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Abstract

The objective of this paper is to study and define the neutrosophic real functions with one neutrosophic variable
depending on the geometric isometry (AH-Isometry), with a lot of concepts from real analysis including
continuality, differentiability, derivativility, integrability. We have presented the formal forms of different popular
functions in neutrosophic environment like logarithmic function, exponential function, trigonometric functions.
Rising neutrosophic derivative, indefinite integral, and definite integral well defined including rising to
neutrosophic functions.

Keywords: Neutrosophic real analysis; AH-isometry; Integration; Derivative neutrosophic function; Indefinite
integral neutrosophic function; Definite integral neutrosophic function.

1.Introduction
Neutrosophy is a new branch of philosophy concerns with the indeterminacy in all areas of life and science. It has
become a useful tool in generalizing many classical systems such as equations [1,9], number theory [2,3], topology

[4,5], linear spaces [6,10], modules [4,5], and ring of matrices [7,8].

In the literature, we find many studies about neutrosophic calculus, where some definitions and properties were
presented about neutrosophic real functions and numbers [10].

The neutrosophic real functions with one variable were defined only in a special case [11], as follows:

f(x) = g(x) + h(x)I where I takes an interval value defining what is called by neutrosophic thick functions . For
examplef(x) = 2x + 5xI,1 € [0,0.01] is a neutrosophic real thick function.

The problem with this definition, that it does not consider the general case f: R(I) - R(D); f = f(X)
And X = x + yI € R(I).

Recently, Abobala et.al, have presented the concept of two-dimensional AH-isometry to study the correspondence
between neutrosophic plane R(I) x R(I) and the classical module R? x R?. Also, the one-dimensional AH-
isometry between R(I) and R x R. This isometry was useful in defining inner products and norms [10], ordering [9],
and neutrosophic geometrical shapes [10].
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In this work, we use the one-dimensional AH-isometry to turn the general case of neutrosophic real functions with
one variable into two classical real functions so we will go from R(I) space into R X R space, we study the
properties of our functions then we go back to R(I) space using AH-isometry.

2 Definitions.
Definition 2.1. Neutrosophic Real Number: [12]

Suppose that w is a neutrosophic number, then it takes the following standard form: w = a + bl where a, b are real
coefficients, and I represents the indeterminacy, where 0.1 = 0 and I™ = I for all positive integers n.

For example:
w=1+2I,w=3=3+40lI.
Definition 2.2. Division of neutrosophic real numbers: [13]
Suppose that w;, w, are two neutrosophic number,where
w; =a, +bl,w, =a, + byl
Then:

W1 a1 + bll a1 a2 bl - a]_ bz
w, a,+b,] a, ay(a,+b,)

3 Neutrosophic Functions on R(I).

Definition 3.1 [14]

Let R(J) = {a + bl ;a,b € R} where 12 = I be the neutrosophic field of reals. The one-dimensional isometry
(AH-1sometry) is defined as follows: [49]
T:R(I) > RXR; T(a+ bl)=(a,a+Db)
Remark 3.1. [14]

T is an algebraic isomorphism between two rings, it has the following properties:
1) T is bijective.
2) T preserves addition and multiplication, i.e.:
Tl(a+bD) + (c+dD]=T(a+ bl +T(c+dD
And:

T[(a+bD) - (c+d)]=T(a+ bl -T(c+dl
3) Since T is bijective, then it is invertible by:

T"UZURXR->R(); T Ya,b)=a+ (b -a)l
4) T preserves distances, i.e.:
The distance on R(I) can be defined as follows:

LetA=a+ bl,B = c + dI be two neutrosophic real numbers, then L = ||4B|| = d[(a + bl, c + dI)] =
la+bl—(c+dD|=|(a—c)+I(b—-d)|=|la—c|+I[la+b—c—d|—|a—cl|]

On the other hand, we have:

T(||ﬁ||) =(la=cll@+b)—(c+ D) =(d(a,c)dla+bc+d)=d[(aa+b),(cc+d)]=d(T(a+
b, T(c +dl))

=[[r@B)|.
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This implies that the distance is preserved up to isometry. i.e.||T(AB)|| = T(||AB]])
Definition 3.2. [15]

Let f:R(I) > R(I);f = f(X) and X = x + yI € R(I) the f is called a neutrosophic real function with one
neutrosophic variable.
a neutrosophic real function f(X) written as follows:

fX)=fx+yD =f)+1[f(x+y) - f(0)]

Theorem3.1. any neutrosophic real function into two classical real functions, i.e., to the classical Euclidean plane
R X R.

Proof.

Let f(X) = f(x+yD) = f(x) +1[f (x + y) — f(x)] a neutrosophic real function.

