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PREFACE

In this book authors for the first time give several types of
problems on MOD structures happens to be an interesting field of
study as it makes the whole 4 quadrant plane into a single
quadrant plane and the infinite line into a half closed open
interval. So study in this direction will certainly yield several
interesting results. The law of distributivity is not true. Further
the MOD function in general do not obey all the laws of
integration or differentiation. Likewise MOD polynomials in
general do not satisfy the basic properties of polynomials like its
roots etc.

Thus over all this study is not only innovative and
interesting but challenging. So this book which is only full of
problems based on MOD structures will be a boon to researchers.
Further the MOD series books of the authors will certainly be an

appropriate guide to solve these problems.



We wish to acknowledge Dr. K Kandasamy for his
sustained support and encouragement in the writing of this

book.

W.B.VASANTHA KANDASAMY
ILANTHENRAL K
FLORENTIN SMARANDACHE



Chapter One

PROBLEMS ON MOD INTERVALS

In this chapter we just recall all types of MOD intervals and
the algebraic structure enjoyed by them. All problems related
with these MOD intervals and the algebraic structures enjoyed by
them are proposed here.

DEFINITION 1.1: S = {/0, n); n € Z"\ {1} is the MOD real
interval mod n.

We see the infinite real line (—os, o0) can be mapped onto the
MoD interval [0, n); n € Z"\ {1} in the following way.

Let n: (o9, 00) = [0, n)

X if O<x<n
0 if x=0o0rtm(te (—oo,x))
n—x if —o0 < x <0

n(X)= X t
t if x>n>0and —=s+—

n n

. X t
n—t if —co<x<0and —=s+—
n n

1 is the MOD real transformation.
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We will illustrate this by some examples.

Example 1.1: Let S = {[0, 6)} be the real MOD interval
modulo 6.

N: (o0, 20) — [0, 6)

nN4.332) = 4332,
n.82) = 382,
nN-7.68) = 6-1.68
= 432,
n4s) = 0
n(0) = 0andn(-24)=0

Nn(0.331206) = 0.331206
1n(-0.1150893) = 5.8849107.

7 is a MOD real transformation from (—oo, o) to [0, 6).
Example 1.2: Let S = {[0, 13)} be the real MOD interval.

1: (=0, o) — [0, 13) is defined by 1(0.84) = 0.84

n(12.993) = 12.993,
n-1.234) = 11.766,
nes) = o

n=26 = 0

n(0) = 0.

n-13) = 0 and soon.

This the way MOD real transformation M from (—oo, o) to
[0, 13) is made.

We see 1 is maps many points (or infinitely many points)
onto a single point.

If we want to study the reverse the MOD transformation say
M2 [0, m) — (o0, o).
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We see nfl(O) =0, nfl(x) = tnx where t € Z; so a single x
can be or should be mapped onto infinitely many. This is true
for every x € [0, n).

We will illustrate this situation by some examples.

Example 1.3: Let S = {[0, 10)} be the MOD real interval.

Letn™" : [0, 10) — (—oo, o) defined by

N'3)={10n+3;ne 10Z"; 10n+ 7 € 102}
Thus 1 : (—oo, ) — [0, 10)

n@A3)

n-7)
nai3) =
n-17) =
and so on.

W W W W

Thus n" the inverse ‘map’ is a pseudo map (as a single
element is map onto) infinitely many elements, that is why the
term pseudo map is used.

n7'(0.75) = {0.75, 10.75, 20.75, 30.75, 40.75, ..., -9.25,
—19.25, -29.25, ...}. Thus the single point 0.75 in [0, 10) is
mapped onto infinitely many points in (—co, o).

That is why we can m' as the pseudo MOD real
transformation. Likewise the mappings are carried out in a very
systematic way.

We give one more example of this situation.

Example 1.4: Let T]*l : [0, 12) — (—oo, =) be the pseudo MOD
map.

N7'(0)= {0, 12n,n € Z"}
n'(1)={1,13,25,37,...and —11, =23, =35, ...}
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n'Q) = {2, 14, 26, 38, 50, ..., -10, —22, -34, 46, ...}
n'(3)={3,15,27,39,51,63, ...,-9,-21,-33, ...}

Thus infinitely many points of (—oo, o) are associated with a
single point of [0, 12).

Consider 0.3189 € [0, 12).

n"1(0.3189) = {0.3189, 12. 3189, 24.3189, 36.3189, ...,
11.6811, 23.6811, 35.6811, 47.6811 and so on}.

Thus the single point 0.3189 is mapped on an infinite
number of points by the pseudo MOD map

1]71 1 [0, 12) — (—o0, o0). Further both MOD transformation
map n and pseudo inverse MOD maps are unique.

We have infinitely many real MOD intervals, however only
one real interval (—oo, o).

Next we can define operations of + and X on [0, n).
{[0, n), +} is a group of infinite order.

1M : (—oo, ) = [0, n) is compatible with respect to addition.
For if we take the MOD interval [0, 4).

Letx=5.732 and y = 0.193 € (—oo, o0).

x+y = 5925
nx) = 1732
ny) = 0.193
nx = nx+ny)
Nn(5.925) = 1n(5.732) + n(0.193)
1925 = 1.732+0.193

= 1.925.

Hence we see 1 can be compatible with respect to +.
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We have only one group under ‘+’ using (—oo, o0) but there
are infinitely many MOD interval real groups
{[0, m) | m e Z"\ {1}, +}. This has subgroups of both finite and
infinite order.

Example 1.5: Let G = {[0, 24), +} be the MOD interval real
group of infinite order. {Z,s, +} = H, is a subgroup of finite
order.

H, = {0, 6,12, 18, +} is a subgroup of finite order.

H; {0, 8, 16} is a subgroup of finite order.

H, = {0.1,0.2,...,23,23.1,23.2,...,239,0} cGis
a subgroup of G.

Example 1.6: Let G = {[0, 17), +} be a MOD interval group of
infinite order.

Can we say G is a torsion group?

We can as in case of wusual groups define MOD
homomorphism from G = {[0, m), +} to H = {[O0, t), +}.

This will be illustrated by examples.

Example 1.7: Let G = {[0, 6), +} and H = {[0, 12), +} be two
MOD groups of infinite order.

Define ¢ : G - H

¢(0) 0
ox) 2xifxe G
¢(0.76) = 1.52 and so on.

Clearly ¢(x +y) =2x + 2y

Letx=3.84andy=4.57 € G.
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O(x +y) 0(3.84 +4.57)

241 x2
= 482 I

0x)+0(y) = 03.84) + ¢(4.57)
7.68 +9.14
= 482 .. I

I and II are identical hence the claim.

This is the way operations or MOD homomorphisms are
made.

Clearly one can define MOD isomorphisms of MOD interval
group.

Next we proceed onto define the notion of MOD interval
semigroups.

DEFINITION 1.2: Let S = [[0, m), X} be the MOD interval
semigroup for a, b € S. a xb (mod m) € S.

We will illustrate this situation by some examples.

Example 1.8: Let M = {[0, 12), X} be the MOD interval
semigroup.

Letx=32andy=69e M

xXy=32%x6.9=10.08 (mod 12).

Letx=6andy=2soxxy=6x2=0 (mod 12).
Thus M has zero divisors.

Clearly 1 € M is such that 1 x x =x for all x € M.
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Thus M is a monoid. M has zero divisors. 11 € M is such
that 11 X 11 =1 (mod 12).

Letx=24andy=5¢€ [0, 12).

Clearly x X y = 2.4 X 5 =0 (mod 12) so is a zero divisor.
But 5 € [0, 12) is a unit as 5 X 5 = 1 (mod 12). Thus a unit
contributes to a zero divisor.

This gives one a natural problem namely why in the MOD
interval semigroups we have units contributing to zero divisors.

This is the one of the marked difference between the usual
semigroups and MOD interval semigroups. Thus MOD interval
semigroup behave in an odd way so we define such zero
divisors contributed by units of the MOD interval semigroup as
MOD pseudo zero divisors or just pseudo zero divisors.

Example 1.9: Let S = {[0, 7), X} be the MOD interval semigroup
of infinite order.

This has only pseudo zero divisors. For x =3.5andy=2 €
S is such that x X y = 0 (mod 7) is a pseudo zero divisor
however y=2isaunitin Sas2 x4 =1 (mod 7).

Considerx=1.75andy=4 € S.

x Xy =0 (mod 7) is again pseudo zero divisor; however y is
a unit of S.

Thus S has pseudo zero divisors which are not zero divisors
for one of them is a unit.

Next we proceed onto study about the substructures in MOD
interval monoids. MOD interval monoids have finite order
subsemigroups but can it have ideals of finite order is a question
mark.

Example 1.10: Let S = {[0, 18), X} be the MOD interval monoid.



14 | Problems on MOD Structures

P, = {0,9},

P, = {0,2,4,...,16},
P; = {0,3,6,...,15},
P, = {0,6,12} and
Ps = {Z;, X}

are finite order MOD subsemigroups of S.

H; = {{0.01), x} is an infinite order subsemigroup of S.

H; = {(0.2)} are all some of the infinite order MOD
subsemigroup of S.

None of them are ideals.

Finding ideals happens to be a very difficult problem.

Example 1.11: Let S = {[0, 23), X} be the MOD interval
semigroup (monoid).

S is of infinite order.

P, = {Zy;} is a subsemigroup of finite order.

P, = {{0.1)} is a subsemigroup of infinite order.

P; = {{0.2)} is a subsemigroup of infinite order and so on.
Finding ideals of S happens to be a challenging problem.

Now MOD interval groups and semigroups are also built
using matrices with entries from MOD intervals [21-2, 24].

Study in this direction is interesting.

Next we proceed onto describe the notion of MOD real
interval pseudo rings for more [21].
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Example 1.12: Let R = {[0, 10), +, X} be the MOD interval
pseudo ring. R has zero divisors, units and idempotents. R has
subrings as well as pseudo subrings.

However finding pseudo ideals of R happens to be a
challenging problem.

Example 1.13: Let W = {[0, 29), +, X} be the MOD interval
pseudo ring. This MOD pseudo ring has pseudo zero divisors,
units and subrings of finite order.

Can P = {(0.1), +, X} be the MOD pseudo subring of W?

Finding MOD pseudo subrings of infinite order happens to
be a very difficult problem.

Z,9 = P is a subring of order 29 which is not pseudo.
Infact P is a field so W is a S-real MOD pseudo ring.

Studying properties associated with them happens to be a
very difficult problem.

Example 1.14: Let S = {[0, 48), +, X} be the pseudo MOD real
interval ring of infinite order. This has several subrings of finite

order which are not pseudo subrings.

Once again finding ideals of S happens to be a very difficult
problem.

Next we introduce the MOD neutrosophic interval.
Let (—oel, ool); I> = I be the real neutrosophic interval.

[0, m)I = {al | a € [0, m), = I}, 1 < m < o= is defined as
the MOD neutrosophic interval.
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Clearly N = {[0, m)I} under + is an abelian group under
product is a semigroup and under + and X. N is only a MOD
pseudo neutrosophic interval ring.

All properties associated with MOD real interval can be
derived for N also. For more refer [24].

Next we proceed onto study the notion of MOD finite
complex modulo integers [0, m)ig; i; = (m — 1), got from the

complex infinite interval (—oei, ooi).

We can have MOD transformations both for MOD interval
neutrosophic set [0, m)I as well as MOD interval finite complex

modulo integers [0, m)ir; i =m— 1.

This is left as a matter routine for the reader however for
more information refer [18, 21, 24].

Clearly on [0, m)ir for no value of m; 1 < m < e we can
built MOD interval finite complex modulo integer semigroup
under X or a MOD interval finite complex modulo integer pseudo
ring as X is not a closed operation on [0, m)if as i X 3ig =3 if: =
3(m—-1) ¢ [0, m)ig.

This is the marked difference between the other types of
MOD intervals and the MOD finite complex modulo integer
interval.

Example 1.15: Let M = {[0, 8)iF, if: =7, +} be a MOD interval
finite complex modulo integer group of infinite order.

However M is not even closed under X as 2ip X 2.4ip = 4.8 ié

=48 x7 =1.6 ¢ M. Hence {M, +, X} is also not a MOD
complex modulo integer interval pseudo ring.

Only the algebraic structure viz. group under + can be
defined on [0, m)i; | <m<eoas i; =m- 1.
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Now we proceed onto define the MOD dual number interval
got from the real dual number interval (—oog, cog) g* = 0; the

transformation from (—eog, oog) to [0, m)g is the usual one
discussed in [17].

We will illustrate this by some examples.

Example 1.16: Let M = {[0, 18)g | g2 = 0, +} be the MOD
interval dual number group. M is of infinite order. M has
subgroups of finite order also.

Example 1.17: Let P = {[0, 29)g | g2 = 0, +} be the MOD dual
number group. M has subgroups of finite order.

Now we proceed onto build semigroup using [0, m)g;
g2 =0.[17,21,24].

Example 1.18: Let B = {[0, 12)g | g2 = 0, x} be the MOD
interval dual number semigroup. Clearly B is not a monoid.
Further every proper subset of B is a subsemigroup of B. Infact
B is a MOD interval dual number zero square semigroup of
infinite order.

Further every subsemigroup is also an ideal of B. These
happen for any 1 <m < eo.

Next we proceed to give examples of MOD interval dual
number ring.

Example 1.19: Let M = {[0, 25)g; +, X} be the MOD interval
dual number zero square ring. Since distributive law is true it is

not a pseudo ring only a ring.

Every subgroup of M under + is an ideal of M. M has both
finite order as well as infinite order ideals.

For instance P, = {0, 5g, 10g, 15g, 20g} < M is an ideal.

P, = {Zyg | g2 =0} is an ideal of M of order 25.
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P;={0,0.1g,0.2g, ..., g, ..., 24g, 24.1g, 24.2g, ..., 24.9¢}
C M is a ideal of finite order.

Study of dual number MOD interval rings is important and
interesting for two reasons it can contribute to zero square
semigroups as well as subrings.

Next we consider the MOD interval special dual like number
set [0, m)h, h* = h.

On [0, m)h we proceed to give operations as + or X or both
+and X. [18, 21, 24].

All these situations will be represented by some examples.

Example 1.20: Let S = {[0, 15)h, h*=h, +} be an infinite MOD
interval special dual like number group. S has subgroups of both
finite and infinite order.

P, =Z;sh is a subgroup of order 15.
P, = {0, 3h, 6h, 9h, 12h} is a subgroup of order 5 and so on.

Example 1.21: Let P, = {[0, 19)h, h? = h, +} be the MOD
interval special dual like number group of infinite order. P, has
subgroups of both finite and infinite order.

For more refer [18, 21, 24].

Now we proceed onto give examples of MOD interval
special dual like number semigroup.

Example 1.22: Let M = {[0, 24)h, h? = h, x} be the MOD
interval special dual like number semigroup.

M has a subsemigroup of finite order. M has zero divisors,
idempotents but no units. M has subsemigroups of finite order.
But M has no subgroups. That is M is not a S-subsemigroup.
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Example 1.23: Let B = {[0, 47)h | h* = h, x} be the MOD
interval special dual like semigroup.

P, = Z4h is a finite subsemigroup. However B is not a
S-semigroup.

Example 1.24: Let M = {[0, 16)h, h* = h; x} be the MOD

interval special dual like semigroup which has zero divisors and
idempotents.

Thus we have several properties associated with MOD
interval special dual like number semigroup of infinite order.

Next we proceed onto study the properties of MOD interval
special dual like number pseudo ring.

All these rings are pseudo as distributive law is not true in
general.

Example 1.25: Let S = {[0, 82)h, h® = h, x, +} be the MOD
interval pseudo special dual like number ring of infinite order.

S has subrings of finite order like P, = {0, 41h},
P2 = {Zgzh} and

P; = {0, 2h, 4h, ..., 80h} are subrings of finite order which
are not pseudo. S has also subrings which are pseudo.

Finding subrings of infinite order and ideals of S happens to
be a challenging problem.

For more about these structures please refer [19].

Example 1.26: Let P = {[0, 31)h, h® = h, +, X} be the MOD
interval special dual like number pseudo ring. P has finite
subrings which are not pseudo. P has subrings of infinite order.
Find ideals of P.
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Thus P has pseudo zero divisors and so on.

Next we proceed onto study the notions associated with
MOD interval special quasi dual numbers [0, m)k, k> = (m - Dk,
1 <m<oo.

For more about these refer [19].
We will illustrate this by some example.

Example 1.27: Let M = {[0, 24)k, K? = 23k, +} be the MOD
interval special quasi dual number group. M is an infinite group.
M has subgroups of finite order as well as subgroups of infinite
order.

Example 1.28: Let P = {[0, 43)k, K = 42k, +} be the MOD
interval special quasi dual number group. P has only few

number of subgroups of finite order.

Next we proceed onto study MOD interval special quasi dual
number semigroups.

Example 1.29: Let B = {[0, 48)k, K* = 47Kk, x} be the MOD
interval special quasi dual number semigroup. B has zero
divisors.

Finding idempotents happen to be a difficult problem.

For more about these refer [19, 24].
Example 1.30: Let M = {[0, 29)k, k* = 28k, x} be the MOD
interval special quasi dual number semigroup. M has pseudo
zero divisors.

Finding S-units or units is a challenging problem.

We propose several problems associated with this structure.
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Next we proceed onto describe MOD interval specific quasi
dual number pseudo rings.

Example 1.31: Let B = {[0, 12)k, k* = 11k, +, X} be the MOD
interval special quasi dual number pseudo rings. B is of infinite
order. B has zero divisors. Finding idempotents is a difficult
task.

However B has subrings of finite order which are not in
general not pseudo. Finding ideals is yet another difficult task.

Example 1.32: Let S = {[0, 19)k, k> = 18k, +, x} be the MOD
interval special quasi dual number pseudo ring. P = {Z;0k} € S
is a subring of finite order.

Is S a S-ring? This question in general is difficult as we
have to find a unit, but k* = 18k. [19].

So finding ideals, subrings etc; happens to be a challenging
task.

This pseudo ring has pseudo zero divisors. Infact all MOD
interval special quasi dual number pseudo rings in which m is a
prime always contains pseudo zero divisors.

However even finding zero divisors is a challenging
problem. Even if p is a prime finding units in those rings are
very difficult.

But we have just recalled these concepts with illustrative
examples mainly to make this book a self contained one.

