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Abstract. BCK-algebras are algebraic structures in universal algebra such that are based on logical axioms
and have some applications. This paper introduces the concept of super hyper BCK-algebras as a generalization

of BCK-algebras and investigates some properties of this novel concept.
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1. Introduction

Smarandache introduced a new concept in neutrosophy branches as neutro-algebra as a
generalization of partial algebra. A neutro algebra is an algebra which has at least one neutro-
operation (an operation that is partially well-defined, partially indeterminate, and partially
outer-defined) or one neutro-axiom (axiom that is true for some elements, indeterminate for
other elements, and false for the other elements). A partial algebra is an algebra that has at
least one partial operation, and all its axioms are classical (i.e. axioms true for all elements).
Through a theorem he proved that Neutro-algebra is a generalization of partial algebra, and
he gave examples of neutro-algebras that are not partial algebras. He also introduced the
neutro-function (and neutro-operation). Recently, Smarandache, introduced a new concept
as a generalization of hypergraphs to n-super hypergraph, plithogenic n-super hypergraph
{with super-vertices (that are groups of vertices) and hyper-edges {defined on power-set of
power-set...} that is the most general form of graph as today}, and n-ary hyperalgebra, n-ary
neutro hyperalgebra, n-ary anti hyperalgebra respectively, which have several properties and
are connected with the real world [2,8]. Recently in the scope of neutro logical (hyper) algebra,
Hamidi, et al. introduced the concept of neutro BC K-subalgebras [4], neutro d-subalgebras [3]
and single-valued neutro hyper BCK-subalgebras [5] as a generalization of BC K-algebras and
hyper BC K-subalgebras, respectively and presented the main results in this regard. Also
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Smarandache a novel concept as super hyperalgebra with its super hyperoperations and super
hyperaxioms, then is introduced some concepts such as super hypertopology and especially
the super hyperfunction and neutrosophic super hyperfunction [10,11].

Regarding these points, we try to develop the notation of BC'K-algebras to the concept of
super hyper BCK-algebras and so we want to seek the connection between BC K-algebras and

super hyper BCK-algebras.

2. Preliminaries

In this section, we recall some concepts that need to our work.

Definition 2.1. [6] Let X # (. Then a universal algebra (X,4,0) of type (2,0) is called a
BCK -algebra, if V x,y,z € X:
(BCI-1) ((x9 y)v (20 2))0 (20 y) =0,
(BCI-2) (z9 (z9 y))¥ y =0,
(BCI-3) 9 = =0,
(BCI-4) 9 y =0 and y¥ x = 0 imply = =y,
(BCK-5) 00 z = 0,
where ¥(x,y) is denoted by xv y.

Definition 2.2. [1,7] Let X # () and P*(X) ={Y |0 #Y C X}. Then foramap o : X? —
P*(X) a hyperalgebraic system (X, p,0) is called a hyper BCK -algebra, if V z,y,z € X :
(Hl) (zoz) 0o (yoz) <z oy,

(H2) (zoy) oz=(z02) 0y,

(H3) z 0 X <,

(H4) z < y and y < z imply = = y,

where r < yisdefined by 0 ez oy, VW, Z C X, WK Z < VaceWdbe Zsta<khb,

(WoZ)= U (a o b) and o(z,y) is denoted by zp y.
acWbeZ

We will call X is a weak commutative hyper BC K-algebra if, V z,y € X, (z 0 (z 0 y)) N
(yo(yox)) #0.

Theorem 2.3. [7] Let (X, 0,0) be a hyper BCK -algebra. Then ¥ x,y,z € X and W, Z C X,

(1) (000)=0,0<z,(002)=0,z€(x 00) and (W <0=W =0),
(i) c<z,zoy<<rand (YyK<z=202<T0Y),
(i) WoZ<W, WWand(WCZ=WKZ).
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Definition 2.4. [10,11] Let X be a nonempty set and 0 € X. Then (X, O>(km n)) is called an
(m,n)-super hyperalgebra, where Oz(m,n) : X™ — PMX) is called an (m,n)-super hyperopera-
tion, P*(X) is the n'" powerset of the set X, ¢ P*(X), for any A € P?(X), we identify {A}
with A,m,>2n>0,X" =X x X x...X and P)(X) = X.

