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1. Introduction

A Smarandache structure on a set A means a weak structure W on A such that there exists a proper subset B of A which
is embedded with a strong structure S. In [9], W.B. Vasantha Kandasamy studied the concept of Smarandache groupoids,
subgroupoids, ideal of groupoids and strong Bol groupoids and obtained many interesting results about them. Smarandache
semigroups are very important for the study of congruences, and it was studied by R. Padilla [8].

As it is well known, BCK/BCI-algebras are two classes of algebras of logic. They were introduced by Imai and Iseki [4,
5]. BCl-algebras are generalizations of BCK-algebras [7]. Mundici proved that MV-algebras are equivalent to the bounded
commutative BCK-algebras, and so on. Hence, most of the algebras related to the t-norm based logic, such as MTL-algebras,
BL-algebras, hoop, MV-algebras and Boolean algebras etc. [2,3,1] are extensions of BCK-algebras.

It will be very interesting to study the Smarandache structure in this algebraic structures. In [6], Y.B. Jun discussed the
Smarandache structure in BCl-algebras.

BL-algebra have been invented by P. Hajek [2] in order to provide an algebraic proof of the completeness theorem
of “Basic Logic” (BL, for short) arising from the continuous triangular norms, familiar in the fuzzy Logic framework. The
language of propositional Hajek basic logic [2] contains the binary connectives o and = and the constant 0.

Axioms of BL are:

(AD) (p=>¥) = (¥ = 0) = (= o).
(A2) (po¥) = o.

(A3) (pov¥)= (Y og).

(Ad) (po(p=>Y)= (Yo (W= @)).
(A5a) (9= (¥ = w) = (9o¥) = w).
(A5D) (oY) = w) = (9= (¥ = w)).
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(46) (= V)= w)= (¥ = ¢) = w) > o).
(A7) 0= .

MV-algebras were originally introduced by Chang in order to give an algebraic counterpart of the Lukasiewicz many valued
logic. This structure directly obtained from Lukasiewicz logic, in the sense that the basic operations coincide with the basic
logical connectives [1].

Lukasiewicz logic is an axiomatic extension of BL-logic and consequently, MV-algebras are particular class of BL-algebras.

It is clear that any MV-algebra is a BL-algebra. An MV-algebra is a weaker structure than BL-algebra, thus we can consider
in any BL-algebra a weaker structure as MV-algebra.

In this paper we introduce the notation of Smarandache BL-algebra and we deal with Smarandache ideal structures
in Smarandache BL-algebra. We introduce the notion of Smarandache (implicative) ideals in BL-algebra, we construct the
quotient of Smarandache BL-algebra via MV-algebras and we prove that this quotient is a BL-algebra.

2. Preliminaries
An algebra A= (A, A, V,0,—,0,1) of type (2,2,2,2,0,0) is a BL-algebra if the following conditions are satisfied:

(BL1)) XVy=yVX, yAX=XAY,
(BLy) XVX=X, XAX=X,

(BL3) xV(yV2)=XVYVZXAYAZD)=XAY)AZ,
(BLg) xV(XxAY)=X,XA(XVYy)=X,
(BLs) xv1=1,xA0=0,

(Blg) xOy =y Ox,

(BL7) x0y)0z=x0(y©2),
(BLg) xO1=x,

(Blg) z<x—>y<x0z<KY,

(BL1g) XAy =X0O (X— ),

(BL11) x—=>y)V(y—>x=1,

for all x, y,z € A and consider x* =x — 0 [2].
An algebra Q =(Q,®,®, *,0,1) of type (2,2,1,0,0) is an MV-algebra if the following conditions are satisfied:

MVy) x6(y®2)=(xdy) Dz
MVy) x@y=y®x,

(MV3) x®0=x,

(MVy) (x*)* =x,

MVs) x®1=1,

MVe) X*@y) " @y=0"®x*Dx,

forall x,y,ze Q [1].
By the following operations in MV-algebra, we can easily see the relationship between BL-algebra and MV-algebra which
is given in the next proposition.

