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ry(n) �r�y�(�n�~�l�)� ..• 1')(n �~� k) 

for a fixed integer k? Fer exahlple: 

ry(2) 1')(3) = 23, 17(5) 17(6) = 53 are p::-l:::es. 

(20) P::-ove that ry(xn) �~� ry(y") = n(zn) has an �i�n�f�i�~�i�~�y� of 

integer solutions, fo::- any n > 1. Look, for �e�x�a�~�p�l�e�,� at �~�h�e� 

solution (5, 7, 2048) when n = 3. (On �F�e�~�a�t�'�s� last 

theore::t. ) 

s m 

k 
More generally: the �d�i�o�p�h�a�n�~�i�n�e� equation L 

i=l 

t 
has an infinite number of solutions. 1') (x) = L 17 (y.) 

j=l J 

23 

(21) Are there m, n, k non-null positive integers, m • 1 

• n, for which 17(m • n) = mk 
• 17(n)? Clearly, 17 is not 

�h�o�~�o�g�e�n�o�u�s� to degree k. 

(22) Is it possible to find two distinct numbers k, n 

for which log 17(nK) be an integer? (The base is 17 (kn) . ) 
17 (kn) 

(23) Let the congruence be: C x1)(n} + ... 
n + c 1 • 

X1)(1) = 0 (mod m). How many incongruent roots has h", for 

some given constant integers n, c" ••• I 
c ., 

n' 

(24) We know that eX = Calculate 

co co . 
L x,,(n} / n!, L x" / 17 (n)! and eventually some of their 

n=l n=l 

properties. 

(25) Find the average order of 17(n) 

(26) Find some u (s) for which F(s) be a generating 
n 

function of 17(n), and F(s) have at all a simple �f�o�~�.� 



co 

Particularly, calculate Dirichlet series F(s) = ~ ry(n)/n S
, 

n=l 

with s c R (or seC) . 

(27) Does ry(n) have a normal order? 

(28) We knqw that Euler's constant is 

y = lim 1 
n-aJ 

1 1 
+ n - log n) 

2 

n 1 

Is lim 1 + ~ 1/1') (k) - log 1') (n) i a constant? If yes, 
n-aJ k=2 j 

find it. 

(29) Is there an m for which 1').1 (m) = (a1 , a
2

, ... , 

such that the numbers ai' a 2 , ••• , a~ can constitute a 

a ) 
pc' 

matrix of p rows and q columns with the sum of elements on 

each row and each column is constant? particularly when the 

matrix is square. 

* 

(s) 
(30) Let {xn }n>1 be a s-additive sequence. Is it 

(s) 
possible to have 1')(xn , n ". • m? But 

(31) Does 1') verify a Lipschitz Condition? 

(32) Is 1') a k-Lipschitz Condition? 

(33) Is 1') a contractant function? 

(5 ) 

= ry(x )? 
n 

29 



(34) Is it possible to construct an A-sequence a., ••• I 

a,., such that rJ(a 1 ), ... , ry(a) be an A-secruence, ~oo? n ~ 
Yes, 

for exa~ple 2, 3, 7, 31, Find such an infinite sequence. 

* 
Find the greates~ n such that: '.;:: 

~~ a" ... , an 

constitute a p-sequence then ry(a,) , ... , ry(a.,) consti~ute a 

p-sequence, too; where a p-sequence ~eans: 

(35) Arithmetical progression. 

(36) Geometrical progression. 

(37) A complete system of modulo n residues. 

Remark: let p be a prime, and p, p2, ... , pP a 

geometrical progression, then ry(pi) = ip, i E {1, 2, ... , 

p}, constitute an arithmetical progression of length p. In 

this case n - co. 

(38) Let's use the sequence an = ry(n), n ~ 1. Is there 

a recurring relation of the form an = f(an_" a n-2, ... ) for 

any n? 

(39) Are there blocks of consecutive composite numbers 

m + 1, ... , m + n such that ry(m + 1), ••• 1 ry(m -+- n) be 

composite numbers, too? Find the greatest n. 

(40) Find the number of partitions of n as sum of rJ(~), 

2 < m < n. 

MORE UNSOLVED GENERAL PROBLEMS CONCE~~ING THE FUNCTION rJ 
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§6. Unsolved Problems Concernina the Function n and Using 

the Number Seauences 

41-2065) Are there non-null and non-prime integers a 1 , 

... , an in the relation P, so that ry(a,), ry(az) , ... , 

ry(a) be in the relation R? Find the greatest n with this 
t1 

property. (Of course, all a j are distinct.) Where eac~ P, 

R can represent one of the following number sequences: 

(1) Abundant numbers; a € N is abundant if a(a) > 2 a. 

(2) Almost perfect numbers; a € N, a(a) = 2a - 1. 

(3) &~icable numbers; in this case we take n = 2; a, b 

are called amicable if a ~ band a(a) = a(b) = a + b. 

(4) Augmented amicable numbers; in this case n = 2; a, 

b are called augmented amicable if a(a) = a(b) = a + b - 1 

(Walter E. Beck and Rudolph M. Najar). 

n 
(5) Bell numbers: bn = ~ Sen, k), where Sen, k) are 

k=l 

stirling numbers of second case. 