—_—

m—times

3. Superhyper BC K-subalgebra

In this section, we make the concept of superhyper BC K-subalgebras as an extension of

BC K-subalgebras and seek some of their properties.

Proposition 3.1. Let (X,9,0) be a BCK-algebra. Then for all x,y,z € X,

(1) 0(I(z,y),0(z,2)) = 9(I((z,y),9(z, 2)),0).
(i2) 9(9(x),0(z,y)) = V(I(I(x),9(z,y)),0).

Proof. Since for all z € X,9(x,0) = z, results are clear.

By Proposition 3.1, we define the concept of (m,n)-super hyper BCK-subalgebras.

Definition 3.2. Let X be a nonempty set and 0 € X and o« = 0,0,...0 . Then (X, o7
(m,n)
——— )
(m—1)—times
is called an (m,n)-super hyper BCK-subalgebra, if
(Z) 0 € O>(km,n)( O>(km,n)
* 1 ,.1 1 * 1 ,.m m m .m—1 1
(o ) (T1 825+ T)y 5 90 (g, 29, ..., 2), a,0f o (zm, zm=t o al),
(m,n) (m,n) (m,n)
(i) 0 € o(mn)(o?m,n) (z1, 0,0,...0 ,o?mm)(:c%,x%,...,x}n)), 0,0,...0 ,z;,)),
(m—2)—times (m—1)—times
(ii7) 0 € o(mn)(m,w,...,x),
() if 0 € o(mn)(:cl,xg,...,xm) and 0 € oz‘mn)(xm,xm_l,...,xl), then z; = x;, where
iti=m+1,

(v) 0 € 0f,,y(0,0,...,2),

Example 3.3. (i) Let (X, m, n)) be a (m,n)-super hyper BCK-subalgebra. Then (X, oy 0))
is a BCK-subalgebra.

(7i) Let (X, oZ‘m’n)) be a (m,n)-super hyper BCK-subalgebra. Then (X, 02‘271)) is a hyper
BCK-subalgebra.

Example 3.4. Let X = {0,a}.
(1) Then (X, 0*) is a (3, 3)-super hyper BCK-subalgebra as follows:
P3({0,z,2}) ifr=2z2
(3@ Y, 2) = PX{0,2})  ifa=y=0,
P}({a}) o.w
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where

P.({a}) = PZ({a}) = P}({a}) = {a}, P.({0,a}) = {0,a,{0,a}},
P?({0,a}) = {0,a,{0,a},{0,{0,a}}, {a, {0, a}}},
P}({0,a}) = {0,a,{0,a},{0, {0,a}}, {a, {0,a}}, {0, {0,{0,a}}, {0, {a, {0, a}}, {a, {0, {0, a}},
{a,{a,{0,a}},{{0,a},{0,{0,a}}}, {{0,a}, {a,{0,a}}, {{0,{0,a}}, {a, {0,a}} } }.
(7) By definition,
5y (Ot (Ot (001 21508 ) (1 ), gy (04 20),0, 00 5 (7,2, 2)) € {0, (i) Tt
is similar to item (i).
(731) By definition, 0?373)(61, a,a) ={0,a}.
(iv) By definition, if 0 € 0?3’3) (z,y,2z) and 0 € 0?373)(z,y,1‘), then x = z and so (x,y,2) =
(2,9, ).
(v) By definition, of; ;) (0,0,a) = {0,a}.
(73) Then (X, 0*) is a (3,0)-super hyper BCK-subalgebra as follows:
0 ife=y==z

0?3,1) (l‘,y, Z) = )
xr o.Ww

Theorem 3.5. Let (X, o} )) be an (m,n)-super hyper BCK-subalgebra. Then for any k > n,

P (m
(X, o’(km n)) is an (m, k)-super hyper BCK-subalgebra.