(a1) 0% =1,

(@) xOy =" @ y"*,
(@) xoy=x0y*,

(ag) x"ny=x®@y"H 0oy,
(as) xvy=xoy"H oy,
(@) x> y=x"®y.

Proposition 2.1. (See [2].) Every MV-algebra is a BL-algebra and any BL-algebra is an MV -algebra, if for all x we have (x*)* = x.
In MV-algebra A we can define “<” by, x<y < x*®@y=1orx—y=1[1].

Proposition 2.2. (See [2].) Let A be a BL-algebra. Then the following hold:

b)) x> y—>2)=y—>Kx—>2),

(b)) x<(Xx—>y)—>,

(b3) xOx* =0,
(bg) x<y= y* <x*
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Definition 2.3. (See [2].) Let A be a BL-algebra. Then subset I of A is called an ideal of A if following conditions hold:

(1) 0el,
(I) xel and (x* - y*)* el imply y €1,

for all x, y € A.

3. Smarandache BL-algebra and Smarandache ideals

From now on A = (A, A,V,®,—,0,1) is a BL-algebra and Q = (Q,®,®, *,0,1) is an MV-algebra unless otherwise
specified.

Definition 3.1. A Smarandache BL-algebra defined to be a BL-algebra A in which there exists a proper subset Q of A such
that:

(51) 0,1€Q and |Q| > 2,
(S2) Q is an MV-algebra under the operations of A.

Definition 3.2. A nonempty subset I of A is called Smarandache ideal of A related to Q (or briefly Q -Smarandache ideal
of A) if it satisfies:

(c1) ifxel,yeQ and y <x, then y €1,
(cp) ifx,yel, thenx®yel.

Remark 3.3. If I is an ideal of A related to every MV-algebra contained in A, we simply say that I is a Smarandache ideal
of A.

Proposition 3.4. If Q satisfies Q & A C Q, then every Q -Smarandache ideal I of A satisfies the following implication:

(Vx,yel,VzeQ) z®y)ox* =0 — zel. (1)

Proof. Let (z® y) ©x* =0. Then z® y <x,since ze Q,yclCAand Q PACQ wegetthat zdye Q and I is Q-
Smarandache ideal of A, then z@ y €. We have z<z® y,z€Q, z®d y €l and I is a Q-Smarandache ideal of A, then
zel. O

Open problem 3.5. Under what suitable conditions the converse of Proposition 3.4 is true?

Example 3.6. Let A ={0,a, b, 1}. With the following tables

©|0ab1 —[0ab1
0j0000 01111
al00aa alalli1l
b|0Oabb bl0all
1/10ab1 1/0ab1

(A, AV, *,—,0,1) is a BL-algebra. Consider Q = {0, a, 1}, with the following tables

*0al
1a0

Q is an MV-algebra which is properly contained in A. Then A is Smarandache BL-algebra and Iy = {0}, I; = {0,a, 1} and
I, ={0,a,b,1} are Q-Smarandache ideals of A and also they are Smarandache ideals of A since {0,a,1} is only MV-
subalgebra contained in A.
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Example 3.7. Let A ={0,a, b, c, 1}. With the following tables

©l0abc1 —|0abc1
000000 0O(11111
alQaaaa al01111
bl0Oabab bl0cl1ci1
cl0aacc c|/Obb11
1|10abc1 1/0abcl

(A, A, V, ™ —,0,1) is a BL-algebra. Q = {0, 1} is the only MV-algebra which is properly contained in A. Therefore A is not
a Smarandache BL-algebra.

Example 3.8. Let A={0,a,b, c,d, 1}. With the following tables

©|0abcdil —0abcd1l

0|/0000O00O0 0111111

al0ObbdOa aldlaccil

b|{ObbOOD blc11cc1

cl0dO0cdc clbablal

dijooodod dlal1al11

1|10abcdl 1/0abcdil
(A,A,V, *,—,0,1) is a BL-algebra. Q ={0, b, c, 1} is an MV-algebra which is properly contained in A, with the following
tables

@®0bc1

0l0bc1 *0bc1

blbb11 *’m

clcl1c1

11111

therefore A is Smarandache BL-algebra, then Iy = {0}, I; = {0,b}, I, = {O,c}, I3 = {0,b,c,1}, I4 = {0,d,c}, Is =
{0,a,b,c,d,1} and Ig ={0,qa, b, c, 1} are Q-Smarandache ideals of A.

