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Abstract Based on the combination of trapezoidal fuzzy
numbers and a single-valued neutrosophic set, this paper
proposes a trapezoidal neutrosophic set, some operational
rules, score and accuracy functions for trapezoidal neu-
trosophic numbers. Then, a trapezoidal neutrosophic
number weighted arithmetic averaging (TNNWAA) oper-
ator and a trapezoidal neutrosophic number weighted
geometric averaging (TNNWGA) operator are proposed to
aggregate the trapezoidal neutrosophic information, and
their properties are investigated. Furthermore, a multiple
attribute decision-making method based on the TNNWAA
and TNNWGA operators and the score and accuracy
functions of a trapezoidal neutrosophic number is estab-
lished to deal with the multiple attribute decision-making
problems in which the evaluation values of alternatives on
the attributes are represented by the form of trapezoidal
neutrosophic numbers. Finally, an illustrative example
about software selection is given to demonstrate the
application and effectiveness of the developed method.
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1 Introduction

Atanassov [1] introduced an intuitionistic fuzzy set as a
generalization of the Zadeh’s fuzzy set [2]. Later, Liu and
Yuan [3] developed triangular intuitionistic fuzzy sets
based on the combination of triangular fuzzy numbers and
intuitionistic fuzzy sets. The fundamental characteristic of
the triangular intuitionistic fuzzy set is that the values of its
membership function and nonmembership function are
triangular fuzzy numbers rather than exact numbers. Then,
Wang [4, 5] put forward some aggregation operators,
including the triangular intuitionistic fuzzy weighted geo-
metric (TIFWG) operator, triangular intuitionistic fuzzy
ordered weighted geometric (TIFOWG) operator and tri-
angular intuitionistic fuzzy hybrid geometric (TIFHG)
operator, established an approach based on the TIFWG and
the TIFHG operators to deal with multiple attribute group
decision-making problems with triangular intuitionistic
fuzzy information, then proposed the fuzzy number intui-
tionistic fuzzy weighted averaging (FIFWA) operator,
fuzzy number intuitionistic fuzzy ordered weighted aver-
aging (FIFOWA) operator and fuzzy number intuitionistic
fuzzy hybrid aggregation (FIFHA) operator and applied the
FIFHA operator to multiple attribute decision-making
problems with triangular intuitionistic fuzzy information.
Wei et al. [6] further introduced an induced triangular in-
tuitionistic fuzzy ordered weighted geometric (I-TIFOWG)
operator and applied the I-TIFOWG operator to group
decision-making problems with triangular intuitionistic
fuzzy information. Furthermore, Ye [7] extended the tri-
angular intuitionistic fuzzy set to the trapezoidal intui-
tionistic fuzzy set, where its fundamental characteristic is
that the values of its membership function and nonmem-
bership function are trapezoidal fuzzy numbers rather than
triangular fuzzy numbers, and proposed the trapezoidal
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intuitionistic fuzzy prioritized weighted averaging (TIF-
PWA) operator and trapezoidal intuitionistic fuzzy priori-
tized weighted geometric (TIFPWG) operator and their
multicriteria decision-making method, in which the criteria
are in different priority level.

Recently, Wang et al. [8] introduced a single-valued
neutrosophic set, which is a subclass of a neutrosophic set
presented by Smarandache [9], as a generalization of the
classic set, fuzzy set and intuitionistic fuzzy set. The sin-
gle-valued neutrosophic set can independently express
truth-membership  degree, indeterminacy-membership
degree and falsity-membership degree and deal with
incomplete, indeterminate and inconsistent information.
All the factors described by the single-valued neutrosophic
set are very suitable for human thinking due to the
imperfection of knowledge that human receives or
observes from the external world. For example, for a given
proposition “Movie X would be hit,” in this situation
human brain certainly cannot generate precise answers in
terms of yes or no, as indeterminacy is the sector of
unawareness of a proposition’s value between truth and
falsehood. Obviously, the neutrosophic components are
best fit in the representation of indeterminacy and incon-
sistent information, while the intuitionistic fuzzy set cannot
represent and handle indeterminacy and inconsistent
information. Hence, the single-valued neutrosophic set has
been a rapid development and a wide range of applications
[10, 11].

However, we can see that the trapezoidal fuzzy number
and the single-valued neutrosophic set are very useful tools
to deal with incomplete, indeterminacy and inconsistent
information. Therefore, based on the combination of the
trapezoidal fuzzy number and the single-valued neutro-
sophic set, the purposes of this paper are as follows: (1) to
propose a trapezoidal neutrosophic set as the extension of
the trapezoidal intuitionistic fuzzy set and the score and
accuracy functions of a trapezoidal neutrosophic set, (2) to
develop a trapezoidal neutrosophic number weighted
arithmetic averaging (TNNWAA) operator and a trape-
zoidal neutrosophic number weighted geometric averaging
(TNNWGA) operator and (3) to establish a trapezoidal
neutrosophic multiple attribute decision-making method.
To do so, the remainder of this paper is organized as fol-
lows. Section 2 introduces some basic concepts related to
trapezoidal intuitionistic fuzzy sets and single-valued
neutrosophic sets. Section 3 proposes a trapezoidal neu-
trosophic set as a generalization of a trapezoidal intui-
tionistic fuzzy set, some operational rules of trapezoidal
neutrosophic numbers, and the score and accuracy func-
tions of a trapezoidal neutrosophic number. In Sect. 4, the
TNNWAA and TNNWGA operators are proposed to
aggregate trapezoidal neutrosophic information and their
properties are investigated. Section 5 develops a multiple
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attribute decision-making method with trapezoidal neu-
trosophic information based on the TNNWAA and
TNNWGA operators and the score and accuracy functions
of a trapezoidal neutrosophic number. In Sect. 6, an illus-
trative example is provided to demonstrate the application
and effectiveness of the developed method. Conclusions
and future work are given in Sect. 7.

