






Let x be a solution of the equation. 

We have S(x)! is divisible by x It is known that among m consecutive numbers, one is 

divisible by m, so (S(x)!)is divisible by m. so (S(x)+ t )(S(x+2) ... (S(x)+m) is divisible by 

(rnx). We know that S(rnx) is the smallest natural number such that S(rnx)! is divisible by 

(rnx) and this implies S(rnx)SS(x)-!-m. But S(mx)=mS(x), so �m�S�(�x�)�~�S�(�x�)�+�m�e�>�m�S�(�x�)�-�S�(�x�)�

m·l �~� <=> (m-I) �(�S�(�x�)�-�l�)�~�l�.� We have several cases: 

If m=t then the equation becomes S(X)=S(x), so any natural number is a solution of 

the equation. 

Ifm=2. we have S(x) E { 1,2 } implies x e { 1.2} . We conclude that ifm=l then any 

natural number is a solution of the equation of the equation; if m=2 then x=l and x=2 are 

only solution and ifm �~� 3 the only solution of the equation is x=l. 

2) Another equation is S(xY)=yx, x, y are natural numbers. 

Let (x,y) be a solution of the equation. 

(yx)!=1...x(x+l) ... (2x) ... (yx) implies SexY) �~� yx. so �y�X�~�Y�X�l� because S(xY)=yx. 

But y �~� 1. so �y�x�-�l�~�.� 

Ifx=} then equation becomes S(l) = y, so y=1, so x=y=l is a solution of the equation. 

If �~� then �~�x�-�l�.� But the only natural numbers that verify this inequality are x=y=2: 

x=y=2 verifies the equation, so x=y-=2 is a solution of the equation. 

For �x�~� we prove that x<2x-l.We make the proof by induction. 

Ifx=3 : 3<23-1=4. 

We suppose that k<2k-1 and we prove that kTI <2k.We have 2b 2·2k:>2·k=k+k>k+l, so 

the inequality is established and there are no other solutions then x=y= 1 and x=y=2. 

3) I will prove that for any m.n natural numbers, if m>l then the equation S(xn)=xm 

has no solution or it has a finite number of solutions, and for m-l the equation has a 

infiriite number of solutions. 

I prove that �S�(�x�n�)�~� nx. But x1ll=S(xn) • so xm �~� nx. 

For �~� we have xm-l �~� n. If m=2 then �~� n. and if m �~� 3 then x �~� --(;, so x can 

take only a finite number of values, so the equation can have only a finite number of 

solutions or it has no solutions. 

We notice that x=1 is a solution of the equation for any m,n natural numbers . ... 



If the equation has a solution different of 1, we must have xI11=S(xn) ~n., so m~ 

If m=n, the equation becomes xffi=tl=S(xn) , so xn is a prime number or xn =4, so n=1 

and any prime number as well as x=4 is a solution of the equation, or n=2 and the only 

solutions are x= 1 and x=2. 

For m= 1 and n ~ 1, we prove that the equations S( Xffi)=X, x E N"* has an infinite 

number of solutions. Let be a prime number, p>n. We prove that )np) is a solution of the 

equation, that is S((np)n)=np. 

n<p and p is a prime number, so nand p are relatively prime numbers. 

n<p implies: 

(np)! = 1·2· .... n(n+l)- ... ·(2n)· ... ·(pn) is divisible by nn. 

(np)! = 1·2· .... p(p+l)· ... ·(2p)· ... ·(pn) is divisible by pn. 

But p and n are relatively prime numbers, so (np)! is divisible by (np)ll. 