Further these concepts are elaborately analysed in books
[19-24] but the problems in this book are mainly given as the
concept of MOD mathematics or more to be in a layman’s
language the notion of small mathematics is very new and
adventures in the mathematical world. They behave in many
places in a chaotic way as the real world.
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They are not well organized as the real mathematical world.
So this property of chaos has attracted the authors, so authors
wish to share these concepts with those interested co-
mathematicians.

The best way to do it is give or suggest a series of problems.

Some problems are simple and direct. Some of them are
difficult problems. Some can be considered as open conjectures.

The main and sustained work on MOD mathematics is
surprising us for when they are converted to small scale they do
not possess all the properties when they are large.

This difficulty is not yet completely overcome by us.

In the following we suggest some problems for this chapter.

Problems

1. Can we say G = {[0, m), +, m € Z" \ {1}} have infinite
number of subgroups finite order?

2. How many subgroups of infinite order can G = {[0, m), +},
(m a prime) contain?

3. CanG={[0,m),+},me Z"\ {1} be a torsion free group?
4. Define ¢ : G — H where
G = {[0, 43), +} and H = {[0, 24), +} be two MOD interval
groups be a MOD homomorphism.

i) How is ¢ defined?

ii) Is it ever possible to be have a one to one MOD
homomorphism?
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iii)  Can we have ker¢ to be a finite subgroups of G?

iv) Can we define a ¢ : G — H so that ker¢ is an infinite
subgroup?

v)  Let S = {Collection of all MOD homomorphism from
G to H}.

What is the algebraic structure enjoyed by S?

vi) Findd:H — G.
Let R = {Collection of all MOD homomorphism from
H to G}.
What is the algebraic structure enjoyed by R?

vii) What is relation exist between R and S?

Let G = {[O0, 48), +} and H = {[0, 35), +} be any two MOD
interval group.

Study questions (i) to (vii) of problem 4 for this G and H.
Characterize the property of MOD interval pseudo zero

divisors in MOD interval semigroups (monoids)
S ={[0, m), x}.

Find special and distinct features enjoyed by MOD interval
monoids S = {[0, n), X}.

Can S = {[0, 19), X} have only finite number of pseudo zero
divisors?
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10.

11.

12.

13.

14.

15.

Can a MOD interval monoid S = {[0, m), X} be free from
MOD pseudo zero divisors?

Prove all MOD interval monoids S = {[0, m), X} are
Smarandache semigroups.

Prove or disprove MOD interval monoids S = {[0, 24), X}
has more number of zero divisors than the MOD interval

monoid R = {[0, 43), x}.

Can P = {[0, p), X} (p a prime) the MOD interval monoid
have infinite number of pseudo zero divisor?

Can P in problem (12) have zero divisors which are not
pseudo zero divisors?

Is it ever possible to find MOD interval real semigroups
(monoids) which can have MOD interval ideals which is of
finite order?

Justify your claim.

Let S = {[0, 23), +, X} be the MOD interval pseudo real ring.

1) Find all zero divisors of S.

i1))  Can S have infinite number of zero divisors?

iii)  Can S have idempotents?

iv)  Can S have pseudo zero divisors?

V) Can S have S-units, S-idempotents and S-zero
divisors?

vi)  Can S have ideals of finite order?

vii)) How many of the subrings of S are of finite order?

viii) Find all pseudo ideals of S.

ix) Can S have S-pseudo ideals?



16.

17.

18.

19.

20.

21.

22.
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x)  Can S have S-subrings of infinite order?
xi) Is S a S-pseudo interval ring?

Let P = {[0, 145), +, X} be the MOD real interval pseudo
ring.

Study questions (i) to (xi) of problem (15) for this P.

Let S = {[0, m), +, X, m a composite number} be the MOD
real interval pseudo ring.

Study questions (i) to (xi) of problem (15) for this S.

Let W = {[0, p), +, X; p a prime} be the MOD real interval
pseudo ring.

Study questions (i) to (xi) of problem (15) for this W.

What are the distinct and special features enjoyed by
N ={[0, m)L; I’ =1}?

i) Is N a group under +?

ii)  Can{N, X} be a semigroup?

iii) Can{N, +, X} be a MOD pseudo interval neutrosophic
ring?
Study all properties of N, 1 < m < oo.

What are the special features enjoyed by MOD interval finite

complex modulo integers [0, m)ir, i; =m—1?

Prove this set [0, m)ig is not closed under product operation.

Show the MOD interval dual numbers [0, m)g, g* = 0 behave
in a very different way from the other MOD intervals.
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23.

24.

25.

26.

27.

28.

Obtain all the special features enjoyed by MOD special dual
like numbers interval [0, m)h, h? = h; 1 <m< oo,

Prove W = {[0, 23)h, h* = h, +} is a MOD interval special
dual like number group of infinite order.

P, = Zysh is a subgroup of W of order 23.

P, = {0, 0.1h, 0.2h, ..., h, ..., 20h, 20.1h, ..., 22h, 22.4h,
22.5h, ..., 22.9h, +, h’ = h} is also subgroup of finite order
ir; the MOD interval dual like number group W = {[0, 23)h,
h”=h, +}.

Find all finite number of MOD interval special dual like
number subgroups.

Let N = {[0, 42)h, h* = h, +} be the MOD interval special
dual like number group.

i) Find the number of subgroups of finite order.

ii)  Find the number of subgroups of infinite order.

Let T = {[0, 31)h, h* = h, +} be the MOD interval special

dual like number group.
Study questions (i) and (ii) of problem (25) for this T.
Find all special properties satisfied by the MOD interval

special dual like number semigroup {[0, m)h, h* = h, x}
(1 <m < o0).

Let B = {[0, 20)h, h*> = h, x} be the MOD interval special
dual like number semigroup.
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30.

31.
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i) Find the number of finite order subsemigroups of B.
ii)  Find all infinite order subsemigroups of B.

iii)  Can B ever be a S-semigroup?

1v)  Find all ideals of B.

v)  Can ideals of B be of finite order? Justify your claim.
vi)  Find any S-ideal of B.

vii) Find all idempotents and S-idempotents of B.

viii) Find all zero divisors and S-zero divisors of B.

ix)  Find any other special feature enjoyed by B.

Let S = {[0, 23)h, h* = h, x} be the MOD interval special
dual like number semigroup.

Study questions (i) to (ix) of problem (28) for this S.

Let M = {[0, 45)h, h* = h, x} be the MOD interval special
dual like number semigroup.

Study questions (i) to (ix) of problem (28) for this M.

Let A = {[0, 26)h, h’ = h, +, x} be the MOD interval special
dual like number pseudo ring.

i) Find the number of subrings which are not pseudo in
A.

ii)  Can A be a S-ring?

iii) Can A be a pseudo ring which has zero divisors as
well as S-zero divisors?

iv)  Can A have S-idempotents?

v)  Can A have S-ideals?

vi)  Can A have ideals of finite order?

vii) Can A have a subfield of infinite order?

viii) Obtain any other special feature enjoyed by A.
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32.

33.

34.

35.

36.

37.

Let M = {[0, 24)h, h? = h, +, X} be the MOD interval pseudo
special dual like number ring.

Study questions (i) to (viii) of problem (31) for this M.

Let N = {[0, 47)h, h* = h, +, X} be the MOD interval pseudo
special dual like number ring.

Study questions (i) to (viii) of problem (31) for this N.

Let Z = {[0, 248)h, h*=h, +, x} be the MOD interval special
dual like number pseudo ring.

Study questions (i) to (viii) of problem (31) for this Z.

Obtain all special features associated with MOD interval
special dual like number algebraic structures.

Let S = {[0, 28)k, K* = 27Kk, +} be the MOD interval special

quasi dual number group.

1) Prove o(S) = oo.

ii)  How many subgroups of finite order does S have?

iii)  Find the number of subgroups of S of infinite order.

iv)  Obtain a transformation from group (—ook, ook) — S.
(k* = =k in (—ook, ook)).

Let M = {[0, 15)k, K* = 14k, +} be the MOD interval special

quasi dual number group.

Study questions (i) to (iv) of problem (36) for this M.
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41.
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Let S = {[0, 47)k, K= 46k, +} be the MOD interval special
quasi dual number group.

Study questions (i) to (iv) of problem (36) for this S.

Let B = {[0, 45)k, K> = 44Kk, x} be the MOD interval special
quasi dual number semigroup.

i) Find all finite order subsemigroups of B.

11)  Can B have ideals of finite order?

iii)  Find all infinite subsemigroups of B which are not
ideals.

iv)  Can B be a S-semigroup?

v)  Find all pseudo zero divisors of B.

vi) Find all zero divisors which are not pseudo zero
divisors of B.

vii) Can B have units?

viii) Find all idempotents and S-idempotents of B.

ix) Can B have S-zero divisors?

x)  Can B have S-ideals?

xi) Obtain any other special or interesting property
associated with B.

Let M = {[0, 23)k, k* = 22k, x} be the MOD interval special
quasi dual number semigroup.

Study questions (i) to (xi) of problem (39) for this M.

Let W = {[0, 24)k, K* = 23k, x} be the MOD interval special
quasi dual number semigroup.

Study questions (i) to (xi) of problem (39) for this W.
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42.

43.

44.

45.

46.

Let T = {[0, 42)k, K = 41k, +, x} be the MOD interval
special quasi dual number pseudo ring.

Study all questions (i) to (xi) of problem (39) by
appropriately changing from semigroups to pseudo rings.
Let S = {[0, 53)k, K> = 52k, +, X} be the MOD interval
special quasi dual number pseudo ring.

Study questions (i) to (xi) of problem (39) by appropriately
changing from semigroup to pseudo ring.

Let P = {[0, m)k, k* = (m — 1)k, +, X} be the MOD interval

special quasi dual number pseudo ring.

Study questions (i) to (xi) of problem (39) by appropriately
changing from semigroup to pseudo ring when

i. mis a composite number.
ii. mis a prime number.
Prove there exists a MOD transformation from the ring

R = {(-k, ok); k> = -k, +, x} to S = {[0, m)k,
k? = (m - Dk, +, x}.

Obtain any other special features of MOD interval pseudo
rings.



Chapter Two

PROBLEMS ASSOCIATED WITH MOD
PLANES

In this chapter we propose problems simple, difficult as well
as open conjectures related to the seven types of MOD planes. To
make this chapter a self contained one we just recall or describe
these notions very briefly. However for more about these
notions please refer [26-7]. Throughout this book the real plane

o
71
61
51
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34
2l
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—8—7—6—5—4—3—2—11123456789
24
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41
51+
-6+
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3

Figure 2.1
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is a four quadrant plane as shown above.

The MOD real plane R,(m); 1 < m < o is a plane which has
only one quadrant.

As it is the small size plane built on modulo integers it will
be known as MOD-plane.

We will give some examples of MOD real planes.

Y,
m

Figure 2.2
is a four quadrant plane as shown above.

The above diagram is the MOD real plane R,(m) (1 < m < o)
and elements of R,(m) = {(a, b) where a,b € [0, m); that is a
and b are elements of the MOD interval [0,m)}

Thus Ry(7), Ry(148), Ry(251), R,(10706), R,(20451) and so
on are all MOD real planes and the main advantage of using MOD
real planes is that MOD real planes are infinite in number
whereas the real plane is only one.

Several problems in this direction are suggested at the end
of this chapter.

Next we recall the description of the MOD complex modulo
integer plane C,(m) ; 2 < m < oo,

Cu(m) = {a+bgrla,be [0,m), i} =(m-1)}.

Just we give the diagram of this MOD complex modulo
integer plane in the following.
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mi,,

Figure 2.3

Any point a + big is represented as (a, b) in the MOD
complex modulo integer plane C,(m). Thus in reality we have
one and only one complex plane given b y the following figure.

TR FR,

Figure 2.4
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However there are infinitely many MOD complex modulo
integer planes given by C,(m), C,(5), C,(2051), C,(999991),
C.(7024) and so on.

Thus we can choose any appropriate complex modulo
integer plane and work with the problem.

Infact we have infinite choice in contrast with one and only
one complex plane which is an advantage.

We have suggested problems at the end of the chapter some
of which are normal and a few can be taken for future research.

Next we proceed onto describe the MOD neutrosophic
planes R! (m); 2 <m < oo in the following.

For a fixed positive integer m the MOD neutrosophic plane
Rf](m) =f{a+blla be [0, m = I} here the I is an
indeterminacy which cannot be given a real value.

This cannot be misunderstood for idempotent, when we see
I x I =1 it means, it is an idempotent but an indeterminate
idempotent which cannot be described as transformation or as a
matrix; however many times we may multiply an indeterminate
with itself it will only continue to be an indeterminate I only.

This mention is made for one should not get confused with
special dual like number planes.
R(g) = {a + bg | g° = g where g is a special dual like number}.

This concept is abundant in linear operators which are
idempotents. Lattices which are abundant in idempotents.

We will first describe the neutrosophic plane before we
illustrate the MOD neutrosophic plane R! (m); 2 < m < o by the
following figure.
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Figure 2.5

The above figure is a neutrosophic infinite plane.

We have one and only one neutrosophic infinite plane.

But we have infinitely many MOD neutrosophic planes
R! (m); 2 <m < o; we just give one illustrative example.

Y,
m

Figure 2.6
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Any point a + bl in R!(m) is denoted in the MOD
neutrosophic plane by (a,b).

Thus a + bl = (a, b) is the representation of its elements in
the MOD neutrosophic planes.

Once again we have infinitely many MOD neutrosophic
planes whereas there is one and only one neutrosophic plane.
This is advantageous while working with real world problem for
instead of working with one infinite structure we can
appropriately use any one of the compact one quadrant MOD
neutrosophic plane which has also the capacity to have infinite
values but they can be realized as bounded infinities. For a
precise transformation exists from the four quadrant plane to
this one quadrant plane.

Several problems can be proposed in this direction which is
done in at the end of this chapter.

Next we proceed onto describe the dual number plane and
the MOD dual number plane in the following.

A dual number plane R(g) is an infinite four quadrant
infinite plane where R(g) = {a + bg | a, b € R and g* = 0} is as
follows
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Figure 2.7

Any point a + bg is denoted by (a, b) in R(g).

This four quadrant dual number plane is unique and there is
one and only one such plane.

However the MOD dual number planes are infinite in
number and for any positive integer m it is denoted by

R:(m)={a+bgla,be [O,m);gZ:O};2£m<oo.

So there are infinitely many MOD dual number planes.

The dual number plane R2(m) is described by the
following figure:
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mg 1+

Figure 2.8

Thus as per need of the problem which needs the notion of
dual numbers these planes can be used.

For R%(2), R (3), R:(12), R:(18), R%(204899) and so
on are some of the MOD dual number planes.

Problems related with them is given at the end of this
chapter.

Infact one can built all algebraic structures, groups,
semigroups and pseudo rings; but this is the only algebraic
structure which can give infinite order zero square semigroups
and rings (the rings are not pseudo).

Next we proceed onto describe special dual like number
plane and MOD special dual like number planes in the following.

R:= {(a+bglg’=g abe R} where a +bg =(a, b)is
the notation used.
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However in some places we have used R,(h) instead of
R,(g) but from the very contest one can easily understand
whether we are using dual number or special dual like number.

Any point a + bg in R(g) is denoted in the special dual like
number plane by (a, b).

Next we proceed onto describe the notion of MOD special
dual like number planes in the follows.

R:(m)={a+bgla,be [0, m), g2 = g} denotes the MOD
special dual like number plane.
The diagrammatic representation of R# (m) is as follows.
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mg +

Figure 2.10

Any point a + bg in the MOD special dual like number plane
is denoted by (a, b).

We have infinitely many special dual like number planes for
m can vary in the infinite interval 2 < m < co.

R2(10), RE(18), R (18999), R (250) and so on are some
of the examples of MOD special dual like number planes.

As per need of the problem one can use any appropriate m;
2 < m < oo, these planes for storage space is comparatively less
when compared with R(g).

Problems for the reader are given at the end of this chapter.

Some examples of special dual like numbers in the real
world problems are square matrices A with A X A = A, any
p X q matrices B with B x; B = B where X is the usual product
and X, is the natural product of matrices.
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Also we have linear operators which can contribute to
special dual like numbers.

Finally one can get several special dual like numbers from
Zy; the modulo integers where t is a composite number.

Also semi lattices and lattices are abundant with special
dual like numbers.

Next we proceed onto describe the infinite plane of special
quasi numbers and MOD special quasi dual numbers.

Let R(g) = {a+ bg | g’ =—g, a, b € R} be the infinite special
quasi dual number plane.

We have only one such plane.

However there are infinitely many MOD special quasi dual
number planes which will be described.

The special quasi dual number plane R(g) is as follows.

[ g

TR w e g g @,
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Figure 2.11
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Any point a + bg € R(g) is only represented as (a, b) in
R(g), the real special quasi dual number plane.
Now the MOD special quasi dual number plane.

Now the MOD special quasi dual number plane R® (m) = {a

+bgla,be [0, m) andg2=(m— 1) g}, 2 £ m < . Here also
any a + bg is represented as (a, b) in the MOD special quasi dual

number plane R % (m).

The following diagram gives the MOD special quasi dual
number plane R2 (m).

mg+

Figure 2.12

Now using six types of MOD planes we propose the
following problems.

The authors wish to keep on record that all these definitions
and notions are recalled to make this book self contained.

As the book is problems on MOD structures all the more we
wanted to make it as self contained as possible.
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Problems

1. What are the advantages of using MOD real planes instead
of the real plane?

2. Can one say use of MOD real planes saves both time and
economy?

3. What are the ways of defing the concept of distance
between two points in the MOD real plane;
R,(m), 2 £m < o?

4.  Tllustrate the situation in problem (3) by some examples
(that is used a fixed m).

5. Can the concept of analytical geometry be employed on
MOD real planes?

6. Can the notion of Euclidean geometry be used on MOD
real planes?

7. Give some nice problems in which MOD real planes would
be better than usual real plane.

8. Can the concept of continuity be defined in MOD real
planes?

9.  Does the notion of continuity depends on the value of the
m of the MOD real plane R,(m) and the function?

10. Give examples of functions which are continuous in the
real plane and are not continuous in the MOD real plane.

11. Can a non continuous function in the real plane be
continuous in the MOD real plane R,(m) depending on m?

12.  Can you give examples of functions in the MOD real plane
which are defined but not defined in the real plane?
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13.

14.

15.

16.

17.

Clearly % = f(x) is not defined in the real plane at

X =3.

i) Prove or disprove f(x) = is defined in the MOD

real plane R,(m) (for some suitable m).

ii) In which of the other MOD real planes f(x) = is

defined?

