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Abstract. This main purpose of this paper is to develop an algorithm to find the shortest path on a
network in which the weights of the edges are represented by bipolar neutrosophic numbers.
Finally, a numerical example has been provided for illustrating the proposed approach.

Introduction

Smarandache [1, 2] introduced neutrosophic set and neutrosophic logic by considering the non-
standard analysis. The concept of neutrosophic sets generalized the concepts of fuzzy sets [3] and
intuitionistic fuzzy set [4] by adding an independent indeterminacy-membership. Neutrosophic set
is a powerful tool to deal with incomplete, indeterminate and inconsistent information in real world,
which have attracted the widespread concerns for researchers. The concept of neutrosophic set is
characterized by three independent degrees namely truth-membership degree (T), indeterminacy-
membership degree (I), and falsity-membership degree (F). From scientific or engineering point of
view, the neutrosophic set and set- theoretic operator will be difficult to apply in the real
application. The subclass of the neutrosophic sets called single-valued neutrosophic sets [5] (SVNS
for short) was studied deeply by many researchers. The concept of single valued neutrosophic
theory has proven to be useful in many different field such as the decision making problem, medical
diagnosis and so on. Additional literature on neutrosophic sets can be found in [6]. Recently, Deli
et al. [7] introduced the concept of bipolar neutrosophic sets which is an extension of the fuzzy sets,
bipolar fuzzy sets, intuitionistic fuzzy sets and neutrosophic sets. The bipolar neutrosophic set
(BNS) is an important concept to handle uncertain and vague information exciting in real life,
which consists of three membership functions including bipolarity. Also, they give some operations
including the score, certainty and accuracy functions to compare the bipolar neutrosophic sets and
operators on the bipolar neutrosophic sets. The shortest path problem is a fundamental algorithmic
problem, in which a minimum weight path is computed between two nodes of a weighted, directed
graph. The shortest path problem has been widely studied in the fields of operations research,
computer science, and transportation engineering. In literature, there are many publications which
deal with shortest path problems [8-13] that have been studied with different types of input data,
including fuzzy set, intuitionstic fuzzy sets, trapezoidal intuitionistic fuzzy sets and vague set.
Recently, Broumi et al. [14-17] presented the concept of neutrosophic graphs, interval valued
neutrosophic graphs and bipolar single valued neutrosophic graphs. Smarandache [18-19] proposed
another variant of neutrosophic graphs based on literal indeterminacy component (I). Also
Kandasamy et al. [20] studied the concept of neutrosophic graphs, To do best of our knowledge,
few research papers deal with shortest path in neutrosophic environment. Broumi et al. [21]
proposed an algorithm for solving neutrosophic shortest path problem based on score function. The
same authors in [22] proposed a study of neutrosphic shortest path with interval valued
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neutrosophic number on a network. Till now, there is no study in the literature for computing
shortest path problem in bipolar neutrosophic environment.

The structure of the paper is as follows. In Section 2, we review some basic concepts about
neutrosophic sets, single valued neutrosophic sets and bipolar neutrosophic sets. In section 3, we
give the network terminology. In Section 4, an algorithm is proposed for finding the shortest path
and shortest distance in bipolar neutrosophic graph. In section 5 an illustrative example is provided
to find the shortest path and shortest distance between the source node and destination node.
Finally, in Section 6 we provide conclusion and proposal for further research.

Preliminaries

In this section, some basic concepts and definitions on neutrosophic sets, single valued
neutrosophic sets and bipolar neutrosophic sets are reviewed from the literature.

Definition 2.1 [1-2]. Let X be a space of points (objects) with generic elements in X denoted by x;

then the neutrosophic set A (NS A) is an object having the form A = {< x: T,(x) , L (x)’ Fy(x) >,
X € X}, where the functions T, I, F: X—] 0,1 [define respectively the truth-membership function,
an indeterminacy-membership function, and a falsity-membership function of the element x € X to
the set A with the condition:

0< TA(X)+ IA(X)+ FA(X)S 3" (1)

F, (%)

and

The functions T, (x) , 1,(x)

are real standard or nonstandard subsets of ]70,1°].

Since it is difficult to apply NSs to practical problems, Wang et al. [14] introduced the concept of a
SVNS, which is an instance of a NS and can be used in real scientific and engineering applications.