2 Preliminaries

2.1 Some concepts of trapezoidal intuitionistic fuzzy
sets

In this section, we shortly describe some concepts of
trapezoidal intuitionistic fuzzy sets, which are preferred in
practice, and the score function and accuracy function of a
trapezoidal intuitionistic fuzzy number.

As a generalization of a triangular intuitionistic fuzzy
set, Ye [7] introduced a trapezoidal intuitionistic fuzzy set
and gave its definition.

Definition 1 [7]. Let X be a universe of discourse, a

trapezoidal intuitionistic fuzzy set A in X is defined as

A = {{x, i (x), vz () |x € X},
] and v;(x) C

numbers (

(x

[0 1] are two trapezoidal
), 10, 14 (1))
) X —

x e X.

where p;(x) C [0,

fuzzy

()A(

X — [0,1] andm(x):( X), 72 (%), (x), v
0 < p(x) +vi(x) <1,

Vi
[0, 1] with the condition 0 <

For convenience, let p;(x) = (a,b,c,d) and vi(x) =
(I,m,n,p) be two trapezoidal fuzzy numbers, thus a trap-
ezoidal intuitionistic fuzzy number can be denoted by
a={(a,b,c,d),(l,m,n,p)), which is basic element in a
trapezoidal intuitionistic fuzzy set.

If b = c and m = n hold in a trapezoidal intuitionistic
fuzzy number 4, it reduces to the triangular intuitionistic
fuzzy number, which is a special case of the trapezoidal
intuitionistic fuzzy number.

Definition 2 [7]. Let a; = {((aj,by,c1,dy), (L1, my,

ni,p1)) and G = ((a2,ba, c2,d2), (Lo, ma, ma2,p2)) be two
trapezoidal intuitionistic fuzzy numbers. Then there are the
following operational rules:

l. a®a, = (a1 +ay—aaz,by + by — biby,c1 + 2 —
cic2,di +dy — dida), (lilp,mima, nin2, p1p2))

2. a®a = <(a1a2,b1b2,clcz,d1d2), (ll +l — L, m+
my — mymy, ny +ny — niny, p1 +pa — pip2));

3. Ja, :<(1 C(l—a), 1= (1—b) 1 —(1—e),

1= (1 =d)"), (lymi,nip?), ), 4> 0;
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4. @ = ((d}, bt chdi), (1—(1—1,)1, 1= (1—m),
1— (1 —n)" 1= (1=p)"),2>0

Definition 3 [7]. Let a = ((a,b,c,d), (I,m,n,p)) be a
trapezoidal intuitionistic fuzzy number. Then a score
function of a trapezoidal intuitionistic fuzzy number can be
defined by

. at+b+c+d l+m+n+p .
s(a@)= 7 — y) ,s(a) € [-1,1], (1)

where the larger the value of s(@), the bigger the trapezoidal
intuitionistic fuzzy number 4. Especially when b = ¢ and
m = n in a trapezoidal intuitionistic fuzzy number a4, Eq. (1)
reduces to the score function of the triangular intuitionistic
fuzzy number, which is a special case of s(a).

Definition 4 [7] Let a = ((a,b,c,d),(l,m,n,p)) be a
trapezoidal intuitionistic fuzzy number. Then an accuracy
function of a trapezoidal intuitionistic fuzzy number can be
defined by

 a+b+c+d l+m+n+p
h(a) = 1 + 1

vh(a) €

where the larger the value of h(ad), the higher the degree of
accuracy of the trapezoidal intuitionistic fuzzy number 4.
Especially when b = ¢ and m = n in a trapezoidal intui-
tionistic fuzzy number d, Eq. (2) reduces to the accuracy
function of the triangular intuitionistic fuzzy number,
which is a special case of h(a).

0,1, (2)

2.2 Some concepts of single-valued neutrosophic sets

From philosophical point of view, Smarandache [9] origi-
nally presented the concept of a neutrosophic set A in a
universal set X, which is characterized independently by a
truth-membership function T4(x), an indeterminacy-mem-
bership function I4(x) and a falsity-membership function
F4(x). The functions T4(x), I4(x) and F4(x) in X are real
standard or nonstandard subsets of 170, 17[, such that
Ti(x): X »170, 1T, L&x): X »]170, 1T and F,(x):
X —]170, 17[. Then, the sum of T4(x), [4(x) and F,(x) sat-
isfies the condition ~0 < sup Ts(x) + sup I4(x) + sup
F(x) < 3", Obviously, it is difficult to apply the neutro-
sophic set to practical problems. To easily apply it in sci-
ence and engineering fields, Wang et al. [8] introduced the
concept of a single-valued neutrosophic set as a subclass of
the neutrosophic set and gave the following definition.