(6) Bernoulli numbers (Jacques 1st): Bn , the 

coefficients of the development in integer sequence of 

t t B, 
= 1 - + -tZ + (_ 1) n- 1 t Zn + ... , 

2 2 ~ 4 ~ (2n) ~ 

for 0 < I tl < 2 rr; (here we always take L1/BJ). 



( 7 ) Catalan nu~ers: 

n .2: 2. 

= 
1 2n-2\ 

n-l I 

n 

(8) Ca=michael numbers; an odd composite n~nber a, 

which is a pseudopri~e to base b for every b rela~ivelv 

pri~e to a, is called a Carmichael n~~~er. 

32 

(9) Congruent nuillbers; let n = 3, and the n~~~ers a, 

b, c; we must have a = b (mod c) . 

(10) Cullen numbers: 

(11) C1-sequence of integers: the author introduced a 

sequence a" a 2, ... so that: 

('i) i € N*, (3) j, k € N*, j ~ i ~ k .. j, 

(12) C2-sequence of integers; the author defined other 

sequence a l , a 2, ... so that: 

('i) i € N*, (3) j, k € N*, i ~ j • k • i, 

(13) Deficient numbers; a € N*, a(a) < 2a. 

(14) Euler numbers: the coefficients En in the 

expansion of sec x = l: E xn/n!: here we will take I E I . n n 
n.2:0 

(15) Fermat numbers: .... = 22 n + 1 0 :n ' n.2: . 

(16) Fibonacci numbers: 1= = f2 = 1, fn = f n· 1 + 0: 
.~1 J. n- 2 I 

n > 3 • 

(17) Genocchi numbers: Gn = 2 (2 
2n - 1) Bn, where Bn are 

Bernoulli numbers: always Gn € Z. 
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(18) Harmonic mean; in this case every mesner of the 

sequence is the harmonic mean of the preceding members. 

(19) Harwonic nunbers; a number n is called ha~~onic ~; 

the harmonic mean of all divisors of n is an integer (C. 

Pomerance) . 

(20) Heteromeous numbers: h = n (n + 1), n E N*. 
:1 

(21) K-hyperperfect numbers; a is k-hyperperfect if 

a = 1 + L d i , where the numeration is taken over all proper 

divisors, 1 < d i < a, or k a(a) = (k + 1) a ~ k - 1 (Daniel 

Minoli and Robert Bear). 

(22) Kurepa numbers: !n = O! ~ 1! + 2! 

+ (n - 1) ! 

(23) Lucas numbers: L, = 1, T._ = 3 L - L -z 'n - n-' 

n > 3 . 

(24) Lucky numbers: from the natural numbers strike 

out all even numbers, leaving the odd numbers; apart from 1, 

the first remaining number is 3; strike out every third 

member in the new sequence; the next member remaining is 7; 

strike out every seventh member in this sequence; next 9 

remains; etc. (v. Gardiner, R: Lazarus, N. Metropolis, S. 

Ulam) 

(25) Mersenne numbers: M = 2 P - 1. 
P 

(26) m-perfect numbers; a is m-perfect if a~(a) = 2a 

(D. Bode). 

(27) Multiply perfect (or k-fold perfect) numbers; a is 

k-fo~d perfect if a(a) = k a. 



(28) Pe~fect numbers; a is perfect if a(a) = 2a. 

(29) Polygonal numbers (represented on the perimeter 0: 

Ie 
a polygon): Pn = k (n - 1). 

(30) Polygonal numbers (represented on the closed 

(k-2) (k-4) n 
surface of a polygon) : 

2 

(31) Primitive abundant numbers; a is primitive 

abundant if it is abundant, but "none of its proper divisors 

are. 

(32) Primitive pseudoperfect numbers; a is primitive 

pseudoperfect if it is pseudoperfect, but none of its proper 

divisors are. 

(33) Pseudoperfect numbers; a is pseudoperfect if it is 

equal to the sum of some of its proper divisors (w. 

Sierpinski) . 

(34) Pseudoprime numbers to base b; a is pseudoprime to 

base b if a is an odd composite number for which b a - 1 == 1 

(mod a) (C. Pomerance, J. L. Selfridge, S. Wagstaff). 

1 
(35) Pyramidal numbers: ~n = n (n + 1) (n + 2), 

6 

n € N*. 

(36) Pythagorian numbers; let n = 3 and a, b, c be 

integers; then it must have the relation: a 2 = b2 + c 2 • 
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(37) Quadratic residues of a fixed pri~e p: the 

nonzero numbers r for which the congruence r = XZ (mod p) 

has solutions. 

(38) Quasi perfect numbers; a is quasi perfect i; 

a(a) = 2 a + 1. 

(39) Reduced amicable numbers; we take n = 2; tNO 

integers. a, b for which a(a) = a(b) = a + b + 1 are called 

reduced amicable numbers (Walter E. Beck and Rudolph M. 

Najar) . 

(40) Stirling numbers of first case: s(O, 0) = 1, and 

sen, k) is the coefficient of x K from the development 

x (x - 1) (x - n + 1). 