Clearly ! =f(x) is not defined in

(x=2)(x=T7) (x+3)

the real plainatx =2, x =7 and x = -3.
i) Give all MOD real planes in which

1

f(x) =
(x—=2) (x=7) (x+3)

is defined at all points of

the MOD real plane.

ii) Can we have more than one real MOD plane for which
the above statement (1) is true?

Can the notion of a circle be defined in the MOD real
plane R (m)?

Prove in polynomial real planes R,(m)[x] as the
polynomials in R,(m)[x] do not satisfy distributive law
the notion of solving equations is an impossibility in
Ry(m)[x].

Illustrate the situation of problem in (16) for m = 5 and
m=12.
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19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.
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Prove G = {R,(m), +} is an infinite real MOD plane group
under +.

Can G in problem 18 have decimals (that is elements x €
R.,(m)\ {(a,b) /a, b e Z,} such that ZX = 0 for some t?
t

Prove S = {R,(m), X} is an abelian MOD real plane
semigroup.

Prove or disprove S is not always a Smarandache
semigroup.

Prove S = {R,(m), X} have infinite number of zero
divisors.

Prove or disprove S = {R,(m), X} has only finite number
of idempotents.

Can S = {R, (m), X} have nilpotent elements of order
greater than or equal to 2?

Can S = {R,(m), X} have torsion free elements?

Can S = {R,(m), X} have torsion elements which are
infinite in number?

Will S = {R,(m), X} have ideals which are of finite order?
Study problem (27) for S = {R,(28), x}.

Find all subsemigroups all of which are infinite order but
are not ideals of S = {R,(47), x}.

Can S = {R,48), x} have infinite number of
subsemigroups of finite order?

Let M = {R,(11), X} be the semigroup of MOD real plane
R,(11).
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32.

1)
ii)
iii)
v)
V)
vi)
vii)

Find all zero divisors of M.

Find all idempotents of M.

Find all the ideals of M.

Can M have ideals of finite order?

Can M have torsion free elements?

Can M have infinite number of torsion elements?
Prove M can have nilpotent elements of order
greater than or equal to two.

viii) Can M have infinite number of units?

X)
Let

i)

V)

vi)

vii)

Obtain all special properties associated with M.
R = {R,(m), X +} be the MOD pseudo ring.

Can we have elements
X,y,Z€ Ry(m)\ {(a, b) | a, b € Z,} which satisfy the
distributive law x X (y +2) =X Xy +xX 7 ?

Is the non distributive nature in R an advantage to
problems in general or disadvantage to those
problems?

Can one always accept that all natural problems for
research really satisfy the distributive laws? Justify!

Can we prove all practical problems in the world
satisfy distributive law?

Can one just acknowledge that the non acceptance of
distributive law does not drastically affect the solution
of the problem.

Under any of these circumstances can one claim that
use of MOD real plane pseudo rings will give more
accurate answer if appropriately adopted to certain
problems.

Find all idempotents of {R,(m),+ X} the pseudo
ring.
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34.

35.
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viii) Find all units of {R,(m), +, X}.

ix) Can one say the number of units in both {R,(m), X}
and that of {R,(m), +, X} have same number of units?

x) Can we prove both {R,(m), X} and {R,(m), +, X}
have the same number of idempotents?

xi)  Can we say both {R,(m), X} and {R,(m), + X} have
same number of zero divisors?

xii) Obtain any of the special features enjoyed by
{Rl’l(m)9 +9 X}

Let B = {R,(23), +, x} be the MOD real plane pseudo ring.

Study questions (i) to (xii) of problem (32) for this B.

Study questions (i) to (xii) of problem (32) for this

Let B = {R,(m)[x]} be the MOD real plane polynomials.

dp(x)
dx

i) If p(x) € B is of degree n prove is not a MOD

polynomial of degree (n — 1).
ii) Prove [ p(x) dx may or may not be defined in B.

iii) Prove if p(x) is a MOD polynomial of degree n then
p(x) need not have n and only n roots.

iv) Prove p(x) can have finite number of units less than n.
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36.

37.

38.

39.

40.

41.

42.

v) Prove p(x) € B can have more than n roots even
though p(x) is a polynomial of degree n in B.

vi) Can one say as distributive law is not true we have
PX)=(X—-0) (X—0p) ... (X—0,) X" — (04 + 0, +
o0 X Y ooy X L F oy . O = q(X)

i#j

in general.
vii) Prove p(a;) =0 then q(a.;) # 0 in general.

viii) Does there exist a p(x) of degree n with coefficients
from R,(m) \ {(a,b) / a, b € Z,} satisfy the equality.

X—0)(X—0) ... (x—0) =x"— (0, + Oy + ... + Q)
x"! +Z 0G0y X" L.+ Oy .. Oy

i#j

ix) Let p(x) = (x + 0.312) (x + 2.5302) (x + 4.2) € Ry(5);
can equation in (viii) be true for this p(x).

Can we have polynomials in R, (m)[x] so that the
derivatives are as in case of R[x]?

Can we have p(x) € R,(m)[x] so that the integral exists as
in case of p(x) € R[x]?

Give examples of polynomials in R,(m)[x] in which both
integral and derivatives does not exists.

Given a MOD polynomial p(x) in R,(m)[x] for which
integral exist but derivatives does not exist.

Give an example of a MOD polynomial p(x) in R,[m][x]
for which derivative exist but integral does not exist.

What are the special features enjoyed by C,(m)?

Can C,(m) have units?
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48.

49.

50.
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52.

53.

54.

55.
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Can C,(m) have idempotents?

Prove {C,(m), X} is only a semigroup of infinite order.
Obtain all the special features enjoyed by {C,(m), +}.
Prove C,(45) have subgroups of finite order.

What are the special features enjoyed by {C,(m), X}?
Find all zero divisors of {C,(m), xX}.

Will {C,(m), X} be always a S-semigroup?

Can ideals of {C,(m), X} be of finite order?

Obtain any other differences between {C,(m), X} and
{Ru(m), X}.

Prove {C,(m), +, X} is a MOD complex modulo integer
pseudo ring.

Let P = {C,(45), x} be the MOD complex modulo integer
semigroup.

Study questions (i) to (ix) of problem (31) for this P.

Let M = {C,(47), X} be the MOD complex modulo integer
semigroup.

Study questions (i) to (ix) of problem (31) for this M.

Let W = {C,(15), X, +} be the MOD complex modulo
integer pseudo ring.

i) Study questions (i) to (xii) of problem (32) for this W.
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56.

57.

58.

59.

60.

61.

ii) Obtain any other special and interesting feature
enjoyed by W.

Let V = {Cy(37), X, +} be the MOD complex modulo
integer pseudo ring.

Study questions (i) to (xii) of problem (32) for this V.

Let M = {C,(48), + X} be the MOD complex modulo
integer pseudo ring.

Study questions (i) to (xii) of problem (32) for this M.

Characterize all properties that can be associated with the
MOD complex modulo integer plane set {C,(p)}, p a prime
or a composite number.

Let = { R; (m)} be the MOD neutrosophic plane.

Find all the special features enjoyed by the MOD
neutrosophic plane.

Let = { R! (20), X} be the MOD neutrosophic semigroup.

1) Find all ideals of M.

i1)  Prove ideals of M are of infinite order.

iii)  Find all subsemigroups of finite order.

iv)  Find all subsemigroups of infinite order which are
not ideals.

v)  Find all zero divisors and S-zero divisors of M.

vi)  Find all idempotents of M.

vii) Find nilpotents of order higher than two in M.

viii) What are the special features enjoyed by M?

ix) Can M be a S-semigroup?

x)  Can M have S-ideals?

Let P = {R! (37), X} be the MOD neutrosophic semigroup.
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Study questions (i) to (x) of problem (60) for this P.

Let Q = { R} (42), +, X} be the MOD neutrosophic pseudo
ring.

1) Find zero divisors of Q.

ii)  Can Q have S-zero divisors?

iii)  Prove Q has idempotents.

iv)  Can Q have S-idempotents?

v)  Prove Q has ideals of only infinite order.
vi)  Prove Q has S-ideals.

vii) Prove Q has subrings of finite order.

viii) Can Q have pseudo subrings of infinite order which
are not ideals of Q?

ix)  Obtain any other special feature enjoyed by Q.
x)  Compare MOD neutrosophic pseudo rings with the

MOD complex modulo integer pseudo ring and MOD
real pseudo ring.

LetQ={ R£(53), +, X} be the MOD neutrosophic pseudo
ring.

Study questions (i) to (x) of problem (62) for this Q.

LetT={ Rf] (50), +, X} be the MOD neutrosophic pseudo
ring.

Study questions (i) to (x) of problem (62) for this T.
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65. LetW = {Ri(m); g>=0; q<m < o} be the MOD dual
number plane.

1) Obtain all the special features enjoyed by W.
ii)  Can the distance concept be defined on this plane?
iii)  Can a circle be defined on this plane?

iv)  Prove {W, X} =S is the MOD special dual number
semigroup of infinite order.

v)  Can S have infinite number of idempotents?

vi)  Prove S has infinite number of zero divisors?

vii) Prove {W, X} =S has zero square subsemigroups.
viii) S = {W, X} has only ideals of infinite order prove.

ix) Prove S = {W, X} have subsemigroups of infinite
order which are not ideals.

x)  Obtain any other special feature enjoyed by
S={W,x}.

xi)  Can S have infinite number of units?

xii) Can these MOD dual number semigroup find any
applications to real world problems?

xiii) What are the advantages of using these MOD dual
number planes in the place of dual number plane?

xiv) Study all the special features enjoyed by
B = {W, +}, the MOD dual number group.

xv) Can B have subgroups of finite order?
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xvi) Isevery element in B a torsion element?
Justify your claim!

xvii) Study the algebraic structure enjoyed by the MOD
dual number pseudo ring where M = {W, +, X}.

xviii) Prove M has subsemigroups of infinite order which
are not pseudo.

xix) Prove all ideals of M are of infinite order.

xx) Prove or disprove all zero divisors of M and that of
the MOD semigroup S are the same.

xxi) Prove or disprove all units in S and M are same.

xxii) Prove or disprove all idempotents of S and M are
the same.

xxiii) Find all subrings of M of finite order.

xxiv) Obtain any other special feature enjoyed by M.
Let V= {R2(58), g2 =0} be the MOD dual number plane.

1) Study questions (i) to (xxiv) of problem (65) for
this V.

i)  Obtain any other feature which is unique about V.

Let T = {R: (m), h* = h} be the MOD special dual like
number plane.

i) Derive all the special features enjoyed by T.

i)  Can T find nice applications of the real world
problem?

iii)  {T, X} = W be the MOD special dual like number
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vii)

viii)

X)

X)

X1)

Xii)

Xiii)

X1V)

XV)

XVi)

plane semiring, prove W is a commutative
semigroups of infinite order.

Prove all ideals of W are of infinite order.
Find the number of subsemigroups of finite order.

Show W can have subsemigroups of infinite order
which are not ideals.

Find all zero divisors of W.

Can W have S-zero divisors?
Characterize all idempotents of W.
Can W have S-units?

Prove or disprove W can have only finite number of
units.

Prove {T, +} = A be the MOD special dual like
number group, A has infinite order subsemigroups.

How many subgroups of A are of finite order for a
given M?

Prove S = {T, +, x} be the MOD special dual like
number pseudo ring does not satisfy the distributive
law.

How many subrings of S are of finite order?

Find all zero divisors which are not S-zero divisors
of S (at least characterize).

xvii) Can S have infinite number of units?

xviii) Does S contain infinite number of idempotents?
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xix) Find all idempotents of S which are not
S-idempotents.

xx) Give any other special feature enjoyed by these
MOD special dual like number of planes?

Let W = { R: (53), h* = h} be the MOD special dual like
number plane.

Study questions (i) to (xx) of problem (67) for this W.

Let M = {R" (48), h? = h} be the MOD special dual like
number plane.

Study questions (i) to (xx) of problem (67) for this M.

Let P = { R}; (256), h* = h} be the MOD special dual like
number plane.

Study questions (i) to (xx) of problem (67) for this M.

Let P = { R}; (49) | h* = h} be the MOD special dual like
number plane.

Study questions (i) to (xx) of problem (67) for this P.

LetS ={ R‘; (m), kK> = (m — 1)k} be the MOD special quasi
dual number plane.

1) Study the special and distinct features associated
with S.

i)  What are advantages of using the MOD special quasi
dual number planes?
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iii)

1v)

V)

vi)

vii)

Viii)
iX)

X)

x1)

Xii)

xiii)

X1V)

XV)

Xvi)

Give some applications of this MOD special quasi
dual number planes to real world problems.

Prove the MOD special quasi dual number plane
semigroup (S, X} is commutative and is of infinite
order.

Prove all ideals of {S, x} are of infinite order.

Find all subsemigroups of {S, x} which are of finite
order.

What are the advantages of using this semigroup
{S, x} instead of the MOD real semigroup

{Ry(m),x} or {Cy(m), x} or {Rf(m), x} or
{R, (m), x}?

Find all units and S-units of {S, x}.

Can we claim {S, X} has infinite number of zero

divisors?

Find all idempotents of {S, X} which are not S-
idempotents of {S, x}.

Study the special properties enjoyed by the MOD
special quasi dual number group {S, +}.

Find all subgroups of finite order in {S, +}.

Can {S, +} have subgroups of infinite order, infinite
in number or only finite in number?

Prove {S, +, X} is only a pseudo MOD special quasi
dual number ring of infinite order.

Find all subrings of {S, +, x} of finite order.

Can {S, +, X} have infinite number of units?
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xvii) Does {S, +, X} contain S-units?
xviii) Can {S, +, X} have infinite number of idempotents?
xix) Find all S-idempotents of {S, +, X}.

xx) Can {S, +, X} have infinite number of zero
divisors?

xxi) Characterize all S-zero divisors of {S, +, x}.

xxii) Prove all ideals of {S, +, X} are only of infinite
order.

xxiii) Obtain any other interesting special feature enjoyed
by {S, +, x}.

Let S; = {ng (19), k* = 18k} be the MOD special quasi
dual number plane.

1) Study questions (i) to (xxii) of problem (72) for this
S,.

ii)  Does the product reflect on of the properties as
m =19 is a prime?

Let B = {R* (24), kK = 23k} be the MOD special quasi
dual number plane.

1) Study questions (i) to (xx) of problem (72) for this
B.

ii)  Does the fact m = 24 a composite number have any
impact on number of subrings, number of zero

divisors and number of units?

iii) Compare S; of problem (73) with this B.
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75.

76.

Let M = { R¥ (37), k> = (3"~ 1)k} be the MOD special quasi
dual number plane.

)

Study questions (i) to (xx) of problem (72) for this
M.

As m = 3" does it have any impact on the number of
idempotents of M or on S-idempotents (if any) on
M.

Compare M of this problem with B and S; of
problem (74) and (73) respectively.

Can we say if m is a power of a prime number some
of the properties enjoyed by these MOD special
quasi dual number plane is distinctly different from
when m is a composite number?

Compare the algebraic structures enjoyed by the planes
R,(m), R! (m), C,(m), R% (m), R" (m) and R¥ (m) when
they are defined on them.

i)

ii)

iif)

Which of the 6 planes is a very powerful as a
group?

Which of the 6 planes will find more applications?

Which of the six planes behaves more like the real
plane?



Chapter Three

PROBLEMS ON SPECIAL ELEMENTS IN MOD
STRUCTURES

In this chapter for the first time we propose the following
problems some of which are difficult and others are at research
level.

We have already recalled the notion of MOD interval and
MOD planes of different types [26, 30].

In the first place the concept of special pseudo zero divisors
was defined that is in [0,5); 4 is a unit but 2.5 € [0, 5) is such
that 2.5 x4 =0 (mod 5) as well as 2.5 x 2 =0 (mod 5) [21,24].

Thus 2 and 4 are units as 2 X 3 =1 (mod 5) and 4 x4 =1
(mod 5); but they also lead to zero divisors so we define them as
special pseudo divisors.

For in usual algebraic structures this sort of situation will
never occur.
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Only due to MOD intervals such sort of special pseudo

divisors in possible.

Let [0, 8) be the MOD interval. Let 5 € [0,8); clearly
5%x5=1 (mod 8).

Now for 1.6 € [0,8) we have 1.6 X 5 = 8 (mod 8) = 0. Thus
1.6 is a special pseudo MOD zero divisor but 5 is a unit.

Will 1.6 € [0,8) be a unit is another open conjecture?
That is can for some t; (1.6)' = 1 for some t > 2.
Yet5x1.6=0.

Can this sort of mathematical magic occur?

This is a open conjecture which is given in the problems
suggested at the end of the chapter.

Now baring the study of these MOD interval special pseudo
zero divisors we can have these types of special MOD pseudo

zero divisors in the plane.

They happen to be different from the special MOD interval
pseudo zero divisors.

We will illustrate these by the following examples.
LetR=Ry(7) = {(x,y) Ix,y € [0.7)}.
Take (3.5, 1.75) € R; we have (2, 4) € R.

(3.5, 1.75) x (2, 4) = (0, 0) is again a MOD pseudo zero
divisors of the plane.

Consider (1.75, 0), (4, 3.116) € R.
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Clearly (1.75, 0) x (4, 3.116) = (0, 0) is a MOD special
pseudo zero divisor.

So finding all pseudo zero divisors, finding idempotents and
S-idempotents of R is a challenging problem.

Similarly finding MOD nilpotents and wunits from
(x,y) € Ry(7) \ (Z7 X Z;) happens to be a open conjecture.

Even finding the number of elements which are units and
nilpotents happens to be a very difficult problem.

We suggest the following problems.

Problems
1. Let B ={[0, m), X} be the MOD real interval under product.

1) Can [0,m) have infinite number of units?

ii)  Can [0, m) have MOD pseudo special zero divisors?

iii)  Can the elements of [0, m) which is a special pseudo
zero divisor be both the units?

iv)  Characterize all MOD pseudo special pseudo zero
divisors?

v)  Characterize all torsion elements x € [0, m) \ Z,,.

vi) Canx € [0,m)\ Z, be idempotents?

vii) Can x € [0,m)\Z, be S-units?

viii) Can x € [0,m)\ Z, be S-zero divisors?

ix)  Obtain any other special feature associated with it.

2. Let P = {[0, m)k, X} be the MOD special quasi dual number
interval semigroup k*=(m-1)k).

1) Can P have the identity with respect to X.
ii)  Study questions (i) to (ix) of problem (1) for this P.
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10.

