bimatrices of biorder (m; x n;, m, X ny) over the
same neutrosophic bifield F = F; U F, over which V=V, U V,
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and W = W; U W, are defined as strong neutrosophic bivector
spaces of bidimensions (n;, n,) and (m;, m,) respectively.

Now we will proceed onto define the notion of bilinear
functionals or which we may call as linear bifunctionals. We
know linear bifunctionals could not be defined for neutrosophic
bivectors spaces of type 1.

Let V =V, U V, be a strong neutrosophic bivector space over
the neutrosophic bifield F = F; U F, of type II. A bilinear
transformation or linear bitransformation f= f; U f, from V into
the bifield F = F; U F, is defined as the linear bifunctional or
bilinear functional on V, i.e., f=f; U f; is a bifunction from V =
VU V,into F = F; U F, such that
flcatP) = fi(ciout Bi)+1h(con+Po)

= {afi(on) U eby(an)} + {fi(B1) L (B2)}
wherec=ciuUucanda=o,Uayand = U Py, Bia; € V;, 1
=1, 2. That is f = f; U f, where each f; is a linear functional on
Vii=1,2.

The following observations are both interesting and important.
Let F = F, U F; be a neutrosophic bifield and let " UE> be a
strong neutrosophic bivector space of type Il over the bifield F,
U F,. A bilinear functional f=f; U f; from F" UE"* to F; UF,
given by

f) (xi,x'z,...,x:h )u f, (xlz,xﬁ,...,x2 )

n;

1 1 2 .2 2 .2 2 2
n Oy U X0 X500 X O

— 1,1 1,1
= X,0, +X,0, +...+X
where a; e F;1<j<n;andi=1,2;is a bilinear functional of
n n
F'UE">.

It is the bilinear functional which is represented by the
neutrosophic bimatrix
1

[a},alz,...,anl] U [a,z,ai,...,ociz]
relative to the standard bibasis for F" UF,*> on the bibasis {1}

u {1} or {I} U {I} for F = F, U F, depending on F; = N(K;) or
F; = Kil respectively; K; —real field; i=1, 2.
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OL; =fi(Ej) ;j=1,2, ..., n for every i = 1, 2. Every bilinear

functional on F" UE"* is of this form for some biscalar

1
n

{oc},onlz,...,a } U {ocf,oci,...,aflz } . This is immediate from the
definition of bilinear functional of type II because we define oc;

= fi(E}). Hence

1 1 1 1 2 2
fl(xl,xz, v X )ufz(xz,xz, e an)

|
]
VR
D=
i
N——
C
5P
VR
15
>
—
es]
— o
N——

I
M
2
£
C
M
;.x.\,
-_.QN

Now we proceed onto define the new notion of strong
neutrosophic bidual space or equivalently strong dual bispace of
the strong neutrosophic bivector space V = V; U V, defined
over the neutrosophic bifield F = F; U F; of type 1.

Now as in case of SNL*(V, W) = SNL(V,;, W;) U SNL(V,,
W,) we in case of bilinear functional have SNLXV, F) =
SNL(V,, F;) U SNL(V,, F,). We define V' = SNLXV, F) =
V, UV, =SNL (V, F}) U SNL (V,, F,)

That is each V' is the strong neutrosophic dual space of V;,
V; defined over F;, i = 1, 2. We know if the strong neutrosophic
vector space Vi, dim V;=dim V, for every i, 1 <i<2.
Thus
dmV = dim Vl v dim V,
dim V
dimV, udimV, .
IfB = {oc},onlz,...,al } U {af,o@,...,ocz } is a bibasis for V =

n ny

Vi U V,, then we know for a bilinear function of type II, f = f}
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U f, we have f, on Vi is such that fik (ocf) = 8; true fork =1,
2. In this way we obtain from the biset B = B; U B, a pair of n;
sets of distinct bifunctionals (i = 1, 2); {f.f,...f}} U
{f,z,fzz,...,ffz} on V = V; U V,. These bifunctionals are also

bilinearly independent over the bifield F = F, U F,, ie,
{fli,fzi,...,f;‘} is linearly independent on V; over the

neutrosophic field F;, for every i, 1 <i<2,
Thus

fi= (Z‘C;f;} i=1,2.
j=1
That is

n ny
_ el 202
f = cff v D et
j=1 j=1
nl
i iy — ipif k
f (O‘j) - chfk(o‘j)
k=1
n
— 1
- chaki
k=1

i
Thisistrue fori=1,2and 1 <j<n,
In particular if each f; is a zero functional f ioc} = 0 for each

= C

j and hence the scalar c; are all zero. Thus {fli,fzi,...,f:ll} are n;
linearly independent linear functionals of V; defined on F;, true
for each i; 1 <i < 2. Since Vi* is of dimension n;; it must be that
{f,i,fzi,...,f;‘} is a basis of V, which is the dual basis of B. Thus
B* = B/ UB; = {fl.f;,..f) | U {f7.£],..f]} is the bidual

1
n

basis or dual bibasis of B = {a},alz,...,oc

B* forms the bibasis of V¥ = V, UV,

2 2 2
} U {al,az,...,anz}.

Interested reader is left with the task of proving the following
theorem.
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THEOREM 2.3.13: Let V = V; v V, be a finite (n;, ny)
bidimension strong neutrosophic bivector space defined over

the neutrosophic bifield FF = F;, U F,. Let B = {af,a;,... al }

v {af,aj,...,afz} = B; U By be a bibasis for V=1V, UV,
There is a unique bidual basis (dual bibasis) B = B, UB, =
{fjj,f;, fn]]} v {fff; fé} for V¥ =V, UV, such that
FA (aj) = 5; For each bilinear functional f = f' U f? we

have
f= (Zf"(a}; )f,:'j-
That is

r- ["Z'fl(a;)ﬂ]u("zzfz(ai)ﬁ]
and for each bivector o = ad odinV=V, UV,we have
a= [iﬁ{’(d')di]u(iﬁ(az)ai)

Now we proceed onto defined yet a new feature of the strong
neutrosophic bivector space of type II.

Let V =V, U V, be a strong neutrosophic bivector space
defined over the neutrosophic bifield F = F; U F, of type II. Let
S=S, U S, beabisubset of V=V, UV, (thatis S;c V;;i=1,
2); the biannihilator of S is S° = S, US, of bilinear functionals
on V=V, UV, such that fla) =0 U 0 i, if f=f' U f? for
everya=o; U o, € S=S;US;, (e Sy, o € Sy); fi(oci) =0
forevery a; € S;;i=1, 2.

It is interesting to note that S° = S US, is a strong
neutrosophic bisubspace of V' = V' UV, ; whether S=S, U S,
is a bisubspace of V =V, U V, or only just a bisubset of V =V,
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UV, IfS=(0uU0)thenS°=V =V UV,. IfS=V, ie., V,
U V, =S5, U S, then S° is just the zero bisubspace of V' =
VvV uVv;.

We leave the following theorem for the reader to prove.

THEOREM 2.3.14: Let V = V; U V; be a strong neutrosophic
bivector space of (n;, ny) bidimension over the neutrosophic
bifield F = F; U F; of type II. Let W = W; U W, be a strong
neutrosophic bisubspace of V ="V, UV, Then dim W + dim W°
=dim V that is (dim W; o dim W) + dim W,o vdim W; =dim
Vi odim V, = (n;, ny). (That is if dim W = (k;, k) = dim W; v
dim Wg that is (k], kg) + (I’l] *k], n; *kg) = (n;, ng)).

Now only in case of strong neutrosophic bivector spaces of
finite (n;, n,) bidimension over the neutrosophic bifield F = F,
U F, we are in a position to define the strong neutrosophic
bihyper subspaces of V=V, U V,.

Suppose V = V; U V, be a strong neutrosophic bivector
space over the neutrosophic bifield F = F; U F, of (n;, ny)
bidimension. f = f' U f? be a bilinear functional on V. The
binull space of f or the null bisubspace of f denoted by N; =
N, UNZ,.

The bidimension of Ny = dim lel ] N?Z ; but dim N; = dim
Vi '=n;— 1 true for i = 1, 2. Thus bidimensin of Ny = dim (V-
1) U dim (V,—1) = dimN}, UdimN?, .

We know in a vector space of dimension n a subspace of
dimension n — 1 is called a hypersubspace likewise in a strong
neutrosophic bivector space of bidimenion (n;, np) over the
neutrosophic bifield F = F; U F, the bisubspace of bidimension
(n; — 1, n, — 1), we call that bisubspace to be a strong
neutrosophic bihypersubspace of V.

Thus Ny = N, UN?, is a strong neutrosophic bihyper subspace

of the strong neutrosophic bivector space of V=V, U V..
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One can prove as in case of bivector space in case of strong

neutrosophic bivector spaces of type I if W, = W/ UW,; and

W, = W, UW, be strong neutrosophic bivector subspaces of a
strong neutrosophic bivector space V = V| U V, over the
neutrosophic bifield F = F; U F, of bidimension (n;, n,) then W,
= W, if and only if W, =W, that is if and only if
(W) =(W)) fori=1,2.

Further as in case of bivector spaces of type Il we can
define the concept of dual space of a dual space V' = V, UV, =
Vl ) Vz.

Let V =V, U V; be a strong neutrosophic bivector space

over the neutrosophic bifield F = F; U F, (i.e., each V; i*s a
strong neutrosophic vector space over F;, i = 1, 2) Let V =
V, UV, be the bivector space which is the bidual of V over the
same bifield F = F; U F,. The bidual of the bidual space V*, 1.e.,
V™ in terms of the bibasis and bidual basis is given in the
following:

Let o = o' U o be a strong neutrosophic bivector space V
=V, U V, then a induces bilinear function L, = Ll(ll uLZ(1 ,

defined by
Lo(f)

L, (fHuLll,(f*)

f (o)

fi(ah) U f(a?)

feV/ UV, =V'f e V;i=1,2. The fact cach L is linear is
just a reformation of the definition of the linear operators on V,
for each 1 = 1, 2. The fact that each Lia, is linear is just a

reformation of the definition of linear operators in Vl* ;1=1, 2.

Lo(cf+ g) L (af +g)+ L, (ef +g)

(cif' + g) (@) U (eof’ + g2) (a?)
of! (ah) + gi(a) U eof’ (o) + ga(a?)
Ci La(f) + La(g)
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where f=f Ufandg=g Ug .IfV=V,UV,is a strong
neutrosophic finite (n;, n,) bidimensional and o # 0 = o' U o
then L, = Lza 1 uLzm2 # 0 U 0, in other words there exists a

bilinear function f = f' U f* such that f(a) # 0; i.e., f(a) = f'(a))
u (o) for each fi(a') # 0; i = 1, 2. Further the bimapping o =
a'uad L, = Lzm1 ) Lzm2 is a biisomorphism of V=V, U V,

onto V" = Vl** U VZ**.

Several properties in this direction can be analysed by any
interested reader.

It can be easily proved as in case of bivector spaces of type
II;

“If S= S, U S, is any biset of a (n;, np) bifinite dimensional
strong neutrosophic bivector space V = V| U V; then (S°) ° =

((S]’)U(Sg))o = (Sf )0 U (sg )0 is the bisubspace spanned by S

= Sl o Sz.

Thus if V=V, U V, is a strong neutrosophic bivector space
of type 1l defined over the neutrosophic bifield F = F; U F,. We
define the bihypersubspace or hyperbispace of V = V; U V,.
Assume V = (V; U V,) is a (n;, np) dimension over F = F,; U F,.
If N =N; U N, is a bihyperspace of V that is N = N; U N is of
(n; — 1, n, — 1) bidimensional over F = F; U F, then we can
define N = N; U N; to be a hyper space of V if

(1) N = N; U N, is a proper strong neutrosophic bivector
subspace of V.

(2) If W is a strong neutrosophic bisubspace of V which
contains N then either W=Nor W=V.

Condition (1) and (2) together say that N = N; U N, is a proper
strong neutrosophic bisubspace and there is no larger proper
strong neutrosophic bisubspace; in short N = N; U N, is a
maximal proper strong neutrosophic bisubspace of V. Thus if V
= V| U V, is a strong neutrosophic bivctor space over the
neutrosophic bifield F = F; U F,, a bihyper space in V = V| U
V, is a maximal proper strong neutrosophic bisubspace of V =
V1 U V, over the neutrosophic bifield F = F, U F,.
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The following property about bihyperspace of V can be
easily proved.

If f=f U f is a nonzero bilinear functional on the strong
neutrosophic bivector space V =V, U V, over the neutrosophic
bifield F = F; U F, of (ny, ny) finite bidimension over F then the
bihyperspace of V is the binull space of a non zero bilinear
functional on V. It need not be unique.

We just give another interesting property about strong
neutrosophic bivector spaces over a bifield of type II.

Let V=V, U V,and W = W, U W, be two strong neutrosophic
bivector spaces over the same neutrosophic bifield F = F; U F,.
For each bilinear transformation T=T, U T, from V=V, U V,
into W = W, U W, there is a unique bilinear transformation T' =
T UT, from W*= W, UW, into V*= V, UV, such that
() = (T UTy) (@' vod)

gl(Tlal) U gx(T (12)

= g(Ta)
foreveryg=g ug e W¥=W, UW, anda=a' Ua’inV=
V,u V,.
We call T'= T, UT, as a bitranspose of T = T, U T,. This
bitransformaiton T' is also called as the biadjoint of T.

We now prove an important property about T

THEOREM 2.3.15: Let V =V UV’ and W = W' U W’ be any
two strong neutrosophic bivector spaces over the neutrosophic
bifield F = F' U F and let T = T' U T’ be a strong

neutrosophic bilinear transformation from V.=V UV’ into W

= W' U W. The binull space of T = T UT! is the
biannihilator of the birange of T = T' U T°. If V and W are
finite bidimensional then
i. birank (T') = birank T.
ii. The birange of T' = T, UT} is the annihilator of the binull
space of T=T; UT,.
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Proof: Let g = g' U g” be in W* = W, UW, the dual space of
the strong neutrosophic bivector space W = W; U W,. By
definition we have (T;) a = g (Ta) where for each o= a' U o
eViuV,o T=T,uUT,: ViUV, > W, UW,. The statement
that g = g' U g’ is in the binull space of T'= T' U T, means that
g(Ta) = 0; ie., g'Tia' U g’ T,o?> =0 U 0 for every o. = o' U o’
eV=V,uV,

Thus the binull space T' = T'UT, is precisely the

biannihilator of the birange of T = T; U T,. Suppose V =V, U
V, and W = W; U W, are finite bidimensional, we say
bidimension V = (n;, n,) and bidimension W = (m;, mp).

Proof of (i): Let r = (11, 1,) be the birank of T =T, U Ty, i.e., the
bidimension of the birange of T is (ry, 1y).

By earlier results the biannihilator of the birange of T = T,
U T, has bidimension (m; — r;, m, — r,). By the first statement of

the theorem the binullity of T'= T} UT, must be (m; —1;, m; —
1,). Since T'= T, UT, is bilinear transformation on an (m,, m,)
bidimensional bispace the birank of T'= T/ UT, is (m;- (m; —
1), m; — (m, — 15)) and so T and T' have the same birank.

Proof for (ii): Let N = N; U N, be the binull space of T=T, U
T,. Every bifunction in the birange of T' = T' UT, is in the
biannihilator of N = N; U N,, for suppose f = T'g; i.e., f U f* =
T'g' UTig® forsome g=g' U g’ in W*= W, UW, then if o =
a'Ua’isinN=N, UN,;

flo) = f'(a')uf(ad)
= (T;)oc= (Tl‘gl)oUu(TZ‘gz)OL2
= g(Ta)

gl(Tloll) o gz(TZOCZ)
g'(0) U g° (0)
= 0Q0u0.
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Now the birange of T' = T/ UT, is a bisubspace of the
space N°= N} UN; and
dimN° = (n;—dimN;) U (n; — dim N,)
birank T
= birank T'
so that birange of T' must exactly be N°.

THEOREM 2.3.16: Let V=V, U Vyand W = W; v W, be two
(n;, ny) and (m; my) dimensional bivector spaces over the
neutrosophic bifield F = F; U F,. Let B be a bibasis of V and
B* the bidual basis of V*. Let C be a bibasis of W with dual
bibasis C*. Let T = T; U T, be a bilinear transformation from V
into W; let A be the neutrosophic bimatrix of T = T; U T,
relative to B and C and let B be a neutrosophic bimatrix of T'

relative to B*, C*, Then B; = A!.’; fork=1,2. Thatis

1 2 _ 1 2
A,.juAij = BijuBl.j.

Proof: Given V =V, U V, and W = W; U W, are strong
neutrosophic bivector spaces over the neutrosophic bifield F =
Fy U F,. Given V =V, U V, is (n;, n,) bidimension and W = W,
U W, is of (m;, mp) bidimension over the bifield F = F; U F,.
Let

_ 1 1 1 2 2 2
B—{al,%,...,a }u{al,%,...,a }

n ny

be a bibasis of V=V, U V, and the dual bibasis of B,

B*=BjUB, = {f.f;,...f) } U{fl.f], ...}
Let
C=CiuC={BB. .0, | V{B].B.. B0 |

be a bibasis of W =W; U W,.
The dual bibasis of C,

C'=CuC = {gg...g, fUleh g e |-
Now by definition for a = a' U a?;

Teok = S A j=1,2, 0o k=1,2.
i=1
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Tlig) Zkak,j=l,2,,,.,mkandk=1,2_

Further
(Teg)) (o) = g (Tyaf)

- g [San]

1y

- Sa()

p=1

- z Apisjp
p=1

— k
= AL

For any bilinear functional f=f' U ffon V,

f = ka( D)E k=12,

If we apply this formula to the functional f* = T, g;‘ and use the
fact (Tﬁgﬁ.‘)af =AY, we have

( ng) ZAkfk

from which it follows B = A} ; true for k =1, 2. That is
B, UB; = A UA].
IfA=A"UA%’isa (m; x nj, my x ny) neutrosophic bimatrix

over the neutrosophic bifield F = F; U F, then the bitranspose of
A is the (n; x my, n, x m,) neutrosophic bimatrix A' defined by

1\ 2\ _ Al 2
(A)) w(A]) = AjLAS.

We leave it as an exercise for the reader to prove the birow
rank of A is equal to the bicolumn rank of A, that is for each

neutrosophic matrix A’ we have the column rank of A to be
equal to the row rank of A';i=1, 2.
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We see all these results holds good for strong neutrosophic
bilinear algebras defined over the neutrosophic bifield F; U F, =
F with appropriate modification if necessary.

Now we proceed onto define the notion of neutrosophic
bipolynomial over a neutrosophic bifield F = F; U F,.

DEFINITION 2.3.34: Let F[x] = F;[x] U Fy[x] be such that each
Fi[x] is a polynomial over F;, F; a neutrosophic field;, i = 1, 2
and F; #F, i.e, F = F; UF, is a neutrosophic bifield. We call
F[x] the neutrosophic bipolynomial over the neutrosophic
bifield F = F; U F,. Any element p(x) € F[x] will be the form
p(x) = pi(x) Upa(x) where pi(x) is a neutrosophic polynomial in
Fi[x]; ie., pi(x) is a neutrosophic polynomial in the variable x
with coefficients from the neutrosophic field F, i = 1, 2. The
bidegree of p(x) is a pair given by (n,;, ny) where n; is the degree
of the polynomial pi(x); i = 1, 2.

We will illustrate this situation by some simple examples.

Example 2.3.73: Let F = F, U F, =Z; 1 U QI be a neutrosophic
bifield. F[x] = F[x] v Fy[x] = Zlx] v QI[x] = ({all
polynomials in the variable x with coefficients from the
neutrosophic field Z;I} U {all polynomials in the variable x
with coefficients from the neutrosophic field QI}is a
bipolynomial strong neutrosophic bivector space over the
neutrosophic bifield F =F, U F, =Z3;1 U QL

Let p(x) = 21 + Ix + 2Ix’ + Ix” U 31 + 7Ix + 2701 x’ — 57621
X’ + 30061 x*°; p(x) € F[x].

Example 2.3.74: Let F = F; U F, = N(Q) U N(Z,;) be a
neutrosophic bifield. F[x] = Fi[x] U Fyx] = NQ)[x] v
N(Z1)[x] = {all polynomials in the variable x with coefficients
from the neutrosophic field N(Q)} w {all polynomials in the
variable x with coefficients from the neutrosophic field N(Z;;)}
is a bipolynomial strong neutrosophic bivector space over the
neutrosophic bifield F = N(Q) U N(Zy).
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Take p(x) = pi(X) U pa(x) = 3 + 17x* — 245 x° + 346 x’ —
93/2 x* + 471 x” ~ 5009 x'' U 31 + 8 + 4Ix + 5x” + 10 x” + 2x'!
+ 9x* e F[x] is a bipolynomials with coefficients from the
bifield N(Q) U N(Z1)

DEFINITION 2.3.35: Let F[x] = F;/x] v F,/x] be a
bipolynomial over the neutrosophic bifield F = F; U F,. F[x] is
a strong neutrosophic bilinear algebra over the bifield F. Infact
F[x] is a bicommutative neutrosophic linear bialgebra over the
bifield F. F[x] the strong neutrosophic bilinear algebra may or
may not have the biidentity I, =1 Ulorl Ulorl Ulorl Ul
depending on the neutrosophic bifield F = F;, U F,. We call a
neutrosophic bipolynomial p(x) = p;(x) U po(x) to be bimonic
polynomial if each pi(x) is a monic neutrosophic polynomial in x
fori=1,2. We will call a neutrosophic bipolynomial to be a
neutrosophic monic bipolynomial if for each pi(x) € F;[x] the
coefficient associated with the highest degree is I fori = 1, 2.

We will first illustrate these situations before we proceed on to
prove further results.

Example 2.3.75: Let F = F, U F, = Z;1 U Z;;1 be a neutrosophic
bifield. F[X] = FI[X] v Fz[X] = Z7I[X] \ 213[X] = {all
polynomials in the variable x with coefficients from the
neutrosophic field Z;I} U {all polynomials in the variable x
with coefficients from the neutrosophic field Z;;1} is a
bipolynomial strong neutrosophic bilinear algebra over the
bifield F = Fl Y F2 = Z7I Y Zl3I.

It is easily verified that F[x] has no monic bipolynomial
however F[x] has neutrosophic monic bipolynomials. For take

p(x) = Ix* + 21 x® + 41x* + 5T U Ix¥ + 12Ix* + 101 x'* + 71
x* + 5Ix + 31 € F|[x] U Fy[x]. Clearly p(x) is a neutrosophic
monic bipolynomial in F(x).

Example 2.3.76: Let F = F; U F, = N(Zy;) U N(Z47) be a
neutrosophic bifield. F[x] = Fi[x] U F[x] = N(Zp)[x] U
N(Z47)[x] = {all polynomials in the variable x with coefficients
from the neutrosophic field N(Z,3)} w {all polynomials in the
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variable x with coefficients from the neutrosophic field N(Z47)}.
F[x] is a bipolynomial strong neutrosophic bilinear algebra over
the neutrosophic bifield F = N(Z,3) U N(Z47). Take p(x) = p1(X)
U pa(x) € N(Zo)[x] U N(Za7)[x]; p(x) = {x* + 31 x* + 15x"* +
4Ix* + 131 x” + 5% + 201 + 4} U {x'™ + 461 x'° + 45Ix"” +
27x% + 40x* + 37x° + Ix* + 71 + 4} is a monic bipolynomial in
F[x].

It is interesting to note that in case of these bipolynomial strong
neutrosophic bilinear algebra the conditions under which the
bilinear algebra will have monic bipolynomials and when it will
never have monic bipolynomials.

THEOREM 2.3.17: Let FF = F; U F, be a neutrosophic bifield
F[x] = Fi[x] v Fy[x] be a bipolynomial strong neutrosophic
bilinear algebra over the neutrosophic bifield F = F; U F,.

If both F; and F, are of the form K; I and K, I where K; and
K, are real fields then the bipolynomials strong neutrosophic
bilinear algebra F[x] will not contain monic bipolynomial.

Proof: Given F = F; U F, is a neutrosophic bifield where F, =
K, I and F, = K, I with K; and K, real fields.

F[x] = Fi[x] U Fp[x] = K I[x] U K,I[X] is the bipolynomial
strong neutrosophic bilinear algebra over the neutrosophic
bifield F = F; U F,. We see clearly F = F; U F, = Kj1 U Kyl
does not contain any real element; every bipair in K;I U K, is
neutrosophic. Hence 1 ¢ KiI for i = 1, 2. Thus no bipolynomials
in the variable x has real coefficients i.e., no polynomial p(x) in
the variable x in K;I[x] has real coefficients; fori=1, 2.

Thus F[x] = K;I[x] U K,I[x] has no monic bipolynomial.

Hence the claim.

THEOREM 2.3.18: Let F = F; U F, be a neutrosophic bifield.
F[x] = F;[x] v F,[x] be a bipolynomials strong neutrosophic
bilinear algebra over the neutrosophic bifield F = F; U F,. If
each F; is of the form N(K;) where K; is a real field fori = 1, 2
then the bipolynomial strong neutrosophic linear bialgebra has
monic bipolynomials.
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Proof: Given F = F; U F, = N(K,) U N(K,) (where K; and K,
are real fields) is a neutrosophic bifield. F[x] = F[x] U F,[x] =
N(K[x] v N(Ky)[x] is a bipolynomial strong neutrosophic
bilinear algebra over the neutrosophic bifield F = F; U F,.

Now clearly K; = N (K)) for i = 1, 2; that is the neutrosophic
field N (K) contains the real field K; as a proper subfield, true
fori=1,2. Thus 1 € N (Kj) fori=1, 2. Now we can take p(x)
= p1(x) U pa(x) where both p;(x) is a monic polynomial of the
form say x*" + 71 x** + 141 x'* + 27x'° + 205 in F,[x] and pa(x)
to be a monic polynomial of the form x* + 7x + 211 in F,[x] we
see p(x) is a monic bipolynomial in F[x].

Hence the claim

Thus we see when both the neutrosophic fields F;; 1 =1, 2,
are not pure neutrosophic fields then certainly the bipolynomial
strong neutrosophic bilinear algebra has monic bipolynomials.

Further even if one of the neutrosophic field F; is a pure
neutrosophic field that is F; = K; I where K is a real field i = 1,
2; then F[x] = F[x] U F,[x] has no bipolynomial which is a
monic bipolynomial.

The reader is expected to prove the following results.

THEOREM 2.3.19: Let F[x] = F;[x] v F>[x] be a strong

neutrosophic bilinear algebra of bipolynomials over the
neutrosophic bifield F = F; UF, then

i. Ifftx) =fi(x) Ufa(x) and g(x) = gi(x) U gx(x) are two non

zero bipolynomials in F[x], the bipolynomial f(x) g(x) =

fi1(x) gi(x) Ufr(x) g2(x) is a non zero bipolynomial in F/[x].

ii. The bidegree of (f(x) g(x)) = bidegree of f(x) + bidegree
of g(x) where bidegree of f = (n;, ny) and bidegree of g =
(m;, my).

iii. f(x) g(x) is monic bipolynomial if both f(x) and g(x) are
monic polynomials and F = F, U F, is neutrosophic
bifield of the form F = N(K;) U N(K,) where K; and K,
are real fields.

iv. f(x) g(x) is a monic neutrosophic bipolynomial if both f{(x)
and g(x) are monic neutrosophic bipolynomials. (F = K;I
L/Kg])
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v. Ifftg = fivfitg ug
(i1 tg) vifz+g)
= 0u0
= max (bideg f, bideg g).

vi. Iff, g h are bipolynomials over the neutrosophic bifield F
= F) UFs fix) = fits) US(). g9) = gilx) U gofx) and
hx) = h;(x) Uhyx); g(x) =0 U0, f{x) =0 U0 and h(x) #
0v0andiffe=fhtheng =h.

As in case of polynomials we can derive most of the results in
case of neutrosophic bipolynomial.

Let A = A; U A, be a strong neutrosophic bilinear algebra
with biidentity 1 = 1 U 1 over the neutrosophic bifield F = F; U
F, where we make the convention for any real o = o; U o (o
and o, are both real).

a=aluval =1ul=1l,.

We cannot derive the properties enjoyed by usual
bipolynomials.

Thus to get the analogue of the Lagrange biinterpolation
formula in case of bipolynomial strong neutrosophic spaces we
have to make more assumptions. We can derive several results
analogous to bipolynomial bilinear algebra.

Suppose f = f; U f; and d = d; U d, be any two non zero
neutrosophic bipolynomials over the neutrosophic bifield F = F,
U F, such that bideg d < bideg f (i.e., bideg d = (n;, n;) and
bideg f = (m;, m,) and n; < m; for i = 1, 2 (then we say bideg d <
bideg f) then there exists a bipolynomial g = g; U g, in F[x] =
Fi[x] U F,[x] such that either f— dg = 0 that is (f; — d;g;) v (f, —
drgy) = 0 U 0 or bideg (f— dg) < bideg f.

We have also the following interesting result in case of
neutrosophic bipolynomials.

THEOREM 2.3.20: Let f = f; U f; and d = d; U d, be
bipolynomials over the neutrosophic bifield F = F;, U F; and d
=d; Ud, is different from 0 U 0 then there exists bipolynomials
qg=q;vqandr=r; Uryin F[x] = F,[x] U F,[x] such that
=dq+rie,f=fiufh=(d q;+r) (drq,+r).
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(2) Either r = r; Ury = (0 U 0) or bideg v < bideg d. The
bipolynomials q = q; U q; and v = r; U ry satisfying the
conditions (1) and (2) are unique.

The proof is direct hence left as an exercise for the reader.

DEFINITION 2.3.36: Let d = d; U d; be a non zero bipolynomial
over the neutrosophic bifield F = F; O F,. If f=f; Ufsis in
F[x] = Fi[x] UF,[x], the proceeding theorem show there exists
atmost one bipolynomial g = q; U q, in F[x] such that { = dq
ie,f=f Ufa=dq, vdx, If suchaq = q, Uq; exists we say
that d = d; v d, bidivides = f; U f; and f is bidivisible by d =
d; Udyand f=f; Ufsis a bimultiple of d = d; U d; and we call
q = q; Uq; to be the biquotient of fand d = d; U d, and write q
=f/dthatisq=q; Uq,=f1/d; Ufy/d,.

The following result is direct. If f = f; U f, is a bipolynomial
over the neutrosophic bifield F = F, U F, and ¢ = ¢; U ¢, be an
element of F. fis bidivisible by x — ¢ = (x — ¢;) U (x — ¢;) if and
only if f(c) = fi(c;) U f1(c) =0 L 0.

We can prove the fundamental theorem of algebra namely that
every polynomial of degree n has atmost n roots can be proved
in case of neutrosophic bipolynomials. A bipolynomial f= f; U
f, of degree (n;, n,) over a neutrosophic bifield F = F, U F, has
atmost (n;, ny) biroots in F = F; U F,. Now we will prove
Taylors formula for bipolynomials over the neutrosophic bifield
F= F1 Y Fz.

THEOREM 2.3.21: Let F = F; U F, be a neutrosophic bifield of
bicharacteristic (0, 0). ¢ = c; Uc; be an element in F = F; UF),
and (nj, ny) be a pair of positive integers. If f = f; U fris a
neutrosophic bipolynomial over the bifield F = F; U F, with
bideg f < (n,, I’lz) then

f Z D" f]cl('x C])I U i Dk}fzcz(x_cz)kz )
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Proof: We know Taylors theorem is a consequence of the
binomial theorem and the linearity of the operators D', Dz, ey
D". We know the binomial theorem

(a + b)m — i|:?:i| am—kbk

k=0

! _ _
where m_ m = m(m—1)..(m—k+1) is the familiar
k) k!(m-k)! 1.2..k=lk

binomial coefficient giving the number of combinations of m
objects taken k at a time.

Now we apply the binomial theorem to the pair of neutrosophic
polynomials

x™mUx™ = (Cl + (X - Cl) )'“1 U(Cz + (X - Cz) )m2

mm m ‘m
Z 1 Clm,—kI (X _ Cl)k1 9, Z 2 szz—k2 (X _ C2 )k2
0o \ S o \ S

m
1

c 1+mlclml_1(x—c1)+...+(x—cl)ml} U

my—

{czm2 +mye,™ (X —¢,) ot (X —c,)™ }
and this is the statement of Taylor’s biformula for the case
f=xmux™,

If

n n,
— 1 m; 2 m,
f Eamlx U Eamzx ,
m; =0 m,=0

n n,
Di(e)= 2 a, Dx™(¢) v 3 a; DOx™(c,)
m,=0

m; =0
and
mzl Dklfl (c)(x— 01)1(1 U i D" f,(c)(x— Cz)kz
k=0 Iﬁ ky=0 lﬁ
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_ . Dex™ (c)(x— cl)kl
;;aml K, U

D"x™ (¢, )(x —¢,)®
2 2 2

_ I DMx™ (¢)(x ~¢,)"
AT Y

2 D x™ (c)(x—c¢, )kz

If ¢ = ¢; U ¢, is a biroot of the neutrosophic bipolynomial f
= f; U f, with bimultiplicity ¢ = c¢; U ¢, as a biroot of f =1} U f;
is the largest bipositive integer (1, 12) such that (x —¢; )" U (x —
¢,)"” bidivides f=f, U f,.

Now we have still an interesting result on these neutrosophic
bipolynomials and their bimultiplicity.

THEOREM 2.3.22: I[f F = F; U F, is a neutrosophic bifield of (0,
0) bicharacteristic (i.e., each F; is of characteristic zero for i =
1, 2) and f = f; U f; be a neutrosophic bipolynomial over the
bifield F = F; U F; with bideg f < (n;, ny). Then the biscalar ¢ =
c; Ucyis a biroot of f = f; Uf> of multiplicity (r), ;) if and only
if (D" fi)(c) (D fi)(c;) =0 U0; 0<kj<ri—1;i=1 2.
D" fi (c;) #0 foreveryi=1, 2.

Proof: Suppose that (13, 1) is the bimultiplicity of ¢ =c; U ¢, as
a biroot of f=f; U f,.

Then there exists a neutrosophic bipolynomial g = g; U g,
such that f=(x —¢;)"g U (X —¢)* g and g(c) = gi(c)) v
2(c) 0L 0.

For otherwise f= f; U f, would be bidivisible by (x — ¢, )“l

U(X — ¢,)""". By Taylors biformula applied to g = g; U g5,
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(Dm] g1)(01 )(X — C1)ml U

f = x-o)yy =
m; =0 1

(X_Cl)rz iz (D ng)((l:Izn_)(X_c2) :

nlz_r] Dmlgl (X B C1)rl+mI U = (szgz )(X B Cz)r2+m2

m; =0 m] m,=0 m2

Since there is only one way to write f = f; U f, (i.e., only one
way to write each component f; of f; i = 1, 2) as a bilinear

combination of bipowers of (x —¢; )" U (x—¢;)*; 0<k; <nj i
=1, 2 it follows that

(Dk‘fl)(cl) if OSleI'l—l

= k-
Ik, D(k—gi(;i) if r<k<n.
i L)

This is true for every i, i = 1, 2. Therefore D" fi(c;) = 0 for 0 <k;

<r;—1;i=1,2 and D" fi(c;) # gi(c;) # 0 forevery i, 1 =1, 2.
Conversely if these conditions are satisfied, it follows at

once from Taylor’s biformula that there is a neutrosophic

bipolynomial g =g, U gy such that f=f, U f, =(x—¢;)" g v
(x—c)* grand gi(c;) U g(cr) =g(c) =0 L 0.

Now suppose that (1, ;) is not the largest positive biinteger
pair such that (x —¢; )" U (x — ¢;)* bidivides f; U f;; i.e., each
(x —¢;)" divides f;; i = 1, 2. then there is a bipolynomial h = h;
U h; such that = (x — ¢;)""'h; U (x — ¢;)>"" h,. But this implies

g=g U g =(x-cph; U (X —cyhy; hence g(c) = gi(c) U g(cy)
= (0 v 0 a contradiction; hence the claim.

Now we proceed onto define principal biideal generated by the
neutrosophic bipolynomial d = d; U d,.
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DEFINITION 2.3.37: Let F = F; UF, be a neutrosophic bifield.
A biideal in F[x] = F;[x] U F,[x] is a strong neutrosophic
bisubspace m = m; U my of F[x] = F;[x] U Fy[x] such that
when f=f; Uf,and g = g; U g, then fg = f1 g1 U f> g belongs
tom=m; Umy, ie., each fig; € m; whenever fis in F[x] and g
em(i=12).

If in particular the biideal m = d F[x] for some bipolynomial d =
d; U d, in F[x] = F|[x] U F;[x], i.e., the biset of all bimultiple df
= d,f; U dof; of d = d; U d, by arbitrary f = f; U f, in F[x] =
Fi[x] U F,[x] is a biideal; for m is non empty; m infact contains
d. If f, g € F[x] = F{[x] U Fy[x] and ¢ = ¢; U ¢, is a biscalar then
Cc (df) - dg = (C1d1f1 - dlgl) U (Czdzfz — dzgz) = d1(01f1 - gl) )
dy(cof; — go) belongs to m = m; U my, that is di(c;fi — g) € my; 1=
1, 2; so that m is strong neutrosophic bivector subspace. Finally
m contains

(dhg = d(fg)

(dif)gr L (daf2)ga

di(figi) L da(frg)

as well m = m; U my, is called the principal biideal generated by
d= d1 U dz.

We will prove the following biprincipal ideal or principal
biideal of F[x] = F[x] U F,[x].

THEOREM 2.3.23: Let F = F; U F, be a bifield which is a
neutrosophic bifield and m = m; U m, a non zero biideal in
Fix] = Fi/x] v F[x]. Then there is a unique monic
bipolynomial d = d;, v d, in F[x] where each d; is a monic
polynomial in Fifx]; i = 1, 2 such that m is the principal biideal
generated by d.

Proof: Given F = F; U F, is a neutrosophic bifield and F[x] =
Fi[x] U F,[x] be the bipolynomial strong neutrosophic bivector
space over the neutrosophic bifield F = F, U F,. Let m = m; U
m, be a non zero biideal of F[x] = F[x] U F;[x], we call a
bipolynomial p(x) to be bimonic, i.e. if in p(x) = p1(X) W paX)
every pi(x) is a monic polynomial for i = 1, 2. Similarly we call
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a bipolynomial to be biminimal if in p(x) = p;(x) U p2(x) each
polynomial pi(x) is of minimal degree. Now m = m; U m,
contains a non zero bipolynomial p(x) = pi(x) U pa(x) where
each pi(x) # 0 for i = 1, 2. Among all the non zero
bipolynomials in m there is a bipolynomial d = d; U d, of
minimal bidegree. Without loss in generality we may assume
that minimal bipolynomial is monic, i.e., d is monic. Suppose f
= f; U f; is any bipolynomial in m then we know f=dq +r=1;
v f, =diq; + 11 U drqp + 1 where r = (13, 1) = (0, 0) or bidegree
r <bidegree d; i.e., =1, U f, = (diq; + 1) U (d2q> + 12). Since d
isinm,dq=diqquUdp e mandfe msof-dg=r=r,ur, e
m. But since d is a bipolynomial in m of minmal bidegree we
cannot have bidegree r < bidegree d sor=0 U 0.

Thus m = dF[x] = d\Fi[x] U d,F,[x]. If g is any other
bimonic polynomial such that gF[x] = m = gF|[x] U g,F;[x]
then there exists non zero bipolynomial p = p; U p, and q = q
U qy such thatd=gp and g=dq.i.e.,d=d;, U d, =gip1 U gp>
and g; U g, =diq; Y d2qp. Thus
d = dpq

= dipiqi U dypoq2

= (v dypq
and bidegree d = bidegree d + bidegree d + bidegree p + bideg
q. Hence bidegree p = bidegree q = (0, 0) and as d and g are
bimonicp=q=1. Thusd =g.

Hence the claim.

If in the biideal m we have f = pq + r where p, f € m; i.e., p
=ppuppemandf=fiuf, em;f=1f UHh=((piq +11) V(P2
(o + 1) where the biremainder r = r; U r, € m and is different
from 0 U 0 and has smaller bidegree than p.

The interested reader is requested to prove the following results.

COROLLARY 2.3.1: If p', p’ are bipolynomials over a
neutrosophic bifield F = F; U F, not all of which are zero, i.e.,
0 U0, then there is a unique bimonic polynomial d = d, U d; in
F[x] = F;[x] UF,[x] such that
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i. d=d; Ud,is the biideal generated by p', p* where p' =
p;Yp; andp’ = plUp;.
ii. d =d, U d, bidivides each of the bipolynomials p' =
p, U p, that is dj/pj’: ,j=1,2andi=1, 2.
iii. d is bidivisible by every bipolynomial which bidivides each
of the bipolynimial p" and p’.

Any bipolynomial satisfying (i) and (ii) necessarily satisfies (iii).

Next we proceed on to define greatest common bidivisor or
bigreatest common divisor.

DEFINITION 2.3.38: If p', p° (where p' = plUp) and p; =
p;, U p3) are neutrosophic bipoynomials over the neutrosophic

bifield F = F; U F, such that both the bipolynomials are not 0
U 0. Then the monic generator d = d; U d, of the biideal
{piFilx]} + pi Filx]} < { pyFofx]} + p; Fofx]} is called the
greatest common bidivisor or bigreatest common divisor of p'
and p’. This terminology is justified by the proceeding
statement. We say the neutrosophic bipolynomials p' = P U p;

and p, = p; U p; are birelatively prime if their bigreatest
common divisor is (1, 1) or (I, 1) or equivalently if the biideal
they generate is all of F[x] = F;[x] U F>[x].

This result and definition 2.3.38 can be extended to any
arbitrary number of bipolynomials p', p’, ..., p", n > 2. We will
now proceed onto define bifactorization, biprime, biirreducible
of neutrosophic bipolynomials over the neutrosophic bifield F =
F,UF,.

DEFINITION 2.3.39: Let F' = F; U F; be a neutrosophic bifield.
A bipolynomial f= f; Ufsin F[x] = F;[x] U F>[x] is said to be
bireducible over the bifield F = F; U F, if there exists
bipolynomials g, h € F[x], g = g; Ug,and h = h; U h; in F[x]
= F,[x] U Fy[x] of bidegree > (1, 1) or (I, 1) such that f = gh =
gihy U gy hy = f; Ufs and if such g and h does not exist f = f; U

135



f> is said to be biirreducible over the bifield F = F; U F,. A non
biscalar, bi-irreducible neutrosophic bipolynomial over the
neutrosophic bifield F = F;, U F, is called the biprime
polynomial over the bifield F = F;, U F; and some times we say
it is biprime in F[x] = F;[x] U F,[x].

The following results can be proved by any interested reader.

THEOREM 2.3.24: Letp =p' Up’ f=f Uf andg=g' Ug’
be neutrosophic bipolynomials over the neutrosophic bifield F
= F; UF, Suppose that p is a biprime bipolynomial and that p
bidivides the product fg = f; g1 U f> g5 then either p bidivides f
or p bidivides g.

THEOREM 2.3.25: If p = p' Up’ is a biprime bipolynomial that
bidivides a biproduct f; and f; that is ff> then p bidivides one of
the bipolynomial f; or f>.

THEOREM 2.3.26: If F' = F; U F, be a neutrosophic bifield a
non zero biscalar monic neutrosophic bipolynomial in F[x] =
Fi[x] v Fy[x] can be bifactored as a biproduct of bimonic
primes in F[x] = F;[x] U F5[x] in one and only one way except
for the order.

THEOREM 2.3.27: Let f = f; U f> be a non scalar neutrosophic
monic bipolynomial over the neutrosophic bifield F = F; U F,

1
nkl

and let = pf} P Y p;”z p,ffz be the prime bifactorization
of f. For each j; 1<j, <k;t=1,2let f = f’/p;'j = pr;“ )
i#j

then f,..., fk’ are relatively prime for t = 1, 2.

THEOREM 2.3.28: If f = f; U f; is a neutrosophic bipolynomial
over the bifield F = F, U F, with derivative f* = f,U f, . Then f

is a biproduct of distinct irreducible bipolynomials over the
bifield F = F; UF, if and only if f and f ’ are relatively biprime,
that is each f; and f; are relatively prime fori =1, 2.
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Now we proceed onto define bicharacteristics values of a strong
neutrosophic bilinear operator on a strong neutrosophic bivector
space V =V, U V, over a neutrosophic bifield F = F; U F,.

DEFINITION 2.3.40: Let V = V; UV, be a strong neutrosophic
bivector space over the neutrosophic bifield F = F; U F, and let
T =T, UT; be a bilinear operator on V; i.e., T=T; Ty V =
VioV, > V=V, uV,and T, : V; >V, i =1, 2. This is the
only way bilinear operator can be defined on V. A
bicharacteristic value of T is a biscalar ¢ = c; Uc, (¢c; e F, i =
1, 2)in F = F; UF, such that there is a non zero bivector a =
a Uayin V= V] UVZWith Ta=ca, ie., TO!ZTICX] UTgag =
ciap U o, de, Ty =i =1, 2. If c =c¢; Ucyis a
bicharacteristic value of T = T; U T, then

i anya = o U o such that Ta = ca is called the
bicharacteristic bivector of T = T; U T, associated with the
bicharacteristic value ¢ = ¢; U c,.

ii. The collection of all @ = a; U a such that Ta = ca is
called the bicharacteristic space associated with c.

