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Abstract. The interval neutrosophic set plays an important role to handle indeterminacy and 
inconsistency of information during decision making process. Recently, the interval 
neutrosophic vague sets have been proposed as an extension of the neutrosophic sets. Similar 
with other sets, this newly proposed set have to fulfill some algebraic operations. This paper 
aims to present algebraic operations for the interval neutrosophic vague sets. Some algebraic 
operations on interval neutrosophic vague set are introduced. Specifically, algebraic operations 
of addition, multiplication, scalar multiplication and power for the interval neutrosophic vague 
sets are presented. In addition, several related examples are also presented together with 
supporting proofs.  

1.  Introduction 
The uncertain theories such as fuzzy set theory [1], vague set theory [2] and rough set theory [3] are 
developed to solve imprecise and uncertain information that arise in decision making process. However, 
the problem with all these theories is they do not handle the indeterminate and inconsistent information. 
Therefore, Smarandache introduced a new theory namely neutrosophic set (NS in short). The NS is a 
new mathematical tool for dealing with problems involving incomplete, indeterminate and inconsistent 
information. A neutrosophic set consists of three membership functions which are truth-membership 
function (T), indeterminacy-membership (I) function and falsity-membership function (F). All these 
memberships lied in ] [+− 10 , , the non-standard unit interval [4]. However, this unit interval is difficult 
to apply in the real applications. Therefore, single valued neutrosophic set (SVNS) was proposed Wang 
et al., [5]. The operations and relations between two SVNSs are defined namely subset, equality, 
complement, union and intersection. Meanwhile operations between two SVN-numbers are formulated 
by Liu and Wang [6]. These operations including addition, multiplication, scalar multiplication and 
power. 

Recently, researchers have shown an interest on research and application of a neutrosophic set. 
Different sets were rapidly developed and proposed  in the literature such as [7-14] etc. These extensions 
of neutrosophic set have been used in many areas such as aggregation operators, decision making, image 
processing, information measures, graph and algebraic structures [15]. Karaaslan and Hayat [16] 
developed the concept of single valued neutrosophic matrices and operations of SVN-matrices were 
discussed. Meanwhile, Ali and Smrandache [7] proposed a complex neutrosphic set which is an 
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extension of complex fuzzy set. Ali et al., [14] proposed a new notation on interval complex 
neutrosophic set (ICNS) since complex neutrosophic set cannot deal with unclear and vague 
information. ICNS is defined along with several set theoretic operations and the operational rules. Ye 
[17] proposed trapezoidal neutrosophic set based on combination of trapezoidal fuzzy number and a 
SVNS. Some operational rules, score and accuracy for this set is defined. In line with these 
developments, the purpose of this paper is to define new algebraic operations on newly defined interval 
neutrosophic vague set as a novel notation [18]. This study also generalizes the basic properties of these 
operations such as commutative law and relevant law. This paper is organized as follows. We first 
present the basic definition of neutrosophic set and single value neutrosophic set that are useful for 
discussion. We then establish a new concept of interval neutrosophic vague set and define its algebraic 
operations with illustrative example. We also present some related properties and supporting proofs. 
Finally, we conclude the paper. 

2.  Preliminaries 
In this section, neutrosophic set and INVS are presented. 
 
2.1 Single Valued Neutrosophic Set (SVNS) 
Definition 2.1 [5] 
Let X be a universe of discourse. Then a neutrosophic set is defined as follows: 

{ }Xx:)x(F),x(I),x(T,xA AAA ∈=  

which is characterized by a truth-membership function, an indeterminacy membership function and 
falsity-membership function where ] [+−→ 10 ,X:F;I;T  and +− ≤++≤ 30 )x(F)x(I)x(T AAA . 
For application in real scientific and engineering areas, Wang et al., proposed the concept of a single 
valued neutrosophic set as follows: 
Operations between two SVN-numbers are defined by [6]. It is recalled as follows: 
Let ( )111 F,I,Tx =  and ( )222 F,I,Ty =  be two SVNS, then the operations are defined: 

i. ( )21212121 FF,II,T,TTTyx −+=⊕ . 
ii. ( )2121212121 FFFF,IIII,TTyx −+−+=⊗ . 

iii. ( )( )λλλλ 11111 F,I,T(x −−= . 
iv. ( ))F(),I(,Tx λλλλ

111 1111 −−−−= . 

