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On Additive Analogues of Certain Arithmetic 
Functions 

J6zsef Sandor 
Department of Mathematics, 

Babe§-Bolyai University, 3400 Cluj-Napoca, Romania 

1. The Smarandache, Pseudo-Smarandache, resp. Smarandache-simple functions are 
defined as ([7J, [6]) 

S{n) = min{rn EN: nlm!}, 

Z(n) = min {m.E N: nl m{n~ + 1)} , 

5p (n) = min{m EN: p"lm!} for fixed primes p. 

The duals of Sand Z have been studied e.g. in (2], [5J, [6]: 

5.(n) = max{m EN: m!ln}, 

{ m(rn+1) } 
Z.(n) = max mEN: 2 In. 

(1) 

(2) 

(3) 

( 4) 

(5) 

We note here that the. dual of the Smarandache simple fnnction can be defined in a 
similar manner, namely by 

5p • ( 7!) = !II ax {lit EN: m!lp"} (6) 

This dual will be studied in a separate paper (in preparation). 
2. The additive analogues of the functions 5 and 5. are real variable functions, and 

hnve been defined nnd studied in paper [31. (See also onr book [61, pp. 171-174). These 
fnnctions hllve been recently furt.her extended, by the use of Euler's gamma function, ill 
place of the factorial (see [1]). We note that in what follows, we could define also the 
additive analogues functions by the use of Euler's gamma function. However, we shnll 
apply the more transpnrent notation of a factorial of a positive integer. 

The additive analogues of 5 and 5. from (1) ancl (4) have been introduced in. (31 as 
follows: 

S(x) = min{m EN: x::; m!}, S: (1,00) -+ JR, (7) 

resp. 
S.(.c) = mnx{m EN: m!::; x}, 5.: [1,(0) -+ 1R (8) 
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Besides of properties relating to continuity, differentiability, or Riemanri integrability 
of these functions, we have proved the following results: 

Theorem 1. 

Sx,",,~ 
.() log log x (x -+ (0) (9) 

(tile same for S(x)). 
Theorem 2. Tile series 

00 1 

f.; n(S.(n))Q 
(10) 

is convergent for a> 1 and divergent for a ~ 1 (tile same for S.(n) replaced by S(n)). 
3. The additive analogues of Z and Z. from (2), resp. (4) will be defined as 

{ m(m + 1)} 
Z(x) = min mEN: x ~ 2 ' 

Z.(x) = max {m EN: m("~ + 1) ~ x} 

In (11) we will assun;e x E (0, +(0), while in (12) x E [1, +(0). 
The two additive variants of Sp(n) of (3) will be defined as 

P(x) = Sp(x) = min{m EN: pX ~ ml}; 

(where in this case p > 1 is an arbitrary fixed real number) 

P.(x) = Sp.(x) = maxIm EN: ml ~ pEl 

From the definitions follow at once that 

Z(x)=k {:} xE Ck~lik,k(k;I)] fork:::: 1 

Z (x) = k ¢? x E [k(k + 1) (k + l)(k + 2)) 
• 2' 2 

For x :::: 1 it is immediate that 

Z.(x) + 1 ~ Z(x) :::: Z.(x) 

Therefore, it is sufficient to study the function Z.(x). 
The following theorems are easy consequences of the given definitions: 
Theorem 3. 

1 
Z.(x) '" iV8x + 1 (x -+ (0) 

Theorem 4. 
00 1 L ( () is convergent for a > 2 

n=! Z. n )" 

"" 1· 
and divergent for a ~ 2. The series f.; n(Z.(n))" is convergent for all a> O. 
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( 11) 

( 12) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

. k(k+I) (k+I)(k+2) 
Proof. By (16) one call wrIt.e --2-- ~ x < 2 ' so k2 + k - 2x ~ 0 

and k 2 + 3k + 2 - 2x > O. Since the solut.ions of these quadratic equations are kl ,2 = 
-1 ± V8:c + 1 -3 ± V8x + 1 . V8x + 1 - 3 
---::---, resp. k3•1 = 2 ' and remarktng that 2 :::: 1 {:} 
x :::: 3, ~ve obtain that the solution of t,he above system of ine'lualities is: 

{ 

k [ v'1+8X-I] E 1, 2 

( VI+8:C-3 Vl+8X-l] 
k E 2 ' 2 

if XE[I,3); 

(20) 

if x E [3, +(0) 

So, for :r 2: 3 
VI + Rc - 3 Z () vI + 8:1: - 1 

2 <. x ~ "':"-'--:2:--- (21) 

implying relation (18). 
Theorem 4 now follows by (18) and the known fact that the generalized harmonic 

00 

serips L -; is convergent only for B > 1. 
n 

n~1 

The things arc slightly more complicf,lted in the case of functions P and P •. Here it is 
sufficient to consider Po, too. 

