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1. Introduction

In the study of the fundamental theory and the characteri-
zations of space curves, the corresponding relations between the
curves are very interesting and important problem.

Among all space curves, Smarandache curves have special em-
placement regarding their properties, because of this they deserve
especial attention in Euclidean geometry as well as in other ge-
ometries. It is known that Smarandache geometry is a geometry
which has at least one Smarandache denied axiom [1]. An axiom
is said to be Smarandache denied, if it behaves in at least two dif-
ferent ways within the same space. Smarandache geometries are
connected with the theory of relativity and the parallel universes.
Smarandache curves are the objects of Smarandache geometry. By
definition, if the position vector of a curve § is composed by Frenet
frame’s vectors of another curve B, then the curve § is called a
Smarandache curve [2]. In three-dimensional curve theory, each
unit speed curve with at least four continuous derivatives, one can
associate three mutually orthogonal unit vector fields T, N and B
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(Frenet frame vectors) are respectively, the tangent, the principal
normal and the binormal vector fields.

In the light of the existing studies in the field of geometry,
many interesting results on Smarandache curves have been ob-
tained by many mathematicians [3-9]. Turgut and Yilmaz have in-
troduced a particular circumstance of such curves, they entitled it
Smarandache TB, curves in the space E}l [2]. They studied special
Smarandache curves which are defined by the tangent and second
binormal vector fields. In [4], the author has illustrated certain spe-
cial Smarandache curves in the Euclidean space.

Special Smarandache curves in such a manner that Smaran-
dache curves TNy, TN, NyN, and TN;N, with respect to Bishop
frame in Euclidean 3-space have been seeked for by Cetin et al.[6].
Furthermore, they worked differential geometric properties of
these special curves and checked out first and second curvatures
of these curves. Also, they get the centers of the curvature spheres
and osculating spheres of Smarandache curves.

Recently, H.S. Abdel-Aziz and M. Khalifa Saad have studied spe-
cial Smarandache curves of an arbitrary curve such as TN, TB
and TNB with respect to Frenet frame in the three-dimensional
Galilean and pseudo-Galilean spaces [3,7].

The main goal of this article is to introduce and describe some
special Smarandache curves in Ei" for a given timelike surface and
a timelike curve lying fully on it with reference to its Darboux
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frame. We looking forward to that our results will be helpful to
researchers who are specialized on mathematical modeling and
other applications.

2. Basic concepts

Let us first recall the basic notions from Lorentz geometry [10].

Let R3 = {(x1,X2.X3) | X1, X, X3 € R }be a 3-dimensional vector
space, and let X = (x1,x3,x3) and y = (¥1,y2,¥3) be two vectors in
R3. The Lorentz scalar product of X and y is defined by

(X,¥ )L = X1Y1 + X2Y2 — X3¥3.

E3 = (R3,(x,y );) is called 3-dimensional Lorentzian space,
Minkowski 3-space or 3-dimensional Semi-Euclidean space. The ar-
bitrary vector X in E13 can have one of three Lorentzian causal char-
acters; it can be spacelike, timelike and lightlike (null) if (x, x);
>0o0rx=0, (X,Xx), <0and ( x,x ), =0 and x # 0, respectively.
Similarly, a curve r, locally parameterized by r=r(s) :Ic R — E13
where s is pseudo arclength parameter, is called a spacelike curve
if (r'(s), r(s)). > 0, timelike if (r'(s), r'(s)); < Oand lightlike if
(r'(s),r(s) )y =0 and r'(s) # 0 for all s € I. The two vectors
X = (X1,X2,%3), Y= (¥1,¥2.¥3) € Ef are orthogonal if and only if
(x,y ). =0. Also, for any X, y € Ei", Lorentzian vector product of x
and y is defined by

€1 € —€3
XX y=1[X1 X2 X3
Y1 Y2 Y3

The norm of a vector er% is given by ||x||; = /|( X,X )1|. We
denote by {T, N, B} the moving Frenet frame along the curve r(s)
in the Minkowski space E3, where the vectors T, N, B are called
the vectors of the tangent, principal normal and the binormal of
r, respectively. Consider now the following definition that we are
needed throughout this study.

