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Abstract

In this paper we study the notion of Smarandache loops.
We obtain some interesting results about them. The notion of
Smarandache semigroups homomorphism is studied as well in
this paper. Using the definition of homomorphism of
Smarandache semigroups we give the classical theorem of
Cayley for Smarandache semigroups. We also analyze the
Smarandache loop homomorphism. We pose the problem of
finding a Cayley theorem for Smarandache loops. Finally we
show that all Smarandache loops L,(m) for n > 3, n odd,
varying n and appropriate m have isomorphic subgroups.
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Definition [1, Bruck]:

A nonempty st L is sad to form a loop if on L is defined a binary operaion
cdled product denoted by '- ' such that

1. Forabl L,wehavea-bl L

2. There exits an dlement e] L suchthata - e=e - a=afordlal L (ecdled
identity dement of L)

3. For every ordered pair (ab) T L ~ L there exists a unique pair (x, y) T L~ L such
thata- x=bandy- a=h.

By a loop, we mean only a finite loop and the operation ' need not dways be
asodiative for a loop. A loop is sad to be a Moufang Loop if it satisfies any one of the
following identity.

L (y)(2x) = (x(y2))x

2. (xy)2y = x(y(zy))

3. x(y(x2)) = (xy)¥)z

fordlx,y,z1 L.



A loop L is sdd to be Bruck Loop if x(yx)z = x(y(x2)) and (xy)™ = x'y* for dl x,
y,z1 L. L isaBad Loop if (xy)2y = x((y2)y) for dl x, y, zT L. L is a right
dternative loop if (xy)y = x(yy) for dl x, y T L and left dternative if (xx)y = x(xy). L
is sad to be an dternative loop T it is both a right and a left dternative loop. A loop L
is sad to be power asocidtive if every dement generates a subgroup. L is sad to be
dir-associative if every 2 dements of L generates a subgroup. Let L(m) = (e 1, 2 3,
.., N) be ast wheren > 3, nis odd and m is a pogtive integer such that (mn) = 1 and
(m1,n) = 1with m < n. Define on Ln(m) abinary operation ' asfollows .

i=fordlil Lym)
j=twheet=mj-(m1) i) (modn) fordli -jT Ly(mitlj,iteadj?e
Ln(m) isaloop.

1 e-i=i-e=ifordlil Lym)
2. -
3 i

We cdl thisanew class of loops.

For more about loops and its properties plesse refer to [1] , [5] , [6] , [7] , [8] , [9] .
[10], [11], [12] and [13].

Definition 1:

The Smarandache Loop is defined to be a loop L such that a proper subsst A of L isa
subgroup (with respect to the same induced operation). Thatisf * A1 L.

Examplel

Let L bealoop given by the following table

el a | | B|HU|&B| 6| &F
| e | & | | B | |&B| | &H
a | a e &k ||| B| & =)
|| x| € || @B || | &
&b | B| | H| € ||| &| &
B| | | B || € || K| D
a7 | & | B | O | 4| & e @ | &
XU | &® | ||| A& | R e =]
|| w| & || R|B| B| C

L isa Smarandache loop. For the pair (g, a2) isasubgroup of L.
Theorem 2

Every power asocidive loop is a Smarandache loop.



Proof

By ddfinition of a power asodaive loop every dement in L generdes a
subgroup in L. Hence the proof.

Theorem 3
Every di-assodiative loop is a Smarandache loop.
Proof

Since in a drasodiaive loop L every two dements of L generate a subgroup in L.
So every di - assodiaive loop has subgroups, hence L is a Smarandache |oop.

Theorem 4

Every loop Ln(m) for n >3, n an odd integer. (nm) = (n, m1) = 1withm<nisa
Smarandache loop.

Proof

Since Ly(m) is power associative we have for every a in L(m) is such that & = ¢
{ae€} forms a subgroup for every a in Li(m). Hence the dam. Thus it is interesting to
note that for every odd integer n there exigs a class of Smarandache loops of order n+
1. Foragvenn> 3 nodd we can have more than one integer m, m < n such that
(mn) = ( ml n) =1 For ingance when n = 5 we have only 3 Smarandache loops
given by Ls(2), Ls(3) and Ls(4).

Definition 5

The Smarandache Bol loop is defined to be a loop L such that a proper subset A of L is
aBoal loop ( with respect to the same induced operation ). Thetis f * Al S

Note 1 - Smilaly is defined Smarandache Bruck loop, Smarandache Moufang loop
and Smarandache right ( left) alternative loop.

Note 2 In definition 5 we indg that A should be a subloop of L and not a subgroup of
L. For every subgroup is a subloop but a subloop in generd is not a subgroup. Further
every subgroup will certainly be a Moufang loop, Bol loop, Bruck loop and right( left)
dternative loop, since in a group the operdion is associaive. Hence only we make the
definition little rigid 0 that automaticaly we will not have dl Smarandache loops to
be Smarandache Bol loop, Smarandache Bruck loop, Smarandache Moufang loop and
Smarandeche right  (left) dternative loop.