First remark t.hat 

[ IOgm! 10g(m+I)I) 
P.(x) = Tn {:} x E --, . 

logp logp 
(22) 

The following asymptot.ic results have been proved in [31 (Lemma 2) (see also [61, p. 
172) 

log TIl! ~ m log 7I!, 

By (22) one can write 

TIl log log m! 
-,...::..-:;- ~ 1, 

logm! 
log log m! ~.1 (m -+ (0) 

log log(m + I)! 

mloglogm.! Tn' I mlogxmloglog(m+l)! (I I ) m 
-~---';;--- - --log ogp < --- < - og ogp --, 

log TIl! log 111! - log m! - log m! log TTl! 

• II! log:l: d b ( ) I I TI . h gi vlllg ---I -+ 1 (111 -+ (0), an y 23 onc gets og x '" og m. liS means tat: 
logm. 

Theorem 5. 
log P.(.!:) '" log.7: (x -+ (0) 

(23) 

(24) 

Thc following theorem is a consequence of (24), and a convergence theorem established 
in [31: 

Theorem 6. Tile series f ~ ( log log ~)" is convergent for a > 1 and divergent 
n=1 n log P.(n 

for (t ~ 1. 

L"" 1 (IOgIOgn)" Indeed. bv (24) it is sufficient to study the series - -I -- (where no E N 
. " n ogn 

n>nn 

is a fixed positive integer). This series has been proved to be convergent for a > 1 and 
divergent for n ~ 1 (see [61, p. 174). 
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ONSOMESMARANDACHEPROBLEMS 

Edited by M. Perez 

1. PROPOSED PROBLEfvI 

Let II ~ 2. As a genera lization of the illteger part of a number one defines the Inferior 
Slll<lrandache Prime Part as: IS P P( 1/) is the largest prime less than or equal to II. For 
ex~mple: ISPPUJ) = j because 7 < 9 < II. "Iso ISPP(13) = 13. Similarly the Superior 
Smara.ndilche Prime Part is defined M: SSP P(II) is sma.liest prime grei\ter thi\n or equi\l to 
II. For example: SSPP(9) = 11 beci\use 7 < 9 < II, also SSPP(13) = 13. Questions: 
I) Show that i\ number I' is prime if i\nd only if 

IS'P?(!,) = SSPP(p). 

2) Let k > 0 be a given integer. Solve the Uiophantine equi\tion: 

ISP?(.r) + SSPP(;r) = k. 

Solution by Hans Gunter, Koln (Germany) 

The Iliferior Snwrilndache Prime Part., ISPP(n). does not exist for n < 2. 
I) The first quest.ion is obvious (Carlos Hi\·era). 
2) The secolHl question: 

iI) If l· = 21' <lnd i' =pri'rne (i.e., l· is the double of i\ prime), then the Smi\fi\ndache 
diophantine equation 

ISPP(.r) + SS?P(.r) = 2p 

hilS on<" solutiou only: .r = I' (Carlos Ri\·era). 
b) If l, is equal to the sum of two cOllsecutive primes, l' = pIn) + p(n. + I), where p(m) 

is t.he m-th prime. t.hen the above Smilrandilche diophi\ntine equation has many solutions: 
ilil t.1H? illl.rgrr~ Iwl.lI'rrn 1'(11) ilud 1'(11 + 1) [or courSE', I.he <:'xtrr.IIIE'~ 1'(11) and fJ('~ + 1) arc 
E'xclndedl. Excepl. t,hf.' casf.' k = !j = 2+ :3. wilell this' eqlli\tion has no solution. The slIb-cilses 
whr.n this eqnat.ion has one solution only is when p(,,) and p( n. + 1) are twin primes', i.e. 
p(,,+I)-p(") =:!, amI then the solution isp("Hl. Forexi\mple: ISPP(;r)+SSPP(,r) = 24 
has t.he only solution .r = 12 because 11 < 12 < 13 a.nd 24 = 11 + 13 (Teresinha DaCosta). 

Let's consider an example: 

ISPP(.l'j + SSPP(.I') = 100, 