If T =T, UT;is any bilinear operator on the bivector space V
=V, UV, We call the bicharacteristic values associated with T
to be bicharacteristic roots, bilatent roots bieigen values,
biproper values or bispectral values.

These can be neutrosophic or real; will always be
neutrosophic if F = F; UF, = K; I UK, I where K; and K, are
real fields.

These can be real or neutrosophic if F = F; UF, =N (K};)
UN (K), K; and K; are real fields.

If T is any bilinear operator and ¢ = ¢; U ¢, in any biscalar the
set of bivector o = o; U a, such that Ta = ca is a strong
neutrosophic bivector subspace of V. It is infact the binull space
of the bilinear transformation (T — cly) = (T, —¢i1; ) U (T -

21, ) where I; denotes the unit neutrosophic matrix for j = 1,
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2. We call ¢ = ¢; U ¢, the bicharacteristic value of T=T; U T,
if this bispace is different from the bizero space 0 = 0 U 0; that
8 (T-cly)=(Ti—cily) v (T2 —c 1 ) fails to be one to one

bilinear transformation that is when the bideterminant of T — cly
= det(T1 —C Id1 ) ) det(Tz —C Idz ) =0uU0.

We have the following theorem.

THEOREM 2.3.29: Let T = T; U T, be a bilinear operator on a
finite (n;, ny) bidimensional strong neutrosophic bivector space
V =V; UV, defined over the neutrosophic bifield F = F; U F,
and let ¢ = ¢; U c; be a biscalar in F. The following are
equivalent.

i. ¢=c;Ucyisabicharacteristic value of T=T; U T>.
ii. The bioperator (T; —c;1, ) U (T>—c:1, ) =(T—c 1y is

bisingular or (nor biinvertible.
iii. Det(T—cly) =00 0;ie.,det(Ti—c1,) det(T:—c:1, )

=0 u0.

This theorem is direct and the interested reader is expected to
prove it.

Now we define the bicharacteristic value of a neutrosophic
bimatrix A = A; U A, where each A; is a n; x n; neutrosophic
matrix with entries from the neutrosophic field F;, i = 1, 2, so
that A is a neutrosophic bimatrix defined over the bifield F = F,
U F,. A bicharacteristic value of A in the bifield F=F, UF,isa
biscalar ¢ = ¢; U ¢, in F = F; U F, such that the bimatrix A — cly
=(A1—cl; ) U (Ar—cp 1, ) is bisingular or not biinvertible.

€ =1 U ¢, is a bicharacteristic value of A = A; U Ay a (n; x
n;, np X np) neutrosophic bimatrix over the neutrosophic bifield
F =F, UF, if and only if bidet (A —clg) = 0 L 0; i.e., det (A; —
cil; ) det(As —cp 1y ) =0 U 0; we form the bimatrix (xIy — A)

= (xI; — A1) U (x], — A,). Clearly the bicharacteristic values of

A in F = F; U F, are just biscalars ¢ = ¢, U ¢; in F; U F, such
that f(c) = fi(c) U fa(c;) = 0 U 0. For this reason f=f, U f, is
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called the bicharacteristic polynomial of A. Clearly f is a
neutrosophic bipolynomial of differ degrees in x over different
neutrosophic fields. It is important to note that f = f; U f, is a
bimonic bipolynomial which has bidegree exactly (n;, n,). The
bimonic neutrosophic bipolynomial is also a neutrosophic
bipolynomial over F =F; U F,.

We will illustrate this situation by some examples.

Example 2.3.77: Let

2 1 0 1
I 01
I T 0 O
A=A UA=|0 1 0|y
0 2 21 1
I 00
0 0 0 1

be a neutrosophic bimatrix of order (3 x 3, 4 x 4) over the
neutrosophic bifield F = F;, U F, = N(Z;) U N(Z;). The
bicharacteristic neutrosophic bipolynomial associated with the
neutrosophic bimatrix A is given by

(xIg—A) = (xIz3 — A1) U (X4 — A2)

x+1 21 0 21

x+1 0 1
21 x+21 0 0
=1 0 x+1 0] v
1 x+1 2
| 0 X

0 0 0 X+2

is a neutrosophic bimatrix with neutrosophic polynomial entries.

f = f1Uf2

det(xld—A)

det(X I3><3 - Al) U det (X I4><4 — Az)

= {(x+DEE+Dx+IEx+DHuE+)EE+2DE+])
x+2)+2l(x+ D) (x+2)}

= X+ +Ix+x>+Ix+ 1} U {(x*+20x + x + 2)
(x> + 21 + Ix + 21) + 2Ix* + 1

= X+I+ D+ u X+ 20+ Ik + 257,
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Thus the bipolynomial is a monic neutrosophic polynomial
of degree (3, 4) over the bifield F = N(Z,) U N(Z5).

Example 2.3.78: Let

I 0
A:A1UA2: U
2 2

S O =
oS = O
—_ e =

be a neutrosophic bimatrix with entries from the neutrosophic
bifield F = F; U F, = N(Z3) U N(Z,). The bicharacteristic
neutrosophic bipolynomial associated with the neutrosophic
bimatrix A is given by

(XId — A) = (X szz — A]) |\ (X I3X3 — Az)

x 0 O I 0 1
x 0 I 0
= - U<l0 x 0—-10 1 I
0 x 2 2
0 0 x 0 0 I
x+1 0 1
x + 21 0
= ul 0 x+1 I
1 x+1
0 0 x+I

Let f= f1 ) f2 = det(XId - A) = det(XIZXz - Al) ) det(XI3X3 - Az)

x+1 0 1
x + 21 0
= vl 0 x+1 1
1 x+1
0 0 x+1

{(x+2D (x+ 1} U {x+D’ (x+ 1}
(PH2Ax+x+ 20 U {(xF+ 20+ 1) (x + 1)
K H2Ix+x+2D) U K+ (x+ 1)}
(KHQRI+D)x+2u X+ Ix+ x> +1}.
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We see det(xI; — A) is a neutrosophic bipolynomial which is
monic neutrosophic bipolynomial of bidegree (2, 3) over the

We now proceed onto define similar neutrosophic bimatries
when the entries of these neutrosophic bimatrices are from the
neutrosophic bifield F = F; U F,.

DEFINITION 2.3.41: Let A = A; U Ay be a (n; x n;, ny x ny)
neutrosophic bimatrix over the neutrosophic bifield F = F;, U
F, that is each A; takes its entries from the neutrosophic field
F, i =1 2. We say two neutrosophic bimatrices A and B of
same order are similar if there exists a neutrosophic non
invertible bimatrix P = P; U P, of (n; x nj;, ny x ny) order such
that B = P"' AP where P = P[’ uPZ’I, B =B; UB,and

B=P' 4,P,UP" AP,

Clearly
det (xI;—B) = det(xI;—P"' AP)

= det (P (xI;,—A4) P)

= det P". det (xI;— A) det P

= det (xlI;—A)

= det(xI, —A) vdet (x1, — A)).
Thus

det(x1, -B;) Udet (xI, — By) = det(x1, —A)) U det(x1, — A4>).

DEFINITION 2.3.42: Let T = T; U T, be a linear bioperator on a
strong neutrosophic bivector space V = V; U V, over the
neutrosophic bifield F = F;, UF, . Wesay T =T, U T, is
bidiagonalizable if there is a bibasis for V =V, UV, and for
each bivector of which is a bicharacteristic bivecor of T =T, U

T,. Suppose T = T; U T, is a bidiagonalizable bilinear operator.
Let

(Cl..Cl ) UEC, .. C

be the bidistinct bicharacteristic values of T = T; U T>. Then
there is a bibasis B = B; U B, in which T is represented by a
bidiagonal matrix which has for its bidiagonal entries the
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scalars C! each repeated a certain number of times t = 1, 2. If
C! is repeated d; times then the neutrosophic bimatrix has the
biblock form

(7], = [T]]Bl U[Tz]g_7

a0 0 o0 0
om0 o an
o o0 - Cl1 0o 0 - CI

I;. is the dj’. X d;. identity matrix t = 1, 2.

From this neutrosophic bimatrix we make the following
observations.

First the bicharacteristic neutrosophic bipolynomial for T =
T, U T, is the biproduct of bilinear factors f =1, U f, = (x —
CHe L (x—C% U x- )T L (x— )%,

If the biscalar neutrosophic bifield F = F; U F, is
bialgebraically closed, if each F; is algebraically closed fori=1,
2; then every bipolynomial over F = F; U F, can be bifactored;
however if F = F; U F, is not algebraically biclosed
(bialgebraically closed) we are citing a special property of T =
T, U T,, when we say that its bicharacteristic polynomial does
not have such a factorization.

The second thing to be noted is that d; is the number of

times CiI is repeated as a root of f; which is equal to the
dimension of the space in V, of characteristic vectors associated
with the characteristic value Cj;i=1,2, ..., k; t=1, 2. This is
because the binullity of a bidiagonal bimatrix is equal to the
number of bizeros which has on its main bidiagonal and the
neutrosophic bimatrix

[T-Cls=[T:- C 1, I, V[Ta— C 1, 1,

has (d}1 , df2 ) bizeros on its main bidiagonal.
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We give some results, the proof of which is direct and the
interested reader can analyse them.

THEOREM 2.3.30: Suppose that Taa = Ca that is (T; U T,)(a;
(Zg) = C](Z1 UC;OCZ ie, T)a UTa = C]CZ] UCzaz,' T=T, v
T, be a bilinear operator when the biscalar C =C; oC, € F =
F, UF, (F = F; UF; a neutrosophic bifield) and a = a; U
is a bivector from a strong neutrosophic bivector spaceV =V,
UVy,over F=F; UF, If f=f; Uf;is any bipolynomial then
f(MHa=fC)a; i.e.,
Ji(Ty) ar Of(T) e = fi(C)) ey CUfo(Co) .

THEOREM 2.3.31: Let T = T; U T, be a linear bioperator on the
finite (n;, ny) bidimensional strong neutrosophic bivector space
V="V, UV, over the bifield F = F; UF,. If{C,I,CI,...,C,il} v

{C2,C22,...,C,fz } be distinct bicharacteristic values of T = T; v
T,. Let W; = Wllj v le be the strong neutrosophic bisubspace of
bicharacteristic bivectors associated with the bicharacteristic
values C; = C,.f UCS. If w = {W/+...+ka} v
{W,Z +...+ ka} the bidimension
W= {dimW, +...+dimW, )} O {dimW} +...+dimW; )}
=dim W' Udim W*.

Infact if B is the basis of W; | <i, <k, t =1, 2, then B =
{B,’, ...,B,fl} o {Bf B,f} is a bibasis of W.

THEOREM 2.3.32: Let T = T; v T, be a bilinear operator
(linear bioperator) of a finite (n;, ny) bidimension strong
neutrosophic bivector space V =1V; UV, over the bifield F = F,
UF,.

Let {C,IC,;} o {C12 C,f} be the distinct

bicharacteristic values of T=T; U T, and let W; = W,IJ U W,j be
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the binull space of T — Cid, = [T, — C,fIdI] v [T, — Ci[dzj.
The following are equivalent
i. Tis bidiagonalizable
ii. The bicharacteristic bipolynomial for T=T;, U T, is
fo= fidf
= -t - C) U e L -y

We will discuss more elaborately by giving proofs when V is a
strong neutrosophic n-vector space over a neutrosophic n-field;
n > 2. We define the notion of bipolynomial for the bioperator T
Vo> V.

DEFINITION 2.3.43: Let T = T, U T, be a bilinear operator on a
finite (n;, ny) bidimensional strong neutrosophic bivector space
V =1V, UV, over the neutrosophic bifield F = F; U F,. The
biminimal neutrosophic bipolynomial for T is the unique monic
bigenerator of the biideal of bipolynomials over the bifield F' =
F; OF, which biannihilate T=T; U T>.

The biminimal neutrosophic bipolyomial starts from the fact
that the bigenerator of a neutrosophic bipolynomial biideal is
characterized by being the bimonic bipolynomial of biminimum
bidegree in the biideal that implies that the biminimal
bipolynomial p = p; U p, for the bilinear operator T = T; U T, is
uniquely determined by the following properties.

i. p is a bimonic neutrosophic bipolynomial over the biscalar
neutrosophic bifield F = F,; U F,.

ii. p(T)=pi(T)) U px(T2) =00 0.

iii. No neutrosophic bipolynomial over the bifield F = F; U F,
which biannihilates T = T; U T, has smaller bidegree than p
= p; U py has. (n; x nj, ny x ny) to be the order of the
neutrosophic bimatrix A = A; U A, over the neutrosophic
bifield F = F; U F, where each A; has a n; x n; neutrosophic
matrix with entries from the neutrosophic field F;, which
associated matrix of T;; 1= 1, 2.
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The biminimal neutrosophic bipolynomial for A = A; U A, is
defined in an analogous way as the unique bimonic generator of
the biideal of all neutrosophic bipolynomial over the bifield F =
F, U F, which biannihilate A.

If the neutrosophic linear bioperator T = T, U T, is
represented by some bibasis by the neutrosophic bimatrix A =
A; U A, then T and A have the same neutrosophic biminimal
bipolynomial because f(T) = f;(T;) U f5(T>) is represented in the
bibasis by the neutrosophic bimatrix f (A) = fi(A) U f2(A,), so
f(T) =0 v 0 if and only if f(A) = fi(A)) U £,(A,) = 0 U 0, that is
if and only if f(T) = f;(T;) U £5(T,) =0 U 0.

So
f (P 'AP)

fi(P7' A\P)) U f( P, A,P))
P fi(A)P; U P, £5(A2)P;
= P 'fA)P
for every neutrosophic bipolynomial f=f; U f,.

Another important feature about the neutrosophic biminimal
polynomials of neutrosophic bimatrices is that suppose A = A,
U A, is a (n; X nj, ny x np) neutrosophic bimatrix with entries
from the bifield F = F; U F,. Suppose K = K; U K, is a
neutrosophic bifield which contains the neutrosophic bifield F =
FiUPF, thatisKoFand Ko F; foreveryi,i=1,2. A=A, U
A, is a (n; x n;, n; x np) neutrosophic bimatrix over F = F, U F,
or over K = K; U K, but we do not obtain two neutrosophic
biminimal polynomial but only one neutrosophic minimal
bipolynomial.

We now proceed on to prove one interesting theorem about the
neutrosophic biminimal polynomials for T (or A).

THEOREM 2.3.33: Let T = T, v T, be a neutrosophic linear
bioperator on a (n;, ny bidimensional strong neutrosophic
bivector space V =V; UV, (or let A be a (n; x n;, n; x ny)
neutrosophic bimatrix that is A = A; U A, where each A; is a n;
X n; neutrosophic matrix with its entries from the neutrosophic
field F; of F = F; U F; true for i = 1, 2). The bicharacteristic
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and biminimal neutrosophic bipolynomial for T =T, U T, (for A
= A; UA,) have the same biroots except for bimultiplicities.

Proof: Let p = p; U p; be a neutrosophic biminimal
bipolynomial for T = T; U T,. Let ¢ = ¢; U ¢, be a biscalar from
the neutrosophic bifield F = F; U F,. To prove p(c) = pi(c)) v
pa(cz) = 0 U 0 if and only if ¢ = ¢; U ¢, is the bicharacteristic
value of T.

Suppose p(c) = pi(ci) U pa(c2) =0 0 then p = (x — ¢))q; U
(X — ¢2)q2 where q = q; U q; is the neutrosophic bipolynomial
since bideg q < bideg p, the neutrosophic biminimal
bipolynomial p = p; U p; tells us q(T) = qi(Ty) U q(T2) = 0 LU
0. Choose the bivector 5 = 3; W B, such that q(T) B = qi(T)) B:
U qT2) B2#0u0 0. Let o= q(T) p thatis o= a; U a, = qi(T))
Br U qx(T>) o

Then
0U0 = p(TB

pi(T1) Br U paA(T2) B2
= (T-chq(MP

(T1 = ¢ 1Nqi(T1) Br U (T2 = €2 12)qa(T2)B2
(Ty = e o U(Ta = ¢2 L)y
and thus ¢ = ¢; U ¢, is a bicharacteristic value of T=T; U T,.

Suppose ¢ = ¢; U ¢, is the bicharacteristic value of the
bilinear operator T = T, U T, say Ta = ca; i.e., Ty o U T o =
croyUca;withaz0uUO.
From the earlier results we have p(T) o = p(c) a that is

pi(Tau U paAT2) oz = pi(cr) o U pa(ea) s

Since p(T) = pi(T)) U px(Tr)=0uO0anda=a;, Vo, =000
we have pi(c;) U pa(co) =p(c) #0 U 0.

Let T =T, U T, be a bidiagonalizable bilinear operator and

let {ci,...,c}( } U {cf,...,ci } be the bidistinct bicharacteristic
1 2

values of T. Then the biminimal neutrosophic bipolynomial for
T =T, U T, is the neutrosophic bipolynomial p=p; U p, =(x —
). (Xx—¢ ) Ux—c]) ... (x—cp).

If a = o; U a5 1s a bicharacteristic bivector then one of the
bioperators {(T) — ¢;11) , ..., (T1 = ¢, 1)} U {(T2 = ¢/ L), ...,
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(T2 — ¢, 1)} send o= o U @y into 0 U 0, thus resulting in {(T,
— 1), o(Ti— ¢, 1D} U {(Ta= ¢i L), ...(Ta— ¢ L)} =0u

0 for every bicharacteristic bivector o = o U ol,.
Hence there exists a bibasis for the underlying bispace
which consists of bicharacteristic vectors of T = T; U T,. Hence

p(T) =pi(T1) U poAT2) = {(Ti = ¢; 1) , ..., (Ti = ¢ 1))} U {(T2 -
cil), ..., (Ta—c; L)} =000.

Thus we conclude if T is bidiagonlizable bilinear operator
then the neutrosophic biminimal bipolynomial for T = T, U T,
is a product of bidistinct bilinear factors.

Now we proceed onto prove the Cayley Hamilton theorem
for strong neutrosophic bivector spaces of finite bidimension
defined over the neutrosophic bifield of Type II.

THEOREM 2.3.34: (Cayley Hamilton): Let T =T, o T, be a
bilinear operator on a finite (n;, n) bidimensional strong
neutrosophic bivector space defined over a neutrosophic bifield
F=F, UF, If f=f; Uf;is the bicharacteristic neutrosophic
bipolynomial for T then f(T) = f1(T;) U f3(T,) = 0 U 0, in other
words the biminimal neutrosophic bipolynomial bidivides the
bicharacteristic neutrosophic bipolynomial for T.

Proof: Let K = K; U K, be a bicommuting neutrosophic ring
with biidentity I, = (1, 1) consisting of all bipolynomial in T =
T, U T,. K=K, U K, is actually a bicommuting bialgebra with
biidentity over the neutrosophic bifield F = F; U F, (that is both
F, and F, are not pure).

Let {oci,...,ocl } ) {ocf,...,ocflz} be a bibasis for V=V, U

oy

V, and let A = A' U A? be a bimatrix which represents T =Ty U
T, in the given bibasis.
Then

TOLi = T1 Otill Y T2 (Xizz

n n,

— 1 1 2 2,
Z Aj1i1 ah - Z Ajziz ajz ?
Ji=1 J=1
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1 <ji < n;;1=1, 2. These biequations may be equivalently

written in the form

Z(a T,-ALL o UZ(S T,-A} I Jal =0U0.

Jiiy i Jaiy Ty )
=l

Let B =B' U B? denote the element of K O K™ ;i '.e.,
B'is an element of K" with entries B}, =38, T, - A, I;

lt [
1,2. Whenn, =2, 1 <j, 1, <ng

t

T, - ALl

22t

Bt T ATIII AtZII
At

12t

and det B' = (T, = A},L,) (T, - ALL ) —(A},A} )1, = fi(1) where
fi is the neutrosophlc characteristic polynomial associated with
T,t=1,2.f= x> — trace A + det A'. For case n, > 2 it is clear

that det B' = f(T)) since f; is the determinant of the neutrosophic

matrix xI; — A, whose entries are neutros%)hlc polynomial;
1¢Jt

(XIt_ ij, =

We will shown f(T,) = 0. In order that f(T;) is a zero

operator it is necessary and sufficient that
(det B') , =0fork,=0,1,...,n
Ay,

By definition of B' the vectors a;U..Ua, satisfy the

equations;

DBl al =0;1<i<n.
Je=1
When n; = 2 we can write the above equation in the form
T, - Al

111

—ay, Tt [o
_AfzIt Tl - Atzzlt atz 0

In this case the usual adjoint B' is the neutrosophic matrix

148



and

Hence

In the general case B' = adj B'. Then ZB o =0

Ji=

for each pair k, i; and summing on i we have

0y 0y

0= ZZBM i .h

ig=lji=1

-3 Sanma |

Now B'B' = (det B, It so that
ZBktlt i = Bktjt det Bt

Therefore

0= Zskd} (detB')a, =(detBY)ay ;1<k<n,.

Since this is true for each t; t = 1, 2; we have 0 U 0 = (det B')
ocL] U (det Bz)oci2 ;1 <k<n;i=1,2.
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The Cayley-Hamilton theorem is very important for it is
useful in narrowing down the search for the biminimal
neutrosophic bipolynomials of various bioperators.

If we know the neutrosophic bimatrix A = A' U A? which
represents T = T; U T, in some ordered bibasis then we can
compute the bicharacteristic neutrosophic bipolynomial f= f; U
f;. We know the biminimal neutrosophic polynomial p = p; U p,
bidivides f that is each p; / fi; for i = 1, 2 (which we call as
bidivides f) and that the two neutrosophic bipolynomials have
the same biroots.

However we do not have a method of computing the roots
even in case of polynomials so it is more difficult in case of
finding the biroots of the neutrosophic bipolynomials. However

1
if f=f; U f; factors as f= (x - ¢))* ... (x— ¢} )™ U (x—¢})"
2
e (x = ciz )® the distinct bisets di“ >t;t=1,2,...,k thenp=
1 2 1’2
pruUp=(x-— c})rll e (x— cL])rkl U-ce)' L (x— ciz)k2 ;1

<r' <d
_rJ_dJ.

We will illustrate this by a simple example.

Example 2.3.79: Let
31 1
0 I
A=A UA=|2 21 1 UL J
2 2 0

be a neutrosophic bimatrix with entries from the neutrosophic
bifield F = F; U F, = N(Zs) U N(Z,). Clearly the bicharacteristic
neutrosophic bipolynomial associated with the neutrosophic
bimatrix A is given by

f = flufz.
X+2 4 4]
= 3 x+31 4 u‘x
I x+1
31 3 X

X +GI+ DX+ @I+ Dx+3[+ 1)U+ 1)+]1)
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is the biminimal neutrosophic bipolynomial of the
neutrosophic bimatrix A.

Now we proceed onto define the notion of biinvariant subspaces
or equivalently we may call them as invariant bisubspaces.

DEFINITION 2.3.44: Let V = V; UV, be the strong neutrosophic
bivector space over the bifield F = F; UF;of type Il. Let T = T
U T, be a bilinear operator on V. If W = W; U W, is a strong
neutrosophic bivector subspace of V we say W is biinvariant
under T if each of the bivectors in W, i.e., for the bivector a =
a; U oy in W the bivector Ta = Tia; O Trap is in W i.e., each
T: o € W, for every a; € W; under the operator T; for i = 1, 2,
i.e., if T(W) is contained in W; that is T(W;,) c W, fori =1, 2.
ie., T(VV) = T1(W1) UT;(WQ)QW1 U W,

The simple examples are we can say V = V| U V,, the strong
neutrosophic bivector space is invariant under a bilinear
operator T on V. Similarly the zero subspace of a strong
neutrosophic bivector space is invariant under T.

Now we proceed onto give the biblock neutrosophic matrix
associated with a bioperator T of V.

Let W = W, U W, be a strong neutrosophic bivector
subspace of the strong neutrosophic bivector space V = V| U
V,. Let T =T' U T be a bioperator on V such that W = W, U
W, is biinvariant under the bioperator T then T = T U T
induces a bilinear operator; T,, = T\lVl uT\i,2 on the bisubspace

W. This bilinear operator T,, defined by Ty(a) = T(a) for all o
eW;ie., ifa=o; U a, then
Ty(a) = Tulog U ay)

= Ty (oy)UTy, (o).

Clearly T,, is different from T as bidomain is W and not V.
When V = V; U V, is a (nj, ny) finite bidimensional the
biinvariance of W = W; U W, under T = T, U T, has a simple
neutrosophic bimatrix interpretation.
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Let B=B, UB, = {oc},...,ocl } U {af,...,ocfz} be a bibasis

for W. The bidimension of W is (1, 12).
Let A = [T]g, that is if A = A; U A, is the neutrosophic
bimatrix such that A=A, U Ay=[T'| U [T?] so that

1 BZ

0

t t t
Totl Z Aixjt ait

Ity

L=

fori=1, 2. Thus
To; = T! a}l U T? oci

C Al S 42 2
- ZAll_llall U ZAIZJZ a‘z :
i=1 i,=1

Since W = W; U W, is biinvariant under T the bivector Ta;
belong to W for j; <r; and j, <.

il o)
_ 1 1 2 2
To; = ZAi]jlai] U ZAiZJEaiZ
ij=1 ip=1

that is A:‘kij 0 if j, < rp and iy > 1, for every k = 1, 2.
Schematically A has the biblock

B C Bl Cl B2 C2
A= = )
0 D 0 D' 0 D’
where B' is a r, x r, neutrosophic matrix, C' is a r, x (n, — 1;)
neutrosophic matrix and D' is a (n, — r,) x (n, — r,) neutrosophic
matrix for t = 1, 2. B = B; U B, is the neutrosophic bimatrix

induced by the bioperator Ty, on the bibasis B = B; UB) . In
view of the above properties we have the following Lemma.

LEMMA 2.3.1: Let W = W; v W, be a biinvariant strong
neutrosophic bisubspace of the bioperator T = T; U T, on the
strong neutrosophic bivector space V = V; U V, over the
neutrosophic bifield F = F; U F, which is not pure. The
bicharacteristic neutrosophic bipolynomial for the birestriction
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operator T, = T, UT,, bidivides the neutrosophic

bicharacteristic polynomial for T. The biminimal neutrosophic
bipolynomial for T, bidivides the biminimal neutrosophic
polynomial for T.

Proof: We know from the above results
B C B C'| |B® C
A= = U
0 D 0 D' 0 D’

A=[Tlg= Ty VT,

where

and
B=[T,], =B'UB’= [lel ]B; U[TZWZ ]B,z .

Because of the biblock form of the neutrosophic bimatrix

det (xI — A)

det (xI; — Ay) W det (xI, — Ay) (where A= A; U Ay)
det (xI — B) det (xI — D)

{det (xI, — B") det (xI, - D") U

det (xI, — B?) det (xI, — D?)}.

That proves the statement about bicharacteristic neutrosophic
polynomials. Notice that we used I = I; U I, to represent the
biidentity matrix of the bituple of different sizes. The k™ power
of the neutrosophic bimatrix has the biblock form,

A= (AU (A
A [@F @] [ ©)
0 (Dl )k 0 (D2 )k
where C* = (CH* U (CH" is {(r; x n—1}), (12 X N, — 1,)} bimatrix.
Therefore any neutrosophic bipolynomial which biannihilates A

also biannihilates B (and D too). So the biminimal neutrosophic
bipolynomial for B bidivides the biminimal polynomial for A.
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Let T =T, U T, be any linear bioperator on a (n;, n,) finite
dimensional space V = V; U V, over the neutrosophic bifield F
= F; U F, (where both F, and F, are not pure neutrosophic
fields). Let W = W; U W, be a strong neutrosophic bivector
subspace of V spanned by all bicharacteristic bivectors of T =

Ty U T Let {C},....C, | U {C],....C]} be the bidistinct
characteristic values of T. For each i let W; = Wii U W, be the
strong neutrosophic bivector space associated with the
bicharacteristic value C; = C}l ) Ciz2 and let B; = {B: ) Bf} be
the ordered basis of W, i.e., B is a basis of W,.
B'={B},....B, | U {B},...B} |

is a biordered bibasis for

W= {W 4+ W U W+ W =W U W),

In particular bidimension

= {dimW/ +..+dimW, | U {dim W} +...+dim W | .

We prove the result for one particular W; = {Wll +.o.+ Wli‘ } and

since W; is arbitrarily chosen the result is true for every i,1 =1,
2. B/ = {ocil,...,ocir_ } so that the first few o”’s form a basis B[, the
next B. Then Tia; = t;oc;;j =1, 2, ..., r; where {til,...,tirv} =
{C;,...,CL} where Cj is repeated dim Wji times j =1, ..., 1.
Now W; is invariant under T; since for each o' in W;, we have

| . G i i

o= X0y ot X 0
P i i il i

Tia' = txjo, +..+t, X0, .

Choose any other vector a,,,...a, in V; such that B; =
i

nl

{a},...,oc } is a basis for V;. The matrix of T; relative to B; has

the block form mentioned earlier and the neutrosophic matrix of
the restriction operator relative to the basis B; is
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The characteristic neutrosophic polynomial of B'; i.e., of T, is

g=g (x— Cil)ci L (x- CL)CL' where eg = diiji;j =1,2,...,
k;. Further more g; divides f;, the characteristic neutrosophic
polynomial for T;. Therefore the multiplicity of C; as a root of

f; is atleast dim WJ1 . Thus T; is diagonalizable if and only if r; =
n;, i.e., if and only {ei +..+ eLl} = n;. Since what we proved for

T; is true for T =T, U T,. Hence true for every B' U B

We now proceed onto define T biconductor of a into W = W, U
W,cV,uV,

DEFINITION 2.3.45: Let W = W; « W, be a biinvariant strong
neutrosophic bivector subspace for T =T; U T, and let a = «;
U a; be a bivector in the strong neutrosophic bivector space V
=V, UV, The T-biconductor of ¢ = a; U o into W = W; U
W is the biset S: (o; W) = S, (a;; W) U S, (az; W) which

consists of all neutrosophic bipolynomials g = g; U g, over the
neutrosophic bifield F = F; U F, such that g(T)«a is in W that is
g](TI) (24 ng(Tg) o) € W] UWZ.

Since the bioperator T will be fixed throughout the discussions
we shall usually drop the subscript T and write S(a; W) = S(ou;
Wi) U S(ap; Wy). The authors usually call the collection of
neutrosophic bipolynomials the bistuffer. We as in case of
vector spaces prefer to call as biconductor that is the bioperator
2(T) = gi(T)) U g(T»); slowly leads to the bivector a,; U ay into
W =W, U W,. In the special case when W = {0} U {0} the
biconductor is called the T annihilator of a; U o,.
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We prove the following interesting lemma.

LEMMA 23.2: If W = W, U W, is a strong neutrosophic
biinvariant subspace for T = T; v T, then W is biinvariant
under every neutrosophic bipolynomial in T = T; U T,. Thus for
each a=0a; U oy in V = V; U V; the biconductor S(a; W) =
S(ay;, W) w S(ay; W) is a biideal in the neutrosophic
bipolynomial algebra F[x] = F,;[x] U Fy[x] where F; and F, are
neutrosophic fields and F, and F, are not pure neutrosophic
fields.

Proof: Given W = W; U W, ¢ V =V, U V; is a strong
neutrosophic bivector subspace over the neutrosophic bifield F
= F; U F, (Both F, and F, are not pure neutrosophic), of the
strong neutrosophic bivector space V=V, U V,. If B =B, U B,
isSINW=W, UW, then TB=T, B U T, Brisin W=W, U
W,. Thus T(TR) =T* B = T’ B, U T, B, is in W =W, U W,. By
induction Ty =TB, UTS*P, is in W = W; U W, for every

neutrosophic bipolynomial f=f; U f.

The definition S(a; W) = S(ay; Wi) U S(op; W) is
meaningful if W = W; U W, is any bisubset of W. If W is a
strong neutrosophic bivector subspace then S(a; W) is a strong
neutrosophic bisubspace of F[x] = F[x] U F,[x] because (cf +
g)T = cf(T) + g(T); i.e.,(cifi + g) Ty U (eafy + 22)To = ¢ifi(Ty) +
21(T)) U cofs(Ty) + go(T,). If W = W, U W, is also biinvariant
under T = T, U T, and let g = g U g, be a neutrosophic
bipolynomial in S(a; W) = S(a; W) U S(ap; W)); e, let
gMa = gi(TPo; U g(Tr)a, be in W = W, U W, is any
neutrosophic bipolynomial then f(T) g(T) o is in W = W; U W,
that is f(T)[g(T)a] = fi(T)[g1(T1) ou] W £(T2)[g2(T2) 2] will be
in W=W; U W,. Since (fg)T = f(T)g(T) we have

(fig)Ti U (fg2) T2 = fi(T1)gi(T1) L £2(T2) go(T2);

(fg) € S(a; W); that is (fig)) € S (o;Wy); i = 1, 2. Hence the
claim.

The unique bimonic generator of the neutrosophic biideal
S(a; W) is also called the T biconductor of & = o; U o, in W
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(the T biannihilator in case W = {0} U {0}). The T biconductor
of a into W is the bimonic neutrosophic bipolynomial g of least
bidegree such that g(T)a = g;(T))o; U g2(Tr)ap is in W =W, U
W,.

A neutrosophic bipolynomial f = f; U £, is in S(a; W) =
S(a; Wi) U S(a; W») if and only if g bidivides f.

Note the biconductor S(o; W) always contains the
bipolynomial for T, hence every T biconductor bidivides the
biminimal polynomial for T =T; U T,.

We prove the following lemma.

LEMMA 2.3.3: Let V =V; UV, be a strong neutrosophic (n;, ny)
bidimensional bivector space over the neutrosophic bifield F =
F, UF; (both F; and F; are not pure neutrosophic fields). Let T
= T, v T, be a bilinear operator on V such that the
neutrosophic biminimal polynomial for T is a product of

VI
bilinear factors p = p; Up, = (x — c,l)r’l o (X — Clﬁ/ iU (x —
2 i i .
cf)” v (X — c,i)‘-’ ;o €Fy ISt <k i=1,2

Let W= W; U W, be a strong neutrosophic proper bivector
subspace of V (V= W) which is biinvariant under T. There exists
a bivector a = a; Ua,in V="V, UV;such that

. aisnotin W=W, oW,
il. (T—C[) a:(TI—C][]) (24 U(TZ—CZIQ) o

is in W =W, U W, for some bicharacteristic value of the
bioperator T.

Proof: (1) and (2) express that T biconductor of & = o; U a,
into W = W; U W, is a neutrosophic bilinear bipolynomial.
Suppose B = By U B, is any bivector in V = V| U V, which is
notin W =W; U W,. Let g=g; U g, be the T biconductor of 3
in W=W; U W,. Then g bidivides p = p; U p, the neutrosophic
biminimal bipolynomial for T = T; U T,. Since B = B; U B, is
not in W = W; U W,, the neutrosophic bipolynomial g is not

constant. Therefore g =g, U gy = (x — ¢))¥ ... (x — ¢, )" U (x
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T c, )* ; where atleast one of the bipair of
integers e; Ue; is positive. Choose ji so that ¢} >0, t=1, 2,
then (x —¢j) = (x —c}l) U (x —ci) bidivides g. g = (x — ¢cjh; i.e.,
g=gugm=x- cl Yh; U (x — ci)hz. By the definition of g
the bivector a = o; U o, = hi(T))B; U hy(T2)B, = h(T)B cannot
be in W. But (T — ¢;I) o =(T — ¢;h(T)B = g(T)B is in W
(Ti—¢; 1) oy (T2 - ¢} 1)

= (T - Cl )hi(T)Br v (T - Ci )ha(T2)B2

= gu(Ty) B1 v gx(T2) B2

with gi(T)B; € W;fori=1, 2.
Next we obtain the condition for T to be bitriangulable.

THEOREM 2.3.35: Let V = V; U V, be a (n;, ny) finite
bidimensional strong neutrosophic bivector space over the
bifield F = F; UF, (F; and F; are neutrosophic fields and they
are not pure neutrosophic fields) and let T = T; U T, be a
bilinear operator on V.=V, U V,. Then T is bitriangulable if
and only if the biminimal neutrosophic bipolynomial for T is a
biproduct of bilinear neutrosophic bipolynomials over the
neutrosophic bifield F = F; UF,.

Proof: Suppose the biminimal neutrosophic bipolynomial p = p,
U pa, bifactors as p = (x — ¢)" ... (x— Cy, YU (x - )L (x
— ciz )rkzz . By the repeated application of the lemma 2.3.3 we

n n,

arrive at a bibasis B = {oc},...,(xl } U {ocf,...,(xz } =B, UB,in

which the neutrosophic bimatrix representing T = T; U T, is
upper bitriangular

[T]s = [Tl]B1 V[T, ]Bz

158



a;,  ap Ay, a;  ap Ay,
1 1 2 2
_ 0 a..22 az.nl 0 0 a, az.nz
1 2
0 0 0 0

Inn, In,n,
Merely [T]g = neutrosophic bitriangular bimatrix of (n; x ny, n,
x np) order shows

_ 1 2
Toy = T o uTzocj2

— 1 1 1 1 2 2 2 2
= a0 t..ta;o; Yagoytata;og e (a)

1 <ji<n;i=1,2 that is To, is in the strong neutrosophic
bisubspace spanned by {(x},...,ocl.} U {ocf,...,(xi}. To find

J

1 1 2 2
{ocl,...,ocjl} U {ocl,...,ocj2

the bisubspace W = W; UW, = {0} U {0} to obtain the bivector
aluo’. Then apply lemma to W, UW] the bistrong

} we start by applying the lemma to

neutrosophic bispace spanned by o' = o] Ua’ and obtain o =
a) Uaj. Next apply lemma to W, = W, UW, . We have now

obtained using the relation (a) the strong neutrosophic bivector
space spanned by o' and o” and is biinvariant under T.

If T is bitriangulable then it is evident that the
bicharacteristic neutrosophic bipolynomial for T has the form

f

f1 Uf2

1 2
(x—e)¥ . x— e )™ Ux— e (x— el )™

The bidiagonal entries (a,ll,...,a}nl)u(afl,...,afnz) are the
bicharacteristic values with c; repeated d; times. But if f can

be bifactored so also is the biminimal bipolynomial p because p
bidivides f.

The reader is expected prove the following corollary.
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COROLLARY 2.3.2: If F = F; U F; is a bialgebraically closed
bifield. Every (n; x n;, ny x ny) neutrosophic bimatrix over F is
similar over the bifield F to a neutrosophic bitriangular
bimatrix.

THEOREM 2.3.36: Let V =V; UV, be a (n,;, ny) bidimensional
strong neutrosophic bivector space over the neutrosophic
bifield F = F; UF, (F; and F; are not pure neutrosophic fields)
and let T = T; U T, be a bilinear operator on V="V, UV,. Then
T is bidiagonalizable if and only if the neutrosophic biminimal
bipolynomial for T has the form
p=p1p:
=(x—cl) .. (x— c,il) Ux—c) . (x— c,i).

where {cj ...,c,il} o {cf c,f} are bidistinct element of F =

F] L/Fg.

Proof: We know if T = T, U T, is bidiagonalizable its
biminimal neutrosophic bipolynomial is a byproduct of
bidistinct linear factors. Hence one way of the proof is clear.

To prove the converse let W = W; U W, be a strong
neutrosophic bisubspace spanned by all the bicharacteritic
bivectors of T and suppose W # V. Then we know by the
properties of bilinear operator that there exists a bivector o = o
Uo,in V=V, UuV,and not in W = W, U W, and the
bicharacteristic value ¢; = ¢; Uc; of T =T, U T, such that the

bivector

B = (T-¢gha
= (T, - C; L) oy U (T, — Ci L) o,
= BiupBs

lies in W = W, U W, where each B; € W;,1=1, 2. Since § = f3;
U Byisin W; Bi= Bl +...+B;i=1,2 with T; B! = c/p, t=1,
2, ..., k; and this is true for every i = 1, 2 and hence the bivector
h(T)B = {h'(c)HB) + ... + h'(c By } W {W’(cHB + ... +

h’ (¢, )By, } for every neutrosophic bipolyomial h. Now
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p = (x-¢)q
p1VYp2
(x— ¢ )qi Y (x - ¢; )

for some neutrosophic bipolynomial q = q; U q,, Also q — q(cj)
= (x —¢j)h that is

Q- () U@ —qa(c;)=(x—c;)h Ux—ci)h].
We have

qo—q(c) o = h(THT-¢Dh a

= h(T) B.
But h(T) B is in W = W; U W, and since
0 = p(Ma

(T-¢l) q(T) o
pi(T1) o U pa(To)
(T - Cl L) qi(Ty) o A(To - Ci L) q(T>) ax

and the bivector q(T)a is in W, that is q;(T)o,; U qo(T2)a is in
W =W, U W,. Therefore q(c)a = qi( ¢} Jou U qa( ¢} )at; is in W

=W, U W,.
Since oo = o U o 1s not in W = W, U W,, we have q(¢j) =
ql(c;1 ) U o ci) = 0 U 0. This contradicts the fact that p has

distinct roots.
Hence the claim.

We can now describe this more in terms of how the values are
determined and its relation to Cayley Hamilton Theorem for
strong neutrosophic bivector spaces of type II.

Suppose T = T, U T, is a bilinear operator of a strong
neutrosophic bivector space of type II which is represented by
the neutrosophic bimatrix A = A; U A, in some bibasis for
which we wish to find out whether T = T, U T, is
bidiagonalizable. We compute the bicharacteristic neutrosophic
bipolynomial f = f; U f;. If we can bifactor f = f; U f; as (x —

1 2 2
c})d% L (x = CLI )Olkl v X- clz)Gll L (x = ciz )Olk2 , we have two

different methods for finding whether or not T is
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bidiagonlaizable. One method is to see whether for each i(t) (i(t)
means i is independent on t) we can finda d; (t=1,2); 1 <i<
k; independent characteristic vectors associated with the
characteristic value c;. The other method is to check whether or
not
(T-ci ) U(T —-cyl) =
(T, — ¢} L)) ..(T, - CLI IDUE-—ch)... (x- ciz L)

is the bizero operator.

LEMMA 234: Let V = V; U V, be a strong neutrosophic
bivector space of (n;, ny) bidimensional over the neutrosophic
bifield F = F; U F, (F; and F, are not neutrosophic pure) of

type I1.
Let {W/, ka} o {Wf, W,f} be strong neutrosophic

bivector subspace of V and let W =W, O W, = {W,] +...+ Wki}
v {W,Z +..+ W,f } . Then the following are equivalent.
i. {W,], ij} v {Wf, ij} are biindependent, that is
{W,’ ..... Wk’ } are independent for t = 1, 2.

ii. For each j, 2 < j, < k, t = 1, 2, we have
W) {W; +...+Wji_1} =0} fort =1, 2.

iii. If B is a bibasis for W', 1<i <k, t = 1, 2; then the
bisequences {B,’ B,f[} o {B]2 B,fz} is a bibasis for

the strong neutrosophic bisubspace W = W, v W, =
{W1’+...+Wk’[} u{Wf+...+ka}.

Proof: Assume (i) let o' € e {W,t +o+ thH} then there

are vectors (all,...,od

JH) with a; € W' such that (o, +...+ 0]

+ at) + at = 0 + + O = 0 and Slnce {Wltaawlz‘} arc

independent it must be that o =a; =...=a; =0. This is true
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for each t; t = 1, 2. Now let us observe that (ii) implies (i).
Suppose 0 = (oc{+...+oc‘kl); aeW',i=1,2, ..., ke (we

denote both the zero vector and zero scalar by 0). Let j; be the
largest integer i; such that o # 0. Then 0 = a; +...+ o} ; o] #

0 thus o} = - o;—..—a; is a non zero vector in W; N
t t
{W1 +...+WjH}.
Now that we know (i) and (ii) are the same let us see why
(i) is equivalent to (iii). Assume (i). Let B; be a basis for W,'; 1
<i<k;andlet B'= {B{, ...,B;l } true for each t, t=1, 2.
Any linear relation between the vector in B' will have the

form (Bf +o By ) =0 where B; is some linear combination of

vectors in B . Since {Wl‘,Wzt,...,Wﬁ‘} are independent each of

B; is 0. Since each B; is an independent relation.
The relation between vectors in B' is trivial. This is true for
every t; t = 1, 2; so in B = B' U B* = {Bi,...,BLI} )

{Bf, s Bﬁ} every birelation in bivector in B is a trivial

birelation. It is left for the reader to prove(c) implies (a).
If any of the conditions of the above lemma hold we say the

bisum W = {W,1 +.o.+ W } v {Wl2 +o W } ; bidirect or that
W is the bidirect sum of {Wll,...,Wlll} ) {Wf...sz} and we
write W = {W/@..@W, | U {W®..@W, |. This bidirect
sum will also be known as the biindependent sum or the
biinterior direct sum of {Wll,. . .,Wﬁl } ) {Wf, . .,szz} .LetV=

V), U V, be a strong neutrosophic bivector space over the
neutrosophic bifield F = F; U F,. A biprojection of V is a
bilinear operator E = E; U E, on V such that E* = E; UE] = E,
) Ez =E.

Since E is a biprojetion. Let R = R; U R, be the birange of
E and let N = N; U N, be the null bispace E = E; U E,.
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1. The bivector B = 3; U B, is the birange R if and only if E
= B that is E; B; U E, By = B1 U Ba. If B = E, then Eg = E’a
= E, = B. Conversely if f = E B then of course B is in the
birange of E = E; U E,.