Let M = {[0O,m) h, X} be the MOD special dual like number
(h* = h) semigroup.

1) What is the multiplicative identity of this semigroup?
i)  Study questions (i) to (ix) of problem (1) for this M.

Let W = {[0, m)], Xx; = I} be the MOD neutrosophic
interval semigroup.

i) Find the multiplicative identity of W.
ii) Study questions (i) to (ix) of problem (1) for this W.
ii1) Obtain any applications of W as a MOD neutrosophic

set.

Let S = {[0, 25)I, =1, x} be the MOD neutrosophic
semigroup.

Study questions (i) to (ix) of problem (1) for this S.

Let T = {[0, 47)], P =1, x} be the MOD neutrosophic
semigroup.

Study questions (i) to (ix) of problem (1) for this T.

Let V = {[0, 24)], =1, x} be the MOD neutrosophic
semigroup.

Study questions (i) to (ix) of problem (1) for this V.

Compare the MOD neutrosophic semigroups in problems 5,
6 and 7.

Let N = {[0,27), x} be the MOD real interval semigroup.
Study questions (i) to (ix) of problem (1) for this N.
Let Z = {[0, 48), X} be the MOD interval real semigroup.

Study questions (i) to (ix) of problem (1) for this Z.
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15.

16.

17.

18.
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Let W = {[0, 53), X} be the MOD interval real semigroup.
Study questions (i) to (ix) of problem (1) for this W.

Compare the MOD interval real semigroups N, Z and W in
problems 9, 10 and 11 respectively.

Let S = {[0, 19) k, K* = 18k, x} be the MOD interval special
quasi dual number semigroup.

Study questions (i) to (ix) of problem (1) for this S.

Let D = {[0, 28)k, K* = 27Kk, x} be the MOD interval special
quasi dual number semigroup.

Study questions (i) to (ix) of problem (1) for this D.

Let F = {[0, 243)k, K> = 242k, x} be the MOD interval
special quasi dual number semigroup.

Study questions (i) to (ix) of problem (1) for this F.
Compare the MOD interval special quasi dual number
semigroups S, D and F in problems 13, 14 and 15

respectively.

Let Y = {[0, 96)h, h®> = h, X} be the MOD interval special
dual like number semigroup.

1) Study questions (i) to (ix) of problem (1) for this Y.
ii) Derive any other distinct feature enjoyed by Y.

Let R = {[0, 47)h, h? = h, x} be the MOD interval special
dual like number semigroup.

Study questions (i) to (ix) of problem (1) for this R.
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19.

20.

21.

22.

23.

Let P = {[0, 625) h, h? = h, X} be the MOD interval special
dual like number semigroup.

Study questions (i) to (ix) of problem (1) for this P.

Compare the MOD interval special dual like number
semigroups; Y, R and P of problems 17, 18 and 19
respectively.

Let N = {[0,m)g | g® = 0, x} be the MOD interval special
dual number semigroup.

1) N is a zero square semigroup.

ii) Prove N has no identity.

ii1) Prove N has no idempotents.

iv) Prove N has all order subsemigroups {2, 3, 4, ..., oo}.
v) Can N have S-zero divisor?

vi) Prove N cannot be a S-semigroup.

Let M = {[0, 42)g, g* = 0, X} be the MOD interval dual
number semigroup.

Study questions (i) to (vi) of problem (21) for this M.
Let R = {[0, m), + x} be the MOD real interval pseudo ring.

1) Prove or disprove the number of zero divisors of R is
the same as the number of zero divisors of
S = {[0, m), X}, the MOD real interval semigroup.

11)  Prove all S-zero divisors of S and R are the same.

11i)  Will the number of units in S and R be the same?

iv)  Prove or disprove all S-units of S and R are the same.

v)  Prove S and R have the same S-idempotents and
idempotents.

vi)  Prove ideals of R and S are not the same in general.

vii) Can R have MOD pseudo zero divisors which are
identical with that of S and vice versa?
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Let R = {[0, 48), +, X} be the MOD real interval pseudo ring.
Study questions (i) to (vii) of problem (23) for this R.

Let M = {[0, 37), +, X} be the MOD real interval pseudo
ring.

Study questions (i) to (vii) of problem (23) for this M.

Let Z = {[0, 256), +, X} be the MOD real interval pseudo
ring.

Study questions (i) to (vii) of problem (23) for this Z.

Let W = {[0, 47) g, g2 = 0, +, X} be the MOD interval dual
number pseudo ring.

Study questions (i) to (vii) of problem (23) for this W.

Let T = {0, 49), k, K = 48k, +, X} be the MOD interval
special quasi dual number pseudo ring.

Study questions (i) to (vii) of problem (23) for this T.

Let N = {[0, 120) h, h? = h, +, X} be the MOD interval
special dual like number pseudo ring.

Study questions (i) to (vii) of problem (23) for this N.

Let S = {[0, 55)I, P = I, +, X} be the MOD interval
neutrosophic pseudo ring.

Study questions (i) to (vii) of problem (23) for this S.

Can W = {[0, 120)if, i§ = 119; +, x} be the MOD interval
complex modulo integer pseudo ring. Justify?
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32.

33.

34.

35.

36.

37.

Find all special and distinct features enjoyed by
R = {[0, m)ig; iéz (m — 1); +} the MOD interval complex
modulo integer group.

Let R = {R,(m), X} be the MOD real plane semigroup.

i) Find all MOD pseudo zero divisors of R.

ii) Is the number of such MOD pseudo zero divisors of R
infinite or finite?

iii) Can we say the number of units of R\ {(Z,, X Z,)}?

1v) Is the collection finite or infinite?

v) Does T =R\ {(Zy X Z,)} have idempotents?

vi) Find all nontrivial idempotents of T.

vii) Can (x,y) € R\ {(X,y)/x,y € Z,} be pseudo zero
divisor as well as zero divisor?

viii) Can the number of nilpotents in R\ {(x, y) /X,y € Z}
be infinite?

Let P = {R,(20) , x} be the MOD real plane semigroup.
Study questions (i) to (viii) of problem 33 for this P.

Let M = {R,(47), X} be the MOD real plane semigroup.
Study questions (i) to (viii) of problem (33) for this M.
LetT= {Rn(214), x} be the MOD real plane semigroup.
Study questions (i) to (viii) of problem (33) for this T.

Let S ={ Ri (m); F=1, X} be the MOD neutrosophic plane
semigroup.

Study questions (i) to (viii) of problem (33) for this S.
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Let L ={ Ri (42); F=1, x} be the MOD neutrosophic plane
semigroup.

Study questions (i) to (viii) of problem (33) for this L.

Let Z = { Ri (23); F=1, X} be the MOD neutrosophic plane
semigroup.

Study questions (i) to (viii) of problem (33) for this Z.

Let S ={ Ri (320), =1, X} be the MOD neutrosophic plane
semigroup.

Study questions (i) to (viii) of problem (33) for this S.

Let V = {R%(14), g2 = 0, x} be the MOD special dual
number plane semigroup.

Study questions (i) to (viii) of problem 33 for this V.

Let Z = {R:(53), g = 0, X} be the MOD special dual
number plane semigroup.

Study questions (i) to (viii) of problem (33) for this Z.

Let N = {R? (7", g2 = 0, x} be the MOD special dual
number plane semigroup.

Study questions (i) to (viii) of problem (33) for this N.

Let M = {R%(m), g2 = 0, x} be the MOD special dual
number plane semigroup.

i) Study questions (i) to (viii) of problem (33) for this M.
ii) Obtain all special features enjoyed by M.
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45.

46.

47.

48.

49.

50.

Let V = {C,(m), X; i§ = (m — 1)} be the MOD special
complex modulo integer plane semigroup.
1) Study questions (i) to (viii) of problem (33) for this V.

ii) Obtain all special features enjoyed by V.
ii1) Find the difference between V and R,(m), Ri (m) and

RE (m).

Let S = {C.(29); ié: 28, x} be the MOD special complex

modulo integer semigroup.
Study questions (i) to (viii) of problem (33) for this S.

Let Z = {C,(48), ié: 47, x} be the MOD complex modulo
integer semigroup.

Study questions (i) to (viii) of problem (33) for this Z.

Let T = {C,(5"), iZ = 5% — 1, x} be the MOD complex
modulo integer semigroup.

Study questions (1) to (viii) of problem (33) for this T.

Let D = {R'; (m), h? = h, x} be the MOD special dual like
number semigroup.

1) Study questions (i) to (viii) of problem 33 for this D.
ii) Find the special features enjoyed by D.

iii) Compare D with R (m), Ri (m), R,(m) and C,(m).

Let P = { Rﬁ (128), h* = h, x} be the MOD special dual like
number semigroup.

Study questions (i) to (viii) of problem (33) for this P.
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Let B = {R'; 47, h? = h, X} be the MOD special dual like
number semigroup.

Study questions (1) to (viii) of problem (33) for this B.

Let V = {R" (11, h* = h, x} be the MOD special dual like
number semigroup.

Study questions (i) to (viii) of problem (33) for this V.

Let S = { er‘l (m), K= (m — 1)k, x} be the MOD special quasi
dual number plane semigroup.
Study questions (i) to (viii) of problem (33) for this S.

Let Z = {R]; (24); K’ = (m — 1)k, X} be the MOD special
quasi dual number plane semigroup.

Study questions (i) to (viii) of problem (33) for this Z.

Let R = {R]; (59), K* = 58k, x} be the MOD quasi dual
number plane semigroup.

Study questions (1) to (viii) of problem (33) for this R.

Let Z = {R*(137), kK* = (137 - 1)k, x} be the MOD special
quasi dual number plane semigroup.

Study questions (i) to (viii) of problem (33) for this Z.
Let M = {R,(m) , +, X} be the MOD real plane pseudo ring.

1) Find all zero divisors of M.

ii) Can we say both M and S = {R,(m), X} have same
number of zero divisors?

iii)  Find all zero divisors of Ry(m) \ {(X, y)/ X,y € Zy,}.

iv)  Find all special MOD pseudo zero divisors of
R,m)\ {(x, )/ X, Y € Zy).
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58.

59.

60.

61.

V)

vi)

X1)
Xii)
Xiii)
X1V)
XV)

XVi)

Is the number of zero divisors and MOD special
pseudo divisors different?
Can we say all MOD special pseudo zero divisors in
Ry(m) \ {(x, vy) / X, y € Z,} are only units of
Rim\{(x,y)/x,ye€ Z,}?
Does Ry(m) \ {(x, y) / X, y € Z,} have torsion
elements?
Can R,(m) \ {(x, y) / X, y € Z,} have torsion free
elements?
Find all nilpotents of R,(m) \ {(x,y) /X,y € Zy}.
Obtain any other special features associated with the
pseudo ring R,(m).
Find all idempotents of R,(m) \ {(x,y) / X,y € Z,}.
Find all ideals of R,(m).
Prove all ideals of R,(m) are of infinite order.
Prove R,(m) has subrings of finite order.
Can there be finite order subring of order greater
than m in R,(m)?
Obtain all special features enjoyed by
{R,(m), +, x}.

Let S = {R,(47), +, X} be the MOD real plane pseudo ring.

Study questions (i) to (xvi) of problem (57) for this S.

Let M = {R,(12), + X} be the MOD real plane pseudo ring.

Study questions (i) to (xvi) of problem (57) for this M.

Let N = {R,(3*), + x} be the MOD real plane pseudo ring.

Study questions (1) to (xvi) of problem (57) for this N.

Let M = { R% (m); g2 = 0, +, X} be the MOD dual number
plane pseudo ring.

i) Study questions (i) to (xvi) of problem (57) for this M.
ii) Prove M has subrings which are zero square subrings.
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1ii) Prove M has infinite number of zero divisors than the
real plane pseudo ring R, (m).

Let V= {R: (243), g2 = 0, +, X} be the MOD dual number
plane pseudo ring.

1) Study questions (i) to (xvi) of problem (57) for this V.
ii) Study questions (ii) and (iii) of problem (61) for this V.

Let S = {R:(2*"), g® = 0, +, X} be the MOD dual number
plane pseudo ring.

1) Study questions (i) to (xvi) of problem (57) for this S.
ii) Study questions (ii) and (iii) of problem (61) for this S.

Let A = {R®(41), g = 0, +, X} be the MOD dual number
plane pseudo ring.

i) Study questions (i) to (xvi) of problem (57) for this A.
ii) Study questions (ii) and (iii) of problem (61) for this A.

Let B = {Ri (m), =1+ X} be the MOD neutrosophic
plane pseudo ring.

1) Study questions (i) to (xvi) of problem (57) for this B.
ii) Obtain any other special features enjoyed by B.

Let W = {R! (97), " = I, +, x} be the MOD neutrosophic
plane pseudo ring.

i) Study questions (i) to (xvi) of problem 57 for this W.

Let F = {R! (420), I’ = 1, +, X} be the MOD neutrosophic
plane pseudo ring.

i) Study questions (i) to (xvi) of problem (57) for this F.



72 | Problems on MOD Structures

68.

69.

70.

71.

72.

73.

74.

75.

Let G = {R! (7", I’ = 1, +, x} be the MOD neutrosophic
plane pseudo ring.

1) Study questions (i) to (xvi) of problem (67) for this G.

Compare the MOD neutrosophic pseudo rings W, F and G in
problems (66), (67) and (68) respectively.

Let T = {C,(m), i§= m — 1, +, X} be the MOD complex
modulo integer pseudo ring.

1) Study questions (i) to (xvi) of problem (57) for this T.
i1) Obtain any other nice feature enjoyed by T.

Let R = {C,(96), iﬁ =95, +, X} be the MOD complex modulo
integer pseudo ring.

Study questions (i) to (xvi) of problem (57) for this R.

Let S = {C,(47), ié = 46, +, X} be the MOD complex modulo
integer plane pseudo ring.

Study questions (i) to (xvi) of problem (57) for this S.

Let V = {Cn(312); iéz 321, +, x} be the MOD complex
modulo integer plane pseudo ring.

Study questions (i) to (xvi) of problem (57) for this V.

Compare the MOD complex modulo integer plane pseudo
rings R, S and V in problems 71, 72 and 73 respectively.

Let P = {R]; (m), kK* (m — Dk, +, x} be the MOD special
quasi dual number pseudo ring.

i) Study questions (i) to (xvi) of problem (57) for this P.
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80.
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ii) Obtain any other special feature associated with these
pseudo ring.

Let B={ er‘l 42), k* = 41k, +, x} be the MOD special quasi
dual number pseudo ring.

Study questions (i) to (xvi) of problem (57) for this B.

Let D = { R¥(37), k> = 36k, +, X} be the MOD special quasi
dual number pseudo ring.

Study questions (1) to (xvi) of problem (57) for this D.

Let E = {RX(7*), K¥* = (7*' = 1)k, +, X} be the MOD special
quasi dual number plane pseudo ring.

Study questions (i) to (xvi) of problem (57) for this E.

Compare the MOD special quasi dual number planes pseudo
rings in problems (76), (77) and (78) with each other.

Let H={ R: (m); h?’=h, +, x} be the MOD special dual like
number plane pseudo ring.

1) Study questions (i) to (xvi) of problem (57) for this H.

i1) Obtain any other special striking feature associated with
H.

Let] ={ Rﬁ (23), h’>=h, +, x} be the MOD special dual like
number plane pseudo ring.

Study questions (i) to (xvi) of problem (57) for this J.
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82.

83.

84.

85.

86.

87.

88.

Let K= { Rll; (48), h?=h, +, x} be the MOD special dual like
number plane pseudo ring.

Study questions (1) to (xvi) of problem (57) for this K.

Let L = {R" (13%, h*> = h, +, x} be the MOD special dual
like number plane pseudo ring.

Study questions (i) to (xvi) of problem (57) for this L.
Compare the MOD special dual like number plane pseudo
rings, J, K and L in problems 81, 82 and 83 respectively

with each other.

Obtain any special features enjoyed by these pseudo rings
built using MOD dual number planes.

Can S-zero divisors be present in { R (m); g2 =0, +, x}?

Prove the notion of special pseudo zero divisors is
impossible in {[0, m)g, g2 =0, +, x}.

Is it possible to define special pseudo zero divisors in case
of {R(m), g’ =0, +, x}?



Chapter Four

PROBLEMS ON MOD NATURAL
NEUTROSOPHIC ELEMENTS

In this chapter we propose some problems on MOD
neutrosophic numbers in [0, m), [0, m)I, [0, m)g, [0, m)h,
[0, m)k, R,(m), R! (m), R%(m), R" (m) and R (m); the MOD
intervals and MOD planes respectively.

For the first time the natural neutrosophic numbers were
introduced in [29]. The problem of finding natural neutrosophic
numbers was proposed by Florentin Smarandache on several
occasions. The MOD mathematics series [29] has answered this
question completely.

Here a brief description of this concept is given for more
one can refer [29].

Let Zy be the set of modulo integers. Now we try to
introduce the operation of division / on Zg by / (division).
{Zo, /} leads to natural neutrosophic numbers {Z,, /} = {0, 1, 2,
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..., 8, 000, 110, 2/0, ..., 8/0, 1/3, 2/3, ..., 813, 0/6, 1/6, 2/6, ...,
8/6).

These are denoted by Ig = {1/0, 2/0, ..., 8/0, 0/0},
I§= {1/3, 2/3, 0/3, ..., 8/3}, Iz = {1/6, 2/6, 0/6, ..., 8/6} that is

division by 0 or 3 or 6 are indeterminates called as the natural
neutrosophic numbers.

Further these numbers behave in a different way for;
ExI =1, I{xI] =1, and I)xI] =T

Thus there are natural neutrosophic numbers which are
neutrosophic zero divisors.

Consider the modulo integers Z;, = {0, 1, 2, ..., 11}.
L2 I 12 17,140,150, 1 are the collection of all natural

neutrosophic numbers of Z;, or related with Z;;; where

17 ={0/2,1/2,2/2, ..., 12/2},
I;; = {0/0, 1/0, 2/0, ..., 12/0} and so on.
I,” ={0/0, 1/9,2/9, ..., 12/9}.

LIxIg =17, I2xIP =17,
IPxIy =17 IZ2xI8 =17,
IPx =1 I2xI =1
IPxIy =17 IZxIg =17
IIxI =1} LIIxI’=I

I)xI’ =17 and soon.

Thus natural neutrosophic zero divisors and natural
neutrosophic nilpotents are got by this method.