Definition 1. A surface M in the Minkowski 3-space Ef is said to
be spacelike, timelike surface if, respectively the induced metric on
the surface is a positive definite Riemannian metric, Lorentz met-
ric. In other words, the normal vector on the spacelike (timelike)
surface is a timelike (spacelike) vector [10].

3. Smarandache curves of a timelike curve on a timelike
surface

Consider a timelike curve r=r(s) in E13, parameterized by its
arc length s and lying fully on an oriented timelike surface M. Let
T, N, B be the tangent, principal normal and binormal vector fields
along r(s). Then, Frenet frame is given by

T 0 « 0\/T
B 0 -t 0/\B

where a prime denotes differentiation with respect to s. For this
frame the following are satisfying

(T,T) =-1, (B,B)=(N,N) =1,
(T,N)=(T,B) = (N,B) =0.
The coefficients ¥ and t are the curve’s curvature and torsion.
Let {T, P, U} be the Darboux frame of r(s) with T as the tan-
gent vector of r and U is the unit normal to the surface M and

P =T x U, then the usual transformation between Frenet and Dar-
boux frames takes the form [10,11]:

T 1 0 0 T
P|=({0 cosh6é sinh6 |[N], (2)
U 0 sinh® coshf/ \B

where 6 is the angle between the vectors P and N. Therefore, the
Darboux frame of r(s) is given as follows

T 0 kg N\ /T
P/ = K'g 0 —fg p N (3)
U’ kn Tz 0 U

where kn,kg and T are the normal curvature, geodesic curvature
and geodesic torsion, respectively. In the differential geometry of
surfaces, for a curve r = r(s) lying on a surface M the following are
well-known [11]

(i) r(s) is a geodesic curve if and only if kg = 0.
(ii) r(s) is an asymptotic line if and only if xy = 0.
(iii) r(s) is a principal line if and only if 7y = 0.

Definition 2. A regular curve in Minkowski 3-space, whose posi-
tion vector is composed by Frenet frame vectors on another regular
curve, is called a Smarandache curve [2].

In the following, we investigate Smarandache curves TP, TU, PU
and TPU and study some of their properties which represent the
main results.

3.1. TP—Smarandache curves

From the Definition 2, the TP— Smarandache curve of r can be
defined by
1
—(T+P). 4
fz( ) (4)

Differentiating Eq. (4) with respect to s, we obtain
, dads 1
o0 =—=——=——

dsds 2
with the parameterization
ds_ 1
ds — /2

and then

a(s) =

(kg T+kgP + (ky — T5)U),

(KN — Tg), (5)

Ty = (K T+keP + (kn—Tg)U). (6)

(kKN — Tg)
Differentiating Eq. (6) with respect to s and using Eq. (5), we get

dT, —V2
f = m (a)]T + CUZP + CU3U),

where

w1 = (Ty Kg — Ky kg + (K — Tg) (Kg + Kg® + Kn* — KnTg)),
wy = (Ty Kg — Ky kg + (K — Tg) (Kg + Kg® + (Kn — Tg)Tg)).

2
w3 = Kg(kNy — Tg)”.

The curvature and torsion of o are given as follows

_ dT, 1 \/

Ko =||5= || = ———=./2(~®? + 03 — 03), 7
« dS (K'N*Tg)?’ ( ! 2 3) ( )
and

- C()]T+CL)2P+CO3U

N, = -T2 T

2 2 2
V0] + w5 — w3

On the other hand, we express

B, =-(TxN)=
“ ( ) (ky — Tg)/—w? + 0% — w3
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T P -U
kg Kg (KN—Tg)|.
W @3 w3

So, the binormal vector of « is

o = (1T + @, P + @sU),
(KN — Tg)y/—w? + w2 — w?

where

@1 = (Tg — KN) W2 + Kg3,

Wy = (Ky — Tg)w — Kgws3,

W3 = KgW1 — Kgy.

