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1 Introduction

The theory of fuzzy set introduced by L.A. Zadeh [20] is mainly concerned with the
measurement of the degree of membership and non-membership of a given abstract
situation. Despite its wide range of real life applications, fuzzy set theory cannot be
applied to model an abstract situation where indeterminancy is involved. In his quest to
modeling situations involving indeterminates, F. Smarandache introduced the theory of
neutrosophy in 1995. Neutrosophic logic is an extension of the fuzzy logic in which inde-
terminancy is included. In the neutrosophic logic, each proposition is characterized by
the degree of truth in the set (7°), the degree of falsehood in the set (F') and the degree
of indeterminancy in the set (I) where T, F, I are subsets of | — 0,1+ [. Neutrosophic
logic has wide applications in science, engineering, I'T, law, politics, economics, finance
etc. The concept of neutrosophic algebraic structures was introduced by F. Smaran-
dache and W.B. Vasantha Kandasamy in 2006. However, for details about neutrosophy
and neutrosophic algebraic structures, the reader should see [1, 2, 3, 11, 16, 17, 18, 19].

The concept of hyperstructures was introduced by F. Marty [10] in 1934 at the
8th Congress of Scandinavian Mathematicians. The concept has been further studied,
developed and generalized by many reseachers in hyperstructures. In the development
of studies in hyperstructures, M.S. Talini [13] introduced the concept of hypervector
spaces in 1990 at the 4th International Congress on Algebraic Hyperstructures and Ap-
plications. Since its introduction in 1990, hypervector spaces have been further studied



and expanded by other reseachers. For further details about hypervector spaces, the
reader should see [5, 6, 7, 8, 9, 12, 14, 15].

The concept of neutrosophic vector spaces was studied by A.A.A. Agboola and
S.A. Akinleye in [4]. In the present paper, we are concerned with the study of neu-
trosophic hypervector spaces. Some basic definitions and properties of the hypervector
spaces are generalized.

2 Preliminaries

In this section, we present some known definitions and results that will be used in the
present paper.

Definition 2.1. Let (G, ) be any group and let G(I) =< GUI >. The couple (G(I), *)
is called a neutrosophic group generated by G and I under the binary operation *. The
indeterminancy factor I is such that I x I = I. If % is ordinary multiplication, then
IxIx---x]=1"=1 and if * is ordinary addition, then I x I « I x---x I = nl for
n € N.

If axb=bxa for all a,b € G(I), we say that G(I) is commutative. Otherwise, G(I)
is called a non-commutative neutrosophic group. (R(I),+),(Q(I),+),(C(I),+) are
examples of commutative neutrosophic groups while (A;,xn (1), .) is a non-commutative
neutrosophic group.

Definition 2.2. Let (K,+,.) be any field and let K(I) =< K U1 > be a neutro-
sophic set generated by K and I. The tripple (K (I),+,.) is called a neutrosophic field.
The zero element 0 € K is represented by 0+ 07 in K(I) and 1 € K is represented by
1407 in K(I). Examples of neutrosophic field include (Q(I),.), (R(I),.) and (C(I),.).

Definition 2.3. Let K (I) be a neutrosophic field and let F'(I) be a nonempty subset of
K(I). F(I) is called a neutrosophic subfield of K (I) if F'(I) is itself a neutrosophic field.
It is essential that F'(I) contains a proper subset which is a field. (Q(I),.) is a neutro-
sophic subfield of (R([),.) and (R(I),.) is a neutrosophic subfield of (C(I),.).

Definition 2.4. [4] Let (V,+,.) be any vector space over a field K and let V(I) =<
V' U I > be a neutrosophic set generated by V' and I. The tripple (V(I),+,.) is called
a weak neutrosophic vector space over a field K. If V(1) is a neutrosophic vector space
over a neutrosophic field K (I), then V(I) is called a strong neutrosophic vector space.
The elements of V(I) are called neutrosophic vectors and the elements of K(I) are
called neutrosophic scalars.

If u=a+bl,v=c+dl € V(I) where a,b,c and d are vectors in V and a =
k+mlI € K(I) where k and m are scalars in K, we define:

ut+v = (a+bl)+(c+dl)=(a+c)+ (b+d)I, and
au = (k+ml).(a+0bl)=ka+ (kb+m.a+m.b)I.