Definition 5 [8] A single-valued neutrosophic set A in a
universal set X is characterized by a truth-membership
function T,4(x), an indeterminacy-membership function
I4(x) and a falsity-membership function F,(x). Then, a
single-valued neutrosophic set A can be denoted by

A = {(x, Ta(x), Ia(x), Fa(x)) |x € X},

where T4(x), 14(x), F4(x) € [0, 1] for each x in X. Therefore,
the sum of T4(x), I4(x) and F4(x) satisfies 0 < T,(x) +
Ip(x) + Fa(x) < 3.

Let A = {{x, Tx(x), Ix(x), FAo(x))lx € X} and B = {{(x,
Tp(x), Iz(x), Fp(x))lx € X} be two single-valued neutro-
sophic sets, and then, there are the following relations [8,
11]:

1. Complement: A° = {(x, Fs(x), 1 — I4(x), Ts(x))lx € X};
Inclusion: A < B if and only if Ts(x) < Th(x),
LIs(x) = Ip(x), Fa(x) > Fp(x) for any x in X;

3. Equality: A=Bifand only if A < Band B < A;

4. Union: AUB = {{x, Ta() V Tp(x), Ls(x) A Iz(x),
Fa(x) A Fp)lx € X};

5. Intersection: A N B = {{x, Tq(x)
Ig(x), Fa(x) V Fg(x))lx € X};

6. Addition: A ® B = {(x, Ta(x) + Ta(x) — Ta()Ts(x),
L()I(x), FA(X)Fp(x))lx € X};

7. Multiplication: A ® B = {{x, Ta(x)Tp(x), Ia(x) +
I5(x) — La)Ip(x), Fa(x) + Fpx) — FA)Fp))lx € X}.

A TB(X), IA(X) V

3 Trapezoidal neutrosophic sets

This section extends a trapezoidal intuitionistic fuzzy set,
which is preferred in practice, to a single-valued neutro-
sophic set to present a trapezoidal neutrosophic set based on
the combination of trapezoidal fuzzy numbers and a single-
valued neutrosophic set and its score and accuracy functions.

As a generalization of a trapezoidal intuitionistic fuzzy
set, we propose the following definition of a trapezoidal
neutrosophic set.

Definition 6 Let X be a universe of discourse, a trapezoidal
neutrosophic set A in X is defined as the following form:

Fy(x)x € X},
[0,1], Iy(x) C [0,1] and Fyg(x) C [0, 1] are
three trapezoidal fuzzy numbers Ty(x) = (t}v(x), ]2\]( X),
L) X = (0, 1 Ty = (100, 20,8,
X = [0, 1] and Fy(®) = (£100,200.£300),
X — [0, 1] with the condition Ogt4~ x)+

N = {{x, T]\?(x)vlﬁ(x)v
where Ty(x) C

N

YN

For convenience, the three trapezoidal fuzzy numbers are
denoted by Ty(x)= (a,b,c,d), Lj(x)=(e,f,g,h) and
Fy(x) = (I,m,n,p). Thus, a trapezoidal neutrosophic num-
ber is denoted by 71 = ((a,b,c,d), (e,f, g,h), (l,m,n,p)),
which is a basic element in the trapezoidal neutrosophic set.
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If b=c, f=g and m = n hold in a trapezoidal neu-
trosophic number 4, it reduces to the triangular neutro-
sophic number, which is considered as a special case of the
trapezoidal neutrosophic number.

Definition 7 Let 75, = <(a1,b1761,d1), (el,fl,gl,h1)7

(li,my,ni,p1)) and 7y = ((az,b2,¢2,da), (e2,f2,82, ha),
(l,my,n2,p2)) be two trapezoidal neutrosophic numbers.
Then there are the following operational rules:

1. ﬁ]@ﬁ2:<
2. }711®ﬁ2:<

—~ T~~~

Especially when b = ¢, f = g and m = n hold in a trape-
zoidal neutrosophic number 7, Eq. (5) reduces to the fol-
lowing accuracy function of the triangular neutrosophic
number:

a+2b+d 14+2m+p
o 4 4 ’

which is considered as a special case of Eq. (5).

H(n) H(n) € [-1,1],  (6)

ai+ay —araz, by +by — biby,ci + 2 —cie2,dy +dy —dida), \
e1e,fif2, 8182, hiha), (lilo, mima, niny, pip2) >7

aiaz,biby,cicr,didy), (e1 + e — erea, fi +fo — fif2, 81 + g2 — 8182, 11 + hy — hiha), \
L+ b — Lilyymy +my — mymy,ny + ny — ning, py + p2 — p1p2) >’

3. i, = <(1 a1 =) 1= (=) 1 —(1— d,)i), (4,17, gih?), (lf,mf,n{~pf)>,/1 > 0;
. (af, b1, cf,dt), (1 —(I—e)) 1= (1 =f)" 1= (1 —g)", 1 — (1 - hl)i)7
4. i = >0,

(1 U= = (L —m) S — (1 =) 1 —(1 —pl))')

Based on expected value of a trapezoidal fuzzy number
[12] and the score and accuracy functions of a neutrosophic
number [13], we propose the following definitions of the
score and accuracy functions for a trapezoidal neutrosophic
number.

