











If the equation has a solution different of 1, we must have x™=5(x") <x1., so m<n

If m=n, the equation becomes xm=1=§(x™) , so X" is a prime number or x" =4, so n=1
and any prime number as well as x=4 is a solution of the equation, or n=2 and the only
solutions are x=1 and x=2.

For m=1 and n > 1, we prove that the equations S( x™)=x, X € N* has an infinite
number of solutions. Let be a prime number, p>n. We prove that )np) is a solution of the
equation, that is S((np)?)=np.

n<p and p is a prime number, so n and p are relatively prime numbers.

n<p implies:

(np)! = 1-2- ... - n(n+1)- ... -(2n)- ... -(pn) is divisible by n2.

(np)! = 1-2- ... - p(p*1)- ... (2p)- ... -(pn) 1s divisible by p=.

But p and n are relatively prime numbers, so (np)! is divisible by (np)®.

If we suppose that S((np)?)<np, then we find that (np-1)! is a divisible by (np)?, so(np-
1)1 is divisible by p%(3). But the exponent of p in the standard form of p in the standard
form of(np 1)! iS'

But p >n, so p2 >np >np-1. This implies :
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This means (np-1)! is divisible by p™! | but isn’t divisible by p2 , so this is a
contradiction with (3). We proved that S((np)n)=np, so the equation S(xn)=x has an infinite

number of solutions for any natural number n.
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SOME ELEMENTARY ALGEBRAIC CONSIDERATIONS
INSPIRED BY THE SMARANDACHE FUNCTION
by

E.Radescu, N.Radescu, C.Dumitrescu

It is known that the Smarandache function S:N---N,

S(n)smin{k|n divides k!} satisfies

{i) S is surjective

(ii) S([m,n)}) = max { S(m),S(n)}, where [m,n] is the smallest
common multiple of m and n.

That is on N there are considered both of the divisibility
order s; ( msy n if and only if m divide n ) and the usual order =.
Cf course the algebraic usual operations "+" and "-" play also an
important role in the ‘description of the properties of S.

For instance it is said that [1]:
max { S(k¥),S(n") } = S((kn)®™) s aS(k*)+kS(n®).

If we consider the universal algebra (N,Q), with

0=V, é,}, where V,: (N*)?---N* is given by, m V, a=[m,n], and
&, : (N*)°--=N*, is given by &, ({®h=1=ey, and analogously the

universal algebra (N*,Q/) with Q’={V, ¥,}, where V. (N*)?---N*, is
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defined by mVn=maxim,n}, and ¥, : (N*)°---N* is defined Dy

¥, ({®}) =1=6y, then it results:
1. PROPOSITION. LetN={5-(k)|keN*},wheres- (k) ={xeN*|S(x) =k}. Then

(a) N is countable (cardN*=alef zero) -

(b) on N may be defined an universal algebra, isomorfe with
(N*, Q).
Proof. (b) Let ¢: (N)2---N be defined byw (S7(a), 3=(b))=8"(c) .
where C=S(xVy), with xe38~(a) ,y€S (b) .

Then w is well defined because if x,€S7(a) .y, €S (D) the

S(x,Vay,) =8(x,) VS(y,) =aVb=5tx) VS(y) =8(xVy) =c.

Example.  ($-(23),87(14))=8"(23) because if for instance
x=46€S5-(23)and y=49€S-(14) then 46 V449 =2254 and S5(2254) =23.

In fact, because c=S{xVy)=5(x)VS(y)=aV¥b, it results that

w is defined by

w(s-(a), S (b)) =8 (aVb) -
We define now w,: (N)°---N by o, ({®#})=57(1).
Let us note S-(1) =¢,. Then
vs-(k) eN © (3 (k),e,)=w(e,, S (k))=5"(k) .
Then (N, Q) is an universal algebra if 0={w, w,}.
It may be defined h:N---N* an isomorphism between (N, @) and

(N*, Q) , by h(87(k)) =k.
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We have
VS-(a) , S (b)) eN h(w(38~(a),S (b)) =h(S5 (aVh) =

=aVb=h(8~(a)) Vh(S (b))
that is h is a morphism.