Theorem 2.5. [/] Every strong neutrosophic vector space is a weak neutrosophic vector
space.

Theorem 2.6. [}/ Every weak (strong) neutrosophic vector space is a vector space.

Example 1. (1) R(I) is a weak neutrosophic vector space over a field Q and it is a
strong neutrosophic vector space over a neutrosophic field Q(I).

(2) R™(I) is a weak neutrosophic vector space over a field R and it is a strong neu-
trosophic vector space over a neutrosophic field R(7).

(3) Myxn(I) = {[asj] : ai; € Q(I)} is a weak neutrosophic vector space over a field
Q and it is a strong neutrosophic vector space over a neutrosophic field Q(I).

Definition 2.7. [4] Let V(I) be a strong neutrosophic vector space over a neutro-
sophic field K(I) and let W(I) be a nonempty subset of V(I). W (I) is called a strong
neutrosophic subspace of V(I) if W (I) is itself a strong neutrosophic vector space over
K(I). It is essential that W (I) contains a proper subset which is a vector space.

Example 2. Let V(I) = R3(I) be a strong neutrosophic vector space over a neutro-
sophic field R(I) and let

W(I)={(u=a+bl,u=c+dl,0=0+0I)eV(I):abecdeV)}.
Then W(I) is a strong neutrosophic subspace of V(I).

Definition 2.8. [4] Let W (I) be a strong neutrosophic subspace of a strong neutro-
sophic vector space V (I) over a neutrosophic field K(I). The quotient V(I)/W(I) is
defined by the set

{v+W({I):veV(I)}.

V(I)/W(I) can be made a strong neutrosophic vector space over a neutrosophic field
K (I) if addition and multiplication are defined for all u+W (I),v+W (I) € V(I)/W(I)
and a € K(I) as follows:

(u+WI)+@w+W(U)) = (u+v)+W(U),
alu+W()) = au+W().

The strong neutrosophic vector space (V(I)/W(I),+,.) over a neutrosophic field K (I)
is called a strong neutrosophic quotient space.

Definition 2.9. [13] Let P(V) be the power set of a set V, P*(V) = P(V)\{0} and
let K be a field. The quadruple (V,+,e, K) is called a hypervector space over a field
K if:

(1) (V,+) is an abelian group.

(2) o: K x V — P*(V) is a hyperoperation such that for all k&,m € K and u,v € V,
the following conditions hold:



() (k+m)ouC (keu)+ (meu),
(ii) ke (u+v) C(keu)+ (kev),
(iii) ko (mewu) = (km)eu, where ke (meu)={kev:vemeu},
(iv) (—k) o=k e (~u),
)

A hypervector space is said to be strongly left distributive (resp. strongly right
distributive) if equality holds in (i) (resp. in (ii)). (V,+,e,K) is called a strongly
distributive hypervector space if it is both strongly left and strongly right distributive.

3 Neutrosophic Hypervector Spaces and Neutrosophic Sub-
hypervector Spaces

In this section, we develop the concept of neutrosophic hypervector spaces and present
some of their basic properties.

Definition 3.1. Let (V,+, e, K) be any strongly distributive hypervector space over a
field K and let
V(I)=<VUI>={u=(a,bl):a,beV}

be a set generated by V and I. The quadruple (V(I),+,e, K) is called a weak neutro-
sophic strongly distributive hypervector space over a field K.
For every u = (a,bl),v = (¢,dI) € V(I) and k € K, we define

ut+v = (a+c (b+d))eV(I),
keu = {(z,yl):xz€kea,yckeb}.

If K is a neutrosophic field, that is, K = K(I), then the quadruple (V(I),+,e, K(I))
is called a strong neutrosophic strongly distributive hypervector space over a neutro-
sophic field K(I).