(41) Stirling numbers of second case: S(O, 0) = 1, 

and Sen, k) is the coefficient of the polynom 

X Ck ) = X (x - 1) (x - k + 1), 1 ~ k ~ n, from the 

development (which is uniquely written) : 

n 
xn = L S (n, k) X Ck ) • 

k=l 

(42) Superperfect numbers; a is superperfect if 

aZ(a) = 2 a (D. Suryanarayana). 

(43) Untouchable numbers; a is untouchable if sex) = 1 

has no solution (Jack Alanen) . 

(44) U-numbers: starting from arbitrary u, and Uz . 

continues with those numbers which can be expressed in just 
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one Nay as the su~ of two distinct ea~lier illembers of 

sequence (5. M. Ulam). 

(45) Weird numbers; a is called weird if it is a~u~ca~~ 

but not pseudoperfect (S. J. Benkoski). 

MORE NUMBER SEQUENCES 

* 
The unsolved problem No. 41 is obtained by taking P = 

= ( 1) and R = ( 1) • 

The unsolved problem No. 42 is obtained by taking P = 

= ( 1) I R = ( 2) • 

The unsolved problem No. 2065 is obtained by taking P = 

( 4 5 ) and R = (45). 

OTHER UNSOLVED PROBLEMS CONCERNING THE FUNCTION ry 

AND USING NUMBER SEQUENCES 

* 
§7. Unsolved Diophantine Equations Concernina the 

Function n 

2066) Let 0 < k ~ 1 be a rational number. Does the 

• 
diophantine equation ry(n)/n = k always have solutions? Find 

all k so that this equation has an infinite number of 

solutions. (For example I if k = l/r ,re: N* I then n = rpa+h' 

h = I, 2, ... I all Pa+h are primes I and a is a chosen index 

such that Pa+l > r.) 



2067) Let {a} be a sequence, a o = 1, a, = 2, and 
r1 n~O 
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an.' = ary(n) -+- 'I (an)' Are there infinitely many pairs (m, n), 

n, for which a = a ? 
:n n 

(For exawple: 

2068) Conjecture: the equation 'lex) = r](x -+- 1) has no 

solution. 

* 
Let m, n be fixed integers. Solve the diophantine 

equations: 

2069) r](m x + n) = x. 

2070) r](m x + n) = m + n x. 

2071) r](m x + n) = x! 

2072) 'I (X''ll) = xn. 

2073) 'I (x) In = 'I (xn) . 

20.7 4 ) 'I (m x + n) = r](x)Y. 

2075) T) (x) + y = x + 'Icy) , x and yare not primes. 

2076) 'I (x) + 'Icy) = r](x + y), x and y are not twin 

primes. (Generally, 'I is not additive.) 

2077) T) (x + y) = 'I (x)· 'I (y) • (Generally, 'I is not an 

exponential function.) 

2 0 7 8) 'I (xy) = T) (x) 'I (y) • (Generally, 'lis not a 

multiplicative function.) 

2079) r](m x + n) = x Y • 

2080) 'lex) y = x r](Y), x and yare not primes. 

2081) r](x)/y = x/r](y) , x and yare not primes. 

Ie • Ie • (Particularly when y = 2 , k € N, ~.e., r](x)/2 ~s a dyadic 

rational number.) 



... 
~ 

2082) 1') (x) = x:)(Y) , x and yare not prines. 
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2084) 1') (xY) - 1') (ZW) = I, with Y .. 1 .. w. (On Catalan's 

problem. ) 

2085) 1') (xY) = m, Y ~ 2. 

2086) 1') (xx) = yY. (A trivial solution: x = y = 2 . ) 

2087 ) 1') (xY) = yx. (A trivial solution: x = y = 2 . ) 

2088) 1') (x) = y! (An example: x = 9, Y = 3 . ) 

2089) 1')(m x) = m 1') (x) , m > 2. 

2090 ) m17(X) + 1') (x) n = mn. 

2091) 1') (x2 ) 1m + 1') (y2)/n = 1. 

y, Yr y, Yr 
1') (Xi) 2092) 1') (Xi + + Xr ) = + ... + 1') (x r ) 

2093) 1') (Xi! + + Xr !) = 1') ( Xi) ! + ... + 1') (X r ) ! 

2094) ( x, y) = (1') (x) , 1') (y) ) , x and y are not primes. 

2095) [ x, yJ = [ 1') (x) , 1') (y) J , x and y are not primes. 

OTHER UNSOLVED DIOPHANTINE EQUATIONS CONCERNING 

THE FUNCTION ~ONLY 

* 
§8. Unsolved Diophantine Equations Concerning the 

Function n in Correlation'with Other Functions 

Let m, n be fixed integers. Solve the diophantine 

equations: 

2096-2102) 1') (x) = d(m x + n) 

1')(x)m = d(xn) 

1') (x) + y = x + dey) 



1'] (x) • y = x • dey) 

1'](x)/y = d(y)/x 

1'] (x) y = xd(y) 
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2103-2221) Same equations as before, but we substitute 

the function d(x) with d x ' p(x), s(x), Sk(X), s*(x), =(x), 

rr ( x), rr ~ x; m, n), Ok ( x), OK (x), 0 * (x), cp (x), cp k (x), ~ ( x) , 

n(x), w(x) respectively. 