2.2 Interval Neutrosophic Sets 
Definition 2.2 [19] 
An interval neutrosophic set (INS) A in X is characterized by truth-membership function ( )xTA , 
indeterminacy membership functions ( )xI A  and falsity-membership functions ( )xFA  defined as 
follows: 
 
For two IVNS, 

( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ]( ){ }XxxF,xF,xI,xI,xT,xT,xA U
A

L
A

U
A

L
A

U
A

L
AINS ∈=  and 

( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ]( ){ }XxxF,xF,xI,xI,xT,xT,xB U
B

L
B

U
B

L
B

U
B

L
BINS ∈= . 
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2.3 Interval Neutrosophic Vague Sets 
Definition 2.3 [18] 
 An interval valued neutrosophic vague set INVA  is also known as INVS in the universe of discourse 
X . An INVS is characterized by truth membership, indeterminacy membership and falsity-membership 
functions defined as: 

( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ]{ }Xx|xF~,xF~,xI~,xI~,xT~,xT~,xA U
A

L
A

U
A

L
A

U
A

L
AINV ∈>=  

( ) 



=

+− LLL
A T,TxT~  , ( ) 



=

+− UUU
A T,TxT~ ,   ( ) 



=

+− LLL
A I,IxI~ , ( ) 



=

+− UUU
A I,IxI~ and  

( ) 



=

+− LLL
A F,FxF~  , ( ) 



=

+− UUU
A F,FxF~    where 

1) −+−+ −=−= LLLL TF,FT 11 , 

2) −+−+ −=−= UUUU TF,FT 11 , 
3) +−−−−−−− ≤+++++≤ 40 ULULUL FFIITT , 
4) +++++++− ≤+++++≤ 40 ULULUL FFIITT . 

Definition 2.4 [18] 
Let INVΦ be an INVS of the universe X  where Xxi ∈∀ , 

( ) [ ]11,xT~ L
INV

=Φ , [ ]11,T~U
INV

=Φ , 

( ) [ ]00,xI~ L
INV

=Φ , ( ) [ ]00,xI~U
INV

=Φ , 

( ) [ ]00,xF~ L
INV

=Φ , ( ) [ ]00,xF~U
INV

=Φ . 

Therefore, INVΦ is called a unit INVS where ni ≤≤1 . 
 
Definition 2.5 [18] 
Let INVδ be an INVS of the universe X  where Xxi ∈∀ , 

( ) [ ]00,xT~ L
INV

=δ , [ ]00,T~U
INV

=δ , 

( ) [ ]11,xI~ L
INV

=δ , ( ) [ ]11,xI~U
INV

=δ , 

( ) [ ]11,xF~ L
INV

=δ , ( ) [ ]11,xF~U
INV

=δ . 

Therefore, INVδ is called a zero INVS where ni ≤≤1 . 

3.  Operations for Interval Neutrosophic Vague Sets 
 
3.1.  Basic Algebraic Operations on Interval Neutrosophic Vague Sets 
In this section, we introduce some new algebraic operations on INVS based on the operations of SVNS. 
The algebraic operations on INVS such as addition, multiplication, scalar multiplication and power 
operations are defined as follows: 
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Definition 3.1 

Let [ ] [ ]{ } [ ] [ ]{ } [ ] [ ]{ }+−+−+−+−+−+−= UULLUULLUULL F,F,F,F,I,I,I,I,T,T,T,TA 111111111111 and  

[ ] [ ]{ } [ ] [ ]{ } [ ] [ ]{ }+−+−+−+−+−+−= UULLUULLUULL F,F,F,F,I,I,I,I,T,T,T,TB 222222222222 be two INVS.  