We consider the derivatives «’/, o’" with respect to s as follows

1
"= —={ (kg — Tk + K + kDT + (kg — T2 + Tgony + k2P

V2

+(=T + Ky — KgTg + Kgkn)U},

o = i (A,]T + AP+ )\.3U),

V2
where
M = =21, Ky + K (Bion — Tg) + kg (kg + Kg” + kn? — %) + iy,
Ao = Ty(kn — 3Tg) + 2KNTg + Kg(3Kg + kg + Kkn? — Tg) + Ky,
A3 = —Tyky + kkg + (kn — Tg) (265 + Kg® + kn® — Tg°)

-7 + Ky
In the light of the above, the torsion of « is given by
- (KN — Tg) <X1 )
To =722 ). (8)

“ 2V2 k2 \ X2
where
—312kg — 3K{PKg — K} (KN — Tg)

1 = % (3key + 5Kg% + (Kn — Tg) Tg)

+T4 (64 kg + (K — Tg) (3Kg + 5Kg® + Kn? — KnTg))
+ (KN — Tg)
Skglcg (kKN — Tg) + 2kg® (kK — Tg) + (Kn — Tg)ky
+ig(2(kn — Tg)? (K + Tg) — T4 +K})

X2

Thus we can state the following Corollary.

Corollary 1. Let «(S) be a timelike curve lies on a timelike surface M
in Minkowski 3-space E13, then

1. If  is a geodesic curve, then the equations
) 2(t? — kn?)

o (kN —Tg)?

(k- Tg)° (Tgkn — K} Te)

fo = 4W2(t2 —kn?)

are hold.
2. If a is an asymptotic line, the following hold

) 2(274 ieg — Tg(2K5 + 3kg? — T52))
Ko = 3

)

(
- % <+tg(rg(/<g(5xg/ + Zicggz —21%) + K]) + g7y

o 4v2(214 g — T4 (264 + 3K — 152))

—312Kg — Tg(3K5 + 5k ) Ty )

3. If « is a principal line, the following hold

) \/4/(,(, Kg — 2k (265 + 35> + kn?)
Ko =

)

KN3
o 3K kg + Ky (3hey + 5g? ) kn
N\ —ren (ren (g (Sicg + 2 (ig? + kn?)) + k7)) + Kgkef()

fa = 2v/2(4y kg — 2un (265 + 3kg? + Kn?))

3.2. TU-Smarandache curves

Let r=r(s) be a timelike curve lying on an oriented timelike
surface M in Minkowski 3-space E13. Using Definition 2, the TU—
Smarandache curve of r is given by

1

B = ﬁ(TJrU), 9)
it leads to
Ty ! (kNT+ (kg + Tg)P+KpU). (10)

202 + (kg + Tg)?

By taking the derivative of Eq. (10) with respect to s, we have

at

b V2 (6T + 6P + 63U),
ds (—ZK'NZ + (Kg + Tg)2)2

where

Kg* + 3Kk Ty + 1} (g + Tg)? — keg? (kn? — 3742)
€ = ien (—2kn° = (kg + Tg) Tg + KnTg?) ,
g (— (kg + TN + Tg°)

€ = k(=2 (kg + T)KN + (Kg + Tg) (268 — 268> + (kg + T)?)),
€ = —Kg KN(Kég +Tg) — Tg Kn(Kg+ ng) + Ky (Kg +2‘Cg)2
—(—KN? + Tg(kg + Tg) ) (= 26N + (Kg + Tg)?)

Therefore, from aforementioned equations, the curvature functions
kg, Tg are expressed as follows

. dTy 1

Kg=|—=| = 2(—€? + €2 —€2),
g ‘ ds (26N + (kg + Tg)?)? (-et+ei-€)
- €T+ 6P + €3U

Nﬂ = —

2 2 2
V€ +€5— €

Besides, the binormal vector of 8 is

-1 - _ _
= (61T + &P + €5U),
V202 + (kg + Tg)2\/—€2 + €3 — €2

where

=[]

B

€1 = KN€3 + (Kg + Tg)€T,

€ = KNE1 — KNE3,

€3 = (Kg + Tg)€1 — KNEa.

