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Abstract: In this paper, we study the Euler-Savary’s formula for the planar curves in the
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§1. Introduction

The Euler-Savary’s Theorem is well known theorem which is used in serious fields of study in
engineering and mathematics.

A Smarandache geometry is a geometry which has at least one Smarandachely denied
axiom(1969), i.e., an axiom behaves in at least two different ways within the same space, i.e.,
validated and invalided, or only invalided but in multiple distinct ways. So the Euclidean
geometry is just a Smarandachely denied-free geometry.

In the Euclidean plane E?]let cg and cg be two curves and P be a point relative to cp.
When cg roles without splitting along cp, the locus of the point P makes a curve cr,. The curves
cp, cgr and cy, are called the base curve, rolling curve and roulette, respectively. For instance,
if cp is a straight line, cg is a quadratic curve and P is a focus of ¢y, then ¢y, is the Delaunay
curve that are used to study surfaces of revolution with the constant mean curvature, (see
[1]).The relation between the curvatures of this curves is called as the Euler-Savary’s formula.

Many studies on Euler-Savary’s formula have been done by many mathematicians. For
example, in [4], the author gave Euler-Savary’s formula in Minkowski plane. In [5], they ex-
pressed the Euler-Savary’s formula for the trajectory curves of the 1-parameter Lorentzian
spherical motions.

On the other hand, there exists spacelike curves, timelike curves and lightlike(null) curves in
semi-Riemannian manifolds. Geometry of null curves and its applications to general reletivity

in semi-Riemannian manifolds has been constructed, (see [2]). The set of all lightlike(null)
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vectors in semi-Riemannian manifold is called the lightlike cone. We know that it is important
to study submanifolds of the lightlike cone because of the relations between the conformal
transformation group and the Lorentzian group of the n-dimensional Minkowski space E7 and
the submanifolds of the n-dimensional Riemannian sphere S™ and the submanifolds of the
(n+1)-dimensional lightlike cone Q™. For the studies on lightlike cone, we refer [3].

In this paper, we have done a study on Euler-Savary’s formula for the planar curves in
two dimensional lightlike cone Q2. However, to the best of author’s knowledge, Euler-Savary’s
formula has not been presented in two dimensional lightlike cone Q2. Thus, the study is proposed
to serve such a need. Thus, we get a short contribution about Smarandache geometries.

This paper is organized as follows. In Section2, the curves in the lightlike cone are reviewed.
In Section3, we define the associated curve that is the key concept to study the roulette, since
the roulette is one of associated curves of the base curve. Finally, we give the Euler-Savary’s
formula in two dimensional cone Q2.

We hope that, these study will contribute to the study of space kinematics, mathematical
physics and physical applications.

§2. Euler-Savary’s Formula in the Lightlike Cone Q?
Let E? be the 3—dimensional Lorentzian space with the metric

g(xay) = <I7y> = X1Y1 + T2Y2 — T3Y3,

where z = ($1,$2,x3), Y= (y15y27y3) € E:f
The lightlike cone @Q)? is defined by

Q? = {z € Ef :g(x,x) = 0}.

Let z: I — Q% C E$ be a curve, we have the following Frenet formulas (see [3])

"(s) = r(s)z(s) —y(s) (2.1)

where s is an arclength parameter of the curve x(s). k(s) is cone curvature function of the

curve z(s),and x(s), y(s), a(s) satisty
(r,7) = (y,9) = (z,0) = (y,) =0,
(x,y) = (a,a)=1.
For an arbitrary parameter ¢ of the curve z(t), the cone curvature function x is given by

dz dz\®
2(% %)

K(t) = < (2.2)

Using an orthonormal frame on the curve z(s) and denoting by %, 7, 8 and 7 the curvature,
the torsion, the principal normal and the binormal of the curve x(s) in E3, respectively, we
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have

x = «

o = Kr—y=Fk0,

where k £ 0, (8,0) = = %1, (o, 8) =0, {(a,a) = 1, ek < 0. Then we get

KT — Yy _ K
=c , ETY = + —y). 2.3
B — =3 fm( —Y) (2.3)
Choosing
—EK 1
_ - 2.4
gl 5 (@t —y), (2.4)
we obtain

F=+y—2er, T= —%(%). (2.5)

Theorem 2.1 The curve x : I — Q? is a planar curve if and only if the cone curvature function

K of the curve x(s) is constant [3].

If the curve z : I — Q% C E} is a planar curve, then we have following Frenet formulas

¥ = a
o eV —2ekf3, (2.6)
3 = —V—-2¢ka.