Definition 3.9. A nonempty subset F of A is called Smarandache implicative filter of A related to Q (or briefly Q-
Smarandache implicative filter of A), if it satisfies:

(F1) 1€F,
(F;) ifxeF,yeQ and x— y € F, then y € F.

Remark 3.10. Let F be a Q -Smarandache implicative filter of A. Then F is not a Smarandache BL-algebra, since 0 ¢ F.

Proposition 3.11. Let F be a Q -Smarandache implicative filter of A, then:

(1) F#0,

(2)ifxeF,x<y,yeQ,thenyeF,

(3) ifx,yeF,thenx® y€F,

(4) theset F* = {x* | x € F} is a Q -Smarandache ideal of A.

Proof.
(1) Since F is a Q -Smarandache implicative filter of A, therefore by (F1) we have 1 € F, then F # .
(2)Let xe F,x<y and y € Q. Then x*® y =1, therefore x - y =1 € F by (F,) we get that y € F.
(3) We have
y—> (x> @xoy)=y"e@xexoy)
DX) D (xOY)
ox) @ (v ox*)

therefore y > (x > (x® y)) =1€F, also x, y € F, then by (F,) we have x® y € F.
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(4) It is enough to show that (c1) and (c3) of Definition 3.2 hold.
(c1) Let x* € F*, y* € Q and y* <x*. Then x € F, since y € Q and x < y, thus by (2), y € F implies that y* € F*.
(c) If x*, y* € F*, then x, y € F. By (3), x® y € F implies that (x ©® y)* € F*, therefore x* ® y* € F*, then (4) holds. O

Proposition 3.12. If the set F* = {x* | x € F} is a Q -Smarandache ideal of A and F C Q, then F is a Q -Smarandache implicative
filter of A.

Proof.

(F1) 0 € F*, implies 1 € F.

(F) Let x€ F, x— y € F. Then x* € F*, (x —> y)* € F* thus (x* ® y)* € F*. Hence ((x*)* ©® y*) € F* and x € F C Q imply
that (x © y*) € F*, we have

vy =x"@®((x0oy*)eF"
Then y* <x* Vv y* and y* € Q imply that y* € F*, hence y € F. Then F is a Q -Smarandache implicative filter of A. O

A Q-Smarandache ideal I of A is called proper if I # A.

Definition 3.13. A proper Q -Smarandache ideal I of A is called prime Q -Smarandache ideal if
xoyel or yoxel,
for all x, y € A.

Definition 3.14. A Q -Smarandache ideal M of A is called maximal Q -Smarandache ideal if only if the following conditions
hold:

(M1) M is a proper Q-Smarandache ideal,
(M3) for every Q-Smarandache ideal I such that M C I, we have either M =1 or I = A.

Theorem 3.15. If I is an ideal of A, then I is a Q -Smarandache ideal of A.

pl'o(ocf{) Let xel, ye Q and y <x. Then y©Ox*=0¢l. Since y Ox* = (y*d x*)*)*=x*— y*)*el, thus y e I.
(cp) Let x, y € I. Since

= ("~ (x@y)*)*)*)* =((") e (x - xen)))
y)e((x) exen)))
oo (en)))
y) e () exey))
) e))exey)
y) e x)) o (xe )

=y ox)o(yox) =0el

therefore (y* — (x* — (x® y)*)*)*)* €I, y € I and by (I;) we get that (x* - (x® y)*)* e I,x €I and by (I;) we have
x@oy)el. O

In the following example we show that the converse of Theorem 3.15 is not true.

Example 3.16. In Example 3.8, let I3 ={0, b, c, 1} be a Q -Smarandache ideal of A but is not an ideal of A. Since c€ I, (c* —
d*)*=(b—>a*=1"=0ecl; butd¢Is.