Definition 8 Let 77 = ((a,b,c,d),(e.f,g,h),(l,m,n,p))
be a trapezoidal neutrosophic number, then a score function
of a trapezoidal neutrosophic number can be defined as

_ a+b+c+d e+f+g+h l+m+n+p
S("):§<2+ s 4 1 ’

S(n) €10,1], (3)

where the larger the value of S(n), the bigger the trape-
zoidal neutrosophic number 7. Especially when b = c,
f= g and m = n hold in a trapezoidal neutrosophic num-
ber 1, Eq. (3) reduces to the following score function of the
triangular neutrosophic number:

1. a+2+d e+2+h I+2m+p
‘9(")_3(2+ 4 4 4 )
() € 10,1], (4)

which is a special case of Eq. (3).

Definition 9 Let 7= ((a,b,c,d), (e.f,g,h),(I,m,n,p))
be a trapezoidal neutrosophic number, an accuracy function
of a trapezoidal neutrosophic number can be defined by
_a+b+c+d l+m+n+p
- 4 4

H(i) , Ha)e[-1,1], (5)

where the larger the value of H(n), the higher the degree of
accuracy of the trapezoidal neutrosophic number 7.

@ Springer

Based on the score function S and the accuracy function
H, we give an order relation between two trapezoidal
neutrosophic numbers.

Definition 10 Let 7, = <(a1,b1,C1,d1), (el,fl, gl,hl),
(li,my,ny,p1)) and 7y = ((az, b2, ¢2,da), (e2,f2, &2,h2),
(l,mp,n2,p2)) be two trapezoidal neutrosophic numbers.
Thus, S(71;) and S(71,) are the scores of i) and 75, respec-
tively, and H(n;) and H(r,) are the accuracy degrees of 71;
and 71, respectively. Then the order relation between two
trapezoidal neutrosophic numbers is defined as follows:

(1) If S(1;) > S(np), then 1y > iy,
@) If SGi;) = S(i), and

(a) if H(i,) = H(iiy), then 7i; = 7is;
(b) if H(ii;) > H(7ip), then i, > fis.

4 Aggregation operators of trapezoidal neutrosophic
numbers

The weighted arithmetic averaging operator and the
weighted geometric averaging operator are usually used for
information aggregation in decision-making. Based on
Definition 7, we propose the following two aggregation
operators of trapezoidal neutrosophic numbers.

4.1 Trapezoidal neutrosophic number weighted
arithmetic averaging operator

Definition 11 Let ﬁj = <(Clj,bj,Cj,dj), (ej,ﬁ,gj,hj),

(Lymj,ni,p;)) G=1, 2, ..., n) be a collection of
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trapezoidal neutrosophic numbers. Then a trapezoidal
neutrosophic number weighted arithmetic averaging
(TNNWAA) operator is defined as follows:

TNNWAA(fll,ﬁz, s Dwary @ -+ - D wyny

) = winiy
é( ;)

(7)
where w; j =1, 2, ..., n) is the weight of the jth trape-

zoidal neutrosophic number n; (j =1, 2, ..., n) with w; €
[0, 1] and > ]’-’zle =1.

where w; (j = 1, 2, ..., n) is the weight of the jth trape-
zoidal neutrosophic number 1; (j =1, 2, ..., n) with w; €
[0, 1] and 3 fyw; = 1.

Proof The proof of Eq. (8) can be done by means of
mathematical induction.

(1) When n = 2, then
wiy = (1= (1= @)™ 1= (1= b)" 1= (1= )"
1—(1—dp)")(e"

W1

JU el ht), (1 myt nyt py )>7

Based on th tional rules of t idal neut worty = (1 = (1 —a2)",1 = (1 =b2)", 1 — (1 —2)"™,
ased on the operational rules of trapezoidal neutro- s War s s
sophic numbers in Definition 7, we can derive the fol- U= (1 =d)™) (e 82" 1), (137 ma? my?, py )>
lowing theorem. Thus,
TNNWAA(ﬁ],ﬁz) = W]ﬂ] @ Wzﬁz = <( (1 — al) wi + 1 — (1 — az)wz ( — (1 — a])wl)( (1 — az)wz),
—(1=b)" +1=(1=b2)" = (1= (1 =b1)"")(1 = (1 =52)"),
l—(l—Cl)Wl +1_(1—62 w2 ( (1—6‘1 Wl)( (l—Cz)Wz),
I—(1—=d)" +1—(1=d)"” = (1= (1 =di)")(1 = (1 —da)"™)),
(el ey 1" 122, g gh? Y hy?), (17 152 mY ' my? n n3?, p p5?))