For every u = (a,bl),v = (¢,dI) € V(I) and o« = (k,mI) € K(I), we define

ut+v = (a+c (b+d))eV(I),

aeu = {(z,yl):xckea,yckebUmealUmeb}.
The elements of V(I) are called neutrosophic vectors and the elements of K(I) are
called neutrosophic scalars. The zero neutrosophic vector of V(I), (0,0I), is denoted

by 6, the zero element 0 € K is represented by (0,07) in K () and 1 € K is represented
by (1,0I) in K(I).

Example 3. (1) Let V(I) =R(I) and let K = R. For all u = (a,bl),v = (c,dI) €
V(I) and k € K, define:

ut+v = (a+ec (b+d)I),
keu = {(z,yl):x€kea,yckeb}.



Then (V(I),+,e,K) is a weak neutrosophic strongly distributive hypervector
space over the field K.

(2) Let V(I) = R%(I) and let K = R(I). For allu = ((a,bl), (c,dI)),v = ((e, fI),(g,hl)) €
V(I) and a = (k,mI) € K(I), define:

((a+e,(b+ f)I),(c+g,(d+ Rh)I)),
aeu = {((x,yl),(w,zl)):x€koea,yckebUmealmeb,
wekec,zekoedUmecUmed}.

U+ v

Then (V(I),+, e, K(I)) is a strong neutrosophic strongly distributive hypervector
space over the neutrosophic field K(I).

From now on, every weak(strong) neutrosophic strongly distributive hypervector
space will simply be called a weak(strong) neutrosophic hypervector space.

Lemma 3.2. Let V(I) be a weak neutrosophic hypervector space over a field K. Then
for all k € K and u = (a,bl) € V(I), we have

(1) ke ={6}.
(2) keu={60} implies that k =0 or u = 6.
(3) —u€(—1)eu.

Theorem 3.3. Every strong neutrosophic hypervector space is a weak neutrosophic hy-
pervector space.

Proof. Obvious since K C K(I). O

Theorem 3.4. Every weak neutrosophic hypervector space is a strongly distributive
hypervector space.

Proof. Suppose that V(I) is a weak neutrosophic hypervector space over a field K.
Obviously, (V(I),+) is an abelian group. Let u = (a,bl),v = (¢,dI) € V(I) and
k,m € K be arbitrary. Then

(1)
keu+meu = {(p,ql):pekeagqckebl+{(r,sl):reEmea,scmeb}
= {(p+r,(g+s)):p+rekeat+mea,q+sckeb+meb}.

Also,

(k+m)eu = {(z,yl):xze(k+m)ea,yec (k+m)eb}
= {(z,yl):zckea+mea,yckeb+meb}

= keu+meu.



(2)

keu+kev = {(p,qgl):pckea,gqckebl+{(r,sl):rckec,scked}
= {(p+r(g+s)):p+rckea+kec,g+sckeb+ked}

Also,

ke(u+v) = ke(a+c (b+d)I)
= {(z,yl):zcke(atc),ycke(b+d)}
= {(z,yl):xckea+kecyckeb+ked}
keu-+Fkeuv.

ke(meu) = ke{(x,yl):x€mea,yc meb}
pgl):pckex,qckey}
qgl):peke(mea),gcke(meb)}
ql):pe (km)ea,q € (km)eb}
) (a,b])
)e

u.

ke
{(
= {(
{(p,
(km
(km

{(z,yI) :xz € (—k)ea,y € (—k) o b}
= {(z,yl):zcke(-a)ycke(-b)}
ke (—a,—bl)

k

o (—u).

leu = {(z,yl):x€lea,ycleb}
= {(a,bl):acleabeleb}

showing that u € 1 e u. Accordingly, V' (I) is a strongly distributive hypervector space.
O

Theorem 3.5. Let V(I) be a strong neutrosophic hypervector space over a meutro-

sophic field K(I). Then
(1) V(I) generally is not a strongly distributive hypervector space.

(2) V(I) always contain a strongly distributive hypervector space.



