DETERMINANT AND ADJOINT OF
FUZZY NEUTROSOPHIC SOFT
MATRICES

R.Uma? P. Murugadas'and S.Sriram?

*t Department of Mathematics, Annamalai University, Annamalainagar-608002, India.
I Department of Mathematics, Mathematics wing, D.D.E, Annamalai University,
Annamalainagar-608002, India.

Abstract

In this paper, we have introduced the determinant and adjoint of a square
Fuzzy Neutrosophic Soft Matrices (FNSMs). Also we define the circular FNSM
and study some relations on square FNSM such as reflexivity, transitivity and
circularity.
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1 Introduction

The theory of fuzzy set was introduced by Zadeh [?] as an appropriate mathematical
instrument for description of uncertainty observed in nature. Since the inception it
has got intensive acceptability in various fields. The traditional fuzzy sets is charac-
terised by the membership value or the grade of membership value. Some times it
may be very difficult to assign the membership value for fuzzy sets. Consequently
the concept of interval valued fuzzy sets was proposed [?] to capture the uncertainty
of grade of membership value. In some real life problems in expert system, belief
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system, information fusion and so on, we must consider the truth membership as
well as the falsity-membership for proper description of an object in uncertain, am-
biguous environment. Neither the fuzzy sets nor the interval valued fuzzy sets is
appropriate for such a situation. Intuitionistic fuzzy sets introduced by Atanassov
[?] is appropriate for such a situation. The intuitionistic fuzzy sets can only handle
the incomplete information considering both the truth membership (or simply mem-
bership) and falsity-membership (or non membership) values. It does not handle the
indeterminate and inconsistent information which exists in belief system.

Smarandache [?] introduced the concept of neutrosophic set which is a Mathemat-
ical tool for handling problems involving imprecise, indeterminacy and inconsistent
data. The concept of soft set theory was introduced by Molodtsov [?] in 1999, it
is a new approach for modeling vagueness and uncertainty. Soft set theory has a
rich potential for applications in several directions, few of which had been shown by
Molodtsov in his pioneer work. It is well known that the matrix formulation of a
Mathematical formula gives extra advantages to handle the problem. The classical
matrix theory cannot solve the problems involving various types of uncertainities.
That type of problems are solved by using fuzzy matrix[?]. Fuzzy matrix has been
proposed to represent fuzzy relation in a system based on fuzzy set theory, Ovehin-
nikov [?].

Fuzzy matrices play an important role in Science and Technology. Kim [?, 7, ?]
has explored some important result on the determinant of a square matrix. In Yong
Yang and Chenli Ji [?], introduced a matrix representation of soft set and applied it
in decision making problems. Rajarajeswari and Dhanalakshmi [?] introduced fuzzy
soft matrix and its application in Medical diagnosis. Sumathi and Arockiarani [?]
introduced new operations on fuzzy neutrosophic soft matrices. Mamouni Dhar [?] et
al., have also defined Neutrosophic fuzzy matrices and studied about square neutro-
sophic fuzzy matrices. In this article our main intention is to define determinant and
adjoint of FNSMs. Furthermore, efforts have been made to establish some properties
with the help of the new introduced definition of determinant of square FNSMs. In
section 1 we have introduced determinant of two types FNSM and its properties. In
section 2, the definition of adjoint of FNSM is given and some related Theorems are
asserted.

2 preliminaries

Definition 2.1. [?] Let U be an initial universe set and E be a set of parameters.
Let P(U) denotes the power set of U. Consider a nonempty set A, A C E. A pair
(F,A) is called a soft set over U, where F is a mapping given by F': A — P(U).
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Definition 2.2. [?] Let U be an initial universe set and E be a set of parameters.
Consider a non empty set A, A C E. Let P(U) denotes the set of all fuzzy neutro-
sophic sets of U. The collection (F,A) is termed to be the Fuzzy Neutrosophic Soft
Set (FNSS) over U , Where F is a mapping given by F': A — P(U). Hereafter we
simply consider A as FNSM over U instead of (F, A).

