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DEFINITION 1. Let a:N· ~ N· be a numerical function defined by a(n) = k where k 

is the smallest natural number such that nk is a perfect square: nk =;., s E N*, which is 

called the Smarandache square's complementary function. 

PROPERTY l.For every n EN· a(n2) = 1 andfor every prime natural number a(p)=p. 

PROPERTY 2. Let n be a composite natural number and n = Piat( . Pi
at2 

.•• Pi
at

, , 
. I 2 , 

prime factorization. Then it's o < Pi < Pi < ... < Pi' az , az , .•• , ai EN 
I . 2 ,I 2 , 

{ 

1 if az . is an odd natural number 

a(n) = .JJ/I • n f3i2 ••• ..J3;,. where R =) J' - 1 r 
PzI rl2 Pi, PI) 

- , . 

o if a j . is an even natural number 
) 

If we take into account of the above definition of the function a, it is easy to prove both 

the properties. 

PROPERTY 3 . ..!. ~ a(n) ~ 1, for every n EN· where a is the above definedfunction. 
. n n 

Proof It is easy to see that 1 ~ a( n) ~ n for every n EN·, so the property holds. 

CONSEQUENCE. L a(n) diverges. 
n~l n 

PROPERTY 4. The function a: N· ~ N* is multiplicative: 

a(x· y) = a(x)· a(y) for every x,y EN" whith (x,y) = 1 

Proof For x = 1 = Y we have (x,y) = 1 and a(1·1) = a(1) ·a(1). Let 

x = Pi~tl . pj~i2 ... pt, and y = qS:1 . qS2J2 
•• ·qS:' be the prime factorization of x and y, 

respectively, and X· y:;:. l. Because (x,y) = 1 we have Pin:;:' %1; for every h = 1,r and k = 1,s. 

Then, 
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/J, . /J, J_ 

a(x) = p ~ .1:."1 ... p;' where f3. = j = I r 
{

I if ai is odd 

1~ '2 ',. I J ,~ , 

. .5.5.5 
a(y) = q JI .q J1 ••• q 13 

11 12 J. 

o if ~ is even 
J 

{

I if Y
J 

is odd 

where tS
jk 

= t , k = l,s 

o if Y
lk 

is even 

and 

Property 5. If (x,y) = 1. x and y are not perfect squares and x,y> J !he equation 
a(x)=a(y) has not natural solutions. 

r • 

Proof It is easy to see that x * y. Let x = ITp;:- and y = IT qI.Ja, (where 
k=l t=l 

P * q , 'i h = 1, r, k = 1, s be their prime factorization. 
'. )t 

Then a(x) = tIPI~ and a(y) = tIl'" . where fJ.h for h = l,r and tSjj: for k = l,s 
Ir=l t=l 

have the above signifiecance, but there exist at least 13. * 0 and 5
J
• * o. (because x and y are • • 

not perfect squares). Then q(x) ~ a(y) . 

Remark. If x= 1 from the above equation it results a(y) = 1, so y must be a a perfect 
square (analogously for y=1). 

Consequence. The equation a( x) = a( x + 1) has not natural solUtions, because for x> 1 x 
and x+ 1 are not both perfect squares and (x, x+ 1)= 1. 

Property'. We/7tn1e a(x·Y)=a(r), for every x,ye~. 
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{

I if a/ is odd 

= 0 if a/: is even 

• { 1 if n is even 
Consequence 1. For every x EN and n EN, a(xn) = .. dd' 

a(x) If n IS 0 

, 
Consequence 2. If ~ = m: where m is a simplified fraction, then a(x)=a(y). It is easy 

y n n 

to prove this, because x = km 2 and y = 1m 2 and using the above property we have: 

a(x) = a(km2) = a(k) = a(lm2) = a(y). 

Property 7. The sumatory numerical function of the function a is 

Ie 1 . ( 1) [J.,} 
F(n) = n(H(a, )(Pi + 1)+ T - ) where the prime factorization of n is 

}} 2 
1=1 

n = p[J.~ . p[J.'2 ..... P[J.,t and H(a) is the number of the odd numbers which are smaller than a. 
~ '2 .. 

Proof The sumatory numerical function of a is defmed as F(n) = La(d), because 
dill 

k . 

(pl~ll, n Pi;lt )= 1 we can 
1=2 

use the property 4 and we obtain: 

F(n) = (,~~a(d,) K,J:~d2») and so on, making a finite number of steps we obtain 

<-

F(n) = n F(p,:'}) . But we observe that 
1=1 

a is an even number 

where p is a prime number. 
If we take into account of the definition of H(a) we fmd 

H(a) = {[a2~]+ifl' a is even 
if a is odd 

so we can write 
1+(-1)" 

F(pa.) = H(a)·(p+ 1)+-::""-2--'--

Ie 1 +( It) 
therefore: F(n) = n (H(a i )(p, + 1) + -

1=1 }} 2 

In the sequel we study some equations which involve the function a . 
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1) Find the solutions of the equation: xa(x)=m, where x,m EN". 