2. V=R®N;thatisV=V,UV,=R; ®N, UR, ®N,; that
iseachVi=R;,®N;;i1=1, 2.

3. The unique expression for a as a sum of bivector in R and
Nisa=Ea+(a—Ea)thatisa=a; U a,=E; a; + (a; —
Ei o)) UE; o + (0 — E; o).

From (1), (2) and (3) it is easy to verify, if R=R; U R, and N =
N; U N, are strong neutrosophic bivector subspace of V such
that V=R @ N=R; @ N; U R, @ N, there is one and only one
biprojection operator E = E; U E, which has birange R and
binull space N. That operator is called the biprojection on R
along N.

Any biprojeciton E = E; U E, is trivially bidiagonalizable. If
{oc:,...,ocl} U {af,...,az} a bibasis of R and {aiﬁl,...,a' } U

il n n

{ociﬂ,...,(xiz} a bibasis for N then the bibasis B = {oci,...,oc}jl}

U {af,...,aiz } =B, U B,, bidiagonalizes E = E, U E,.

I

[Ele = [E, ], V[E.],, {I(; 2}{5 8}

where I; is a r; x r; identity matrix and I, is a r, x r, identity
matrix.

Projections can be used to describe the bidirect sum
decomposition of the strong neutrosophic bivector space V =V,

U V,. For suppose V = {Wll@...@Wﬁl} v {Wf@...@Wﬁz}
for each j(t) we define Ej onV. (t=1,2). Leta=a; Ua, be
inV=V,uUV,say a= {a}+...+aLl} v {ocf+...+ai2} with
of in W/, 1 <i<k fort=1,2. Define Eja'= a; then E] isa

well defined rule. It is easy to see that E; is linear and that
range of E is W, and (E; ) = E; . The null space of E; is the
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strong neutrosophic subspace W, +..+W_ + W]

t
fo1 et W

for the statement Ea' = 0 simply means o) = 0 that is o is
actually a sum of vectors from the spaces W, with i # j. Interms
of the projections E| we have o' = Eja'+ ... + E| o' for each
a in V. The above equation implies I, = {Et, +..+E } Note
also that if i # j then E; E; = 0 because the range of E; is the
strong neutrosophic subspace Wjt which is contained in the null

space of E;. This is true for each t, t = 1, 2. Hence true on the
strong neutrosophic bivector space
v={we.ow|u{we.ow}

Now we prove an interesting result.

THEOREM 2.3.37: Let V = V; U V, be a strong neutrosophic
bivector space over the neutrosophic bifield F = F; U F, (both
F; and F, are not pure neutrosophic) of type Il and suppose V =

{W/(—B...@ij} v {WIZC-B...(-BW,S} then there exists (k;, k)
bilinear operators {E}E,ﬁl} o {EfE,fZ} on V such that
i. Each E] is a projection, that is (El,’)Z =Efort=12;1
<i <k,
ii. E| Ej =0ifi#j;, 1<i,j<k.andt=1, 2.
iii. 1=1 vL={E/+..+E} U{E +. .+E}.
iv. Therangeof E' is W' fori=1,2, .. kandt=1, 2.

Proof: We are primarily interested in the bidirect sum
bidecomposition V = {Wll(-B...C-BWQI} U {Wf@@wf} =
W; U W, where each of the strong neutrosophic bivector
bisubspaces W, is invariant under some given bilinear operator
T= T1 o Tz.

Given such a decomposition of V, T induces bilinear
operators T =T, U T,.
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Given such a bidecomposition of V=V, U V,, T=T, U T,
induces bilinear operators (Ti1 uTiz) on (Wf uWiz) by
restriction, the action of T is o, is a bivector in V we have
unique bivectors {OL},...,OLL]} U {ocf,...,ociz} with o in W,

1

such that o, = {a}+...+a}(]} V) {af +...+oci2} and then

Ta = {Tlla}+...+Tllloc}(1} u{Tfocf+...+Tliociz}.

We shall describe this situation by saying that T =T U T, is the
bidirect sum of the operators {Tll,...,Tli1 } V) {le . } .

It must be remembered in using this terminology that the T,

are not bilinear operators on the strong neutrosophic bivector
space V. = V| U V, but on the various strong neutrosophic
bivector subspaces
W= W1 U Wz.
={we.ew | u{we. ow |

which enables us to associate with each o = o; U o, in V a
unique pair of k-tuple {ai,...,ai‘} ) {af,...,aiz} of vectors o

e W,i=1,2 ... k.t=12.

o= {oci +...+OLL} ) {ocf +...+oci2} is in such a way that we
can carry out the bilinear operators on V by working in the
individual strong  neutrosophic bivector subspaces W; =
W! + W?. The fact that each W; is biinvariant under T enable us
to view the action of T as the independent action of the
operators T on the bisubspaces W';i=1,2, ..., k, t=1, 2.
Our purpose is to study T by finding biinvariant bidirect sum
decompositions in which the T' operators of an elementary

1

nature.

The following theorem is left as an exercise for the reader to
prove.
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THEOREM 2.3.38: Let T = T, U T, be a bilinear operator on a
strong neutrosophic bivector space V =1V, U V; of type Il over
the neutronsophic bifield F = F; U F, (F; and F; are not pure
neutrosophic fields). Let (W], W,(f) v (W{...,W,j) and
(EI,...,E,;) v (Ef,...,E,fz) be as before. Then a necessary
and sufficient condition that each strong neutrosophic bivector
subspace VK’ to be biinvariant under T; for 1<i<k, t =1, 2 is
that E!T,=T,E| or ET = TE for every | <i <kandt =1, 2.

Now we proceed on to define the notion of biprimary
decomposition of strong neutrosophic bivector space V = V; U
V, of (n, np) dimension over the neutrosophic bifield F = F; U
F , where F; and F, are not pure neutrosophic fields.

THEOREM 2.3.39: (Primary bidecomposition theorem): Let T =
T, v T, be a bilinear operator on a finite (n;, ny) dimension
strong neutrosophic bivector space V = V; U V, over the
neutroscophic bifield F = F; v F, (F; and F, are not pure
neutrosophic fields). Let p = p; U p, be the biminimal
neutrosophic polynomial for T=T; U T,.

p= p,”; p,r‘,if] v p= p;’;... p;":gl where p, are distinct
irreducible monic neutrosophic polynomials over F, i = 1, 2,
v ky t =1, 2 and 1’ are positive integers. Let W, =W, UW/’
be the null bispace of p(T)zph.(Yf)"l UpZi(T:Z)"'Z si=1 2
then,
. W=W,UW, =(W ®..0W ) (W &.eW)
ii. each W;= Wil + W,.z is biinvariant under T;; i = 1, 2.
iii. If T is the operator induced on W/ by T; then the
minimal neutrosophic polynomial for T is p;; r =1, 2,
veey kl', i= I, 2.

We prove the corollary to this theorem.
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COROLLARY 2.33: If {E,...E } U {E]. . E } are

biprojections associated with the biprimary decomposition of T
=T, T, then each E| is a neutrosophic polynomial in T, 1 <i
<k, t =1, 2 and accordingly if a linear operator S commutes

with T then S commutes with each of the E;; that is each strong
neutrosophic subspace W; is invariant under S.

Proof: For any bilinear operator defined on a strong
neutrosophic bivector space defined over the neutrosophic
bifield F = F, U F, (F, and F, pure neutrosophic fields) of type
IT , we can associate the notion of bidiagonal part of T and
binilpotent part of T.

Consider the neutrosophic biminimal polynomial for T =T,
w T, which is decomposed into first degree polynomials that is
the case in which each p; is of the form p; =x —c,. Now the

range of E' is the null space of W' of (T, —c!I,)" ; we know by
earlier results D is a bidiagonalizable part of T.
Let us look at the bioperator
N=T-D
NiUN, =(T; —Dy) U (T, - D)
T= (TE, +..+TE, ) U (LE} +..+ TE} )
and
D=D;UD;= (¢,E +..4+¢ E, ) U (¢,E} +...+¢; E})
SO
N=N,UN,
={(T, _C}II)Ei +..+(T) _CLIL)EL} v
{(Tz _01212)E12 +..t (Tz - CiIz)Eiz} .
Now
N’=N; UN}
= (T, —¢,[,’E| +..+ (T, ¢, [’ B}, U
(T, = /L)’ E} +...+(T, —c; 1,)°E; .
and in general
N'= {(T, —=¢;[,)"E} +...+(T, —¢, )" E, } U
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{(T, —c;L)"E} +...+(T, - ciz I,)* Eiz} )

When r > 1; for each i we have N' =0 i.e., NJUN, =0 U 0;

that is each of the bioperator (T, —c|I,)" =0 on the range E;; 1
<t<kjandi=1, 2. Thus (T —cI)' = 0 for a suitable r.

Let N = N; U N; be a bilinear operator on a bivector space
V =V; U V,. We say N is binilpotent if there is some pair of
integers (11, 12) such that Ni =0 fori=1,2. We choose r > r;; i
=1, 2 then N" =0, where N = N; U N,.

In view of this we have the following theorem for strong
neutrosophic bivector spaces of type II defined over the
neutrosophic bifield F = F, U F, (F, and F, not pure
neutrosophic).

THEOREM 2.3.40: Let T = T; U T, be a bilinear operator on the
(n;, ny) finite bidimensional strong neutrosophic bivector space
V =V, UV, over the neutrosophic bifield F = F; U F, (both F,
and F, are not pure). Suppose that the biminimal neutrosophic
polynomial for T = T; U T, decomposes over F = F; UF;into a
biproduct of bilinear neutrosophic polynomials. Then there is a
bi diagonalizable operator N = N; U N, on V =V, UV, such
that,
ii T=D+N;ie;
T, T, = D,uD,+N; UN,
= D] +N1 UDz +N2.
ii. DN = ND thatis
(D; oDy (Nt UNy) = D;N; UD;)N;
= N]D] UNzDg.
The bidiagonalizable operator D = D; U D, and the binilpotent
operator N = N; U N, are uniquely determined by (i) and (ii)
and each of them is a bipolynomial in T; and T,.

Consequent of the above theorem the following corollary is
direct.
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COROLLARY 2.34: Let V be a finite bidimension strong
neutrosophic bivector space over the special algebraically
closed neutrosophic bifield F = F; U F,. Then every bilinear
operator T=T; UT,on V =V; UV, can be written as the sum
of a bidiagonalizable operator D = D; U D; and a binilpotent
operator N = N; U N, which commute. These bioperators D and
N are unique and each is a bipolynomial in (T;, T).

Let 'V =V, U V, be a finite bidimensional strong
neutrosophic bivector space over the neutrosophic bifield F =
F, OF,and T = T; U T, be an aribitary and fixed bilinear
operator on V="V, UV, If a = a; U a; is a bivector in V then
there is a smallest bisubspace of V =V, U V, which is
biinvarient under T = T, U T, and contains a. This strong
neutrosophic bispace can be defined as the biintersection of all
T-invariant strong neutrosophic bisubspaces which contain c.

If W =W, U W, be any strong neutrosophic bivector supspace
of W =W, U W, of a strong neutrosophic bivector space V =
V. U V, which is biinvariant under o = o,; U a,; that is each T;
in T is such that the strong neutrosophic subspace W; on V; is
invariant under T; and contains o;; true fori=1, 2.

Then W = W, U W, must also contain Ta; that is Tjo; is in
W; for each i = 1, 2; hence T(Ta) is in W; that is Ti(T;o;) =
T o, is in W and so on; that is T™ (o) is in W;, for each i so
that T"(at) € W; i = 1, 2. W must contain g(T)a for every
neutrosophic bipolynomial g = g; U g, over the neutrosophic
bifield F = F; U F,. The set of all bivectors of the form g(T)a =
21(T)oy U g(Tr)a, with g =g, U g, € F[x] = Fi[x] U Fy[x], is
clearly biinvariant and is thus the smallest bi T-invariant (T-
biinvariant) strong neutrosophic bisubspace which contains o =
oy Y oL.

In view of this we have the following definition.
DEFINITION 2.3.46: Let a = a; Ua, be any bivector in a strong

neutrosophic bivector space V=V; UV, over the neutrosophic
bifield F = F; U F, (F; and F, are not pure neutrosophic). The
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T-bicyclic strong neutrosophic bisubspace generated by a = «;
U, is a strong neutrosophic bisubspace Z(o; T) = Z(ay; T)) U
Z(ow; Ty) of all bivectors g(T)a = gi)(T)a; UgxTr)a g =g U
g in F[x] = Fifx] U F>[x] is a neutrosophic bipolynomial. If
Z(a; T) =V then ais a bicyclic vector for T.

Another way of describing this strong neutrosophic bisubspace
Z(o; T) is that Z(a; T) is the strong neutrosophic bisubspace
spanned by the bivectors T¥ ; k > 0 and « is a bicyclic bivector

for T = T, U T, if and only if these bivectors span V; that is
each Til; span V;, k; > 0 and thus o is a cyclic vector for T; if
and only if these vectors span V;, true fori=1, 2.

We just caution the reader that the general bioperator T = T,
w T, has no bicyclic bivector.

For any T the T bicyclic strong neutrosophic bisubspace
generated by the bizero vector is the bizero strong neutrosophic
bisubspace of V. The bispace Z(o;T) = Z(o1;T1) U Z(ap;Ty) is
(1, 1) dimensional if and only if a is a bicharacteristic vector for
T. For the biidentity operator, every nonzero bivector generates
a (1, 1) dimensional bicyclic strong neutrosophic bisubspace
thus if bidimV > (1, 1) the biidentity operator has non cyclic
vector.

For any T and a we shall be interested in the bilinear
relation coa. + ¢; Tt + ... + ¢ TaX = 0 where o = o, U o, so that
CE)OLI + C}TIOL1 +...+ CLI Tloci“ =0

and
cool, + ¢ TyoL, +...+ ci T,as =

between the bivectors Tol, we shall be interested in the
neutrosophic bipolynomial g = g; U g, where

g =Cy +CX+...+¢, X"
true for i = 1, 2, which has the property that g(T)a = 0.

The set of all g in F[x] = F,[x] U F,[x] such that g(T)a =0
is clearly a neutrosophic biideal in F[x]. It is also a non zero
neutrosophic biideal in F[x] because it contains biminimal
bipolynomial p = p; U pz of the bioperator T. p(T)a = p1(T1)oy
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U pa(Tr)a, = 0 L 0; that is p(Ty)ay W pa(T2)a, =0 U 0 for every
o= Uo,inV=V, UV,

DEFINITION 2.3.47: If o = a; U «, is any bivector in strong
neutrosophic bivector space V =V; UV, of type Il defined over
the neutrosophic bifield F = F; U F, (F; and F, are not pure
neutrosophic). The T-annihilator (T =T, UT>)) of ¢ = a; U
is the neutrosophic biideal M(a; T) = M(ey; T)) O M(a,; Ts) in
F[x]=F[x] UF[x] consisting of all neutrosophic bipolynomials
g=g Ugover F=F; UF;such that g(T) = gi(T;) Ugy(T,) =
0 0.

The unique neutrosophic monic bipolynomial pax = p;a; U
p20; which bigenerates this biideal will also be called the bi T-
annihilator of a or T bi annihilator of a. The bi T-annihilator
pa bidivides the neutrosophic biminimal bipolynomial of the
bioperator T = T; U Ts. Clearly bidegree (pa) > (0, 0) unless o
= q; U a; is the zero bivector.

THEOREM 2.3.41: Let o = a; U a; be any non zero bivector in
V=1V, UV, V a strong neutrosophic bivector space over the
neutrosophic bifield F = F; U F, (both F, and F, are not pure
neutrosophic).

Let p, = p,, Y D,,, bethe bi T annihilator of o= a; U .

i. The bidegree of p, is equal to the bidimension of the
bicyclic strong neutrosophic bisubspace Z(o;T) =
Z(O!],'T]) UZ(O!z,'Tg).

ii. If the bidegree of p,=p,, I D, is (ki ki) then the
bivectors a = a Vo, Ta =Ta U Tha, ..., Tak]’_l =
T/ a, 0T a, form a bibasis for Z(a;T). That is
{a,Ta, Tla,. T "o} uia, Ta,Ta,., T, a,}
form a bibasis for Z(a;T) = Z(o;,; T1) U Z(ap; ), that is
Z(ay, T) has {a;, Ticv;, ..., T.k‘"lal. } as its basis; true for

1

everyi=1,2.
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iii. IfS=S8; US,is a bilinear operator on Z(e; T) induced by
T, then by the biminimal neutrosophic polynomial for S is

Pa

Proof: Let g = g; U g, be a neutrosophic bipolynomial over the
neutrosophic bifield F = F; U F,, write g = p,q + 1, that is g; U
82 = Py, 41 T 11V Py, G2 + 125 Where po = p,, U p,, foro=
U, q=qiUandr=r, Urso g = piulqi-i-ritruefori:

1, 2. Here either r = 0 U 0 or bidegree r < bidegree p, = (ki, kp).
The neutrosophic bipolynomial p,q = p,, qi Y p,,, Q2 is in the

T biannihilator of a = a; U o, and so g(T)a = r(T)a, that is
g(Tl)(Xl U gz(Tz)(Xz = rl(tl)ocl U rz(Tz)Otz.

Since r=r1; U, =0 U 0 or bidegree r < (ky, k,) the bivector
r(T)a = r;Ti(oy) U r,Ty(ap) is a bilinear combination of the
bivectors o, Ta,...,T" "o ; that is a bilinear combination of
bivectors o = o U oy

To=Ta; U Tha,,
T’a=T'a, UT,a,,
Ta=Ta,uTa,, ...,

T 'a = le"lal ) Tzkz’l(x2

and since g(T)a = gi(Ty)a; U gx(Tr)a, is a typical bivector in
Z(a; T); i.e., each gi(T;)a; is a typical vector in Z(oy; T;) for each
gi(T))ay; is a typical vector in Z(ay; T;); i = 1, 2. This shows that
these (ki, ky) bivectors span Z(a; T).

These bivectors are certainly bilinearly independent because
any non trivial bilinear relation between them would give us a
non zero neutrosophic bipolynomial g = g; U g, such that
g(T)(a) = gi(T)(a) U g(Tr)a, = 0 U 0 and bidegree g <
bidegree p,, which is absurd.

This proves (i) and (ii).

Let S =S, U S, be a bilinear operator on (Z,; T) obtained
by restricting T to that strong neutrosophic bivector subspace. If
g = g U g is any neutrosophic bifield F = F; U F, then
Pu(S)g(T)a = pu(T)g(T)ar
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that is
Pio, (58 (T, Uy, (5,)8,(Th)a,
=P, (T)g(T)a, Up,, (T,)g,(T,)a,
=g(T)p,(Ta
=g,(T, )pml (T)a, Vg, (T, )p2a2 (T,)a,

=g (Tl )(O) Vg, (Tz )(0)
=0u0.

Thus the bioperator p,S = p;oi(S1) U pr0a(S,) sends every
bivector in Z(o;T) = Z(a1;T1) W Z(ap; Ty) into 0 U 0 and is the
bizero operator on Z(o;T). Further more if h = h; U h; is a
neutrosophic of bidegree less than (k;, k;) we cannot have h(S)
= hl(Sl) ) hz(Sz) =0 v 0 for then h(S)(I = hl(Sl)al Y hz(Sz)(Xz
= 0 U 0; contradicting the definition of p,. This shows that p,, is
the neutrosophic biminimal polynomial for S.

A particular consequences of this interesting theorem is that
if a = o U o, happens to be a bicyclic vector for T =T, U T,
then the neutrosophic biminimal bipolynomial for T have
bidegree equal to the bidimension of the strong neutrosophic
bivector space V = V; U V,, hence by Cayley Hamilton theorem
for the bivector spaces we have the neutrosophic biminimal
polynomial for T is the bicharacteristic neutrosophic polynomial
for T. We shall prove later that for any T there is a bivector o =
o U oy in V=V, UV, which has the neutrosophic biminimal
polynomial for T = T; U T, for its biannihilator.

It will then follow that T = T, U T, has a bicyclic vector if
and only if the biminimal and the bicharacteristic neutrosophic
polynomial for T are identical. We now study the general
bioperator T = T, U T, by using the bioperator vector. Let us
consider a bilinear operator S = S; U S, on the strong
neutrosophic bivector space W = W; U W, of bidimension (k;,
k,) which is a cyclic bivector a = o U al,.

By the above theorem just proved the bivectors o, Sa, S’a,
e Sk’loc; that is

2 k-1 2 k,-1
{o,,S,0,,570;,...,5" ", }, {0,,S,0,,550,,...,9 ., }
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form a bibasis for the bispace W = W; U W, and the annihilator
Py =Piy, YPs, Of @ =04 U 0y is the biminimal neutrosophic

bipolynomial for S = S; U S, (hence also the bicharacterstic
neutrosophic bipolynomial for S).

If we let o = S"'a; that is o' =a) Ua) and o' = S7'a
implies o =S} 'a,, o) =S7"a,; 1 < i<k — 1 then the action
of S on the bibasis {oc},...,oc}(l}u{(xlz,ocg,...,ocﬁz} isSa' =o' !
fori=1,2,...,k-1thatis Sl =o' fori=1,2,....,k~1and t
=1,2. S0 =o' —...—c,10 that is S,af =—chay —...—¢;
fort=1, 2; where

pa={cy+Cix +...+cy X +x} U
{cg +Ox +.o o xT +x
The biexpression for Say follows from the fact p,(S)a = 0
U 0; that is S*a+¢,_ S 'a+...+¢,Sa+c,a =0 U 0 that is
{Sfoy +¢ Sy .+ ¢Sy +eon ) U
Ska, +ci S, +...+ciS,0, +cia, ) =0 U0,
2 2 k,-1 2 1=22 02
This is given by the neutrosophic bimatrix S = S; U S; in

the bibasis
B=B,uUB,

000 ..0 = ]Jooo .0 -]

0 0 0 - 100 0 -
=001 0 .. 0 = |uo1o0 . 0 =
000 .. 1 —,] 000 . 0 -

The neutrosophic bimatrix is defined as the bicompanion
bimatrix of the monic neutrosophic polynomial p, =p,, Up,,,
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or can also be represented with some flaw in notation as
1 2 | 2
P, VP, Wherep=p Up".

Now we prove yet another interesting theorem.

THEOREM 2.3.42: If S = S; U S, is a bilinear operator on a
finite (n;, ny) dimensional strong neutrosophic bivector space W
=W, U W, then S has a bicyclic bivector if and only if there is
some bibasis for W in which S is represented by the
bicompanion neutrosophic bimatrix of the neutrosophic
biminimal polynomial for S.

Proof: We just have noted that if S = S; U S, has a bycyclic
bivector then there is such an ordered bibasis for W = W; U W,.
Conversely if there is some bibasis {oc},...,oci(l}u{ocf,...,ociz}
for W in which S is represented by the bicompanion
neutrosophic biminimal polynomial, it is obvious that o U o
is a bycyclic vector for S.

We give yet another interesting corollary.

COROLLARY 23.5: If A = A; U A, be a bicompanion
neutrosophic bimatrix of a bimonic neutrosophic bipolynomial
p = p1 U p; (each p; is monic) then p is both the biminimal
neutrosophic polynomial and the bicharacteristic neutrosophic
bipolynomial of A.

Proof: One way to see this is to let S = S; U S, a linear
bioperator on Ff“ ) sz >, which is represented by A = A, U A,
in the bibasis. By applying the earlier theorem and the Cayley
Hamilton theorem for bivector spaces. We give another method
which is by direct calculation.

Now we proceed on to define the notion of bicyclic

decomoposition or we can call it as cyclic bidecomposition and
its birational form or equivalently rational biform.
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Our aim is to show that any bilinear operator T =T, U T, of
finite (n;, n,) dimensional strong neutrosophic bivector space V
= V; U V, there exists a biset of bivectors
{oc},...,ocl1 },{ocf,...,ocfz} in V such that

V=V,uV,=
Z(o;T)®...@ Z(o, s T) U Z(0] 3T, @.. @ Z(a; 5 T,) .

In other words, we want to prove that V is a bidirect sum of
bi T cyclic strong neutrosophic bivector subspaces. This will
show that T is a bidirect sum of a bifinite number of bilinear
operators each of which has a bicyclic bivector. The effect of
this will be to reduce many problems about the general bilinear
operator to similar problems about a linear bioperator which has
a bicyclic bivector.

The bicyclic bidecomposition theorem is closely related to
the problem in which T biinvariant bisubspaces W = W; U W,
have the property that there exists a T biinvariant bisubspaces

W' such that V=W @ W'; that is
V=V, uUV,=W,®&W UW, ®W,.
If W =W, U W, is any strong neutrosophic bisubspace of

finite (n;, n,) dimensional strong neutrosophic bivector space
then there exists a strong neutrosophic bisubspace

W'=W,'+W, suchthat V=W @®W' that s,
V=V,uV,=W,OW UW,®W,

for each V; is a direct sum of W; and W' , for 1 =1, 2; that is

V. =W, ® W, .Usually, there are many such strong neutrosophic

bivector spaces W' and each of this is called the
bicomplementary to W.

We study the problem when a T biinvariant strong neutrosophic
bisubspace has a complementary strong neutrosophic
bisubspace which is also biinvariant under the same T.

Let us suppose that V=W®W' that is V = V, U V,
=W, ®W' UW,®W, where both W and W' are strong

neutrosophic biinvariant under T, then we study what special
property is enjoyed by the strong neutrosophic bisubspace W.
Each bivector B =p; U B, in V=V, U V,is of the form =7y +
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v! where y is in W and y' is in W' where y = y; U y, and
Y =nor.

If £ = f; U £, any neutrosophic bipolynomial over the scalar
neutroscophic bipolynomial over the scalar neutrosophic bifield
F= F1 o F2 then

f(T)B = f(Tyy + f(T)y'
= fi(TB1 © H(T2)B> = ATy + f(T)y'
= £ (T)y, +H(T)y W E(T)1, + H(T);.

Since W and W! are biinvariant under T = T, U T, the
bivector f(T)y = fi(T))y; U fx(Ty)y, is in W = W; U W, and
f(T)y' =£,(T,)y, Uf,(T,)y) is in W'=W/UW,. Therefore
f(T)B = f1(T))P1 U £o(T,)B, is in W if and only if f(T)y' =0 U 0;
that is f,(T,)y, Uf,(T,)y, = 0 U 0. So if f(T)B is in W then

f(T)B = H(T)y.

Now we define yet another new notion for bilinear operators on
strong neutrosophic bivector spaces.

DEFINITION 2.3.48: Let T = T, U T, be a bilinear operator on a
strong neutrosophic bivector space V="V, UV,and W =W, v
W, be a strong neutrosophic bivector subspace of V. We say W
is bi T-admissable, if

i. Wis biinvariant under T,

ii. TD)Pisin W
foreach B € Vie., fi(T)B; CfH(T)fBis in W =W, v W, for
every B= [ U Bin V=V, UV, there exists a bivector y = y,
Upin Wy o W, = W such that {T)B = f(T)y that is if W is
biinvariant and has a bicomplementary biinvarient bisubspace
then W is biadmissible.

The biadmissibility characterizes those biinvariant bisubspaces
which have bicomplementary biinvariant bisubspaces.

We see the biadmissibility property is involved in the
bidecomposition of the bivector space V=Z(a;T)®..®

Z(0,, T)=Z(a;;T)®...0 Z(a, ;T U Z(a);T,) ®... @ Z(a; ; T,)

L
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We arrive by some method or another we have selected
. 1 1 1 2 2 2
bivectors {o,,00,,..., o, tu{a;,05,... o, } and strong

neutrosophic bisubspaces which is proper say
W, =W UW’
={Z(0y; )+t Z(a, s T U{Z(a] s T)) +.+ Z(0] 5Ty}

We find the nonzero bivector (o'

Ji+l

(Zj+1; T) = 0 U 0 that is Wjl ~Z(a 'Tl)U(sz)mZ(a? 'T))

j+l ¥l

Uai,,) such that Wy N

= 0 U 0 because the strong neutrosophic bivector subspace Wi,
=W,; ® Z(04:1, T) that is
Wi = le,+1 Y Wjiﬂ = le, ® Z(aj|+1;Tl) o W_ii ® Z(aj2+1;T2)

would be atleast one bidimensional nearer to exhausting V . But
are we guaranteed of the existence of such a;,, = o, val

Ji+l Jotl”
If {(aty,...,0; ) U (03,....a; )} have been choosen so that W;

is T biadmissible strong neutrosophic bisubspace then it is
rather easy to find a suitable o', U o’

Ji+l ol ”

Let W = W, U W, be a proper T biinvariant strong
neutrosophic bisubspace. Let us find a non zero bivector o = o
U oy such that W m Z(o;T) = {0} U {0}; that is W; N Z(o;Th)
U Wy N Z(a;T,) = {0} U {0}. We can choose some bivector 3
=B, U B, which is not in W = W, U W,; that is each B; is not in
Wi, i=1, 2. Consider the T biconductor S(B; W) = S(By; W;) v
S(B2; W2) which consists of all neutrosophic bipolynomials g =
g1 U g, such that g(T)B = gi(T))P1 v g(T)P, is in W =W, U
W,.

Recall that the neutrosophic bimonic polynomial f= f; U f,
= S(B; W); ie., f=1 U f, = S(By; Wi) U S(B2; W») which
bigenerate the neutrosophic biideals S(B; W) = S(Bi; W;) U
S(B2; W»); that is each f; = S(B;; W;) generate the ideal S(B;; W;)
for i = 1, 2; that is S(3; W) is also the T biconductor of 3 into
W. The bivector f(T)B = fl(Tl)Bl U fZ(Tz)BZ isin W= Wl o Wz.
Now if W is T biadmissible there is a y = y; U 7, in W with
f(T)B = f(T)y. Let o« = B — vy and let g be any neutrosophic
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bipolynomial since 3 — v is in W, g(T)P will be in W if and only
if g(T)a is in W; in other words S(ai; W) = S(B; W). Thus the
neutrosophic bipolynomial f is also the T biconductor of o into
W.

But f(T)a = 0 U 0. That tells us f;(T;)o; U £(T2)a, =0 U 0;
that is g(T)a is in W if and only if g(T)a = g1(Ty)a; U 22T,
= 0 U 0. The strong neutrosophic bisubspaces Z(a; T) = Z(o.y;
T)) U Z(aw; Ty) and W = W U W, are biindependent and f is
the T biannihilator of a.

Now we prove the cyclic decomposition theorem for f; linear
operators on strong neutrosophic bivector spaces defined over
the neutrosophic bifield F = F, U F, (F,, F, are not pure
neutrosophic fields) of type II.

THEOREM 2.3.42: (Bicyclic decomposition theorem): Let T = T,
U T, be a bilinear operator on a finite bidimensional (n;, n)
strong neutrosophic bivector space V = V; U V, and let
W,=W, W, be a proper T biadmissible strong neutrosophic
bivector subspace of V. There exists non zero bivectors
{a},...,aé}u{alz,...,aé} in V with respective T biannihilators
{p;,...,pr][}u{pf,...,pfz} such that,
i. V=W, ®Z(a;;T)®.®Z(a,;T)
=W, ®Z(a,;T,)®..0Z(a,;T,)Y
Wy @Z(a]T,)®..8Z(a; ;T,)
ii. p,ir divides p,ir_] k=12 .., randt=1, 2.
Further more the integer r and the biannihilators

{p,’,...,pf]}u{pf,...,pfz} are uniquely determined by (i) and

(ii) and infact that no a,’(r is zero fort =1, 2.
Proof: The proof is given under four steps.

Take Wy = {0} U {0} = W, U W, ; that is each W, =0 for
i = 1, 2, although W does not produce any substantial
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simplification. Throughout the proof we shall abbreviate f(T)p
to 1B that is £;(T1)B1 W £(T2)B, to fif; w £:3,.

Step 1: There exists nonzero bivectors {By,....B, } U {B},....B; }
in the strong neutrosophic bivector space V =V, U V, such that
1 V=W, +Z@PB;T)+...+ZB,;T)
=W, +Z(B;;T) +...+ Z(B, s T) v
W +Z(B}5T) +..+ Z(B; 5 T,) -
(i) If 1 <ki<r;i=1,2and W, =W, + W,
={Wy +Z(B;T) +...+ Z(B, s T}
U{W; +Z(B15T) +..+ Z(Bg s T}
then the biconductor
P =P, UPr, =SBy Wi ) USEB:, W)

has the maximum bidegree among all T biconductors into the
strong neutrosophic bivector subspace

Wk—l = (Wl:]—l i Wk22—1)
that is for every (ki, kz);
bidegree p, = max deg{S(a.'; W, )} U max deg{S(a*; W )}.
alinV, ! o*inV, ’

This step depends upon only the fact that Wy =W, UW, is a

biinvariant strong neutrosophic bivector subspace. If W = W; U
W, is a proper neutrosophic bi T-invariant bivector subspace
0 < max bidegree (S(ai; W)) < bidim V

that is
0 U 0 U < max bidegree(S(a;; Wy)) v

max bidegree (S(oz; W)) < (ny, ny)

and we can choose a bivector = B; U B, so that bidegree S(j3;
W) = deg(S(B1; W1)) U deg(S(B,; W,)) attains the maximum.
The strong neutrosophic bivector subspace W + Z(B;T) = (W, +
Z(B1;T)) W (Wy + Z(PBa;Ty)) is then T biinvariant and has
bidimension larger than bidimension W.
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Apply this process to W = W, to obtain B, =} UB,. If W,

=Wy + Z(By; T) that is
W) UW, =Wy +Z(BsT) o Wy +Z(B3;T)

is still proper then apply the process to W; to obtain
B, = B|2 i Bg :

Continue in that manner. Since bidim Wy > bidim Wy — 1
that is

bidim Wxi, wbidim szz >bidim WQH wbidim szrl

we must reach W, =V that is er1 UW? =V, UV, in not more
than bidim V steps.

Step 2: Let {B,...B, } U {B]....p;} be a biset of nonzero

bivectors which satisfy the conditions (i) and (ii) of step 1. Fix
(k], kz), 1< ki < I, 1= 1, 2.

Let B = B; U B, be any bivector in the strong neutrosophic
bivector space V=V, U V, and let f = S(3; Wy_,) that is f; U £,
= S(Bl;wlil—l) i S(Bz;wkzz—l) If

fB = Bo + z giBi

1<i<k

that is
B, VLB, =By + D, gB) v B+ D, gB)

1<i, <k, 1<i, <k,
Bj| IS Wit ;t=1, 2, then f = f; U f, bidivides each neutrosophic
bipolynomial g =g/ ug’ and B, = fy, that is
Bo UBs =fiyy Uyyg where v, =y, Uyo e Wy =Wy OWg . If
each k; = 1 for i = 1, 2; this is just the statement that Wy is T
biadmissible. In order to prove this assertion for (ki, k») > (1, 1)
apply the bidivision algorithms for the neutrosophic
bipolynomials that is g; = th; + r;; r; = 0 if bideg r; < bideg f that
is g Ugl =(fh;, +1)U(f,h] +1)). If bideg r; < bideg f. We
wish to show that r; = 0 U 0 for each i = (iy, 1p).

Let,

k-1

VZB_ZhiBi

i=1
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that is

k-1 k-1
HUr =@ - 2B VB, - hiB).
i =1 =1

Since y — B is in Wy that is (y; — B1) U (y2 — B2) is in
Wkll—l UWk22—1' S(Yi;wlii—l) :S(Bi;wlii—l) =fi;1<i<2
that is
S(yﬁWl:,—l)US(Yz;szz-l):S(Bl;wlil—l)us(ﬁz;wli—l)

= f] ) fz'
S(y; Wi) = S(B; Wi) = 1.
Also

k-1
fy =B, + erBi
i-1
that is

k-1 k,-1
fy, Uy, =(Bo+ D iU B+ D iB).
i=1 i=1

If 1, =(r,,r}) #(0,0) we arrive at a contradiction. Let j = (ji, j.)
be the largest index i = (i}, i,) for which r; = (r',r”) # (0,0) then
J
fy =8, +ZﬁBi ; 1 # (0, 0) and bideg r; < bideg f. Let p = S(y;
1
Wj—l);
pl & p2 = S(Yl;le,_l) US(Yz;W;_l) .
Since W, =W, , UW__ contains W,_ =W, UW.  the

biconductor S(y; Wy_;) that is
f=fivh= S(Y1;W11171) Y S(yz;szz—l)

must bidivide p. p = fg that is p; U p, = fig; U fg,. Apply g(T)
= g1(T)) U gx(T>,) to both sides; that is

py = gfy = gr, +gB, + D g,

Isi<j
that is,
Py, YUpY, =(gfy, ve.ty,)
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1nl 1 Inl 202 2 2n2
zglrlejl +g1B0 + Z glrilBi1 ngrjzﬁh +g2B0 + Z gzrizBiz :

1<i <j, 1<i,<j,

By definition, py is in Wj_; and the last two terms on the right
side of the above equation are in W, , =W, ,UW; .
Therefore

g, =emB; Ve B
isin W, , =W, ;UW’ . Now using condition (ii) of step 1

bideg (grj) > bideg(S(B;j; Wi.1)); that is

deg(gi, r,) L deg (g2, 1;)

deg S(B; s W, ;) Udeg S(B, s W, )

= bidegp;

= degp, U degpp; > bidegree (S(y; Wy.1)
= degS(yi; W, ;) U deg S(y» W, )

= bidegree p

degp; U degp,

bideg fg

= degfig; U deghg,.

vV

Thus bideg 1; > bideg f; i.e., degr, U degr; > degf; U degh
and that contradicts the choice of j = (ji, j»). We now know that
f=f, U f, bidivides each g; = g, Ug that is f, divides g; ;t
=1, 2 and hence B, = fy that is B UB; =f;y, Uf,y,. Since
W,=W,UW, is T biadmissible (i.e., each W, is T,
admissible for k = 1, 2); we have B, = fy, where

Yo ="V Yp € Wy = Wy W/
that is B, UB; =1y, Uf,y; where v, = W,. We make a mention
that step 2 is a stronger form of the assertion that each of the
strong neutrosophic vector bisubspaces W, =W, UW/,

W,=W,UW,,..., W =W UW’ is T biadmissible.
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Step 3: There exists non zero bivectors
1 1 2 2
(00 ) U (0F 50 007)

in V =V, U V, which satisfy condition (i) and (ii) of the
theorem. Start with bivectors

{B},BE,---,B;}U{Bf,ﬁi,m B}
asinstep 1. Fix k= (kj, k) as 1 <k; <r;; 1= 1, 2.We apply step
2 to the bivector p=f; U B, = Bk, ) Bkz =P, and T biconductor

f=fi U f,=p, Up;, =pi.. We obtain

PBe =PuYo + Z phifi s

I<i<k

that is,
P B, Ui BE,

=Py Yo+ 2, PLhIBUML e+ D pihiBl).

1<i; <k, 1<i; <k,

where v, =y, Uy, is in Wy =W, UW; and {hj,..h, }U

{h{,....hi _,} are neutrosophic bipolynomials. Let

o =B =7, — ZhiBi;

1<i<k

1e.,

fod, o) ( -y ,IB,IJU(BL—%— > haszj.

1<i, <k, 1<i, <k,
Since
P —oy = (BL - O‘LI ) (Biz - Otiz)
is in
W, = W1:1—1 i szz—l >

is in

S(ou; Wic1) = S(Bi; Wic1) = p
= S(OLLI ;lel DY (Otﬁz ;szz—l)

1 2
=Py, YDy,
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and since pyou = 0 L 0 that is p, oy, Up; o =0 0 we have,

Wi N Z(oy T U W NZ(ai :T,) = {0} U {0},
Because each o, = OLLI U oci2 satisfies the above two equations
just mentioned, it follows that,

W, =W, ®Z(a;T)®..®Z(a,;T)
that is
W, UW! =W, ®Z(a;T)®...0 Z(oy T} v
(W2 @Z(alT,)®...0 Z(cl i T,)}
and that py = p, Up; is the T biannihilator of oy = a, ot
other words, bivectors {oc} ,...,oclrl |1 {ocl2 ,...,ocfz} define the same
bisequence of strong neutrosophic bisubspaces W, =W, UW?,
W,=W,UW;, .., as do the bivector {B u...uB;},
{B: u...uBfZ} and the T biconductors p, =S(o,; W, ;) that is
(le Upiz) = S(oc}(1 3W111-1) uS(oai2;sz_1) have the same
maximality properties. The bivectors {o,...,0, }U{0],..., 0 }
have the additional property that the strong neutrosophic
bivector spaces W, = {W, UW,},
Z(a;T) = Z(oy3; T) VU Z(af; T, )
Z(0,3T) = Z(033 ) W Z(3; T,)
are biindependent. It is therefore easy to verify condition (ii) of
the theorem. Since (p; oy )\ (p;a;)= 0 U 0, we have the
trivial relation
UV pL,a}q Upizaiz
= (0+p0 +...+ Py 0 )V (0+piog +...+pp o ).
Apply step 2 with {B,...B, }U{B;....B.} replaced by
{OL:,...,OLLI}U{Otlz,...,otiz} and with B=f; U B, = OLL1 UOLLZ , Px
bidivides each p;; i < k that is (i}, ip) < (k;, ky); i.e., le upi2

bidivides each Pi upf2 ,i.e., each p, divides p; fort=1,2.
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Step 4: The number r = (r;, r;) and the neutrosophic
bipolynomials (py, ..., p, ), (P2, ..., P, ) are uniquely determined
by the condition of the theorem. Suppose that in addition to the
bivectors {al,..., oclrI Yud{al,..., ocfE} we have non zero bivectors

ET o TR e o
with respective T biannihilators
{28, U{g 80}
such that
V=W, @Z(y;T)®D..® Z(y;T)
that is
V=V, UV, =W @Z(¢LT) @.. 0 Z(y ;T)} U
W ®Z(y13T,) .. ® Z(y, s T,)}
g;l divides g;lfl fort=1,2and k, =1, 2, ..., s. We shall show
that r = s that is (r;, ) = (s1, 8;) and p; =g;; 1 <t < 2; that is
piup =g ug’ for each i. We see that p, = g =
piUp; =g Ug’. The neutrosophic bipolynomial g, =g Ug;
is determined by the above equation as the T biconductor of V
into Wo; that is V.= V; U V, into W, UW_ . Let S(V; W) =
S(Vi; W,) U S(V; W,) be the collection of all neutrosophic
bipolynomials f = f; U f, such that {p = {13, U f,3; is in W, for
every 3 = B; U B2 in V that is neutrosophic polynomials f such
that the birange of f(T) = range of f1(T;) L range of f)(T,) is
contained in W, = W, UW/; i.e., range of fi(T;) is in W, for
i=1, 2. Thus S(V;, W)) is a non zero neutrosophic zero ideal in
the neutrosophic polynomial algebra so that we see S(V;W,) =
S(Vi; W,) U S(Va; W,) is a non zero neutrosophic biideal in the
neutrosophic bipolynomial algebra.

The neutrosophic polynomial g; is the monic generator of
that neutrosophic ideal i.e., the bimonic neutrosophic
polynomial g, =g} g’ is the neutrosophic monic bigenerator
of that biideal. Each B =f3; U B, in V=V, U V, has the form
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B=By +1y) +. .+ Ly YU+ T3]+ 4270
and so

gB=gpB,+ zglfi"/i
1
that is
oo, = e+ el o] i+ it |
1 1

Since each g; divides g, fort=1, 2 we have g;y; =0 U 0 that is
g}yil1 ugfyi =0 v 0 for all i = (i, 1,) and gy = giPo is in
W,=W, UW;. Thus g is in S(V;W,) for t = 1, 2; so
g =g ug isinS(V; Wo) = S(Vi; Wy) U S(Va; Wy).

Since each g is monic, g is a monic neutrosophic
bipolynomial of least bidegree which sends y; into W, so that
v, =7, Uy, into W, =W, UW, ; we see that g, =g Ug] is the
neutrosophic monic bipolynomial of least bidegree in the

neutrosophic biideal S(V; Wy). By the same argument p; is the

bigenerator of the neutrosophic ideal so p; = g;; that is

pUp =g ug.
If =1} U f; is a neutrosophic bipolynomial and W = W, U

W, is a strong neutrosophic bisubspace of V=V, U V, we shall

employ the short hand fW for the set of all bivectors fo. = fia; U

szLzWith(X:(ll uoczinW=W1 UWz.

The three facts can be proved by the reader.
(1) fZ(o;T) = Z(f;T) that is
fi(Z(ou;T1)) © £(Z(0sT2)) = Z(fiou; Tr) W Z(fr00; To).

RQ V=V, ®.. eV, =V @...@BV;1 UV @...@Vki where
each V. is a biinvariant under T;; 1 <i<t;t=1, 2, then fV =
fV, @ fV, that is

fiviuhV,= iV @.@fV, ULV ®..8fV, .
(3) If a =0 U 0y and vy =y, U ¥, have the same T biannihilator

then fo and fy have the same T biannihilator and hence
bidim Z(fo;T) = bidim Z(fy;T) that is fo = fijo; U fa, and
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f’y = fl'Yl ) szz with dim Z(fl(ll; Tl) v dim Z(fz(lz; Tz) =
dim Z(fyy;; Ty) U dim Z(fyy2; To).