Theorem 3.17. If I is a Q -Smarandache ideal of A and (x* © (y*)*) € I implies (x* ® y) € I, then I is an ideal of A.

Proof.

(I1) Put y=0in (c1), then 0 € I.

(Iy) Let x e I, (x* — y*)* eI, thus ((x*)* @ y*)* € I. Then (x* © (y*)*) € I hence by hypothesis (x* © y) € I, on the other
hand,

XVYy=x®dx*0y)
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and by (c2)
xvyel, y<xvy

and by (c1) we get that yel. O

Theorem 3.18. The relation ~q on a Smarandache BL-algebra A which is defined by
X~qy = (k—>yeQ,y—x€Q)
is a congruence relation.
Proof.
(1) x—>x=1€Q, then x ~q x.
(2)x~q y thenx— yeQ, y— xe Q, therefore y ~q x.

(B)x~qy. y~qzifonlyif x>yeQ,y—>xe€Q), (¥ >z€Q,z—>yeQ)ie X*dyeQ,y*dxecQ),(y*®ze
Q,z*®y € Q), on the other hand,

x) XPz<xX*DYyDdYy*®z=1€Q and Q is Q-Smarandache ideal, then x* ®z <€ Q,
(%) XDZF<XxBY*®Dydz*=1€Q and Q is Q-Smarandache ideal, then xd z* € Q,

thus by (x) and (»x) we get that x ~q z. Clearly ~¢ is a congruence relation. O

Definition 3.19. Let A be a BL-algebra and Q be an MV-algebra. Then g ={[x]|xe A} and [x] ={y € A|x~q y} are
quotient algebra via the congruence relative ~.

We define on g:
Klel=kaeyl [XI* = [x*], Xl—l=kx—yl Kloyl=kxoyl,
0 1
- i = i 0]= —, 1= —.
[XIA[yl=[xA Y] xXIVIyl=[xVy] [0] 0 [1] 0

Example 3.20. In Example 3.8, consider A ={0,a,b,c,d,1} and Q ={0,b,c, 1}. Then % = {[x] | x € A} = {[0], [a], [b], [cI,
[d], [1]} such that:

[0]=[b]=[c]=[1]={0,b,c,1} and [a]=[d]={a,d}.

Example 3.21. Let A={0,a,b,c,d,e, f, g, 1}. Then A is a BL-algebra with the following tables:

Oabcde f g
00000000

©
i
o

[~ i~ i I R
O QA ® g =0 = |0
Q ® ®©0Q = =g = =
M O O = = = = = =m0
A 09 = m0q = h0q = |
S5 0Q = =0 = =0 = = |0g
g G G O G S G g ey

—0Q =0 Q0 T Q O
o O o
Q O O
S o
o O oo
o Q oo
—0g =\ Q0 T Qo
—0g = a0 ST a o
OQ T N0 QA wig —
Q T T QA ® 0 = = |Q

Q1 ={0,d, 1} is MV-algebra which is properly contained in A with the following tables:

0d1

0d1 *10d 1

d11 1d0

111

then A is Smarandache BL-algebra. We can see that Qil ={[x] | x € A} ={[0], [a], [b], [c], [d], [e], [ f], [g], [1]} such that:

[0l =[d]=[1]={0.d, 1}, [a]l = [e] = {a, e}, [cl=Ig]l={c, g}, [b]={b} and [f]={f}.
Q2 ={0,b, f,c,e, 1} is an MV-algebra which is properly contained in A with the following tables:

—tQ.O|EB
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@®0bce f1
0j0bce f1
bbb;i}} “0b fcel
clce *’7
elee1111 1fbeco
fif1rf1f1
11111111

then A is a Smarandache BL-algebra. We can see that % ={[x]|x € A} ={[0], [a], [b], [c], [d], [e], [f], [g], [1]} such that:

[0]=[bl=[c]=le]l=[fl=[11={0,b,c,e, f,1}, and [a]=[d]=[g]={a,d, g}
and Q3 =1{0,b, f, 1} is an MV-algebra which is properly contained in A with the following tables:

“0b f1
1fb0

then A is a Smarandache BL-algebra. We can see that % ={[x]|x € A} ={[0], [a], [b], [c], [d], [e], [f], [g], [1]} such that:
[0]=[b]l=[f1=111={0,b, f, 1},  [c]=[el={c,e}, [d]={d} and [a]=[g]={a, g}

Theorem 3.22. The (%, AV, O, %, é) which is defined in Definition 3.19, is a BL-algebra.
Proof. The proof is straightforward. O

Remark 3.23. The (3, P, *, %) is not an MV-algebra unless A be an MV-algebra.