Theorem 6

Every Bol loop is a Smarandache Bol loop but every Smarandache Bol loop is not a
Bal loop.



Proof

Clearly every Bal loop is a Smarandache Bol loop as eveary subloop of a Bal loop
is a Bd loop. But a Smarandache Bal loop L is one which has a proper subsst A
whichisaBoal loop. Hence L need not in generd be aBal 1oop.

Definition 7

Let S and S¢ be two Smarandache semigroups. A megp f from S to S is sad to be a
Smarandache semigroup homomorphism if f redricted to asubgroup A 1 Sand A¢
I Stis a group homomorphism, that isf : A 1 S® A¢i Stis a group homomorphism.
The Smarandache semigroup homomorphiam is an isomorphism if f : A ® A¢ is one
to one and onto.

Smilarly, one can define Smarandache semigroup automorphismon S.

Theorem 8

Let N be any st finite or infinite.  S(N) denote the set of dl mappings of N to itsdf.
S(N) is a semigroup under the compostion of mgppings S(N), for every N, is a
Smarandache semigroup.

Proof

S(N) is a semigroup under the compostion of mgppings. Now let A(N) denote
the st of dl one to one mappings of N. Clearly f * A(N) 1 S(N) and A(N) is a
subgroup of S(N) under the operation of compodtion of mappings, that is A(N) is the
permutation group of degree N. Hence S(N) isa Smarandache semigroup for al N> 1.

Exanple2

Let S = {st of dl maps from the sat (1, 2, 3, 4) to itsdf} and $= {st of Al megp
from the st (1, 2, 3, 4, 5, 6) to itdf}. Clealy S and St are Smarandache semigroups.
For A = § is the pemutaion subgroup of S and A¢ = S is dso the permutation
subgroup of & Definethe map f : S® Sf f(A) = B¢= {st of dl pemutations of (1,
2, 3, 4) kesping the podtions of 5 and 6 fixed} | A¢ Clearly f is a Smarandache
semigroup homomorphism.

From the definition of Smarandache semigroup homomorphism one can give the
modified form of the dasicd Cayleys theorem for groups to Smarandache
semigroups.

Theorem 9 (Cayley's Theorem for Smarandache semigroups)

Every Smaandache semigroup is isomorphic to a Smaandache semigroup of
mappings of aset N to itsdf, for some appropriate set N.



Proof

Let S be a Smarandache semigroup. Thet is there exids a st A, which is a proper
subset of S, such that A is a group (under the operations of S), thetisf * A1 S Now
let N be any st and S(N) denotes the set of al mappings from N to N. Clearly SN) is
a Smarandache semigroup. Now using the classicd Cayley' s theorem for groups we
can dways have an isomorphism from A to a subgroup of S(N) for an appropriate N.
Hence the theorem.

Thus by defining the notion of Smarandache semigroups one is aile to extend the
classcd theorem of Cayley. Now we ae intereted to finding the gpropricte

formulation of Cayley's theorem for loops.

It is important to mention here tha loops do not saisfy Cayley's theorem but for
Smarandache loops the notion of Cayley's theorem unlike Smarandache semigroups is
an open problem.

Definition 10

Let L and L¢be two Smarandache loops with A and A¢ its subgroups respectivey. A
mep f from L to L¢is cdled Smarandache loop homomorphismif f redricted to A is
mapped to a subgroup Ac¢of LG thatis f : A ® ACis a group homomorphism. The
concept of Smarandache loop homomorphism and automorphism are defined in a
smilar way.

Problem1l  Proveor disprove that every Smarandache loop L isisomorphic with a
Smarandache Loop L¢or equivadently

Problem2  Canaloop L¢be constructed having a proper gpropriate subset A¢of
L¢such that Adisadesired subgroup f ¢ A¢l L¢?

Problem3  Characterize dl Smarandache loops which have isomorphic subgroups ?

Example 3

Let Ls(3) be a Smarandache loap given by the following table

O B[(WIN|=|D -
Q| B[(W|IN|=|D|D
W OIN|PH|D |-
R W[(Oo D |RINN
AlR(DO|ON|WlW
N|D[FRlWw o>
DIN[A|F,lWOI|O1




and L #(3) is ancther Smarandache loop given by the following teble

QNN D [P W| &>
R WD NN B[O 01 01
A [FRIW O[N] O
DN, WlOo NN

N[OOI A~|WIN[(F| DD
WO N[N
|| WO N|D B[N
N[O |D |01 W]| W

N[OOI WIN[(F|[D] -

Thee two loops have isomorphic subgroup, for L+(3) and Ls(3) have subgroups of
order 2.

Theorem 11

All Smarandache loops Ln(m), where n > 3, n odd, for varying n and appropriate m,
have isomorphic subgroups.

Proof

All Smarandache loops Ln(m) have subgroups of order 2. Hence they have
isomorphic subgroups.

Note- This does not mean L,(m) cannot have subgroups of order other than two. the
main concern is that all loops L{m) have subgroups of order 2.
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