Definition 2.3. [?] A neutrosophic set A on the universe of discourse X is defined
as A= {(z,Ta(x), [a(x), Fa(x)),x € X}, where T, I, F : X —]70,1%[ and

0 < Ta(x) 4+ Ia(z) + Falx) <3t...... (1)
From philosophical point of view the neutrosophic set takes the value from real stan-
dard or non-standard subsets of 170, 17[ . But in real life application especially in
scientific and Engineering problems it is difficult to use neutrosophic set with value
from real standard or non-standard subset of |70,17[ . Hence we consider the neu-
trosophic set which takes the value from the subset of [0, 1].
Therefore we can rewrite the equation (1) as

0< TA<£L') + IA(Z') + FA($) < 3.
In short an element a in the neutrosophic set A , can be written as a = (a”,a’, a®"),
where a® denotes degree of truth, a’ denotes degree of indeterminacy, a® denotes
degree of falsity such that 0 < a® + a! + " < 3.

Example 2.4. Assume that the universe of discourse X = {xy,x9,x3}, where x1, xs,
and x3 characterises the quality, relaibility, and the price of the objects. It may be
further assumed that the values of {x1, x5, x5} are in [0, 1] and they are obtained from
some investigations of some experts. The experts may impose their opinion in three
components viz; the degree of goodness, the degree of indeterminacy and the degree
of poorness to explain the characteristics of the objects. Suppose A is a Neutrosophic
Set (NS) of X, such that

A = {(21,04,0.5,0.3), (22,0.7,0.2,0.4), (x3,0.8,0.3,0.4) } , where for x1 the degree
of goodness of quality is 0.4 , degree of indeterminacy of quality is 0.5 and degree of
falsity of quality is 0.3 etc,.

Let F,,x, denotes FNSM of order m x n and F,, denotes FNSM of order n x n.
Operations on FNSM of type-I are defined as follows.

Definition 2.5. [?] Let A = ((al,al;,af)), B = ((bL, b, 05)) € Fruxn. The compo-

ij’ 157 Yij
nentwise addition and componentwise multzplzcatwn 18 deﬁned as

A® B = sup{a;f,bg sup{aé],}bfj} mf{af;,bg

A® B = (inf{al, bL}, mf{aw, ij SUP{%], 2]})

VRN

Definition 2.6. [?] Let A € Frun, B € Frxp, the composition of A and B is defined
as



AoB :< (af A by, D (@l A D), H(“fI;Vb’ff))
k

=1 k=1 k=1
equivalently we can write the same as

~(Vetni). Vet Auivib).
k=1 k=1 k=1

The product A o B is defined if and only if the number of columns of A is same
as the number of rows of B. A and B are said to be conformable for multiplication.

We shall use AB instead of Ao B.

Definition 2.7. [?] Let A = ((a};,a};,af;)) and ¢ € F = [0,1]. Define the fuzzy
neutrosophic scalar multiplication as cA = ((inf{c,al;},inf{c,al}, sup{c,af}))
€ Fixn-

For the universal matrix Jy, by the definition 2.5 ,

cJi =inf(c®(1,1,0)) = ((inf{c,1},inf{c, 1}, sup{c,0})) = ({(c, ¢, c))

15 the constant matriz all of whose entries are c. Further under componentwise mul-
tiplication cJ; ® A = ({c,c,c)) ® ({al, al., ak))

Z]7 157 i
((mm{c,a }mm{c,a -}, maz{c,a Z]}))
=cA (2)
Definition 2.8. If A = (a;;) € Fixn, where (a;;) = ((a);, alj, af;)), then
A® = (bij)mxn where (b;) = ((af;,1 —al;,a})), is the complement of A.

Definition 2.9. [?] The n x m Zero matriz Oy is the matriz all of whose entries are
of the form (0,0,1).

(1,1,0) if i=j

(0,0,1) if i#j

The n x m universal matriz Jy is the matriz all of whose entries are of the form
(1,1,0).

The n x n identity matriz Ly is the matrix I, = {

Operations on FNSM of type-II are defined as follows.