Ifwe suppose that S((np)n)<np, then we find that (np-I)! is a divisible by (np)n, so(np-

1) 1 is divisible by pnc3). But the exponent of p in the standard fonn of p in the standard 

fonn of(np-l)! is: 
r ~ ~ -
Inp-ll ;np-ll 

E = I -- 1+ r -0- i+ .. , pi: p- I 
L J L J 

But p >n, so p2 >np >np-l. This implies: 
r l 
i np-ll 
I -Ic- ! = 0 , for any k ~ 2. We have: 
I p I 
l. j 

r -, np-ll 
E=I--:=n-l. 

i p i 
L ...J 

This means (np-I)! is divisible by pn-l , but isn't divisible by pn , so this is a 

contradiction with (3). We proved that S((np)n)=np, so the equation S(xn)=x has an infInite 

number of solutions for any natural number n. 
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SO .. ~L~ARY ALGEBRAIC CONSIDERATIONS 

INSPIRED BY THE SXARANDACBE FONCTION 

by 

E.Radescu, N.Radescu, C.Dumitrescu 

It is known that the Smarandache function S: N" - -~fiII", 

S{n).min{kln divides k!} satisfies 

(i) S is surjective 

(ii) S([m,n]) • max { S(m),s(n)}, where [m,n] is the smallest 

common multiple of m and n. 

That is on N" there are considered both of the divisibility 

order Sd ( mSd n if and only if m divide n ) and the usual order s. 

Of course the algebraic :.lsual operations "+" and n." play also an 

important role in the·description of the properties of S. 

For instance it is said that :1]: 

max { S (kll) , S (nD) } :5 S ( (kn) Iul) :s nS (kll) +kS (nD) • 

If we consider the universal algebra (~,Q), with 

C-{Yd,clJO }' where Yt1 : (N*)2---N* is given by, m V. n-[m,n] I and 

4ao :{N·):)---N*, is given by 4ao({~})=l=ev<l and analogously the 

l;niversal algebra (N*, Q') with Q'=N, "-o}, where V: (N*)2 __ -N*, is 
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defined by mVn=max{m,n}, and "0: (N*)o---N* is defined by 

"0 ({.,}) =l=ey, then it results: 

1.PROPOSITION. LetN={S-(k) Ik€N*},whereS-(k) ={x€N*IS(x) =k}. Then 

(a) N is countable (cardN*=alefzero). 

(b) on N may be defined an universal algebra, isomorfe with 

(N* , Of) 

Proof. (b) Let (i): (N)2---N be defined bY(i) (S-(a) , S-(b» =S-(c) , 

where C=S(xVQY), with x€S-(a) ,y€S-(b). 

Then w is well defined because if x1€S-(a) 'Y1ES-(b) the 

S(1S.VdYl) =S(1S.)VS(Y1) =aVb=S~x)VS(y) =S(xVQY) =c. 

Example. (i)(S-(23),S-(14»=S-(23) because if for instance 

x=46 €S- (23) and y=49 €S- (14) then 46 Vd49 =2254 and 8(2254) =23. 

In fact, because c=S(xVQY) =S(x) VS(y) =aVb, it results that 

w is defined by 

(i) (S-(a) , 8-(b) ) =S-(aVb) . 

We define now (i)o: (N)()---N by c..>o({~}) =8-(1) 

Let us note 8- (1) = e(,,). Then 

T/S-(k) EN (i) (S-(k) , ef») =6)( e(,,), S-(k» =S-(k) 

Then (N, 0) is an universal algebra if Q={CI),6)oL 

It may be defined h: N---N* an isomorphism between (N, 0) and 

(N* , a/), by h (S- (k) ) =k. 
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We have 

VS-(a) ,S-(b) EN h(6l(S-(a) ,S-(b» =h(S-(aVb) = 

=aVb=h(S-(a» Vh(S-(b) ) 

that is h is a morphism. 

Of course h(CI)o({.}) ="o({~}) and h is injective. 

From the surjectivity of S it results that h is surjective, 

because for every kEN- it exists xEN* such that Sex) -k, so 

Then we have (N, Q) ac (N*, Q') and from the bijectivity ot h it 

results cardN-cardN·, that is the assertion (a). 