2222) 1'](s(x, y)) = s(1'](X), 1'](y)). 

2223) 1'](S(x, y)) = S(1'](x), 1'](y)). 

2 2 2 4 ) 1'] (L xj) = L r ( x)j • 

?22S) 1'] (Lx - yj) = L.B (x, y)j. 

2226) .B(1'](Lxj), y) =.B(x, 1'](Lyj))· 

2227) 1'] (L.B(x, y)j) = L.B(1'](Lxj), 1'](Lyj))j· 

2228) /-L(1'](x)) =/-L(<P(x)). 

2229) 1'] (x) = L8(x)j. 

2230) 1'] (x) = L1jJ(x)J. 

n 
2231) 17(m x + n) = Ax = x(x - 1) . . . (x - n 

2232) 17(m x + n) 
m 

= Ax· 

( ~ 1 
x! 

2233) 17 (m x + n) = = 
n!(x-n)! 

2234) 17 (.m x + n) = (~ 1 

2235) 17 (m x + n) = px = the x-th prime. 

2236) 17(m x + n) = L l/BJ . 

2237) 17(m x + n) = Gx• 

+ 1) . 
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2238) T7(:n x + n) = K;( = n 

k:n 2239) T7(m x + n) = x· 

2240) T7(m X + n) = s (m, X) . 

2241 ) 17(m X + n) = sex, n) . 

2242) T7(m X + n) = SCm, x) . 

2243) 17(m X + n) = Sex, n) . 

2244) T7 (m X + n) = 7r x • 

2245) 17(m X + n) = b x• 

2246) ry(m X + n) = I Ex I 
2247) 17 (m X + n) = I X 

2248) T7 (x) == 17(Y) (mod m) . 

2249) T7(XY) - X (mod Y) . 

2250) 17 (x) (x + m) + T7 (y) (y + m) = 17(Z) (z + m) . 

2251) 17(m X + n) = f x• 

2252) 17 (m X + n) = Fx· 

2253) 17(m X + n) = Y1x· 

2254 ) T7 (m X + n) = ex· 

2255) 17 (m X + n) = ex· 

2256) 17 (m X + n) = hx • 

2257) 17 (m X + n) = ~. 
More unsolved diophantine equations concerning the 

function 17 in correlation with other functions. 

* 



~ , 
... ..1.. 

§9. Unsolved Dioohantine Equations Concernincr the Function 

n in Comoosition with other Functions 

2258) ry (d (x)) = d(ry(x)), x is not prime. 

2259-2275) Sa~e equations as t~is, but we substitute 

the function d(x) with d x ' p(x), ... , w(x) respectively. 

More unsolved diophantine equations concerning the 

function ry in composition with other functions. (For 

example: ry(7r(4(x))) = q>(ry(rr(x))), etc.) 

* 
§10. Unsolved Dioohantine Inecruations Concernina the 

Function n 

Let m, n be fixed integers. Solve the following 

diophantine inequalities: 

2276) ry (x) > ry (y) . 

2277) is 0 < (xjry(x)} < {ry(x)jx} infinitely often? 

where {a} is the fractional part of a. 

2278) ry(m x + n) < d(x). 

2279-2300) Same (or similar) inequations as this, but 

we substitute the function d(x) with Px' p(x), ••• I w (x) , 

rex), (3(x, x), }.L(x) , Sex), 'P'(X) , respectively .. 

----------------------------------------------------------

More unsolved diophantine inequations concerning the 

function ry in correlation (or composition, etc.) with other 

functions. (For example: S(ry(LxJ)) < ry(LS(x)J), etc.) 

* 



§11. Arithmetic Functions constructed bv Means of the 

Function n 

UNSOLVED PROBLEMS CONCERNING 

THESE NEW FUNCTIONS 

r. The function S 17 : N* - N, S1) (x) = i: T'/ (n) . 
O<n$.x 

2301) Is !: S17 (x) -1 a convergent series? 
x~2 

2302) Find the smallest k for which (S 0 ••• ~ S ) 
\ " ~ 

(n) > 

k times 

> n, for m, n fixed integers. 

2303-4602) Study S". The same (or similar questions 

for S1) as for T'/. 

1 
II. The function C" : N* - Q, C1)(X) = (T'/(1) + T'/(2) 

x 

+ + T'/(x)) (sum of Cesaro concerning the function 

T'/) . 

4603) Is i: C1) (x) -1 a convergent series? 
x~l 

4604) Find the smallest k for which (C1)o ... oC17 ) (m) > . , 

k times 

> n, for !Il, n fixed integers. 

4605)-6904) Study C1). The same (or similar) questions 

for C1) as for T'/. 



III. The function Ery N* - N, 
k () 
2: 

k=l 
r,c'() (x), where 

T'](1) = T'] and T'](k) = T']O ••• OT'] of k tines, ar.d k() 1.S the 

smallest integer k for which T'](k.1) (x) = T']«) (x). 

6905) Is 2: E (x) -1 a convergent series? '7 
x~2 

6906) Find the smallest x for which E'7 (x) > m, where 

m is a fixed integer. 