After differentiate S with respect to s, we get

B = 1 { (K + Tgkg + K + k2T + (Kg + Ty + Tgkin + KNKg)P}

V2 +(kfy — KgTg — T2 + Kk5)U ’
similarly,
1
"= — (1T + (P + psU),
B ﬁ(ﬂ1 M2 u3U)
where

= 2Tgkg + Ky(3Kg + Tg) + kn (3ky + Kg® + kn* — Tg®) + K,
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o = (kg + Tokn + (kg + Tg) (26 + Kg® + kn® — Tg°) + k5 + T,

W3 = —2KyTg — Ty(Kg + 3Tg) + kn (3iy + Kg® + kn® — Tg®) + Ky
Following that, the torsion of 8 is obtained as
- 1

Tp=— (& + & — &), 11
8 Zﬁké G1+6-5) (11)
where
—KN (ZK,(, + Kg? + 2KN° — rgz)
&1 = ((g+ Tk + (Kg + Tg) (2K) + kg® + kn? — Tg?)

g 1)
(Ceg + T + (g + Tg) (i + 2ien” — Tgieg + Tp)))
(2745 + Ky (Big + Tg) + K (k) + Kg? + kn? — Tg?) + k),

(= (g + TKN + (kg + Tg) (K + Kg(Kg + Tg)))
(—2k5Tg — Ty(Kg + 3Tg) + Kk (3kf, + Kg® + kN> — Tg?) + Kf)).

& =

&=

Thus we can give the following Corollary.

Corollary 2. Let B(S) be a timelike curve lies on M in Minkowski
3-space E3, then

1. If B is a geodesic curve, the following are satisfied

Kﬁ =
where
o AKN® = 2T Kn? - 2K T — 8KntTg? — 2Tk T
X = 50N Tt — T8 + 2 T (2Tgkn + 1)
. X2
g=—=—"":
f 4\/§ X3
where
ien (g2 — 2K — 26n?)
(Tghen + Tg(26f + Kn* — %) + )
|l el 200 )
(ren (3ick + kN2 = Tg?) + k) ’
— (i Te — Tghn) (=375 + kv (3K} + kn? — Tg?)
+K,’\§)

4iey® — 2T 2KN% - 2K 3T

%3 = 1 —8knTg? — 2Tgkn Ty

+5kn2 Tt — Tg®

2 _ 24023
(" -267) +2i], Tg (274kn + T5°)

2. If B is an asymptotic line, then

i} —2(kg® + 4K Ty + Tig T + 8K T3 + TP T + Aig TS + 746)
kg = ,
p (kg + Tg)®

/

) (kg + Tg)° (rg’Kg - xgrg)

= 6 5 412 373 27,4 5 6)°
—4v2 (kg + Aigd Tg + Tig  Tg? + BK 3 T3 + Tig? Tyt + 4y Ty + TF)

3. If B is a principal line, the following are clarified

Anen® — 2 Kcg® — Kg® + 2k KN — 2K FKN?
+ieghien? — 2uckieg (kg — 2ucqkn)

(ng _ 2KN2)3

)

(Kg2 — 2KN2)3 E]

6 12,02 6 3 202\
43 AN® — 2K Kg” — Kg° + 2K gKg KN — 2K KN
Hieghon® — 2ucjieg (1> — 2k gien)

where
3K Kgkn
—ten (4uciticg + Tiepicg® + 2ug (g + ien?) + (20, + keg? + 2uen?)iey)
—ieg(tcg? — 2un? )iy + iy (icfy (3ucg® + dien?) + ien (Tig2ien + 2icf]) )

Y =

3.3. PU-Smarandache curves

Assume that y = y (S) is a timelike curve lying fully on M in E13.
Let {T, P, U} be Darboux frame of y. Then by Definition 2, the PU—
Smarandache curve of y is identified by

1

5 ®+U).

v =
and
T _ ((kg + kn)T+T,P—7,U)

T,
— (kg + kn)?

Differentiating Eq. (12) with respect to s, we have
df, NG}

— = — (4T P U),

ds (kg + Kkn)3 (GT+ &P+ 60

where

01 = To(kit — k7).
Gy = ((kg + k) Tg — (kg + ken) (T4 + Kg (kg + kn) — Tg%)),

G35 = (= (kg + k) Tg + (kg + kn) (T — kn (kg + kn) + Tg%)).-
The curvature of y is determined by
ar,|_ 1

| = Garany? 2(-¢2+ 57 -83).