Since we know p; = g; we know that Z(a; T) and Z(y;; T) have
the same bidimension. Therefore bidim W, + bidim Z(Y,, T) <
bidim V as before

dim W, +dim Z(y,;T,) Udim W; +dim Z(y;;T,)
Now to check whether or not p, = g; p, Up; =g, Ug;. From

the decomposition of V = V; U V, we obtain the two
decomposition of the strong neutrosophic bivector subspace

p,V= plzvl v pivz -
p,V= plzwo ® Z(p,o;T)
that is
pyV, UpsV, = p, W, @ Z(pyo; T)) Ups Wy @ Z(pra;T,) .
p,V=p,W; ®Z(p,y,;T)®...® Z(p,v,;T)
that is
PV, UpV, =p, W, © Z(py1,:T) @...@ Z(pyy, s T) U

psW, @ Z(p311:T,) ©... @ Z(p3v: :T,) -

The proof follows from the fact if r = (1, r2) > (2, 2) then p, =

pyUp; =g = g, Ugs. We have made use of the facts (1) and

(2) above and we have used the fact p,o; = plzoci1 upiai =0uv
i= (i, i) > (2, 2). Since we know p; = g; fact (3) above tell

us that, Z(p,0.;T) = Z(pyou; T,) U Z(pyay; T,)

and

Z(p,vi;T) = Z(pyys T) W Z(povs Ty)

have the same bidimension. Hence it is apparent from above
equalities that
bidim Z(p,y,;T)=0uU 0.

d1rnZ(p2yl ,T)udnnZ(pZyl ;T,)=000;1=(i1, 1) 2(2, 2).
We conclude p,y, =(pyyy) U (psys) =000 and g, bidivides py;

that is g, divides p; for t =1, 2. The argument can be reserved
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to show that p, bidivides g; i.e., p; divides g, foreacht;t=1,
2. Hence p, = g».

We leave the following corollaries for the reader to prove.

COROLLARY 2.3.6: I[f T = T; U T, is a bilinear operator on a
finite (n;, ny) bidimensional strong neutrosophic bivector space
V =V, UV, then T-biadmissible strong neutrosophic vector
bisubspace has a complementary strong neutrosophic bivector
subspace which is also invariant under T.

COROLLARY 2.3.7: Let T = T, U T, be a bilinear operator on a
finite (n,, ny) strong neutrosophic bivector space V=V, U V,.

i. There exists bivectors aa = oy U e in V=V, UV, such that
the T biannihilator of « is the neutrosophic biminimal
polynomial for T.

ii. T has a bicyclic bivector if and only if the bicharacterstic
and neutrosophic biminimal polynomials for T are
identical.

Now we proceed on to prove the generalized Cayley Hamilton
theorem.

THEOREM 2.3.44: (Generalized Cayley Hamilton theorem). Let
T =T, T, be a bilinear operator on a finite (n;, ny) finite
bidimensional strong neutrosophic bivector space V =V, UV,
over a neutrosophic bifield F = F; U F; of type Il (Both F; and
F; are not pure neutrosophic). Let p and f be the biminimal
bicharacterstic neutrosophic bipolynomials for T, respectively.

i. p bidividesfi.e,p =p; Up, and f=f UF then p; divides
fli=1 2.
ii. p and f have the same prime factors except for
multiplicities.
iii. If p=f".f* is the prime factorization of p then
f=f"f% where d; is the bimultiplicity of f/(T)"
bidivided by the bidegree f;. That is if

p=piUp= ([ ) ()OS
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then
P B O () d] = (s dy)
is the nullity of f(T, )" which is bidivided by the bidegree
f,.t sle., ;1 <i<k, this is true for each t, t = 1, 2.

Proof: The trivial case V = {0} U {0} is obvious. To prove (i)
and (ii) consider a bicyclic decomposition
V=2(0;;T)®..® Z(a,;T)

=Z(0;;T)®...® Z(a, s T) U Z(0);T,) @...@ Z(a; s T,) .

By the second corollary p; = p. Let S, =S/ US’ be the
birestriction of T =T, U Ty; i.e., each S is the restriction of T
(fors=1,2,...,r) to Z(a;;T,) . Then S; has a bicyclic bivector
so that p, =p; Up; is both biminimal neutrosophic polynomial

and the bicharacteristic neutrosophic polynomial for S;.
Therefore the neutrosophic bicharacteristic polynomial f = f' U
f* is the byproduct f=pj..p, Up;..p. . That is evident from

earlier results that the neutrosophic bimatrix of T assumes a
suitable bibasis.

Clearly p; = p bidivides f; hence the claim (1). Obviously
any prime bidivisor of p is a prime bidivisor of f. Conversely a

prime bidivisor of f =p,...p, Up;...p; must bidivide one of the
factor p; which in turn bidivides p;.
Let p =(f)"..(f Yo U ()T (] ) be the prime

bifactorization of p. We employ the biprimary decomposition
theorem which tells V)=V, UV, is the binull space for

£'(T,)" then
V=V, 0.8V, =(V/®.. 8V )u(V®.0V,)
and (fit)ril is the neutrosophic minimal polynomial of the

operator T' restricting T; to the strong neutrosophic invariant

subspace V. This is true for each t; t = 1, 2. Apply part (ii) of
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the present theorem to the bioperator T'. Since its neutrosophic
minimal polynomial is a power of the prime f' the

neutrosophic characteristic polynomial for T, has the form

(f)" where d' >r';t=1,2.
We have
d = dimV;
" degf}
for every t = 1, 2 and dim V' = nullity £'(T)" for every t; t =

t
1, 2. Since T, is the direct sum of operator Ttl,...,Ttk‘ the

neutrosophic characteristic polynomial f is the product
£'=(£f)"...(f. )* . Hence the claim.

The following corollary is left as an exercise for the reader.

COROLLARY 2.3.8: Let T = T; U T, be a binilpotent operator of
the strong neutrosophic bivector space of (n;, ny) bidimension
over the neutrosophic bifield F = F; U F; (both F; and F, are
not pure neutrosophic fields) of type Il then the bicharacteristic

bipolynomial for T is x" U x" .

Let us observe that the neutrosophic bimatrix analogue of the
bicyclic decomposition theorem. If we have the bioperator T =
T, U T, and the bidirect sum decomposition, let B' be the
bicyclic ordered bibasis

2
ki

1 T 1 Tkl]fl 1 2 T 2 T 2
{O‘il’ 10 5000 4y ail}u{a’i]a 20, 50 1y ("iz}

for Z(a;;T)=2Z(a; ;T,) U Z(a ;T,) . Here (k; ki) denotes the

bidimension of Z(a;;T) that is the bidegree of the biannihilator
P, =P, Up; -

The neutrosophic bimatrix of the induced operator T; in the
bibasis B; is the bicompanion neutrosophic bimatrix of the

neutrosophic bipolynomial p;. Thus if we let B to be the bibasis
for V.
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which is the biunion of B' arranged in order {BIIB,II } U
{B,2 ...Bé} ; then the neutrosophic bimatrix of T in the bibasis B
willbe A = A, A>.

A0 0 4 0 - 0
0o 0 - A 0o 0 - A

i n

where Al is the k! xk; companion neutrosophic matrix of p;
fort=1, 2. 4 (n; xn;, ny xny) neutrosophic bimatrix A which is
the bidirect sum of the neutrosophic bicompanion matrices of
the non  scalar  monic  neutrosophic  bipolynomial

{pf...pé}u{pf...pé}such that p;,, divides p; fori, =1, 2,

v v— 1 and t = 1, 2 will be defined as the rational biform or
equivalently birational form.

THEOREM 2.3.45: Let F = F,U F, be a neutrosophic bifield
(Both F; and F, are not pure neutrosophic). Let B = B; U B, be
a (n; x n;, ny, x ny) neutrosophic bimatrix over F. Then B is
bisimilar over the bifield F to one and only one neutrosophic
matrix in the rational form.

Proof: We know from the usual neutrosophic square matrix
every square matrix over a fixed neutrosophic field is similar to
one and only one neutrosophic matrix which is in the rational
form.

So the neutrosophic bimatrix B = B; U B, over the
neutrosophic bifield F = F; U F, is such that each B; is a n; x n;
neutrosophic square matrix over Fj; is similar to one and only
one neutrosophic matrix which is in the rational form say Ci.

This is true for every i; i =1, 2 so B = B, U B, is bisimilar
over the field to one and only one bimatrix C which is in the
rational biform.
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The neutrosophic bipolynomials {p} Dy } u{pf ...p; } are

called invariant bifactors or biinvariant factors for the
neutrosophic bimatrix B =B; U B,.

We shall just introduce the notion of biJordan form or Jordan
biform for a strong neutrosophic bivector space of type II.

Suppose that N = Ny N, be a nilpotent bilinear operator on
finite (n; n,) bidimension strong neutrosophic bivector space V
=V, U V, over a neutrosophic bifield F =F, U F, (F, and F, are
not pure neutrosophic) of type II. Consider the bicyclic
decomposition for N which we have described in the theorem.
We have a pair of positive integers (r;, r;) and non zero bivector

{oci ,ociz} in V with biannihilators {p} Dy } v {pl2 ...p; } such that

V=Z@;N)® ... ®Z (o; N)
=Z(o,N)® ... ® (o, ,N)UZ (0], N,)® ... ®(0; ,N,)

and pill+1 divides pi‘l fori;=1,2, ..., ,—land t=1, 2. Since N

is binilpotent and the biminimal neutrosophic polynomial is
x" Ux™ with k. < n; t = 1, 2. Thus each pi“ is of the form

p; = x" and the bidivisibility condition says k! >k' >...> kit
=1,2. Of course k; =k'and k| >1.

The bicompanion neutrosophic bimatrix of X U is the
k, xk; neutrosophic bimatrix. A= A; UA? with

0 00
00

Al =10 0 0
00 - 1 0

t =1, 2. Thus we from earlier results have a bibasis for V =V,
U V; in which the neutrosophic bimatrix of N is the bidirect
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sum of the elementary nilpotent neutrosophic bimatrices of sizes
of i, which decreases as i; increases. One sees from this that
associated with a binilpotent (n; x nj, n, X n,) neutrosophic
bimatrix is a positive pair of integers (r;, 1) that is

{Kl,.. ki bU K],k } such that
{ki+..+k,|=n, and {k +..+k] } =n,
and ki >k; ;t=1,2and 1 <i, i+ 1<r and these bisets of

positive integers determine the birational form of the
neutrosophic bimatrix that is they determine the neutrosophic
bimatrix up to similarity.

Here is one thing, we like to mention about the binilpotent
bioperator N.

The positive biinteger (ry, 12) is precisely the binullity of N
infact the strong neutrosophic binull space has a bibasis with (1j,
1,) bivectors Nf“_lod] U N3 _lai . For let o = o, U o, be in the
strong neutrosophic binull space of N we write

o= (flloti +..t féaz ) u(flzocl2 +...+féocfz)
where (fill,fi ) is a neutrosophic bipolynomial the bidegree of

which we may assume is less than k; ,k; . Since N, =0 U 0 for
each i, we have

0uU0 = N(f, o)

Ni (£, o ) UN(f )

= Nif, (N, UNaf, (D)o,

(xfil) o, U (xfiz) a, .

Thus (xf, ) U (xf,) is bidivisible by x" Ux"* and some bi
deg (f, ,f, )>(k; ,k; ) this imply that
£ U = CxUC K

where CL U Ci is some biscalar, but then o = o | U oL,
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bl

k k; k k;
Ci(x"af)+..+Cy (x"al ) U C(x" a7 )+...+ C2 (x"a} )

which shows that all the bivectors form a bibasis for the strong
neutrosophic binull space of N =N; U N,.

Suppose T is a bilinear operator on V=V, U V, and that T
factors over the neutrosophic bifield F=F, U F,as f=1f; U f,

= (x=C)" o (x=C )" U(x=C2)" (x—c2)"
where {C,...C; | L{C}..C}} are bidistinct bielement of F = F
U F, and di“ >1;t=1,2.
Then the neutrosophic biminimal polynomial for T will be
p= (x -C, )rll (x -C, )rﬁl u(x -C; )rlz (x -Ci, )rk22
where 1<t <d| ;t=1,2.

If W, UW, is the strong neutrosophic binull space of

1
1 2
By Ty

(T-C1)" =(T,-C}1,)" u(T,-C1L,)

then the biprimary decomposition theorem tells us that

V=ViuV,={We.ew juiwe. .ew |
and that the operator T, induced on W; defined by T, has

neutrosophic biminimal polynomial (X—Cit‘ )rit fort=1,2;1<
iy <k. Let N; be the bilinear operator on W, defined by N; =
Tif fCitt I; 1<1,< k, then Nitt is binilpotent and has neutrosophic
biminimal polynomial xi":‘ . On W/, T acts like N; plus the
scalar Citl times the identity operator. Suppose we choose a

bibasis for the strong neutrosophic bisubspace W, U W

corresponding to the bicyclic decomposition for the binilpotent
N; . Then the neutrosophic k matrix T, in this bibasis will be

the bidirect sum of neutrosophic bimatrices;
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C, 0 0 0 c, 0
1 C 0 0 1 G,
: : Ul
0 0 C, 0 0 0
0 0 1 ¢| o o

0 0]
0 0
c, 0

1 G|

each with C = Cl.‘l for t = 1, 2. Further more the sizes of these

neutrosophic bimatrices will decrease as one reads from left to
right. A neutrosophic bimatirx of the form described above is
called a bielementary Jordan bimatrix with bicharacteristic

values C; U C,.

Suppose we pull the bibasis for W, UW; together and

obtain an biordered bibasis for V =V, U V,. Let us describe the
neutrosophic bimatrix A of T in the bibasis. A neutrosophic

bimatrix A is the bidirect sum

A0 0 Al 0
A= : Alz 0 ) : A§
0 0 Al 0 0

of the k; sets of neutrosophic bimatrices

{Al.AL JU{AT.ALY.

Each
b0 ... 0
A |0 T 0
0 0 T

where each J}‘l is an elementary Jordon neutrosophic matrix

with characteristic value Ci‘l ;1< <kst=1
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each A ; the sizes of the neutrosophic matrices J I decrease as

jrincreases 1 <j <ngt=1,2.
A (n; x ny, ny x ny) neutrosophic bimatrix A which satisfies
all the conditions described so far for some bisets of distinct k;

scalars {C:...CL‘}U{CIZ...CiZ} will be said to be in Jordan

biform or biJordan form.

2.4 Neutrosophic Biinner Product Bivector Space

Now we proceed onto define the new notion of biinner product
strong neutrosophic bivector space of type Il and derive a few
interesting properties about them.

DEFINITION 2.4.1: Let FF = F; U F; be a real neutrosophic
bifield and V =V, UV, be a strong neutrosophic bivector space
over the bineutrosophic bifield. An biinner product on V is a
bifunction which assigns to each biordered pair of bivectors o
=oa Uoaand f= P U PrinV a biscalar (a/f) = (a/f) «
(az/fB) in F=F; UF, that is (a/f) € F,, i=1, 2 in such a way
that forall a = o; Vo, B=F1 U, and y=yCy,in V="V,
UV and for all biscalar ¢ = c¢; Ucyin F; OF, =F.
i (atfly =(ap+ Py
(artpi'y) (axtf/y)
= (a/y) + (B/n) v (B/y) + (B/72)
ii. (ca/P)=c(ap)
that is (c; a/P) U (c; /)
=y (a,/,BI) e ((Zz/ﬂg)
iii. (o/f) =(fe)
v. (o) = (a/ay)(ax/ay) >0 C0if o 0 fori=1, 2.

A strong neutrosophic bivector space V =V; UV, endowed
with a biinner product is called the strong neutrosophic biinner
product space over the real neutrosophic bifield F = F; UF).

Let F = F; U F, and for V. = F"UF)” a strong
neutrosophic bivector space over the real neutrosophic bifield F
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= F; U F, there is a biinner product called the bistandard
inner product. It is defined for

a=o; Jor= {)CII...XI }u{xf...xz}

and
B=BUB=1{y ..y, f oy v} by
(/f) = 2%, 9, V2%,
Ji J2

If A = A; U A, is a neutrosophic bimatrix over the bifield F
= F; UF, where A; € F"™" fori =1 2. F""is a strong

neutrosophic vector space over Fy; i =1, 2. V = F"™" v F,”*"
is a strong neutrosophic bivector space over the neutrosophic
bifield F = F; v F, and V is isomorphic to the strong

2 2
neutrosophic bivector space F/" UF,” in a natural way. It

therefore follows;
(A/B) =Y A; B, LD A B
Jiky Jakz
defines a biinner product on V. A strong neutrosophic bivector
space over the neutrosophic bifield F = F; UF, (both F; and F,
not pure neutrosophic) is known as the biinner product
neutrosophic space or neutrosophic biinner product space.

We have the following interesting theorem.

THEOREM 2.4.1: If V =V, U V, be a real biinner product
neutrosophic space, then for any bivectors a = oy U a; and =
b v Brin Vand any scalar ¢ = c¢; Uc.

L |leal[=lc||lall
thatis || ca || = cr e || Al ez ||
=led ] eull Cleol [] @z
ii. ||a]] > (0 w0)for a=0
thatis || ;|| V|| a2 > (0, 0) =0 v 0;
ii. |[(e/PlI< 1l allll Bl
thatis ||(a/B)| v l(aZ B
=l all [l Bill Il el ] Bl

>
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However as in case of usual bivector spaces we in case of
strong neutrosophic bivector spaces define the concept of
biorthogonal bivectors.

If a, fe V=1V, UV, be bivectors of a biinner product
space, we can define

ey (Bl),
|l
yiVy2= (ﬂz_(ﬂl/azl)alj U(ﬁz_(ﬂZ/aj)azj-
ey |l 1, |l

As in case of usual vector spaces we can in case of strong
neutrosophic biinner product spaces define biorthogonality or
biorthogonal bivectors.

Let o= oy U o, and B = B; U B, be neutrosophic bivectors
in a neutrosophic biinner product space V=V, U V.

Then o = a; U a is biorthogonal to B = ; U B, if (a/B) =
o Br Vo B=0u 0 thatis (o,/B1) U (02 / B2) =0 0. Since
this implies = ; U [, is biorthogonalto . =a ; U a 5.

It is left as an exercise for the reader to prove, the following
theorem.

THEOREM 2.4.2: A biorthogonal biset of non zero bivectors is
bilinearly independent.

THEOREM 2.4.3: Let V = V; UV, be a strong neutrosophic
biinner product space and let {ﬁ’f ﬁn],} u{ﬂf ,sz} be any

biindependent vector in V. Then one way to construct

biorthogonal vectors,
{af... al }u{af... az} in V="V, UV,is such that for

ny n;

each k;, i=1, 2 the biset {all...a,il}u{alz...a,i} is the

bibasis for the strong neutrosophic bisubspace spanned by

{ﬂ;... ﬂ,;}u{ﬂf... ,B,fz}.
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Proof: The bivectors {a} L }u{af...ai} can be obtained

n
by means of a construction analogous to Gram-Schmidt

orthogonalization process called or defined as Gram-Schmidt
biorthogonalization process.

First let o= o Ua’ and B; = B; UP; . The other bivector is
calculated using the rule

,—p B0,
o]l
r=nur = (Bl——(ﬁl/a;)%j U(Bz ——(Bz/ai)%j
o ] e, |l

However we will indicate the proof of the result for any general
n; n > 3 in chapter 3 of this book.

We cannot define orthonormality as i € F; as well asi € V; i
=1,2.

However we define just biapproximation in strong

neutrosophic bivector spaces over neutrosophic bifields of type
I1.

DEFINITION 2.4.2: Let V =V, U V> be a strong neutrosophic
bivector space over the neutrosophic bifield F = F; U F, (Both
F; and F;5 are not pure neutrosophic) of type Il. Let W = W; v
W, be a strong neutrosophic bivector subspace of V over the
neutrosophic bifield F = F; UF,.

Let B = fB; U B be a bivector in V =V, UV, To find the
bibest approximation to f = [ U p» (or the best
biapproximation to f = B ; U ;) in W= W; U W,. This means
to find a bivector ¢ = a; U a, for which || B—o|| = || B:— ail|
U2 — ad| is as small as possible subject to the restriction
that o = a; U a; should belong to W = W; U W), that is to be
more precise.

A best biapproximationto f = U bin W=W, UW,isa
bivector a = a; U az in W such that ||f— o|| <||f— /| that is
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1B = all VB2 = adl <||Br = yill w12 =yl for every
bivector y =y, Uy,in W.

THEOREM 2.4.4: Let W = W; U W, be a strong neutrosophic
subbispace of a strong neutrosophic biinner product space V =
V] quandﬂ=ﬂ1 Uﬂgbeil’l V= V] UVz,

i. The bivector o = oy U a; in W is a best biapproximation
to B= P U B by bivectors in W= W, U W, if and only if
p—a=(f —a) U (f — a)is biorthogonal to every
vector in W. That is each 5 — «; is orthogonal to every
vector in W, true fori =1, 2.

ii. 1If a best biapproximation to = [; U B, by bivectors in W
= W, U W, exists, it is unique.

However we cannot define the notions and properties related to
biorthonormality.

We now proceed onto define biorthogonal complement of a
biset of bivectors in V.

DEFINITION 2.4.3: Let V = V; UV, be a strong neutrosophic
bivector space over the neutrosophic bifield F = F; U F, (Both
F; and F, are not pure neutrosophic) of type Il be a strong
neutrosophic biinner product space.

Let S = S§; v S, be any set of bivectors in V. The

biorthogonal complement of S denoted by s+ =S, U, s

the set of all bivectors in V which are biorthogonal to every
bivector in S.

Properties related with the biorthogonal set is left as an exercise
for the reader to derive.

The following results are simple and hence are left for the
reader to prove.

THEOREM 24.5: Let V = V; UV, be a strong neutrosophic

biinner product space, W = W; U W, a finite dimensional
strong neutrosophic bisubspace and E = E; U E, be the

202



biorthogonal projection of V on W. Then the bimapping [ —
P—Ep; that is
B VB = (Bi—Eif) U (B~ EB)

is the biorthogonal projection of V on W.

THEOREM 2.4.6: Let W = W, v W, be a finite (n;, ny)
bidimensional strong neutrosophic bisubspace of the strong
neutrosophic biinner product space V =V; UV, of type Il and
let E = E; UE, be the biorthogonal projection of V on W.

Then E = E; U E; is an idempotent bilinear transformation
of V onto W, W is the null bispace of E and V = W @ W* that is

Vv = V,ub,

= W, @W - UW,dW;.

THEOREM 2.4.7: Under the conditions of the above theorem I —
E=15L-E; Ul,— E,is the biorthogonal biprojection of V on
W*. It is a biidempotent bilinear transformation of V onto W* =
W v W5 with binull space W = W; U W,.

THEOREM 2.4.8: Let{a,’ ...a}fl} U {af .. .ajz} be a biorthogonal

set of non zero bivectors in a strong neutrosophic biinner
product space V="V; UV,over F; UF; of type Il.
If B = p; U B is any bivector in V =V; UV, then

1/15 ’ 2/’5 i
ZEMJ UZEM] <1l Bll: Ul Bll:

a el el

and equality holds if and only if

/ /a;
5= Z[|ﬂ] 2 | IflJ UZ(%@ZJ =B U P

ey, I e, |
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Now we proceed onto define the notion of strong neutrosophic

n-vector spaces of type II, n > 3 and neutrosophic n-vector
space n > 3 in chapter three.

Several problems are proposed in chapter four of this book
for the interested reader.
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Chapter Three

NEUTROSOPHIC Nn-VECTOR SPACES

In this chapter we for the first time introduce the notion of
neutrosophic n-vector spaces of both type I and type II (n > 3)
and discuss some of the important properties about them. This
chapter has three sections. Section one introduces the notion of
neutrosophic n-vector spaces. Neutrosophic strong n-vector
spaces are introduced in section two and neutrosophic n-vector
spaces of type Il is studied in section three.

3.1Neutrosophic n-Vector Spaces
In this section we introduce strong neutrosophic n-vector spaces
n > 3 and illustrate it by some examples and discuss some of

their properties.

DEFINITION 3.1.1: Let V=V, UV, U ... UV, (n >3) be such
that each V; is a neutrosophic set and is a vector space over the
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real field F; 1 <i <n. Wecall V=V, UV, U.. UV,to be a
neutrosophic n-vector space over the field F.

We illustrate this by some examples.

Example 3.1.1: Let V=V, UV, U V3 U V,U Vs
_ al a2 a3
a, a, a,
a b
0 d

{(a;, a3, a3, a4, as) | 3, € N(Q); 1 <i<5} U

aieQI;lsiS6} )

a,b,c,de QI} )

al az
a a
P lla, eN(Q)1<i<8 U
aS 6
a a

{QI[x]; all polynomial in the variable x with coefficients from
the neutrosophic field QI}; V is a neutrosophic 5-vector space
over the real field Q.

Example 3.1.2: Let V=V, 0 V,uUV; UV, =

a
b||a,b,ceZ,1; U {[a,b,c,d,e]|a,b,c,d, e e N(Z)}
c

U {N(Z)[x]; all polynomials in the variable x with coefficients
from the neutrosophic field N(Z7)} v
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a,eZ;1<i<9¢,

V is a neutrosophic 4-vector space over the real field Z,.

Example 3.1.3: Let V=V, U V,U V3=

[

{(a1, a2, a3, a4, as, @) | 8 € N(Zy3); 1 <1<6} U

a,b,c,de ZUI} U

al aZ

G aeZ.,;1<1<8
ag a, | ST |7
a, a

8

V is a neutrosophic 3-vector space over the real field Z;;.

Note: Let V=V, U V, U ... U V, be a neutrosophic n-vector
space over the real field F (n > 3). If n = 2 we get the
neutrosophic bivector space. Having seen examples of
neutrosophic n-vector spaces (n > 3) we now proceed onto
define some substructures related with them.

DEFINITION 3.1.2: Let V =V, vV, v ... UV, (n =2 3) be a
neutrosophic n-vector space over the real field F. Let W = W; v
W, v .. vuW,cV,uV, u.. vV, ifWisitelf a
neutrosophic n-vector space over the same real field F then we
call W to be a neutrosophic n-vector subspace of V over the
field F (each W; c V; is a proper subspace different {0} space
and V), i=1,2, ..., n.

We will illustrate this definition by some examples.
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Example 3.1.4: Let V=V, UV, U VUV, =

¢ a4, ag ||la,eZ ;1<1<12; v

a, a,

a, a,

a; ag ||la,eZ,1<i<10; L
a7 a8

a9 Ay

al a2 a3

a, a, a,|laeZ,;1<i<9; U

a, ag a,

{Z71[x]; all polynomials the variable x with coefficients from
Z171} be a neutrosophic 4-vector space over the real field Z,.
TakeW=W1 UW2UW3UW4:

a a
a a a a a a
a a a aflaeZ, I U4lb bjlabceZ I U
a a a a b b
c ¢

a b ¢

0 d ella,bcdefeZ, I U

0 0 f

> .
{ZaiXZI

i=0

a, eZ”I;OSisoo}
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c Vy U V, U V3 U V. Clearly W is a neutrosophic 4-vector
subspace of V over the real field Z;.

Example 3.1.5: Let V=V, UV, U V;UV,U VsU Vg =

{N(Q)}u{[al a, a, a, a, aéj
a, a

7 8 a9 a'10 al 1 alZ

a, eQI;lSiSlZ}

U {(x1, X2, X3, X4, X5, X6, X7) | X; € QI; 1 €1 T} L

a, a,; ap |laeN@Q)l<i<2l; u

*lla, e N(Q)1<i<21; U

{N(Q)[x]; all polynomials in the variable x with coefficient
from N(Q)} be a neutrosophic 6-vector space over the real field
Q. Consider W = W1 v W2 v W3 v W4 o W5 & W6 = {{QI}}

a, a, a, a, a, a
1 2 3 4 5 6

U [ J
a, a, a; a, a; a

{x, %, X, X, X, X, X)| x € QI} U

aieQI;ISiS6} )
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a,b,ceQl; U

o o o o & o e
o o o o &0 o e
o o o o & o e

a,b,c,de N(Q)r v

o o o e
o o o W
o o o e
o o o e

{QI[x] | all polynomials in the variable x with coefficients from
QI} c ViUV, U V3 U ViU Vs U Vg W is a neutrosophic 6-
vector subspace of V over the real field Q.

Now having seen the examples of neutrosophic n-vector
subspace of a neutrosophic n-vector spaces we proceed onto
define the new notion of sub neutrosophic n-vector subspace.

DEFINITION 3.1.3: Let V=V, vV, U ... UV, (n>3) be a
neutrosophic n-vector space over the real field F. Let W = W; v
w, .. uWwW,cV,uV, u.. UV, be such that W is a
neutrosophic n-vector space over a proper subfield K of F then

we define W to be a sub neutrosophic n-vector subspace of V
over the subfield K of F.

We will illustrate this situation by some examples.

Example 3.1.6: Let V=V, U V,uU VUV, =
a, a, a, a,
a; a, a, a,
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a, a; a,
o an oo QBB )
ap 34 ap 1<i1<18

v {RI[x] ; all polynomials in the variable x with coefficients
from RI} U {5 x 5 neutrosophic matrices with entries from RI}
be a neutrosophic 4-vector space over the real field F =

Q(2,43,45.47,411,413,419).

TakeW:W1UW2UW3UW4:

a, €Q (V2,v3,45.47, V11,413, } g

a

4j
ag

3

V19,23,4/41,4/43,4/53)1; 1<i <8

——
7~ N\
& o
W —_

o
f=} )

[
<

a, a, a,
a, a, a,
Bt e, QYR ATATTLATS,B)1
a, a, a,
a, a, a,
a, a, a,

0 .
) {Zaixz‘

i=0

a, eRI[x];OSiSoo} v

{5 x 5 neutrosophic diagonal matrices with entries from RI} <
ViU VU V3 U V,, W is a sub neutrosophic 4-vector subspace

of V over the subfield K = Q(ﬁ,ﬁ,ﬁ) c F =

Q(2.V3.5.7.N11.413.419).
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Example 3.1.7: Let V = V] v V2 o V3 U V4 v V5 U V6 o V7
be a neutrosophic 7-vector space over the real field R where

1

a b ¢
Vi=4|ld e f|lab,c,d,ef,gh,ieNR);,
g h i
V, = {NR)[x]; all polynomials in the variable x with
coefficients from N (R)},

al aZ a3 a4 aS a6
n a4, ||a; e N(R)1I<1<18;,

a3 Ay A5 A Ay A

ol

Vy=4la, a a, a, a

a,b,c,de N(R)} , Vs={N([R)},

a, a,
a, a,
a, a,
Ve=14| a, a; |la,eRLI<i<14
a9 alO
all alZ
al3 a14

and V; = {all 9 x 9 neutrosophic matrices with entries from RI}.
TakeW:W1UW2UW3UW4UW5UW6UW7:

a b ¢
d e f|la,b,c,d,ef,gh,ieRl} U
g h i
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{RI[x] all polynomials in the variable x with coefficients from
RI} U

a a a a a a
b b b b b bilabceRIl}uU

c ¢ ¢ ¢ ¢ ¢

Y

a,b,c,de QI} v {RI} U

a, a,
a, a,
aS a6
a, ag |la,eQLl<i<l4; v
a9 alO
a'll a'12
a13 al4

{all 9 x 9 neutrosophic matrices with entries from N(Q)} < V,
UV, U V3 U VU Vs U Vg U Vs is a sub neutrosophic 7-vector
subspace of V over the subfield Q of the field R.

We define a neutrosophic n-vector space which has no proper
sub neutrosophic n-vector subspace to be a subsimple
neutrosophic n-vector space.

We will illustrate this by examples.

Example 3.1.8: Let V=V, U V,uV;UV,U V5=

Y

a,b,c,de QI} U QI [x]} U
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a, a,
a, a,
a; a, ||a, eQL1<i<10;, U
a, ag
a9 alO

{10 x 10 neutrosophic matrices with entries from QI} U {(aj,
a, a3) | 3 € RI} be a neutrosophic 5-vector space over the real
field Q. Clearly V has no sub neutrosophic 5-vector subspace as
Q is a prime field that Q has no proper subfields. Hence V is a
subsimple neutrosophic 5-vector space over Q.

Example 3.1.9: Let V=V, U V, U V; U V, U V5 U V¢ = {Z,1
x Zol x Z,1 x Zo1} U {Z,I[x] all polynomials in the variable x
with coefficients from Z,I} U

o) }
, [+I1=2I=0(mod2); v
0 0)\I I

a a a
a a allaeN(Z,); v

a a a

{all 3 x 7 neutrosophic matrices with entries from N(Z,)} w {all
9 x 4 neutrosophic matrices with entries from N(Z,)} be a
neutrosophic 6-vector space over the real field Z,. Further it can
be easily verified V has no proper neutrosophic 6-vector
subspace over Z,. Since Z, is a prime field of characteristic two
it has no proper subfields. This V is a subsimple neutrosophic 6-
vector space over Z,.

THEOREM 3.1.1: Let V=V, UV, U ... UV, be a neutrosophic
n-vector space over a real field F. If F is a prime field that is F
has no proper subfields then V is a subsimple neutrosophic n-
vector space over F.
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Proof: Given V = V; U V, U ... U V, is a neutrosophic n-
vector space over the real field F, such that F is a prime field,
that is F has no proper subfields. By the definition of such
neutrosophic n-vector subspaces we see V does not have a
proper sub neutrosophic n-vector subspace hence V is a
subsimple neutrosophic n-vector space over F.

We define the notion of doubly simple neutrosophic n-vector
space over a real field F.

Let V=V, U V, U ... UV, be a neutrosophic n-vector
space over a field F. If V has no proper neutrosophic n-vector
subspace over the field F then we all V to be a simple
neutrosophic n-vector space over the field F.

We will first illustrate this situation by some examples.

Example 3.1.10: Let V=V, UV, U VUV, =

0 0)(I IV(f2I 2I .
, , elements of these matrices are from
0 0)\I I)\21 2I

0 0 0 O0)(I T I I)(2I 21 2I 2I
Z3I} o 5 s
0 0 0 O)\I T I I){2I 21 2I 2I

elements of these 2 x 4 matrices are from neutrosophic field
Zs;1} U {5 x 5 neutrosophic matrices with entries from Z;I} x
{(a;, ay, a3, a4, as, 3, a7) | 8 € N(Z3); 1 <1 <7} be a
neutrosophic 4-vector space over the field Z;. Clearly V has no
neutrosophic 4-vector subspaces so V is a simple neutrosophic
n-vector space.

Example 3.1.11: Let V= {(aaaa)|ae Zsl} U

(N

anSI} U
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aeZJy v

[ R D A R
[ R A R
[ R D A R

aeZl

S N =)
S ==
®D O O o o

O o M o oW
S N

=V; U V, U V3 U V, be a neutrosophic 4-vector space over the
real field Zs. V is a simple neutrosophic 4-vector space.

We define doubly simple neutrosophic vector space.

DEFINITION 3.1.4: Let V =V, v V, v ... U V, be a
neutrosophic n-vector space over the real field F. Suppose V is
a simple neutrosophic n-vector space as well as simple
subneutrosophic bivector space then we call V to be a doubly
simple neutrosophic n-vector space.

We will illustrate this situation by some simple examples.

Example 3.1.12: Let V=V, uV,uUV;UV,UVsUVsU V;
be neutrosophic 7-vector space over the real field Z; where

a a a
V]Z{( JanJ},
a a a
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aeZl

OO O O

aeZ1;,

a a a a
a a a a
a a a a a 0 0
a a a a a a 0
V,= aeZ1l;, V3=
a a a a a a a
a a a a a a a
a a a a
a a a a
a
a
a
a
Vy={(aaaaaaaa}|aeZjl}, Vs=
a
a
a
a
a 0
V¢ = aeZl
a a
and
a a a a a a
a a a a a a
Vy= aeZ,I;.
a a a a a a
a a a a a a

It is easily verified V is a simple neutrosophic 7-vector space as
each V; is a simple neutrosophic vector space fori=1,2, ..., 7.
Further Z, is a prime field so V has no subneutrosophic 7 vector
subspaces. Thus V is a doubly simple neutrosophic 7-vector

space over Z;.
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Example 3.1.13: LetV =

Qe o &
- o o
I @)

a a a a a
b b bbb

V]UVzUV3:

a,b,c,d,e,f,g,h,ieZ I

a a
a,be Z”I} ) {{
a a

ae Z”I}

be a neutrosophic 3-vector space over the real field Z,;. Clearly
V is also a doubly simple neutrosophic bivector space over the

field Z17.

A neutrosophic n-vector space can have neutrosophic n-
vector subspace still it can be a simple sub neutrosophic n-
vector space. This is shown by some simple examples.

Example 3.1.14: Let V=V, U V, U V3 U V4, U V5 be a
neutrosophic 5-vector space over the real field F = Z;,. Here

Vi

Vs

- o o0 o W

{

a a a a
a a a a

a b
c d

a,b,c,deZ”I}

a,b,c,d,e,f eN(Z,))

- 0o oo o e
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0
V,= a, eN(Z,,);1<i<10
5 a6 O

a7 aS ag alO

and Vs = {Z;I[x]; all polynomials in the variable x with
coefficients from Z,1.
TakeW=W1uW2uW3uW4uW5=

)
Loy

ae Z“I} U

ae Z“I} U

a a
a a
a a
aeZ 1, v
a a
a a
a a
a, 0 0 O
a, a, 0 _
a,eZ,;1<i<10; U
a, a; ag
a7 aS a9 a10

i=0

a, Z”I;OSiSOO}
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c Vi u V, U V3 U Vy U Vs; W is a neutrosophic 5-vector
subspace of V. So V is not a simple neutrosophic 5-vector
space, however V has no subneutrosophic subvector space as
Zy, is a prime field so V is a subsimple neutrosophic 5-vector
space over Z;.

Thus V is not a doubly simple neutrosophic 5-vector space
over the field Z;;.

Now we proceed onto define the notion of neutrosophic n-linear
algebran > 3.

DEFINITION 3.1.5: Let V =V, UV, U ...V, be a neutrosophic
n-vector space over the real field F. If each V; is a neutrosophic
linear algebra over the field F then we define V to be a
neutrosophic n-linear algebra over the field F.

We illustrate this situation by some simple examples.

Example 3.1.15: Let V=V, 0V, UV UV, =

a b ¢

. a b
d e f|la,b,... ,hieZ ]l U
. c d
g h

a,b,c,de ZZI}
i

U {(aj, az, a3, a4) | 8; € 21, 1 <1 <4} U {Z][x]; all polynomials
in the variable x with coefficients from Z,I} be a neutrosophic 4
linear algebra over the real field Z, = {0, 1}.

Example 3.1.16: Let V= V] o V2 o V3 o V4 Y V5 U V6 =

a b

c d
{N(Q)[x]; all polynomials in the variable x with coefficients
from the neutrosophic field QI} U {5 x 5 neutrosophic matrices

a,b,c,de QI} U
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with entries from QI} U {7 x 7 neutrosophic upper triangular
matrices with entries from QI} U

a a a
a a allaeQl; v

a a a

{N(Q)} is a neutrosophic 6-linear algebra over the real field Q.

Now we will state the following theorem. The reader is
expected to prove it.

THEOREM 3.1.2: Let V=V, UV, U ... UV, be a neutrosophic
n-linear algebra defined over the real field F. Every
neutrosophic n-linear algebra is a neutrosophic n-vector space.
But in general a neutrosophic n-vector space need not be a
neutrosophic n-linear algebra.

We give an example of a neutrosophic n-vector space which is
not a neutrosophic n-linear algebra.

Example 3.1.17: Let V=V, UV, UV; UV, U V5=

a a a a a
a a a a allaeZ]Il; v

a a a a a

a,b,c,d,e,f,g,heZ 1} U

® e o o 9 ®
o 5 - o o
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a,b,c,d,ee N(Z,), U

o o o o ®

a 0 0
0 b d|la,b,c,de,f,geN(Z,); U
e f g

L)

be a neutrosophic 5-vector space over the real field Z;. Clearly
V is not a neutrosophic 5-linear algebra over the real field Z;.
For we see in V| we cannot define product so V; is not a
neutrosophic linear algebra over Z;.

X,y e N(Z, )}

V,= a,b,c,d,e,f,g,heZ1

® | oo o 0 ®
o 5 h a o

is not a neutrosophic linear algebra over Z; a product in V,
cannot be defined only addition is valid. V4 is a neutrosophic
linear algebra over Z;. However Vs and V; are not neutrosophic
linear algebras. Thus V=V, U V, U V3 U V4, U Vs is not a
neutrosophic 5-linear algebra over the field Z;. Hence the claim.

We now proceed onto define the notion of neutrosophic n-linear
subalgebra of a neutrosophic n-linear algebra.
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DEFINITION 3.1.6: Let V =V, UV, U ...V, be a neutrosophic
n- linear algebra over the real field F. Let W = W; U W, U ...
uW,cV, vV, u.. UV, be a neutrosophic n-linear algebra
over the field F then we call W to be neutrosophic n-linear
subalgebra of V over the field F.

We will illustrate this situation by some examples.

Example 3.1.18: LetV, UV, U V; UV, U Vs =

[

{(x1, X2, X3, X4, X5) | X; € N(Z1); 1 €i<53 v

a,b,c,de Z”I} U

0 0
c O0fla,b,c,de,f,geZ I U
d f

o o e

{Z11[x]; all polynomials in the variable x with coefficients from
Z1} U {10 x 10 neutrosophic matrices with entries from Z I}
be a neutrosophic 5-linear algebra over the real field Z,,. Take

W=W, uW,uW;uUW,uU Ws=

)

{(X1, X2, X3, X4, Xs) [ X; € Zp; 1 <1<53 U

ae Z“I} U

a 00 .
a a OflaeZ,l u{z‘ai)fi

i=0

a, EZHI;OSiSoo} )

a a a
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{all 10 x 10 upper triangular matrices with entries from Z,1} <
Vi u V, U V3 UV, U Vs W is a neutrosophic 5-linear
subalgebra of V over the real field Z,;.

Example 3.1.19: Let V=V, U V,UV; UV, =

a 0 0
b b 0O|la,bceZ I; U

c C C

a, eZ”I;OSiSoo} U

i=0

a b ¢
0 d ella,bcdefeZ, I U
0 0 f

a, a, a,; a,

a; a, a, a

a,eN(Z,);1<1<16

be a neutrosophic 4-linear algebra over the real field Z,7. Take
W=W,uW,uW;uUW,=

a 00
a a OfllaeZ,l; v

a a a

a, EZ”I;OSiSOO} )

0
)
2ax”

i=0
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a a a

a allaeZ, ;v
0 a
a a a a
b b b b

a,b,c,deZ,l

c ¢c c ¢
d d dd

c ViU VU V3 U Vg W is a neutrosophic 4-linear subalgerba
of V over the real field Z;.

We see in general all neutrosophic n-linear algebras need
not have neutrosophic n-linear subalgebras.

Suppose we have a neutrosophic n-linear algebra V which
no proper neutrosophic n-linear subalgebra then we call V to be
a simple neutrosophic n-linear algebra.

We will illustrate this situation by some examples.

Example 3.1.20: Let V=V, UV, UV;UV,U V5=

a a a

a a

aeZyly U130 a allaeZlr U
a a

0 0 a

a a a a a

a a a a a

a a a a allaeZJ; v

a a a a a

a a a a a

{(aaaaaaaa)|aeZyy} U
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aeZ,l

® O ® oW
T
S =)
» O © o

be a neutrosophic 5-linear algebra over the real field Z,. We see
V has no neutrosophic 5-linear subalgebra over the field Zo.
Thus V is a simple neutrosophic 5-linear algebra over Z,.

Example 3.1.21: Let V=V, uUV,UV;UV,UVs;UVsU V;
U Vg=

a 0 0 0

a a 00
aeZl, L

a a a 0

a a a a
. a a a

{Z“aixi aieZ7I;0Si£oo}u a a allaeNZ]D;u

=0 a a a

{N(Z;)} v {all 9 x 9 upper triangular matrices with entries
from Z;1} U

aeZl; v

O O v o
O v o
I
I I - -
[ I - -
U I - - -

{all 10 x 10 lower triangular neutrosophic matrices with entries
with entries from Z;1} U
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[0 2eeet

be a neutrosophic 8-linear algebra over the real field Z,. Clearly
V is a simple neutrosophic 8-linear algebra as the neutrosophic
linear algebras V, V3, Vg and Vg are simple neutrosophic linear
algebras over the real field Z,.

Now we proceed onto define yet another new substructures in
neutrosophic n-linear algebras.

DEFINITION 3.1.7: Let V =V, UV, U ...V, be a neutrosophic
n-linear algebra a real field F. Suppose W =W, oW, U ... U
W,cV, vV, u... UV, be a proper n-subset of V such that W
is a neutrosophic n-linear algebra over a proper subfield K of F

then we define W to be subneutrosophic n-linear subalgebra of
V over the subfield K of the field F.

We will illustrate this by some examples.

Example 3.1.22: Let V=V, UV, UV; UV, U V50U V¢=

a 0 0
b
{[a dJ a,b,c,deRI}u {RI} U4la a 0|laeNR); U
c
a a a

© .
ax'
=0

aieRI;OsiSoo} v

a a a a
b bbb
a,b,c,deRI}; U
c ¢c c ¢
d d d d
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{11 x 11 neutrosophic matrices with entries from the
neutrosophic field RI} be a neutrosophic 6-linear algebra over
the real field R, the field of reals. Take W = W; U W, U W3 U
W4 |\ W5 |\ W5 =

)

a a OflaeRIl} v

aeRI} U {QI} v

aeRIl}; U

a a a

O v o
O 0 o
O 0 o

I

{z:aix2i aieQI;OSiéoo} )
i=0

{all 11 x 11 neutrosophic matrices with entries from QI} < V;
U V, U V3 U V4 U Vs U Vg, W is a subneutrosophic 6 linear
algebra over the real field Q < R.