Definition 2.2 Let z: I — Q? C E} be a curve with constant cone curvature r (which means

that x is a conic section) and arclength parameter s. Then the curve
xa = 2(8) +ur(s)a + us(s)s (2.7)

is called the associated curve of x(s) in the Q*, where {«, 3} is the Frenet frame of the curve

x(s) and {u1(s),u2(s)} is a relative coordinate of x 4(s) with respect to {x(s),a, B}

Now we put
dz a duy duo
e R () 2.
ds ds & + ds p (28)
Using the equation (2.2) and (2.6), we get
dz 4 duy dus
— 2 = (14 — — V—2ekuz)a + (u1eV/—2er + —)f. (2.9)
ds ds ds
Considering the (2.8) and (2.9), we have

(5U1 du1
— 14— — V=2
ds (1+ ds extz)

dus . dus
E = (U/lg\/ —2eR —+ ds ) (210)
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Let s4 be the arclength parameter of x 4. Then we write

d.Z‘A d.’L‘A dSA
_ 454 _ 2.11
ds dsap ds via 0203 ( )

and using (2.8) and (2.10), we get

d
v, = 1+ % — vV —2eKkusg

d
vy = u15\/725n+%. (2.12)

The Frenet formulas of the curve x4 can be written as follows:
dOzA
—— = €aV—2c4K4024

dSA
dBa = %exracal (2.13)

dSA

where k4 is the cone curvature function of x4 and e4 = (84, 04) = £1 and (a4, a4) = 1.
Let 6 and w be the slope angles of x and x 4 respectively. Then
dw do 1
Fa=—=(F+ —)——m—, 2.14
T e 21
where ¢ = w — 6.

If 8 is spacelike vector, then we can write

p U1 d sing U2
cos ¢ = and singp = ———.
vt +v3 Vol + 03
Thus, we get
d d
i = —(cos™! L)
ds ds A /v% + 1}%
and (2.14) reduces to
V1V — VLV 1
Fa= (R4 —2—L2

vi + v3 ),/1;%4_@%'

If 8 is timelike vector, then we can write

U1 . V2
cosh ¢ = — and sinh¢ = —
VUi — U v — U
and we get
d¢ _ V1
df = j(COSh 1 5 5
s vy U
Thus, we have
!’ ’
_ V1Vy — VU2 1
ka = ( + 2 .2 ) 2 2
1~ U1 — 3

Let zp and xr be the base curve and rolling curve with constant cone curvature kp and

kg in Q2, respectively. Let P be a point relative to xr and x;, be the roulette of the locus of
P.



Euler-Savary’s Formula for the Planar Curves in Two Dimensional Lightlike Cone

119

We can consider that zy, is an associated curve of g such that x, is a planar curve in Q?,

then the relative coordinate {w; wo} of x;, with respect to xp satisfies

1) d
il 1+ @ vV —2egrkBws

dSB dSB

ow dw

= = 1111813\/—253.%3—1-72
dsp dsp

by virtue of (2.10).

(2.15)

Since g roles without splitting along xp at each point of contact, we can consider that

{w1,wz} is a relative coordinate of zy, with respect to zg for a suitable parameter sg. In this

case, the associated curve is reduced to a point P. Hence it follows that

1) d
o = 1+ﬂ—\/—2£R/{Rw2:O

dSR dSR

0 d

ﬂ = W1ERV —2€R/€R + ﬂ =0.
dSR dSR

Substituting these equations into (2.15), we get

ow
gl = (V—=2egrkr —V—2epkp)ws
B
ow
KQ = (63\/*263%3 — 63\/7261{/@1.3)101.
B
If we choose eg = g = —1, then

0< (2902 - (2202 _ (o )2l — ).

dSB dSB
Hence, we can put

wi =rsinh¢ , ws = rcoshe.

Differentiating this equations, we get

dw; dr d
—— = ——g¢ginh h¢——
d5n dsn sinh ¢ + 7 cos ¢dsR
dwsg dr d
—— = ——cosh inh ¢ ——
don dsm cosh ¢ + rsin d)dsR

Providing that we use (2.16), then we have

d
W rv/2kpcosho — 1

dSR

d

2 _ rsinh v/ 2k R

dSR

If we consider (2.19) and (2.20), then we get

d

r—d) = —7rv/2KkR + cosh ¢
dSR

Therefore, substituting this equation into (2.14), we have

cosh ¢
r ‘\/QIQR — \/253|

rep = 1+

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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If we choose ep = eg = +1, then from (2.17)

D02 (09202 (g — g + )

0 -
< (dSB dSB

Hence we can put

w) =rsing , ws = TCOSP.
Differentiating this equations, we get

d d d
W —rsingb—l—rcosqbdi:r\/—2ﬁRcos¢—l
SR

@ dSR

@ = ﬁcosqﬁ—rsind)@:—Tsin(b\/—QnR
dSR dSR dSR

and

7“ﬁ =rv—2KR — COS @

dSR

Therefore, substituting this equation into (2.14), we have

— V=26 +V—26kr cos ¢
o ‘\/%—\/%| r‘\/%—\/%”

where Ky, = /—2¢crkL.

(2.23)

(2.24)

(2.25)

(2.26)

Thus we have the following Euler-Savary’s Theorem for the planar curves in two dimen-

sional lightlike cone Q2.

Theorem 2.3 Let xr be a planar curve on the lightlike cone Q2 such that it rolles without

splitting along a curve xpg. Let xy be a locus of a point P that is relative to xr. Let Q be a

point on xy, and R a point of contact of xp and xr corresponds to @ relative to the rolling

relation. By (r,¢) , we denote a polar coordinate of Q with respect to the origin R and the base

. ’ . .
line v |r. Then curvatures kg , kg and k1, of xp , g and x5, respectively, satisfies

cosh ¢
rkp, = =1+ , if ep=ep=—1,
r‘\/253—\/2n3|
_ vV—2kB +V—2KkR cos @ .
- if ep=¢erp=+1

|\/—211R — \/—2/1,3| B r |\/—2/£R — \/—2/£B|
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