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In this pa.per we prove that the following numerical functions: 

l!'(%) 
1. Fs: N- - N, Fs(x) = Z S(pf), where Pi are the prime na.tural numbers which 

i=l 
are not greater than x and ~(x) is the number of them, 

2. 8 : N- - N, 8( x) = Z S(pf) , where p, a.re the prime na.tural numbers which 

divide x, 

3. e: N- - N, 8( x) = Z S(pf) , where PiMe the prime na.tul&l numbers which Me 
Pi'l- % 

smaller than x and do not divide x, 

which involve the SmMandache function, does not verify the Lipschitz condition. These 
results are useful to study the beha.viour of the numerical functions considered a.bove. 

",(z) 

Proposition 1 The function Fs: N- - N, Fs(x) = Z S(pf), whe're Pi and ~(x) have 
1=1 

the signifience from a.bove, doel not verify the Lipschi:z condition. 

Proof. Let K > 0 be a. given real number, x = p be a prime natural number, which 

verify p > [.jK + 1} and y = p - 1. It is easy to see that ~(p) = ~(p - 1) + 1, for every 
prime natura.! number p, since the prime natura.! numbers which are not grea.ter than p 
Me the sa.me as those of (p - 1) in addition to p. We ha.ve: 

!Fs(x) - Fs(y)! = Fs(p) - Fs(p - 1) = 

= [SC~) + S(~)"'''' + S(~(p_l)) + S(PP)] -

- [S(~-l) + S(~-l) + ... + S(?~~l))] = 

3 



= [S(~) - S(rl-1
)] + ... + [S{1'~_l)) - S(1'~~l)] T S{PP)· 

Bll~ S(pf) ~ S(pf-l) for every i E 1, ,-(p - 1) , therefore we have 

!Fs(~) - Fs(y)1 ~ S(PP)· 

Beca.use S(PP) = p2 , for every prime p, it follows: 

iF5{:) - Fs(Y)1 ~ S(pP) = p2 > K = K ·1 = K (p - (p - 1)) = K I: - yj. 

We ha.ve proved tha.~ for every real K > 0 there ex:is~ the na.tural numbers : = P ud 
y = p - 1, choseD IS &hove, so ~hat lFs{:) - Fs(Y)1 > K I: - YI, therefore Fs does no~ 
verify the Lipschitz condition. 

Remark 1 Another prooj, longer and more techn,ca~ can be made uling a rezuli which 
assertl that the Smarandache junction S a.lso does not verify the Lipschitz conditiofL. We 
have choleft thi' proof becaUle it iI more simple and free of another multi. 

Proposition 2 The junction e : .V· -+ N, G( ~) = 2: S(pf) , where P' are the prime 
p,!s 

natural number, which divide:, does not rJerify the Lipschitz cofLditiofL. 

Proof Let K > 0 be &. given' real number, Z > 2 be a. na.tural. Dumber which hu the 
prime facloma.tioD 

ud 11 = :. PTe where PTe > ma.x {2, K} is a. prime n&.tuIILl number which does Dot divide :. 
We have: 

18(:) - 8(Y)1 = 18 (p~l pr; .. , pi;) - B (p~1 pr; ... pi; . PTe) I = 

is(pft) + S(pf,) + ... + S(pf,) - S(P!I) - S(pf,) - ... - S(p!,) - S(pt)l· 

But ~ < : . PTe = 11 which implies tha.t S(Pf
j

) ~ S(pfj)' for j = 1, r so tha.t 

18(:) - 8(Y)1 = [S(P!I) - S(pf\)] + [S(P!,) - S(Pf,)] + ... 

+ [S(pfJ - S(pfJ} + S(pt) = 

= [S(Pft') - S(pf1 )1 + [S(Pf/') - S(Pf,)] + ... 

+ [S(pf/'l) - S(pfJ] + S(pt). 



In )] it is proved the following formula. which gives a. lower a.nd a.n upper bound for 
5(l), wher p is a. prime na.tura.! number and .. is a. na.tura.! number: 

r sing this formula., we heLve: 

Pi· I -

because p~ > 2 ~ p;~~' ~V)j = L r . . } 

Then, we have: 

8(;:;'1- 9(,;,i > 5("1) > (P1c -1)·;;·:;,' »":;" -1).;:;. K = K(-:;r_.::: - :::') = K 'x - '11' 
\ I i:I j t _ ,jI i( _ \ j _ i( ,J. .I( I ... ,~ , i 

Therefore we have proved that for every rea.! number K > 0 there exist the natura.! 
numbers x, y such tha.t: .G( x) - d(y)1 > K' x - y! which shows tha.t the function e does 
not verify the Lipschitz condition. 

Proposition 3 The /'J.nc:icn 9 : .V· - .V, J(;;', = == S(pfl, :un.ere Pi ::re th.e prime 
?i\ .: 

1a.::':':''1.i ~'Umoe:,s :unich lie smaiie" :.~-27l.;; ::onci ::J "!.Qt iiviie:::, ioes not verijy :he Lipschitz 

P"']Qf. Let K > 0 be a glven rea.! number. Then for;; > f and 'j = 2· ::: , using the 
Tchebycheff theorem we know tha.t between: a.nd 'j there exists a prime natural number 
p. It is clear ~ha.t p does not dividex and 2:::, thus ;(y) contains, in the sum, besides a.ll 
the terms of 9(;;), also S(p~) as a. term. We have: 

5(;:;) - 6(;)1 = !8(x) - 8(2:::)1 = 8(2:::) - G(:::) ~ 5(::, - S(p:l) - G(x) = S(p:l) ~ 

~ {p - 1)y .... 1 = (p -1).2::: + 1 ~ x· 2;; -1 = 2;;2 -1 > x· K = K lx - yj 

therefore the function 9 wo does not verify the Lipschitz condition. 
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