— <(1 — (1 —a)" (1 =)™, 1= (1= b)" (1 - by)"™,

I—(1—c)"(1 —c2

2 2 2
wj Wi
[T 115" 115
j=1 Jj=1 Jj=1

)1 = (1 =d)" (1 —da)"™),

) (1

Theorem 1 Let i, = ((a;,b;,¢;,d;), (ej, mf;, g hy),
(L, mj,n;,p;))G = 1,2, ..., n) be a collection of trapezoidal
neutrosophic numbers. Thus, their aggregated value using
the TNNWAA operator is also a trapezoidal neutrosophic
number, and then

TNNWAA(ﬁ],ﬁz, s ,ﬁn) =wing Swany O -+ B Wyl

[T(-a)"1- H (1—-5)",

=1 =1

1—ﬂ(1—c,-)wf,1—ﬂ(l—d,-)w’>7

n
Wi Wj7 Wi hVV] ,
(1 T I 11
x (Hl;”anm;”ann;”aﬁpff»
=1 =t =1 =1

(2) When n = k, by using Eq. (8), we obtain

TNNWAA(ﬁ],ﬁz, cee ,ﬁk) = Wi D wally DB - -+ D wiiiy
k k T k .
= & (wn) = =T =a)" 1 =] (1—5)",
J=1 j=1 j=1

k
=T =¢)" 1~

J=1

(H o T14"

J=1 Jj=1 Jj=1 Jj=1

k k k
W] Wi Wi
1La 10w 1177 11
j=1 i=1 =1 =1

(3) When n = k + 1, by applying Egs. (9) and (10), we
can get

(10)
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TNNWAA(i, fis, . . ., fipsr)

k k
={|1- H (I—a)™ +1— (1 —ag)™" = (1 - H (1—a)")(1 = (1 —ap)™),

j=1 J=1
k k
=TT =09+ 1= (1= b)) = (1= [T (1 = 0)™) (1 = (1 = bip)™),
j=1 j=1
k k
1-JJA@ =) + 1= (1= )™ = (1 =[] (1 = )" = (1 = cr1)™),
J=1 J=1
k k
LT =)™ 1= (= di)™ = = [T (= d)™) (1= (1= dia)™) ).
j=1 j=1
k+1 k41 k41 k+1 k41 k41 k41 k41
a;uJ’Hb;u,,chj Hde le, H wj Hn H wj
j=1 J=1 J=1 J=1 j=1 j=1
k+1 k+1 k+1 k+1
= (1 ~[Ja—ap 1= -b)" 1 =] =y 1 =] =dp)™ |,
j=1 =1 j=1 j=1
k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1
e IL Il 11w ) (T 1T 1T T ot
J=1 J=1 J=1 J=1 J=1

Therefore, according to the above results, we obtain
Eq. (8) for any n. This completes the proof. O

Especially when W = (1/n, 1/n, ..., l/n)T, then
TNNWAA operator reduces to a trapezoidal neutrosophic
number arithmetic averaging operator.

It is obvious that the TNNWAA operator has the fol-
lowing properties (P1)-(P3):

(P1) Idempotency: Let 71; =

(Gsmjs s pi))G = 1,2, ...,

<(aj7b Cjs )(ej7ﬁ7gj? )7

n) be a collection of trapezoidal

neutrosophic numbers. If each ; (j = 1, 2, ..., n) is equal
ton,ie,n =nforj=1,2, .., n,then
TNNWAA(fy, i, -+ -, 11y) = A (11)

(P2) Boundedness: Let i;; = ((a;, bj, ¢;, d;), (e}, /. 8. hj)»

(Lymj,n;,p;)),  (j=1,2,...,n) be a collection of trape-
zoidal neutrosophic numbers. Let 7~ = < <min aj,
J
min b;, min ¢j, mind;), (max ¢j, max f;, max g;, max hj> ,
J J J j j J j

@ Springer

nt = <<max aj,
J

max bj, max ¢;j, max d;), <mj1n ej, mjmﬁ, min g;, min hj> ,

(mjax L, mjax m;, mjax 1, mjaxp]) ),

min/;, minm;, minn;, minp; | ).
J J j j
Then

(12)

(P3) Monotonicity: Letn; (j = 1,2, ...,n) and i} (j = 1,
2, ..., n) be two collections of trapezoidal neutrosophic
numbers. If 7; gﬁ; forj =1, 2, ..., n, then

i~ <TNNWAA(it,, iy, - - ,iip) <7t

TNNWAA(iiy, iy, - - -, iiy) < TNNWAA(iZ, it5, - -, iiF).

o (13)

Proof (P1) Since nj =nforj=1,2, ..., n, we have
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TNNWAA(fll,ﬁz, cee ,fln) =win Owalia D --- Dwun, = D (Wjﬁj)
=1
((-TT0-ara-TH0- s - T0-a - TT0-0)"),
=1 =1 j=1 j=1
X (Hejj>HJ3 /7H3j’7thj>= (Hlj’,Hmj’,Hnj’,Hpj’>>
J=1 J=1 J=1 J=1 J=1 J=1 J=1 J=1
= (1= (1= @2 1= (L= ) 2™ 1 — (1 = )2, 1 = (1 = ) 2™,
X (62;;1 W’fz,n:l wf’ 82;:1 Wf7 hz;le wf) , (lzjnzl W/, mz;:l wf7 nz;le Wf'7pz;l:1 wj) >
= <(a’b, C7 d)?(e7f7 g, h)’ (17 m7n1p)> = ﬁ'
(P2) Since n~ <n; <n* for j =1, 2, ..., n, there exists TNNWGA (i1, fig, - -+, i) = A @ 7y* @ - @ A"
ZFI win~ < ZFI wiit; < ijl wint. This is i~ < ZFI _ é_'@ ﬁ;v,», (14)
win; <n' according to (P1), i.e., i~ < TNNWAA(n,, o, . . ., j=1

i) < nt.