 
The INVS addition denoted as BA⊕  are defined as follows: 

[ ] [ ]{ },TTTT,TTTT,TTTT,TTTTBA UUUUUUUULLLLLLLL ++++−−−−++++−−−− −+−+−+−+=⊕ 2121212121212121

[ ] [ ]{ } [ ] [ ]{ }++−−++−−++−−++−− UUUULLLLUUUULLLL FF,FF,FF,FF,II,II,II,II 2121212121212121 . 

 
Definition 3.2 

Let [ ] [ ]{ } [ ] [ ]{ } [ ] [ ]{ }+−+−+−+−+−+−= UULLUULLUULL F,F,F,F,I,I,I,I,T,T,T,TA 111111111111 and  

[ ] [ ]{ } [ ] [ ]{ } [ ] [ ]{ }+−+−+−+−+−+−= UULLUULLUULL F,F,F,F,I,I,I,I,T,T,T,TB 222222222222 be two INVS.  

Then, INVS multiplication denoted by BA⊗  is defined as follows: 

[ ] [ ]{ } [ ]{ ,IIII,IIII,TT,TT,TT,TTBA LLLLLLLLUUUULLLL ++++−−−−++−−++−− −−+=⊗ 2121212121212121      

[ ]} [ ]{ ,FFFF,FFFF,IIII,IIII LLLLLLLLUUUUUUUU ++++−−−−++++−−−− −+−+−+−+ 2121212121212121

[ ]}++++−−−− −+−+ UUUUUUUU FFFF,FFFF 21212121 . 

Definition 3.3 

Let [ ] [ ]{ } [ ] [ ]{ } [ ] [ ]{ }+−+−+−+−+−+−= UULLUULLUULL F,F,F,F,I,I,I,I,T,T,T,TA 111111111111 and  

[ ] [ ]{ } [ ] [ ]{ } [ ] [ ]{ }+−+−+−+−+−+−= UULLUULLUULL F,F,F,F,I,I,I,I,T,T,T,TB 222222222222 be two INVS.  

Then, INVS scalar multiplication denoted by Aλ  is defined as follows: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
































 −−−−



 −−−−= +−+−+−+− λλλλλλλλ

λ UULLUULL I,I,I,I,T,T,T,TA 11111111 11111111  

( ) ( ) ( ) ( )






 >ℜ∈









 +−+− 01111 λλ

λλλλ
,;F,F,F,F UULL . 

Definition 3.4 

Let [ ] [ ]{ } [ ] [ ]{ } [ ] [ ]{ }+−+−+−+−+−+−= UULLUULLUULL F,F,F,F,I,I,I,I,T,T,T,TA 111111111111 and  

[ ] [ ]{ } [ ] [ ]{ } [ ] [ ]{ }+−+−+−+−+−+−= UULLUULLUULL F,F,F,F,I,I,I,I,T,T,T,TB 222222222222 be two INVS.  
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Then, INVS power denoted by λA  is defined as follows: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )












 −−−−



 −−−−



















= +−+−+−+− λλλλλλλλλ UULLUULL I,I,I,I,T,T,T,TA 11111111 11111111

( ) ( ) ( ) ( )






 >ℜ∈



 −−−−



 −−−− +−+− 011111111 1111 λλ

λλλλ
,;F,F,F,F UULL . 

 
To illustrate these operations, examples are given and we recall Definition 3.1, 3.2, 3.3 and 3.4.  
 
