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This article lets out a law of recurrence in order to obtain the sequence of 
prime numbers {Pk h2: I expressing PHI us a function of PI, 1'2, - - . ,Pi-

Suppose we can find a function Gk(n) with t.he following property: 

{

I if 
Gk(n) = ~ if 

something if 

n < Pk+1 

n = Pk+l 
n > Pk+I 

This is a. variation of the Smarandache Prime Function [2]. 
Then we can write down a recurrence formula for Pk as follows. 
Consider the product: 

TTl 

II Gk(s) 
'=Pk+l 

If Flo < m < PHI one has 

since Gk(p"+l) = 0 
Hence 

fn 1n 

II Gk(S) = II (-1) = (_1)m-Pk 

_=p,,+l '=Pk+l 

m 

IT Gk(s) = 0 
'=Pk+l 

21Jk rn 

L (_l)m-Pk IT O,,(s) = 

Pk+,-l m ~p, m 

L (_l)m-Pk IT Gds ) + L (_l)m-Pk II Gk(s) 
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(The second addition is zero since all the products we have the factor G J; (1'):+1) = 
0) 

Pk+,-l 

= L (_l)m-l'k(_l)m-Pk 
m=Pk+l 

= 1'1;+1 - 1 - (pI; + 1) + 1 = PHI - Pk - 1 

so 
21)k 

1'1:+1=1'1:+ 1 + L (_1)m-Pk 

which is a recurrence relation for PI;. 
We now show how to fmel sHch a function GJ; (n) whose definition depends 

only on the first k primes a.ntI not on an ex.plicit. knowledge ofp.I:+1' 
And to do so we defille1: 

logpl n logp2 11 

TJ;(n) = L L 
i,=IJ i,=() 

Let's see the V1~lue which Tk(n) t.akes for all n 2:: 2 integer. We distinguish 
two cases: 

Case 1: n < PI:+1 

The expression pi'p~2 ... p~k with il = 0,1,2·· .lo~, n i2 = 0,1,2· .. logp, n 
i!.; = 0,1,2· .. log"k n all the values occur 1,2,3, ... , n each one of them only 

once and moreover some more values, st.rictly greater than n. 
We can look at is. If 1 ~ m ~ none obt.ains t.hat m < 1'.1:+1 for which 

1 ~ m = pf' p~' ... P~~ ~ n. From where one deduces that 1 ~ p~. ~ n and for 
it 0 ~ ex, ~ logp. 11 for all s = 1,· .. ,k 

Therefore, for i, = ex, s = 1,2" .. , k we have the value m. This value only 
appears once, the prime number descomposit,ion of m is unique. 

III fact the sums of T!.;(n) can be achieved up to the highest power of 1'.1: 

contained in n instead of log!), rI. 

Therefore one has that 

log'l n log,,:: n 

TJ:(n)= L L 
i,=O iJ=1l 

IGiven that i. • = 1,2, .. " k only takes integel' v;,! UteS one appreciates that the sums of T.(n) 
are until E(lagp • n) where E(x) is the b.,..,atest integer ies.. than or equal to x. 
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since, in the case P~' p~l ... p~ would be greater tha.n n one has that: 

Case 2: n = Pk+! 

The expression IJ~'l}~2 . '.]J~ with it = 0,1,2·· . log", n i2 = 0, 1,2· .. logp2 n 
ik = 0,1,2·· .logp. 1L the values occur 1,2,3"" ,Pic+! - 1 each one of 

them only once and moreover some more values, strictly greater than PHl.0ne 
demonst.rates in a form simila.r to case 1. It doesn't take the value P"+! since it 
is coprime with Pl,1'2,···,1'1:. 

Therefore, 

n 
n-l 

In case 3: n > Pk+! it is not necessary to consider it. 
Therefore, one has: 

T,(n) ~ { 

and a'l a result: 

2" -1 
2" - 2 
somethin!l 

if 
if 
if 

n < Pic+! 

n = PIc+1 
n> ]1.,+1 

This is the summa.rized rebt.ion of recurrenr.e: 
Let's take Pl = 2 and for k ~ 1 we define: 

log .. " log., " 
''''', "( n Tk(n) = L L L Ic i, 

i,=1l i 2 =O i.=O QP3 
Gk (,,) = 2" - 2 - n(n) 

2Pk m 

) 
Pk+l = PI: + 1 + L (_l)m- p • II Gk(s) 

m=I,,+l '=p.+l 
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