Example 3.1.23: Let V=V, UV, UV; UV, U V5=
a b
c d

0
0||a,b,c,d,earein N(RI) U
0

0 .
ax'
=0

a,b,c,de RI} )

o o
o o O

a, eRI;OSiSoo}
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U {N(R)} U {7 x 7 neutrosophic matrices with entries from RI}
is a neutrosophic 5-linear algebra over the real field R.
TakeW=W1uW2uW3uW4uW5=

Y

a 0 0
a,b,c,deQI}u b ¢ 0f|a,b,c,d,eeN(Q); U
d e O

i=0

aieQI;OSiSOO} )

{N(Q)} v {7 x 7 neutrosophic matrices with entries from QI} <
Vi U V, U V; U V4 U Vs is a subneutrosophic 5-linear
subalgebra of V over the subfield Q of R,

Now if a neutrosophic n-linear algebra V has no proper
subneutrosophic linear subalgebra over a subfield K of F (V is
defined over F), then we call V to be subsimple. neutrosophic n-
linear algebra.

We will illustrate this situation by some simple examples.

Example 3.1.24: Let V=V, 0V, UV UV, =
a b
c d

i=0

a,b,c,de ZJ} U

aieZ7I;0SiSoo} U

a, 0 0 O

a, a, 0 .
a,eZ1<1<10, U

a, a, a,

a; dg Ay 3y
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{N(Z;)} be a neutrosophic 4-linear algebra over the real field
Z;. Since Z; has no proper subfields that is as Z, is a prime field
we see V has no subneutrosophic 4-linear subalgebras. Hence V
is a subsimple 4-linear algebra.

Example 3.1.25: LetV=V, UV, U V3 UV,U V5=

a4, 2, a
a, a; a,|la, eQLl<i<9,u
a, ay, a,

i=0

a, eQI;OSiSoo} U {(NR)} U

a, 0 0 O
a, a, 0 )
a,eRl 0<i1<10; U
a, a, a,
a; dg dy 3y

{All 10 x 10 neutrosophic matrices with entries from RI} is a
neutrosophic 5-linear algebra over the field Q. Clearly Q is a
prime field so V has no subneutrosophic 5-linear algebra, hence
V is a subsimple neutrosophic 5-linear algebra.

In view of this example we have nice theorem which gurantees
the existence of subsimple neutrosophic n-linear algebras.

THEOREM 3.1.3: Let V=V, UV, U ... UV, be a neutrosophic
n-linear algebra over a real field F, where F is a prime field
i.e., has no subfields then V is a subsimple neutrosophic n-
linear algebra.

Proof: Follows from the fact that V =V, U ... U V, is defined
over the prime field F for a subneutrosophic n-linear algebra to
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exist we need the existence of a subfield in F. Hence V is a
subneutrosophic simple n-linear algebra.

A simple neutrosophic n-linear algebra need not in general
be a simple subneutrosophic n-linear algebra.

Example 3.1.26: Let V=V, UV, U V3 UV,U V5=

[

a,b,c,de N(ZH)} U

a, 0 O
a, a, 0 |la,eZ 1<i<6; U
a, a; ag

a, eZHI;OSiSoo} V)

i=0

a,eZ L1<i<10, v

o o
o o
o o
& o
S ©

{all 7 x 7 matrices with entries from Z;,1} be a neutrosophic 5-
linear algebra over the real field Z,;.
TakeW=W1uW2uW3uW4uW5=

a a
a a
a 00
a a OflaeZ,l; v

ae Z”I} U

a a a
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0 .
2ax”

i=0

a, eZ“I;OSiSoo} )

a a a a
0 a a a
a,eZ, ;L
0 0 a a
0 0 0 a
a 000 0 0O
a a 00000
a aa 0000Po0
a aaa 00 OfaeZl
a a a aa 00
a a aaaa 0
a a a a a a a

cViuV,uV;uV,u Vs
W is a neutrosophic 5-linear subalgebra of V over the field Z;.
But V has no subneutrosophic 5-sublinear algebra.

Hence the claim.

Now we define yet another new substructures.

DEFINITION 3.1.8: Let V =V, v V, v ... U V, be a
neutrosophic n-linear algebra over the real field F. Let W = W,
uUW,v... W, VUV, UL UV, be such that Wis only a
neutrosophic n-vector space over F and not a neutrosophic n-
linear subalgebra of V; then we call W to be a neutrosophic
pseudo n-vector subspace of V or W is a pseudo neutrosophic n-
vector subspace of V.

We will illustrate this situation by some simple examples.
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Example 3.1.27: Let V=V, UV, UV;UV,U V5=
a b
c d

c
f ||a,b,c,d,e,f,g,h,ieQl; U

i

a,b,c,de N(Q)} )

s o o

a
d
g

i=0

a, eN(Q);OSiSoo} U

{N(Q)} U {5 x 5 neutrosophic upper triangular matrices with
entries from N(Q)} be a neutrosophic 5-linear algebra over the
real field Q.

TakeW=W1uW2uW3uW4uW5=
0 b
c 0

{Zgl ax'
i=0

0 a b
b,ceN(Q)}u 0 0 cl|a,b,c,deQI; U
d 00

a, eN(Q);OSiSS} U {QI} U

a,b,c,d,e e N(Q)

o O O o O
S A o o O
S O o o O
S O o o O
S O O o W
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cViu VU V3 U V,U Vs W is only a neutrosophic 5-vector
space over the field Q; thus W is only a pseudo neutrosophic 5-
vector subspace of V over Q.

Example 3.1.28: Let V, UV, UV; UV, U V50U V=

c
f |la,b,c,d,e,f,g,h,ieN(Z,); U

i

a, eN(ZZ)} U {a bj
a b

{5 x 5 neutrosophic matrices with entries from Z,I} U {7 x 7
neutrosophic matrices with entries from Z,I} U {4 x 4
neutrosophic matrices with entries from Z,I} be a neutrosophic
6-linear algebra over the real field Z,.
TakeW:W1UW2UW3UW4UW5UW6:

Q@ o e
=5 o o

a,be N(Zz)} U

0 .

1

2 ax
i=0

a,b,ceN(Z,); v

) 0 b
a, eN(Z2);O§1S29} v { j
a 0

o o O
S o O
oS o .

a,be N(Zz)} U

29 _
{Zaix‘

i=0

a,b,c,d,eeZ,l; U

o o O O O
S Ao o O
oS ©oO O o O
S O O O W

S O o o O
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aeZ,l, U

D O 0 o o o o
N = ===
N ===
O N OO O
oMM O O

0 M O

[ < R - I A R

a,eZ,;1<i<10

S o O
o
[}

0
[}
w2

o
=

cViuV,uV;uV,u Vsu V.

It is easily verified that W is only a neutrosophic 6-vector
space over Z,, so W is a pseudo neutrosophic 6-vector subspace
of V over Z,.

Now we proceed onto define pseudo subneutrosophic n-vector
subspace of V.

DEFINITION 3.1.9: Let V =V, v V, v ... UV, be a
neutrosophic n-linear algebra over a real field F. Suppose W =
w,ow,uv..uWwW,cV, UV, ... UV, be a neutrosophic n-
vector space over a subfield K of F then we call W to be a
pseudo subneutrosophic n-vector subspace of V over the
subfield K of F.

We will illustrate this by some simple examples.
Example 3.1.29: LetV=V, UV, U V3 UV,U V5=

[

a,b,c,deN(R)} v {NR)} U
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a, a, a,|la,eRll<i<9; v
a, a; ag
a, a, a, a

a, e N(R);1<i<16, U
10

{N(R)[x]; all polynomials in the variable x with coefficients
from N(R)} be a neutrosophic 5-linear algebra over the real
field R. TakeW=W1 v W u W3 u WU Ws

&)

a,b,c,deQI} U {QR)} v

a, 0 O
a, a; 0 |la,eQLl<i<6, U
a, a; a

a, e N(Q);1<i<10; U

{N(Q)[x]; all polynomials in the variable x with coefficients
from N(Q)} < V; U V, U V3 U V4 U Vs is a subneutrosophic 5-
linear subalgebra of V.

This will be different from pseudo subneutrosophic 5-vector
subspace of V.
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TakeW=W1uW2uW3uW4uW5=

0 0 a
{2 zj b,ceQI}u{QI}u 0 b 0f|a,b,ceQl; U
c 00
0 0 0 a
0050 a,b,c,deQI u{ia.xi a.eQI;OSiS41}
0 c 00 =" |
d 0 00

cViu VU V3 U V,U Vs W is only a neutrosophic 5-vector
space over the field Q (Q a subfield R).

W is a pseudo subneutrosophic 5-vector subspace of V over
the subfield Q of R.

Example 3.1.30: Let V=V, UV, U V;UV,U VsU V¢ =
{N(R)} v {N(R)[x]; all neutrosophic polynomials in the
variable x with coefficients from N (R)} U

a, a, a,
a, a; a,|la,eNR);I<i<9; U
a7 ax a’9

a, eRL1I<i<16; U

{All 8 x 8 matrices with entries from the neutrosophic field RI}
U {6 x 6 matrices with entries from the neutrosophic 6-linear
algebra over the real field R} be a neutrosophic 6-linear algebra
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=W, uW,uW;uUW,uU Ws U

over the real field R. Take W

W= {QI} L

aieQI;OSiSSO}u

50

1
2ax
-

)

J‘a,b,ce QI} U
}a,b,c,d,a,ee Qll U

0 0 a
0 b 0
c 0 0

M

O o o O

S O < O

S o T O

S O O o

D)

—

o

w

—

o

<

en

S

o]

S

e

<
8 O O O O O o O
S 0o O O O O O O
S O T O O O o O
S O O v O O O O
S O O O o o O
S O O O o o o O
S O O O O O o o
S O O O O O O -

—

o

w

<

[oF

=

en

[

S

o

O

o]
O O O O O O
S v O O O O
<t O~ o O O
S O O o o O
S O O O o o
S O O O O =

238



c Vi uV, U V; UV, U Vs U Vg W is a pseudo
subneutrosophic 6-vector subspace of V over the real field Q.

If a neutrosophic n-linear algebra V=V, U V, U ... UV,
does not contain any pseudo subneutrosophic n-vector subspace
over a subfield K of F where V is defined over F; then we call V

to be a pseudo simple subneutrosophic n-vector space over the
field F.

We will illustrate this by some simple examples.

Example 3.1.31: Let V=V, UV, UV;UV,U V5=

[

a, a, a; a,

a,b,c,de z71} U {N(Z)} U

7 8 .
a,eZ,L;1<i<16; U
2y A 3y

alé

i=0

aieZ7I;0Si§oo} )

a b ¢
d e f|la,b,cde,f,ghicZ]l
g h i

be a neutrosophic 5-linear algebra over the real field Z;. Since
7, is a prime field it has no proper subfields. Hence V does not
contain any pseudo subneutrosophic 5-vector subspace over Z;.

Hence V is a pseudo simple subneutrosophic 5-vector space
over the field Z-.
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Now we proceed onto define linear transformation of
neutrosophic n-vector space over the real field and discuss a few
of its properties.

DEFINITION 3.1.10: Let V =V, v V, v ... UV, be a
neutrosophic n-vector space over a real field F and W = W; v
Wy v ...u W, be a neutrosophic n-vector space over the same
real field F. DefineT: V > W.T=T,vT,u..UT,: V=V
uhu... vV, >W=w,UW,u.. UW,by T(V;)) = W, such
that no two distinct V;’s are mapped on to the same W;; 1 <i, j <
n, where T; is a neutrosophic linear transformation from V; into
Wi 1<i,j <nm, fori=I, 2,3, ..n WecallT=T, vT, U .. U
T, to be a neutrosophic n-linear transformation of V into W.

If W =V then we call T to be a neutrosophic n-linear
operator on V. The set of all neutrosophic n-linear
transformations of Vinto W, V and W defined over a real field F
is denoted by

N Homg(V, W) = {all neutrosophic n-linear transformations
of Vinto W}. NHomy (V, V) = {Collection of all neutrosophic n-
linear operators of Vinto V).

It is interesting and important to note that V.=V, U ... U V,
and W = W, U ... U W, are both defined over the same field F
and both of them are only neutrosophic n-linear vector spaces.

We will illustrate by an example the neutrosophic n-linear
transformation of V into W.

Example 3.1.32: Let V=V, U V,UV;UV,U V5=

e

a,b,c,de ZSI} U

a,b,c,d,e,fe(Z;); v

o o e
o o O
- O O
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a,b,c,d,e,f,g,h,i,je ZJI; U

Qe o o o
5 o o O

- o O
—_— O O O

—

6 .
ax
i=0

a, EZ5I;OSiS6}u

a,b,c,d,ecZ.I

S O O O e
S O o o O
S O o o O
S A o o O
o O O O O

be a neutrosophic 5-vector space over the real field Zs. W = W,
UW,uW; U WU W=

b ¢
d ella,b,c,defeZl; U
0 f

S O e

{(a,b,c,d)|a,b,c,e e Zsl} U

a b c d
0 0 0 O
a,b,c,d,e,f,g.heZ]I; U

e f g h

00 0 O

9 .
{Zaix' aieZSI;Osis9} U

i=0
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a,b,c,d,e,f,heZ]l

S O O O O O @
S O O O o o o
S O O o o o O
S O O A O O O
S o o0 O O O O
S O O O O O
5o O O O O O

be a neutrosophic 5-vector space over the field Zs.
DefineT:V—)Wi.e.,T=T1UTZUT3UT4UT5:V=

ViuV,uV; uUV,U Vs 5> W=W, UW,U W3 UW,U W;s
where

T,:V,—> Wz,

T,:V,—> Wl,

T3 . V3 e W4,

T4 . V4 e W5
and

T5 . V5 e W3.

= a, s C, ;
1 d

C

T,

o o ®

o o O

- O O
I

S o .

S a o

=(a+bx+cx’ +dx +ex’ + i+ gx® + hx’ +

e o o o
= o o O

- o O
— O O O

e

ix® +jx’);
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a, 0 0 0 0 O
0 a, 0 0 O O
] 0 0 a, 0 0 O
Ty {Zaixi}Z 0 0 0 a, 0 O
0 0 0 0 0 a, O
0 0 0 0 0 a
|0 0 0 0 0 O
and

fa 0 0 0 O]
a b c d

0 b 00O
0 00O

Ts{0 0 ¢ 0 0=

e a b c

0 00 doO
0 00O

100 0 0 e

It is easily verified that T is a neutrosophic 6-linear

transformation of V into W.

Example 3.1.33: LetV=V1 UV2UV3 UV4 UVs UV6:

[

{(a,b,c,d)|a,b,c,d e N(Q)} L

a,b,c,de N(Q)} U

o o e

00
¢ O0||a,b,c,d,e,feQl; U
e f

5 .
ax'
i=0

aieQI;OSiSS} )
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a b ¢
0 e g a,b,c,d,e,f,g,h,i,jeQl; U
00 h i
00 0 j
a 00 0
boc 0 Ol bedef.ehijcql
d e f O
g h i j

be a neutrosophic 6-vector space over the field Q. Define T =T,
UTQUT3UT4UT5UT6ZV:V1UV2UV3UV4UV5UV6
> V=V, uUV,u V;UVsU VsU V4 by

T1 ZVl —)Vz,

T2 : Vz —)Vl,

T3 : V3 —)V4,

T4: Vs> Vs,

Ts: Vs — Vg
and

T¢: Ve— V5

a b
Tl[ J = (aa b: c, d),
c d

a b
TZ(a9b5Cad):[ ja

defined as follows:

c d

T; =(a+bx+cx’ +dx’ +ex' + X)),

o o e
o o O
-h O O
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a, a, a
a b ¢ d a 0 0 O
0 e f g b c¢c 00
Ts A
0 0 h 1 d e f O
0 0 0 j g h 1 j
and
a 0 0 O a b ¢ d
b c¢c 00 0 e f g
T6 = .
d e f O 0 0 h 1
g h i j 0 0 0 j

It is easily verified that T is a neutrosophic 6-linear operator on
V.

Now we proceed onto define other types of neutrosophic n-
linear operators which will be know as the usual or common
neutrosophic n-linear operators.

DEFINITION 3.1.11: Let V =V, o V, v ... UV, be a
neutrosophic n-vector space over a real field F.

Let T: V= Vbean-map suchthat T=T, 0T, U... UT,:
V=V, vuV,u..uV, >V, ulV,u.. vV, whereT;: V;, >
Vi i=1, 2, ..., nifeach T; is a linear operator then we define T :
V' — V to be a neutrosophic common n-linear operator on V or
common neutrosophic n-linear operator on V.

We will denote the collection of all common neutrosophic n-
linear operators on V by CN Homy (V, V), clearly CN Homy (V,
V) is a neutrosophic n*-subvector space of NHomg (V, V).

Further CN Homp (V, V) = Homg (V;, V1) © Homp (V,, V)
U ... UHompg (V,, V).

We will illustrate this situation by an example.
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Example 3.1.34: Let V = V] ) V2 ) V3 o V4 ) V5 U V6 U V7

Ao

{(a,b,c,d)|a,b,c,d e Z I} L

a,b,c,d eZ”I} U

{iaixi a, EZ”I;OSiSIZ} )
i=0
a b c
[d e f|la,b,c,def,ghicZ I U
g h i
a 0 0 0O
0 b 00O
0 0 ¢ 0 Of|a,be,diecZ,,Ir U
00 0do
0 0 0 0 e
0 0 ab d
0 0 0 ¢ f
0 00 0 g
a,be,f,g.deZ I U
a 0 0 0O
be 000
d f g 00

a, a, a; a,
s a;, a, aglla,eZ1<1<12

a‘) a10 all a12
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be a neutrosophic 7-vector space over the field Z,;.

DefineT: V,uV,uV;uV,uVsuVeuV, >V, UV,
UVsuV,uVsuVeuVywhere T: Ty U T,u ... U T;such
that T;: Vi, > V;;1=1,2, ..., 7.

T, : Vi = V| is a neutrosophic linear operator on V; defined by

a b a b
Tl = )
c d 0 d
T, is a neutrosophic linear operator on V, defined by T,: V, —

V,and Ty(a, b, ¢, d)=(a, b, a, b).

T; is a neutrosophic linear operator on V3, T3: V3 = V; is given
by

12
i 2 4 6 8 10 12
T, (Zaixlj =(ap + ax" + asXx" +agx’ +agx’ tajXx +apXx ).
i=0

T4 : V4 — V,is a neutrosophic linear operator given by

a b c
T4def:
g h

i

oS O W

b ¢
e f
0 i

and Ts : Vs — Vs is a neutrosophic linear operator given by

a 0000 fa 0 0 0 0
0bo0O0O||0a+th 0 0 0
Ts{0 0 ¢ 0 0|=[0 0 b+c 0 0
000do| |0 0 0 c+d O
0000%e)|0 0 0 0 d+a]

Ts : Vs = Vg is a neutrosophic linear operator on Vg given by
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0 0 a b d 0 0 a+b b+d d+e]

0 0 0 e f 0 0 0 f+e f+g
T 0 00 0 g 0 0 0 0 g

a 0 0 00 a+b 0 0 0 0

b e 000 b+d f+e 0 0 0

d f g 0 0) |d+te f+g g 0 0 |

and

T7 : V; = V5 is a neutrosophic linear operator on V; given by

a, a, a; a, a, a, a, a
T;|a; a, a, a,|=|a, a, a, a,
a9 alO all alZ alZ a11 alO a9

It is easily verified that T = Tl U T2 o T3 ) T4 v T5 ) T6 & T7
is a neutrosophic 7-linear operator on V.

Now we define two types of neutrosophic (m, n) linear
transformation of a neutrosophic m-vector space into a
neutrosophic n-vector space m # n and m > n.

DEFINITION 3.1.12: Let V =V, v V, v ... UV, be a
neutrosophic m-vector space over the real field F and W = W,
UW, U ...UW, be a neutrosophic n-vector space over the same
field F; (m #n) and m > n).

LetT=T, T, v.. UT, be a m-map from V into W such
that T, o, v..0oT,:Vi,ouV,u..uV, >W, oW, u... U
W, given by T; : V; = W, it is sure to happen that more than
one V; is mapped onto a W, such that each T; is a neutrosophic
linear transformation from Vito W;; 1<i <m and 1 <j <n.

Then T=T;, T, U.. UT, is defined as a special (m, n)
neutrosophic linear transformation of V to W.

We will first illustrate this situation by an example.
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Example 3.1.35: Let V=V, UV, UV; UV, UVsU V¢=

(A

{(a,b,c,d,e,f)|a,b,c,d,e,feQI}U

a,b,c,de QI} )

a4, 4

a b
a, a,|la,eQLl<i<6 U{[c dj a,b,c,deQI}v
aS a6
a, a, a, a
b Tl eQLl<i<8)y U
a; a, a, a,
al a’2
a, a, .
a,eQL1<1<8
aS a6
a; ag

be a neutrosophic 6-vector space over the field Q.
LetW=W1 UWQUW3UW4:

a b
¢ d|la,b,c,d,e,feQl} U
e f

7 .
2ax
i=0

a, eQI;OSiS7} U {(a,b,c,d)|a,b,c,d e QI} U
al a2 a3
a, a; ag
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be a neutrosophic 4-vector space over the real field Q.
DeﬁneT=T1uTzuT3uT4uT5uT6:V=V1UV2u

V3UV4UV5UV6—)W:W1UW2UW3UW4by

T1 : Vl d W3

T,: V,—> Wy

T;:V; > W,

Ts:Vsi— Wl,

Ts: Vs > W,
and T6 : V6 e W3
where each T; is a neutrosophic linear transformation from V; to
W;i=1,2,...,6andj=1,2,3,4.

T, : Vi > W;j is defined by

a b
Tl[ J = (aa b: C, d)5
c d

T, is a neutrosophic linear transformation from V, to Wj.

T, : Vo, = Wy is such that

To(ab.c.d e f a b c
a, ,Cﬁ ,e, = .
2 d e f

Clearly T, is neutrosophic linear transformation from V, to Wi.

T;: V3 > W, is given by

al aZ al a3
T;|a, a,|=]a, a;
aS aé a() a4

T; is a neutrosophic linear transformation from V; to W.

T4: V4 — Wi is defined by

0
T4 0
f

o o e
o o O

B a+b d
C e+f
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T, is a neutrosophic linear transformation of V4 to W.
Ts5: Vs — W, is such that

a, a, a, a

1 2 3 4

Ts =a; tax+ a3x2 + 214x3 + a5X4 + agx’ +
aS a6 a7 a8

ax® + agx’
Ts is a neutrosophic linear transformation of Vs to W,.

Ts : V6 > Wj is defined by

a, a,

T =@+ + + +

6 = (a + ay, a3 + a4, as + as, a7+ ag).
aS a6
a; g

Clearly T is a neutrosophic linear transformation of V¢ to Wj.
Thus T = (T v T, U T; U Ty U Ts U Te) is a (6, 4)
neutrosophic linear transformation of V to W.

DEFINITION 3.1.13: Let V =V, vV, v V; v ... UV, be a
neutrosophic m-vector space over a field F and W =W, oW, v
. UW, be a neutrosophic n-vector space defined over the same
field F (m #n, m <n). Defineam-map, T=T, VT, U... UT,:
V=V,uV,u..uV,into W, oW, ... W, such that T; :
Vi = W; where each V; is mapped into a distinct W;; 1 < i <m
and 1 < j < n; where each T; is a neutrosophic linear
transformation of V; to W,

We define T =T, v T, U ... UT, as a (m, n) neutrosophic
linear transformation of 'V into W.

We will illustrate this situation by an example.
Example 3.1.36: Let V=V, UV, U V3 UV,U V5=

(al a, a3J
a, a; ag

a, eZI7I;ISiS6} )
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al a2
a, a,
a; ag ||a;eZ,1<i<10; L
a, a,
aQ alO
11 ) a b
{Zaix1 aieZwI;OSiSll}u ( ja,b,c,deZ”I U
i=0 c d
a, 0 0 O
a, a, 0 .
a,eZ,1;1<1<10
a, a; a,

be a neutrosophic 5-vector space over the field Z;;. Let W = W,
UW,uUW3; U WU W50 Weu W, =

a 0 0
b ¢ 0]la,b,c,de,feZ I U
d e f

(al a, a; a, a; a6]
a7 a'8 a9 a10 all a12

a e ZI7I;1§iSI2} )

a d e b

g h 1 j .
a,bad’eag,h’l’_]akalam:nasap,qﬂr62171 %

k 1 m n

s p q r

{(a,b,c,d,e)|a,b,c,d, e e Z;1} U
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a, 0 0 0 O
0 a, 0 0 O
0 0 a;, 0 O]laeZ,LI<i<5; v
0 0 0 a O
0 0 0 0 a

i=0

a, eZl7I;0SiS9} U

a,eZ, ;1<i<12

be a neutrosophic 7-vector space over the field Z,;. Define T =
T, uT; T, UTs: V=V,uUuV,UV; UV, U Vs 5> W=
W, U W, U W5 U WU Ws U Wy U W5 such that

T,:Vi> Wy,

T,:V,—> Wé,

T;:V;—> Wz,

T4 . V4 e W3,
and

Ts: Vs > Ws.
where

T, : Vi > W, is a neutrosophic linear transformation given by

a, 0 0
a, a, a
1 2 3
Tl[ Jz a, a; 0
a, a; ag W 4 a
4 5 6

and

T, : V, > Wq is defined by
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a, a,
_ 2 3 4 5 6
Trla, a, | =(atax+ax" +aX +asx +ax +ax +
a, ag
a9 alO

agx’ + agx® + aloxg)
is a neutrosophic linear transformation of V, to Wg.

T; : V3 > W, is given by
11
. a, a, a, a, a., a
1 2 3 4 5 6
i=0 a, a3 a9 a 3aA;
T; is again a neutrosophic linear transformation from V; to W.

Consider T4 : V4 — W3 given by

Tab_
4cd_

T, is also a neutrosophic linear transformation from V4 to Ws.

o o O e
S O o O
S O O O
o o o o

Ts: Vs > W5 defined by

a,+a, 0 0 0 0
a, 0 0 O
0 a,+a, O 0 0
a, a;, 0 O
T, = 0 0 as+a, O 0
a, a; a, 0
0 0 0 a,+a; O
a, ag a, a
o 0 0 0 0 a,+a,
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is a neutrosophic linear transformation. Thus T=T; U T, U T;
U T4 U Ts is a (5, 7) neutrosophic linear transformation of V to
W.

Now having defined several types of neutrosophic n-linear
transformations of neutrosophic n-vector spaces V and W we
can define in a similar way all types of neutrosophic n-linear
transformation for neutrosophic n-linear algebras with
appropriate changes.

We will only illustrate them by examples as modified
definitions can be easily obtained by any reader.

Example 3.1.37: Let V=V, U V,uUV; UV, =

[

{(a1, a, a3, a4, a5, 86) | @; € Z3; 1 <1 <6} U

a,b,c,de ZUI} v

a, 0 0
; 0 la,eZ,1<i<6, U

a, a; ag

a a

2

7 A .
a,eZ;I1<i<16

a9 a10 all a12

a16

be a neutrosophic 4-linear algebra over the field Z;. Let W =
W, uW,uW; U W, =

al a2 a3
0 a, ay|la,eZ1<i<6, U
0 0 a,
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a,b,c,deZ,l; U

S O O W
S O o O
S o O O
o o O O

a, a, a; a, a;]|laeZ,;1<1<25

be a neutrosophic 4-linear algebra over the field Z;5. Define a 4-
Il’lapT:TlUT2UT3UT4:V:V1UV2UV3UV4—)W1U
W, U W3 U Wy as follows.

T1 . V] e Wz,

T2 : Vz e d W],

T3: V3 e d W4
and

T4 : V4 d W3
so that each T; is a neutrosophic linear transformation.

T, : Vi = W, is such that

a 0 0 0
a b 0 b 0O
Tl =
c d 0 0 ¢c O
0 0 0 d

is a neutrosophic linear transformation of neutrosophic linear
algebras V; into W».
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T, : V, — W, is such that
al a2 a3

Ta(ar, a, a3, a4,8s5,36) = | 0 a, a;

0 0 a

6
is a neutrosophic linear transformation of V, to Wy.

T; : V3> W, is defined by

a, 0 0 0 O

a, 0 0 a, 0 0 O
T;(a, a, 0|={0 0 a, 0 O
a, a; a 0 0 0 a, O

0 0 0 0 a;

is a neutrosophic linear transformation of V3 into Wy.

T4: V4> W3 given by

a, a, a, a,
7|3 2 8 a _[al+a2+a3+a4 as+a, +a, +a, }
) -
a9 alO all alZ a9 + alO + all + a'12 a13 + al4 + alS + alﬁ

is a neutrosophic linear transformation of V4 into W3.

Thus T =T, U T, U T; U T4 is a neutrosophic 4-linear
transformation the neutrosophic 4-linear algebra V=V, U V, U
V; U Vy into the neutrosophic 4-linear algebra W = W, U W, U
W; U W,

We will now give an example of a neutrosophic n-linear
operator.

Example 3.1.38: Let V=V, U V, U V3 U V, U Vs be a
neutrosophic 5-linear algebra over the field Z,; where
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s

Vo= {(ai, a, a3, a4, as, a6) | a; € Zy7], 1 <i< 6},

a,b,c,de Z”I},

a, 0 O
Vi=4la, a;, 0 |a,eZ,L1<i<6;,
a, as ag
a, 0 O
0 a, )
Vy= a,eZ ;1<1<4
0 0 a,
0 0 0 a,

and

Vs = {all 6 x 6 neutrosophic matrices with entries from Z;1}.
DeﬁneT:T1UT2UT3UT4UT5ZV:V1UV2UV3U

V,uUVs—>V=V,uUV,uUV;uUV,;uU Vs; where

T11V1—)V4;
Tz:Vz—)V3;
T3ZV3—)V2;
T4ZV4—)V1
and
T5:V5—)V2
such that
a, 0 0 0
a b 0 a, 0 O
T, = 5
¢cdl |0 0 a 0
0 0 0 a,
a, 0 O

T2 (ala ay, as, 44, as, aﬁ) = a’2 a’3 0 ;
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T;|a, a, O |=(a,ay, as, as, as, a);
a, a; a
a, 0 O
I, 0 a, 0 0| (al azJ
0 0 a, O a, a,
0 0 0 a,
and
a, a, a, a, a; a
a'7 a8 a9 a10 a'll a'12
Ts R A (a1, ay, a3, a4, as, ag).

It is easily verified T =T, U T, U T3 U Ty U Ts is a
neutrosophic 5-linear operator on V. Clearly T is not a usual
neutrosophic 5-linear operator on V.

We will now illustrate by the example the usual
neutrosophic n-linear operator on V.

Example 3.1.39: Let V=V, UV, UV; UV, UVsU V¢=
a b
c d

{(a1, a2, a3, a4, as, @, a7) | aj € Zpol, | <1< T} U

a,b,c,de Zwl} )

a, 0 0 O

a, a, 0 .
aeZ,;1<i<10> U

a, a; a
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{All 5x5 neutrosophic matrix with entries from Zol} U {8 x 8
neutrosophic diagonal matrices with entries from Zol} U

a, a, a, a,
0 a, a, a
>0 T la, eZ,1<i<10
0 0 a; a,

0 0 0 a

be a neutrosophic 6-linear algebra over the real field Zs.

Define T=Ti, T, uT: T, UTsUT¢: V=V, U V,uU
VzuV,uVsuVg>ViuV,uVzuV,uVsu Vg=V
such that T; : V;, > V;fori=1, 2, ..., 6.

T, : V; = V; such that
a b b a
T, = >
c d d ¢
T, : V, > V, is defined by

T, (a1, a2, a3, a4, as, ag) = (a; + A, @y + a3, a3+ a4, a4+ as, as + ag,

de + al)a
a, a, a; a, a, 0 0 O
T, 0 a; a, a, R 0 a, 0 O
0 0 a, a 0 0 a, O
0 0 0 a 0 0 0 a,

where T; : V3 — V3 ;

T4 : V4 — V4is such that
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a, a, a, a, a a, 0 0 0 O
a, a, ag a, a, a, a, 0 0
Tia, a, a; a, as|—>|a, a; a 0 0
a16 a17 a18 a19 a20 a7 ag a9 alO 0
a21 a'22 a’23 aZ4 a25 a'11 alZ a13 a14 a15

T, is a neutrosophic linear operator on V.

Ts : Vs > Vs is such that T5; maps any 8 x 8 matrix into the 8 x
8 diagonal matrix

Ts : Vs — Vi is such that

a, a, a,; a, a, 0 0 O

T, 0 a, a, a, IR 0 a, 0 O
0 a, a, 0 0 a, O

0 0 0 a 0 0 0 a

T is a neutrosophic linear operator on Vg. Thus T=T; U T, U
T; U T4 U Ts U T is a usual neutrosophic 6-linear operator on
V:V1 UVQUV3UV4UV5UV6.

Example 3.1.40: Let V = ViuV,uVsuV,uVsu Vgu V4

a,b,c,deQl; U
c d

a, 0 O
a, a; 0 |la;eQLl<i<6; U
a, as ag
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0 a, a|la,eQLl<i<6; U
0 0 a

{All 5 x 5 neutrosophic matrices with entries from QI} v {all 7
x 7 neutrosophic diagonal matrices with entries from QI} U

a, 0 0 0

a, a, 0 0

2 a,eQL1<i<10fuU

a, a;, a, O

a7 a8 a9 alO

a, a, a; a,

0 8 8 &l QLI<i<10
0 a; a,

0 0 0 a,

be a neutrosophic 7-linear algebra over the field Q.
Let W=W, UW,UW;UW,={(a,b,c,d, e, f)|a,b,c,d,

e,feQl}u
a b
c d

{7 x 7 neutrosophic upper triangular matrices with entries from

Ql} v

a,b,c,de QI} U

a, 0 0 O
a, a; 0 )
a, eQL1<1<10
a4 aS 6
a; A3 Ay 3y

be a neutrosophic 4-linear algebra over the real field Q.
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Define T=Ti VT, uUuT; T, UTsUTguT;: V=V, U
V,uV;uV,uVsuUVguU V, > WU W, u W3 U W, as
follows.

T, :V, —> W,where

T a b B a+b b+c
! c d c+d d+a)’
T, : V, > W, defined by
.00

Tr|a, a; 0 |=(ay,a, a3 a4, as, a) ,

a

a a a

4 5 6

T; : V3 > W, is defined by

a a a

1 2 3

T3 | 0 a, a;|=(ay,a, a3, a4, as, a),

0 0 a,

T4 : V4 — Wy is such that

T4a

Ts : Vs > Wj is defined by

a, 0 00 00O a, a, a, a, a, a, a,
0a 0 0 0 0 O 0 a, a, a, a, a, a,
0 0a;, 00 0O 0 0 a; a, a; a; a,
Ts{0 0 0 a, 0 0 0|={0 0 O a, a, a, a,
0 00 0a 0O 0 0 0 0 a; ay a,
0000 O0a O 0 0 0 0 0 a, a
00 0 O0 0 0 a 00 00 O0 0 a
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Ts : Vg > W4 defined by

a, 0 0 O a, 0 0 O

a, a, 0 0| |a, a 0 O
Ts =

a, a;, a, O a, a, a, O

a7 aS a9 a’lO a4 a’3 a’2 a'1

a, a, a; a, a, 0 0 O
T, 0 a, a, a, 3y 0 0
0 0 a; a, a, a; a, O
0 0 0 a a, a;, a, a,

T=T/oTLUT,UT,3uTsUTcuUT;: V=V, UV,U VU
V4UV5UV6UV7—)W1UW2UW3UW4iS3(7,4)
neutrosophic linear algebra transformation of V into W.

Example 3.1.41: LetV=V, U V,UV;UV,U V5=

[

{(a, a, a3, a4, a5, 86, a7, 8g) | a; € Z71; 1 <1< 8} L

a,b,c,de Z7I} U

a b c
d e f|la,b,cdef,ghicZI; U
g h

i
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a,eZL1<i<10, v

a7 aS aQ a10

{5 x 5 diagonal neutrosophic matrices with entries from Z,I} be
a neutrosophic 5-linear algebra over the real field Z;. Let W =
WU W, U WU WU Wsu WU Wy = {8 x 8 neutrosophic
diagonal matrices with entries from Z;1} U

[

a,b,c,de Z7I} U

a, a, a,; a,
0 a, a, a

> T lla, eZ1<i<10} U
0 0 a; a,
0 0 0 a,

{(a1, a, a3, a4, a5) | @5 € Z71; 1 <1 <5} U {4 x 4 neutrosophic
diagonal matrices with entries from Z;1} U

a b c

0 d ella,bc,def,eZl; U
0 0 f

a, 0 0

a, a; 0 |la,eZ;1<i<6
a, as ag

be a neutrosophic 7-linear algebra over Z;.
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DeﬁneT=T1UT2uT3UT4UT5:V=V1uV2uV3u
Vs U Vs > Wy U W, U W3 U WU Ws U W U W5 as
follows;
T1 : V] e d W5,
T,:V, > Wy,
T;:V; > W,
T4: Vs> W,
and
Ts: Vs —> Ws
defined in the following way.

T, : Vi = W5 is such that

a 0 0 0
T, (a bJ: 0 b 0O ’
c d 0 0 c O
0 0 0 d
T, : V, >W, is defined as
a, 0 00 00 0O
0a, 0000 0O
0 0a, 000 0O
T, (a1, a, a3, a4, as, as, a7, ag) = 00 02 007079 ,
000 0a 00O
00 0 O0O0a 00
00 0O0O0O0a, O
00 0 0 0 0 0 a
T;: V3 > W is given by
a b ¢ a 0 0
T;|d e f|=|b ¢ 0,
g h i d e f
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and T4 : V4 — Wi is defined as

a, 0 O a, a, a; a,
T, a, a;, 0 _ 10 a; ag a ’

a, a; a, O 0 0 a; a,

a, a;, a, a 0 0 0 a

a, 0 0 0 O
0 a, 0 0 O
Ts| 0 0 a, 0 0 |=(a5ayas asas).
0 0 0 a, O
0 0 0 0 a

It is easily verified that T=T, U T, U T; U T4 U Tsis a (5, 7)
neutrosophic linear transformation of V to W or neutrosophic
(5, 7) linear transformation of V to W.

Now having seen several types of neutrosophic (m, n) linear
transformation of neutrosophic m-linear algebra and
neutrosophic n-linear algebra now we proceed onto define more
properties about these neutrosophic n-linear transformation of
neutrosophic n-linear algebra.

We have defined several subalgebraic structures of neutrosophic
n-linear algebras (n-linear vector spaces) we now define
subspace preserving n-linear operators in case of neutrosophic
n-linear algebras (n-vector spaces).

DEFINITION 3.1.14: Let V =V, v V, v ... v V, be a
neutrosophic n-vector space over the real field F. Suppose W =
W, oW, ... UW, be a neutrosophic n-vector subspace of V
over F. Let T=T;, uT, U .. UT, be a neutrosophic n-linear
operator on V. Suppose T; (W;) < W, for every W, i =1, 2, ..., n
then we call T=T, v T, U .. UT, to be a vector subspace
preserving neutrosophic n-linear operator on V.
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It is important to note that in general every neutrosophic n-
linear operator on V need not preserve every neutrosophic n-
vector subspace of V or even a single neutrosophic n-subspace
of V.

We will say however the neutrosophic n-linear operator T
which is the identity operator on V however preserves every
neutrosophic n-vector subspace of V.

We will illustrate subspace preserving neutrosophic n-linear
operator by an example.

Example 3.1.42: Let V=V, UV, U V;UV,U V5=
a b ¢
d e f|la,b,c,def,ghiecQl;u
g h i
a b
c d

i=0

a,b,c,de QI} )

aieQI;OSiSOO} )

a b c¢c d

0 e f g ..
~||a,b,c,d,e,f,g,h,i,j,keQl;y U

0 h i j

0 0 0 k

a, a, a, ||la,eQLl<i<12

a9 a10 a1 1 a12

6

be a neutrosophic 5-vector space over the field Q.
TakeW=W1uW2uW3uW4uW5=
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[
(S
(S

allaeQl;u

i~
o

o
IS
IS

i=0

aieQI;OsiSw} U

a,b,ce QI} U {ZaiXZi

aeQl; v

o o o
o & o W
o & o W
LI SO OIS

a, a, a, a,
a, a, a, a,|la,eQLl<i<4

3 9y

c V, U V,uU V; UV, U Vs, be a neutrosophic 5-vector
subspace of V over the field Q.

DeﬁneT:T1UT2UT3UT4UT5ZV:V1UV2UV3U
V4UV5—)V:V1 UV2UV3UV4UV5anOHOWS. TiZVi—)
Vi, 1=1, 2, ..., 5 is a neutrosophic linear operator for each i and
T, is defined as follows;

T, : V; = V, is such that

a b ¢ a a a
Td e f|=|a a a
g h i a a a

T, : V, > V, is given by
a b a b
Tz = .
c d 0 d
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T; : V3 > V;is defined by

0 00

: .

T; Zaix‘ = Zaix '
i=0 i=0

that is Ix' — Ix* for everyi=0,1, ..., .

T, : V4 — V4 is such that

a, a, a, a, a a
T, 0 a; a; a, | 10 a
0 0 a; a, 0 0
0 0 0 a, 0 0
and Ts : Vs — Vs is defined by
a, a, a; a, a, a,
Ts|a;, a; a, ag|=|a, a,
A 8 Ay A a, a4,

a a
a a
a a
0 a
a, a,
a, a,
a, a,

It is easily verified that T=T, U T, U T; U T, U Ts is a
neutrosophic 5-linear operator on V. Further this T preserves the
neutrosophic 5-vector subspace W = W; U W, U W; U W, U
Ws. It is easily verified that T; (W;)) < W; fori=1, 2, ..., 5.

Hence the claim.

We see in general all neutrosophic n-linear operators T on V
need not preserve a neutrosophic n-vector subspace of V.
We will illustrate this situation by an example.

Example 3.1.43: Let V=V, UV, UV UV, =

a, 4, 4
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a,eZ 1<i<9; v



(al a, a, a, asj
a6 a'7 a’S a’9 a10

i=0

a. eZ, ;1 SiSlO} )

a, eZHI;OSiSoo} )

o |12, €Z,;1<1<15

be a neutrosophic 4-vector space over the field Z;,. Take W =
A UWQUW}UW4:

o
(=]
(=]

o

, a;||la,eZ 1<1<3: U

0 0 0 0 O
a, a, a, a, a

ks .
2ax”
i=0

o
(=]
(=]

a, eZ“I;lsiSS} )

a, eZ“I;OSiSoo} )

a, 0 a
a, 0 a,
a, 0 a;|la,eZ L1<i<10
a, 0 a,
aS 0 alO
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c V; U V, U V3 U V4 to be a neutrosophic 4-subspace of V
OVCI'Z“.DCﬁl'leT:Tl UT2UT3 UT4IV:V1 UV2UV3 )
V4—)V:V1UV2UV3UV43ST11V1—)Vi;i:1t04aS
follows.

T, : V|, — Vy; where

T (al a, a; a, aSJ [O 0 0 0 O J
2 = 5

a6 a7 aS a‘) a10 a6 a7 aS a9 a10
T; : V3 > V;is defined by

T; (iaixij = i:aix2i ,
i=0

i=0

that is a; x' > axx” fori=0, 1, ..., 0 and T4 : V4 — Vy is such
that
al alS a() a| O a()
a, a, a, a, 0 a,
Tsla, a; a; |=|a, 0 a
a, a, a, a, 0 a,
aS alZ alO aS O alO

It is easily verified T=T, U T, UT; UTs: V> Visa
neutrosophic 4-linear operator on V and it preserve the
neutrosophic 4-subspace W = W; U W, U W; U W, that is
T(W) = Ti(W1) U To(W,) U T3(W3) U Ty(Wy) € Wy U W, U
W5 U W,
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ConsiderP=P1 UP2UP3UP4IV:V1 UVQUV3UV4
-V, uV,uV;uUVywhere P; : Vi > Vi;1=1, 2, 3, 4 are
neutrosophic linear operators defined as follows.

P, : V| = V; such that

a, a, a, a, 0 0
P,la, a, a,|=|0 a, 0],
a, a; a 0 0 a

P, : V, > V, is defined by
Pa1 a, a; a, aj;) f(a 0 a; 0 a
236 a; dg Ay 3y a, 0 a, 0 ag)
P;: V3 — V;is given by

o0
P3 {Zaix'j =a; X+ 3,3.X3 + a5x5 + ..o+ A sz—1 + ...
i=0

and P, : V4, > V, is defined by

a, a, a, 0 a, 0
a, ay; a, 0 a; O
Pyja, a;, a, |=|0 a; O
a4 A 0 a;, 0
al} a14 alS 0 a14 0

The neutrosophic 4-linear operator P on V does not preserve the
neutrosophic 4-subspace W =W, U W, UW; U W, cV,UV,
U V3 U V4. Thus P =P, U P, U P; U Py is neutrosophic 4-linear
operator which does not preserve the subspace W.