Of course h(w,({®}) =P,({®}) and b is injective.

Indeed, h(S (a)) =h{(S (b)) «a=b and then

"xeS (a) «» S(x) =a=b=x€S (b) =S (a)cS"(b) and analogously

S-(b)<S~(a). so S (a)=S8"(b) -
From the surjectivity of S it results that b is surjective,

because for every keN®* it exists xeN* such that S{x)=k, so
S"(k)»® and h(S~(k)) =k.

Then we have (N, Q) ®(N*, Q") and from the bijectivity of B it

results cardN=cardN*, that is the assertion (a).

Remarks (i) An other proof of Proposition 1 may be made as

follows;

Let P, be the equivalence associated with the function 8
Xpgy e S(x) =S(y) .

Because S is a morphism between (N*, Q) and (N*,Q/) it results

that pg is a congruence and so we can define on %r- the operations

-4

w and w, by
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w: (N'/pg)3--=-N*/p,, (2,9 =xVyy;

wy: (N/pg):-—-N*/pg, @, ({®}) =1.

Moreover, N*'/p.,=N and so it is constructed the universal
algebra (N, 0), with @={w,w,}. That because §:(N*,Q)---(N*, Q/) is
a morphism so by a well known isamorphism theorem it results that (N*/pg) =ImS
so (N,Q)=(N°*,Q) . That is we have a proof for (b), the morphism

being a:N---N*, a(R)=S(x) .
(ii) Proposition 1 is an argument to consider the functions

Spin: N*-==N*, 3L (k) =minS~ (k)
St N*===N*, 5% (k) =max3~(k) (sec [4])

whose properties we shall present in a future note.

(iii) The graph
G ={{x,y)eN*XN* / y = 3(x)}

is a subalgebra of the universal algebra (N*XN°*, Q), where
Q=lw, ), with @: (N*X N*)2---N*XN*, defined by
©((x, 7). (x,5,))=(x, Vdx,,y; Vy,) and o,: (N*xN*)°--~N*x N*, defined
by @, ({®}) =(d, (1®}) , P, ({®))=(1,1) .

Indeed G is a subalgebra of the universal algebra (N*xN*, Q)
if for every (x,,y,),(x,, ¥,) €G it results @ ({x, »,), (x,y,) €C

andw, ({®})eG. But

© (X, 7)., (6.5)) = (0 Vx5, 7 Vy,) = (x, Vyx,, S(x) V8 (X)) = (x, V%,
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and @, {{®) €G if and only if (1,1) €G.

That is (1, S(1)) €6.

In fact the algebraic property is more complete in the sense
that f:A---B is a morphism between the universal algebras(a, Q)
and (B, Q) of the some kind ¢t if and only if the graph P of the
functional relation f is a subalgebra of the universal algebra
(AxB, Q) .

Then the importance of remark (iii) consist in the fact that
it 1s possible to underline some properties of the Smarandache
function starting from the above mentioned subalgebra of the

universal algebra (N°xN*, Q).
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SMARANDACHE FUNCTIONS OF THE SECOND KIND

by Ion Bilicenoiu and Constantin Dumitrescu
Departament of Mathematics, University of Craiova
Craiova (1100), Romania

The Smarandache functions of the second kind are defined in [1] thus:
S¥N' >N, Stm)=S,(k) for neN,

where §, are the Smarandache functions of the first kind (see [3]).

We remark that the function S' has been defined in [4] by F. Smarandache because
st=§.

Let, for example, the following table with the values of S?:

n |1 2 3 4 5 6 7 8 9 10 11 12 13 14
o {1 4 6 6 10 6 14 12 12 10 22 8 26 14

Obviously, these functions S aren't monotony, aren't periodical and they have fixed
points.