Theorem 3.6. Let (Vi(I),+1,01, K(I)) and (Va(I),+}, o4, K(I)) be two strong neu-
trosophic hypervector spaces over a neutrosophic field K(I). Let

Vi(I) x Va(I) = {((a1,b11), (az,b21)) : (a1,b11) € Vi(I), (az2,bol) € Vo(I)}

and fOT’ all w = ((abblI)a ((Ig,bQI)),U = ((allvblll)a (aIQabIQI)) S VI(I) X V2(I) and o =
(k,mI) e K(I), define:

ut+v = ((al+a/1>(b1+b/1)‘[)7(a2+a/27(b2+b/2)1))7

aeu = {((xz,yl),(p,ql)):x €kea,yckebUmea; Umeby,
pEkeay,gEkebyUmeay Umebs}.

Then (Vi(I) x Va(I),+,e, K(I)) is a strong neutrosophic hypervector space.

Definition 3.7. Let (V(I),+, e, K(I)) be a strong neutrosophic hypervector space over
a neutrosophic field K (I) and let W[I] be a nonempty subset of V(I). W[I] is said to be
a subhypervector space of V(I) if (W[I],+, e, K(I)) is also a neutrosophic hypervector
space over the neutrosophic field K(I). It is essential that W[I] contains a proper
subset which is a hypervector space over a field K.

Theorem 3.8. Let W|I| be a subset of a strong neutrosophic hypervector space (V(I),+, e, K(I))
over a neutrosophic field K(I). Then W{I| is a neutrosophic subhypervector space of

V(I) if and only if for all u = (a,bl),v = (¢,dI) € V(I) and a = (k,mI) € K(I), the
following conditions hold:

(1) W #90,

(2) u+ve W[,

(3) aeuC W[,

(4) WI] contains a proper subset which is a hypervector space over K.

Corollary 3.9. Let W][I] be a subset of a strong neutrosophic hypervector space
(V(I),+,e,K(I)) over a neutrosophic field K(I). Then W{I] is a neutrosophic sub-
hypervector space of V(I) if and only if for all v = (a,bl),v = (¢,dI) € V(I) and
a= (k,mlI),B = (r,sI) € K(I), the following conditions hold:

(1) Wi #0,
(2) oeu+ feov C W[,
(3) W{I] contains a proper subset which is a hypervector space over K.

Theorem 3.10. Let Wi[I], Ws[I],--- ,W,[I] be neutrosophic subhypervector spaces of
a strong neutrosophic hypervector space (V(I),+,e,K(I)) over a neutrosophic field
K(I). Then (-, WilI] is a neutrosophic subhypervector space of V(I).



Remark 1. If Wi[I] and W5[I] are neutrosophic subhypervector spaces of a strong
neutrosophic hypervector space V(I) over a neutrosophic field K(I), then generally,
Wi [IJUWs[I] is not a neutrosophic subhypervector space of V (I) except if Wi [I] C Wy|[I]
or WilI] C WilI]. However, Wi[I] U W3[I] is a neutrosophic bihypervector space over
K(I).

Example 4. Let V(I) be the strong neutrosophic hypervector space of Example 3(2)
and let
WIIl ={((a,bl),0) € V(I): a,b € R}.

Then W([I] is a neutrosophic subhypervector space of V(I).

Definition 3.11. Let W[I] and X[I] be two neutrosophic subhypervector spaces of
a strong neutrosophic hypervector space (V(I),+,e,K(I)) over a neutrosophic field
K(I). The sum of W[I] and X[I] denoted by W[I] + X|[I] is defined by the set

J{w+2: w=(a,bI) e W[I],2 = (¢,dI) € X[I]}.

If W[I]n X[I] = {0}, then the sum of W[I] and X[I] is denoted by W[I] & X[I] and
it is called the direct sum of W[I] and X|[I].

Theorem 3.12. Let W[I] and X[I] be two neutrosophic subhypervector spaces of a
strong neutrosophic hypervector space (V(I),+,e, K(I)) over a neutrosophic field K (I).

(1) WI+ X[I] is a neutrosophic subhypervector space of V(I).

(2) W[I| + X[I] is the least neutrosophic subhypervector space of V(I) containing
W] and X[I].

Definition 3.13. Let W/[I] and X[I| be two neutrosophic subhypervector spaces of
a strong neutrosophic hypervector space (V(I),+,e, K(I)) over a neutrosophic field
K(I). V(I) is said to be the direct sum of W[I] and X[I] written V(I) = W[I] ® X|[I]
if every element v € V(I) can be written uniquely as v = w 4+ x where w € W[I] and
e XI[I].