6907-9206) Study E. The same (or similar) questions ry 

for S1) as for T']. 

IV. The function Fry N\{O, I} - N, Fry(x) = 2: T']p (x). 
O<p~x 

p prime 

9207) Is 2: 
x~2 

F (x) -1 a convergent series? ry 

9208-11507) Study the function The same (or 

similar questions for F'7 as for ry. 

V. The function a ry N* - N, ary (x) = 

0, if ry(n) is even; 
!3(n) = 

1, if ry(n) is old. 

x 
2: 

n=l 
!3 (n), where 

11508) Let n € N*. Find the smallest k for which 

k times 

11509-13808) Study ary. The same (or similar) questions 

for a1) as for T'] •. 



VI. The func~ion mry : N* - N, mry (j) = a j , 1 ~ j < n, fixe~ 

integers, and m Cn + 1) = min. ~ r;(a. + a .)1, etc. ry I I rl- I 

) ...,,, (x) -1 .. ? 13809 Is r ~"f a convergen~ ser~es_ 
x~l 

13810-16109) Study m. ry The same(or S i-il~-'cu<=ls-i~n-- ... ~- ---J ""! - "--"-' .. ~ 

for mry as for r;. 

VII. The function 'vi . ry N* - N. A given finite positive 

integer sequence a 1 , ••• I an is successively extended 
by: 

~~ry (n + 1) = maxi {r;(a i + an-i)}' etc. 

:,1" (i)= a j , 1 ~ j ~ n. 

16110) Is i: 
x~l 

a convergent series? 

16111-18410) Study Mry' The same (or similar) 

questions for ~lry as for r;. 

VIII. -1 The function ~ 'Imin 
-1 

N\{l} - N, r;min (x) = min {'1- 1 
(x)}, 

where '1- 1 (x) = (a € N I r;(a) = X}. For example 

r; -1 (6) = {24, 24 . 3 , 2t. . 32, 32, 32 . 2 , 32 . 22 , 
32 23

} I 

-1 . whence r;min (6) = 9. 

-1 -1 18411) Find the smallest k for which r;min 0 ... 0 '1min 
\ 

k times 
-1 18412 -2 0711) Study r;min' The same (or similar) 

-1 questions for T'J min as for r;. 



IX. 
-1 

The function T] card N - N, 
-, 

T] (X) == Card {T]-' (x)} I card 

where Card A means the nu~ber of elements of the set A. 

20712) Find the smallest k for which 

-, -, 
T] card 0 ••. 0 T] card I ) 

(rn) > n, for rn, n fixed integers. 
k times 

., 
20713-23012) Study T]~~. The same (or similar) 

-, 
questions for T] ... as for T]. car .. 

X. The function dry : N* - N, dry (x) = 1T](x + 1) - T](x) I. 
0:.1) (Ie) (Ie) 

Le t dry ( x) == I dry (x + 1 ) - dry ( x) I, for all kEN * , 
(1) 

where d17 (x) == dry (x). 

23013) Conjecture: 
(Ie) 

dry (1) = 1 or 0, for all k ~ 2. 

(This reminds us of Gillreath's conjecture on primes.) For 

example: 



, ~ 
... 0 

T) ( 1) = 0 
2 

T) ( 2 ) = 2 1 
1 1 

T) ( 3 ) = 3 0 1 
1 0 0 

T) ( 4 ) = 4 0 1 1 
1 1 1 0 

T) ( 5 ) = 5 1 0 1 0 
2 1 0 0 1 

T) ( 6 ) = 3 2 0 1 1 0 
4 1 1 1 1 1 

T)(7) = 7 1 1 0 2 1 0 
3 0 1 3 2 1 1 

T)(S) = 4 1 0 3 0 0 1 0 
2 0 4 3 2 0 1 1 

T)(9) = 6 1 4 0 2 0 0 1 1 
1 4 4 1 2 0 2 0 1 

T)(10)= 5 5 0 1 0 0 2 1 0 1 
6 4 3 1 2 2 1 0 0 0 

T)(II)=11 1 3 0 2 2 1 1 0 1 
7 1 3 3 0 1 0 0 1 

T)(12)= 4 2 0 3 2 1 1 1 1 
9 1 0 1 1 0 1 1 

T)(IJ)=13 3 0 2 1 1 0 0 
6 1 2 0 0 0 1 

T)(14)= 7 4 2 2 1 1 1 
2 3 4 1 1 1 

T)(15)= 5 1 6 1 0 0 
1 9 5 1 1 

T)(16)= 6 10 1 2 1 
11 10 7 2 

T)(17)=17 0 8 0 
11 2 7 

T)(IS)= 6 2 1 
13 1 

T)(19)=19 1 
14 

T)(20)= 5 

< I() 
23014-25313) Study d~ The same (or similar) 

• <10 
quest~ons for d as for T). 

~ 

XI. The function w~ : N* - N, w~ 

with 0 < m < x, so that T) (m) 

> w (x) , and we have equality 

( x) is the number of m, 

divide x. Hence, w ( x) > 
~ 

-

if x = 1 or x is a prime. 
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. 25314) Find the smallest k for which (w, a ... own) (x) = 
... ( 

k times 

= 0, for a fixed integer x. 