Proof. Let (X, m n)) be an (m,n)-super hyper BCK-subalgebra and k > n. Since P}'(X) C

PE(X), for any z1,29,...,2m € X, o(mn)(:vl,:ng,...,a:m) - oz‘m k)(wl,xg,...,xm). Thus 0 €
Oz(m,n) (x1,x2,...,2Ty) implies that 0 € o( 5 (x1,x2,...,2Tn) and all axioms are valid.

Example 3.6. Let X = {0,a}. Then for any n > 3, by Theorem 3.5, (X, 0*) is a (3, n)-super
hyper BCK-subalgebra as follows:
Pr{0,z,2z}) ifx==z
0?373)(x,y,z) = Pf({O,z}) fz=y=0.
Prfa})  ow

Let m be an even and (X, of be an (m,n)-super hyper BCK-subalgebra. For any

mn))
given x1,x2,...,Ty, € X, define (z1,x9,...,x %) < ($%+1,x%+2,...,xm) if and only if 0 €

o?m/n) (':L']J $27 e 7xm)'

Theorem 3.7. Let m be an even and x1,x2,...,xym € X. Then (X, o?m
hyper BCK-subalgebra if and only if

n)) is an (m,n)-super

)

(1) OZ‘mm)(o)(*m’n) (i, 2d,... 2L), ..., ©(mum) (xd, 25, ..., 2™))) < () (xm am=t Ll
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(i) o’(km’n)(x%, 0,0,...0 ,o?myn)(x%,a:%, coorh)) < Oy ( 0,0,...0 ),
(m—2)—times (m—1)—times
(iii) (z,z,...,x) < (z,z,...,7),
(5 )—times (5 )—times
(1) if (1,2, ... ,x%) < (x%H,a:%H, ey T) and
(l‘%+1,fl)%+2, ces ) < (w1, 9, .. .,:L‘%), then x; = x;, where |i — j| = 2,

(v) (0,0,...,0) S (zmig, @mig, ..., Tm),
(5 )—times

(vi) (z1,x2,.. .,x%) < (x%H,x%H, s T if and only if 0 € oz‘mm)(acl,xg, cey Tm)-

Proof. Immediate by definition.

*

Theorem 3.8. Let m be an even and (X, o )) be an (m,n)-super hyper BCK-subalgebra and

(m,n
$17$2a---7$%7y17y27---711%,21722,---,2% € X. [fO € O?myn)(xlax%"'7$%7y17y27"'7y%);
then 0 €
ofm’n)(o?mm) (217227-"72%7y17y27"'7y%)7 07070 7oz<m7n)(zlvz27“'72%71.17'%27"'7*%%))'

(m—2)—times

Proof. Let T1,2, . Tm, Y1, Y2, Ym, 21,22, 0, 20 € X. Clearly,

ofm’n)(o?myn)(zlaZZa”'72%7y17y25'°'7y%)7 070)0 ,O?m’n)(ZhZQ,...,Z%,ﬁl,l‘z,...,CC%)))
(m—2)—times
SO?m,n)(f’«"bﬂf%---7$%;y17y2a---ay%)-
SinceOEo’{m’n)(ml,xg,...,x%,yl,yg,...,y%),We get that
OEoz‘m7n)(o>€m7n)(z1,z2,...,Z%,yl,yg,...,y%), 0,0,...0 ,O?m,n)(ZhZQ,...,Z%,yl,yg,...,y%)).