(P3) Since ﬁjgﬁj* for j=1, 2, ..., n, there is
Z;l:l Wjﬁj < Z;lzl W,ﬁ;, ie., TNNWAA(ﬁ],ﬁg, .. .,ftn) <
TNNWAA®i3, iy, . . . 1)),

Thus, we complete the proofs of these properties. [

4.2 Trapezoidal neutrosophic number weighted
geometric averaging operator

Definition 12 Let ﬁj = <(Clj, bj, Cj, d]), (ej,ﬁ,gj, ]’lj), (lj
mj,nj,pj)>(j =1, 2, ..., n) be a collection of trapezoidal
neutrosophic numbers. Then a trapezoidal neutrosophic
number weighted geometric averaging (TNNWGA) oper-
ator is defined by

TNNWGA (i1, fia, - -+ i) = A} @152 ® -+

(e o 11e) (-
j=1 j=1 j=1 j=1

=

where w; (j =1, 2, ..., n) is the weight of the jth trape-
zoidal neutrosophic number n; (j = 1, 2, ..., n) with w; €
[0, 1] and Z }1=|Wj =1.

Based on the operational rules of trapezoidal neutro-
sophic numbers described in Definition 7, we can derive
the following theorem.

Theorem 2 Let ﬁj = <(Clj,bj,Cj,dj), (ej,]j-,gj,hj),
(L, mj,n;,p;))G = 1,2, ..., n) be a collection of trapezoidal
neutrosophic numbers. Thus, their aggregated value using
the TNNWGA operator is also a trapezoidal neutrosophic

number, and then

(1= TT0 - TT0 - ma =TT [T0-0) ) 0s)

j=1 Jj=1 j=1
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where w; (j =1, 2, ..., n) is the weight of the jth trape-
zoidal neutrosophic number n; (j = 1, 2, ..., n) with w; €
[0, 1] and Z }1=1Wj =1.

By a similar proof manner of Theorem 1, we can prove
Theorem 2, which is not repeated here.

Especially when W = (1/n, 1/n, ..., 1/n)T, the
TNNWGA operator reduces to a trapezoidal neutrosophic
number geometric averaging operator.

It is obvious that the TNNWGA operator has the fol-
lowing properties (P1)-(P3):

P1) dempotency:  Let i = {(a by.c1. ). (e
gi-hi), (L, mj,n;,p;))G =1, 2, ..., n) be a collection of
trapezoidal neutrosophic numbers. If each ; G =1, 2, ...,

n)is equal to 7, i.e,, n; =nforj =1, 2, ..., n, then
TNNWGA(fiy, iy, - -+ 7iy) = R. (16)
(P2) Boundedness: Let #; = ((a;,b;,¢;,d)), (e} f;
gishy), (ymy,n;,p;))G =1, 2, ..., n) be a collection of
trapezoidal neutrosophic numbers. Let i1~ = < (min aj,
J
min b;, min ¢;, mind), (max ¢j,maxfj, maxg;,  maxh;),
J J J J J J J
(max lj, max m;, max n, m?lxpj> >7 it = < <max aj,
J J J J J
max bj, max ¢;, max dy), (min ¢j,minfj, ming;,  mink),
J J J J J J J

(mjln L, mjln m;, mjm n;, rnjmpj> > Then

i~ <TNNWGA(iiy, iy, - - - i) <At

(17)

(P3) Monotonicity: Let7#; j = 1,2, ..., n) and ﬁj* G=1,
2, ..., n) be two collections of trapezoidal neutrosophic
numbers. If 7; < ﬁ]* forj =1, 2, ..., n, then

TNNWGA iy, iy, - - -, i) < TNNWGA (i}, 75}, - - -, ii%).

(18)

By a similar proof manner of the properties in Sect. 4.1,
we can prove these properties, which are not repeated here.

5 Decision-making method based on the TNNWAA
and TNNWGA operators

In this section, we develop an approach based on the
TNNWAA and TNNWGA operators and the score and
accuracy functions to deal with multiple attribute decision-
making problems with trapezoidal neutrosophic
information.

In a multiple attribute decision-making problem with
trapezoidal neutrosophic information, there is a set of
alternatives A = {A;, A,, ..., A,,}, which satisfies a set of

@ Springer

attributes C = {Cy, C,, ..., C,}. An alternative on attri-
butes is evaluated by the decision maker, and the evalua-
tion values are represented by the form of trapezoidal
neutrosophic numbers. Then, we can establish a trapezoidal
neutrosophic decision matrix D = (dy), = (((ay, by,
cijs dy); (eqs fijs &iis hiy) s (Lijs Mijs Mgy D)) s Where (ay
by, ¢, dij) C [0, 1] indicates the degree that the alternative
A; satisfies the attribute Cj, (e, fij» &> hy) C [0, 1] indi-
cates the degree that the alternative A; is uncertain about
the attribute C;, and (l;;, my, ny, p;;) C [0, 1] indicates the
degree that the alternative A; does not satisfy the attribute
C; with 0 <d;+ h;+p;<3fori=1,2, ..., m and
ji=12,.., n

In the following, we apply the TNNWAA and
TNNWGA operators and the score and accuracy functions
to a multiple attribute decision-making problem with
trapezoidal neutrosophic information, which can be
described as the following procedures:

Step 1 Utilize the TNNWAA operator d; =
((a;, biyciydi), (eiy fiy &is i), (liymy niy pi)) = TNNWAA(c;’il7
51‘2,"',&1';1) or the TNNWGA operator d: = {(a;, by,
ciydi), (eiy  fiygis i), (liymiyni,pi)) = TNNWGA(gl,-l7 dp,

~o,dy) (=1, 2, ..., m) to obtain the collective overall
trapezoidal neutrosophic numbers of &i(i =1,2,...,m) for
each alternative A; (i = 1, 2, ..., m).