Remark 3.24. The (%, P, *, %) is not a Smarandache BL-algebra unless A be an MV-algebra.
4. Q -Smarandache implicative ideals
For convenience, let xxy =x © y*.

Definition 4.1. A Q -Smarandache ideal I of A is called a Smarandache implicative ideal of A related to Q (or briefly Q-
Smarandache implicative ideal of A), if it satisfies:

(c3)if (xxy)xzeland yxzel imply xxzel, forall x,y,z€ Q.
Proposition 4.2. If | is Q -Smarandache implicative ideal of A, then

(1) xxy)*xyelimplyxxyel,
(2) xxy)xzelimply (x*xz)*(y*xz)€el,

forallx,y,ze Q.
Proof.

(1) Let (xxy)xyel.Then (x©O y*)©y*el, we have yO y*=0¢€ I thus y*y €, by (c3) we have (x*y) el.
(2) Let (x*y)xzel. Then (x® y*) ® z* € I. Since

(koo (yoz) Vo) o(kxoy)oz) =[(xoz)o((yoz) o)) o (koy) o)
=[xoz)o (V' ez) @) ]o(xoy)oz)
=[xo)o(oy) ®y)]o(xoy)oz)
=[xoz)o(zoy) oy)]o(koy)oz)
=[(xo)oy)ozoy)]o(xoy)oz)
=[(xoy)oz)o(zoy) o (xoy) oz
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=[(xoy)oz)o(xoy)oz)]o(zoy)
=00 (zoy*)"

= (1@ (zoy))"

—1*=0

therefore (xOzZ) O (Y OZH*)OZ)O((XOY*) ©z%)* =0, then (xOZ)O (YO OZF < (xOy*) ©z* el and by (¢1)
we get that (x ©z*) © (y © z*)*) ©® z* € I, on the other hand,

(koz)o(yor))or =((xo(yor))or) oz

then (X© (y ©z*)*)©z*) ®z* €l and by (1) we get that (x© (y ©z")*) ©z*) el.
So we have

(ko (yoz))oz)=koz)o(yvor),
then (x ® z*) © (y © z*)* € I. Therefore (xxz) * (y*x2z) €l. O

Example 4.3. In Example 3.6, consider A ={0,a,b,1} and Q ={0,qa, 1}. Then we can see that Iy = {0}, I; ={0,a, 1} and
I, ={0,a,b, 1} are Q -Smarandache implicative ideals of A.

Example 4.4. In Example 3.8, consider A=1{0,a,b,c,d, 1} and Q ={0, b, c, 1}. Then we can see that

Io = {0}, 11 ={0, b}, I ={0,c},
I3={0,b,c, 1}, I4=1{0,d,c}, Is=1{0,a,b,c,d, 1}

and Ig ={0,a, b, c, 1} are Q -Smarandache (implicative) ideals of A.

Example 4.5. In Example 3.21, consider A = {0,a,b,c,d,e, f,g,1} and Q = {0,b, f,c,e,1}. Then I = {0,b} is Q-
Smarandache ideals of A but is not a Q-Smarandache implicative ideal of A. Since for x = f, y =c and z=-e in (c3)
we have (fxc)xe=(fOe)Oc=0€land cxe=cOc=0¢€l,but fxe=fOc=c¢l.

Theorem 4.6. If | is a Q -Smarandache ideal of A such that
(i) (Vx,y,2€ Q) (xxy)xzel= (x*x2)x(y*2)€l),
then I is a Q -Smarandache implicative ideal of A.