Definition 2.2 [3]. Let X be a space of points (objects) with generic elements in X denoted by x.
A single valued neutrosophic set A (SVNS A) is characterized by truth-membership function T,(x) ,
an indeterminacy-membership function L (x)’ and a falsity-membership function F, (x). For each

point x in X T,(x) , 1, (x), Fi(x) e [0, 1]. A SVNS A can be written as
A={<x: TA(X)’ ]A(x)’ FA(X)>’X X} 2)

Deli et al. [15] proposed the concept of bipolar neutrosophic set, which is an instance of a
neutrosophic set, and introduced the definition of an BNS.

Definition 2.3 [4]. A bipolar neutrosophic set A in X is defined as an object of the form
A={<x, T'®) 1"@) FP() T"() I"(X) F'(¥) >, x e X}, where 77, 17 ,F”:X—> [1, 0] and T"
1" F": X [-1, 0] .The positive membership degree TP 17 FP() denotes the truth
membership, indeterminate membership and false membership of an element € X corresponding to

a bipolar neutrosophic set A and the negative membership degree | HON ' (x),F "() denotes the
truth membership, indeterminate membership and false membership of an element € X to some
implicit counter-property corresponding to a bipolar neutrosophic set A.

A =< TP 10T >

Definition 2.4 [4]. An empty bipolar neutrosophic set is defined as

TP =0,1f =0,F =1 o q T ==LI} =0,F" =0 )
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.. A — P 1P |P Th h h 1 — P 1P WP TNh h |h .
Definition 2.5 [7]. Let 4 =<T0ILELILILE > ang 4 =<I0L0LEL.1LLLE > e two bipolar
neutrosophic numbers and4 >0 . Then, the operations of these numbers defined as below;

4 ® 4, =<TF +Tf ~TPTF 1P IV B FY
(1) _TlnTZna_(_IiD_If _Ifylf)a_(_Flp_sz _Fiszp) > (5)

A ® Ay =<TPTY NP+ 12 —IPIP FP + Ff — FPEY

(ii) _(_Tln _Tzn _Elljgl)’_lfllzrl’_ﬂllell > (6)
T o—e1_(1_TPV (1P VA PN\A A o anNA R4

(111)11‘11 <1-(1-7")", A7) (R0 -1, (-0 -F)7) > (7)
. A _ P\A P\ 1 mP\A n _

(1V) Al =< (@)Y 1 -A- 1) 1-(-K7)",-(1-(- (T))) (11) (F1)) )> where A>0 (8)

Definition 2.6 [7]. In order to make a comparisons between two BNN. Deli et al. [7], introduced a
concept of score function. The score function is applied to compare the grades of BNS. This
function shows that greater is the value, the greater is the bipolar neutrosphic sets and by using this

7 P P |P TN Th TR
concept paths can be ranked. Let A =<I7I5FLT0ILE >

s(4)

be a bipolar neutrosophic number. Then,

the score function , accuracy function @(4) and certainty function <(4) of an BNN are defined

as follows:

s(4 )=(%)x[T" H= 1P 1= F7 41+ T" ="~ F" |
1)

9)
(ii) a(A)=T? —F" +T" - F" (10)
(iii) €A =T"-F" (11)

Comparison of bipolar neutrosophic numbers
Let A =<TP.10 BT 1L >
then

P YP |P Tn yn [N . .
A =<0 ELLLE B > pe two bipolar neutrosophic numbers

and
. If s(4) - s(4y) , then 4 is greater than 4, , that is, A is superior to 4, , denoted by Al -4

i If S =) ,and @)= a(h) then 4 i greater than 4, , that is, A superior to 2, denoted
by Al > A2

iii. If S =s(h) ald)=ald) ang o(4) = c(d) then 4 i greater than 2, that is, ZI superior
to 2, denoted by 4~ 4
iv. If S =s(d) a(d)=a(dy) ,nq (d)=clh) then 4 g equal to“2, that is, 4 is indifferent

to 2, denoted by 4 =4

Network Terminology

Consider a directed network G(V, E) consisting of a finite set of nodes V={1, 2,...,n} and a set of m
directed edges E< VxV. Each edge is denoted is denoted by an ordered pair (i, j) where i, j € V and
'#J In this network, we specify two nodes, denoted by s and t, which are the source node and the
destination node, respectively. We define a path By ={i= i Ry RS USRY i =j} of

alternating nodes and edges. The existence of at least one path Biin G (V, E) is assumed for every i
€V-{s}.
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dy denotes bipolar neutrosophic number associated with the edge (i, j), corresponding to the length

necessary to traverse (i, j) from i to j. the bipolar neutrosophic distance along the path P is denoted
as d(P) is defined as

X

d(P)= @i<P) (12)

Bipolar Neutrosophic Path Problem

In this paper the arc length in a network is considered to be a neutrosophic number, namely, bipolar
neutrosophic number.

