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In our pa.per we prove that the 5marandacht' hlnctif) o .r;;, does Of) t verify the Lipschitz 
co ndition, giving an answer to a problem proposed in :2] ilnd we inv~u~lI.te also tbe 
possibility tha.t some other functioDIi , wh ich involve the func tien S, venfy v f Dot \"erify 
lhe Lipschitz conditicn. 

Proposition 1 The ju,wio n {rt - S{n)} does rwt ') o: ri/y ehe Lirw:hitz cv ",Jition, w'~ere 
S(n) i, t -..' smallest ir.t e~t' r!'?l. s!lch t~ ,!t m' is divisib le cy n. (S :5 ,died the Smarandache 
function. ) 

P-,.j. A function j : .If <; R - R ~ LipscbllZ iff tb. followin~ condition bolds: 

(3)K > O,(V)r ,y E M::>I fi r ) - f(y) 1$ K 1 r - y 1 

(K is called a. Lipschitz cons\&ot ). 
w. b.ve to prove tbat for every real K > 0 tber •• xisle r,y E N' sucb tb.t 1 f( t ) 

; lY) I> K i x - y 1 . 
LI!~ K > 0 be a. given real Dumber. Let x = ? > .3K + 2 he a. prime number &ad cODllider 

y = p + 1 which is & composite nnmber. heeig even. Since t = p is a. prime number we 

b.,. Sip) = p. Using II] w. h.ve max ;$I n)/n l = 1/3 , tb •• llil = 'Ie:.'l $ i 
.. €N ' . '1 ;~ V P 

which implies tbot Sip + 1) 5 tip + 1) < p = Sip). IV. b ... 

. 2 3K+Z - Z 
I S(P) - S(P+ l ) l = p - S(p "'1 1 ~ P - 3 (P+ l » 3 = K 

• 

Remark 1. The ideea. of the proof k; based on the fvllowing obse rV&tions: 
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Ifp is a. prime number. then S(p\ =;;. thus the point ip,S(PIl belongs to the line of 
equation ~ = :: ; 

If q is a composite integer, ~ # 4, then S~i. $ t which means that the POInt ~q, S(q)) is 

under the graphic of the lin.: vf ~quati(Jn ~ = tx a.nd &bove the a.xe 0; , 

.(p ';'1,5(; ~ 1)) 

.,. .. 

Thus. for eVery consecutive integer numbers ~,y where t = pis & prime Dumber and 
y = p -1. the leught AE ,--an be made !is great as we need, for :, y sl1fticieDdy 8leu. 

Rem,,' 2. In fact we han proved tbat the function f : N8 - N defined by f(n) = 
Sir..) ..:. S(>;, - 1): is unbollDded. which imply that tht: Smarandache's fUDc~ion is Dot Lip
schitz. 

In the sequel we study the Lipschitz condition for other functions which involve the 
Smar&Dda.che', fanc~ioB. 

Proposition 2 
':Jniition. 

Tt.e .. !' .. ,", .• ~ •••• '~:, S· . . Vi .f\ l~ _ v ".(",) - ~ 'U."t.. 'h- L,'''.ch,·u 
• ••• - '. , 'J': .', - l '. - ')f, It 1 '" 0J;i • ~ r" 

P!,l)of. For every : ~2 we have S(: 1 ~ 2. therefore 0 < sf:) $ 1 If we take t ~ ~ ill 
N \ {O.1}, we have 

1 1 1 1 I - - -, < - < -'IX -y' C( ... ) ~(.\1:-2-2 I 
~ *, -.::J: 

80 



For x = y we ha.ve an equa.lity in the rela.tlOn a.bove, therefor\! S: is a. function which verify 
the Lipschitz condition with K = i a.nd more, it is a. contractant function 

Rema.rk 3. In ~2: it is proved that )' ~ is divergent. 
~ . ...... )' n. 

'1.>: 

P~o'Jj, For every ;c, 'd E .v, 1 < :.; < ~ we have J: =,~ and y = n - rt~ whre m E N*. In 
'21 is proved that 

1 ,~'I n.1 -. , V \' 1 ---, :s --' :s 1, I.V'1l E.:. \ iO, 1; . 
! ': - 1 \: " 

Using this we have 

therefore 
:S(x) Sly) 
; ____ \ _J ~ ,= _ ;'! 