Theorem 3.14. Let W[I] and X[I]| be two neutrosophic subhypervector spaces of a
strong neutrosophic hypervector space V (I),+, e, K(I)) over a neutrosophic field K(I).
V(I) =W][I|® X[I] if and only if the following conditions hold:

(1) V(I) = W[I] + X[1].
(2) WlIIn X[1] = {6}

Lemma 3.15. Let W[I] be a neutrosophic subhypervector space of a strong neutro-
sophic hypervector space (V(I),+,e, K(I)) over a neutrosophic field K(I). Then:

(1) W] + W[I] = W[I].



(2) w+ WI[I| =WI[I] for all w € W[I].

Definition 3.16. Let W/[I]| be a neutrosophic subhypervector space of a strong neu-
trosophic hypervector space (V(I),+,e, K(I)) over a neutrosophic field K(I). The
quotient V(I)/W/|I] is defined by the set

{v] =v+W[I]:veV({I)}.
If for every [u],[v] € V(I)/W]I] and o € K(I), we define:
[ul ®v] = (u+v)+ WJ[I] and

a®u] = Jaeul={[zx]:z€aeu},

it can be shown that (V(I)/WI],®,®, K(I)) is a strong neutrosophic hypervector over
a neutrosophic field K (I) called a strong neutrosophic quotient hypervector space.

4 Bases and Dimensions of Neutrosophic Hypervector Spaces

Theorem 4.1. Let (V(I),+,e,K(I)) be a strong neutrosophic hypervector space over
a neutrosophic field K(I) and let uy = (a1,b11),u2 = (ag,b21), - ;up = (an,bpl) €
V(I), o] = (kl,mll),ag = (kg,mgf),- e, = (kn,mnf) S K(I) If

W(I) = U{al'ul +azeus+---+apeu,:u; € V(I),a; € K(I)},
then:
(1) (W(I),+,e,K(I)) is a neutrosophic subhypervector space of V(I).
(2) W(I) is the smallest neutrosophic subhypervector space of V(I) containing ui,ug, -+ , U

Remark 2. The neutrosophic subhypervector space W(I) of the strong neutro-
sophic hypervector space V(I) over a neutrosophic field K (I) of Theorem 4.1 is said
to be generated or spanned by the neutrosophic vectors uy,uo,--- ,u, and we write
W(I) = span{ui,ug, - ,up}.

Definition 4.2. Let (V(I),+,e, K(I)) be a strong neutrosophic hypervector space
over a neutrosophic field K(I) and let B(I) = {u1 = (a1,b11),us = (ag,b2l), -+ ,up =
(an,bpl)} be a subset of V(I). B(I) is said to generate or span V(I) if V(I) =
span(B(I)).

Example 5. Let V(I) = R3(I) be a strong neutrosophic hypervector space over a neu-
trosophic field R(I) and let B(I) = {u; = ((1,01), (0,01),(0,01)),us = ((0,0I), (1,0I), (0,01)), us =
((0,0I),(0,0I),(1,0I))}. Then B(I) spans V(I).

Example 6. Let V(I) = R?(I) be a weak neutrosophic hypervector space over a field R
and let B(I) = {ul = ((1701)7 (OaOI))7U2 = ((07 OI)a (1,01)),U3 = ((Oal)a (0,0])),U4 =
((0,01),(0,1))}. Then B(I) spans V(I).



Definition 4.3. Let (V(I),+, e, K(I)) be a strong neutrosophic hypervector space over

a neutrosophic field K(I). The neutrosophic vector u = (a,bl) € V(I) is said to be

a linear combination of the neutrosophic vectors u; = (a1, b11),u2 = (ag,b2l), -+ ,up =
(an,bpl) € V(I) if there exists neutrosophic scalars oy = (k1,m1I), ag = (k2,mal), -+ ;a1 =
(kn,myI) € K(I) such that

UEQL U 20U+ -+ Oy ® Uy

Definition 4.4. Let (V(I),+,e,K(I)) be a strong neutrosophic hypervector space
over a neutrosophic field K(I) and let B(I) = {u; = (a1,b11),us = (ag,b2l), -+ ,u, =
(an,bnI)} be a subset of V(I).