Further there are some neutrosophic idempotents for
instance I;”and I are neutrosophic idempotents related with
Zlg.
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Next we study the natural neutrosophic elements of Z.
16 yl6 yl6 116 fl6 yl6 l6 16 16 16 16
I, L1010 I g, 1, and I, I X1 =1,

IOXE =T, IXIPxL°xL’=I° is a nilpotent
neutrosophic element of order four.

I° I} = I}’ is a natural neutrosophic nilpotent of order two.

[P <X X[ =T;° is again a neutrosophic nilpotent of
order four.

Lo x Lo xIo x I} =I;"is again a neutrosophic nilpotent of
order four.

L[S X1, =1 is a neutrosophic nilpotent of order two.

Lo x Lo xLox 1,0 =I;"is again a neutrosophic nilpotent of
order four.

[0x1° =1 so I|$ is again a natural neutrosophic nilpotent
of order four.

We see the natural neutrosophic elements associated with
Z,¢ are either neutrosophic nilpotents of order two or of order

four only.

Clearly there are no neutrosophic natural idempotents
associated with Z .

Let Z;s be the modulo integer. Ip°,1,1°,1)°,1°,1;) and

IS are the associated natural neutrosophic elements of Z;s.

15715 _ 115
15 %18 =15,
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15 15 15 _ y15
L'<Y xIy =1,;,
15 15 15 15 _ q15
I’ < xI’ %17 =17,

15715 _ 115
15 %15 =15,

So 1} is not a neutrosophic nilpotent of order two or an
idempotent.

However I}’ xI{” =1;’is a neutrosophic natural idempotent.
15715 _ 715,
x5 =17,

I is not a neutrosophic nilpotent or neutrosophic
idempotent.

I xIP =17
;> xI> =1}, is a natural neutrosophic idempotent.

But I’ xIY =17,

I -1,

Ui -1,

I0xIY =17,

I;xI;5 =17 and

<1y =17,

All elements are natural neutrosophic zero divisors.
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Next we study the complex finite modulo integers C(Z;)
and its associated natural neutrosophic elements got by division
which are as follows.

C yC 1€ {C 1C 1C 1C 1C 1C C C C C C
I, 15 ISi,_- 1, I2iF g 141F I, ISiF seees IS+2iF ’ Is+51F ) I4i,,-+8 ) 18+6iF ’ IS+8iF

where

IS = {0/0, 1/0, 2/0, ..., 9+9ix/0}
IS = {0/5,1/5,2/5, ..., 9+8ig/5, 9+9ig/5 )
IS, = {0/2ig, 1/2ig, 2/2iF, ..., 9+9ip/2ir} and so on.

2ip

It is left as an open conjecture to find elements which are
natural neutrosophic elements in C(Z,,) for a given m.

Let C(Z,) be the finite complex modulo integers.

The natural neutrosophic elements associated with C(Z,) is
IC

0

Infact is a difficult problem to find other natural
neutrosophic elements associated with C(Z,).

Next we recall the notion of natural neutrosophic elements
of the neutrosophic set (Z, UI) = {a+bl/F=Tand a,beZ,}.

For more about these notions refer [13,14, 29].

Now we study the natural neutrosophic elements of (Z,, U I)
form=4.

Clearly the natural neutrosophic elements associated with
(Zy U1y are

I I I I I 1
I,, L,, L,;, 15,55 11,4 » I;» and so on where

I, = {0/0, 1/0, 2/0, 3/0, 4/0, 1/0, 1+1/0, ..., 3+31/0},
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I; =1{0/2,1/2,2/2,...,1/2, ...,3+31/2} and so on.
Ii ={0/1, 1/1, 211, ...., 3+3I/1}.

I! is also a natural neutrosophic zero divisor as
3+1
II

I _ 1l I I _ql
3+IXIZI_IO and Il+31XI2I_IO‘

Study in this direction is both interesting and innovative.
Consider (Z; U I). To find the natural neutrosophic elements
associated with (Z; U I).

: I 1
The natural neutrosophic elements are I, and I, ,; we see

2
(Il,1) =T, so I, is a natural neutrosophic idempotent of

(ZyUl). I} and Ij,,, are such that
I} x I,,, = I} is a natural neutrosophic zero divisor.
I,,, xI; =1 is again a natural neutrosophic zero divisor.

L, %I, =1 and I}, xI},, +1=1)  are all  natural

neutrosophic zero divisors.

Thus some set of associated natural neutrosophic elements
of (Zy U yare {I;,I},1;,1},,,.15,,}-

The problem of finding all natural neutrosophic elements is
a difficult problem. However Z; has only one natural

neutrosophic element viz. I; and nothing more.

Further (Z; U I) has more number of natural neutrosophic
elements than Z; which has only one neutrosophic element I; .
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Thus (Zs U I) has more than one natural neutrosophic
I I 1 I 9l 1 1 1 1 1
element. For I,I,1,, 15 1,0 Ly Ly I sy Iy, are some of

the natural neutrosophic elements associated with (Zs U I).

Hence finding the number of natural neutrosophic elements
in (Z,, U 1) is a challenging problem.

Consider (Zs U I), the number of natural neutrosophic
elements are given by I;,I},I,,I,, I, L, L, I, L,
II

151> and so on.

I I I I I I
I5+l ’ I2+41 ’ I4+21 I3+31 2 I2+2l ’ I4+4l
I I 1 I I _ 4l .
I, xI; =1;, I, xI, =1, are some of the natural neutrosophic
idempotents of (Z¢ U I).

We see
1 I _ ¢l 1 I _ ¢l 1 I _ 9l I I _ 7l
Il+51 X Il - IO’ I3+3l X IZ - IO’ I4+2I ><I3I - IO’ I2+4l X ISI - IO'

1 I —_ 71!
I, xL,; =1, and so on are some of the natural

neutrosophic zero divisors of (Z¢ U I). Thus (Z¢ U I) has
several natural neutrosophic elements.

However it is difficult to find natural neutrosophic
nilpotents in (Z,, U I) for m a prime or a composite number and
m not of the from p' where p is a prime and t > 2.

Further we have several problems some of which are open
conjectures that are proposed in the end of this chapter about
Znul),2<m<oo,

Next we proceed onto analyse the natural neutrosophic
elements of (Z, U g) the modulo dual numbers. (Z, U g) =
{a+bg/a be Z, g =0).

The natural neutrosophic elements of (Zy U g) are {17, I3,
L, L,L. L, E,.L, D, L.L.,. L. D

g2 2g° 3g? “4g® “5g° T6g° 7g° 8g? "3+3g° T6+6g° 3+6g°
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9 9 9 9 9 9 9 9 9 9
I6+3g’ 13+4g’ I6+4g’ I6+g’ I3+g’ I3+2g’ 16+2g’ 13+3g’ I6+3g’ 13+5g’
9 9 9 9 9 9 _

I3+7g’ I6+5g, I6+7g, I3+8g, I6+9g }, where Ig = {0/g, 1/g, 2/g, ...,

1+g/g, ..., 8+8g/g} and so on.

For I’

9 _1° 9 9 _19
srse XLy =15, Ly, X I, =1 and so on.

3+4g
9 9 _ 19 9 9 _ 19 : :
I, x I, = 1 and I; XI5 =1;. This has nilpotents and zero

divisors.

Thus the natural neutrosophic elements of the modulo dual
numbers (Z,, U g) behave in a distinct way [17].

Next the notion of natural neutrosophic numbers in
(Z, U h); h* = h. The special dual like number modulo integers
is analysed. (Z, Uh)= {a+bh/a,be Z,, h*=h} [18].

We now describe the natural neutrosophic elements of
(Z1> U h) in the following.

The natural neutrosophic elements of (Z;, U h) are Igl , I:,
h h h h yh yh th h h th h yh th h h h h
IZ+10h’ I2h+10’ I2’ I4 I6 I8’110’13 ’ IZ’I4 I(y I8 ’IIO’IS ’ 19’ 16’ I3h’

h h h h h h h h h h h h h
IZh I4h’ ISh’I6h’ I7h’I8h ? I‘)h’ I10h’Illh ? I1-¢—llh’ Ih+11’13+9h ’ 13+9h’

IZ+8h 4 Il;5+7h 4 Il71+5h 4 Ig+6h ’Ig+6h * I:+9h 4 Ig+3h ’ Il91+6h and SO on Where
I}, = {0/2+h, 1/2+h, ..., h/2+h, ..., 11h+11/2+h} and so on.

DxIh =0, Ixn =10, I, xIj, =1}, and I} xI}=1.
Thus the natural neutrosophic elements associated with

(Z;; U h) can be natural neutrosophic idempotents, natural
neutrosophic nilpotents and natural neutrosophic zero divisors.

I}, xI! . =1 is anatural neutrosophic zero divisors.

Next we study the special dual like number (Z; U h).
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The natural neutrosophic elements associated with (Z; U h)
h h h h h h h h h h h h
are I0 4 Ih ’ IZh ’ I3h * I4h ’ ISh * I6h * Il+6h ’ 16+h ’ I2+5h ? IS+2h * I3+4h 4

h
Livans -

h h _ th h h _ yh
We see I3, XL, =1, I, X1, =1, thus there are several
natural neutrosophic zero divisors.

Further I} xI' =1 is an natural neutrosophic idempotent of

It is important to note all (Z, U h) has atleast one
idempotent given by Iﬂ and (Z,, U h) has atleast m number of

zero divisors if m is even and (m — 1) number of zero divisors if
m is odd.

Next we study the natural neutrosophic elements associated
with (Z,, U k), k¥ = (m — 1)k the special quasi dual number
modulo integers. Clearly (Z, U k) = {a + bk | a, b € Z,,
k* = (m-1)k}. For more refer [19].

Now we give the natural neutrosophic elements associated
with (Zs U k) are T, If, If,,, 15, Lt L, and so on,
where I§ = {0/0, 1/0, ..., 4/0, /0, ..., 4+4k/0},

I, = {0/242K, ¥a+2K, ..., 4+4k/2+2K} and so on.
Wesee It xI¥,, =15 It xL5,, =15, L., i, andsoon.

We see If xIf, =1y IfxI5, =I§ are natural neutrosophic
zero divisors.

Next we study the natural neutrosophic elements of
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The natural neutrosophic elements of (Z, U k) are I‘S,

k 1k k k 7k k
Ik ’ Il-ﬁ—k I2+2k ’ I2 > IZk > I3+3k .

Clearly (Z, U k) has natural neutrosophic idempotents
natural neutrosophic nilpotents and natural neutrosophic zero
divisors.

xI, =TI, Ifx It =TI and If x I},,, =1} are natural
neutrosophic zero divisors associated with natural neutrosophic
elements of (Z, U k).

LxI5, =15, I, x I =I5 and 15, X1, =1} are the
natural neutrosophic nilpotents of order two.

Consider If, xIf, =1, are natural neutrosophic
idempotent. For more refer [29].

In view of all these we have the following result.

There is always a natural neutrosophic idempotent
associated with <Zm uk> given by I}, ; for I}, xI}, =1I¢,
as(1+k)x(1+k)=1+2k+K

=1+2k+(m-1Hk =1+(@m+1)k
=1+ k (mod m).

Hence the claim.
Further all natural neutrosophic elements associated with

(Zn U k) has atleast (m — 1) number of neutrosophic natural
zero divisors.

Wesee I} xI¥,, =15,t=1,2,...,m—1.

Hence the claim.
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Now having seen examples of all natural neutrosophic
elements of modulo integers, we now proceed onto study MOD
real intervals, MOD complex modulo interval integers, MOD dual
number intervals and so on.

We see [0, m) the real MOD interval has natural
neutrosophic elements which are pseudo zero divisors also.
Consider the MOD real interval [0, 5).

Clearly 1%V 1% 1% 1% where 1"V = {0/0, 0.0 ... 5/0,

1.25 > =25 » 53,125
..., 4.999/0 ...} and so on are all pseudo MOD zero divisors of
[0,5).

Thus it is left as a open conjecture to find the pseudo MOD
neutrosophic numbers.

For IV x 11% =1V so a unit acts as a zero divisor also in

the MOD real neutrosophic interval [0, 5).

That is why we call these type of zero divisors as special
pseudo zero divisors and their associated neutrosophic element
as pseudo neutrosophic zero divisors.

Consider the MOD real interval [0, 6); 1.2 X 5 =0 (mod 6).

But 5 is a unit in [0,6) so 1.2 is a special pseudo zero divisor
and 1%% is a natural neutrosophic special pseudo zero divisor
[0.6)
IS

and we are forced to include as the natural neutrosophic

unit as it is the factor which contributes to the special pseudo
neutrosophic zero divisors.

Consider the MOD dual number interval [0,m)g, g2 = 0.
Every element in [0,m)g is a zero divisor so I"™* is a
neutrosophic zero divisor for all x € [0,m)g.

So they are infinite in number so not much of development
is possible for the MOD dual number intervals.
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Consider the MOD neutrosophic interval [0,m)I; this behaves
more like a real MOD interval.

Next consider the complex MOD interval [0,m)ig,
if: = (m — 1) we see under product [0, m)ir is not even closed so

nothing can be said about MOD complex intervals [0,m)iF;
2<m< oo,

Now consider the MOD special dual like number interval
[0, m)h, h*= h.

This MOD interval also behaves more like the MOD real
interval.

Next consider the MOD special quasi dual number interval
[0,m)k; K’=(m-1)k, 2<m< oo,

Clearly this MOD interval also behaves like the MOD real
interval. So the study of the MOD intervals [0,m)I, [0, m)h and
[0,m)k is akin to the study of MOD real interval.

Hence only a few problems are proposed at the end of this
chapter.

Next we proceed onto study about MOD neutrosophic
elements of the MOD real plane, MOD finite complex number
plane, MOD neutrosophic plane and so on.

Let R,(m) be the real MOD plane.

This has several MOD natural neutrosophic elements which
are MOD neutrosophic idempotents, MOD neutrosophic
nilpotents and MOD neutrosophic zero divisors [29].

We will illustrate this situation by some examples.

Let R,(10) be the MOD real plane.



Problems on MOD Natural Neutrosophic Elements | 87

R R R R R R R R R
Loo L5 T0s Lo 165 156 Lo Lo Lo »
R R R R R R
Lo Lo Lo Laoylosslias are some of the natural

neutrosophic elements of Z, X Z,,.

Here Iﬁ)yo)= {(0,0)/(0,0), (0,a)/(0,0), ..., (a,b)/(0,0) where
a,be Z,}.

It is pertinent to note Z,, X Z,, is only the cross product and
not the MOD plane.

R R R R R R
InfaCt I(2A5,0)’I(0,2‘5) ’ I(1A25,0)’I(0,1A25)’ I(245,0)’1(125,2‘5) and SO on

are some of the MOD neutrosophic elements of the MOD plane.

R R _ 1R . . . s
For 1 ,5,5 X1gg =10 18 2 MOD zero neutrosophic divisor

of R,(10) and I&,O)XI&,O):I&,O) is the MOD neutrosophic

idempotents and so on.

Infact all MOD neutrosophic elements of the MOD interval
[0, 10) will contribute to MOD neutrosophic elements in the MOD
real plane R,(10).

Thus all MOD neutrosophic elements of [0, m) will
contribute to MOD neutrosophic elements of the MOD plane
R,(m).

Hence we only propose some problems in the direction.

Similarly Rfl (m) = {a+bl/a, be [0, m), I = 1} will
contribute to MOD neutrosophic of Ri (m). These MOD

neutrosophic elements are contributed by the intervals [0, m),
[0, m)I and more.

Apart from other types of MOD neutrosophic elements got
from a + bl.
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So study of MOD neutrosophic elements will remain mostly
akin to MOD neutrosophic elements from [0, m) and [0, m)I;
hence left as an exercise to the reader.

Now we study R!(m) = {a+bgl g’ =0,a be [0, m}
The MOD neutrosophic elements of the MOD dual number plane
will be MOD neutrosophic elements from [0, m), [0,m)g and
more.

However this study is not that similar to the earlier case but
in a way only a little similar to R} (m).

We can find the MOD neutrosophic elements from the MOD
complex plane C,(m) = {a + big ié =(m-1);a,be [0O,m)}.

One part of MOD neutrosophic elements will be contributed
by [0, m) however for other part one has to work thoroughly.

Infact it can be left as an open conjecture.

Next for the special dual like number MOD plane

Rz (m) = {a+ bhla,be [0, m), h’ = h} also works in a

similar fashion as that of Rfl (m).

Finally the MOD special quasi dual number plane works
entirely different from all the other MOD planes for

RE(m)={a+bklk>=(m-1)k,abe [0,m)}2<m< oo,

Study is innovative and interesting but one has work a lot in
the direction. In this regards several problems are suggest.

Consider R,(6), R2 (6), R" (6), R¥ (6) C,(6) and R! (6).

We take same sets of elements and show how differently the
product behaves.
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Let x =(2.35,1.5) and y = (3.5, 2.7) € Ry(6).

X Xy =(2.225, 4.05). I

Letx=235+15Tandy=35+271¢€¢ Ri (6).
X Xy =2225+3.6451 II

Let x=2.35+ 1.5g and
y=35+27ge R:(6)
XXy=(2.225+5595¢g) I

Let x =2.35 + 1.5ip and
y=3.5+2.7ir € Cy(6).

XXy =2225+455951+2.25
=4.475+5.595ir € Cy(6). ... v

Let x =2.35+ 1.5 and
y=35+27he R!(6)
X Xy=2225+3.645h \%

Lastly x=235+15kand
y=35+27ke RX(6)
XXy=2225+1.845k VI

We see all the six values are different except Ri (m) and

Rz (m) but I is an indeterminate where as h is a determinate.

We propose the following problems some of which are at
research level and a few are open conjectures.
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Problems

1. For a given m find all the natural neutrosophic elements
associated with Z,,.

2. Find all the natural neutrosophic elements associated with
Z48.

3. Find all natural neutrosophic elements associated with Z,s.

i) Can we say that none of the natural neutrosophic
elements associated with Z,s¢ will be neutrosophic

idempotents except I;° X177 =172
i) Can we claim every natural neutrosophic element of
756 will be natural nilpotents?

4. Obtain any other special features associated with the natural
neutrosophic elements related with Z,,; 2 <m < oo,

5. Let C(Z,) be the finite complex modulo integers.

i) Find the number of natural neutrosophic elements
associated with C(Z,,) for a fixed m.

ii) Can we say when m is a prime number the number of
natural neutrosophic elements would be the least?