X ; 

for x and y as a.bove. For x = y we have an equality in the relation above. It follows tha.i 
~2 is verify the Lipschitz condition with K = 1 . 

• 

Remark 4. Using the proof of Propositi:" .... 5 proved below, it ca.n be shown tha.\ the 
Lipschitz consta.nt K = 1 is the best possible. Indeed, take x = 11. = P - 1 , m = 1 
a.nd therefore 'j = p (with the notations from the proof of P.,.opositic'". 8 ), with p CIt 

primenumber. From the proof of PrOpOSltl::n. 5, there IS a subsequence of prime numbers 

{Pnt}k>l such tha.t 5~ ..... _~:: ~~ 0 . For ~ ~ 1 we ha.ve, for a. Lipschitz consta.Dt K of 52 
- Y"t • 

Thus, K ?= 1 
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Proposition 4 The f7J.ncric .. 53 V , '0 '1' u .. \. '" . ( ~ .:, 
L ~"sl'~;tz 1'1),"";f!',~" -I' ~... -' - .... - •. 

P~~,;f. (Compa.re with the proof of p .. ~,~ ;j!::~;, : , 

We have to prove that for every real K > 0 there Histe :, yEN· sucb that ' Sit x) -
,·;,','>R" ~-": ..... !i,~. .... '1!' 

Let K > 0 be a gircn real numbl:r, : = ~ be: a pnmt: numb~r a.nd ~ := -: - lXsing the 

P-:';:;ji:i;-: 5 proved below. which asserts that the sequence < ,J"-',< ~ is unbunded 
... "'\P~-"! I -t>2 

~ where {p} n>l is the prune numbers licquencej, we ha.v~\ (.)[ a. pnme number p such th&t 

Sr 1
,( > K: 1 : 

P-l} 

• 

Proposition 5 If {Pn} "~l il the ;Jrime ,::n: ~~~s squefJ,ce, then the 3equence {sGJ',,::1)} ,,~~ 
is u'tooti.:!ded. 

P~ccf. Denote -;'1. = F", - 1 and let ~n be the number of the distinct prime numben 
which appea.r lD the prime factor decomposltIon of 114 ' for n ~ '2 ' We show below thAt 
{~n} '1.>2 is a.n unbounded sequence, 

Fo~ a fixe<it EN·, consider"k d~ ;-'~" ~!c and tbe arithmetic progressIOD {1 +"k' m}m>l' 
From the Dirichlet Theorem [3, pg.194j, it follows tha.t 'his sequence contains & soble- -
quence '.1 ..... Tic' mdl>l of prime numbers: .J"i.1 ; t ..... Jfic·ml ,therefore :ric ,me = p",-l = q", 
which implies tha.t r,,~~ Ie. It shows that tbe ~eqUt'nc~ ~r"}!t~2 is an unbounded sequence. 

~" 
If q'1. = n PS: then it is known (see :·t~ I tha\: 

\=1 

,'_ ' ~ .' ~.;.. ': ~ - " ' ",'.:I. J '\ < ' ~.11n;-ma.x (- :.J: -~:''" CX.'P~, , ) \-;--r I.. \,,;. / i \ ";1 J - ., ~ 
-4, fl 

thus 

(1) 
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We ha.ve: 

(2) 

Tndeed, if '.:tJ = 1, then ~LJ = 1 If et J > 1 , then 

I' :, - l\i:1 - 1) ,., - 1 1 '., > ',0 J ,,) • > t'_J __ > _ , 
J - 'j, - '2 - '2 , 

'" But 1./'1 = n Fe: has r'l - I prime factors a.nd ; r''I} ".>2 is unbounded, then it follows 
1=1,1#; -

that {Vn } '1>_2 is unbounded CSln~ thIS, I 1,1 and 121, It follows that the sequence ~ -3Jl...q ,\ 
- i. 5lq,.) J "~1 

is unbounded, 

• 

Rema.rk 5, Using thtl sa.me ideea., the P;,,';pu;;tziun 5 is trUt in a. m,)re ,\(,<::Utla.1 form: 
( , 

Fc" " E Zit,>' .,'d' ."1'p i ?,,"'a " :s _ '"'..~:;".;.:':d.e:i., ,he-,; ,r t:i ~h!: prime 
; ..it .1" ..... "'t""' ..... ·~"'- :.S1p!'":._a);~ _,.» .1..1 . . ",. .. r'nJ~>. 

fir. -_'" 

numbers uquence, 
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