Remarks (i) An other proof of Proposition 1 may be made as 

follows; 

Let Ps be the equivalence associated with the function S 

Because S is a morphism between (~, Q) and (:Nt, ell) it results 

that Ps is a congruence and so we can define on ~ the operations 
P. 

w and w. by 
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CAl: (Nt / Ps) 2--~N* Ips' CAl (~, 9) =:xV tP' i 

CAlo : (N-/ps) 2--~N*/ps' CAl o ({~}) =1. 

Moreover, N*/Ps=N and so it is constructed the universal 

algebra (N, C), with Q ={6), <.». That because S: (N*, C) --~ (N*, 0 /) is 

a rrorphign so by a well known isarorphign theorem it results that (N* / P s) t:z ImS 

so (N, a) co: eN-, a/> . That is we have a proof for (b), the morphism 

being CI: N--~N* , u (x) =S(x) . 

(ii) Proposition 1 is an argument to consider the functions 

~: N*--~N*, s.;fn (k) =minS- (k) 

~:N*--~N*, ~(k) =maxs-(k) (sec [4]) 

whose properties we shall present in a future note. 

(iii) The graph 

G = {(x,y) €N* XN* I y = Sex)} 

is a subalgebra of the universal algebra (Nt XNt, Q), where 

Q={{,), 6)o}, with fA): (Nt X Nt) 2 __ ~N- XN*, defined by 

CAl «.~;'Yl) , (X2,Y2 ) ) = (.x:.. Vfb;.'Yl VYa) and CAlo: (N*xN*) o--.. N·x N-, defined 

by CAlo({~})=(4to{{«-})'''o({~}»=(l,l). 

Indeed G is a subalgebra of the universal algebra (N*xN*,Q) 

if for every (1C:t, Yl ) , (X2, Y2) € G it results fA) «.x:.., Yl ), (X'z, Ya ) € G 

andfA)o({~})€G. But 

CAl «Xl'Yl ), (Xa,Y2 » = (Xl Vd X2'Y1 VY2 ) = (Xl VdX'z, S(1C:t) V S (X:l» = (.x:.. VdXa. 
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and C&}()(flJ}) €G if and only if (1,1) €G. 

Tha tis (1, S ( 1) ) € G . 

In fact the algebraic property is more complete in the sense 

that f:A---B is a morphism between the universal algebras (A, Q) 

and (B, Q) of the some kind ~ if and only if the graph P of the 

functional relation f is a subalgebra of the universal algebra 

(AxB, Q). 

Then the importance of remark (iii) consist in the fact that 

it is possible to underline some properties of the Smarandache 

function starting from the above mentioned subalgebra of the 

uni versal algebra (N· x N·, 0) . 
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SMARANDACHE FUNCTIONS OF THE SECOND KIND 

by Ion Bilicenoiu and Constantin Dumitrescu 
Departament of Mathematics, University of Craiova 

Craiova (J 100). Romania 

The Smarandache functions of the second kind are defined in [1] thus: 

where S" are the Smarandache functions of the first kind (see [3]). 

We remark that the function SI has been defined in [4] by F. Smarandache because 
SI = S. 

Let, for example, the following table with the values of S2: 

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 
Sl(,,) 1 4 6 6 10 6 14 12 12 10 22 8 26 14 

Obviously, these functions SIc aren't monotony, aren't periodical and they have fixed 
points. 

1. Theorem. For k ,n EN· is true SIc (n) ~ n· k. 

Because Slc(n) = S(~) = = {SPt (ajk)} = S(p:,Ic) ~ kS(p~) ~ kS(p;J) = kS(n) 

and S(n) ~ n, [see [3]], it results: 

(1) Sic (n) ~ n· k for every n,k EN". 