If m is not a perfect square then the above equation has not solutions. 
If m is a perfect square, m = Z2,Z EN", then we have to give the solutions of the 

equation xa (x) = Z2. 

Let z = PI~' . P/~: ... P:- be the prime factorization of z. Then xa(x) = P/~a.1 . p~a.l ... PI~at , 

so taking account of the definition of the function a, the equation has the following solutions: 
riO) = p~al . p~a.l ... P/~a.t (because a( r~())) = I), Xii) = P/~a.,. -I . p~a.l ... P,";t (because 

a(x1(1) = Pi)' XP=P/~a.I·PI~al-l.p,=:, ... p,~at (because a(x;l» = Pi,), ... , 

X(l) = p2a.,. .p2a., ... p:za..-! 
" '1 '2 't 

(because a( r~l» = P., ), then 
.,.2 

r(ll =_"' __ 
t 

P'J/. 'Pi~ 

jl *- j2' jl,j2 E{il, .. ·,i,,}, t = I,e; (because a(r~2» = P'A 'Pi" ), an~ in an analogue way, 

has as values 
:l 

where 
Pin' Pill . Pin 
i Z2 

jl ~ j2,j2 *- j),j) *- j\, and so on, rll") = = -= Z. So the above equation has 
P, . Pi, ... Pi. Z 

1 + e; + C; + .. -C: = 2" different solutions where k is the number of the prime divisors of 
m. 

2) Find the solutions of the equation: xa(r) + ya(y) = za(z), r,y,z e~. 

Proof We note ra(x) = m2
, ya(y) = n2 and za(z) = S2, x,y,z eN· and the equation 

(*) 

has the following solutions: m = u2 
- v2 

, n=2uv, s = u 2 + v2 
, U > v > 0, (u,v)=l and u 

and v have different evenes. 

If (m,n,s) as above is a solution, then (am,an,ru), a eN· is also a solution of the 
equation (*). 

If (m,n,s) is a solution of the equation (*), then the problem is to find the solutions of 
the equation xa(r) = m2 and we see from the above problem that there are 2kt solutions 
(where kt is the nwnber of the prime divisors of m), then the solutions of the equations 
ya(y) = n2 and respectively za(z) = s2 ,so the number of the different solutions of the given 
equations, is 2"1·2"1·2'" = 2"1+",-1-, (where k-:. and k3 have the same signifience as *1 ' but 
concerning n and s, respectively). 

For a>1 we have xa(r)=a.2~, ya(y) = a.2n2
, za(z)=a1r ~ using an 

analogue way as above, we fmd 2"I-C:-C, different solutions, where kp i = 1,3 is the 
number of the prime divisors of am, an and as, respectively. 

Remark. In the particular case u=2, v=l we find the solution ( 3,4,5) for (.). So we 

must find the solutions of the equations xa(x) = 32a 2
, ya(y) = 24a 1 and za(z) = 52

(12, 

for a EN". Suppose that a has not 2,3 and 5 as prime factors in this prime factorization 
ex = pa.,. . P':! ... pt". Then we have: 

" ., ! 
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So any triplet (xo,y~,zQ) with xa,Yo and z~ arbitrary of above corresponding values, is a 
solution for the equation (for example (9,16,25), i:> a solution). 

Definition. The triplets· which are the solutions of the equation 

xa(x)+ ya(y) = za(z), x,y,z EZ· we call MIV numbers. 

3) Find the natural numbers x such that a(x) is a three· cornered, a squared and a 
pentagonal number. 

Proof Because 1 is the only number which is at the same time a three - cornered, a 
squared and a pentagonal number, then we must find the solutions of the equation a(x)=I, 
therefore x is any perfect square. 

4) Find the solutions of the equation: _1_+_1_=_1_ x,y,z EN· 
xa(x) ya(y) za(z)' 

Proof We have xa(x) = m2 ,ya(y) = n2 ,za(z) = 52, m,n,s EN·. 

Th .11 Ih h}' e equatIOn -, + -2 = -:;- as t e so utIOns: 
m" n 5· 

m = I(U: + v 2 )2uv 

5 = t(u2 
- v2 )2uv, 
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u>v, (u, v)= 1, u and v have different eveness and t e N°, so we have 
xa(x) = 12(U:' +V2 )24u2y2 
ya(y) = I:(UZ +V2)2(UZ _y2): 

za(z) = 12(U2 - V2)24u2V2 and we fmd x, y and z in the same way which is 
indicated in the first problem. 