Definition 2.10. [?] Let A = (a};,a};,af;), B = (bg,b{],bg) € Fumxn, the componen-

tunse addition and componenthse multiplication is defined as
A®B = <8uP{aw7 ij inf {aw’ %J} inf {aw’ Z]}>
AQB <7’nf{a1]7 z]} Sup{a137 z]} Sup{a1]7 z]}>

Analogous to FNSM of type-I we can define FNSM of type -II in the following
way



Definition 2.11. [?] Let A = ((al, al.,ak)) = (ai;) € Fonxn and B = ((bL, bl b)) =

zj7 z]’ ij 1j) i Uiy

(bij) € Fuxp the product of A and B is defined as

A*B:(z@zmzj, [L(ehv o). H<af’w5j)
k=1 k=1 k=1

equivalently we can write the same as

:<\/<a},;/\b}fj, N {al Vg, /\<a5€\/bij>.

k=1 k=1 k=1
the product Ax B s defined if and only if the number of columns of A is same as the
number of rows of B. A and B are said to be conformable for multiplication.

Definition 2.12. [?] The nxm Zero matriz Oy is the matriz all of whose entries are
(1,0,0) if i=7
(0,1,1) if i#j
The n x m universal matriz Js is the matriz all of whose entries are of the form

(1,0,0).

of the form (0,1,1). The nxn identity matriz Iy is the matrix = {

Definition 2.13. [?] Let A = ((a]},a];,a;)) and c € F, then the fuzzy neutrosophic
scalar multiplication 15 defined by

= (inf{c,al;}, sup{c,aj;}, sup{c,al;})
Proposition 2.14. [?] If A< B, then AC < BC.

3 The determinant and adjoint of FNSM of type-1

Definition 3.1. The determinant |A| of n x n FNSM A = ({(al, al.al)) is defined

ij» Yij-%ij
as follows
Al =(V ala A /\am(n), V ala()/\ /\awn)7 /\ alg )\/...\/aga(n)>

oc€ESH €Sy
where S, denotes the symmetric group of all permutatzons of the indices (1,2, ...n).

Example 3.2. Let A = ((a]},al;,af;)) be a FNSM such that

A4 [(0.5,0.3,0.4) (0.6,0.
= 1(0.9,0.6,0.7) (0.5,



Al = ({0.5,0.3,0.4) A (0.5,0.6,0.7)) v ({0.6,0.7,0.8) A (0.9,0.6,0.7))
= (0.5,0.3,0.7) V (0.6, 0.6, 0.8)
(0.6,0.6,0.7)

Theorem 3.3. If a FNSM B is obtained from an n x n FNSM A = ({al,al;, al’))

157 g0 iy

by multiplying the i — th row of A (i — th column) by k € [0,1], then B =k |A|.

Proof. Suppose that B = ((b%, b, bE)), then

1jr Vg Yig
1Bl =V b,y A ALy Vo) A - /\bm(n A Ol Vo VO )
ocESh O'ESn oc€Sh

0ESh JES oESK
F F
~VEk aw(i)...am(n)>

JES oEsn
= k(aj;, a;, aZ}
=k|Al. O
Theorem 3.4. Let A = ((a};,ai;,al;)) be annxn FNSM then det(PA) = det(A) =

det(AP), where P is a permutation FNSM which is obtained from the identity FNSM

by interchanging row i and row j.

1
Proof. Let A = ({c];, ¢}, cf;)). Then for any i, j, the i — th(j — th) row of PA is the
j — th(i — th respectively) row of A.
Infact, P is a permutation FNSM which is generated by a permutation
L
il
Since, for any permutation o € Sy,

B ﬂ0=<6&,

‘PA| < V Cla )/\ A Cna n)’ \/ Cla(l) ARTRA Cna n)7 /\ cla(l) Vo vcna(n)>

oESH
=(V a1g(1)/\"-/\an ne V a1<1 /\.../\an A alC 1)\/...VCzn )
(ESn (ESn (ESn
= |A].
The case of AP is similar to the above proof. O

6



Definition 3.5. Let A = ({al, al, al})), be a m x n ENSM then the transpose of A

z]? i zg

is defined by, AT = ((a%;, al,, ak)).

gir Vgio Vi

Theorem 3.6. Let A = ((al,al, al)) be a FNSM then det(A) = det(AT), where

Zj’ Z]’ Z]

AT denotes the transpose of A.