The algorithm for the shortest path proceeds in 6 steps.

Step 1 Assume d =<0, 1, 1, -1, 0, 0>and label the source node (say nodel) as [“71 =<0,1,1, -1, 0,
0>,-].

Step 2 Find i minimum { d; ©d,

71.=2.3,...,n.

. : . S . d,
Step 3 If minimum occurs corresponding to unique value of i i.e., i= r then label node j as [ 7/ ,r].
If minimum occurs corresponding to more than one values of i then it represents that there are more
than one bipolar neutrosophic path between source node and node j but bipolar neutrosophic

. . d; .
distance along path is "/, so choose any value of i.

Step 4 Let the destination node (node n) be labeled as [dn , [], then the bipolar neutrosophic shortest

distance between source node is 77 .

Step S Since destination node is labeled as [d" , I1, so, to find the bipolar neutrosophic shortest path

between source node and destination node, check the label of node /. Let it be [dl , p], now check
the label of node p and so on. Repeat the same procedure until node 1 is obtained.

Step 6 Now the bipolar neutrosophic shortest path can be obtained by combining all the nodes
obtained by the step 5.

Remark: Let le.; 1=1, 2,..., n be a set of bipolar neutrosophic numbers, if S( ‘ak) < §( 4, ), for all 1,

the bipolar neutrosophic number is the minimum of 4

Ilustrative Example

In order to illustrate the above procedure consider a small example network shown in Figl, where
each arc length is represented as bipolar neutrosophic number as shown in Table 1.The problem is
to find the shortest distance and shortest path between source node and destination node on the
network.
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<0.6,0.2, 0.1, -0.4,-0.5,-0.2>

[

<0.8, 0.5,003,-0.5,-0.3,-0.6>

<0.3,0.3, 027-0.2,-0.5,-0.4 >

Fig.1. A network with bipolar neutrosophic edges

<0.2, 0.6, 0.4,-0.1,-¢.3-0.4>

<0.2,0.4,0.5,-
TR <0.7, 0.3,0.6%0.3,-0.6,-0.5>

<0.3, 0.5,0.4,-0.5;7

In this network each edge has been assigned to bipolar neutrosophic number as follows:

Table 1. Weights of the bipolar neutrosophic graphs

Edges | Bipolar Neutrosophic distance
1-2 <0.2,04,0.5,-0.2,-0.4, -0.6>

1-3 <0.5, 0.1, 0.6, -0.3, -0.8, -0.7>

2-3 <0.2,0.6,0.4,-0.1,-0.3, -0.4>

2-5 <0.3,0.5,0.4,-0.6,-0.2, -0.3>

3-4 <0.6, 0.2,0.1,-0.4, -0.5, -0.2>

3-5 <0.7, 0.3, 0.6, -0.3, -0.6, -0.5>

4-6 <0.8,0.5,0.3,-0.5, -0.3, -0.6>

5-6 <0.3,0.3,0.2,-0.2, -0.5, -0.4>

Solution since node 6 is the destination node, so n= 6.
assume % =<0, 1, 1, -1, 0, 0>and label the source node ( say node 1) as [<0, 1, 1, -1, 0, 0>,-], the

value of ";j=2,3,4,5,6 can be obtained as follows:
Iteration 1 Since only node 1 is the predecessor node of node 2, so putting i=1 and j= 2 in step2 of

the proposed algorlthm the value of d, is

4 = minimum{ % ® %2 y=minimum {<0, 1, 1, -1, 0, 0>® <0.2, 0.4, 0.5, -0.2, -0.4, -0.6>= <0.2, 0.4,
0.5, -0.2, -0.4, -0.6> Since minimum occurs correspondmg to i=1, so label node 2 as [<0.2, 0.4, 0.5,
-0.2,-04,-0.6>, 1]