Now, Using the one-dimensional AH-isometry, we have.

T(f(X)) = T(f(x) + I[f (x + y) = f(x)]), then.

(fi, f2) = (f(x), f(x + ¥)), then, we have.

{ fi=F()

fo=fx+y)

the functions f(x), f(x + y) are a real functions.
Definition 3.3. Neutrosophic exponential and logarithmic functions. [14]

Let R(I) be the neutrosophic field of reals, we have:
1. f(X)=eX =¥V =¢e* +](e* —e%)
2. f(X)=In(X) =In(x +yl) =Inx + I(In(x + y) — In(x)), where x + yI > 0.

Definition 3.4. [14]

Let R(I) be the neutrosophic field of reals, we have:

fX) = Jx+yl =vVx+I1(/x+y—+x)
Definition 3.5.

Let R(I) be the neutrosophic field of reals, we have:

fX) = A X"+ A X+ -+ ALX + A
=aux" + a1 x" T+t ax +aq
+ I[(bp(x + )" + by (x + y)" 1 + -+ by (x + y) + b
—(apx™ + ay_x™ T+ -+ agx + ag))]

Definition 3.6. Neutrosophic Trigonometric Functions:

Let R(I) be the neutrosophic field of reals, we have:
1. sin(x + yI) = sinx + I[sin(x + y) —sinx ]
2. cos(x + yI) = cosx + I[cos(x + y) — cos x]
3. tan(x + yI) = tanx + I[tan(x + y) — tan x]

4. derivative a Neutrosophic Functions on R(I).

Definition 4.1.

Let f(X)=f(x+yD) = f(x)+I[f(x+y)—f(x)] a neutrosophic function on R(I), the we define a
derivative of a neutrosophic function f(X) as follows:

f{X)=fx+yD=f0)+1f'(x+y) = f )]
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Examples 4.1.

1. f(X)=eX=e*+1(e*? —e*). We have.
f1X) = (e¥) +1[(e*) — (e¥)] = e* + I(e™ — e¥) = e¥.
2. f(X)=InX) =1Inx + I[In(x + y) — In(x)]. We have.

, , , , 1 1 1 1 X—x—Yy 1 -y
F/(X) = (Inx) + [[(nCx + )’ — (nx)'] =;+1[(x+y)—;] =2 [ =z [TC”)
1+0I 1

x(x+y) ] x
Cx+yl X

3. f(X) =XeX =xe* +1((x +y)e*™Y — xe*). We have.

F1X) = (xe®) +1[((x + y)e™™) — (xe*)'] = e* + xe* + I(e**Y + (x + y)e*¥ — (e* + xe¥)) = e* +
1(e* —e*) + [xe* + I((x + y)e™* —xe*)]| = eX + XeX.

4. f(X) = sinX = sin(x + yI) = sinx + I[sin(x + y) — sinx ].
We have.

f'(X) = (sinx)" + I[(sin(x + y))' — (sinx)'] = cosx + I[[cos(x + y) — cos x] = cosX.

5. f(X) = cosX = cos(x + yI) = cosx + I[cos(x + y) — cos x]. We have.

f'(X) = (cosx) + I[(cos(x + y)) — (cosx)'] = —sinx + I[[— sin(x + y) + sinx] = —(sinx +
I[[sin(x + y) — sinx]) = —sinX.

6. f(X)=eXIn(X)+X?%=e*In(x) +x% +I[e*In(x +y) + (x + y)? — (*In(x) + x2)]. We have.

/X)) = (*In(x) +x2) + [ In(x + y) + (x +¥)?)' — (*In(x) + x?)'] = (exln(x) + % +
2x) +1 [e("”’) In((x +y)) + e)(:;) +2(x+y) - (e"ln(x) + ex_x + Zx)] =eXIn(X) + % +2X.
7. f(X) = sin?X .cosX = sin’x .cosx + I[(sin?(x + y) .cos(x + y) — sin?x . cosx)]. We have.
f'(X) = (sin®x .cosx)’ + I[(sin?(x + y) .cos(x + y))' — (sin®x .cosx)'| = 2sinx. cos®x — sin®x +
I[2sin(x + v).cos?(x + y) — sin®(x + y) — (2sinx. cos?x — sin®x)] = 2sinX.cos?*X — sin3X.

5. integral a Neutrosophic Functions on R(I).

Definition 5.1.

