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Abstract

The aim of this paper is to generalize the neutrosophic AH-isometry into the system of refined neutrosophic
numbers, where it presents an isometer between the refined neutrosophic space with one/two neutrosophic
dimensions and the cartesian product of classical Euclidean spaces.Also, many refined neutrosophic geometrical
surfaces such as refined circles and lines will be handled according to the isometry.
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1.Introduction
Neutrosophic logic is a generalization of intuitionistic fuzzy logic by adding an indeterminacy I with property
=17 .

On the other hand, neutrosophic sets played an interesting role in pure mathematics such as topology and
analysis [3], spaces [1], and algebraic structures [2-12].

Neutrosophic spaces theory began with Agboola et.al [8,9], where they studied neutrosophic vector spaces and
their properties.

In [26] the concept of the neutrosophic plane with N neutrosophic dimensions is obtained. In addition, Euclidean
geometric concepts are extended neutrosophically such as neutrosophic distance, neutrosophic midpoint,
neutrosophic vectors, neutrosophic circles, and lines.

This work finds an isometry between the real refined neutrosophic space and the Cartesian product of classical
Euclidean spaces, which means that the foundations and laws of refined neutrosophic geometry will be
established.

2. Preliminaries

Definition 2.1: The refined neutrosophic real number has the form a, + a,1, + a,I, where a,, a,,a, € R are
real numbers. (We write the refined neutrosophic numbers by the previous form instead of the equivalent form
(ag, a11y, a3 1)

Remark22: I,., =1, 1., =L., =1;

Definition 2.3:

Let R(I;, ) = {ay + a1, + a,l3; ag,aq,a, € R} be the refined neutrosophic field, we say
ag + a1y + ayl, < by + b1, + by, ifand only if ay < by, ag + ay + a, < by + b, + b, and

ag+a, < by + b,.
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Theorem?2.4:
The previous relation is a partial order relation (reflexive, anti-symmetric, and transitive).

3. Main concepts and results

In the beginning, we will define some basic concepts in refined neutrosophic real numbers, hence we will study

its relation with classical real numbers.

Remark 3.1:

According to Theorem 2.4, we can define positive refined neutrosophic real numbers as follows.
ay+ al; + a,I, 20 =0+ 0L + 0l, impliesthat a, = 0, ay + a; + a, = 0,a, + a, = 0.
Absolute value on R(14, I,) can be defined as follows:

lag + ai Iy + ay ;| = |ag| + [lag + a; + az| — |lag + ay|1I; + [lag + ay| — |agl]l;, we can see that
lag + a,I; + a,I;| = 0. (Under the defined partial order relation).

We can compute the square root of a refined neutrosophic positive real number as follows:

1[a0+a1]1+a212 =\/a70+[\/a0+a1+a2 _\/a0+a2J11+[ﬁao‘l‘az_\/aio]lz.

It IS C|eal’ that (\/aio + [\/ao + a1 + az - \/ao + a2J11 + [\/ao + az - \/aio]lz)z = ao + a111 + a212 and

Jao + a4 +ayl, = 0.

Example 3.2:

e x =2—1I; + 31, isarefined neutrosophic positive real number, since.
2>0,(2-14+3)=4>0,2+3=5>0.

e 2+, +2I,=1—1,thatishecause2>1,(2+1+2)=5=>(1-1)=0,and
2+2)=4=>(1-1)=0.

o |-1-3L+3LI=|-1+[-1-3+3|—[-1+3[1 +[|-1+3|— [-1lL,=1-1, + L,
o 2+L+L=vV2+[V&-V3|L +[V3-V2]I, =V2+ [2-V3]L + [V3 V2],

Definition 3.3:
We define the refined neutrosophic plane with N neutrosophic dimensions (N-dimensions) as follows:

R(Iy, 1) X R(Iy, I;) X R(I, I;) X gy X R, 1)

N-—times
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Example 3.4:
R(I, L) = {ay + a; I, + a,1,; agy, aq,a, € R} is arefined neutrosophic plane with one N-dimension.

R(I,1)? ={(ay + a1, + ayly, by + by, + by1,); ay, aq,ay, by, by, b, € R} is a refined neutrosophic plane
with two N-dimension.