Proof. Let AT = ((bf;,b];,b];)). Since each permutation o is one -to-one function,

we have

AT = (Vb A ABE s VDL A ABE s N by Ve VB )
GS O'E n UES

o
< \/ CL /\ /\CL o(n)n’ \/ CL /\ /\a a(n)n> /\ CL \/ \/aa(n)n>
oeSy oESy oE€Sh

(\/a /\.../\ann,\/a /\.../\ann,/\a v...\/ann>,
cesn 1¢(1) ¢(n) ces, 1¢(1) ¢(n) s 1¢(1) ¢(n)

where the permutations ( is induced by the rearrangement of each ¢ in .S,
= |A]. O

Theorem 3.7. Let A = ((al,al.,F)) be an n x n FNSM. If A contains a zero row

i) Pijoij

(column) then |A] = (0,0, 1).

Proof. Each term in |A| contains a factor of each row(column) and hence a factor
of zero row (column). Thus each term of |A| is equal to zero, and consequently
|A| = (0,0,1). Hence zero means element of the form (0,0, 1). O

Theorem 3.8. Let A = <(a”,af],aw>) be an n x n FNSM, If A is triangular, then
the determinant of A,

\Ar—< Al A al V F>

1<i<n 1<i<n 1<i<n

Proof. Suppose that A = <(a al. af >) is lower triangular. We consider the term of

g i g
|A| that
tetr = N Qo) tar = N Gicli), tar = V Giog)-
1<i<n 1<i<n 1<i<n

Let o(1) # 1. Then 1 < ¢(1) and so a1Ta(1) = O,a{a(l) = O,afg(l) =1

This means that t,r =0,t,r =0,t,r = 1.

If o(1) # 1. Now, let o(1) = 1 and o(2) # 2 then 2 < 0(2) and aj,,) = 0,45, =

0, CL2FJ(2) =1, and t,r =0,t,r = 0,t,r = 1, This means that t,r = 0,t,r = 0,t,r = 1,

if 0(1) # 1 or o(2) # 2.

Therefore, in this method, we know that each of terms t,r,t,r, t,r, for o(1) #
0(2) # 2...0(n) # n must be zero, zero, one respectively, Consequently,



\Ar:(< Al A al >)
1<i<n 1<i<n 1<i<n

O
The following theorem is evident from the definition of determinant of FNSM.
Theorem 3.9. Let A and B be two FNSM. Then |AB| > |A||B] .

4 The Adjoint of FNSM

Definition 4.1. The adjoint of an n x n FNSM A denoted by adjA, is defined as
follows b;; = |Aj;| is the determinant of the (n—1) x (n—1) FNSM formed by deleting
row j and column i from A and B = adjA.

Remark 4.2. We can write the element b;; of adjA = B = (b;;) as follows:
bij= > 11 <at7r %r(t) am(t)>
TESn n; tEN;
where n; = {1,2,3....n} \ {j} and Sy,n, is the set of all permutation of set n; over
the set n;.

[ (02,05,0) (0.2,0.3,0.5
Example 4.3. Let A = [<0.6,0.2,0.3> 0.6.0.7.0.3) |

then adjA = [ﬁg ﬁ;; }

Ay = (0.6,0.7,0.3)
A = (0.6,0.2,0.3)
Asy = (0.2,0.3,0.5)

o 1006,07,0.3) (0.2,0.3,05)
adjA = {éo 6,0.2.0. 3§ (0.3,0.5,0) ]

Proposition 4.4. For n x n FNSM A and B we have the following
1. A < B implies adjA < adj B,

2. adjA+ adjB < adj(A+ B),

3. adjAT = (adjA)T.