Proof. Assume that (x*xy)*xzel and yxzel, forallx,y,ze Q, thus x©Qy*)©z"*eland yoz*el, forall x,y,z€ Q.

Then (xx2)*x (y*x2) e I=x0z") O (y©z*)* el by (i),and so x©z*) O (y©z*)*® (y ©z*) €I by (c3), then (x© z*)* ®

YO ®(yoz*) el thus (xOz¥) — (y ©z%) — (¥ © z*) €I on the other hand by (b,) we have
xOZ'<((x0") = (yorf) > (yozf) el

then by (cy) we get that xxz=x0Oz* e I.
Therefore I is a Q -Smarandache implicative ideal of A. O

Corollary 4.7. If I is a Q -Smarandache ideal of A such that
(ii) (Vx,y€Q) (xxy)xyel=xxyel),
then I is a Q -Smarandache implicative ideal of A.

Proof. Let x, y,z € Q be such that (xxy)*y € I. Then (x®y*)©y* €. Since (xOzZ*)O(y©z*)*)Oz") O ((xOYy*)©z*)* =
0, then by the proof of Proposition 4.2(2), (x® z*) © (y © z*)* € I. Hence by Theorem 4.6, I is a Q -Smarandache implicative
ideal of A. O

Proposition 4.8. If | is a Q -Smarandache implicative ideal of A which is contained in Q, then

(iii) (Vx,yeQ) (Vzel) ((x*xy)xy)xzel=xxyel).
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Proof. Assume that ((x*y)xy)*xzel then (xOQy*)Oy*)©z*el, forall x,ye Q and ze I. If I is a Q-Smarandache
implicative ideal of A which is contained in Q, then I is a Q -Smarandache ideal of A which is contained in Q hence z€ Q.
Then by (c2), (kO y*) O y*) 0 z)®dzel thus (XO y*) © y)* ®2)* ®z €I, therefore (kO y*) © y*) > 2z) > z€l, on
the other hand, by (b,)

(xoy)oy)<(xoy*)oy*)—2)—>zel,
therefore ((x ® y*) ©® y*) €I and so x* y € I by Corollary 4.7. O

Theorem 4.9. Let Q 1, Q; be MV-algebras which are properly contained in A and Q1 C Q. Then every Q,-Smarandache (implicative)
ideal is Q 1-Smarandache (implicative) ideal.

Proof. Straightforward. O
In the following example we show that the converse of Theorem 4.9 is not true.

Example 4.10. In Example 3.21, consider Q; = {0, b, f,c,e, 1} and Q3 ={0, b, f, 1} with Q3 C Q. Then I ={0,b,e, 1} is
Q3-Smarandache (implicative) ideal but is not a Q,-Smarandache (implicative) ideal of A.

Example 4.11. If Iy is a Q -Smarandache (implicative) ideal of A and Iy C Iy, then I; is not a Q -Smarandache (implicative)
ideal of A. In Example 3.6, Ip = {0} is a Q -Smarandache (implicative) ideal of A and consider I; = {0, a}, then Iy C I; but I3
is not a Q -Smarandache (implicative) ideal of A. Thus “extension property” dose not hold for Q -Smarandache (implicative)
ideals of A.

5. Conclusion

Smarandache structure occurs as a weak structure in any structure.

In the present paper, by using this notion we have introduced the concept of Smarandache BL-algebras and investigated
some of their useful properties. In our opinion, these definitions and main results can be similarly extended to some other
algebraic systems such as lattices and Lie algebras. It is our hope that this work would other foundations for further study
of the theory of BL-algebra and MV-algebra. Our obtained results can be perhaps applied in engineering, soft computing or
even in medical diagnosis.

In our future study of Smarandache structure of BL-algebras, may be the following topics should be considered:

(1) To get more results in Smarandache BL-algebras and application;

(2) To get more connection to MV-algebra and BL-algebra;

(3) To define another Smarandache structure, if put Boolean algebra instead of MV-algebra;
(4) To define fuzzy structure of Smarandache BL-algebras.
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