For example. if u=2, v=I, t=1 we have 
m=20, n=15, F12, so we must fmd the solutions of the following equations: 

Therefore for this particular values of u, v and t we find 4·4·4 = 22 ,22 .22 = 26 = 64 
solutions. (because k j = k: = k) = 2 ) 

5) Find the solutions of the equation: a(x) +a(y) +a(z) = a(x)a(y)a(z), x,y,z eN" , 

Proof. If a(x)=m,a(y)=n and a(z)=s. the equation m+n+s=m·n·s, 
m,n,s eN" has a solutions the permutations of the set {I,2,3} so we have: 

a( x) = 1 ~ x must be a perfect square, therefore x = u2
, U E ~ 

a(y)=2~y=2y2, veN" 
a(z)=3~z=312, lEN". 

Therefore the solutions are the permutation of the sets {u2 ,2v2 ,3/2} where u,v,1 eN", 

6) Find the solutions of the equation Aa(x) + Ba(y) + Ca(z) = 0, A.B,e eZ" . 

Proof If we note a(x) = u,a(y) = v,a(z) = I we must find the solutions of the equation 
Au + Bv -+ Ct = 0 . 

Using the method of determinants we have: 

A B C/ 
A B cl=o, ~m,n.5eZ~A(Bs-Cn)+B(Cm-As)+C(An-Bm)=0, and it 

m n 51 
is known that the only solutions are U = Bs - Cn 

v=Cm-As 

so, we have a(x) = Bs-Cn 
a(y) = Cm- As 

t = An - Bm, lim,n,s eZ 

a(z) = An - Bm and now we know to find x. y and z. 

Example. If we have the following equation: 2a(x)-3a(y)-a(z) = 0, mind the above 
result we must find (with the above mentioned method) the solutions of the equations: 
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a(x) = -3s+n 
a(y) = -m- 2s 
a(z)=2n+3m, m,n and SEZ. 
For m = -1, n = 2, S = 0 : a(x) = 2, a(y) = 1, a(z) = 1 so, the solution in this case is 

(2a 2 ,~2, y2), a,~, y EZ·. For the another values of m,n,s we find the corresponding 
solutions. 

7) The same problem for the equation Aa(x) + Ba(y) = C, A,B,C EZ. 

Proof Aa(x) + Ba(y) -c = 0 <=> Aa(x) + Ba(y) + (-C)a(z) = 0 with a(z) = 1 so 
we must have An - Bm = 1. If no and rna are solutions of this equation (Ano - Bmo = 1) it 
remains us to find the solutions of the following equations: 

a(x) = Bs + Cno 
a(y) = -emo - As, S E Z , but we know how to find them. 

Example. Ifwe have the equation 2a(x)-3a(y) = 5, x,y EN· using the above results, 
we get: A=2, B = -3, C = -5 and a(z) = 1 = 2n + 3m. The solutions are m = 2k + 1 and 
n = -1- 3k, k E Z . For the particular value k = -1 we have "'0 = -1 and no = 2 so we fmd 
a(x)=-3+5·2=10-3s and 
a(y) = -5(-I)-2s= 5-2s. 

If So = 0 we find a( x) = 1 0 ~ x = 10u2
, U E Z· 

a(y) = 5 ~ Y = 5v2
, V EZ· and so on. 

8) Find the solutions of the equation: a(x) = ka(y) kEN- k > 1. 

Proof If k has in his prime factorization a factor which has an exponent ~ 2, then the 
problem has not solutions. 

If k = PI . Pi ... PI and the prime factorizarion of a(y) is a(y) = qJ .. qJ .... qJ. , then 
1 1 ,. 1 1 • 

we have solutions only in the case Pi , Pi , ... Pi !jt {q} , q}. , ... , qJ. }. -
1 1 l' 1 1 • 

This implies that a(x) = Pi . Pi..· .. Pi .qJ .. q} ... q} , so we have the solutions 
1·~ l' 1 2 Ii: 

9) Find the solutions of the equation a(x)=x (the fixed points of the function a). 

Proof. Obviously, a(I)=l. Let x> 1 and let x = p;1t . p:;Z ... p:", alj ~ 1, for j = 1,7 

be the prime factorization of x. Then a( x) = ~iJ .11.;2 ... p:." and ~Ij ~ 1 for j = 1,7. Because 

a (x)=x this implies that a i) = ~IJ = 1, \lj E 1,7, therefore x = Pi" . Piz ••. PI,.' where 

Pi., j = l,r are prime numbers. 
J 
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