Let f(X)=f(x+yl)=f(x)+I[f(x+y)—f(x)] a neutrosophic function on R(I), the we define a
integration of a neutrosophic function f(X) as follows:

ff(X)dx=ff(x)dx+1Uf(x+y)d(x+y)—ff(x)dx]+(a+b1)

Where (a + bI) is a neutrosophic constant number, and [ f(X) dX = F(X) = F(x) + I[F(x +y) — F(x)].
Examples 5.1.

1. f(X)=eX =e*+1(e*"Y — e*). We have.
feXdX = [e*dx+I[[fe*™Vd(x+y) — [e*dx] =e* +1(e*™Y —e¥) + (a + bl) = eX + (a + b).
2. f(X) =X?%eX =x%e*+1((x +y)2e*tY — x2%e*). We have.
[X2eXdX = [x?e*dx + I[[(x + y)?e*Vd(x +y) — [ x?e*dx] = (x? — 2x + 2)e* + I([(x + y)? —
2(x +y) + 2]e*™Y — (x2 — 2x + 2)e*) + (a + bI) = (X? — 2X + 2)e* + (a + bI).
3. f(X) =XeX" =xe* +1((x +y)e®* — xe**). We have.
[xeX* dx = [xe*” dx +I[[(x + y)e* d(x + y) — [ xe* dx] = %exz +1 (%e("“’)2 —%exz) +
(a +bI) = %[e"2 + I(e("“’)2 - exz)] + (a +bl) = %exz + (a + bD).
4. f(X) =sin3X = sin®x + I[sin®(x + y) —sin® x ]We have.

3 3
[XeX* dX = [sin®xdx + I[[ sin3(x + y) d(x + y) — [ sin® x dx] =%—cosx+l[cos(3—x+y)—
cos3 x

cos(x +y) — (@ - cosx)] + (a+bl) = — cosX + (a + bl).
5 fX)=X3In(X) =x3Inx + I[(x + ¥)*In(x + y) — x3In(x)]. We have.
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n =|x’Inxdx + X+ n(x + X + — | Xx " Inxdadx =—41nx—ix4+

X3 In(X)dX = [ x*Inxdx +I[f(x +y)*In(x + ) d(x +y) = [ x* Inxdx] == —
Gt _1 4 (X Lo Xy Ly

I[ ln(x+y) 62(x+y) gzllnx2 X )]+(a+b1)— 4lnX 16X + (a + bl).

6. f(X)= =2 [ Xy \We have.

1- X2 1-x2 1-(x+y)2  1-x2

(x+y)? 1+
f1x2 l’zxf)zd(x+y)—f1x2dx]——x+ ~In | x+1[—(x+y)+
1 1+(x+y) 1+x 1+X

C V1Hx24/1-x2  J14x24/1-x2 I+ )2 +/1-(x+y)? \/1+xz+\/1—x2
7. fX) = e i I( G S ). We have.
‘/1+X +\/1 X2 1212 JI+ G241 (x+y)? \/Eh/ﬁ ]
f - dex +1 [f J1i-Gei)* d(x + ) f

1 1 1
f<\/1—x2 \/1+x2) de+1 [f <\/1—(x+y)2 * \/1+(x+y)2) 9 -J (\/1—962 * v1+x2> x] = arc sinx +
In|x + V1 + 22| + I[arc sin(x + y) + In|(x + ¥) + /1 + (x + ¥)2| — (arc sinx + In|x + V1 + x2|)] +
(a + bI) = arc sinX + ln|X ++vV1 +X2| + (a + bI).

6. The definite integration a Neutrosophic Functions on R(I).

Definition 6.1.
Leta+ bl,c+dl e R(I),thewesaya+ bl <c+dlifa<caanda+b<c+d.

Definition 6.2.

Let f(X) = f(x+yD) = f(x)+1[f(x+y)— f(x)] a neutrosophic function on R(I), we define the definite

integration of a neutrosophic function f(X) as follows:
c+dl c+d

| reax - j feoax+1| [ i+ - ] fGdx

a+bl a+b

Examples 5.1.

f1+1 eXdX = fol e*dx +1 [foze(x”)d(x +y) — folexdx] =[e*]s +1 [[e(x”’)]i - [e"](l)]

—(e—eo) -|0-+10[I(ez—e°)—(e—e°)] =(e—-D+I[(e*?-1)—-(e—1D]=e—1+1[e* —e]

TL'

2. = fn 7 "sinX dX = fn sinx dx + 1 [fn sin(x +y)d(x +y) — fn sinx dx] [— cosx]g +1 [[—cos(x +
6

6 6

Yz + cosx]E]
3 V3| V3
(s B -0 (0 D) B

3. Conclusion

In this paper, we have defined the concept of a neutrosophic functions. Also, we have discussed some of their
elementary properties such as derivative, indefinite integral, definite integral.
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