1. Theorem. For k,n N istrue S*(n)<n-k.
Proof Let n=p[p;*...p* and S(n):rlrsl‘asyt({SPi(a,)}=S(pf’).

Because  §*(n) = () = max{S, (a)} = S(p7*) < kS () < AS(p") = kS (m)
and S(n)<n, [see([3]], it results:

(1) S¥(my<sn-k for every nmkeN" .
2. Theorem. A/l prime numbers p > 5 are maximal points for S*, and
Sk(p)zp[k—ip(k)], where Osip(k)sli%]

Proof. Let p>5 be a prime number. Because Sp_l(k)<Sp(k), Sp+l(k)<Sp(k) [see

[2]] it results that S*(p-1)<S*(p) and S*(p+1)<S*(p), sothat S*(p) is a relative
maximum value.
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Obviously,

(2) SH(p)=S,(k)=plk-i,(k)] with OS’P”‘)S[L;]'

(3) S¥(p)=pk for p2k.

3. Theorem. The numbers kp, for p prime and p>k are the fixed points of Sk,

Proof. Let p be a prime number, m= p®...p% be the prime factorization of m and
p>max{m,k}. Then pa, <pt<p for ielt, therefore we have:

$*(m- p) = SU(mp)* 1= max{S, ..., (00} = S, ()= kp.

For m=k we obtain:

S*(kp)=kp sothat kp isa fixed point.

4. Theorem. The functions S* have the following properties:

Sk =0 (n***), for £>0

im sup =k.
”"’f n
Proof. Obviously,
k
OSmnS,("LumS(l’f)sumkS“”’:kﬁmS(f)-o for
o nte nso gt o pte e e
S=0 (1), [seef4]}.
Therefore we have S* =0 ('), and:
k
tm sp 5  fim sup ST - i S
nswo n rse n po P
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5. Theorem, [see[l]]. The Smarandache functions of the second kind standardise
(N, ) in (N,<,+) by:

¥, max{$*(a),5%(b)} < S (ab) < S*(a) + 5% ()
and (N', ) in (N' <) by:

5, max{S%(a),5%(b)} < $*(ab) < S*(a)- S*(b) for every a,beN'

6. Theorem. The functions S* are, generally speaking, increasing. It means that:
vneN' 2myeN sothat Ym>m; = S§“(m)=S*(n)
Proof. The Smarandache function is generally increasing, [see [4]], it means that :
(3) vVt eN" Zn(t)eN sothat Vr2r = S(r)2S(¢)

Let t=n* and ro=r(t) so that Vr2r = S(r) 2 S(n*).

Let m,,=[5/5]+1_ Obviously my 2 4/r, & mf2r,and m>my & m" > mf.
Because m 2mf >r, it results S(m*)2S(nf) or S¥(m)=S¥(n).
Therefore

VneN Zmy= {'{/ro ] +1 so that
vmz2m, = S¥(m)= 5“(n) where = rO(nk)
is given from (3).
7. Theorem. The function S* has its relative minimum values for every n = p\, where p
is a prime number and p > max{3,k}.

Proof. Let p!'=p!-p}---pr-p be the canonical decomposition of p!, where
2=p <3=p, <--<p,<p. Because p! is divisible by p;’ it results S(p;f) <p=S(p) for

every j el,—m.
Obviously,

5o = ST(p)*1= max| 5(6).5(s)}
Because S(p'" ) < kS (p?) < kS(p) = kp = S(p*) for k < p, it results that we have

4 SY(p)=S(p*)=hp, for k<p
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Let p!-1=gq}-q7---q be the canonical decomposition for p!-1, then
q,>p for j elr.
It follows S(p!-1) = %{S(q;’ )} =S(qy) with ¢, > p.
)

Because S(gz) > S(p) = S(p!) it results S(p!-1)> S(p!).
Analogous it results S(p!+1)> S(p!).
Obviously