111) Can we claim the more m has divisors; C(Z,,) will have
more natural neutrosophic elements?

iv) Compare the number of natural neutrosophic elements
m C(Z,10) and C(Zsos).

6. Let C(Z¢) be the finite complex modulo integers.

i) Find the number of natural neutrosophic elements
associated with C(Zo;).

ii) How many natural neutrosophic idempotents are related
with C(Z]Ol)?



10.

11.

12.

13.

14.
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iii) Can there be natural neutrosophic nilpotents related
with C(Zl()l)?

Let C(Zys) be the finite complex modulo integers.
Study questions (i) to (iii) of problem (6) for this C(Zos).

Can we say C(Z¢s) will have more number of natural
neutrosophic elements associated with it than C(Z;0)?

Compare the number of natural neutrosophic elements
associated with C(Z,,) and Z, for a fixed m.

Characterize all m which are such that both C(Z,,) and Z,
have same number of natural neutrosophic elements.

Can we say in general C(Z,) will have more number of
natural neutrosophic elements than Z, when m is a
composite number?

Obtain any other special feature associated with the natural
neutrosophic elements of C(Z,,).

Find the number of natural neutrosophic numbers associated
with(Z, U I); 2<m<co.

Let (Z;5 U I) be the modulo neutrosophic integers.

1) Find all the associated natural neutrosophic elements of
(Zis U D).

ii) Prove there are natural neutrosophic zero divisors.

iii) Prove there are natural neutrosophic elements.

iv) Does the associated natural neutrosophic elements has
nilpotents?

v) Find any other special features enjoyed by these natural
neutrosophic elements.

vi) Prove the collection of all natural neutrosophic elements
is a semigroup under product.
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15.

16.

17.

18.

19.

20.

21.

22.

Let (Z,o U I) be the modulo neutrosophic integers.

Study questions (i) to (vi) of problem (14) for this (Z;9 U I).

Let <Z3,2 v I> = S be the neutrosophic modulo integers.

Study questions (i) to (vi) of problem (14) for this S.

Let T =(Z, U g) be the dual number modulo integers.

i) Find all the natural neutrosophic elements associated
with (Z,,, U g) for a fixed m.

ii) Prove there are many natural neutrosophic zero
divisors.

iii) Study questions (i) to (vi) of problem (14) for this T.

Let W =(Z;y U g) be the dual number modulo integers.

Study questions (i) to (vi) of problem (14) for this W.

Let M = (Z,5 U g) be the dual number modulo integers.

Study questions (i) to (vi) of problem (14) for this M.

LetP = <sz v g> be the dual number modulo integers.

Study questions (i) to (vi) of problem (14) for this P.

Let T ={(Z, U h); h*> = h be the special dual like number
modulo integers.

Study questions (i) to (vi) of problem (14) for this T.

Let S =({Z,, U h); h*> = h be the special dual like number
modulo integers.

Study questions (i) to (vi) of problem (14) for this S.



23.

24.

25.

26.

27.

28.

29.
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Let B = <ZS[, uh>; h? = h be the special dual like number

modulo integer.
Study questions (i) to (vi) of problem (14) for this B.

Let D = (Z4; U h); h®> = h be the special dual like number
modulo integers.

Study questions (i) to (vi) of problem (14) for this D.

Obtain all the special features of the natural neutrosophic
elements associated with (Z,, U k); the special quasi dual
number modulo integers.

Let W = (Z, U k), k¥ = (m — D)k the special quasi dual
number modulo integers.

1) Find all the natural neutrosophic elements associated
with (Z,, U k).

ii) How many are natural neutrosophic zero divisors?

iii) Find all natural neutrosophic nilpotents.

iv) How many are natural neutrosophic idempotents?

(Study for a fixed m, m a prime and m a composite
number).

Let T = (Z,; U k); k> = 22k be the special quasi dual number
modulo integers.

Study questions (i) to (iv) of problem (26) for this T.

Let P = <Z7,, uk>; k* = (7° = Dk be the special quasi dual

number modulo integers.
Study questions (i) to (iv) of problem (26) for this P.

Let B = (Zo; U k); K = 23k be the special quasi dual
number modulo integers.
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30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Study questions (i) to (iv) of problem (26) for this B.

Compare the natural neutrosophic elements of T, P and B
given in problems 27, 28 and 29 respectively.

Can there be a real MOD interval [0, m) without special
pseudo zero divisors?

Find all special pseudo zero divisors of [0, 16).

Find all special pseudo zero divisors of the MOD real
interval [0,43).

Obtain all special pseudo zero divisors of the MOD real
interval [0,45).

Finding the total number of MOD natural neutrosophic
elements of the MOD real interval [0,m) 2 < m < o happens
to be a open conjecture.

It is a open conjecture to find the total number of MOD
special pseudo neutrosophic zero divisors of the MOD real

interval [0,m).

Find all MOD neutrosophic elements of P = [0, 13), the MOD
real interval.

Find all MOD neutrosophic special pseudo zero divisors of P
in problem 37.

Let M = [0, 48) be the MOD real interval,

i) Find all MOD neutrosophic elements of M.
i1) Find all MOD special pseudo zero divisors of [0,48).

Let W = [0, 3**) be the MOD real interval.

Study questions (i) and (ii) of problem (39) for this W.



41.

42.

43.

44.

45.

46.

47.

48.

49.
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Compare the nature of the MOD neutrosophic elements and
MOD special pseudo neutrosophic zero divisors in problems
(37), (39) and (40) for P, M and W respectively.

Prove [0,m)g, g = 0 the MOD dual number interval has
infinite number of MOD neutrosophic zero divisors and MOD
neutrosophic nilpotents of order two and has no MOD
natural neutrosophic idempotents.

Prove or disprove [0,m)I and [0,m) have the same type of
MOD neutrosophic zero divisors, idempotents, and special
pseudo zero divisors.

Compare the MOD neutrosophic elements of [0,m)] and
[0,m).

Study for P = [0,24)] the MOD neutrosophic zero divisors,
MOD neutrosophic idempotents and MOD neutrosophic
pseudo zero divisors.

Study M = [0, 310)1, the MOD neutrosophic interval; for MOD
neutrosophic elements.

Compare P and M of problems (45) and (46) with
W =[0,29)L.

Study the MOD special dual like interval [0,m)h h® = h for
natural MOD neutrosophic elements.

i) Can we say [0,m)] and [0,m)h have same type of
natural MOD neutrosophic elements?

i1) Find the difference between [0,m)h and [0,m).

1i1) Find the difference between [0,m)I and [0,m).

Let P = [0,m).k k* = (m — 1)k be the MOD special quasi dual
number interval.

1) Study questions (i) and (ii) of problem (39) for this P.



96 | Problems on MOD Structures

50

51.

52.

53.

54.

55.

56.

57.

58.

59.

. Let S =[0,96)k, k* = 985k be the MOD special quasi dual
number interval.

Study questions (i) to (ii) of problem (39) for this S.

Compare the MOD special quasi dual number interval
[0,m)k, MOD special dual like number interval, [0,m)h MOD
special quasi dual number interval; [0,m)g, and the
neutrosophic MOD interval; [0,m)I and so on.

Find the MOD neutrosophic elements of the real MOD plane
R,(m).

Find the collection of all MOD neutrosophic elements of the
MOD real plane R, (27).

Find the collection of all MOD neutrosophic elements of the
MOD real plane R, (47).

Find the collection of all MOD neutrosophic elements of the
MOD real plane R, (24).

(1) Does R,;(24) contain pseudo zero divisors?
(i1) Does R,(24) contain pseudo natural MOD neutrosophic
zero divisors?

Find the collection of all MOD neutrosophic elements of the
MOD complex modulo integer plane C,(m); ilz; =m-1.

Find the collection of all MOD neutrosophic elements of the
MOD neutrosophic plane C,(45); i = 44.

Let S = C,(29), if: = 28 be the MOD complex plane. Find all
the MOD neutrosophic elements of S.

Let M = C,(48), iz= 47 be the MOD complex modulo
integer plane. Find all MOD neutrosophic elements of M.



60.

61.

62.

63.

64.

65.

66.

67.

68.
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Compare the MOD neutrosophic elements of S and M in
problems 58 and 59 respectively.

Find the collection of all MOD neutrosophic elements of
R! (m) the MOD neutrosophic plane.

Let M = R! (48) be the MOD neutrosophic plane find the
MOD neutrosophic elements of M.

Let M, = R} (13) be the MOD neutrosophic plane find the
MOD neutrosophic elements of M.

Compare M and M, in problems (62) and (63) respectively.
Let N = R2 (m) be the MOD dual number plane.

Find all MOD neutrosophic elements of N.

Let P = R2 (28) be the MOD dual number plane.

1) Compare P with N of (65).
ii) Obtain all MOD neutrosophic elements of P.

Let S = R2 (47) be the MOD dual number plane.

i) Study questions (i) and (ii) of problem (66) for this S.
Let R = R" (m) be the MOD special dual like number plane.
(i) Study questions (i) and (ii) of problem (66) for this R.

(i) Compare R of this problem with S of problem (67)
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69.

69.

70.

LetT= RE (m), k* = (m — 1)k be the MOD special quasi dual
number plane.

i) Study questions (i) to (ii) of problem (66) for this T.
ii) Compare T with R of problem in (67).

Let M = { R‘; (24), k* = 23k} be the MOD special quasi dual
number plane.

1) Study questions (i) to (ii) of problem (66) for this M.
ii) Compare M with P = { R: (42),h* =h}.

Let Y = { R¥ (426), k> = 425k} be the MOD special quasi
dual number plane.

i) Find all MOD neutrosophic elements of Y.
ii) Prove Y has pseudo zero divisors.



Chapter Five

PROBLEMS ON MOD INTERVAL
POLYNOMIALS AND MOD PLANE
POLYNOMIALS

In this chapter for the first time we introduce the notion of
MOD interval polynomials and MOD plane polynomials. For
more refer [26-30].

oo

Clearly [0, m)[x] = {Zaixi

i=1

a; € [0, m)} is the MOD real

interval polynomials.

Finding roots of [0, m)[x] is an impossibly. As [0, m)[X] is
only a pseudo ring we see it is difficult to get roots.

Several difficult open problems are suggested in this which
are open conjecture.

a, € [0, 96)}, the MOD real

Study [0,96)[x] ={iaixi
i=1

interval polynomials.
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Find all roots of p(x) = x” + 90 € [0, 96)[x].

Let [0,m)I[x] be the neutrosophic polynomial interval
pseudo ring.

We see p(x) € R[x] may be continuous in the plane R;
however these polynomials in [0,m)[x] behave very differently.

Next we can have MOD interval dual number polynomials,

[0, myg{x] = {iaixi

i=1

a; € [0, m)g}.

These polynomials p(x) € [0,m)g[x] has no solution in
many cases as this polynomial ring is a zero square ring and is
not pseudo.

We see [0, m)I[x] is the MOD neutrosophic interval pseudo
polynomial ring.

The problem of solving the equations arises from the fact I
is an indeterminate and not a invertible element that is I has no
Inverse.

So solving these equations is also impossible for we can
only say or find roots of Ix and not x.

Similar situation arise in case of [0,m)h[x] and [0, m)k[X],
h? = h and k> = (m — 1)k respectively. Thus we get only values

of Ix, gx, hx or kx and not for x.

The case where x gets the value is [0, m)[x] the MOD real
interval pseudo ring.

Next we study the polynomials in MOD planes.

R,(m)[x] = {iaixi a € R,(m)}.
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We see even the simple equation y = x” is not continuous
has several zeros in the MOD (real plane R,(m)).

Such illustrations and study is carried out in [Books 1 & 2].
However here we propose some problems.

Similarly the equation y = sx + t € Ry(m); 1 <5, t <m
behaves in a very different way has several zeros.

So a linear equation in the MOD plane can have several
Zeros.

Next the study of a simple equation y = nx, 1 < n < m in
R, (m) has many zeros.

Hence we have given several open problems in this chapter
regarding roots of a polynomial.

Next if we consider MOD polynomials in the MOD complex
modulo number plane C,(m), m — 1 = ié we see the similar
situation arises. For more information refer (Books 1, 2).

Thus for instance even simple polynomials like
px)=(a+ bip)x2 +c +dig, a, b, d, c € [0,10) behave in a very
unnatural way for varying values of a, b, ¢, d € [0, 10).

Study in this direction is also left open for interested reader.

Consider 5x + 8 + 2ir =0 € C,(10).

Solving this equation is near to an impossibility as
5°=5 (mod 10), so 5x = 2 + 8ig is the solution.

Consider (2 + 4ip) x + 5 =0 € C,(10).

Clearly (2 + 4ip)x = 5 is the solution for 2 and 4 are zero
divisors in C,(10).

(2 + 4ip) X 5 =0 (mod 10).
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So one cannot lessen the coefficient.

Infact (2 + 4ip) x = 5 multiply by 3 one gets (6 + 2ip) x =5
so are both same one is left to wonder.

Next we study MOD neutrosophic polynomials in R} (m)[x].

Since I is an indeterminate if the coefficients of x or its
power contains I it is not solvable for x.

Consider 3Ix + 2 + 4l € C} (5)[x]

3Ix =3+1
Ix =1+21

So we solve this not for x only for Ix.

Consider  2x + 0.7 + 2.43iz € C}, (5)[x]
2x =4.3 + 2.57ig.

So X = 2.9 + 2.71ig 1s the value of x.

Let 25x +4.31+2ire C!(5)x]

2.5 x> =0.69 + 3ig since
2.5 %2 =0 (mod 5);

we see value of x cannot be got only the value of x* is got.

One can find v/2.5x> = ,/0.69+ 3i. so that

x(1.58113883) = ,/0.59+3i, we do not know whether
1.58113883 is a unit or not in [0, 5).

So solving even a quadratic equation in C,(m)[x] is not that
easy.

Further in C,(m)[x] or for that matter in all types of MOD
planes we see
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(X —0) (X=00) ... (X—04)#X" (0 + 0+ ... +0,) X" +
Zociocjx“'2 ...+ 04 Oy ... O, as the distributive law is not true,
i#j
so after solving the p(x) one faces lots of difficulty all these are
left as open conjecture to the reader.

Next we study the polynomial in the MOD neutrosophic
pseudo polynomial rings.

ai=di+ ¢l € R! (m)} is the MOD

R! (m)[x] = {iaixi
i=l1

neutrosophic polynomial pseudo ring.

As 2 £ m < o we have infinitely many such rings for each
value of m, however there is only one neutrosophic ring, (R U

D[x] = {iaixi

a,€ (RuUl)}.

Solving MOD polynomial equations in R! (m)[x] is as
difficult as in MOD complex polynomials and MOD real
polynomials.

Consider 0.5Ix + 10.2I + 0.99 € R; (12).

Clearly 0.5Ix = 1.81 + 11.01. However value of x cannot be
found only the value of 0.5Ix is got.

Thus even linear equations in general are not solvable in
R! (12).

So solving quadratic equations and equations of higher
degree is a very difficult problem, hence left as a open
conjecture or for future study.

Let 5x*+3.71e R! (12)
5x* = 8.31
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x* = 5.5 I so x 2.34520788I so for this quadratic
equation has a solution.

However

5x*+3.71=0if
x = 2.34520788I but its value is 7.2 only.

We see x° = 5.5 Lis true but 5x” = 8.31 is not true.
There is a fallacy in solving so left as a open conjecture.

In case of modulo addition or multiplication how to solve
equations.

Thus there are several intricate problems involved while
solving equations in MOD neutrosophic polynomials in

R, (m)[x].

Next we proceed onto describe and discuss about the MOD

dual number polynomials R (m)[x] = {Zaixi a, € R (m)
i=1
where a;=x +yg, x,y € [0,m), g’ =0}.

Solving these equations is a very difficult task for
0.7g x> + 7.3 =0is in RE (10)[x].

Clearly as g* = 0 we cannot cancel g using any inverse.

Now 0.7g X’ = 2.67.

We cannot take the cube root as g is a dual number and is it
possible to take cube root of a dual number is still a open
problem for the dual number can be matrix or a transformation

or from Z, the ring of modulo integers n a composite number.

Under these circumstances only 0.7gx’ value is got is not
further solvable. Consider



Problems on MOD Interval Polynomials ... | 105

3x’ +0.786 € R (10)[x].
3x’ = 9.214 (multiplying by 7 taking mod10 we get)
x’ =4.498.

So x = 1.650719001 is one of the roots of the given MOD
polynomial.

Thus one cannot always say all the polynomials in MOD
planes are not solvable.

Some of them may be solvable partially and a few fully and
many of the polynomials never solvable.

Even solving
p(x) = (6.78 + 9.33g) x* + (4.775 + 0.332)x + (0.52 + 9.32¢)

in R® (10)[x] is near to an impossibility.

Readers can try this as a recreation or pursue this as a
hobby.

Several open conjectures are laid before them.

Next the notion of MOD special quasi dual like number
polynomials in

R} (m)[x] = {iaixi

i=1

aj=x+yheR"(m),h>=hand x, y

€ [0, m), 2 <m < oo} are discussed in the following.

Let p(x) = hx’ + 0.335 + 6.7h € R: (M[x]. Solving this for
x is a difficult problem.

For if hx® = 6.665 + 0.3h then what is the cube root of 6.665
+ 0.3h. This is not a easy work for square roots can be done as
in case of complex numbers but finding cube root or n" root
happens to be a challenging problem.
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However if hx’ = 6.4h then we can solve for x as follows
hx = 1.856635533 h is one of the roots. However as in case of
other MOD plane some are solvable but certainly all polynomial
equations are not solvable.

Next we proceed onto study the solving of MOD
polynomials in

aj=x + yh € R (m), x, y € [0, m),

i=1

RS (m)[x] = {iaixi
K=(m-1k 2<m<e]}.
Let p(x) = 8x’ + 6.24 ke R* (11)[x].

8x® = 4.75k, so multiplying the equation by 7 and taking
mod we get

x’ =025k
x =0.62999605249 is one of the values of x for this p(x).

Solving equations is not an easy task but this research is
interesting and innovative.

Further each MOD plane differently and infact one has
infinite number of such MOD planes, be it real MOD plane or
complex MOD plane or dual number MOD plane and so on.

In the following we suggest some problems which are open
conjectures, some of them at research level and some of them
are simple.

Problems:

1. Prove or disprove the fundamental theorem of algebra for
roots for the MOD real interval polynomials [0,m)[x].
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Can a polynomial of degree n have less than n number of
roots?
Justify your claim.

Can a polynomial of degree n in [0,m)[x] have more than
n roots?