Iteration 2 The predecessor node of node 3 are node 1 and node 2, so putting i= 1, 2 and j= 3

in step 2 of the proposed algorithm, the value of ds is dy =minimum { d, ®dy3,d; ® d, 1=
minimum{<0, 1, 1, -1, 0, 0>® <0.5, 0.1, 0.6, -0.3, -0.8, -0.7>, <0.2, 0.4, 0.5, -0.2, -0.4, -0.6® <0.2,
0.6, 0.4, -0.1, -0.3, -0.4>}= minimum{<0.5, 0.1, 0.6, -0.3, -0.8, -0.7>, <0.36, 0.24, 0.2, -0.02, -0.58,
-0.76>}

s(4 )=[l]x[T‘” P11 +1=FP +147" — " —F”}
S (<0.5, 0.1, 0.6, -0.3, -0.8, -0.7>) = 6 =0.66
S (<0.36, 0.24, 0.2, -0.02, -0.58, -0.76>) =0.70

Since S (<0.5, 0.1, 0.6, -0.3, -0.8, -0.7>) < S (<0.36, 0.24, 0.2, -0.02, -0.58, -0.76>)
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So minimum {<0.5, 0.1, 0.6, -0.3, -0.8, -0.7>, <0.36, 0.24, 0.2, -0.02, -0.58, -0.76>}=<0.5, 0.1, 0.6,
-0.3,-0.8,-0.7>

Since minimum occurs corresponding to i=1, so label node 3 as [<0.5, 0.1, 0.6, -0.3, -0.8, -0.7>, 1]
Iteration 3. The predecessor node of node 4 is node 3, so putting i= 3 and j= 4 in step 2 of the

proposed algorithm, the value of d, is d, —mmlmum{d3 G—)d34} =minimum<0.5, 0.1, 0.6, -0.3, -0.8,
-0.7>9 <0.6,0.2,0.1,-0.4, -0.5, -0.2>}=<0.8, 0.02, 0.06, -0.12, -0.9, -0.76>

So minimum<0.5, 0.1, 0.6, -0.3, -0.8, -0.7>® <0.6, 0.2, 0.1, -0.4, -0.5, -0.2>}= <0.8, 0.02, 0.06,
-0.12,-0.9, -0.76>

Since minimum occurs corresponding to i=3, so label node 4 as [<0.8, 0.02, 0.06, -0.12, -0.9,
-0.76>,3]

Iteration 4. The predecessor node of node 5 are node 2 and node 3, so putting i= 2, 3and j= 5in

step 2 of the proposed algorithm, the wvalue of ds is ds =minimum { dy ® dys,d; ® ds }=
minimum{<0.2, 0.4, 0.5, -0.2, -0.4, -0.6> ® <0.3, 0.5, 0.4, -0.6, -0.2, -0.3> , <0.5, 0.1, 0.6, -0.3,
-0.8,-0.7> © <0.7,0.3, 0.6, -0.3, -0.6, -0.5>}=

Minimum {<0.44, 0.2, 0.2, -0.12, -0.52, -0.76>, <0.85, 0.03, 0.36, -0.09, -0.92, -0.85>}

S (<0.44,0.2,0.2,-0.12, -0.52, -0.76>) =0.69

S (<0.85, 0.03, 0.36, -0.09, -0.92, -0.85>) =0.85

Since S (<0.44, 0.2, 0.2, -0.12, -0.52, -0.76>) < S (<0.85, 0.03, 0.36, -0.09, -0.92, -0.85>)
Minimum {<0.44, 0.2, 0.2, -0.12, -0.52, -0.76>, <0.85, 0.03, 0.36, -0.09, -0.92, -0.85>}
=<0.44,0.2,0.2,-0.12, -0.52, -0.76>

d5 = <0.44,0.2, 0.2, -0.12, -0.52, -0.76>

Since minimum occurs corresponding to i=2, so label node 5 as [<0.44, 0.2, 0.2, -0.12, -0.52,
-0.76>, 2]

Iteration 5 The predecessor node of node 6 are node 4 and node 5, so putting i=4, Sand j= 6 in step