&) SHp-D=S[(p- 1) |2 5(gk) 2 5(gk) > S(PM) = kp

© S*p+D=S[(p+1)*]>k-p

For p2max{3,k} out of (4), (5), (6) it results that p! are the relative minimum
points of the functions S* .
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f 7 15 a prume number, then S(z} = z. thus the point iz, S(p)i belongs 1o the line of
equation y =z ;

If 7 is a composite integer, ; # 4, then i;‘& < £ which means that the point (g, S(g)) is

under the graphic of the line of equation y = £z and above the axe 02z .

a: -
-—

¥

-~
-

wr

LA )
o]

/ -l -z

Thus, for every consecutive integer numbers =,y where z = p is a prime number and
7 = p~1. the lenght AB can be made as great as we need, for z,y sufficiently great.

Remark 2. [n fact we have proved that the fonction f: N* — N defined by f(n) =
Sin) = S(n ~ 1} is unbounded, which imply that the Smarandache’s function is not Lip-
schitz.
In the sequel we study the Lipschitz condition for other fanctions which involve the
Smarandache’s functioa.

Propesition 2 The %ncticn & V' 010 = ¥, Si{n) = 37'75 verify the Lipschits
ssndition. o

Prsof Forevery = > 2 we have S{z) > 2. therefore 0 < 3{5 <: Hwetakez #yin
N\ {0,1}, we have

.1 1,
| —— - -(-—
S(zy Sty —2- 2! -



For z = y we have an equality in the relation above, therefore S; is a funcuion which verify
the Lipschitz conditlon with A = 3 and more, it 1s a contractant function.

Remark 3. In {2 it is proved that T =~ is divergent .
@Y.

Proposition 3 Tic funoiicn 8,0 Nt = VL Syin) = 22 venfy tne Lizscruz condilion.

Provf Forevery ¢,y € N, 1< e <y wehaver =nand y =n—m wherem € N*. In
2] is proved that

I Nin)

—T < <, Vme N0 1}
in = 1) n

Using this we have

1S(zy  Slyyi iS{n)  Sin+mi 1
“)— IR AV 1< 1= \<l<xz yl
z o 2 ne-m tn+m = 1)
therefore
S(ey Sy
; ()_ \j/ S :—g,

» 1
bt J

for z and y as above. For z = y we have an equality in the relation above. It follows that

<, 1s venfy the Lipschitz condition with K = 1.
' |

Remark 4. Using the proof of Propositiz= § proved below, it can be shown that the
Lipschitz constant K = 1 is the best possible. Indeed, takez =n=p-1,m=1
and therefore v = p {with the notations from the proof of Propositicn 8 ), with p a
primenumber. From the proof of Propositicn 5, there 1s a subsequence of prime numbers

‘rnukm such that —”!:—- “=% 0 Fork > | we have, for a Lipschitz constant K of S
ynk .
, ' Sipn) Slpa, - 1) Slon, = 1) k=0
R):“ k) T AT i=1— 3 =1
Pry Doy =1 1 Doy =1

Thus, K > 1
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Proposition 4 Thae furction S; - N 1301 = N Suinio= = ooy wot verify the
Lipschitz rondition,

Procf (Compare with the proof of Prczosries [

We have 1o prove that for every real A" > 0 there existe 2,3 € ¥ such that * S3iz) -
Sﬂ'u >K -yt

Let K > D be a given real number. 2 = ¢ be a pnme number and y = = — 1.Using the
P-czosinize 5 proved below, which asserts that the sequence « —:p——-e + 15 unbunded

.’)ﬂ)

where iP’n>1 15 the pnme numbers sequence), we have, for a prime number » such that
>K~+1:
D"J.