25315-27614) Study w . , The same (or similar) questions 

for w as for 7']. , 
XII. The function :,[1'/ : N* - N, :.11'/ (x) is the number of m, 

with 0 < m < xx, so that 7'](m) is a multiple of x. For 

1 " examp e ."1'/ (3) = Card {1, 3, 6, 9, 12, 27} = 6. If P 

is a prime, :"11'/ (p) = Card {1, a z ' ... , a r }, then all ai' 

2 ~ i ~ r, are multiples of p. 

27615) Let m, n be integer numbers. Find the smallest 

k for which (~, a ... a M1'/) (m) ~ n. 
'---- :, 

k times 

27616-29915) Study The same (or similar questions 

for· :,1 as for 7']. 7) 

XIII. The function a7) N* - N, a7) (x) = !: 7'](d). 
dlx 
d>O 

For example a7)(18) = 7'](1) + 7'](2) + 7'](3) + 7'](6) + 7'](9)+ 

+ 7'](18) = 20, a1'/(9) = 9. 

29916) Are there an infinity of nonprimes n so that 

a7)(n) = n ? 

29917-32216) Study a7). The same (or similar) questions 

for a1'/ as for 7'] .. 



XIV. The func~ion ~ : N - N, ~~(x) is tte nunber of ry '/ 

nunbers n so that ry(n) ~ x. If p~ < pz < ... < P'( < :l < 

< Pk.l is the pri:aes sequence, and for all i = 

= 1, 2, ... , 
a.+l 

1 

divides n! but o. does 
- I 

not divide n!, th~n: 

1Try (n) = (a, + 1) 

32217-34516) study 1Try' The same (or similar) 

question for 1Try as for ry. 

XV. The function m "'ry N* - N, <!lry (x) is the number of m, 

with 0 < m < x, having the property (ry(m), x) = 1. 

34517) Is always true that <!lry (x) < <!l (x)? 

34518) Find x for which <!lry (x) > <!l(x). 

34519) Find the smallest k so that (<!lry 0 ••• a !9ry) (x) = 
~ , 

k times 

= 1, for a fixed integer x. 

34520-36819) study <!lry' The same (or similar) questions 

for <!lry as for 1']. 

More unsolved problems concerning these 15 functions. 

More new (arithmetic) functions constructed by means 

of the function 1'], and new unsolved problems concerning 

them. 

------------------------------------------------------------



q9 

36820 - co. We can continue these recurring seq~ences 

of unsolved problems in number theory to infinity. 

construct an infinity of ~ore new functions: Using .... ,-ne 

functions S17' ••• , ~17 construct the functions f ~ Z ' 

... , fln 1 (by varied cOwbinations bet!..;een S17' C17 , ••• , 4'17; 

for example: 
( i ) 

(x) = ~ S17 for all x E ~*, 
o <n.:s,x 

N* - N for all i = 0, 1, 2, 
(0) 

... , where S17 = S17' Or: 

1 . x 
= ~ S17 (n), SCll N* - Q, SC17 being a conbination 

x n=l 

between Sll and Cll ; etc.); analogously by means of the 

functions fll' f 1Z ' 

... , fZn etc. 
Z 

continues to infinity. 

fl we construct the functions 
n 1 

The method to obtain new functions 

For each function we have at least 

2300 unsolved problems, and we have an infinity of thus 

functions. The method can be represented in the following 

way: 

produces 

fll' · .. , f'n . 1 

· .. , 

· .. , 

------. f31' 

* 

i= 
••• , "'1 n 

... , 

••• I 

... , 



Othe~ ~ecu~ring methods to wake new unsolved preble~s. 

§ 12. Conclusion 

With this pape~ the author wants to prove that we ca~ 

construct infinitely ~any unsolved p~oble~s, especially in 

nUlllber theory: you "rock and roll l1 the nu~:Oers until yeu 

create interesting scenarios! Some problems in this paper 

could effect the subsequent development of mathematics. 

The world is in a general crisis. Do the unsolved 

problems really constitnte a mathematical crisis, or 

contrary to that, do their absence lead to an intellectual 

stagnation? Mankind will always have problems to solve, 

they even must again solve previously solved problems(!) 

For example, this paper shows that people will be more and 

more overwhelmed by (open) unsolved problems. 

to ask than to answer.] 

[It is easier 

Here, there are proposed (un) solved problems which are 

enough for ever!! Suppose you solve an infinite nu~er of 

problems, there will always be an infinity of problems 

remaining. Do not assume those proposals are trivial and 

non-important, rather, they are very substantial. 
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SOLVING PROBLEMS BY USING A FUNCTION IN 

THE NUMBER THEORY 

Let n ~ I, h ~ I, and a ~ 2 be integers. For ~hich 

values of a and n is (n + h)! a multiple of an ? 

55 

(A generalization of the problem nO = 1270, Mathematics 

Magazine, Vol. 60, No.3, June 1987, p. 179, proposed by 

Roger B. Eggleton, The University of Newcastle, Australia.) 

solution 

(For h = 1 the problem nO = 1270 is obtained.) 

