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Abstract.
Anot her nmet hod of solving this equation,

fromLjunggren's, is given in this paper.
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| nt r oducti on.

In his book of unsolved problens R K. Guy [2]

i nforns us

that the equation x2 = 2y* - 1 has in positive integers the

only solutions (1, 1) and (239, 13); (Ljunggren has shown it

by a difficult proof). But Mrdell asked for a sinple proof.



In this note we find another nethod of solving. Notet =
y2.  The general integer solution for x2 - 2t2 + 1 =0 is:

Xns1 = 3X, + 4t,

(tn+l = 2Xn + ‘?’tnl

for all neN, where (Xq, Yo) = (1, €) with € = + 1 (see

[6]),

X, 3 4 1
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where a matrix at the power zero is equal to the unit

matrix |.

3 4
Let A = (2 3 ), and AeR.  Then det (A - Al) =0
involves A, , = 3 + 2, whence if v is a vector of
di mension two then: Av = A, , . v involves v,, =
= (2, £12).
2 2 34242 0
Let P = <\/2 -\/2) and D = ( 0 3-242 ) W have
(1/2) (a+b)  (~2/2) (a-b)

PLAP = D, or A" = PD'P! =
((\/2/4)(a-b) (1/2) (a+b) )

where a = (3 + 2y2)" and b = (3 - 242)". Hence, we find:



1+e+2 1- &2
Xn  me--- (3 +2V2)" + ----- (3 - 242)"
2 2
26442 2e- 42
t, ----- (3 +2V2)" + ----- (3 - 242)"
4 4
, 28442 2&-42
Oy, = ----- (3 +2V2)" + ----- (3 - 242)", neN. For
4 4
n=0, 0=1it obtains ycz):l(v»hence Xo = 1), and for
n=3 0=1it obtains yz = 169 (whence x5 = 239).

n/ 2 n (n-1)/2 n

2
(1) Y, =& 3 2k |- 3223k 4+ 3 ( 2k+1 ) 3n-2k-1,3k+1,
k=0 k=0

We still nmust prove that yi is a perfect square if and
only if n =20, 3.

We can use a simlar method for the diophantine equation
x? = Dy* + 1, or nore generally: CX? = Dy?® + E,
with a, b e NN and C, D, E e Z*, noting x* = U, y*> =V, and
applying the results of [6], but the relation (1) becones very

intricate.
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