2. Theorem. All prime numbers p ~ 5 are maximal points for Sic, and 

Proof Let p ~ 5 be a prime number. Because Sp-1(k) <Sp(k), Sp+l(k) <Sp(k) [see 

[2]]itresultsthatSIc (p-l)<SIc(p) and S"(p+l)<S"(p), sothat SIc(p) isareIative 
maximum value. 
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Obviously, . 

(2) SIt(p)=Sp(k)=p{k-ip(k)) with OSip(k)S[k;l]. 

(3) Slt(p)=pk for p~k. 

3. Theorem. The munbers kp. for P prime and p>k are the fixed points of Sit. 

Proof Let P be a prime number. m = p:l ... P~' be the prime factorization of m and 

p> max {m,k}. Then P;~ S p,a, < p for i E 1,t, therefore we have: 

For m=Ic we obtain: 

sit (kp ) = kp so that kp is a fixed point 

4. Tbeorem. The junctions Sit have the following properties: 

Proof. Obviously, 

lim sup Sit (n) = k. 
,........, n 

lim sup Sit (n) = lim sup S(~) = lim S(I) = k 
_GO n ,..... n p-+oo p 

, po-. 

for 



5. Theorem, [see(l]]. The Smarandache functions oj the second kind standardise 
(N",.) in (N",~,+) by: 

and (N°,·) in (N° ,~,.) by: 

L4: max{Sk(a),Sk(b)} ~ Sk(ab) ~ Sk(a)·Sk(b) for every a,b EN" 

6. Theorem. The functions Sic are, generally speaking, increasing. It means that: 

Proof The Smarandache function is generally increasing, [see [4]], it means that: 

Let t = nk and ro = ro (t) so that V r ~ ro ~ S (r) ~ S (nk ) . 

Let 1710 = [ ~] + 1. Obviously '710 ~ if;:; ~ ~ ~ ro and m ~"'o <=> ,,{ ~ ~ . 
Because ,,{ ~ ~ ~ ro it results S( mk) ~ S(nk) or Sk (m) ~ Sk (n). 

Therefore 

'.-I ~"...., r'l] 1 
v nEe" :::J"'o = l 'V rO ~ so that 

is given from (3). 

7. Theorem. The junction sk has its relative minimum values jor every n = pI, where P 

is a prime number and P ~ max {3, k }. 

Proof Let p! = p;! . p~2 ... P':: . P be the canonical decomposition of pI, where 

2 = PI < 3 = P2 < ... < Pm < p. Because p' is divisible by P'f it results S(pJ) ~ P = S(p) for 

every j E I,m. 
Obviously, 

Because S{p;'/J ) ~ kS (p; ) < kS (p) = kp = S(pic) for k ~ p, it results that we have 

(4) Sic (pI) = S(pk) = kp, for k ~ P 
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Let p!-l = ~I ·fji···q;' be the canonical decomposition for p!-l, then 

qj > p for j el,t. 

It follows S(p!-I) = max { S(q)} = S(q';) with q", > p. 
lSJ~ 

Because S(q';) > S(p) = S(p!) it results S(p!-l) > S(p!). 
Analogous it results S(p!+ 1) > S(p!). 
Obviously 

For p ~ max {3, k } out of (4), (5), (6) it results that p! are the relative minimum 
points of the functions st . 
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THE PROBLEM OF' LIPSCHITZ CONDITION 

:v!arcela Popescll and Palll Popescu 
University of Craiova, Deparlmenl of .\1athemattcs 

l.l,A1 Cuza st ., e rajava, 11 00 , Romania 

In our pa.per we prove that the 5marandacht' hlnctif) o .r;;, does Of) t verify the Lipschitz 
co ndition, giving an answer to a problem proposed in :2] ilnd we inv~u~lI.te also tbe 
possibility tha.t some other functioDIi , wh ich involve the func tien S, venfy v f Dot \"erify 
lhe Lipschitz conditicn. 