Justify your claim.

As distributive law is not true can we say finding roots of
[0,m)[x] is an impossibility?

Let [0O,m)I[x] be the MOD neutrosophic interval
polynomials.

1) Does there exist p(x) € [0,m)I[x] of degree n which
have n and only n roots?

i)  Give a polynomial p(x) € [0,m)I[x] of degree n
which has only less than n roots.

iii)  Prove a polynomial p(x) of degree n in [0, m)I[x]
has more than n roots.

iv)  Show the distributive law is not true in [0,m)I[x]

which affects the roots and the number of roots of
p(x) in [0,m)I[x].

Let R = [0,45)I[x] be the MOD neutrosophic polynomial
pseudo ring.
Study questions (i) to (iv) of problem (5) for this R.

Let S = [0,37)I[x] be the MOD neutrosophic polynomial
pseudo ring.
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10.

11.

Study questions (i) to (iv) of problem (5) for this S.

Let W = [0,m)g[x] be the MOD dual number interval
pseudo ring.

i)  Solve p(x) =0.8g x’ =4.8gx’ + 6.1gx + 4.21ge W.
a) Can p(x) have more than 3 roots?
b) Can p(x) have less than 3 roots?

i)  Show roots of degree one alone is solvable provided
coefficients of x is 1 so it is not possible.

ili) Can 5.03gx” + 7.2g = 0 have two roots or no root?
Prove or disprove dual number MOD interval polynomials
are not solvable if the highest coefficient is not 1 or not

possible.

Let P = [0,m)h[x], h® = h be the MOD interval special dual
like number polynomial pseudo ring.

1) Show p(x) € P cannot be solved in general.

ii)  Even linear polynomial in P cannot be solved prove
or disprove.

iii)  Obtain any other special feature enjoyed by P.

iv)  Prove p(x) € P behaves in an odd way in all MOD
interval polynomials baring [0,m)[x].

Let M = [0,45)h[x], h* = h be the MOD interval special
dual like number plane.

Study questions (i) to (iv) of problem (10) for this M.



12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
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Study the MOD interval special quasi dual number
polynomial pseudo ring B = [0,m)1[x]; k> = (m — 1)k their
roots.

Study questions (i) to (iv) of problem (10) for this B

Let M = [0,24)1[x], k* = 23k be the MOD interval special
quasi dual number pseudo ring.

Study questions (i) to (iv) of problem (10) for this M.

For a polynomial p(x) fixed compare the roots in
[0,10)[x], [0,10)I[x], [0,10)g[x]; g* = 0, [0,10) h[x], h* =h
and [0,10)k[x], kK’ =9 k.

Find any special feature associated with polynomials in
R, (m)[x].

Prove the equation y = x> + 1 for varying m in R,(m)[x]
has different sets of roots.

Give a polynomial of degree 5 in R,(6)[x] which has more
than n roots.

Let p(x) = x*+ 0375 +4.7h € R: (5)[x]. Find all roots
of p(x).

Does there exist a polynomial p(x) of degree 7 in R,(5)[x]
which has less than seven roots?

Give the graph of the polynomial y = 4x + 2 € R, (8)[x].
1) Is the curve a continuous one?
ii)  Find all the zeros of y = 4x + 2.

iii) Compare y = 4x + 2 € Ry (8)[x] with
y = (4x +2) e Ry(6)[x].
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22.

23.

24.

25.

26.

Lety= x> € R,(4)[x] be the function in the MOD plane.
1) Find all zeros of y = x* in Ry(4)[x].

i1)  Can this function be continuous?

iti)  Trace the graph of y = x” in Ry(4)[x].

iv)  Can this function have more than two zeros?

v)  Is the function continuous in the real plane?

vi)  Can the function be continuous in any other MOD
plane?

Lety =3x>+ 4 € R,(5)[x].

1) Study questions (i) to (vi) of problem (22) for this
function.

ii)  Study this function in the planes R,(6), Ru(7),
R,(10), R,(12) and R,(23).

Lety=x"+2¢e R,(3)[x].

1) Study questions (i) to (vi) of problem (22) for this
function.

ii)  Study the function in the MOD plane R,(8), R,(91),
R,(24) and R,(19).

Lety=4x>+x + 1 € Ry(6)[x].

1) Study questions (i) to (vi) of problem (22) for this
function.

i)  Study this questions in the planes R,(9), R,(23),
R,(48) and R,(121).

Solving polynomial equations be it linear or otherwise is a
difficult task.
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28.

29.

30.

31.

32.

33.

34.
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So this problem is left as an open conjecture.

Solve p(x) € R,(20)[x] = {Zaixi a;x' / a;e Ry(20) where

i=1

a; = (t, vp), t, u; € [0,20)} where p(x) = (0,2)x + (10.31,
3.2).

Solve p(x) = (4,9) X* + (2,1.09)x + (6.67, 4) € R,(12)[x].

1) How many roots exist for p(x)?
ii)  Can p(x) have more than 3 roots?

Solve p(x) = (4,0.7)x° + 0.7, 0.8)x* + (5.2, 0)x” + (0, 4.3)
e R(4)[x].

1) Study questions (i) to (vi) of problem (21) for this
p(x).

ii)  Study for this p(x) in R,(19)[x], R.(12)[x],
R,(43)[x]; Ry(4)[x] and R,(10)[x].

Find polynomials other than y = x which is continuous in
Ry(m) [x],2 < m < co.

Let p(x) € C,(m) [x] be a MOD polynomial with complex
coefficients.

Study for the same p(x) but for varying m; 2 <m < oo.
Compare polynomials in C,(m)[x] and R,(m)[x].

In which MOD plane a polynomial p(x) will have more
zeros in C,(m)[x] or R,(m)[x]?

Study the roots of the polynomial f(x) = ax’ + bx + 1 €
Cu(7)[x] where a =3.47 + 2.4ip, b=0.46 + 2.34ipand 1 =
1+ 0ipe Cy(7).
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35.

36.

37.

38.

39.

40.

1) Can f(x) have more than three roots? Justify your
claim.

ii) Ifa=3+4ipand b =4 + 3ir will f(x) has only three
roots?

1m) Ifa=35b=175and 1 =1 + Oig, can f(x) have
only three roots?

Let p(x) = 5 x> + 7x + 34 € C,(10)[x] and also this
p(x) € Ry(10)[x].

1) Will p(x) have different sets of roots in R,(10)[x]
and C,(10)[x]?

ii)  Can we say p(x) will have 3 roots?

iii)  Can p(x) have more than three roots?

iv)  Will p(x) have less than three roots?

v)  Is p(x) solvable in R (10)[x]?

Can we write program for solving roots of a polynomial
equation in R'™ [x] and C'™ [x]?

What will be the probable applications of these
polynomials in [0,m)[x]?

Can we say this paradigm shift will give new dimension
to solving polynomial equations?

Let p(x) = 0.03 X’ + 0.01if € C,(2)[x].

1) Does the roots of p(x) exist?

ii)  Will p(x) have atleast one root?

iii)  Can p(x) have more than 5 roots?

iv)  Derive a method to solve p(x) in C,(2)[x].
v) Is 0.03 € [0,2) an invertible element?

It is left as an open conjecture to find
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42.

43.

44.

45.

46.
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1) All zero divisors and nilpotents in [0,2) ([0,m) in
general, 2 < m < o0),

ii)  Finding idempotents in [0,2) ([0,m) in general, 2 <
m < o),

iii)  Finding units of [0,2) ([0,m) in general, 2 < m < o).
It is yet another open conjecture of finding the total
number of MOD natural neutrosophic elements in [0,m),

[0, m)h and [0,m)k for 2 <m < co.

Prove [0,m)g and [0,m)] has infinite number of MOD
neutrosophic elements.

i) Does they contain as many as the cardinality of
[0,m) itself?

Prove once [0,m) is solved one can solve all the MOD
plane R,(m), 2 <m < oo,

Solve the equation p(x) = 2.7 IxX*+4+63l¢e Rfl ®[x].

1) Does p(x) have more than one root?

ii) Can x be got only in terms of xI; be got as a
solution?

iii)  Can p(x) have more than 2 roots?

iv)  Study this problem in R} (11)[x] and R} (12)[x].
Let p(x) =2.034 x>+ 0.75+ 0.745 1 € R! 3)[x].

Study questions (i) to (iv) of problem (44) for this p(x).
Let q(x) = 0.770 x> + 0.55x + (0.312 1+ 0.13) € R! (2)[x].

Study questions (i) to (iv) of problem (44) for this p(x).
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47.

48.

49.

50.

51.

Letq(x) = 6x’ + (3 +4) € R! (D[x].

Study questions (i) to (iv) of problem (44) for this q(x).

Let q(x) = 0.78x + 4.51 € R! (5)[x].

i) Study for roots in R} (5)[x].
ii)  Can q(x) have more than one root?
iii))  Is 0.78 a unit or a zero divisor in R; (5)?

Let p(x) = (0.2 + 0.52) x> + (0.6 + 0.8) € RE (4)[x].

1) Study questions (i) to (iv) of problem (44) for this
p(x).

ii) Can we say 0.2 + 0.5g is a zero divisor or an
idempotent in R2 (4)?

Let p(x) = 2x° + (4 + 6g) € R (10)[x].

1) Study questions (i) to (iv) of problem (44) for this
p(x).

i)  Does a root exist as 2 is a zero divisor in R# (10)?
Let p(x) = (3 + 2g) X+ 4+ 3g) € RE(6)[x].

1) Study questions (i) to (iv) of problem (44) for this
p(x).

ii)  Can we say (3 + 2g) is a zero divisor in R*% (6)?



52.

53.

54.

55.

56.

57.

58.
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iii) Can we say polynomials of the form p(x) is not

solvable even in (Zs U g) [X] = { z (a; + b;g) X'/ a;

i=1

+big € (Zs U g) where g2 =0and a; bje Zg}?
Let p(x) = (0.6 + 0.2g) x’ + 0.33g € R2(6)[x].
i) Study questions (i) to (iv) of problem (44) for this p(x).
Finding units, idempotents, zero divisors and nilpotents of

the MOD dual number plane R®(m) , g=0,2<m< o
happens to be a very challenging open problem.

Find all units, zero divisors and idempotents of R2 (53),
RE(12) and RE(625), g>=0.

Let p(x) = (7 + h)x’ + (4 + 3h) € R"(14)[x], h*=h.

Find the roots of p(x) and study questions (i) to (iv) of
problem (44) for this p(x).

Let f(x) = (0.7 + 1.4h) x> + 2 + 7h) € R" (14)[x].
Study questions (i) to (iv) of problem (44) for this f(x).

Finding all the units, zero divisors and idempotents of
R" (m), h> = h, 2 < m < o happens to be a open
conjecture.

Find all units, zero divisors, idempotents and nilpotent
elements of the MOD special dual like number MOD planes

R" (43), R" (24) and R" (81).
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59.

60.

61.

62.

63.

64.

Find all innovative techniques that can be used in solving
polynomials in R" (m), h*’=h and 2 < m < oo,

Let p(x) = 3kx” (9 + 5k) € R¥ (15)[x] kK’ = 14k.

1) Solve for x or kx.

ii)  Study questions (i) to (iv) of problem (44) for this
p(x).

iii)  Will the solution p(x) be the same in R‘; (15) and

(Zys v g>?
Let py(x) € 0.3kx’ + (0.09 + 0.5k) € R* (15)[x], k* = 14k.

Study questions (i) to (iv) of problem (44) for this p;(x).
Compare p(x) in problem (60) with this p;(x).

It is left as an open conjecture to find the units,
idempotents, zero divisors of the MOD special quasi dual

number plane R E (m), K’ =(m— Dk; 2 <m < oo.

Find the zero divisors, units and idempotents of the MOD
special quasi dual number plane RE (10), RE (47) and

R (16).

Solve the equation q(x) = (4 + 0.4k) x* + 0.004 kx* +
(0.04 k + 4.4) x + 0.0004 € R (5)[x]; k* = 4k.

1) Study questions (i) to (iv) of problem (44) for this
q(x).

ii)  Study q(x)in R (5)[x], b’ =h,

iii)  Study q(x) in R,(5)[x]

iv)  Study q(x) in C,(5)[x].

v)  Study q(x) in R2(5)[x].

vi)  Compare the solutions in all the 5 MOD planes.



Chapter Six

PROBLEMS ON DIFFERENT TYPES
OF MOD FUNCTIONS

In this chapter we just recall different types of MOD
functions viz. MOD trigonometric, MOD logarithmic, MOD
exponential and their generalizations. However such study is
carried out in [27].

Here our main aim is to suggest problems some of which
are open conjectures and some of them are simple.

For more about these MOD functions refer [27].
Problems:
1. Define MODsine; nsinx function.

2. Does values / graph of nsinx vary for varying R, (m);
2<m<oo,

3. Study problem (2) for ntanx, ncosx and nsecx.
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10.

11.

12.

13.

14.

Describe the trigonometric function MOD cosecx
(ncosecx) in Ry(7).

Can we say MOD trigonometric functions are in no way
different from usual trigonometric functions?

Justify your claim.

Give some special features about ntan3x in the MOD real
plane R, (9).

What are the advantages of using MOD trigonometric
function?

Obtain any special properties enjoyed by MOD
trigonometric functions.

Can we see nsinmx behaves in the same way in all MOD
planes m a fixed number?

For problem (9), study the situations in the MOD planes
Ry (t).

i) ift/m

i) If({m)=1
i)  If (tym)=d
iv) m/t.

Compare the MOD trigonometric functions nsinx and
ncosx in the MOD real plane R, (15).

Study ntanx in the MOD planes R,(t) where t is as in
problem 10.

Compare ntanx with ncot x.

Can any of the MODtrignometric functions be continuous
in Ry(t); for any value of t; 2 <t m.



15.

16.

17.

18.

19.

20.

21.

22.

23.
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Let nsin50 be the MOD trigonometric function in R,(5).

1) Is this function continuous?

i)  If R,(5) is replaced by R,(2) or R,(3) or Rs(4),
R,(10) and R, (6) study the nature of the curve.

iii)  Study ncosec70 in the MOD plane R, (7).

Study nsec90 in the MOD planes R,(3), R,(9) and R,(27).

Study nsec(m®); 2 <t < oo in the MOD planes R,(t) where
(t,0)=1,t/06and (t,0)=d.

Obtain any special feature associated with MOD
trigonometric functions.

Study MOD exponential functions in the MOD planes.

How does the study of MOD trigonometric functions in
MOD planes R,(m) different from the trigonometric
functions in the real plane?

Study the MOD trigonometric function nsin'x in the MOD
plane R, (15).

Study ncot'5x in the MOD planes R,(5), Ry(7), Ry(4),
R,(15) and R,(10).

Are these functions graph different in different planes or
is it the same?

Study the MOD inverse trigonometric function nsec'x in
the MOD planes R,(2), Ry(4), Ry(3), Ru(5), Ru(6), Ry(13)
and R,(18).

Draw the curves in these seven MOD planes and compare
them.
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24. Is this equation nsin6 + ntan26 = 0 solvable in R,(5). Find
the values of 0.

25.  Solve for 0 the following functions.

ncos30

i ——— inR, (13
) l1+ntan® (13
iy  —neot20 R (10)
nsin®+ncosO
nsec30
iii ———  inR,(®).
) 1+ ntan” 30 ®)

26. Solve for 6 the following MOD trigonometric inverse

functions.
nsin”' 20
i ————— inR,(17).
) l+ntan™' 0 17
ncot™ 50
ii — inR,(5
) ncis 20 +1 )
-1
iy PO R as)
1+ncot™ 50
-1
iv) M in R,(7)
1+nsec 30

27. Trace the curve ne” in the MOD plane R,(2001589).

28. Obtain all the special features enjoyed by the MOD
logarithmic functions.

29. Derive all special features in studying MOD exponential
function.

30. Distinguish the logarithmic functions from the MOD
logarithmic functions.



Chapter Seven

PROBLEMS ON MOD DIFFERENTIATION
AND MOD INTEGRATION OF
FUNCTIONS IN THE MOD-PLANES

In this chapter we just give some relevant problems related
with differentiation and integration of MOD functions defined on
MOD planes. For more about these please refer [27].

It is important to keep on record that differentiation and
integration of MOD functions in general behaves in a very odd
way. They do not obey most rules associated with
differentiation or integration.

Further a function which is continuous in the real plane or a
complex plane need not in general be continuous in the MOD
planes.

So at this stage itself most of the properties associated with
MOD functions do not behave like usual functions

In fact we see polynomial functions behave very
haphazardly.



122 | Problems on MOD Structures

For a n" degree polynomial in the MOD interval need not
have any of the derivatives to exist in [0,6)[x].

Thus if f(x) = x*® + 3.714x"® + 4.025 x® + 3.7 € [0,6)[X].

Then E =0.

dx

There is a vast difference between MOD polynomials and
usual polynomials in the study of differentiation.

This has been elaborately discussed in the books [26-30].
Likewise if

f(x) = 0.7x* + 4.02x"7 + 2.5135 x° + 0.33 € [0,6)[x] then
WE See

[f(x) dx = [0.74x> dx + [4.02x"7dx + [2.5135 x° dx + J0.33 dx

0.7x*  4.02x"®  2.5135x° 0.33

24 18 6

for in [0,6) the values of i , L and l are not defined.
24 18 6

X +c¢ is not defined

Here we proceed onto give some more examples.

Consider the MOD interval polynomial pseudo ring.

a; e [0,12)}.

[0,12)x = {Zaixi
i=1

p(x) =3.7 x> + 1.2 x"2 + 3x* + 4x° + 6x* + 7.331 € [0,12)x.

dp(x) _

Clearl
y dx
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That is the derivative is zero though p(x) is of degree 24.

The integral of p(x) is also not defined for;

7 24 5 4 4 3
o 12xP 4 3L+ =L 6i+ 7.331x +
5 4 3

fp(x) dx =

¢, where c is a constant.

Since % and % are not defined in [0,12) as they are zero

divisors in [0,12).
We see the integral of p(x) is also not defined.

Thus finding polynomials
p(x) € [0,m)x = {Z ax'

i=1

a; € [0,m)} whose derivative and

integrals are defined properly and those which satisfy the usual
or classical rules of differentiation and integration also true
happens to be a very challenging problem.