——

(m—2)—times

Theorem 3.9. Let m be an even and (X, m n)) be an (m,n)-super hyper BCK-subalgebra
(md:nl,xz,...,x%,yl,yg,...,y%,zl,z%...,z% e X. If
0e O?mvn)($1,$2,---,x%,yl,y%---,y%)ﬂoz(mm)(yl,y%---,y%,ZhZQ,---,Z%),
then 0 € o’("m,n)(xl,xg,...,x%,zl,z%...,z%).
Proof. Let L1 E2se ey B YL, Y2y ey Y1y 21, 22,0005 212 € X. Since
0e ozkmm)(xl,mg,...,x%,yl,yg,...,y%)ﬂozkmm)(yl,yz,...,y%,zl,@,...,Z%),

by Theorem 3.8, we get that

0¢c o?m’n)(o?mm)(zl,z% 2L YL Y2, ,y%), 0,0,...0 ,O?m’n)(21,22, ey 2m, T, Ty, ,x%))

(m—2)—times
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and

0€ O?m,n)(o?m,n)(‘r17x27 T, 21,22, .,z%), 0,0,...0 ,O?m’n)(.fl,.fg, T YL Y2, ,y%)).
(m—2)—times

It follows that 0 € O?mm)(xl,:cg, T, 21,22, ,z%). 0

Let (X, %m n)) be an (m,n)-super hyper BCK-subalgebra and A,B C X. If ) (A) N
o, (B) # 0, will denote it by A ~ B.

m’n)

Theorem 3.10. Let m be an even and (X, o’{m’n)) be an (m,n)-super hyper BCK-subalgebra

andﬂvl,fng,...,m%,yl,y%...,y%,zl,zg,...,z%EX. Ifa= 0,...,0 , then
——
(5 —1)—times
* * * *
o Tlye..,Tm e Ym ) O 2], ..., Zm ) RSO o TlyeeoyTm, 2],...,2m), Q
m
O( ,n)( (m,n)( 1, ) 2,917 ay2)7 s <1, ) 2) (m,n)( (m,n)( 1, » Ly <1 ; 2)7 » Y1,
Proof. Let L1 T2 BB YL, Y2y oo, Y1, 21,2500, 22 € X. Since
* * *
OGO(m’n)(o(mvn) (:nl,wg,...,x%,(o(m’n)(wl,m,...,x%,zl,zg,...,z%)),zl,zg,...,z%)),We
get that

ozﬁm,n)(ozﬂm,n) (xl,xg,...,:c%,yl,yg,...,y%), 0,0,...0 ,zl,zg,...,z%))

(m—2)—times
< Ozﬁm,n)(ozm,n) (;Ul,l'Q,...,x%,Zl,ZQ,...’Z%), 0,0,...0 ,yl,yg,...,y%))
(m—2)—times

and in similar to

*

o(mm)(oz(mm) (1’1,%2,-..,x%,ZbZz,..-,Z%), 0,0,...0 7y17y2a"'7y%))
(m—2)—times

éo?m,n)(ozkm,n) (931,332,...,x%,yl,yg,...,y%), 0,0,...0 ,zl,zg,...,z%)).

(m—2)—times

It follows that

* *

* ~ *
o(m7n)(o(m7n)(:z:1, . ,x%,yl,...,y%),a,zl, . .,z%) ~ o(m’n)(o(mvn)(ajl,...,x%,zl, . .,z%),a,yl,...

O

Corollary 3.11. Let m be an even and (X, °>(km,n)) be an (m,n)-super hyper BCK-subalgebra

anda:l,:r:g,...,x%,yl,yg,...,y%,zl,z%...,z%eX. If
~ * *
ONo(m’n)(o(mm)(xl,...,x%,yl,...,y%), 0,...0 ,21,...,2%)
(%5 —1)—times
then
0%o’{m’n)(ozm’n)(xl,...,x%,zl,...,z%), 0,...0 ,yl,...,y%).
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Example 3.12. Consider the (3, 3)-super hyper BCK-subalgebra in Example 3.4. Clearly

0?3,3)(0?3,3)(0707 0),0,a) = 0?3,3) (P2({0}),0,a) = 0?3,3)(070761) = P}({0,a})
= 0*3,3) (CL, 07 a) = o>(k3,3) (PE({G})a 07 a) = 0?3,3) (0?3,3) (07 a, a)7 07 CL).
Thus oz373)(oz373)(0,a,0),O,a) = 02‘373)(02‘373)(0,@ a),0,a), while m is an odd. It follows that

the converse of Theorem 3.10, is not necessarily true.