Example 3.1: Let [ ] [ ]{ } [ ] [ ]{ } [ ] [ ]{ }0.2,0.5 , 0.2,0.3 , 0.1,0.6 , 0.3,0.6 , 0.5,0.8 , 0.7,0.8 :A x X= ∈   

and [ ] [ ]{ } [ ] [ ]{ } [ ] [ ]{ }0.2,0.6 , 0.4,0.9 , 0.5,0.5 , 0.3,0.6 , 0.4,0.8 , 0.1,0.6 :B x X= ∈ , then the INVS 
addition operation is given as follows: 
 
By Definition 3.1, 

( )( ) ( )( ) ( )( ) ( )( ){ }0.2 0.2 0.2 0.2 ,0.5 0.6 0.5 0.6 , 0.2 0.4 0.2 0.4 ,0.3 0.9 0.3 0.9 ,A B⊕ =  + − + −   + − + −    

( )( ) ( )( )[ ] ( )( ) ( )( )[ ]{ } ( )( ) ( )( )[ ] ( )( ) ( )( )[ ]{ }60801070808040506060303050605010 ..,..,..,..,..,..,..,..  

[ ] [ ]{ } [ ] [ ]{ } [ ] [ ]{ }0.36,0.8 , 0.52,0.93 , 0.05,0.3 , 0.09,0.36 , 0.2,0.64 , 0.07,0.48= , 
 
and we check the INVS addition as follows: 
From Definition 2.3 we have, 1 0.8 0.2 1L LT F+ −= − = + = , 13606401 =+=−=

−+
..TF LL , 

19300701 =+=−=
+−

..TF UU  and 14805201 =+=−=
+−

..FT UU . 

Using condition +−−−−−−− ≤+++++≤ 40 ULULUL FFIITT , therefore, we have 

0.36 0.52 0.05 0.09 0.2 0.07 1.29+ + + + + =  and +++++++− ≤+++++≤ 40 ULULUL FFIITT , 

therefore, we have 0.8 0.93 0.3 0.36 0.64 0.48 3.51+ + + + + = . 
 
The calculation for INVS multiplication, scalar and power is calculated similarly as follows. 
 
Example 3.2: 
Consider Example 3.1. Then by Definition 3.2, the INVS multiplication between A and B  as follows: 

( )( ) ( )( ) ( )( ) ( )( ){ } ( )( ) ( )( ){0.2 0.2 , 0.5 0.6 , 0.2 0.4 , 0.3 0.9 , 0.1 0.5 0.1 0.5 , 0.6 0.5 0.6 0.5A B⊗ =      + −   + −                 

( )( ) ( )( ) } ( )( ) ( )( ){ }0.3 0.3 0.3 0.3 , 0.6 0.6 0.6 0.6 , 0.7 0.1 0.7 0.1 ,0.8 0.6 0.8 0.6 + −   + −   + − + −        

[ ] [ ]{ } [ ] [ ]{ } [ ] [ ]{ }0.04,0.3 , 0.08,0.27 , 0.05,0.8 , 0.51,0.84 , 0.7,0.96 , 0.73,0.92= . 

 
Example 3.3: 
Consider Example 3.1. Then by Definition 3.3, if 2=λ  we have 

( ) ( ) ( ) ( ){ } ( ) ( ) ( ) ( ){ } ( ) ( ){2 2 2 2 2 2 2 2 2 21 1 0.2 ,1 1 0.5 , 1 1 0.2 ,1 1 0.3 , 0.1 , 0.6 , 0.3 , 0.6 , 0.5 , 0.8 ,Aλ          = − − − − − − − −         
        

( ) ( )[ ]}22 8070 .,.  

[ ] [ ]{ } [ ] [ ]{ } [ ] [ ]{ }0.36,0.75 , 0.36,0.51 , 0.01,0.36 , 0.09,0.36 , 0.25,0.64 , 0.49,0.64= . 
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Example 3.4:  
Consider Example 3.1. Then by definition 3.4, if 2=λ we have 
 

( ) ( )[ ] ( ) ( )[ ]{ } ( ) ( )[ ] ( )[ ] ( )[ ]{ },.,.,.,.,.,.,.,.A 22222222 601130116011101130205020 −−−−−−−−=λ  

( ) ( )[ ] ( ) ( )[ ]{ }2222 8.011,7.011,8.011,5.011 −−−−−−−−  

[ ] [ ]{ } [ ] [ ]{ } [ ] [ ]{ }960910960750840510840360090040250040 .,.,.,.,.,.,.,.,.,.,.,.= . 
 