Proposition 1 The ju,wio n {rt - S{n)} does rwt ') o: ri/y ehe Lirw:hitz cv ",Jition, w'~ere 
S(n) i, t -..' smallest ir.t e~t' r!'?l. s!lch t~ ,!t m' is divisib le cy n. (S :5 ,died the Smarandache 
function. ) 

P-,.j. A function j : .If <; R - R ~ LipscbllZ iff tb. followin~ condition bolds: 

(3)K > O,(V)r ,y E M::>I fi r ) - f(y) 1$ K 1 r - y 1 

(K is called a. Lipschitz cons\&ot ). 
w. b.ve to prove tbat for every real K > 0 tber •• xisle r,y E N' sucb tb.t 1 f( t ) 

; lY) I> K i x - y 1 . 
LI!~ K > 0 be a. given real Dumber. Let x = ? > .3K + 2 he a. prime number &ad cODllider 

y = p + 1 which is & composite nnmber. heeig even. Since t = p is a. prime number we 

b.,. Sip) = p. Using II] w. h.ve max ;$I n)/n l = 1/3 , tb •• llil = 'Ie:.'l $ i 
.. €N ' . '1 ;~ V P 

which implies tbot Sip + 1) 5 tip + 1) < p = Sip). IV. b ... 

. 2 3K+Z - Z 
I S(P) - S(P+ l ) l = p - S(p "'1 1 ~ P - 3 (P+ l » 3 = K 

• 

Remark 1. The ideea. of the proof k; based on the fvllowing obse rV&tions: 

59 



Ifp is a. prime number. then S(p\ =;;. thus the point ip,S(PIl belongs to the line of 
equation ~ = :: ; 

If q is a composite integer, ~ # 4, then S~i. $ t which means that the POInt ~q, S(q)) is 

under the graphic of the lin.: vf ~quati(Jn ~ = tx a.nd &bove the a.xe 0; , 

.(p ';'1,5(; ~ 1)) 

.,. .. 

Thus. for eVery consecutive integer numbers ~,y where t = pis & prime Dumber and 
y = p -1. the leught AE ,--an be made !is great as we need, for :, y sl1fticieDdy 8leu. 

Rem,,' 2. In fact we han proved tbat the function f : N8 - N defined by f(n) = 
Sir..) ..:. S(>;, - 1): is unbollDded. which imply that tht: Smarandache's fUDc~ion is Dot Lip
schitz. 

In the sequel we study the Lipschitz condition for other functions which involve the 
Smar&Dda.che', fanc~ioB. 

Proposition 2 
':Jniition. 

Tt.e .. !' .. ,", .• ~ •••• '~:, S· . . Vi .f\ l~ _ v ".(",) - ~ 'U."t.. 'h- L,'''.ch,·u 
• ••• - '. , 'J': .', - l '. - ')f, It 1 '" 0J;i • ~ r" 

P!,l)of. For every : ~2 we have S(: 1 ~ 2. therefore 0 < sf:) $ 1 If we take t ~ ~ ill 
N \ {O.1}, we have 

1 1 1 1 I - - -, < - < -'IX -y' C( ... ) ~(.\1:-2-2 I 
~ *, -.::J: 
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For x = y we ha.ve an equa.lity in the rela.tlOn a.bove, therefor\! S: is a. function which verify 
the Lipschitz condition with K = i a.nd more, it is a. contractant function 

Rema.rk 3. In ~2: it is proved that )' ~ is divergent. 
~ . ...... )' n. 

'1.>: 

P~o'Jj, For every ;c, 'd E .v, 1 < :.; < ~ we have J: =,~ and y = n - rt~ whre m E N*. In 
'21 is proved that 

1 ,~'I n.1 -. , V \' 1 ---, :s --' :s 1, I.V'1l E.:. \ iO, 1; . 
! ': - 1 \: " 

Using this we have 

therefore 
:S(x) Sly) 
; ____ \ _J ~ ,= _ ;'! 