Theorem 3.13. Let m be an even and (X, oz‘m’n)) be an (m,n)-super hyper BCK-subalgebra
and 1,29, ..., Ty, Y1,Y2, - Ym € X. Ifa= 0,...,0 , then
——

(2 —1)—times

O?m,n)( 0,...0 ,yl,...,y%)%ozkm’n)(oz‘mm)(xl,...,x%,yl,...,y%), 0,...,0 ,xl,...,x%).
(5 )—times (%5 —1)—times

(iid)

* *

o(m7n)(o(m7n)(m‘1,...,x%,ml,...,x%), 0,...0 ,yl,...,y%) R O?mm)( 0,...,0 ,y1,...,ym).

(5 —1)—times () —times
Proof. (i), (it), (iii) Let T1, T2, .-, T, Y1, Y2, -, Ym, 21,22, ..., 22 € X, Using Corollary
3.11, we get that

0~ O?m,n)(oz(m,n)(xl’""'w%’yl""’ym)’ 0,...0 ,xl,...,x%)

and

0%O?m,n)(o?m,n)(xl""7$%’x17""x%)7 0,...0 ,y1,...,ym).
(5 —1)—times
In addition, by definition we get that 0 ~ of ( 0,...0 ,y1,...,ym), hence the proof is
(mvn) H/_/ 2
(g )—times

completed.

Corollary 3.14. Let m be an even and (X, o’(km n)) be an (m,n)-super hyper BCK-subalgebra

and T1,To, ... Tm—1,Y1,Y2,-- -, Ym—1 € X.Then
(2)

*

* ~ * *
o(m,n)(o(m,n)(xh e, Tm, T, ,x%),yl,...,ym_l) ~ o(mm)(o(m’n)(xl, Ty, ,y%z),xl, .
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(i)

Oz(m,n)(ovylv s 7ym71) ~ Oz(m,n)(oikmm)(qu cee x%aylv cee 7y%)a T1,--- 7xm*1)'
(iii)
Oz(m,n)(ozkm,n)(xla s ,.%'%,l‘l, SRR x%)?@/la s 7ym—1) ~ Oz(mm)(()?yh s 7ym—1)'

*

Theorem 3.15. Let m be an even and (X, o7 ) be an (m,n)-super hyper BCK-subalgebra

(m’
and 1,22, ..., Tm—1 € X.Then (x1,...,Tm—1) = O?m,n)(:xl’ ey Tmo1,0).
Proof. Let x1,x9,...,Zm € X. Then 0 &~ o*myn)(ajl,mg, . ,xmfl,o?m’n)(:z:l,xg, ey Tm—1,0)).
Moreover by Theorem 3.13, we have 0 =~ oz‘mm)(ofm’n)(xl, e s Tm—1,0),21,...,2m_1). Thus
we conclude that (z1,...,@m-1) = of, (¥1,...,Tm-1,0). g

4. Conclusion

The concept of super hyper BCK-algebras as a generalization of BCK-algebras is introduced
in this paper such that for special cases, we can obtain the concepts of BCK-algebras and
hyper BCK-algebras. We wish this research is important for the next studies in logical super
hyperalgebras. In our future studies, we hope to obtain more results regarding single-valued
neutrosophic super(hyper) BC K-subalgebras and their applications in handing information
regarding various aspects of uncertainty, non-classical mathematics (fuzzy mathematics or
great extension and development of classical mathematics) that are considered to be a more
powerful technique than classical mathematics.
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