Proof. (i) Let C = ade and D = adjB. That is
aj= > Il <am(t atw(t) af, t)> and

TESy i ten;

dig =3 T1f) Oneys Dingr))-

TI'GSnj n; ten;



It is clear that ¢;; < d;; since
al . <bTr
t7r(t tm(t)
I
a’tﬂ'(t btﬂ(t)

at” > bE ) for every ¢ # j,m(t) # 1.

(ii) Since A, B < A+ B, it is clear that
adjA,adjB < adj(A+ B) and so adjA + adjB < adj(A + B).

(iii)Let B = adjA and C = adjAT. Then
by = > [l{a; t)»am t)>at7r( )> and
ﬂ'ESn n; t€N;
Cij = Z I1 <az;r(t)7 al{ﬂ(t)’ af;r(t)%
TESn n,; T(t)EN;

which is the element b;; . Hence (adjA)" = adjA”.

Proposition 4.5. Let A be an n x n FNSM. Then
(1) A adiA > |A] I,
(2) (adjA)A > | A| I,

Proof. (1) Let C' = A adjA. The i-th row of A is ({a}}, al, al})

Aoy Uiy o)y (A7 @ the definition of a the j-th column of a is
<£7 112 zF2> <zj;w zIn7 m>) By h dﬁ f d]A h J h 1 f de
given by (|A4;1],]A4;2/,. ]A]n]) So that

<cz;7czlj7 Z]> Zk 1< Aige zk’ zk> |A]k| > Oandhence< m?czlz? zz> Zk 1< Qi zk’ zk:) ‘A1k|
which is equal to |A|. Thus C' = AadjA > |A| I,,.

(2) The proof is similar to (1). O

Proposition 4.6. If a FNSM matriz A has a zero row then (adjA)A = ({0,0,1))

(the zero matrix).
Proof. Let H = (adjA)A. That is, hy = Y |Awl (ai;a5;a5;). If the i-th row of A
k

is zero, that means ((0,0,1)) , then Aj; contains a zero row where k # i and so
|Aki| = (0,0,1) (by the Theorem 3.7)

for every k # ¢ and if k = ¢, then a;; = 0 for every j and hence

Xk: ‘Akl| <a£j7 a£j7 a£]> = (<07 0, 1>)

Thus (adjA)A = (0,0, 1))



Theorem 4.7. For a FNSM A we have |A| = |adjA|.

Al |Ax }Am

. . Avg| A
Proof. Since adjA = : : : :
we have
|CLdJA| = Z ‘Alﬂ'(l)| |A27r(2)‘ ’Anw(n){

TESK

= 2 11 |4
TESy i=1

= SIS TT{ahu alys alyo)

TESy i=1 TESn; ny(s) tEN;

=2 X H< Qig(t) t9 (t)> tFH(t)>)( > H< ) tG(t)’ t9(t)>)

TES ﬂESnln,r(l) teEny TESny Ny (2) tEN2

( > [T (a TTOR te () t9(t)>)]

TESn, N Ny (n) teny

= > [(II <at91(t)7 afel(t)v af;n(t)»( [1 <G£2(t)a a’z{OQ(tV af;rz(t)»( [1 (ag(;n(ty afen(m afgn(t)»]

TESy t€ny teny teny

for some 60, € Smnw(l),eg € Smnm), wbp € Spn

= Zs [(@20,(2)@30,(3)--Unos (n)) (@105 (1)A305(3) ---Anfa (n) ) -+~ (Q10,, (1) 020, (2) ---An—10,, (n—1))]
TEDN

= Z [(a102(1)a193(1)---awn(l))(a201(2)a291(2)---&20n(2))(&301(3)%92(3)@394(3)
ﬂ'ESn
...aggn(g))...(angl(n)am%(n)...angn(n))]

= > [(algfl(l)a29f2<2)...angfn(n)] for some f;, € {1,2,...,n} \ {h},h =1,2,...,n. How-
TES,
ever because hoy, (h) # any(fn). We can see that apfy, h = ap-(fs) therefore,

‘(ld]A‘ = Z A15(1)A20(2)-+-Ano(n),
oc€Sn

which is the expansion of |A|. This complete the proof. ]

Definition 4.8. Anmxn FNSM A is said to be constant if (ajy,, ajy., afy.) = (al., ajy, aky)
for all 1,7, k, that is its row are equal to each other.