Theorem 1 
Let A  and B be two INVS and 021 >λλλ ,. . Then 

i. ABBA ⊕=⊕  
ii. ABBA ⊗=⊗  

iii. ( ) BABA λλλ ⊕=⊕  
iv. A)(AA 2121 λλλλ ⊕=⊕  

v. 2121 λλλλ +=⊗ AAA  

vi. ( )λλλ BABA ⊗=⊗  

Proof (i), (ii), (iv) and (vi) are obvious; thus we prove the others. 
 
Proof (iii) 
By definition 3.1 and definition 3.3, we have 

( )( ) ( )( )[ ]{ ++++−−−− −+−+=⊕ LLLLLLLL TTTT,TTTTBA 21212121  

( )( ) ( )( )[ ]} ( ) ( ) ( ) ( )[ ]{ ++−−++++−−−− −+−+ LLLLUUUUUUUU I,I,I,I,TTTT,TTTT 212121212121  

( ) ( ) ( ) ( )[ ]} ( ) ( ) ( ) ( )[ ] ( ) ( ) ( ) ( )[ ]{ }++−−++−−++−− UUUULLLLUUUU F,F,F,F,F,F,F,F,I,I,I,I 212121212121 . 
 

 

( )( )( )[ ] ( )( )( )[ ] ,TTTT,TTTT UUUUUUUU








 −+−−−+−− ++++−−−− λλ

21212121 1111  

( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ,I,I,I,I,I,I,I,I UUUULLLL



















 ++−−++−− λλλλ

21212121  

( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )


















 ++−−++−− λλλλ UUUULLLL F,F,F,F,F,F,F,F 21212121 . 

We solve truth membership functions: 

( )( )[ ]
( ) ( )( )[ ]
( )( )[ ]λ

λ

λ

−−

−−−

−−−−

−−−=

−−−−=

+−−−=

LL

LLL

LLLL

TT

TTT

TTTT

21

121

2121

111

111

11

 

By similar calculation, therefore we get 

( ) ( )( )[ ] ( )( )[ ]








 −−−−−−=⊕ ++−− λλ

λ LLLL TT,TTBA 2121 111111  

( ) ( )( )( )[ ] ( )( )( )[ ]








 −+−−−+−−=⊕ ++++−−−− ,TTTT,TTTTBA LLLLLLLL λλ

λ 21212121 1111
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( )( )[ ] ( )( )[ ] ,TT,TT UUUU








 −−−−−− ++−− λλ

2121 111111  

( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ,I,I,I,I,I,I,I,I UUUULLLL



















 ++−−++−− λλλλ

21212121  

( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )


















 ++−−++−− λλλλ UUUULLLL F,F,F,F,F,F,F,F 21212121 . 

Now BA λλ ⊕  

( ) ( ) ( ) ( ) ,TTTTBA LLLL










 −−




 −−−





 −−

 +




 −−=⊕ −−−− λλλλ

λλ 2121 11111111  

( ) ( ) ( ) ( ) ,TTTT LLLL







 −−




 −−−





 −−+





 −− ++++ λλλλ

2121 11111111  

( ) ( ) ( ) ( ) ,TTTT UUUU 




 −−+





 −−−





 −−

 +




 −−= −−−− λλλλ

2121 11111111  

( ) ( ) ( )










 −−−





 −−+





 −− +++ λλλ UUU TTT 121 111111  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
































 ++−−++−− λλλλλλλλ UUUULLLL II,II,II,II 21212121  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
































 ++−−++−− λλλλλλλλ UUUULLLL FF,FF,FF,FF 21212121 . 