X ; 

for x and y as a.bove. For x = y we have an equality in the relation above. It follows tha.i 
~2 is verify the Lipschitz condition with K = 1 . 

• 

Remark 4. Using the proof of Propositi:" .... 5 proved below, it ca.n be shown tha.\ the 
Lipschitz consta.nt K = 1 is the best possible. Indeed, take x = 11. = P - 1 , m = 1 
a.nd therefore 'j = p (with the notations from the proof of P.,.opositic'". 8 ), with p CIt 

primenumber. From the proof of PrOpOSltl::n. 5, there IS a subsequence of prime numbers 

{Pnt}k>l such tha.t 5~ ..... _~:: ~~ 0 . For ~ ~ 1 we ha.ve, for a. Lipschitz consta.Dt K of 52 
- Y"t • 

Thus, K ?= 1 
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Proposition 4 The f7J.ncric .. 53 V , '0 '1' u .. \. '" . ( ~ .:, 
L ~"sl'~;tz 1'1),"";f!',~" -I' ~... -' - .... - •. 

P~~,;f. (Compa.re with the proof of p .. ~,~ ;j!::~;, : , 

We have to prove that for every real K > 0 there Histe :, yEN· sucb that ' Sit x) -
,·;,','>R" ~-": ..... !i,~. .... '1!' 

Let K > 0 be a gircn real numbl:r, : = ~ be: a pnmt: numb~r a.nd ~ := -: - lXsing the 

P-:';:;ji:i;-: 5 proved below. which asserts that the sequence < ,J"-',< ~ is unbunded 
... "'\P~-"! I -t>2 

~ where {p} n>l is the prune numbers licquencej, we ha.v~\ (.)[ a. pnme number p such th&t 

Sr 1
,( > K: 1 : 

P-l} 

• 

Proposition 5 If {Pn} "~l il the ;Jrime ,::n: ~~~s squefJ,ce, then the 3equence {sGJ',,::1)} ,,~~ 
is u'tooti.:!ded. 

P~ccf. Denote -;'1. = F", - 1 and let ~n be the number of the distinct prime numben 
which appea.r lD the prime factor decomposltIon of 114 ' for n ~ '2 ' We show below thAt 
{~n} '1.>2 is a.n unbounded sequence, 

Fo~ a fixe<it EN·, consider"k d~ ;-'~" ~!c and tbe arithmetic progressIOD {1 +"k' m}m>l' 
From the Dirichlet Theorem [3, pg.194j, it follows tha.t 'his sequence contains & soble- -
quence '.1 ..... Tic' mdl>l of prime numbers: .J"i.1 ; t ..... Jfic·ml ,therefore :ric ,me = p",-l = q", 
which implies tha.t r,,~~ Ie. It shows that tbe ~eqUt'nc~ ~r"}!t~2 is an unbounded sequence. 

~" 
If q'1. = n PS: then it is known (see :·t~ I tha\: 

\=1 

,'_ ' ~ .' ~.;.. ': ~ - " ' ",'.:I. J '\ < ' ~.11n;-ma.x (- :.J: -~:''" CX.'P~, , ) \-;--r I.. \,,;. / i \ ";1 J - ., ~ 
-4, fl 

thus 

(1) 
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We ha.ve: 

(2) 

Tndeed, if '.:tJ = 1, then ~LJ = 1 If et J > 1 , then 

I' :, - l\i:1 - 1) ,., - 1 1 '., > ',0 J ,,) • > t'_J __ > _ , 
J - 'j, - '2 - '2 , 

'" But 1./'1 = n Fe: has r'l - I prime factors a.nd ; r''I} ".>2 is unbounded, then it follows 
1=1,1#; -

that {Vn } '1>_2 is unbounded CSln~ thIS, I 1,1 and 121, It follows that the sequence ~ -3Jl...q ,\ 
- i. 5lq,.) J "~1 

is unbounded, 

• 

Rema.rk 5, Using thtl sa.me ideea., the P;,,';pu;;tziun 5 is trUt in a. m,)re ,\(,<::Utla.1 form: 
( , 