T yoi_ & p~1 p-1 ;
— = o T | — T ~ --1>K+1-1=K=Kjz-
S Sy Sk Sp-1. Sp-1) ==l
]
Proposition 5 l'ff;:n”l>1 is the prime numiers sequence, then the .aequ.ence{;&"—j}vaz2

;3 uvznm nd&d

Prosf Denote ¢, = p, ~ 1 and let =, be the number of the distinct prime numbers
which appear in the prnime factor decomposition of 7, . for n > 2 . We show below that
{7n ) .57 15 a0 unbounded sequence.

Forafixed £ € N*, consider r; Y, o1 - rr and the anthmetic progression {14 7y - m}m>1
From the Dinchlet Theorem {3, pg. 194;, it follows that this sequence contains a sabse-
quence 11 + 7¢ - m‘!m of prime numbers: 5., = | ~7;-m,, therefore 7 m; = py, =1 = gy,
which impl.ies that r, 2 k. It shows that the sequence (r, } a2 1s an unbounded sequence.

Mg, = H 93' then it is known (see ‘41 thau:

=1

Siga)=max S il =8 5¥) < g,
‘qn) tI.IlTE’x_ (v‘~ N ’3'/1 \‘-/ps}j Sa«'nﬁf
=diin

thus




We have:

21 (2)

Tndeed, if o, =1, then u; = 1. [fo, >1, then

y (z, = Dig, = 1) N Ly !
$ = s -2 T
n . . . R
Butvy= [] 73 hasry -1 prime factors and rny, 5, 18 unbounded, then it follows
EINT 3 ) =

F . . o [ )
that {Un},>7 15 unbounded. Using this. 1} and 121, 1t {ollows that the sequence i?ﬁm

is anbounded.
|

n>3

Remark 5. Using the same ideea, the Proposiiion §is true in & more xeneial form:
’ \

! Y } > ; ra | N lod s hem D . .
Fora € 7. the sequence { S22500 s wnhounded, where <oy 1§ the prime
H y r
Tpemal | pamini Fring, .

numbers sequence.
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A BRIEF HISTORY OF THE "SMARANDACHE FUNCTION" ( III )

by Dr. Constantin Dumitrescu

ADDENDA (III)
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PROPOSED PROBLEM
by Thomas Martin

Let 77:2" > N Smarandache Function: 77(m) is the smallest integer n such that
n! is divisible by m .
a) Prove that for any number k € R.therc exist a serics {p:}x of positive integer numbers
such that :

L=tim—2— >k

=~ n{p,)
b) Does L:limL diverge to + .
n—e 1(m)
Solution:

a) Let p. be a prime number greater than k. Index ;j is fixed We construct
P.=P,P.for i=123...
Lemma 1. f u < v are prime numbers, then 7(uv) = v.
Of course vi=1-2......u-....v=cf, = ok, .

Hence n(p,)= p,., , forany i=123.. where p,,, is the j +i* prime number.
Then L=p, > k.

b) Because there exists an infinity of primes : 7, 2..,,.-.., greater than k , we find
an infinity of limits for cach {p ()} series, ie. L= p,., or L= p,,; ctc.
Therefore L = lim —— does not exist!

== 17(m)

Reference:
R. Muller, "Smarandache Function Journal”, Vol. 1. Ne. 1, 1990.



PROPOSED PROBLEM

by J. Thompson

Calculate:

ﬂj\1+ - log n(n)J

where 77(n) is Smarandache Funcuon . the smallest integer m , such that m/ is divisible by
n.

Solution:
(&
We know that 1\21/ k —log n | converges to e for n - .
k=t /

It's casy to show that for k=2 , n(k)< k. More, for k a composite number
>10,n(k)<k/2. Also, if p>4 then: n(p)= p if and only if p is prime.

”n

S| 1 )
———log n(n) 2 Z——logn + Z ———3e+®=0

k—lO (k) \k=10k ?=10 k
k=prime
because for any prime number p there exists a composite number p-! such that
1 1
——>—thus:
r-1 p
Zl 1+1 1+1 1+l++l 1+1 1 - 1 —
il L= 5 — ,
w0 kK 10 12 14 15 16 18 11 13" 17 p(n)
kxprme

where p(n) is the greatest prime number less that .
We took out the first nine terms of that scnes the kimit of course didn't chance.