In the following, we will focus on the case of two N-dimensional refined neutrosophic plane.
Definition 3.5:

Let A(ag + a,I; + a,l;, by + by I, + b,1,),B(cy + cly + c,15,dy + di I, + d,1,) be two refined neutrosophic
points form R(1y, I;)?, we define:

ﬁ = ([ao + alll + azlz] - [CO + Cll + C2[2], [bo + blll + bz[z] - [do + dlll + dz]z]), iS Ca.”ed a refined
neutrosophic vector with two N-dimensions.

Definition 3.6: Let & = (aq + a,1; + a,l,, by + b I; + b,1,) be a refined neutrosophic vector, we define its
norm as follows:

llull = \/(ao + a1, + ay15)? + (by + by Iy + by15)?.
It easy to see that ||2|| = 0, according to remark 3.3.

Definition 3.7: Let M = R(I;,,)? X R(I,,)?, V = R?® x R? be the refined neutrosophic plane with two N-
dimensions and Cartesian product of the classical Euclidean space R3 with itself respectively, we define the
refined AH-isometry map as follows:

fiM > V;f(ag + a;ly + ayly, by + byly + boly) = ((ag, ag + a1 + ay, ap + az), (by, by + by + by, by + b))
We can define the refined one-dimensional AH-isometry between R(1;, I;) and the space R x R x R as follows:
g:RUy, 1) = R% g(ag + a1y + ay1y) = (ag, ap + ay + az, ay + a,)

Remark 3.8:The refined one-dimensional AH-isometry is an algebraic isomorphism betweenR (I, I,) and
R X R XR.

Proof.

Letw; = ag + a.l; + ayl,,w, = by + by I; + b, 1, be two refined neutrosophic real numbers, then.
gwy +wy) = g([ag + bo] + [ay + bi]L; + [a, + b,]1,)

=(ag+bg,ag +a, +a, +by+ by +by,ay+a,+ by +b,)

= (ag,ap + a, + ay, ay + a;) + (by, by + by + by, by + by)

=g(ag+a L + a, ) + g(by + b I + b,1,) = glwy) + g(wy).

gwi.wy) = g((ag + a1y + ay1y). (bo + by + by 1))

= g(aghy + [a1by + a;by + a1 by + a1b, + a,b, 11, + [aghb, + ayby + a,b,]1,)

= (aghy, agbhy + a1by + a by + a1by + a1b, + ayby + agh, + ayby + ayb,, agby + agh, + a,by + a,b,)
= (ag,ap + ay + ay,ay + a,). (by, by + by + by, by + b,)

=g(ag + a ], + ayl,). g(by + by 1y + byI5) = g(wy). g(wy).

g is a correspondence one-to-one, that is because ker(g) = {03}, and for every

(ag, aq,a,) € R X R X R there exists x = ag + ([a; — a,])I; + (a, — ag)l, € R(I, I)such that g(x) =
(ao, a1, az).

Thus, g is isomorphism.
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Theorem 3.9:
Let f:M = V; f(ay + a 1, + a5, by + by I; + by1;) = ((ao,a0 +a, +ay a9+ ay),(by, by + by + by, by +
bz)) be the refined AH-isometry defined abobe, we have:

(a). fpreserves addition operation between vectors.
(b). f preserves distances between points.
(c). f is a bijection one-to-one between M and V.

(d). Multiplying a refined neutrosophic vector by a refined neutrosophic real number is preserved up to refined
AH-isometry, i.e.

The direct image of a refined neutrosophic vector multiplied by a refined neutrosophic real number is exactly
equal to its refined AH- isometric image multiplied by the one-dimensional refined AH- isometric image of the
corresponding refined neutrosophic real number.

Proof.

(a) Let ﬁ = (ao + alll + azlz, bo + blll + bzlz),ﬁ = (CO + CI]_ + 6212, do + dlll + dz[z) be tWO refined
neutrosophic vectors, we have.

f@+ ) = f(lag + col + [ay + 111y + [ay + c;115, [by + do] + [by + dy]1; + [b, + d,]1,)

= ((ao+co,a0+a1+a2+co+cl+c2,a0+a2+c0+cz),(b0+do,b0+b1+b2+d0+d1+d2,b0+b2
+do+dy)

= ((%vao +a; +ay, a9 + ay), (b, by + by + by, by + bz)) + ((C0:C0 +¢p + ¢y 00+ ¢3), (do, dp + dy +
dy,do +dy)) = f() + f(D).