2 of the proposed algorithm, the value of s s 9 =minimum{d4 Ddys,ds ®dsg }=minimum{ <0.8,

0.02, 0.06, -0.12, -0.9, -0.76> ® <0.8, 0.5, 0.3, -0.5, -0.3, -0.6>, <0.44, 0.2, 0.2, -0.12, -0.52, -0.76>
© <0.3, 0.3, 0.2, -0.2, -0.5, -0.4> }= minimum{ <0.96, 0.01, 0.018, -0.06, -0.93, -0.904>, <0.60,
0.06, 0.04, -0.024, -0.76, -0.85>}

S (<0.96, 0.01, 0.018, -0.06, -0.93, -0.904>) =0.95

S (<0.60, 0.06, 0.04, -0.024, -0.76, -0.85> ) =0.85

Since S (<0.60, 0.06, 0.04, -0.024, -0.76, -0.85>) S (<0.96, 0.01, 0.018, -0.06, -0.93, -0.904>)

So minimum { <0.96, 0.01, 0.018, -0.06, -0.93, -0.904>, <0.60, 0.06, 0.04, -0.024, -0.76, -0.85>}
=<0.60, 0.06, 0.04, -0.024, -0.76, -0.85>

s =<0.60, 0.06, 0.04, -0.024, -0.76, -0.85>

Since minimum occurs corresponding to i=5, so label node 6 as [<0.60, 0.06, 0.04, -0.024, -0.76,
-0.85>, 5]

Since node 6 is the destination node of the given network, so the bipolar neutrosophic shortest
distance between node 1 and node 6 is <0.60, 0.06, 0.04, -0.024, -0.76, -0.85>

Now the bipolar neutrosophic shortest path between node 1 and node 6 can be obtained by using the
following procedure:
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Since node 6 is labeled by [<0.60, 0.06, 0.04, -0.024, -0.76, -0.85>, 5], which represents that we are
coming from node 5. Node 5 is labeled by [<0.44, 0.2, 0.2, -0.12, -0.52, -0.76>, 2], which represents
that we are coming from node 2. Node 2 is labeled by [<0.2, 0.4, 0.5, -0.2, -0.4, -0.6>,1]which
represents that we are coming from node 1. Now the bipolar shortest path between node 1 and node

6 is obtaining by joining all the obtained nodes. Hence the bipolar neutrosophic shortest path is
152556

The bipolar neutrosophic shortest distance and the neutrosophic shortest path of all nodes from node
1 is shown in the table 2 and the labeling of each node is shown in figure 4

Table 2. Tabular representation of different bipolar neutrosophic shortest path

Node d, Bipolar neutrosophic shortest
No.(j) path between j™ and 1st node
2 <0.2,0.4,0.5,-0.2,-0.4, -0.6> 12
3 <0.5,0.1, 0.6,-0.3,-0.8, -0.7> 153
4 <0.8, 0.02, 0.06, -0.12, -0.9, -0.76> 15354
5 <0.44,0.2,0.2,-0.12, -0.52, -0.76> 15255
6 <0.60, 0.06, 0.04, -0.024, -0.76, -0.85> 1525556
[<0.8, 0.02, 0.06, -0.12, 0.9, -0.76>,3] [<0.8, 0.02, 0.06, -0.12, 0.9, -0.76>,3]

<0.6, 0.2, 0.1, -0.4,-0.5,-0.2 >

[<0,1,1,-1,0,0>,

-0.5,-0.3,-0.6 >

[<0.60, 0.06, 0.04, -0.024, .76, -0.85>, 5]

<0.7, 0.3, 0.6, 3Q.3,-0.6,-0.5 >

//,

”
_____ <0.3,0.3, 0/.2.,-!1.2,-0.5,—0.4 >

[<0.44,0.2,0.2,-0.12,-0.52, -0.76>, 2]

Fig. 2. Network with bipolar neutrosophic shortest distance of each node from node 1

Conclusion

In this paper we developed an algorithm for solving shortest path problem on a network with
bipolar neutrosophic arc lengths. The process of ranking the path is very useful to make decisions in
choosing the best of all possible path alternatives. We have explained the method by an example
with the help of a hypothetical data. Further, we plan to extend the following algorithm of bipolar
neutrosophic shortest path problem in an interval valued bipolar fuzzy neutrosophic environment.
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