Reference:

Smarandache F., " A function in the number theory”, <Analele Univ. Timisoara>,
fasc. 2, Vol. XVILpp. 163-8, 1979,
see Mathematical Review: 82a:03012.

Current Address:

J. Thompson, Number Theory Association
3985 N. Stone Rd., #246

TUCSON, AZ 85705, USA
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PROPOSED PROBLEM OF NUMBER THEORY

BY PROF. KEN TAUSCHER

Let N be a positif integer. Let n be the function that associates to any non-null
mtegeeresmanutnumbchsuchﬁndﬁ:e minimum value of X from which
n(R)> N forany R > K.

Solution:

Lemma: For any X > ¥! we have n(X) >

Proof by reductio ad absurdum:

I n(X)=A<Y, then A'<T!'< X , whence A! may not be divisible by X.

Reference:
Thomas Martin, Aufgabe 1075, "Elemente der mathematik”, vol. 49, No.
3, 1993.

Current Address:
Ken Tauscher

14 / 162 Excelsior St.
Merrylands 2160

N.S5.W,, Sydney
Almraha
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A GENERALIZATION OF A PROBLEM OF STUPARU
by L. Seagull, Glendale Community College

Let n be a composite integer >= 48. Prove that between n and S(n)
there exist at least 5 prime numbers.

Solution:
T. Yau proved that Smarandache function has the following property:
S(n) <= n/2 for any composite number n >= 10,
because:
if n = pq, with p < g and (p, q) = 1, then:
S(n) = max {S(p), S(qQ)} = S(q) <= q = n/p <= n/2;
if n = p*r, with p prime and r integer >= 2, then:
S(n) <= pr <= (p*r)/2 = n/2.

(Inequation pr <= (p”*r)/2 doesn’t hold:
for p =2 and r = 2, 3;
as well as for p = 3 and r = 2;
but in either case n = p*r is less than 10.
For p =2 and r = 4, we have 8 <= 16/2;
therefore for p = 2 and r >= 5, inequality holds because the right side is
exponentially increasing while the left side is only linearly increasing,

i.e. 2r <= (2*r)/2 for r >= 4 (1)
Similarly for p = 3 and r >= 3,
i.e. 3r <= (3*r)/2 for r >= 3. (2)

Both of these inequalities can be easily proved by induction.
For p =5 and r = 2, we have 10 <= 25/2;

and of course for r >= 3 inequality 5r <= (5%r)/2 will hold.
If p > 7 and r = 2, then p2 <= (pr2)/2,

which can be also proved by induction.)

Stuparu proved, using Bertrand/Tchebychev postulate/theorem, that there
exists at least one prime between n and n/2 {i.e. between n and S(n)}.
But we improve this if we apply Breusch’s Theorem,
which says that between n and (9/8)n there exists at least one prime.
Therefore, between n and 2n there exist at least 5 primes,
pecause (9/8)"5 1.802032470703125... < 2,

while (9/8)"6 2.027286529541016... > 2.

References:
I. M. Radu, "Mathematical Spectrum", Vol. 27, No. 2, p. 43, 1994/5.
D. W. Sharpe, Letters to the Author, 24 February & 16 March, 1995.
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AN IMPORTANT FORMULA TO CALCULATE THE NUMBER OF PRIMES LESS THAN X
by L. Seagull, Glendale Community College

If x >= 4, then:

I
f ! I
: : (x) = / ! k

where S(k) is the Smarandache Function: the smallest integer such that S(k)!
is divisible by k, and | |

] a |

| |

means the integer part of a.

Proof:
Knowing the Smarandache Function has the property that if p > 4 then
S(p) = p if only if p is prime,
and S(k) <= k for any k,
and S{4) = 4 (the only exception from the first rule),
we easily find an exact formula for the number of primes
less or equal than x.
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