(1) B(I) is called a linearly dependent set if there exists neutrosophic scalars ay =
(k1,mil), 0 = (ko,mol),--- ;a1 = (kn,myI) (not all zero) such that

fcajeul +agseuy+ -+ oy @ uy.

(2) B(I) is called a linearly independent set if

0€areu +ageuy+ -+ ay @ u, implies that o = ag = - -+ = o, = (0,01).

Theorem 4.5. Let (V(I),+,e,K) be a weak neutrosophic hypervector space over a
field K and let 0 # w = (a,bl) € V(I). Then B(I) = {u} is a linearly independent set.
(a,

Proof. Suppose that 0 # u =

bl) e V(I ) Let 6 € kewu and suppose that 0 # k € K.
Then k~! € K and therefore, k!

e C k" o(keu) so that
0 € (k'k)eu

= leuy
{(z,yl):z€lea,ycleb}
{(z,yl) : w € {a},y € {b}}
{(a, D)}
= {u}.
This shows that uw = 6 which is a contradiction. Hence, k = 0 and thus, B = {u} is a
linearly independent set. O

Theorem 4.6. Let (V(I),+,e, K) be a weak neutrosophic hypervector space over a
field K and let B(I) = {u; = (a1,b11),uz = (ag,b21), -+ ,up = (an,byI)} be a subset
of V(I). Then B(I) is a linearly independent set if and only if at least one element of
B(I) can be expressed as a linear combination of the remaining elements of B(I).

Proof. Suppose that B(I) is a linearly dependent set. Then there exists scalars ki, ka, - -+ , ky,
not all zero in K such that

fekiou +kyous+ -+ kyouy,.

10



Suppose that k1 £ 0. Then kl_l € K and therefore

kiled C kile(kieu+hyeust - +kyeuy)
= (k7 ky) eup 4 (ky ko) @ ug + - + (K, tky) @y
= 10u1—i—(kl_lkg)ou2+--~—|—(k;1kn)oun

so that
0ecleu + {u}

where u = (a,bl) € (ky *ko) @ ug + - - -+ (k;, 'ky,) @ u,. Thus 6 € {(a,a, (b+b1)I)} from
which we obtain u; = (a1,b11) = —u = —(a,bl) so that

uy (—1)eu
(—1) @ (k1 'k2) @ ug + -+ + (K, ') @ up)
(—ky ko) @ ug + (—ky 'ks) @ug + - + (—ky 'ky) @ uy.

N 1N m

This shows that u; € span{ug,us, -, u,}.
Conversely, suppose that u; € span{us,us,- - ,u,} and suppose that 0 # —1 € K.
Then there exists ko, k3,--- , k, € K such that

u €Ekyous +kzous+ -+ k, ®uy,.
and we have
up + (—up) € (1) ous+ € ko @ug + kg euz+ -+ ky ® uy.
from which we have
e (—1)oeu+ ckoous+ksous+ -+ kyeu,.
Since —1 # 0 in K, it follows that B([I) is a linearly dependent set. O

Corollary 4.7. Let (V(I),+,e, K) be a weak neutrosophic hypervector space over a
field K and let B(I) = {u1,ug2, -+ ,u,} be a subset of V(I). Then B(I) is a linearly
independent set if and only if u; € B(I) can be expressed as a linear combination of
{ul, U,y -~ - ,ui_l}.

Theorem 4.8. Let (V(I),+,e, K(I)) be a strong neutrosophic hypervector space over
a neutrosophic field K(I) and let B1(I) and Ba(I) be subsets of V(I) such that By(I) C
By(I). If Bi(I) is linearly dependent, then Bo(I) is linearly dependent.

Proof. Obvious. O

Theorem 4.9. Let (V(I),+,e,K(I)) be a strong neutrosophic hypervector space over
a neutrosophic field K(I) and let B1(I) and Ba(I) be subsets of V(I) such that By(I) C
By (I). If Ba(I) is linearly indedependent, then Byi(I) is linearly independent.

