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ABSTRAOT. The 'main purpose of this paper is to study the distribution properties 
of k-power free numbers, and give an interesting asymptotic formula. 

1. INTRODUCTION AND RESULTS 

A natural number. n is called a k-power free number if it can not be divided by 
any pk, where p is a prime number. One can obtain all k-power free number by the 
following method: From the set of natural numbers (except 0 and 1) 

-take off all multiples of 2k (i.e. 2k, 2k+1, 2k+2 ... ). 

-take off all multiples of 3k . 

-take off all multiples of 5k . 

... and so on (take 'off all multiples of all k-power primes). 
Now the k-power free number sequence is 2,3,4,5,6,7,9,10,11,12,13,14,15,17, .... 

In reference [1 J, Professor F. Smarandache asked us to study the properties of the 
k-power free number sequence. About this problem, it seems that none had stud
ied it before. In this paper, we, use the analytic method to study the distribution 
properties of this sequence, and obtain an interesting' asymptotic formula. For Gon-

. veniEmce, we define w(n) as following: w(n) = r, if n = prlp~2 " . p~r. Then we 
. have the following: 

Theorem. Let A denotes the set of all k-power free numbeT8. Then we have the 
asymptotic formula. 

"2 x(lnlnx)2 
f::::x w (n) = ((k) + 0 (xlnlnx) , 

nEA 

where ((k) is the Riemann zeta-function. 
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2, SEVERAL LEMMAS 

Lemma 1. For any real number x 2: 2 J we have the asymptotic formula 

2: w(n) = xlnlnx + Ax + 0 (l:x) , 
n~x 

2: w2(n) = x(ln In x)2 + 0 (x In In x) , 

where A = r + ;;= (In ( 1 - ~) + ~) , 

Proof. (See reference [2]), 

Lemma 2. Let J.l(n) is Mobius function, then for any real number x :2: 2, we have 
the following identity 

~ f.l(n)w(n) = __ 1_ '" _1_ 
L.,; nS . ((8) L.,; pS - I' 
n=l p 

Proof, From the definition of w(n) and J.l(n), we have 

~ f.l(n)w(n) ~ f.l(n) 2:p1 n 1 = '" ~ f.l(np) = _ ""' ~ ~ JL(n) 
L.,; nS L.,; n S L.,; L..t nsps 0 ps 0 n S 

n=l n=2 p n=l p n=l 

= - ~ p~ (; ~r~7») (1 

This proves Lemma 2. 

(n,p)=l (n,p)=l 

1 1 --"'((s)7 pS I' 

Lemma 3. Let k 2: 2 is a fixed integer, then for any real number x 2: 2, we have 
the asymptotic fOrID'Ula 

'" x(ln In x)2 
L.,; w

2
(m)J.l(d) = ((k) + 0 (xlnlnx). 

dkm~x 

Proof. From Lemma 1, we have 

2: w2 (m)f.l(d) 
dkm'$;x 

This proves Lemma 3, 63 



Lemma 4. For any real number x ?: 2, we have the estimate 

L w 2 (d)J.L(d) = O(x). 
d k m'5:x 

Proof. From Lemma 1, we have 

L w2(d)J-l(d) = L w
2(d)p,(d) 1 = L w2(d)J.L(d) [;k] 

d k m'5:x mS:.x/dk 

= x L~ w2(~:(d) + 0 ( Ll W 2 (d)P,(d)) = O(x). 

dS:.x k dS:.x"k 

This proves Lemma 4. 

Lemma 5. For any. real number x ?: 2, we have the estimate 

L w
2 ((d, m))J-l(d) = O(x). 

d k m'5:x 

Proof. Assume that (u, v) is the greatest common divisor of u and v, then we have 

L w
2((d, m))fL(d) = L p,(d) L L w2(u) . L /J(d) LW2(u) [u~k] 

d k m'5:x d$x! uld m$x/dk d'5:x! uld 
ulm 

00 p,(d) L w

2

Ju) ( ) 
= xL u~~ + 0 L J-l(d) Lw2(u) = 0 (x). 

d=l d'5:xt uld 

This proves Lemma 5. 

Lemma 6. For any. real number x ?: 2, we have the as'ymptotic formula 

L w(d)w(m)fL(d) = Cx Inlnx + O(x), 

where C - (}k) L 
p 

Proof. ,From Lemma 1 and Lemma 2 we have 

L w(d)w(m)p,(d) = L w(d)fL(d) L w(m) 
dkm'5:x d$xt m$x/dk 

= LJ. w(d)JL(d) (~ In:: 1< + ; + 0 (dk I:;l'<-)) 
d'5:xk ' 

X L, w(d~~Cd) (Inlnx + In In (1- ~~nxd)) + Ax L 
dS:.x'k 

w(d)p,(d) + 0 (~) 
dk lnx 

= (xlnlnx + Ax) ~ w(d~~(d) + 0 (x d~t d~n~X) + 0 c:x) 

= Cxlnlnx + O(x). 

This proves Lemma 6. 64 
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3. PROOF OF THE THEOREM 

In this section, we shall complete the proof of the Theorem. For convenience we 
define the characteristic function of k-power free numbers as follows: 

u(n) = {
I, 

0, 

if n is a k-power free number; 

otherwise. 

From Lemma 3, Lemma 4, Lemma 5 and Lemma 6, we have 

nS;x 
nEA 

= L (w(d) + w(m) - w((d, m)))2 J.L(d) 
dkmS;x 

+ 2 C~x W(d)W(m)Jj(d)) + 0 C~xW(d)W(m)) 
(

X(lnlnx)2 ) . 
= «(k) .. +O(xlnlnx) +2(Cxlnlnx+O(x))+O(xlnlnx) 

x(lnln x)2 
= ((k) +O(xlnlnx). 

This completes the proof of the Theorem . 
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