Ky =

Further, we define the principal normal and the binormal vectors
as follows

4T+ LHP + 450

N I s I

_ 1 ] _ _
e GT+ &P+ 53U),
Y \/_(Kg+KN)2\/_C12+§22—§32(1 2 3 )
where

{1 = Tgls + Telo.
by = —Tgl1 — (Kg + Tg) L,
$3 = Tg61 — (Kg + Tg)a.

If we differentiate y’ to get y”/, "/, then we obtain the torsion of
y as follows

1
v = —={ (kg + i} + Tetg — Tgk) T+ (T4 + K7 + Knkg — Tg*)P

V2

+(=Ty + knkg + ki — T*)U},

1
y" = ﬁ(VlT + P +13U),

where
_ / / / 2 2 2
V1 =275 (kg — kn) + (kg — KD Tg + (kg + kn) (kg + kn® — 74%)
+ig + Ky,

vy = 26kg + Ky(Bicg + ki) + Tg( =374 + kg® + kn® — 7)) + T,
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V3 = 2K4KN + Ky (kg + 3Kn) — (3T4 + kg + kn?) Tg + T — 7,

- 1
Ty = == (X1 + %2 + x%3), (13)
Y 2v2k? ( )
where
—(—T4(Kg + Kn) + Ky (g + Kkn)?
. — (kg + k) Tg — 2KgTg%)
e (ZKNKg +K (3/<g + KN) ’
+Tg(=375 + ig® + Kn? — %) + 1)
—(Tg/("g +Kkn) — (Kg 4+ Ky) Tg
v — g (kg + Kkn)? = 2742))
2 (—2ncgen — Ky (kg + 3Kn) ’
+74(374 + Kg® + kN2 — Tg?) + 1)
g\P%g g N g g
—(275 + Kg® — kN?) Ty
’3 = (275 (kg — Kkn) + (kg — k) T

+(ig + kon) (g + Kn? — Tg?) + kg + i)

From the above calculations, we can introduce the following re-
sult:

Corollary 3. Let y($) be a timelike curve lies on M in Minkowski 3-
space E3, then

1. If y is a geodesic curve, the curvature and torsion of y are, re-
spectively

i - \/2/{)\,3 (275 — kn?) —

—2T2KNTg — 3K} PKNTg
3 "
iy Tg(kn2Tg — 274° + 217)

Aicyhen?Tg — 20y (474 — kn?) Tg? + 8Ky T

KN5

_ 1
T = ——— +74 (1% (3xn? + 2742) ,
V2| g (—K 34 2UenTg? — 2]
o(—kn> + 26N, KN))
NP (KN Ty + Tek])
where
(ZKN3 (275 — kn?) — dicfien® Ty — 26 (4T — ) T2 + 8K T )
Xy = 5 .
KN

2. If y is an asymptotic line, we get

} \/2@3 (274 + Kg?) — dicjieg? Ty — 2k (4T + 3K5%) T + BicyTg3
Ky =
kg’

f_L(ﬁ>
¥ 2v2\x6 )

3K KgTg
1072 + 75647 + 2k
X5 = Ke —2(1’ + 3Ky )grg2 + 424 — (27 + ng)xé’}
—keg(1eg? — 41g?) Ty + g (T4 (30e% — 2147)
+7g(Tig? 7 — 274° +21))

ZKg Zr’ + Kg

X6

— Aicgicg® Ty — 26g (474 + 3icg?) Tg? + 8iy T, )
Kg®

3. If y is a principal line, the following hold

B Z(ng - ICNZ)

(ieg + kn)® (Kykg — Kghin))

2\/»(2(/@ 7KN2)>

(Kgt+kn)?

3.4. TPU-Smarandache curves

Let r =r(s) be a timelike curve lying on a timelike surface M
in Minkowski 3-space E% and {T, P, U} be the Darboux frame of
1(s). According to the definition of Smarandache curve, the TPU—
Smarandache curve of r is expressed as

_ 1
() = ﬁ(TJrPJrU).