.(b). We must prove that the norm of the classical vector f (u), is exactly equal to the refined one- dimensional
isometric image of the norm of the neutrosophic vector u.

If @I = (ao? + by®, (ag + ay + az)? + (b + by + by)?, (ag + az)? + (by + by)?)
Now,

”ﬂ”2 = (ao + a111 + a212)2 + (bo + blll + bz]z)z = (aoz + b02 + (alz + b12 + Zaoal + 2b0b1 + 2a1a2 +
2byby)1 + (@, + by” + 2aga, + 2byby)1y).

g(IEl?) = (ae? + bo?, ap? + by® + a;2 + by* + 2aga, + 2boby + 2a,a, + 2bib, + ay? + by* + 2a4a, +
2boby, ag? + by® + ay? + by + 2a0a, + 2bob;) = (ag? + by, (ag + ay + az)? + (b + by + by)?, (ag +
az)? + (by + by)?) = [If @)%

(C).Let wp = ao + a111 + a2]2, w, = bO + b111 + bz[z, W3 = CO + CIl + C212, Wy = do + d111 + dzlz
Suppose that f(wy, w,) = f(ws, w,), hence

((ao,ao +a; + ay,a0 + ay), (b, by + by + by, by + by)) = ((co, ¢o + €1 + €2, 60 + ¢3), (do, do + dy +
dy,dy +dy)), thus

Ao =C0,a0+a1+a2 :CO+C1+Cz,a0+a2 :C0+C2,b0:d0,b0+b1+b2 :d0+d1+d2,b0+b2 =
do+d,, S0 ag = Co,a; = C1,a, = Cy, by = dg, by = dy, b, = d,, SO f is surjective.

Itis clear that f is injective, thus it is a bijection.

(d).Consider the following refined vector 4 = (a, + a;I; + a,1,, by + byI; + b,1,) with the following refined
neutrosopjic real number X = x, + x;1; + x,1,, we have.

Xﬁ = (xo + x111 + lez)(ag + a111 + azlz, bo + b111 + bzlz)
Xu = ((x0 +x,. 0 + x,0,)(ag + a Iy + ayly), (xg + x11, + x31,)(by + by 1 + bZIZ))
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Xu = (aoxo + (agxy + agxy + ayx; + ayx, + ax;)l; + (agx, + azxg + ax;)I,, (boxy + (boxg + boxy +
bixy + byxy + byxy)l; + (boxy + byxg + bzxz)lz)).

ayx5), (boxg, boxg + boxg + boxy + bixy + bixy + byx, + boxy + boxg + byxy, boxy + box, + byxg + bzxz)).

fXU) = (x9,%0 + x4 + 22, %0 + xz)((ao, ag+a, +ay,ay+ ay),(by, by + by + by, by + bz))
fXU) = glxg + x11; + x,15). f(ag + a1y + azl,, by + byI; + by1,)

fX0) = g(X). f(@).

Definition 3.10: (refined neutrosophic circle)

Let M(aq + a,I; + a,1,, by + by 1, + b,1,) be a fixed refined neutrosophic point, we define the refined
neutrosophic circle with center M and radius R = ry + 1,1, + r,1, = 0 to be the set of all two N-dimensional
pOintS N(X, Y) = N(xo + xlll + x212, yo + ylll + yzlz), dlSt(M, N) = R

Theorem 3.11:

Let M(aq + a,I; + a,l,, by + by1; + b,1,) be a fixed refined neutrosophic point, R = ry + 1,1, + 1,1, be a
refined neutrosophic real positive number, we have:

(a). The equation of the refined circle with center M and radius R is:
C: ([xo + x1 11 + X2 05] = [ag + arly + a, L)% + ([yo + y11i + y,1.] — [bg + by Iy + b, 1,])* = R%.

(b). The previous refined neutrosophic circle is equivalent to the following direct product of three classical
circles.

Ci: (xg — ag)* + (¥o — bp)* = 1p°.