11



Proof. Obvious. 0

Definition 4.10. Let (V(I),+,e, K(I)) be a strong neutrosophic hypervector space
over a neutrosophic field K(I) and let B(I) = {u; = (a1,b11),us = (ag2,b21),---} be a
subset of V(I). B(I) is said to be a basis for V(1) if the following conditions hold:

(1) B(I) is a linearly independent set.
(2) V(I) = span(B(I)).

If B(I) is finite and its cardinality is n, then V(I) is called an n-dimensional strong
neutrosophic hypervector space and we write dimgs(V (I)) = n. If B(I) is not finite,
then V(I) is called an infinite-dimensional strong neutrosophic hypervector space.

Definition 4.11. Let (V(I),+,e, K) be a weak neutrosophic hypervector space over
a field K and let B(I) = {u1 = (a1,b11),us = (ag,b21), - -} be a subset of V(I). B(I)
is said to be a basis for V(1) if the following conditions hold:

(1) B(I) is a linearly independent set.
(2) V(I) = span(B(I)).

If B(I) is finite and its cardinality is n, then V(I) is called an n-dimensional weak
neutrosophic hypervector space and we write dim,,(V(I)) = n. If B(I) is not finite,
then V(I) is called an infinite-dimensional weak neutrosophic hypervector space.

Example 7. (1) In Example 5, B(I) is a basis for V(I) and dims(V(I)) = 3.
(2) In Example 6, B(I) is a basis for V(I) and dim,,(V(I)) = 4.

Theorem 4.12. Let (V(I),+,e,K(I)) be a strong neutrosophic hypervector space over
a neutrosophic field K(I) and let B(I) = {uy = (a1,b11),us = (ag,bol), - ,u, =
(an,bp 1)} be a subset of V(I). Then B(I) is a basis for V(I) if and only if each neu-
trosophic vector u = (a,bl) € V(I) can be expressed uniquely as a linear combination
of the elements of B(I).

Proof. Suppose that each neutrosophic vector v = (a,bl) € V(I) can be expressed
uniquely as a linear combination of the elements of B(I). Then u € span(B(I)) = V().
Since such a representation is unique, it follows that B([I) is a linearly independent set
and since u € V(I) is arbitrary, it follows that B(I) is a basis for V (I).

Conversely, suppose that B(I) is a basis for V(I). Then V(I) = span(B(I)) and
B(I) is linearly independent. We show that u = (a,bl) € V(I) can be expressed
uniquely as a linear combination of the elements of B(I). To this end, for oy =
(k1,mil),az = (ko,mal), - ,an = (kn,mpl),B1 = (r1,511), B2 = (r2,821),- -+, B =
(rn,snl) € K(I), let us express u in two ways as follows:

U € aieul+ageus+ -+ ay @ Uy, (1)
u € Preuy+ Poeuy+ -+ By eu,. (2)

12



From equation(2), we have

—u € (—leuC(—1l)e(froeui+LProeus+---+ [Brouy,)
= ((=1)B1) eur + ((=1)B2) o uz + -+ ((—1)5y) ® uy
= (=B1)eur+ (=B2)eus + -+ (=15,) ® up. (3)

From equations (1) and (3), we have

u+(—u) € (a1+(=p1))eur+ (az+(—F2)) euz+ -+ (an+ (b)) ® up
=60 € (aq—p1)our+ (g — P2) ous+ -+ (an — Bn) ® Up.

Since B([) is linearly independent, it follows that oy — 1 = s — o =+ = @, — B =
(0,0I) and therefore, a1 = f1,a9 = P2, -+ ,ap, = B,. This shows that u has been
be expressed uniquely as a linear combination of the elements of B(I). The proof is
complete. O

Theorem 4.13. Let (V(I),+,e,K) be a weak neutrosophic hypervector space over
a field K and let Bi(I) = {u1 = (a1,b11),us = (a2,bol), - ,up = (an,bpl)} be a
linearly independent subset of V(I). If w € V(I)\B(I) is arbitrary, then By(I) =
{ur = (a1,b11),u2 = (a2, bol), - ,up = (apn,bp1),u} is a linearly dependent set if and
only if u € span((B(I)).