This implies to

7 = ((kg + kn)T+(Kg + Tg) P+ (kN — Tg)U)
V—2(kg + k) (ky — Tg)

Differentiate Eq. (14) with respect to s and use Eq. (3), we obtain

(14)

dTs V3

= T P U
Ve QTP T———" (&1T+ &P + &U),
where

€1 = (kg + kn) (—Tg(Kg + Kn) + K (Kg + Tg)
— (kN — rg)(/cé + Z(ng + kN% + (kg — KN)'cg))),

Tg(Kg + KN) (Kg + 2KN — Tg)
—ic (g + 268 — Tg) (Kg + Tg) + (KN — Tg)
Kg(kg + 2kN — Tg)
+2(Kg + KN) (Kg + KN — Tg) (Kg + Tg))

& = — (kg + Kn)

€3 = (ki — Tg) (Ty (kg + k) — Ky (kg + Tg)
— (kN — Tg) (—eg + 2(Kg + Kn) (Kg + Kn + Tg)) )

Then, the curvature and principal normal vector of § are, respec-
tively

|
and
Ne — §1T+§2P+E3U.

Also, the binormal vector of § is given by

1
4(/<g + k)2 (K — Tg)?

dTy
ds

3(-E2+&2-82). (15)

_ 1 - - i

B; = ET+ &P+ &£U),
P 2K+ k) (ko — Tp) 82 + €2 —532( T+ &P+ &)

where

él = (Kg+ Tg)é3 — (kn — Tg)&2,

£ = (kn — Tp)é1 — (kg + kn)Es,

&3 = (kg + To)é1 — (kg + kn)E2.

The derivatives 8, 8'"/of § are

(Kg+ KN + KR + KZ + Tgkg — Tgky)T
8 = 7 +(Kg+ Ty + K2 + KnKg + KnTg — Tg2)P 1
+(=Ty + K + KnKg + Tgkg + K — T¢*)U

1
8" = E(WT-F 2P + ns3U),

where

M = 2T4(Kkg — Kn) + 3kykn — Ky Tg + Kg(3Kg + Tg)

+ (kg + kn) (kg + Kkn? — Tg2) + Ky + KR,

N2 = Kg(Bkg + Kkn) + Tg(kn — 3Tg)
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1.0

Fig. 2. TP and TU- Smarandache curves.

(kg + Tg) (264 + kg + kn® — %) + kg + T4

N3 = ky (kg + 3kn) — Tg(kg + 3Tg)
(kN — Tg) (265 + kg + Kn* — Tg) — T + K.
In the light of these derivatives, the curve’s torsion of § can be
computed as follows
_ M7 + XUg
Ts = - . (16)
3\@’(32((’(” — Tg) (%9 + 2x1p))

where

—K{ 2 (3Kg + 4Ky — Tg) (Kg + Tg)
—T4%(3Kg% — Akgion + Kn? + 2(5Kg + KN) Tg)
kg (5Kcg — 26N + 3Tg)
2Kg(Kg — 2KN
-2k (kn — Tg) . +(Kg+ rg)( +(3K§Erf(N)Tg _)ng )
iy + T4

H7 =

164 (3icg® + 2Kn? + Big Ty + T4°)
Kzé(5/cg +17g)
+ (kg + ken) (2icg — Tg) (kg — ki + Tg)
Ké’-‘rl(”

xg = 2T,
STt kv - 1)

K2 g/cN —Tg)
Hg = | _ —2Kg" + Kg(AkN —Tg) \ _ +» | |-
+2Kg[ (kN rg)( Ty (K + Tg) Ty +Ky

2icg* (kn — Tg) + 2k (KN — Tg) Ty
+2keg? (ke — Tg)? (ki + Tg) — T + k)
wo=| () (e
N 2183 Tg — 2682 1% + kon (—27° — T + Kf))
& +274(1g® — T} + K}))

Corollary 4. Let §(S) be a timelike curve lies on M in Minkowski 3-
space E3, then