Proposition 4.9. Let A be an n x n constant FNSM Then we have:
(1). (adjA)T is constant,
(2). C = A(adjA) is constant and C;; = |A| which is the least element in A.

m(n)

Proof. (1)Let B = adjA. Then
bij= > 1l (<az;r(t)7a{7r(t)’agr(t)>) and by, = >° I ((az;r(t)7atlw(t)’a5r(t)>)'

WESnjni ten; TESnyn,; tENK
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We notice that b;; = by, since the numbers 7(t) of columns cannot be changed in the
two expansion of b;; and b. So that (adjA)” is constant.

(2) Since A is constant we can see that A;, = A and so |Ajz| = |Ai| for every
i, j€{1,2,...,n}. Thus

n

cij =Y _({ady, aly, aly)) [Asl

k=1
= ({aj ajy, afi) | Aul
k=1
=14].
Now,
|A| = Z A17(1)A27(2) -+ Anr(n)

TEDN
= (27(2)A37(3) -+ Anr(n)

for any m € S,, (since A is constant). Taking m as the identity permutation we get
|A| = aj1a9s...a,,, which is the least element in A. O

Definition 4.10. For a FNSM A € F,«,, we have the following

(1) If A > I, then A is called reflezive.

(2) If ai; > a;; then A is called weakely reflexive for all i,5 € {1,2,...,n} where
A = (ay) = ((aj}, afj, aj3))

(3)If A= AT then A is called symmetric

(4)If A = A2, then A is called idempotent

(5)If A2 < A, then A is called transitive.

Proposition 4.11. Let A be an n x n reflevive FNSM. Then adjA = A* where A*
15 idempotent and k < n — 1.

Proof. The proof of the proposition is similar to fuzzy matrices refer[?]. ]

Proposition 4.12. Let A be an n X n reflexive FNSM. Then we have the following:
(1)adjA? = (adjA)? = adj A,

(2)If A is idempotent, then adjA = A,

(3)adj A is reflexive,

(4)adj(adj A) = adj A,

(5)adjA > A,

(6)A(adjA) = (adjA)A = adjA.
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Proof. (1) Since A is reflexive, we get A? is also reflexive and adjA? = (A?)* =
(AF)? = (adjA)%. But since A* is idempotent, we have (adjA)? = (adjA).

(2)We have by proposition 2.10 that adjA = A*(k < n — 1). But we have also that
A is idempotent. So A¥ = A. Thus adjA = A.

(3) Let B = adjA. That is
(<bz7;bzlzbg>) Z H< tﬂ'(t’ tn(t)v tn(t)>
TESn, tEN;
Taking the identity permutation 7 (t) =t we get
(<bi’§>bﬂ,bzl>) > (11 a59--0;_ 1310741441+ Orn; a1y a3--al_y;_ 1@1'I+1i+1--'a£m
a’lla22 af‘flzflai+1i+l"'a£‘n> = (<17 170>) that is <b£7bzlz7b5> = <17 170> and ad.]A is
thus reflexive.
(4) Since A is reflexive, we get adjA is idempotent by the above proposition and
reflexive by (3). So that by (2) adj(adjA) = adjA.
(5) Let B = adjA. That is
(<b;";bfjbf;>) = ; tH <a‘t7r at7r () af:r(t)>‘
TEOnn; €n;
Taking the 1dent1ty permutatlon 7r(h) h,m(i) = j, h # i, that is the permutation
123 - 4 ---5=1 54+1--
123 o g =1 1

T T T
then <a11a22.. az 11—1&z+11+1 a n
alialy...al |, jaf al aliaby..af | af al’ )
11222 *i—11—1"4+1i+1"""Pnny 11222 - *i—11—1"1+1i+1"“nn
is a term of (b, b;,b}7). So that

T 11 BF T T T T T _ ;T I F
<b1j7b2]’ bz]) Z <a11, A3 A 1i—1 X4 141 U = <aij7aij’aij>'