Cy: ([xo + x4 + 251 = [ag + @y + @D + (o + ¥4 + 21 = [bo + by + b1 = (g + 11 + 1)
Cs: ([xo + %3] = [ag + @D + ([yo + ¥2] = [bo + b2])? = (ry + 1)

Proof.

(a). By using the neutrosophic distance form defined above, we get:

([xg + 2.1 + x51,] — [ag + a1y + azLbD? + ([yo + yily + y21,] — [bg + by1; + by1,])? = R?

(b). To obtain the classical equivalent geometrical systems of the refined neutrosophic circle, it is sufficient to
take its refined AH-isometric image as follows:

f(([xo + 1.1y + x,1,] = [ag + ar Iy + az1,1)* + ([yo + y1li + y21o] = [bo + by 1y + by1;]1)%) = f(R?) hence.

((xo — ag)?, ([xg + x1 + x5] — [ag + a3 + a; )2, ([x + x2] — [ag + a21)?) + (o — bo)?, (o + y1 + Y2l —
[by + by + bz])z' (yo +y21 = [bo + bz])z) = (7”02, (ro+m + 7"2)2» (ro + 7"2)2)-

Thus, we get:

Ci: (X0 — ag)* + (¥o — bo)* = 1p”.

Cy: ([xo + x4 + 251 = [ag + @ + @D + (o + ¥4 +y21 = [bo + by + b1 = (g + 11 + 1)
Cst ([xo + x2] — [ag + a2)? + ([yo + ¥21 — [bo + b21)? = (rp + 12)°.

Example 3.12:

Consider the following refined neutrosophic circle:
CX-1-L-LD*+-2+2L-LD*=CB—-1,+1,)2

It is equivalent to the direct product of the following three classical circles:

Ci: (o =1+ (o —2)*=9
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Co: ([xg + 21 + 221 =22 + ([yo + y1 +y2]1 =3)> =9

Cs3: ([xo + x2] = [=1D* + (lyo + y2]1 = 1D* =16

Definition 3.13: (refined neutrosophic line)

We define the refined neutrosophic line by the set of all two N-dimensional points (X, Y) with the property

AX + BY + C = O;X = Xp +X111 +x212,Y =Y +Y111 +y2[2,A = Qg + a1[1 + a2]2, B = b() + b111 +
bzlz, C = CO + C111 + C212.

Theorem 3.14:

Let AX + BY + C = 0 be an equation of a refined neutrosophic line d, this line is equivalent to the direct
product of the following three classical lines.

dy:agxy + byyy +¢co =0

dy: (ag +ay +az)(xg + 21 +22) + (o + by + b)) (Vo +y1 +¥2) +(co+ ¢ +¢2) =0
ds: (ag + az)(xo + x2) + (bo + b2) (Yo + ¥2) + (co +¢2) =0

Proof.

By taking the refined AH-isometric image to the equation AX + BY + C = 0, we get the proof.
Example 3.15:

Consider the following refined neutrosophic line:
d:(—2—-L-2I)X+QA+L-3L)Y+Q+L+L)=0

It is equivalent to the direct product of the following three classical lines:
dii—2xy+y,+2=0.

dy:=5(xg +x1+ %) — o +y, +y,) +4=0.

dz: —4(xg+x) —2(yg +y,) +3=0.

Remark 3.16:

The inverse map of the two dimensional AH-isometry is:

fTHR3 X R® 5 R(Iy, L) X R(I, L); £~ ((a,b,c), (t,mn)) = (a+ [b—clly + [c — all,, t + [m —n]l, +
[n —t]L).

The inverse of two N-dimensional AH-isometry can be used to turn any point from the classical Euclidean space
R3 x R? into the refined neutrosophic equivalent point.

Conclusion

In this paper, we have defined the refined AH-isometry between a refined neutrosophic space with two
dimensions and the Cartesian product of two classical spaces. Also, we have used this isometry to find the
classical geometrical structure of refined neutrosophic circle and refined neutrosophic line, where we proved
that a refined neutrosophic circle is equivalent to three classical circles, and the refined neutrosophic line is
equivalent to three classical lines.

As a future research direction, we aim to find the isometry that describes the refined neutrosophic spaces with
three dimensions.
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