It is proved for identity and falsity terms, since ( ) ( )( ) ( ) ( )λλλ −−−− = LLLL III,I 2121 ,

( ) ( )( ) ( ) ( )λλλ ++++ = LLLL IIII 2121 , , ( ) ( )( ) ( ) ( )λλλ −−−− = LLLL FFF,F 2121 and ( ) ( )( ) ( ) ( )λλλ −−−− = LLLL FFF,F 2121 . 
We prove it for truth membership functions 

( ) ( ) ( ) ( ) 




 −−




 −−−





 −−+





 −−= −−−− λλλλ LLLL TTTT 2121 11111111  

( ) ( ) ( ) ( ) ( ) ( ) 










 −




 −+−−−−−



 −+−−= −−−−−− λλλλλλ LLLLLL TTTTTT 211221 11111112  

( ) ( ) ( ) ( ) ( ) ( ) 




 −




 −−





 −+−+−



 −−−−= −−−−−− λλλλλλ LLLLLL TTTTTT 211221 11111112  

( ) ( ) 




 −




 −−= −− λλ LL TT 21 111  

( )( )[ ]λ−− −−−= LL TT 21 111 . 
 
In the similar manner, hence we get 

( )( )[ ] ( )( )[ ] ( )( )[ ] ( )( )[ ]












 −−−−−−



 −−−−−−= ++−−++−− λλλλ UUUULLLL TT,TT,TT,TT 21212121 111111111111  

 
Proof (v) 
By definition 3.2 and definition 3.4, we have  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ,TT,TT,TT,TTAA UUUULLLL



















=⊗ ++−−++−− 2121212121

11111111
λλλλλλλλλλ  
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( ) ( ) ( ) ( )











 −−




 −−−





 −−+





 −− −−−− ,IIII LLLL 2121

1111 11111111
λλλλ

 

( ) ( ) ( ) ( ) 






 −−+





 −−−





 −−+





 −− ++++ 2121

1111 11111111
λλλλ LLLL IIII  

( ) ( ) ( ) ( )







 −−




 −−−





 −−+





 −− −−−− ,IIII UUUU 2121

1111 11111111
λλλλ

 

( ) ( ) ( ) ( )










 −−




 −−−





 −−+





 −− ++++ 2121

1111 11111111
λλλλ UUUU IIII  

( ) ( ) ( ) ( )











 −−




 −−−





 −−+





 −− −−−− ,FFFF LLLL 2121

1111 11111111
λλλλ

 

( ) ( ) ( ) ( ) 






 −−+





 −−−





 −−+





 −− ++++ 2121

1111 11111111
λλλλ LLLL FFFF  

( ) ( ) ( ) ( )







 −−




 −−−





 −−+





 −− −−−− ,FFFF UUUU 2121

1111 11111111
λλλλ

 

( ) ( ) ( ) ( )










 −−




 −−−





 −−+





 −− ++++ 2121

1111 11111111
λλλλ UUUU FFFF . 

We solve identity membership functions 

( ) ( ) ( ) ( ) 




 −−




 −−−





 −+





 −= −−−− 2121

1111 1111112
λλλλ LLLL IIII  

( ) ( ) ( ) ( ) ( ) ( ) 




 −−+−−−−−





 −+





 −−= −−−−−− 211221

111111 11111112
λλλλλλ LLLLLL IIIIII  

( ) ( ) ( ) ( ) ( ) ( ) 




 −−−−+−+−





 −−





 −−= −−−−−− 211221

111111 11111112
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 By the similar calculation, hence we get 
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 Now 21 λλ +A  by using definition 3.4, we have 
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[ ] [ ]{ } [ ] [ ]{ } [ ] [ ]{ } 21
111111111111

λλ ++−+−+−+−+−+−= UULLUULLUULL F,F,F,F,I,I,I,I,T,T,T,T . 

21 λλ += A . This completes the proof. 

4.  Conclusion 
In this paper, we defined some new operations on interval neutrosophic vague set under neutrosophic 
environment. The basic algebraic operations on interval neutrosophic vague sets namely addition, 
multiplication, scalar multiplication and power along with illustrative examples were presented. 
Subsequently, the basic properties of these operations such as commutative law and relevant laws are 
mathematically proven. This new extension will broaden the fundamental knowledge of existing set 
theories and subsequently could be applied to real life experiments where truthness, indeterminacy and 
falsity could be dealth with. 
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