Fc" " E Zit,>' .,'d' ."1'p i ?,,"'a " :s _ '"'..~:;".;.:':d.e:i., ,he-,; ,r t:i ~h!: prime 
; ..it .1" ..... "'t""' ..... ·~"'- :.S1p!'":._a);~ _,.» .1..1 . . ",. .. r'nJ~>. 

fir. -_'" 

numbers uquence, 
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and 

and 

"SMARANDACHE NUMBERS": 
[M0453] , 

S(n), for n = 1,2,3, ... , 

"SMARANDACHE QUOTIENTS": for each integer n > 0, 
find the smallest k such that nk is a factorial; 
[MI669]; 

"SMARANDACHE DOUBLE FACTORIALS": F(n) is the 
smallest integer such that F(n)!! is divisible by 
n; [A7922] in the electronic version. 



PROPOSED PROBLEM 

by Thomas Martin 

Let TJ:Z· ~ N Smarandache Function: TJ(m) is the smallest in~ n such that 
I . ..&. ':"':1..lc by n. 1SUl~ m. 

a) Prove that for any number k E R .there exist a series {p: L ofpositive integer numbers 

suchthat: 

L li p, k 
= '~TJ(P,) > 

b) Does L = lim --'!!..- diverge to +00 . 
"-17(m) 

Solution: 
a) Let p. be a prime number greater than Ie. Indcx j is fixed. We construct , 

P, = PIPI+. , for j = l,2,3 .... 

Lemma 1. If u < y arc prime numbers, then TJ( U\1) = y. 
Of,.,.,"""- .. I -1.2. .u.. .. = ~.H = ~.H 
~~ r. - ••••••• • ••• ".. '-"'",." '-""t£. 

Hence TJ(p,) = p 1+' , for any i = 1,2,3... where P 1+' is the j + ida prime number. 
Then L = p} > Jc. 

b) Because there exist! an infinity of primes : P J • P J+l ••••• , greater than Ie , we find 

an infinity oflimits for each {p'(})}j series, Le. L = Pl+l or L = P}+2 etc. 

Therefore L = lim --'!!..- docs not exist! 
--TJ(m) 

Rererence: 
R. Muller, "Smaraadadle Function lownal", Vol. 1. ~o. 1, 1990. 



PROPOSED PROBLEM 

by J. Thompson 

Calculate: 
( ~ 1 \ 

~1+ ~ ry(k) -log ry(n) j 
where ry(n) is Smarandache FWlction : the smaIlest integer m , such that ml is divisible by 
n. 

Solution: 

We know that (ill k -log n I converges to e for n ~ <X). 

\t-=1 / 

Irs easy to show that for k 22 , q(k)::; k. More, for k a composite number 
210, 1](k)::; k 12. Also, if p > 4 then: 1](p) = p if and only if p is prime. 

" 1 (" 1 ) 1 L---Iog q(n) 2 L--logn + L ,,-- )e+co=c.o 
t-=10 1]( k) '\c=10k h10 k 

h.p"",. 

because for any prime number p there exists 3 composite number p-J such that 
1 1 

--> - thus: 
p-l p 

1 1 1 1 1 1 1 1 1 1 1 - 1 " ..... 
h7o= k = 10 + 12 + 14 + 15 + 16 + 18 + ... + -;; > 11 + 13 + 17 + ... + p( n) ) ex! 

Ic~p"",. 

where p( n) is the greatest prime number less that n . . 
We took out the first nine terms of that series, the limit of course didn't chance. 

Reference: 
Smarandache F., " A ftmction in the number theory", <Analele Univ. Timisoara>, 

fasc. 2, VoL XVll,pp. 163-8, 1979; 
see Mathematical Review: 82a:03012. 