Step 2 Calculate the score S(d;) (i = 1, 2, ..., m) of the
collective overall trapezoidal neutrosophic numbers of
c?i(i =1, 2, ..., m) to rank the alternatives of A; (i = 1, 2,
..., m) (if there is no difference between two scores S(d;)
and S(cz,-), then we need to calculate the accuracy degrees

H(d;) and H(d;) of the collective overall trapezoidal neu-
trosophic numbers, respectively, to rank the alternatives A;

and A; according to the accuracy degrees H(d;) and H(d}).).
Step 3 Rank all the alternatives of A; i =1, 2, ...,
m) according to S(&';)(H(&i)) (i=1,2, ..., mand select
the best one(s).
Step 4 End.

6 Illustrative example

In this section, an illustrative example of a software
selection problem adapted from Ye [7] for a multiple
attribute decision-making problem is provided to demon-
strate the application and effectiveness of the developed
multiple attribute decision-making method under a trape-
zoidal neutrosophic environment.

Let us consider a software selection problem for a
multiple attribute decision-making problem, where five-
candidate software systems are given as the set of five
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alternatives A = (A, A,, A3z, Ay, As) and the investment
company must take a decision according to four attributes:
(1) C; (the contribution to organization performance); (2)
C; (the effort to transform from current system); (3) Cs (the
costs of hardware/software investment); and (4) C4 (the
outsourcing software developer reliability). Assume that
the weighted vector of the four attributes is W = (0.25,
0.25, 0.3, O.2)T. Then, the five alternatives with respect to
the four attributes are evaluated by the decision maker or
expert under the trapezoidal neutrosophic environment, and
thus, we can establish the following trapezoidal neutro-
sophic decision matrix:

[((0.4,0.5,0.6,0.7), (0.0,0.1,0.2,0.3), (0.1,0.1,0.1,0.1

) ( ) ( )
0.3,0.4,0.5,0.5),(0.1,0.2,0.3,0.4), (0.0,0.1,0.1,0.1))
0.1,0.1,0.1,0.1), (0.1,0.1,0.1,0.1), (0.6,0.7,0.8,0.9))
) ( ) ( )
) ( ) ( )

((

((

((0.7,0.7,0.7,0.7), (0.0,0.1,0.2,0.3), (0.1,0.1,0.1,0.1
[ ((0.0,0.1,0.2,0.2),(0.1,0.1,0.1,0.1), (0.5,0.6,0.7,0.8
(0.0,0.1,0.2,0.3), (0.0,0.1,0.2,0.3), (0.2,0.3,0.4,0.5)
0.2,0.3,0.4,0.5), (0.0,0.1,0.2,0.3), (0.0,0.1,0.2,0.3)
0.0,0.1,0.1,0.2), (0.0,0.1,0.2,0.3), (0.3,0.4,0.5, 0.6)
0.4,0.5,0.6,0.7),(0.1,0.1,0.1,0.1), (0.0,0.1,0.2,0.2)
0.4,0.4,0.4,0.4), (0.0,0.1,0.2,0.3), (0.0,0.1,0.2,0.3)
0.3,0.4,0.5,0.6), (0.0,0.1,0.2,0.3), (0.1,0.1,0.1,0.1)

)i ( )y ( )
)y ( ), ( )
), ( ), ( )

)

0.0,0.1,0.1,0.2), (0.1,0.1,0.1,0.1), (0.5,0.6,0.7,0.8
0.2,0.3,0.4,0.5), (0.0,0.1,0.2,0.3), (0.1,0.2,0.2,0.3
0.2,0.3,0.4,0.5), (0.0,0.1,0.2,0.3), (0.1,0.2,0.3,0.3
(0.6,0.7,0.7,0.8), (0.1,0.1,0.1,0.1), (0.0,0.1,0.1,0.2
0.3,0.4,0.5,0.6), (0.1,0.1,0.1,0.1), (0.1,0.2,0.3,0.4)

( )
(0.3,0.4,0.5,0.5),(0.0,0.1,0.2,0.3), (0.0,0.1,0.1,0.2))
( )

)

)
)
)
)
)
)
)
)
)
)

o~ o~ o~~~ o~ o~~~ o~
N NN N N O =

0.1,0.2,0.3,0.4), (0.1,0.1,0.1,0.1), (0.3,0.4,0.5,0.6)

(0.1,0.2,0.3,0.4), (0.1,0.1,0.1,0.1), (0.4,0.5,0.6, 0.6)

(0.1,0.2,0.3,0.3), (0.1,0.2,0.3,0.4), (0.2,0.3,0.4,0.5))

Hence, we utilize the developed method to obtain the
most desirable software system (s), which can be described
as follows:

Step 1 Utilize the TNNWAA operator to obtain the
collective overall trapezoidal neutrosophic numbers of d;
(i=1,2,3,4,5) for a software system A; (i = 1, 2, 3,4, 5)
as follows:

dy = ((0.2636,0.3656,0.4682,0.5719), (0,0.1,0.1741,
0.2408), (0.1189,0.1512,0.1762,0.1973)),

dr = ((0.1945,0.2958,0.3758,0.4243), (0,0.1189,
0.1798,0.2319),(0,0.1712,0.2132,0.2821)),

dy = ((0.1081,0.1848,0.2421,0.3245), (0,0.1,0.1464,
0.183), (0.2566,0.3737,0.4272,0.5393)),

d, = ((0.4035,0.4652,0.5298,0.5983), (0,0.1, 0.1464,
0.183), (0,0.1699,0.2366,0.2366)),

ds = ((0.3454,0.4287,0.4599,0.5218), (0,0.1149,
0.1481,0.1737), (0,0.195,0.2552,0.376)).

(
(
(
(
(

Or utilize the TNNWGA operator to obtain the collec-
tive overall trapezoidal neutrosophic numbers of d; (i = 1,
2, 3, 4, 5) for a software system A; (i = 1, 2, 3, 4, 5) as
follows:

d, = ((0,0.2991,0.4162,0.5244), (0.0209,0.1,0.1809,
0.2639), (0.1261,0.1745,0.2266, 0.2835)),

d> = ((0,0.2456,0.2918,0.3798), (0.0563,0.1261,
0.1984,0.2737), (0.1877,0.2944,0.3715,0.4743)),

dy = ((0,0.1597,0.1888,0.2543), (0.0463,0.1,
0.1565,0.2162), (0.3437,0.45,0.5422,0.6655)),

dy = ((0.2832,0.3885,0.4807,0.5658), (0.0463, 0.1,
0.1565,0.2162), (0.148,0.2276,0.3109,0.3109)),

ds = ((0,0.2912,0.3756,0.391), (0.076,0.121,0.169,
0.2206), (0.1958,0.3012,0.3877,0.502)).

Step 2 Calculate the score values of S(d;)(i = 1, 2, 3, 4,
5) for the collective overall trapezoidal neutrosophic
numbers of c?i (i=1, 2, 3, 4, 5), which are shown in
Table 1.

Step 3 Rank all the software systems of A; (i = 1, 2,3, 4,
5) according to the score values in Table 1, which are
shown in Table 2. Note that “>" means “preferred to.”
We can see that two kinds of ranking orders of the alter-
natives are identical and the most desirable software sys-
tem is the alternative Ay.

Compared with the relevant paper [7] which proposed
the trapezoidal intuitionistic fuzzy decision-making
approach, the decision information used in [7] is trape-
zoidal intuitionistic fuzzy sets, whereas the decision
information in this paper is trapezoidal neutrosophic sets.
As mentioned above, the trapezoid neutrosophic set is a
further generalization of a trapezoid intuitionistic fuzzy set.
So the decision-making method proposed in this paper is
more typical in applications. Furthermore, the decision-

Table 1 Score values for the alternatives utilizing the TNNWAA and
TNNWGA operators

Alternative A; Score value Score value

(TNNWAA) (TNNWGA)
A 0.7092 0.6553
As 0.6744 0.5779
As 0.5694 0.5069
A, 0.7437 0.6835
As 0.7077 0.5904

Table 2 Ranking orders of the alternatives

Aggregation operator Ranking order

TNNWAA
TNNWGA

Ay = Ay = As = Ay - Aj
Ay = Ay = As = Ay - A;
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making approach proposed in this paper can be used to
solve not only decision-making problems with triangular
and trapezoid intuitionistic fuzzy information but also
decision-making problems with triangular and trapezoidal
neutrosophic information, whereas the decision-making
method in [7] is only suitable for decision-making prob-
lems with triangular and trapezoidal intuitionistic fuzzy
information and a special case of the decision-making
method proposed in this paper. Therefore, the decision-
making method proposed in the paper is a generalization of
existing decision-making methods with triangular and
trapezoidal intuitionistic fuzzy information.

7 Conclusion

This paper presented a trapezoidal neutrosophic set and its
score and accuracy functions. Then, the TNNWAA and
TNNWGA operators were proposed to aggregate the
trapezoidal neutrosophic information. Furthermore, based
on the TNNWAA and TNNWGA operators and the score
and accuracy functions, we have developed a trapezoidal
neutrosophic multiple attribute decision-making approach,
in which the evaluation values of alternatives on the
attributes take the form of trapezoidal neutrosophic num-
bers. The TNNWAA and TNNWGA operators are utilized
to aggregate the trapezoidal neutrosophic information
corresponding to each alternative to obtain the collective
overall values of the alternatives, and then the alternatives
are ranked according to the values of the score and accu-
racy functions to select the most desirable one(s). Finally,
an illustrative example of software selection was given to
demonstrate the application and effectiveness of the
developed method.

The advantage of the proposed method is more suitable
for solving multiple attribute decision-making problems
with trapezoidal neutrosophic information because trape-
zoidal neutrosophic sets can handle indeterminate and
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inconsistent information and are the extension of trape-
zoidal intuitionistic fuzzy sets. The future work is to
develop other aggregated algorithms for some other prac-
tical decision-making problems, such as supply chain
management and water resource schedule.
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