It can be easily proved that for V and W any two
neutrosophic n-vector spaces over a real field F if T and S are
neutrosophic n-linear transformations of V to W then (T+S) is a
neutrosophic n-linear transformation of V to W. Further if T is a
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neutrosophic n-linear transformation of V to W for any ¢ an
element of F, the function c¢T defined by (cT)a = cTa is again a
neutrosophic n-linear transformation of V to W. It is interesting
to note the set of all neutrosophic n-linear transformations from
V into W with addition and scalar multiplication defined above
is a neutrosophic n-vector space over F.

Further as in case of usual n-vector spaces of type I we see
in case of two neutrosophic n-vector spaces V and W over the
field F both V and W are of n-finite dimension say (nj, ny, ...,
n,) and (my, my, ..., m,) over the field F, and if T=T, U T, U
... U T, is a neutrosophic n-linear transformation of V into W,
where T; : Vi = W; (That is no two V;’s are mapped on to the
same W;) true for 1 <1, j < n; then n rank T + n nullity T =n
dim V; that is rank T, U ... U rank T, + (nullity T, U ... U
nullity T,) = dim V; U ... U dim V,; that is (rank T, + nullity
T)) U (rank T, + nullity T;) U ... U (rank T, + nullity T,) = dim
Vyudim VU ... udim V,.

We can also prove the result which is as follows:

LetV=V,u..uVyand W=W,uUW,uU ... UW, be
two neutrosophic n-vector spaces over the field F. Let

_ 1 1 1 2 2 2 n n n
B= {(al,az,...,a )u(al,az,...,ocnz) U... U (ocl,ocz,...,ocn“ )}

bean-basisof V=V, uV,u ... UV, ie., (oci,ociz,...,(x;‘ ) isa
basisof V;;i=1, 2, ..., n. Let
C={(Bl.BYBl JU(BLB2 B2 ) o 0 (BYLBE-B), )}

be any n-vector in W = W; U W, U ... U W, then there is
precisely only one neutrosophic linear n-transformation T = T,

UT,U ... UT,from V onto W such that To;; = Bi;j=1,2,

Lo 1 <1<n.

The following result is also true and it can be proved as in
the case of n-vector spaces.

Let V=V, U V, U ... UV, be a neutrosophic (n;, n, ...,
n,) n-dimensional vector space over a field F. If W = W, U W,
U ... U W, is a neutrosophic (m;, my,, ..., m,) n-dimensional
vector space over the field F. Then NL" (V, W) = {collection of
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all neutrosophic n-linear transformations from V to W} is finite
(myn;, mpny, ..., myn,) dimensional neutrosophic n-vector space
over F. It is to be noted that as in case of n-vector spaces we in
case of neutrosophic n-vector spaces also define neutrosophic n-
linear transformations V to W where V is a neutrosophic n-
vector space where as W is a neutrosophic m-vector space m >
n.

Let V and W be two neutrosophic n-vector space and
neutrosophic m-vector space respectively (m > n) over a real
field F. Let T =T, U T, U ... U T, be a neutrosophic n-linear
transformation of V into W such that T;: V; — W;, where each
Vi is mapped onto a distinct W; 1 <i<nand I <j<m that is no
two V;i’s are mapped onto the same Wj true for each 1,1 =1, 2,
..., n. Then NL" (V, W) can be defined and in this case NL" (V,
W) is finite dimensional n-space over F of n-dimension

(milnl,miznz,...,mi"nn) where 1 <ij, 1y, ..., 1l <m.

Now as in case of n-vector spaces we can define for
neutrosophic n-vector spaces composition of neutrosophic n-
linear transformations.

Let V, W and Z be three neutrosophic n-vector spaces over
the field F,1e., V=V,uV,u ... UV, W=W, uUW, U ... U
WoandZ=7Z,0UZ, U ... U Z,.

DefineT=T,uvuT,u..uT,:V=V,uV,u..uUV,—>
WiuoW,u .. UW T Vi>Wii=1,2,...,n; 1 <j<n. Let
P=P,uP,u..UP,: W=W UW,u..UW,>Z=7,U
2,0 ... UZ; P Wi > Z;j=1,2,...,nand 1 <k <m so that
no two subspaces Wj are mapped on to same Z;; k=1, 2, ..., n.
Now ‘ ‘
(P; T) (ca' + B) o

= Py[Ti(ca’+p)]
PT; (ca') + P; (B) o
Pi[co'+ &' (as T;:Vi> W; &, 0 € W))
cP; (@) + P; (§)

= ca"+b5a" b e 7.

Thus P;T; is a neutrosophic n-linear transformation from W;
to Z. Hence the claim and the result is true for each i and j.
Thus PT is a neutrosophic n-linear transformation from W to Z.
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SoPT=FP,uP,u...UP)(THUVT,U..UTy= PITil ]
P, T, U..UP, Ti" where (iy, 1, ..., 1) 1S a permutation of (1,
2,...,0).

Now we for the notational convenience recall that if V =V,
U V, U ... UV, is a neutrosophic n-vector space over the field
F then V;’s will be known as the component neutrosophic
subvector space of V. V;’s are also known as the component of
V. Now we proceed onto give some properties of neutrosophic
n-linear operators.

Let V=V, U V, U ... UV, be a neutrosophic n-vector
space over the field F. Let T =T, U T, U ... U T, be a
neutrosophic n-linear operator on V with T; : V; > V, i =1, 2,
.,nLetS=S, US, U ...US, be another neutrosophic n-
linear operator on V with S;: Vi —> V;,i=1,2, ..., n. Now ST
and TS is again neutrosophic n-linear operators on V.

Thus the neutrosophic n-space of all neutrosophic n-linear
operators has a product defined as composition.

In this case the neutrosophic n-linear operator TS is also
defined. In general ST # TS; that is ST — TS # 0.

NL" (V, V) is a neutrosophic n-vector space of n-dimension

(nf,nj,...,ni) where the n-dimension of V is (n, ny, ..., n,). All
relations like n-nilpotent, n-diagonalizable can be defined in

case of neutrosophic n-vector spaces of type I with appropriate
modifications.

3.2 Neutrosophic Strong n-Vector Spaces

In this section we proceed onto define the new notion of
neutrosophic strong n-vector spaces (n > 3) and discuss a few of
their properties.

DEFINITION 3.2.1: Let V=V, UV, U ... UV, be such that each
Vi is a neutrosophic vector space over the same neutrosophic
field F then we call V to be a neutrosophic strong n-vector
space or strong neutrosophic n-vector space.
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We will first illustrate this by some examples.

Example 3.21: LetV=V,uUV,UV3;UV,U V5=
a b
c d
a2, 2
a, a; a,

a,b,c,de N(Q)} )

aieQI;lsiS6} )

a, a,
a, a,
a; a, [la, eQLI<i<I0; L
a, a
a9 alO

{QI[x]; all polynomials in the variable x with coefficients from

QI} UQIxQIx QI x QI x QI)={(a,b,c,d,e)|a,b,c,d, e e
QI} be a neutrosophic strong 5-vector space over the
neutrosophic field F = QI.

Example 3.2.2: LetV= ViuV,uVsuV,uVsuVeu Vy=

(al a, a, a4j
a; a, a, a,

aieZZI;ISiSS} )

a, ag a, |[[a,eN(Z,);1<i<I5; v
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s A |la, €Z,;1<1<9¢ U

{(X1, X2, X3, X4, X5, X6, X7) | Xi € Zol; 1 <1 <7} U {9 x 9 upper
triangular matrices with entries from N(Z,)} U {N(Z,)[x]; all
polynomials in the variable x with coefficients from N(Z,)} U

al a2

a, a,

aS a6 :
a,eZ,;1<1<12

a, ag

a9 a'10

all a12

be a strong neutrosophic 7-vector space over the neutrosophic
field F = Z,1.

Now having seen examples of strong neutrosophic n-vector
spaces n > 3 we define substructures in them. It is both
interesting and important to note that in a strong neutrosophic n-
vector space V if n = 2 we get the strong neutrosophic bivector
space defined and discussed in chapter two of this book. When
n =3 we call V to be a strong neutrosophic trivector space.

Example 3.2.3: LetV=V, UV, U V;=
a b
c d

[al a, a, a, a; J
a’6 a7 aS a9 a’lO

a,b,c,de RI} )

a, eQI;lSiSlO} )
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Y la, eN(R)1<i<8¢;

V is a strong neutrosophic trivector space (3-vector space) over
the neutrosophic field F = QL.

DEFINITION 3.2.2: Let V =V, vV, U ... UV, be a strong
neutrosophic n-vector space over the neutrosophic field F. Let
W=w,oW,u..UW,cV, UV, u... UV, such that ¢ = W;
zVyi=1 2 .. nbe a strong neutrosophic n-vector space
over the same neutrosophic field F. Then we call W to be a
strong neutrosophic n-vector subspace of V over F.

We note that even if one W; = ¢ or W; =V, (1 £ i< n) then we
do not call W = W; U W, U ... U W, to be a strong
neutrosophic n-vector subspace of V.

We will first illustrate this situation by some examples.

Example 3.2.4: Let V=V, U V,uUV;UV,U V5=
a b
c d
a, a, a, a,
a; a, a, ay

X .
ax
i=0

a,b,c,de Z7I} )

aieZ7I;1SiS8} U

a, eZLi= 0,1,2,...,00} U
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o

i|la,b,....,p,qeZ,1

o =~ ; Qo o
- 5 o o
-

o
el

U {(X1, X2, X3, X4, X5, Xg) | X; € N(Z7); 1 <1 <6} be a strong
neutrosophic 5-vector space over the neutrosophic field Z;I1. Let
W=W, uW,uW;uUW,uU W=

¢ Deearfelle st

51 .

1
2ax
i=0

a,be Z7I} )

a, eZJ;OSiSSl} )

aeZI; U

(I T A
o o o ®
O o o o ®

{(Xl, X2, X3, X4, X5, X6) | X; € Z7I, 1<1< 6} - Vl 0 V2 0 V3 0
V4 U Vs. It is easily verified that W is a strong neutrosophic 5-
vector subspace of V over the neutrosophic field Z;1.

Example 3.2.5: LetV= ViuV,uVs;uV,uVsuVgu Vy=

o)

a, eN(Q);lSiS4} v

280



a, eN(Q);1=0,12,...,0 ;

w .

1
2 ax
i=0

all polynomials in the variable x with coefficients from the
neutrosophic field N (Q)} u

a,eQLl<i<5; U

aieQI;lsiSS} )

a, a, a, a,

a; a, a, ag
{all 8 x 8 neutrosophic matrices with entries from N(Q)} U {All
4 x 4 lower triangular matrices with entries from N(Q)} w {all 7
x 7 upper triangular matrices with entries from N(Q)} be a

neutrosophic strong 7-vector space over the neutrosophic field
QI.LCtW:W1 UW,UW3;UW,uU W50 Weu W, =

a a

a a
all polynomials in the variable x with coefficients from the
neutrosophic field N(Q) of degree less than or equal to 8} U

a, eN(Q);1=0,L2,...,8;

ae N(Q)} U {iaixi

it u [ Mlabeqrt u
ae a,b e
bbb b

[ R HE )
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{All 8 x 8 neutrosophic matrices with entries from the
neutrosophic field QI} U {All 4 x 4 lower triangular matrices
with entries from the neutrosophic field QI} U {All 7 x 7
diagonal matrices with entries from the neutrosophic field N
Q) cViuV,uVi3uU VU Vsu Vg Vo it is easily verified
that W is a strong neutrosophic 7-vector subspace of V over the
neutrosophic field QI.

We say a strong neutrosophic n-vector space is simple if V
has no proper strong neutrosophic n-vector subspaces.

We will illustrate this by some examples.

Example 3.2.6: Let V=V, 0 V,uUV;UV,=

e

{(aaaaaa)|ae Zl} U {All 8x8 neutrosophic diagonal
matrices of the form ZsI, that is

aeZ,l; U

a 6231} )

ISR
(R
(SR

aeZl

S O O M O O O O
S O v O O O O O
S M O O O O O O
OO O O O O o O

S O O O O O O 9.
S O O O O O 0 O
S O O O O v O O
S O O O v O O O
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be a strong neutrosophic 4-vector space over the neutrosophic
field Z;I. Clearly V has no strong neutrosophic 4-vector
subspace. Hence V is a simple neutrosophic strong 4-vector
space or simple strong neutrosophic 4-vector space over Zsl.

Example3.2.7: LetV=V,uV,uV;uV,uVs;UVgsU V;=
{(aaaaaaaaa)|aeZl} U

a a

a aj|laeZ,JI; v

a a
a 0 0 00O
aa 0 00
a a a 0 OflaeZ,I; v
a a a a 0
a a a a a
a a a a a a a
a a a a a a a

aeZ I, v
a a a a a a a
a a a a a a a
a a
a 0 0 00O
a a
0a 0 00O

a a
aeZ,Jy U0 0 a 0 OflaeZ,I; v

° 000 a0

a a

0 0 0 0 a

a a
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aeZl

S v O W
S v O W
S v O W

be a strong neutrosophic 7-vector space over the neutrosophic
field Z;1. It is easily verified that V has no proper strong
neutrosophic 7-vector subspace. Hence V is a simple strong
neutrosophic 7-vector space over Z,I.

DEFINITION 3.2.3: Let V=V, UV, UV; U ... UV, be a strong
neutrosophic n-vector space over a neutrosophic field F. If each
Vi is a neutrosophic strong linear algebra over F then we call V
=V, vV, u.. UV, to be a strong neutrosophic n-linear
algebra over F.

We will illustrate then by some examples.

Example 3.28:LetV=V,uUuV,UuV;UV,U V5=

{[: EJ a,b,c,deN(Q)} U {gaixi

a e N(Q)} U

a, a, a,|la,eQl1<1<9; U

&

S O O

{All 8 x 8 upper triangular matrices with entries from N(Q)} be
a strong neutrosophic 5-linear algebra over QI.
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Example 3.2.9: LetV= V] ) V2 ) V3 Y V4 ) V5 U V6 ) V7 =

a a
{( ] a; € Zlgl} -/
a a

a 0 0
a a 0(laeN(Zy); v
a a a

{All 9x9 upper triangular neutrosophic matrices with entries
from Zol} U {(X1, X2, X3, Xy) | Xi € Zjol; 1 <1 <4} U {all 5x5
lower triangular matrices with entries from Z;I} W {All 12 x 12
neutrosophic diagonal matrices with entries from Z oI} L

i=0

a, e N(Zw)} .

V is a strong neutrosophic 7-linear algebra over the
neutrosophic field Z;ol.

It is important and interesting to record that every strong
neutrosophic n-linear algebra is a strong neutrosophic n-vector
space but in general every strong neutrosophic n-vector space
need not be a strong neutrosophic n-linear algebra. We leave the
proof of this to the reader; however we give an example of a
neutrosophic strong n-vector space which is not a neutrosophic
strong n-linear algebra.

Example 3.2.10: Let V=V, U V,UV; UV,U V5=

[al a, a, a4J
aS a6 a7 a8

a, EZBI;lSiSS} )
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aI
a2
a, |la,eZ,;1<i<5; U
a4
aS
0 0 0 a
0 0 a, O .
a,eZ;L1<i<4; v
0 a, 0 O
a, 0 0
a 0 b 0
a c¢c 0 d .
a,b,e,d,f,h,ieZ I U
e 0 f O
a h a i

19 .
{Zaix‘

i=0

a, € ZBI}

be a strong neutrosophic 5-vector space over the neutrosophic
field Z;I. Clearly V is not a strong neutrosophic 5-linear
algebra over Z;1 as none of V; is closed under multiplication; 1
<i<5.

Hence in general a strong neutrosophic n-vector space need
not be a strong neutrosophic n-linear algebra.

Now we proceed onto define the notion of strong neutrosophic
n-linear subalgebra of a strong neutrosophic n-linear algebra.

DEFINITION 3.2.4: Let V =V, vV, U ... UV, be a strong
neutrosophic n-linear algebra over the neutrosophic field F.
Suppose W=W, oW, v .. W, cV,vuV,u..uvulV, (W
Vi, Wiz dand W; 2V, for each i, 1<i <n) is such that W is
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strong neutrosophic n-linear algebra over the field F, then we
call W to be a strong neutrosophic n-linear subalgebra of V.

It is interesting and important to note that even if one of the W;
is {0} or V; then W is not a strong neutrosophic n-linear
subalgebra of V over F.

We will illustrate this by some simple examples.

Example 3.2.11: Let V=V, U V,UV;UV,U V5=

[

{(a,b,c,d,e,f)]|a,b,c,de fe NQ)} U

a,b,c,de N(Q)} U

. a 0 0
{Zaixi al.eN(Q)}u 0 b 0lla,b,deN(@Q)} U
=0 0 0d
a 0 00
boc 00 a,b,c,d,e,f,g,h,j ke N(Q)
d e f 0
g h jk

be a strong neutrosophic n-linear algebra over QI. Let W = W,
UW,uW;uWyu Ws=

)

aeQI} U {(aaaaaa)|aeNQ)} v

i=0

2 )
{Zaile

a € N(Q)} U
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a 0 0
0 a Of|laeN(Q); v

0 0 a
a 0 0 0
b ¢c 00
a,b,c,d,e,g,p,q,1,5 € QI
d e g 0
p q I S

cViuV,uVz;uV,U Vs,

It is easily verified that W is a strong neutrosophic n-linear
subalgebra of V over the field QI.

Example 3.2.12: Let V=V, U V,UV;=

a, a, 4

a, a; ag|la, eZ1<i<9: U

{All 4 x 4 neutrosophic matrices with entries from N(Z3)} v
{All 9 x 9 upper triangular matrices with entries from N(Z;)}; V
is a neutrosophic strong trilinear algebra over the neutrosophic
field Z3I Take W = W1 U Wz U W3 =

a a a
a a alflaeZJI; v

a a a

{All 4 x 4 neutrosophic matrices with entries from Z;I} U {All
9 x 9 upper triangular matrices with entries from Z;I} < V, U
V, U Vi. W is a strong neutrosophic 3-linear subalgebra of V of
V over the neutrosophic field Z;I.
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We call a strong neutrosophic n-linear algebra to be simple
if V=V, U V,uU ... UV, has no proper strong neutrosophic n-
linear subalgebra.

We will illustrate this by some examples.

Example 3.2.13: Let V=V, U V,UV;UV,U V5=

)

anSI} U {(a,a,a,aaa)|aeZsl} U

a 00 0
a 00
0 a 00
aeZJl,Uila a OfllaeZl, v
0 0 a 0
a a a
0 0 0 a
aeZl

S O O O W
S O o 0 O
S O v O O
S MO O O
OO O O O

be a strong neutrosophic 5-linear algebra over the neutrosophic
field Zsl. Clearly V has no proper strong neutrosophic 5-linear
subalgebra.

Thus V is a simple strong neutrosophic 5-linear algebra
over Zsl.

Example 3.2.14: Let V= ViuV,uVsuV,u Vsu Vg =

a a a

a 0
a a allaeZl u{[ j
a 0

a a a
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{a0a0a0a)|aeZl} U{9x9 diagonal matrices where all
the diagonal entries are equal to (say) a; a € Zy 1} U

a 0 0 0
a a 0 o0
aeZ 1, v
a a a 0
a a a a
a a a a a a
0 a a a a a
0 0 a a a a
aeZ,l
0 0 0 a a a
0 0 0 0 a a
0 0 0 0 0 a

be a strong neutrosophic 6-linear algebra over the neutrosophic
field Z,;1. It is easy to vertify that V has no proper strong
neutrosophic 6-linear subalgebras; hence V is a simple strong
neutrosophic linear algebra.

Now we proceed onto define the notion of pseudo strong
neutrosophic n-linear subalgebra.

DEFINITION 3.2.5: Let V=V, UV, UV; U ... UV, be a strong
neutrosophic n-linear algebra over the neutrosophic field F.

Let W=W,uW,u..UW,cV, UV, .. UV, where
some W; (W; = (0) and W; #V;) contained in V; are just strong
neutrosophic vector space over the neutrosophic field F, i = I,
2, ..., N

We define W =W, oW, ... UW,cV,uV,u.. UV, to
be a pseudo strong neutrosophic linear subalgebra of V over F
if some W;’s are strong neutrosophic vector spaces and some
W;’s are strong neutrosophic linear algebras over the
neutrosophic field F. 1<i, j <n (i#).
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We will illustrate this situation by some examples.

Example 3.2.15: Let V=V, 0V, U V; UV, =

[

{(a1, a3, a3, a4, a5, 8g) | 4 € Zp3l; 1 <1 <6} U

a,b,c,de ZZSI} U

c
f ||a,b,c,d,e,f,g,h,ieZ, 1 U
i

Qe a e
- o o

i=0

a,eZ,li= 0,1,2,...,00}

be a strong neutrosophic 4-linear algebra over the neutrosophic
field 2231. Choose W = Wl Y W2 ) W3 U W4 =

o

a,beZnI} U{(aaaaaa)|aeZyl}u

a,b,c,deZ, I, U

o o O
S o O
oS O e

Q0
)
2ax”
i=0

a,eZ,l;i= 0,1,2,...,00}

c ViU VU V3 U Vg ltis easily verified that W =W; U W, U
W3 U W, is a pseudo strong neutrosophic linear subalgebra of V
over the neutrosophic field F = Zy;1.
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Example 3.2.16: Let V= V] o V2 o V3 U V4 Y V5 U V6 =

c
f ||a,b,c,d,e,f,g,h,ieZ I U

1

Qe a e
- o o

{(ay, ay, a3, a4, a5, 86, 7, ag) | a; € Z;3; 1 <1< 8} L

a, 0

aZ a3 .
a,eZ;L1<i<10; U

a, a; a, O

a, eZl3I;1SiS4} v

()

i=0

a,eZ;L;1<i<wo;

that is all polynomials in the variable x with coefficients from
2131} Y

a, 0 0 0
0 a, 0 0 O
0 0 a;, 0 O0]laeZ,;1<i<5
0 0 0 a, O
0 0 0 0 a

be a strong neutrosophic 6-linear algebra over the neutrosophic
field Z ;1.
ChOOSGW:W1 UW,uW3UWsuU WsuU W=
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a,bdeZ ;v

o o O
S o O
S O e

{(ala 0’ , 05 az, O, aa, 0) | a € 2131; 1<i< 4} “

a 0 0 O
a a 0 o0
aeZ,l; v
a a a 0
a a a a
0 a
b 0 a,beZ;l; U

a,e€Z,;1;0<1<27;

27 .
ax
i=0

all polynomials in the variable x with coefficients from Z 31} U

aeZ,l

S O O O W
oS o O 0 O
oS O v O O
oS MO O O
OO O O O

gVIUVQUV3UV4UV5UV6.

It is easily verified that W is a pseudo strong neutrosophic

6-linear subalgebra of V over the field Zs1.

Now we proceed onto give an example and then define the
notion of strong pseudo neutrosophic n-vector space of a strong
neutrosophic n-linear algebra over the neutrosophic field F.
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Example 3.2.17: Let V=V, UV, UV; UV,U V5=
a b
c d

{Z a.x' ; all polynomials in the variable x with coefficients
i=0

a,b,c,de N(Q)} U

from the neutrosophic field QI; 0 < a; < 0} U

a a a
a a a|laeN@Q); v

a a a

a, a, a; a,

a; a, a, a )
a,eQLl<i<l6; L

a13 a14 alS a16

{all 8 x 8 neutrosophic matrices with entries from QI} be a
strong neutrosophic 5-linear algebra over the neutrosophic field

QL
LetW=W1uW2uW3UW4uW5=

o

10
{Zaix‘ ; all polynomials in the variable x with coefficients
i=0

a,be N(Q)} v

from the neutrosophic field QI of degree less than equal to 10; a;
eQLi=0,1,2,...,10} U
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0 0 a
0 a 0flaeQl; U

a 0 0

0 0 0 a

0.0 a0 aeQl; v

0 a 00

a 0 00
0 0 0 0 O 0 0 a
0o 0 0 0 0 O0 a, O
0 0 0 0 0 a 0 O
0 0 0 0 a O O O .

a, eQL1<1<8

0 0 0 a, 0 O O O
0 0 a, 0 0 O O O
0 a, 0 0 0 O O O
agc, 0 0 0 O O 0 O

c ViUV, U V3 U VyU Vs, Wis a strong neutrosophic 5-
vector space over the neutrosophic field QI. We call this strong
neutrosophic 5-vector space as strong pseudo neutrosophic 5-
vector space of V over the neutrosophic field QI.

We now give the formal definition of this new notion.

DEFINITION 3.2.6: Let V =V, UV, UV; U ... UV, be a strong
neutrosophic n-linear algebra over the neutrosophic field F. Let
wW=w,oW,u..uW,cV, vV, .. UV, be such that
each W; < V; is different from (0) and V; for i = 1, 2, ..., n and
each W; is only a strong neutrosophic vector space over the
field F and is not a strong neutrosophic linear algebra over F.

We define W =W, W, U ... U W, to be a strong pseudo
neutrosophic n-vector space of V over the field F.
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We will give an example of this concept.

Example 3.2.18: LetV = Vl U V2 U V3 U V4 =

c
f ||a,b,c,d,e,f,g,h,ieZ I U

i

[t

{Zaixi ; all polynomials in the variable x with coefficients
i=0

@ o ®
5 o o

a,b,c,de ZnI} U

from the neutrosophic field Z41; a; € Z;71; 0 <1< o0} U {all 6 x
6 matrices with entries from Z;1} be a strong neutrosophic 4-
linear algebra over the neutrosophic field Z;1. Take W = W, U

W, U WU W, =
0 a
a,bceZ,l; v
b 0

5
{Z a,x'; all polynomials in variable x with coefficients from
i=0

o o O
oS o O
oS o .

a,be Z”I} )

7171 of degree less than or equal to five a; € Z;1; 0 <1< 5} U

0 0 0 0 0 a

0 0 0 0 a, O

0 0 0 a, 0 O )
a,eZ,;1<1<6

0 0 a, 0 0 O

0 a;j 0 0 0 O

ac, 0 0 0 O O
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c ViU V, U V3 U V,. It is easy to verify each W; < V;is only a
strong neutrosophic vector space over Z;;l.i=1,2,3,4. So W
=W, UW,UW;UW,c VU V,uU V3 U V,is only a pseudo
strong neutrosophic 4-vector space of V over the field Z,;1.

DEFINITION 3.2.7: Let V =V, vV, U ... UV, be a strong
neutrosophic n-linear algebra over the neutrosophic field F. Let
wW=w oW, vu..uW,cV, vV, uvu.. vV, bea
neutrosophic n-linear algebra over the neutrosophic field K c F
(K is only a proper subfield of F, K # F). We define W to be a
pseudo strong neutrosophic n-linear subalgebra of V over the

real field K c F.
We will illustrate this situation by some examples.

Example 3.219:LetV=V,UV,UV3;UV,U V5=

o)

{(ay, a, a3, a4, a5, 86, a7) | a; € N(Zp3) 1 <1< T} L

a,b,c,de N(ZZS)} U

b

{Z:aixi ; all polynomials in the variable x with coefficients
i=0

from the neutrosophic field N(Z,3)} w

al aZ a}
a, a; a,|la, eN(Z,);1<1<9; U
a, ag a,

{9 x 9 matrices with entries from N(Z,;)} be a strong
neutrosophic 5-linear algebra over the neutrosophic field N(Z,3).
TakeW=W1uW2uW3uW4uW5=
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[

a,b,c,deZBI} U {(aaaaaaa)|aeZyl}u

i=0

a, eZBI;OSiSoo} )

a, 0 O
a, a, 0|la,eN(Z,;); v
a, a; 0

{all 9 x 9 lower triangular matrices with entries from N(Z,3) <
Vi U V, U V3 U V4 U Vs is a neutrosophic 5-linear algebra
over the field Zy; < N(Z). Thus W is a pseudo strong
neutrosophic 5-linear subalgebra of V over the subfield Z,; <
N(Z23).

Example 3.2.20: Let V =V, U V, U V3 = {All 5§ x5
neutrosophic matrices with entries from N(R)} u {All

polynomial Z:aixi with coefficients from N(R) in the variable
i=0

X} U {(X1, X2, X3, X4, X5, X6, X7, X3, X0, X10) | Xi € N(R); 1 <1<

10} be a strong neutrosophic 3-linear algebra over the

neutrosophic field N(R). Take W = W; U W, U W3 = {All 5x5

diagonal matrices with entries from N(R)} U

o0

)
2 ax”
i=0

a, e N(R)} v,

{@aaaaaaaaaa)|lae NR}cV,uUV,UV;; Wisa
neutrosophic 3-linear algebra over the field R < N(R). Thus W
is a pseudo strong neutrosophic 3-linear subalgebra of V over
the field R < N(R).
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DEFINITION 3.2.8: Let V =V, vV, U ... WV, be a strong
neutrosophic n-linear algebra over the neutrosophic field K. Let
W=w,oW,u..uW,cV, vV, .. UV, be an-vector
space over a real field F, F c K; we call W =W; UW, U ... U
W,cV, vV, ... UV, to be a pseudo n-vector subspace of V

over the real subfield F of K.

We will illustrate this situation by some examples.

Example 3.2.21: LetV=V, 0 V,UV; UV, U Vs UVU V;=

[

{Z:aixi ; all polynomials in the variable x with coefficients
i=0

a,b,c,de N(ZZ)} U

from N(Z,); a; € N(Z;) and i =0, 1, 2, ..., oo} U {All 5 x5
matrices with entries from N(Z,)} w {All 7 x 7 matrices with
entries from N(Z;)} U {All 4 x 4 matrices with entries from
N(Z,)} v {All 6 x 6 matrices with entries from N(Z,)} U

a b ¢
d e f||a,b,cdef,ghiecN(Z,)
g h

i

be a strong neutrosophic 7-linear algebra over the neutrosophic
ﬁeldN(Zz) Let W=W, UW,UW;UW;UWsU WguU W,

{2

6 .
{Zaix' ; all polynomials in the variable x with coefficients
i=0

a,beZz} )

from the real field Z, of degree less than or equal to 6} U
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cViuV,uV; U VU Vs U VguU V, Wis only a 7-vector
space over the field Z, < N (Z,). Thus W is a pseudo 7-vector
subspace of V over the real field Z, c N (Z,).

Example 3.2.22: Let V=V, U V,UV;UV,U V5=

a b

c d
{(ay, ay, a3, a4, a5) | a; € N(Z7); 1 £1 <5} U {All 4x4 matrices
with entries from N(Z;)} U {All 6 x 6 matrices with entries
from N(Z7)} w {All 5 x 5 matrices with entries from N(Z;)} be
a strong neutrosophic 5-linear algebra over the neutrosophic

field N(Z,).
Take W=W,; U W, UW; UW,U W;5=

o

{(aj0a,0a3)|ae”Z; 15153 U

a,b,c,de N(Z7)} U

a,beZ7} U

a,b,c,deZ,; U

o o o O
S o0 O O
o o o O
S O O e

a,b,c,d,e,peZ,; U

S o0 O O O O
S O O o o o

S O A o O O
S O o o O O
S O O o o v

T O O O o O
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a,b,ceZ,

o O O o O
S O O O O
S O o o O
S O O o O

S O O O @

c ViU V,uUV3uU V4uU Vs, Clearly W is only a 7-vector space
over the real field Z;. Thus W is a pseudo 7-vector subspace of
V over the real field Z; of N(Z,).

DEFINITION 3.2.9: Let V =V, vV, U ... UV, be a strong
neutrosophic n-linear algebra over the neutrosophic field F. Let
W=w,uWw,u..uUW,cV,uV,u.. UV, bea n-linear

algebra over the real field K; K ¢ F. We define W to be a
pseudo n-linear subalgebra of V over the real field K C F.

We will illustrate this situation by some examples.

Example 3.2.23: LetV = Vl U V2 U V3 U V4 =

[

{ay, a5, a3, a4, as, ag) | 8, € N(Z1); 1 <i<6} L

a,b,c,de N(ZH)} U

Qe A ®
= o o

C
f a,b,C,d,e,f,g,h,iEN(Z“) %
u

{iaixi q; € N(le)}

be a strong neutrosophic 4-linear algebra over the neutrosophic
field N(Zl 1).
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LetW:W1UW2UW3UW4:

[

a,b,c,deZ“} U {(a,a,a,b,b,b)|a,be Z;} U

a a a
b b blab,ceZ, U

c c ¢
aieZ”}

It can be easily verified that W is a pseudo 4-linear subalgebra
of V over the field Z;; < N(Z1y).

0
)
2 ax”

i=0

cViuV,uVz;u Vg

Example 3.2.24: Let V= ViuV,uVsuVau Vsu Vg =

[

{(a,b,c)|c,a,be N(Q)} v

a,b,c,de N(Q)} U

{Z a,x'|a, € N(Q); collection of all polynomials in the variable

i=0

x with coefficients from the neutrosophic field N(Q)} v

a,b,c,d,e,f,g,he N(Q); v

S o a o

0
0
e
g

S o o
5 oh O O
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a 0 0 0 0
b d 0 0 0
e f g 0 0]la,b,def,gh,ijkLmn,p,qeNQ)
h i j k O
Il m n p q
a 0 00 00
0 b 0O0O0O
v 0 0 c 0700 a,b,c,d,e,g € N(Q)
00 0d oo
0000 ¢ O
00 00 O0 g

be a strong neutrosophic 6-linear algebra over the neutrosophic
field N (Q) Consider W = W1 ) W2 v W3 ) W4 |\ W5 o W6 =

2o

a,beQ} U {(a,b,0)|a,beQ}u

a b 0 0
{iaxi a.eQ;OSigoo}u ¢ d 00 a,b,c,deQ;u
= ' 0 0 00
0 000
a 0 0 0O
0O b 00O
0 0 ¢c 0 Of|a,bc,decQ; U
0 0 0do
0 0 0 0 e
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a,b,c,d,e,f,g arein Q

S O O o o o
S o0 O O O O
O O O O O

S O O 6o o O
S O a o o o

S O O O O W

gV1UV2UV3UV4UV5.

It is easy to prove, W is a 5-linear algebra over Q, the real field
of rationals. Hence W is a pseudo 5-linear subalgebra of V over
the real field Q.

Now as in case of strong neutrosophic bivector spaces we
can define in case of strong neutrosophic n-vector spaces V and
W defined over the same neutrosophic field F; where V =V; U
V,u...uVyand W =W, U W, U ..U W, a strong
neutrosophic n-linear transformation T from V to W such that T
=ThvThu..uT,:V=V,uV,u...uV,>W=W, U
WU ... U W, with T; : Vi = Wj; 1 <1, j <n so that no two V;’s
are mapped on to the same W;. We denote the collection of all
strong neutrosophic n-linear transformations of V to W by
SNHomg (V, W). Like in case of strong neutrosophic bivector
spaces we can define strong neutrosophic n-linear operator for
strong neutrosophic n-vector space V defined over the field K.

That is if V. = W then the strong neutrosophic n-linear
transformation will be known as strong neutrosophic n-linear
operator on V. SNHomg (V, V) denotes the set of all strong
neutrosophic n-linear operators on V.

Now as in case of usual neutrosophic n-vector spaces over
the real field F we can define special (m, n) linear
transformation where V=V, UV, U ... U V,and W =W, U
WU ... U W, m<n and (m, n) linear transformations when m
> n. All properties derived for neutrosophic n-vector spaces (n-
linear algebras) defined over a real field can be derived with
appropriate modifications in case of strong neutrosophic n-
vector spaces (n-linear algebras) defined over the neutrosophic
field.
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Interested reader can construct examples.
Now we proceed onto define n-basis.

DEFINITION 3.2.10: Let V =V, vV, U ... UV, be a strong
neutrosophic n-vector space over the neutrosophic field K. A
proper n-subset S =S, S, ... US, cV,uV,u.. UV, is
said to be a n-basis of V if S a n-linearly independent n-set and
each S; c V; generates V; and S; is a basis of V; true for each i =
1,2 .., n

Ifthen-set X =X, v X, v..uX,cV,vuV,u..uV,is
such that each X; is a linearly independent subset of V;; i = 1, 2,
v, N then we say X = X; U X5 U ... U X, is a n-linearly
independent n-subset of V.

An-basis S=S, oS, v..uS,cV,uV,u.. UV,is
always a n-linearly independent n- subset of 'V over the field F.

However every n-linearly independent n-subset of V need not
be an-basisof V. Ifan-subset Y=Y, uY,u..uY,cV,uU
V, U ... U V,is not a n-linearly independent n-subset of V then
we define Y to be a n-linearly dependent n-subset of V.

Interested reader can give examples of these concepts.
We can as in case of neutrosophic n-vector spaces define
the notion of n-kernel of a n-linear transformation.

DEFINITION 3.211: Let V=V, UV, U ... UV, and W= W; U
Wy U ... UW, be two strong neutrosophic n-vector spaces over
the neutrosophic field F. Let T=T, vT, v .. VvT,: V=V, U
Vu.ouVy=>W=w, oW, .. uW,; T;:Vi=>W;i=1,
2,3, ...,nandj =1, 2, .., nsuch that no two V;’s are mapped
onto the same W;. The n-kernel of T = T; o T, U ... U T,
denoted by
kerT = kerT; UkerT, U ... UkerT,

whereker T, =V e V;| ;') =0};i=1,2, ... n.

Thus kerT = {(v', v’, .., V') /T, v2,.., V") = {T,(v)) v
o) U.. UT,(")=000 U ... U0).
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It is left as a simple exercise for the reader to prove kerT is a
proper neutrosophic n-subgroup of V. Further kerT is a strong
neutrosophic n-vector subspace of V.

3.3 Neutrosophic n-Vector Spaces of Type Il

In this section we proceed onto define the new notion of
neutrosophic n-vector spaces of type II. We discuss several
interesting results about them.
DEFINITION 3.3.1: Let V=V, UV, U... UV, where each V;is
a neutrosophic vector space over Fi; V; z Viand V; < V; (if i #],
i<i,j<n)and F; ¢ F;as well as F; ¢ F; (i #j, 1 <i,j <n). We
define V.=V, vV, U ..UV, to be a neutrosophic n-vector
space over the real n field F = F; UF, U ... UF, of type I1.

We will illustrate this situation by some examples.

Example 3.3.1: Let V=V, U V,uV;UV,U V5=
a b
c d
al a2 a3
a, a, a,

a,b,c,de Z7I} U

a, EZ”I;lSiS6} )

a'l a’2
a, a,
a‘S a'6 :
a, e N(Q)l<i<12; U
a, a,
a9 alO
a11 a'12
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12
{Zaix‘ ; all polynomials in the variable x with coefficients
i=0

from the neutrosophic field Z,I of degree less than or equal to
122, € Z,1; 051 <12} U

o o e
S o O

a
0 |la,b,c,de Z,]1
a

be a neutrosophic 5-vector space over the 5-field F =7, U Z;; U
QU Zy U Zyy of type 11.

Example 3.3.2: Let V= V] v V2 v V3 Y V4 ) V5 v V6 v V7 =

a,b,c,d,ee N(Z,)r U

o o o o &

a, eN(Z,);1<i< 8} ),

(al a, a, a4J
a5 a6 a'7 a8

20 )
{Z a,x'; all polynomials in the variable x of degree less than
i=0

or equal to 20 with coefficients from the field Z,;1} U

= o

a,b,c,d,g,e,f,h,i,keZ 1 U

S O e o
—

c
e
h
0

S O O e
=~
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a b ¢

b a ¢

c ab

a,b,ce N(Q); v

b ¢ a

c b a

a ¢ b
0 0 0 a
0 0b O

a,b,c,deZ,l; U

0 c 0O
d 0 00
a, a,
a, a,
a; a4 [la, eN(Z,);1<1<10
a, ag
a9 alO

be a neutrosophic 7-vector space over the 7-field F =7, U Z; U
223 U le Y Q Y Zl7 v Z31 oftype II.

Even if we do not mention the word type II by the context one
of easily understand what type of n-spaces are under study.

DEFINITION 3.3.2: Let V =V, UV, U ..UV, be a neutrosophic
n-vector space over the n-field F = F; UF, U ... UF,. Let W =
wyoWw,u.. oW, cV, oV, u... UV, to be a neutrosophic
n-vector space over the n-field F = F; UF, U ... UF,, then we
define W, o W, v ... U W, to be a neutrosophic n-vector
subspace of 'V of type 1l over the n-field F.

We illustrate this situation by some simple examples.
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Example 3.3.3: Let V=V, UV, u VUV, =

(al a, a; a, aSJ
a6 a7 a8 a9 a'10

a, eN(Q);lSiSlO} U

a'1 a2
a;  a,
aS a’é :
a,eZ ;1<1<12;, U
a; &
a9 a10
all alZ

12 )
{Zaix' ; all polynomials of degree less than or equal to 12
i=0

with coefficients from the neutrosophic field N(Zs); a; € N(Zs);
0<i<12} v

a,b,c,de N(Z,)

o o o O
S o O O
S O o O
S O O .

be a neutrosophic 4-vector space over the 4-field F=Q U Z;; LU
Zs U Z; of type 11.
Choose W=W; UW,UW;UW,=

[al a, a; a, asJ
a6 a7 aS a9 alO

a, eQI;lSiSlO} )
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aeZ I, v

I I -
I I I -

12
{Z a,x' ; all polynomials in the variable x of degree less than

i=0

or equal to 12 with coefficients from ZsI} U

aeN(Z,)

OO O O
S v O O
S O v O
S O O e

c Vi U V, U V3 U Vy; W is a neutrosophic 4-vector subspace
of V over the 4-field F of type II.

Example 3.3.4: Let V=V, U V,UV;UV,U V50U Vg=

al a2

a, a, _
a,eZL1<i<8; U

a’S aé

a; 8

30 )
{Z a,x'; all polynomials of degree less than or equal to thirty

i=0

with coefficients from the field N(Z;3); a; € N(Z;3); 0 <1< 30}
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a, eN(Z”);lSiSlO} U

a, a a a a
1 2 3 4 5
(v [ J
A a; Ay Ay 8y

0 0 a
0 b 0|la,bdefeZ,l; U
d e f
al
a'2
a, ||a, e N(Q)s1<i1<5;uU
a,
aS

{All 10 x 19 matrices with entries from N(Z,)} be a
neutrosophic 6-vector space over the 6-field F=F, U F, U F; U
FiUFsUFs=27Z,0UZ;30UZ170U Z1g U QU Z, of type 11. Take
W=W,uW,uW;uUW,uUWsU We=

aeZ I, v

[N

(SR

10 )
{Zaix' ; all polynomials of degree less than or equal to 10
i=0

with coefficients from Z31 in the variable x; a; € Z;31; 0 <1 <

10} U
a a a a a
a a a a a

ae N(Z”)} )
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0 0 a
0 a OflaeZ,l; v
a 0 0

aeQl; v

[T <R - B - )

{All 10x19 matrices with entries from Z,I} c V, U V, U V; U

V4 U V5 U Vg is a neutrosophic 6-vector subspace of V over the
6-field F of type II.

DEFINITION 3.33: Let V =V, vV, o V; v ... UV, be a
neutrosophic n-vector space over the n-field F = F; UF, U ...
vFE.IfW=w, oW, u..uW,cV,uV,u. UV,and K,
vKyv..uK,=KcF=FuUF,uvu.. UF, . IfWisa
neutrosophic n-vector space over the n-field K then we call W to
be a special subneutrosophic n-vector subspace of V over the n-
subfield K of F of type 1.

We will illustrate this by some examples and counter examples.

Example 3.3.5:LetV=V,uV,uUV;UV,U V5=
a a a a a
b b bbb

a,eN(Z,);1<1<12; U

a,be N(ZS)} v

313



a, ||a,eZ, L1<i<7; v

0 00 0 a
000 Db oO
0 0 c 0 Ofla,be,decZ J; U
0d 00O
e 00 0O
a, a, a, 0 0
a, a, a, 0 0
a, a;, a, 0 0 [la,eN(Q)1<i<I3
0 0 0 a, a,
0 0 0 a, aj,

be a neutrosophic 5-vector space over the 5-field F=Zs u Z; U
Z11 U Z1y U Q. We see each of the fields are prime so F has no
S-subfield. Thus V has no special subneutrosophic 5-vector
subneutrosophic 5-vector subspace.

Example 3.3.6: Let V=V, U V,uU VUV, =

[

a,b,c,de N(Q(\/E,\B,\/E))} U
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a,b,de N(Q(17,3,/5,413. /1) } U

S o O
o o O

7\
oS O e

|

a
b
¢ ||a,b,c,d,e e N(Q(v/23,429,V11,4/7,42) ! U
d
(§

a b c d e
f g h i j

be a neutrosophic 4-vector space over the 4-field

a,..., jeN(Q(\E,\/E,\/E,
V17,/41,4/43,/53))

F=F, UF,UF; UF,

=Q(2,43,419) UQW17,\3,4/5.413,4/11) U
Q(23,429,V11,47,42) U
Q(2,423,319.\17,/41,4/43,/53)

of type II. Consider W = W; U W, U W3 U W, =
a a
a a
0
0
a

aeN(Q(ﬁ,ﬁ,@»} v

ae N(Q(W17,\3,3/5. 413,411 U

S O e

S 0 O
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a,be N(Q(23,429,V11,4/7,42)+ U

® oy o oo

V19,V17,4/41,4/43,1/53))

a b c d e

a b c d e
c VU V, U V3 UV, W is a neutrosophic 4-vector space over
the 4-field

a,b,c,d,eeN(Q(x/E,\/2_3,}

K=K, UK, UK;uUK4

=Q(3,419) UQW17,45,413) U
Q(23,429,\11,42) U Q(/41,4/43)

cF UF,UF;UF,

K is clearly a 4-subfield of F. Thus W is a special sub
neutrosophic 4-vector subspace of V over K=K; U K, U K; U

K.