Consider
p(x) = 2x" + 0.7x"* + 6.5x™ + 32x” € [0,24)x = {Zaix‘ a
i=1
€ [0,14)}.
We see M =0.
dx
8 15 29 7

Further [p(x) dx = 2x_ | O7x7 6% | 32X s not

+
14 29

defined as %, i are undefined in [0,14).
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So in [0,m)x there exists several polynomials whose
derivatives are zero and the integrals does not exists or are
undefined [26-30],

Characterizing such polynomials happens to be a open
conjecture.

Next we study polynomials in R,(m)[x] = {Zaixi

i=1

q; €

Ry(m) = {(a, b) la, b e [0O,m)}.

It is important to note that even in case of polynomial in the
MOD plane R,(m) [x] they in general do not satisfy the classical
properties of differentiation or integration.

Consider p(x) € Ry(4)[x] = {i aixi a, € R,(4)={(a,b) |

a,be [0,4)} where

p(x) = (2,1.2)x* + (3.1, 0.315)x* + (2, 2)x* + (0.1, 0).

Clearly 9PX) p( ) _ .
However

5 3
fp( )dx = (2, 112)x (3.1,0.1315)x +(2’§)X

+(0.1,0)x + c.

1 . o
As 3 = 3 the integral exists in this case.

However the derivative is zero.
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Thus even the polynomials in the MOD plane do not satisfy
all the classical properties of derivatives and integrals in
general.

Suppose we have the polynomials from the MOD plane
R,(24)[x] then all polynomials whose power or degree is
multiples of 24.

Also if the polynomials have coefficients from
{(abla,be {0, 2 4,6, ..., 22}} then there are possibilities
where the derivatives are zero.

p(x) = 2,4H)x" + (16,8)x® + (12,6)x* +(12,12) x> + (8,6) €
R.(24)[x].

Then the derivative is zero and the integrals do not exist.

Also all MOD polynomials whose powers are say pi, pz, Ps»
..., pn and these p;’s take values from {1, 5, 7, 11, 13, 17, 19,
23} are such that their integrals are not defined.

Let p(x) = (0, (5.33) + (2, 7.21) x + (6.022, 5.001)x* + (5,
0.331)x” € R,(24)[x] be such that p( X) exists but its integral

dx
is not defined.

Let p(x) € Ry(m)[x], we see even if p(x) is of degree n, then
p(x) need not have all the n derivatives to exist.

Secondly even the second derivative of p(x) need not be a
polynomial of degree (n — 1).

For instance if

p(x) = 3, 6)x* + (2.01, 3.2) x> + (0.77, 6.2) € R, (12)[x].
p(x) is of degree four.

Consider f(’i() 0+ (4.02, 6.4) x + 0.
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Thus the first derivative results in a polynomial of degree
one.

d2
dp (ZX) = (4.02, 6.4).
X

That is the second derivative is a constant polynomial and

3
the third derivative M =(0,0).
dx’

Hence our claim that a nth degree polynomial in MOD
planes need not be derivable n times.

Sometimes the first derivative itself can be zero.

Likewise one can define polynomials using the complex
MOD integer plane C,(m).

C,(m)[x] = {iaixi

a=c+ diF € Cy(m); c;d e [0,m)}.

The degree of the polynomial roots of the polynomials are
defined in an analogous way as that of R,(m)[x].

Suppose p(x) = (5 + 3ip)x'% (7.5 + 15ip) x* = 151 x> + 4.32 +
0.75ir € Cy(30)[x].

We see even the first derivative is zero.

Further the integral of p(x) does not exist as the terms

1
5
are not defined in C,(3).

W | —

b

Hence one cannot as in case of polynomials in C[x] define
the derivatives or integrals of polynomials in C,(m)[x]; 2 <m <

oo,
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Thus it is difficult to find conditions on polynomials in
C,(m)[x] to have both the derivative and integrals to exist.

Let p(x) = (2.5 + 1.25ip) x* + 2.5 i x* + 3.002 + 0.67if €
C.(5)[x].

dp(x)
dx

=0and Jp(x) dx is not defined.

Thus finding integrals and derivatives that follows all
classical conditions happens to be a challenging problem.

Next we study polynomials in

RE (m)[x] = {Za X!

i=1

a,€ RE(m)={a+bgla,be [0, m),

g* =0}, known as the dual number coefficient polynomials.

If p(x) € R (m)[x] we cannot say that p(x) is integrable or
derivable in general.

Most of the polynomial do not satisfy the properties of
classical derivatives.

For let p(x) = (4 + 2.5g)x + (2.5 + 1.25 g)x4 +3.12 + 4.706¢g
e R,(5)[x].

Clearly = 0 which shows the classical property is

dp(x)
dx
not satisfied.

Further fp(x) dx is not even defined as % is not defined in

[0,5).

Thus in general a polynomial p(x) € R, (5)[x] is not
integrable.
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Thus characterizing those polynomials which are integrable
(or (and) differentiable) in R (m)[x] happens to be a open
conjecture.

Next we can study MOD special dual like number
polynomials in

R: (m)[x] = {Zaixi a=c+bhe R: (m), ¢, b € [0,m),

i=1

h*=h,2<m<oo}.

Clearly polynomials p(x) in R'; (m)[x] will be known as
MOD special dual like number polynomials.

In general as in case of other MOD polynomials these
polynomials also do not in general and further do not satisfy the

classical properties of differentiation or integration.

Apart from this these polynomials also do not satisfy the
classical properties of roots of polynomials.

Study in these directions are just left as open conjectures.

We will present an example or two in this direction.

Let p(x) = (1.50 + 3h)x"* + (0.75 + 1.50 h)x® + 0.773 +
4.0075h e R! (6)[x].

Clearly ? =0 and fp(x) (dx) is not defined.
X

Let p(x) = hx’> + (2.31 +4.35h) € R" (6)[x].

Clearly this is a quadratic MOD polynomial equation in
R: (6)[x] but is not solvable in R'; (6)[x].
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Similarly 3.2 hx + (4.21 + 5.2h) = O is not solvable in
R} (6)[x].

Next we study MOD polynomials with coefficients from the
special quasi dual numbers or equivalently the MOD special

quasi dual number polynomials in R]; (m) [x].

Let R (m)[x] = {Z:aixi ae REm={a+bklabe

i=1

[0, m) k= (m— 1)k, 2 < m < oo}.

Let

p(x) = (5.3 + 0.3k) x" + (4 + 3k) x° +3.718 + 437 k €
R} (6) [x].

Clearly ? = 0. However the integral exist.
X

Let (0.3k + 4.57) x>+ 4.32+2.01k) e R‘; (6)[x].
Solve for x.

Further it is important to keep on record that it is not
possible to solve for x even when it is a linear equation in x.

Consider (0.7 + 4.2 k)x + (0.75 + 2k) € R¥ (6)[x].
Solve for x.

Let p(x) = (3.7 + 4.2k)x° + (2.5 + 1.25)x"* + (2.5k)x” + (4.32
+2.701 k) € RX(5).

Prove the derivative is zero and the integral does not exist.
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Characterizing those polynomials in R¥ (m) which are both

integrable as well as derivable happens to be a challenging
problem.

Next we consider about solving for roots for polynomials in
R¥ (m). Consider p(x) = kx’+ 3.7 + 4.7k e R%(10).

Clearly p(x) cannot be solved for x however one may be at
times in a position to get the value of kx and x.

Solve 3.52 kx + 4.37 + 2.5k € R];(IS). Here also we
cannot solve for x only for kx.

Let x> + 4 € R (20) solving for x is a easy task for x* = 16
so x =+ 4. But if x* + 4k is considered instead then x* = 16k.

x=4-k. Finding value of Jkisa very difficult task.

Now in the following we suggest some problems which are
open conjectures some of them are difficult problems other easy
exercise.

Problems

1. Find conditions on the MOD interval real polynomials
p(x) € [0, m)[x] to have derivatives and to satisfy the
classical properties.

2. Study the integrals of polynomials p(x) € [0,m)[x].

3. Characterize those p(x) € [0,12)[x] which follows the
classical properties of derivatives.

4. Study question three for p(x) € [0,19)[x].

5. Let p(x) € R,(m)[x]. Find condition on p(x) to have
derivatives.



10.

11.

12.

13.

14.

15.
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Prove p(x) in general in R,(15)[x] are not integrable.

Find conditions on all those polynomials in R,(4)[x]
which are both integrable and derivable.

Characterize those polynomials p(x) € R,(5)[x] which are
derivable but not integrable and vice versa.

Let p(x) € R,(1D)[x].

1) Find all roots of p(x).

i) If px) € Ry(11)[x] is such that p(x) is both
derivable and integrable can we say p(x) has same
number of roots as its degree?

iii)  Characterize all polynomials p(x) in R,(11)[x] of
degree n, but has less than n roots.

iv)  Characterize all polynomial p(x) in R,(11)[x] of
degree n but has roots greater than n.

What are special and distinct features associated with the
MOD polynomial interval [0,m)[x]? (2 < m < o)

Enumerate all the special features enjoyed by the MOD
polynomials in R,(m)[x] (2 £ m < o).

Prove both [0, m)[x] and R,(m)[x] are only pseudo rings
and not rings.

Can we say as the distributive property is not true, is the
only reason for polynomials not satisfying the classical
properties?

What is the reason for the polynomials in [0,m)[x] and
R,(m)[x] to behave in a chaotic manner?

Study the MOD complex modulo integer polynomials in
Co(m)[x].
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Characterize all those polynomials in C,(m)[x] which
follow both the classical laws of differentiation and
integration.

Characterize all those polynomials in C,(m)[x], 2 <m < oo
which satisfy all the classical laws of differentiation.

Characterize all these polynomials in C,(m)[x], 2 <m < o
which satisfy all the classical laws of integration.

Characterize all those polynomials in C,(m)[x] which
satisfy the classical properties of roots.

Study questions (16) to (19) for the polynomials in
Ca(15)[x].

Study questions (16) to (19) for polynomials in C,(43)[x].
Study questions (16) to (19) for polynomials in Cn(312)[x].
Solve p(x) = (37 + 4.2 ip) X* + (7.3 + 5.4 i) € C,(10)[x].

Show as the distributive laws are not true in C,(m)[x]

finding roots of a polynomial in C,(m)[x] is a difficult
task by some examples.

Let p(x) =27 x> + (5 + 6 ip) € Cy(D[x].

1) Solve for x.

ii)  Will p(x) have three roots in C,(7)[x]?

iii) If o, B and y are the roots of p(x) can we prove
(3x —a) 3x =) (3x = P) = p(x).

iv)  Ifpi(x) =x> + (0.5 +0.72 ip) € Cy(7)[x] will (iii) be
true for the roots o, B, ¥ of pi(x).

Prove in C,(m)[X]; (X — o)) (X = 0) ... (X — 0) = X" — (o

L0+ o+ 0 X+ z 40y x"? ...+ 0 ... o, where
i#]



27.

28.

29.

30.

31.
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oy, Oy, ..., O, are roots of a polynomial p(x) and are in
Cu(m)[x].

When will problem (25) be true in R;,(m)[x]?
How will this problem in (25) be over come?

Can we have this sort of problem in real world problem?
(if so give some examples).

Is it advantageous to use MOD polynomials of MOD planes
than usual real plane and complex plane?

Let p(x) € R:(m)[x] = {iaixi aie RE(m)={a+bg
i=1

= (a, b); g2 =0; 2 £ m < o} be the MOD dual number
polynomial with coefficients from the MOD dual number

plane R® (m).

1) When is p(x) totally solvable?

i)  If p(x) is of degree n can we say p(x) will have n
and only n roots.

iii)  When will p(x) satisfy all the classical properties of
differentiation?

iv) . When will p(x) satisfy all the laws of
differentiation?

v)  Obtain any other special or distinct feature
associated with p(x).

vi) Can we say because p(x) is a MOD dual number
coefficient polynomial they enjoy some special
features?

vii) Characterize all p(x) in R% (m)[x] for which both
the integral or derivative does not exist.
viii) Characterize all those polynomials in R% (m)[x]

which satisfies all properties of derivatives but are
not integrable.
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32.

33.

34.

35.

36.

ix)  Characterize those polynomials in R% (m)[x] which

satisfy all properties of integrals but does not satisfy
the properties of derivatives.

Let R®(12)[x] be the dual number polynomials with
coefficients from the MOD dual number plane
RE(12)={a+bg=(a,b)1g*=0,a,be [0, 12)}.

Study questions (i) to (ix) of problem (31) for this
polynomials in R2 (12)[x].

Let R®(43)[x] be the dual number polynomials with
coefficients from the MOD dual number plane R (43).

Study questions (i) to (ix) of problem (31) of polynomials
in R2 (43)[x].

Let R® (5)[x] be the collection of all polynomials with

coefficients from the MOD dual number plane R® (57).

Study questions (i) to (ix) of problem (31) for
polynomials in R (5)[x].

Let p(x) = (0.33 +0.52)x’ + 7.32 + 4.52 g e R:(12)[x].

1) Find all roots of p(x).

ii)  Is p(x) integrable?

iii)  Does the derivative of p(x) satisfy the usual laws of
derivation?

Let p(x) = 43g x* + (52 + 3g)x” + 3.7g + 045 €
RE (13)[x].

Study questions (i) to (iii) of problem (35) for this p(x).



37.

38.

39.

40.

41.

42.
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Let 3.7315g X’ + (5 + 2g)x” + 432gx + 14 + 3g €
RE (2)[x].

Study questions (i) to (iii) of problem (35) for this p(x).

Obtain all special features associated with the MOD
special dual like number polynomials in R'; (m)[x] with
coefficients from

R!(m)={a+bh=(ab)Ih*= h,abe [0,m)}.

Let p(x) = (0.8 + 4.923 k) (592 + 0.74 k)x + (6.93 +
0.89k)x> € R!(6)[x]; k> = 5k special quasi dual MOD
number polynomial.

1) Find the roots of p(x).
ii)  Can p(x) have more than two roots?
iii)  Is x uniquely solvable for this p(x)?

Let w(x) = (693 + 0.89 h) x* + (4.32 + 575 h) €
R: (7)[x] where h? = h be the MOD special dual like
number polynomial.

Study questions (i) to (iii) of problem (39) for this w(x).

Let t(x) = (8.43 + 15.3h) x® + (10.3 + 0.7783 h)x’ + (17 +
2.315 h) € RE(19)[x], h? = h, be the MOD special dual
like number polynomial.

Study questions (i) to (iii) of problem (38) for this t(x).

Let m(x) = (4.331 + 0.389h) x* + (7.3 + 6.4h) x> + (0.37 +
43h) x>+ (1.73 + 1.05h) x + 7.83 + 6.03 h € R" (8)[x],
h” = h be the MOD special dual like number polynomial.

Study questions (i) to (iii) of problem (38) for this m(x).
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43.

44.

45.

46.

47.

Let p(x) = (4.38 + 0.7 h)x'® + (2.312 + 6.449 h)x® + (4.32
+ 7.3 h)x + (4311 + 0.77 h) € R"(8)[x] be the MOD
special dual like number polynomial.

1) Find ? does the derivative satisfy the usual
X

laws of derivation?
ii) Is | p(x) dx defined? Justify your claim.
iii)  Characterize those MOD polynomials in R: (8)[x]

for which the integrals follow the usual laws of
integration.

iv)  Characterize all those MOD polynomials which
follows all the classical rules of derivatives.

v)  Characterize those MOD polynomials in R: (8)[x]

which satisfy both the classical law of integration as
well as that of differentiation.

Let R: (47)[x] be the collection of all MOD special dual
like number polynomials.

Study questions (i) to (v) of problem 42 for this
R! (47)[x].

Let R: (24)[x] be the collection of all MOD special dual
like number polynomials.

Study questions (i) to (v) of problem (42) for this
R} (24)[x].

Enumerate all the special features enjoyed by the MOD
special quasi dual number polynomials RE (m)[x],
m’ = (m - Dk.

Characterize all MOD special quasi dual number
polynomials in R]; (m)[x] which are integrable but whose
derivative is zero.



48.

49.

50.

51.

52.
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Characterize all those MOD  special quasi dual number
polynomials in R]; (m)[x] which follows the usual laws of
differentiation but is not integrable.

Characterize all those MOD quasi dual number
polynomials which does not satisfy both classical
properties of differentiation and integration.

Let p(x) =kx* + (6.2 + 4.5 k) € RY(4)[x] be the MOD
special quasi dual number polynomial.

1) Does p(x) satisfy the classical laws of derivation?
ii)  Prove or disprove p(x) satisfy the classical laws of
integration.

iii)  Can p(x) have four roots in RE 4), k? = 3k?

iv)  Is p(x) solvable?

v)  Let pi(x) = 5.32k x> + (2.5 + 7.5k) € R'; (10)[x],
k> = 9k be the MOD special quasi dual number
polynomial.

Study questions (i) to (iv) of problem (49) for this
p1(x)?

Let px) = (25 +73 k) x* + (15 +072k x> + 3 +
4.3k)x> + (0.311 + 4k)x + (0.72 + 5.1k) € R¥(23)[x] be
the MOD special quasi dual number polynomial.

Study questions (i) to (iv) of problem (49) for this p(x).

Let q(x) € RE (140)[x] where coefficients of the MOD

special quasi dual number polynomials are from
(ZigpUk)y={a+bkla, be Zu, kK’ =139k}.

i) Can we say all classical laws of derivatives will be
true for these polynomials in (Z;4 U k)[x]?
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53.

54.

55.

56.

57.

58.

59.

ii)  Can the classical properties of integration be true
for these polynomials in (Z;4 U k)[x]?

iii) Can we say a nth degree polynomial in
(Z140 L k )[x] will have n and only n roots?

iv)  Study questions (i) to (iii) of problems for
p(x) = 14k x"* + 20x” + 10k € (Z140U K)[x].

Compare polynomials in (Z, U k)[x] with the
polynomials in (Z,, U h)[x] and (Z,, U g )[x].

Study MOD neutrosophic polynomials in Ri (m)[x].
Derive all the special features enjoyed by Ri (43)[x].

If p(x) = 2.3 Ix’ + (5.3 + 2.16I) € R! (10) be the MOD
neutrosophic polynomial.

1) Can we say p(x) has seven and only seven roots?
ii)  Is p(x) solvable in Ri (10)?

Letqx)=(5+4D) x>+ 2+ 7 x +4le R! (8)[x].

1) Will q(x) have only 3 roots or more?

ii)  Find dax) .
dx

iii)  Find [q(x) dx.
Enumerate all the special features enjoyed by Ri (m)[x].

Characterize those MOD neutrosophic polynomials which
has both derivatives and integrals which satisfy all the
classical properties.
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