§1. Introduction 

We have constructed a function ry (see [1]) having the 

following properties: 

(a) For each non-null integer n, ry(n)! is a multiple 

of n; 

(b) ry(n) is the smallest natural number with the 

property (a). 

It is easy to prove: 

Lemma 1. (~) k, P ~ N*, p .• 1, k is uniquely writte~ 

in the form: 
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(p) (p) 
k = t, an + ... + t~ an ~ 

?..;here - 1) / (p - 1), i = 1, 2, ... , Z, 

n 1 > n2 > ... > n
t 

> 0 and 1 < t j < p - 1, j = 1, 

2, ... , e. - 1, 1 < t~ < p, n i' ti € N, i = 1, 2, 

.•. , e., e. € N*. 

We have constructed the function ryp' p prime> 0, ryp 

N*, thus: 

N* -

= pn, and 

= 

Of course: 

Lemma 2. 

(a) ('i) k € N *, ry p ( k) = "'pl: .1. • 

(b) ryp (k) is the smallest number with the property 

(a). Now, we construct another function: 

ry Z\{O} - N defined as follows: 
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ry(±. 1) = 0, 

(V) n 
as 

Ps ',.;i th E = ±. 1, Pi prime and 

Pi • Pj for i. j, all a i E N*, T7(n) = 

= max ( T7 i' ( a i) } • 
l=£i=£s 

It is not difficult to prove T7 has the demanded properties 

of §l. 

a, 
§2. Now, let a = P, 

as 
Ps ,with all a i E N* and all 

Pi distinct primes. By the previous theory we have: 

Hence 

We know: 

n, 
(t,P + 

We put: 

T7(a) = max 
l=£i=£s 

nt ... + tt P ) 

n, 
t, P 

{np. (a i )} = T7p (a) (by notation). 
1 

n, nt 
p -1 P -1 

t, + ... + tt 
= y!p p-1 p-1 



n, n t 
p -1 P -1 

and .. 
~ 

.. = a n. '-, '-t 
p-1 p-1 

Whence 

n, n t 
1 p -1 P -1 n, - + tt > t, p 
a p-1 p-1 

or 

( 1) 
n, 

a (p - 1) h > (a p - a - 1) [t, p 

On this condition we take no = t, P 

(see Lemma 1), hence n 

n t 
+ + .... p '-( 

Consider giving a ~ 2, we have a finite number of n. 

55 

j.., .. 

There are an infinite number of n if and only if a p - a - = 

= 0, i.e., a = 1 and p = 2, i.e., a = 2. 

§3. Particular Case 

If h = 1 and a ~ 2, because 



rl .. nt n t 
~t p > p > 1 

and t. ~ 
I 

i. t. follo~"s fron ( , \ 
-} 

(1') (a p - a) > (a p - a - 1) 1 1 = a p - Ct., 

whic~ is ir.tpossible. If h - 1 and a = 2 then a = 1, P = 2, 

(1") 

hence 

1 > t. + 
I 

n 1 
t = 1, ti = 1 whence n = t, P 

n 1 
= 2 - 1, n, e N* (the solution to proble~ 1270) 

Examole 1. Let h = 16 and a 
, , = r . 5-. Find all n 

such that 

(n + 16) 

solution 

17 (2025) = max {173 (4), 17s (2)} = :=tax {9, IO} = 10 = 

= 17 s (2) = 17 (52). Whence a = 2, P = 5. 

128 
n1 

> 7 [t15 
n t 

+ ... + tt 5 ] + ti .. 

n, 
Because 5" > 128 and 7 [ti 5 

-t-= 1, 

Fro~ (1) Ne have: 

. .. + 
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n, 
128 > 7 t, S + t, , 

whence n: .:::. 1, i. e., n, = 1, and t, = 1, 2, 3. Then no = 

= t, 5 - 16 < 0, hence we take n = 1. 

Exam'Ole 2 

(n + 7) ! = " 3n when ::1 n = 1, 2, 3 , 4, S. 

(n + 7) ! = M Sn when n = l. 

(n + 7) ! = M 7 n when n = l. 

But (n + 7) ! .. ~f 'On . , for p prime > 7, ('0') n € N*. 

(n + 7) ! = M 2n when 

n, n( 
no = .. 2 + + t( 2 - 7, '-, ... 

t, , ••• I t(_, = 1, 

1 < t( < 2, t, + ... + t( < 7 

In:" no > 0; 
and n = 

no < O. 

etc. 

Exercise for Readers 

If n € N*, a € N*\(l}, find all values of a and n such 

that: 

(n + 7) be a multiple of an. 



Some Unsolved Problems (see [2]) 

Solve the diophantine equations: 

(1) 1'] (x) • 1'] (y) = 1'] (x + y) . 

(2) 1'] (x) = y! (A sotution: x = 9, Y = 3). 

(3) Conjecture: the equation 1'] (x) = 1'] (x + 1) has 

no solution. 
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multiple of an. Also, for positive integers p and k, with p 

prime, he found a formula for determining the smallest integer 

f(k) with the'property that (f(k))! is a multiple of pic.,,] 



SOME LINEAR EQUATIONS INVOLVING A 

FUNCTION IN THE NUMBER THEORY 

We have constructed a function ry which associates to eac 

non-null integer ~ the smallest positive n such that n! is a 

mUltiple of m. 