Example 3.3.7: Let V=V, U V,U V; =

{(al a, a3j aieN[ Z,[x] J}
a, a; a (x> +x+1)

((x* + x + 1) denotes the ideal generated by x* + x +1, 1 <i<6)

a,b,c,d,ee N| — Zz[x] U
<X +X +X+2>

C
0 oo o ®
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a,b,c,deN{ Zs[x] }

<x2 + 2>

o O O O
S A o O
S O o O
S O o .

be a neutrosophic 3-vector space over the 3-field

F:F1UF2UF3

Z,[x] Z,[x] Z,[x]
<X2+X+1> - <x3+x2+x+2> - <X2+2>‘

TakeW=W1uW2UW3=

{(a b CJ a,b,ceN{i}}u
a b a <x2+x+l>

a
a Z
al|laeN s[x] U
<x3+x2+x+2>

a
a
0 0 0 a
00 0

a aeN ZsxI
00a 00 <x2+2>
a 0 0 O

< V1 U V, U V3; be a neutrosophic 3-vector space over the 3-
field K=27, U Z3 U Zs c Fy UF, UF;. Clearly W is a special
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subneutrosophic 3-vector subspace of V over the 3-subfield K =
Zz U Z3 Y Zs c F.

Now a neutrosophic n-vector space V=V, UV, U ... UV,
over a n-field F =F, U F, U ... UF, of type Il is said to be n-
simple if V has no proper special subneutrosophic n-vector
subspace over the n-subfield K=K, UK, U ... UK, c F=F,
vuFu...UF,.

Example 3.3.8: Let V= V] v V2 v V3 Y V4 Y V5 U V6 v V7 =

a a b c
d e f g

a,b,c,d,e,f,ge N(Z, )} U

a,b,c.d,e,f,g,h,i,jeN(Z;)} U

=0 O O ©
—. 5 o o

a,b,c,deN(Z;)p U

o o O
S o O O
oS o o O
S O O W

6 .
{Zaix' ; all polynomials in the variable x with coefficients
i=0

from N(Z17); a; € N(Z17); 0<i1<6} U

o

c e
h j a,b,c,d,e,f,g,h,i,jeN(Z7) U
c e

© o ®
o e o

i
d
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a, ||a; eN(Z;);1<i<7} U

¥ lla e N(Z,);1<i<20

1

be a neutrosophic 7-vector space over the 7-field F =F, U F, U
W UF =72, 023U 25 U217 U Z7 U Ziz U Zy. Clearly cvery
F; in F is a prime field. So F has no proper 7-subfield. Hence
even if V has a proper 7-subset W = W, U W, U W3 U W, U
W5UW6UW7QV1UV2UV3UV4UV5UV6UV7WhiCh
is a neutrosophic 7-vector subspace yet it cannot become a
special subneutrosophic 7-vector subspace of V as F has no
proper 7-subfield.

Inview of this we has the following theorem the proof of which
is straight forward.

THEOREM 3.3.1: Let V =V, UV, ..UV, be any neutrosophic
n-vector space over the n-field F = F; U F, U ... UF, where
each F; is a prime field; 1<i <n. Vis a simple neutrosophic n-
vector space over the n-field F.

DEFINITION 3.3.4: Let V=V, UV, U ...UV, be a neutrosophic
n-vector space over a n-field F = F; U F, U ... U F, where
some of the F;’s are prime fields and some of the F;’s are non
prime fields; 1<i,j <n. Let K =K, VUK, U ... UK, CcF; UF,
U ..U F, where some of the K;’s are equal to F; (K; = F;) and
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some K;’s are proper subfields of F; for 1<i, j<n. We call K =
K, vK,vu.. UK, cF, vF,v.. UF, =F to be a quasi n-
field. Lete W=W, oUW, v .0UW,cV, UV, U..uV, be such
that W is a neutrosophic n-vector space over K = K; UK, U ...
UK, cF, UF, ... UF,

We call W as a quasi special neutrosophic n-vector
subspace of V over the quasi n-field K; UK, U ... UK,

We will illustrate this situation by an example.

Example 3.3.9: Let V=V, U V,U V3 UV, =

[31 a, a, a, aSJ
dg a; dg Ay g

a, eN(R);lSiSlO} U

a, [|a,eN(Z,);1<1<21p U

a,b,c,deN< Z;[x] > U

<x3+xz+x+2>

o o o O
S o0 O O
o o o O
S O O e

24 .
{Z a,x'; all polynomials in the variable x of degree less than
i=0

or equal to 24 with coefficients from N(Z7) a; € N(Zy7); 0 <i <
24} be a neutrosophic 4-vector space over the 4-field
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F:F1UF2UF3UF4

=RuUZ, U < Z;[x] > U Zi.
<x3+xz+x+2>

TakeW=W1uW2uW3uW4=

a a a a a
b b bbb

a,be N(Z7)} U

a,beN(Z,); v

I
S
S

a,b,c,deN(Z,); U

o o o O
S o O O
S O o O
S O O e

15
{Zaix‘ ; all polynomials in the variable x with coefficients
i=0

from the neutrosophic field N(Z,;) of degree less than or equal
to 17} §V1 UVZUV3UV4;TakeK=K1 UKQUK3UK4:
QuZ,uZ;uZy;cFuF uF; uF,. Clearly W is a
neutrosophic 4-vector space over the 4-field K = K; U K, U K;
U Ky. Thus W is a quasi special neutrosophic 4-vector subspace
of V over the 4-quasi field K.

The notion of n-basis and n-linearly independent elements
can be defined as in case of neutrosophic n-vector spaces of
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type I here each S; < V; is a basis of V;over Fi;i=1,2,...,n
where V=V, U V, U ... U V, is defined over the n-field F = F,
UF,u...UF,.

The reader is expected to construct examples. Also the
notion of n-linear transformation of type II neutrosophic n-
vector spaces can be defined as in case of type I n-vector spaces
with necessary changes. Further the notion of kernel T, T a n-
linear transformation of the neutrosophic n-vector space V to a
neutrosophic n-vector space W defined over the same n-field F
=F, U ... UF,is defined as follows.

LetT=T,vT,u..uT,:V=V,uV,u.. UV, > W
=W, UW,uU ..U W,be amap such that T; : V; > W isa
linear transformation and no two V; is mapped onto the same
Wi 1<ij<ni=1,2, ..., n The n-kernel of T denoted by
kerT = kerT; U kerT, U ... U kerT, where ker T; = {Vi e Vi|T;
v)=0},i=1,2,...,n. Thus

ker T =kerT, U kerT, U ... U kerT,
={v, V5., v)eViuVL,u ..UV, /T, V,.., V")
=T,(v) U To(v) U ... U T,(v")
=0u0u...u0}.

It is easily verified that kerT is a neutrosophic n-vector subspace
of V over the n-field F=F, U F, u ... UF, of type 11.

We can prove if V and W are n-finite dimensional and T a
n-linear transformation then n rank T + n nullity T = (n;, ny, ...,
n,) dim V = n-dimension of V.

(rank T; U rank T, U ... U rank T,) + nullity T; U ... U
nullity T, = dim V, U dim V, U ... U dim V,, (dim V; over the
field F;,i=1,2,...,n)

Thus (rank T; + nullity T;) U (rank T, + nullity T,) U ... U
rank T, + nullity T,, = (ny, ny, ..., n,).

Furtherif V=V, uV,u...uV,and W=W, U W, U ...
U W, be two neutrosophic n-vector spaces over the n-field F =
FfuF,u...UF,oftypellandif S=S,uS,uU...uUS,and T
=T,uUT,uU... UT, are two n-linear transformations of V to W
then the n function (T+S) =
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(TivThu...UTy+S5uSu...uS)=T+S uUT,+Su
... UT, + S, is defined by

(T+S)a

=(Ty+S)U((T+SH) U...u(Ty+S)l (Vo U...Ud,)
=(T, + S]) o (T, + Sz) o U ... U (T,+ Sn) oy

= (Tioyq + Sjop) U (Thon + Syan) U ... U (Tho,t Spon)

is a neutrosophic n-linear transformation from V =V, U V, U
LLUVitoWuUuW,u..uW = Wando o, UL U, €
ViuV,u...uV, Alsoifc=ciucucsuU...uc, e F, U
Fu...UF,then(ciucu...uc)(TruT,u...uT) (o
UoaU..uo)=ciTioyucTau..uc T, d,.

Thus the set of all n-linear transformations of V to V with n-
addition and n-scalar multiplication defined above is again a
neutrosophic n-vector space of type II over the n-field F =F, U
Fz U... YU Fn.

Thus NL(V, W) =NL'(V,, W;) U NL*(V,, W) U ... UNL"
(V., W) is a neutrosophic n-vector space over the n-field F = F,
U F, U ... UF, where V; and W; are neutrosophic vector spaces
defined over the field F;,i=1,2, ..., n.

Now we proceed onto define the new notion of neutrosophic n-
linear algebra of type II.

DEFINITION 3.3.5: Let V=V, UV, U...U V, be a neutrosophic
n-vector space over the n-field F = F; UF, U ... UF, of type I1.
If each V; is a neutrosophic linear algebra over F; for i = 1, 2,
..., 1, then we call V to be a neutrosophic n-linear algebra over

the n-field F of type I1.
We will illustrate this situation by some examples.

Example 3.3.10: Let V=V, U V,UV; UV, =

[

a,b,c,de ZJ} U
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{Zaixi ; all polynomials in the variable x with coefficients
i=0

from N(Z,;) thatis a; € (Z;;); 0 <i< o0} U

a 0 00
b c 00
a,b,c,d,e,g,p,q,1,s€ N(Q) ; U

d e g 0
p qr s

a b c

0 d e|la,b,c,d,e,feN(Z,)

0 0 f

be a neutrosophic 4-linear algebra over the 4-field F =F, U F,
UF3UF4:Z7UZUUQU22.

Example 3.3.11: LetV=V,0UV,UV; UV, U V50U V¢=

{Z:aixi ; all polynomials in the variable x with coefficients
i=0

from N(Z19). a; € N(Z19); 0<i< 00} U
a 0
b d

a b ¢
d e f|la,b,c,def,ghieNQ);y U
g h

i

a,b,de ZBI} U

{All 10 x 10 upper triangular matrices with entries from the
neutrosophic field N(Z,3)} W {All 12x12 diagonal matrices with
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entries from Z,I} U {All 5 x 5 lower triangular matrices with
entries from the neutrosophic field. N (Z4,)}; is a neutrosophic
6-linear algebra over the 6-field F=F, U F, U F; UF, U Fs U
F6 = Zlg U Zl3 Y Q U Zz3 U Zz U Z410ftype 1I.

Now we proceed onto define the substructure in neutrosophic n-
linear algebras of type II.

DEFINITION 3.3.6: Let V =V, UV, U ...V, be a neutrosophic
n-linear algebra over the n-field F = F;, UF, U ... UF,. Let W
=W, uW,u..uW,cV, oV, .. UV, if Witself is a
neutrosophic n-linear algebra of type Il over the n-field F = F,
UF, UL UF,and W; {0} or W; 2V, for every i, i =1, 2, ...,
n. We call W to be a neutrosophic n-linear subalgebra of V over
the n-field F of type Il If V has no neutrosophic n-linear
subalgebras then we define V to be a n-simple neutrosophic n-
linear algebra over F of type I1.

We will illustrate both the situations by some simple examples.

Example 3.3.12: LetV=V,0UV,UV; UV, UVs;U VU V;

{29

{(a1, a2 a3, a4,as) |aj € Zpl; 1 <1<5 U

a,b,c,de N(Q)} v

{Zaixi ; all polynomials in the variable x with coefficients
i=0

from the neutrosophic field N(Z,9) U {All 10 x 10 neutrosophic
matrices with entries form Z41} U {All 8 x 8 upper triangular
matrices with entries from N(Z,)} U {All 5 x 5 low triangular
matrices with entries from N(Zs)} U {3 x 3 matrices with
entries from N(Z3;)} be a neutrosophic 7-linear algebra over the
7-ﬁeldF=F1u UF7:QUZHUZlgUZ41 U22UZ5U
Z31. Consider W = W1 |\ Wz |\ W3 |\ W4 |\ W5 |\ W5 |\ W7 =
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[

{Z a,x”" ; all polynomials of even degree in the variable x with
i=0

a,b,c,deQI} U{(aaaal)|aeZyl} v

coefficients from ZjoI} w {All 10 x 10 neutrosophic upper
triangular matrices with entries from Z4 1} U {All 8 x 8 upper
triangular matrices with entries from Z,I} U {All 5 x 5 lower
triangular matrices with entries from ZsI} U {3 x 3 matrices
with entries from Z3 I} c VUV, U V; UV, U VsU VgU Vy
it is easily verified W is a neutrosophic 7-linear subalgebra of V
over the 7-field F.

Example 3.3.13: LetV=V, UV, U V3 UV,U V5=

=)

anZI} U{(aaaaaa)|aeZl}u

a 0 0 0O
a 0 0 0a 0 00O
a a O|laeZJ;, U4q/0 0 a 0 OflaeZI; U
a a a 0 0 0 a o0
0 00 0 a
a a a a
0 a a a
00 a a aeZ,l
0 0 0 a

be a neutrosophic 5-linear algebra over the 5-field F = Z, U Z;
U Zs U Z; U Zys. It is easy to verify V has no proper
neutrosophic 5-sublinear algebras of type Il over F in V. Thus V
is a simple neutrosophic 5-linear algebra over F.
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DEFINITION 3.3.7: Let V =V, UV, U ...V, be a neutrosophic
n-linear algebra over the n-field F = F; UF, U ... UF, of type
I Let W=W,uW,uv..uW,cV, vV, u.. UV, besuch
that W is a neutrosophic n-vector space over the n-field F and
no W; c V; is a neutrosophic linear algebra over Fiy W; =V, i =
1, 2, ..., n. We define W to be a pseudo neutrosophic n-vector
subspace of 'V over the n-field F.

We will illustrate this situation by some examples.

Example 3.3.14: LetV = Vl U V2 U V3 U V4 =

a b c
d e f|ab,cdef,ghieZl; U
g h

i

{Zaixi ; all polynomials in the variable x with coefficients
i=0

from Z,1} v

a,b,c,d,e,f,g,p,q,re N(Q)r U

o ® o oW
o » o o
® T - O
= 0Q 0o o

{All 7 x 7 neutrosophic matrices with entries from N(Z;;)} be a
neutrosophic 4-linear algebra over 4-field F =7, U Z, U Q U
Zi;. Let W =W, UW2UW3UW4:

0 0 b
0 ¢ Oflbc,deZI; L
d 00
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12
{Zaix‘ ; all polynomials of degree less than or equal to 12
i=0

with coefficients from Z,I; a; € Z,1; 0 <1< 12} U

0 0 0 d
0.0 0 f,d,ae N(Q); U
0 a 00
a 0 00
0 00O OO0 a
0000 O0WDb O
0000 dooO
0 00 e OO0 Of|a,b,c,def,g,heN(Z,)
00 f 0000
0 g 00000
h 000 0 0O

c Vi U V, U V3 U V, be a neutrosophic 4-vector space over F
=779 Zy U QU Zy. Clearly W is a pseudo neutrosophic 4-
vector subspace of V over the 4-field F =7, U Z, U Q U Z;; of
type II.

Example 3.3.15: Let V= ViuV,uVsuV,u Vsu Vg =
a b
c d

{Z:aixi ; all polynomials in the variable x with coefficients
i=0

a,b,c,de N(Q)} )

from N(Z;,)} v {all 8 x 8 neutrosophic matrices with entries
from N(Zy9)} U {all 7 x 7 upper triangular matrices with entries
from N(Z3)} U {4 x 4 matrices with entries from Z;1} U {5 x5
neutrosophic matrices with entries from N(Z4)} be a
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neutrosophic 6-linear algebra over the 6-field algebra over the
6-field F = Q o le v Zzg o Z3 U 223 o Z41 oftype II. Let W =
W1UW2UW3UW4UW5UW6:

o

5
{Z a,x'; all polynomials in the variable x of degree less than

i=0

a,b eQI} U

or equal to 5 with coefficients from N(Z;;)} v

a,b,c,d,g,f,peZ,I; U

S h O O O O O O
S O O O A o O O
S O O O o o o o

S O O O O O O
S O O O O o o O
S O O O o 6o o O
S O O O O O O v

T O O O O O O O

a,b,c,geZ,I; U

S O O O O O O
S O O O O O O
S O O O O O O
S O O O o o O
S O O O O o O
S O O o o o e

S O Ok O O O

a,b,c,d,g,feZ.1; U

R o o O
S A o O
S e o o
- o O o
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a:b5cad5eaf5gsh’p € Z4II

R © o o O
S | O O O
S O - o o
- 5B o o o6

S O o O &

c VUV, U V3 U V4 U Vs U Vi is a pseudo neutrosophic 6-
vector subspace of Vover F=Q U Zj1 U Zyg U Z3 U Zy3 U Zy
of type IL.

DEFINITION 3.3.8: Let V =V; vV, U ... UV, be a n-finite
neutrosophic n-vector space (n-linear algebra) of type Il over
the n-field F = F; UF, U ... UF,. Suppose W=W, UW, U ...
uUW,cV, oV, u... UV, be a neutrosophic n-vector subspace
(n-linear subalgebra) of V of n-dimension (n; — 1, n, — 1, ..., n,
— 1) over the n-field F of type I, where n-dimension of V' is (n;,
ny, ..., n,). Then we define W to be a neutrosophic hyper n-space
(n-algebra) of V.

The reader is requested to give examples of the above
definition.

We define neutrosophic n-polynomial ring or neutrosophic
polynomial n-ring over the n-field F =F, U F, U ... U F, to be
Fi[x] U Fy[x] U ... U Fy[x] = F[x] where Fy, F,, ..., F, are n
distinct neutrosophic fields.

Example 3.3.16: F[x] = N(Z;)[x] v Z;11[x] U RI[x] U Z,I [x] U
N [Z3] [x] U N (Z47)[X] is a 6-polynomial neutrosophic ring.

DEFINITION 3.3.9: Let V =V, UV, U ...V, be a neutrosophic
n-vector space (linear algebra) over the n-field F = F; U F, U
WUF.LetW=W, W, u..uW,cV,uV,u... UV, be
such that W is only just a n-vector space (linear algebra) over
the n-field F then we all W to be pseudo n-vector space (n-
linear algebra) of V over the n-field F = F; UF, U ... UF,.
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We will illustrate this situation by some simple examples.

Example 3.317:LetV=V,UV,UV3;UV,U V5=

a, a, a, .
a,eN(Q)l<i<6;, U
a, a; ag
a, a,
a, a,
a; ag |la,eN(Z,);1<i<10; U
a; A
a‘) alO
0 0 0 a
0 0 a, a, )
a,eN(Z,);1<i<10; v
0 a, a; a,
a, a; a, a

N

19
{Zaix‘ ; all polynomials in the variable x with coefficients
i=0

from N(Z,7) of degree less than or equal to 19; a; € N(Z7); 0 < i
<19} v

al aZ a’S a6

a;, a, a, O )
a,eN(Z,;)1<1<10

a, a, 0 O

a, 0 0 O

be a neutrosophic 5-vector space over the 5-field F=F, U F, U
F;OUF,UFs=QuU Z;,UZy,UZj; U Zg of type 1. Let W =
W, uW,uUW;uUW,uU W5 =
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aieQ;ISiS3} )

(al a2 a3j
al aZ a3

a,b,c,deeZ, L

o oo o o
o o o o o

0 0 0 a
0 0 b b
a,b,c,deZ, U
0 ¢c ¢ ¢
d d d d

10 )
{Z a,x'; all polynomials in the variable x of degree less than
i=0

or equal to 10 with coefficients from Z,7} U

a a a a
bbb 0

a,b,c,deZ,
c c 0 O
d 0 0O

c ViU VU V3 U V4 U Vs be a pseudo S-vector space of V
over the 5-field F.

Example 3.3.18: Let V=V, UV, UV; UV, UVsU V¢=

[t

a,b,c,de N(Z2)} U
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{All 9 x 9 neutrosophic matrices with entries from N(Z;,)} U

{all 7 x 7 upper triangular neutrosophic matrices with entries
from N(Z3)} v

a,b,c,d,e,f,g.heN(Z,,); v

S O o
S O a o
Qe o o O
=5 oh O O

{Z a,x' ; all polynomial in the variable x with coefficients from
i=0

N(Zs3)} v
a, a, a, 0 0 0
a, a; a, 0 0 O
B 0000 N@z<i<is
0 0 0 a, a, a,]||"'
O O O a’l3 al4 alS
0 0 0 a, a, ag

be a neutrosophic 6-linear algebra over the field F =7, U Z;; U

213U Zy7 U Zs3 U Zs of type 1I. Consider W = W, U W, U W;
U Wsu Wsu W=

a b

c d
{All 9 x 9 matrices with entries from Z;;} U {all 7 x 7 upper
triangular matrices with entries from Z;3} U

a,b,c,de Zz} )
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abeZ, v

o o
o o o
o o o o
o o o o

{Z a,x' ; all polynomial in the variable x with coefficients from
i=0

Zs3p U

a,beZ,

o o o o o O
o o o o o O
o o o o o O

o o o & ©
©c o o & » o
©c o o & » o

cViuV,u ViU V,U Vs U Vg is a 6-linear algebra over F.
Thus W is a pseudo 6 linear algebra of V over the 6-field F of
type 1L

A neutrosophic n-vector space (n-linear algebra) V=V, U
VU ... UV, of type Il over the n-field F=F, UF,u ... UF,
is said to be pseudo simple n-vector space (n-linear algebra) if V
does not contain any pseudo n-vector subspace (n-linear
subalgebra).

In view of this we give the following theorem which guarantees
the existence of pseudo simple n-vector spaces (n-linear
algebras).

THEOREM 3.3.2: Let V=V, UV, U ... UV, be a neutrosophic
n-vector space (n-linear algebra) over the n-field F = F; U F,
U... UF, of type Il If each V; is defined over a field K; with K;
= F; I (F; real prime field) for i = 1, 2, ..., n. V is a pseudo
simple n-vector space (n-linear algebra) over F of type II.
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Proof: Given V =V, U V, U ... U V, is a neutrosophic n-
vector space over the n-field F =F, U F, U ... U F, where each
Vi is defined over FiI; i =1, 2, ..., n. Thus there does not exist a
W; ¢ V; where W, is a real vector space over F; as F; ¢ FiI for i
=1,2,...,n. Thus V=V, UV, U ... UV, does not contain any
n-vector subspace. So V is a pseudo simple n-vector space.

We will illustrate this by some simple examples.

Example 3.3.19: Let V= V] v V2 v V3 o V4 Y V5 U V6 v V7

oy

a,b,c,d,e,f e ZZI} U

a, a; a, ||la,eZ;1<1<15; v

a, a, a, a, a. a, a
1 2 3 4 5 6 7 .
( ]aieZ“I;IS1§14 U
a’8 a’9 a10 a'11 a12 a'13 a14

a,e€Z,;1<1<8}; U
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8
{Z a,x'; all polynomials in the variable x of degree less than
i=0
or equal to 8 with coefficients from the field QI; a; € QI; 0 <i <
8} v

0 0 0 a

00 bd a,b,d,c,f,g,h,p,qeZ,1; U

0 ¢ d f|| 7777

g hpg

0 0 0 0 0 a

0 0 0 0 a, a,

0 0 0 a, 0 O .
a,eZ,;1<1<9

0 0 a, 0 a, O

0 a, 0 0 0 O

a, 0 0 0 0 a

be a neutrosophic 7-vector space over the 7-field F =7, U Z; U
711U ”Zywu QU Z;u Zs of type 1. 1t is easily verified that V
has no proper pseudo 7-vector subspace over the 7-field F.
Hence V is a pseudo simple 7-vector space.

Example 3.3.20: Let V = Vl U V2 U V3 U V4 =

(o

{(a;, ap, a3, a4, as) | € Z71; 1 <1 <5} U

a,b,c,de QI} )

a, 0 0 0
a, a, 0
2 a, e€Z,;1<i<10} U
a, a, ag
a; Az 4y 3y
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a b ¢
d e f|la,b,cdeficZ,l
g h i

be a neutrosophic 4-linear algebra over the 4-field F=Q U Z; U

Zi9 U Zg. 1t is easily verified that V has no pseudo 4-linear
subalgebra over F. Thus V is a pseudo simple 4-linear algebra.

DEFINITION 3.3.10: Let V =V, v V, v ... v V, be a
neutrosophic n-vector space (n-linear algebra) over the n-field
F=F, UF,U.. UF, Suppose W=W, oW, .. UW,cV,
vV, u.. oV, W2V, Wi z{0} fori =1, 2, .., nlisa
neutrosophic n-vector space (n-linear algebra) over the n-
subfield K =K, VUK, U ... UK, cF; UF, U ... UF, (Each K;
is a proper subfield of Fi; i = 1, 2, ..., n) the we call W to be a
subneutrosophic n-vector subspace (n-linear subalgebra) of V
over the n-subfield K — F of type II. If V has no proper
subneutrosophic n-vector subspace (n-linear subalgebra) over a
proper n-subfield of F then we call V to be a n-simple
subneutrosophic n-vector space (n-linear algebra).

Now we can define strong neutrosophic n-vector spaces of
type Il and derive for them also some interesting properties with
appropriate modifications.

DEFINITION 3.3.11: Let V =V, UV, U ... UV, be such that
each V; is a strong neutrosophic vector space over the
neutrosophic field F, i = 1, 2, ..., nthen we call V=V, UV, U

. UV, to be a strong neutrosophic n-vector space over the
neutrosophic n-field F = F; UF, U ... UF,.

We will illustrate them by some examples.

Example 3.3.21: Let V=V, 0 V,UV; UV, =
a a a a a
b bbb b
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a a
b b
a,b,c,deN(Z,); U
c c
d d
0 0 a
0 a, 0 .
a,eN(Z,)l<i<4; v
0 a, 0 O
a, 0 0 O

a b cdeg
a b c d e gllab,c,degeN(Z,)
a b cdeg

be a strong neutrosophic 4-vector space over the 4 neutrosophic
field F = Zi I UN (Z7) |\ Z47I U N (Z]g).

Example 3.3.22: Let V=V, 0 V,UV;=

a
b
c
d a,b,c,d,e,f e N(Q); U
e
f
a b a b a b
b ¢ b c¢c b cllabc,deN(Z,) v
c d cd c d
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a,b,c,d,e,feZ,1

R =N B e N
® o o o o
® o0 -0

be a strong neutrosophic trivector space over the neutrosophic
trifield F =N (Q) |\ Z411 U Z“I.

We can define the notion of strong neutrosophic n-linear
algebra.

DEFINITION 3.3.12: Let V =V, vV, U ... UV, be a strong
neutrosophic n-vector space over the neutrosophic n-field F =
F, OF, .. UF, If each V; is strong neutrosophic linear
algebra over the neutrosophic field F;, i = 1, 2, ..., n then we
call V to be a strong neutrosophic n-linear algebra over the
neutrosophic n-field F = F; UF, U ... UF,.

We will illustrate this situation by some examples.

Example 3.3.23: LetV=V, UV, U V3 UV,U V5=
a b
c d

{Z a,x' ; all neutrosophic polynomials in the variable x with
i=0

a,b,c,de N(Q)} U

coefficients from the neutrosophic field Z,1; a; € Z;1[; 0 <1 <
OO} |\ {(al, Ay, a3z, .... 3.2()} | a; € Z3I, 1 S1S20} o

a, 0 O
a, a, 0 |la,eZ1<i<6; U
a, as ag
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aa, 0 0 0 O
0 a, 0 0 O
0 0 a; 0 O0]|laeZ,1<i<5
0 0 0 a, O
0 0 0 0 a

be a strong neutrosophic 5-linear algebra over the neutrosophic
5-field F = QI uZnluZslu Z)] v 771 oftype 1I.

Example 3.3.24: Let V=V, U V, U V; U V4, = {All 10 x 10
upper triangular neutrosophic matrices with entries from the
neutrosophic field Z,I} U {set of all 15 x 15 neutrosophic
diagonal matrices with entries from the neutrosophic field Z;I}
U {set of all 3 x 3 lower triangular matrices with entries from
the neutrosophic field N(Q)} U {(ai, a,, a3, a4, as, a4, a7, ag) | 4; €
ZsI} be a strong neutrosophic 4-linear algebra over the
neutrosophic 4-field F = Z,1 U Z3;1 U N(Q) U Zsl.

We as in case of neutrosophic n-vector spaces (n-linear
algebras) of type II define in case of strong neutrosophic n-
vector spaces (n-linear algebras) the notion of strong
neutrosophic n-vector subspaces (n-linear subalgebras) of type
11

Recallin F=F, UF, U ... UF, and if some of the F;’s are
neutrosophic fields and some of the F;’s of real fields; 1 <1, j <
n then we call F to be a quasi neutrosophic n-field. We shall just
give some examples of them.

F=F, UF,UF; UF,;UFsUF¢
=Z10uZ, U N(Q) VRuZjlu N(Zz3)
is a quasi neutrosophic 6-field.

K=K, UK, UKs; UK, UKsuUKgu Ky U Kg
= Q(V2)I U Zs1 U N(Zy) U Zi71 U Q(VTVIT) U
N(Q(+/194/23+/3) U N(Z47) U Z 43l

is a quasi neutrosophic 8-field.
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Using the notion of quasi neutrosophic n-field we can
define the new notion of quasi strong neutrosophic n-vector
spaces (n-linear algebras) over quasi n-neutrosophic fields.

DEFINITION 3.3.13: Let V =V, vV, U ... UV, be such that
some V;’s are vector spaces over the real field F; and some of
the V;’s are strong neutrosophic vector spaces over the
neutrosophic field F; (i #j, 1 <i, j <n). We define V; UV, U ...
UV, to be a quasi strong neutrosophic n-vector space over the
quasi neutrosophic n-field F = F; UF, U ... UF,.

We will illustrate this and the substructures mentioned earlier by
some examples.

Example 3.3.25: LetV = V] o V2 o V3 U V4 |\ V5 v V6 =

a,b,c,de ZSI} U

a, |la,eZ,01; U

a,
a5
0 0 0 0 a
0 0 0 a, a,
0 0 a; a, a,|laeZ;LI<i<6;u
0 a, a, a, a
a, a, a, a, a,

(al a, a, 34]
a; a, a, a,
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12 )
{Z a,x'; all neutrosophic polynomials in the variable x with
i=0

coefficients from the neutrosophic field Z4 1 of degree less than
orequalto 12; a; € Z»y; 0<i1< 12} L

al a2
a3 a4
as A
a, a, |la,eZ ;1<i<14
a’9 alO
all aIZ
al3 al4

be a quasi strong neutrosophic 6-vector space over the quasi
neutrosophic 6-field F = Z5 |\ Z7I |\ Z]3 |\ N(Q) U Zy U Z1 L

Example 3.3.26: Let V=V, 0V, UV; UV, =

a, a, a; |laeN@Q)l<i<2l;u

a b cde f g
b c d e g f ajllab,cdef,geNZ,)r v
a b df g a e
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a,b,c,deN(Z,); v

o o o O
S o O O
oS o o O
S O O W

a b c d e
a b a c¢ allab,.cdeeN(Z,])
d e d e ¢

be a quasi strong neutrosophic 4-vector space over the quasi
neutrosophic 4-field F = Q U Zsl U Z41 U Z51.

Example 3.3.27: Let V=V, U V,UV;UV,U V5=

a b
c d
{(ay, ay, a3, a4, s, a6, a7) | a; € Zy71; 1 <1< 7} {All 7 x 7 upper

triangular matrices with entries from N(Q)} U {All 8 x 8 lower
triangular neutrosophic matrices with entries from N(Zy)} U

a,b,c,deN(Z“)} U

{Z:aixi ; all polynomials in the variable x with coefficients
i=0

from the neutrosophic field N(Z4,); a; € N(Z41); 0 <1< o} be a
strong quasi neutrosophic 5-linear algebra over the quasi
neutrosophic is field F = le |\ Zl7I |\ N(Q) |\ 223 |\ N(Z41)

Example 3.3.28: Let V=V, U V, U V; U V, = {All 10x10
neutrosophic matrices with entries from N(Zs;3)} W

a, 0 O
a, a, 0]|la,eZ,1<i<3; v
a, a, a

1 2 3
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{All 5 x 5 diagonal matrices with entries from N(Z4)} U

a,b,c,deN(Z,)

S O o e
S O a o
o o o O

o O O

(¢}

be a strong quasi neutrosophic 4-linear algebra over the quasi
neutrosophic 4-field F = N(Zs3) U Z; U N(Z41) U Z,.

Example 3.3.29: Let V=V, UV, UV; UV, U V5=
al a2 a3
a, a, a,

15 )
{Zaix'; all neutrosophic polynomials in the variable x of
i=0

a, eN(Z,);1 Siﬁ6} )

degree less than or equal to fifteen with coefficients from N(Q);
a; € N(Q); 0 <i <15} U {All 5 x 5 neutrosophic matrices with
entries from Z;1} U

a,b,c,d,e,f,g,h,i,jeZ I U

- Q O O ©
—. =5 = o o

a,b,c,deZ;l

o O O O
oo O O
o A o O
o & o o
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be a strong neutrosophic 5-vector space over the S-neutrosophic
field F = Z3I v N(Q) v Z7I |\ ZHI |\ Zl7I. W= W1 |\ W2 o W3

UW4UW5:
a a a
b b b

6
{Z a,x' ; all polynomial in the variable x with coefficients from
i=0

a,be Z3I} )

the field N(Q) of degree less than or equal to 6; 0 <1< 6; a; €
N(Q)} v {All 5 x 5 upper triangular matrices with entries from
the field Z;1} U

a,beZ, 1; v

oY D o W
o ® ® o o®

a,b,d,ecZ,l

o O O O
S a o o
S O o O
S O O e

c Vi U V, U V; U V, U Vs is a strong neutrosophic 5-vector
subspace over the 5-neutrosophic field F.

Example 3.3.30: Let V=V, U V,UV3;UV,U VsU Vg= {(ay,
a, a3, a4, s, 3g) | 8 € Z71; 1 <1< 6} U {All polynomials in the
variable x with coefficients from N(Q); N(Q)[x]} v

a b ¢
d e f|la,b,c,def,ghkeZ I U
g h k
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{All 7 x 7 neutrosophic matrices with entries from ZsI} U {All
9 x 9 upper triangular matrices with entries from N(Zy)} U

a,b,e,beZ,I

S O A e
S O o o
O O O
0 O O

be a strong neutrosophic 6-linear algebra over the neutrosophic
6-field F = Z7I U QI |\ ZMI |\ Z5I UN (223) |\ Zng. Let W= W1
UW,uUW;UW,uUWsU We={(a,a,a,b,b,a)|a, b e Z}
w {All polynomials in the variable x with coefficients from QI;
that is QI[x]} U

a a a
a a allabeZ,l; v
b a b

{7 x 7 neutrosophic upper triangular matrices with entries from
Zs1} U {All 9 x 9 diagonal matrices with entries form N(Z3)}

aeZyl

o o o
o o o
® ®» o o
®» » o o

c ViUV, U V3 U VU Vs U Vg is a strong neutrosophic 6-
linear subalgebra of V over the neutrosophic 6-field F.

Thus we have given examples of strong neutrosophic n-
vector subspaces (n-linear subalgebras) over a neutrosophic n-
field F.

As in case of neutrosophic n-vector spaces (n-linear
algebras) one can in case of strong neutrosophic n-vector spaces
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(n-linear algebras) define the notion of n-linearly independent n-
subset, n-basis, strong neutrosophic n-linear transformations
from a strong neutrosophic n-vector space (n-linear algebra)
into a strong neutrosophic n-vector space (n-linear algebra) W
both defined on the same n-neutrosophic field F. We can also
define and study the properties enjoyed by strong neutrosophic
n-linear operators on a strong neutrosophic n-vector space (n-
linear algebra) V. Concepts like strong neutrosophic eigen
values, eigen vectors, etc of strong neutrosophic n-linear
operators can be obtained after suitable modifications.

Further almost all theorems derived in case of strong
neutrosophic bivector spaces can be derived for strong
neutrosophic n-vector spaces. Hence we leave this task for the
interested reader. Only in case of strong neutrosophic n-vector
spaces one can define n-linear functions, strong neutrosophic
dual n-vector spaces and prove (V') = V. That is if
Vi = VuVvu..uV.

ViuV,u ... an)*

(V, UV, U...UV, )*

(V)Y u(V) u..uV))
= VyuV,u...uV,.

As (Vi*)* =V, foreachi,i=1,2,...,n.

sk K

V)

The reader is expected to prove the following theorem.

THEOREM 3.33: Let T =T, v T, v ... U T, be a n-linear
operator on a finite (n;, ny .., n,) dimension strong
neutrosophic n-vector space V=1V; UV, U ... UV, over the n-
field F=F, UF, U.. UF,. Let

c={cl.cl...c | v{c.c..clu.dca.c..c |

be distinct n-characteristic values of T=T; T, U ... UT, and
let W; = WHI uW,j U...UW" be the null n-space (n-null space)

of
T-Cly=[T,-Cl, ] V[T,-Cl, ]u..U[T,~-C'l, ]
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The following are equaivalent

(i) Tis n-diagonalizable

(ii) The n-characeristic n-polynomial for T=T; 0T, U ... UT,
is

f=fivpHpu.. Uf,
=-C ) - CL ) o - - C)

dz,
U U= C ) = C )

We define the notion of the n-ideal generated by n-polynomials
which n-annihilate T=T, v T, U ... U T,.

DEFINITION 3.3.14: Let T =T, v T, U ... U T, be a n-linear

operator of the finite (n;, ny ..., n,) dimensional strong
neutrosophic n-vector space V.=V, UV, U ... UV, over the
neutrosophic n-field F = F;, v .. U F, The n-minimal

neutrosophic n-polynomial for T is the unique monic n-
generator of the n-ideal of n-polynomials over the n-field F = F,
uF, u... UF, which n-annihilate T=T, oT, U ... UT,.

The n-minimal neutrosophic n-polynomial p = p;, Up; U ...
U pu for the n-linear operator T =T, v T, U ... U T, is
uniquely determined by the following properties.

i. pis a n-monic neutrosophic n-polynomial over the n-field F
=F, UF,U.. UF,.

iit. p(T)=pyT) UpxT,) ... Upy(T,) =00C00C... 0.

iii. No neutrosophic n-polynomial over the n-field F = F; U F,
U ... UF, which n-annihilates T=T, o T, U ... U T, has
smaller n-degree than p = p; Up, U... Up,, has.

iv. (n; x n;, ny x ny .. n, X n,) to be the order of the
neutrosophic n-matrix A = A; U A, U ... U A, over the n-
field F = F, UF, U ... UF, (Each A; is the neutrosophic
matrix of order n; x n; associated with T; with entries from
thefield Fi,i=1, 2, ..., n).

The reader to expected to derive these facts and also obtain all

the related results like Cayley Hamilton Theorem, n-projection
primary n-decomposition theorem, n-cyclic decomposition
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theorem, Generalized Cayley Hamilton theorem and so on. All
these concepts can be extended appropriately from the results
proved in case of strong neutrosophic bivector spaces over
bifields.

The reader can define and derive n-Jordan form or Jordan n-
form analogous to bi Jordan form or Jordan biform.

The notion of n-inner product on strong neutrosophic n-
vector spaces of type II is an important and an interesting
notion.

DEFINITION 3.3.15: Let F = F;, UF, UF; U ... UF, be a real
neutrosophic n-field and V =V, oV, v ... UV, be a strong
neutrosophic n-vector space over F. A n-inner product of V' is a
n-function which assigns to each n-ordered pair of n-vectors «
=qUmU..Uagand =0 U f U... UBinV an-scalar
(Cf/ﬂ) = (a;/ﬂ;) U((Zz/ﬂg) U ... U(an/ﬂn) mF=F, UF, U..
UF, thatis (o / ) e Fyi= 1,2, ...,n (o, f € V) insucha
way that foralla=o; Vo, U... Vo, =G U U... UB,
andy=yp Up .. UpinV=V, uV,u.. UV, and for all
n-scalarsc=c; Uc, U... Ue,inF=F, UF, U ... UF,.

(@) (a+ pfy=(ay + Py
(a;+ Bi/y) U+ Bo/y) ... Ula,t B/
= (a/y) + (P/n) ()t (B/r) . (a/r) + (B W)

(b) (ca/P) = c(a/P) that is
(cia/By) Ulcra/f) U ... U(caat/B)
=Cy (al/ﬂl) ve; (aZ/ﬁZ) S (an/ﬂn)'

(©) (/) = (Bla) that is
(Vo U... Ua,/ B U U... UB)=
BB u..UB /oy va ... Uay).

d (de) =(a; Vo, U... Ua, /oy Uap U... Uay)

=(a/a) U(asa) U ... U(a/a,) > (000 U... U0)
ifo, #0fori=1,2, ..., n.
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A strong neutrosophic n-vector space endowed with a n-linear
product is defined as a strong neutrosophic n-inner product
space over the real neutrosophic n-field F = F; UF, U ... UF,.

Let V= F'"UF,  U...UF" be a strong neutrosophic n-

vector space over the real neutrosophic n-field F = F; UF, U
U F,, there is a standard n-inner product called the n-
standard inner product. It is defined for

a=o VaU... Ua,
= (x,]...xil)u(xf...xi)U...u(x}’...x;,)
and
p=pupu.. Up
= (Y Y )Yy )OO (Y] )
by
(O(/ﬂ) le,yj uzszyj L Uz J,,yj,,'

Jn

IfA=A4; VA, U...UA, is a neutrosophic n-matrix over the
n-field F = F; OF, U ..UF, where A; € F'"" ,i=1,2 ..,n
E™™ is a strong neutrosophic vector space over F; i = 1, 2,
v n Vo= FTMoo FPRoo Lo v EM™ s a strong
neutrosophic n-vector space over the n-field F = F; UF, U ...
vF,and V= F"" v F*" v .. v E"™" s a strong
neutrosophic n-vector space over the n-field F = F; UF, U ...
U F, is isomorphic to the strong neutrosophic n-vector space

2 2 2
F'" UF"* v..UF" inanatural way.

A/B) = DA By © D A By e O D AL B,

Jik; Jok; Ink

defines a n-inner product on V. A strong neutrosophic n-vector
space over the neutrosophic n-field F = F, UF, U ... UF, on
which is defined a n-linear product is known as the n-inner
product neutrosophic space or neutrosophic n-inner product
space.
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The reader is expected to prove the following theorem.

THEOREM 3.34: If V=V, UV, U... UV, be a n-inner product
neutrosophic space then for any n-vectors o= oy U o U ... U
a,and =P VB U... UBin Vand any scalar c = c¢; Uc, U
e, inF=F, UF,U.. UF,

i. |leal] =|c| ||ad] that is
lleal| = |ler ail| ... Ullen aull
=lal |l all v... Ulal || an

’

ii. ||all>0uv0u...u0foraz0,
thatis || ai|| V|| al| U ... Ul aul] > (0, 0, ..., 0)
=0u0u.. U0

ii. ||(eB)l| <l el || Bl| that is
e/ BN w (o B © ... Ul B
<lell 1Bl “llall jBll v ... wllall Bl

As in case of strong neutrosophic bivector spaces we can define
in case of strong neutrosophic n-vector spaces the notion of n-
orthogornal n-vectors.

Ifoa,pe V=V, uUV,U...UV,bean-vector in a n-inner
product space we can define
y=B— B/a) .

o ;
o]

that is
YViVY2Y .o Uty

:(Bl_(ﬁl/al)alj g (Bz_a&z/a;)%]
a

[l I
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Wesay o =a; U d, U ... U o, is n-orthogonal to f =3, U B v
e U B if

(a[B) = (ou[B)w(oa|B)u...(an]|Bn)
= 0ulou.. U0
This clearly implies = ; U B2 U ... U B, is n-orthogonal
o= UonU...Uo,.

The reader can easily prove the following theorem.

THEOREM 3.3.5: A n-orthogonal n-set of non zero n-vectors is
n-linearly independent.

THEOREM 3.3.6: Let V =V, vV, v ... UV, be a strong
neutrosophic n-inner product space and let (f,..., ,Bn]] Y,

(,6’]2,...,,6’,122)u...u(ﬂj",...,ﬂ:) be any n-independent vectors

n

in V. Then one way to construct n-orthogonal vectors
(a),...0, )I(a;, ..a, ). o(a, . .a )inV ="V UV,
U ... UV, is such that for each k; = 1, 2, ..., n; the set
(a),...o )u(aj,..a; )U...u(a],..a; ) is a n-basis for

the neutrosophic n-vector subspace spanned by (i, ..., ﬂkll )

(BB OBl Bl

Proof: The n-vectors (0(},...,0(11[) u(af,...,aﬁz)u...u
(at),...,a, ) will be obtained by means of a construction

known as Gram-Schmidt n-orthogonalization process.

First let o = o, Ua; U...ua] =B = B UPB; U...UBT.
The other n-vector are given inductively as follows.