Current Address: 
1. Thompson, Number Theory Association 
3985 N. Stone Rd., #246 
meSON, AZ 85705, USA 
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PROPOSED PROBLEM OF NUMBER THEORY 

BY PROF. KEN TAUSCHER 

Let N be a positif integer. Let T'I be the function that associates to any non-null 
integer P the smallest number Q such find the minimwn value of K from which 
,,(R) > N for any R > K. 

SoIutioo: 
Lemma: For any X > Y! we have 77(X) > Y. 
Proof by reductio ad absurdum: 
If ,,(X) = A ~ Y, then A! ~ Y! < X , whence A! may not be divisible by X. 

Refereace: 
Thomas Marlin, Aufgabe 1015, "Elemento del' mathematik", vol. 49, No. 

3,1993. 

Current Address: . 
Ken T auschcr 
14 / 162 Excelsior St. 
Mcrrylands 2160 
N.S. W., Sydney 
Aumalia 
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A GENERALIZATION OF A PROBLEM OF STUPARU 
by L. Seagull, Glendale Community College 

Let n be a composite integer >= 48. Prove that between nand S(n) 
there exist at least 5 prime numbers. 

Solution: 
T. Yau proved that Smarandache function has the following property: 

S(n) <= n/2 for any composite number n >= 10, 
because: 
if n = pq, with P < q and (p, q) = 1, then: 

S(n) = max {S(p), S(q)} = S(q) <= q = nip <= n/2; 
if n = pAr, with p prime and r integer >= 2, then: 

S(n) <= pr <= (pA r )/2 = n/2. 

(Inequation pr <= (pA r )/2 doesn't hold: 
for p = 2 and r = 2, 3; 

as well as for p = 3 and r = 2; 
but in either case n = pAr is less than 10. 
For p = 2 and r = 4, we have 8 <= 16/2; 
therefore for p = 2 and r >= 5, inequality holds because the right side is 
exponentially increasing while the left side is only linearly increasing, 
i.e. 2r <= (2 Ar)/2 for r >= 4 (1) 
Similarly for p = 3 and r >= 3, 
i.e. 3r <= (3 Ar)/2 for r >= 3. (2) 
Both of these inequalities can be easily proved by induction. 
For p = 5 and r = 2, we have 10 <= 25/2; 
and of course for r >= 3 inequality 5r <= (5 Ar)/2 will hold. 
If P >= 7 and r = 2, then p2 <= (pA2)/2, 
which can be also proved by induction.) 

Stuparu proved, using Bertrand/Tchebychev postulate/theorem, that there 
exists at least one prime between nand n/2 {i.e. between nand S(n)}. 
But we improve this if we apply Breusch's Theorem, 
which says that between nand (9/8)n there exists at least one prime. 
Therefore, between nand 2n there exist at least 5 primes, 
oecause (9/8)A5 = 1.802032470703125 ... < 2, 

while (9/8)A6 = 2.027286529541016 ... > 2. 

References: 
1. M. Radu, "Mathematical Spectrum", Vol. 2 7, No.2, p. 43, 1994/5. 
D. W. Sharpe, Letters to the Author, 24 February & 16 March, 1995. 
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AN IMPORTANT FORMULA TO CALCULATE THE NUMBER OF PRIMES LESS THAN X 
by L. Seagull, Glendale Community College 

If x >= 4, then: 

\ 
(x) = / 

x 

k-2 

S (k) 

-k-

where S(k) is the Smarandache 
is divisible by k, and 

a 

means the integer part of a. 

Proof: 

- 1 

Function: 
I 
I 
I 

the smallest integer such that S(k)! 

Knowing che Smarandache Function has the property that if p > 4 then 
S(p) - P if only if p is prime, 
and S(k) <- k for any k, 
and S(4) - 4 (the only exception from the first rule), 
we easily find an exact formula for the number of primes 
less or equal than x. 
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