1. If § is a geodesic curve, the curvature and torsion can be expressed
as follows

o 3 A,
DTV Bl — 1)®

RENCE

TéZKNZ — ZTéKN
Ar = (k) —2(ky — T)?) T + k)2 Tg* — 4kf (K — T)°Tg* |,
4Ky (kn — Tg)3 (Kn + Tg)
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KN Tg(—4kn + Tg) — Tg2kn (Kn + 2Tg)
—2f (ky — Tg) ((kn — Tg) Tg? + )
+2in (K — Tg) (—KNTy + Tgky) + 214
(1t (26en? + ) + (ke — ) (K (ki — Tg) Tg + K77) )

Ay =

2. If 8 is an asymptotic line, we have

,3_1\/3 As
ST 2V 2V kot

- Ay

*T 33k

where

mm (a2 2 )
g% (kg + drg? (K6g + Tg)? + 4y (ig® — T2))

+i4(5Kkg + Tg) + /cg)

—Tg g (3ig + 10Tg) — 27, Tg (kg (2icg — Tg) (g + Tg)
Ay =
+Tg (kg + 2cq (kg + Tg) ) (Tg iy + 2Kg? — 274%) +217)

3. If § is a principal line, we obtain

[ -y —— —
STVs kn3 (kg + k)3’

1 —K}? kg (3Kkg + 4KkN)
Ty = —= | +2}ken (—5kgicg — 2668% + 2 (kg + 2% )ien — k7)) |
3v3 A
6 KN
where

i ig? + kn? (kg + 20g%)? + Ak gicgkin

As = —8kg?kn? — Bicgkn® — 4kn?) ,
—2icf gk (Kg + 2kcg (Kg + Kn))
K (kg2 + A gicg (kg — 2KN)
Ag = | +4kg?(kg? + Kkn?) — 2KknKy)

+2 (kg + Kg(2Kg + ki) )iy
4. Computational example

In this example, we construct some special Smarandache curves
(TP, TU, PU and TPU) of a timelike curve which lies on a timelike
surface. Moreover, using Mathematica program, we compute their
differential geometric properties (Figs. 1-3).

Suppose we are given a timelike ruled surface represented as
M(u,v) =r(u) +vQ(u),
where the timelike base curve is given by
r(u) = (u, V2 coshu, v2sinhu),
and

Q(u) = (V2 coshu, 1, v2sinhu),

is the ruling vector of M.
The triples of Darboux frame can be computed as follows

T=(1, V2 sinhu, ﬁcoshu),

_ (A1,A2,A3)

P
Ay

where

-

~(1+v2vsinh(u) - sinh(2u))’

(1+2v+ cosh(2u) — «/?sinh(u))2 +(V2(1 +v) cosh(u) -2 sinhz(u))2

A1 = 2v2(1 +v) cosh(u) + sinh(u) (v2 — 2 cosh(u) + 2vsinh(u)),

cosh(u) cosh(3u)
A2 =v+ + (1 +v)coshCu) — ——=
s Taspcosh@y = =75
—v2vsinh(u) + sinh(2u),
sinh(u) . sinh(3u)
A3 =1+ 2v+cosh(Qu) + ——=—= + (1 + v) sinhQu) - ————=,
(2u) 7 ( ) sinh (2u) 7
and
_ (B1,B2,B3)
U= 7A1 ,
where

B1 = —v2(1 4+ v) cosh(u) + 2 sinh(u)?,
B2 = 1+ 2v + cosh(2u) — v2 sinh(u),
B3 = —1 — v2vsinh(u) + sinh(2u).

According to Eq. (3), the geodesic curvature xg, the normal curva-
ture x and the geodesic torsion T of the curve r(u) are

kg = (T',P) = \/]A»(—z sinh(u) (2v + V2 sinh(u))
2

+cosh(u) (2 + 4v — 2v2vsinh(u))),

KN = (U/, T>
4v2(—4+v(-2+3v+612))
—4(10 + 3v(7 + 4v)) cosh(u)
+3+v2v(7 + 4v(5 + 2v)) cosh (2u)
—2(16 4+ v(43 + 24v)) cosh(3u)
1 +4+/2(4 + 3v) cosh(4u)
- —2(4 + 3v) cosh(5u)
2(A,)*? —2vcosh(6u) — 4(5 + 3v(2 + v(5 + 4v)))
sinh(u) ++2(17
+12v(5 + 4v)) sinh(2u) — 2(9 + 22v + 6v?) sinh(3u)
+2+/2(8 + 11v) sinh(4u) 4 2(-3 + 2v) sinh(5u)
++/2 sinh(6u)