Suppose a1, a0 , ..., a, (1 <m;<n;) have been choosen so
that for every k;, {ou, a2, ..., o, }; 1 £k; <mjis an orthogonal

n-basis for the n-subspace of V that is spanned by B; ... Bx. To
construct the next n-vector o let

m; +1
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0“mi+1: m+1U(1,m+1U Ua‘m+1
z (Bm+l /ak)(x‘k
1
m+ k=1 HakH
_ Ml 2
_BmiIHUBmiZHU UBm +1
2 2

Z(Bm 4o k)alk UZ(ﬁm,;/ozzk,z) S
S P e e P

(Ba, /i,

Ba, 1/ 4)
in _ 1 m;, +1 k; 1
%, I

o, |[U...U

)

o P lop [
B
Bm‘" 1 Z n 2 akin
log |
Then a,,, # 0 ie, ol ., # 0; for other wise B. ., is a linear

combination of o Lo, U...Ua! =1, 2, ...,n. Further more

m+1 5

it can be verified (o' /(xj)=0; IS] <m;true fori=1,2,....,n

m;+1

Hence true for (on+1/0) =0 U ... U 0.
Therefore

{oses Oy 0} U {0, 0 b el o

is an n-orthogonal set consisting (m;+ 1, my,+ 1, ..., m,+ 1) non
zero n-vectors in the n-subspace spanned by

Broeos B d U BB} U BB

In particular for m =4 we have

a U ULual = BupiuLL U,
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(By /) | g

1 2 _ 1 2
o, Ua, U..ua, =B, UB U.L.UB) — —HOLI ||2 o,
1
2 2
(Bra?) | (Bs/af)
ﬁal LU Tal
o || o |l
(BL/a) (83/a}) (B2 /o)
o] ot || o |l
and so on.

Interested reader on similar lines can construct o3 =
oy Uas U...ual interms of B3, oy and oy and so on.

Now we define the notion of best n-approximation in case of

strong neutrosophic n-vector spaces over the neutrosophic n-
field F.

DEFINITION 3.3.16: Let V =V, UV, v ... UV, be a strong
neutrosophic n-vector space over the neutrosophic n-field F =
F; UF, U... UF, (All F;’s are not pure neutrosophic for i = 1,
2, ..., n) of type Il.

Let W=W, UW, U .. UW, be a strong neutrosophic n-
vector subspace of V over F. Let f= [ U U ... U S, be a n-
vectorin V="V, ouV,u..uV, peW(ie., f g W fori=1,
2, ..., n).

To find the n best approximation (best n-approximation) to [ =
oo U inW=Ww, W, ... UW,
That is to find a n-vector @ = o U a; U ... U @, for which

=l =1 Bi — all V| po— aol| U ... V| fu— anl]

is as small as possible subject to the restriction o = o; U oz U
.vapisin W=WwW, oW, U... UW, (that is each || B — | is
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as small as possible subject to the restriction that o; should
belongto W, i =1, 2, ..., n).

To be more precise a best n-approximation to = f; U f,
U..UBinW=w, oW, .. UW,is a n-vector a = oy U
o ... Uay,in Wsuch that

B —all <[lf— A
that is
181 = all V|f— el U... V]IS - all
<Npi = nll = rll v ... V1B = 7ill

for every n-vector y=y; Uy, U... Uy in W.

It is important to note that as in case of n-vector spaces of type
II, we as in case of strong neutrosophic n-vector spaces define
the notion of n-orthogonality.

However the interested reader can prove the following
theorem.

THEOREM 3.3.7: Let W = W, o W, v ... U W, be a strong
neutrosophic n-vector subspace of a strong neutrosophic n-
inner product space V=V, UV, U.. UV, Let =, VB, U
wupB,eV=r,uV,u.. UV, feVyi=12 .., n

i. The n-vector a = a; Ua, U.. U a,in Wis a best n-
approximation to f = 3, U U ... U B, by n-vectors in W
=W, uW,u..UW,ifand only if B— a= (B — o)) U (P
— o) U... U (B, — o) is n-orthogonal to every n-vector in
w.

That is each [ — a; is orthogonal to every vector in Wy, true
fori=12 .., n

ii. If the best n-approximationto f=, U U ... UB, in W

=W, UW, U... UW, exists then it is unique.

Now we proceed onto define the notion of n-orthogonal
complement of a n-set of n-vectors in V=V, UV, U ... UV,.
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DEFINITION 3.3.17: Let V =V, vV, U ... UV, be a strong
neutrosophic inner produce space of type Il defined over the
neutrosophic n-field F = F; UF, U ... UF,.

Let S =8, US, U... US, be any n-set of n-vectors in V =
Vi oV, ... UV, The n-orthogonal complement of S denoted
by St = S;USS U ... U SF is the set of all n-vectors in V

which are n-orthogonal to every n-vector in S.
The reader is expected to prove the following theorems.

THEOREM 3.3.8: Let V =V, vV, v ... UV, be a strong
neutrosophic n-inner product space. Let W =W, UW, U ... U
W, be a finite dimensional strong neutrosophic n-vector
subspace of Vand E = E; VE;, U ... UE, be the n-orthogonal
projection of Von W.
Then the n-mapping  — (f— Ep), that is

BiUB U Uy — (Bi—EB) U(B—EB) U ... U(Bi—EBy)
i.e., each f = (i — Ef) fori =1, 2, ..., n is the n-orthogonal
projection of Von W.

THEOREM 3.3.9: Let W =W, oW, U ... U W, be a finite (n,,

ny, ..., n,) n-dimensional strong neutrosophic n-vector subspace
of the strong neutrosophic n-inner product space V=V, UV,
..UV, of type Il

Let E=E, VUE, U ..UE, be an n-idempotent n-linear
transformation of V onto W. W=W," UW;" U...o W' is the
null n-subspace of E=E; VE, U ... VE,and V=W @ W+ that
is

V=V, ulV,u.. U,
=W,eW u..UW, ®W".

THEOREM 3.3.10: Under the conditions of the above theorem I
-E=LvbLu..uvl,—(E,VE,v.. UVE)=1-E, Ul,-
E, U ... Ul,— E, is the n-orthogonal n-projection of V on W*. It
is a n-idempotent n-linear transformation of V on to W* with n-
null space W=W; UW, U ... UW,.
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THEOREM 3.3.11: Let
{a},...,a’} u{af,...,a

n

2
ny

} U... u{af,...,a”}

Vl”

be a n-orthogonal set of non zero n-vectors in a strong n-inner
product space V=V, UV, .. UV,over F=F, UF, U... U

F, of type IL.
If =4 up U... B is any n-vectorin V=V, UV, U

.. UV, then

2

ky

Z{I(ﬂz/%)l ] g

e 1P

(B, /g )F
e

e 1P

[wﬂ,/ag)q
— v

ez, I

2 2 2
<Al AN v VB

and equality holds if and only if

Bupu.. Up,

_ (IBI /alil) 1

- 1 2 akl v
& I o I

Z(—(ﬁz /akz)a,fzJ ..U

2 12
o e, |l
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Results on neutrosophic bivector spaces (bilinear algebras)
discussed and derived in Chapter 2 can be derived for
neutrosophic n-vector spaces (n-linear algebras).

Further all results true in case of n-linear algebras of type 11
can be derived in case of neutrosophic n-linear algebras of type
IT with appropriate modifications.
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Chapter Four

APPLICATIONS OF
NEUTROSOPHIC n-LINEAR ALGEBRAS

In this chapter we just suggest the possible applications of the
neutrosophic n-linear algebras of type I and II (n > 2), strong
neutrosophic n-linear algebras of type I and II and quasi strong
neutrosophic linear algebras of type II.

These neutrosophic n-linear algebras over the neutrosophic
n-fields or over the real n-field can be used in neutrosophic
fuzzy models like Neutrosophic Cognitive Maps (NCMs) and
when we have multiexperts we can use the neutrosophic n-
matrices and model n- NCMs (n > 2).

These neutrosophic n-matrices can also be used to model
Neutrosophic Fuzzy Relational maps, when n-experts give their
opinion on any real world problem. Use of these neutrosophic
n-matrices will save time and economy.

These neutrosophic n-matrices can be used in n-models
whenever the concept of indeterminacy is present.
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The n-NCMs (i.e., NCMs constructed using neutrosophic n-
matrices which gives the NCM model of n-experts n > 2) can be
used in creating metabolic regulatory n-Network models. Also
multi expert NCM models can be used to find the driving speed
vehicles of any one in free way. These n-NCM models will be
very useful in Medical diagnostics. n-NCMs using neutrosophic
n-matrices with entries from [0, 1] can be used in diagnosis and
study of specific language impairment.

These structures will be best suited for web mining n-
inferences and in robotics.

The strong neutrosophic n-linear operators when analyzing
the eigen values and eigen vectors in any real models where
indeterminacy is dominant can be used.

We see pure complex numbers ni, (i is such that i* = —1 and
n € R) at an even stages (powers) merges with real but when we
use the indeterminant ‘I’ they at no point of time merge with
reals. Thus if the presence of indeterminacy prevails use of
neutrosophic models is more appropriate.

The n-NCM models can be used in legal rules when several
lawyers give their opinion about a case.

These models will also be better suited in analysis of
Business Performance Assessment as in business always a
factor of indeterminacy is present.

360



1.

Chapter Five

SUGGESTED PROBLEMS

In this chapter we have given over eighty problems for the
reader to solve. This will help one to understand the concepts
introduced in this book.

LetV=V1uV2=

a b a, a, a,
a,b,c,deZ,l; U
c d a, as; ag

where a; € N(Z;3); 1 <1< 6} be a neutrosophic bivector space
over the field Z;s.

a. Find neutrosophic bivector subspaces of V.

b. Find NHom, (V,V).

c. Can V have special neutrosophic bivector subspaces over
a subfield of Z5?
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Let V=V, U V; be a neutrosophic bivector space over a real
field F. Develop some interesting properties of V.

Let V=V, U V,and W =W, U W, be two neutrosophic
bivector spaces over the field F. Find the algebraic structure
of NHomg (V, W).

LetV=V1uV2=
a b c
0 d ella,bcdefeZ Il U
0 0 f
a'l a’2
a, a
o a, eN(Z,)
aS a6
a, a

be a neutrosophic bivector space over the real field Z,;. Find
atleast one neutrosophic linear bioperator on V which is
inverible. Does there exist a neutrosophic linear bioperator T
on V which is inverible but T has a non trivial kernel?

LetV=V1 UVZ = {Z“I[X]} U

(al a, a, a, asl
a6 a7 a8 a‘) alO
be a neutrosophic bivector space over the field Z,;. Find a

bibasis of V over Z;;. Define a bilinear bioperator T on V
which is not inverible.

a, € Z”I;ISiSIO}

Let V=V, UV, W=W,uUW,and S =S; U S, be three
neutrosophic bivector spaces over the real field F. Suppose T:
V — W is a neutrosophic bilinear bitransformation, P : W —
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10.

11.

12.

13.

S is a neutrosophic bilinear transformation. Will TP: V— S be
a neutrosophic bilinear transformation from V to S?(we define
(TP) (v) =P(T(v)) | v € Vso T(v) € W; P((T(v)) € S).

Let V=V, U V, and W = W, U W, be two finite
bidimensional neutrosophic bivector spaces over the real field
F. Prove if T=T, U T, : V —> W is a linear bitransformation
then nullity T + rank T = bidim V, that is nullity (T, U T,) +
rank (T; U Ty) =dim V; U dim V,.

Define neutrosophic hyperbisubspace of V. Illustrate this
concept by an example.

Does there exist a neutrosophic bivector space which has no
neutrosophic hyper bisubspace? Justify your claim.

Can you characterize those neutrosophic bivector spaces
which has no neutrosophic hyper bisubspace?

Let V=V, U V, = {Z7I} U {Z;I[x]} be a neutrosophic
bivector space over the field Z,;. Does V have neutrosophic
hyper bisubspace?

Obtain some interesting properties about the special strong
neutrosophic bivector spaces over the neutrosophic bifield F =
Fl o Fz.

LetV=V,UV,=
a b c
a,b,c,d,e,feZ,I; U
d e f
al aZ
a, a, .
a, e N(Q);1<i<8
aS a6
a, a
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14.

15.

16.

17.

be a strong neutrosophic bivector space over the neutrosophic
bifield F = YATI8V N(Q) =F, UF,.

Find a bibasis of V over the bifield F = F, U F,.
b. Can V have proper strong neutrosophic bivector
subspaces W, W, which are such that W, = W,?
Is V bisimple?
Find a linear bioperator on V which is non biinvertible.
Find a linear bioperator on V which is biinvertible.
Can V have proper hyper bisubspace?

e oao

Let V =V, U V; = {collection of all 7 x 7 neutrosophic
matrices with entries from the neutrosophic field ZsI} v
{Collection of all 9 x 9 neutrosophic matrices with entries
from the neutrosophic field QI} be a strong neutrosophic
bivector space over the neutrosophic bifield F = F; U F, = Zsl
v QL

a. Is 'V a strong neutrosophic bilinear algebra over F?

b. Can V have proper strong neutrosophic bilinear
subalgebras over F =F, U F,?

Find SNH (V, V).

Define a linear bioperator T on V which is biinvertible.
Find a bibasis for V.

Can V have pseudo strong bivector subspaces?

Find for a bilinear operator T on V the associated
bicharacteristic values and bicharacteristic vectors.

Is V bisimple?

Can V have pseudo real bilinear subalgebras?

S B @ e Ao

Obtain some interesting properties about SNH (V, W) where
V and W are strong neutrosophic bivector spaces defined over
the pure neutrosophic bifield F =F; U F,.

Will every strong neutrosophic bivector space have strong
neutrosophic hyper space?

LetB=B,UB,=
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18.

| 0 1 2
31 0 1
21 1 0
0 51 4|u
0 1+ 0 2+1
0 2I 2
2I+1 0 O I

be a neutrosophic bimatrix with entries from the neutrosophic
bifield F = F; U F, = N(Zs) U N(Z3). Find the bicharacteristic
values associated with B. Find the bicharacteristic
neutrosophic bipolynomial associated with it.

LetV = V1 ) V2 =
al a2
a, a,
a; ag ||la,eZ,L1<i<10; U
a, a
a’9 a'10

(al a2 a3 \]
a, a, a,
be a strong neutrosophic bivector space over the neutrosophic

bifield F :Fl UF2 :Zl7 Tu Z5I W:W1 Y WZZ {(a, b, C, d,
e’ f’ g) | a’ ba C> d’ e: f5 g € Zl7I} %

a, e ZSI;léiSIO}

a, a3, a;

a6

a,eZJI;1<i<12
a, ay a,

a12

be a strong neutrosophic bivector space over the same
neutrosophic bifield F = F, U F, =Z ;1 U Z<l.
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19.

20.

21.

a. Find SNH(V, W) = L*V, W). Is LAV, W) a strong
neutrosophic bivector space over the bifield Z ;1 U Zs1?

b. Finda T :V — W such that T is not biinvertible.
c. CanT:V — W be such that, T is biinvertible?
d. FindaS: W — W such that S is biinvertible.
e. Find L*(W, V).
f.  Find a bibasis for V.
g. Find a bibasis for W.
h. What is the bidimension of V?
1. What is the bidimension of LZ(V, W) over Z71 U Zs1?
j.  Is V and W bisimple strong neutrosophic bivector spaces?
k. Find SNH (V, V) =LXV, V).
1. Find SNH (W, W) = LA(W, W).
Let A= A1 Y A2 =
41 0 2
I 0 3
3T 1T 0 7
71 6 U
0O 1 0 O
0 0 41
8 0 71 41

be a neutrosophic bimatrix with entries from the neutrosophic
bifield N(Z;;) UN(Q)=F, UF,=F.

a. Find the bicharacteristic bipolynomial associated with A.
b. Find the bicharacteristic bieigen values of A.

c. Is A bidiagonalizable over the bifield F = F, U F,?

Obtain some interesting properties about bipolynomial
biideals.

LetV=V,0UV,=

0
)
2ax”

i=0

19
a. € Z7I} U {Zaixzi

i=0

a, eN(Q);OSiS19}

be a strong neutrosophic bivector space over the neutrosophic
bifield F = Z;I U N(Q). Define T : V — V and find the
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bicharacteristic values associated with T. Find the
bidimension of V over F = Z;1 U N(Q).

22. LetV=V,UV,=

a a a a
{( jaeN(R)}u
a a a a
a b
b a
a,beZl
a b
b a

be a strong neutrosophic bivector space over the neutrosophic

bifield F = F1 ) F2 = N(R) o Z7I

a. Find a bibasis of V relative to the bifield F = R(I) U Z-I.

b. Find a bibasis of V relative to the bifield K = K; U K, =
RI VU Z,1.

c. Find the bibasis of V relative to the bifield S=S, U S, =
N(Q) U Z;1 where V is a strong neutrosophic bivector
space defined over S=S; U S,.

d. Find the bibasis of V relative to the bifield P =P, U P, =
Qlu Z41.

Compare the bibasis of V when defined over 4 different fields

and establish that the bidimension of a strong neutrosophic

bivector space is dependent on the neutrosophic bifield over
which the bispace is defined.

23.  Does there exist a strong neutrosophic bivector space whose

bidimension is independent of the neutrosophic bifield over
which it is defined?

(W

24, LetV=

a,b,c,de Z“I} U
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S O e

b ¢
d ell|a,b,c,de,feZ]l
0 f

be a strong neutrosophic bilinear algebra defined over the

neutrosophic bifield F =71 U Z,1.

a. Find a bibasis of V and the bidimension of V over F.

b. Find the bidimension of NL(V,V) = {all linear bioperators
on V} over F=Zl U Z5L.

c. Is V pseudo bisimple? Justify your claim.

25. LetV=V,UV,={(a, ay, a3, a4, as) | 3, € N(Q)} U

a,e”Z 1

be a strong neutrosophic bivector space over the neutrosophic
b1ﬁeldF=F1 UF2=QIuZnIandW=W1 Usz

a b ¢
0 d ellabecdeecQl; U
0 00

a a a
b P la ez 1
a, ay; ag

be a strong neutrosophic bivector space over the same bifield
F=F, UFzZQIUZ”I.
Find L* (V, W) and L* (W, V).
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Determine the bidimension of L* (V, W) and L* (W, V) over F
= QI U Z“I.

26. LetV=V,UV,=
a b
c d

i=0

a,b,c,d eQI} v

a, eZl3I;OSiS9}

be a strong neutrosophic bivector space over the neutrosophic
bifield F = QI U Z31. Find the bidimension of LZ(V, V) over
F= QI o 2131.

27. LetV=V,uV,=
a b
c d

a,b,c,d eQI} U

i=0

aieQI;OSiS9}

be a neutrosophic space over the neutrosophic field F = QL.
a. Find a bibasis for V.
b. Find the bidimension of L (V, V).

28. LetV=V,UV,=

a b
¢ dflla,b,c,de,feZ]l; U
e f
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29.

30.

31.

32.

{(a, a, a, a, b, b, b, b) | a, b € Z,I} be a strong neutrosophic
bivector space over the neutrosophic bifield F = Z;1 U Z,l.

a.
b.
C.

d.
e.

Find a bibasis for V.

What is the bidimension of V over F?
FindaT=T1uT2:V=V1UV2—>V1qusuchthat
all the bicharacteristic values associated with T are
distinct.

Find L* (V, V).

What is the bidimension of L*(V, V) over F?

Let V=V, U V,={QI} U {Z I} be a strong neutrosophic
bilinear algebra defined over the neutrosophic bifield F = QI
|\ Z] 1I.

a.
b.

What is the bidimension of V?

Suppose V=V UV, is only a strong neutrosophic bivector
space over F = QI U Z,1, what is the bidimension of V?
Does the bidimension in general dependent on its
algebraic structure?

Let V=V, UV, =N (Q) U Zjl be a strong neutrosophic
bivector space over the neutrosophic bifield F = QI U Zl.

a.

b.

C.

What is bidimension of V?

If V=V, UV, is realized as a strong neutrosophic
bilinear algebra over the bifield F = QI U Zol. What is its
bidimension?

Compare and find if any difference exists.

Let V=V, U V,={QI} U {(a,b,c) | a b, c, € Zj5I} be
neutrosophic bivector space over the real bifield F =Q U Z;,.

a

b
c
d

Find a bibasis for V over F.

Find the bidimension of V over F.
Find LA(V, V).

What is the bidimension of L* (V, V)?

LetV=V1uV2=

i=0

a,eZ, i =0,1,2,...,oo}
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33.

34.

35.

36.

37.

U {iaixi

i=0

a, eZ L =0,1,2,...,oo}

be a neutrosophic bivector space over the bifield F = Z;; U

Z]7.

a. What is the bidimension of V over F =7, U Z;?

b. Suppose the same V is defined to be a strong neutrosophic
bivector space over the field K = Z;,1 U Z;;1, what is the
bidimension of V over the bifield K = Z ;1 U Z71?

c. Find L} (V,V)and L} (V, V).

d. What is the bidimensions of L3, (V, V)?

Let V=V, U V,and W =W,; U W, be two (n;, n,) and (m,
m,) bidimensional strong neutrosophic bivector spaces over
the bifield F = F; U F. Let C” and B” be the dual bibasis of V
and W of C and B respectively.If A is a neutrosophic bimatrix
of T=T,; U T,, a bilinear transformation of V to W relative to
the bibasis C and B and T' relative to C* and B respectively.
Obtain some interesting relations between T and T

Obtain some interesting properties / results about
bidiagonalizable bilinear operator.

Find the bipolynomial for the neutrosophic bimatrix A = A; U
A2:
3 0 41 1
I 01
0 71 3 0
ulo I 1
2 1 4 3
0 1 I
10 0 9 I

where A is defined over the neutrosophic bifield F = F, U F,
=N(Z11) U N(Z).

Ilustrate by an example that birank T' = birank T.

LetV=V,uV,=
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a,b,c,de Z“I} U

(W
-

be a strong neutrosophic bivector space over the bifield F = F,
U F, and let T = T; U T, be a bilinear operator on V defined

bYT:T1UT22V:V1UVz—)V:V1UV2Wh€reT1IVl
— Viand T, : V, =V, such that

nt 3G o)

a, eN(Q),lSi§6}

and

Find T'. Is birank T' = birank T?

3. LetV=V,uV,;=

a,b,c,d,e,f,g,h,ieZ, I+ U

[al a, a, a4)
a; a, a, a,

e o o
= o o
I ]

a, e N(Z,);1 SiSS}

and
al aZ
a, a, )
W= a,eZ,;1<i<8;, U
a5 A
a, a
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=)

a,eN(Z,);1<1<12

o

a

10 11 12

be two strong neutrosophic bivector spaces over the

neutrosophic bifield F = F; U F, = Zyol U N(Z,). Definea T =

T, T, : V=V, UV2—>W=WIUW2suChthatT‘, its

bitranspose of T.

a. Prove birange of T' is the biannihilator of the binull space
of T.

b. Prove birank T' = birank T.

39.  For the V and W given in problem (38) Find L* (V, W) and L’
(W, V).

40. For V and W given in problem (38) find a T such that (a) T is
biinverible (b) T is binon singular.

41. For a give strong neutrosophic bivector space V=V, U V, =

C
f ||la,b,c,d,e,f,g,h,ie N(Q)r U

a1 a'2 a3
a, a; a
defined over the neutrosophic bifield F = N(Q) U N(Zy).
Define a bilinear functional f=f; U f, from V into F.
a. Find for a bibasis B of V =V, U V,, the bibasis B of V' =
VUV,
b. Prove V™ =V and bidimension V = bidimension V".

Qe o e
s o o

a, eN(Zzg);1£i£6}
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42.

43.

44,

45.

Obtain some interesting properties about bilinear functionals
defined on a strong neutrosophic bivector space over a
neutrosophic bifield.

Find forV=V, UV, =
a b
c d
a, a, a, a,
aS af) a7 a’8

a strong neutrosophic bivector space defined over the

neutrosophic bifield F = N(Q) U N(Z,), a T bidiagonalizable
linear bioperator on V. If B = B; U B, is a bibasis prove [T]|B

- [Tl]Bl V[T, ]Bz'

a,b,c,de N(Q)} )

a, e N(Z,,);l SiS8}

LetV = V1 Y V2 =
al a2
a, a, .
a, eN(Q);l<i<8; U
a5 ag
a, a

(al a, a; a, a, J
a, a, ag a, a,

be a strong neutrosophic bivector space over the neutrosophic
bifield F = F, U F, = N(Q) U N(Z,7). Find V". Prove V' = V.

Find two distinct strong neutrosophic bivector subspaces W,
and W, in V and find W’ and W,

a, € N(Zn);lSiSS}

LetV=V,uV,=
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[t
0

{(a,a,a,b,b)|a,be Zl} =W, UW,

a,b,c,de N(Q)} u {Z 1},

a,b,c,d,e,f e N(Q)} U

andP=P1uP2=

(SR
e o

a,b,c,d,e,f e N(Q); L

(.

be three strong neutrosophic bivector spaces over the bifield F
= QI u Zl.
a. Find linear bioperator T=T, U T,: VUV, =V > W=
WluwzandS=Sl USQiW:W1UW2—)P:P1UP2.
b. Find L* (V, W), L* (W, P) and L* (V, P) and their
bidimensions.

(@)
—

o

—

a,b,c,d,e,f,g,h,i,je Z“I}

46. LetV=V,UV,=

a b

a,b,c,deZ, I U
c d
a b

a,b,c,de N(Q)
c d

be a strong neutrosophic bilinear algebra over the
neutrosophic bifield F = F; U F, = Z;1 U N(Q).
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47.

48.

49.

a. What is the bidimension of V?
. Find a bibasis of V.
c. What is the bidimension of L*(V, W) = L%(V,, W) U
LA(V,, W)?
d. Find a linear bifunctional f=f, U f,: V=V, UV, > F,
U F, and find bikernel f = kernel f; U kernel f,.

Let F = F; U F, be a neutrosophic bifield. Show that the
neutrosophic biideal generated by finite number of

neutrosophic bipolynomial f', f* where f' = f! Uf) and f =
£ Uf; in F[x] = Fi[x] U F,[x] is the intersection of all
neutrosophic biideals in F[x].

Let (n;, ny) be a biset of positive integers and F = F; U F, be a
neutrosophic bifield, let W = W; U W, be the set of all

bivectors (x},...,x' ) U (x2 x> ) in F* UF™ such that

" Foeees X,
1 1 1 2 2 2
X, +X; +..+X, =0 and x; +X; +...+x; =0.
a. Prove W°= W UW;, consists of all bilinear functionals
f=f'U f* of the form

0y
1 1 1 2 2 2 _ 1 2
f) (xl,xz,...,xn]) uf, (Xsz,---,an)— c E X; V¢, E Xj .
j=1

b. Show that the bidual space W* of W can be naturally

identified with the bilinear functionals
1 1 1 2 2 2
f) (xl,xz,...,xn]) uf, (x, ,xz,...,xnz)
_ 11 1 1 2.2 2 2
= (oix) .ty x) ) U (] +.k ) X))

ny  ny

on " UFE," which satisfy c| +...+ cinl =0fori=1,2.

Let W = W, U W, be a strong neutrosophic bisubspace of a
finite (n;, n,) bidimensional bivector space over V=V, U V,

andifg=g' ug’= {(gi,...,glrI )} u{(gf,...,gi )} is a bibasis
for W°= W UW, then prove
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50

aeo o

W= ﬂNg‘ = QN;] UQN;

where {(N},...,NlI )} U {(le, ...,Nf2 )} is the biset of binull

space of bilinear functionals
= U= {(£L8,. ) U {(£.6,..8])} and

g=g'ug={(glg )| v (el
and is the bilinear combination of the bilinear functionals f =
fluf.

LetV=V,uUV,uUV;=

oy

a,b,c,d,e,f e Z7I} )

al aZ
a; a, .
a.eZ ;1<1<8; U
a‘S a6
a, a,

{[31 a a; a, as a4 j a, e ZBI;I <i< 12}
a’7 a’8 a’9 a10 a’ll a12
be a neutrosophic trivector space over the 3-field F = Z,; U Zy;
U Zl3.
Find a tribasis of V.
Find neutrosophic trivector subspaces of V.

What is the 3-dimension of V?
Define a neutrosophic trilinear operator T on V which is

non invertible (if T=T; U T, U Ty then T' = T,' UT,' U
T;") Show T does not exists for the T defined.
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51. LetV:V1UV2UV3UV4UV5:

)

a,

a,b,ce ZJ} )

a, )
a, ez l1<i<8; v

a6

a, ag

a,eZ, ;1<i<6; U

25
{Z a,x'; all polynomials in the variable x with coefficients
i=0
from the neutrosophic field N(Zy9); a; € N(Z9); 0 <1 <25} be
a strong neutrosophic 5-vector space over the neutrosophic 5-
field F = Z7I uZplu Z]7I |\ QI Y N(Z]g)
a. Find a strong neutrosophic 5-vector subspace of V.
b. Is V pseudo simple?
c. Can on V be defined a strong neutrosophic 5-linear
operator T so that T is invertible?

. What is the 5-dimension of V?

e. Find a 5-basis of V.
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52.

53.

54.

55.

56.

57.

f. Find a 5-linearly independent 5-subset of V which is not a
5-basis.

Obtain some important properties about SNHomg (V, V); V is
a strong neutrosophic n-vector space over a neutrosophic n-
field F=F, UF, U ... UF, What is the algebraic structure of
SNHomg (V, V)?

Characterize those strong neutrosophic n-vector spaces which
are simple.

Give an example of a strong neutrosophic 5-vector space
which is pseudo simple.

Prove in case of a finite n-vector space V of type II, where
dim V =(n|, ny, ..., n,). Rank T + nullity T = dim V.

Derive primary decomposition theorem for strong
neutrosophic n-vector space over the neutrosophic n-field.

LetV=V,uV,uV;uUV,uU V5=

a b 0 0
c 400l hedeN@! U
0 0 a d
0 0 b c
al a2 a3
a, a; a,|la, eN(Zy);1<i<9; L
a; a3 a4

a,b,c,de N(Z“)} U
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{(a1, az, ..., a9) | a; € N(Zp3); 1 £1<29)} U {All 5 x 5 upper
triangular matrices with entries from N(Z;3)} be a strong
neutrosophic 5-linear algebra over the 5-field, F = QI U Zyl
U Z“I U N(Zz3) ) 2131.

Let W=W, UW,UW;UW,U W;5=

a a 0 0
b b 0 0
a,beQl; U
0 0 a a
0 0 b b

a a a

Nz )b E
a a ajllae

29 bb
a a a

{(a,a,a,a,a,a,a,a,a)|ae N(Zy)}u

a,be N(Z“)} )

aeN(Z;)

o o o o w
o o o & o
©c o & o W
© o o o
E I R S S

c VU V, U V3 U VU Vs be a strong neutrosophic 5-linear
subalgebra over V the 5-field F.

ForB=BUBuUB;UPsuU Ps=

7 2 0 O
0O 31 O
541 0 0 O
us<l7+1 0 1 |} v
o o0 7 0
1 0 2+1

0 0 2I 541

380



58.

o =)

{(0,1, 0,31, 7+, 0, 1, 2I+1, 0)} U

9 1 21 9 1
01 0 1 2I
0071 0 O
00 0 2I 4
00 0 0 I

e ViuV,uV;uUV,U Vs, find oo € W such that = o, U o,
UosuUosUos e W uUW,u W; U W, U Ws =W is the
best 5-approximation of 3. Prove -o is 5-orthogonal to every
S5-vector in W, thatis 1 —ay U By — o U B3 — a3 U By — ag U
Bs — a5 is 5-orthogonal to every 5-vector in W = W, U W, U
W3 U W4 U Ws. Prove B; — a; is orthogonal to every vector in
W;i=1,2,3,4,5. Find W". Prove V=W ® W" where W*=
W UW, UW, UW, UW,, that is W, @ W U W, @
W, UW;@ W, UW, @ W, UWs® W, =V, UV, U
Vs;uV,u V5=V,

Prove if V=V, U V, U ... U V, is a strong neutrosophic n-
vector space over the n-field F = F, U F, U ... U F, of finite
(ny, ny, ..., n,) dimension over F. T=T,uT,U...uUT,bea
n-linear operator on V.

il n

Prove there exists a n-set {oc},...,oal }u {oclz, ol } U... U
r“} in Vsuchthat V=V, uV,uU ... an=Z(0L};
T)®...0Z(o, ; TV Z(a]; T) @ ... ® Z(a; s Ty) U ...
UZ(oy; T) @ ... ®Z(a; ; Ty); ie., V is the n-direct sum of

n-cyclic strong neutrosophic n-vector subspaces.

n n
{al yeers O
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59.

60.

61.

62.

State and prove Generalized Cayley Hamilton Theorem for a
finite (n;, ..., n,) dimensional strong neutrosophic n-vector
space V=V, U V, U ... UV, over the neutrosophic n-field F
=F, U F, U ... UF, after appropriate changes.

Define n-projections associated with the n-primary
decompositionof T=T, U T, U ... U T,

Let T=T, U T, U ... U T, be a n-linear operator on the
strong neutrosophic n-vector space V=V, U V, U ... UV,
over the neutrosophic n-field F =F, U F, U ... UF, (F;’s are
not pure neutrosophic;i=1,2, ..., n)

Let

(W W FO{WE L WE o oW Wy
and
(Bl B JO{EL.LEL JULLO{EL.LEL

where {Wli,...,Wli‘} are independent fori=1, 2, ...,n. E=E;

U E, U ... UE, is a n-projection operator on V such that E* =

Ethatis E°=(E; U ... UE) = EfU...UE.=E, U ... UE,

(That is each E; is a projection of V; such that Ef =E, i=1, 2,
.., n).

Then a necessary and sufficient condition that each strong

neutrosophic n-vector subspace W, to be invariant under T;

for 1 <i<k;t=1,2, ..., nisthat E{ T,=T,E; or ET =TE
forevery 1 <i<kg;t=1,2,...,n.

Let T=T, U T,u... UT,be an-linear operator on a (ny, n,,

.., n,) finite n-dimensional strong neutrosophic n-vector
space V=V, U V, U ... U V, over the neutrosophic n-field F
=F, U F, U ... UF, (F/’s are not pure neutrosophic; i = 1, 2,
..., n). Suppose that the n-minimal neutrosophic polynomial
forT=T,UT,u ... UT,decomposes over F=F, UF, U ...
U F, into a n-product of n-linear neutrosophic polynomials.
Then there is a n-diagonalizable operator N = N; U N, U ...
UN,on V=V, uUV,uU ... UV, such that
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63.

64.

T=D + N that is
T, T,u...UT,
= DiuDyuU..UD+(NJUN, U ... UNy).
= D1+N1UD2+N2U...UDH+NH.
DN = ND that is
DyubDyU...uUD) (NJUN, U ... UNy)
D1N1UD2N2U ...UDnNn
N DiUN, DU ... UN, D,
ND.

The n-diagonalizable operator D = D; U D, U ... U D, and
the n-nilpotent operator N = N; U N, U ... U N, are uniquely
determined by (a) and (b) and each of them is a n-polynomial
in Ty, Ty, ..., T,. Prove.

Prove S(B;W) = S(Bi;W1) U S (Ba; Wo) U ... U S (Bu; Wy is
the n-conductor of T where T is a n-linear operator on the
strong neutrosophic n-vector space V=V, U V, U ... UV,
and W=W,uW,u..uUuW,cV;uV,u..uUV,isa
proper T-n-invariant neutrosophic n-vector subspace of V.

Prove some interesting results about these structures like
relating it with neutrosophic n-ideals. Hence or other wise
prove the n-cyclic decomposition theorem.

IfT=T,uT,u ... UT,is an-linear operator of a finite (n,,
n,, ..., n,) dimension strong neutrosophic n-vector space V =
ViuVau...uV,overthe n-field F=F, UF,u ... UF,
Prove T is n-diagonalizable if and only if the n-characteristic
n-polynomial T=T,u T, u ..U T,isf=ffufu..uUf,
= (x—c)¥ L x—e)M UL U ke x—e)®

under the usual notations.

65. Obtain some interesting properties about quasi strong

66.

neutrosophic n-vector spaces over quasi neutrosophic n-field
F=F,uF,u...UF,.

LetV=V1uV2u...uV6=
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a,b,c,d,eeZ I U

o o o o e
o o o o e

{All 5 x 5 lower triangular matrices with entries from the
field N(Z,)} v

a,b,c,deZI; U

o o o O
S o0 O O
o o o O
S O O e

4 .
{Z a,x' ; all polynomials in the variable x of degree less than
i=0

or equal to 4 with coefficients from ZsI} U

{(a] a, a, a, as J 2 Zzgl}

a6 a7 38 a9 alO

be a strong neutrosophic 6-vector space over the neutrosophic
6-field F = Z7I Y ZMI UN (Zz) |\ Z3I o Z5I ) 2231.

a. Find a 6-basis of V.

b. Is V n-finite?

c. Find at least two strong neutrosophic 6-subspaces of V.

d

. Write V as a direct sum of neutrosophic strong 6-vector
subspaces.
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67.

68.

69.

e. fF=27Z;10Z1UN(Zy) v Zl U Zsl U Zyl is changed
toa6b-field K=272,0UZ1UZ,UZ3UZsU Zy. Find a 6-
basis.

f. Does the change of 6-field affect the structure of V?
Justify your claim.

Find some interesting properties about neutrosophic n-linear
algebras.

Can Cayley Hamilton theorem hold good for neutrosophic n-
vector spaces defined over a real n-field? Justify your answer!

For the strong neutrosophic 4-linear algebra given by V =V,
U V2 U V3 U V4 =

)

{(a;, az, @3) |8 € Z3I; 1 <1<3} L

a,b,c,de Zzl} )

a, 0 O
0 a, 0 |laeZl<i<3;u
0 0 a,

{All 4 x 4 upper triangular neutrosophic matrices with entries
from Z,1} defined over the neutrosophic 4-field F = Z,1 U Z;1
o ZsI v Z7I

a. Find a 4-basis for V.

b. Define a strong neutrosophic linear operator T on V and
for that T find the neutrosophic 4-characteristic
polynomial, neutrosophic 4-eigen values and 4-eigen
vectors.

c. IfFisreplaced by K=7, U Z; U Zs U Z; will the 4-basis
be different?

d. Find SNHomg(V, V) and SNHomg(V, V). What is the
difference between them as algebraic structures?
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70.

71.

72.

73.

e. Is 4-rank T + 4-nullity T = 4-dim V? Justify your claim
(T:V -V is a neutrosophic strong linear operator on V).

f. If V is assumed only as a neutrosophic strong 4-vector
space over the neutrosophic 4-field, what will be 4-basis
of V? Will the 4-basis of V differ? Justify / substantiate
your claim.

LetV=V,uV,uV;uUV,=

I 21 1 0
10 0 31 1 6l
[13I]U603IOU
2 1 0 1
1000 1
101y [20T11 0
01 I|ulo 1 1 0 I
101} 00T 20
0100 21

be a neutrosophic 4-matrix with entries from the 4-field F = F,
UF,UF; UF,=Zs1 U Z;1 U Z,] U Zsl respectively. Find the
4-characteristic neutrosophic 4-polynomial associated with
the neutrosophic 4-matrix V. Can this have neutrosophic 4-
eigen values? Justify your claim.

For the example 2.3.72 given chapter two find SNHomg (V,
W).FindaT:V — W so that kerT = (0) U (0) .

Obtain some interesting and special features enjoyed by quasi
neutrosophic n-vector spaces.

IfL =L, UL uU...UL, isa n-linear function induced by

a=o'Ud’uU..ud'inV=V,UV,U...UV, astrong
neutrosophic n-vector space over the n-field F=F, UF, U ...
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74.

75.

UF.Isa=d'vd’u...ua" > L,=L, UL, U..UL,

a n-isomorphism of V.=V, U V, U ... U V, onto v© =
VUV, UL UV ? Justify your claim.

Study the properties enjoyed by SNL (Vy, F;) U SNL (V,, F»,)
U ... USNL (Vy, F)) where V=V, U V,U ... U V,is a
strong neutrosophic n-vector space defined over the
neutrosophic n-field F=F, UF, U ... UF,.

FindasetX=X1quuX3uX4gV=V1UV2uV3UV4

_Jfa 3, 2y ay

a5 ag a; ag

{All 7 x 3 neutrosophic matrices with entries from the
neutrosophic field Z,1} U

aieZ7I;1Si£8} )

5
{Z a,x' ; all neutrosophic polynomials of degree less than or
i=0

equal to 5 with coefficients from Zsl in the variable x} U

a,b,c,de N(Q)r,

o o o O
S o0 O O
oS o o O
S O O e

a strong neutrosophic 4-vector space over the 4-field F = F, U

F, U F; UF, =21 0U Z1 u Zsl U Ql; a 4-linearly

independent 4-set of V which is not a 4-basis of V.

a. Find a 4-basis of V.

b. What is the 4-dimension of V?

c. Define a invertible 4-linear operator on V.

d. Find SNHomg(V, V). What is the dimension of
SNHomg(V, V)?
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76.

77.

78.

79.

e. Does SNL(V, F) = SNL(V,, F)) U SNL(V,, F;) U
SNL(V3, F3) U SNL(V4, F,) exist? Justify your claim.

Let V=V, U V, U ... UV, be neutrosophic strong n-linear
algebra over the n-field F=F, U F, U ... U F,. Consider a n-

! }u{af,...,az }u...u{af,...,a;‘ } of V over

basis {OL},...,ocn1 2
F.If W=W,; U W, uU ... U W, is a strong neutrosophic n-

vector space over the same F and if
_ 1 1 2 2 n n
B= (BB J OBl B f U U {BIL B |
be any n-vector in W. Prove there exists precisely a n-linear

transformation T=T, U T, U ... U T, from V into W such
that Ti(a;)= [33 forj=1,2,..,nandi=1,2.

Proveif V=V, uV,u..uVy,andW=W, UW,uU ... U

W, are two strong neutrosophic n-vector spaces over the same

neutrosophic n-field F=F, UF, U ... U F,of type IL. If T =

T, u T, U ... uUT,is an-linear transformation of V into W

then prove the following are equivalent.

a. T=T,uT,u...uT,isn-invertible.

b. T=T,uT,uU...UT,isn-non singular.

c. T=T,uUT,u...uUT,is onto that is the n-range of T =
TiuT,u...UT, isW=W,UW,U ...UW,.

Prove every (nj, n,, ..., n,) dimensional strong neutrosophic
n-vector space V=V, U V, U ... U V, over the neutrosophic
n-field F = F; v F, u ... U F, is n-isomorphism to
E" UE* U..UE".

Let V=V, U V,uU ... UV, be a finite (n, ny, ..., n,) n-
dimensional strong neutrosophic n-vector space over the
neutrosophic n-field F=F, UF, U ... UF,.
Let

B=B,uByu...UB,

! }u{af,...,aiz}u...u{af,...,a;‘n}

n

_ 1
= {ocl,...,oc
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80.

81.

be a n-basis of V=V, U V, U ... U V,. There is a unique n-
dual basis (dual n-basis)

B= B UB,U..UB,
R EI S A U 16 N il SOSRRUR AN SN w
for V¥ =V, UV, U..UV, such that f* (o) = 65

Prove for each n-linear functional f=f, U £, U ... U f, we
have

f= Z fi (ocL )fli
k=1
that is

£ ["Z‘fl(a;)f;] U ("zzfz(aﬁ)fgj UL [if“(aﬂ)f;‘]

and for eachn —vectora =, U o, U ... U0, in V=V, U
V, U ... UV, we have

o= ("Z'fi(w)(oci)j o [nzzfs(az)(abj
... U (iﬂf(a“)(aﬁ)j.

Obtain some important properties about n-best
approximations on strong neutrosophic n-vector space over
the n-field F=F, UF, U ... UF,.

LetV=V1 \ Vz UV3 UV4: {(al, Az, ..., ag) | a; € Z7I, 1<1
< 9} U {(al, a2, ..., azo) | a; € N(Zz), 1<1< 20} Y {(al, a, az,
a4, 3s5) | a; € N(Zy1), 1 £1<5} U {(a}, ay, ..., a3) | aj € N(Zs), 1
<1 < 8} be a strong neutrosophic inner product 4-space over
the 4-field Z;1 L Z,1 U Z 11 U Zsl.

LetS = Sl & Sz |\ S3 |\ S4 = {(al, a, O, 0, 0, 0, as, ag, 0), (O,
0, a3, a4, a5, 0, 0, 0, a9) (0, 0, 0,0, 0, aq, a7, ag, 0) | a; € Z7I; 1 <
1<9} U {(ay, a, a3, a4, a5, 0, 0, ..., 0), (0,0, 0, 0, 0, 0, 0, ag,
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82.

dg, d10, A11, A12, O, O, ey O) | a; € ZzI, 1<1< 5, 1= 8, 9, 10, 11,
12) U {(a}, a3, 0, 0, as) (0, 0, 0, a4, as)} U {(a, az, 0, 0, as, as,
0,0)uU (a;,a,0,0,0,0aag)|a € N(Zs)} c ViUV, U V3
U V4 be any 4-set of 4-vectors in V. Find the 4-orthogonal
complement of S denoted by S* = S US; US; US; .

Derive Cayley Hamilton theorem and Primary n-
decomposition theorem for strong neutrosophic n-vector
space V defined over the n-field F.
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