Therefore B = adjA > A.
(6) Let C' = A(adjA) and D = (adjA)A. Then

n
(cijscijr ciz) = l;@ﬁaafmaﬁ;) | Ajie|

n

> (a;; af, aip) [Azil = | Azl = (05, 0], b)) and dij = 37 |Awil {agy, aky, ai;)

- i1 i g 1jr 7ig iy
k=1

> |Ajil {aj;,
=l S,

Thus we have A(adjA) > adjA and (adjA)A > adjA. But by (1) and (5) and

proposition [4.11] we see that adjA = (adjA)(adjA) > AadjA. So that A(adjA) =

adjA. Also adjA = (adjA)(adjA) > (adjA)A so that (adjA)A = adjA. Thus we get

A(adjA) = (adjA)A = adj A. O

aj;)
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Example 4.13.

[ Loy (02,0.3,0.5)
LetA=1602,03)  (1,1,0)
Then

A = (1,1,0),

{
Ais = (0.6,0.2,0.3)
A21_<02 0.3,0.5),
Az =(1,1,0)

A? =
1, 3,0.
= (0.6,0.2,03)  (1,1,0)

A2 < Aistransitive.
(A1 Ao ]

;_x
(=)
~
—
.
[\
)
w
)
ot
~

Gde - 12 A22

adjA =

Aladjd) (1,1,0)  (0.2,0.3,0.5) :{<O.(<31,%0> (0.2,0.3,0.5) ]

(adjA)A = AadjA.
It is clear that the above example satisfies of the above Theorem.

Definition 4.14. Ann x n FNSM A is called circular if and only if (AQ)T < A, or
more explicitly, (aj,, aky, af)(al;, ajy, afy) < (al,al;,af;) for every k =1,2, ..

Theorem 4.15. For an n x n FNSM A we have the following:
(1)If A is symmetric, then adjA is symmetric,
(2)If A is transitive, then adjA is transitive,

13



(8) If A is circular, then adjA is circular.

Proof. (1) Let B = adjA. Then
<sz;7b21]’b5> - Z H < )’ t71' )’af;(t)>

TESn n; tEN;
> I <az(t)t7 afr(t)ta af(t) > <<bZ}, bfga bf‘}>)
wESn, nj t€N;
(smce A is symmetric).
(2)Let D = A;;. We can determine the elements of D in terms of the elements of A
as follows:

(ahys Qs Q) if h<i,k<y,

(dr . dl . dk) = (e h+1)k’afh+1>k> it h>ik<yj,
hk> “hk> “hk/ — <T F > it h<ik>i
Qh (k1) ah k+1)’ @h(k+1) 1 LK 2],

(@0 1) (er1) Unrny o1y Uy eeny) 3E B> 00k >,

where A;; denotes the (n —1) x (n—1) FNSM obtained from A by deleting the i —th
row and column j.

Now we show that AqA, < Ay, for every t € {1,2,..n}. Let R = Ay, C =
Aw, F = A, and W = Ay Ay, Note that A is transitive. Then (wl,w!l wf) =

ig) gy Wiy
n—1
S (1l ) el el )
ik Viko ik kjo “kj> “kj
k=1
n—1
_ T.T I, ,F,F T I F
= <aikakj7aikakj7aikakj> < <az’j7az‘j7aij>
k=1
_ [ fT ¢I
= (f5, fl i)y ifi<s k<t j<u,
n—1
:E<a.a. al al . af ol . ><< al >
= kOk(G+1)7 YikB(+1) YikPr(i+1)) = G4y i) @(JH)
T ¢l
= (f5, fl 5 ifi<s k<t j>u,
n—1

I I F F I F
14 1)W1 Cilha) Uk 1) Gk Uesng) < (@i g a35)