1-20—V2(-4+v+4?)
cosh(u) +2(3 + 5v) cosh(2u)
= (P'.U) = 1 | +v2(=2 +v) cosh(3u) + cosh(4u)
8 ’ A, —v2(7 +4v(2 + v)) sinh(u)
+2(2 +v(3 + 2v)) sinh(2u)
—+/2(3 + 4v) sinh(3u) — vsinh(4u)

where

5+ 12v(1 4 v) + 2+/2 cosh(u)
+4(1 + 3v) cosh(2u) — 2+/2 cosh(3u)
+ cosh(4u) — 2+/2(1 + 6v) sinh(u) + 4 sinh(2u)
—24/2sinh(3u)

A, =

If we choose u =0 and v =0, the curvatures («g, ky and 7g) are

2 2 1
Kg:\/;, KN:—z\/; Ty = ﬁ(8+2ﬁ).

TP— Smarandache curve
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Fig. 3. PU and TPU- Smarandache curves.

The TP—Smarandache curve can be computed as

yeu = (V1. V2, V3),

PU- Smarandache curve
The PU-Smarandache curve can be computed as

V2 A

(ﬁ(l +v) cosh(u) + sinh(u) (v2 — 2 cosh(u) + 2(1 + v) sinh(u)))
= ,

y (2 + 6V + /2 cosh(u) + 2(2 + v) cosh(2u) — ~/2 cosh(3u) — 2+/2(1 + v) sinh(u) + 2 smh(2u))
=

2V2A,

y <4u + 2 cosh(2u) + +/2(1 = 2v) sinh(u) + 2(2 + v) sinh(2u)
5 =

2V2 A

orp = (01, 0z, 03),

where

- ﬁsinh(Bu))

In this case, we get (u =0 and v =0)

1 {1 , 2Y2(1 +v) cosh(w) + sinh()(vZ — 2 cosh(w) +2vsinh(w) }

)

o = —
1 \/j A]
7 sinh 1 | v+ “’Sﬁu) + (1 +v) cosh(u) — M V2vsinh(u) + sinh(2u)
= v/2sin (u)+ﬁ A1
oy — L cosh(u) 4 L2V Cosh@w) Snh(W) 4 (1 4 v) sinh(2u) — SMCW
3= 5 A _

Therefore, we get (u =0 and v = 0)
Ko =0.793, 1, =0.455.

TU- Smarandache curve
For this curve, we get

Bru = (B1, B2, B3),

where

B = % (1 n —v2(1+v) Coszfu) +2 Sinhz(u)>’

fo= s («/isinh(u) L2 o) - /2 sinh(u)>’
po= s (ﬁcosmu) TS + sinh<2u>>’

after some calculations, we obtain (u =0 and v =0)
kg =2.965, Tg=0.199.

i, =2204, %, =0.113.

TPU- Smarandache curve
The TPU-Smarandache curve is given by

Srorr — (81,62, 683)
TPU 7(2«/§A1) ,

s 2(v2(1 + v) cosh(u) + v2sinh(u) + 2 sinh(u)? + 2vsinh (u)?)
= +2A; — 2sinh(2u) '

V2 cosh(u) + 2(2 + v) cosh(2u) — v/2 cosh(3u)
8 = 2 1 + 3v + sinh(2u) + sinh(u)
+ —V2(1+v) + A,

5. - Av+2coshu)+ V2(1 —2v) sinh(u) + 2(2 + v) sinh(2u)
3= —+/2sinh(3u) + 2A, cosh(u)

it follows that (u =0 and v = 0)
ks =1.319, 75 =0.549.
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5. Conclusion

In the present paper, we have studied special curves called
Smarandache curves according to Darboux frame in the three-
dimensional Minkowski space Ef. These curves are composed us-
ing Frenet frame vectors of another curve. Moreover, some results
for the meaning curves are obtained. Finally, for confirming our re-
sults, a computational example is given and plotted.
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