Proof. Suppose that Bo(I) is a linearly dependent set. Then there exists scalars
ki,ko, -+, ky, k not all zero such that

Oeckiou +kyous+---+k,ou, +keu. (4)

Suppose that k = 0, then there exists at least one of the k;s say k1 # 0 and equation
(4) becomes

fekiou +koous+---+k,ou, (5)

from which it follows that the set Bi(I) = {u1 = (a1,b11),u2 = (ag,b2l), -+ ,u, =
(@n,bpI)} is linearly dependent. This contradicts the hypothesis that Bi([) is linearly
independent. Hence k # 0 and therefore k= € K. From equation (4), we have

ke C kle(kiou +kyoug+---+k,ou,+keu)
=60 € (k:_lkl) o u + (k_lkg) ® Uy + -+ (k:_lkn) o U, + (k_lkz) XN
=60 = v+u(where (k™ 'k1)ous + (K ko) @ug + - + (k1K) @ uy)
=u = —veE(-1)ev
=u € (—1)e((k k1) ous+ (b ko) oug+ -+ (k 'ky) @ uy)
=u € (—k7'k)euy+ (—ktky) eug+ -+ (k" k) o uy,
=u € span(Bi(I)).
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Conversely, suppose that u € span(Bj)). Then there exists ki, ko, -+ ,k, € K such
that

u € kioeuy+kyous+---+kyeu,
Su+(—u) € kioeu+kroeus+---+kpou,+(—1)eu
=60 € kiou t+koous+---+kpou,+(—1)eu.

Since u ¢ B1(I) and By ([) is linearly independent, it follows that {ui,ug, -, up,u} =
By (1) is a linearly dependent set. The proof is complete. O

Definition 4.14. Let (V(I),+,e, K(I)) and W(I),+',e’, K(I)) be two strong neutro-
sophic hypervector spaces over a neutrosophic field K (I). A mapping ¢ : V(1) — W (I)
is called a strong neutrosophic hypervector space homomorphism if the following con-
ditions hold:

(1) ¢ is a strong hypervector space homomorphism.

(2) ¢((O,I)) = (071)'

If in addition ¢ is a bijection, we say that V(I) is isomorphic to W (I) and we write
V(I)=W().

Theorem 4.15. Let (V(I),+,e, K(I)) and W(I),+',¢', K(I)) be two strong neutro-
sophic hypervector spaces over a neutrosophic field K(I) and let ¢ : V(I) — W(I)
be a bijective strong neutrosophic hypervector space homomorphism. If B(I) = {u; =
(a1,b11),u9 = (ag,bol), - ,up = (an,bpyl)} is a basis for V(I), then B'(I) = ¢(B(I)) =
{d(ur, p(ug, -+, d(un} is a basis for W(I).

Proof. Suppose that B(I) is a basis for V(). Then for an arbitrary u = (a,bl) € V(I),

there exists neutrosophic scalars a; = (ki,mi1l), 0 = (ka,mal), - ,apn = (kn,mypl) €
K(I) such that

€ areuU; +ay0Uy + -+ Oy © Uy
= d(u) € Plarour +azeus+ -+ ayeuy)
= a1 o(ur) + az ' P(uz) + -+ + an o P(un).
Since ¢ is surjective, it follows that ¢(u), ¢(ui, p(ug, -, d(u, € W(I) and therefore
¢(u) € span(B'(I)). To complete the proof, we must show that B’(I) is linearly

independent. To this end, suppose that
P(0) € Br o P(ur) +' Ba o Plug) +' -+ By o d(un)
where 81 = (r1, s11), B2 = (ra, 821), -+, Bn = (10, sn1) € K(I), then

o(0) € ¢(Breur)+ p(Brouz) + -+ (B @ un)
= ¢(frour+Proeus+ -+ By ouy)

14



Since ¢ is injective, we must have

OcpProur+Brouy+ -+ [y ou,

Also, since B(I) is linearly independent, we must have g; = 82 = --- = B, = (0,1).
Hence B'(I) = {¢(u1), p(u2), -, P(uy)} is linearly independent and therefore a basis
for W(I). O
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