I
Q

—IZJ:% Loy it <s k>t j <u,
n—1
- 1§1< €k+1)“5€+1)(a‘+1)7 az'l(k+1)a{k+1)(j+1)v aikﬂ)aﬁﬂ)(jﬂ)}
< <CL;‘E j+1)7 zI(]+1)7 7,(]+1)> < 5, ZIJ7 > ifi<s, k>t j>u,
- k_1<a(i+1)kak‘j’ a(i+1)kakj7 a(z‘+1)kakj>
< <&%;+1)j’a{i+1)j’ag+1)j> = 57 7;]]'7 U> ifi>s k<t j<u,

14



i
L

T T I I F F
<au+1xk+1ﬂ%k+1y’au+¢xk+1f%k+1yaau+¢xk+1ﬂ%k+1y>

I F _ I F\ ¢~ :
170 ey Qo) = igo fig fig) iz s,k 2 85 <w,

IA
S~
R
=N

T T I I F F
{01) (1) U 1) (G41) F41) (b ) F k1) (1) D41 (k1) k1) (41))

=1
T I F _ T F\ :p - .
< <a(i+1)(j+1)’a(i+1)(j+1)7a(i+1)(j+1)> = (fij: fij: i) fi> s,k >t j <u,
n—1
_ T T I I F F
- k_1<“<z+1>kak<j+1)v Ui 1)k (i41) Uit 1)k Dh(G 1))
= <a5+1)(j+1)>a{i+1)(j+1)7a(€+1)(j+1)> = (f5 £ 15) it i > s,k < t,j > u, Thus w;; <

fij in every case and therefore (al;, al, afy) |Aw| < |Ag| . for every t € {1,2,..n}
By theorem (3.9)
we get | Ayl |Aw| < | A, This means that (b1, bl bE) (b, bL. bE)

ut? Yut) Yut

< T, 0l 0F ) that is (b1, b, bF ) (b1 0L bE) < (BT b BE ) foreveryt € 1,2, ..., n.

us’ Yus’ Yus utr Yut) Yut us? Yus? “us

Hence B = adj A is transitive.

(3) Similarly, as in (2) we can show that Ag Ay, < A For every t € 1,2,...,n so
that

‘Ast| ‘Atu, < |A55| = ‘AUS‘ . Thus <b§,b£t,b5><bz;,b{u,bf;> < <bT bI bF>> and

us?’) vus? -us

B = adjA is circular. [
Corollary 4.16. If a FNSM A is similarity then AadjA is also Similarity.
Theorem 4.17. For any n x n FNSM A , the FNSM AadjA is transitive.

Proof.

Let C' = AadjA,thatis
cij =Y _(al, aly, aly) | Al
k=1
= <az},aff,af}> |A;j¢| forsomef € {1,2,3,..n},and

n
2 E
s=1
n

= Z(Z((aga az'Ib a5> | Ast]) Z(ag;v aém ai) |Ajt|

s=1 [=1 t=1
n
- Z(ag;m azlhv a5L> |A8h| <azu7 agu? ait) |AJU|
s=1
< <az1;zv az'lha a5z> |AJU|

15



§< 2f7 jf? ]f> ’AJf|

forsomeh,u € {1,2,...,n}.Thus(AadjA)* < Aadj A.

O]
Example 4.18. LetA be a FNSM l<(<)021005003:>)) égg’gg’g;g } :
. 0.6,0.2,0.3) (0.5,0.6,0.7)
Then (adjA) = {§0.2,0.5 0.3§ (0.1,0,0.3) }

1,
5,0.6,0.7) ] [(0.6,0.2,0.3) (0.5,0.6,0.7)
6,.2,0.3) 0.2,0.5,0.3) (0.1,0,0.3)

. [(0.2,0 0,07 1[(02,05,03) (0.1,0,0.7)
(AadjA) [go.z,o . .5,0.3§ } {éo.z,o.z,o.si (0.2,0.5,0.3) ]
o [02.05.03) {0.1,0,0.7
(AadjA)* = [20.2,0.2,0.33 (0.2,0.5,0.3) }
(AadjA)? < (AadjA) is also transitive.

We omit the proofs for type-II FNSM as the proofs are analogous to type-I FNSM.
Conclusion:

In this paper we have introduced determinant and adjoint of two types of FNSMs
and discussed some of its properties.
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