(a) Solve the equation ry (x) = n, where n € N. 

*(b) Solve the equation ry (mx) = x, where m € Z. 

Discussion. 

(c) Let rye;) note ry a ry 0 ••• a ry of i times. Prove tha 

there is a k for which 

ry('() (m) = ry(,(+l) (m) = nm, for all m € Z*\ {I} . 

**Find nm and the smallest k with this property. 

Solution 

(a) The cases n = 0, 1 are trivial. 

We note the increasing sequence of primes less or equal 

than n by P1 , Pz, ••• , P,(, and 

n 
13 t = !: [n/pc] , t = I, 2, ... , k; 

h~1 

where [y] is the greatest integer less or equal than y. 



a· I 
Le': n = o· S whe:r-e all o. 

~ 1 • a:r-e d':stinc"t 
~ 1 S 

Of course we have n < x < n! 

a, 
Thus x = 0 

~ 1 

t = 1, 2, ... , k and there exists at least a 

j € {1, 2, ... , s} for which 

Clearly n! is 

(b) See 

Lemma 1-

m = 4 or rn is 

Of course 

-1 
{3. 

1 

a multiple of 

(J 
••• , I-' i 

x, and 

- a i . + 1} _ 
J 

is the smallest 

[ 1] tao. We consider m € N*. 

T'] (m) < rn, and T'] (rn ) = rn if and only 

a prime. 

m! is a multiple of m. 

one. 

if 

If m ~4 and m is not a prime, the Lemma is equivalent 

to there are rn" m2 such that TIt = rn i • m2 with 1 < rn, .$. m2 

and (2 rn2 < rn or 2 rn, < rn). Whence T'] (::l.) < 2 rn2 < m, 

respectively T'] (m) < max {rn2 , 2~} < m. 

Lemma 2. Let p be a prime ~ 5. Then T'] (p x) = x ,~ 

and only if x is a prime> p, ,or x = 2p. 

Proof: T'] (p) = p. Hence x > p. 

Analogously: x is not a prime and x .. 2p - x = x~ xz' 

1. < x, .$. x2 and (2 x~ < x~ I x2 • P, I and 2 x, _ < 'x) ry (p x) ~ 



< max (p, 2 x2 ) < x respec1:ively 7'] (p x) < max {P, 2 x~, xzi 

< x. 

Observations 

7'] (2 x) = x - x = 4 or x is an odd prime. 

7'] (3 x) = x - x = 4,6, 9 or x is a prime> 3. 

Lemma 3. If (m, x) = 1 then x is a prime> 7'] (m). 

Of course, 7'] (mx) = max {7'] (m), 7'] (x)} = 7'] (x) = x. 

And x ~ 7'] (m), because if x = 7'] (m) then m • 7'] (m) divides 

7'] (m)! that is m divides (7'] (m) - 1)! whence 7'] (m) ~ 7'] (m) -

- 1. 

Lemma 4. If x is not a prime then 7'](m) < x < 2 7'] (m) 

and x = 2 7'] (m) if and only if 7'] (m) is a prime. 

Proof: If x > 2 7'] (m) there are x, , Xz with 1 < x, < 

~ x2 ' X = x, x2 • For x, < 7'] (m) we have (x - 1) ! is a 

multiple of m x. Same proof for other cases. 

Let x = 2 7'] (m) ; if 7'] (m) is not a prime, then 

x = 2 a b, 1 < a < b, but the product (7'] (m) + 1) (7'] (m) + 

+ 2) .•. (217 (m) 1) is divided by x. 

If 7'] (m) is a prime, 7'] (m) divides m, whence m • 2 7'](m) 

is divided by 7'] (m)2, it results in 7'] (m • 2 7'] (m» > 2 • 

'7'](m) , but (77 (m) + 1) (77 (m) + 2) (2 77 (m» is a 

mUltiple of 2 7'] (m), that is 77 (m • 2 7'] (m» = 2 7'] (m). 



65 

Conclusion 

All x, prine nu~ber > ry (m), are solutions. 

If ry (0) is prime,. then x = 2 ry (m) is a solution. 

*If x is not a prime, ry (m) < x < 2 ry (m), and x does 

not divide (x - 1) !jm then x is a solution (semi-open 

question) . If m = J it adds x = 9 too. (No other solu~icn 

exists yet,) 

( c) 

Lemma 5. ry (a b) ~ ry (a) + ry (b). 

Of course, ry (a) = a' and ry (b) = b' involves (a' • 

b')! =b'! (b' + 1) (b' + a'). Let a' ~ b'. Then 

,cab) ~ a' + b', because the product of a' consecutive 

positive integers is a multiple of a'! 

Clearly, if m is a prime then k = 1 and nm = m. 

If m is not a prime then ry (m) < m, whence there is a k 

for which ryCk) (m) = ryCk+1J (m). 

If m '" 1 then 2 ~ nm ~ m. 

Lemma 6. nm = 4 or nm is a prime. 

If n = n en 1 < n . 
In 

Absurd. 

(**) This question remains, open. 
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